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Joint equidistribution of CM points

By ILyA KHAYUTIN

Abstract

We prove the mixing conjecture of Michel and Venkatesh for toral pack-
ets with negative fundamental discriminants and split at two fixed primes,
assuming all splitting fields have no exceptional Landau-Siegel zero. As a
consequence we establish for arbitrary products of indefinite Shimura curves
the equidistribution of Galois orbits of generic sequences of CM points all
of whose components have the same fundamental discriminant, assuming
the CM fields are split at two fixed primes and have no exceptional zero.

The joinings theorem of Einsiedler and Lindenstrauss applies to the
toral orbits arising in these results. Yet it falls short of demonstrating
equidistribution due to the possibility of intermediate algebraic measures
supported on Hecke correspondences and their translates.

The main novel contribution is a method to exclude intermediate mea-
sures for toral periods. The crux is a geometric expansion of the cross-
correlation between the periodic measure on a torus orbit and a Hecke
correspondence, expressing it as a short shifted convolution sum. The lat-
ter is bounded from above generalizing the method of Shiu and Nair to
polynomials in two variables on smooth domains.
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1. Introduction

1.1. The mizing conjecture of Michel and Venkatesh. Let Y be a complex
modular curve. Each CM point! on Y is an element of a finite packet of CM
points, all of which have CM by the same quadratic order A and form a single
orbit under Pic(A). For each integer i, let 2; C Y be a packet of CM points
with discriminant D; < 0. Denote by u; the normalized counting measure
on %;. By a theorem of Duke [Duk88] and Iwaniec [Iwa87] and its generaliza-
tions inter alios by [Che04], [Mic04], [Zha05] we know that if |D;| =00 00,

weak —* . .
then y; ——— my, where my is the normalized Haar measure on Y.
1—00

Michel and Venkatesh [MV06] have conjectured a variant of the following.

CONJECTURE 1.1 (Mixing Conjecture). Let P; C Y be a sequence of
packets of CM points as above. FEach P; is a principal homogeneous space
of Pic(A;), where A; is the CM order of the points in P;. For each i € N, fix
o; € Pic(A;) and define

P = {(2,00.2) | z€ P} CY x Y.

Denote by 1™ the normalized counting measure supported on ™.

Set
N, = min Nra.

aCA; invertible ideal
aco;

If N =00 00, then ,uiomt converge weak-+ to my X my.

Using the reciprocity map of class field theory this conjecture implies a
special case of the following well-known conjecture about equidistribution of
Galois orbits of special points on products of modular curves.

CONJECTURE 1.2. Let X be a finite product of complex modular curves.
Let {x;}; be a sequence of special points on X; i.e., each coordinate of x; is a

'In the setting of modular curves, CM points are classically called Heegner points. We
follow the terminology of CM point to differentiate between the points on the modular curve
— which are the subject of this manuscript — and the corresponding point on a modular
elliptic curve, which we do not discuss.
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CM point. Denote by p; the normalized counting measure on the finite Galois
orbit of x;.

If the sequence {x;}; has finite intersection with any proper special sub-
variety’ of X, then {u;}; converges weak-+ to the uniform probability measure
on X.

The latter conjecture implies the André-Oort conjecture for products of
modular curves, which has been settled by Pila [Pilll]; see also [And98§],
[Edi98], [Edi05]. The André-Oort conjecture in this setting states that the
sequence {x;}; above must be Zariski dense in X. The Pila-Zannier strategy
that is behind the recent breakthroughs on the Anrdré-Oort conjecture [Pill1],
[PT13], [Tsil8] does not seem to shed light on the question of equidistribution
of Galois orbits.

1.2. Summary of results.

1.2.1. Results for torus orbits. We present a proof of the mixing conjecture
of Michel and Venkatesh, conditional on several significant assumptions. Most
importantly, we assume that all the CM fields E; are split at two fixed primes
p1, p2 and have no exceptional Landau-Siegel zero.

Einsiedler, Lindenstrauss, Michel and Venkatesh [ELMV11] have defined
the notion of a toral packet. To each CM point or a closed geodesic on a
modular curve corresponds an order A in a quadratic field F/Q. A toral
packet is a generalization of the notion of a single Pic(A)-orbit of a CM point
or a closed geodesic.

Let G be a form of PGL» defined over Q. Fix a compact-open subgroup
K¢ < G(Ay), and consider the double quotient

% G(A)
Y = .

G(@Q" / Ky
The action of the real group G(R) on Y induces an isomorphism between Y
and a disjoint union of finitely many locally homogeneous spaces

v ] p\O®

ScG(Q\G(Af)/ Ky

where I's := G(Q) N K0! is a congruence lattice in G(R). In the simplest

case when G = PGLj and K is a maximal compact subgroup the space Y

has a single component and can be identified with PGLZ(Z)\PGLQ(R)'

2This condition implies that the size of the Galois orbit of z; tends to infinity as i — oo
because of Brauer-Siegel and the fact that a special point is by itself a special subvariety.
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A toral packet P is a finite collection of orbits in Y of a real torus H <
G(R), which is a projection of a single adelic torus orbit; see Section 2.4.1 for an
exact definition. The set of H-orbits in & has a natural structure as a principal
homogeneous space for a finite abelian group C' that is a quotient of the idele
class group of an associated quadratic field E/Q. Moreover, there is an order
A < E attached to & and a canonical surjective homomorphism C — Pic(A).
If Ky is maximal, then this homomorphism is an isomorphism. To each packet
one can attach a discriminant D € R that measures the arithmetic complexity
of the packet; cf. Section 2.4.4. This discriminant is a product of disc(A) and
an archimedean contribution.

The following is a special case of Theorem 3.2.

THEOREM 1.3. Let G be a form of PGLy defined over Q, and let Ky <
G(Ay) be a compact-open subgroup. Fiz a compact real torus Ko, < G(R),
and denote

\G(A) G®)

Y
Ye="/k . =qo)\  Tk.xix;= U 1

eG(Q\G(Ay)/Ky

Let &; C Y be a sequence of toral packets invariant under Ko with a
fundamental discriminant D; < 0. By abuse of notation denote by P; the
projection of the packet to a finite set of points in Y. The set P; C Y is a
principal homogeneous space for an abelian group C;.

Let A; < E; be the order in an imaginary quadratic field E;/Q attached
to P;, and denote by o — [o] the homomorphism C; — Pic(A;). For every
i € N, choose some og; € C; and let /ﬂ%omt be the Borel probability measure on
Y XY defined as the normalized counting measure on the set

Qﬁgomt ={(z,0i.2) | z€ P} CY x Y.

Fix two primes p1, p2, and for all 1 € N, assume

(1) the primes p1, pa are split in Ej;
(2) the Dedekind (-function of E; has no exceptional Landau-Siegel zero.

Set

N; = min Nra,
aCA; invertible ideal
ClG[O'Z‘]

and assume M; —; 00 00. Then any weak-+ limit point of {/ﬁ%omt}i 18 a convex
combination of the uniform probability measures on the connected components
of Y X Y.
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The theorem above is a special case of Theorem 3.2, which together with
Proposition 3.6 describes completely under the assumptions above the ana-
logues weak-* limit points in the adelic quotient

(@x @) @)= g q (Q)\(G x G) (A)

The conclusion of Theorem 1.3 is the best possible in this setting. In par-
ticular, one cannot expect equidistribution on all of Y x Y because the joint
packets 97530111t can avoid completely some connected components of Y x Y. This
phenomena can appear already for G = PGL2 whenever K is non-maximal.
This behavior is intimately related to the limit of the averages of the residual
spectrum over ggom, and it is easy to compute exactly which limit measures
exactly occur using Proposition 3.6.

We also establish a generalization of Theorem 1.3 to n-fold products Y *"
— Theorem 3.9. This generalization follows from the 2-fold result and an

auxiliary application of the Einsiedler-Lindenstrauss joining theorem [EL15a,
Cor. 1.5].

1.2.2. Results for Galois orbits. Theorem 1.3 and its n-fold generalization
Theorem 3.9 imply through the reciprocity map of class field theory a theorem
about equidistribution of Galois orbits of special point in products of indefinite
Shimura curves.

THEOREM 1.4. Let G be a form of PGLy defined over Q and split over R.
Let X be a finite product of indefinite Shimura curves relative to G. Assume
{x;}i is a sequence of special points on X such that all coordinates have CM
by the same maximal order. Denote by u; the normalized counting measure on
the finite Galois orbit of x;.

Fiz two primes p1, p2, and denote by E; the CM field of x;. Assume that
for alli € N,
(1) the primes p1, pa split in E;;
(2) the Dedekind (-function of E; has no exceptional Landau-Siegel zero.
If the sequence {x;}; has a finite intersection with any proper special subvariety,

then any weak-x limit point of {pi}i is a convexr combination of the uniform
probability measures on the connected components of X.

1.3. Previous results. Conjecture 1.1 has been proved by Ellenberg, Michel
and Venkatesh [EMV13] under the assumption of a single fixed split prime p;
and if the following holds:

(1) Ip>0Vi>1: 0 < DV,

The proof in [EMV13] used minor assumptions and applied verbatim only when
G was ramified at infinity and ged (9, p1) = 1. The assumption on G(R) can
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be removed using [Khal7|, and the condition ged (9%, p1) = 1 can be relaxed
by restricting the range of 7 in (1) depending on the best available bounds
towards the Ramanujan Conjecture for® SLo.

Condition (1) is essential to the method of [EMV13] and fails for the
majority of possible twists [0;] € Pic(A;). The proof strategy of Ellenberg,
Michel and Venkatesh is to use (1) to find for each i a Hecke correspondence
containing the packet %; and whose volume is small compared to the volume
of %;. In this favorable situation they use an effective version of Linnik’s
method using an explicit spectral gap for the Hecke operator at the split prime
p1 to deduce that the counting measure on %; is approximately equidistributed
in the ambient Hecke correspondence. The proof then concludes using the
equidistribution of Hecke correspondences in Y x Y.

The analogues questions for function fields in finite characteristic have
been studied by Shende and Tsimerman [ST17]. In the finite characteristic
setting additional tools are available. Shende and Tsimerman translate the
analogues of Duke’s theorem and the mixing conjecture to questions about
point counting on (singular) varieties. These can be addressed using the
Grothendieck-Lefschetz trace formula. They present a proof of Duke’s the-
orem in finite characteristic using this method and a partial result towards the
mixing conjecture. For the latter question they succeed in equating the perti-
nent higher cohomology groups, but the necessary bound on the dimension of
the lower cohomology groups is conjectural.

1.4. Measure rigidity. Linnik has proved Duke’s theorem about equidis-
tribution of a sequence packets of CM points on the complex modular curve
assuming that there is a fixed prime p that splits in all the CM fields in the
sequence [Lin68]. In this proof Linnik used his “ergodic method” to bootstrap
a weak bound on the self-correlation of the periodic measure on a toral packet
in intermediate scales to full equidistribution using a dynamical argument. It
is this dynamical argument where the assumption of a fixed split prime is used.

Einsiedler, Lindenstrauss, Michel and Venkatesh [ELMV09], [ELMV11],
[ELMV12] have introduced a variant of Linnik’s “ergodic method,” which fits
into the framework of homogeneous dynamics. The assumption of a fixed split
prime p implies that the adelic, or S-arithmetic, periodic measures correspond-
ing to the packets in the sequence are all invariant under a split p-adic torus.

3A. Venkatesh has described to me an alternative proof of the mixing conjecture assuming
(1) by directly deducing from an appropriate version of Linnik’s Basic Lemma that any limit
measure must have maximal entropy for the diagonal toral flow at p; on [(G x G)(A)]. This
does not rely on a spectral gap and completely circumvents the difficulties arising when
p1 | 9 in the original argument of [EMV13].
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Moreover, the self-correlation bound in the form of Linnik’s basic lemma im-
plies that any weak-* limit must have mazimal entropy with respect to the
action of any element in the split p-adic torus. Linnik’s theorem now follows
from the classification of measures of maximal entropy with respect to the
action of a semi-simple p-adic group element that generates an unbounded
subgroup. The latter one is straightforward if one uses the relation between
entropy and leafwise measures [MT94], [EL10].

The approach of Einsiedler, Lindenstrauss, Michel and Venkatesh has sig-
nificant ramifications when combined with the modern methods of measure
rigidity for toral actions [Lin06], [EKLO06], [EL15b], [EL15a]. Although mea-
sure rigidity requires further splitting assumptions, it can imply strong equidis-
tribution results based on weaker arithmetic input compared to methods of
harmonic analysis. A main example is the analogue of Linnik’s theorem for
maximal tori in PGL3 [ELMV11] where equidistribution is deduced by veri-
fying Weyl’s equidistribution criterion only for a small part of the spectrum.

This strategy is also the starting point for our proof of Theorem 1.3 and
its generalizations. The assumption that two primes p1,ps are split in all the
CM fields in the sequence is required for the joinings theorem of Einsiedler
and Lindenstrauss [EL15a] to apply. This measure rigidity result, concur-
rently with Linnik’s or Duke’s theorem for equidistribution of packets in rank
1, implies that any possible weak-* limit measure of periodic measures on joint
toral packet must be algebraic; i.e., it is a convex combination of uniform mea-
sures and some translates of Hecke correspondences. It is these translates of
Hecke correspondence that we need to discard using the genericity assumption
I; — oo in the conjecture of Michel and Venkatesh, Conjecture 1.1.

1.5. Cross-correlation. The main novelty is our method to demonstrate
that each limit point of the sequence of measures {,ujz-omt} in Theorem 1.3 is
singular to any convex combination of intermediate measures allowed by the
joinings theorem of Einsiedler and Lindenstrauss.

The rudiments of our approach can be described in a general setting.
Consider a locally compact G-space X where G is a second countable locally
compact topological group. Suppose p and v are Borel measures on X x X,
and denote by mg some fixed Haar measure on G. We are interested in the
case when v is a periodic measure for the diagonal subgroup G® < G x G;
i.e., there is some zg € X x X such that Stabga () is a lattice in G® and v
is the G2-invariant probability measure supported on the closed orbit G2.z.
For any compact subset C' C X, if we take a small enough symmetric identity
neighborhood B C G, then v-almost every x € C' x C satisfies

2) v((B x B).z) =< mg(B).
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In order to show that the measures p and v are singular we can consider for
each compact C' C X x X and for a compact symmetric identity neighborhood
B C G the cross-correlation quantity

Corglp, V)(B) = pxv({(z,y) e C x C |y € (B x B).x}).

We call B the test neighborhood of the cross-correlation. Assume we are able
to establish that

3) Cor[, v](B) < mg(B)'**

for some p > 0, for a family of compact subsets C exhausting X and for a
family of identity neighborhoods B C G with arbitrary small Haar measure.
Then the estimates (2) and (3) imply v L p.

The first observation when studying the cross-correlation between two
algebraic measures on an adelic quotient is that it is bounded above by a
relative trace of the automorphic kernel with test function 15« pg. In our setting
the relative trace that arises is for the double quotient

GA\G x G/TA7

where T < G is a maximal torus defined over Q and anisotropic over R embed-
ded diagonally T® < G x G. This relative trace has a geometric expansion,
and the main difficulty is bounding the sum of the relative orbital integrals.
We require an upper bound that is optimal up to a uniform multiplicative
constant.

1.6. Invariants and integral ideals. Denote by A < E the order attached
to a fixed toral packet. Proposition 8.30 is a fundamental result where we show
that a relative orbital integral is bounded in terms of the number of pairs of
integral ideals in A whose norms satisfy an additive relation. A. Venkatesh
has pointed out that this bears a similarity to the calculation of heights in the
proof of the Gross-Zagier Theorem [GZ86, §3].

The construction of these integral ideals can be described in an elemen-
tary fashion. Assume we are in the setting of the modular curve Yy(1). Let
A = Op be the maximal order in an imaginary quadratic field E/Q with dis-
criminant D < 0. Fix a twist [0] € CI(E). The joint packet in Yp(1) x Yp(1)
is the set {(H[I],H[[UO | ] € CI(E)}7 where H|;) € Yp(1) is the CM point
attached to the ideal class [I]. For simplicity, we only discuss how to show
non-accumulation on the diagonal Yp(1)2 < Yp(1) x Yp(1).

Let Bs C PGL2(R) be the identity neighborhood of radius § > 0. The
cross-correlation between the joint packet and the diagonal with test neighbor-
hood Bg is a weighted count of the number of points (H ]s Hi Ifﬂ) such that the
hyperbolic distance d(H[jj, H{j4]) is less then 20. The weight is a continuous
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decreasing function of d(Hjy, H[;,]) that vanishes when d(H[y), Hjs)) = 26.
For simplicity, consider the unweighted quantity

H(H[I]aH[IJ]) | d(Hip), Hiro)) < 20, [I] € Cl(E)H'

For each element in the set above, we write an explicit expression for the CM
points in the standard fundamental domain in H € C\ R,

—b+iy/|D| —b' +1i4/|D|
Hpy=——q— Hio)=—55

where I = <‘ﬁ, _b% ”‘D|> I = <‘ﬁ’, _b,% HD|> C E C C are the primitive

fractional ideals in the classes [I| and [Io] respectively. Consider the elements

—b +1i4/|D —b+1i4/|D

z=MN 5 | ‘—‘)"(’ 5 | |€I-I’,
-V —i\/|D —b—iy/|D

y=N 5 | ‘—m’ 5 | ‘GI-"I’,

and define
Og Da=vy/([-°1") €[o] mod CI(E),
6pD>b=2a/(I-I')€[I?¢"] mod CI(E).
A simple calculation shows that
(M — N'b)? + |D|(MN + N')?

Nrle) = 1000 :
Ne(o) = W= m,b)z;#?'(m o2
= ’4D| (cosh(d(Hy), Hize))) — 1) < [ D|m(Bas),
Ni(a) — Ni(b) = W) = Nr(@)

NI
This construction demonstrates the relation between the mass of the joint
packet in a neighborhood of the diagonal and counting pairs of integral ideals.
Specifically, we need to count pairs of integral ideals that satisfy additive norm
relations and whose norms are bounded by a multiple of |D|. To establish this
relation formally we need to check how close the map inv (H )5 H| IU]) = (a,b)is
to being injective. The most serious problem with injectivity arises if b = 0. In
our special case it is easy to see that this happens only if [I] = [[o] < [o] = e.
This situation is excluded by the assumption that 9%, — oo in Conjecture 1.1.
The full strength of this assumption is needed to establish non-concentration
on any translate of a Hecke correspondence.

If b # 0, it turns out that injectivity can fail, in a mild way, only at
the ramified primes p | D. This is the essence of Proposition 8.27. This lack
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of injectivity is compensated by the fact that b is restricted to a fixed class
in CI(E)/CI(E)2. The analysis of the fibers of the map inv and taking into
account the restriction modulo CI(E)? produces significant technical compli-
cations. These can be avoided if one assumes that |D| is prime.

The full expression for the cross-correlation is a weighted sum over ele-
ments in the joint packet that are contained in a d-neighborhood of the diag-
onal. The weight is easily seen to be bounded by < m(Bay).

The author has not arrived at the construction of the invariants (a,b)
through this calculation. Rather the ideals a,b arose naturally in a geometric
expansion of a relative trace. The classical interpretation above is due to the
referee.

1.7. Shifted-convolution sums. We now describe how to bound the cross-
correlation with test neighborhood Bs C G(R) between a joint toral packet
and a fixed translate of a Hecke correspondence, e.g., the diagonal.

The final outcome of the arithmetic analysis of the relative orbital inte-
grals in term of pairs of integral invertible A-ideals satisfying an additive norm
relation is that the cross-correlation is bounded by an expression proportional
to a shifted convolution sum that is roughly of the form

@ s X g@fa- D)
0<z—|D|<km(Bys)|D|

where D = disc(A), f(z) is the multiplicative function that counts the number
of invertible integral A-ideals of norm x; and g counts the same ideals as f
but with the additional restriction that they belong to the fized Picard class
[0]. The class [0] € Pic(A) is the Picard class of a single twist in Theorem 1.3.
For the sake of simplicity, we consider for now the real number £ > 0 as a
universal constant. We have neglected the non-injectivity of the invariant map
as discussed above and the restrictions modulo Pic(A)2.

It is not difficult to show that if we extend the range of summation in .,
then the asymptotic mean value is = \/ﬁ, where p is the residue at 1 of

the Dedekind (-function of E. In order to complete the proof we need to
show a comparable, up to a fixed constant, upper bound in the extremely
short range km(Bss)|D|. Unfortunately, the various methods from harmonic
analysis to estimate shifted convolution sums are of no use in this short range
of summation.

We proceed instead using a sieve. Let ¢(z,y) be the reduced primitive in-
tegral binary quadratic form corresponding to the class [0] ™1 € Pic(A). Denote
by & C R? the elliptical annulus of area 27rm(Bg5)/€m defined by

& = {(w,y) € 22| |D| < qla,y) < (1 + m(Bas)x)| D]} .
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The sum .¢ is tautologically equal to

Y. flalz,y) —|DI).

(z,y)ecnz?

The latter is a sum of a multiplicative function over the values of a polynomial
in two variables. We generalize the method of Shiu [Shi80] and Nair [Nai92] to
polynomials in two variables on smooth domains in order to deduce a bound
of the form

S < A(&)(log|D|)~ Z f
a<k|D|

where A(&) is the area of the ellipse &. In order to derive an upper bound
of the correct order of magnitude for the logarithmic sum above we need to
assume the lack of an exceptional zero.

It is important to mention that the sieve method fails when the ellipse
& is distorted too much. Fortunately, this is exactly the case when the proof
method of Ellenberg, Michel and Venkatesh [EMV13] applies.

The approach to bounding .7 using a sieve is inspired by the work of
Bourgain, Sarnak and Rudnick [BSR16]. Sieve methods have been fruitfully
applied to shifted convolution sums in other contexts as well. Holowinsky has
used a related argument in his work on holomorphic QUE [Hol10], [HS10].
P. Michel has pointed out to the author that in the scenario considered by
Holowinsky, the shifted convolutions arise from the L-functions of symmetric
squares of holomorphic forms that are known not to have an exceptional zero,
in contrast to the case of . above.

1.8. Further discussion.

1.8.1. Archimedean versus p-adic cross-correlation. In the exposition
above we have presented a method to show that joint packets of CM points
do not accumulate on the diagonal diagonal using a cross-correlation quantity
that uses an archimedean test neighborhood Bs C G(R). In the actual proof
we shall use a non-archimedean neighborhood at one of the primes, say p1,
where all the tori in the sequence were assumed to be split.

This modification is necessary because the measure rigidity argument does
not imply that any weak-* limit of ;ﬂ;omt in Theorem 1.3 is a countable convex
combination of algebraic measures. We may not reduce to a countable col-
lection of possible ergodic components because the normalizer of a diagonally
embedded rank 1 torus T® < G x G contains the subgroup T x T that is
much bigger then T4,

Assume for simplicity that Y in Theorem 1.3 is connected. If we restrict

to the archimedean setting, then the possible obstructions to equidistribution
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are all periodic orbits of the form
G(R G(R
6GAR) &) < p\FE) s [\ GR),

where G(R)™" is the real image of the isogeny from the simply connected cover
G*¥ - G, € (GxG)(Q) and & € (G x G) (R) is any element.

To see how this creates a problem in the argument, notice that the contra-
diction in Section 1.5 has used the fact (2) that v ((B x B).xz) < m(B) for the
Haar measure m on G(R). While this is true if v is a countable combination
of algebraic measures supported on translates of G*(R)*, it can be wrong for
uncountable families. In particular, such an uncountable convex combination
can even be absolutely continuous with respect to the Haar measure m x m
(even if we fix § above). This phenomenon is analogous to the statement that
an uncountable combination of Lebesgue measures on 1-dimensional lines in
R? can have an arbitrary dimension in the interval [1,2].

To overcome this difficulty we instead use the cross-correlation for a non-
archimedean neighborhood B C G(Qp,). Let S = {oo,p1}. There is a

canonical lift of the each measure ,uiomt to a probability measure on a fixed

\G(@Qs),

tion of periodic measures for the diagonal embedding of the torus K., X
Ay < G(Qg), where A, < G(Qp,) is a split torus independent of the
index ¢. The measure rigidity argument now implies that the obstruction

S-arithmetic homogeneous space Each lift is a finite combina-

to equidistribution is a convex combination of algebraic measures supported
on [6GA(Qs)T(&r, &,)] with &r € (G x G)(R), &, € (G x G)(Qy,), and
§ is a rational element. In this setting there is an additional restriction®
on &, = (&,,&,) that (§))71¢2 € A, This restriction appears in the
S-arithmetic setting because each periodic measure in the sequence of packets
was invariant under a fixed split torus Aﬁ. This additional piece of information
allows us to rule out accumulation on convex combinations of an uncountable
family of algebraic measures.

Let v be any convex combination of algebraic measures supported on closed
orbits of the form [6GA(Q5)+(§R, §p1)] , which are all invariant under A5 . The

gist of the argument is that for every a € ApAl, the metric entropy hy(a) is a
convex combination of the metric entropies on individual periodic measures.
There is a relation between metric entropy and self-correlations that implies
for a suitable pj-adic identity neighborhood B that v ((B x B).x) cannot on
average decay as m(B)'*? for any p > 0 . This is enough to conclude the

necessary contradiction.

4A shadow of this condition appears in the archimedean setting as well; the element § in
the archimedean case cannot be an arbitrary rational point and is restricted at the primes
p = p1,p2. It is not clear how to put this information to good use.
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1.8.2. The assumption on the conductor. In Theorem 1.3 we have as-
sumed the discriminants D; are all fundamental. The slightly more general
version in Theorem 3.2 allows non-trivial conductors £; but they should be
uniformly bounded. The difficulty with removing this assumption is that if
we allow a non-trivial conductor £, then the shifted convolution sum in (4)
is < mn(Bg(;)pm £. The extra factor of £ appears because the shift |D]| is
divisible by £, and at primes dividing the shift there is no decoupling between
the arithmetic functions f and g in .. The best bound we can expect for
7 /| Pic(A)| is proportional to £ and tends to oo if £ is unbounded. Such a
bound is useless for our purposes.

In an upcoming work the author will explain how to overcome this problem
by refining the map attaching a pair of integral ideals to orbital integrals.
The new map will not be valued just in pairs of integral ideals but will carry
additional information.

1.9. Organization of the paper. In Section 2 we define the basic notions
we work with in the rest of the paper.

In Section 3 we present the main theorems in adelic terms and prove some
auxiliary propositions.

In Section 4 we apply the joinings theorem of Einsiedler and Lindenstrauss
to the problem at hand.

In Section 5 we review and prove basic facts about explicit representations
of quaternion algebras in coordinate form. We also describe representatives
“in lowest terms” for elements of the projective group of units of a quaternion
algebra over local fields.

In Section 6 we construct the double quotient GA\G x G /pa using GIT
and study its properties over Q. This variety is essential for the geometric
expansion of the relative trace appearing later on.

