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Abstract

We study a class of measures on the real line with a kind of self-similar
structure, which we call dynamically driven self-similar measures, and con-
tain proper self-similar measures such as Bernoulli convolutions as special
cases. Our main result gives an expression for the L? dimensions of such
dynamically driven self-similar measures, under certain conditions. As an
application, we settle Furstenberg’s long-standing conjecture on the dimen-
sion of the intersections of xp- and Xg-invariant sets. Among several other
applications, we also show that Bernoulli convolutions have an L? density
for all finite ¢, outside of a zero-dimensional set of exceptions.

The proof of the main result is inspired by M. Hochman’s approach to
the dimensions of self-similar measures and his inverse theorem for entropy.
Our method can be seen as an extension of Hochman’s theory from entropy
to L? norms, and likewise relies on an inverse theorem for the decay of
L? norms of discrete measures under convolution. This central piece of
our approach may be of independent interest, and it is an application of
well-known methods and results in additive combinatorics: the asymmetric
version of the Balog-Szemerédi-Gowers Theorem due to Tao-Vu, and some
constructions of Bourgain.
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1.1. Transversality of Xp, xq. In the 1960s, H. Furstenberg proposed a
series of conjectures that, in different ways, aim to capture the heuristic prin-

ciple that “expansions in multiplicatively independent bases (such as 2 and 3)

should have no common structure.” Recall that p,q € N are called multiplica-

tively independent if they are not powers of a common integer or, equivalently,
log p/logq is irrational. For p € N>o, let T}, : [0,1) — [0,1), z — pz mod 1
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denote multiplication by p on the circle. In [19], Furstenberg proved a pioneer-
ing result of this type: if p,q € N>9 are multiplicatively independent, then no
infinite proper closed subset of [0, 1] can be simultaneously invariant under 7},
and Tj;,. This gave rise to the famous x2, x3 conjecture, which remains open
today: if p is a Borel probability measure on the circle invariant under 75 and
T3, then p is a linear combination of Lebesgue measure and a purely atomic
measure.

Furstenberg proposed other conjectures with a more geometric flavor. Let
A, B be closed subsets of the circle [0, 1) invariant under T}, Tj, respectively,
with p, ¢ again multiplicatively independent. Furstenberg conjectured that

dimy(A + B) = min(dimy(A) + dimy(B), 1),

where dimy stands for Hausdorff dimension, and A+B = {a+b:a € A,b € B}
is the arithmetic sum. This fits into the general heuristic principle mentioned
above, since the inequality dimy(A+ B) < min(dimy(A) +dimy(B), 1) always
holds, and a strict inequality should only occur if A and B have some shared
structure at many scales. This conjecture was proved in [38] in the special case
that A, B are defined by restricting the digits in their base p, ¢ expansion to a
fixed digit set, and in [28] in the general case. Moreover, in [28] a correspond-
ing result for invariant measures was obtained: if u,v are Borel probability
measures invariant under xp, xq respectively, then

(1.1) dimy (p * v) = min(dimy (p) + dimy(v), 1).
Here dimy denotes the lower Hausdorff dimension of a measure, defined as
dimy(n) = inf{dimy(A) : n(A4) > 0}.

We note that this result is trivial if either x or v have zero entropy (since
zero entropy implies zero dimension), but in the positive entropy case it is
stronger than the x2, x3 conjecture. We recall the Rudolph-Johnson theorem,
asserting that if u, v are ergodic and invariant under xp, xq (with log p/log ¢
irrational) and g has positive but not full entropy with respect to xp, then p
and v are singular. We showed in [28] that the Rudolph-Johnson Theorem can
be obtained as an easy corollary of (1.1).

There is an obvious heuristic relationship between the size of the sumset
A+ B and the size of the fibers ¢, = {(z,y) : x € A,y € B,z+y = z}. Namely,
if the sumset is “large,” then “many fibers” should be small, and conversely.
Another conjecture of Furstenberg, and one of the few to be stated explicitly
in print [20, Conj. 1], asserts that for sets invariant under x2, x3, all fibers
should be small:
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CONJECTURE 1.1. If A, B are closed subsets of the circle [0,1), invariant
under Ty, T, respectively, with p and q multiplicatively independent, then

(1.2) dimy(A N B) < max(dimy(A4) + dimpy(B) — 1,0).

In Furstenberg’s terminology, the dynamics of T}, and T; should be trans-
verse. Again, this fits into the general heuristics of “lack of common structure”
since a fiber of larger than expected size can be seen as some shared structure
between A and B (and hence between expansions in bases p and ¢). To see
why the right-hand side in (1.2) is the natural bound, one can think of the
analogous formula for the dimension of the intersection of transversal linear
subspaces, or Marstrand’s intersection theorem asserting that for any Borel set
E C R?,

dimpy(E N ¢) < max(dimy(E) — 1,0)
for almost all lines ¢, and this fails for any smaller value on the right-hand
side. (We note that E = A x B has dimension dimy(A) + dimy(B).) See for
example [34, Ch. 10].
Also in [20], Furstenberg showed that if

dimy(ANg(B)) = ¢

for some invertible affine map g : R — R, then for almost all slopes a, there is
an affine map go(z) = ax + b(a) such that

dimy(A N ga(B)) = c.

Using this, it is not hard to show that Conjecture 1.1 holds when dimy(A4) +
dimpy(B) < 1/2; see [25, Th. 7.9] for an exposition of the argument. More
generally, combining Furstenberg’s result with estimates of Wolff [51] on the
dimension of sets that contain, for almost every v € S!, a subset of a line in
direction v with Hausdorff dimension at least ¢, one gets

dimpy(ANg(B)) < max(dimpy(A) + dimy(B) — 1/2,0).

Note that this is vacuous if dimy(A) > 1/2.

We say that A C [0,1) is a p-Cantor set if it is the set of points whose
base p-expansion digits lie in some proper set D C {0,1,...,p — 1} with at
least two elements. In a different direction, in [17] it was shown that if A and
B are a p-Cantor set and a g-Cantor set respectively, then A cannot be affinely
embedded into B if 0 < dimy(A) < dimy(B) < 1. More precisely, it follows
from [17, Th. 1.6] that in this case there is some (non-effective) 6 = §(A, B) >0
such that

dimp(ANg(B)) < dimy(A) — 0
for all C! diffeomorphisms g of R. (Here, and whenever clear from context, we
think of A, B as subsets of [0,1) C R rather than the circle.) One can deduce
the same result for general invariant sets by a standard upper approximation.
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D-J. Feng (private communication) developed an algorithm that yields effective
values of  in specific cases, for example if A is the middle-one quarter Cantor
set and B is the middle-thirds Cantor set; the computed values are still far
from those predicted by Furstenberg’s conjecture.

D-J. Feng (private communication) also constructed, for any multiplica-
tively independent p,q and for any 0 < s,t < 1 and € > 0, closed T}, T;-
invariant sets A, B C [0, 1) of dimension s, ¢ respectively, for which

dimp(ANg(B)) < max(dimpy(A) + dimy(B) — 1,0) +¢

for all affine maps g. Although this comes close, we note that not a single
example of sets A, B (for some multiplicatively independent p, q) for which the
conjecture holds was known, apart from the trivial cases in which one of the
sets has dimension 0 or 1, and the case in which dimy(A4) + dimp(B) < 1/2,
as explained above.

In this article, we prove the following strong version of Furstenberg’s con-
jecture which, in his terminology, says that the maps 7}, and T}, on the circle
are strongly transverse:

THEOREM 1.2. Let p,q € N>o be multiplicatively independent. Then for
any closed sets A, B of the circle [0,1) invariant under Ty, T, respectively, and
for any invertible affine map g : R — R,

dimg(A N g(B)) < max(dimy(A) + dimy(B) — 1,0).

Here dimg denotes upper box-counting dimension, which is always at least
as large as Hausdorff dimension.

The method we use to establish Theorem 1.2 yields several other new re-
sults on classical problems in fractal geometry and dynamics. Before discussing
our general approach, we present some of these results.

1.2. Dimension and densities of Bernoulli convolutions. Given X\ € (0,1),
let vy be the distribution of the random series Y 52, £A", with the signs cho-
sen independently with equal probabilities. This is the family of Bernoulli
convolutions, whose study goes back to the 1930s. For A € (0,1/2), it is well
known that vy is (up to an affine bijection) a constant multiple of Hausdorff
measure (of the appropriate dimension) on the central Cantor set constructed
by removing a central interval of length 1 — 2\ from [0, 1] and iterating. The
properties of vy for A € [1/2,1) have been studied for some 80 years but are
far from being properly understood. We prove new properties of the densities
and dimension of vy outside of a small set of parameters.

Perhaps the most significant open problem on Bernoulli convolutions is
to determine for which values of A the measure vy turns out to be absolutely
continuous. Erdés already in 1939 [10] showed that if A~! is a Pisot number (an
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algebraic unit > 1 such that all its algebraic conjugates are < 1 in modulus),
then v is singular. It is still not known if there is any A € (1/2,1) such that
vy is singular and A~! is not Pisot.

In light of this open problem, a fruitful strand of research developed to
prove results of the following form: v, is absolutely continuous, with certain
regularity of the density, outside of some “small” set. This line was also initi-
ated by Erdds [11], who proved that for every k € N, there is £, > 0 such that
vy has a k-times continuously differentiable density for almost all A € (1—¢g, 1).
Several decades later, Kahane [30] noted that Erdés’ argument yields a stronger
statement, namely, that for every k € N,

lii%l dimp{\ € (1 —&,1) : vy does not have a C* density } = 0.
[

The proof of Erdés-Kahane is based on a combinatorial study of the Fourier
transform of vy, and no other proof of the statement is known.

The Erdés-Kahane argument only gives non-trivial information very close
to 1. In a landmark paper from 1995, Solomyak [48] showed that vy is abso-
lutely continuous with an L? density for almost all A € (1/2,1). A simpler
proof was obtained by Peres and Solomyak [39]. The L? part of the result is
a by-product of the transversality technique used by Solomyak, and a natural
question is whether L? can be replaced by a better space. In [36], Peres and
Schlag proved that for any € > 0, there is some (explicit) § > 0 such that vy
has fractional derivatives of order § in L? for almost all A € (1/2+¢,1). By the
Sobolev embedding theorem, in particular, this implies that vy has a density in
L4 for some g = q(g) > 2 for almost all A\ € (1/2+¢,1). Their result still relies
on transversality techniques, which cannot go beyond L? for A close to 1/2.

Besides improving on the smoothness of the density, another natural line
to pursue is to make the exceptional set of A smaller. In the same article [36],
Peres and Schlag proved that for every € > 0, there is an explicit 6 > 0 such that

dimpy{\ € (1/24¢,1) : vy does not have an L? density } <1 — .

Much more recently, the author [42] (relying on deep work of Hochman
[26] that will be discussed in some detail below) proved that vy is absolutely
continuous for all A outside of a set of zero Hausdorff dimension. Moreover,
in [46] it was shown that, again outside of a set of zero Hausdorff dimension
of parameters, vy has a density in LY for some ¢ > 1 that is not explicit and
depends on A.

These three lines of work yield somewhat complementary results: the
stronger the information about the densities, the weaker the information about
the exceptional set. They also leave open the question of what is the smallest
natural function space that contains the density of vy for almost all A. In this
article, we prove



FURSTENBERG’S INTERSECTION CONJECTURE 325

THEOREM 1.3.

(i) There exists a set € C (1/2,1) of zero Hausdorff dimension such that if
A€ (1/2,1)\ &, then vy has a density in LY for all finite ¢ > 1.

(i) There exists a set &' C (1/+/2,1) of zero Hausdorff dimension such that if
A€ (1/v/2,1)\ &, then vy has a continuous density.

The new contribution is part (i); part (ii) then follows by a standard argu-
ment. In turn, part (i) follows from a new result about dimensions of Bernoulli
convolutions, together with a result from [46]. To state the dimensional result,
we define the following set (which appears already in [26]).

Definition 1.4. Let P, be the family of all non-zero polynomials of degree
at most n and coefficients in {—1,0,1}. Let

1 :
e={req/21): ~log (Pnel%l P(V)]) = —oof
It is shown in [26] that £ has zero packing dimension (in particular, zero
Hausdorff dimension) and does not contain any algebraic number that is not
a root of a polynomial in P, for some n. In particular, no rational number in

(1/2,1) is in &.

THEOREM 1.5. Let A € (1/2,1) \ €. Then for every € > 0, there is
C =C(g,\) > 0 such that
vA(B(z,7)) < Cr'™¢  for allz € R,r € (0,1].
It is known (see [16]) that for any A, the limit
! B
| logn(B(a 1)
rl0 log r
exists and is constant vy-almost everywhere; this constant value is denoted
dim(vy) and equals the Hausdorff, packing and entropy dimensions of vy. In
[26], it is proved that if A € (1/2,1) \ &, then dim(vy) = 1. Theorem 1.5
strengthens this, since it implies, in particular, that
1 B
lim jnf 8AB@.)
10 log r
for all (rather than almost all) . On the other hand, for any locally finite
measure p on the real line, it holds that
1 B
i sup 28 u(B(z,7))

<1
10 log r

for p almost all x. Nevertheless, for any A\ € (1/2,1), there are two points x
(the boundary points of the support of vy) for which

lim logvy(B(z,r))  log2
710 logr ~ log(1/))

> 1,
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and if A is close to 1/2, there is a positive dimensional set of such points; see
[29, Th. 1.5]. These remarks indicate that Theorem 1.5 is optimal in a number
of ways.

We obtain similar results for more general self-similar measures, including
biased Bernoulli convolutions. We compute the LY dimension of arbitrary
self-similar measures on the real line under Hochman’s exponential separation
assumption; see Theorems 6.2 and 6.6. We also establish absolute continuity
with L? density for general parametrized families of homogeneous self-similar
measures, outside of a codimension 1 set of possible exceptions in the super-
critical region. See Theorem 9.2 for details.

Very recently, some striking progress on the dimensions and absolute con-
tinuity of Bernoulli convolutions for algebraic parameters was achieved by
P. Varju [50] and E. Breuillard and P. Varjui [7]. The latter article also uncovers
some deep connections between Bernoulli convolutions, the famous Lehmer’s
conjecture from number theory, and the growth of subgroups of linear groups.
This line of work goes in a transversal direction to ours: while they obtain new
information for many algebraic (and not only) parameters, which our work is
far from being able to replicate, their methods do not seem to be able to give
information about Frostman exponents or LY densities for any ¢ > 1.

1.3. L7 dimensions, Frostman exponents, and the size of fibers. At first
sight, Theorems 1.2 and 1.5 may appear to have little in common. However, we
will obtain both as rather direct consequences of a single general result. Our
common approach is based on L? dimensions. Let u be a Borel probability
measure on [0, 1]. We denote the family of 27™-intervals {[j27™, (j+1)27™)},
j €Z by D,,. If ¢ > 1, then

log > rep,, #(1)?
(I—qg)m
for any m € N, as can be easily seen from Holder’s inequality. Here and

€ [0,1],

throughout the article, the logarithms are to base 2. Moreover, a small value
indicates that p is nearly concentrated on few intervals in D,,, while a value
close to 1 implies that wu(I),I € D,, is a fairly uniform probability vector.
Thus, it makes sense to consider the limit as m — oo of the left-hand side as
a notion of dimension of .

Definition 1.6. Let ¢ € (1,00). If p is a probability measure on R with
bounded support, then

1 74
7(p, q) = Tu(¢) = liminf — og > rep,, M)

m—00 m
is the LY spectrum of u, and

D(p,q) = Dyu(q) =

~—

(q
qg—1

.g

is the LY dimension of pu.



FURSTENBERG’S INTERSECTION CONJECTURE 327

It is also possible to define L? dimensions for other values of ¢, but we will
not need to do so here. It is well known that, for a fixed measure u, the map
g — D(p,q) is continuous and decreasing on (1,00). Moreover,

dimy g > lim D(u, q).
q1

See [14] for proofs of these standard facts.

If i1 is a finite measure on a metric space X, we say that p has Frostman
exponent s if pu(B(z,r)) < Cr® for some C > 0 and all x € X,r > 0. It is
easy to see that L? dimensions for large g provide information about Frostman
exponents:

LEMMA 1.7. Let u be a probability measure on a compact interval of R.
If D(u,q) > s for some q € (1,00), then there is 1o > 0 such that

w(B(xz,r)) < r3=YD5 for all z € R, r € (0, 7).

Proof. 1t D(u,q) > s, then there is s’ > s such that for all large enough
m and each J € D,,,

p()T< Y0 ()T <2l
I1€Dy,
Since any ball can be covered by O(1) dyadic intervals of size smaller than the
radius, we get that if r is sufficiently small, then

u(B(z,r)) < C r(=vas
where C' is independent of x and r. This gives the claim. O

Hence, in order to establish Theorem 1.5 it is enough to show that, under
the hypotheses of the theorem, D(vy, q) = 1 for arbitrarily large ¢; this is what
we will do.

Next, we show how Frostman exponents (and therefore, also L¢ dimen-
sions) of projected measures give information about the size of fibers. We re-
call the definition of upper box-counting (or Minkowski) dimension in a totally
bounded metric space (X,d). Given A C X, let N.(A) denote the maximal
cardinality of an e-separated subset of A. The upper box-counting dimension
of A is then defined as

dimg(A) = lim sup log(Ne(4))
ci0  log(1/e)
LEMMA 1.8. Let X be a compact metric space, and suppose ™ : X — R is
a Lipschitz map. Let p be a probability measure on X such that p(B(xz,r)) >
r® for all x € X and all sufficiently small r (independent of x). If wu has
Frostman exponent «, then there exists C' > 0 such that for all balls B. of
radius € in R, any e-separated subset of m='(B.) has size at most Ce= (=),
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In particular, for any y € R,

dimg (77 (y)) < s —a.

Proof. Let (x;) j]\il be an e-separated subset of 771 (B.) with & small. Then

M
L L_JB(acj,&t/2) > M(g/2)*,

while the set in question projects onto an interval of size at most O(e). Hence
M = O(e*~#), giving the claim. O

1.4. A class of dynamically-driven self-similar measures. It is easy to see
that in order to prove Theorem 1.2, it is enough to consider the case in which
A is a p-Cantor set and B is a g-Cantor set, that is, A is the set of points whose
base p-expansion digits lie in some set Dy C {0,1,...,p — 1}, and likewise for
B and a set Dy C {0,1,...,9g — 1}. Let A; = WlﬂZdeDi 04, and let n1, 72
be the distributions of the random sums 5%, X;p~%, S, Y;q ™%, respectively,
where X; are independent and identically distributed random variables with
distribution Aj, and Y; are independent and identically distributed random
variables, also independent of the X;, with distribution A,. Finally, set u =
m X 2.

