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Heights in families of abelian varieties and

the Geometric Bogomolov Conjecture

By ZivyaAnG GAO and PHILIPP HABEGGER

Abstract

On an abelian scheme over a smooth curve over Q a symmetric relatively
ample line bundle defines a fiberwise Néron—Tate height. If the base curve
is inside a projective space, we also have a height on its Q-points that
serves as a measure of each fiber, an abelian variety. Silverman proved an
asymptotic equality between these two heights on a curve in the abelian
scheme. In this paper we prove an inequality between these heights on a
subvariety of any dimension of the abelian scheme. As an application we
prove the Geometric Bogomolov Conjecture for the function field of a curve
defined over Q. Using Moriwaki’s height we sketch how to extend our result
when the base field of the curve has characteristic 0.
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1. Introduction

In 1998, Ullmo [49] and S. Zhang [65] proved the Bogomolov Conjecture
over number fields. However, its analog over function fields, which came to be
known as the Geometric Bogomolov Conjecture, remains open in full generality.

The main goal of this paper is to prove a height inequality on a subvariety
of an abelian scheme over a smooth curve over Q, Theorem 1.4. It is then not
hard to deduce the Geometric Bogomolov Conjecture over the function field
of a curve in the characteristic 0 case. See Section 11 and Appendix A. Our
height inequality may be of independent interest and does not seem to follow
from the Geometric Bogomolov Conjecture. It can serve as a substitute in
higher dimension of Silverman’s Height Limit Theorem [46], used by Masser
and Zannier [37] to prove a first case of the relative Manin-Mumford Conjecture
for sections of the base curve; we refer to Pink’s work [42] and Zannier’s book
[63] on such problems.

Let k be an algebraically closed field of characteristic 0, K a field extension
of k, andF a fixed algebraic closure of K. Let A be an abelian variety over K.
We let AX/F denote the K /k-trace of A @k K; it is an abelian variety over k,
and we have a trace map

which is a closed immersion since char(k) = 0. By abuse of notation we
consider AX/* @, K as an abelian subvariety of A®y K. We refer to Section 2
for references and more information on the trace.

Suppose now that K is the function field of a smooth projective curve
over k. In particular, we have trdeg(K/k) = 1.

Let L be a symmetric ample line bundle on A. We can attach to A, L, and
K the Néron-Tate height hg 4.1, A(K) — [0, 00); see Section 2.1 for additional
background on the Néron—Tate height. This height satisfies the following. For
any P € A(K), we have

hica(P) =0 if and only if P € (AX/* @), K)(K) + Ator;

here Ao, denotes the subgroup of points of finite order of A(K).

A coset in an abelian variety is the translate of an abelian subvariety. We
call it a torsion coset if it contains a point of finite order.

Our main result towards the Geometric Bogomolov Conjecture is the fol-
lowing theorem. We first concentrate on the important case k = Q.

THEOREM 1.1. We keep the notation from above and assume k = Q. Let
X be an irreducible, closed subvariety of A defined over K such that X @x K
is irreducible and not of the form B + (Z @y K) for some closed irreducible
subvariety Z of AK/E and some torsion coset B in AQx K. Then there exists
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a constant € > 0 such that
{r € X(K) : hrcare) < o)
is not Zariski dense in X.

In Appendix A we sketch a proof for when k is any algebraically closed
field of characteristic 0 using Moriwaki’s height.

Yamaki [59, Conj. 0.3] proposed a general conjecture over function fields,
which we will call the Geometric Bogomolov Conjecture; it allows trdeg(K/k)
to be greater than 1 and k algebraically closed of arbitrary characteristic. The
reference to geometry distinguishes Yamaki’s Conjecture from the arithmetic
counterpart over a number field.

The Geometric Bogomolov Conjecture was proven by Gubler [26] when A
is totally degenerate at some place of K. He has no restriction on the character-
istic of k and does not assume that K/k has transcendence degree 1. When X
is a curve embedded in its Jacobian A and when trdeg(K/k) = 1, Yamaki dealt
with non-hyperelliptic curves of genus 3 in [57] and with hyperelliptic curves of
any genus in [58]. Moreover, if char(k) = 0, Faber [18] proved the conjecture
for X of small genus (up to 4, effective) and Cinkir [13] covered the case of
arbitrary genus. Prior to these work, Moriwaki also gave some partial results
in [38]. Yamaki [62] reduced the Geometric Bogomolov Conjecture to the case
where A has good reduction everywhere and has trivial K /k-trace. He also
proved the cases (co)dimX = 1 [61] and dim(A @ K/(AX/* @, K)) <5 [60].
As in Gubler’s setup, Yamaki works in arbitrary characteristic and has no
restriction on K/k. These results involve techniques ranging from analytic
tropical geometry [27] to Arakelov theory; the latter method overlaps with
Ullmo and S. Zhang’s original approach for number fields.

Our approach differs and is based on a height inequality on a model of A
to be stated below in Theorem 1.4. (See Appendix A for a version involving
the Moriwaki height.) In a recent collaboration with Cantat and Xie [11] we
were able to resolve the Geometric Bogomolov Conjecture completely in char-
acteristic 0. While the methods in [11] were motivated by those presented here,
they do not bypass through or recover a height inequality such as Theorem 1.4.

To prove Theorem 1.1 we must work in the relative setting. Let us setup
the notation. Let S be a smooth irreducible curve over k, and let 7: A — S
be an abelian scheme of relative dimension g > 1. Let A be the generic fiber
of A — S; it is an abelian variety over k(S), the function field of S. We will
prove the Geometric Bogomolov Conjecture for A and K = k(S). Let us also

fix an algebraic closure k(S) of k(S).

Definition 1.2. An irreducible closed subvariety Y of A is called a generi-
cally special subvariety of A, or just generically special, if it dominates S and if
its geometric generic fiber Y x g Spec k(S) is a finite union of (Z ®y k(S)) + B,




530 ZIYANG GAO and PHILIPP HABEGGER

where Z is a closed irreducible subvariety of A¥(5)/k and B is a torsion coset

For any irreducible closed subvariety X of A, we set

X =X\ U Y.
YCX,
Y is a generically special
subvariety of A

We start with the following proposition, which clarifies the structure of X*.
Its proof relies on a uniform version of Raynaud’s [43] resolution of the Manin—
Mumford Conjecture in characteristic 0 as well as the Lang—Néron Theorem,
the generalization of the Mordell-Weil Theorem to finitely generated fields.

ProPOSITION 1.3. Let X and A be as above. There are at most finitely
many generically special subvarieties of A that are contained in X, maximal
with respect to the inclusion for this property. In particular, X* is Zariski open
in X and is empty if and only if X is generically special.

Let us now assume k = Q and turn to height functions. We write h(-) for
the absolute logarithmic Weil height on projective space.

Let S be a smooth projective curve over Q containing S as a Zariski open
and dense subset. Let M be an ample line bundle on S, and let M = M|s.
The Height Machine [7, Ch. 2.4] attaches to (S, M) a function S(Q) — R
that is well defined up to addition of a bounded function. Let hgaq be the
restriction to S(Q) of a representative of this class of functions. As M is ample
on S, we may take such a representative that hg r(s) > 0 for each s € S(Q).

Let £ be a relatively ample and symmetric line bundle on 4/S defined
over Q. Then for any s € S(Q), the line bundle Ls on the abelian variety
As = 7 1(s) is symmetric; note that A is defined over Q. Tate’s Limit
Process provides a fiberwise Néron-Tate height h Ars s As(Q) — [0,00). Tt
is determined uniquely by the restriction of £ to As; there is no need to fix
a representative here. Finally define hac: A(Q) — [0,00) to be the total
Néron—Tate height given by P +— iLAﬂ(P%gW(P) (P) for all P € A(Q).

These two height functions are unrelated in the following sense. It is not
difficult to construct an infinite sequence of points Py, P, ... € A(Q) such that
iLAg(PZ-) is constant and hg a(7(P;)) unbounded; just take P; of finite order
in A p,) and the sequence 7(F;) of unbounded height.

The main technical result of this paper is a height inequality that relates
these two heights on an irreducible subvariety X of A. The discussion in the
last paragraph suggests that we should at least remove all curves in X that
dominate S and contain infinitely many points of finite order. This turns out

to be insufficient, and we must also remove subvarieties that are contained in
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constant abelian subschemes of A. In fact, we must remove precisely generically
the special subvarieties of A from Definition 1.2 that are contained in X.

THEOREM 1.4. Let m: A — S, L and M be as above with k = Q and
dim S = 1. Let X be a closed irreducible subvariety of A over Q, and let X*
be as above Proposition 1.3. Then there exists ¢ > 0 such that

(1.1) hsm(m(P) < c(1+hac(P)) forall PeX*(Q).

Suppose X dominates S, so we think of X as a family of (dim X — 1)-
dimensional varieties. Then our height inequality (1.1) can be interpreted as a
uniform version of the Bogomolov Conjecture along the 1-dimension base S' if
hsm(m(P)) > 2¢. Indeed, then hy o (P) > +hg m(m(P)). From this point of
view it would be interesting to have an extension of Theorem 1.4 to dim S > 1.
For the main obstacle to pass from dim .S = 1 to the general case, we refer to
Section 1.1, Part 1 and above.

Theorem 1.4 was proven by the second-named author [28] when A is a
fibered power of a non-isotrivial 1-parameter family of elliptic curves. This
theorem had applications towards special points problems [28, Ths. 1.1 and
1.2] and towards some cases of the relative Manin-Mumford Conjecture [29)].

After this work was submitted, Ben Yaacov and Hrushovski informed the
authors of their similar height inequality for a 1-parameter family of genus
g > 2 curves in an unpublished note [4] by reducing it to Cinkir’s result [13].

In this paper we treat arbitrary abelian schemes over algebraic curves,
possibly with non-trivial isotrivial part, and hope to extend the aforementioned
applications in future work.

Before proceeding, we point out that we shall prove Theorem 1.4 for a
particular relatively ample line bundle £ on A/S that is fiberwise symmetric
and a particular ample line bundle M on S. Then Theorem 1.4 holds for
arbitrary such £ and M by formal properties of the Height Machine. Moreover
we will prove the following slightly stronger form of Theorem 1.4.

We may attach a third height function on A in the following way. Let
L = L®n*M. By [44, Th. XI 1.4] and [22, Cor. 5.3.3 and Prop. 4.1.4], our
abelian scheme admits a closed immersion ¢: A4 — IP’%[ x S over S arising from
(L)®™ for some n > 1. As we will see in Section 2.2 the existence of a closed
immersion is more straight-forward if we allow ourselves to remove finitely
many points from S, a procedure that is harmless in view of our application.
Define the naive height of P to be ha(P) = 2h(P') + hgm(m(P)), where
{(P) = (P, =(P)) € PX(@) x S(@).

THEOREM 1.4". Letm: A — S and ¢ be as above with k=Q and dim S=1.
Let X be a closed irreducible subvariety of A over Q, and let X* be as above
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Proposition 1.3. Then there exists ¢ > 0 such that
hsm(m(P)) < hao(P) < c(1+hac(P)) forall PeX*(Q)

1.1. Outline of proof of Theorems 1.1 and 1.4 and organization of the
paper. We give an overview of the proof of Theorem 1.4 in three parts.

Consider an abelian scheme 7: A — S over a smooth algebraic curve S of
relative dimension g > 1.

The Ax—Schanuel Theorem [3] is a function theoretic version of the famous
and open Schanuel Conjecture in transcendence theory. Stated for algebraic
groups, the case of an abelian variety deals with algebraic independence of
functions defined using the uniformizing map. It has seen many applications
to problems in Diophantine geometry [63].

For our purpose we need an Ax—Schanuel property for families of abelian
varieties, which is not yet available. However, the assumption dim$§ = 1
simplifies the situation: Instead of the full power of functional transcendence,
we only need to study a functional constancy property. The first part of the
proof deals with this functional constancy property where the so-called Betti
map plays the role of the uniformizing map. We briefly explain this map and
refer to Section 4 for more details.

Part 1: The Betti map and a functional constancy property. Any point
of S(C) has a complex neighborhood that we can biholomorphically identify
with the open unit disc A C C. The fiber of A — S above a point s € A is
biholomorphic to a complex torus C9/€(s)Z?9 where the columns of )(s) €
Matg 24(C) are a period lattice basis. Of course §)(s) is not unique. The choice
of a period lattice basis Q(s) enables us to identify A, with T?9 as real Lie
groups, with T the unit circle in C. As A is simply connected, we can arrange
that the period map s — €(s) is holomorphic on A. In turn we can identify
Aa = 771 (A) with the constant family A x T?9 as families over A. This can
be done in a way that we get group isomorphisms As(C) — T?9 fiberwise.
Note that the complex structure is lost and that the isomorphism in play is
only real analytic.

The Betti map b: Ax — T29 is the composite of the isomorphism Ax =
A x T?9 with the projection to T?9. It depends on several choices, but two
different Betti maps on Aa differ at most by composing with a continuous
automorphism of T?9.

Let X be an irreducible closed subvariety of A that dominates S. In
Section 5 we study the restriction of b to X?"; the superscript " denotes
complex analytification. We say that X is degenerate if the restriction of
b: Ax — T?9 to X* N Aa has positive dimensional fibers on a non-empty,
open subset X?"; being open refers to the complex topology. The main result
of Section 5, Theorem 5.1, states that a degenerate subvariety is generically
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special. This will allow us to explain the analytic notion of degeneracy in
purely algebraic terms.

Let us give some ideas of what goes into the proof of Theorem 5.1. In
general, the period mapping s — (s) cannot extend to the full base due
to monodromy. This obstruction is a powerful tool in our context. Indeed,
fix a base point s € S*'. Monodromy induces a representation on the fun-
damental group m(S*",s) — Aut(H1(A2",Z)). Moreover, by transporting
along the fibers of the Betti map above a loop in S?" we obtain a repre-
sentation 71(S*",s) — Aut(A2") whose target is the group of real analytic
automorphisms of A;. This new representation induces the representation on
homology. Moreover, we can identify Aut(A3") with GLg,(Z) because Ag and
T?9 are isomorphic in the real analytic category. So the canonical mapping
Aut(A2") — Aut(H; (A", Z)) is an isomorphism of groups.

Now suppose that X is degenerate. The assumption dim.S = 1 forces
that X" N Ax = b~ 1 (B(X*™ N Aa)).! In other words, the fibers X, = 7| (s)
do not depend on s € A for the identification A2 = T?9. So the action of
m1(5%", s) on A" leaves X, invariant. Thus it suffices to understand subsets
of A that are invariant under the action of a subgroup of GLg,(Z). We use
Deligne’s Theorem of the Fixed Part [16] and the Tits Alternative [48] to
extract information from this subgroup. Indeed, under a natural hypothesis
on A, the image of the representation in GLyy(Z) contains a free subgroup
on two generators. In particular, the image is a group of exponential growth.
We then use a variant of the Pila-Wilkie Counting Theorem [40], due to Pila
and the second-named author, and Ax’s Theorem [3] for a constant abelian
variety. From this we will be able to conclude that X is generically special if
it is degenerate.

Let us step back and put some of these ideas into a historic perspective. In
the special case where A is the fibered power of the Legendre family of elliptic
curves, the second-named author [28] used local monodromy to investigate
degenerate subvarieties. In the current work local monodromy is insufficient
as S could be complete to begin with. So we need global information. Zannier
introduced the point counting strategy and together with Pila gave a new proof
of the Manin-Mumford Conjecture [41] using the Pila-Wilkie Theorem [40].
Masser and Zannier [37] showed the usefulness of the Betti coordinates for
problems in Diophantine geometry by solving a first case of the relative Manin—
Mumford Conjecture. Ullmo and Yafaev [50] exploited exponential growth in
groups in combination with the Pila—Wilkie Theorem to prove their hyperbolic
Ax—Lindemann Theorem for projective Shimura varieties. A recent result of

!This is no longer true if dim S > 1, making the remaining argument in this part fail for
dim S > 1.
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André, Corvaja, and Zannier [1] also deals with the rank of the Betti map on
the moduli space of principally polarized abelian varieties of a given dimension.
More recently, Cantat, Xie, and the authors [11] gave a different approach
to the functional constancy problem that does not rely on the Pila—Wilkie
Theorem but rather on results from dynamical systems.

Part 2: Eliminating the Néron—Tate height. The second part of the proof
deals with reducing the height inequality in Theorem 1.4 to one that only
involves Weil heights; we refer to Section 2.1 for nomenclature on heights.

We will embed S into P™ and A into PM x P™ such that 7: A — S is
compatible with the projection PM x P™ — P™ and other technical conditions
are fulfilled. Let h(P,Q) = h(P) + h(Q) for P € PM(Q),Q € P™(Q), where
h denotes the absolute logarithmic Weil height on projective space. For an
integer N, let [IV] denote the multiplication-by-N morphism 4 — A.

Let N > 1 be a sufficiently large integer (which we assume to be a power
of 2 for convenience). If X is not generically special, we show in Proposition 9.1
that

(1.2) N2h(P) < ¢1h([N](P)) + ca(N)

for all P € U(Q) where U is Zariski open and dense in X and where ¢; > 0
and cp(N) are both independent of P. Note that U and c2(/N) may depend
on N.

One is tempted to divide (1.2) by N? and take the limit N — oo as in
Tate’s Limit Process. However, this is not possible a priori, as U and ca(N)
could both depend on N. So we mimic Masser’s strategy of “killing Zimmer
constants” explained in [63, App. C]. This step is carried out in Section 10
where we terminate Tate’s Limit Process after finitely many steps when N is
large enough in terms of ¢;; for this it is crucial that ¢; is independent of V.

Part 3: Counting lattice points and an inequality for the Weil height. At
this stage we have reduced proving Theorem 1.4 to (1.2) if X is not generically
special. Recall that from Part 1 of the proof that we know that X is not
degenerate. Therefore, the restricted Betti map b|xan : X** — T29 has discrete
fibers. The image of this restriction has the same real dimension as X?". (The
dimension is well defined as the image is subanalytic.)

Part 3a: The hypersurface case. To warm up let us assume for the moment
that X is a hypersurface in A, so dim X = ¢. In this case the image b(X**N.Ax)
contains a non-empty, open subset of T?9. By a simple Geometry of Numbers
argument in the covering R?9 — T?9, the image contains > N29 points of order
dividing NV; the implicit constant is independent of V. As the Betti map is a
group isomorphism on each fiber of A, we find that X contains > N29 points
of order dividing N.
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Obtaining (1.2) requires an auxiliary rational map ¢: A --» P9. Suppose
for simplicity that we can choose ¢ such that ¢ 1([1 : 0 : --- : 0]) is the
image of the zero section S — A. Then the composition ¢ o [N] restricts to a
rational map X --+ P9 that maps the > N2 torsion points constructed above
to[l:0:---:0].

If we are lucky and all these torsion points are isolated in the fiber of
@ o[N], then deg(po[N]) > N?9. A height-theoretic lemma [28], restated here
as Lemma 9.4, implies (1.2) for N a power of 2. The factor N? on the left
in (1.2) equals N2dimX /N2(dim X=1) a1 d has the following interpretation. The
numerator comes from the degree lower bound as dim X = ¢g. The denominator
is a consequence of the following fact. Given a suitable embedding of an abelian
variety into some projective space, the duplication morphism can be described
by a collection of homogeneous polynomials of degree 22 = 4. So [N] can be
described by homogeneous polynomials of degree < N2.

If we are less lucky and some torsion point is not isolated in ¢ o [N], then
an irreducible component of ker[N] C A is contained in X. This situation is
quite harmless, as roughly speaking, it cannot happen too often for a variety
that is not generically special.

The restriction dim X = g is more serious, however. The second-named
author was able to reduce [28] to the hypersurface case inside a fibered power
of the Legendre family of elliptic curves. This is not possible for general A, so
we must proceed differently.

Part 3b: The general case. For general X, we will still construct a suitable
0 X —-» PImX a5 above and apply Lemma 9.4. As a stepping stone we first
construct in Section 6 an auxiliary subvariety Z of A in sufficiently general
position such that

(1.3) dim X + dim Z = dim A = g + 1.

The rational map ¢ is constructed using Z in Section 9, and one should think
of Z as an irreducible component of ¢|'([1 : 0 : -+~ : 0]). Being in general
position and (1.3) mean that ¢|x has finite generic fiber on its domain.

Now we want o [N]: X — P4mX to have degree > N294mX and for this
it suffices to find 3> N24m¥X jsolated points in the preimage of [1:0: ---: 0].
As o(Z) = [1:0:---: 0], we need to find > N24mX jsolated points in
X N[N]7Y(Z). (Additional verifications must be made to ensure that isolated
intersection points lead to isolated fibers.)

We ultimately construct these points using the Geometry of Numbers.
More precisely, we need a volume estimate and Blichfeldt’s Theorem. Since
X is not degenerate, we have a point around which the local behavior of X
is similar to the local behavior of its image in T?¢9 under the Betti map. This
allows us to linearize the problem as follows. In order to count the number of
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such X N[N]~(Z), we can instead count points = € T?9, coming from points
of X(C) under the Betti map, such that Nz = z lies in the image of Z(C).
If we let x, z range over the image under the Betti map of small enough open
subsets of X(C) and Z(C), then Nz — z ranges over an open subset of T?.
This conclusion makes crucial use of the fact that X is not degenerate and
that Z is in general position. Lifting via the natural map R?9 — T?9 we are
led to the counting lattices points. Indeed, we must construct elements of
Ni — % € 729, where &, 7 are lifts of points x, z as before. We denote the set of
all possible NZ — Z by Uy. A careful volume estimate done in Section 7 leads
to vol(Uy) > N2dmX G we expect to find this many lattice points. But
there is no reason to believe that Uy is convex, and it is not hard to imagine
open subsets of R?9 of arbitrary large volume that meet Z29 in the empty set.
To solve this problem we apply Blichfeldt’s Theorem, which claims that some
translate v + Uy of Uy contains at least vol(Uy) lattice points in Z29.

This approach ultimately constructs enough points to prove a suitable
lower bound for the degree of ¢ o [N] and to complete the proof. However,
additional difficulties arise. For example, we must deal with non-zero v and
making sure that the points constructed are isolated in X N [N]71(Z). These
technicalities are addressed in Section 8.

The remaining results. In Section 3 we prove Proposition 1.3. This section
is mainly self-contained, and the main tool is a uniform version of the Manin—
Mumford Conjecture in characteristic 0.

The proof of Theorem 1.1 in Section 11 follows the blueprint laid out
in [28]. We need to combine our height bound, Theorem 1.4, with Silverman’s
Height Limit Theorem [46] used in his specialization result.