In Section 7 we study basic properties of the intermediate measures arising
as obstructions to equidistribution.

Section 8 is a key part of this paper where we study the cross-correlation
between a periodic toral measure and a translated Hecke correspondence using
a relative trace. Most importantly, we demonstrate the relation between this
relative trace and shifted-convolution sums. This requires interpretation of the
non-archimedean relative orbital integrals as intersection numbers and explicit
parametrization of the relevant intersections using arithmetic invariants.

In Section 9 we generalizes the results of [Shi80], [Nai92] to sums of mul-
tiplicative functions along values of polynomials in two variables on smooth
domains. This section may be of independent interest.

In Section 10 we combine all of the previously developed tools to a proof
of the main theorem.
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In Appendix A we review the classical principal genus theory for qua-
dratic orders and provide complete proofs in a form useful to us. These results
are necessary in translating the shifted-convolution sums that arise from the
relative trace into sums of multiplicative functions over values of polynomials.

In Appendix B we do routine calculations of the number of points on some
singular conics over Z /N7- These are necessary to translate the upper-bound
on the cross-correlation we have after applying the sieve method into a sum
treatable using analytic number theory.

1.10. Acknowledgments. 1t is a pleasure to thank Peter Sarnak for numer-
ous fruitful and enlightening discussions on this project and for the observation
that the results for toral orbits are relevant to the equidistribution of Galois
orbits on products of modular curves. I am indebted to Elon Lindenstrauss for
his continuous encouragement and his interest in this project. I am grateful
to Akshay Venkatesh for valuable conversations and his assistance in clarify-
ing the results of [EMV13]. I thank Manjul Bhargava, Fabian Gundlach and
Shou-Wu Zhang for helpful discussions.

I am grateful to Philippe Michel and Wei Zhang for very useful and il-
luminative comments on a previous version of this manuscript. I am deeply
indebted to the referee for pointing out that Lemma 10.11 in the original man-
uscript was wrong and for bringing forth the description in Section 1.6 of the
invariant ideals in a classical language.

The author was supported by a Schmidt Fellowship at the Institute for
Advanced Study during 2017-2018.

2. Preliminaries

2.1. Notation and conventions.

(1) We denote by the letter v a place of Q. For a non-archimedean place v,
define ¢, to be the size of the residue field of Q,.
(2) For a linear algebraic group M defined over Q, we denote

More generally, for any subset U C M(A), we denote by [U] its projection
to [M(A)]. We also use the notation [g] for the coset of g € M(A) in
[M(4)].

(3) If M is anisotropic over Q, i.e., there are no characters M — Gy, defined
over Q, then the locally compact space [M(A)] carries a unique M(A)-
invariant probability measure, which we call the Haar measure on [M(A)]
and denote by mp;. We use the notation my; also for the covolume 1 Haar
measure on M(A).
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(4) For S a finite set of places of Q, we denote

M%) =] _M(Q),  M(@Qs) =[] M(@).

veS

(5) If L < M is a closed algebraic subgroup, denote the diagonal embedding
of algebraic groups by L2 < M x M. We use the similar notation L® <
M x M for the diagonal embedding of a closed subgroup L < M in a
locally compact group M.

(6) For any algebraic group M, the morphism ctr: M x M — M is defined by
(g1, 92) = 91 ' g2.

(7) For a reductive linear algebraic group M, we denote by M®¢ its simply-
connected cover. We fix an isogeny M*¢ — M and denote for any ring R
the image of M (R) in M(R) by M(R)™.

(8) If L < M is a unimodular closed subgroup of a unimodular locally compact
group M with fixed Haar measures mj; and mjp; respectively, then we
always normalize the M-invariant Haar measure on L\M so that

[ fam= [ ([ st9)ame) amsyu o)

for any f € L1 (M).

(9) For F a global field or a finite product of non-archimedean local fields, we
denote by Op the ring of integers — the unique maximal order, F(!) the
multiplicative subgroup of F'* of norm 1 elements and @g) the multiplica-
tive group of norm 1 integral elements.

(10) When F' as above is a quadratic extension of either Q or Q,, it is equipped
with an action of the Galois group & ~ Z /97 We define the coboundary
map

Hilbert’s Satz 90 implies that this map surjective.

2.2. Forms of PGLy and locally homogeneous spaces. Let B be a quater-
nion algebra defined over Q. Denote Z := ZB* — the center of B* — and

define G = Z\BX to be the projective group of units. The linear group G is
a form of PGLs defined over Q, and all Q-forms of PGL, arise this way. A
central object in our discussion is the finite volume adelic locally homogeneous
space

N B (&)
~ Z(A)B*(Q) '
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2.2.1. Mazimal order in B(Q). Fix a maximal Z-order O C B(Q). For
any non-archimedean place v, denote the v-adic closure of O by O, C B(Q,).
The Z,-order O, is maximal in the quaternion algebra B(Q,); cf. [Rei75,
(11.2)]. For non-archimedean v, define the compact subgroup O, < B*(Q,)
and let the compact-open subgroup K, < G(Q,) be its image under the quo-
tient map B* — G.

We define the adelic points of B* and G as a restricted product with
respect to the compact subgroups Q, and K, respectively. Moreover, for any
finite set S of places containing oo, we denote

0% :=TJor, K°=]][K.
vegS vES

and

©}< — @X,{OO} — H @;;, Kf = K{OO} — H Kv.
vetoo VF00

We need to review some elementary properties of K, and O, for different
places v.

Split non-archimedean places. If B is split over a non-archimedean v, i.e.,
B(Qy,) ~ M2(Q,). Then the maximal orders of B(Q,,) are in bijection with the
vertices of the reduced Bruhat-Tits tree of B*(Q,). Explicitly, fix an isomor-
phism B*(Q,) ~ Endg, (Q2) then vertices of the Bruhat-Tits tree correspond
to homothety classes of full-rank Z,-lattices L C Q2, and all the maximal or-
ders are of the form Endz, (L). In particular, O} is a stabilizer of a vertex in
the tree and K, is a special maximal compact-open subgroup.

Ramified non-archimedean places. If B is ramified over a non-archimedean
v, then B(Q,) is a division algebra and O, is the unique maximal order — the
integral closure of Z, in B(Q,); cf. [Rei75, (12.8)]. Because of the uniqueness
property of Q,, it is conjugation invariant and Q7 is a normal subgroup of
BX(Q,).

A quaternion division algebra over Q, has ramification index 2 (cf. [Rei75,
(14.3)]), hence K, is a normal subgroup of index 2 in the compact group G(Q,).

The archimedean analogue of a mazimal order. We will also need an
archimedean analogue of a local maximal order. Fix once and for all a maximal
compact torus Ko < G(R). We define an isomorphism between (B(R), K«)
and (M2(R), PSO2(R)) to be an isomorphism of algebras B(R) ~ Ms(R) that
induces an isomorphism G(R) ~ PGL2(R) mapping K to PSO2(R). Due
to the Skolem-Noether theorem and the fact that the normalizer of PSO2(R)
is PGO2(R), such an isomorphism is unique up to composition with the map
AdPGO3(R). Assume B is split over R, and fix such an isomorphism.
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Inner-product norms on R? are often used analogously to full rank lattices
in the non-archimedean settings. Two inner-product norms on R? are said to
be homothetic if they differ by a positive multiplicative constant. The action of
GL3(R) on R? induces a transitive action on the space of inner-product norms
on R2. This action descends to a transitive action of PGLy(IR) on homothety
classes of inner-product norms. Any inner-product norm | e |: R? — R.q
induces a sub-multiplicative operator norm on My(R) in the standard way:

_ lgv|
lglle) = sup ——.
0£veER? |U|

This operator norm depends only on the homothety class Rsg - | @ |. Let
Stabj, < PGL2(R) be the stabilizer of the homothety class of [e|. The closed
unit-ball in Ma(R) with respect to || @ |||4 is an Ad Stab,-invariant compact
identity neighborhood. Unlike the endomorphism ring of a full-rank lattice,
this closed unit-ball is not a ring but only a multiplicative monoid.

Let | ®]oo: R? — Rq be the standard Euclidean norm. This is the unique
inner-product norm on R? stabilized by O5(R), and its homothety class R* o]
is the unique homothety class of inner-product norms stabilized by POz (R).
Denote || @ [|o = || ® [/jo|., — the operator norm on B(R) induced by | e |
and the isomorphism above. This norm does not depend on the choice of
isomorphism as it is Ad PGOgz(R)-invariant.

If B(R) is ramified, we fix an isomorphism of B(R) and the Hamilton
quaternions and define || ® ||, to be the the quaternion norm. This definition
does not depend on the choice of isomorphism as the quaternion norm is multi-
plicative and conjugation invariant. Equivalently, in this case || ® [lo = v/Nrd.

In both the ramified and unramified cases the norm || e || satisfies the
following useful identity:

B>< R): -1 o = HgHOO .
0 Yo € B (R): gl =

We need the following definitions:

Ow = {g € B*(R) | [lglloo < 1},

0% = {9 € B*R) | ||lgllc = 1,Nrdg > 0} ~ SO,(R),

Ouc = {0 € B*(R) | g [loe < 2.Nedg > 0}
The set Oy is the closed unit-ball of || e ||, QF is the orientation-preserving
isotropy group of the Euclidean norm | e |, and Q. is a connected, symmetric

and compact identity neighborhood. Moreover, OX Qs = Q205 = Q.
Elements of Q. satisfy the following inequalities that follow from (6) and



162 I. KHAYUTIN

submultiplicativity of the operator norm:

Nndg = Igllolls e o 1
(7) g~ 1% g~ HI%
Nrdg = (Nlrdg_l)i1 < 4.

> 1/4,

2.3. Simply connected cover. Let G := B be the group of unit quater-
nions in B. The group G*¢ is the simply connected cover of G. For an algebra
R/Q, we denote by G(R)' the image of G**(R) in G(R) under the isogeny
map. The subgroup G(A)™ < G(A) is normal, and the reduced norm map
Nrd: B* — Gy, induces a monomorphism of compact abelian groups

X
Nrd: G(A)/G(A)+ A / px2-

To determine the image of Nrd(B* (F')) for a field F//Q, notice that all the
elements with a fixed reduced norm form a torsor of G defined over F'. As
such it has an F-point only if it is the trivial torsor. This can be checked using
the Galois cohomology of G*¢. The cohomology group is trivial for each p-adic
field (cf. [Kne65]), hence each element in Q. is a reduced norm; this can also
be simply deduced from checking the two possible quaternion algebras over Q,,.
For the archimedean field R, there are two possible quaternion algebras. In
the split case every element of R* is a reduced norm, and for the Hamilton
quaternions, only the positive elements R~ are reduced norms.

For the global field Q, this question is answered by the Hasse-Schilling-
Maass theorem; cf. [Rei75, Th. 33.15]. The following global-to-local map is
injective as G*° is simple and simply connected:

HY(Q,G*) — H'(R,G*).

Hence if B is split at oo, then every element of Q* is a reduced norm, otherwise
only elements of Q¢ are reduced norms.
The reduced norm defines a monomorphism of double coset spaces
G(A) Nrd AX
G(Q)\ /G(A)+ E— Qx\ /Ax2-
Following the discussion above we know that this morphism has full image if

Rsyo x AT
B is split at co and the image is the index-2 subgroup Q>0\ >0 f/ AX2

otherwise.

2.4. Toral periods. Periodic orbits of tori on Y can be collected into nat-
ural arithmetic packets [ELMV09], [ELMV11] that generalize the packets of
CM points and closed geodesics on the modular curve.
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These are easiest to define in adelic terms. Let T < G be a maximal torus
defined and anisotropic over Q. We require the torus to be anisotropic so that

the space . (Q)\T(A) has finite volume.

2.4.1. Homogeneous sets and periodic measures. Einsiedler, Lindenstrauss,
Michel and Venkatesh have defined in [ELMV11] the notion of a homogeneous
toral set. For any g = (gy)» € G(A), the set

[T(A)g] C [G(A)]

is a homogeneous toral set. This set is a right translate of [T'(A)] ~ T(@)\T(A)

and hence carries a unique probability measure invariant under the locally
compact abelian group Hy := g~ 1T(A)g. Denote this measure by p, and call
it the periodic toral measure.

Special places. Because the measure rigidity arguments we use require an
action by a split torus at two different places, once and for all we fix two finite
rational primes p1,p2 such that G is split at p; and ps. We fix two maximal
split tori 4, < G(Qp,) and Ay, < G(Qp,) and require that the intersection
of A, and K, is maximal compact in A, ; equivalently, the apartment of
Ap, in the Bruhat-Tits buildings contains the vertex stabilized by K, . In
Section 2.2.1 we have already fixed a maximal compact torus Ko, < G(R).

We restrict to the case when T is split at p; and ps and anisotropic at co.
Unless stated otherwise, we shall always assume that

(W) go_olT(R)goo = Koo, gp_llT(Qpl)gpl = Ap,, gp_ng(QPQ)gpz = Ap,.

2.4.2. Packets. Let S be a finite set of rational places containing at least
00, p1, p2 and such that the following class number 1 assumption holds:

G(A
) Fa@\ " aiee k9=
The G(Qg)-equivariant open embedding

Y = F\G(QS) SN G(A)

c@'  /KS

I=G(QnK°

is an isomorphism due to (8).

Denote the projection of [T(A)g] to Y by P. The set P is called a packet
of periodic torus orbits. It is a union of periodic orbits® for the torus H =
[Tves Hy where H, = g;'T(Q,)g, and our choices (#) imply Hy = Koo,
Hy, = Ap, and Hp, = Ap,.

®Following [ELMVO09] we say that an orbit of a locally compact group H is periodic if it
supports a finite H-invariant Borel measure.
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Action on torus orbits. Denote

K3 = gK%g 1 nT(A%) < T(A),
K= K& = gKpg ' nT(4y). < T(Ay).

These are compact-open subgroups of the ambient torus groups. The following

finite abelian group acts simply transitively on the set of H-orbits in &7:
T(A

\T&),

Cg =

T(Q) T(Qs) - K5

The finiteness of Cg implies that &2 is a finite collection of periodic H-orbits.
We can actually incorporate the pointwise action of H ~ T(Qg) on & and
the action of Cg on the set of H-orbits into a pointwise action of the single

T(A)
group / K
Periodic measure on the packet. The measure p defines a push-forward
measure z on Y supported on P and invariant under the action of H. The mea-
sure [z is a finite average of periodic H-measures. All the periodic H-measures
contribute to & with the same weight as can be seen using the action of Cg.

2.4.3. Homogeneous toral sets in B*. Any maximal torus T < G defined
over Q is the image of a unique maximal torus T < B* defined over Q.
All maximal rational tori T < B* are of the form

T~ Resg G,

where F'/Q is a quadratic étale-algebra embeddable into B(Q). More specif-
ically, let ¢: F — B(Q) be a ring embedding. Then the image of ¢ is the
Q-points of a maximal commutative algebra subvariety E with E(Q) = «(E).
The corresponding torus T is equal to E*. Notice that an étale-algebra E does
not define the subalgebra E < B uniquely as there are many inequivalent ways
to embed F in B(Q). The subalgebra E is defined by a specific embedding ¢,

up to an automorphism.

Resg G . ) . .
is anisotropic over Q is

Our requirement that T = Z\T ~ Gm\
equivalent to E being a quadratic field. The condition (#) implies that E is
imaginary and split at p; and ps.

Choose any representative of g in B*(A), and by abuse of notations denote
it by g as well. The isomorphism of adelic quotients (5) induces an identifica-
tion of homogeneous toral sets

[T(A)g] = [T(A)g] C Z(A)BX(Q)\BX(A)‘



JOINT EQUIDISTRIBUTION OF CM POINTS 165

Class group action. Let S be a finite set of rational places as in Sec-
tion 2.4.2. As before, define
K,% = g0*5¢ 1 NT(A%) < T(AY),
Ky, = K,%oo} = g0Fg ' NT(Ay) < T(Af).
Because of our choice of K, to be the projection of Q) there is also an
surjective homomorphism of finite abelian groups

R L T(A)
PV B k8TTQ@) /T@s) - K
\T(@),

(9)

—»

T(Q) T(Qs) - K5 = U5

where thr =g (HveS @5) g 'n T(AS) is a compact-open subgroup in T(AS).
The kernel of this map is the following quotient:
Gm(@) Gm(QS) : HUQS Z;;“

which is trivial because Q has a trivial class group. We see that (9) is actually
an isomorphism. We have thus expressed Cg in a natural way as a quotient of
the idéle class group of E. It is natural to consider Cg as a generalized S-class
group of the field E.

2.4.4. Quadratic orders and discriminants.
The local order and local discriminant.

Definition 2.1.

(1) Recall that T = E* where E < B is a maximal commutative algebra. For
each place v, we define

Ay = E(Qv) N gv@vgv_l-
For v non-archimedean, A, is a commutative ring and an order in the
étale-algebra E(Q,) ~ E,.
(2) For v non-archimedean, denote the maximal order of the étale-algebra E,
by GEM i.e., ®Ev = Hw\v @Ew‘
PROPOSITION 2.2. For almost all v non-archimedean A, = Op, .

Proof. As Q- O = B(Q), we see that A" := O N E(Q) is a Z-lattice
of full rank in the 2-dimensional Q-vector space E(Q). We can extend any
Z-basis b of A"Ve to a Z-basis b U c of Q.

5This can be seen from the fact that o / Anaive is & finitely generated torsion-free Z-module

and each such module is free.
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Fix v non-archimedean, and denote A2V® C E(Q,) for the v-adic closure
of A"Ve  We can use the basis above and weak approximation to explicitly
write @, = Spany bUc, ADaive — Spany, b and E(Q,) = Spang, b. In particu-
lar, E(Q,) N O, = AV,

For any v such that g, € K,, we see that

A, = E(Q,) N0, = AT,

The lattice A"¥¢ is an order in the number field E(Q) ~ E. The p-adic
completion of A"Ve is equal to the maximal order for any p relatively prime
to the conductor of A"Vve, Hence A, is maximal if g, € K, and ¢, is relatively
prime to the conductor — which happens for almost all v. O

LEMMA 2.3. For any v non-archmiedean, there exists £, € Z, such that
ANy = Zy + £,Og,. The conductor of A, is £,0g,, and A, is stable under the
Galois action of Gal(E,/Q,).

Proof. The argument is the same as for orders in quadratic number fields.
O

Definition 2.4. We define the local discriminant D, of the homogeneous
toral set [T(A)g] in an equivalent way to [ELMV11, §6.1].

(1) For v non-archimedean, D, is the discriminant of the order A,. In partic-
ular, for all places v where E is unramified and A, is maximal, we have
D,=1.

(2) For v archimedean, there is a natural topological ring isomorphism of E(R)
either to R x R or to C unique up to an automorphism. Consider the
standard volume form on R x R or C induced by the inner-product norm
a— |af or (a, 8) — +/|a|?> + |82, and pull it back to E(R).

Let Asw C E(R) be the intersection of the closed unit ball of || e ||, with
E(R). Define Dy to be the square of the volume of Ay, with respect to
the latter volume-form.

(3) Finally, the global discriminant is defined to be D =[], D,.

Remark 2.5. Conjugating by g, we have A, ~ g, 'E(Q,)g, N Q,. Thus
the local discriminant D, for v = 0o, p1,p2 is the same for all homogeneous
toral sets for which (&) holds.

Moreover, our choice of || ® ||oc to be Kyo-invariant in Section 2.2.1 and
the requirement that g3 T(R)gos = Koo in (@) imply Do = 1.

The global order.
Definition 2.6. We define a global order A < E(Q) ~ E by

A= ﬂ Ay,
VF£00

where the intersection is taken in the 2-dimensional Q-vector space E(Q).
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Recall that by Proposition 2.2, A, is equal to the v-adic closure of Of
for almost all v, hence the intersection A is a finite index Z-sublattice in Op.
Moreover, it is closed under multiplication, so it is an order in E(Q). The
discriminant of A is exactly [],.0c Dy. Notice that in general A # E(Q) NO.

Remark 2.7. A consequence of the discussion Nabove is tfllat for all v # oo,
the compact-open subgroup Kz = 90,9, N T(Q,) < T(Q,) is the unit
group of the order A,. B

In particular, if K’if = [Tosoo K"f‘,v < T(Ay), then

~ ~ T(A) ~ Pic
C{OO} - T(Q)\ /T(Qs) ) K,% ~ Pic(A).

Idéles and ideals.

Definition 2.8. Let [T(A)g] be a homogeneous toral set with splitting field
E/Q and global order A := Ny2cAy C OF.

(1) Denote by J(A) the abelian group of invertible proper A-fractional ideals.
These are exactly the locally principle fractional ideals, and there is a
canonical group isomorphism

idl: = v « = F(A
. M px = 7

v

(2) Define J(A)o == F(A) U {0- A}. This set of ideals does not carry a group
structure any more but there is a natural action of ¥(A) on it, and hence
also an action of the finite E-ideles. The map above extends naturally to
a surjective equivariant map

defined by (ayA) )uzoo = Mustoo Qv C E.

ﬁ: E(Af)/ — Hv;éoo Ev/H
T.f

A>< — Z(A)(h

which is no longer a bijection. The preimage of the zero ideal contains any
non-invertible adele. The preimage of any invertible fractional ideal still
contains only one element.
(3) The map idl above descend to the following function:
ial: T(A)

— Hv;ﬁoo Eg
/KT,f - A?\ /Hv;éoo A’l>]<

— [Tozoo £ idl ¥
—@x\ # /Hv;éooAX —>Q><\

The second equality above holds because QQ has trivial class group.
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2.4.5. Volume. The volume of a homogeneous toral set has been defined
in [ELMV11]. To motivate the definition, consider a normalization in which
the measure of the group under which the homogeneous set is invariant — Hy
— is kept fixed while the homogeneous toral set varies in a family. In the adelic
setting it is impossible to keep Hj independent of the homogeneous set in the
family, yet we can normalize the measures in a uniform way.

To do that fix a compact identity neighborhood = [],Q, C G(A).
Normalize the Haar measure mp, on Hy so that mpy, (2) = 1. The measure
mpy, also induces an Hy-invariant measure on [T(A)g] that differs from p by
a constant. The volume of the homogeneous set is defined as the volume of
[T(A)g] with respect to the measure induced by mp, .

A formula for the volume can be written in terms of the covolume 1 Haar
measure mp on T(A),

vol ([T(A)g]) = mr (9297") .

The definition of the volume depends on the choice of a compact identity

neighborhood €2 but in an inessential way. Specifically, for any compact identity
neighborhoods Q and ¢V,

(10) volg ([T(A)g]) <a,o volor ([T(A)g]) g vola ([T(A)g]).

Most importantly, the constants do not depend on the homogeneous toral set.

Once and for all we fix Q, = K, for all non-archimedean v and Q. =
Z(R)ﬁoo, where ﬁoo is as in Section 2.2.1. The set 0 is a connected, com-
pact, symmetric and Ad K-invariant identity neighborhood in G(R). In the
ramified case this neighborhood coincides with G(R). These choices simplify
computations later.

2.5. Joinings of periodic toral measures. Let [T(A)g] C [G(A)] be a ho-
mogeneous toral set with periodic measure u as in the previous section. Denote
by T2 < G x G the diagonal embedding.

Fix s € T(A), and consider the following subset of the cartesian square of
[G(A)]:

[T2(4)(g.59)] C [(G x G) ()]

This is a homogeneous set for the non-mazimal rank 1 anisotropic torus T4
in the rank 2 group G x G.

By the same arguments as in the previous sections this set carries a prob-
ability measure ;" invariant under the action of” H ‘Q.

"Notice that s commutes with T(A).
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The measure ;4°™ projects in each coordinate to the regular periodic toral
measure p supported on [T(A)g]. It is a self-joining of x that is non-trivial
because of the shift by s € T(A).

We call s the twist of the self-joining. Notice the that whole class of s in

T(A
o\

2.5.1. Joining of packets. Let S and Y be as in Section 2.4.2. Denote by
H?* the diagonal embedding of H into G(Qg) x G(Qg). The set [T2(A)(g, s9)]
projects to a finite collection of H® orbits on Y x Y denoted by %™t The
measure °™ can be pushed forward to an H®-invariant probability measure

defines exactly the same self-joining.

on Pt which we denote by pioint, The measure ot is a self-joining of the
H-invariant measure &t on Y.

2.5.2. Volume and discriminant. The definitions of volume and discrimi-
nant extend trivially from homogeneous set of Q-anisotropic rank 1 tori in G
to anisotropic rank 1 tori in G x G. By choosing 2 x €0 as the reference iden-
tity neighborhood on (G x G) (A) and setting @ x O as the reference maximal
order in (B x B) (Q), we have

vol ([T2(4)(g. 59)]) = vol (IT(A)g).
disc ([TA(A)(Q, sg)]) = disc ([T(A)g]) .

3. Principal results

In this section we present our main theorem and prove key corollaries, a
few reduction steps and complementary propositions. The proof of the main
theorem is presented in Section 10 and builds upon the tools developed in the
rest of the manuscript.

We will use the following shorthand to simplify our notation.

Definition 3.1. Denote Ges = \G(A)/G(A)+, and let 71: [G(A)]

— Gies be the quotient map.

G(Q)

The topological space Gyes is a compact abelian group such that the com-

+
position of quotient maps G(A) — [G(A)] == Ghes is a continuous surjective
group homomorphism; cf. Section 2.3. This implies that the push-forward of

the probability Haar measure on [G(A)] to Ges is the probability Haar measure
of Gres.

3.1. Equidistribution of toral orbits. The following is the key theorem of
this work.

THEOREM 3.2. Let G be a form of PGLqy over Q. Fiz a maxzimal compact
torus Koo < G(R) and two finite primes p1,pa. Let {#;}; be a sequence of joint
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homogeneous toral sets. For each i, write #; = [TA(A)(Q, sg)], where T, s, g
depend on i. Recall that T < G s a mazimal torus defined and anisotropic
over Q, g € G(A) and s € T(A).

Let E;/Q be the quadratic field splitting T, and let D; be the discriminant
of #;. Denote by f; the conductor of Dy; i.e., )‘322 | D; is the largest square
divisor of D;.

Denote by p; the algebraic probability measure on [(G x G) (A)] supported
on ¥;.

Assume the following for all ¢ € N:

(1) 95 T(R)goo = Koo,

(2) pl,pg split in E;,

(3) the Dedekind ¢ function of E; has no exceptional Landau-Siegel zero,
(4) f: < 1.

If |D;| — oo and the following holds for any compact subset B C G(A),
Vi>pl: g 'T(Q)sgN B =0,

then any weak-+ limit point of {p;}; is a (G x G) (A)T-invariant probability
measure.