It is easy to see that p(B(z,r)) = O(rdimnA+dimu B) for o ¢ supp(p) =
A x B. Our goal is to apply Lemma 1.8 to p and, in light of Lemma 1.7, we
will do this by investigating the L? dimension of projections of u. Up to a
smooth change of coordinates in the parametrization, and an affine change of
coordinates in the projections, the family of linear projections of y in directions
with strictly positive slope is given by

{pe :==1n1 * Seama : x € R},

where S,(z) = az scales by a. Note that p, is an infinite convolution of
Bernoulli random variables, since 11,72 are. Unlike 01,72, the measures i,
are not self-similar because 11,79 are constructed with different contraction
ratios. However, it is still possible to express u, in a way that resembles self-
similarity, but with the geometry at different scales driven by a dynamical
system. Namely, suppose p < ¢, and let X = [0,logq), T : X —» X, z —
x + logp mod (logq). Moreover, for each z € X, let A(x) be the finitely
supported measure given by

Ay % SNy if 2 € [0,logp),
Ax) =
Aq if z € [logp,logq).
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It is then easy to see that i, is the distribution of the random sum S8, Z;p~¢,
where the Z; are independent and have distribution A(T¢x). Indeed, let

n'(x) = |{j € {1,...,n} : T/ (z) € [0,logp)}|.
Note that
T"(z) = x +nlogp — n'(x)logq,
so that
(T — gz (@)
Hence the distribution g, of %1 Z;p~" is equal to the distribution of

n'(z)

n
Yo XipT'+ ) €Yig
=1 =1

where X;,Y; are independent and have distribution Aq, As respectively. This
shows that p,n, — p, weakly.

Although in different language, this decomposition of u, can be traced
back to Furstenberg [20], and it was also used more explicitly in [35] to study
the L? dimensions of j,.

Based on the above discussion, we introduce the following setup. Let A
be the collection of all probability measures supported on a finite set, i.e.,

N
A= {sz5(tz) N eN)p; > O,Zpi =1t € R} .

i=1 i
(We denote a delta mass at ¢ either by d; or §(¢).) We topologize A in the nat-
ural way: it consists of countably many connected components, corresponding
to the number of atoms N, and for each N, it inherits the topology from R?.

If i is a measure on a metric space X and f : X — Y is a Borel map,

then we denote by fu the push-forward measure: fu(A) = u(f~14)). Fix
A€ (0,1). If A; is a sequence of measures in 4, all supported on a fixed
compact interval, then we can form the infinite Bernoulli convolution

(Equivalently, p is the distribution of the random sum %2 A\?Z;, where the Z;
are independent and have distribution A;.) We are interested in the situation
in which the A; are generated dynamically. Let (X, T) be a dynamical system,

and suppose A : X — A is a map such that, for some compact interval I,
supp(A(x)) C Iy for all z € X. Then we can consider the family of measures

(1.3) e = %205\ A(Tz), 2 € X.
These measures enjoy a dynamical version of self-similarity. Write

(1.4) fen = %15 S\ A(T ).
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Then, clearly,

(15) Mz = Mg n * Sxn prpng .

We will call the tuple X = (X, T,A,\) a model generating the mea-
sures ;. We will also refer to the measures p, themselves as dynamically
driven self-similar measures.

Trivially, Bernoulli convolutions also fall into this setting, with X the
one-point space.

1.5. LY dimensions of dynamically driven self-similar measures. In order
to prove Theorem 1.2 along the lines we have been describing, we need to derive
estimates on the LY dimensions of 7 % Sezny for all values of x. As a matter
of fact, by self-similarity, it is enough to deal with all z in some nonempty
open set, but it is not enough to gain information for almost all values of x.
Note that the underlying dynamical system (X, T) is an irrational rotation on
the circle (thanks to p and ¢ being multiplicatively independent) while, in the
case of Bernoulli convolutions, (X, T) is the trivial one-point system. In the
general case of dynamically driven self-similar measures generated by a model
(X, T,A,N), if one hopes to gain any information for all z € X, it is reasonable
to impose strong rigidity and continuity assumptions on the dynamics. The
next definition, clearly satisfied by our two main classes of examples, introduces
the kind of regularity that will be needed in the abstract setting. Recall that
a Borel transformation 7' : X — X is called uniquely ergodic if there exists
exactly one Borel probability measure P on X such that TP = P.

Definition 1.9. We say that a model (X, T, A, \) is pleasant if X is a com-
pact metric space, T is a uniquely ergodic transformation on X, the measures
1 are all non-atomic and supported on some fixed bounded interval, and the
map = — p, is continuous (in the weak topology), outside of a null set (with
respect to the unique invariant measure).

In most of our applications, X will equal either the trivial group {0} or
the circle, and in all applications X will be a torus or the product of a torus
and a cyclic group. In all cases, T will be a translation on X. We recall that
if X is a compact Abelian group, and T(z) = z + y is translation by y € X,
then T is uniquely ergodic if and only if the orbit {ny : n € N} is dense in X.
See, e.g., [9, Th. 4.14].

We will also need to impose a separation condition, albeit an extremely
weak one.

Definition 1.10. Let X = (X, T, A, \) be a pleasant model with unique
invariant measure P. We say that & has exponential separation if, for P-almost
all z, there is R > 0 such that the following holds for infinitely many n: all
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the atoms of y,, are distinct and Af"-separated. By the atoms of j ,, being
distinct we mean that

n—1

|supp(pn)| = [ [ Isupp(A(T'z))];
i=0

i.e., there are no exact coincidences among the atoms that make up supp(pz n)-

This definition coincides with the notion of (lack of) super-exponential
separation introduced in [26] in the case of self-similar measures (i.e., when X
is a one-point set). As will become clear later, if X is infinite, then under very
mild non-degeneracy assumptions on the map A, exponential separation holds
almost automatically.

The following is the main result of the paper, from which more general
versions of Theorems 1.2, 1.3 and 1.5, as well as other applications, will follow:

THEOREM 1.11. Let (X, T,A,\) be a pleasant model with exponential
separation, and denote the unique invariant measure by P. Assume further
that the map x — A(x) is continuous P-almost everywhere, and the number of
atoms of A(x) is uniformly bounded. Then for all q € (1,400),

(1.6) lim 08X repy Ha(D) (fx log || A () [¢ dP(x) )
. m—00 (q — l)m (q _ 1) log Y ) )

uniformly in x € X. That is, the limit in the definition of L1 dimension of piy
exists and equals the constant value on the right-hand side for all x € X.

In the above statement, and throughout the paper, the LY norm of a
finitely supported measure A is given by

|A[E = A(y)?.
y€Esupp(A)

We underline that the exponential separation assumption has to be checked
on a set of full P-measure, and this is often very easy to do. On the other hand,
the conclusion of Theorem 1.11 holds for all xz € X.

1.6. Outline of proof. We conclude this introduction by presenting an out-
line of the main steps of the proof of Theorem 1.11. The overall strategy is
inspired by the ideas of [26]. Additional complications are caused by the fact
that our model allows measures that are not strictly self-similar; this will be
dealt with by the help of a cocycle introduced in [35]. The key difference, how-
ever, is that Hochman’s method is based on entropy, while we need to deal with
L% norms. As we will see, this forces substantial changes in the implementation
of the general strategy.

At the heart of [26] is an inverse theorem for the growth of entropy under
convolutions; see [26, Th. 2.7]. We prove an inverse theorem for the decay
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of L¢ norms under convolutions, which may be of independent interest. This
theorem is stated in Section 2 and proved in Section 3. Here we give a heuristic
description. Let u, v be two probability measures supported on 2=™Z N [0, 1].
By Young’s inequality, || v||; < ||p|lq. The question the inverse theorem aims
to answer is what can be said if we are close to an equality? Here, and in the rest
of the paper, “close” means in a very weak sense up to some small exponential
loss. More concretely, the inverse theorem asserts that if || v|; > 27| ullq
for some small € > 0, then p and v are forced to have a multi-scale structure
of a certain kind. We note that equality in Young’s theorem happens if either
 is the uniform measure on 2-™ZN 10, 1], or if v is a single atom. The inverse
theorem asserts that, after restricting u,r to suitable subsets A, B that are
“large” and “regular” in a certain sense, there is a multi-scale decomposition
such that, at each scale, either p|4 is “almost uniform” or v|p is “almost
discrete.” In spirit this is not unlike [26, Th. 2.7], although the details differ
substantially; see Section 2 below for further discussion. The two main tools
in the proof of the inverse theorem come from additive combinatorics: an
asymmetric version of the Balog-Szemerédi-Gowers Theorem, due to Tao and
Vu, and a structure result on sets with “small” sumset, due to Bourgain. These
results are recalled in Section 3.

We note that the inverse theorem is a statement about arbitrary measures;
no self-similarity is involved. Now let us consider a pleasant model (X, T, A, X)
generating measures f;, x € X. The right-hand side in (1.6) is easily seen to
be an upper bound for the left-hand side (for all z), so the task is to show the
reverse inequality. The self-similarity expressed by (1.5), in conjunction with
the pleasantness of the model, can be used to show that there is a function
T :(1,00) = [0,1], such that 7,, =T for P-almost all z, and 7, > T for all
x € X — see Proposition 4.6 and Corollary 4.8. Thus, in order to complete the
proof, one needs to show that T'(¢)/(q — 1) equals the right-hand side of (1.6).

We point out that the strategy of studying L? dimensions via the function
T(q) is borrowed from [35]. The innovation of this work consists in being
able to calculate T'(q) for a wider range of models and, crucially, for all finite
g > 1 (while the method of [35], based on Marstrand’s projection theorem, is
restricted to ¢ € (1, 2]).

It is known from general considerations that T'(q) is concave so, in par-
ticular, it is continuous and differentiable outside of at most a countable set.
The rest of the proof focuses on the study of T'(q) for a fixed differentiability
point ¢. The “multifractal structure” of a measure p is known to behave in
a regular way for points ¢ of differentiability of the spectrum 7,. Extending
some elementary results in this direction to the function T'(q), we show that
if « = T"(q) exists and 7,,(q) = T(¢) (which we have seen happens for almost
all x) then, for large enough m, “almost all” of the contribution to the sum
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Srep,, tz(I)? comes from ~ 277 (¥™ intervals T such that ju,(I) ~ 2°™; here
T* is the Legendre transform of 7. Moreover, using the self-similarity of p,,
we also establish a multi-scale version of this fact; see Proposition 4.13.

Let ,ug(gm) supported on 27™Z be given by

(1.7) P (27 = pg([527™, (5 + 1)27™)).

Then ug(cm) is a discretization of u, at scale 27 and ||u;(tm)||g =>"r1ep,, Ha(I)?
< 27T(@), The inverse theorem, together with the study of the multifractal
structure of p, is used to show that either T'(¢) = ¢ — 1 (in which case we are
done) or, otherwise, the following holds: if p is an arbitrary measure supported
on 27™Z N[0, 1] such that ||p[|; < 277™, then

(1.8) lp* p{™ |2 < 27em2=T@m  for all z € X,

where € = ¢(0,q) > 0. That is, convolving p, with p results in an exponential
flattening of the LY norm. (A priori this is not necessarily true for all x, since
I Mim)ug can be far smaller than 2=7(@™ for some x, but all that is needed
later is an exponential gain over 2-7(9™ ) The heuristic reason for this is the
following: suppose the opposite is true. The inverse theorem then asserts that
there is a regular subset A of supp(ug(cm)) that captures much of the LY norm.
By the inverse theorem, and since p is assumed to have exponentially small L9
norm, A must have almost full growth (or branching) on a positive density set
of scales in a multi-scale decomposition. But A itself does not have full growth.
(This follows from the assumption T'(¢) < ¢ — 1, which rules out ,u,(xm) having
too small L7 norm.) So there must also be a positive density set of scales on
which A has smaller than average growth. The regularity of the multifractal
spectrum discussed above rules this out, since it forces A to have an almost
constant growth on almost all scales.

The conclusion of the proof of Theorem 1.11 from (1.8) goes along the
same lines of [26]. By the exponential separation assumption, there is x € X

such that 7,,(¢) = T'(¢) and, for some R = R(x) € N,

|2 Y log || A(Ti)||g

(¢ —Dnlog(1/A) — (¢—Dnlog(1/A) — (¢—1)nlog(1/A) ~
where m = m(n) is chosen so that 27™ ~ A". Under our running assumption
that T'(¢) < g — 1, the ergodic theorem for uniquely ergodic systems implies
that the right-hand side above tends to the right-hand side of (1.6) as n — oo.
Hence, it remains to show that

R
log [l |19 [

R
log [l llg

(19) 0 log(t /) L)
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In other words, we need to show that the L? norm of p, , at scale 27™ ~ A"
(which is easily seen to be comparable to the L? norm of p, at scale 27™)
nearly exhausts the L? norm of ji,, at the much finer scale 2™ which, in
turn, equals the full L? norm of ji; ,,, by the exponential separation assumption.

To show (1.9), we recall that p, = g * SynpiTny, and we use this to
decompose

R'H Z w(I)pr % Sxn pipng,

1€Dy,
where p; is the normalized restriction of p,, to I. Since the supports of
p1 * Shn irng have bounded overlap, it is not hard to deduce that

|l 7 (1) o1+ iy 119
1€Dm

where p; = Sy-nps. This is the point where we apply (1.8), to conclude that if
on the right-hand side above we only add over those I such that ||pr|, > 2779,
where o > 0 is arbitrary, then, provided n is large enough depending on o,
we still capture almost all of the left-hand side. This follows since (1.8) can
be shown to imply that the contribution of the remaining I is exl()(onel;ti?lly
R+1

smaller than the left-hand side. A similar calculation, now with p, in

place of ,u((RH) ™ in the left-hand side, then shows that (1.9) holds, finishing
the proof.

We point out that, simultaneously and independently of this work, Meng
Wu [52] obtained an elegant alternative proof of Theorem 1.2. Wu’s proof is
purely ergodic-theoretical and completely different from ours. His methods do
not seem to yield any analogs of Theorem 1.11 and, in particular, are unable
to reproduce our results on the dimensions and densities of Bernoulli convolu-
tions. Nevertheless, some of our concrete applications (besides Furstenberg’s
conjecture) also follow from Wu’s approach; this is the case for Corollaries 7.3

and &.3.

1.7. Organization of the paper and summary of applications. We outline
the organization of the rest of the paper. Sections 2-5 are devoted to the proof
of Theorem 1.11, while the remaining Sections 6-9 contain the applications of
Theorem 1.11. More precisely,

e In Section 2 we state and discuss the inverse theorem for the LY norms
of convolutions of discrete measures. The inverse theorem is proved in
Section 3.

e Section 4 develops some properties of dynamically driven self-similar mea-
sures. In Section 5, these are combined with the inverse theorem to conclude
the proof of Theorem 1.11.
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In Section 6 we apply Theorem 1.11 to study L? dimensions and Frostman
exponents of self-similar measures on the line. In particular, we prove The-
orem 6.2, which generalizes Theorem 1.5 to homogeneous self-similar mea-
sures on R, and Theorem 6.6, which extends this to arbitrary self-similar
measures on the line (not necessarily homogeneous).

In Section 7, we conclude the proof of Theorem 1.2. We also study the L9
dimensions of convolutions of self-similar measures (Theorems 7.2 and 7.5),
and we deduce a variant of Furstenberg’s conjecture for self-similar sets,
Corollary 7.3.

Section 8 contains further applications of Theorem 1.11 to projections and
sections of planar self-similar sets and measures. In particular, we prove
an upper bound for the dimensions of arbitrary linear sections of some self-
similar sets on the plane; see Corollary 8.3.

Finally, in Section 9 we turn our focus to the densities of the measures stud-
ied in the previous sections. We present a general result in the framework
of dynamically defined measures, Theorem 9.1, and deduce Theorem 1.3,
as well as several other applications, as corollaries.

1.8. Notation. We use Landau’s O(-) and related notation: if X, Y are two

positive quantities, then ¥ = O(X) means that ¥ < CX for some constant
C > 0, while Y = Q(X) means that X = O(Y), and Y = ©(X) means that
Y = O(X) and X = O(Y). If the constant C is allowed to depend on some
parameters, these are often denoted by subscripts. For example, Y = O4(X)
means that Y <C(q)X, where C(q) is a function depending on the parameter gq.

The following table summarizes some of the notational conventions to be

used throughout the paper:

N Natural numbers {1,2,...}

B(xz,r) Open ball of center x, radius 7.
dimp Hausdorff dimension

dimg Upper box-counting dimension

[n] {0,1,...,n—1}

0,6,1M, K, 0 Small positive numbers

W, V1, P Measures (always positive and finite, often discrete)
p(m) Discretization of i at scale 27

- 1lq Discrete L? norm

q Dual exponent to ¢

d¢, 0(t) Delta mass at t

A Space of finitely supported measures
A, A Elements of A

A(z) A-valued functions




336 PABLO SHMERKIN

(X, T,A N A model generating DDSSMs

Ly The DDSSM corresponding to z € X
Mz Discrete approximations to i,

SH Map that scales by A

T(1, q) or Tu(q) L7 spectrum

D(u,q) or D, (q) L% dimension

E, & Small exceptional sets

Dy Dyadic intervals of length 27°

Ds(A) Elements of D, hitting A

Ns(A) or N(A,s) |Ds(A)|

D 2P =base for tree representation of sets

l Height of tree representing a set

S,8.,S; Subsets of [¢] (representing sets of scales)
Rs, R, R! Branching numbers of trees representing regular sets
T(q) The function from Proposition 4.6

f,9,h Maps R — R, often affine

(fi)iez Iterated function system of similarities

Acknowledgments. 1 am grateful to Mike Hochman and Izabella Laba for
inspiring discussion related to the themes in this paper, and to Julien Bar-
ral and Eino Rossi for a careful reading and for suggesting numerous small
corrections. I also thank the anonymous referees for helpful comments.

2. An inverse theorem for the decay of LY norms under convolution

Let p,v be probability measures on R (or the circle R/Z). For any rea-
sonable notion of smoothness, the convolution % v is at least as smooth as v.
A natural question is then if p * v is not “much smoother” than p, can we
deduce any information about the measures p and v? Of course, this depends
on the notion of smoothness under consideration and on the precise meaning
of “much smoother.”

We are interested in general, possibly fractal, measures, and their dis-
crete approximations. A general method for defining notions of dimension
(or smoothness) of a measure is to discretize it at a certain scale £, measure
smoothness at that scale in some standard way (for example, by means of en-
tropy or L7 norms), and then study the growth/decay of this quantity as ¢ | 0.
Indeed, we have seen that L? dimensions are defined precisely in this way, and
there is a parallel notion for entropy.