In Appendix A we sketch how to adapt our height inequality, Theorem 1.4,
to more general fields in characteristic 0. This shows how to deduce Theo-
rem 1.1 for any algebraically closed field of characteristic 0. Appendix B con-
tains some comments on the situation when dim S > 1. Finally, in Appendix C
we give a self-contained and quantitative version of Brotbek’s Hyperbolicity
Theorem [9] in the case of an abelian variety (which is much simpler than the
general case).
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2. Notation

Let N = {1,2,3,...} denote the set of positive integers. Let Q be the
algebraic closure of QQ in C.

If X is a variety defined over C, then we write X?" for X(C) with its
structure as a complex analytic space. We refer to Grauert and Remmert’s
book [21] for the theory of complex analytic spaces.

Given an abelian scheme A over any base scheme and an integer N, we
let [N] denote the multiplication-by-N morphism A — A. The kernel of [N]
is A[N], and it is a group scheme over the base of A. An endomorphism of A
is a morphism A — A that takes the zero section to itself.

If A is an abelian variety over field K and if K D K is a given algebraic
closure of K, then A, denotes the group of points of finite order of A(K).

Suppose k is a subfield of K whose algebraic closure in K equals k and
char(k) = 0. We write AX/¥ for the K/k-trace of A and let TAK/k: ARk @,
K — A denote the associated trace map. We refer to [14, §6] for general
facts and the universal property. Note that our notation AX/* is denoted by
Trg/i(A) in loc. cit. By [14, Th. 6.2 and below], 74 k) is a closed immersion
since char(k) = 0. We sometimes consider AX/* @, K as an abelian subvariety
of A. B B

By abuse of notation we sometimes abbreviate (A®x K )5/¥ by AK/k and,
in this notation, consider AX/* @, K as an abelian subvariety of A @y K.

2.1. Heights. A place of a number field K is an absolute value |- |, : K —
[0, 00) whose restriction to Q is either the standard absolute value or a p-adic

absolute value for some prime p with |p| = p~!. We set d, = [K, : R] in
the former and d, = [K, : Q] in the latter case. The absolute, logarithmic,
projective Weil height, or just height, of a point P = [pg : ... : pn] € P{(K)
with pg,...,pn € K is
1
h(P)= ——— dy 1
(P)= (g o hosmax(nls )

where the sum runs over all places v of K. The value h(P) is independent of
the choice of projective coordinates by the product formula. For this and other
basic facts, we refer to [7, Ch. 1]. Moreover, the height does not change when
replacing K by another number field that contains the py,...,p,. Therefore,
h(-) is well defined on Pf (K) where K is an algebraic closure of K.

In this paper we also require heights in a function field K. With our results
in mind, we restrict to the case where K = k(S) and S is a smooth projective
irreducible curve over an algebraically closed field k. Let K be an algebraic
closure of K. In this case, we can construct a height hx : P%(K) — R as
follows.
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The points S(k) correspond to the set of places | - |, of K. They extend
in the usual manner to finite extensions of K. If P = [pg : --- : p,] € P%(K)
with pg,...,p, € K, where K’ is a finite extension of K, then we set

1
hi(P) = m Zdv log max{[pov, - .-, [Pnlv},

where d, are again local degrees such that the product formula holds. We refer
to [7, §1.3. and 1.4.6] for more details or [14, §8] on generalized global fields.
In the function field case we keep K in the subscript of hx to emphasize that
K is our base field. Indeed, in the function field setting one must keep track
of the base field “at the bottom” that plays the role of Q in the number field
setting.

Now let K be either a number field or a function field as above. Suppose
that A is an abelian variety defined over K that is embedding in some projective
space IP’]\K/[ with a symmetric line bundle. Tate’s Limit Process induces the
Néron-Tate or canonical height on A(K). If K is a number field, we write

(2.1) ha(P) = lim h([QZ]V(P))

for the Néron-Tate height on A(K); we refer to [7, Ch. 9.2] for details. The
Néron—Tate height depends also on the choice of the symmetric, ample line
bundle, but we do not mention it in hoa.

The construction in the function field is the same. For the same reason

as above, we retain the symbol K and write h A,k for the Néron-Tate height
on A(K).

2.2. Embedding our abelian scheme. In this paper we are often in the
following situation. Let k£ be an algebraically closed subfield of C. Let S be a
smooth irreducible algebraic curve over k, and let A be an abelian scheme of
relative dimension g > 1 over S with structural morphism 7: A — S.

Let us now see how to embed A into IP’JSVI = ]P’fﬁ\/[ x S for some M > 0
after possibly removing finitely many points from S. Note that removing
finitely many points is harmless in the context of our problems. Indeed, our
Theorem 1.4 is not weakened by this action, and so we do it at leisure.

The generic fiber A of A — S is an abelian variety defined over the
function field of S. Let L be a symmetric ample line bundle on A. Then L®3
is very ample. Replace L by L®39. A basis of H°(A, L) gives a projectively

normal closed immersion A — IP’Q/([ 9) for some M > 0.

We take the scheme theoretic image A’ of A — IP’% 5) P hence A’ is

the Zariski closure of the image of A in Pg/[ with the reduced induced struc-
ture. After removing finitely many points of S we obtain an abelian scheme
A" C PY such that the morphism from A to the generic fiber of A" — S is
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an isomorphism. An abelian scheme over S is the Néron model of its generic
fiber, so the Néron mapping property holds. Therefore the canonical morphism
A — A’ is an isomorphism, and we have thus constructed a closed immersion

15: A—=PY =PY xS

Note that L is the generic fiber of the relatively very ample line bundle £ =
t605(1) on A/S. Moreover for any s € S(k), we have that L, is the g-th
tensor-power of a very ample line bundle on As;.

We may furthermore find an immersion (which need not be open or closed)
of S into some P}". Composing yields the desired immersion A — Pﬁ/l x P
By abuse of notation we consider A C P% 9) and A C IP)IJCVI x P} from now on.
Let us recapitulate.

(A1) We have an immersion A — PM x P such that the diagram involving
m: A— S and the projection IP’{CVI x P* — P commutes. Moreover, for
all s € S(k), the closed immersion As — IP’{CW is induced by a symmetric
very ample line bundle.

Of course this immersion depends on the choice of the immersions of A and
of S.

The image of A in ]P’fc\/([ 9) is projectively normal, and [2]*L is isomorphic to
L®4, Therefore, [2] is represented globally by M + 1 homogeneous polynomials
of degree 4 on the image of A. Here the base field is the function field k().
But we can extend it to the model after possibly removing finitely many points
of S. So we may assume the following:

(A2) The morphism [2] is represented globally on A C PM x P by M + 1
bi-homogeneous polynomials, homogeneous of degree 4 in the projective
coordinates of ]P’Q/[ and homogeneous of a certain degree in the projective
coordinates of IP”".

Finally, we explain why we took the additional factor g in the exponent
3g of L®39. By Proposition C.1 we have the additional and useful property.

(A3) For given s € S(k) and P € A, any generic hyperplane section of Aj
passing through P does not contain a positive dimensional coset in As.

At the cost of possibly increasing the factor g we could also refer to Brotbek’s
deep result [9] for more general projective varieties.

An immersion ¢: A — PM x PP for which (A1), (A2), and (A3) above are
satisfied will be called admissible.

The construction above adapts easily to show the following fact. Let A
be an abelian variety defined over k(S). After possibly shrinking S we can
realize A as the generic fiber of an abelian scheme A — S with an admissible
immersion A — PM x P,
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If k = Q, we have two height functions on A(Q). Say P € A(Q). We
write P = (P, 7(P)) with P’ € ]P’g(@) and 7(P) € }P’%(@) Then

(2.2) h(P) = h(P") + h(x(P))

defines our first height A(Q) — [0, 00), which we call the naive height on A
(relative to the immersion A C PM x P7),
The second height is the fiberwise Néron—Tate or canonical height

~

(23) h.A(P) = iLAﬂp) (P)7

cf. (2.1). We obtain a function hy : A(Q) — [0,00). It is quadratic on each
fiber as the line bundle on the generic fiber A is symmetric, and this extends
along the fibers of A — S.

In the end we explain these height functions in terms of Height Machine.
Let A, resp. S, be the Zariski closure of the image of the immersion A C
%‘{ x P, resp. S C Pg. If we let £ = O(L,1)|z and M = O(1)[g, then h(")
represents the class of functions h 4 ¢+ defined up to O(1) and h o 7 represents
hs am o m. Furthermore, the fiberwise Néron-Tate height h A is the map P —

iLAw(P)7£Tr(p)(P)7 where £ = LEOS(l) as above.

3. Proof of Proposition 1.3

The goal of this section is to prove Proposition 1.3. In fact, we will prove
a statement of independent interest that implies Proposition 1.3.

Let k£ be an algebraically closed field of characteristic 0. Let S be a smooth
irreducible curve over k, and fix an algebraic closure K of the function field
K = k(S). Let A be an abelian variety over K.

Furthermore, let V5 be an irreducible variety defined over k and V =
Vo @1 K. We consider Vy(k) as a subset of V(K).

The next proposition characterizes subvarieties V' x A that contain a
Zariski dense set of points in ¥ = Vy(k) x Ator CV(K) x A(K). See Yamaki’s
[62, Prop. 4.6] for a related statement.

ProrosITION 3.1. Suppose AK/k = 0, and let Y be an irreducible closed
subvariety of V x A.

() If Y(K)NX is Zariski dense in' Y, then Y = (Wo @y K) x (P + B) with
Wo € Vo an irreducible closed subvariety, P € Aior, and B an abelian
subvariety of A.

(ii) There are at most finitely many subvarieties of the form (Wy @ K) X
(P + B) (with Wy, P, and B as in (1)) that are contained in'Y , mazimal
with respect to the inclusion for this property.
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Part (i) implies (ii) for the following reason. If Wy, P, and B are as in the
conclusion of (i), then it suffices to observe that (Wy @, K) x (P+ B))(K)N%
is Zariski dense in (Wy ® K) x (P + B).

The assumption dim.S = 1 is used only at one place in the proof. In
Appendix B, we will explain how to remove it.

3.1. Proposition 2.1 implies Proposition 1.3. Now we go back to the set-
ting of Proposition 1.3: S is a smooth irreducible curve over k, and 7: 4 — S
is an abelian scheme of relative dimension g > 1. Let A denote the geometric
generic fiber of 7; it is an abelian variety over K.

By [14, Th. 6.4 and below| there is a unique abelian subvariety A" C A
such that (A/A")5/F = 0 and such that we may identify A’ with AX/* @, K.
We fix an abelian subvariety A” C A with A’ + A” = A and such that A’N A”
is finite. Then the addition morphism restricts to an isogeny ¢: A’ x A" — A
and (A")K/k = 0.

Let Wy be an irreducible closed subvariety of A% /k B an abelian subva-
riety of A”, and P € A”(K). We can map ¢ ((Wy®y K) x (P+ B)) C A to the
generic fiber of A; its Zariski closure is a generically special subvariety of A.
Conversely, any generically special subvariety of A arises this way.

Let X C A be an irreducible closed subvariety that dominates S and
X C A its geometric generic fiber. We apply Proposition 3.1 where AKX/ A"
play the role of Vj, A respectively. There are at most finitely many subvarieties
of A of the form (W ®y, K) x (P + B) that are contained in 1! (X), maximal
for this property. This shows that there are at most finitely many generically
special subvarieties of A that are contained in X', maximal for this property. [

3.2. Proof of Proposition 2.1. Now we prove Proposition 3.1. To do this
we require a uniform version of the Manin—-Mumford Conjecture in character-
istic 0.

THEOREM 3.2 (Raynaud, Hindry, Hrushovski, Scanlon). Let K be as
above, let A be an abelian variety, and let V' be an irreducible, quasi-projective
variety, both defined over K. Suppose Y is an irreducible closed subvariety of
V x A. Forv € V(K), we let Y, denote the projection of VN ({v} x A) to A.
Then there exists a finite set M of abelian subvarieties of A and D € Z with
the following property. For all v € V(K), the Zariski closure of Y,(K) N Agor
in Yy, is a union of at most D translates of members of M by points of finite
order in Aior.

Proof. Raynaud proved the Manin-Mumford Conjecture in characteristic
zero. Automatical uniformity then follows from Scanlon’s [45, Th. 2.4]; see

also work of Hrushovski [34] and Hindry’s [32, Th. 1] for k¥ = Q. Indeed, the
number of irreducible components is uniformly bounded in an algebraic family.
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Moreover, it is well known that if an irreducible component of a fiber of an
algebraic family is a coset in A, then only finitely many possible underlying
abelian subvarieties arise as one varies over the fibers. O

Proof of Proposition 3.1. We have already seen that it suffices to prove (i).
We keep the notation Y, for fibers of Y above v € V(K) introduced in Theo-
rem 3.2. Let M and D be as in this theorem.

For all v € V(K), we have

m = U(Pv,i + Bv,i)a

%

where P, ; € Ator, By, € M, and the union has at most D members. Note that
forv € V(f), any torsion coset contained in Y, is contained in some P, ; + B, ;.
Moreover,

(3.1) YE) NS = (J (o} x (Poi+ (Buier) -
vEVo(k) 1

We decompose Y (K) N X into a finite union of

Se= |J U {v}x (Poi+ Bior)
veVy(k) BiJ,Z:B

by collecting entries on the right of (3.1) that come from B € M. The set ¥p

must be Zariski dense in Y for some B € M. There is possibly more than one

such B, so we choose one that is maximal with respect to inclusion.

We fix a finite field extension F//K with F C K, such that Y, A, and B are
stable under the action of Gal(K/F). For this proof we consider these three
varieties and V as over F. Note that AX/% = 0 remains valid.

Now suppose v € Vy(k), and let P,; be as in the definition of X, hence
Byi=Band P,; + BCY. For all 0 € Gal(K/F), we have o(P,;) + B =
o(Pyi+B) C o(Y,) =Y,, by our choice of F' and since o acts trivially on Vy(k).
So the torsion coset o(P,;) + B is contained in P, ; + B’ for some B’ € M
and some j. This implies B C B’. If B C B’, then by maximality of B the
Zariski closure Y/ is not all of Y. After replacing F by a finite extension
of itself we may assume o(Xp/) = Xp for all 0 € Gal(K/F). In particular,
{v}x (Py,i+ B) C Xp/. We remove such torsion cosets from the union defining
Y p to obtain a set ¥’ C Y(K) NY that remains Zariski dense in Y.

If P,; + B is in the union defining ¥', then B = B’ and o(P,; + B) =
P, ; + B for some j and there are at most D possibilities for o(P,; + B) with
o€ Gal(K/F).
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Let ¢: A — A/B be the canonical map, then o(p(P,;)) = ¢(c(Py;)) =
©(Py ;). We have proven that the Galois orbit of ¢(F, ;) has at most D ele-
ments. In particular, [F(¢(P,;)) : F] < D; recall that D is independent of v
and 4.

CLAIM. Without loss of generality we may assume that the torsion points
P, ; contributing to X' have uniformly bounded order.

Indeed, we may replace each P, ; by an element of P, ; + Bior. So by a
standard argument involving a complement of B in A it is enough to show the
following statement: The order of any point in

(3.2) (P e (A/B), :[F(P):F] <D}

tor

is bounded in terms of A/B and D only.

This is the only place in the proof of Proposition 3.1 where we use the
hypothesis dim.S = 1. In Appendix B we will explain how to remove this
hypothesis.

Let S’ be an irreducible smooth projective curve with k(?’) = F and P as
in (3.2). The inclusion F C F(P) corresponds to a finite covering S — S of
degree [F(P) : F|, where S is another smooth projective curve with function
field F(P). Then A/B has good reduction above S’'(k) \ Z for some finite
subset Z of S’(k), where we have identified S’(k) with the set of places of F.
Note that S’ and Z are independent of P. All residue characteristics are zero,
so by general reduction theory of abelian varieties we find that F(P)/F is
unramified above the places in S’(k) \ Z. In other words, the finite morphism
S" 5 is unramified above S’ \ Z. So we get a finite étale covering of S\ Z
of degree [F(P) : FI.

Let L be the compositum in K of all extensions of F of degree at most
D that are unramified above S’ \ Z. Then L/F a finite field extension by [53,
Cor. 7.11] if k C C and for general k of characteristic 0 since the étale funda-
mental group of S"\ Z is topologically finitely generated by [25, Exposé XIII
Cor. 2.12]. In particular, P € (A/B)(L) for all P in (3.2).

Now (A/B)X/k = 0 since the same holds for A. The extension L/k is
finitely generated, so the Lang-Néron Theorem (cf. [35, Th. 1] or [14, Th. 7.1])
implies that (A/B)(L) is a finitely generated group. Thus [N](P) = 0 for some
N € N that is independent of P. Our claim follows.

Define a morphism ¢: V x A — V x (4/B) by ¢(v,t) = (v, [N] o p(P)).
By choice of N we have ¢(X) C V x {0}, s0 X/ C V x (0+ B), where © C Ay,
is finite. We pass to the Zariski closure and find Y C V' x (P + B) for some
P c Ao as Y is irreducible.

Let p: V x A — V be the first projection; it is proper, and p(Y") is Zariski
closed in V. A fiber of p|y containing a point of ¥’ contains a subvariety of
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dimension dim B. We use that Y’ is Zariski dense in Y one last time together
with the Fiber Dimension Theorem [31, Exer. 11.3.22] to conclude dim B <
dimY —dimp(Y). As Y C p(Y) x (P + B), we conclude

(3.3) Y =p(Y) x (P + B).

Finally, p(X') is Zariski dense in p(Y) C V. But p(¥’) consists of elements
in Vp(k), with k the base field of V5. We conclude that p(Y) = Wy @ K
for some irreducible subvariety Wy C ;. We conclude the proposition from
(3.3). O

4. The Betti map

In this section we describe the construction of the Betti map.
Let S be a smooth, irreducible, algebraic curve over C and suppose 7: A —
S is an abelian scheme of relative dimension g. We construct

PROPOSITION 4.1. Let A and S be as above. For all s € S(C), there exists
an open neighborhood A of s in S*™ and a real analytic mapping b: Ax — T?9,
called Betti map, with the following properties:
(i) for each s € A, the restriction b| gan : A" — T?9 is a group isomorphism;
(i) for each & € T?9, the preimage b=1(€) is a complex analytic subset of N
(iii) the product (b,m|a,): Aa — T29 x A is real bianalytic.

Remark 4.2. We remark that b from the proposition above is not unique
as we can compose it with a continuous group endomorphism of T?9. However,
if b,b': Ax — T?9 both satisfy the conclusion of the proposition and if A is
path-connected, then using homotopy and (iii) we find " = « o b for some
o€ GLQQ (Z)

Before giving the concrete construction, let us explain the idea. Assume
S = A, is the moduli space of principally polarized abelian varieties with
level-3-structure, and A = 2, is the universal abelian variety. The universal
covering .6; — A4, where ﬁg* is the Siegel upper half space, gives a polarized
family of abelian varieties Aﬁ; — 97,

.Aﬁ;r = Q[g XAQ ﬁ;r —— 915]

| |

o Ay.

For the universal covering u: CY9 x .6:{ — Aﬁ; and for each 7 € ﬁ;, the kernel
of ulcox(r} 18 Z9 + 7Z9. Thus the map CJ x ,6; — RI x RY x 53; — R?%9,
where the first map is the inverse of (a,b,7) — (a + 7b,7) and the second
map is the natural projection, descends to a map Aﬁ; — T?9. Now for each
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s € S(C) = Ay(C), there exists an open neighborhood A of s in AJ" such that
Ap = (/)|a can be identified with Aﬁ+|A/ for some open subset of . The

composite b: A = ﬁ+ |ar — T29 is clearly real analytic and satisfies the three
properties listed in Proposition 4.1. Thus b is the desired Betti map in this
case. Note that for a fixed (small enough) A, there are infinitely choices of A’;
but for A small enough, if A} and A} are two such choices, then A}, = - A
for some o € Spyy(Z).

Now let us give the concrete construction. Let sg € S?". By Ehresmann’s
Theorem [51, Th. 9.3], there is an open neighborhood A of sy in S*" such that
Aa = 771(A) and A, x A are diffeomorphic as families over A. The map f in

Agy X A *> Aa
W) e l

is a diffeomorphism, the diagonal arrow is the natural projection, and the ver-
tical arrow is the restriction of the structural morphism. After translating we
may assume that (0, s) maps to the unit element in 4, for all s € A. We may
assume that A is simply connected. Fiberwise we obtain a diffeomorphism
fs 1 Asg = As.

As A™ is a complex analytic space, we may assume that the fibers of f~!
in (4.1) are complex analytic; see [51, Prop. 9.5].

We fix a basis 71, ...,724 of the Z-module H; (A5, Z). Each v; is repre-
sented by a loop 7; : [0,1] — A3 based at the origin of A%

For all s€ A, we have a map H' (A2, R) — H' (A, R) resp. H' (A", C) —

(Aiél,(C) induced by fs; it is an isomorphism of R- resp. C-vector spaces.

We denote the latter by f* and note that f(7) = f#(v) where complex con-
jugation - is induced by the real structure.

The Hodge decomposition yields
H'(AZ,C) = H'(AZ*, Q") @ HO(A2», Q1),

where H?(A Q1) is the g-dimensional vector space of global holomorphic
1-forms on A2". As s varies over A, we obtain a collection

fEHO (A, QY

of subspaces of H 1(.,4?3,@) As f¥ commutes with complex conjugation, we

have

H'(A3,C) = fLHO(AD, QY @ fr (HO(A, Q).
For s € A, the image fXH°(A%, Q') corresponds to a point in the Grass-

mannian variety of g-dimensional subspaces of H 1(.,42(?,@) As a particular
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case of Griffith’s Theorem, this association is a holomorphic function. We
draw the following conclusion from Griffith’s result.

Fix a basis w?, . .. ,wg of HO(AZ‘;I, Q); then o, ... ,wg,w?, ..., wy is a basis

HY(A C). There exist holomorphic functions

S0 ?
CL@%A-)(C and bmﬁA—)(C (1§i,j§g)
such that
fiwi(s) =" (aij(s)w] + by (s)w?)
j=1
for all i € {1,...,g9} and all s € A, where wi(s),...,wy(s) is a basis of

HO(A22 Q) with w;(sg) = w) for all 4.
For s € A, we define the period matrix

Qs) = (/f N.wz-(s)) ricy € Matg 24(C)

1<5<2g

for all s € A; the integral is taken over the loop in A% fixed above. Note that

/f )= [ ot = ; (%.(s) / w4 i) / | w”)

1
by a change of variables. So €)(s) is holomorphic in s. In this notation and with
A(s) = (aij(s)) € Maty(C) and B(s) = (bi;j(s)) € Maty(C), we can abbreviate
the above by

w2 s) \ _ (A BG) Y\ (20) Y
' Qs) )\ B(s) A(s) Q0) J°
here ©2(0) = Q(sp). So the first matrix on the right of (4.2) is invertible.
Let P € A* where s = w(P) € A, and suppose vp is a path in A%"

connecting 0 and P. Let @ € AY with fo(Q) = P and 7q the path in A3
such that fs.vg = vp. We define

(4.3)
[, n(s) [, frens *
cr= 1 )= z — (A(s)B(s) ( ﬁgg; ) ,
fyp wg(s) fm fiwg(s)
where
[0
£Q) = '
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Replacing vp by another path connecting 0 and P in A%" will translate
the value of £(P) by a period in Q(s)Z29. By passing to the quotient we obtain
the Albanese map A — C9/€(s)Z?9. Tt is a group isomomorphism.