COROLLARY 3.3. Denote by
Lo ([(G x G) (A)],maxc}) < L? ([(G x G) (A)], mgxG)

the subspace orthogonal to the residual spectrum. Then in the setting of Theo-
rem 3.2, for any continuous compactly supported function

f € Ly ([(G x G) (A)] ,maxa)
we have

Proof. Each fiber of 71 admits a transitive G(A)™ action inducing an iso-
morphism of the fiber with [G(A)*]. This isomorphism depends on the choice
of a base point. The probability Haar measure on [G(A)"] defines a probabil-
ity measure on the fiber which is independent of the choice of base point due to
the invariance property of the Haar measure. The conditional measures of mg
on the fibers of [G(A)] = Gyes are G(A)T-invariant probability measures, and
hence they can be taken to coincide with the previously described measures on
the fibers.

The residual spectrum is by definition the space of function factoring
through 7+ x 7%, and a function is orthogonal to the residual spectrum if its
conditional expectation with respect to the pull-back of the Borel o-algebra
+ T vanishes. In terms of conditional measures this is equivalent to
the function having integral 0 over the conditional measure of mg x mg for

under 77 X 7w
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almost each fiber. For a compactly supported continuous function f orthogonal
to the residual spectrum, we deduce that it has integral 0 over each fiber with
respect to the (G x G) (A)*-invariant measure.

Since each (G x G) (A)*-invariant probability measure on [(G x G) (A)]
is a convex combination of the measures on the fibers of 77 x 7+, we deduce
that all the limit points of [ fdu; are 0. O

3.2. Reduction to a fized invariance group at pi,ps. In the rest of the
manuscript we work with homogeneous toral sets satisfying the conditions of
(#) that are more restrictive then the conditions in Theorem 3.2. In particular,
we require for all homogeneous toral sets [T(A)g] that g;le(ij) gp; = Ay, for
J € {1,2} and some fixed split tori A, < G(Qp,). In this section we show
that Theorem 3.2 can be reduced to the case of joint homogeneous toral sets
satisfying these additional conditions.

PROPOSITION 3.4. Let {#;}, and {1;}; be as in Theorem 3.2. Then there
is a bounded sequence h; € G(A) such that #;(hi, h;) C [(G x G) (A)] satisfies
(#) for all i € N.

Proof. The main observation is that the local discriminant is a proper
continuous map on the variety of tori. Let p € {p1,p2}. Because all Q,-split

tori in G(Q)) are conjugate, we identify the space of Q,-split tori with G(Q) /

. To each split torus we can associate a discriminant in the manner of
Ne(g,) 4p

Section 2.4.4. Specifically, let A < B(Q,) be the split quadratic étale-algebra
associated to A,. If T = hAh™! for some h € G(Q,) then disc(T) is the
discriminant of the order hAh~! N @. This function is continuous and proper
as follows from [ELMV11, §84.2, 6.1].

If #; = [T(A)(gi, sigi)], then assumption (4) in Theorem 3.2 and proper-
ness of the local discriminant map imply that g, ;Ti(@p)gw is a bounded

G(Q),

sequence in the space of tori for p € {p1,p2}. Thus we can

Na(g,) 4p
choose a bounded sequence h;, € G(Q,) such that 9i, plTi(Qp)gi,p = hi7pAph;;
for all 7 € N.

Define h; € G(A) to have coordinate h; ), for p € {p1,p2} and have trivial
coordinates at all other places. This sequence obviously satisfies the claimed
properties. O

COROLLARY 3.5. Theorem 3.2 for joint homogeneous toral sets satisfying
(#) implies the general case of Theorem 3.2.

Proof. Let {#;}; and {u;}; be as in Theorem 3.2. Because this sequence
of measures is tight by Duke’s theorem, we can pass without loss of generality
to a convergent subsequence with limit pu. Let h; € G(A) be the bounded
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sequence from Proposition 3.4 above. Without loss of generality we pass to a
further subsequence such that h; —; o h € G(A).

For any g € G(A), denote by R,: [G(A)] — [G(A)] the transformation of
multiplying by g~!
the algebraic measure supported on #;(h;, h;) and we have

(Rhi X Rh,—)* i =0 (Rh X Rh)* .
Our assumption implies the measure on the right-hand side is a (G x G) (

invariant measure. The same statement then holds for p because (G x G) (
is a normal subgroup. O

on the right. For each 4, the measure (Rp, X Rp,), - is

A)T
A)T
3.3. Limit behavior of residual spectrum. The following, significantly eas-

ier, proposition supplements the main theorem as it can be used to understand
the asymptotic behavior for the residual spectrum.

PROPOSITION 3.6. Let {p;}; and E;/Q be as in Theorem 3.2, although
we do not require that conditions (1)—(4) from the theorem are satisfied.

Assume one of the following two options holds: either all the fields E; are
distinct, or they are all equal to a fixed quadratic field Ey/Q. In the former
case define H := Gres, and in the latter case set H = ker (XEO oNrd), where

XE, - QX\AX/AXQ — {£1} is the real adelic character attached to Ey/Q by

global class field theory.
Then any limit point of (7t x 7)), . is an HA -invariant probability mea-
sure supported on a single coset of H™.

Remark 3.7. It will be evident from the proof that in general, even under
the assumptions of the proposition above {(7* x 7 %), .u;}, need not converge.

Proof. Recall from Section 2.3 that the reduced norm map induces a
monomorphism

X
Nrd: Gres — QX\A /AXZ'
This map is onto if B is split at oo, and otherwise it is the index 2 subgroup

Rug X A%
Qoo R

Assume {p;}; converges weak-x, and let [Ti(A)A(gi,sigi)} be the homo-
geneous toral set of u;. By restricting to a subsequence we can assume without
loss of generality that 7 (g;) and 77 (s;) converge in Gyes to some 7y, € Gies.

Fix an index i € N, and let T := T; and F := F;. Because T(A) is abelian
and T is isotropic over Q the homogeneous set, [T(A)] is a compact abelian
group. In particular, 7 ([T(A)]) is a closed subgroup of Gyes. To describe this

E
R,eSQ G’m

subgroup explicitly recall that the isomorphism T ~ G \ intertwines

the reduced norm map with the regular field norm map. Thus
Nrdon ™ ([T(A)]) = ker x g,
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where x: QX\AX/AXQ — {£1} is the real adelic character attached to E/Q

by global class field theory. Henceforth we shall denote this character by x;.
If x; = X, for all i where Ey/Q is a fixed imaginary quadratic field, then

define H = ker (xp, oNrd) < Gres. Otherwise, our assumption implies that

X
all the characters x; are mutually distinct. Because X\A / Ax2 18 compact,

its Pontryagin dual is discrete. Hence if the character x, are distinct, the se-
quence {x;}, diverges. If {x;}, diverges, then the sequence of subgroups {(x;)}:
converge in the Chabauty topology to the trivial group 1 < Gyes. Pontryagin-
Chabauty duality [Corll] then implies that ker y; converges in the Chabauty

topology to the full subgroup QX\AX/AXZ In this case set H := Ges.

For all 4, denote v; := (7 x 1), .u;, and let v be the limit measure. From
the discussion above it follows that Nrd, .v; is the ker x#-invariant probability
measure on ker 2 (7t (g), 7t (gsi)). The limit measure Nrd,.v is invariant
under the action of the Chabauty limit of the invariance subgroups ker XiA,
which is Nrd(H)%?. We deduce that v is invariant under H2.

We are left only with proving that v is supported on a single coset of H.
Using the continuous contraction map ctr: Gres X Gres — Gres define the push-
forward probability measures ctry .; on Gres. The characterization of Nrd, .v;
above implies that

Nrd, .ctry .y = 5Nrd(ﬂ+(8i)) —7i—00 5Nrd(a)a

hence ctr,.v = 6,. This implies that v is supported on G4 (e, o), and the
proof is concluded in the case that H = Gies.

If H = ker x g, then v;(77(g;), 7 (s;9;)) ! is independent of i and is equal
to the Haar measure on H2. The claim follows because

vi(mt(9i), 7 (519i)) 7" —iseo v(v,07) 7 O

3.4. Many-fold toral joinings. A pleasant consequence of the joining the-
orem of Einsiedler and Lindenstrauss is that we can understand n-joinings of
periodic toral measures using the theorem for 2-joinings. The main observation
is that if a reductive subgroup L < G X --- X G projects onto G x G in any

n
of the (%) pairs of coordinates, then it must be equal to the full n-product.

Definition 3.8. Fix n € N. Let T < G be a maximal torus defined and
anisotropic /Q. Denote by T® < G*™ the diagonal embedding.
Fix s1,...,8,-1 € T(A) and g € G(A). The set

[T2(A)(g, 519, - -, sn-19)] C [G*™(A)]

is an n-joint homogeneous toral set. This set supports a unique (gflT(A) g)A—

invariant probability measure.
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THEOREM 3.9. Let G be a form of PGLy over Q. Fiz a mazximal compact
torus Koo < G(R) and two finite primes pi,ps.

Let {#;}, be a sequence of n-joint homogeneous toral sets. For each i, write
7 = [TA(A)(g,slg,...,sn,lg)} where T, {sj}1<j<n,g depend on i. Recall
that T < G is a mazimal torus defined and anisotropic over Q, g € G(A) and
Sly.-+-ySp—1 € T(A).

Let E;/Q be the quadratic field splitting T, and let D; be the discriminant
of #;. Denote by f; the conductor of Dy; i.e., f2 | D; is the largest square
divisor of D;.

Denote by p; the algebraic probability measure on [G*™(A)] supported
on #;.

Assume the following for all i € N:

(1) G2 T(R) g = Koc:

(2) p1,p2 split in Ey;

(3) the Dedekind ¢ function of E; has no exceptional Landau-Siegel zero;
(4) fi < 1.

If |D;| — oo and if the following holds for any compact subset B C G(A)
and for any pair of distinct elements s,8" € {1,81,...,8n-1}

(11) Vi>pl: g 'T(Q)s 's'gn B =10,

then any weak-+ limit point of {p;}; is a G*™(A)T -invariant probability mea-
sure.

Proof. The proof follows from Theorem 9.7 and [EL15a, Cor. 1.5]. O
3.5. Galois orbits of special points.

THEOREM 3.10. Let G be a form of PGLy defined over Q and split
over R. Let X be a product of n quaternionic Shimura varieties relative to G.

Let {x;}; be a sequence of special points in X all whose coordinates have
CM by the same quadratic order A; < E; of discriminant D; < 0 and conduc-
tor f;. Fix two primes p1, p2, and assume the following for all i € N:

(1) p1, p2 split in Ej;
(2) the Dedekind (-function of E; has no exceptional Landau-Siegel zero;
(3) £ <1

Denote by v; the normalized counting measure on the finite Galois orbit of
x;. If the sequence {x;}; has finite intersection with any proper special subva-
riety, then any weak-x limit of {v;}; is a conver combination of the uniform
probability measures on the connected components of X.

Proof. We will show how this theorem follows from Theorem 3.9 above.
The definition of a Shimura variety relative to G (cf. [Mil05, §5]) implies that
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there is a surjective projection map
I: [G*(A)] —» X

defined by dividing the adelic quotient by the compact group H?:l(Koo x Uj)
where Ko, < G(R) is a compact torus and U; < G(Ay) is a compact-open
subgroup for all 1 < j < n.

In this case, the reciprocity map of class field theory supplies (cf. [Mil05,
§12]) an identification between the Galois orbit of z; and the image under II
of a homogeneous toral set

% = [T%(g1,....9n)] C [G*™(A)],

where T < G satisfies the conditions of Theorem 3.9. Moreover, the counting
measure on the Galois orbit is the push-forward of the period measure p; on 7;.

The homogeneous toral set #; is of the form treated in Theorem 3.9 if all
the n coordinates of x; are Galois conjugate. In general, there can be more then
one Galois orbit with the same CM order A;, yet they all differ by an element
of a maximal compact subgroup in G*™(A), i.e., by Atkin-Lehner involutions.
Specifically, let Ky ; < G(Ay) be a maximal compact subgroup containing Uj.
Then the homogeneous toral set #; can be taken to be

H; = {TA(g,slgk:i,...,sn_lgnk;,l)] C [GX"(A)},
where g € G(A), s1,...,8,-1 € T(A) and k" == (1,k},... ki_;) € XKy 5 X

n—1
- X K, . Denote by p; the period measure supported on %; and whose
push-forward to X is v;.

If the sequence {z;}; has a finite intersection with any proper special
subvariety, then the same property holds for any fixed pair of coordinates of
{z;}; when considered as a sequence of special points on a product of two
varieties. This implies the genericity condition (11) in Theorem 3.9 for the
homogeneous toral sets %ik:i_l. In particular, all the condition of this theorem
hold for the sequence {%’iki_l} and we deduce the any weak-* limit of { uiki_l}i
is a G*™(A)T-invariant probability measures.

Assume without loss of generality that uiki_l —isoo M- By passing to a
subsequence we can also assume k' —;_oo k¥ € Ky 5 x -+ x K, . Then we
have that j; —; 00 tko. Because G*"(A)* is a normal subgroup we deduce
that pkg is also G*™(A)T-invariant. The claim follows by pushing-forward pkq
to X using II. U

4. Measure rigidity

Here we present a definition of an algebraic probability measure in the
S-arithmetic setting and the adelic one. The S-arithmetic definition we use is
from [EL15a].
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Definition 4.1. Let M be a linear algebraic group defined over Q.

(1) Fix a finite set of rational places S containing oo, and let M < M(Qg)
be a closed finite index subgroup. Let I' < M be a lattice. A probability
measure v on F\M is algebraic if there are a closed unimodular algebraic
subgroup L < M defined and anisotropic over Q, a finite index subgroup
L < L(Qg) and some gs € M such that v is the probability L-Haar
measure supported on [Lgg] C F\M .

(2) A probability measure v on [M(A)] is an algebraic measure if there are
a closed unimodular algebraic subgroup L < M defined and anisotropic
over Q, an isogeny L' — L over Q and a closed subgroup of finite index
L < Im[L/(A) — L(A)] such that v is the probability L-Haar measure on
an orbit [Lg] C [M(A)] for some g € G(A).

Remark 4.2. The datum defining a fixed adelic algebraic measure is the
G(Q)-orbit of a tuple (L,L” — L, L, Lg) where v € G(Q) acts by

v.(L,L = L, L Lg) = (Ad, L,I/ — L 22 Ad. L, Ad, L, (Ad, L)(~g)).
Definition 4.3. Write
AIJ); = Ap, N G(Qpi)+

for i € {1,2}. The subgroup A is the image in A, of a maximal torus in
G(Qp,) isogenic to A,,, hence it has finite index in A,,.

The essential ingredient in the proof of the following theorem is the join-
ings theorem of Einsiedler and Lindenstrauss [EL15a, Th. 1.4] and Duke’s
theorem for equidistribution in the absolute rank 1 case. Notice that because
we assume a fixed split prime, the equidistribution in the absolute rank 1 case
that we use is already covered by Linnik’s method [Lin68].

THEOREM 4.4. Let p)
measures on [(G X G) (A)] with discriminants |D;| —i00 00 and satisfy-
ing (). Let the probability measure pu be any limit point of ,uiomt. Then p is a
convexr combination of (A;1 X A;;)A-mvam'ant algebraic measures. Specifically,
there is a Borel probability measure P on the space of probability measures

My ([(G x G) (A)]) supported on the subset of algebraic measures so that

ot pe g sequence of self-joinings of periodic toral

W= AAP(N).
My ((GxG)(A)])
Moreover, for almost all the algebraic measures A in the support of P, the
associated Q-group L < G x G can be taken either to be G® or G x G, and
A is the algebraic measure supported on [L(A)TE] for some € € (G x G) (A).
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COROLLARY 4.5. Let X be an algebraic measure in the support of P in
Theorem 4.4 above. If X is supported on [G2(A)TE], then ctr(€),, € A, for
ie{l,2}.

Proof. Fix i € {1,2}. The measure A is <A;’Z,)A—invariant, and its stabilizer
subgroup in (G x G) (Q,,) is contained in (e, ctr(&),,)G2(Qp,) (e, ctr(€),,) L.
Thus ctr(§),, centralizes A} in G(Qp,). This centralizer is A, O

We will use the following standard result.

LEMMA 4.6. For every rational place v that splits B, the action of G(Q,)"
is mizing for the Haar measure on [G(A)Twg] for any wy € G(A).

Proof. The Haar measure on [G(A)*+wy] is invariant under wy 'G(A) Fw =
G(A)*. Considering the G(A)T-equivariant isomorphism of measure spaces
G(A)twy G*¢(A)
At = = sc sc )
[G(A) " wo] G(Q)\ ZG*(A) -G (Q)\

it is enough to show that the action of G*¢(Q,) on [G*(A)] == GSC(Q)\GSC(A)

is mixing. This result will follow from Howe-Moore [HM79, Th. 5.2] if we show
that the only finite dimensional G*¢(Q,)-sub-representation in

L2 (IG*(A)], mge)

is the space of constant functions.

By strong approximation for simply-connected absolutely almost simple
groups, the group G%(Q,) acts minimally on [G*(A)]; i.e., all the G*(Q,)-
orbits are topologically dense. Let

V < L? ([G*(A)], mgse)

be a (closed) finite-dimensional sub-G*¢(Q, )-representation. The minimality of
the G°(Q,) action implies that the whole G*(A)-orbit of any G*(Q,)-smooth
vector in V is contained in V. The smooth vectors are dense in any closed sub-
representation V' < L? ([G%(A)], mgsc), hence V must be G5¢(A)-invariant.
Because G*° is simply-connected, it has no non-trivial residual spectrum and
the only finite dimensional G*(A)-sub-representation is C - 1. (]

To apply [EL15a, Th. 1.4] to u we need first to decompose it to ergodic
measures on locally homogeneous spaces saturated by unipotents in the sense
of [EL15a, Def. 1.1].

. A . .
The measure p is (A;;l X A;,“Z) -invariant, and we write

(12) = AdP(N)
A1 ([(GXG)(A))

A
for the ergodic decomposition of i with respect to (A;,rl X A;,:) .
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LEMMA 4.7. For P-almost every A, there is w = (w1,w2) € G(A) x G(A)

A
such that \ is an (A;{l X A;;) -tnvariant measure supported on the homoge-

neous set [(G x G) (A)Tw]. Moreover, its projection to each coordinate is the
G(A)T-Haar measure on [G(A)Tw;].

A
Proof. The (Ajl X A;rz) -invariance of \ is built into the definition of an
ergodic decomposition. The measures A in the support of &P are conditional

measures of 1 on the o-algebra of (A]LT1 X A;;)A—invariant Borel sets. Denote
by BT the o-algebra of Borel G(A)T-invariant sets in [G(A)]. The o-algebra
of (A;,Ll X A;'Q)A—invariant sets in [(G x G) (A)] contains B+ x Bt — the
o-algebra of G(A)* x G(A)T-invariant Borel sets. Hence P-almost every \ is
supported on an atom of BT x BT .

The o-algebra BT corresponds to the factor map

G(A G(A Nrd(B* (A
c@ ¥ = ¢ @ " awy = @ @)\ e

and its atoms are the fibers of this map, which are of the form [woG(A)T] =
[G(A)Twyp] for some wg € G(A). The atoms of BT x BT are then of the form
(G x G) (A)Tw] for w = (w1,w2) € G(A) x G(A). This proves the first part
of the lemma.

Because of Duke’s theorem, proved by Linnik under the assumption of a
fixed split prime, p projects in each coordinate to a G(A)'-invariant measure
on [G(A)]. We deduce that

Tisfh = /Wi*Adg(A)

is G(A)T-invariant for i = 1,2. All the G(A)"-invariant and ergodic measures
on [G(A)] are G(A)T-Haar measures on B atoms of the form [G(A)*wo]. By
Lemma 4.6 these G(A)"-Haar measures are A} x Al -ergodic. Hence a G(A)*-
ergodic decomposition of m;, s is also an A;,“l X A;Q—ergodic decomposition. By
uniqueness of the ergodic decomposition it follows that for P-almost every A,

the projections 7;, A are G(A)T-Haar measures on a %" -atom. O

We now fix a measure A satisfying the conclusions of Lemma 4.7 and apply
[EL15a, Th. 1.4] to it. To do that we need first to pass to an S-arithmetic
setting.

LEMMA 4.8. Let X satisfy the conclusions of Lemma 4.7. In particular, X
is supported on [G(A)Twy x G(A)Tws]. Fix S as a finite set of rational places
such that

(1) oo,p1,p2 € 5;
(2) G has class number 1 with respect to K*;
(3) wi,wy € G((@S) x K%,
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Denote by 7° the canonical projection

r \G(Qs)’

51 (G x G) ()] = Y X Y = FS\G'(‘Q?S) X g

where T's == G(Q) N K?.

Then the measure j3\ is an algebraic measure on Yg x Yg supported on
[Lsgs] for some gs € (G x G)(Qs), where Ls < L(Qs) N (G x G) (Qs)™ is
a finite index subgroup and L < G a closed algebraic subgroup. The group L
1s 1sogenous either to G or to G X G and projects onto G in both coordinates.

Proof. Write w; 5 € G(Qg) for the S-coordinates of w;, i = 1,2. Denote
ws = (w1,5,w25). Set T'& == Ts N G(Qs)* (this is a lattice in G(Qg)*), and

+
denote Vg = F+\G(QS) .
S

Strong approximation for G implies that 75\ is supported on a sin-
gle orbit [G(Qg)Twi x G(Qg)Tws] and its projection to each coordinate is a
G(Qg)"-Haar measure. By applying a right translation by wgl, we consider

_ A . . .
the measure j9\ as an wsl (A;;l X A;;) wg-invariant and ergodic measure on

Y; X Ygr whose projection to each coordinate is the Haar measure on Y; .
The space YS+ is saturated by unipotents because the group

G(Qpl )+ ~ PSLy (Qpl )

is generated by unipotents and acts ergodically on YSJr by Lemma 4.6. The
group A;,Fl X A;,; is a compact extension of a class-d’ group in the sense of
[EL15a, Def. 1.3], so j9\ is an ergodic invariant measure for a class-si’ group
of rank 2. Theorem 1.4 of [EL15a] now applies, and 75\ is an algebraic measure
on [Lggg] for some gs € G(Qg) and Lg of finite index in L(Qg) N G(Qg)™
for some reductive group L < G projecting onto G in both coordinates. By
[EL15a, Lemma 7.4], L is either isogenous to G or to G x G. O

LEMMA 4.9. In the setting of Lemma 4.8 the group L is either isomorphic
to G or to G x G.

Proof. Consider the center ZL. It projects in both coordinates to the
center of G, which is trivial as G is of adjoint type. Hence Z L projects to the
trivial group in each coordinate so it is trivial. The group L is adjoint and the
claim follows as both G and G x G are adjoint. O

If L ~ G x G, then the inclusion L < G x G is an equality. The following
treats the case that L ~ G.

LEMMA 4.10. If L < G x G is isomorphic to G and projects onto G in
both coordinates, then L is conjugate to G2 over Q.
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Proof. Consider the projections 7, m: G X G — G restricted to L. Be-
cause L projects onto G in both coordinates and L is simple with trivial center,
the kernel of these projections is trivial. In particular, both projections are
isomorphism of algebraic groups and ma |y, o m |, ! is an automorphism of G.
As all automorphisms of G are inner, we see that m|y, o 7]y 5 = Ad, for
some g € G(Q). Thus (e,g~"L(e,g) < G2, and because L and G* have the
same dimension and G* is connected, we conclude (e,g )L(e,g) = G* O

LEMMA 4.11. In Lemma 4.8 we can take Lg = L(Qg)™.

Proof. Lemmas 4.9 and 4.10 imply that the reduced norm map
QX
Nrd: (G x G) (Qg) — S/@Xz
S

restricts to the corresponding reduced norm on L(Qg). In particular, L(Qg) N
(G xG)(Qs)t = L(Qs)*t. The group L(Qp,)" is a product of at most
two copies of the abstractly simple [DicO1] group PSLy(Q,,) . In particular,
L(Qp, )™ has no proper subgroups of finite index, hence LsNL(Q,,) = L(Q,,)™.
Strong approximation implies that L(Q,,)" acts minimally on the closed
set [L(Qs)*]. Because [Lg] is contained in [L(Qg)*] and it is L(Qp,)"-
invariant we see that [Lg] = [L(Qg)"]. The L(Qg)"-Haar measure on [L(Qg)"]
is Lg-invariant. Uniqueness of the Haar measure on a homogeneous space im-
plies that the L(Qg)* and Lg Haar measures on [Lg] = [L(Qg)™] coincide.
The conclusion of the lemma follows by translating by gs. O

Proof of Theorem 4.4. We patch the result of the previous lemmata into
an adelic statement. Fix a countable well-ordered direct system of finite sets of
rational places {S} exhausting all the places of Q and such that all S satisfy the
conditions in Lemma 4.8. By excluding a countable union of %-measure zero
sets we see that P-almost every A in (12) projects onto an algebraic measure
satisfying the conclusions of Lemma 4.8 for each S in the direct system.

Let S C S’ be a pair of sets places in the direct system. The algebraic
measure 55 \ supported on [Lg/ (Qg)ggr] projects to the algebraic measure 75\
supported on [Lg(Qg)gs]. The factor map from Y x Yg to Yg x Yy is the
division by the compact subgroup [[,csn\s Kv, thus

IoLs(Qs)Tgs [ Kv=TsLs(Qs)tgs [[ Ko
veES\S veS\S
and ygg = lgskg for some vy € I'gy = (G x G) (Q) N K xKY le Ls(Qg)™"
and kg € [[yes1 X [[vesns Kv. Write ggr = (gg,,g}g,) where gg, are the Qg
coordinates of gg: and gé, are the coordinates in S’ \ S. Then 'ygg, =lgs.
The gg,lLS/(QS/)+ggf-peri0dic measure supported on [Lg/(Qg)"gs]
projects to a finite collection of gg,flLS/ ((@S)Jrgg, periodic measures. The
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(A;;l X A;Q)A—ergodicity of 9\ implies that this collection is a single periodic
measure.

The measure 75\ is also the ggng(Qg)+ gs-periodic measure with support
[Ls(Qs)tgs]. The groups stabilizing the measure are equal and so are their
normal subgroups of trivial reduced norm. Hence

—1 _
g% Lg(Qs)" g% = g5'Ls(Qs) " gs.

Because v¢% = lgg, this implies that Ad, Lg/(Qg)™ = Lg(Qg)™.

Because the image of the simply connected cover is Zariski dense over
an infinite field, we see that Ad,Lgs = Lg. We are free to replace the da-
tum (Lg/, Lg'(Qs/)", gs7) by the datum (Ad, Lg/, Ad, Lg/(Qs/) " vgs) with-
out changing the corresponding algebraic measure on Yg/ X Yg. Using the
new datum the algebraic measure 75'A is supported on [Lg(Qg/ )t vgs] =
[Ls(Qsr)Tgsks] with ks € [Tues 1 X [Toes\s Ko-

Let Sy be the minimal set of places in the well-ordered direct system. We
make the choices of datum for the measures 75\ consistently across the ordered
system; i.e., for all S, the measure 72\ it the algebraic measure supported on
[Ls, (Qs)gs,ks] and kg has non-trivial entries only in coordinates not contained
in sets of places preceding S. We can then extend kg trivially to an element
of K < G(Ay) and define k = [[g ks € K.