Let p be a probability measure on R/Z. Its normalized level m entropy is

Honlp) = 3" (1) log(u(1)),
1€Dy,
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with the usual convention 0log 0 = 0. In [26, Th. 2.7], Hochman showed that if
Hm<V * M) < Hm(:u) +e,

where € > 0 is small, then v and p have a certain structure that, very roughly,
is of this form: the set of dyadic scales 0 < s < m can be split into three sets
AUBUC. At scales in A, the measure v looks “roughly atomic,” at scales
in B the measure p looks “roughly uniform,” and the set C is small. This
theorem was motivated in part by its applications to the dimension theory of
self-similar measures, as discussed above.

Our goal is to develop a corresponding theory for L4 norms. Given m € N,
we will say that p is a 27™-measure if p is a probability measure supported
on 27™Z N [0,1) (and we sometimes identify [0,1) with the circle). Recall
from (1.7) that if u is a probability measure on [0,1), we denote by u(™ the
associated 2~ ™-measure, that is, £ (j27) = p([j2~™, (j4+1)27™)). We also
recall that, given a purely atomic measure u, we define the L? norms

lally = (3 u(y)?)

and |[|pllco = maxy p(y).
From now on, the convolutions are always assumed to take place on the

circle unless otherwise indicated; however, all results immediately transfer to
the real line, using the fact that the map (z,y) — x + y is two-to-one on the
circle so, for example, if u, v are 27™-measures, then the L? norms of y* v as
convolutions on the circle or the real line are comparable up to a multiplicative
constant.

By Young’s inequality (which in this context is a direct consequence the
convexity of t — t7), we know that ||p * v|, < ||u|, for any ¢ > 1. We aim
to understand under what circumstances ||p * v||q = ||it||q, Wwhere the closeness
is in a weak, exponential sense. More precisely, we are interested in what
structural properties of the measures u, v ensure an exponential flattening of
the L? norm of the form

(2.1) 1% 2)™ g < 2757

The Balog-Szemerédi-Gowers Theorem (particularly, its asymmetric formula-
tion — see Theorem 3.2 below) can be seen as providing a partial answer in a
special case, i.e., when M(m), v(M) are indicator functions.

While we are not aware of any general results in this direction, we note
that a special case has received considerable attention: if A C 27™Z, then
|14 * 14|23 is nothing but the additive energy of A (see (3.1) below), and
estimates of the form

L% 143 < AP
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arise repeatedly in dynamics, combinatorics and analysis; see, e.g., [8, 1] for
some recent examples. In particular, S. Dyatlov and J. Zahl [8, Th. 6] showed
that if u is an Ahlfors-regular measure, that is, if there are C, s > 0 such that

Clr® < u(B(z,r)) < Cr® for all z € supp(u),r € (0,1],

then
(e 5 1) ™| < 27|l |,

where ¢ > 0 depends only on the parameters C,s. Their proof does not ap-
pear to readily extend to the convolution of two different measures, or beyond
the Ahlfors-regular case. Outside of the Euclidean setting, the L? norm of
self-convolutions has been studied in many groups as part of the Bourgain-
Gamburd expansion machine developed to prove that Cayley graphs are ex-
panders; see, e.g., [6].

Here we go in a different direction, by investigating general geometric
conditions on the measures y, v that ensure flattening in the sense of (2.1). We
make the trivial observation that if v = d;9-m or u = A =Lebesgue measure on
R/Z, then ||(u % v)™ ||, = ||u™||,. Furthermore, if v = 27§, 4 (1 — 25™)\
and y is an arbitrary measure, then we still have ||(p )™, > 275™ (™),
This shows that a subset of measure 27¢" is able to prevent smoothening in
the sense of (2.1), so that (unlike the case of entropy) in order to guarantee
exponential smoothing we need to impose conditions on the structure of the
measures inside sets of exponentially small measure.

There are also less trivial situations in which ||p* pllq = [|p]lq- Let D > 1
be a large integer, fix £ > D, and for given subset S of {0,...,¢ — 1}, define
A as the set of all 2 € 27PZ N[0, 1), such that the s-th digit in the 2~ P-base
expansion of z is 0 for all s € S (and is arbitrary otherwise). Then it is not
hard to check that |[14 %144 = ||14]l1]|14]lg- In more combinatorial terms, A
looks like an arithmetic progression at all scales. In similar ways one constructs
probability measures u, v supported on sets of widely different sizes, such that
I #vllg ~ 1l

Our inverse theorem asserts that if (2.1) fails to hold, then one can find
subsets A C supp(p) and B C supp(v), such that A captures a “large” pro-
portion of the L? norm of ;o and B a “large” proportion of the mass of v, and
moreover p|4,v|p are fairly regular; for example, they are constant up to a
factor of 2. The main conclusion, however, is that A and B have a structure
resembling the example above, and also the conclusion of Hochman’s inverse
theorem for entropy: if D is a large enough integer, then for each s, either B
has no branching between scales 2°P and 26+1P (in other words, once the first
s digits in the 2P-adic expansion of y € B are fixed, the next digit is uniquely
determined), or A has nearly full branching between scales 2°P and 2(s+1)D
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(whatever the first s digits of 2 € A in the 2”-adic expansion, the next digit

can take almost any value).

Before stating the theorem, we summarize our notation for dyadic intervals
to be used throughout the paper (some of it was introduced before):

e D, is the family of dyadic intervals [j275, (j + 1)27%). We also refer to
elements of D, as 2~ %-intervals.

e Given a set A C R or R/Z, we write Ds(A) for the family of 2~ *-intervals
that hit A. We also write N'(A, s) or N5(A) for |Ds(A)], i.e., the number of
27% intervals that hit A.

o Given z€R or R/Z, we write Ds(x) for the only 2~ *-interval that contains .

o We write al for the interval of the same center as I and length a times the
length of I.

We also write [¢(] ={0,1,...,¢—1}.
THEOREM 2.1. Given q € (1,00), 6 > 0 and Dy € N, there are € > 0,

D > Dy, such that the following holds for all large enough £.
Let m = 4D, and let p,v be 27™-measures such that

e vllq = 27 |ellg-

After translating the measures u,v by appropriate numbers of the form k27,
there exist sets A C supp(u), B C supp(v), such that
(A-i) |lplally = 279 |plly, where p|la denotes the (non-normalized) restric-
tion of u to A.
(A-ii) wp(y) <2u(x) for all x,y € A.
(A-ili) There is a sequence R, s € [{], such that Ny 1yp(ANT) = R for all

Ie DSD(A).
(A-iv) @ € 3Dsp() for every x € A, s € [(].
(B-i) v(B) > 27,
(B-ii) v(y) < 2v(z) for all z,y € B.
(B-iii) There is a sequence Ry, s € [€], such that N 1)p(BNI) = R for all
1 € D,p(B).
(B-iv) y € 3Dsp(y) for everyy € B, s € [(].
Moreover,
(v) For each s, either R! =1, or
(2.2) R, > 20-0D

(vi) Let S be the set of s such that (2.2) holds. Then
log([[v|l; ) — 8m < DIS| < log(||ull;*) + m.

Here, and throughout the paper, ¢ = ¢/(q¢—1) denotes the dual exponent.
We make some remarks on the statement.
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(a) The initial translation of the measures, as well as their convolution, take
place on the circle. However, by decomposing the measures into finitely
many pieces it is easy to deduce the same statement with both the trans-
lation and the convolution taking place on the real line.

(b) The translation is only needed for (A-iv) and (B-iv), which are technical
claims that we include in the theorem as they are often useful in applica-
tions.

(¢) The main claim in the theorem is part (v). Obtaining sets A, B satisfying
(A-i)—(A-iv) and (B-i)-(B-iv) is not hard, and (vi) is a straightforward
calculation using (v).

(d) The theorem fails for ¢ = 1 and ¢ = co. In the first case there is an
equality ||u* v||1 = ||p||1 for any 27"-measures, and in the second case
there is always an equality ||[14 * 1_4l/oc = [[1a[/1. On the other hand,
the case of arbitrary 1 < ¢ < oo is easily reduced to the case ¢ = 2; see
Lemma 3.4 below.

We emphasize that the proof of Theorem 2.1 (including the proofs of the
results it relies on) is elementary, in particular, avoiding any use of the Fourier
transform or quantitative probabilistic estimates such as the Berry-Esseen The-
orem, which is crucial in the approach of [26]. The value of ¢ is effective in
principle, although it is certainly very poor; the worst loss occurs in the ap-
plication of the asymmetric Balog-Szemerédi-Gowers Theorem (Theorem 3.2
below).

3. Proof of the inverse theorem

3.1. Preliminaries. In this section we prove Theorem 2.1. We begin by
describing the two main tools involved in the proof: a version of the Balog-
Szemerédi-Gowers Theorem that is effective even when the sets have very dif-
ferent sizes, due to Tao and Vu, and the additive part of Bourgain’s discretized
sum-product theorem. We begin with the latter.

We say that A C [0, 1] or R/Z is a 2~ ™-set if each element of A is an integer
multiple of 27™. For a finite set A C R, we define its doubling constant as
o[A] = |A + A]/|A]. We will call a 2™ set A such that o[4] < 2°™ an
(m, 0)-small doubling set.

The structure of sets A such that o[A] < K (where K is independent
of |A|) is characterized by Freiman’s Theorem (see, e.g., [49, Th. 5.32]); such
sets can be densely embedded in a generalized arithmetic progression. However
Freiman’s Theorem gives no information when the doubling constant grows
exponentially with the size of the set. The following structural property of
sets with small exponential doubling is proved by Bourgain [5]. Although it
is not explicitly stated in [5], this theorem emerges from the constructions in
Sections 2 and 3; in particular, see [5, egs. (3.15), (3.20), (3.21), (3.22)].
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THEOREM 3.1. Given a large T € N, the following holds for sufficiently
large my € N (depending on T').

Let m = m1T, and suppose H is a (m,27?1=1)-small doubling set. Then
H contains a subset H' such that the following holds:
() |H'| > 27(210gT/\/T)m’H’_
(ii) There are a set S C {0,...,mq — 1} and integers Rg,ns, s € S, with

ns € [sT, (s + 1)T), such that

(a) if s¢ S, then N(H'N1,(s+1)T) =1 for each I € Dyr(H');

(b) if s €S, then N(H'NI,ng) = Ry for each I € Dyp(H'), and N(H'N

J,(s+1)T) =1 for each J € D, (H');
(¢) 20-T7")(na=sT) < R < oms=sT for gl s € S.

In particular, |H'| = [[ses Rs-

Thus, the theorem says that a set with small exponential doubling con-
tains a fairly dense subset that has no branching between the scales 277% and
2-(T+1)s for s ¢ S and between the scales 2~ and 2~ (T*1s for 5 € S; and
it has “uniform and nearly full branching” between the scales 27 and 2",
seS.

We remark that the proof of Theorem 3.1 is ingenious but elementary,
only relying on the Pliinnecke-Ruzsa inequalities, for which a short elementary
proof was recently found by Petridis [41].

Another crucial ingredient in the proof of Theorem 2.1 is the following
version of the celebrated Balog-Szemerédi-Gowers Theorem, due to Tao and
Vu [49], which allows the sets to have widely different sizes. Recall that the
additive energy between two finite sets A, B in a common ambient group is

(3.1) E(A, B) = |{(a1,a2,b1,bg) c A2 XB2 ca1+b = a2+b2}| = H].A*IBH%.

THEOREM 3.2 (Asymmetric Balog-Szemerédi-Gowers). Given k>0, there
is T > 0 such that the following holds for m € N large enough. Let A, B C [0, 1]
or R/Z be 2™ -sets such that

E(A,B) > 27| A||BI* = 27|15 {]1al3-

Then there are a (m, k)-small doubling set H and a 27™-set X such that

(i) |[AN(X + H)| > 277"|A] > 27> X||H]|,
(i) |B N H| > 27" |B|.

Proof. This follows from [49, Th. 2.35]. Indeed, take L = 2™, o = 277" /2,
e = /4. Then by making 7 > 0 small enough in terms of k, we can ensure that

Q0. (aOn(l)L—n/4> > QK(Q—(R/2)m) > g—rm

if § is small enough and m large enough in terms of x. O
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Thus, the theorem asserts that a big part of B is contained in a set with
small doubling H, and a big part of A is densely contained in a union of (nearly)
disjoint translates of H (with X being the set of translations). In particular,
H cannot be much smaller than B (but it can be much larger), and X has size
approximately |A|/|H|. The proof of Theorem 3.2 is also elementary, although
it is rather lengthy.

3.2. Overview. We give a rough sketch of the proof of the inverse theorem.
Our goal is to apply the asymmetric Balog-Szemerédi-Gowers Theorem, Theo-
rem 3.2. In Section 3.3 we present two lemmas involving L¢ norms. Recall that
our assumption is that ||p*v|, > 27°"||u|lg- In Lemma 3.3 we extract two
sets A, B, which already satisfy properties (A-i), (A-ii), (B-i), (B-ii), and such
that similar bounds hold for their indicator functions. Lemma 3.4 (a simple
application of Holder’s inequality) shows that one can pass from the L¢ norm
to the L? norm, enabling the application of Theorem 3.2.

In Section 3.4, we present some combinatorial regularization lemmas, in-
spired in [5]. Theorem 3.2 produces a set H of small exponential doubling such
that B + H is not much larger than H and A + H is not much larger than A.
Together with the information on the structure of H provided by Theorem 3.1
(or, rather, the version given by Corollary 3.10 below), and with the lemmas
in Section 3.4, this allows us to deduce the remaining properties of A and B
(after passing to suitable dense subsets).

Finally, (vi) is a straightforward consequence of the previous claims.

A point of notation: throughout this section, £ and m will denote suffi-
ciently large integers (given any other relevant data); any inequalities involving
them are understood to hold if they are larger than a constant that is allowed
to depend on any other parameters involved.

3.3. Analytical lemmas. We begin with a lemma, based on Young’s in-
equality and dyadic pigeonholing, that enables the use of the Balog-Szemerédi-
Gowers Theorem. It is an L? asymmetric version of (the proof of) [6, Prop. 2].

LEMMA 3.3. Given ¢ > 0 and q € (1,00), the following holds for large
enough m € N. Suppose p,v are 2™ -measures satisfying || v|q > 27| ullq-
Then there exist j,7 < 2eq'm such that, setting

A={z: 277 Yl < plz) < 277||ulld ),
B={y:2777 127 < y(y) < 279'27™},

the following holds:

(1) 14 1pllg = 272 [1allql L8],

(i) [llallg = 2725 |llg,
(iii) v|lr = v(B) = 272%™,
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Proof. We use the notation X > Y to mean X > C~'m~¢Y, where C' > 0
depends on ¢ only. For j € Z, let

Aj={a 2777 Yl < plx) < 277||ulld ),
Bj={y:2777 127 < y(y) < 27727},
Firstly, note that A; = @, B; = @ if j < —(m+1) since, by Holder’s inequality,
1= @) < ||ullg2™" = ||u >27"
x
Write £ = [2e¢'m], and let E = Uj>¢A;, F = U;>¢B;. Note that

lilsllg < (max ()t ) 3 ple) < 27900 fulls,
zelR

lv|p|li = v(F) < 2m2=fm = 27¢,
By Young’s inequality,
—0/q _
max(||ulg * vlg, Il x virlle) <2779 ullg < 27| * vll,.

It follows from the bilinearity of convolution and the triangle inequality that,
ifm>.1,

S Ml vyl > Gl vl
_m§j7j1<£

Pigeonholing and applying Young’s inequality once again, we can pick j, 7’ < ¢
such that, setting A = A;, B = Bj/, we have
llallgllvlBll = lula*viBllg 2w vig = 275" ullq-
From here it follows that ||v|g|1 2 27" and ||p|allq 2 27°™||pllq- Note that
2i"+m > B|. We conclude that
114 1pllg 2 27 [lullg T2 ™) lpla* visllg
2 @ lullg 2727 | ulallg
2 27" allglBll O

The following simple consequence of Hoélder’s inequality will allow us to
apply the Balog-Szmerédi-Gowers also in the context of L? norms, g € (1,400):

LEMMA 3.4. Let A, B be two 27 ™-sets, and let ¢ € (1,00). If [|[1a%1B]|q >
27%m| A|Y/9|B|, then

|14 % 153 > 2-axteaDem) 4 P2

Proof. Consider first the case ¢ € (1,2). Applying Hélder’s inequality in
the form

X ) =X f@) s (Zf )2_q(;f<x>2)q_l
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to f =14 % 1p yields
114 % Lg% < |AP~YBP>9||14 15537,

Hence, using the assumption,

|AllB[*

2(q—1) —qKrm
141 >2 _
” A BHQ = ‘ 4|2_q|B|2_q

— qunm‘A|q71’B|2(q71)7
which gives the claim when ¢ € (1, 2).
Suppose now g € (2,+00). Then

270" A||B|? < |[1a* 15[ < [[1a* 1p[3]11a * 15[1%5% < |14+ 15(3]B]772,
and this completes the proof. O

3.4. Combinatorial lemmas. In this section we establish several elemen-
tary combinatorial lemmas. In both the statement and the proof of Theo-
rem 2.1 an important role is played by sets with a “regular tree structure.”
We begin by formalizing this concept. Recall that [¢] = {0,1,...,¢—1}.

Definition 3.5. Let D,{ € N, and set m = £D. Given a sequence (Rs),cq
taking values in [1,27], we say that a 27™-set A is (D, £, R)-uniform if N'(ANI,
(s +1)D) = R for each s € [{] and I € Dgy(A).

Further, we say that A is (D, ¢)-uniform if there is a sequence R such that
Ais (D, ¥, R)-uniform.

Given an arbitrary 27™-set A and D|m, one may associate to it the tree

2~D_intervals intersecting A. Then A is

whose vertices of level s are the
(D, £)-uniform if and only if the associated tree is spherically symmetric; i.e.,
the number of offspring of a vertex is constant over all vertices at the same
distance to the root (but may vary between vertices of different levels). We will
often informally refer to the tree description of sets, for example by speaking
of branching at certain levels.

In our first lemma we show that any 27" set contains a fairly large uniform

subset. This fact goes back at least to [5]; we provide details for completeness.