Further, we set
()" (50)
-\ Q%) L(P)

and observe b(P) € R as these are the coordinates of £(P) in terms of the
period lattice basis Q(s).

By replacing vp by another path connecting 0 and P, we find that INJ(P)
is translated by a vector in Z2?9. Therefore, b induces a real analytic map
b: An — T29, where T is the circle group, which we identify with R/Z. We
will prove that b satisfies the three properties listed in Proposition 4.1.

On a given fiber, i.e., for fixed s, the map b restricts to a group isomor-
phism A, — T?9 as we have seen above. So part (i) of Proposition 4.1 holds.

Let us investigate such a fiber. For this we recall (4.3). By the period
transformation formula (4.2), we see

0 () ()

Fixing the value of b amounts to fixing the value of £*(Q). As £* induces
the Albanese map on A", fixing b amounts to fixing ). Recall that ) maps
to P under the trivialization (4.1). Therefore, a fiber of b equals a fiber of
the trivialization. As these fibers are complex analytic, we obtain part (ii) of
Proposition 4.1.

Finally, the association

2 £(0) 2
induces the inverse of the product Ax — T29 x A. This is part (iii) of Propo-
sition 4.1.

5. Degenerate subvarieties

Let S be a smooth irreducible algebraic curve over C, and let 7: A — S
be an abelian scheme of relative dimension g > 1. We define and characterize
the degenerate subvarieties of A in this section. Let Y be an irreducible closed
subvariety of A that dominates S.

Let sgp € S(C), and let A C S?" be an open neighborhood of sy in 5"
with the Betti map b: Ax = 7~ 1(A) — T?9 as in Proposition 4.1 with T C C
the circle group. We say that a point P € Y®™2" N Aa is degenerate for Y
if it is not isolated in b|§7imvaﬂmAA(b(P))' We say that Y is degenerate if there
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is a non-empty and open subset of Y2 N AA consisting of points that are
degenerate for Y.

For technical purposes, our notation of degeneracy formally depends on
the choice of A. But this dependency is harmless as we will see.

Recall that generically special subvarieties of A were introduced in Def-
inition 1.2. A generically special subvariety is degenerate. In this section we
prove the converse.

THEOREM 5.1. An irreducible closed subvariety of A that is degenerate is
a generically special subvariety of A.

This proposition, which has a definite Ax—Schanuel flavor, is proved us-
ing a variant of the Pila—Wilkie Counting Theorem for definable sets in an
o-minimal structure. Abundantly many rational points arise from the expo-
nential growth of a certain monodromy group.

5.1. Invariant subsets of the torus. We write | - |2 for the /2-norm on R™.
For n € N, we consider the real n-dimensional torus T™ equipped with the
standard topology. We will use the continuous left-action of GL,,(Z) on T" and
use the additive notation for T". Suppose X is a closed subset of T" such that

(X)) =X

for all v in a subgroup I' of GL,,(Z). What can we say about X7

To rule out subgroups that are too small we ask that I" contains a (non-
abelian) free subgroup on two generators. Moreover, we will assume that X is
sufficiently “tame” as a set.

To formulate the last property precisely, let exp: R® — T" denote the
exponential map (t1,...,t,) — (2™, ... €%™n) Let X C T™ be a subset and

X = exp |[6,11]n(X)'

We will work in a fixed o-minimal structure and call X definable if X is a
definable subset of R™ in the given o-minimal structure. We refer to van den
Dries’ book [17] for the theory of o-minimal structures. We will work with Ry,
the o-minimal structure generated by restricting real analytic functions on R"
to [—1,1]™

We say that X C T" is of Az-type if it satisfies the following property. For
any continuous, semi-algebraic map y: [0, 1] — X that is real-analytic on (0, 1),
there is a closed subgroup G C T™ such that expoy([0,1]) C y(0) + G C X.

The main example comes from a g-dimensional abelian variety A defined
over C. Indeed, then there is a real bianalytic map A* — T29. Moreover, the
image of X (C) is definable and of Ax-type for any Zariski closed subset of A;
for the latter claim, we refer to Ax’s Theorem [2].
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LEMMA 5.2. Let X CT" be a closed definable set of Az-type. Let T be a
free subgroup of GL,(Z) on two generators such that v(X) = X for ally € T.
Then one of the following properties holds true:

(1) The set X is contained in a finite union of closed and proper subgroups
of T™.

(2) There are a non-empty, open subset U of X and a closed, connected, infi-
nite subgroup G C T™ with U + G C X.

Proof. By assumption, I is generated by elements 71, y2 that do not satisfy
any non-trivial relation. Any element v € I' is uniquely represented by a

reduced word in vlﬂ, *yQil whose length is (). For all real t > 1, we have

#{yeTl:i(y) <t} >2.

We define ¢; = max{2, |y1|2, [71]2} > 2 and observe |y|]s < cll(v) for all
v € T'. The height H(b) of any integral vector b = (by,...,b,) € Z™ is
max{1,|b1|,...,|bm|}. So

H(y) < 7.

Let T > ¢1, and let t = (logT)/(logcy) > 1. There are at least 2f =
T(og2)/loger glements v € I' with H(y) < T.

Let z € X = exp |[611],1(X). For all v € I, there is a = a, € Z" such that
Yy = yx —ay € X. Then (x,7, ay,y,) lies in the definable set

Z={(z,7,a,y) € X X GL,(R) xR" x X : yx —a =y} .

IN

We view it as a family of definable sets parametrized by z € X with fibers
X, C R?°+n+n Moreover,

H(av) < max{l, |a7|2} = max{l, |’yx - yv’2}
< max{L, |y|2|z|2 + |yy]2} < Vn(lv]e + 1) < 2n2H (7).

Let ¢o be the constant from the semi-rational variant of the Pila—Wilkie
Theorem [30, Cor. 7.2] applied to the family Z and € = (log2)/(2logc1). Here
the coordinates assigned to (y,a) are treated as rational and the coordinates
assigned to y are not. We fix T large enough in terms of ¢; and cp; more

(5.1)

precisely, we will assume that T" > ¢; and

(5.2) T(og2)/loger 5 () (9,27)(l0g2)/(2loger)

We keep z fixed and vary «y. Let us first see how to reduce to the case that
many different y, must arise this way if H(y) < 7. Indeed, suppose v/ € T’
satisfies H(7') < T. Then y., = vz —al, € X for some o' € Z. If y, = y.,,
then vz — ay = 7'z —al,, so yz — 'z € Z". Then exp(z) lies in the closed
subgroup of T defined by the kernel of y~14/ —1 # 0, i.e., the largest subgroup
of T stabilized by y~'4/. So it lies in a finite union G4 U --- U Gy of closed
proper subgroups of T, each defined as the subgroup stabilized by some v~/
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as above. Here N is bounded only in terms of 7' and thus only in terms of
c1,co, and n. It is independent of .

If X CG1U--- UGN, then we are in case (1). Otherwise, V = X \ (G1 U
---UGp) lies open in X and is non-empty.

Now suppose z € X with exp(z) € V and v € G with H(y) < T. Recall
that y, = vy —a, € X. By our choice of V' and the arguments above the
number of y, that arise is the number of elements in I' of height at most T
This number is at least TU°82)/10ge1 Note that the height of (7, ay) equals
max{H (), H(ay)} and this is at most 2n?T by (5.1).

By (5.2) we have enough y, to apply the counting result [30, Cor. 7.2].
We thus obtain continuous, definable maps «: [0, 1] = GL,(R), a: [0,1] — R"™,
and y: [0,1] — X such that v and a are semi-algebraic, y is non-constant, and

Y(s)x —a(s) = y(s)
for all s € [0,1]. So s+ y(s) is semi-algebraic too and exp oy([0, 1]) C X. After
rescaling [0, 1] we may assume that y is real-analytic on (0,1). By looking at
the proof of [30, Cor. 7.2(iii)], we may arrange v(0) € T' and a(0) € Z".
Recall that X is of Ax-type. So there is a closed subgroup G! C T" with
expoy([0,1]) € exp(y(0)) + G, € X. We may assume that G’, is connected.
Observe that G’ is infinite as exp oy is continuous and non-constant. We find
exp(z) + G, C v(0)"1(X) = X, where G, = v(0)*G".
We have proved that for any z € X with exp(z) € V, we have

exp(z) + G € X

for some connected, closed, infinite subgroup G, C T".
For any connected closed subgroup G C T", we define

E(G) ={zeV:z+GCX}=Vn[)(X—-g).

geG

Then E(G) is closed in V. Our conclusion from above can be restated as

V= U E(Gy).

rEEXp |;(1 (V)

By Kronecker’s Theorem, T™ has countably many closed subgroups. So
this union contains at most countably many different members. Now V| being
non-empty, Hausdorff, and locally compact satisfies the hypothesis of Baire’s
Theorem. Hence there exists a connected, closed, infinite subgroup G C T"
such that V'\ E(G) is not dense in V. So E(G) contains a non-empty and open
subset of X, as claimed in (2). O

Now suppose that A is an abelian variety of dimension g > 1 defined
over C. We attach to A the associated complex manifold A*" whose underlying
set of points is A(C). There is a real bi-analytic map b: A% — T?9 that is
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a group isomorphism. We will not need to vary A in a family here as in
Proposition 4.1.

Suppose a group I' acts faithfully and continuously on A?"; we do not
ask for elements of I" to act by holomorphic maps. Any continuous group
automorphism of T?9 can be identified with an element of GLa,(Z). So using
b we may consider I' as a subgroup of GLy4(Z).

We say that the action of I" is of monodromy-type if v(B(C)) = B(C) for
all v € I' and all abelian subvarieties B C A. Later we will study the action
of the fundamental group of an abelian scheme on a fixed fiber in sufficiently
general position. This action will leave the abelian subvarieties of the said fiber
invariant and is thus of monodromy-type.

PROPOSITION 5.3. Let A, g,b, andI" C GLoy(Z) be above so, in particular,
I' acts continuously on A* and is of monodromy-type. We assume in addition
that T' contains a free subgroup on two generators and that there are no I'-
invariant elements in Z*9\ {0}. Let Z be an irreducible closed subvariety of A
with v(Z(C)) = Z(C) for ally € T'. Then one of the following properties holds:

(1) the subvariety Z is contained in a proper torsion coset in A,
(2) there ezists an abelian subvariety B C A withdimB > 1 and Z + B = Z.

Proof. We write X for the image of Z(C) under the real analytic isomor-
phism b: A — T29. Then X is closed and definable in the sense as introduced
before Lemma 5.2. By Ax’s Theorem [2], the set X is of Ax-type. We apply
Lemma 5.2 to a free subgroup of I on two generators.

If we are in case (1) of Lemma 5.2, then X is contained in a finite union of
proper closed subgroups G1,...,Gy C T?9. By the Baire Category Theorem
we may assume that X N G has non-empty interior in X.

The analytification Z?" is an irreducible complex analytic space, and
Zs™An g arc-wise connected by [21, Ths. 9.1.2 and 9.3.2]. Moreover, Z5™2" is
an open and dense subset of Z2".

Let P,Q € Z%™*" and suppose b(P) lies in the interior of X NG1. We can
connect P and @ via an arc [0, 1] — Z5™" whose restriction to (0, 1) is piece-
wise real analytic on finitely many pieces. A neighborhood of b(P) in X lies in
(G1, and G is defined globally by relations in integer coefficients. By analytic
continuation we find that b(Q) € G;1. In particular, b(Z5™*") C G; and thus
b(Z2") C Gy. So Z™ is contained in the proper subgroup b~ 1(G7) C A,

The sum of sufficiently many copies of Z — Z is an abelian subvariety B
of A. We have B # A because B(C) lies in b=(G1). So Z C P + B for some
P € A(C). Moreover, any coset in A containing Z must contain P + B.

Let B’ be the complementary abelian subvariety of B in A with respect
to a fixed polarization; see [5, §5.3]. So B+ B’ = A and BN B’ is finite. By
the former property we may assume P € B'(C).
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By hypothesis we have Z( ) =7(Z(C)) Cy(P)+~(B(C)) =~(P)+B(C)
for all v € I'. Thus v(P)— P € B(C) for all y € T'. As B’ is invariant under -,
we find y(P) — P € (BN B’)((C) So v(Q) — @ = 0 for all v € I', where
Q = [#B 1 B(P).

The point b(Q) € T?9 is the image of some ¢ € R?9 under the canonical
map R?9 — T29. Our action of I' on A* was defined using b, and I acts on
T% via a matrix in Mateg(Z). We find that v(t) — t € Z for all v € I' with
the standard action of GLg,(Z) on R%.

Thus ¢ € R? is the solution of a system of inhomogeneous linear equations,
parametrized by ', with integral coefficients and integral solution vector. The
corresponding homogeneous equation has only the trivial solution as there are
no non-trivial I-invariant vectors in Z29. So t was the unique solution, and we
conclude t € Q%. Therefore @ and thus P have finite order. So P + B is a
torsion coset in A and we are in case (1) of the current proposition.

Now suppose we are in case (2) of Lemma 5.2, and suppose U and G are
as given therein. Then pey-1(q)(Z — P) is Zariski closed in Z since 0 € G.
By Lemma 5.2 its complex points contain b=!(U), which is Zariski dense in Z.
So Z — P = Z for all P € b~(G). This equality continues to hold for C-points
in the Zariski closure B of b~!(G) in A. As G is a connected subgroup of A2
we find that B is an abelian subvariety of A. Moreover, dim B > 1 since G is
infinite. So we are in case (2) of the proposition. O

5.2. Degeneracy and global information. Let A be an abelian scheme over
S of relative dimension g > 1, and let S be an irreducible and smooth curve
over C.

Recall that Betti maps were introduced in Section 4. Around each point of
S we fix an open neighborhood in S*" and a Betti map as in Proposition 4.1.
This yields an open cover of S®', which we now refine for our application
later on. After shrinking each member, we may assume that each member is
bounded and diffeomorphic to an open subset of R?. As S2" is paracompact,
we may refine this cover to obtain an open cover of S?" that is locally finite.
Each member of this cover is relatively compact. We may refine the cover again
and assume that a finite intersection of members is empty or contractible; see
Weil’s treatment [55, §1]. A non-empty open subset of S?" is naturally a
Riemann surface; if it is contractible, then it is homeomorphic to the open
unit disc. Therefore, a finite intersection of members of our cover is empty or
homeomorphic to the open unit disc.

Let s € S be a base point. We describe the monodromy representation
of (5", s) using the Betti map.

Let 7: [0,1] — S®" be a loop around s. We can find a Betti map in a
neighborhood around each point of ([0, 1]). As this image is compact, we find
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0=ap<aj <--<a,=1such that v([a;_1,a;]) C A;, where A,; is a member
of the cover above and b; is its associated Betti map.

We can glue the Betti maps as follows. For each i € {1,...,n — 1}, we
have s; = v(a;) € A; N Aj41. So bi]Ang_l o (bi+1|Ag?)_1 is a continuous group
isomorphism M: T?9 — T?, thus represented by a matrix in GLg,(Z). On
replacing b;y1 by M o b;;1, we may arrange that b; and b; 1 coincide on Af;‘?

Now 7(0) = v(1) = s. Both by and b, define homeomorphisms A" — T29.
By composing we obtain a homeomorphism A% — A2" that is a group isomo-
morphism. This homeomorphism induces an automorphism of the Z-module
H'(A2" Z) that depends on the loop 7. Another loop that is homotopic to
7 relative {0,1} will lead to the same automorphism of H*(A" Z). The in-
duced mapping (S, s) — Aut(H'(A2",Z)) is the monodromy representa-
tion from [52, §3.1.2]. We denote its dual by

(5.3) p: (S, s) — Aut(Hq (A, Z)).
PROPOSITION 5.4. In the notation above there is a group homomorphism

(5.4) p=pa: m(S™,s)

— {homeomorphisms A" — A" that are group homomorphisms}
that satisfies
(5.5) p(h)s = p(h) forall hem(S™,s)

with the following properties:

(i) There exists a path-connected open neighborhood A C S*" of s and b a
Betti map on Aa as in Proposition 4.1. Let Y C A be an irreducible
closed subvariety such that P € Y*" with m(P) = s is not isolated in the
fiber of blyanna,. Then p(h)(P) € Y for all h € m(S*",s). Moreover,
if P has finite order N in As(C), then dimp Y N A[N] > 1.

(ii) Let B be a further abelian scheme over S and a: A — B be a morphism
of abelian schemes over S. Then for all h € m(S*,s),

pB(h)(afaz) = (o] aze)pa(h).

Although the Betti map b in Proposition 4.1 is not uniquely determined,
Remark 4.2 implies that the non-isolation condition in the hypothesis above is
independent of any choice of b.

Before we come to the proof we will patch together the Betti maps and
extract global information.

Suppose i € {1,...,n — 1}, and set A = A; N A;y1 > v(a;). We consider
the two real bi-analytic maps

bflas and bfy il Aa — T x A,
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where the star signifies passing to the product as in Proposition 4.1(iii). By
composing we obtain

(5.6) biilag o (0] as) i T? x A — T% x A,

which is, over each fiber of A, a continuous group isomorphism T?9 — T?29.
By construction it is the identity over ~(a;) € A. Each continuous group
isomorphism of T?9 is represented by a matrix in GL24(Z). By homotopy,
(5.6) is the identity above all points in the path component of A containing

v(a;). But A is path connected by construction, and therefore b;| 4, = bit+1].a,
forall i € {1,...,n—1}.

Proof of Proposition 5.4. Let s,Y, and P be as in the hypothesis. We
abbreviate YA, = Y N Aa,; it is a complex analytic space.

We will transport P in A*" above along a loop 7 in S2® based at s and keep
the Betti coordinates fixed. After completing the loop we will have returned
to the fiber Ag;. But P will have transformed according to the monodromy
representation (5.3). The degeneracy condition imposed on P implies that this
new point lies again in Y. This is guaranteed by the fact that the Betti fibers
are complex analytic; see (ii) of Proposition 4.1 and our hypothesis dim S = 1.

Let us check the details. We set Py = P and { = b1(Fy) and define

Zy = b7 (6).

So Z; is a complex analytic subset of the complex analytic space Aa, by (ii)
of Proposition 4.1. Therefore, Z; N Ya, is complex analytic in Ya,. As Py is
not isolated in Z; N Ya,, we find dimp, Z; N YA, > 1; see [21, Ch. 5] for the
dimension theory of complex analytic spaces.

If P = Py happens to be a point of finite order N in A p)(C), then all
points of Z; have order N in their respective fibers as 3 is fiberwise a group
isomorphism. From the degeneracy of P we conclude dimp Y N A[N] > 1, and
this yields the second claim of (i).

The natural projection Z; — Aj is holomorphic and a homeomorphism.
So dimg Z; < dirn,r(Q) Ay =1forall Q € Z;. So we conclude dimp, Z1NYA, =
dimp, Z1 = 1 and dimZ; = 1. The singular points of Z; are isolated in
Z1; see [21, Ch. 6, §2.2]. Since Z; is homeomorphic to A; and the latter is
homeomorphic to the open unit disc, we conclude that the smooth locus of Z;
is path connected. Therefore, we can apply the Identity Lemma [21, Ch. 9,
§1.1] to conclude that Z; N Ya, = Z1, and hence

Z1 CYp,.

In particular, the point P; = b7 (€,7v(a1)) € Z; also lies in Ya,.

Observe that we used the fact that S#" is a curve in a crucial way. Indeed,
for higher dimensional S, we cannot exclude dimZ; N YA, < dim Z; in the
paragraph above. This makes applying the Identity Lemma impossible.
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We have reached ~y(a;) and will continue on the circuit along . However,
by construction, b} and b3 agree on A% where s; = y(a1). They also agree on
A" for all s sufficiently close to s;. Let t1,t2,... be a sequence of elements in
[0, @] with limit a;. Then b1 (€, v(tx)) converges to Py as k — oo. For k suffi-
ciently large, we have y(ty) € Ay and therefore bt =1 (€, y(tx)) = b5 (€, v(t)).
So P, € 771_1(A1 N Ag) is not isolated in the fiber of by : Ax, — T?9 restricted
to Ya, above £.

Now we repeat the process and transport P; along 7([a1,az2]) to obtain
Py € Ya, with m(P2) = 7(az) that is not isolated in b|y,,. Eventually, we will
have returned to the fiber A;. The final point lies in Y*", and it is obtained
from Py € Y?" by a continuous group automorphism of 42" that depends on
the homotopy class of ~ relative to {0,1}. More precisely, by construction the
final point is p([v])(Fy), where

p: m (S, s)
— {homeomorphisms A%" — A3" that are group homomorphisms}

is a group homomorphism that is compatible with the monodromy represen-
tation (5.3); indeed,

p(h)x = p(h) for all h e m(S™,s),

and part (i) follows.

The proof of (ii) relies on (5.5) and some basic functoriality. Let s € S".
A homomorphism « : A — B of abelian schemes over S induces a group
homomorphism (agan)s @ Hi (A, Z) — Hy(B",Z). Moreover, this group
homomorphism is equivariant with respect to the action of 71(5%", s) on both
homology groups. By abuse of notation let p denote the continuous action of
m1(5%",s) on As and Bg, and let p be the induced action on homology. We
find

(P(h)alag), = p(h)(alagn)s = (alagn)«p(h) = (e agnp(h))-

for all h € m1(S?", s); the first and third equality follow from (5.5), and the sec-
ond one follows since the monodromy action commutes with homomorphisms
of abelian varieties. Both self-maps p(h)a|4an and af4anp(h) are continuous
group endomorphisms of A", which is homeomorphic to T?9. As their induced
maps on homology coincide, they must coincide as well. ([

5.3. Monodromy on abelian schemes. Let S be an irreducible and smooth
curve over C, and let A be an abelian scheme over S of relative dimension
g > 1. We write C(S) for an algebraic closure of the function field C(S) of S.

For a base point s € S(C), the monodromy representation is (5.3). Let G
denote the Zariski closure of I'y = p(m1(S*",s)) in AutgH; (A", Q), and let
GY be its connected component containing the unit element. Deligne proved

in [16, Cor. 4.2.9] that G? is a semisimple algebraic group.
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The next lemma uses a theorem of Tits connected to his famous “alterna-
tive.”