The adelic algebraic measure supported on [L(A)*gs, k] projects under 7°
to the measure 72\ for all S in the direct system. As the set of compactly
supported functions on [(G x G) (A)] that are K x K -smooth for some S is
dense in the space of compactly supported continuous functions, we conclude
that A coincides with the algebraic measure supported on [L(A)Tgg,k].

Lemma 4.10 now implies that we can take L either to be G x G or G&. [

5. Coordinates for quaternion algebras

The usual representation in coordinates of a split quaternion algebra
B(Q,) over a local field Q, is the matrix algebra May2(Q,). When v # oo
and we have a fixed maximal order we can choose our coordinates so that this
order is Mayx2(Z,). The downside of this “fixed coordinates” representation is
that it is difficult in the general case to write down the intersection of a varying
torus T(QU) with the maximal order or to describe coordinatewise the action
of the torus by conjugation.

Another commonly used coordinate representation of a quaternion alge-
bra, split or not, over QQ, is a coordinate system adjusted to the varying torus
T(Q,). In this description B(Q,) is identified with the subset of a fixed point
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of a twisted Galois action on Mayo(F,), where E,/Q, is a quadratic étale-
algebra splitting T. In this description ’T(Qv) corresponds simply to the diag-
onal torus. The price we pay is that the coordinatewise expression for a fixed
maximal order is varying.

In this section, we present the expression for the maximal order in a
coordinate system varying with the torus. The results of this section are well
known yet because they are of utilitarian nature, it is difficult to point to an
exhaustive reference.

Definition 5.1. Define Myyo =Spec Q [z; ; | 1 <1i,j <2] to be the 4-dimen-
sional affine space of 2 x 2 matrices. We define GL»y as a space of invertible
2 x 2 matrices using to the closed immersion GLg < Moayo X A

@[GLQ] =Q [mi,j,detfl |1<id,j< 2]/<($17133272 — x172x271) det™! = 1> .

The torus T =~ Resg Gn is split over E, hence Bg ~ Mayo . We now
describe the Galois action on Moy g corresponding to the Q-form B.

Definition 5.2.

(1) Let A be the torus of diagonal matrices in GLy. We fix an isomorphism
of algebras defined over FE

Br — Moyo g,

which sends T E to A - Using this isomorphism we identity henceforth

Bg = Mo g,
BE = GLQ,E, TE = KEa
Gp=PGLyp, T = Ag.

(2) Denote & :— Gal(E/Q) and let o be the non-trivial element of &. We
consider two actions of & on Maya  that restrict to actions on GLy g.
The naive action is the one induced by considering May2 g as base change
of Msyo. This action acts on the coordinates by

.',Ui’j —> Uxi,j, 1 S Z,] S 2.

(3) The twisted action corresponds to viewing Mayyo g as base change of B.
As B is an inner-form of My this actions differs from the naive one by
conjugation by some 6 € PGLy(F), i.e.,

i 0%, ;07 1<4,j<2.

The following is very well known.
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PROPOSITION 5.3. The element 6 has a representative of the form

0 €
=1 9):
where e € Q*.

Moreover, in this way any € € Q* defines an inner-form of Maxo that is
split over EE. The inner-forms corresponding to €1, €a are isomorphic over Q if
and only if ea € eg Nrd E*. This establishes a bijection between (inner-)forms

X
of GLy split over E and Q /Ny EX-

Proof. The torus KE ~ TE is stable under the twisted Galois action
because T is defined over Q; thus 6 € NpcL, (A)(E). Because T is not split,
the twisted Galois action is non-trivial on A £ and we can write a representative
for 6 of the required form with e € E*.

Because ¢ is an involution, we see that °9 = #~!, which is equivalent
to € € Q. Isomorphic forms correspond to coboundarous Galois actions. A
coboundary that stabilizes A E =~ T g is of the form 6 — v~ '0v, where v €
NpGL,(A)(E). This amounts to multiplying € by a norm. O

Remark 5.4. Even for the case B = Myyo the twisted Galois action differs
from the naive one. In this case o acts by conjugating the matrix elements,
interchanging the two diagonal entries and interchanging the two anti-diagonal
ones. This differs from the naive one also because it identifies the diagonal
torus with Tg. In particular, the Galois fixed points in A(E) are T(Q) and
not K(Q)

PROPOSITION 5.5. The subset B(Q) C Maya(E) can be written as

s -{(s o)

Proof. By Galois descent for quasi-projective varieties over perfect fields,

a,bEE}.

the fixed points of the Galois actions are exactly the points defined over the
base field.

The proposition now follows directly by examining the fixed points of the
twisted Galois action. O

5.1. Coordinates over local fields. For any place v of Q, let Ey, = [y}, Euw-
The group & acts on the étale-algebra F, either as a Galois group of a field
extension if v is not split in F or by switching the coordinates if v splits. In
both cases the fixed points are QQ, where in the split case Q, is embedded
diagonally in F,. The base change of the isomorphism B — My g to E, is
an isomorphism

(13) Bg, — Maxo g, .
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The twisted action of & extends by the base-change construction to an
action on Mayo g,. This action coincides with the action of & on Maya g,
induced by the action of the Galois group Gal(E,/Q,).

PROPOSITION 5.6. The subset B(Q,) can be written as the following set

m MQXQ(EU):
B(Q,) = {(% ji) B e E}

Moreover, the elements of B(Q) C B(Q,) are exactly the matrices for
which o, f € E.

Proof. The matrix 6 is a Q-point of PGL3y and hence also a Q,-point and
a E,-point. In case v splits in F, the matrix 0 sits diagonally in Mayo g, ~
Moo, X Mayaq,. Because the Galois action of & on Mayo g, coincides
with the base-change action, it is also given by the naive action composed
with conjugation by 6.

The first part of the proposition follows once more by computing the fixed
points of a Galois action on a quasi-projective varieties.

The statement about points in B(Q) follows from Proposition 5.5 and the
universal property of base change. O

5.2. The different ideal. We review some basic properties about the dif-
ferent ideal of a quadratic order.

Definition 5.7. For v # oo, define the inverse different ideal of A, C
E(Qv) = Ev by -
Ay, ={a € E, | Tr(aA,) C Zy} .

Define the different ideal by
D(Ay) = (Aot Ay) = {a € Ay | aly C AL}
LEMMA 5.8. Let v # oco. The different ideal ©(Ay) is principal invertible,
and its generator 2, € A, satisfies

Nr %, = D,,.

Remark 5.9. The generator 2, is well defined only up to multiplication
by a unit of A,.

Proof. Notice that the maximal order O, is a product of discrete valuation
rings and hence a principal ideal ring. The proof proceeds in the same manner
as for an order in a quadratic number field. ([l

5.3. Local mazimal orders in coordinates. Fix v as a place of Q. In this
section we describe in terms of matrices the elements of the maximal order
00,9, 1 < B(Q,). The description depends upon whether v splits B or not.
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5.3.1. Split case. If B(Q,) is split, then B(Q,) is a matrix algebra and
e=ff for some f € E}.

Because B(Q,) is split, it is isomorphic to a rank-2 matrix algebra. This
statement can be strengthened so that the action of the étale-algebra E(Q,) C
B(Q,) on the vector space coincides with multiplication in the étale-algebra.

LEMMA 5.10. Consider E, as a 2-dimensional Q,-vector space. If B(Q,)
is split, then there is an isomorphism of Q,-algebras B(Q,) ~ Endg, (E,) such
that elements of E(Q,) ~ E, act by multiplication on the étale-algebra E,,.
Moreover, there is an isomorphism of Q, wvector space B(Q,) ~ E, ® E, so
that the action of B(Q,) on E, satisfies

Va € Ey: (a,f)a=a-a+ (- a.

Proof. Using Proposition 5.6 we can write B(Q,) ~ E, ® E, in the fol-
lowing way:

(14) (a,ﬁ)HCS (,Oa)+(050/f 6'%/Uf>=(g‘ U(()y)+<050/f 5(')f>.

Let B(E,) = Max2(E,) act on E, x E, in the usual way on the left. We
embed E, — E, X E, by
f-a
0 ( 9.

and consider the action of B(Q,) C Max2(E,) on Im (E, — E, x E,).

The subspace E, in B(Q,) corresponding to the first coordinate in (14)
acts by multiplication a.a = aa, and the subspace corresponding to the second
coordinate in (14) acts by f.a = 3 - %a.

Thus B(Q,) stabilizes Im (E, — E, x E,) and acts faithfully on it. By
comparing dimensions over (Q, we see that this actions is an isomorphism of
algebras B(Q,) ~ Endg, (E,). Because the subalgebra E(Q,) is equal to the
first coordinate in (14), it acts by ring multiplication as required. O

LEMMA 5.11. Let v # oo. If B(Qy) is split, then in terms of the repre-
sentation in Proposition 5.6,

1) k)= {(o5), )

Proof. Because E(Q,) acts on E, by ring multiplication, any [ € A, C
E(Q,) belongs to Endz, (A,). Thus z -1 € Endg, (A,) for any x € Endz, (A)
and | € A, C E(Q,).

Because the ring Endz, (A,) is a maximal order in B(Q,), each element
in it is integral. Thus for any x € Endgz, (A,),

(16) Vie Ay CE(Qy): Trd(z -1) € Z,.

aGE,B—"aGAU}.
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Writing x above as x = («, 8) using (14), equation (16) amounts to the state-
ment that o € A,.
An element x = («, ) belongs to Endz, (A,) if and only if

Vi€ Ayt Ay 3 al + B9l = Tr(ad) + (8 — %),

which can be seen by Lemma 2.3 to be equivalent to 8 — “a. € A,,. This proves
that the endomorphism ring is contained in the right-hand side of (15). The
reverse inclusion follows by checking directly that each matrix in the right-hand
side of (15) preserves A,. O

PROPOSITION 5.12. If v # oo, then there is some T, € E) such that

-1 «a BTy A p_ o
90049, _{<"ﬁ/n Ua)’aeAv,B aeAU}.

Remark 5.13. The condition 8—%a € A, can be rewritten in the equivalent
more symmetric form o + 5 € A,.

Proof. Maximal Z,-orders in matrix algebras are endomorphism rings of
Z,-lattices; cf. [Rei75]. Because of the isomorphism from Lemma 5.10, we know
that there is a Z,-lattice £ C E, of full rank such that g,0,g,! = Endg, (£)
and

Ay={a€E,|al CL}.

In other words, £ is a proper fractional ideal of A,,.

The ring A, is monogenic by the same argument as for orders in quadratic
number rings, so [ELMV09, proof of Prop. 2.1] applies and £ = [ - A, is
an invertible principle fractional ideal with some [ € E;. The element [ €
E(Q,) C B(Qy) sends A, to £, hence

9,0,9, ' = Endy, (£) =1 -Endg, (A,) -1
The proposition follows from Lemma 5.11 by setting 7, = Uil I (]

PROPOSITION 5.14. The element 7, € E) from Proposition 5.12 above
belongs to NS for almost all v.

Proof. The proof follows from the fact that any two Z-lattices of full rank
in a Q-vector space are equivalent at almost all v. The order O is a full rank
Z-lattice in the vector space B(Q). The following subset of B(Q),

(% <)

is also a Z-lattice of full rank by Proposition 5.5, and so it is locally equivalent

a,be@E},

to O for almost all v. The claim follows by observing that for almost all v, we
have g, € O)f, A, = A, =0p, and € € Z). O
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PROPOSITION 5.15. If v = oo, then

o 5f> H
i (g 1)) =l + 13
H BIf ‘o -

In particular,

o 1 _ «a B
gooQoogoo - {(O’B/f JO&)

-1 _ a Bf
goo@oogoo - {(O’B/f UO&)

Proof. From the definition of || || in Section 2.2.1 we know || Ad g @ ||

a,BeC o+ |8 < 2 Jal — |8 = 1/2} ,

a,BGC,!aH!ﬁ\gl}.

is an operator norm on B(R) induced from some inner-product norm on F, ~
C ~ R? when we let B(R) act on E,, by R-linear endomorphism. This action
is explicitly described in Lemma 5.10.

Fix one of the two possible isomorphism F, ~ C, and identify the two
fields. Let | @ |, be an inner-product norm on C corresponding to || @ ||o. The
inner-product norm corresponding to || Ad g ®||o IS goo-|®]oo = v = |93 V]00-
Because of the choices made in Section 2.2.1 and (#), the homothety class
R-o| ® | is invariant under the action of Ko, = g3 !'T(R)gs. Hence the
homothety class of goo.| ® | is invariant under T(R).

We deduce that in the representation of Proposition 5.6 and Lemma 5.10
the homothety class of goo.|® | is invariant under the action E*(R) < B*(R),
which acts on C by multiplication. This implies that g.| ® | is in the homo-
thety class of the standard norm on C defined by |z|> = x - 7x.

Using this explicit description of go.| ® | it is simple to compute the
associated operator norm in the coordinates of Lemma 5.10, which turns out
to be the norm

(e, B)I| = la| + 18] = /(Ra)? + (Sa)? + /(RB)? + (IB)2.

The description of goo$200g; is now a simple calculation using the definition
in Section 2.4.5. O

5.3.2. Ramified case. Assume now that B(Q,) is ramified. There is a
unique maximal order that includes all integral elements. In particular, we
have O, = g, 1049, and A, = Op,. Moreover, there is an easy criterion to
check whether an element is integral using its norm (cf. [Rei75, Chapter 3)):

0, = {z € B(Qy) | Nrd(z) € Z,}

_{((% jg), a, b ek,

where the second equality uses Proposition 5.6. The following is a simple

i) = Ne(8)], < 1}

statement about p-adic numbers
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LEMMA 5.16. Let m be a uniformizer of the maximal ideal in Z,. Two
numbers a,b € Q, satisfy |a — bl, < 1 if and only if one of the following two
options happens:

(1) a,b € Zy,
(2) |al, = |bly = |7|;™ for somen € Z and a/b=1 mod 7"Z,.

Proof. The proof follows from elementary properties of p-adic fields. [

PROPOSITION 5.17. Assume that v is inert in E and B(Qy) is ramified.

Let w be a uniformizer of the maximal ideal in Z,,, and write ord, e = 2k + 1
for k € Z. Then

k+1
-1 _ o a B
gv@vgy = {(ﬂk g T )

Notice that in this case //\\U = A, because A, is the maximal order and
E,/Q, is unramified.

a,ﬂEAv,}.

Proof. If v is inert in F, then E,/Q, is an unramified quadratic extension.
Hence ord, Nr(a) is even for any o € E.f. Moreover, as the norm map of an
unramified extension of local fields is surjective when restricted to the unit
groups, we deduce that Nr(E)) = L. Z,; . Because B is ramified, € is not an
E)-norm in Q; and ord, e =2k + 1 for k € Z.

Let a, ' € E, such that |Nr(a) — eNr(3')|, < 1. The second option in
Lemma 5.16 can never happen for a = Nr(a),b = e Nr(’) because ord, Nr(«)
is even and ord, (e Nr(f')) is odd.

We conclude that necessarily Nr(o/) € Z,, and € Nr(5’) € Z,. This implies
that a € Op, = A, and ' € 7 FA,,. O

PROPOSITION 5.18. Assume both E,/Q, and B(Q,) are ramified. Let
IT € O, be a uniformizer. Then there exists u € Z,; and k € Z such that

B IkupB
1 o
gv@’vgv = {(Hkoﬁ %0 )

Proof. Let m = NrllI be a uniformizer for Z,. Because E,/Q, is totally
ramified, by local class field theory there exists an index 2 subgroup Ug, < Z
such that Nr(EX) = n2Ug,. Hence e = ¥ for some k € Z and u € Z* \ Ug, .

Let = € g,0,9; ", and write x = (0‘;, f,i:) for some «, 3 € E,. Set also
B = °II7 %3 where § € E,. Then ¢’ = IT*up.

Any element [ € A, belongs to g,0,9, ", so -1 € g,0,g, ! and x - [ is

a,ﬁea}.

integral. This implies
VieAy: Tr(a-l) =Tred(z - 1) € Zy,

and thus a € K;
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If the first option in Lemma 5.16 holds, then eNr(8') = uNr(8) € Z,
and necessarily f € Og, = A, C j/\; The second case is relevant only when
ael, \ A, and then |eNr(8')|, = |Nr(8)|, = | Nr(a)l,. As A, is a principal
ideal we deduce that 5 must also belong to //\; U

5.3.3. General case. We summarize the results of this section in a form
useful to us.

PROPOSITION 5.19. For any finite rational place v, there is some 1, € Ef

such that
_ « VyTo —
9:009, " C {(%/T ﬁ;’a ) a,BGAU}.

If B is split at v, then v, = 1. If B is ramified and E is inert at v, then
Uy 18 a uniformizer in Z,, and if both B and E are ramified at v, then v, is a
unit that is not an E} norm. Moreover, 7, € A\ for almost all v and 7, = 1
if B is ramified at v.

Proof. Propostiion 5.19 is an immediate corollary of Propositions 5.12,
5.17, 5.18 and 5.14. O

5.4. Good integral representatives. In this section we will discuss how to
find good representatives in O, C B(Q,) of elements in G(Q,) using the
Cartan decomposition. The notion of a good representative generalizes the
idea of writing a rational number as an integer fraction in lowest terms.

Definition 5.20.

(1) For a finite rational place v where G splits, let %, be the the Bruhat-Tits
building of G(Q,). If G is ramified at v # oo, let 4, the connected graph

with two vertices corresponding to G(Qv) / k.- Denote by d the geodesic
v

distance function on the graph %, normalized so that the length of each

edge is 1.

(2) If B(R) is split, set Boo = G(R)

/ Nem)(Kso) This manifold is the upper
half-plane that we equip with the standard hyperbolic distance function d.
If B(R) is ramified let %, be a single point with the trivial metric.

(3) For each place v, let z¢ be the point in %, stabilized by K,. Let ¢ be the
residue characteristic for v # oo and ¢ = e for v = co. Define a continuous

function 9, : G(Q,) — R+ by
B (2) 1= g0

(4) Define the continuous function 9¢: G(Af) — N by

0y ((xv)#oo) =[] o(z0)-
vF£00
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PROPOSITION 5.21. Let v be a rational place and x, € G(Q,). For any
h € Quz,Qy C G(Qy), there is r € O, C B(Q,) such that h = Z(Q,)r and

| Nrd(7)]y 0y () = 1 if v # 00,
27% < |Nrd(r)]oo 0u(@y) < 1 if v = 0.

Moreover, for v # oo, this representative is optimal in the following way.
If h € Qu,x,8,, then it has no representative in Q, whose reduced norm has
smaller valuation than r above.

Proof. In the split case this follows from the Cartan decomposition, the
equality K,Q, = Q,K, = Q, and (7) for v = oco. In the finite ramified case
this is a consequence of the fact that the ramification index of B(Q,) is 2; i.e.,
the value group of Q, is an index 2 subgroup of the value group of the division
algebra B(Q,). In the infinite ramified case, Q, = G(Q,) and the statement
is trivial.

The last statement about the optimality of the representative for v # oo
follows from the mutual disjointness of the K, double cosets in the Cartan
decomposition. O

Definition 5.22. Let B C G(Qp,) be an identity neighborhood and n €
NuU{0}. Let A: Q;, — A, be a cocharacter spanning X¢(Ap,). Set a =
A(p1) € Ap,. We use the following notation for the symmetric homogeneous

B-Bowen ball for the a-action:

B = m a*Ba~F.
k=—n
Notice that the definition of B(-"™ does not depends on the choice of .
We similarly define

@z(gn’n) = ﬂ ak@)ma_k C B(Qy,)-

k=—n
PROPOSITION 5.23. Fix &, € Ay, and n > 0. For any
he Kz():nm)glez();n’n)?
there is r € @Z(Jn’n) with h = Z(Qyp, )r and | Nrd(r)|p, 0p, (&p,) = 1.

Proof. Because &, centralizes A, ,

n
he K{mme, K™ () a" Ky & Kpa™.
k=—n
Applying Lemma 5.21 for each set in the intersection above we conclude that
for every —n < k < n, there is a representative rp € ak([))pl(f’C of h such that
| Nrd rgly 0p, (&) = 1.
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All the representatives 7, for different values of k are in the same Z(Qy, )-
orbit and their reduced norms have the same absolute value. Thus they are all
in the same orbit of Z), < Q) = Z(Q),). Multiplying each 74 by an appropri-
ate element of Z;l < ak(O)pla_"‘, for all k, we can make all the representatives ry
equal to each other without affecting the valuation of their reduced norm and
so that they still satisfy r; € ak@pla_k. This common representative satisfies
the conditions of the claim. O

6. The double quotient G*\G x G/T>

When studying the relative position of a homogeneous Hecke set and
a joint homogeneous toral set we need to understand the double quotient
GA\G x G /pa- This can be achieved using GIT and Galois descent.

6.1. The GIT double quotient.

Definition 6.1.

(1) Denote M := G x T. The linear algebraic M group is defined over Q. We
consider an action of the group M on the affine variety G x G by letting
the G coordinate act by diagonal multiplication on the left and by letting
the T coordinate to act by diagonal multiplication by the inverse on the
right. For geometric points, the action is

(1,1)-(g1,92) = (lgrt ™" 1gat™").

(2) The universal categorical quotient for the action of the linear reductive
group M on the affine variety G x G is representable by the following
affine variety defined over Q [MFK94, Th. 1.1]:

A A
W = qa\G X G/pa = Spec €*0Q 1[G x G,

where GAQ[G X G]TA is the ring of regular functions of G x G invariant
under the M action.

(3) For any v € (G x G) (Q), define M., to be the stabilizer of 7. It is a linear
algebraic group defined over Q.

(4) Denote by mw: G x G — W the M-equivariant projection map.

Definition 6.2. Let wp € Ng T(Q) be a rational representative of the non-
trivial class of the Weyl group of T, i.e., wp ¢ T(Q). Such a representative
always exists, for example because of Proposition 5.5. Although, the element
wT is not uniquely defined, the variety wrT is a well-defined closed sub-variety
of G defined over Q.

PROPOSITION 6.3. Let v = (71,72) € (G x G) (Q) be a rational point.
(1) The M-orbit of v is Zariski closed.
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(2) Recall that ctr(y) =77 'ya. The stabilizer ML, is trivial if ctr(y) € Ng T(Q).
If ctr(v) eNg T(Q), then

T ctr(v) =1 mod T(Q),

M, =~ Zy(ctr(y)) = {T[Z] ctr(y) #1 mod T(Q).

The isomorphism above is t +> ('yltwfl,t). Moreover, the diagonalizable
abelian affine group T[2] is isomorphic to ps over Q.
(3) If ctr(y) ¢ wrT(Q), then the following set is a singleton:
ker [H' (Q,M,) — H' (Q,M)] .
(4) If ctr(y) & wrT(Q), then Ty (7)(Q) is a single M(Q)-orbit.

Proof. Part (1). Assume the orbit of v is not Zariski closed. By [MFK94,
Cor. 1.2] the map mw separates M-invariant closed subsets. Because G x G is
Noetherian, we deduce that the fiber my (7w (7)) contains a unique minimal
non-empty Zariski closed M-invariant subset. Let S be the closed subvariety
supported on this set. Because the map mw separates invariant closed subsets,
the support of S is contained in any non-empty invariant closed subset in the
fiber.

The orbit M.~ is open in its closure, so mzar\M.y is an invariant Zariski
closed subset that by our assumption is non-empty, hence S is contained in it.
In particular, v € S(Q).

The Zariski closure of the orbit of v contains S, and hence by [Kem78,
Cor. 4.3] there is a one-parameter subgroup A\: G, - M = G x T defined
over Q such that § = lims_,o A\(s).y € S(Q).

The torus T is anisotropic over Q so the image of A lies in G and § €
Gi.vzar((@). But G.v ~ G.e = G2, which is Zariski closed, so

e (GANS)(Q).
As S is M-invariant, we deduce a contradiction that v € S(Q).

Part (2) Let e # (g,t) € M4(Q) < G(Q) x T(Q). Then

(gt grat™!) = (y1,72) = tetr(y)t™ = ctr(v)
= ctr(v) € Ng(g)(t) = T(Q).

Moreover, in this case g = vyit7y; 1 We deduce that the stabilizer is trivial
unless ctr(y) € Ng T(Q) and it is isomorphic to Zy(ctr(y)) otherwise with the
isomorphism exactly as stated in claim (2).

If ctr(y) € T(Q), then the entire torus T centralizers it. If ctr(y) €
Ng T(Q), then only elements of order 2 centralize it. This finishes the com-
putation of the stabilizers.

—

To see that T[2] ~ po, we consider the dual group T[2] ~ T /72, which
has two geometric points. As the Galois group Gal(E/Q) acts by inversion
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on T, its action on T /g2 is trivial. Hence this dual group is the constant
Z /97-group scheme and its dual is .

Part (3) If the stabilizer is trivial, then the statement is obvious. Oth-
erwise, we use the projection on the second coordinate M = G x T — T to
construct a sequence of maps

(17) a(Q,m,) - HY(Q,M) — H'(Q, T).

In order to prove that ker [H! (Q,M,) — H' (Q,M)] = 1 it is enough to show
that the kernel of the composite map of (17) is trivial.

The isomorphism M, =~ Zy(ctr(y)) is given by the inclusion map in
the second coordinate, hence the composite map of (17) is exactly the map
of cohomology sets H'(Q, Zr(ctr(v))) — H*(Q, T) induced by the inclusion
Zr(ctr(y)) < T. This map is the identity if Zr(ctr(v)) = T and obviously
has a trivial kernel.

Part (4). Because the mw-fiber of any rational point contains a unique
Zariski closed orbit of a rational point, we conclude that mw separates M(Q)-
orbits of rational points. We are left with proving that for any v ¢ wrT(Q)

the orbit M(Q) contains a unique M(Q)-orbit.

The collection of M(Q)-orbits in M(Q).7 is in bijection with
(18) ker [H' (Q,M,) — H' (Q,M)],
which is trivial by part (3) if ctr(y) € wrT(Q). O

The proposition above implies that the set theoretic double cosets

\(G x G)(

Q)
G2(Q) /T2(Q)

are almost parametrized by the associated points in W(Q). Not all the points
in W(Q) actually correspond to set theoretic double cosets of rational points
of G.

6.2. The quotient of G by the adjoint action of T. Because the left action
of G2 and right action of T? on G x G commute, we have the following
commutative diagram:

GxG — W

!

GA\GXG

[

G —— AqT\&



194 I. KHAYUTIN

where A q T\G is the GIT quotient of the affine variety G by the adjoint ac-

tion of the reductive group T. The existence of the morphism W — 4 4 T\G
follows from the universal property of the categorical quotient W. The com-
posite GA-invariant map G x G — G in the left column of the diagram is
exactly the contraction map ctr.