LEMMA 3.6. Let D, £ € N, and let A be a 27™-set, where m = £D. Then
there exists a (D, £)-uniform subset A" C A such that

’AI| > (2D)7Z‘A| _ 2(710g(2D)/D)m|A|'

Proof. The construction is similar to that in [5, §2]. We begin from the
bottom of the tree, setting A® := A. Once A®TY is constructed, we let

A = [ J{AET) N T T € Dyp(AETY),
N(JNAE (s +1)D) € [27 + 1,27}
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Since j takes at most D values, we can pick j = js such that |[A(7)]| >
|AG+D|/D. By removing at most half of the intervals in A®*1) from each inter-
val J making up A7) we obtain a set A®) such that |A®)| > |AG+D|/(2D)
and N (J N A®) (s +1)D) = 27 for all J € D,p(A®)). We see inductively
that NV(J N A®), (s’ + 1)D) is constant over all J € Dyp(A®) for all s =
s,s+1,...,4—1.

The lemma follows by taking A’ = A(©). O

The next simple lemma (which is also implicit in [5]) asserts that, given
a (D, ¥, R)-uniform set, it is possible to reduce some of the numbers R to 1
without decreasing the size of the set too much.

LEMMA 3.7. Given D, ¢ € N, the following holds. Suppose A is (D, ¢, R)-
uniform. Then, if S C [l] is any set, there exists a subset A’ C A that is
(D, ¢, R") uniform, where R, =1 for s € S and R, = Rs for s € [(]\ S, and

1 _
A > (H R) 4] = 271817 4],

s€S 8

Proof. We inductively construct a sequence of sets A®) s € [¢]. Set
A© = A, Once A® is defined, if s ¢ S, set AGTD) = AG). Otherwise, for
cach I € Dyp(A®)), let J; be any interval in D(s,1)p(ANI), and let ACHD be
the union of all such intervals J;. Since Ry < 2P| it is clear that A’ = A¢—D
has the desired properties. O

Given a set A, the next lemma extracts a large subset A’ of a suitable
translation of A, such that points in A’ are “not too close to the boundary” of
2P_adic intervals.

LEMMA 3.8. Let D € N>o, £ € N, and let A be a 27™-set in R/Z, where
m = £D. Then there are a point x = k2™ and a subset A’ C A such that

(i) [A'] > 27 (o&3/PIm|A[;
(ii) for ally € A’ and all s € [{], y + x € $Dsp(y + ).

Proof. We note the following simple fact: for any y € [0,1) and any
j <m—2, thereis t € {270+, 0,270+2)} such that y +¢ C +D;(y). With
this in mind, we prune the tree in a similar way to Lemma 3.6 to construct
sets A®), starting from A®) = A and moving up to A, such that for each
s € [f],
(1) there is t5 € {—27P+2) 0,2-6P+2Y such that y + 2 := y + S0 ty €
%Dsp(y + xg) for all y € A
(2) moreover, |A(®)] > |A(+D)|/3.
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Set © = x9 = Zbt, and A’ = A Tt is clear that |4'| > 37¢A4] =
9~ (log3/D)m| 4| Also, since Zi,‘zlo ty is a multiple of 27°P, we have y + z €
Dsp(y+ z) for all y € A" and s € [¢], as claimed. O

The next lemma will allow us to show that if H has small doubling and
A+ H is “not too large,” then A and H have a certain shared structure.

LEMMA 3.9. Let D,¢ € N, and write m = {D. Suppose H, A are 2™ -sets
such H is (D, £, R)-uniform and A is (D, ¥, R")-uniform. Then

A+ H| = 270Pm g ][ R
s:Rs=1
Proof. Write § = {s: Rs = 1}. By replacing A with the subset given by
Lemma 3.7, we may assume that R, = 1 for all s ¢ S. This makes the problem
symmetric: for each s, either Ry = 1 or R, = 1. With this in mind, we
inductively show that for each s = 0,1,...,¢, there are families Z, C Dsp(A),
Js C Dsp(H), such that

(1) |Zs||Ts| = 27 Nsp(A)Nsp (H);
(2) the intervals {I +J : [ € Z,,J € Js} are pairwise disjoint.

The base case s = 0 is trivial. Suppose this holds for some s < £. Without
loss of generality, Rs+1 = 1. Hence, for each J € J;, we pick the single
J' € D(s41yp(J N H) and let Js11 be the union of all such J'. Next, for each
I €7, let (I;);Vzll be a subcollection of Dy, 1yp(I N A) such that no two of the
I} are adjacent, and Ny > [R{,/2]. We let Zs;1 be the union of all I} over
all I € Z,. It is clear from this construction that (1)—(2) hold.

The claim follows from (1)—(2) applied with s = ¢. O

We conclude this section with a version of Theorem 3.1 in which the
lengths of the intervals over which there is either no or close to full branching
is kept constant (at the price of worsening the quantitative estimates). This
reduction is a matter of simplicity; a version of Theorem 2.1 in which the
intervals of almost full/no branching have varying lengths could be deduced
directly from Theorem 3.1.

COROLLARY 3.10. Given a large D € N, the following holds for suffi-
ciently large £ € N (depending on D).
Let m = ¢D. Suppose H is an (m, 2_2D2_1)—small doubling set. Then
there is a subset Hy C H such that the following holds:
(i) |H1| > 27(4(10gD)D*1/4)m|H|;
(ii) Hy is (D, ¥, R)-uniform, where for each u either R, = 1, or log R, >
(1-DY4D.

In particular, |Hi| = [Tu.r,>1 Ru-
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Proof. Let H',S, ns, Ry (in place of Ry) be as given by Theorem 3.1 with
T = D?. We assume that m is a multiple of T'; the general case can be deduced
by applying this special case to max{mT : miT < m}.

Let S =S egns — sT. If S < T~'/*m, then

’H’ < 2(210gT/\/T)m‘H/‘ < 2(210gT/ﬁ)m2T’1/4m < 22T’1/4m,

so that a singleton satisfies the conditions in the statement. We therefore
assume that S > T4,

We apply Lemma 3.6 to H' and D, to obtain a (D, ¢, R)-uniform set H"”
such that

(32) |H”‘ > 27(log(2D)/D)m’H/‘.

It is clear that R, = 1 for all u of the form sD + j,j € [D], with s ¢ S, and
also with s € S and 7D > ng — sT, since over those scales already H’ had no
branching. Therefore, there is a set U such that R, = 1 for u ¢ U, and

(3.3) DIU| < S+ (m/T)D < S(1+ D™Y/?),

using that S > D~/2m. Using Theorem 3.1, (3.2) and S > D~ Y?m again, we
get
log(2D
(1-1/D)S < log |H'| < log |H"| + Og;)Dl/zs,

so that, recalling (3.3),

~ 1— (2logD)D~'/?
IS _ _ 1/2y >
log|H"| > S(1 —1/D —log(2D)D~/?) > r D172

DlU|.

Hence,

1 Z log R, log|H"|
=

>1—3(log D)D~1/2,
U Diu|

ueld
Since log R,,/D € [0,1] for all u, Markov’s inequality yields that log(R,) >
(1 — D=Y4)|D| for u outside of a set U’ with

U'| < 3(log DYD~Y*U| < 3(log D)D~*m/D,

provided D is larger than an absolute constant. To obtain our final set Hy, we
apply Lemma 3.7 to H” and the set U’ (that is, we collapse all R,, intervals to
a single one for u € U’). Recalling Theorem 3.1(i) and (3.2), the resulting set
satisfies

\Hly > Q*D\L{/||H//‘ > 274(10gD)D—1/4m|H|’

while the claim on the branching structure is clear from the construction. [
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3.5. Proof of Theorem 2.1.

Proof of Theorem 2.1. Let D € Nye > 0. In the course of the proof, we
will impose several lower bounds to D (depending on Dy, d, g only) and upper
bounds on € (depending on D, §, ¢ only), resulting in the verification of all the
claims in the theorem. To begin, we assume D > Dj. In the course of the
proof, we write m = D/, and we understand ¢ and m to be sufficiently large
that any claims involving them hold.

Let 7 > 0 be the value given by Theorem 3.2 for k := 2-2D*=1 e take

T
= 2max(q,q')
(Later we will impose further conditions on €.)

Apply Lemma 3.3 to obtain sets Ay, By and j,j' < 2e¢’m satisfying (i)
(iii) in the lemma (with A;, By in place of A, B). By our choice of ¢ and
Lemma 3.4,

H]‘Al * 131“3 > 27Tm|A1H31’27
so that we can apply Theorem 3.2 to A;, B; to obtain an (m, x)-small doubling
set H and a 27"-set X such that

(3.4) 4N (X 4 H)| > 27574,
(3.5) Ay = 277X | H],
(36) ‘BlﬂH| 22_mm|B1|.

Thanks to Lemma 3.3, the sets Aj, By already satisfy (A-ii), (B-ii). As the

final sets A, B will be subsets of A1, Bi, these properties are established.

Our next step is to pass to suitable regular subsets of (a translation of)

Ay, B, H:

(1) By our choice k = 272D*~1 we can apply Corollary 3.10 to H. Let H' C H
be the resulting set, with branching numbers Ry, s € [{].

(2) We first apply Lemma 3.8 (this is the point where we need to translate the
original measure), and then Lemma 3.6 and (3.4) , to the set AN (X +H),
to obtain a set A C A; N (X + H) such that

(a) |A| > 2 (RleD/PIm| A\ (X +H)| > 2-BleD/PIm| A, | Hence, in light
of (A-ii), property (A-i) holds if D is taken large enough in terms of 4.

(b) Theset Ais (¢, D, R')-uniform for some sequence (Ry)sc[q- This shows
that (A-iii) holds.

(c) z € 3Dsp(z) for all 2 € A and s € [¢]. That is, (A-iv) holds.

(3) Similarly, we apply Lemma 3.8, and then Lemma 3.6 and (3.6), to BiNH

to obtain a set Bo C By N H (not yet our final set B) such that

(a) |BZ| > 2—(210gD/D)m’B1 N H| > 2—(310gD/D)m|Bl|‘

(b) The set By is (£, D, R)-uniform for some sequence (ES)SG[E]' This
shows that (B-iii) holds for Bs.
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(c) ye %Dsp(y) for all y € Bs. As the final set B will be a subset of Bs,
this establishes (B-iv).

Next, we note that as A+ H' C X + H + H, we can use (3.5) and (2)(a)
above to estimate
(3.7)  |A+H'|<|X||H + H| < 28| X ||H| < 225™| A, | < 24los D/D)m) 4|

Let So = {s € [{] : Rs = 1}, &1 = [{] \ So, so that S; indexes the scales
over which H’ has almost full branching. We will see that A has almost full
branching for a large subset of scales S C S1; eventually B will be obtained
from Bz by collapsing all the branching at the scales in [¢]\ S using Lemma 3.7.

According to Lemma 3.9 applied to A and H' (which we have seen meet
the hypotheses),

(3.8) A+ H'| > 2= P g’ TT R,
s€Sy
Since |A| = [[s R,, |H'| = [[s Rs and Rs > 20=D"YID for 5 € Sy, we may
combine (3.7) and (3.8) to deduce that
I 7 = | A > 9=(5108 D/D)m| 1| > 9~(3108 D/D)mg(1-D~1/)[Si|D.
€S HSESO Rg
Consider two cases:

(1) If |S;] < D~'/2¢ (which we note implies H’, hence H and B, are very
small), then we set &' =8 and S = @.
(2) If |S1] > D~/2¢, then we further deduce from the above that

1-2D-Y/YHD|S
H R’S > 9( )DIS|
IS
Let

S={s€S : R, >20-D7Dy
S={se8 :R. < 2(17D_1/8)D}.
Since R, < 2P for all s, we have

log R, <
-5 =

(1—2D"Y4)s1 < Y (1= D78 + 8] 18],

SEST
so that
S| < 2DV8|8,| < 2D~ V/8y.

We note for later reference that, in either case,
(3.9) || < max(2D~ 8¢, D1/20) = 2D~ /8.
We move on to the construction of B. By Theorem 3.2 and Corollary 3.10,
1By + H'| < |(By N H) + H| < 2°™|H| < 2o DD Ym) pr|
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Applying Lemma 3.9 to By and H’', we deduce that

H ES < 2(1/D)m2(5(10gD)D—1/4)m < 2(6(10gD)D_1/4)m.
s€So

We apply Lemma 3.7 to Bo and the set Sy to obtain a new set By C Bs such
that for all s € Sy and I € Dsp(Bs), there is a single J € D,y 1)p(Bs N I),
while if s ¢ Sy, then N(BsN I, (s + 1)D) = R, for all I € Dyp(Bs). By
Lemma 3.7 and (3)(a) above,

’Bg‘ > 2—(6(logD)D*1/4)m‘B2| > 2—(7(logD)D*1/4)m|Bl|'

Finally, recall that we defined a set S’, satisfying (3.9). We obtain our final
set B by applying Lemma 3.7 to B3 and S’. Then

1/8

B > 27207 *m| By| > 97307 P g

and N(s41yp(I N B) = 1 for all I = Dyp(B) for each s € SyUS" = [(] \ S. We
had already established (B-ii) and (B-iv). The set B satisfies (B-i) if D is large
enough (thanks to (B-ii)); and it still satisfies (B-iii), with RY =1 for s ¢ S
and R! = R, for s € S.

The claim (v) follows from the construction if D is large enough: either
5 € S, in which case R, > 20700- (D)D) or 5 ¢ S, in which case R’ = 1 as
we have just observed.

It remains to establish (vi). It follows from (B-i)—(B-ii) that v(z) >
3279m|B|7! for all z € B. On the other hand, we know from (B-iii) and
(v) that |B| < 2PISI. We get

o]l;7 < 04(1)2°7|B| < Oy(1)20m4 27181,

which gives the left-hand inequality in (vi), with O4(6) in place of 6.
By Lemma 3.3, u(z) > %2_2€qlm||u||g’ for all z € A C Ay, whence

2712 AT || 94| A] < || palld,

so that |A| < 23qq/5mHuH;q/. Since |A| > 20-9)PISI by (A-iii) and (v), the right-
hand side inequality in (vi) also follows (with 2§ in place of §, say), concluding
the proof. ([l

4. Properties of dynamically driven self-similar measures

4.1. Preliminary lemmas. In this section we initiate the study of measures
generated by pleasant models (recall Definition 1.9). We start by collecting
some standard lemmas for later reference. The short proofs are included for
completeness.
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LEMMA 4.1. Let (Y, u, B) be a probability space. Suppose P,Q are finite
families of measurable subsets of Y such that each element of P can be covered
by at most M elements of Q and each element of Q intersects at most M
elements of P. Then, for every q > 1,

> u(P)T <MY (@)1
Pep QeQ

Proof. Let Qp1,...,QpMp, Mp < M, be a minimal sub-collection of
Q that covers P € P. Using Holder’s inequality in the form (7%, a;)? <
mia~15m . a? we get

19

Mp
YouP) <MY u(@p)? < MY (@)1 O
Pep Pepi=1 QeQ
LEMMA 4.2. Let p = Zle Wi, where p; are finitely supported measures
on a space Y, such that each point is in the support of at most M of the p;.
Then

l
-1
lplld < METEY 7 [l
i=1
Proof. For each x, Holder’s inequality, together with the assumption that

pi(x) > 0 for at most M values of 4, gives (32; pi(x))? < MI~1S7; pi(z)9. The
claim follows. g

LEMMA 4.3. For any probability measures u,v on R/Z, and any q €
(1,00),
(% )[4 = Og (1) [|t™ 5 ™14,
Proof. Given I = [k27™ (k4 1)2™™) € Dy, let P; = {(x,y) € (R/Z)? :
x4y € l} and

Qr= U 27 @GE+D27) x[(k—i)27", (k—i+1)27™).

i€Z/2m7.
Then ||(u v)™ |4 = Y2 (1 x v)(Pr)? and [|p™ s (M8 = 51 (u x v)(Qr)Y,
so the claim follows from Lemma 4.1. O

4.2. A sub-multiplicative cocycle, and consequences. Throughout the rest
of this section, we use the following notation. We work with a measure-
preserving system (X, T,P); i.e., T : X — X is a measurable map, and
TP = P. A model X = (X, T,A,\) is fixed, and pig, f1z5, are as defined in
(1.3), (1.4). Moreover, m = m(n) will denote the smallest integer such that
27™m < \". (The dependence is omitted when it is clear from context.) We
assume that

(4.1) supp(pz) C [0,1] for all x € X,
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which can always be achieved by a change of coordinates, i.e., by replacing the
map A by go A for an appropriate affine map g.

For each x € X, we define a code space Q; = [[72supp(A(T"z)) and a
coding map m, : 1y — R, via w — Y 02w, A", Then, by definition, p, is the
push-down of the product measure [],, A(T"z) under this coding map. We
also define the truncated coding maps 75 @ Qp = R, w = Y17, L i Ne. Then
e n is the image of [T, A(T"z) under the truncated coding map.

LEMMA 4.4. For every x € X, HMw )Hq =0, ,4(1 )HugC n)Hq
Proof. Let n = [[pZo A(T"x), so that p, = mpn and py, » = 7, 1. Then

a2 = S gt (i =S plag i)

1€Dy, 1€Dy,
The lemma follows easily from Lemma 4.1 since
172 = Tanllee SO(N") = O2(2). O
We recall some well-known properties of the L¢ spectrum 7,; see, e.g., [33,

Prop. 3.2] for the proofs.

LEMMA 4.5. For any probability measure on R of bounded support, the
function T =7, : [0,00) = R is increasing, concave, and satisfies T(1) = 0.

The next proposition introduces a sub-multiplicative cocycle (which was
first used in [35], in a special case) that will play a crucial role in the proof of
Theorem 1.11. Let us define the following sequence of functions, parametrized
by ¢q € [1,00):

¢4 (x) = |l 4.
PROPOSITION 4.6. For any n,n’ € N,

D () < Oga (1)) (), (T").

In particular, for each q € [1,00), there exists a number T(q) such that
(42) Jim_ - log 4™ = T(g)

for P-almost every x. Moreover, for P-almost every x, it holds that T(q) =
Ty, (q) for all ¢ € [1,400). In particular, T : [1,00) — R is increasing and
concave, and T'(1)=0.

Proof. We estimate
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D2 < Oy (1) [l s (S prpng) T |4
<Ong(1) Y [t D | s (S prepng) D)

1D (n)
S OAaQ(]‘) Z /‘LCIS,TL(I)q Z MTnx(S)\—nJ)q
IEDW(”) JEDm(n+n/)

< Org ()™ 81l
We have used the self-similarity relation (1.5) and Lemma 4.3 in the first
line, Lemma 4.2 in the second line (which is justified since the support of
Syn pipng has diameter Oy (27"™(™)), Young’s inequality in the third line, and
Lemmas 4.1, 4.4 in the last line.