LEMMA 5.5. In the notation above suppose that GO is not trivial. Then
any finite index subgroup of I's has a free subgroup on two generators.

Proof. Let T' be a finite index subgroup of I's. As GY is of finite index
in Gg, we see that I" N GY(Q) lies Zariski dense in GY. Our lemma follows
from [48, Th. 3] applied to GY and T" N GY(Q). O

Certainly, G and G? etc. depend on s. However, their isomorphism classes
do not, and the index [Gs : G is independent of s € S2"; see the comments
before Zarhin’s [64, Th. 3.3].

LEMMA 5.6. Let A be the generic fiber of A — S. It is an abelian variety
over C(S). Ifs € S(C) and Hy(A2",Z) has a non-zero element that is invariant
under the monodromy action (5.3), then the C(S)/C-trace of A is non-zero.

Proof. We write Hy(A2",Z)P for the elements in H;(A%",Z) that are in-
variant under (5.3). A conclusion of Deligne’s Theorem of the Fixed Part
(see [16, Cor. 4.1.2]) implies that the weight —1 Hodge structure on H; (A", Z)
restricts to a Hodge structure on Hi(A%", Z)".

It is well known that Hodge substructures of H; (A", Z) come from abelian
subvarieties of As. Hence H; (A", 7Z)P gives rise to an abelian subvariety B C
As of dimension %Rank Hy (A2 Z)P. As H(A2",Z)P # 0 by hypothesis, we
have dim B > 1.

Then B = B Xgpec(c) S 1s a constant abelian scheme over S. The mon-
odromy representation 71 (S*",s) — Aut(H;(B2",Z)) is certainly trivial. The
inclusion By — As induces a homomorphism H;(B2",Z) — H;(A%",Z) and
the restriction of p from (5.3) to the image of this homomorphism is trivial. A
theorem of Grothendieck [23] implies that any element in

Hom(B;, As) N Hom(H1(B", Z), H1 (A", Z))

is induced by the restriction of a morphism ¢: B — A over S to B such that
po0p =0y, where 04: S — A and 0g: S — B are the zero sections. See
also [16, 4.1.3.2].

The restriction of ¢ to the generic fiber of B is a homomorphism B ®¢
C(S) — A xg SpecC(S) = A of abelian varieties over C(S). If the C(S)/C-
trace of A is trivial, then the said homomorphism is trivial. In this case, the
morphism ¢ and the zero section both extend B ®¢ C(S) — A to a morphism
B — A. As the generic fiber lies Zariski dense in A, we find that ¢ is the zero
section. But then B must be trivial, and this is a contradiction. O

For us, an abelian subscheme of A is the image of an endomorphism of A.
We call s € S(C) extendable for A if any abelian subvariety B € Ay extends
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to an abelian subscheme B of A; i.e., there exists an abelian subscheme B of
A such that BN A; = B,.

For readers who are familiar with Hodge theory, extendable points of S
are closely related to Hodge generic points. We shall not go into details, but
we state the following corollary of a result of Deligne for our purpose.

LEMMA 5.7. In the notation above, suppose G0 = G for some s € S(C).
There is an at most countable infinite subset of S(C) whose complement con-
sists only of extendable points of A.

Proof. We refer to [64, Cor. 3.5 and the preceding comments| for this
result. In fact in the reference, it is pointed out that the extendable points are
precisely the Hodge generic points under this mild assumption (G? = Gy for
some s € S(C)).

More precisely, [64, Cor. 3.5 and the preceding comments] says that any
s € S(C) outside an at most countably infinite set ¥ satisfies the following
property: For any as € End(Ay), there exists n € N such that nay is the
restriction of an endomorphism of A. Now for any s € S(C) \ X, any abelian
subvariety Bs of Ay is the image of some g € End(A;). There exists n € N
such that nag is the restriction of an element o € End(.A). And then we can
take B to be the image of a. O

Let Y be an irreducible closed subvariety of A that dominates S. Then Y
is flat over S by [31, Prop. I111.9.7]. We write Y; for the fiber of Y — S above
s with the reduced induced structure. By [31, Cor. I11.9.6], we see that Y is
equidimensional of dimension dimY — 1.

We say that Y is virtually monodromy invariant above s € S(C) if there
exists an irreducible component Z of Y, and a subgroup G C m(S*",s) of
finite index such that

p(7)(Z(C)) =Z(C) forall yeG
for the representation p defined in Proposition 5.4.

LEMMA 5.8. In the notation above we suppose Y is an irreducible closed
subvariety of A that dominates S. We assume that there is an uncountable set
M C S(C) satisfying all of the following properties:

(i) for all irreducible S" that are finite and étale over S, the generic fiber of

A xgS" — S has trivial C(S")/C-trace;

(ii) all elements in M are extendable for A (see Lemma 5.7 and above for
definition);
(iii) and the variety Y is virtually monodromy invariant above all elements

m M.

Then there exist an abelian scheme C over S and a homomorphism A — C of
abelian schemes over S whose kernel contains Y and has dimension dimY .
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Proof. Our proof is by induction on
dim A.

The small possible value is 2 as we require g > 1. We call this the minimal
case, and we treat it directly below.

Let s € S(C) be arbitrary for the moment. If G, defined near the begin-
ning of this subsection, is trivial, then the image of m1(S®",s) under (5.3) is
finite. By the Riemann Existence Theorem there is an irreducible curve S’ that
is finite and étale over S such that the monodromy representation of the fun-
damental group of S” at some base point s’ € S'(C) on Hy((A xg S)5",Z) is
trivial. Recall that g > 1. By Lemma 5.6, the generic fiber of AxgS" — S has
non-zero C(S’)/C-trace, contradicting our hypothesis. Therefore, dim G? > 1.

Let s € M with M as in the hypothesis. A finite index subgroup of
w1 (5", s) acts on Z5(C) via (5.4), where Z; is an irreducible component of
Ys. We write I", for the image of this finite index subgroup under the mon-
odromy representation (5.3). Then I', has a free subgroup on two generators
by Lemma 5.5. We invoke Lemma 5.6 by using hypothesis (i) and passing to a
covering of S, and we find that no non-zero element of H;(A3%",Z) is invariant
under the action of I",.

We aim to apply Proposition 5.3. But first let us verify that I') is of mon-
odromy type with respect to corresponding Betti map. Indeed, an abelian
subvariety B of As extends to an abelian subscheme B of A by hypothe-
sis (i1). Then pa(y)(B™) = pa(1)(:(B™)) = 1(5s(7)(B™)) = B by Propo-
sition 5.4(ii) for all v € 71(S*", s), where ¢ : B — A is the inclusion.

By Proposition 5.3. we are in one of two cases for any given s € M.
Let Mj 2 be the set of s € M such that we are in case 1,2, respectively. As
M = M; U Ms, one among Mj, My is uncountable.

Case 1: The set My is uncountable. For all s € Mj, the subvariety Z; is
contained in the translate of a proper abelian subvariety B; of As by a point
P; of finite order Ny € N. As M is uncountable and N is countable, we may
replace M7 by an uncountable subset and assume that there exists NV € N such
that [N]Ps; = 0 for all s € Mj.

Let us treat the minimal case dim.4 = 2 now. Then B; = {0} and thus
Zs = {P,} for all s € M;. But then Y contains an infinite, and hence Zariski
dense, set of points lying in ker([N]: A — A). This completes the proof in the
minimal case as we can take C = A and [N]: A — A.

We now treat the non-minimal case dim.A > 3. By condition (ii) there
exists an abelian subscheme B(s) of A such that B(s)N.As = B; for any s € M.
But M is uncountable and A has only countably many abelian subschemes,
so we may replace M; by an uncountable subset and assume that there exists
an abelian subscheme B of A with B(s) = B, i.e., BN Ay = B, for all s € Mj.
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We have [N]Z, C BN A, for all s € My. But (Jeny, [IV]Zs is Zariski dense
in [V]Y by dimension reasons, so [N]Y C B by taking the Zariski closures on
both sides.

Clearly B satisfies the analog trace condition (i) of the current lemma by
basic properties of the trace. Any s € Mj is extendable for B because it is
extendable for A and B is an abelian subscheme of A. Finally [N]Y, as a
subvariety of B, is virtually monodromy invariant at each s € M;. To see this
it suffices to prove that [N]Y is virtually monodromy invariant as a subvariety
of A by Proposition 5.4(ii). But then it suffices to show that [N]Z, is an
irreducible component of [N]Y;. This is true because [N]Z is Zariski closed (as
[N]is proper) and dim[N]Y; = dim[N]Y -1 = dim Y —1 = dim Z; = dim[NV]Z;.

We observe that dim B =dim Bs+1 < (dimAs — 1)+ 1 =dim.A— 1. By
induction there is an abelian scheme C over S and a homomorphism v : B—C of
abelian schemes over S whose kernel contains [N]Y and dimker ¢ = dim[N]Y
=dimY. Then (kert)°, the identity component [8, §6.4] of ker ¢, has dimen-
sion dim Y and is an abelian subscheme of B and hence of A. There exists an
integer m € N such that [m]kervy C (kert)°. In particular, [nN]Y C (ker ¢))°.
Note that dim(ker)° = dimkerty = dimY".

N
Now it suffices to take A — C to be the composition A M A —

A/ (ker )°.

Case 2: The set My is uncountable. For all s € M, there exists an abelian
subvariety Bs C Ag with dim Bs > 1 and Z; + Bs = Z,. Note that dimY > 2
since dim Zs > 1, so we are not in the minimal case.

By condition (ii) there exists an abelian subscheme B(s) of A such that
B(s)NAs = B, for any s € Ms. Since My is uncountable and A has only count-
ably many abelian subschemes, we may replace Ms by an uncountable subset
and assume that there exists an abelian subscheme B of A with B(s) = B, i.e.,
BNAs; = By, for all s € M.

We shall work with the abelian scheme A/B over S. Let ¢: A — A/B be
the natural quotient. Then any fiber of ¢ has dimension dimg B = dim B — 1.
The condition Zs + Bs = Zs implies that the fibers of ¢|z, have dimension
dim Bs = dim B — 1 for all s € Mj. Since |Jsepy, Zs is Zariski dense in Y by
dimension reasons, we see that a general fiber of |y has dimension dim B — 1.
Thus by Fiber Dimension Theorem we have

dimY =dimB — 1 + dim¢(Y).

Clearly A/B satisfies the analog trace condition (i) of the current lemma
by basic properties of the trace. Any s € My is extendable for A/B because
any abelian subvariety of (A/B)s is the quotient of an abelian subvariety of
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A and s is extendable for A. Finally ¢(Y) is virtually monodromy invariant
above all points in My by Proposition 5.4(ii).

Now since dim(A/B) = dimA — dim By < dim.A — 1, there exist by
induction an abelian scheme C over S and a homomorphism ¢: A/B — C
whose kernel has dimension ¢(Y') and contains ¢(Y). Then Y C ker(y o ¢)
since p(Y') C ker(z)). But

dimker(¢) o ¢) = dimg B + dimker(¢) = dimB — 1 + dim p(Y) = dim Y.

So ¢ oep: A— C is what we desire. O

5.4. End of the proof of Theorem 4.1. Now we are ready to prove The-
orem 5.1. Let Y be an irreducible closed subvariety that is degenerate. We
want to prove that Y is generically special.

Note that being generically special is a property on the geometric generic
fiber. Moreover, it is enough to show that one irreducible component on the
geometric generic fiber of Y has the property stated in Definition 1.2. We
will remove finitely many points from S and replace S by a finite and étale
covering S’, which we assume to be irreducible throughout this proof. Observe
that the base change Y’ of Y may no longer be irreducible. But it is étale over
Y and thus reduced. In particular, Y is flat over Y and thus over S. It follows
that Y is equidimensional of dimension dimY" by [31, Cor. II1.9.6]. Note that
if U is an open subset of Y?" consisting of degenerate points for Y, then its
preimage will be open in Y’*" and consist of degenerate points.

So to ease notation, we will write S’ = S below and take Y to be an
irreducible component of Y.

Let A be the generic fiber of A. After possibly removing finitely many
points from S and replacing them by a finite étale covering, we may assume
that AC(9)/C = ACS)/C We also assume that all abelian subvarieties of A®c(s)

C(S) are defined over C(S). By passing to a further finite étale covering we
may assume that A satisfies the hypothesis of Lemma 5.7. Let ¥ C S(C) be a
countable subset such that any element in S(C) \ ¥ is extendable for A.

Let U be a non-empty, open subset of Y#" N Aa consisting of degenerate
points for Y; here is A as above Theorem 5.1.

If s € S, then m(S*",s) acts on A2" via (5.4). We have proven in
Proposition 5.4 that p(y)(P) € Y?" for all P € U and all v € m(S*",s).
This property continues to hold with U replaced by the union [J, p(7)(U)
over m1(5*",s). Note that U is open and invariant under the action of the
fundamental group.

Let Z be an irreducible component of Yy with Z** N U # (). The repre-
sentation p maps Z*" NU into Y. As everything is real analytic, we see that
for each v € m1(5?",s), there is an irreducible component Z’ of Y, such that
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p()(Z*NU) C Z'"™ NU. Because all irreducible components of Y have di-
mension equal to dim Y — 1, by the Invariance of Domain Theorem we conclude
that Z' is uniquely determined by p(y)(Z** NU) C Z*» N U among all irre-
ducible components of Y;. We conclude that 71 (5", s) acts on the finite set of
irreducible components of Yy that meet U. Therefore, p(v)(Z**NU) C Z**NU
for all  in a finite index subgroup of w1 (S%", s).

The smooth locus of Z2" is path-connected, lies dense in Z?", and contains
a point of Z3" N U. By fixing piece-wise real analytic paths we find that
p(v)(Za) C Z*" for all 7 in the finite index subgroup mentioned before.

The arguments above show that Y is virtually monodromy invariant
above s. Clearly, U\ X is an uncountable set as U is open in S*" and non-empty.
Let us suppose A9/ = 0 for the moment. We can apply Lemma 5.8
to Y, A, and M equal to the set of s obtained from U\Y and conclude that
Y is an irreducible component of a subgroup scheme of A that is generically
special. This completes the proof of Theorem 5.1 in the current case.

Let us turn to the general case. Recall that 7: A — S is an abelian
scheme with generic fiber A whose C(S)/C-trace is AC(5)/C. We take Ag
to be AC)/C @c C(S) C A. So the C(S)/C-trace of A/Ag vanishes; cf. [14,
Th. 6.4 and the following comment]. Moreover, (A/AO)C(S )/€ =0 as AT/C =
ACS)/C

By [8, Prop. 3, §7.5], the Néron model B of A/Aj is an abelian scheme
over S and sits in the short exact sequence of abelian schemes over S

0= ACO/C g s AL B 0.

In A we fix an abelian subvariety C' that meets Ag in a finite set and
with Ag + C = A. Let C be the Néron model of C. It is an abelian scheme
over S, and we may assume C C A. The restriction ¢|¢c: C — B is dominant
and proper, hence surjective. It is fiberwise an isogeny of abelian varieties. We
conclude (AC/C x §) +C = B.

As Y is degenerate, there exists an open and non-empty U subset of Y&"
of degenerate points. By shrinking U, we may assume that ¢|y : Y — ¢(Y)
is smooth at all points of U. So ¢(U) is open in ¢(Y)*. This set consists
of degenerate points for ¢(Y). By the previous case (AC(5)/C = 0), the set
of P € U such that ¢(P) has finite order in the corresponding fiber of B lies
Zariski dense in Y.

We consider such a P, suppose ¢(P) has order N, and write P = Q + R
with Q € (A®9/C x §)(C) and R € C(C), where @, R lie in the same fiber
above S as P. So 0 = [N](¢(P)) = ¢([N](R)). As R € C(C), it must have
finite order N’. Moreover, R € Y — 0, where o is the image of a constant
section S — AC)/C xS with value Q.
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The Betti map is constant on sufficiently small open subsets of og as
ACS)/C % S is a constant abelian scheme. Therefore, R is a degenerate point
of Y —og.

Recall that the order of a point is constant on a fiber of the Betti map. By
the second claim in Proposition 5.4(i), there exists an irreducible component
C C C[N'] containing R with C' CY — 0.

We conclude that P is a point of og + C, a generically special subvariety
of A. As this holds for a Zariski dense set of P in Y, we conclude from
Proposition 1.3 that Y is generically special.

6. Construction of the auxiliary variety

In this section we work in the category of schemes over an algebraically
closed subfield F' of C. We abbreviate P77 by P™ throughout this section.
Suppose S is a smooth irreducible algebraic curve. Let A be an abelian scheme
of relative dimension g > 1 over S with structural morphism 7: A — S. For a
closed subvariety X C A and s € S(F), we write X5 = 7 1(s).

We assume that A comes equipped with an admissible immersion A4 —
PM x P as in Section 2.2; i.e., it satisfies conditions (A1), (A2), and (A3)
in Section 2.2. In particular, each fiber As of m with s € S(F') is an abelian
variety in PM. On this projective space we let deg(-) denote the degree of an
algebraic set.

In this section X will denote an irreducible, closed subvariety of A that
dominates S and with X # A. Hence 7|x: X — S is surjective as 7|x is
proper. We write dimX = dimA4 —n = g+ 1 —n, where n > 1 is the
codimension of X in A.

Let A C S be a non-empty open subset with Betti map b: 771(A) =
Ap — T?9; see Proposition 4.1. We recall that T denotes the circle group. It
is convenient to write XA = X N Aa.

The following convention will be used in this section. If P is a point on
a real (resp. complex) analytic manifold Y, then Tp(Y) denotes the tangent
space of Y at P. This is an R- resp. C-vector space, depending on whether
Y is a real or complex analytic manifold. If Z is another real (resp. complex)
analytic manifold and f: Y — Z is a real (resp. complex) analytic mapping,
then Tp(f) denotes the differential Tp(Y) — T(py(Z). It is R- (resp. C)-linear.
Let im(Tp(f)) denote the image of Tp(f) in Typ)(Z).

Recall that X®™?" is the complex analytic space attached to the smooth
locus X of X. If P € Ax NA(F), then b|ysmanqq, : XN Ax — T is a
real analytic map. The condition in the proposition below concerns the image
of its differential.
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PRrROPOSITION 6.1. We keep the notation from above and assume that X
is not generically special. Suppose P € Ax N A(F) with m(P) = s such that P
s a smooth point of Xs and of X with

(61) dim lm(TP(b|Xsm,anmAA)) = 2dim X.

Then there exists a closed irreducible subvariety Z C A over F with the fol-
lowing properties:

(i) We have dim Z =n and Z dominates S.
(ii) We have that P is a smooth point of Zs and of Z.
(iii) The fiber Zs does not contain any positive dimensional coset in As.
(iv) There exists D > 1 such that deg Z; < D for allt € S(C).
(v) We have im(T'p(b|xsmanna,)) NAm(Tp(b](z,)sman)) = 0 in Typ) (T%9).

Moreover, the set
{t € S(C) : Z; contains a positive dimensional coset in A;}
is finite.

Condition (v) implies that Z; and X, intersect transversally in A;. Con-
dition (i) implies that Z; is equidimensional of dimension n —1 for all ¢t € S(F)
by [31, Cor. I11.9.6 and Prop. I11.9.7].

We will prove this proposition in the next few subsections; see Sections 6.1—
6.2 for the construction of Z and Section 6.4 for the “Moreover” part. But
first, let us relate its hypothesis (6.1) to our notion of generically special. A
crucial point is to use Theorem 5.1.

LEMMA 6.2. Suppose that X is not generically special. Then there exists
P e X3(F) with m(P) € A and P € (Xy(p))*™(F) that satisfies (6.1).

Proof. Let us consider the restriction
b|Xsm,anmAA . Xsm’an m AA — 7]1‘29

Observe that domain and target are smooth manifolds of dimension 2 dim X
and 2g, respectively.

Let r € {0,...,2¢} denote the largest possible rank of Tp(b|xsmanna,) as
P ranges over the domain. Then there exists an open and non-empty subset
i of X5 N A on which the rank is r. It follows from [56, App. II, Cor. 7F]
that any fiber of by : U — b(4l) is a smooth manifold of dimension 2 dim X —r.

By hypothesis and Theorem 5.1 the variety X is not degenerate. In par-
ticular, there exists P € 4 that is not degenerate for X. So the fiber of by
through P contains P as an isolated point. So we have r = 2dim X.

By continuity we may assume that (6.1) holds for all P € i, after possibly
shrinking &[.
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On the other hand, the set U={P € X*™(F) : 7|x: X — S is smooth at P}
is Zariski open and dense in X. So U(F) N4 # () because F is algebraically
closed and dense in C. Now any point P € U(F) N 4 satisfies the desired
properties as S is smooth. U

For the further construction of Z, we assume that P is as in this lemma.

6.1. The first four properties. We show how to construct Z satisfying the
first four properties in the proposition. Indeed, our construction will show that
a generic choice, in a suitable sense, of Z will suffice for (i)—(iv). Later on we
will see how to obtain, in addition, (v) and deduce the final statement.

Let P be as in the hypothesis of Proposition 6.1. Recall that A comes
with an admissible immersion A — PM x P™ as in Section 2.2. Observe
that A, C PM is Zariski closed, irreducible, and contains P as a smooth
point as it is an abelian variety. By property (A3) a generic homogeneous
linear form f € F[Xo, ..., Xys] vanishing at P satisfies the following property.
The intersection of the zero locus Z°(f) of f with As contains no positive
dimensional cosets in .As. Here generic means that we may allow the coefficients
of f to come from a Zariski open dense subset of all possible coefficient vectors.

According to Bertini’s Theorem there are linearly independent homoge-
neous linear forms fi,..., fg41—n € F[Xo,..., X such that their set of com-
mon zeros Z(f1,..., fg+1-n) in PM intersects A, in a Zariski closed set Z’ that
is smooth at P and of dimension dim A; —(¢9+1—n) =g—(g+1—n) =n—1.
If n > 2, we may arrange that Z’ is irreducible by applying a suitable variant
of Bertini’s Theorem. By the previous paragraph, we can arrange that Z’ con-
tains no positive dimensional cosets in A;. We will see that this establishes
(ii), (iii), and (iv) with our choice of Z below.

Note that a generic choice of (fi,..., fy+1-n) in F[Xo, ..., Xp|®0H1=)
where each entry has degree one, that vanishes at P will have the property
described in the previous paragraph. Here generic means that we may allow
the coefficient vector attached to (fi,..., fg+1-n) to come from a Zariski open
dense subset of all possible coefficient vectors that lead to linear forms with
coefficients in F' vanishing at P. We may arrange f; to be an f as in the last
paragraph, so Z' contains no coset of positive dimension.