PROPOSITION 6.4. The morphism W — a4 T\G 18 an isomorphism.

\G xG . Gisan isomorphism. Hence the ring

Proof. The morphism GA
of regular functions on A4 T\G is identified with the regular functions on

GA\G X G that are invariant under the right action of T4. This is the same
as the ring of M-invariant regular functions on G x G because the left action
of G commutes with the right action of T2. O

COROLLARY 6.5. Let 7% : G — A4 T\G ~ W be the Ad T-equivariant
projection map. For any vo € G(Q), if vo &€ wrT(Q), then F%V_l(’)/o)((@) is a
single Ad T(Q)-orbit.

Proof. The proof follows immediately from Proposition 6.4 and part (4)
of Proposition 6.3. ([l

Definition 6.6. Recall that G*¢ is identified with the group of unit quater-
nions in B. Define T® to be the maximal torus defined over Q in G*¢ that
maps under the isogeny G — G to T. The identity G = B(!) implies that
the torus T(M is the subgroup of unit quaternions in T.

Using the isogeny T() — T we let TM act on G through the adjoint
action of T. As T()) — T is surjective, we have

AdT\E = AqT\E

We let TM act on B* by the adjoint action. Because the actions of

AdT® and Z on B* commute, the reductive group Z acts on the affine variety
X

Ad T(1)\B and the GIT quotient for this action is canonically isomorphic to

Ad T\G. In particular, the morphism of Noetherian schemes

X
Ad T(l)\B — AqT\G 2 W
is universally submersive.

6.3. The quotient of GLo by the adjoint action of the diagonal torus. To
describe the ring of regular function of Ad T(1)\B we begin with a simpler

case when B = Moy is split over Q and T® is replaced by the torus of
diagonal matrices with determinant 1.
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Definition 6.7. Let A(Y) < GLgy be the rank-1 torus of diagonal matrices
with determinant 1. Denote by A the maximal torus of split diagonal matrices
in PGLy. The map A® — A is surjective in terms of schemes.

Definition 6.8.

(1) We let A act on Myyy x A; by conjugating the 2 x 2 matrix and leaving
the det™! coordinate invariant. We denote this action by Ad AN, This
action is clearly equivariant with respect to the map GLg < Moyo X Aq.

(2) Define 01, 192, w S @[M2><2] by

U1 =2, Vg = 22,2, Y= 12721
LEMMA 6.9. There is an equality of Q-algebras
Q[Maxa x AJAAY — Q[Yy, 02, 9, det™!].

The left-hand side is the ring of reqular functions of Maxo X A1 invariant under
AdAD | and the right-hand side is a polynomial algebra over Q.

Proof. Tt is easy the check that 91,92, , det ™! are Ad AM-invariant. We
need to show that these functions generate the ring of invariants and that there
are no non-trivial syzygies.

Because Q[Max2 X Aj] is a polynomial ring and the action of Ad AWM
preserves monomials, the invariant ring is generated by monomials. Let f €
Q[Maxo x Al]AdA(l) be a monomial, and write

f=(det™)" T af = (det™)" 05 05202 asy.
1<i,j<2
For f to be Ad A(M-invariant, we must have a12 = a1, which implies that
fe Q[’ﬁl, P9, 1, detfl].

A syzygy Q is a formal polynomial in the variables 91,5, , det ™! with
coefficients in Q that vanishes as an element of Q[Maya X Al]AdAm. Because
each variable z; ;, det™!, 1 < 4,7 < 2 appears in only one of the monomials 91,
Y2, 1, det ™!, we conclude that if Q vanishes as an element of Q[dJ1, 92, 1, det ],
it also vanishes as an element of the free polynomial algebra Q[Mayxa X Aq].
Thus all the relations between 91,99, ¥, det ™! are trivial. O

PROPOSITION 6.10. The ring of Ad AW -invariant reqular functions on
G’L2 15

QIGLoJAAY = Q [01, 92,9, det™] /{(9192 — ¢) det ™' = 1) .

Proof. If a linearly reductive group H acts on two affine schemes X,Y
of finite type over a field k, then a lemma of Nagata [Nag64, Lemma 5.1.A]
implies that an H-equivariant closed immersion X < Y over k descends to a
closed immersion of GIT quotients H\X — H\Y.



196 I. KHAYUTIN

The proposition follows by applying this result to the closed immersion
GLy — Mays x A; and using Lemma 6.9. O

Definition 6.11.

(1) Define the the degree of ¥; and ¥2 to be 1, the degree of ¥ to be 2
and the degree of det™! to be —2. Define the degree of a monomial in
V1,02,1,det™! as the sum of the degrees of the individual variables ap-
pearing in the product. The degree of a constant is 0.

(2) A polynomial in Q [ﬁl,ﬁg,w,det_l} is of zero degree if it is the sum of
zero degree monomials. Denote the Q-algebra of zero-degree elements by

Q [91, 92, 0, det ",

COROLLARY 6.12. The ring of Ad A-invariant reqular functions on PGLo
1s the ring

QIPGLyMA = Q [91, 02, . det )" /(910 — ) det ™! = 1) .
Moreover, this ring is generated by the functions
pdet ™, 93det ™, ¥3det 1.

Proof. Because the actions of Z and Ad A®) on GLy commute, there is
an isomorphism

(Aa A<1>\GL2) PGL, PGLs,
7\ — Ad A(l)\ = AdA\ :

The equality on the right follows from the surjectivity of A1) — A.

This implies that the ring Q[PGLy]*44 is a the subring of elements in
Q[GLy]Ad A" that are Z-invariant. It is a direct computation to see that these
are exactly the degree 0 elements and that the given functions generate this
ring. [l

Remark 6.13. A slightly more delicate analysis shows that

@[PGL2]AdA = Q[a:,y, Z]/ <‘T2 = yZ> >

where z = 1+ det ™!,y = 93 det ™!, 2 = 93 det L. Geometrically, Ad A\PGL2

is a circular conical surface. The singular point z,y, z = 0 corresponds to the
Ad A orbit of (9}).

6.4. Descent from GLg g to B*. Recall from Section 5 that we have fixed
an isomorphism of algebraic groups over F,

BE‘ = GLQ,E)

such that T is identified with A. As this isomorphism identifies the reduced

norm map with the determinant map, the torus Tg) is identified with Ag).



JOINT EQUIDISTRIBUTION OF CM POINTS 197

LEMMA 6.14. Let g € B*(Q) C GL2(E) or g € B*(Q,) C GLa(E,) for
some rational place v. Then
791(g) = Y2(9), “¥(g) = ¥(9). “det™'(g) = det™'(g).
Proof. This follows from Definition 6.8 and Propositions 5.5 and 5.6. [

PROPOSITION 6.15. The image of g € G(Q) in W(Q) is determined by
the values of

9% det ™1 (g), v det " (g) € E.

Proof. The universality of the GIT quotients for affine schemes implies
that

(19) (Ad T\G)E = AdTg PN AE\PGLZ’E = (Ad A\PGL)E’

where we have the induced isomorphism Gg ~ PGLy g sending Tg to the
diagonal torus Apg.
The claim follows from (19), Lemma 6.14 and Corollary 6.12. (]

7. Homogeneous Hecke sets

In this section we study elementary properties of the possible counterex-
amples to equidistribution arising in Section 4.

Definition 7.1. For any & € (G x G) (A), we define [G2(A)¢] to be a
homogeneous Hecke set. This set carries a {flGA(A)f—invariant algebraic
probability measure.

We also define [GA(A)JFQ to be a simply connected homogeneous Hecke

set. This set carries a & GA(A)Jrf—invariant algebraic probability measure.
Remark 7.2. Fixing the subgroup G® < G x G, the datum defining a
homogeneous Hecke set [GA(A)f] is [¢] € GA(A)\(G x G)(A) Using the
contraction map this can be identified with ctr(¢) € G(A).
The datum defining a simply connected homogeneous Hecke set [GA (A)Jrﬂ
. G xG)(A
for € = (€1,62) is [6] € gga )\ G ¥ S B
e G(A

. Using the contraction map this

can be identified with [£; ) )+ and ctr(©) € G(A)

Homogeneous Hecke sets generalize the notion of a classical Hecke cor-
respondence. An obvious necessary condition for equidistribution is that the
joint homogeneous toral sets are not trapped in a sequence of homogeneous
Hecke sets with periodic measure converging to a periodic measure on some
other fixed homogeneous Hecke set. The goal of this manuscript is to show
that this condition is not only necessary but also sufficient, at least under
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the hypothesis described in the introduction. In this section we translate this
condition to a condition on the twist s € T(A).

Because these sets are somewhat more general than the classical Hecke
correspondences, we need to extend some well-known results about Hecke cor-
respondences and present them in a language adapted to the applications dis-
cussed in this manuscript.

In this section we fix a joint homogeneous toral set [TA(g, sg)} satisfy-

ing ().
7.1. Homogeneous Hecke sets containing a joint homogeneous toral set.
LeEMMA 7.3. All the homogeneous Hecke sets containing [TA(A)(g,sg)]
are of the form [GA(A)(g,t@sg)} for some tg € T(Q).
Remark 7.4. 1f [TA(A)(g,sg)] satisfies (#) and

[T2(A)(g,59)] € [G2(A)E]
then
ctr(éeo) € Koo, ctr(&p,) € Ay, ctr(&p,) € Ap,.
Proof. Because Z(gxg)(A) (TA(A)) = (T x T) (A), we have for any tg €
T(Q),
[T2(A)(g,59)] = [T*(A)(g,tgsg)] C [G2(A) (g, tgsg)] -

On the other hand, if {TA(A)(g,sg)] - [GA(A)(g,&)g)] for some &y €
G(A), then a simple calculation shows that

(20) Vi € T(A): t&s 1 € G(Q).

In particular, &s~! € G(Q). If &s~! € wpT(Q), that is, it belongs to the
non-trivial class of the normalizer of T, then we deduce that t2¢ys™! € G(Q)
for all t € T(A), which is a contradiction. Otherwise, Corollary 6.5 implies

T(A) = T(Q) Stabaqr(a)(Sos ™).

Considering all the options for the stabilizer in Proposition 6.3 we deduce that
Stabadam(a)(€os™') = T(A) and &s~' € T(Q). O

7.2. Volume of a homogeneous Hecke set. The volume of a homogeneous
Hecke set is defined similarly to the volume of a homogeneous toral set

vol ([G2(4)¢]) = mga (€2 x Q671) ™
— mg (2N etr(©)Qctr(€) 1)

where mg = mga is a covolume 1 Haar measure. The volume of a simply
connected Hecke correspondence is defined analogously.
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The map £ — vol ({GA(AMD is a continuous map from (G x G) (A) to
R~ that factors through the map ctr: (G x G) (A) — G(A).

7.2.1. Volume computation using the Bruhat-Tits tree.

Definition 7.5. Define the proper continuous function dsr: G(Ay) — N
by

Dsf(hf) = H Dv(hv)‘

oco#v splits B
Because 1 <9,(§,) < ¢, for any finite v where B ramifies, we see that for
all hy € G(Ay),

07 (hy) <G oy (hy).
LEMMA 7.6. Let & € (G x G) (A) with ctr(€)so € Koo. Then
1
vol ([GA)E]) ma () =og(etr(@)) [ (1+).
pho(etr©)y) P
Proof. By definition,

mg ()
mg (2 Netr(€)Qetr(€)—1)"

Because Qo is Ad Ko-invariant and ctr(€)s € Ko, we can rewrite the quo-

vol ([GA(A)¢] ) me () =

tient of measures as
mg ()
mg (2 Netr(§)Qetr(§)—1)

(21) = I] [Kv: Kon&Ku&™
VF£00

The group K, is for almost all v the maximal compact subgroup in the
restricted product definition of G(A), hence &, € K, for almost all v. If B is
ramified over Q,, then K, < G(Q,) is a normal subgroup Section 2.2.1. Hence
[Kv: K, N §UKU§U_1] # 1 only if &, ¢ K, and B(Q,) is split. In particular,
the product (21) is finite.

When G(Q,) is split, i.e., G(Q,) ~ PGL2(Q,), the index

[KU Ky N gvag'u_l]

can be calculated using the Bruhat-Tits building %, of G(Q,).

Our conditions in Section 2.2.1 imply that K, is actually the whole stabi-
lizer of zo; in particular, it preserves types of vertices. The subgroup &, K&, !
is the stabilizer of the vertex &,.xg, thus K, N {UKU&J_l stabilizes the whole
geodesic segment connecting zg to &,.xg. The cosets of K, N vav&fl in K,
are in bijection with the vertices in the K,-orbit of &,.2¢9. We claim that this
orbit is exactly the vertices y such that d(zo,y) = d(xo,&y.20). It is clear that
the orbit is contained in this set as the action of the group on the building is
by isometries.
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Fix y such that d(zg,y) = d(xo,&.x0). Let z1 be the vertex adjacent to
&y.xg on the geodesic segment connecting xy and &,.xg, and set 23 to be the
vertex adjacent to y on the geodesic segment connecting xy and y. The edges
(21,&p.70) and (z2,y) define alcoves in the tree. Let o1, sy be two apartments
containing these alcoves and x.

Because the action of the type-preserving subgroup of G(Q,) on the build-
ing is strongly transitive,® there is an element of G(Q,) sending sf; to s and
(21,&y-20) to (22,y). Such an element must stabilize zy and send &,.xzg to v,
hence y is in the K,-orbit of &,.x¢ as required.

By counting vertices of distance d(xg,&,.xo) from z( in a ¢, + 1 regular
tree we see that if d(zg, &,.20) > 0, then

1
[Ky: Ky NEK WG] = (qo + 1)gfrotero) =t = gfleo o) (1 + q) .0
v

7.3. Equivalence of necessary conditions for equidistribution.
LEMMA 7.7. Let T € T(A). Then Df(gflegf) is the minimal norm of an
integral fraction ideal in the homothety class idl(7T) € @X\j(A).

Proof. To show the equality between these two positive integers we show
that their p-parts are equal for all primes p. The representatives of 7 in B(A)
can be written in coordinates as

=@ (¥ ),

Fix v # co. A representative r, of g, 17,9, is contained in €, if and only
if g,7pg; " is contained in g,0,g; . Hence by Proposition 5.21, 0,(g; '7.g0)
has the same valuation as the minimal reduced norm of a representative of 7,
contained in g,0,g, In E(Q,). The latter set is by the definition of the local
order equal to

gv(@vg;l mE(@v) = {<>(\)v Ug)\ ) ‘ >\u S Av} .

We deduce that ord, 9, (g, ' 7vg,) = ord, Nr(g,, ), where ¢, € QX is an element
of minimal valuation satisfying q,c, € A,.

Set ¢ € Q* so that ¢qQ = Ny£00 Qv Then by definition, qﬁ () voo)
is the minimal integral element in the homothety class idl(7) and its norm has
the same valuation for all primes p as 0 f(gfleg 7). O

8The action is transitive on pairs (€, .7) of an apartment </ and an alcove € C 7.
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PROPOSITION 7.8. Let {[TiA(A)(gi,sigi)]}i be a sequence of joint homo-
geneous toral sets with associated global orders A;. Denote s; = idl(s; y) €
QX\Z(Ai), and let [s;] be the class of s; in Pic(A;).

The following are equivalent:

(1) min vol ([GA(A)E]) =isse0 00
[T2(A)(gi,5:9:)] CIGA (A)E] ( [ ] ) -

(2) min Nra —; o0 00;
aC
[a]=[s;]

(3) for every compact set B C G(A), there is N € N such that for alli > N,
97 'Ti(Q)sigi N B = 0.

Proof. The equivalence of (2) and (3) is a consequence of Lemma 7.7 above
and the fact that the function h +— 9¢(hy) is a continuous proper function from
Ko X G(Af) to N.

The equivalence of (1) and (2) follows from Lemmata 7.3, 7.6, 7.7, the
remark in Definition 7.5 and the fact that for all N € N,

1
1<]] (1 + —) < loglog N,
pIN p

which follows from the prime number theorem. O

8. Geometric expansion of the pair cross-correlation

Throughout this section we fix a joint homogeneous toral set [T (A)(g, 5g)]
with periodic measure p, and we set a simply connected homogeneous Hecke
set [G2(A)*¢] with periodic measure v. We also write & = (&1, &2).

8.1. Pair cross-correlation. We define the pair cross-correlation between
the periodic measure p and the periodic measure v.

Definition 8.1. Let V' C [(G x G) (A)] be a compact identity neighbor-
hood. Define the automorphic kernel Ky: [(G x G) (A)]*? = R:

Ky(zy)= > Iy ).
YE(GXG)(Q

As V is compact, the sum on the right is finite for every x and y. Moreover,
the number of non-trivial summands is uniformly bounded when z and y are
restricted to fixed compact subsets. In particular, the convergence is uniform
on compact sets.

Definition 8.2. Let B = [[, B, € G(A) be a compact identity neighbor-
hood with B, = K, for almost all v, and let B,, be a compact-open subgroup for
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all v non-archimedean. Let A1, Ay be probability measures on [(G x G) (A)],
and let Kpyp be as in Definition 8.1.
For a fixed closed subset C' C [G(A)], we define

Corcl dl(B) = [ [ Koen(a,y)dhi(a) draly).

We also write Cor[A1, X2](B) = Cory, [A1, A2](B).

We say that B is injective on C' if the quotient map G(A) — [G(A)] is
injective when restricted to gB for any g € G(A) such that [g] € C. When C
is compact there is always an identity neighborhood injective on C.

LEMMA 8.3. In the setting of Definition 8.2, we always have
A XA (z,y e CxC|yexB) < Corc[\ x A2](B)

with equality if B is injective on C.
Proof. The proof follows directly from the definitions. O

8.2. Main theorem about cross-correlation. The main result in this section
and the main structural result in this manuscript is Theorem 8.7 below to be
proved in Section 8.8. First we need a few definitions.

Definition 8.4. We introduce the following notation for a fixed joint ho-
mogeneous toral set [TA (A)(g, sg)]:

(1) The twist s € T(A) defines a homothety class of invertible fractional
A-ideals

SO F(A
Qs = idi(s) € g\ (),

(2) Define the following invertible fractional A-ideal, which encapsulates the
splitting behavior of B outside of co:

¢ := idl ((vyTp)w) ,

where v, 7, are as in Proposition 5.19.
(3) We also need the following integer, which is also closely related to the
splitting of B:

v = sign(e) H .

B is ramified and
FE is inert at p

Remark 8.5. In the simplest case, when G ~ PGLs is split we can choose
e=1and thenv=1and e = A.
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Definition 8.6. Define the arithmetic functions fig, gjq: Z — Z for any
[g] € Pic(A) as follows:

g[g() #{ae F(A)o | Nr(a) =z, a C A, [a] = [g] or a =0},
fig(@) =#{b € F(A) | Nx(b) =z, b C A, [b] € [g] Pic(A)?} .

Define also the multiplicative function r: N — N by requiring that for any
odd prime p | D, if B splits at p, then

r(pk): 1 k<ord,D,
2 k>ord,D.

If 2 | D, we set r(2F) = 2#vid where pyiq € {0,1,2,3} is defined in Corol-
lary A.7. If p | D and B ramifies at p, we define r(p¥) = 2. For all primes
p |/D, we set r(pF) = 1.

THEOREM 8.7. Fiz a joint homogeneous toral set [TA(A)(g,Sg)] with
splitting field E/Q and quadratic order A < Og of discriminant D. Assume
that (M) is satisfied.

Let B =[], B, C G(A) with B, = Q, for allv # p; and By, = Kz(,fn’n) for
some n € N. Fiz also a simply connected homogeneous Hecke set [GA(A)Jrf]
with ctr(§),, € Ap,, and assume

¢ 1T (Q)sg N Bcetr(€)B = (.

Let u be the algebraic probability measure supported on [ A(A) (g, sg)] and

let v be the algebraic probability measure supported on {GA +§} Denote k =
28 Do (ctr(€)oo) Dp(ctr(€)f) and w = —sign(Nrd(ctr(€)so)) 0f(ctr(€) ). Then

Cor[y, V](B) < vol (|T(A)g]) ™" vol ([G'A(A)Jrg])ilpi2

Z g (@) f (m—wD>r<x—wD)

7 —1 .
0<z<x|D| o vpi” vpi”
r=wD mod 'L)p%"

Remark 8.8. Notice that v is supported on primes that are inert in E/Q
while p; splits; thus ged (v, p?") = 1.

8.3. Geometric expansion.
Definition 8.9. Set

W, (G xG)(Q)

°=gAQ) /T2(Q)

We denote by [y] € W) the double coset corresponding to v € (G x G) (Q).
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We have a natural map Wy — W(Q), where W is the GIT quotient
defined in Section 6. Recall from Proposition 6.3 that this map is injective

outside of {[(70,YowTtg)] | 0 € G(Q), tg € T(Q)}.
Definition 8.10. For any closed subgroup N < M(A), denote

NT:=Nn(GA)T x T(4)).
The subgroup N is always normal in N.

The following proposition is the geometric expansion of the relative trace
corresponding to the subgroups G2 and T2 of G x G. The situation is
relatively simple as the stabilizers have finite volume adelic quotients.

ProrosITION 8.11. Let pu be the periodic measure on a joint homoge-
neous toral set [T (A)(g, sg)] and v the periodic measure on a simply-connected
Hecke correspondence [G2(A)TE], € = (£1,&). Set B' = §,Bg~ ' x &Bg~ s~
Then

Cor[u,v](B) = Kp/(l,t)dldt

> vol(M,) - RO, ..(B),
[MEWg €me (My (D)\G(Q)/G(Q)F

ROy.(B) = /M (A)T\M(A)T Lo () 7' 2t) (1, 2),
;
AMy (&) ) ’

/[G(A)ﬂ /[T(A)]

vol(My) = mpg_ (a)i <M7(Q)

T
where the Haar measures on (&) and 1\/IW(A)Jr are mutually nor-

M
M, (4)
malized.
Following the relative trace formula terminology, we call RO, .(B) a rel-

ative orbital integral.
We will use the following lemma in the proof of the proposition.

LEMMA 8.12. For any a € M(A), let Adg: M(A)T — M(A)T be the con-
jugation automorphism of the normal subgroup M(A)'. Then the map Ad,
fizes any Haar measure on M(A)T.

Proof. Let myy(4)r be a Haar measure on M(A)T. Then (Ad,), Mypga)i 1S
a Haar measure as well and proportional to the original one (Ady), mpgayr =
a(a)myg(a)i- The map a: M(A) — R is a character that is trivial on M(A)T,

AM(&)

hence it factors through the 2-torsion group M(A) . Because R+ has

no non-trivial torsion elements, « is trivial. O
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Proof of Proposition 8.11. Let [y] € Wg be a double coset with represen-
tative v € (G x G) (Q). Denote f := lg. We unfold the definition of the
cross-correlation and exchange summation and integration using the uniform
convergence of the kernel on compact subsets

Corp(B) = [ 3 A

1E(GXG)(Q)

(22) = > > / fF7 Y1 d(, )
hleWo v'eb]
Y / (m~1~")dm
hleWq v'el "M o’

We now deal individually with each internal sum for [y] fixed. Let & C
M(A)T be a fundamental domain for the left action of M(Q)" on M(A)T. We
write the internal sum in (22) as a sum of integrals on #. To do this we choose
some fixed representatives for each set of cosets appearing in the following:

-1 7
m=1 ") dm = / dm
2 /[M(Am flom= ) > g )
v €] mgeEM,(Q)\M(Q)
#eM,(Q)\M(Q)/M(Q )Jr mQ€x~ 1M7(@ T%\M T

_ 3 f(m ') y) dm.

%M, (Q)\M(Q)/M(Q) mgez 1Mw<@w\M @)t /Mo

cg\

f m- mQ _1).7) dm

Now fix a representative
— M(Q)
S .
v M)
The function f ((m x 1).7) is a well-defined compactly supported integrable
function on \NI(A>T
7 1M, (A)T 5 '
Using the mutual normalization of Haar measures we can rewrite the inner
sum in (23) as
—1--1
m~x ).y) dm
/%11\/Iw(A)*%\1\/I(A)T d (( ) 7)
Z M- 1n (a) iz (MQF) -
mo€x~ My (Q)T%\M(Q)F

(24)

For a fixed Haar measure myy (4yr on M, (A)T, define a Haar measure on
7 1M, (A)T % by (Ads-1), myy (4t Using this normalization we have
(25)

Z Mz—1M, (A)T 5 (meF) = Z mMpg, (A)f (moF).
mo€x My (Q)T7\M(Q) meeM(Q)T\M(Q)*
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The set | |, em, (@ t\M(Q)t M@F is a fundamental domain for the left action of

<@)T\MW(A)T)-

Under the normalization of Haar measures as above there is an isomor-
phism of the following measure spaces equipped with their respective Haar

M., (Q)" on M(A)T; hence the sum (25) is equal to Mpp (a)f (M
v

measures:

This implies

/;rl M., (A)tz\M(A)t M, (A)F\M(4)T

= f((m™ %)) dm,
M (A)T\M(A)1
where the last equality follows from Lemma 8.12.
Combining all of the above and using the following bijection induced by
the projection map rg: M =G x T — G,
M G
M@\ @) = re @) G

we arrive to the required final form. O

LEMMA 8.13. Fiz v € (G x G) (Q) with M, (A) compact. Then under a
suitable normalization of measures,

RO, (B) = /

N L ((s) " yt) d(1,t)

and

1
> vol(M;) RO, (B)= Zpps 30 ROyu(B).
xera(My(Q\G(Q)/G(Q)* K #€G(Q)/G(Q)*

Notice that the group M, (Q) is a discrete subgroup of a compact group,
hence it is finite.

This proposition shows that the case of a compact stabilizer is very similar
to that of a trivial one, the only difference being the easy to compute factor.

Proof. The group MAY(A)Jr is a closed subgroup of a compact group, hence
it is compact. We normalize the Haar measure on MW(A)T so that it is equal
to 1. This normalization results in RO, ,.(B) being equal to the integral above
over M(A)T. In this normalization we also have vol(M,) = (#1\/[7(Q)T)_1

When summing over » € G(Q)/G(Q)™ instead of x€ g (M,(Q))\G(Q)/
G(Q)*, the same summand appear multiple times and needs to be accounted
for. The multiplicity of a summand is the size of the corresponding fiber in
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G(Q)/G(Q)* = e (M,(Q)\G(Q)/G(Q)*. As M(A)T < M(A) is normal,

all the fibers have the same size, which is
[MW(Q) : MW(Q)T] .