The subadditive ergodic theorem applied to the sequence of (bounded and
measurable) functions x +— log ¢4 (x) — Cy 4 for a sufficiently large constant
Cq yields (4.2). More precisely, we know the convergence for the subsequence
m(n), n € N, but since this sequence has positive density, (4.2) follows from
the monotonicity of m — ||v(™) 12

Finally, if (¢;) is a dense subset of (1, 00), then we know from the previous
claim that 7, (¢;) = T'(g;) for all j, for P-almost all z. Since 7, is concave and
increasing, and 7T'(¢) is clearly increasing, we deduce that the equality extends
to all ¢ € (1, 00).

The last claim is immediate from Lemma 4.5 (]

In order to prove Theorem 1.11, we would like to draw conclusions for
all x rather than almost all. Indeed, the strategy will be to prove that the
convergence in (4.2) holds for all z, and T'(¢) has the “expected” value. It is well
known that for uniquely ergodic systems, the ergodic averages of sufficiently
regular (almost everywhere continuous) observables converge uniformly. The
next known lemma asserts that a one-sided version of this remains valid for
subadditive cocycles.

LEMMA 4.7. Let (X, T,P) be a uniquely ergodic measure-preserving sys-
tem, with X a compact metric space, and T continuous. Suppose ¢, : X — R
are continuous P-almost everywhere and bounded, and

Gt (.’L‘) < ¢n($) + d’n’(Tnx)
for all n,n’ € N, x € X. Then, denoting by L the P-almost sure limit of
on(x)/n, we have
(4.3) lim sup lqbn(cv) < L uniformly in z € X.
n—oo T

Proof. For continuous ¢,,, the claim was observed by Furman [18, Th. 1].
In the case the ¢, are only almost everywhere continuous and bounded, a
classical exercise in measure theory yields that for each n and € > 0, there
exists a continuous function ¢, . such that ¢, < ¢, pointwise, and [ ¢p o —
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¢n dP < e. Indeed, using compactness and the fact that P is a Radon measure,
we may find a finite open cover (U;B;) U B’ of X such that the variation
of ¢, on each B; is at most £/2, the discontinuity set of ¢,, is contained in
B', and P(B’) < ¢/(2||¢nlls0)- Let (h;),h' be a continuous partition of unity
subordinated to B;, B, and define ¢, . = >°; hil|én|B; |loc + || 0]l co-

Other than the uniformity in x, the claim (4.3) follows from [22, Th. 3.5],
which in turn is established by inspecting the proof of the subadditive ergodic
theorem given by Katznelson and Weiss [31]. (Recall that for uniquely ergodic
systems all points are generic.) To deduce the uniform convergence, we recall
that the ergodic averages of the continuous functions ¢, . converge uniformly
(thanks to unique ergodicity) and apply [22, eq. (18)]. O

Furman [18, Th. 1] also showed that, even in the continuous case, the set
of = such that f,,(x)/n 4 L may be nonempty and, indeed, can equal any F,
P-null set.

From Proposition 4.6 and Lemma 4.7 we obtain the following crucial corol-
lary; this is the main place where the pleasantness of the model gets used.

COROLLARY 4.8. Suppose (X, T,A,N) is a pleasant model. Then

m— 00

1
lim inf —— log Huém)Hg >T(q) wuniformly inx € X,
m

where T(q) is the function from Proposition 4.6.

Proof. Let 1, : R/Z — [0,1] be a continuous bump function supported
on the interval [-27™,27™] such that ¢, =1 on [-277/2,27™ /2]. It follows
easily from Lemma 4.1 that

2m—1

() = Y ([l + 2 (1)) = 04011
k=0

Since the model is pleasant, ¥,, is bounded and continuous P-almost every-
where. The corollary is now immediate from (the proof of) Proposition 4.6
and Lemma 4.7. O

We point out that, in the special case given by Lemma 7.1 below, this
corollary was first obtained in [35].

4.3. Multifractal structure. Next, we investigate the scaling (or multifrac-
tal) properties of measures generated by pleasant models. Throughout the rest
of this section, we always assume the following:

Standing assumption. (X, T,A,\) is a pleasant model, and T'(q) is the
function given by Proposition 4.6 for this model. Any constants or parameters
are allowed to depend on the model (in particular, on the function 7).
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Later on, in Section 6.4, we will need small variants of the results of this
section in which T is replaced by the L? spectrum of a fixed (non-homogeneous)
self-similar measure. With a view towards this, it may be useful to observe
that the proofs only use the concavity of T" together with Corollary 4.8.

We will establish some regularity of the multifractal structure for those
values of ¢ such that T is differentiable at q. The Legendre transform plays
a key role in multifractal analysis. Given a concave function 7 : R — R, its
Legendre transform 7* : R — [—00, 00) is defined as

() = ;gﬂg aq —7(q).

It is easy to check that if 7 is concave and is differentiable at ¢, then
() = aqg — 7(q) for a = 7'(q).

The next lemma is also well known; the short proof is included for com-
pleteness.

LEMMA 4.9. If T is differentiable at ¢ > 1, T(q) < q¢—1, and a = T'(q),
then T*(a) < a < 1

Proof. Since T'(1) = 0 and T'(q) < ¢—1, we have (T'(¢)—T1(1))/(¢g—1) < 1.
On the other hand, as T is concave and differentiable at g, we must have
a<(T(q)—T(1))/(¢—1) < 1. Furthermore, T*(a) < a-1 —T(1) = ¢, so the
lemma follows. O

It is known that the multifractal structure of general measures displays
some regularity for values of ¢ such that 7, is differentiable at ¢ (or, dually,
values of a such that 7* is strictly concave at «); see for example [33, Th. 5.1].
The following lemmas, which are proved with similar ideas, are a further illus-
tration of this. For a single measure pu, the heuristic to keep in mind is that,
whenever a = 7,(q) exists, almost all of the contribution to H,u(m)Hg comes
from ~ 27" (@)™ intervals, each of mass ~ 27", In our case, we are dealing
with a family (p,)zex; with the help of Corollary 4.8 we will establish results

that are uniform in z, at the price of dealing with T'(¢) in place of 7,,,(q).

LEMMA 4.10. Suppose that ag = T'(qo) exists for some qp € (1,00).

Given € > 0, the following holds if § is small enough in terms of €, qo and
m is large enough in terms of €,qp and §.

Suppose D' C D,y, is such that, for some x € X,

(1) 279" < pp(I) <2-279 for all I € D' and some o > 0;
(2) Yrep pe(I)® > 9—(T'(qo)+d8)m

Then |D’| < 2m(T" (a0)+e)



356 PABLO SHMERKIN

Proof. Set n:=¢/(3qo), and pick § < n?/9, and also small enough that, if
@1 = qo — 6'/2, then

(4.4) T(qo) — T(q1) < 6"2ag + 6"/
On one hand, using (1) and Corollary 4.8, we get
2= @@= > |lufmg > |2 enm
if m is large enough (depending on g, 7", but not on z). On the other hand,
by assumptions (1)—(2),
|D |2~ o™ > 9109 (=T(20)=8)m > 9(~T(q0)~25)m

if m >4, 1. Eliminating |D’| from the last two displayed equations yields
g — T(qo) — 26 < alqo — 6"/%) = T(qo — 6"/%) + 5,
so that, recalling (4.4),
5120 < T(qo) — T(qo — 6/%) + 36 < 620 + 61/%n + 3.
Hence a — ag < 27, since we assumed 6 < (n/3)2. Using this, a further
application of Corollary 4.8 guarantees that if m >, 1, then
o(=T(q0)+e/3)m > ”M;m)"gg > 2~ D| > 9~ G0comg—(@2n)m |
The conclusion follows from the formula T™*(agp) = govo — T'(qo) and our choice

n=¢/(3q)- O

LEMMA 4.11. Let qo > 0 be such that ag = T'(qo) exists. Given o > 0,
there is € = €(0,q0) > 0 such that the following holds for large enough m (in
terms of o,qo): for allx € X,

45) Y (eI T € Dy pialI) = 2700} < 9= m(Tla) )
Proof. Let n € (0,1) be small enough that
(4.6) T(g0 +n) = T(qo) + nao — 6,

where 6 = no /(4 + 2qp).

Let a; = ag — 04, and write N,(cj, m) for the number of intervals I in
Dy, such that 274 <y, (I) < 27+, By Corollary 4.8, for any fixed value
of ¢, if m >, 1, then

Nz, m)2779% < g < 27T
Applying this to ¢ = qo + 1, and using (4.6), we estimate
N, (aj, m)2~ "m0 < 9mie; 9—m(T(qo+m1)—0)

< 225m2—j677m2—T(q0)m'
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Let S, be the sum in the left-hand side of (4.5) that we want to estimate.
Using that 6 = no /(4 4+ 2qo), we conclude that

Sy < Z Ny (o, m)2~ma0%+1
J:6(j+1)=o
< Z 90g0mg26mo—jénmo—T(qo)m
J8(j+1)>0
< Z 9—=36nmg(2+q0)dmo—nomo—T(g0)m
Jj=0
< 0677(1)2(770'/2—770')7712—T(qo)m7

as claimed. O

LEMMA 4.12. Let gy > 1 be such that ag = T'(qo) exists. Given k > 0,
there is € = €(k,qo) > 0 such that the following holds for large enough m (in
terms of qo,€) and all v € X.

If D' C Dy, has < 2" (@0)=K)m elements, then

Z po (1) < 9—(T(qo0)+e)m
IeD’

forallx € X.

Proof. Let 0 = k/(2qo), and fix x € X. In light of Lemma 4.11, we only
need to worry about those I with p,(I) < 27"™@0~9) But
S (1) 5 1 € D, jua(1) < 27 00=0)} < 90" 0)=rma—(aa=ame)n

_ Qf(nfqoa)meT(qo)m.
By our choice of o, kK — gqoo = k/2 > 0, so this gives the claim. (]

The second part of the following proposition can be used to give another
(though closely related) proof of Proposition 4.6, and it was obtained in [40],
[35] in special cases. The first part is proved in a similar way, relying on
Lemma 4.12.

PROPOSITION 4.13. Let ¢ > 1 be such that o = T"(q) exists.

(i) Given k > 0, there is n = n(k,q) > 0 such that the following holds for all
large enough m: for any s € N, I € Dy and x € X, if D' is a collection of
intervals in Dy (I) with |D'| < 207 (@=K)m then

Z pie ()2 < 27 T@+mm, (91),
JeD'!
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(ii) Given 6 > 0, the following holds for all large enough m: for any I € D,
seN, and x € X,

Z pie ()9 < 27 T@=0)m, (ar)4.
JEDsrm (D)
Proof. We prove (i) first. Let n be the smallest integer such that \" <
27572, Let y; be the atoms of py, such that [y;,y; + A"] NI # &, let p; be
their respective masses, and write

Hx,n,[ = Zp]5y]'
J

Then the support of yi, 1 is contained in the A"-neighborhood of I. Moreover,
since d, * Synpirn, is supported on [z, z + A"], thanks to (4.1), it follows from
the self-similarity relation p, = fiz. * SxnpiTn, and the definition of p, , r that
Nac’] = (Mz,n,] * S)\"MTnx)h- Write
b= ||Nm,n,1||1 = ij < pe(21),
J
using that, again by (4.1), the support of p; 5, is contained in the A" neighbor-

hood of the support of u,, and that 4\" < 27%.
We can then estimate

Do ope(N)T =) <ij5yj * SA”MTnx(J)>

JeD’/ JeD’! 7
q
Z(men (T — y]»)

JeD! 1
qu IZPJMT% "(J = yj))

JeD’

=p" > p; Z prrna (AT = )4,

J JeD’!

where we used the convexity of t¢ in the third line. Now for each fixed j,
each interval A\™"(J — y;) with J € D’ can be covered by O,(1) intervals in
D, and reciprocally each interval in D,,, hits at most two intervals among the
A7"(J —y;). We deduce from Lemmas 4.1 and 4.12 that, still for a fixed j,

3 s (AT — )1 < Oy g (1)2~ T @+,
JeD’!

provided m is taken large enough, where e =¢(k, ¢) > 0 is given by Lemma 4.12.
Combining the last three displayed equations yields the first claim with n = £/2.

The second claim follows in the same way, adding over D, (I) instead
of D', and using Corollary 4.8 instead of Lemma 4.12. O
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5. Proof of Theorem 1.11

5.1. Flattening of LY norm for dynamically driven self-similar measures.
As noted in the introduction, we aim to prove a generalization of [26, Th. 1.1]
by following the same broad outline. One of the key steps in the proof of [26,
Th. 1.1] consists in showing that convolving a self-similar measure with an
arbitrary measure, on which only a lower bound on the entropy is assumed,
results in an entropy increment; see [26, Cor. 5.5]. In turn, this is derived from
the inverse theorem of [26] by proving that the entropy of self-similar measures
is roughly constant at most scales and locations, a property that Hochman
termed uniform entropy dimension; see [26, Def. 5.1 and Prop. 5.2] for precise
details. Once again, we will follow a different path to obtain a statement for
L2 norms that is similar in spirit.

We continue to work with a fixed pleasant model (X, T,A,\) and the
function T' from Proposition 4.6.

THEOREM 5.1. Given o > 0 and g > 1 such that T is differentiable at q
and T'(q) < q — 1, there is € = &(0,q) > 0 such that the following holds for m
large enough in terms of all previous parameters: if v is a 27" -measure with
HVHg/ <279 and x € X, then

v * ,ug(cm)”g < 9~ (T(@)+e)m,

The analogy with [26, Cor. 5.5] is clear. However, there is no useful
analog of the notion of uniform entropy dimension for L? norms. One of the
key differences is that nearly all of the L? norm may be (and often is) captured
by sets of extremely small measure, while sets of small measure also have
small entropy. Instead, we will use the regularity of the multifractal spectrum
established in the previous section in the following manner: if the flattening
claimed in the theorem does not hold, then the inverse theorem provides a
regular set A that captures much of the L? norm of .. The upper bound on
||1/||gl together with (v)—(vi) in the inverse theorem imply that A has nearly full
branching for a positive proportion of 2P-scales, so it must have substantially
less than average branching also on a positive proportion of scales. On the
other hand, we will call upon the lemmas from the previous section to show
that, in fact, A must have nearly constant branching on nearly all scales (this
is the part that uses the differentiability of T' at ¢), obtaining the desired
contradiction.

Proof of Theorem 5.1. Suppose v is a 2~ "™-measure with HVHZ/ < 27,
In the course of the proof, we will choose many numbers that ultimately de-
pend on ¢ and ¢ only. To ensure that there is no circularity in their defini-
tions, we indicate their dependencies: o = a(q), k = k(a,0), v = v(q, a, k),
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&' =0 (a,0,k),n=n(q,k),d =08(q,0',7,m), & = £(q,8",1,7), Do = Do(q, 0,9),
D = D(q,0,Dq), ¢ = e(q,6,Dpy). Moreover, at different parts of the proof
we will require ¢’,8,€ to be smaller than certain (positive) functions of the
parameters they depend on; in particular, all of the requirements can be sat-
isfied simultaneously.

Finally, m will be taken large enough in terms of all the previous param-
eters (hence ultimately in terms of ¢ and o).

Write o = T"(q), and define k as

(5.1) k= (1—T*(a))o/4.

Then k > 0, thanks to Lemma 4.9 and the assumption 7'(¢) < ¢ — 1. (The
reason for this choice will become clear later.)

We fix « € X for the rest of the proof and observe that all estimates will
in fact be 1ndependent of z. Let £ > 0 be a small enough number to be chosen
later. If ||ux )||q < 2= (T(@+9™ then there is nothing to do, so from now on
we assume that

(5.2) Hlugm)Hg > 9~ (T(@+Em
We apply Proposition 4.13 to obtain a sufficiently large Dy (in terms of
J,0,q, with § yet to be specified) such that
(1) for any D" > Dy — 2, any I € Dy, s’ € N, and any subset D' C Dy p/(I)
with |D'| < 2(T"(@)=m)D"
Z pie ()1 < 27 T@+mby, (or)a,
JeD’!
where 1 depends on x and ¢, hence on o, ¢ only;

(2) for any D' > Dy — 2 and any I € Dy, s’ € N,

Z fio(J)4 < 2—(T(Q)—5)D’Mw(2])q;
JEDS/+D/(I)
(3) 1/D0 < 4.
Let € > 0, D € N be the numbers given by Theorem 2.1 applied to §, Dg
and g. Suppose

(53) Hy * :U' Hq > 92" (T'(g)+eq/2)m

We will derive a contradiction from this provided m = ¢D is large enough,
proving the theorem with £¢/2 in place of . (If m is not of the form ¢D, we
apply the argument to |m/D|D instead.)

By Corollary 4.8, if m is large enough (depending only on €, ¢) and (5.3)
holds, then

I+ 1™l = 275 |1 .
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We apply Theorem 2.1 to obtain (assuming m is large enough) a set A C

supp(u;(pm)) as in the theorem, with corresponding branching numbers R..

The key to the proof is to show, using the structure of A provided by
Theorem 2.1, that

(5.4) {se[f:R, <20 (@=rDY > ~p,

where 7 > 0 depends on ¢, and k only (and & is given by (5.1)). We first
show how to complete the proof assuming this. Consider the sequence

Ly = —log Z e (12
IEDsD(A)
By (2) applied with ' =sD +2 and D' =D — 2,
Lo > (T@)— (D -2 —log Y pe(2r)"
IEDSD+2(A)

But if I € Dspi2(A), then 27 is contained in a single interval in Dyp(A) by
property (A-iv) from Theorem 2.1, and conversely J € D;p(A) hits at most
two intervals 21, I € Dspya(A). We deduce that

Ley1 > Ly +(T(q) —6)(D—2) -1
for all s € [¢]. Likewise, by (1),
Lsp1 > L+ (T(q) +n)(D —2) — 1,
whenever R, < 2(I"(@)=K)D  Recall that n depends on ¢, . In light of (5.4),
and also using (3), we have
Ly 2 (T(q) +mvl(D —2) + (T(q) = 0)(1 =)D —2) — £
= (T(q) +my —0(1 —7))m = 26(T(q) +n)m — om.

Hence, by choosing § small enough in terms of 7'(¢),y and 1 we can ensure
that, for m large enough,

Le = —log | 6™ |all§ > (T(g) +1rv/2)m.
On the other hand, by (A-i) in Theorem 2.1 and our assumption (5.2),
LAl 2 27 g = 905 (@O

From the last two displayed equations,

ny/2 < 6 +&.

Recall that n = n(k,q),v = v(q, a, k) is yet to be specified, while ¢ so far was
taken small enough in terms of 7'(¢),y and 7, and no conditions have been yet
imposed on {. By ensuring ¢d < ny/8 and £ < 7y/8 we reach a contradiction.
Hence (5.3) cannot hold, which is what we wanted to show.