Each irreducible component of

(6.2) (Z(f1-- for1n) xP™)NA

has dimension at least n. Suppose Z is an irreducible component of (6.2)
that contains P. By the Fiber Dimension Theorem we find dim Z3; > dim Z —
dimn(Z) >dimZ—1. AsdimZ' =n—1and Z; C Z’, we conclude dim Z < n.
Thus dim Z = n,dim7(Z) = 1, and dim Zs = n — 1. This implies both claims
in (i).
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If n =1, then dim Z; = 0 and hence P is smooth in Zs. If n > 2, then
Zs = Z' and hence P is smooth in Z; by construction. Now as P is smooth in
Zs and s is smooth in S, P is also smooth in Z. This establishes (ii).

If n = 1, then dimZ; = 0 and (iii) clearly holds. If n > 2, then by
construction Zg satisfies (iii). In both cases, Z; is a union of irreducible com-
ponents of Z(f1,..., fg+1—n) N A for all but at most finitely many ¢t € S(C).
For these t, we conclude deg Z; < deg A; from Bézout’s Theorem. But A — S
is a flat family embedded in PM x § — S, so deg A; < D for some D > 1
depending only on A and the immersion. We can take care of the remaining
finitely many fibers by increasing D if necessary. Thus we have established (iv).

6.2. The fifth property.

6.2.1. Linear algebra. For a C-vector space T, we write Tr for T" with its
natural structure as an R-vector space. For example, if T is finite dimensional,
then dimTg = 2dim 7. A vector subspace Vj of Tk is naturally an R-vector
space. We denote by CV} the smallest vector subspace of T' containing V{. For
example, if Vj = Rvy +- - -+ Ruy, then CVy = Cvy +- - -+ Cuy. Let J denote the
multiplication by /=1 map J: T — T. Then (CVp)r = Vo + JVy. A vector
subspace of Ty is a vector subspace of T if and only if it is J-invariant.

In this section g > 1 is an integer. We show that an even dimensional
real subspace of CY9 intersects some complex subspace of complementary real
dimension transversally.

LEMMA 6.3. Let T be a C-vector space of dimension g, and suppose W
is a vector subspace of T with dimW = m. Let Vy be a vector subspace of Tr
of dimension 2m + 2k that contains W. Then there exists a vector subspace V
of T of dimension g — (m + k) such that VNV = 0.

Before proving this lemma, let us do the following preparation.

LEMMA 6.4. Let C?* be the standard complex vector space of dimension
2k, and let R** C C%* be the real part of C**, i.e., C?* = R?* @ /—1IR?**. Then
there exists a vector subspace V of C** of dimension k such that V NR2¢ = 0.

Proof. For any j = 1,...,2k, we let e; = (0,...,0,1,0,...,0) € C% be
the vector with the j-th entry being 1 and the other entries being 0.

For any i = 1,...,k, we let v; = eg;_1 +/—1lea; € C**. We show that the
complex vector space V = Cvy + - - - + Cuy, satisfies the desired property.

Indeed, dimV = k as vq,..., v, are C-linearly independent. So it remains
to show VNR? = 0. Any vector in V is of the form c¢jvy + - - - + ¢ vy, for some
cly...,c; € C. If ciug + -+ + cpvp € R?9, then we have

g € Rand vV—1¢; e Rforalli=1,...,k.
Thus ¢; =---=c¢ =0. O
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LEMMA 6.5. Let U be a C-vector space of dimension 2k and let Vi be a
vector subspace of Ur of dimension 2k such that CVy = U. Then there exists
a vector subspace V' of U of dimension k such that V NVy = 0.

Proof. We take a basis of V{, which is an R-vector space, and call it
e1,...,eo. Since CVy = U, we have U = Ceq + - -+ + Cegi. But dimU = 2k,
So eq,...,eqr form a basis of U.

Now under the identification U = C?* via the basis e1, ..., eas, the vector
subspace Vp of U becomes the real part of C**. We can apply the previous
lemma, to conclude. U

Now we are ready to prove Lemma 6.3.

Proof of Lemma 6.3. We begin by showing that we can reduce to the case
m = 0. If the lemma is known when m = 0, then we apply it to the C-vector
space T'/W and the image of the R-vector space Vj in this quotient to get a
vector subspace V' of T/W of dimension g — (m + k). Let W+ be a vector
subspace of T with W 4+ W+ =T and W N W+ = 0. Then the natural linear
map W+ — T/W is an isomorphism. The preimage of V'’ under this map is
the vector subspace that we desire.

Now we treat the case m = 0; note that W = 0 in this case. As above we
write J for multiplication by v/—1 on T. Then (CVp)r = Vo + J V.

Case (i): The R-vector space Vi contains no non-zero vector subspace
of T. In this case Vp N JVj, being a J-invariant vector subspace of Vj, must
be trivial. So dim(CVy)r = dimVp + dim JVy = 2k + 2k = 4k and hence
dim CVy = 2k < g. Thus we can apply the previous lemma to U = CVj and
Vo to get a vector subspace V' of CVj of dimension k such that V' N1, = 0.
Then it suffices to take V = V' + V" for any vector subspace V C T with
CVop+V"=Tand CVyNnV" =0.

Case (ii): General case. We write Vi for the largest J-invariant vector
subspace of V. As it is J-invariant by definition, we consider it as a C-vector
space. Then T" = T/ VOJ is a C-vector space of dimension g — dim VOJ , and
Vy = Vo/Vy is a vector subspace of T} of dimension 2(k — dim Vy/).

We claim that Vj contains no non-zero vector subspace of the C-vector
space T'. If U’ is a vector subspace of 7" with U’ C Vj, then its preimage
under the quotient T'— 7" =T/ VO‘] is a vector subspace of T' that is contained
in V4 and that contains VOJ . The maximality of VOJ yields U" = 0.

Now we can apply case (i) to 7" and Vjj C Ty to get a vector subspace V'
of T of dimension (g — dim V') — (k — dim V') = g — k such that V' NV = 0.
Let V" be the preimage of V' under the quotient T — T’ = T//V;/. Then V" is
a vector subspace of T' with dimension g — k + dim VOJ such that VNV, = VOJ .
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Recall that Vb‘] is a vector subspace of the C-vector space T" and hence a vector
subspace of V. Now it suffices to let V be any complement of V5’ in V". O

Let g and T be as in Lemma 6.3, and suppose k£ > 0 is an integer. Let
Gr(TR, 2k) denote the set of all 2k-dimensional vector subspaces of Tg. On
identifying Tk with R?9 we may use Pliicker coordinates to identify Gr(Tk, 2k)
with a closed subset of PV(R), where N = (gi) — 1.

Note that PN (R) is equipped with the archimedean topology that makes it
a compact Hausdorff space. We will use this topology and its induced subspace
topology on Gr(Tg, 2k).

Multiplication by v/—1 induces an R-linear automorphism Tr — Tr and
hence a self-map Gr(Tg, 2k) — Gr(1r, 2k). By the Cauchy-Binet Formula this
self-map can be described on Gr(Tg, 2k) C P¥(R) by linear forms. Its fixpoints
are precisely the 2k-dimensional vector subspaces of Tk that are k-dimensional
vector subspaces of T. We write Gr(T, k) for the set of these fix points. It is
a closed subset of Gr(Tg, 2k). In this notation we can use Lemma 6.3 to prove
the following.

LEMMA 6.6. Let T be a C-vector space of dimension g, and suppose W is
a vector subspace of T with dimW =m < g—1. Let V be a vector subspace of
Twr of dimension 2(m+ 1) that contains W. There exists a non-empty open (in
the archimedean topology) subset U C Gr(T,g —m — 1) such that V' NV =0
for all V' € 4L

Proof. By the Cauchy-Binet Formula the set
{V'e Gr(Tg,2(g —m —1)): V' NV =0}

is the complement in Gr(Tg, 2(g — m — 1)) of the zero set of a homogeneous lin-
ear polynomial defined on the projective coordinates of PV. So the set in ques-
tion is open in Gr(Tr,2(g —m — 1)). Its intersection Y with Gr(T,g —m — 1)
lies open in Gr(T,g —m —1). But {4 # () by Lemma 6.3 applied to the case
k=1. O

6.2.2. Verification of (v) in Proposition 5.1. We retain the conventions
made in Sections 6 and 6.1. So P is as in the hypothesis. We set up the
various vector spaces needed in Lemma 6.6.

For T, we take the tangent space Tp(A2"), which is a C-vector space of
dimension g. Note that P and 7 are defined over F, so this complex space T
also descends to F'.

For W, we take the image of Tp((X)*™*") under the linear map

Tp((Xo)™™) — Tp(AT)

induced by the inclusion (X;)*™ — As. (Recall that P is a smooth point of X.)
Its dimension equals dim Xy = dim X —1 = g—n < g—1, which we define as m.
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Finally, we take V = im(Tp(b|xsmann4,)), which is a vector subspace of
the R-vector space Typ)(T??). As b|gan: A2 — T?9 is an isomorphism of
real analytic spaces, we can identify Tp(A") = T with Ty p (T?9) as R-vector
spaces. Therefore, V' C Tk as in the setup of Lemma 6.6. Note that V does
not carry a complex structure since we treat T?? as a real analytic space.

Our hypothesis (6.1) implies dimV = 2dim X = 2(m + 1). So the hy-
pothesis of Lemma 6.6 is satisfied.

So there exists 4 open in Gr(T,g — m — 1); the latter is a compact Haus-
dorff space. Its points correspond to (g —m — 1)-dimensional vector subspaces
of the C-vector space T'.

In Section 6.1 we saw that a generic choice of fi,..., fy4+1—yn vanishing at
P yields properties (i)—(iv) in the proposition. To obtain (v) we must make
sure that V N im(Tp(b|(z,)smen)) = 0. According to Lemma 6.6 this holds if
im(Tp(b|(z,)sm-=n)), a vector subspace of the C-vector space Tp(A5"), under the
identification of Typy(T?) with Tp(A2") made above, lies in 4. Ranging over
all possible choices of fi,..., fo+1—n as in Section 6.1 yields points in U(F')
for some Zariski open dense subset U C Gr(T,g —m — 1). As $l is open in the
archimedean topology and since U(F') lies dense in Gr(T',g — m — 1), we have
UNU(F) # 0. Any element in 8N U(F) is sufficient, and this completes the
proof. (I

6.3. A detour to Bézout’s Theorem. In this subsection we prove the fol-
lowing degree bound on long intersections. It will be used to prove the “More-
over” part of Proposition 6.1 in the next subsection. In this subsection we
temporarily allow F' to be any algebraically closed field of characteristic 0.

PROPOSITION 6.7. Suppose Vi,...,Vn are irreducible closed subvarieties
of Pk =P such that deg(V;) < 6 for alli € {1,...,m}. Let Cy,...,C, be all
the irreducible components of Vi N ---NVy, of top dimension, which we denote
by k. Then

(6.3) Z deg(Cy) < 6"k,
=1

The crucial aspect of (6.3) is that the right-hand side is independent of m.

LEMMA 6.8. Let V be an irreducible closed subvariety of P™ of degree 0.
Then there exist finitely many irreducible hypersurfaces of P of degree at most
0 such that V is their intersection.

Proof. This is Faltings’ [19, Prop. 2.1]. O

Proof of Proposition 6.7. By Lemma 6.8, we may assume that every V; is
an irreducible hypersurface for all i € {1,...,m}. Then V; = Z(f;) is the zero
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locus of an irreducible homogeneous polynomial f; € F[X),...,X,] of degree
at most §.

We shall prove inductively on s € {1,...,n — k} that there exist hyper-
surfaces Hy, ..., H,_; (possibly reducible) of degree at most ¢ such that for
all s € {1,...,n — k},

(i) each irreducible component of (\;_; H; has dimension at most n — s;

(ii) and C; € Nj=; Hj for each i € {1,...,7}.

Assume this for s = n—k. Then each C;, being of dimension k, is an irreducible
component of ﬂ?;lk Hj, and thus

r n—=k
ZdegCi < H deg H; < gk
i=1 j=1

by Bézout’s Theorem (cf. [20, Exam. 8.4.6]), which holds here even though the
hypersurfaces H; may be reducible.

Let us take H; = V1. Then deg Hy < §. Now suppose we have constructed
Hy,...,H; 1 for some 2 < s < n— k. Let Wq,...,W; be the irreducible
components of Hy N--- N Hg_;. Let [ € {1,...,t}. Since s < n —k, we
have dim W; > k. By assumption each irreducible component of ;2 Z(f;) =
it Vi has dimension at most k, so there exists some ig € {1,...,m} such
that ﬁ = fi, does not vanish on W;. Then fl € F[Xy,...,X,] has degree at
most ¢ and vanishes on C1 U ---U C,.. We may assume that degﬁ = ¢ after
possibly multiplying fl with a homogeneous polynomial of a suitable degree in
general position.

Let F[Xy,...,Xp]s be the union of 0 and the homogeneous polynomials in
F[Xo, ..., Xn] of degree 8. We can identify F[Xo, ..., Xn]s with A (F) =

n+é

F("2"). Then
{fe A(nié)(F) : f vanishes on C; U --- UG, }
is the set of F-points of a linear subvariety L C Al ,and {f € L(F) :

flw, # 0} defines a Zariski open U; in L that is non-empty as f; € U;(F'). Now
L is irreducible, and so U; is Zariski open and dense in L. In particular, the

")

intersection
t
e = u(F)
=1

is non-empty.

Now fix any fs € © and let H; = Z(fs). Then H has degree at most
0 and no irreducible component of H; N --- N Hs;_1 N Hg is an irreducible
component of H; N---N Hg_1. So the irreducible components of H; N---MN Hy
have dimension at most n — s using (i) in the case s — 1. Property (ii) clearly
holds by the construction of the Uj. ([l
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6.4. Control of bad fibers. In this subsection we prove the “Moreover” part
of Proposition 6.1.

Recall our setting: 7: A — S is an abelian scheme of relative dimension
g > 1 over a smooth irreducible curve, defined over F' C C. For simplicity,
we assume F' = C. We have constructed an auxiliary subvariety Z of A in
Proposition 6.1. It remains to show that

{t € S(C) : Z; contains a positive dimensional coset in A}

is finite. It fact, we show that it follows from condition (iii) of Proposition 6.1.
More precisely, we shall prove the following result.

PROPOSITION 6.9. Let Z be an irreducible closed subvariety of A dom-
inating S. Suppose s € S(C) such that Zs contains no positive dimensional
cosets in Ag. Then

{t € S(C) : Z; contains a positive dimensional coset in A}
is finite.

Proof. Let £ be a prime that we will choose in terms of A, Z, and s later on.
We begin by introducing full level £ structure. We will take care to ensure that
various quantities are uniform in /.

Let S’ be an irreducible, quasi-projective curve over C that is also finite
and étale over S such the base change A = A xg S’ admits all £29 torsion
sections

S — A'l4).

We write Z/ = Z xg S’, which comes with a closed immersion Z’ — A’.
Observe that Z may no longer be irreducible. But Z/ — S’ is flat as Z — S
is; cf. [31, Prop. I11.9.7]. So all irreducible components of Z’ dominate S’.
The morphism Z’ — Z is finite and flat since S’ — S is. Therefore Z’ is
equidimensional of dimension dim Z by [31, Cor. I111.9.6]. Finally, Z’ is re-
duced since Z' — Z is étale and Z is reduced. For any ' € S’(C) above
t € S(C), we may identify the fiber Z; with Zj, and the fiber A; with Ay.
Let Z1,...,Z, be the irreducible components of Z’. Both (Z])y and Z; are
equidimensional of dimension dimZ’ — 1 =dimZ —1as Z' — S and Z — S
are flat; cf. [31, Cor. II1.9.6]. Since (Z})y C Z, an irreducible component of
(Z!)y is also an irreducible component of Z;. Moreover, Z; contains a positive
dimensional coset in A; if and only if one among (Z])y,...,(Z.)y contains a
positive dimensional coset in Aj,.

To prove the proposition we may thus suppose that S = S/, A = A’, and
Z is some Z!. In particular, £29 distinct torsion sections S — A[(] exist.

For any non-zero torsion section o: S — A[{], we define

Zo)=ZN(Z—-o)N(Z—-[2]co)N---N(Z—-[t—1]o0)
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by identifying a section S — A with its image in A. Then Z(o) is Zariski
closed in A.

Now suppose t € S(C) such that Z; contains P+ B, where P € A4;(C) and
B C A; is an abelian subvariety of positive dimension. Therefore, B[/] is a non-
trivial group and there exists a section o : S — A[{] such that o(t) € B[¢]\{0}.
Hence o(t) + B = B, and we find

P+B=P+B-Ik](c(t)) C Z; — [k](c(t)) forall keZ.

This implies P+ B C Z(0);. In particular, t € w(Z(0)).

Now 7 is a proper morphism, and so 7(Z(0)) is Zariski closed in S for all
of the finitely many o as above. In order to prove the proposition it suffices to
show that s from Proposition 6.1 does not lie in any 7(Z(0)) if o # 0, for then
all 7(Z(0)) are finite. We will prove that Z(o)s = 0 for all non-zero sections
o: S — All].

Recall that the admissible immersion from the beginning of this section
induces a polarization on Ag and, as usual, we use deg(-) to denote the degree.
This polarization and Ay do not depend on the base changed defined using /.
Let us assume Z(0)s # (. This will lead to a contradiction for ¢ large in terms
of Zs, As, and the polarization.

Note that

(6.4) Z(0)s = Zs N (Zs — 0(s)) N+ N (Zs — [ — 1] 0 0(5))

is Zariski closed in A4 and stable under translation by the subgroup of A4(C)
of order ¢ that is generated by o(s). Observe that if W’ is an irreducible
component of Z(c), of maximal dimension, then o(s)+W" is also an irreducible
component of Z(c)s;. We define W to be the union of the top dimensional
irreducible components of Z(o)s. The group generated by o(s) acts on the set
of irreducible components of W.

Recall that Zs and thus each Zs — [k](o(s)) with k € Z is equidimensional
of dimension dim Z — 1. All irreducible components that appear have degree
bounded by a constant independent of the auxiliary prime ¢. By (6.4) and
Proposition 6.7 the degree deg(W) is bounded from above by a constant ¢ > 1
that is independent of /.

The number N of irreducible components of W is at most deg(W) < c.
If we assume ¢ > N, then the symmetric group on N symbols contains no
elements of order £. So if we assume ¢ > ¢, as we may, then o(s) + W' = W’
for all irreducible components W' of W.

Now let us fix such an irreducible component W’. Then the subgroup
generated by o(s) lies in the stabilizer Stab(W’) of W’. By [15, Lemme 2.1(ii)],
the degree of the stabilizer Stab(WW') is bounded from above solely in terms
deg(W’) and dim W’ < g. Note also that deg(W’) < deg(W) < ¢. Thus if £ is
large in terms of ¢ and g, then we can arrange ¢ > deg Stab(W’). But Stab(W”)
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contains o(s), which has order ¢. Therefore B, the connected component of
Stab(W') containing the neutral element, has positive dimension. Fix any
P € W/(C). Then

P+BCW CWCZ

contradicts the hypothesis that Z; does not contain a positive dimensional
coset. O

7. Lattice points

For our abelian scheme A — S and subvariety X C A, we want to count
the number of points in [N]X N Z for each N > 1 where Z C A is of compli-
mentary dimension of X (as constructed in Proposition 6.1). It is equivalent to
count the intersection points of [N]|X — Z and the zero section of 4 — S. Via
the Betti map and a local lift with respect to R?? — T?9, we obtain a subset
Un C R from [N]X — Z and we are led to counting lattice point in Uy. The
goal of this section is to settle the lattice point counting problem.

Suppose m,m’ € N, and let 1) be a function defined on a non-empty open
subset U of R™ with values in R™. We suppose that the coordinate functions
of 1 lie in CY(U), the R-vector space of real valued functions on U that are
continuously differentiable. We write D,()) € Mat,,,,,»(R) for the jacobian
matrix of ¢ evaluated at z € U. We also set

Y ()

8xm/

yeee,SU

p
zeU

} e RU{o0};

0
Vlr = max {sup (), sup | % (2)
zelU zelU |01

here |-| is the maximum norm on R™. We write vol(-) for the Lebesgue measure
on R™. Recall that all open subsets of R™ are measurable.

For i € {0,1,2}, let m; € N. Suppose U; is a non-empty open subset
of R™i. Let mry: RMotmatmz _ Rmo+tmi he defined by 71 (w, z,y) = (w,z) and
o RMOTMItM2 o RMotm2 by 7o (w, z,y) = (w,y).

We now suppose mg = 2 and m = 2+ my + ma. Let ¢1: Uy x Up — R™
and ¢9: Uy x Uy — R™ have continuously differentiable coordinate functions
and satisfy |¢1|c1 < 0o and |¢2|c1 < co. Define

(7.1) Yy (w,z,y) = No1(w, z) — d2(w,y),

where w € Up,x € Uy, and y € Uy. Thus ¥ has target R™ and coordinate
functions in C*(U) where U = Uy x Uy x Us.

We write ¢1; and ¢o; for the coordinate functions of ¢; and ¢2, respec-
tively. By abuse of notation we sometimes write ¢1;(2) for ¢1;(w, ) and ¢9;(z)
for ¢oj(w, z) if z = (w,z,y) with w € U,z € Uy, y € Us.

The jacobian matrix Dy ;. (¢¥Nn) € Maty,(R) equals

(N‘%l s  pNOPL _ O¢2  pArObL . N OdL 942 | ‘9¢>2)

ow1 owq Owa Ows oz O0Tm, oy1 - OYmoy
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evaluated at (w, z,y) € U. For fixed (w, z,y), the determinant det D, , ) (¥n)
is a polynomial in N of degree at most 2 + m;. More precisely, we have

det D(w,x,y) (¢N) = 50(71}, €z, y)N2+m1 + 51 (U), €z, y)N1+m1 + (52(71), Z, y)lea
where the crucial term is

(7.2)
9¢1  O¢1 09 99 ¢ 9¢
60(w,x,y):det( 871011 BTJ; 87:1 83:"11 _Tyf _Bywi )‘(

w,T,Y)

If z is in any power of R and r > 0, we let B,(x) denote the open ball of
radius  around z with respect to |- |.

LEMMA 7.1. In the notation above, let zo € U with do(z9) # 0. There
exist two bounded open neighborhoods U" C U’ of zg in U and a constant
¢ € (0,1] with the following properties:

(i) the map ¢ is injective when restricted to w1 (U’) C R*Fm1
and for all real numbers N > cil,

(i) the map Yn|y: U — R™ is injective and open,

(iii) we have vol(¢n(U")) > cN*™ | and

(iv) we have B.(yn(U")) C vy (U').

Proof. As the first order partial derivatives of all ¢;; are continuous we can
find an open neighborhood U’ of zg = (w, x,y) in U such that the determinant
of

(7.3)
Tt FEG) B o gG) -FEG) o —FRe)
S (2m)  ghm(Em) % (Em) o g (Em) —ER(Em) o —gg2m(Em)
has absolute value at least € = [(29)|/2 > 0 for all zy,...,2, € U'.