Finally, the correct proportionality factor between the two sums in the claim is

vol(M,,) [M,(Q) : ML,(Q)T] " = (#M, (@) " 0

8.4. Reduction to compact stabilizers. Recall from Proposition 7.8 that the
minimal volume of a homogeneous Hecke set containing a joint homogeneous
toral set depends on the distance of the discrete orbit g~ !T(Q)sg from the
identity. In particular, for a sequence of joint homogeneous toral sets, we need
to assume that for every compact subset By C G(A), the orbit g~ 'T(Q)sg
does not intersect By for all joint homogeneous toral sets with discriminant
large enough.

In this section we show that for a fixed simply connected homogeneous
Hecke set, the assumption above implies that the contribution to the cross
correlation from terms with a non-compact stabilizer vanishes. This is the
fundamental application of this assumption.

Once more we will use the fact that the shift ¢7!T(Q)sg is large when
bounding the pertinent shifted convolution sum.

Whenever the shift has a small representative, the cross-correlation with
some Hecke correspondence will have terms with non-compact stabilizers and
these will be the dominant contribution to the cross-correlation. The simplest
bad case is the cross-correlation between a periodic joint toral measure and a
Hecke correspondence containing its support.

LEMMA 8.14. Assume that
(26) g T (Q)sg N B~ Lctr(¢)B = 0.

Then for all v € (G x G) (Q), if M (A)' is not compact, then RO., ,.(B) =0
for all
G(Q)
“CreM@))/G@
Proof. Write & = (£1,&). Assume M., (A)T is not compact. Then accord-
ing to Proposition 6.3, v = (v1,71tg) for some tg € T(Q). If RO, .(B) # 0
for some sz, then

N eGA)T,teTA): ()t I s Iytgt) € B =& Bg ! x &Bg st

1

— tg € gB I By s = g lgsg € BT 6B,

which contradicts the assumption (26). O
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Remark 8.15. Notice that if condition (26) holds, then Cor[u, v](By) will
have no contribution from terms with a non-compact stabilizer for any By C B.
This will be useful, as in the endgame we would like to bound the cross-
correlation between a limit measure and a simply connected Hecke correspon-
dence for an arbitrarily small identity neighborhood.

COROLLARY 8.16. Assume

g T (Q)sg N B~ ctr(¢)B = 0.

Then
1
Corl,v](B)= > = Y. RO,.(B)
[y]eWq #M,(Q) #€G(Q)/G(Q)F
P det ™! (7)#0
and

1 ctr(y) € Ng T(Q),
2 otherwise.

#M’y (Q) = {

Proof. Lemma 8.14 implies that the geometric expansion of Cor|[u, v](B)
has no contributions from [] such that ctr(y) € T(Q). The condition ¢ det™* ()
# 0 is exactly equivalent to ctr(vy) & T(Q).

The claimed expression for Cor[u, v|(B) now holds due to Proposition 8.11
and Lemma 8.13. To calculate M, (Q) in the relevant cases we use Proposi-
tion 6.3. This proposition implies that M, is trivial if ctr(y) ¢Ng(T)(Q) and
M., ~ o otherwise. The final part of the claim holds because p2(Q) ~ Z/2Z‘

U

8.5. Decomposition of the relative orbital integral.

Definition 8.17. Fix v € (G x G) (Q) with M, (A) compact, and let » €
G(Q). We split the relative orbital integral into an archimedean and non-
archimedean parts

RO, .(B) = ROZ(B) - RO{(B),

RO, (B) = /M(R)T 1 () ~") d(l,8),

RO/ (B) = /M(A ’ Ly, ((e)yt) d(1,1).
f

The complicated expression to handle is the non-archimedean part. We
will see that the archimedean part is rather simple due to the fact that we have
restricted to the case Hoo = Koo in (M).

In the next section we interpret the non-archimedean relative orbital inte-
gral as counting the number of intersections between the IM(A ;)-orbit of v and
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B’ modulo a compact-open subgroup of M(A¢). The main result is a finite-to-
one map between intersections and pairs of integral A-ideals satisfying a list of
arithmetic conditions.

Unlike Linnik’s argument for the equidistribution of CM points on a mod-
ular curve, we do not calculate the relative orbital integrals at each place
separately. Instead, we match them globally with a different global object.

8.6. Archimedean relative orbital integral.

LEMMA 8.18. Let v = (71,72) € (G X G) (Q) and » € G(Q). Assume
Boo = Q. Then ROT,(B) = 0 if ctr(7y) € goooo ctt(€) oo Qoognt, and

RO, (B) < mpm) (T(R)) mg )+ (£1,0002%E0 a0 N €2,000%065 5 )

otherwise.

Proof. From Qs Ko = Qo and g !'T(R)gee = Koo we deduce B -
T[R)? = & Q005! X 20095 Hence 1p,_ ((3)7'yt) = 1 if and only if

(5e) ™ € 1,009 N 2,00 Q0090 75

If the intersection on the right-hand side is non-empty, then there are some
w1, ws € Qs such that

(27) Ctl“(’}/) = JooW1 Ctr(&)oou}ng_ol € gooflo Ctr(g)ooQoogo_ol'

This proves the first claim.
Moreover, the infinite part of the relative orbital integral is

RO™,(B) = /M(R)T 1 () ~92) (i, 1)

—1
= mr(g) (T(R)) L(R)+ L Ll (R K
= mp) (T(R) mg )+ (£1,0000950 71 2 N E2,000009m 72 5¢) -

The right-hand side above is trivially zero unless Nrd s~ !y, 9ool1, ;o > 0 so we
may assume it is the case. Using the right invariance of a Haar measure on
G(R)* and (27), we have
MG (R)+ (ﬁl,ooQooggoIVfl?f N 52,009009501’751%)
= mg )+ (£1,00000€T 00 N 2,00000050 72 " V1950€T 00 )
= mg R+ (£1,00Q00w] 110 N €200y 1650

< Mgy (E1,0000El me N E2,000%65 %)

as claimed. O
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8.7. Non-archimedean relative orbital integrals.

Definition 8.19. Let By < G(Ay) be a compact-open subgroup and fix a
homogeneous Hecke set [GA (A)T(&, §2)] and a homogeneous toral set [T(A)g].
We fix the following notation:

Baj = &1Bré&y ;N Bl s < G(Ag),
Bé,f = Bag ;N G(Af)+ < G(Af)+,
B = gfBrg; N T(Af) < T(Ay),
Bu,j = Ba,j x Br,y < M(Ay),
Blt/l,f = Bé,f X BT’f < M(Af)T.
Fach of these is a compact-open subgroup of the appropriate group.

Definition 8.20. Let v € (G x G) (Q) and » € G(Q). Define the following
functions:

Froel,t) =1, ((5e)""t)
Pl t) =1 (I7192).

The former is a B;{/I g-invariant function on M(Af)T, and the latter is a By, f-
invariant function on M(Ay).

8.7.1. Intersection numbers.

LEMMA 8.21. Let B = Bs x By C G(A) be an identity neighborhood
such that By C G(Ay) is contained in the union of all compact-open sub-

groups. Then each coset from 1\/I(Af)/

G(QM(Ay)f

contains at most two cosets from

)

/BT , where we consider G as a subgroup of M = G X T in the
usual way. I

Proof. Let s_1 € B*(Q) be an element with reduced norm —1 if it exists,
i.e., if B is split at oo; see Section 2.3. By abuse of notation we use the notation
»_1 also for the corresponding element in G(Q).

Fix m € M(Ayf). Assume %im;[BlTVLf C mBwm ¢, where 35 € G(Q),
m;-f € M(Ap)T for i € {1,2}. We show that either 51 € s0G(Q)" or 3 €
sy 1G(Q)7T if 5 exists.

Our assumption implies that there is some b € By ¢ such that %ﬁni =
%gmgb. We apply the injective map

AX
Nrd: G(Ay) — f/AXQ.
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We deduce Nrd(s4, '3¢1) = Nrd(b). The condition satisfied by By implies that
Nrdb € Z* mod (A}()Q. Thus the valuation of Nrd(s¢; ') is even at each
finite place. As Nrd(s¢ ') is rational, it must belong to :I:sz, le., it is
either trivial in A? / A;Z or has the same class as s»_1. Because Nrd has kernel

G(Af)*, we conclude that sz, '5¢ either belongs to G(Q)T or to »_1G(Q)*.
The claim follows immediately. O

Remark 8.22. Tt is not difficult to analyze for a specific B exactly how
many cosets from G(Q)M(Af)T / BITVI ; are contained in a fixed coset from

M(Ay) / Bum 2 This would allow converting several of the inequalities in what
follows to equalities. As this of no practical use to us we do not pursue it here.
PROPOSITION 8.23. Let [7] € Wg. Then

> RO/ (B) < 2mga,)(Ba,f)mra,)(Br,r) Npy),
#€G(Q)/GQ)T

where Ny is the number of times the M(Ay) orbit of v intersects B} modulo
BM,f

Proof. For any s € G(Q)/G(Q)+, we can write

RO/ (B) = mg(a,)(Ba.f)mr,) (Br,f) Ny,
where N, ,, is the number of times the M(A ;)T orbit of 3.y intersect B
modulo Blt/l, s~ This follows from the BlJ(/L p-invariance of fy .. The proof is

finished by applying Lemma 8.21. (|

LEMMA 8.24. Consider the action of the algebraic group M = G x T on
the affine variety G where the G-coordinate acts trivially and the T-coordinate
acts by conjugation. The contraction morphism ctr: G x G — G defined by
(91,92) — gflgg 1s an M-equivariant morphism of affine varieties.

The set

B} =& sBrg; ! x &ayBrgy syt C (G x G) (Ay)
is Bm, p-invariant and the contraction map is a bijection between g, f\B} and

its image Ad B f\ctr(B}). In particular, for any v = (71,72) € (G x G) (Q),

AdT(A B
Ny = # <Ad BT,f\ Ao f)> '

Proof. The map ctr: g, f\B} — Ad By f\ctr(B}) is obviously surjective
and we need only prove injectivity. Assume

(28) thT hat™! = Wi71h)
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for some (h1, h2), (R}, hy) € (G x G) (Af) and t € Ad By,y. We need to prove
that there is some [ € Bg ¢ so that lh;t™1 = A} for i € {1,2}.

Set | = hithi' € G(Ay). Then (28) implies that lh;t~! = k] for i € {1,2}.
To see that | € Bg,f, notice that for i € {1,2},

I = hith;' € & yByBr By ¢ ¢ = & By}

and BG,f = ﬂie{l,Q} givafgiTJ}' -

8.7.2. Matching intersections to pairs of integral ideals. The last lemma
indicates that INj,) can be computed by understanding intersections of Ad B y-
orbits on AdT(A;)G(Q) C G(Ay) with ctr(B}). We restrict to the case
Bt = K and develop arithmetic invariants, refining results of GIT, to
detect these intersections.

Definition 8.25. Recall that Kt 5 = T(Af) N ngfgfl. We construct a
function

\G(Af) _ (Ao x F(A)o

invy: AdKr QXA\J

in the following manner.

Let [hs] = [(ho)oroo] € pq ey ;)

sentative of h, in B*(Q,) and write it in coordinates using Proposition 5.19:

h :QX( Qy ﬁUUUT’U)

Jﬁv /TU av

where ay, 3, € E, and v,, 7, are as in the proposition. Now define invs([h¢])
as

G(Ay ) For all v # oo, choose a repre-

invy ([hy]) = (idl(aw), id1(8,)) = ( N e, N BUAU> .
VF£00 vF£00
This pair of ideals is obviously well defined up to multiplication by a common
ideal of the form (200 quAv, Where g, € Q; for all v # oo. Because Q has class
number one, this is equivalent to multiplying the ideals by the same element
of Q*.

The map invy is also invariant under conjugation by Kt y. Recall that
cbd(z) = /% for all x € E. Conjugating by an element of K ; is equiva-
lent to multiplying 3, by an element of cbd(A;) C A} and hence defines the
same fractional ideals.

Definition 8.26.

(1) Set G(A)accessible = AdT(A)G(Q). This is an Ad T(A)-invariant subset
of G(A).
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(2) Define the map

: . G(A accessible j A Xj A
mV‘AdT(R)AdKTVf\ (A)accessibl - e\ (Ao x F(A)o

by evaluating inv; from Definition 8.25 on the finite part.
(3) For each v, we have defined a map 7w : AAT(Q )\G(Q“) — W(Q,). For
v
an element of G(A)accessible, the map mw maps each place to the same
value in W(Q). We thus have a well-defined map

T™W Ad T(A)\G(A)accessible N W(@),

which send an element to the common value of mw evaluated at any place.

The next proposition is a central observation relating cross-correlation to
shifted convolution sums of ideal counting functions.

PROPOSITION 8.27. Let [T(A)g] be a homogeneous toral set. Let

G(A) C ible
M€ adT@®)Ad KL,

such that inv(h) € Qx\j(A)O x j(A), i.e., h ¢ T(Q). Then there is a faithful
action of [[yzeo H (&, A)) on inv([R]), and the number of orbits is < 8.

Proof. Our strategy is to show that (inv x ww) ™" ([h]) is a principal ho-
mogeneous space for [, .o, H'(&,A)) and to prove that Tw (invfl(inv([h])))
contains at most eight elements.

Denote Q*(a, b) := inv([h]). We first show there are at most eight possible
elements in mw (inv*1 (Q*(a, b))) Proposition 6.15 implies that an element
of W(Q) is uniquely determined by the values in E of the regular functions
92 det ™ 91099 det ™1, ¢ det ™1, We define a map W(Q) — P?(E) by

w > [92 det ™ (w) : 9109 det™H(w) : ¥ det ™ (w)].
We claim that this map is injective on W(Q). A priori it defines the values of

the necessary functions only up to a common multiplicative constant. But the
value of this constant is uniquely determined by the syzygy

"0 det ™ —pdet™! = 1.

Let tyt71 € G(A)accessible, ¥ € G(Q), t € T(A) represent an element in
inv=! (Q*(a,b)). For any v # oo, the pair of fractional ideal (a, b) corresponds
to some local ideals (a, Ay, ByAy) such that

Ay BuUyTy
UBU /TU Uav

is in the Ad T(Q, )-orbit of 4. We can calculate the coordinate functions of [y] €
W (Q) using this matrix, but their values depend on the specific representative
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in a, A, ByA). Nevertheless, the local principle ideals (o, Ay, 5y,A,) uniquely
determine, for any w | v, the w-part of

[97 det ™" (7) : 9192 det ™" (7) : pdet™ ! (v)],

and this hold for all finite E-places w. As all the entries are in E they are
uniquely defined up to an element of 6. Moreover, the last two entries are
in Q so they are defined up to an element in Z*. In total we are left with
4 - 2 = 8 possibilities at most for the homogeneous vector above. Hence there
are at most eight possible corresponding points in W(Q).

Next we need to study the fiber of inv x mw. Let

(QX (a,b), M) € Iminv Xmw,

where a € 3(A), b € F(A) and v € G(Q).
First assume that v ¢ wrT(Q). Due to Proposition 6.3, the fiber in
G (A)accessible Of mw over this point is Ad T(A)~. In coordinates we can write

fax a ebcbd(z,) B o
(29) AdT(A)y = {@v (gb Tehd () g ) x=(xy)y € E[Ev ,
where a € E and b € E*. The pertinent fiber of inv X mw in G(A)accessible 18
AdT(A)yNinv—! (Q*(a,b)).
Otherwise, if v € wprT(Q), then a = 0. For any
B =t'~t"' einv? (QX(O, b)) ,

we have 7/ = ytg with tg € T(Q). Moreover, because v and +' have the same

invariants, we see that tg € T(Q) N Kty = T(Z) ~ Zx\AX. In particular,
using Hilbert’s Satz 90 for E we see that v € Ad T(Q)~.

In both cases we conclude the fiber is equal to Ad T(A)yNinv—* (Q*(a, b)).
These are all the elements of (29) satisfying

(30) (idi(a).ic (Umbcbd(x))) € Q%(a, b).

Denote b’ == idl ( £ b) € J(A). Then there is some g € Q* such that

VyTov

€

idl(cbd(z)) = qg.

The left-hand side is a fractional A-ideal of norm 1, hence ¢ = +qy where

qo = /Nrb//Nrb. In particular, idl(cbd(z)) = qO%

Fix ¢, € E} for all v # oo such that ﬁ((cv)v) = qgﬁ. For each v # oo,
the element ¢, has norm 1, so by Hilbert’s Satz 90 there is some y, € E}
satisfying ¢, = cbd(y,). The condition (30) is equivalent to

Vo # 0o: cbd(z,) € chd(y,)AX < cbd(z,y; ') € ALY,
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Thus the fiber in G (A)accessible 1S @ principal homogeneous space for Ad T(R) x
[Tooo Az(,l). Writing these in coordinates we see that the fiber in G (A)accessible
is a principal homogeneous space for Ad T(R) X [Ty00 AW,

The quotient of the fiber by the action of Ad T(R) Ad Kt ¢ is a principle

1
homogeneous space for [T,z de(Afj)\Al(f) ~ [Tosoo HY(B,AY) as claimed.
(]

COROLLARY 8.28. Let [h] € AdT(R) AdKTyf\G(A)accessible such that
inv(h) € Qx\j(A)O X F(A), ie., h ¢ T(Q). Then
#inv 1 ([R]) < Pic(A)[2].

Proof. The proof follows from Proposition 8.27 above and Corollary A.12.
O

LEMMA 8.29. Let h = t'}/t_l S G(A)accessiblev t e T(A)v RS G(Q) ]f
inv(h) = Q*(a,b), then
(1) [a] =1 in Pic(A) if a # 0,
(2) [be] € Pic(A)2 if b # 0.

Proof. Fixing representatives for v and h, for all places v # oo, we have

A
Qy BuUy Ty —q a eb U)T\)v
NI B P |

where ay, 8y € Ey, Ay € ES, gy € QF and a,b € E*. The ideals a and ¢b
either vanish or their classes in Pic(A) satisfy

[a] = (O‘v)v#oo mod Q* H A;; = (a)vyéoo mod Q* H A;; =1,

v#£00 v#00
[be] = (BuUuTy)voo mod Q% H A
v#£00
Ay
= (ebgy—Jupoo mod Q* I A¥ € Pic(A)%. O
v v#00

PROPOSITION 8.30. Fix (z4)y € G(Ay). Let B, = Q, for v # p1 and
B, = K,Sj”’") C Qp, for somen € N. If h € G(A)accessible 1S contained in
[To 9vB; oo Bugy ts, L, then
inv(h) =Q*A(a-s 1, b-% 1)
for some a,b € $,(A) satisfying
(1) a,b CA,

(2) pi' | b,
(3) Nr(a) —vNr(b) = sign (Nrd(zx)) 0¢(z )| D],
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(4) Nr(a) < 2°000(200) 04 (24)| D),

(5) [a] = [s] in Pic(A) if a # 0,
(6) [b] € [se] ! Pic(A)? if b # 0.

Proof. For each place v, choose a representative r, € B*(Q,) N O, of
95 L hysuge € Q2,0 satisfying the conclusion of Proposition 5.21. For v = py,
let 7, satisfy the stronger conclusions of Proposition 5.23. The element g,7, g, !
belongs to g,0,g, ! and has same reduced norm as 7y, i.e., | Nrd g,7,g; |, =
0y ()7t for v # 0o and | N1d gooToo e | = 273000 (T00) ~!. We can use this to
represent h, in B*(Q,) as

1

(31) hy = Z(Qy) (”ﬁvssv /TU 51;a v QflTU) )

S

v v

where ., B, € A, due to Proposition 5.19. The definition of inv implies that
inv(h) = Q*(ao, bo), where ag = MNyz00 Sy Ay and by = Mysoo B8, Au.
Define @ := (oo Ay and b= Musoo Buly. Then d,b C A. Finally, set
a:=A"'d and b := A~'b. Then a,b C Aand ag = /A\as_l, by = Abos L.

We conclude that inv(h) = Q*A(as!, 6%s1). Obviously (1) is satisfied
and (5), (6) are simply a restatement of Lemma 8.29.

We claim that

Nr(@) = sign (Nrd(200)) 0 (2 )9192 det ™1 (R),

(32) N 4
v Nr(b) = sign (Nrd(z0)) 0f(xf)1p det™ " (h).

For any prime p, the p-part of (32) follows by calculating ;92 det™! and
1 det ™! using the representative in (31) for the corresponding non-archimedean
v. To establish (32) with the correct signs, calculate 91995 det ™' and 1) det™!
using the representative in (31) for v = oco.

Recall that Nrd(a) =Nrd(A~'@) = |D|Nrd(@) and similarly for b. Claim (3)
follows from (32) and the syzygy 9192 det™* —¢p det ™! = 1. The archimedean
bound [9192 det 1 ()| < 28040 (200 ) follows from using (31) for v = oo, Propo-
sition 5.15 and the inequality | Nrd g,7,g, ' > 27805 (700) 1. Claim (4) fol-
lows from this bound and (32).

To prove (2) we use the conclusions of Proposition 5.23. Rewrite

gp1© nn)gpl m t gp1®( nngplltilz
k=—n

where ¢t = g, A(p1)g,,! € T(Qp,). Using the freedom in the choice of X we can

T 0
te@lfl(() ‘771')’

where m € E,, is a uniformizer for one of the two maximal ideals of 6,, and

)

assuine

o

7 is a uniformizer for the second one. Because 7y, € tkgpl@z(;:n’n gpllt_k for
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all —n < k < n, using Proposition 5.19 we conclude that

n Uﬂk .
(33) Dy, P, € ﬂ ﬁAm =Pl Ay,

k=—n
Because b = A6 =), Dp, Buy, Claim (1) follows from (33). O

Remark 8.31. Elements h with inv(h) = Q*A(a - s 1,0) in the Propo-
sition above corresponds to M(A s)-orbits of elements v € (G x G) (Q) with
stabilizer M, ~ T.

We know from Lemma 8.14 and Proposition 7.8 that the contribution of
these elements to the cross-correlation should vanish if the minimal norm of
an integral ideal in the Picard class [s] is > C for some constant C' depending
only on &. If sign(Nrd(ctr(§)eo)) = 1, this seems to contradict the proposition
above, which states that such v correspond to integral ideals a with Nr(a) =
sign(Nrd(ctr(§) o)) 0¢(ctr(§) )| D], which for |D| large enough is bigger then
C.

The contradiction is resolved by observing that in this case ctr(y) € T(Q),
and in the language of the proof above we know that not only a C A but also
d C A. This implies that a € A~* C A, and if

Nr(a) = sign(Nrd(ctr(§)o)) 0f(ctr(§) )| D],

then Aa is an integral ideal in the class [s] of norm

sign(Nrd(ctr(§)oo)) 05 (ctr(€) 7)),

which does not grow to infinity with |D].
This reasoning can also be used to exclude the situation

inv(h) = Q*(0,b - 757Y),

i.e., M, >~ ps. These unnecessary terms will have negligible contribution to
the shifted convolution sum, and we do not take the extra effort to write them
off. The essential part is that the contribution of a non-compact stabilizer to
the geometric expansion is eliminated in Lemma 8.14.

PROPOSITION 8.32. Let h€ G(A)accessible and inv(h):QXK(as‘l, 675 1)
be as in Proposition 8.30 above. Let p | D be an odd prime where B splits.
Denote by v the place associated to p, and recall from Proposition 8.27 that
HY (&, AX) acts faithfully on inv=" (inv(h)).

Let —1 € HY(®,AY) be the unique non-trivial element; cf. Lemmata A.13
and A.14. If ord, Nr(b) < ord, D, then —1.h, & g, B, 'z, Bygy tsy L.

Proof. Assume in contradiction that both A, and —1.h, belong to

gvBy  wyBugy tsy
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We write (£1.hy)s, in coordinates as in (31) in the proof of Proposition 8.30
above (notice that v, = 1 in the split case):

Qy iﬂv'ﬁu)
igﬁv /TU Uav ‘

Above we have used the fact from Lemmata A.13 and A.14 that for odd residue
characteristic, the unique non-trivial cohomology class is represented by —1 €
ALY, The explicit form of the action of H(&,A) is evident from the proof
of Proposition 8.27.

Because the matrix on the right-hand side above belongs to g,Q,g; ' for
both (£1.hy)s,, Proposition 5.12 implies that

(£1.hy)sy = Z(Qy) (

£B, — “a, € Ay => 28, € Ay => B, € As.

In the last implication we have used once more that the residue characteristic
is odd.

Following the definition of b in the proof of Proposition 8.30 above, we see
that the completion of b at v is Z,8,A, € Z,A,. Hence ord, Nrb > ord, D in
contradiction to the assumption. O

8.8. Proof of Theorem 8.7. We need one last lemma before we can proceed
to the proof the theorem.

LEMMA 8.33. For anyn € N and any a € A,
mg(Qpl) (Kpl N aKplafl)
MG(Q, ) (Kp:n’n) N aKz(nin’n)afl)

2n
:pl .

Proof. Let &/ be the apartment in 2, stabilized by A, . We fix an
orientation on &/ and enumerate all vertices in & consecutively according to
the adjacency ...,x_1,x0,x1,... in such a way that xg is the vertex stabilized
by K,, and a.rg = z}, for some k > 0.

Because G(Q,) acts by simplicial automorphism, we have that K, N
aK,a~t is the stabilizer in G(Q,) of the finite path [z, ..., 7] in & and
K,S(”’”) N aK,Sf"’”’a*l is the stabilizer in G(Q)) of the finite path

[Ty ey @Oy e Thy e ey Ttk
In particular,
m(g,,) (Kp Nakpa™)
MG (qQ,,) (K,(,;n’n) N aK]g;n’n)afl)

= [Stabg(@p) ([xo, .-, zk]) : Stab(;(@p) ([Topy ey TOy e e - Ty e - - 7$n+k])]
— 4 (Stabay) (70, 2] - (s - 70 O [ > 1)
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Because the action is by simplicial automorphism and %,, is a tree for any
h € Stabgq,) ([7o, - - -, 7k]), the position of h. ([z—n,..., 0] U [Tk, .., Tin])
is completely determined by the position of h.x_, and h.zgyy,.

Let y; be a vertex so that d(xg,y1) = d(zo,x_,) and the geodesic con-
necting xp and y; does not pass through x;. Similarly, let y2 be a vertex so
that d(zg,y2) = d(x, x+n) and the geodesic connecting zj and y2 does not
pass through z;_1. We can use the strong transitivity of the action to show
the existence of an element h € G(Q,) so that h.[xo, ...,z = [x0,..., 2] and
hx_p, = y1 and h.xg+, = y2. Counting pairs of vertices y1,y2 as above we
deduce

# (Stabg(qg,) ([70, - - @k)) - (W=, - 2] U [wk, - - 2pn))) = 7", O

Proof of Theorem 8.7. We begin with some necessary measure compu-
tations. For the torus T, we have g3 !T(R)gss = Ko and hence T(R) C
Gooloogxt- Denote a = A(py) as in Definition 5.22. Then for every m € Z,

gp_llT(Qpl)gm Na"Kpa ™ =Ap Na"Kpa™™ = Ap, N Kp,.