It remains to establish (5.4). The idea is very simple: Theorem 2.1 (to-
gether with the assumption that ||VHZ, < 279™) implies that A has “nearly full
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branching” on a positive proportion of scales. On the other hand, Lemma 4.10
says the size of A is at most roughly 277 (¥ <« 2™ (by Lemma 4.9), so there
must be a positive proportion of scales on which the average 2P-adic branching
is far smaller than 277 (®)P which is what (5.4) says.

We proceed to the details. Using (A-i), (A-ii) in Theorem 2.1 and (5.2),
we get that (for m >; 1) there is @ > 0 such that pz(a) € [2—&771721—5771] for
alla € A, and

Z MI(I)(] > 2-9om Z Mw([)‘] > 2_(T(Q)+q5+f)m
1€Dm(A) I1€D,

We let § < ¢ and £ be small enough in terms of ¢’ and ¢ that, invoking
Lemma 4.10,
(5.5) |A| < 2T (@)+3)m

Let ' = [{]\ S, where S = {s : R, > 200=9P1 Using (A-iii) in Theo-
rem 2.1, we see that

/-1
(5.6) Al = [[ B, = 22P1SH T RL.

s=0 seS’
Let my = DI|S|, mg = D|S’| = m — my. Combining (5.5) and (5.6), and using
that 6 < ¢, we deduce
(5.7) IR <2 (1=6)m1g(T(e)+8")m < 9=(1-T"(a)=26")m1g(T*(a)+6")mz

seS’

Note that 1 —T*(«) > 0 by Lemma 4.9. At this point we take ¢’ small enough
that 1—T"*(a) —24’ > 0. Using (vi) in Theorem 2.1, and the assumptions (5.2)
and HyHg/ < 279" we further estimate

(5.8) (0 —0)m <m1 < ((T(q) +&)/(g—1) +)m

We can plug in the left inequality (together with ma < m) into (5.7) to obtain
the key estimate
log [] R. < a)+ 6 — (1 —=T*(a) — 28") (0 — §)) ma.
seS’
Recalling (5.1), this shows that by making ¢’ (hence also § < §’) small enough
in terms of «, 0, kK, we have
log H R, < (T*(a) — 2k)my
ses’
Let S = {s € § : log R, < (T*(«) — k)D}. Recall that our goal is to show
(5.4), i.e., |S1] > (g, o, k). We have
1 T* ()
DIS\SI <t Y R < =2y
T*(a) — K eSS T*(a) —
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so that, using the right-most inequality in (5.8) and recalling that D|S’| =
m—imy,

pis| > =) (m SCORLITELE 6)) o

By ensuring that ¢, £ are small enough in terms of ¢, the right-hand side above
can be bounded below by

(/@(1 ;(%(gﬁ 1))/2) m,

confirming that (5.4) holds with v = (g, , k). O

5.2. LT norms of iz at finer scales. Theorem 1.11 will be an easy con-
sequence of the following proposition, which relies on Theorem 5.1. It is an
analog of [26, Th. 1.4], and we follow a similar outline.

PROPOSITION 5.2. Let (X, T, A, \) be a pleasant model, and let T be the
function from Proposition 4.6. Let q € (1,00) be such that T is differentiable
at ¢ and T'(q) < g — 1, and let x € X be such that

1
N (m))jg — _
(5.9) A log fluz™ g = —T(a)-
Fizx R € N. Then
log [|uS5" ™ o
li 4 _7
nl—golo nlog)\ (Q),

where m(n) is the smallest integer with 2= < X",

Proof. Fix n € N. We write m = m(n) for simplicity and allow all im-
plicit constants to depend on ¢ and the model only. Using the self-similarity
relation (1.5) and Lemma 4.3, we get

ST < O |afGY™ 5 (S prpng) FHD™ 8

=0(1) H Z tiem (D) (p1.m) ((R+1) )*(SAHMT%)((RH)m)HZ
I€D,

Here (ftzn)1 = phanl|r/tan() is the normalized restriction of y , to I. (Note
that we are only summing over I such that p,,(I) > 0.) Since the measures
(Mm,n)(I(RH)m) % (Syn prpng ) ((FHD™) are supported on I + [0, A"], the support of
each of them hits the supports of O(1) others. We can then apply Lemma 4.2
to obtain

m R m
SEFI™NE < O(1) S g (D () L™ s (S prepg) FFD™) 0
IeD,,
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Let pz.1 = Sx—n(tten)1- (We suppress the dependence on n from the notation,
but keep it in mind.) Note that S,(n) * Sa(n') = Sa(n *n’) for any a > 0 and
measures 7,7. It follows from Lemmas 4.1 and 4.3 that

R m m Rm
(k1) D™ s (S prpn) EED™ 12 < O(1) | 5 o) |8

so that, combining the last two displayed formulas,

(5.10) S EFD™ 7 < O1) 3 pran (DAL 5 g |21,
1€Dy,
On the other hand, using Lemma 4.1 again,
(5.11)
m ((R+1)m
||N((R+1) )Hq = Z P (1) ]| (ptec, n) ) ||q > Q1 Z fan (1 ||p ||q

IeD,, I1€Dy,

Fix 0 > 0, and let D' = {I € D,, ||p ||q < 27971 According to
Theorem 5.1, there is € = (o, ¢) > 0 such that 1f n is taken large enough, then

IeD — Hp(Rm « u’(r]im) Hq <2~ (T'(g)+e)Rm

Applying this to (5.10), we get

(B0 2 < O(1)2- @R ™ (DT 1 0(1) S pran ()| e 8
IeD’ 1¢D’
< 02~ T@+Rm | ym 2+ O) S |18 pram(
I¢D’

using Young’s inequality in the first line and Lemma 4.4 in the second. On the
other hand, our assumption (5.9) implies that

(T(Q)-f-a RmH,u Hq <92” 6771/2”'& (R+1)m)||q

if n is large enough (depending on x and R). Inspecting the last two displayed
equations, we deduce that if n >, , 1, then

Z fan (1> Q(1 ) 4 > o~ mT(g)+o)
I¢D! ||NTna; 14
where for the right-most inequality we used the assumption (5.9) and Corol-

lary 4.8. Recalling (5.11), we conclude that

m Rm)
B D™ > Q1) 3 (17085 |8
I¢D’
127" N p(1)? > Q(1)2727me (@),
I¢D!

(R+1

The inequality || e, H < H L, Hq holds trivially, so that by Lemma 4.4,

(R —mT
™ 8 < (g < 2m2mm T

)
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provided n >, 1. Since o > 0 was arbitrary and 2™ = ©(\"), this concludes
the proof. O

5.3. Proof of Theorem 1.11. We can now conclude the proof of the theo-
rem.

Proof of Theorem 1.11. We continue to write m = m(n) = [nlog(1/\)].
To begin, we note that, without any assumptions on the model, for any ¢ €
(1, 00),

H |A(Tx) E.

(5.12) i1 =

(The latter inequality is an equality if and only if there are no overlaps among
the atoms of fi;,,.) By our assumptions on the map A(-), the function = —
|A(z)[|Z is bounded away from zero and continuous P-almost everywhere.
Then, by unique ergodicity,

(5.13)
1, ; . :
7111330 — log 11) [A(T 2) |7 = /X log [|A(2)||7 dP(x) uniformly in z € X.

This property of uniquely ergodic systems is well known, or one can apply
Lemma 4.7 to the additive sequence log [[/=; ||A(T'z z)||Z. Since Hzx(m)Hg/ >
27™ for any probability measure v, from (5.12)7 (5.13) and Lemma 4.4, we
deduce that

lim sup —
m—)oop (q - 1)m

log [l g _ (i log | A(a) | dP(x)
————— < min 10,
(¢ —1)log A
uniformly in x € X. In light of this and Corollary 4.8, the proof will be

completed if we can show that for each ¢ € (1,00), either T'(q) > g — 1 (so that
in fact T(¢) =q¢—1) or

Jx log ||A(z)]|7 dP ()
log A '

Since T'(q) is concave, it is enough to prove this for all ¢ such that T is differ-
entiable at ¢q. Hence, we fix ¢ such that T'(¢) < ¢ — 1 and T is differentiable
at ¢, and we set out to prove (5.14).

By Proposition 4.6 and the exponential separation assumption, there is
x € X such that (5.9) holds, and the atoms of j, ., are A\-separated for
infinitely many n and some R € N. (Indeed, this holds for P-almost all x.) We
know from Proposition 5.2 that

(5.14) T(q) =

(Rm( n))Hq

1
(5.15) lim 08 1 =T(q).

n—00 nlog A
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On the other hand, if n is such that the atoms of j, ,, are A?"-separated, then
(since Afin > 2= Fm(n))

n—1
(5.16) BN T = g |2 = TT IA(T 2)]J2.
=0

Combining equations (5.13), (5.15) and (5.16), we conclude that (5.14) holds,
finishing the proof. (]

6. L? dimensions of self-similar measures, and applications

In this section we apply Theorem 1.11 to prove Theorem 1.5; in fact, we
will obtain a far more general result for self-similar measures on the line. We
also derive some geometric applications.

6.1. Background on self-similar sets and measures. We begin by recalling
some basic facts about self-similar sets and measures, fixing notation along the
way. For further background, see, e.g., [12].

Let Z be a finite set with at least two elements. Let (f;);ez be a collection
of strictly contracting similarities on R? (usually referred to as an iterated
function system or IFS). That is, fi(x) = \;O;(x) + t;, where \; € (0,1), O; is
an orthogonal map on R?, and t; € R?. Then there exists a unique nonempty
compact set A C R? such that

A= U fi(A).
€T
If a probability vector (p;)iez is also given, then there is a unique Borel prob-
ability measure p such that

w="> pifip.
i€l
Moreover, supp(u) C A, with equality if p; > 0 for all 4.

If one replaces Z by I, (fi) by (fiy ©---© fi,), and (p;) by (pi, - i),
then the invariant set A and the invariant measure p do not change.

The Hausdorff and box counting dimensions agree for any self-similar set.
The open set condition holds if there is a nonempty open set U such that
filU) c U and f;(U)N f;(U) = @ for all i # j € Z. In this case, the
Hausdorff dimension of A is the only positive number s such that > ;7 A = 1.
Moreover, the uniform self-similar measure p given by the weights \; satisfies
w(B(z,r)) = ©(r®) for z € A and r € (0,1], with the implicit constants
depending only on (f;).

In this article we will be mostly concerned with homogeneous iterated
function systems: those for which A; = X and O; = O are constant for all
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i € Z. In this case, the self-similar set A can be explicitly written as an infinite
arithmetic sum:

o
A=Y Su(0'E),
i=0
where E = {t; : i € I} is the set of translations, and the self-similar measure
1 can be expressed as an infinite convolution:

j= #2055 (0'),

where A = ;7 pid(t;). Note that in dimension 1 (where most of the focus
will be), O is either the identity or minus the identity, and the latter case can
always be reduced to the first by iterating the IFS, as above.
If the system is homogeneous and the open set condition holds, then there

is ¢ > 0 such that for all n € N, the points in the finite approximation

n—1

An =) S\(O'E)

i=0
are all distinct (i.e., there are |E|"™ of them) and cA\" separated. See, e.g., [33,
Ex. 1 in §6]. Moreover, in this case the L? dimensions of y are given by

log ||A |12
(¢ —1)log A~

The right-hand side majorizes the L? dimension without any separation as-

D(u,q) =

sumption (always assuming homogeneity).
Finally, we point out that the limit in the definition of LY dimension exists
for arbitrary self-similar measures; see [40].

6.2. L9 dimensions and Frostman exponents of self-similar measures. Next,
we obtain Theorem 1.5 as a special case of a result valid for more general self-
similar measures on R. Fix A = 37,7 pid;, € Aand A € (0,1), and let

(6.1) Bo=pax = #7205 A

be the associated self-similar measure. Bernoulli convolutions correspond to
the special case A = J(6_1 + 61).

Definition 6.1. Given a set £ C R and n € N, we let Pg,, be the family
of non-zero polynomials of degree at most n and coefficients in £ — E. Slightly
abusing notation, we write Pa n = Paupp(a)n-

We say that a measure p as in (6.1) has exponential separation if there
exists R > 0 such that, for infinitely many n,

2 in |P >\,
(6.2) Qin PO 2 A
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Note that this is a property of supp(A) and A, and not of the particular

distribution of mass on supp(A). Recall that if the open set condition holds,
then there is ¢ > 0 such that

|IP(\)] > A" foralln € N, P € Pa,.

Hence, exponential separation is a weaker property than the open set condition.

THEOREM 6.2. Let 1 = piax be a self-similar measure as in (6.1) with

exponential separation. Then for all g € (1,400),

log [|A[|Z
D =min( ———4 )
(1, q) = min ((q 1) log A’
In particular, for every
log ||A
a < min <Ogl(|)|g JOO, 1) ,

it holds that pu(B(x,r)) <r® for all r € (0,79(a)) and all z € R.

Before presenting the short deduction from Theorem 1.11, we make some

remarks on this statement:

(a)
(b)

()

(d)

Theorem 1.5 is an immediate consequence of the last claim in the theorem.
Recall from Section 6.1 that the claim in the theorem is well known under
the open set condition. The point is that the separation assumption is far
weaker than the open set condition. This notion of “exponential separa-
tion” was introduced in [26] and, as explained there, it is a quantitative
version of the “no exact overlaps” condition that is conjectured to already
imply the claims in Theorem 6.2.

As shown by Hochman [26], if A and all points in supp(A) are algebraic,
then either (6.2) holds for all n, or A is a root of some P € Pap, n € N
(which corresponds to an exact overlap).

Hochman ([26, Th. 1.8], [27, Th. 1.10]) has also shown that in quite general
parametrized families of self-similar measures, the exponential separation
assumption in Theorem 6.2 holds outside of a set of parameters of packing
and Hausdorff co-dimension at least 1.

The analog of Theorem 6.2 for exact (or Hausdorff) dimension was estab-
lished by Hochman [26, Th. 1.1]. We recover his result in the homogeneous
case by letting ¢ — 17 in Theorem 6.2.

Note that ¢ — —log||A[| is linear if and only if A is uniform on its
support; otherwise, it is a strictly concave real-analytic function. It follows
from the theorem that, under the separation assumption (6.2), the map
q — 7u(q) is differentiable except, perhaps, at a single point ¢ > 1 such
that [|A[|¢ = X971 It follows from a result of D-J. Feng [15] that the
multifractal formalism holds for p and all ¢ € (1, 00) outside, possibly, of
this point. See [15] for details.



FURSTENBERG’S INTERSECTION CONJECTURE 369

Proof of Theorem 6.2. We apply Theorem 1.11 with a constant function
A (corresponding to a one-point set X = {0}). Such a trivial model is clearly
pleasant and satisfies the continuity assumption in Theorem 1.11. The support
of pp == pon is

n—1 n—1
> S(A) = {Z Ny; 1y € Supp(A)} ,
i=0

i=0
so the model has exponential separation if and only if u has exponential sepa-
ration. The application of Theorem 1.11 is therefore justified, and it yields the
claimed formula for D, (¢q). The latter claim for the Frostman exponent then
follows from Lemma 1.7 by letting ¢ 1 oo. O

6.3. Some applications. We present some consequences of Theorem 6.2.
Recall that the one-dimensional Sierpinski Gasket S is the set of all points in
[0, 1]? of the form

{i X377 X,, € {(0,0),(0,1), (1, 0)}} .

n=1
The gasket S is a self-similar set, with open set condition, of Hausdorff dimen-
sion 1. Furstenberg conjectured that all orthogonal projections of S in direc-
tions with irrational slope also have Hausdorff dimension 1; this was proved in
[26, Th. 1.6]. We can deduce a stronger statement from Theorem 6.2:

COROLLARY 6.3. Let IIy(z,y) = = + ty. For every Borel subset A C S
and for every t € R\ Q,

dimy (IT;A) = dimy (A).

Proof. Let p be the uniform self-similar measure on S, so that u(B(z,7)) =
O(r) for x € S and r < 1. For each ¢t € R, the projection IT;x is the uniform
self-similar measure for the iterated function system {z/3,z/3+1,2/3+t}. As
shown in the proof of [26, Th. 1.6], this IF'S satisfies the exponential separa-
tion hypothesis (6.2) for all irrational ¢t. From now on let ¢ be a fixed irrational
number. We deduce from Theorem 6.2 that

u(B(y,€)) = O 5(e'7°)  for all § > 0.

In turn, Lemma 1.8 says that IT; '(B(y,¢)) can be covered by O s(¢~?) balls
of radius € for any y € R. Indeed, if (x;); is a maximal e-separated subset of
some set, then (B(xj,€)); covers the set.

Now fix a Borel subset A C S of Hausdorff dimension s, and § > 0. By
Frostman’s Lemma (see, e.g., [34, Th. 8.8]) there is a Borel probability measure
v supported on A such that v(B(z,e)) = Oas(e*7°) for all z € R2 e > 0. It
follows that

v (B(y,e)) = Oas50(e57%).
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Since 6 > 0 was arbitrary, the conclusion follows from the mass distribution
principle (see, e.g., [12, Prop. 2.1]). O

The gasket S could be replaced by the attractor of any iterated function
system in the plane, satisfying the open set condition and of Hausdorff dimen-
sion at most 1, of the form (Az + a;, Ay + b;)iez with A, a;,b; all rational. If
A, a;, b; are only assumed to be algebraic, then the same holds assuming that ¢
is transcendental, instead of irrational. The proof works verbatim since in this
more general situation I1.S continues to be a self-similar set satisfying (6.2);
see the proof of [43, Th. 5.3].

When the Hausdorff dimension of the self-similar set is larger than 1 we
cannot reach the same conclusion, but Lemma 1.8 still provides an upper bound
for the size of the fibers. We conclude this section by discussing some concrete
classes of examples.

COROLLARY 6.4. Let A C [0,1) be a p-Cantor set, p > 2. Then for every
irrational number t € R and any u € R,

dimg(A N (tA + u)) < max(2dimy(A4) — 1,0).

Proof. The product set S = A x A is the attractor of an iterated func-
tion system with rational coefficients satisfying the open set condition, and
dimp(S) = 2dimy A. As pointed out above, it is shown in the proof of [43,
Th. 5.3] that II;S is a self-similar set satisfying (6.2) whenever ¢ is irrational.
(The argument for this holds regardless of the dimension of the self-similar
set.) Since the fiber IT; ! (1) NS is, up to an affine change of coordinates, equal
to AN (tA+ u), the conclusion follows from Theorem 6.2 and Lemma 1.8. [

The corollary generalizes to T)-invariant sets, by embedding them in p-
Cantor sets of arbitrarily close dimension, see the proof of Theorem 1.2 in
Section 7.1 below. The dimension of the intersections of the middle-thirds Can-
tor set with translates of itself (without scaling) was investigated by Hawkes
[23], and this was greatly generalized to T)-invariant sets by Kenyon and
Peres [32]. Without scaling, the situation is very different; in particular,
dimp(AN A+ u) > 2dimy(A) — 1 for many values of u. We also mention a
related result of M. Hochman [24] for invariant measures: if p1 is T,-invariant,
dimp p € (0,1) and f(x) = tz + u with logt/logp ¢ Q, then p and fu are
mutually singular.