Observe that D (.)(¢1) is an m x (2 +my)-matrix consisting of the first
2+m; columns as in the determinant (7.2). Our hypothesis dp(zp) # 0 implies
that Dm(zo)(qﬁl) has maximal rank 2 4+ m;. By the Inverse Function Theorem
we may, after shrinking U’, assume that ¢ restricted to m1(U’) is injective.
This implies (i).

We may shrink U’ further and assume that

(7.4) U" = Bs(z) C U’ = Bag(z0) C U

for some § > 0, a property we will need later on. Our constant ¢ will depend
on ¢ but not on V.

To show injectivity in (ii), let 2,2’ € U" and N € R be such that ¥y (2) =
’(/JN(Z/). Let j € {1, - .,m}, then N¢1j(z) - ¢2j(2) = N¢1]’(Z/) - ¢2j(zl). By
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the Mean Value Theorem there exists Z; € U’ on the line segment connecting
z and 2’ such that the column vector z — 2’ lies in the kernel of

P15 Oa; N3¢1j

<N8¢1j_a¢2j’N ”,Naﬁblj,_a¢2j’”.’_a¢2j>
owq owy Ows Ows o0x1 0T, oY1 OYmsy / 1%
Thus z — 2’ lies in the kernel of M (21, ..., Z,,) € Mat,,(R) whose rows are these
expressions as j € {1,...,m}.
The determinant of this matrix can be expressed as
00(Z1, ., Zm)NZT™ £ 51 (21, .o, Zn) NYT™ 4 55(21, ., ) N,
where 09(Z1, . .., Zm) is the determinant of (7.3). In particular, [6o(Z1, ..., Zm)|

> €.
We recall that |¢1 2|1 < 0o. So for i = 1,2, we find |5;(Z1,...,2m)| < C,
where C' depends only on ¢; and ¢s. For all sufficiently large N > 1, we have

(7.5)
100(Z1, - 2 )NZT™ oo 4 65(51, .y ) N™ | > eNZH™M _ 9O N1H™
> §N2+m1.
=2

And so, in particular, det M (Z1,...,2,) # 0. As z — 2’ lies in the kernel of
the relevant matrix, we conclude z = z/. Therefore, x|y is injective for all
large N. We conclude injectivity (ii)

If N is sufficiently large, then (7.5) implies |det M(z,...,z)| > eN?tm1/2
for all z € U’. In particular, D.(¥y) = M(z,...,z) is invertible for all z € U’.
Hence 9y is locally invertible on U’ and ¢ |y is an open map. This completes
the proof of (ii).

As Y|y is injective and for N large, Integration by Substitution implies

vol(yn (U")) = / du = / \det D, (y)|dz > S N2ZFmivol(U”).
,Ll}N(U//) 1" 2

This yields our claim in (iii) for small enough c.

To prove (iv) it suffices to verify that if z € U”, then the distance A(z)
of Yn(2) to R™ \ YN (U’) # 0 is at least ¢ for ¢ > 0 sufficiently small and
independent of V.

As the set R™ \ ¢n(U’) is closed in R™, it contains v, which depends on
z and N, such that A(z) = |[¢n(2) — v|. As v realizes the minimal distance,
the ball By, (v) must meet ¢n(U’) for all n € N. Let us fix 2, € U’ with
[N (2n) —v| < 1/n. Now U’ is bounded, so after passing to a convergent
subsequence we may assume that z, converges towards 2’ € U’ = Bas(20).

We claim that 2z’ ¢ U’. Indeed, otherwise 1y (z,) would converge towards
Yy (') € Yy (U'). But then ¢y (z') =v € R™\ ¢ (U’) is a contradiction. We
conclude

(7.6) |2 — 29| = 26.
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By the Mean Value Theorem we find
(7.7) UN(z) —UN(zn) = M(Z1,...,2m)(2 — 2p),

where M(-) is the matrix above and Zi,...,Z, lie on the line segment be-
tween z and z, and thus in U’. As above, the absolute determinant of this
matrix is at least e N2t™1/2 for N large enough. The entries of the adjoint
matrix have absolute value bounded by a fixed multiple of N2+™1. We find
|M(Z1,...,%2m) | < ¢ for the maximum norm where ¢; > 0 is independent of
N and z1,...,Z,. We find that (7.7) implies

|2 = 2n| = M (21, Zn) " (U (2) = U (20))] < c2ldn(2) = dn(20)),

where ¢o > 0 is independent of V. Hence

|2 = zn| < ca(lthn (2) = v] + [v = ¥n(20)]) = c2(A(2) + [ (zn) — v])

by our choice of v. Recall that |¢)n(2,) —v| < 1/n and z € U”, which was
defined in (7.4), so

|zn — 20| — 0 <|zn — 20| — |20 — 2] < |2 — 2n| < c2(A(2) + 1/n).

By taking the limit as n — oo we can replace z, by 2’ on the left. We recall
(7.6) and conclude A(z) > 0/ca. Part (iv) follows as we may assume 0/ca > c.
O

Our aim is to find many integral points in )5 (U). If 1n(U) has volume v,
one could hope that ¥ (U) contains at least v points in Z™. Of course, simple
examples show that this does not need to be true in general. Blichfeldt’s
Theorem guarantees that we can find at least this number of lattice points
after possibly translating by a point in R™. In our situation we will be able
to translate by a rational point of controlled denominator. For the reader’s
convenience, we repeat the hypothesis in the next proposition.

PROPOSITION 7.2. Let Uy C R%2,U; C R™, and Uy C R™2 be non-empty
open subsets, and suppose ¢1: Uy x Uy — R™ and ¢o: Uy x Uy — R™ have
coordinate functions in Ct(Ug x Uy) and C*(Ug x Us), respectively, where m =
2+ my + ma. We suppose that |p12|ct < 0o. Let zp € U = Uy x Uy x Us
with 8o(z0) # 0. For N € R, we define Y as in (7.1). There ezists a bounded
open neighborhood U’ of zy in U and a constant ¢ € (0, 1] with the following
property. For all integers No > ¢! and all real numbers N > ¢~ we have

# (Un(U) NNy 'Z™) > N,
Moreover, 1|y, ) is injective, and |y is injective for all N > c L.
Proof. Let U” C U’ and ¢; > 0 be as in Lemma 7.1, and suppose N > ¢} '
Below we will use vol(¢)n (U")) > ¢ N?>T™t and B, (Yn(U")) C 1y (U').
By Blichfeldt’s Theorem [12, Ch. II1.2, Th. I], there exists x € R™, which
may depend on N, such that #(—z+ x5 (U"))NZ™ > vol(vy (U")) > ¢y N2+,
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So there exist an integer M > ¢ N*t™ qy,....ay € Z™, and 21, ..., 2y € U”
such that
—z+YN(z) =a; €Z™ forall ie{l,...,M}

and the a; are pairwise distinct.

There exists ca > 0 such that if Ny is any integer with Ng > c5 1, then
B, (z') N Ny 'Z™ # ) for all 2/ € R™.

Let us fix ¢ € B, () NN, 'Z™, where x comes from Blichfeldt’s Theorem.
Then

g+a;=(q—z)+x+a;=(q—x)+9¥n(2) € B, (¥n(2)) CYn(U).

Observe ¢ + a; € Ny 'Z™ for all i € {1,..., M}.

We have proved #(¢n(U') N Ny 'Z™) > M > i N?>t™ for all N > ¢!
and all Ny > ¢~ 1. The proposition follows by taking ¢ = min{c, co} and by
the injectivity statements in (i) and (ii) of Lemma 7.1. O

8. Intersection numbers

Let F' be an algebraically closed subfield of C. Let S be a smooth irre-
ducible curve over F', and let m: A — S be an abelian scheme over F' of relative
dimension g > 1. In this section we abbreviate P by P for integers m > 1.

We will use the basic setup introduced in Section 2.2. In particular, A C
PM x P™ is an admissible immersion.

PROPOSITION 8.1. Suppose X is an irreducible, closed subvariety of A
defined over F' that dominates S and is not generically special. Then there exist

e q constant ¢ > 0,

e a finite and étale covering S — S where S" is an irreducible curve over F,

e and finitely many closed (not necessarily irreducible) subvarieties Y1,...,Yg
Of A=A X8 S/,

such that the following holds for X' = X xg8". For each integer N > ¢~ ', there

exists Y € {Y1,...,Yg} such that X'N[N]~Y(Y) contains at least r > cN?>dmX

irreducible components of dimension 0.

Note that X’ from the proposition is a closed subvariety of the abelian A’
scheme. It may not be irreducible, but it is equidimensional of dimension dim X
since S’ — S is finite and étale. Note also that each irreducible component of
X'N[N]~1(Y) consists of one F-rational point as X’ and [N]~!(Y) are defined
over F.

We will prove Proposition 8.1 in the next few subsections.

8.1. Constructing a covering S’ — S. Further down we will need to pass
to a finite and étale covering S’ of S. In this subsection we make some prepa-
rations and mention some facts.
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We recall our convention F' C C and fix P € X(F) as in Lemma 6.2.
By assumption on X and P, we have an irreducible closed subvariety Z C A
defined over F' satisfying the conclusion of Proposition 6.1. In particular,
dim Z = codimy X = n.

We fix a prime number ¢ satisfying

(8.1) ¢ > D¥ et

where D comes from (iv) of Proposition 6.1. Later on, we will impose a second
lower bound on /.

There is a finite étale covering S’ — S such that A’/S’ admits all the £29
torsion sections S — A’[¢], where A’ is the abelian scheme A x g5’ over S’. We
may assume that S’ is irreducible. The prescribed closed immersion A — ng
induces a closed immersion A" — ]P’g/{ .

Observe that the induced morphism p: A" — A is finite and étale. So the
pre-image of any irreducible subvariety Y of A’ is equidimensional of dimension
dimY.

Let Z' = Z xg S’; this is a closed subvariety of A’ that may not be
irreducible. It is equidimensional of dimension dim Z. A further and crucial
observation for our argument is that the fibers Z; and Zj, are equal if t' € S'(F')
maps to t € S(F'). So by Proposition 6.1(iv),

(8.2) the degree of any Z;, C P is bounded by D for all ¢’ € S'(F),
and by the “Moreover” part of Proposition 6.1,

at most finitely many fibers of Z' — S’ over S’(C) contain a coset

8.3
(8.3) of positive dimension in the respective fiber of A" — 5.

8.2. Local parametrization and lattice points. We keep the notation intro-
duced above and prove the following intermediate counting result.

LEMMA 8.2. Let X be as in Proposition 8.1. Then there exist

e a constant ¢ > 0;

e a prime number { satisfying (8.1);

e and a finite étale covering S — S, with S’ irreducible, admitting all the
029 torsion sections S’ — A'[f], with ©': A" — S’ the canonical morphism,
X/:XXSS’, andZ/:ZXSS/

such that for all integers N > ¢~ ', the following holds. There exist r >

eNZ2dmX pairs (P, Q)), ..., (P, QL) € X'(C)x Z'(C) such that the Pj,..., P!

are pairwise distinct with the following properties for all i € {1,...,r}:

(i) we have 7'(F}) = 7'(Q;) and [(N](F)) = [€](Q7);

(ii) the Zariski closed subset Z;T'(P{) of A;F’(P{) does not contain any coset of
positive dimension;
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(iii) #f Y is an drreducible closed subvariety of A" such that Q; € Y'(C) and

P! is not isolated in X' N [(N]~Y([€)(Y")), then there exists an (-torsion

section o: 8" — A'll] with 0 # 0 and Q) € Y'(C)N (Y’ —imo)(C).

Proof. We make use of the lattice point counting technique from Section 7.
By Lemma 6.2 we have that P is a smooth point of X#" and X frr(lp). We have
dim X = g+1—n, so we can trivialize the family X?" — S*" in a neighborhood
of P in X®" using a smooth map ¢; defined on Uy x U;, where Uy C R? and
U; C R26-7) are both open and non-empty. We may assume that qbl( )= P.
After possibly shrinking Uy and U, we compose qbl with b the Betti map
b: Ax — T?9 composed by a local inverse of R?9 — T29. This yields a smooth
map ¢1: Uy x Uy — R?9 that produces the Betti coordinates relative to the
local parametrization of X?2".

Now P is also a smooth point of Z#". Recall that dim Z = n. The same
construction yields a non- empty and open subset Uy C R2"~1) and a smooth
map gbg Up x Uy — Z*" with qbg( ) = P. We restrict if necessary and write
P9 = bo gi)g. Uy x Uy — R?9. The subsets Uy, U; and Us can be chosen to be
bounded.

In this setting ¢; parametrizes E(U ), where U C X®" is a neighborhood of
Pin X and b is a local lift of the Betti map to R?9. Similarly, ¢o parametrizes
b(V), where V is a neighborhood of P in Z2",

We may assume, after shrinking Uy, Uy, and Us if necessary, that |¢1]cn
< o0 and [¢2|c1 < co. By Proposition 6.1(iii), the fiber Z,py contains no
positive dimensional cosets in A py. By (8.3) and up to shrinking Up, we may

assume that
(8.4)
Z; contains no positive dimensional cosets in A; for all ¢ € w(¢1(Up x Uy)).

For any N € N and (w,z,y) € Uy x Uy x U, we define a map

Un(w,z,y) = Nop(w,z) — do(w,y) € R,
Let m;: Ug x Uy x Us — Uy x U; be the natural projection for i = 1,2 and
do(w, z,y) as above Lemma 7.1.

Condition (v) of Proposition 6.1 implies that dp(0) # 0. So we can ap-
ply Proposition 7.2. There exists a bounded open neighborhood U’ of 0 in
Uy x Uy x Uy and a constant ¢ € (0, 1] with the following property. For all inte-
gers Ng > ¢ and N > ¢!, we have that ®1|x, () and Y|y are injective and
(8.5) # (VN (U') N NG 1Z29) > eN?H297m) = N2 dim X,

Proposition 7.2 allows us to increase Ny. From now on we fix Ny to be
a prime number ¢ that satisfies (8.1) and £ > ¢~!. As in Section 8.1 we fix a
finite étale covering S’ — S with S’ irreducible such that A" := A xg 8" — 5’
admits all the £29 torsion sections S’ — A'[/].

Recall that |pa|c1 < 00, s0 is ¢2(Uy x Us) is bounded and
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(8.6)
# (¢2(Uy x Uy) — ¢o(Uy x Us)) N L7172 < C for some C independent of N.

Suppose (w,x,y) € U’ satisfies ¢y (w, x,y) € £~1Z29. Then {N¢1(w, ) —
lio(w, y) € Z%9. For the Betti coordinates, we find on A that

[EN](¢1(w, ) = [{](d2(w,y)) € [)(Z)(C).
Thus we get a mapping

(8.7) Un(U) N2 3 Yn(w,,y) = (1(w, 2), $a(w,y)) € X(C) x Z(C).

The image points are of the form (P;, Q;) and lie in the same fiber above S
and with [({N](P;) = [{](Q;). By (8.5) these points arise from at least cN2dimX
elements of 1 (U’) N£~1Z29 for all large N. We claim that up to adjusting c
the number of different P; is also at least ¢N2dim X

So let (w,x,y) € U’ with ¢y (w,z,y) € £71Z%9 whose image under (8.7)
is (P;,Qq). Let (Pj,Q;) be a further pair with P, = P; that comes from
Yy (w2’ y') € 6717229, where (w',2',y') € U'. Hence (w',2') = (w,z) as
®1 |7r1 u”n is injective. Thus ¢y (w/7 y,) — 2 (wv y) = YN (’U), €T, y) —T/JN(U)/, ', y/) €
¢=17%. By (8.6) there are at most C possibilities for 1y (w’,z’,9'), when
(z,y,2) is fixed. So there are at most C' possibilities for (w',2’,y’) as ¥y is
injective on U’; recall that C' may depend on ¢ but not on N.

After omitting pairs with duplicate P; and replacing ¢ by ¢/C we have
found (P;, Q;) with pairwise different P; for 1 <4 < r and r > ¢N?dmX,

Let p: A" — A denote the canonical morphism. We fix lifts P/, Q); € A’'(C)
of P;, Q; respectively in the same fiber of A" — S’. So

(8.8) [EN](P)) = [(Q}) forall ie{l,...,r}.

1

This yields claim (i) of the lemma.

As our points P; lie above points in (¢ (Uy x Uy)), we deduce (ii)
from (8.4).

It remains to prove part (iii). Let Y’ be as in (iii); namely, @, € Y'(C) and
P! is not isolated in X’ N [{N]71([{](Y")) for some i € {1,...,r}. To simplify
notation we write P’ = P/ and Q' = Q).

Then there is a sequence (P%),en of pairwise distinct points of X'(C)
that converges in X’*" to P’ with [(N](P%) € [¢(](Y')(C) for all « € N. We fix
Q* € Y'(C) with [({N](P%) = [£](Q%) for all « € N. Thus 7/(P?*) = «'(Q%) and
by continuity the sequence [£](Q%) converges. Since [¢] induces a proper map
(A — (A')?" we may assume, after passing to a subsequence, that the Q%
converge in (Y')?" to some Q" € Y'(C). Taking the limit we see by continuity
and (8.8) that [¢(](Q") = [¢N](P') = [¢](Q') and, in particular, 7'(Q") = 7'(Q’).
Hence

Q'=Q +TeY'(C)
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for some T that is either trivial or of finite prime order £ in .A;r , (Q,)((C).

All ¢% torsion sections S' — A'[(] exist, so there is one o with o(7'(Q’))
=T. Hence Q' € Y(C)N (Y’ —imo)(C).

To complete the proof it remains to verify ¢ # 0, i.e., T # 0. For
this we assume the converse and derive a contradiction. For « large enough,
the sequence member p(P%) will be close enough to p(P') = P; as to lie in
o1(U"). As Q" = @', the analog statement holds for the sequence of p(Q®),
i.e., p(Q¥) € ¢o(U") for all sufficiently large a.. For o sufficiently large, we may
write p(P®) = ¢y (w®, z*) and p(Q*) = ¢o(w®, y®) with (w®, z%,y*) € U’. The
condition [(N](P%) = [¢](Q%) implies [{N](p(P%)) = [¢](p(Q%)), and hence

Yy (w2 wY) = Nop(w®, 2%) — da(w®, y*) € 1729,

By continuity, the sequence 1 (w®, %, w?) is eventually constant. But ¢y is
injective on U’ by Proposition 7.2 and hence (w®,z% w®) is eventually con-
stant. So p(P®) is eventually constant and, as p is finite, P® attains only
finitely many values. But this contradicts the fact that the P® are pairwise
distinct and concludes the proof of (iii). O

8.3. Induction and isolated intersection points. Let X, ¢, A’ — S’, X', and
Z' be as in Lemma 8.2. The conclusion of Lemma 8.2 is already close to what
we are aiming at in Proposition 8.1. However, we must first deal with the possi-
bility that most P/ from the lemma are not isolated in X’N[¢N]~1([(](Z")); oth-
erwise we could just take Y7 = [(]1([¢](Z")). We will handle this in the current
subsection by introducing additional auxiliary subvarieties derived from Z’.

Recall that D was introduced in Section 8.1 and ultimately comes from
Proposition 6.1(iv). For brevity, we write A'[¢](S’) for the group of torsion
sections S” — A'[(] of order dividing ¢. Recall also that X' is equidimensional
of dimension dim X =g+ 1 —n.

We now describe a procedure to construct a finite set X of auxiliary sub-
varieties. To be more precise we will construct for each k € {0,...,n} a finite
set X; with the following properties:

(i) if Y’ € X, then Y’ is an irreducible closed subvariety of Z’' with dimY”’ <
n—k;

(i) if Y' € 34 and ¢ € §'(C) such that Y/ # (), then degY; < D?";

(iii) if & < n — 1, then for all Y/ € ¥ and all 0 € A'[¢](S’) such that Y €
Y’ —imo, all irreducible components of Y’ N (Y’ — im o) are elements of
k1
We define ¥y to be the set of irreducible components of Z’. Clearly, (i)

is satisfied as Z' is equidimensional of dimension dim Z = n. Moreover, (ii) is
satisfied due to (8.2).
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We construct the remaining >1,...,3, and verify the properties induc-
tively. Suppose k € {0,...,n — 1} and that 3j has already been constructed.

Consider the set of all Y’ € ¥y and o € A'[{](S") with Y’ Z Y/ — imo.
There are only finitely many such pairs (Y, o), and we take as 3y, all
irreducible components of all Y/ N (Y’ — imo) that arise this way. This
choice makes (iii) automatically hold true for all & € {0,...,n — 1}. If
Y"” € ¥y is such an irreducible component, then Y” C Y’ C Z’' and
dimY” < dimY’ —1 < n — (k+ 1) by (i) applied to k. This implies (i)
for k + 1.

We now verify (ii). If Y” does not dominate S’, then the image of Y in
S is a point ¢, hence Y =Y/. In this case Y/ is an irreducible component of
Y/ N (Y] — o(t)). By Bézout’s Theorem and since degY; = deg(Y/ — o(t)),
we find degY)” < (degY/)?. By (ii) applied to Y; this implies degY;’ <
(D?")2 = D2 So (ii) holds for all Y” that do not dominate S'. If Y”
dominates S’, then for all but at most finitely many ¢ € S’(C), all irreducible
components of Y} are also irreducible components of Y/ N (Y — o(t)). For
such a t, we have, again by Bézout’s Theorem, degV;” < (degY/)? < D2
which implies (ii). For any remaining ¢ € S’(C), observe that Y is flat over
S" by [31, Prop. I111.9.7] since dimS” = 1 and Y” is irreducible. As cycles of
PM | the fibers of Y are pairwise algebraically equivalent. So deg Y}’ < D2
for all ¢ € S(C); see Fulton [20, Chs. 10.1 and 10.2] on the conservation of
numbers. More precisely, let Hy, ..., Hyuny~_1 be generic hyperplane sections
of PM x S — § such that Y N ﬂ?i:nfyﬁ_l H; is flat of relatively dimension
0 over S, and then, using the notation of loc. cit., apply [20, Cor. 10.2.2] to
Y =P" T =S a =[Y"and a; = [H;_1] for i = 2,...,dimY"”. So we
conclude (ii) for all fibers of Y regardless whether it dominates S’ or not.

We define

Y=XgU- U2,

It is crucial for us that the following bound involving Y’ € X is independent
of ¢

(8.9) degY/ < D*" < D¥" for all t € §'(C) with Y} # 0.
We are now ready to prove the main result of this section.

Proof of Proposition 8.1. Let X,c,{, A’ — S, X', and Z' be as in
Lemma 8.2. We will prove that {[¢]*([{](Y")) : Y’ € £} is the desired set
of closed subvarieties of A’.