Hence T(Qpl) N gle]gl_mn)g;;ll = T(Qm) N gleplg;ll- U
We conclude that
vol ([T(A)g]) ™
= mr) (T(R) mr(q,,) (955,95, ) #H mr(g,) (9Kugy ') -
VFEOO,P1

For G2, we use Lemma 8.33 and the condition ctr(¢),, € A, to deduce
that

-1 _o9, - _
vol ([G2(A)T¢]) ™ 1™ > ma ey (610005100 N €2.002%825)
-mg(g,,) (K5 ™™ Netr(€)y, K™ ctr(€),,)
T meen+ (90Kug ) -
v#00,p1
The inequality above can be replaced by =<q. because of (10) from Sec-
tion 2.4.5.

Using Corollary 8.16, Lemma 8.18, Proposition 8.23 and the volume com-
putations above, we can write

Corlpu, V)(B) < vol (IT(A)g])~" vol ([G(4)7¢]) " pi™"

Z Ny -1, o (€)oo o g (ctr(y)oo)-
€Wy
Pdet™ ! (7)#0
We now need to bound the bottom sum over [y] € Wg. Using Lemma 8.24,
we know that the last sum is equal to the number of Ad T(R) Ad K ;-orbits
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intersecting ctr(B’) in the set G(A)accessible- 10 €ach such intersection we can
associate a pair of integral ideals satisfying the conclusions of Proposition 8.30.

Due to Propositions 8.27 and 8.32 we know that the map intersection —
(a,b) where a, b are the integral ideals of Proposition 8.30 is at most 8(Nr(b))
to 1.

For each pertinent pair of ideals (a,b), set b = p7'b’, where 0 # b C A
is an integral invertible A-ideal satisfying [b] € [p}se]~! Pic(A)?. The claim
z—wD
Upf"
the number of pairs of ideals (a, pTb’) satisfying the conclusions of Proposition
8.30 and Nr(a) = z.

follows when we notice that gis(z) fipnse-1 with = < k|D] is exactly

9. Sums of multiplicative functions over polynomials
in two variables

In this section we generalize the results of Shiu and Nair [Shi80], [Nai92]
to sums of the form
> Q)
(z,y)eENZ2
where f is a slowly growing non-negative multiplicative function, @ € Z[x, y]
and & C R? is a closed smooth convex domain. Similar sums for homoge-
neous polynomials in two variables over axis-aligned boxes have been studied
in [dIBBO06], [dIBT12].

Most of the proof in [Shi80], [Nai92] follows through in higher dimen-
sions even for the case of more general domains as long as good estimates are
available for the lattice counting problem.

Nevertheless, the following presentation contains two ideas that seem to
be novel even in the 1-variable case. They are essential when we need to apply
the sieved upper bound to a family of polynomials ¢ in a uniform manner.
Both of them have to do with the behavior of @ at primes of bad reduction.

The first one is a simple yet crucial observation that the function counting
Z/pkz—points on Xg — the plane curve cutout by @ — can be replaced by
a function counting only the points that do not have the maximal possible
amount of lifts to X¢ (Z/pk+lz).

The second one is directly related to the dependence of the upper bound
on the singularities of the reduction of Xg modulo p. The structure of singular-
ities for a 1-variable polynomial modulo p, i.e., O-dimensional affine scheme of
finite type, is simple and can be summarized by the discriminant of the polyno-
mial. The possible singularities of a reduction of a curve, although rather well-
understood through resolution of singularities, are significantly more diverse.
The most general expression replacing the dependence on the discriminant for
polynomials in two variables seems to be a product of values of local Igusa zeta-
functions. We chose not to pursue this path here as it does not lends itself easily
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to applications. Instead, we observe that as long as there is an a priori bound
#Xo (Z/ka> < CpFE=) with ¢ > 0 and 1 > r > 0 independent of p*, our
upper bound can be shown to depend only on C and r. Such bounds seem to be
easy to establish explicitly, at least for the application at hand. Moreover, this
approach generalizes verbatim to polynomials with arbitrary many variables.

Definition 9.1.
(1) For any polynomial in two variables @ € Z[z,y| and a € N, denote by

2
pg(a) the number of solution in z / 472 to the equation
Q(xz,y) =0 mod a.

(2) Let Xg be the affine plane curve cutout by @, i.e.,
Xq = SpecZ[z,y]/ (Q(z,y)) -

By definition, pg(a) = ‘XQ (Z/aZ>‘.
(3) Fix a prime power p*. A lift of a point z € Xg (Z/pkz) isa Z/karlz—point
of Xg that reduces to x mod "
We split X¢ (Z/pkz) into three types of points:
e smooth points — by Hensel’s lemma each such point has exactly p
lifts;
e singular points with a lift, by the Taylor polynomial formula each such
point has exactly p? lifts;
e singular points without a lift.

(4) We denote by pg(p*) the number of Z/pkz—points on X¢ that are either
smooth or have no lift. We extend pg to a multiplicative function on N in
the regular fashion. Obviously, pg(a) < pg(a) for all a.

(5) Denote by pgng(pk) the number of Z/pkz-points on X¢ that are not
smooth, i.e., either having 0 or p? lifts.

The following lemmata are elementary properties of points on curves over
congruence classes of integers.

LEMMA 9.2 (DeMillo-Lipton-Schwartz-Zippel Lemma). Let 04 Q € Z[x, y].
Then the inequality pg(p) <deg(Q)p holds for any prime p{ Q.

Proof. This has been proven in [Sch80], and a slightly weaker bound has
been shown in [DJL78], [Zip79]. See [Taol4, Lemma 1.2] for a streamlined
proof. O

LEMMA 9.3. Let 0 # Q € Zlx,y]. Then

psing (pk:+1 )

Po(®") = po (™) — e
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Proof. This follows immediately from the observation that the points in
Xg (Z / phtl Z) that reduce to smooth points modulo p™ are exactly the smooth
points modulo p™*1. O

In the following two definitions we describe the objects appearing in our
main sieving theorem.

Definition 9.4.

e We say that a convex domain & C R? is C? if its boundary is a twice
continuously differentiable curve. We then denote by Rpax(&) the
maximum of the radius of curvature of the boundary of & and by A(&)

the area of &. If no confusion arises, we shall use the shorthand Ry,ax
for Rmax(&).

e Let C,0; > 0. We denote by £(Cj,6;) the collection of C? convex
planar domains & such that for any a € N and (g, y0) € Z2, if A(&) >
a?, then

[# (76 = (0, 30)) N 22) = a 2 A(8)] < C1 (Rinax(6) /a)"" .

Remark 9.5. The Van der Corput bound [vdC20] implies that for any
e > 0, there is C; > 0 depending on ¢ such that any C? convex domain belongs
to 3(0;, 2/3 + 8).

The bound of Huxley [Hux03, Prop. 5 and Th. 5] for lattice points in C?
planar domains implies that for any € > 0, there is C; > 0 depending on € such
that all ellipses belong to £(Cj,131/208 + ). A suitable generalization of the
Gauss circle problem conjecture should imply that the constant 131/208 can
be replaced by 1/2, at least for ellipses defined by integral binary quadratic
forms.

Definition 9.6. Let A > 1 and B,e > 0. We say that a multiplicative
function f: N — R is of class M (A, B,¢) if it is non-negative, and for any
integer n > 0,

f(n) < min (AQ("), Bn5> .

THEOREM 9.7. Let & C R? be planar domain of class £(Cy,0;) for Cy, 0,
> 0. Denote by A(&) the area of &, let Ryax be the maximal radius of curvature
of the boundary, and assume RO < A(&)'=" for some 1/2 > n > 0.

Let Q € Z[z,y] such that there are C > 0,1 > r > 0 satisfying po(p*) <
Cp*E=") for all prime powers p¥. Let X > 1 be a constant satisfying

max {|Q(z,y)| | (2,y) € £N 2%} < X < AE)®

for some 6 > 0.
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Let f be a non-negative multiplicative function of class M(A, B,e) for
some A>1, B>0 and 0 < e <min{r,nr/(46)}. Then

(34) S Q) < AE) ]I (1 _ pQ(Qp)) T f(a)ﬁQ(a)7

(z,y)€ENZ2 deg(Q)<p<X
e

where the implicit constant depends only on Cj, A, B, e,deg(Q),C,r,n, 0.

9.1. Notation. We introduce several notation to be used in the section.
For an integer n > 1, denote by w(n) the number of distinct prime factors
of n, and let Q2(n) be the number of prime factors counted with multiplicity.
Denote also by PT(n), P~ (n) the largest and the smallest prime divisor of n
respectively. It shall also be useful to define P*(1) =1, P~ (1) = occ.

For any two integers a,b, we write a | b if the prime support of a is
contained in the prime support of b. Lastly, we denote by gecd(a,b>) the
product of all primes powers dividing a for primes appearing in the support of b.

9.2. Sieving. The following lemma is a straightforward generalization of
the lower bound in [GKM15, Lemma 2.1].

LEMMA 9.8. Let g: N — R be a multiplicative function such that there is
some d > 0 so that 0 < g(p) < d for all primes p. Then for any z > 1,

(35) > P 5y T (11 )

n<z d<p<z

Proof. As the left-hand side of (35) is supported on the square-free num-
bers, we can assume without loss of generality that g is completely multiplica-
tive. Define a new completely multiplicative function h by h(p) = d—g(p). The
Dirichlet convolution g * h is a multiplicative function that satisfies g * h(p) =
g(1)h(p) + g(p)h(1) = d for any prime p. Hence for any square-free integer n,
we have g * h(n) = d*(™). This implies

dwvﬂ
2 >4 (log z)d.

??

36) > wun

n<z n<z

(722

On the other hand,

> n(n) )31;[<1+h;)><< I1 (1—h(p)>1.

n<z d<p<z p
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(37) >q ] <1 — dg(p)) (1 — g(p)>

d<p<z p p
d d — 2 d
_ H <1 _ 24 g(p) 29(]7) ) > H (1 _ 7) >4 (log Z)_d.
d<p<z p p d<p<z p
The claim now follows by multiplying inequality (36) by (37). O

The following result is where we apply a sieve. As we require only upper
bounds, we use the large sieve due to its great generality.

LEMMA 9.9. Let Q € Z[z,y] be a polynomial. Let & C R? be a domain of
class £(Cy,0;). If

/
1<z< min{(Aglg)>l S,A((go)lh}’

max

then
A&:H@MAG£QW|P%QQWD22H

<aeg@.cr AE) 11 (1—”69(21’))-

deg(Q)<p<= p

Remark 9.10. The exponent 1/5 in the level of distribution is certainly
far from optimal, yet for our application any positive exponent suffices.

Proof. The inequality is trivially true if there is p | @ such that p < z;
hence we assume this is not the case.
We use the large sieve in the setup of Kowalski [Kow08]. Our sieve setting
is )
2 . 2 Z
(Z ,primes, Z° — /ng),

and the siftable set is &7 := & NZ? C Z? with the counting measure.
We choose our sieve support to be the set of square-free positive integers
< z. The large sieve inequality as presented in [Kow08, Prop. 2.3] implies that

S <AH!,
(38) 7

where A is the large sieve constant that we bound from above using the equidis-
tribution method as in [Kow08, §2.13]. For any integer n < A(&)Y? and any
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2
Yy E z /72> define the discrepancy

ra(y) =& N (022 + y)| = n7|&).

The assumption & € £(Cj, 6;) implies for & and n=! (& — y), whose areas are
> 1, that

Rmax)el
< .
ral)] < o (72

We use the orthonormal base of characters for finite abelian groups and
bound A using [Kow08, Cor. 2.13]

A=l smaxd > on ) (9)

n<z ZQ
ye

/lm, n]Z?
2 R K
< max
< glls%icgn[m, n| <[m’ n])
< QR n? < QRIS < CLA(6),

n<z
where in the last inequality we have used the upper bound assumption on z.

Applying the lattice count bound to |&7| we deduce that A <¢, A(&).
We bound H below by

H >3 un)[] pi(gm-
n<z pln

Next we apply Lemma 9.8 to the multiplicative function pg(n)/n that is
bounded by Lemma 9.2 to deduce

—1
PQ(p)
H>>deg(Q) H <1 2 ) :

deg(Q)<p<z P
The claim follows by combining the bounds on H and A with (38). O

9.3. Extending the level of distribution. The range of z where the lemma
above is applicable is very restricted. The following results show that we can
actually take this range to be any power of A(&) if we are willing to pay a
price in the constant depending only on the exponent.

LEMMA 9.11. Let Q € Z[z,y] be a polynomial. Then for any z > 1, s > 0,

11 (1 _ Pc;(Qp)> I | (1 _ PQi(ZM ) '

deg(Q)<p<z/s deg(Q)<p<z p
PQ

Proof. The proof of [Nai92, Lemma 2(i)] applies when combined with
Lemma 9.2. g
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LEMMA 9.12. Let 5 > n > 0 and g9 > 0. In the setting of Lemma 9.9
above, if RO < A(E)' and 1 < 2z < A(&)%, then

pQ(p)
S <deg(@.Crmeo AE) 1] (1 - Q2 ) .
deg(Q)<p<z p

Proof. The statement is trivial Ip < z such that p | Q, hence assume the
contrary. Assume z > A(&)"/5, as otherwise Lemma 9.9 applies directly. Ap-

.\ 1/5
plying Lemma 9.9 for zy = A(&)"/® < min {(}2@) ,A(é”)l/z}, we deduce

max

that

rQ(p)
S Ldeg(Q),Cy A(8) H (1 o Q2 ) )
deg(Q)<p<A(8)1/3 P
and the claim follows from Lemma 9.11 with s = 55y /7. |

9.4. The sieve bound for values in a homogeneous arithmetic progressions.
We now generalize these results to subsets of points where the polynomial value
is divisible by a fixed integer.

LEMMA 9.13. Let Q € Z[x,vy] be a polynomial. Let & C R? be a domain
of class £(Cy,0;). Fiz 1/2 > 1 > 0, ¢ > 0, and assume R% < A(&)13.

max

Then for any a,z € N such that a < A(&)" and 1 < z < A(&)°,

S =[{(@.v) € £nZ* | alQ(x.y). ged(a.Q(x,y)/a) = 1
and P~ (Q(x,y)/a) > z}’
A(&)pg(a) I (1 3 PQ(P)) .

Ldeg(Q),Crinye 2 2
a deg(Q)<p<z p

pta

Proof. The statement is trivial if there is p < z such that pta and p | Q,

2
so we assume the contrary. Let (zg,y0) € Z / o772 be one of the pg(a) classes
where @) vanishes modulo a. Define Qg € Z[z, y| by

Q(azx + x9,ay + yo) = a - Qo(z,y).

Then for any p { a, we have pg,(p) = pg(p). Notice that if p* || a and the
point (zo,y0) € Xg (Z/ka> has p? lifts, then p | Qo. By the assumption
ged(a, Q(z,y)/a) = 1 no point in the sieved set reduces to such (zg, yo). Hence
it is sufficient to consider only the pg(a) classes of points that at all primes
are either smooth or have no lift.

We apply Lemma 9.12 to Qg and the convex C? domain a='(& — (x0,%0))
with area A(&)/a? and maximal curvature radius Rpyax/a. We take ¢p =

S
=5 > 0.
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The first condition of Lemma 9.12 reads

(39)  (Bmar/a)" < A(8)/a>™1 & Rl < A(8)71/a? 21701

max

Using the assumption a < A(&)", we deduce that
A(g)lfn/a%%%@z > A(g)lfnfn(%%f@z) — A(g)lfn(?’*?nf@z) > A(g)lf?m'

Thus (39) is satisfied because of the assumption R% < A(&)1~37. The second

max
condition of Lemma 9.12 reads

(40) 1<z< (A(‘ga))go.

a?

Using the assumption a < A(&)" we see that

(A(éa))go > A(g)(lf%)co — A(éa)g

a?

Hence condition (40) is satisfied as well.

Summing the bounds we obtain from applying Lemma 9.12 to each of the
relevant pg(a) residue class and using the fact pg,(p) = pg(p) for each p 1 a,
we obtain the claimed inequality. O

COROLLARY TO PROOF OF 9.14. In the setting of Lemma 9.13 above the
following holds:
{(@y) € £n 22| aQ(z,y) and P~(Q(z,y)/a) > =}
A&
]

<<deg(Q)7Cl S 2 2
“ deg(Q)<p<z p

pta

Proof. The only place where the condition ged(a, Q(x,y)/a) = 1 was used
was to dispose of the residue classes that do not lift. Hence the proof follows
in the same manner except that pg(a) is replaced by pg(a). O

Definition 9.15. For any Q € Zz,y], define the multiplicative function
0o by

1+ QPQ(p) ,
bo(p*) = s P1o
1 pl@Q

for all primes p and all integers k£ > 1.
Write 6g = 1 * A\g. Then by Mo6bius inversion,

AQ(H) _ H(n)Qw ng(n7 Q) =1,
0 ged(n, Q) # 1.
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Remark 9.16. If f € M (A, B,¢), then an easy computation shows that for
any ¢ > 0,
fgem (A, B e+¢€),
with A’ <<deg(Q) A and B’ <<a’,deg(Q) B.

COROLLARY 9.17. The next inequality holds in the setting of Lemma 9.13
above:

‘9<<myQLcmmcfgéﬁéggQ9Qﬁﬁ II (1“pQgﬂ>-

a?

deg(Q)<p<z p
plged(Q,a)
Proof. The proof follows immediately from Lemma 9.13 and the fact that
0 < 29 < L for any p > 2deg(Q), p1 Q. O

9.5. Decoupling multiplicative functions. The following lemma is standard
— if not in form, then in function. Although it is not singled as such, this is
a main technical tool in [NT98].

LEMMA 9.18. Let g and 3 be non-negative multiplicative functions, and
denote h =1 1. Then for any z > 1,

> gla)h(a) < M.(g,%) - Y g(a)

alz alz
log z/ log p
M.(g,9) =[] [1+ j{: ¥(p ZE:SJ
p<lz

Remark 9.19. We can write an upper bound for 9. (g, 1) using h:

v) < [12_9@) > vw?) =TT > 9@)h()

p<z j=0 v=0 p<zj=0

Proof. First we expend h in terms of :

> gl@h(a) =Y w(klgla) =) > v(k)g(kt)

a<z a<z kla k<zt<z/k

We decompose each ¢ in the sum above as t = In, where [ = ged(t, k). Then
the expression above is equal to

> wk)g(klg(n) < (:j{:vb(kﬂ > g(kl{> > g(n)

k<zt<z/k k<z l|k>° n<z

To complete the proof we bound the double sum in the scopes

S k) > gkl < ]

k<z 1|k p<z

log z/ log p

1+ j{: Y(p jgjgy ] O
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We use the decoupling lemma above to prove the two key results to be used
in the proof of Theorem 9.7. The first one shows that on average the product
over primes in Lemma 9.13 can be extended to include primes dividing a.

LEMMA 9.20. Let Q € Z[z,y| such that there are C > 0,1 > r > 0
satisfying ﬁQ(pk) < Cp*2=7) for all prime powers pF. Let f be a non-negative
multiplicative function such that f(n) < Bn® for some B > 0, r > ¢ > 0 and
all n. Then for any z > 1,

po(a)f(a
> pQ 00(a) Kdeg(Q),B.Core D m(:j()~
a<z a<z

Proof. Apply Lemma 9.18 to g(a) = f(a)pg(a)/a® > 0 and ¢ = Ag. To
complete the proof we need bound 9. (g, Ag).
Using the assumptions we bound

F"po*) < BOpHE—r+)

and
F0*)po(0®) < f(0*)pq(p)p* < A* deg(Q)p®

Because A is supported on the square-free integers, we see that

M(g. o) < [] [1+ ZAQ(p”)ig(pj)] <1l <1+2 p( )i]ﬁi)>
= =1

p<= v>1 p<=
piQ
1 1

<11 (1 + 2deg(Q)BCp1+T,E T p_(r_a)) Ldeg(Q),B,Cr—e 1. U

Pp<oo

We also use Lemma 9.18 to establish a saving for the pertinent sums over
smooth integers satisfying P*(a) < Z1/5 for a fixed s > 0. The crux of the
following lemma is that it saves an exponent in s, and it will be applied to
control a term that grows geometrically in the parameter s.

LEMMA 9.21. Let Q € Z[x,y] such that there are C > 0,1 > r > 0
satisfying ﬁQ(pk) < Cp*2=") for all prime powers p*. Let f be a non-negative
multiplicative function of class M(A, B,e) with 0 < ¢ < r. Then for any
a,s>0, z>1 and (r —e)log(z)/(2s) > k > 0,

pola)f(a pq(a)f(a

@y PO s exp(—sar) Y PN,
2%<a<z a a<z a
Pt(a)<z!/s

Remark 9.22. If the curve cutout by @ is smooth over Q, then by Hensel’s
lemma we have po(p*) < po(p)p*~—! < deg(Q)p*?=1 for all primes p of good
reduction. In this case the constants C,r only depend on the number of points
on the curve modulo powers of primes of bad reduction.
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Proof. Let (r —€)/2 > B = 77 > 0. Then the left-hand side of (41) is

bounded above by
(42) z7oP Z Maﬁ < 7B Z Maﬁ_

2 — 2
2%<a<z a a<z a

Pt(a)<z/s Pt(a)<zt/5

Define the non-negative multiplicative function g by g(a) = f(a)pg(a)/a? if
Pt(a) < 2% and g(a) = 0 otherwise. Let 1 be the Mdbius inversion of the
multiplicative function a — a®. An explicit formula for 9 is

P(p*) = p* — pf=D)

for all primes p and all k& > 0.
Applying Lemma 9.18 with g and v as above we can bound the right-hand
side of (42) above by

T M(gy) Y ﬁQ(Z)zﬂa)-

Pt(a)<z/*

We now wish to estimate 9, (g, ). Using the fact that g is supported on
integers without prime factors bigger than z'/* and Remark 9.19, we deduce

(43) Mg, )< [] [ 1+ 9’ |.
p<zt/s j=1
Let Ko == [4/(r —€)] > 0. For any k < Ky, we estimate pg(p")
pQ(p)p%_2 < deg(Q)p**~1. For k > Ky, we use the assumption ﬁQ(pk)
Cp*>=7). Combined with inequality (43) this implies
(44)
X pKoﬂ o .
log M (g.9) < KA deg(Q) Y ~——+BC > > p 707
p<zl/s p<zl/s j=Ko+1

IAINA

We bound the second summand above using the inequality r— 5 —¢ > (r—¢)/
2>0:

oo
; 1
—j(r—B—e¢) —(Ko+1)(r—e)/2
p’ < p
= > L
p<z+/5] 0 p<z
iy 3, pRUTIE<N T p <
p<zl/s p<oo

We bound the main term in (44) above using the prime number theorem

ploP . KoB Kof3
Z e :LI(Z 0 /3)4—2 0 /S'Olog(z)/s(l) <<K0 1.
p§Z1/5
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We can now conclude that

m. (g, Q;Z)) <<R,A737€10)T1deg(Q) L. =

Finally, the following lemma shows that the sums over extremely smooth
integers are completely negligible.

LEMMA 9.23. Let Q € Z[x,y] such that there are C > 0, 1 > r > 0
satisfying pQ (p*) < CpF2=") for all prime powers p*. Then for any 8 > 0 and
1>a>0,

(45) Z pQ(CL) LB 27T01+ﬁ.

2
2%<a<z a
Pt (a)<log zloglog »

Proof. The assumed upper bound on pg implies pg(a)/a? < C¥@ /a” for
all a € N. This can be used to bound the left-hand side of (45) by
Ccw(a)

(46> Z a’
2%<a<z
P+t (a)<log zloglog z

We apply the standard bound w(a) < Kloga/logloga for some fixed
K > 0 to deduce that for any 2% < a < z,

Cw(a) < ZKlogC/(loglogz-Hoga)

We split our calculation into two cases.
(1) If loglog z > Klog C - 2/8 — log a, then C*(® < /2 and we bound (46)
by

Zrath/2 Z 1= 27"H8/29 (2, log zlog log 2).
a<z
P+ (a)<log zloglog z
This case is settled because of the inequality ¥(z,log zloglog z) <z 2812
which follows from [Shi80, Lemma 1].
(2) On the other hand, if loglog z < K log C-2/83—log o, then using the trivial
bound pg(a) < a? < 2% K¢ a5 1 we estimate (45) by

po(a 1

E LQE ) <008 E — <Lz O
a a

2%<a<z zo<a<z

P (a)<log zloglog »

9.6. Proof of Theorem 9.7. In this section only all the implicit constants in
the < notation are allowed to depend on 7, A, B, ¢, C, r,deg(Q), 6, C; without
further notation. Denote &, .= &NZ?. We introduce notation similar to that in
[Nai92]. Let Z := A(&)". For any fixed (z,y) € &z, we write a decomposition
into prime powers

€l

Qz,y) =pi* - p3*-...-p,
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where p; < pa < -+ < p;. Define a == p{'-.. .p?j sothat a < Z but a-p?f:gl > Z,

in particular ¢ = 1 if all pi* > Z. Let b = Q(z,y)/a, and set ¢ = pji1,

e = ejt1. Because f is multiplicative, we always have f (Q(x,y)) = f(a)f(b).
Following [Shi80] we split the sum on the left-hand side of (34) into four

ranges:

(1) Ry is the set of all (z,y) € & such that ¢ > Z1/2;

(2) Ry is the set of all (z,y) € & such that ¢ < Z'/2 a < Z'/2;

(3) Rs is the set of all (z,y) € & such that ¢ < log Zloglog Z,a > Z/?;

(4) Ry is the set of all (z,) € & such that log Zloglog Z <q< Z'/?,a> Z'/2.

Moreover, for any fixed integers a, z, we denote

S(a,z) = {(:U,y) € &z | alQ(z,y), ged(a, Q(x,y)/a) =1

and P~ (Q(x,y)/a) > z}.

Recall that §2(b) is the number of prime factors of b counted with multi-
plicity. For any (z,y) € Ry, we have

ZVFU) < p < X < A(&)°,
hence Q(b) < 1 and f(b) < 1. This implies that we have a bound
> FQy) < Y fa)S(a, 2.
(z.y)€R a<Zz

We can apply Lemma 9.13 with ¢ = & to bound |S(a, Z'/?)| from above.
Combining this with Corollary 9.17 and Lemma 9.20, we deduce

> @y <A I <1_pcz<2m) 5~ f(@hgla)
@y deg(Q)<p<Z1/2 p a<z @

which is consistent with the claimed bound due to Lemma 9.11.

Next we make an observation necessary to treat the sums over Ry and Rj3
and that also indicates the natural limit of the theorem. The following lower
bound for the right-hand side of (34) holds:

A(&) H (1 _ Pié@) Z f(a)fZQ(a)

deg(Q)<p<X a<X
PR
>A6) ] (1 _ deg@>
deg(Q)<p<X p
PR

> A(&)/(log X) 1@ > A(&)/(log A(£))2@.