Likewise, if S is the standard Sierpinski gasket or the Sierpiniski carpet, or
more generally if S is the attractor of an IFS of the form (N ! (z+a;, y+b;))ier
with (a;,b;) € [N]?, and |Z| > N (so that dimy S > 1), then

MB(SQO < dimH(S) —1
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for all lines ¢ with irrational slope. The intersections of these carpets with lines
of rational slope was investigated in several papers; see [3], [4] and references
there. In particular, in those two papers it is shown that for the gasket and
many other carpets S, there are many lines with a given rational slope that
intersect S in a set of dimension > dimy(S)—1. More precisely, given a rational
slope, a typical slice (with respect to the uniform self-similar measure) has a
constant dimension strictly larger than dimy(S) — 1.

6.4. General self-similar measures on the line. We conclude this section
by extending Theorem 6.2 to general (not necessarily homogeneous) self-similar
measures on R. Although we are no longer in a setting in which Theorem 1.11
can be applied, we will see that the same approach, with minor changes, can
be used to directly establish the desired result.

We begin by defining a notion of exponential separation, which again
agrees with that in [26] and extends the one given here in the homogeneous
case. We define a distance between two affine maps g;(z) = \;x +¢; on R as

|t1—t2’ if \p :)\2,

(g1, g0) =
(91, 92) {1 it AL £ Ao

Let (fi)iez be strictly contractive, invertible affine maps on R, i.e., f;(x) =
Ai(z) + t;, where |\;| € (0,1) and t; € R. Given a finite word u € ZF, we write
fu=Ffur - fu> fu(z) = Az +ty, and py, = pu, -+ Pu,.- If £ > 1, we also write
u~ for the word obtained from u by deleting the last symbol.

Given m € N let €, be the family of all words u such that A, < 27" but
Ay > 27™. We now have the following definition:

Definition 6.5. We say that the IFS (f;);ez has exponential separation if
there are R > 0 and a sequence m; — oo such that

d(fu, fo) > 271 forall u # v € Q-

THEOREM 6.6. Let (f;)icr be an IFS with exponential separation, and
consider a self-similar measure

p=">Y_pifip
i€l
Then D(p,q) = min(7(q)/(q¢ — 1), 1), where 7(q) is the only solution to
SoplA T =1
€L
As many of the steps in the proof of Theorem 6.6 are small variants of

corresponding steps in the proof of Theorem 1.11, we will present an outline
emphasizing the main differences; we leave the verification of the details to
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the interested reader. For simplicity we will assume that A; > 0 for all 7; the
general case can be deduced with minor notational changes.

Let 7(q) = 7(1, q¢). We have to show that either 7(q) = ¢—1 or 7(q) = 7(q).
Hence, in order to prove Theorem 6.6, it is enough to establish

PROPOSITION 6.7. Under the assumptions of Theorem 6.6, if ¢ € (1,00)
is such that 7(q) < ¢ — 1, then 7(q) = 7(q).

To prove the proposition, we begin by observing that Lemmas 4.9-4.12
hold if T'(q) is replaced by 7(q) and p, by u. Indeed, the proofs only use
concavity of T" and Corollary 4.8, both of which remain true for 7 and u by
the definition and basic properties of 7. (Since we are dealing with just one
measure, one needs not worry about uniform convergence in this context.)

As a consequence, Proposition 4.13 also remains valid with 7 in place of
T and g in place of p,. Indeed, given m € N, we define

Hm = Z pu(s(tu)-
UEQm,
We note that this does not fully agree with our earlier notation in the homo-
geneous case. Given s € N and I € D, we let y; be the atoms of ps42 such
that [y;,y; + 27572|N 1T # @, let p; be their masses, and define

pr =) _pidy,.
j

The proof of Proposition 4.13 then goes through using the measures p; instead
of Haxn,I-

In turn, Theorem 5.1 remains valid if, once again, we replace T'(q) by
7(q) and p, by the fixed self-similar measure p. This is because the proof of
Theorem 5.1 relies only on Corollary 4.8, Lemmas 4.9 and 4.10, and Proposi-
tion 4.13, all of which we have seen continue to hold in our context.

The main change comes in the proof of the analog of Proposition 5.2,
which nevertheless remains valid:

PROPOSITION 6.8. Using the notation above, fix q € (1,00) such that T is
differentiable at g and 7(q) < g — 1. Then, for any R € N,

Rm
17 R
M—00 m B 1)

Proof. The key difference with the setting of Proposition 5.2 is that pu
is no longer a convolution of a scaled down version of itself and a discrete
approximation. However, p is still a convex combination of a “small” number
of measures that do have this structure. Indeed, given m € N, let A, be the
set of contraction ratios {A, : u € Q. }. For A € A,,, define

Hm\ = Z{pué(tu) tUE Qy Ay = A
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Note that p,, » is positive and finite but does not have mass 1 in general. The
elements of A,, are of the form [[;ez A", where A" > (min;ez A;)27". It
follows that

(6.3) |Am| < O(m™h,

with the implicit constant depending only on |Z| and (\;);ez. By self-similarity
we have

(6'4) n= Z Pu fupt = Z Hm X\ * SAH-

UEQm, AEA,
The idea is to apply the argument of the proof of Proposition 5.2 to the con-
volutions fi,,  * Syp. Since, thanks to (6.3) and (6.4), p is the sum of a sub-
exponential number of such measures, the proof will go through with minor
changes.

Recall that pim, = Y uecq,, Pud(ty), so that g, = S aea,, tmr. Note also
that, by the self-similarity identity (6.4), we have it = >",cq, Pu(0(ty) * Sy, 1)
Since Sy, u is supported on an interval [-©(27),©(27™)], an application of
Lemma 4.1 yields

(6.5) 1151 = O (1)]| ™12
Using (6.4), the Holder bound || ;e ]9 <[A]971 S en [lv4]/ and Lemma 4.3,
we get
(R
|2 < O)[Aml"™ 3 Mgy x Sl B e,
AEA,
Let j, x 1 be the normalized restriction of pi,, » to I. Note that, for fixed X €
A, the family of supports of u;gj}l)m) * (S,\,u)((R“)m) has covering number
O(1). Using this together with Lemma 4.2, we deduce that
_ ((R+1
[ FE™E < O) AT S0 S (D™ s () (FFDm 2
AEAm IE€D,,
Let pma,1 = Si/x(fim,a1)- Using that A = ©(27™) for A € A, together with
Lemmas 4.1 and 4.3, we see that for each A € A,,, and I € D,,,, we have

(R+1)m m
it = (Sy) D™ = O el

(R
Oy(V)llohser * 1
We deduce from the last two displayed equations that there is A* = \*(m) € A,
such that

|8 < O) A D7 pmre (1|55 5 2.
1€Dm

Fix 0 > 0, and let D' = {I € Dy, ||p757;i)1|]g < 279}, By the analog of
Theorem 5.1 in our context, there exists € = &(0,q) € (0,0) such that (for m

large enough)

[eD = [l o plfm|2 < 27em | ulim) g,
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Combining the last two displayed equations with the bound O(1)[A,,|? <
27¢m/2 alid for m >4 1, we get

[kl
< 252 | RNy 3o (1) 4 22 LS 2 (1)
IeD! 1¢D’
< ||t (2€m/22_€mllu(m)|;’ + 22N i e (I)q> :
1¢D’

Since — L log (ms |4 converges (to 7(q)), we know that

2 29em A ) g < 4 2

for large enough m, and therefore (using ¢ < o)
Dt (1) > §27 2 pFm | o)) (FEDm) 6> g=eomy=r(@m
1¢D’

On the other hand, similarly to (5.11), we can apply the pointwise inequality
fm > fm = and then Lemma 4.1 to conclude (always assuming m is large
enough)

R+1 n
HN ((R+1)m H > ”ﬂ(( )m)”(J>Q Z ,Um)\* Hp&i\?]”g
IeDy,
> 57 e (1)1277m > 2 (@) 20)m
I¢D’

The opposite inequality
iDL < GG < O(1) | pm[§ < 27 @7

holds for large enough m by (6.5) so, since o > 0 was arbitrary, this concludes
the proof. O

Proof of Proposition 6.7. It is enough to prove the statement for ¢ such
that 7 is differentiable at ¢. Iterating the definition of 7(gq), we see that

> opiATW =

UEQm

Since A\, € (c27™,27™) for u € Q,, and a constant ¢ > 0 depending only on
the IFS, we deduce that

(6.6) Hq) = lim —log (Yuea, P4)

m—00 m
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By the exponential separation assumption, there exist R € N and a se-
quence m; — oo such that, for fixed A € Ay, the distance between any two dis-
tinct atoms of iy, » is at least 2= fm; Hence, by (6.4) and Hélder’s inequality,

Rm; _ R —
67) I g < A, 170 S S = (A, [T Y
AE€Am, UEQm;

On the other hand, one always has

(6.8) S = Nl =D Pl
uENm
Combining Proposition 6.8 and equations (6.3), (6.6), (6.7) and (6.8)
yields the claimed equality 7(q) = 7(q). O

This concludes the proof of Theorem 6.6.

7. Convolutions of self-similar measures
and the proof of Theorem 1.2

7.1. Convolutions of two self-similar measures and Furstenberg’s conjec-
tures. We turn to convolutions of homogeneous self-similar measures and de-
duce Theorem 1.2 as a corollary. As we observed in Section 1.4, the convolu-
tions of the natural measures on a p-Cantor set and a g-Cantor set fit naturally
into the setting of dynamically driven self-similar measures. The same argu-
ment works in greater generality:

LEMMA 7.1. Let 0 < Ao < A1 < 1 and Aq1,As € A, and consider the
self-similar measures

(7.1) ni = ni(Ai, Ai) = #5205 Ay
Write a; = |log(Ai)|. On X =1[0,a2), define the map
T(x) = z + a; mod (ag).
Moreover, let A : X — A be given by
Alg) = {Al % Sue Ay e [0, a1),
Ay if x € [a1,a2).
Then if py is given by (1.3) with A = A1, we have
_ {171*561'172 if v €10,a1),
T meSeewn ifeclaa)
forallx € X.
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Proof. Let n'(z) = |{i € [1,n] : T(x) € [0,a1)}|. Then T"(z) = x+na; —
n'(x)ag, so that eT" (PP = )] (@) and therefore

(7.2) Hy A(Tw) = (42183 A1) # See (15055,

The claim follows by convolving with A(z) to get pp4+1,, and then letting
n — 0. O

THEOREM 7.2. Let n1,m2 be as in (7.1). Assume loga/logAi ¢ Q.
Moreover, suppose that there is R > 0 such that for infinitely many n and
all Pj € Pa;n (recall Definition 6.1), j = 1,2, it holds that

IPL(A1)], [ Pa(A2)] = AT
Then

(7.3) D(m *m2,q) = min (D(m,q) + D(n2,9),1)
for all g € (1,00).

Proof. Let (X, T, A, A1) be the model given by Lemma 7.1. We identify X
with the circle (i.e., we identify 0 and log A1), so that the X becomes compact,
and T is rotation by log A\;/log A2 (which is irrational by assumption) on the
circle. Hence T is uniquely ergodic (with the unique invariant measure P being
normalized Lebesgue measure on X). If A; and Ay are supported on a single
point, then p, is an atom for all  and there is nothing to do; otherwise, p,
is non-atomic for all . Finally, the map = — u, has a single discontinuity at
a1, as is evident from Lemma 7.1. We have then checked that the model is
pleasant. The assumptions on z +— A(z) in Theorem 1.11 also hold trivially.

We claim that our assumption on the separation of 71, 72 implies that our
model has exponential separation. Let

n—1 n—1
Anyj = Z S)\;(A]) = {Z yz)\; 1Y € AJ} .
=0

=0
Recall from (7.2) that all atoms of p,, have the form

{ur +e"ug 1 u1 € Ap1,ur € Ay o}

Thus, for given x € X, the smallest distance between atoms of 1, ,, is bounded
above by

@n(x):min{|P1()\1)|, |6xP2()\2)|, |P1()\1)—61P2()\2)| . P1 S PAhn, P2 € PAQW}'

Here |Py(A1)| corresponds to differences between pairs of atoms for which wug
coincide, |e*Pa2(A2)| to pairs of atoms for which u; coincide, and |P;(A;) —
e® Pa(A2)] to pairs of atoms for which neither u; nor uy coincide. By assump-
tion, |Pj(A\;)| > M for infinitely many n, so we only have to deal with the
third type of differences. Then fix n such that | P;(\;)| > A" for all P; € Pa, .
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Let R’ > R. For fixed P; € Pa;n,
[+ [PL() = €"Po(2)] < M7 < Oy an (DA™
Since [Pa;n| < Oa,(1)", we deduce that

{2 : |Pi(A1) — " Pa(A2)| < AF™ for some Pj e Pa,mtl < OA17A2(1)TL)\§R,_R)”,

Hence, if R’ is taken large enough (in terms of R, Ay, As only), then there are
infinitely many n € N such that for almost all € X, it holds that |P; (A1) —
e®Py(Ag)| > M¥™ for any choice of P; € Pa,n- This establishes exponential
separation.

We have verified that the application of Theorem 1.11 is justified. In light
of this theorem, we only need to check that the right-hand side in (7.3) equals
the right-hand side in (1.6). Note that

A1 # See Aalf = |A1[|F] A2l

outside of a finite set of x. Hence, keeping in mind the definition of the map
A from Lemma 7.1,

lo
log || A 9dP(x) = log ||A1]|2
/. 1og 1A ) dP(@) = log A + 12

Dividing by (¢ — 1) log(A1) we get that
log || Ay | log [|A||2 )
(4= Dlog(\) | (g—1)log(ha)’
Theorem 6.2 applied to n; and 72 concludes the proof. ([

g(A1)
g(A2)

log || Azl|g-

D(m1 *12,¢) = min (

We point out that in the range ¢ € (1, 2], the above result was proved in
[35] in some special cases and then, extending the same ideas, in [22, Cor. 6.2],
in even greater generality. For example, in [22] no separation assumptions
are made on 71,7. However, the methods of [35], [22] ultimately rely on
Marstrand’s projection theorem, which is known to fail in general if ¢ > 2.

As a corollary, we obtain a Furstenberg-like bound on the intersections of
self-similar sets, which also answers affirmatively a question of D-J. Feng.

COROLLARY 7.3. Let A\, Ay € (0,1) with logA1/logAa ¢ Q. Suppose
E1, Ey are finite sets such that {\jo+t : t € E;} satisfies the open set condition
for j =1,2. Let Ay, As denote the corresponding self-similar sets.

Then for all invertible affine maps g : R — R,

di?g(Al N g(AQ)) < max(dimH (Al) + dlmH(Ag) — 1,0)
Proof. Let n; be the uniform self-similar measure on A;, and write y =
m X n2 and s = dimy(A;1) + dimpy(Az). Then pu(B(z,r)) = O(r°) for z €

supp(u), since the corresponding fact holds for 71,72 thanks to the open set
condition.
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As rescaling As does not change the assumptions, it is enough to prove the
claim when g is a translation. Let A; be the uniform probability measure on
E;, and n; = nj(Aj,A;) the associated self-similar measure. The hypotheses
of Theorem 7.2 are met, so we know that

log|Ei| | log|Bs|
log(1/M) " log(1/%s

for all ¢ > 1. The claim now follows from Lemmas 1.7 and 1.8 applied to the
function (z,y) — = — y restricted to Ay x As. ([

D(m *n2,q) = min ( ),1) — min(s, 1)

We can now finish the proof of Theorem 1.2.

Proof of Theorem 1.2. Let A, B be Tp-invariant and Tj-invariant respec-
tively, with p and ¢ multiplicatively independent, and fix § >0. Given N €N let

Ean={jp™ : An[p™™, (G +1)p~Y) # 2},

and define Ep y likewise. It is well known that Hausdorff and box-counting
dimensions coincide for T}, Ty-invariant sets; see, e.g., [21, Th. 5.1] for a more
general fact. Hence by taking N large enough we can ensure that

Ean| < pV@mnT0)  pp ) <  Nima(B)+9),

Let A’ be the homogeneous self-similar set with contraction p~ and trans-
lation set E4 n, and define B’ analogously. The open set condition holds for
A’ B" with open set (0,1). Then

B log |E A, N|

and likewise for B’. Also, by invariance of A, B under T,~, T~ respectively,
AC A',BC B'. (Symbolically, E4 n corresponds to all initial words of length
N in A, and A’ to all concatenations of such words).

Since § > 0 was arbitrary, the theorem follows from Corollary 7.3 applied

to A’ B'. O

Corollary 7.3 and Theorem 1.2 remain valid for C! maps g. It is not hard
to deduce this from the affine case and Furstenberg’s theory of CP-processes
[21], but since it would take us too far in a different direction, we defer a
detailed proof of these and related results to a forthcoming article.

Recall from the introduction that another conjecture of Furstenberg, set-
tled in [28], concerns the dimension of the arithmetic sum of a xp and a xgq
invariant set. As a corollary, we are able to sharpen this when the sum of the
dimensions is at most 1:
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COROLLARY 7.4. Let p,q be multiplicatively independent, and suppose
that A,B C [0,1) are closed and T, Ty-invariant, respectively. Assume that
dimy(A) + dimy(B) < 1. Then for any subsets A’ C A, B’ C B,

dimpy (A, + B,) = dimpy (A/ X B/)

We note that, in general, dimy(A’ x B') > dimy(A’) + dimy(B’) and the
inequality can be strict, but there is an equality if either A" or B’ have equal
Hausdorff and upper box-counting dimensions.

Proof of Corollary 7.4. Suppose first that dimy(A) 4+ dimy(B) < 1. By
embedding A, B in pV, ¢V-Cantor sets of almost the same dimension as in the
proof of Theorem 1.2, we may assume that A, B are already a p, g-Cantor set
respectively. The proof is now nearly identical to that of Corollary 6.3, using
Theorem 7.2 in place of Theorem 6.2.

If dimpy(A) +dimy (B) = 1, then we proceed in the same way but now the
sums of the dimensions of the p, g-Cantor sets containing A, B is 1 + 4, where
0 is arbitrarily small. The argument of Corollary 6.3 still goes through with
very minor modifications; details are left to the interested reader. ([

A minor variant of the same argument recovers the full conjecture of
Furstenberg on sums of 7}, and T invariant sets. However, apart from some
special cases, the methods from this paper do not appear to yield a different
proof of the corresponding statement for convolutions of invariant measures;
recall (1.1).