For N > ¢! Lemma 8.2 produces r > ¢cN24™ X pairs (P, Q)), ..., (P, Q")
€ X'(C) x Z'(C) with the stated properties. Note that each @} is a point of
some element of . Indeed, it is a point of Z’ whose irreducible components are
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in 3. To each i € {1,...,7} we assign an auxiliary variety in X; containing
Q) and with maximal k.

By the Pigeonhole Principle there exist k and an auxiliary variety Y/ € X,
that is hit at least r/#3 times. As #X is independent of NV, we may assume,
after adjusting ¢, that r > cN24mX and Q) € Y/(C) for all i € {1,...,7}.

Let Y = [(]7}([¢)(Y')). We prove that Y is what we want; i.e., X' N
[N]71(Y) contains at least r > ¢cN29™X jsolated points.

Observe that P{, ..., P! are points of X'N[N]~1(Y). If they are all isolated
in this intersection, then the proposition follows as they are pairwise distinct.

We assume that some P/ is not isolated in X' N [N]71(Y) and will arrive
at a contradiction. By Lemma 8.2(iii) there exists a non-trivial o € A'[(](S")
such that Y/ N (Y’ —imo) contains Q). In particular, Y’ cannot be a point.

Let us assume Y’ € Y/ —im o for now. Thus properties (i) and (iii) of X
listed above imply 1 < dimY”’ < n — k and that @} lies in an element of Xz .
This contradicts the maximality of k. Hence Y’ C Y/ —im o and, in particular,
Y/ CY/ — o(t) where ¢ is the image of @} under A’ — 5.

If Y dominates S’, then Y} is equidimensional of dimension dimY’ — 1.
If Y/ does not dominate S’, then Y’ = Y/ is irreducible and, in particular,
equidimensional. In both cases we find Y/ = Y/ — o (t) and the group generated
by o(t) acts on the set of irreducible components of Y.

The number of irreducible components of Y/ is at most deg¥, < D
by (8.9). Furthermore, o(t) has precise order ¢ since o # 0 and ¢ is prime.
By (8.1) we have ¢ > D¥ . Aslis a prime, there is no non-trivial group
homomorphism from Z/¢Z to the symmetric group on degY; symbols. We
conclude that o(t) + W = W for all irreducible components W of Y.

The stabilizer Stab(W) in A} of any irreducible component of Y/ of W
satisfies deg Stab(W) < deg(W)ImW+1 < deg(W)9+! by [15, Lemme 2.1(ii)].
We obtain degW < degV] < p¥"! again from (8.9). Putting these bounds
together gives deg Stab(W) < D" (941 But Stab(W) contains o(t), a point
of order ¢ > degStab(W) by (8.1). In particular, Stab(W) has positive di-
mension. But this implies that Y; contains a positive dimensional coset. By
property (i) in the construction of X we have Y/ C Z/, and therefore Z, contains
a coset of positive dimension. This contradicts Lemma 8.2(ii). |

29+1

9. Height inequality in the total space
In this section, and if not stated otherwise, we work with the category
of schemes over Q and abbreviate IP’% by P™ for integers m > 1. Let S be a

smooth irreducible curve defined over Q. Let 7: A — S be an abelian scheme
over Q of relative dimension g > 1.
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We will use the basic setup introduced in Section 2.2. In particular, A C
PM » P™ is an admissible immersion.

Our principal result is the following proposition. It makes use of the naive
height given by (2.2).

PROPOSITION 9.1. Suppose X is an irreducible closed subvariety of A that
dominates S and is not generically special. Then there exists a constant ¢ > 0
depending on X and the data introduced above with the following property. For
any integer N > ¢, there exist a non-empty Zariski open subset Uy C X
and a constant ¢'(N), both of which depend on N, such that

h(12V1Q) = eAVh(Q) — ¢(N)  for all Q € Un(Q).

9.1. Polynomials defining multiplication-by-2 on A. Let X = [Xg : --- :
X)) denote the projective coordinates on PM | and let Y = [Yp @ -+ : Y},]
denote the projective coordinates on P™. Recall condition (ii) of the admissible
setting A € PM x P™: the morphism [2] is represented globally on A C
PM x P™ by M + 1 bi-homogeneous polynomials, homogeneous of degree 4
in X and homogeneous of a certain degree, say cg, in Y. In other words,
there exist Gy,...,Gy € Q[X;Y], each G; being homogeneous of degree 4 on
the variables X and homogeneous of degree cy on the variables Y, such that
2](a) = ([Go(ar;a2) : -+ : Gp(ar;a2)];a2) for any a € A(C). Here we write
a = (ar;az) under A C PM x P™. Note that ¢y depends only on the immersion
ACPM x P,

9.2. An auxiliary rational map.

LEMMA 9.2. Let X and Y be locally closed algebraic subsets of PM, and
suppose that X is irreducible. There exists § € N that depends only on 'Y with
the following property. Suppose r > 1 and Q1,...,Q, € X(Q)NY(Q) for
all i € {1,...,r}. There exist homogeneous polynomials po, @1, ..., Pdimx €
Q[Xo, ..., X of degree &, whose set of common zeros is denoted by Z C PM
such that the rational map ¢ = [0 : * - : Pdim x| PpM __, pdimX satisfies the

following:
(i) we have p(Y\Z)=[1:0:---:0] and Q; ¢ Z(Q) for all i € {1,...,r};

(ii) if C is an irreducible subvariety of X and i € {1,...,r} with Q; € C(Q)
such that ‘P‘C\Z is constant, then C CY, where Y is the Zariski closure

of Y in PM,

Proof. The Zariski closure Y of Y in PM is the zero set of finitely many
homogeneous polynomials g1,...,gm € Q[Xo,..., Xa]. We may assume that
g1, ..., gm all have the same degree §. Note that 0 depends only on Y.

We may further fix go € Q[Xo,..., X, also of degree &, such that
90(Qi) # 0 for all i € {1,...,r}. For example, we can take gy to be the
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0-th power of a linear polynomial whose zero set avoids the );’s. The set of
common zeros Zg of all g; does not contain any (); and thus not all of Y.

We obtain a rational map G' = [go : -+ : gm]: PM ——» P™. Observe that
GY\Zg) =1 :0:---:0]. Observe also that G(X\Zg) is constructible
in P™ and its Zariski closure is of dimension at most dim X. This image also
contains [1: 0 : - : 0], so there exist homogeneous linear forms [y, ..., lgm x €
Q[Xo, - - -, X, such that

(9.1) [1:0:---:0] is isolated in Z(I1,...,lamx) N G(X\Zg).

We set Iy = X and consider [ly : - - : lgim x] as a rational map P --» pdim X,

It is well defined at [1:0:---: 0] € P™(Q) and maps this point to [1:0:---:
0] c PdimX(@).

We set Yo = lo(go, e ,gm), vy PdimX T ldimX(907 cen ,gm). Then (%23 is
homogeneous of degree 0 for all i € {0,1,...,dim X}. Let Z be the set of

common zeros of the ¢;. Then @Q; ¢ Z(Q) for all i by construction. The

rational map ¢ = [@g : -+ : @dim x]: PM ——» P4mX ig defined on Q; and maps
Y\Z to[1:0:---:0]. We conclude (i).

Let C be as in claim (ii). Then C\Z is non-empty and is mapped to
[1:0:---:0] € PAMX(Q) under . So Iy, ...,lgmx vanish on G(C\Z). As
the image G(C\Z) C G(C\Zg) contains G(Q;) =[1:0:---:0] € P™(Q), we
infer from (9.1) that the g1,...,gm vanish on C\Z. Hence C\Z C Y and so
C CY since C\Z is Zariski dense in the irreducible C. O

The map ¢ depends on the collection of @); in the previous proposition,
but the degree & does not. Also note that the Q;’s are not necessarily pairwise
distinct.

9.3. Height change under scalar multiplication. The following lemmas are
proven by the second-named author in [28]. Lemma 9.4 is our main tool
to deduce the desired height inequality (Proposition 9.1) from the “division
intersection points” counting (Proposition 8.1).

LEMMA 9.3. Let X be an irreducible variety over C, and let p: X --»
IP’ﬁiCimX be a rational map. Then for any Q € PY™X(C), the number of zero-
dimensional irreducible components of p~1(Q) is at most deg . By convention
we say that deg o = 0 if v is not dominant.

Proof. This is [28, Lemma 4.2]. The crucial point is that P& ¥ is a normal
variety. O

LEMMA 9.4. Let X C PM be an irreducible closed subvariety over Q of
positive dimension. Let p: X --» PI™X be the rational map given by ¢ =
[po @+ pdim x|, where v; are homogeneous polynomials with coefficients in
Q that are not all identically zero on X and have equal degree at most D > 1.
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Then there exist a constant ¢ = ¢(X, @) and a Zariski open dense subset U of
X such that g, ..., @Pdim x have no common zeros on U and

1 deg
h(p(P)) > — - h(P) —
(90( )) — 4d1mX deg(X) DdlmX—l ( ) ¢

for any P € U(Q).

Proof. This is [28, Lemma 4.3]. O

Now we are ready to prove Proposition 9.1. To X, recall that we associated
in Proposition 8.1 a finite étale covering S — S. Set X' = X xg S’. Then
X' is a closed subvariety of A’ = A xg S’ and equidimensional of dimension
dim X. Let p: A" — A denote the natural projection; it is finite and étale. Let
S be the Zariski closure of S in P . We fix a smooth projective curve S’ that
contains S’ as a Zariski open subset. Then S’ — S extends to a morphism
S’ — S. Some positive power of the pullback of O(1) under S’ — S — P™
yields a closed immersion S’ — P™ for some m’ € N. The pullback of the
closed immersion A — PM x S yields a closed immersion A" — PM x S and
thus an immersion A’ — PM x P’

We recall that [2] on A C PM x P™ is presented globally by bihomoge-
neous polynomials Gy, ...,Gy on A described in Section 9.1. The morphism
S’ — S — P™ is defined Zariski locally on S’ by an (m + 1)-tuple of homoge-
neous polynomials in m’ + 1 variables. In other words, there is a finite open
cover {S/}n, of S such that S’ — S is represented on each S/, by a tuple
F,, of homogeneous polynomials of equal degree and no common zero on SY,.
Above each S/, the morphism [2] is defined by [2](a1,a2) = ([Go(a1, Fa(az)) :
-+ Guylar, Falag))], az); here a = (a1, as) € A(Q) C PM(Q) x P™(Q) lies
above S/,. Tterating [2] we find that for all integers N > 1 and above each S,
the morphism [2/V] is defined by bihomogeneous polynomials with degree in a;
equal to 4" and degree in as at most c;(4" — 1)/3; here ¢; = cgdeg F,, and
cp is as in Section 9.1. As for several constants below, ¢; may depend on A’
and X', but not on V.

Let us embed A’ in PM+D'+1)=1 10 composing the immersion A’ —
PM x P with the Segre morphism PM x P — PM+D(m'+1)~1 " After lo-
cally inverting the Segre morphism and increasing n;, we obtain to an open
cover {Vo}nL, of A’ a refinement of {A4'|g }a, such that 2]y, : Vo, — A is
represented by a tuple of homogeneous polynomials of degree at most c24"V on
each V,,. Here ny and cy are independent of N.

For any irreducible component X of X', the restriction p|x;: Xo — X
is dominant and dim X{j = dim X. So Silverman’s height inequality [47] ap-
plies; here we could have also used the Height Machine and Lemma 9.4. To
prove the proposition, it suffices to find a constant ¢ > 0 that is independent
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of N with the following property. For any integer N > ¢~!, there exist an
irreducible component X of X', a non-empty Zariski open subset U) C X{,
and a constant ¢/(N, X{) such that h([2V]Q) > cAVh(Q) — (N, X{) for all
Q € Un(Q). Then we can take Uy to be a non-empty Zariski open subset of
X with Ux C p(Uy) and ¢(N) = (N, X{).

Let ¢3 > 0 be the ¢ in Proposition 8.1, and let Y7,...,Yr be the subva-
rieties of A’ therein. The constant c3 and the varieties Y7, ..., Yg will depend
on X and A, but not on N. We work with 2V instead of N in Proposi-
tion 8.1. So for any sufficiently large (but fixed) N, we let P, ..., P, € X'(Q)
with 7 > ¢34V 4mX he pairwise distinct points as in Proposition 8.1 and Y €
{Y1,...,Yg} such that 2V)(P;) € Y(Q) and P; is isolated in X' N [2V]~1(Y)
for all 4.

Suppose X’ has ny irreducible components. Then ns is independent on N.
We apply the Pigeonhole Principle to find o € {1,...,n1} and some irre-
ducible component of X’ such that at least c34™ 4mX /(n1ny) points P; lie on
V, and this component. Replace X’ by the said component, and replace c3 by
c3/(ning). Now we may assume that there is a tuple of homogeneous polyno-
mials of equal degree at most cp4V that define [2V] on a Zariski open subset
of X' C A C PM+DM'+1)=1 that contains all the P’s.

We apply Lemma 9.2 to [2V](X') € A" € PMADM+D)=1"y and the
points 2V](P1), ..., [2V](P;). Thus we obtain a rational map @: P(M+1)(m'+1)—1
——> PAm X" defined at all [2V](P;) that arises from homogeneous polynomials
of equal degree dy. Observe that dy depends only on Y € {Y3,...,Yg}. Let

§ = maXye(y,,.. vy} Oy Now that {Y1,...,Yg} is fixed as N varies, this does
not endanger our application. There exists a constant c4(¢) > 0 such that
(9-2) h((Q)) < on(@Q) + caly)

for any @ outside the set of common zeros of the polynomials involved in ¢;
see [33, Th. B.2.5.(a)]. To emphasize that ¢ may depend on N, we write c4(N)

for c4(¢p).
For N as before, we define o) = o [2V]: X/ --» PImX' " Then by
Lemma 9.2(i), each P; is mapped via o) to [1:0:---: 0].

(N) from below by 7.

We would like to invoke Lemma 9.3 to bound deg ¢
To do this we must verify that each P; is isolated in the fiber of ¢¥) above
[1:0:---:0]. Let us suppose C C X' is irreducible, contains P;, and is
inside a fiber of (V). Apart from finitely many points, [2V](C) is in a fiber
of ¢. Now we apply Lemma 9.2(ii) to conclude that [2V](C) is contained in the
Zariski closure of Y inside PM+D'+1)-1" Byt vy C A, so C C [2V]71(Y).
Now Proposition 8.1 implies C' = {F;}.

This settles our claim that P; is isolated in the fiber of <p(N ), and we
conclude deg cp(N) >r > 634NdimX.
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Recall that there is a tuple of homogeneous polynomials of equal de-
gree at most cp4" that define [2/V] on a Zariski open subset of X’ C A’ C
PM+D(m+1)=1 that contains all P;. So we can describe oY) on this subset of
X' using polynomials of degree at most ¢264"Y. We apply Lemma 9.4 to ¢V
and the Zariski closure of X’ in P(M+D(m'+1-1 ¢4 conclude that there exist
a constant c; > 0, independent of N, and a constant c¢g(IN) > 0, which may

depend on N, such that
(9.3) W™ (P)) > esAVh(P) — c5(N)

for all P € U} (Q), where Uj, is non-empty Zariski open in X" and may depend
on N.

Now by letting @ = [2"V]P and dividing by § in (9.2), we get by (9.3) that

h(2V1P) = T4NR(P) — er(N)

for all P € Ujp(Q) after possibly shrinking Uh.. The proof is complete as c;5/d
is independent of V. O

10. Néron—Tate height and height on the base

The goal of this section is to prove Theorem 1.4 and the slightly stronger
Theorem 1.4’. We will use the basic setup introduced in Section 2.2. Thus S is
a smooth, irreducible curve over Q, 7: A — S is an abelian scheme of relative
dimension > 1, and A C IP’% X IP’% is an admissible immersion. All varieties in

this sections are defined over Q.

10.1. Awziliary proposition. We prove the following proposition; recall
that both heights below are defined as in Section 2.2.

ProrosITION 10.1. Assume X is an irreducible closed subvariety of A
that is not generically special. Then there exist a nmon-empty Zariski open
subset U C X defined over Q and a constant ¢ > 0 depending only on A/S, X,
and the admissible immersion such that

(10.1) h(P) <c(1+ha(P))

for all P € U(Q).

Proof. By the theorem of Silverman-Tate [46, Th. A], there exists a con-
stant ¢; > 0 such that

(10.2) \ha(P) — h(P)| < c1(1 + h(x(P)))

for all P € A(Q); observe that this proof also holds without the smoothness
assumption when working with line bundles instead of Weil divisors.

To prove the proposition we may thus assume that 7 is non-constant on X.
Therefore, X dominates S.
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Since X is not generically special, we can apply Proposition 9.1 to X.
There exists a constant co > 0, depending on X, A, and its admissible immer-
sion, such that the following holds. For any integer N > c; L there exist a
Zariski open dense subset Uy C X and a constant ¢3(N) > 0 such that

(10.3) h([2V]P) > codVh(P) — c3(N)

for all P € Un(Q); we stress that Uy and ¢3(IN) > 0 may depend on N in
addition to X, A, and the immersion.
Now for any integer N > ¢; ' and any P € Un(Q), we have

ha(2V)(P)) = 1(12V](P)) — &1 (1 + h(w([2N](P)))) by (10.2)
= h([2Y)(P)) — e1 (1 + h(x(P)))
> 24V h(P) — ¢c3(N) — ¢1 (14 h(P)) by (10.3)
and h(m(P)) < h(P) (2.2).
But i ([2V]P) = 4V h4(P), and dividing by 4V yields

ha(P) 2 (2= 1) h(P) - C?’(]\Zﬁcl

for all N > ¢, and all P € Uy(Q).
Recall that co and c3 are independent of N. We fix N to be the least
integer such that gN > 2¢1/cp and N > 02_1. Then

Cg(N) + C1
4N

ha(P) > %2
for all P € Un(Q). Since N is fixed now, the Zariski open dense subset Uy of
X is also fixed. For an appropriate ¢ > 0, depending on N, ¢y, g, and c3(N)

we conclude (10.1). O

h(P) —

10.2. Proof of Theorem 1.4. The first inequality in (1.1) follows from the
definition of h4,(-) and since the absolute logarithmic Weil height is non-
negative. To prove the second inequality we may assume, by properties of
the Height Machine, that the two height functions appearing in the conclusion
arise from an admissible immersion. We do an induction on dim X. When
dim X = 0, this result is trivial. So let us assume dim X > 1.

If X is generically special, then X* = (), and there is nothing to show.
Otherwise we may apply Proposition 10.1, and so the inequality (10.1) holds
for any z € (X\ Z)(Q) for some proper closed subvariety Z of X defined over Q.
Let Z = Z1U---UZ, be the decomposition into irreducible components. Since
dim Z; < dim X — 1, we may do induction on the dimension. By the induction

hypothesis, the inequality (10.1) holds for all points in Z7(Q) U --- U Z*(Q).
Therefore the inequality (10.1) holds for all points in (X \ Z)(Q) U Z;(Q) U

U Z2(Q).
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To prove that the inequality (10.1) holds for all points in X*(Q), it suffices
to verify

X" C(X\Z2)uZju---UuZ:.
But this is equivalent to the inclusion

(104) X\X*DZN(X\Z)N--N(X\Z)=(Z\Z)N---n(Z\Z).

Finally, a generically special subvariety of A contained in some Z; will be
contained in X, and therefore (10.4) holds true.
Now the inequalities in Theorem 1.4 and Theorem 1.4" hold since, by (2.2),

h(m(P)) < h(P) for any P € A(Q). O

11. Application to the Geometric Bogomolov Conjecture

In this section we prove Theorem 1.1 over the base field Q and abbreviate
]P’%‘ by P™. More general base fields can be handled using the Moriwaki height
version of Theorem 1.4. More details are presented in Appendix A.

There exists a smooth, irreducible, quasi-projective curve S over Q whose
function field is K. We fix an algebraic closure K O K of K. As in Section 2.2,
we can find, up to removing finitely many points of S, an abelian scheme A — S
whose generic fiber is A from Theorem 1.1. We equip A with an admissible
immersion A — PM x P™:; cf. Section 2.2. In particular, we have an immersion

t: S —P™. For s € S(Q), we set

1
= Gog 55,

(11.1) hs(s)
where h on the right-hand side is the height on P™(Q) and deg S is the de-
gree of the Zariski closure of +(S) in P™. We use the same normalization as
in Silverman’s work [46, §4], which will play an important role momentarily.
In addition, we have the fiberwise Néron—Tate height h4: AQ) — [0, 00);
cf. (2.3). On A we also have a Néron-Tate height hx a: A(K) — [0,00); cf.
the end of Section 2.1.

Before we get to the nuts and bolts we state Silverman’s Height Limit
Theorem.

Recall that we can represent a point r € A(K) = (A ®x K)(K) using a
section S" — A xgS’, where S’ is a smooth, irreducible curve and p: 8" — S is
generically finite morphism. We write o, for the composition S’ — A xgS" —
A. We may evaluate hg at o,(t) € Ay for all t € S'(Q).

THEOREM 11.1 (Silverman). In the notation above we have

. ha(os(t) _
(11.2) telgl(l@) s (o) hi a(x).

hs(p(t))—o0
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Proof. This follows from [46, Th. B] via a base change argument as follows.
The smoothness condition in this reference can be dropped when using line
bundles instead of Weil divisors. Observe that Silverman’s Theorem deals
with the rational case x € A(K), which comes from a section S — A.

We have a morphism o,: S’ — A, which composed with A — S equals
p: 8" — S. We write K/ = Q(9’) and Ay = A® K'. Then hg: §'(Q) —
[0, 00) is defined analog to hg via an immersion of S’ into some projective space
and then normalizing as in (11.1). Of course, hg depends on the choice of this
immersion. But we have hg(p(t))/hs/(t) — degp = [K' : K] for t € S'(Q)
as hg(p(t)) — oo by quasi-equivalent of heights on curves; cf. [7, Cor. 9.3.10]
and our choice of normalization. Silverman’s Theorem applied to = € A(K")
implies ha(0,(t))/hs/(t) = hira,,(z) as hg(t) — oo for t € §'(Q). Thus
ha(os(t)/hs(p(t)) = [K': K] 'hyr a,, () for t € S'(Q) and hg(p(t)) — oo.

Now ﬂKyA and ilK/’A/ are related by }AlK/VAK, =[K": K]iLKA. This follows
from the related statement for naive heights (cf. [14, Rem. 9.2]) and passing to
the limit. The factor [K’ : K] cancels out with the same factor coming from

quasi-equivalence of heights, and this yields (11.2). O

Now we complete the proof of Theorem 1.1. It is enough to prove the
theorem for the symmetric line bundle L attached to the closed immersion
A—PY.

Let X be the Zariski closure of X inside A O A O X. Then X is irreducible
and flat over S and X is the generic fiber of X — S.