7.2. Convolutions of several self-similar measures. Theorem 7.2 general-
izes easily to convolutions of an arbitrary number of self-similar measures. This
provides an example of application of Theorem 1.11 in which X is a torus of
arbitrary dimension.

THEOREM 7.5. Let 0 < A1 < ... < A\ < 1, k > 2, be numbers such that
(1/log )\j)le is linearly independent over Q. Fix Aq,...,Ar € A, and write

nj =1 (8; Aj) = #5205 A

for the corresponding self-similar measures. Moreover, suppose that there is
R > 0 such that for infinitely many n, it holds that

(7.4) [P;(A\j)] = A" for all Pj € Pp,n,j=1,....k.
Then

k
D(m * -+ *1n,q) = min (Z D(n;,q), 1)

j=1
for all g € (1,00).
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Proof. The proof is similar to that of Theorem 7.2, so we will skip some
details. We write a; = [log(A;)|. Let X = [0,a1) x --- x [0,a5_1), and let
T: X — X be given by

T(x1,...,25-1) = (1 + ax mod ay,...,xx_1 + ar mod ax_1).

Up to re-parametrization, this is translation by (ax/ai,...,ar/ax—1) on the
(k — 1)-torus, which is uniquely ergodic if (and only if) (1,ax/a1,...,ar/ar—1)
is linearly independent over Q; see, e.g., [9, Cor. 4.15]. An easy calculation
using the linear independence of 1/log A\; shows that this is indeed the case.

Given z € X, we let J(z) ={j € {1,...,k—1} : z; € [0,a;)}, and we
define A : X — A as

A(z) = (*jes() Sexp(e)A5) * Dk

We have already remarked that (X, T) is uniquely ergodic. The same argument
from Lemma 7.1 shows that the measures generated by this model are

fa = Sexp(a1—1(z1€[0,ax))ar) T * * % Sexp(ay_ —1(w1€[0,ax))ay—1)Th—1 * k-

The model (X, T, A, \;) is now readily checked to be pleasant, while the map
A(-) also meets the hypotheses in Theorem 1.11.

To establish exponential separation, we notice that the difference between
two atoms of p, , has the form

k
> si€" Pi(X),
j=1

where s; € {0,1}, not all s; are zero, P; € Pa; », and we set z = 0. For n
such that (7.4) holds, the same argument in the proof of Theorem 7.2, together
with Fubini and an induction on the number of non-zero s;, shows that the
distance between atoms of u, . is at least )\kR'” for almost every x, where R’
depends on R, the A; and k only.

We have checked that Theorem 1.11 can be applied. A calculation like
the one in the proof of Theorem 7.2 yields

k—1
log A
/. 1o 1A @)1 dP(@) = log Al + 3 fog, Al
so that Theorems 1.11 and 6.2 yield the desired conclusion. ([l

7.3. Embeddings of self-similar sets. Let us denote by Ay any self-similar
set arising from a homogeneous IFS with contraction ratio A, satisfying the
open set condition and of dimension strictly smaller than 1. A special case
of a conjecture of D-J. Feng, W. Huang and H. Rao [17, Conj. 1.2] asserts
that Ay cannot be affinely embedded into Ay unless log \/log N € Q. In [17]
this is proved in some special cases, and some further new cases were recently
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established by A. Algom [2]. However the general case was not known even for
central Cantor sets (i.e., self-similar sets generated by two maps). It follows
immediately from Corollary 7.3 that if log A\/log X' ¢ Q, then for every affine
map h: R — R,

dimH(A)\ﬂh(AA/)) < dimH(A)\)—i—dimH(A)\/) 1< min(dimH(AA),dimH(A)\/)),

so that no affine immersion is possible. We can easily extend this to the case
in which the set we want to embed is an arbitrary non-trivial self-similar set:

COROLLARY 7.6. Suppose A = Ujez A + ti, B = Ujeg N'B +t'; are
self-similar sets, with A not a singleton, and B homogeneous, satisfying the
open set condition, and of dimension strictly smaller than 1. If there is a C*
map h: R — R such that h(A) C B, then log \;/log X is rational for all i.

Proof. Suppose that, on the contrary, log \;/log )\’ is irrational for some i,
and yet h(A) C B for some C! map h. Without loss of generality, assume that
log A1/ log X is irrational. We may also assume that, writing f;(z) = Ajz +t;,
the fixed points of f; and fo are different. (If all the f; had the same fixed point,
then A would equal this point.) If N is sufficiently large, then (fofi", f{¥ fo) is
a homogeneous IFS satisfying the open set condition, and its attractor Ay is
contained in A, so that h(Ay) C A. On the other hand, if log(A2A]Y)/ log(\)
is rational then, by our assumption, log(Aa AN 1)/ log(N) is irrational.

We have thus reduced the problem to the case of A homogeneous and sat-
isfying the open set condition. Under these assumptions, [17, Th. 1.1] implies
that there is an affine embedding of A into B. But, as we have seen, this is
ruled out by Corollary 7.3. O

8. Sections and projections of planar self-similar sets

Our next geometric application involves homogeneous self-similar sets and
measures on the plane. It was observed in several previous works, going back
at least to [38], that methods devised to study geometric properties of cartesian
products of linear self-similar sets and measures often can also be applied to
the study of self-similar sets and measures on the plane. The next lemma may
help clarify the reason behind this; compare with Lemma 7.1.

LEMMA 8.1. Fiz a € [0,27), A € (0,1) and a finitely supported probability
measure A = 3 ;7 pid(t;) on R2. Denote rotation by a by Ry, and let

=% nmRL(A)
be the associated homogeneous self-similar measure. Given x € S1, let Py(y) =
(x,y) be the orthogonal projection onto a line in direction x. Furthermore, let
A(z) = P,A.
Then the measures i, generated by the model (S',R_q, A, \) are the pro-
jections Pyu. Moreover, the model is pleasant if and only if a/m ¢ Q.
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Proof. The proof is immediate, since

<:Ea SA”RZ(?J» = <R’rlaaj7 S/\” (y)> )
and rotation by 8 € [0, 2m) is uniquely ergodic if and only if 3/7 is irrational.
(]

THEOREM 8.2. Let p and P, be as in Lemma 8.1. Assume further that
a/m ¢ Q and that the open set condition holds. Then for every x € S' and
every q € (1,00),

(q—1)log A’

Proof. Let p, = *?;OlSAnRZ(Z). By the open set condition, u, has |Z|"
atoms, which are cA"-separated for some ¢ > 0. Note that Py (i) = pgn (the
measures generated by the model from Lemma 8.1). In particular, the atoms

log || Al|2
D<Pmu,q>:min( e 2l )

of pg.n are the projections of the atoms of jiy,.

Let R be a large enough integer to be chosen later. By elementary ge-
ometry, for a given pair a,b of distinct atoms of ju,, the set of x € S' such
that |P,a — Pyb| < A" has measure O.(AF=1"). Hence, the set of z € S!
such that the atoms of i, , are all distinct and M _geparated has measure
1 — O.(JZ)*)AB=D" This implies that if R is taken large enough in terms
of |Z|, then for almost all z € S1, there is ng = ng(x) such that the atoms
of jin, are distinct and A geparated for all n > ng. Hence the model from
Lemma 8.1 has exponential separation.

Since the hypothesis on A is trivially satisfied, we can apply Theorem 1.11
to conclude that

[log || P,A|¢ da
(g—1)logA "7 )7

which gives the claim since P, is injective on A for all but a finite set of z. O

D(Pyp, q) = min (

We obtain the following corollary on linear sections of planar self-similar
sets; compare with Corollary 7.3.

COROLLARY 8.3. Fiz A € (0,1), o € [0,27) such that /7 is irrational,
and a finite set (t;)ier of translations in R?. Assume that the IFS {\Rq(x) +
t;}icT satisfies the open set condition, and denote its invariant set by E.
Then

dimg(E N ¢) < max(dimy(E) — 1,0)
for all lines £ C R?.

Proof. The proof is immediate from Lemmas 1.7 and 1.8 applied to P,
and Theorem 8.2 applied to the uniform self-similar measure on E. O
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We make some remarks about this corollary.

(a) Let E be any Borel set with dimy(E) > 1. It follows from Marstrand’s in-
tersection theorem (see, e.g., [34, Th. 10.10]) that, given a direction z € S,
almost all lines ¢ in direction x satisfy dimy(E N¥¢) <dimy(E)—1. There
has been great interest in improving almost all-type of results for classes of
natural sets, but most of the progress achieved concerns projections rather
than the more subtle problem of intersections. For some classes of ran-
dom stochastically self-similar sets, even stronger bounds on intersections
were obtained in [47, §11]. D-J. Feng has some unpublished results for
deterministic sets, using ad-hoc constructions. To the best of our knowl-
edge, Corollary 8.3 is the first result of this kind for a natural class of
deterministic sets.

(b) It is also natural to consider the dual question of obtaining lower bounds
on the dimension of E N/ for lines ¢ C R? when dimy(FE) > 1. Of course,
many such intersections are empty, but one would like to know that the
intersections are large (of dimension equal or close to dimy (E)—1) for many
lines ¢ in a given direction (measured, for example, in terms of Hausdorff
dimension). Progress on this problem was achieved recently by K. Falconer
and X. Jin [13].

(c) Using Furstenberg’s theory of CP-processes and galleries [21], it is possible
to obtain a version of Corollary 8.3 where lines are replaced by C! or even
differentiable curves; we hope to address this in detail in a forthcoming
paper. On the other hand, no such result can hold for Lipschitz curves
since any set of upper box-counting dimension less than 1 can be embedded
in a Lipschitz curve.

(d) The hypothesis that /7 is irrational is necessary: if C is the middle-thirds
Cantor set, then the diagonal of C' x C' is an affine copy of C. However,
the homogeneity assumption is likely an artifact of the proof.

9. Absolute continuity and L? densities

We turn to the problem of absolute continuity, and smoothness of the
densities, of self-similar and related measures. Compared to Sections 6-8,
our results here will be less explicit: we show that in many parametrized
families, the measures have a density in L? for all parameters outside of some
very small set. In particular, we will establish Theorem 1.3. Unfortunately,
however, either for Bernoulli convolutions or the other parametrized families
we consider, we do not know how to find even one explicit parameter that is
not exceptional.

The main ideas in this section are borrowed from [42], [46]; the reason we
improve upon existing results is that Theorem 1.11 provides stronger informa-
tion about LY dimensions to begin with.
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Recall that the Fourier transform of a Borel probability measure p on R
is defined as

() = [ exp(@riag) du(e)
Given a model (X, T, A, ) and k € N, let us consider the measures
Mg;k) = *ﬁoSAkA(Tki(fU))-

These are precisely the measures generated by the model (X, Tk A, /\k), which
is pleasant whenever the original model is; however we will not need to use this.

The next theorem presents our general result on densities of ;. We will
deduce several applications afterwards.

THEOREM 9.1. Let (X, T, A, \) be a model satisfying the assumptions of
Theorem 1.11, and assume furthermore that X is either a singleton or infinite.
Fiz q € (1,400), and assume also that

Jx log||A(z)||7 dP(z)
(g —1)log A
Suppose y € X is such that for infinitely many k € N, there exist constants
C(k), (k) > 0 such that the Fourier transform of ul(/k) satisfies

1 (€)

Then iy is absolutely continuous and has a density in L9.

> 1.

< C(k)1€[7°®) for all € # 0.

Proof. Using the convolution structure of j,, we decompose

py = (e A(TY) ) * (s ATy ) =2 5 5 P
If we can show that
(91) D(Vggk)v Q) =1

for all large enough k, then [46, Th. 4.4], together with our assumption on the
Fourier decay ug(,k), will allow us to conclude that p, has a density in LY.
For fixed k, consider the model (X', T/, A’ )\), where X' = X x [k],

T'(x,j) = (Tx,j+ 1 mod k) and

N j) = | A@ 20
’ 5o if j = 0.

(k)

The measures p, generated by this model are precisely vy ', as is immediate
from the definition of A’. This model satisfies all the assumptions in Theo-
rem 1.11. Indeed, exponential separation is inherited from the base model,
since the atoms of u;’n are a subset of the atoms of p;,. Unique ergodicity
(with invariant measure P’ = P x (4 3°;6;)) follows from the unique ergod-
icity of (X,T). (Note that there may be no periodic points, for otherwise
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the uniform measure on the orbit would be T-invariant, contradicting unique
ergodicity.) The rest of the assumptions in Theorem 1.11 are immediate.

Applying Theorem 1.11 and recalling the form of I/, we conclude that for
any y € X,

M Ix log | A(x)|g dP(x)
®) o) — min [ EJx 108 q —
D(v,”, q) = min < (0= Dlog ) , 1) 1,

provided k is large enough. This establishes (9.1) and concludes the proof. [

We remark that the theorem provides the correct range for the possibility
of having an L? density (other than perhaps the endpoint), since measures p
with an L7 density satisfy D(u,q) = 1; this can be seen from the inequality
(f; /)T < |1]971 [, f9 for all intervals I, where f is the L7 density of .

As a first application, we can now conclude the proof of Theorem 1.3.

Proof of Theorem 1.3. Erdés [11] and Kahane [30] proved that there is a
set & C (0,1) of zero Hausdorff dimension, such that if A € (0,1) \ &£, then
12 (E)] < C(N)[E]7°W for some C(N),5(\) > 0. See also [37] for an exposition
of the argument.

Let & = {\ € (0,1/2) : \¥ € &’ for some k}, which still has zero HausdorfF
dimension. Consider the model X with trivial dynamics as in the proof of
Theorem 6.2, and recall from Definition 1.4 and the discussion afterwards
that there is another zero-dimensional set & such that X\ has exponential
separation for A € (1/2,1)\ &. The measure ué’“) for the model &), is just vy.
Part (i) of the theorem then follows from Theorem 9.1 with the exceptional
set £ =& U&.

The second part follows from the first, the identity vy = vy2 * S)vy2, and
the fact that the convolution of two L? functions is continuous. O

The method of Erdés-Kahane has been applied to many other parametrized
families of fractal measures; see [46, §3] for some examples. Using this, one
can extend Theorem 1.3 to more general families of self-similar measures. We
state one such result.

THEOREM 9.2. Let u — (A(u),t1(u),...,tm(u)) be a real-analytic map
from an open domain U C RY to ((—1,0) U (0,1)) x R™. Assume that for all
w#w €{l,...,m}, there is u € U such that

02) St (WA @) £ Yty (@AW
i=0 =0

Given a probability vector p = (p1,...,pm), write AL = Y770, p;d(t;(u)), and
denote the associated self-similar measure by vl = 7205y AL. Then there
exists a set € C U of Hausdorff dimension at most £ — 1 such that if u € U\ &
and ||AL||4 < |Au|971, then v8 is absolutely continuous with a density in LY.
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Proof. The proof is essentially identical to that of [46, Th. A]. Let X? be
the model with trivial dynamics associated to v2. It follows from [27, Th. 1.7]
and the non-degeneracy assumption (9.2) that there is a set &’ C U of Hausdorff
(and even packing) dimension < ¢ —1 such that X? has exponential separation
for all w € U\ & and all p.

On the other hand, for each k, there is a set £/ of zero Hausdorfl dimension
such that the measure 72,5y ,y»: Af, has power Fourier decay for all u ¢ U \&/
and all p. The proof of this fact is contained in the proof of [46, Th. AJ; in short,
one uses two variants of the Erd6s-Kahane argument depending on whether
or not the function u — A(u) is constant. In light of Theorem 9.1, the claim
follows with the exceptional set £ U (U2, &Y). O

Note, however, that just as in [46], here we are limited to homogeneous
iterated function systems, as the argument to pass from full LY dimension
to L9 density depends strongly on the structure of the measures as infinite
Bernoulli convolutions. In [44] absolute continuity was obtained for almost
every parameter for some families of non-homogeneous self-similar measures,
but no information on the densities was obtained.

As another application of Theorem 9.1, we obtain the following result on
projections of planar self-similar measures:

COROLLARY 9.3. Let p be as in Lemma 8.1. Assume that the open set
condition holds. Then there is a set £ C [0,2m) of zero Hausdorff dimension

(depending only A, «, supp(A)),Nsuch that Py is absolutely continuous with an
L density for all q such that ||All§ < =1,

Proof. If a/7 € Q, then we can assume that o = 0 by iterating the orig-
inal IFS. In this case (Pyu),eqt is a family of self-similar measures satisfying
the assumptions of [46, Th. A], so the claim holds as explained in the above
discussion.

If a/7 ¢ Q, consider the model (S',R_,,A,\) from Lemma 8.1. The
measures p,ﬁf) are projections of the self-similar measure *;2 S /\nRzaZ. It
follows from [46, Prop. 3.3] that there exists a set & C [0, 27) of zero Hausdorff
dimension, depending only on A\, o,k and supp(Z), such that the projection
u;(vk) has a power Fourier decay for all x € [0,27) \ &. The claim then follows

from Theorem 9.1 with exceptional set £ = UgenE- U

Recall that the Fourier transform of a measure p on R? is
() = [ expl2rily,€)) du(y).

and that if v € S1, then ]SJL(f) = fi(¢v). In particular, if ;4 has power Fourier
decay (in the sense that |fi(&)| = O(|¢|7°) for ¢ € R?\ {0} and some & > 0),
then so do all its projections P, u.
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If the planar self-similar measure p has power Fourier decay and a/7 is
irrational, then the proof of the Corollary 9.3 together with the above observa-
tions show that P, has an L? density for all x € S*, whenever HKHZ < A1),
Although we know of no explicit example of such measure u, in parameter
space power Fourier decay occurs outside of very small exceptional sets; see
[45, Th. DJ.

We obtain a further corollary for convolutions of two self-similar measures,
with the parameter coming in the scaling. A direct application of Theorem 9.1
is somewhat awkward because the corresponding measures ugc) do not have
a particularly nice structure. However, the proof of [46, Th. D], using Theo-
rem 7.2 to calculate the L¢ dimensions of self-similar measures and their convo-
lutions, yields our final result; the verification of the details is left to the reader.

COROLLARY 9.4. Let
nj = 1585, Aj) = #3205\ A

be two homogeneous self-similar measures satisfying the open set condition on
the real line. Then there is a set £ C R of zero Hausdorff dimension, such that
ift € R\ & and q¢ > 1 is such that D(n1,q)+ D(n2,q) > 1, then the convolution
M1 * Syno is absolutely continuous with a density in LY.
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