Therefore by the assumption on X, the variety X is not generically special.
We will apply Proposition 10.1, so let U be the Zariski open and dense subset
of X from this proposition.

We define U = U N X, where the intersection is inside A. This is a Zariski
open and dense subset of X.

It suffices to prove that there exists ¢ > 0 such that x € U(K) implies
hi a(z) > e. Indeed, let = € U(K’), where K’ is a finite field extension of K
contained in K. As above, there are an irreducible, quasi-projective curve S’
over Q with function field K’, a generically finite morphism p: S’ — S, and a
section 8" — A xg S’ determined by x. We write o,: S’ — A for this section
composed with A xg S’ — A.

The Zariski closure ) in A of the image of ¢, is an irreducible closed curve
in A. We have Y C X as # € X(K'). Moreover, Y NU # () since z € U(K).
So Y NU is a curve that differs from ) in only finitely many points.

We fix a sequence t1,ts,... € S'(Q) such that lim, . hs(p(t,)) = oo.
Silverman’s Theorem implies

EA(Uz(tn» 7

(11.3) lim = hi a(x).

oo hg(p(tn))
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For n large enough, we have o.(t,) € U(Q). By Proposition 10.1 there
exists a constant ¢ > 0, independent of x, o, and n, such that

(11.4) h(og(tn)) < c (1 + HA(Uz(tn))) for all large integers n.

t
t(p(tn)) € P™(Q). By our choice (11.1), we have h(c(p(tn))) = deg(S)hs(p(tn)).
We insert into (11.4) and divide by hg(p(tn)) to obtain
1+ ha(og(tn))

hS(p(tn)) '

Finally, we pass to the limit n — co and recall (11.3) to conclude g 4(z)
> deg(.S)/c. The theorem follows as ¢ and deg(.S) are independent of z. [

By (2.2) the naive height h(o,(t,)) is at least the height of ¢(7(04(t,))) =
t

degS <c

Appendix A. Passing from Q to any field of characteristic 0

In this appendix, we sketch a proof of Theorem 1.1 for any k algebraically
closed of characteristic 0. We do this by proving a Moriwaki height version
of Theorem 1.4, allowing Q to be replaced by any algebraically closed field of
finite transcendence degree over Q. Then we repeat the proof of Theorem 1.1

for k = Q (Section 11) with this new height function to get the result when
trdegghk < oo. Finally we use essential minimum to reduce to this case.

A.1. Moriwaki height. Here we review Moriwaki’s height theory [39]. Let
ko be a finitely generated field over Q with trdeg(ko/Q) = d. Moriwaki [39]
developed the following height theory, generalizing the classical height theory

for Q.

Fix a polarization B = (B; Hy,..., Hg;7) of the field ko, i.e., a flat and
quasi-projective integral scheme over Z, a collection of nef smooth hermitian
line bundles Hi,..., Hy on B, and an isomorphism of fields 7: Q(B) — k.
In most of the literature, including Moriwaki’s paper, the isomorphism 7 is
omitted as it is fixed.

Let X be an irreducible projective variety over kg, and let L be a line
bundle on X that is defined over ko. Moriwaki [39] defines a height function

(A1) e x 1t X (ko) = R,

which is well defined modulo the set of bounded functions on X (ko). We will
not repeat the exact definition of the Moriwaki height here, but will mention
some properties. If the field ko is clear from the context, then we abbreviate
thm xr to h% ;- Furthermore, if X is clear, then we abbreviate it to hLB.
Before going on, let us make the following remark. If k{ is a field with an
isomorphism ¢: kg — k), then we have a polarization B = (B;Hy,...,Hg;uoT)
of k. For any algebraic closure kigl of kj, ¢ extends (non-uniquely) to an
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isomorphism ko — /{:70/, which we still denote by ¢ by abuse of notation. Then
e ou=hB.

As is pointed out by Moriwaki, if kg is a number field, then we recover
the classical height functions. Just as the classical height, the Moriwaki height
(A.1) satisfies the several properties.

ProprosITION A.1 (Height Machine for the Moriwaki height). We keep
the notation from above.
(1) (Additivity) If M is another line bundle on X, then h]L3®M =hB +nB.
(2) (Functoriality) Let q: X — Y be a quasi-finite morphism of projective
varieties over kg, and let M be a line bundle on'Y. Then

th:hAB/[oq.

(3) (Boundedness) The function h? is bounded below away from the base locus
of L. In particular, hB is bounded on X (ko) if L = Ox.

(4) (Northcott) If L is ample, and if B is big, i.e., the H;'s are nef and big,
then for any real numbers B, D, the set

{P € X(ko) : h(P) < B, [ko(P) : ko] < D}

s finite.

(5) (Algebraic Equivalence) If L and M are algebraically equivalent and L is

ample, then
hB (P
~ lim ]L/[( )
RE(P)os WP (P)
Proof. Part (1), (3) and (4) are proven by Moriwaki [39, Prop. 3.3.7(2-4)].
See [54, Prop. 2(iv)] for a proof of part (2). Note that the smoothness assump-
tion is unnecessary and that ¢ must be generically finite in [39, Prop. 1.3(2)].
Part (5) can be proven by a verbalized copy of [36, Ch. 4, Prop. 3.3 and Cor. 3.4]
with the usual height function replaced by the Moriwaki height. U

Proposition A.1 enables us to transfer results involving only properties of
the height listed in the Height Machine to the Moriwaki height.

Next we turn to abelian varieties. Let A be an abelian variety over ko,
and let L be a symmetric ample line bundle on A that is defined over ky. The
limit
(A.2) hB(P) = Tim 27pB([2")P) for all P e A(kg)
exists and is independent of the choice of a representative of the height function.
Then A8 is called the canonical or Néron-Tate height on A(kg) attached of L
with respect to B. If kg = Q, then ﬁ? coincides with the usual Néron—Tate
height over Q. Moriwaki [39, §3.4] proved that the Néron-Tate height ﬁ? is
quadratic, i.e.,
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hB([N]P) = NhB(P) for all P e A(ky).
The following proposition is proven by Moriwaki [39, Prop. 3.4.1].
ProOPOSITION A.2.
(i) We have hB(P) >0 for all P € A(ko).
(ii) We haveillg(P) =0 foiall P € A(ko)tor- o
(iii) Assume B is big; i.e., H;'s are nef and big. Then hB(P) =0 if and only
if P is a torsion point.

A.2. Height inequality. Let kg be a finitely generated field extension of Q.
Let B be a polarization of kq. Let kg be an algebraic closure of k.

Let S be a smooth irreducible quasi-projective curve over kg, and let
m: A — S be an abelian scheme over kg of relative dimension g > 1. We fix
a smooth, irreducible projective curve S over kg that contains S as a Zariski
open subset. Let M be an ample line bundle on S defined over kg. Let £ be a
symmetric relatively ample line bundle on A/S defined over ky. Then we have
the following analogue of Theorem 1.4.

THEOREM A.3. Let X be a closed irreducible subvariety of A over kg,
and let X* be as above Proposition 1.3 with k = ko. Then there exists ¢ > 0
depending only on B, A/S, X, L, and M such that

W8 (P) < c(1+h8 o(P)) forall P e X*(ko),

where hEM isfthe Moriwaki height defined by (A.1), and fALE’L(x) is the Néron—
Tate height hEBT,(l.) (z) defined by (A.2) on the abelian variety Ax(y).

If ko is a subfield of C, then we can take kg C C. In this case we can
proceed as in the proof of Theorem 1.4, with the usual height over Q replaced
by the Moriwaki height over kqg. In fact, we only used Q in the arguments
involving heights, i.e. Proposition 9.1 (in fact, only Lemma 9.4 and below) and
Proposition 10.1. (For this we need the Moriwaki height version of Silverman-
Tate, which is [54, Th. 2].) Now Proposition A.1 provides us with the Height
Machine for h?, and hence all the arguments are still valid.

For general kg finitely generated over Q, we have that kg is isomorphic to
a subfield & of C via some ¢. Let ko be the algebraic closure of ky in C, then
L extends to some ¢: kg — k‘io,. As explained in the paragraph below (A.1), we
can get a polarization B of k{ such that hkﬁél oL = hkﬁo. So we are reduced to

the case where kg is a subfield of C and hence we are done.

A.3. Geometric Bogomolov Conjecture. Suppose that we are in the situa-
tion of Theorem 1.1. There exists a smooth, irreducible, quasi-projective curve
S over k whose function field is K. We can find, up to removing finitely many
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points of S, an abelian scheme A — S whose generic fiber is A. We write X’ for
the Zariski closure of X under A C A. Then X is a closed irreducible subvari-
ety of A. We fix an algebraic closure K O K of K and a smooth, irreducible,
projective curve S that contains S as a Zariski open subset.

The symmetric ample line bundle L extends, up to removing finitely many
points of S, to a symmetric relatively ample line bundle £ on A/S. There exists
a field ko finitely generated over Q such that S, A/S, £ and X are defined
over kg. We treat these objects as being over k.

Let us take an ample line bundle on S defined over k. By [24, EGA TVa,
Prop. 2.8.5], X is flat over S and i~!(X) = X, so X is the generic fiber of
X — S. Therefore X is not generically special by the assumption on X.
Hence A'* is Zariski open dense in X by Proposition 1.3.

Take algebraic closures kg in k and m in K. From now on we see X, A,
and L as defined over ky(S). We claim that there exists a constant € > 0 such
that

(A.3) {P e X(ko(S)) : hryisy.an(P) <e}

is not Zariski dense in X.
We indicate how to modify the proof in Section 11 to prove this claim.
The only changes are

e The Zariksi open subset U of X is replaced by X'*.

e Instead of Proposition 10.1, we use the generalized version of Theorem 1.4.
More precisely, let B be a big polarization of ko; i.e., the H;’s are nef and
big. Apply Theorem A.3 to the subvariety X C A and (ko, B) to obtain a
constant ¢ > 0.

e The polarization B is big, so0 there exists a sequence of points t1,%2,... €
S(kg) such that lim, s hg m(tn) = oo, Also the Moriwaki height ver-
sion of Silverman’s Theorem (11.2) still holds; see [54, Th. 3]. In fact,
Proposition A.1 provides us with the Height Machine for A2, and hence
Silverman’s original proof still works with the usual height function re-
placed by the Moriwaki height.

We are not done yet because we want to replace ko(S) by K in (A.3).
Indeed, K = ko(S) ®k, k contains k, which is an arbitrary field of characteristic
0 and therefore possibly not finitely generated over Q. To proceed we prove
the following statement on the essential minimum:

,U/ess(X)
= inf {6 >0:{P e X(ko(9)) : BR(S),A,L(P) < ¢} is Zariski dense in X} :

The analog fiess(Xx) where X = X ®po(s) K is defined similarly but in-
volves K.
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CLAIM. If pess(Xxi) = 0, then pess(X) = 0.

S. Zhang proved two inequalities relating the essential minima and the
height of a subvariety of an abelian variety in the number field case [66]. To
prove our claim we require Gubler’s [26, Cor. 4.4] version of Zhang’s inequalities
for function fields. See §3 of [26] for the definition of the height of a subvariety
of A.

More precisely, pess(X) = 0 if and only if ﬁR(S), A.0(X) = 0. Moreover,

tess(X ) = 0 if and only if EK7AK7L(XK) = 0. Finally, we sketch how to prove
the equality BFO(S),A,L(X) = ilK,AK,LK (X k), which settles our claim. The base
change involves only an extension of the field of constants k/ky under which
the naive height on projective height remains unchanged. The height of a
subvariety of some projective space can be defined as the height of a Chow
form and is thus invariant under base change as well. Finally, the canonical
height of a subvariety of A is a limit as in Tate’s argument and is thus invariant
under base change.

Appendix B. Proposition 1.3 for Higher Dimensional Base

In this appendix, we explain how to generalize Proposition 3.1 to higher
dimensional base. We work under the frame of Section 3 except that we do
not make any assumption on dim.S. In other words, our setting is as follows.

Let k£ be an algebraically closed field of characteristic 0. Let S be a smooth
irreducible quasi-projective variety over k, and fix an algebraic closure K of
K = k(S). Let A be an abelian variety over K.

We start with the following proposition.

PROPOSITION B.1. Assume AK/* =0. The order of any point in

(B.1) (P e AK),, : |K(P): K] <D}

tor *

is bounded in terms of A and D only.

Proof. Fix an irreducible projective variety S over k whose function field
is K. We may take S as a Zariski open dense subset of S such that A extends
to an abelian scheme A — S; namely, the generic fiber of A — S is A. We
may furthermore shrink S such that S is smooth and that S\ S is purely of
codimension 1. We denote by i: A — A the natural morphism.

Any P € A(K),,, defines a morphism op: SpecK — A. Suppose the or-
der of P is N. Then the Zariski closure of Im(i o op), which we denote by T,
is irreducible, dominates S and satisfies [NV]7 = 0. So T is an irreducible com-
ponent of the kernel of [N]: A — A by comparing dimensions. In particular,
T < ker[N] is an open and closed immersion. But ker[N] — S is finite étale,

and so is 7 — S. Thus 7 — S is an étale covering of degree [K(P) : K].
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In other words, any torsion point P € A(K)
S of degree [K(P) : K].

By Lemma B.2 below, the compositum F in K of all such extensions K (P)
of K of degree at most D is a finite field extension of K. For S a curve, we
cited [53, Cor. 7.11]. In particular, P € A(F') for all P in (B.1).

Now AK/F = 0. So the LangNéron Theorem (cf. [35, Th. 1] or [14,
Th. 7.1]) implies that A(F') is a finitely generated group. Thus [M](P) = 0 for
some M € N that is independent of P. Our claim follows. O

tor Yields an étale covering of

LEMMA B.2. Let k be an algebraically closed field of characteristic 0, and
let S be a smooth irreducible quasi-projective variety over k. Then for any

integer D > 0, there are at most finitely many étale coverings of S of degree
<D.

Proof. Tt suffices to prove that the étale fundamental group 7 (S) is topo-
logically finitely generated.

Let kg be an algebraically closed subfield of k that is of finite transcendence
degree over Q such that S is defined over kg. Then we can fix an embedding
ko — C. We write Sy for the descent of S to ko, namely, S = Sp ®, k. We
also write S¢c = Sp ®y, C for the base change of Sy to C.

Let so: Speckg — Sy be a geometric point. Denote by s: Speck — S,
resp. s¢: SpecC — Sg, the corresponding geometric points.

It is a classical result that the topological fundamental group 1 (Sg", sc)
is finitely generated. Hence by Riemann’s Existence Theorem [25, Exposé XII,
Th. 5.1], the étale fundamental group m(Sc, sc¢) is topologically finitely gen-
erated. But then m(Sc, sc) = m1(So,s0) by [10, Cor. 6.5 and Rem. 6.8]. So
m1(S0, S0) is topologically finitely generated. Then again by [10, Cor. 6.5 and
Rem. 6.8], we have 71(S,s) = m1(So, s0). So m1(S,s) is topologically finitely
generated. O

Now we are ready to prove

ProprosiTION B.3. Let Vi be an irreducible variety defined over k and
V = Vo @, K. By abuse of notation we consider Vo(k) as a subset of V(K).
Define ¥ = Vy(k) x Ator CV(K) x A(K).

Let Y be an irreducible closed subvariety of V- x A such that Y (K)NY
lies Zariski dense in' Y. If AK/k =0, then Y = Wy K) X (t+ B), where
Wo C Vo is an irreducible closed subvariety, t € A(K)
subvariety of A.

tors and B is an abelian

The only difference of this proposition from Proposition 3.1 is that we do
not make any assumption on dim S. As we have pointed out, in the proof of
Proposition 3.1 the only place where we used the assumption dimS =1 is to
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prove the statement involving (3.2). But for S of arbitrary dimension, this
follows from Proposition B.1.

Appendix C. Hyperbolic hypersurfaces of abelian varieties

Suppose F' is an algebraically closed field of characteristic zero. For each
integer d > 0, we let F[Xy,...,Xp|q be the vector space of homogeneous
polynomials of degree d in F[Xy, ..., X ] together with 0. In this section we

identify F[Xo,..., Xn]q with AU (F'), where we abbreviate AM = A and
PM = IP% .

Brotbek’s deep result [9] implies that a generic sufficiently ample hypersur-
face in a smooth projective variety over C is hyperbolic. In the very particular
case of an abelian variety we give an independent proof that involves an ex-
plicit bound on the degree. Recall that an irreducible subvariety of an abelian
variety is hyperbolic if and only if it does not contain a coset of positive di-
mension by the Bloch—Ochiai Theorem. The main results of this paper do not

depend on the Bloch—Ochiai Theorem.

PRrOPOSITION C.1. Let A be an abelian variety over F' of dimension g > 1
with A C PM | and suppose d > g — 1. There exists a Zariski open and dense
subset U C A(Aﬁd), whose complement in A(MA;d) has codimension at least
d+2—g, such that if f € U(F), then AN Z(f) does not contain any positive
dimensional coset.

A direct corollary of this proposition is the following statement. Let L
be a very ample line bundle on A giving rise to a projectively normal, closed
immersion A < P and say P € A(F). Then the hypersurface defined by
a generic choice of a section in H°(P", O(d)) vanishing at P is hyperbolic for
d>g.

Suppose V is an irreducible, closed subvariety of PM with ideal I C
F[Xo, - ,XM]. We write I; = IﬂF[Xo, - ,XM]d. Then F[Xo,. . -,XM]d/Id
is a finite dimensional F-vector space, and the Hilbert function of V is de-
fined as

5/ (d) = dim(F[Xo, ..., Xarla/1a)
for all d > 0.

Lower bounds for 74/ (d) were obtained by Nesterenko, Chardin, Sombra,
and others. We only require a very basic inequality.

Let r = dim V > 0. After permuting coordinates, which does not affect the
problem, we suppose that Xy ¢ I and that X;/Xy, ..., X,/Xo are algebraically
independent elements when taken as in the function field of V. It follows that
the composition

inclusion

F[Xo,...,XT]d F[Xo,...,XM]d —)F[Xo,...,XM]d/Id
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is injective. Therefore,

Hir(d) > dim F[Xo, .., X,]a = (T * d)

r

for all d > 0.
We assume r > 1 is an integer. By basic properties of the binomial
coefficients, we have (Tjd) > (141—01) =d+1. So

dimV +d
1 > > 1
() = (M n ) s 0
if dmV > 1.
We begin with a preliminary lemma that involves cosets in A with fixed
stabilizer.

LEMMA C.2. Let M, A, and g be as in the proposition above with g>2.
Let B be an abelian subvariety of A of positive dimension such that d >

max{1,g—dim B}. There exists a Zariski open and dense subset U C AU

whose complement in A(Aﬁd) has codimension at least d+ 1+ dim B — g, such
that if f € U(F), then AN Z(f) does not contain any translate of B.

Proof. Say N = (Mj\j[rd) > M+d > g > 2. For the proof, we abuse notation
and consider elements in PY~1(F) as classes of homogeneous polynomials in
F[Xo,...,Xum] \ {0} of degree d up-to scalar multiplication. So f(P) = 0 is
a well-defined statement for f € PN~1(F) and P € PM(F), and the incidence
set

{(f,P) e PN"H(F) x A(F) : f(P) =0}
determines a Zariski closed subset Z C PN~1 x A.

We consider the two projections 7: PV =1xA PN~ and p: PN~1x A— A.
Then p|z: Z — A is surjective and each fiber of p|z is linear variety of dimen-
sion N — 2.

Say B is an abelian subvariety of A with dim B > 1. Let ¢: A — A/B de-
note the quotient map. We write ¢ = (idpn-1,p): PV~1x A — PN~1x (A/B);
this morphism sends (f, P) to (f,¢(P)). The fibers of ¢ have dimension dim B,
and so

{(f,P) € Z(F) :dim(y.p) ¢lz~ ' ((f, P)) > dim B}
={(f,P)e Z(F): P+ B C Z(f)}
defines a Zariski closed subset Z, of Z. If Z, is empty, then the lemma follows
with U = AM\{0}. Otherwise, let W1,..., W, be the irreducible components
of Z,.
If P € A(F), then the fiber of p|z, above P is empty or has dimension

dim[(P+B)d—1:dimF[Xo,...,XM]d—1—%13_;,_3(61) <N—-1—(d+1),

(C.2)
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where we used (C.1). So any non-empty fiber of p|y, has dimension at most
N —1—(d+1), and by the Fiber Dimension Theorem we conclude

(C.3) dmW; < N—-1—-(d+1)+dimp(W;) < N—-d+g—2

foralli e {1,...,r} as dimp(W;) < dim A < g.

If (f, P) € Wi(F), then {f} x (P+ B) C Z,. So if (f, P) is not contained
in any W; with ¢ # j, then {f} x (P + B) C W; by the irreducibility of P+ B.
We conclude that a general fiber of 7|y, has dimension at least dim B. By the
Fiber Dimension Theorem we find that dim W; > dim B + dim 7(W;) for all
i€ {l,...,r}; note that w(W;) is Zariski closed in PN~1,

Together with (C.3) we conclude dim 7(Z,) = max;<;<, dimw(W;) < N —
d+ g— 2 —dim B and thus

codimpn-17(Z,) > d+1— g+ dim B.

As 7(Z,) is Zariski closed in PV~1, we conclude that U’ = PN~ \ n(Z,)
is Zariski open and dense in PN~!if d > g —dim B. If f € U'(F), then there is
no P € A(F) with P+ B C Z(f). Otherwise we have, in particular, f(P) =0
and so (f, P) € Z(F'), which entails the contradiction (f, P) € Z,(F) by (C.2).
The lemma follows if we take U to be the preimage of U’ under the cone map
AN\ {0} — PN, O

Proof of Proposition C.1. If g = 1, then AN Z(f) is finite for a generic
f that is homogeneous and of degree d. The proposition is clearly true in this
case.

Now say g>2. If f€ F[Xy,..., X4, then a coset contained in Z(f) N A
is already contained in some irreducible component X of Z°(f)NA. By Bézout’s
Theorem, deg X is bounded solely in terms of d and A; here deg(-) denotes the
usual degree as a subvariety of PM.

By a theorem of Bogomolov, [6, Th. 1], the maximal cosets contained in
X are translates of abelian subvarieties whose degree are bounded in terms of
deg X, A, and the chosen polarization only. Observe that the proof of Bogo-
molov’s Theorem works for algebraically closed fields in characteristic zero. As
A contains only finitely many abelian subvarieties of given degree, Bogomolov
produces a finite set of abelian subvarieties that depends only on deg X and
A CPM thus only on d and A C PM,

For any abelian subvariety B C A of positive dimension that arises in this
set, we write Up for the Zariski open and dense set produced by Lemma C.2.
To rule out that X contains a coset of positive dimension, it suffices to take f €
U(F') where U = (g Up is the intersection over the finite set from Bogomolov’s
Theorem. U
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