Thus any bound of the form < A(&)'~%0 for g > 0 is consistent with the
claim.



JOINT EQUIDISTRIBUTION OF CM POINTS 233

For any (z,y) € Ra,
Z <aqt < 2V = 7'/? < ¢,

but ¢ < Z'/2 hence e > 2. For each prime p < Z1/2, let ep > 2 be the minimal
integer satisfying p°» > Z/2. Notice that p® = p»~1p < ZV2%p < Z = A(&)",
so we can apply Corollary 9.14 with a = p®. This implies the following bound:

Yo Q) < X® Y Hzy) €| p”|Qz, )}
(z,y)ER2 p<Z1/2
< X°AE) D ) « XAE) Y —.
p<Z1/2 p<Z1/2 p
The latter sum is bounded by
1 1 1 1/4—1/2 1/4 1/4
ZPTPSZW—’_ Z p<<Z//+Z/<<Z/
p<Z1/2 p<Z1/4 ZV/A<p<Z1/2
We conclude from (47) that
Sof@ ) < XEA(E)Z7H* < A(&)1HE0/4,
(z,y)ER2

Because € — n/4 < 0, this bound saves a power of A(&) and is compatible
with the claim.
We proceed to estimate the sums over R3 using Lemma 9.13:

Y FQay) < Xx° > 15 (a, 1)

(z,y)ER3 ZV2<a<z
Pt (a)<log Z loglog Z
< X°A(E) S pQ(za).
ZY2<a<Z @
P*(a)<log Zloglog Z
Next apply Lemma 9.23 with 5 = r/4 to deduce
Z f << XEA(g)Zer < A(éa)1+6sfnr/4’

( 7y)€R3

which is consistent with the claim because we have assumed de — nr/4 < 0.
We split Ry further according to the value of ¢q. For any integer
log Z
log (log Z loglog Z)’

s =2<s5< 57 =

let R§ be the set of (z,y) € Ry such that Z%/(+D < ¢ < Z/5. Recalling that
q is the smallest prime divisor of b, we see that for (z,y) € Rj,

Z9W/(+) < p < X < A(&)°,
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hence Q(b) < (s +1)§/n and f(b) < A5, where Ag := A%, We can now write

(48) Yo fQ@y)< DA Y f@)IS(a, 2V

(z,y)ER4 s0<s<s1 Z12<q<7
Pt(a)<zl/s

Similarly to the case of Ry, we apply Lemma 9.13 with ¢ = § and Corollary 9.17
to bound the right-hand side of (48) from above by

(49)
s pQ(p)\ f(a)bq(a)pg(a)
NG DS I <1_ )
s0<s<s1 Z1/2<q<7 deg(Q)<p<ZL/(s+D) p? a?
Pt(a)<zV/s
X GEEI (1—pQ(2p))
deg(Q)<p<X p
PiQ
. Z A(S)(S—i-l)deg(Q) Z f(a>9Q(a)ﬁQ(a)
s0<s<s1 ZI/ZSGSZ GQ
Pt(a)<z1/s

where we have applied Lemma 9.11.
Let k= 4In(Ap). If K > 3t log (log Zloglog Z), then Z < 1, hence
51 < 1 and

S Aj(s+1)%E@ « 1.

s0<s<s1

Otherwise, k < 3’?% log (log Z loglog Z), and we can estimate each of the in-
nermost sums in (49) using Lemma 9.21 with x as above and f replaced by
fOg. The conditions of the lemma are satisfied due to Remark 9.16 with
e/ = (r—e)/2. Then

Z A(s + 1)deg(Q) Z f(a)eQ(a)ﬁQ(a)

2

50<s<s1 Z1/2<q<z “
Pt(a)<zt/s
D 0
< Z pQ(a)f(g’) Q(CL) . Z AS(S + 1)deg(Q) exp(—sm/2)
a<l”Z a s0<s<s1

=5 pa(a)f (E;L)QQ(Q) ‘

a<lZ
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In both cases we deduce

R PGE]| <1 ~ pQ(p)) 3 Pe@)f(®)q(a)

2 2
(.)€ R deg(Q)<p<X P/ <z a
@
rQ(p) pq(a)f(a)
< A(&) H (1— - )Z —,
deg(Q)<p<X prJa<z @
@

where in the last line we have applied Lemma 9.20. This is again consistent
with the claim.

9.7. Sums restricted by congruence conditions. In this section we extend
Theorem 9.7 to sums with congruence restrictions.

Definition 9.24. Let Q € Z[z,y]. For any k € N and 0 < [ < k, define
pq(l; k) to be the number of solutions modulo k to the equation Q(x,y) = .

In particular, pg(0; k) = po(k) and pg(l; k) = po—i(k).

ProprosITION 9.25. Fix kg € N. Consider the setting of Theorem 9.7 but
assume the stronger assumptions (Rmax/ko)" < A(&)/k3 and X < A(&E)0ki™.
Then

Q(z,
(z,y)EENZ2 0
kO‘Q(xry)

<a®) I <1_PQ(2M> Zf(a)km(’;oa)_

deg(Q)<p<X/ko p a<X/ko (koa)
Mkﬂv pr
The implicit constant is the same as in Theorem 9.7.

Proof. Let r = (r1,72) be a representative of one of the congruence classes
modulo kg solving the equation Q(z,y) =0 mod ky. Define Q7,Qj € Z[x, y]
by

Q1 (z,y) = Q(kox + 71, koy + 72) = koQp(x, y).

Notice that deg(QT) = deg(Q) for i = 0,1. Moreover, pg(p*) = pQr (p*) for
any p 1 ko and k£ > 0, and the same holds for p. Now we can apply Theorem 9.7
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to the sum over a single congruence class as follows:

Y o(U4E)- T r@en

(x,y)€ENZ2 (z,y)€ky t (E—r)NZL2
(z,y)=r mod ko

< A(f) H (1 B PQ(QP)) Z f(a)Z§5(a)

b

0 deg(Q)<p<X/ko a<X/ko
ptko, ptQ
pq(p
=A@ ]I (1— Q(Q )>
deg(Q)<p<X/ko p
ptko, pIQ
5 F(@)po (Garsesy ) Pag (ed(a, k)
(koa)? '

a<X/ko

A direct calculation shows that the conditions of Theorem 9.7 are satisfied
when applied to the sum above. Summing over all the pertinent conjugacy
classes we deduce

(50)
(wy)€6NT2 0 deg(Q)<p<X p
kO'Q(m’y) Pfko, MQ
f(a)p # B
Py Q(,f = ) (szg (scd(a, k8°))> .

For any b | k§°, we can see from the definitions in 9.1 that
> Py (b) = po(kob).
-
The claim follows from combining this observation with (50). O

PRrOPOSITION 9.26. Consider the setting of Theorem 9.7 but assume the
stronger assumptions RO < A(E)'* and X < A(&)%/2. Fix ko, k1, ks €N
such that all primes dividing ki also divide ko, ged(ko, ko) = 1 and k =

kokiky < A(E)"2. Letl € (Z/kzz)x. Then
3 f (Q(%?/)) < A(g)f(kl)PQ (k1l; k1ko)

(w,y) €T ko (k1k2)?
Q(z,y)=kok1l mod k

11 1 pelp)) 5~ f@polhoa)
p? (koa)?
deg(Q)<p<X/(kok1) a<X/(kok)
ptkokz, ptQ ged(a,ka)=1

The implicit constant is the same as in Theorem 9.7.
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Proof. Let 7 = (r1,72) be a representative of one of the pg(kil;kik2)
congruence classes modulo k1 ks solving the equation Q(x,y) = k1l mod kyks.
Define Q2, @1, Qo € Z[z,y] by

Q2(z,y) = Q(kx +r1,ky +12) = k1Q1(z,y) = k1(l + k2Qo(x,y)).

Notice that deg(Q;) = deg(Q) for i = 0,1,2. Moreover, pg(p™) = pg,(p™) =
pq, (p™) for any p t ki1ks and m > 0. The same holds for p. Because [ is a unit
modulo kg, we conclude that pg, (p™) = 0 for p | k2, m > 1. Finally, notice
that because the prime support of kq is contained in that of ks, the condition
p | k1ko is equivalent to p | ka.

Because ged(ko, k2) = 1, we know that ko | Q2(z,y) if and only if kg |
Q1(z,y). Write the pertinent sum over the fixed congruence class represented

by r:
QQ (.’13, y)
()
2 (E—r)NZ2 ko

(z,y)€(kikz) ™!
kO'QZ(x7y)

— f (k) 3 o f (Ql(l’y)> .

(e)elkiky) ! o
ko|Q1(z,y)
A direct calculation shows that the conditions of Proposition 9.25 are satisfied
when applied to the sum on the right-hand side. (The restriction on X holds
because k < A(&)'/* as we have assumed 1 < 1/2.) The claim follows by
summing over all the relevant conjugacy classes modulo kiks. ([

10. Proof of main theorem
In this section we use the following notation for all integers n > 0:

B = T Q, x K™ € G(A).
v#p1

For the sake of brevity, we shall denote B := B(~9:0).
Moreover, for any £ € (G x G) (A), we denote by v¢ the algebraic measure
supported on [GA(A)JFf}.

10.1. Reduction to a bound on cross-correlation. We begin by showing that
Theorem 3.2 follows from an appropriate bound on the cross-correlation.

LEMMA 10.1. Let #; = {TA(A)(g,sg)] be a sequence of homogeneous
toral sets where T, g and s depend on the index i € N. Assume that the split-
ting conditions (M) are satisfied for all i. Denote by p; the algebraic measure
supported on #;, and assume p; —>i—oo [
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Assume that there is some F: G(A) — Rsg continuous such that for all
neN, forall £ € (G x G)(A) and for all i > ¢ 1,

Cor[p, ve] (BC™™) < Fetr(€))py "™
for some p > 0 fized. Then p is a (G x G) (A)T -invariant probability measure.

Proof. From Duke’s theorem we know that p is a probability measure.
Theorem 4.4 and Corollary 4.5 imply that p is a convex combination of a
(G x G) (A)T-invariant probability measure and algebraic measures supported
on homogeneous Hecke sets of the form [GA (A)+§} such that

ctr(§)y, € A,
for j € {1,2}.
Assume in contradiction that u is not (G x G) (A)T-invariant. Then there
is a finite non-vanishing measure Ao on GA (4 )+\(G x G) (A) so that
n> / ve dAo(€)
GA(A)T\(GxG)(A)
and the following set has full Ag-measure:
1= {§ € GA(A)Jr\(G x G) (A)‘ ctr(§)p, € Ap,,ctr(&)p, € Am} :
Moreover, because ) is a finite measure, it is regular so there is a compact
subset =y C =7 of positive measure. We now have

w > Ao(Z0) - 7,
o
V= [ AN (o)

and 7 is a probability measure on [(G x G) (A)].

Let a = A(p1) € Ap,, where A € X (A,,) generates the cocharacter
group. The element a® € Aﬁl acts on [(G x G) (A)] on the right. For all
¢ € Zp, the action of a® on the space [(G x G) (A)] keeps v¢ invariant because
ctr(§) € A, . Additivity of entropy implies

bas (7) = 5y L o () DNa(E).

The measurable dynamical system ([(G x G)(A)],ve,a A) is measure theoret-
ically isomorphic to a acting on the space

Xo(Z0)

\GSC (A)

Zas<(A)G*(Q)

equipped with the probability Haar measure. This entropy can be computed
using the leaf-wise measure [EL10], [MT94] on the horospherical subgroup of a.
As the Haar measure is invariant under the full group action, the leaf-wise
measure will be the Haar measure on the horospherical subgroup and

h,a (7) = logpr.
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We will show next that the assumed cross-correlation estimate implies
that the entropy of 7 must be at least (1 + p)logpi, which contradicts the
equality above.

Weak-* convergence of measures implies that for any bounded open subset
C° C[G(A)],
(_ ) )O 1 1 . -n, )O
Corceo [, Ve (B il ) < hirgglf Corco 4, Ve] (B( o )

<1 1 . (777'7'"’)
< hilgéglf Cor[pi, ve] (B ) .

Fix a closed identity neighborhood Q¢ C €22, and set B[()fn’n) = Q0 X

009
[Tospr,00 o X KZ()I_”’"). Taking a monotone sequence of bounded open subsets
that exhausts [G(A)], we deduce that

Cor[u, ve] (B(()_n’n)) < liirgg)lf Cor|p;, ve] (B(_"’n)) < F(Ctr(f))p;2(1+p)n.

Monotonicity of integration and Fubini imply that

Cor[u, v (Bofn’n)>

_ 1
Cor|v, v B < —
7. 7] ( 0 ) ~ Ao(Zo)

1 (=n,n)
= Cor|p, ve] (By 77 ) dA
—2(1+p)n

2(1
< Bz [ Fler@)an(o).
Notice that [z F(ctr(£))do(€) is finite because = is compact and F' is con-
tinuous.

An upper bound on the self-correlation of a measure for Bowen balls im-
plies a lower bound for the metric entropy. The self-correlation bound for the
adelic quotient implies an identical bound for any S-arithmetic quotient, as
long as we take the set of places S to include oco,p;. On the other hand, a
lower bound for the entropy for S-arithmetic quotients for arbitrary large S
implies the same bound for the adelic quotient.

Using [ELMVO09, Prop. 3.2], which generalizes, mutatis mutandis, to the
S-arithmetic setting, we deduce from the last inequality that h,a() >
(1+ p)logpy as required. O

10.2. From a shifted convolution to sums over a polynomial. The first
step in producing an upper bound on the cross-correlation as required in
Lemma 10.1 is translation of the shifted-convolution sum in Theorem 8.7 to
sums of a multiplicative function over values of a polynomial in two variables.

In this section we work in the setting of Theorem 8.7, which we now
review. Fix a joint homogeneous toral set [TA(A)(g, sg)] satisfying (#) with
a splitting field £/Q and quadratic order A < O of discriminant D.
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Fix also a simply connected homogeneous Hecke set [GA(A)J“&} with
ctr(§)p, € Ap,, and assume

g 'T(Q)sg N Betr(€)B = 0.

Notice that this condition implies the same for B for all n.

Let p be the algebraic probability measure supported on [TA(A)(g, sg)],
and let v¢ be the algebraic probability measure supported on {GA (A)*d. De-
note k = 28 0o (ctr(€)oo) D (ctr(€) f) and w = sign(Nrd(ctr(€)oo)) 05 (ctr(€) £).

Initially, we transform the shifted-convolution sum to a sum of a non-
multiplicative function over polynomial values. Afterwards we shall use prin-
cipal genus theory to split the sum in the following lemma into sums that can
be effectively bounded by multiplicative functions.

LEMMA 10.2. Fiz an arbitrary Z-basis A, B € E* for the fractional A-ideal
s~ and let q(x,y) € Z[z,y] be the associated norm form

_ Nr(Az + By)
Q(xv y) T W

This is a primitive integral binary quadratic form of discriminant D.
The shifted convolution sum of Theorem 8.7 satisfies

Z o (@) (w—wD)T(:U—wD>
[s] [pTse]~* 2n on
0<z<k|D| ' UP1 vp1
z=w|D| mod vp3"

1 Q(z,y)
= HEAX Z (f[P?ﬁd_l -7") < op2" )
(2,y)€Z?: q(z,y)<k|D| 1
vp™|Q(z,y)

where
Qz,y) = q(z,y) —wD.

Proof. This follows immediately from the correspondence between invert-
ible integral ideals in the class [s] € Pic(A) and points in s—!. Explicitly, if
a € [s], then there is some a € E* so that a = as and as C §, i.e., a € s~ 1.
Moreover, two different values of a corresponding to a must differ by a unit

of A. O

Definition 10.3. We now fix ¢(z,y) € Z to be the unique reduced” norm
1 and denote

& = {(x,y) e R? | q(z,y) < r|D|}

form for s~

9That is, it is reduced with respect to the usual fundamental domain for the SLz(Z)-action
on the upper half plain.
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In the current section we shall always denote by Rpax and A(&) the max-
imal radius of curvature and area of &.

LEMMA 10.4. The set & is an ellipse centered at the origin. Its area is
A(&) = 2mwky\/|D|, and the mazimal radius of curvature satisfies

3/2
D
Rmax S A(g) T )

where 91 == min cp Nra.
[a]=([s]

Proof. The domain & is an ellipse because ¢ is positive-definite. The
formula for the area follows from the fact that disc(q) = D. To estimate Ryax
consider the ellipse &y of area 7 homothetic to & and let @ > a~! > 0 be the
lengths of its semi-major axes. The maximal radius of curvature satisfies

2
(51) Runax = \/A(E) Runax (&) = A(g)% = \JA(&)d®.

The group SL(R) acts transitively on the space of ellipses of area m and
centered at the origin. The stabilizer of the unit circle S! is SO2(R). We iden-
tify this space of ellipses with the upper half-plane H by sending S* to i € H.
The point in H corresponding to &y coincides with the point corresponding to
q in the fundamental domain. Denote this point by x¢ € H. This point can be

10
~ —b+i/|D]
2N

written down explicitly as

Trog =

)

where <‘ﬁ, _b% ”|D|> C E is the primitive integral ideal in the class [s7!]. In

particular,
D

o

If & = g.S', then the lengths of the semi-major axes are exactly the
element of the diagonal matrix in the Cartan decomposition of g, i.e. g €
SO, (R) (8 a91 ) SOy(R). In particular, a? + a=2 = Tr(g'g).

We would like to find the relation of between a and J(zg). Using the
Iwasawa decomposition of SLy(R) we can write

1 ¢t %(3}0) 0
g€ (o 1) < 0 S(mo)_l) S0:(R)

"Notice that because an ideal class and its inverse are Galois conjugate, min 4cpo Nra =
[a]=[s]
min .ca Nra.
[a]=[s""]
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for some —1/2 <t < 1/2. We deduce that
a® + a2 =Tr(glg) = S(xo) + S(zo) (1 +t2).

Solving the above quadratic equation for a? and using standard calculus with
the inequalities > < 1/4 and S(z) > v/3/2 we deduce that

a? < 23 (zg) = ﬂ
- N
The claim follows by combining this inequality with (51). O

The next step is to split the sum from Lemma 10.2 according to further
congruence conditions to take into account the restrictions modulo Pic(A)2.
We shall do that only for small odd primes dividing Dg = disc(F). Our sieve
method will not be able to take into account large prime divisor. Fortunately,
we will see later that not taking into account the genus congruence conditions
for larger primes only changes the final upper bound by an absolute constant.

Let Cy > 1 be a constant such that for all X € N,

(52) Cy'X <) logp < CyX.
p<X

Such a Cy exists due to the Chebyshev bounds on the prime counting function.
We fix 1/2 > 7 > 0 to be determined later. Write D = DgmanDiarge, Where

Dgman = H b-
Pl D, ptw
2<p<n/(4Cy)log | D

Because of (52) we know that Dgpan < \DW 4. We are going to split the
sum in Lemma 10.2 according to congruence classes modulo vp?" and p? for
any p | Dgman. It is exactly these congruence conditions that our sieve bound
can take into account. Because we only seek upper bounds, we can simply
ignore any restrictions that the condition modulo Pic(A?) implies for primes
P | Diarge- Fortunately, ignoring the congruence conditions modulo large primes
only changes the upper-bound by a fixed constant independent of D.

Thus our goal is to replace in each congruence class the functions f[p?ﬁe]fl
and r by the simpler functions f and rg from the following definition.

Definition 10.5. Let f: N — N be the multiplicative function counting
integral invertible A-ideals, i.e.,

f(n)=#{aec F(A)|aC A, Nra=n}.

Define also the multiplicative function ro: N — Z by requiring that rg (pk) =2
if p | Diarge and k > ord, D, and g (p*) = 1 otherwise.
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To take into account the condition modulo Pic(A?), we need to add weights
to the sums over different congruence classes for p | Dgman. We now define the
correct weights as follows from principal genus theory. Define k := Up%”DSQmaH,
and write

Z _7Z Z Z
/k;Z_ /UZX /p%nZX H /pQZ'

p|Dsmall
For each prime p | Dgman, we partition Z /ng in the following way:
2 2 2 2 2
Z/p2z =Cctyucryucy,uc?, ucy,
2 x U
oro = ue(Z ) (—)zjzl ,
+0 { /pQZ »

cfy={pu|ue (%,z)" (Z> = +1},

v = {0}

We define a measure w, on L / 277 The measure w), is uniform on each atom
of the partition above and assigns the following weights for each atom:
2
2 2 P 1
wy(CLp) = #CLy = ) (1 - *) J
p
wp(CY) =2 #C8 =2,

2 2 2 x, (Nr(pPse)) = —e,
wplCe) = #C {o xp (Ne(pfse)) # —¢

Ay
=p o 5 Xp(Nr(p’fse)>:—e’

where € € {1} and we denote by X, both the unique primitive real Dirichlet
character of conductor p > 2 and its adelic lift. See Definition A.9 in the
appendix for details.

Each weight takes into account both the difference between rg and r
and the information from principal genus theory about the condition mod-
ulo Pic(A?); cf. Proposition A.10. In particular, the factor of 2 in the weights

2
of all congruence classes modulo p outside of C% is due to the contribution

2
of r. The fact that one of the two sets C%; has weight 0 is due to the genus
restriction.
These measures for p | Dgman define a product measure wy on Z / 17, by

Wk = 00 mod v X 50 mod p3" X H Wp-
plemall



244 I. KHAYUTIN

LEMMA 10.6. The following holds:

#zlv 2 (fwsdl.r>(62<x,y)>

2n
v
(z,y)eENZ2 P1
up™Q(,y)

<o X 0w (U52) duon

(z,y)€EENZ2
Q(z,y)=m mod k

Remark 10.7. Unlike r, the mean value of the multiplicative function rg
is bounded above only in terms of 7 independently of D. This is why its
contribution is of no significant effect. The contribution of r that is not covered
by o is negated by the restriction to a fixed genus class whenever p | Dgman

and p || Q(z,y).

Proof. Notice that #A* > 1 hence the factor ﬁ is uniformly bounded.

Moreover, using Proposition A.10 we deduce that

1 Q(z,y)
Z (f[p"se]*l 'T) ( on
A (z,y)EENT2 ' vph1
vp3™|Q(z,y)

Q(z,y)
< )y > ().
7 (z,y)EENZ2
me /kZ Q(z,y)=m mod k
m=0 mod Up%”
2
. 2 7P
Vplemall : m mod p gcxp(Nr(p'iLﬁv))

Notice that Proposition A.10 has only been applied to primes p | Dgpnan and
only in the case that p || Q(z,y). If Q(x,y) is a unit modulo p, then %(;2’3) =
1

qi;gﬁ) mod p, where ¢(z,y) is a norm of an ideal in the class [s]. Unwinding
1

Qzy)
Up%"
modulo p is equal to the genus congruence class modulo p of [se~'p;"] =

the definitions of v and e, we see that the genus congruence class of

[pPse]™' mod Pic(A)2. This implies that principal genus theory in the form
of Proposition A.10 provides no extra information in this case. We also neglect
any information from principal genus theory if ord, Q(z,y) > 2, but this will
only affects our final bound by multiplying it by a constant independent of all
parameters.
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Finally notice that if Q(x,y) =m mod k, then

(452) e (S

2n
vh1 pllQz.v)
G ramifies at p
Qz,y
<La wk(m)ro ( ( Qn) . O
vp1

10.3. The sieved upper bound. We are finally ready to apply Theorem 9.7
in the form of Proposition 9.26 to bound the cross-correlation.

Definition 10.8. We say that an exponent 6; > 0 is admissible if there is
some C; > 0 depending on #; such that all ellipses defined by definite integral
binary quadratic forms belong to £(Cj, ;).

Van Der Corput’s [vdC20] bound implies that any 6; > 2/3 is admissible,
while the bound of Huxley [Hux03] implies that any 6; > 131/208 > 0.6298 is
admissible.

Definition 10.9. For any m € Z/}7, define
Dim)= I »

P|Dsmall
ordy m=i

for i € {0,1,2}. Then Dgpan = Do(m)D1(m)Da(m).

PROPOSITION 10.10. Let m € Z/k;Z with wg(m) > 0. Let 6, > 0 be
admissible, fix 0 <n < 1/2, and assume R%, < A(&)'*. If vp™ < |D|"/2,
then

Qz,y) pq (m; (Do(m)D1(m))?)
e 0T (S) < a0 o
Q(m,g})zm mod k
- PQ(p)) f(a)ro(a)po(vpt" Da(m)*a)
2<p§21;[|D|1’1 ( p’ aS%D (upi" Da(m)?a)?
Plup1 Dsman ged(a,Do(m)D1(m))=1

Proof. Write

m = Di(m)l mod Do(m)*D1(m)?,

X
7
Notice that if p || D, then f(pn) = f(n) for all n € N. Using this we write

Q(z,y) Q(z,y)
S (L) - xR,
(w,y) €622 vpy () eenz? vpy" Da(m)
Q(z,y)=m mod k Q(z,y)=m mod k

We wish to apply Proposition 9.26. We now define kg, k1, ko, X and § and
verify that the conditions of the proposition hold.
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Set ko = vp?"Da(m)?, k1 = D1(m) and ky = Do(m)2D1(m). Notice that
kokiks = vpi*Da(m)2Do(m)?D1(m)? = vp?* Dgman = k. Because Dgpay <
|D|"/? and using Lemma 10.4, we deduce that k < |[D|7 < A(&)"2.

For any (z,y) € & N Z?, we know from the definition of Q(z,y) that
Q(z,y) = vNr(b), where (a,b) is a pair of integral ideals satisfying the con-
clusions of Proposition 8.30 with = = ctr(§). We deduce the following, using
the explicit formulae for x and w from Theorem 8.7:

2
max {|Q(:U,y)| ‘ (x,y) e ENLZ } = jo(%%§QA|Nra—wD|
Nra<k|D|
< (54 [ID| < 25ID] < A(6).

Hence we can take X = 2x|D| and ¢ = 2 in the conditions of Proposition 9.26.

Moreover, using the standard Euler product for the Dedekind (-function
of E with the necessary modifications at primes dividing the conductor, we see
that for every e > 0, there are some 1 < A <y 1 and 0 < B <.y 1 so that
f € M(A,B,¢). Finally, to apply Proposition 9.26 we need a bound of the
form pg (p*) < Cp*2=") for some C' > 1, 0 < r < 1. Such a bound holds with
C' =16 and r = 1/2 due to Corollary B.6.

Notice that f(k1) = 1 because k; is supported on ramified primes and it is
coprime to £. After applying Proposition 9.26, we arrive at the necessary sum
with product and summation up to X/(koki). The final result follows because
2k|D| = X > X/(kok1) > X/k > 2k|D|'7". O

LEMMA 10.11. Let m € Z/kZ with wi(m) > 0. For any a € N such that
ged(a, Do(m)Dy(m)) = 1, the following inequality holds:

P(vpi" Da(m)’a) o L ]
(op" Dalma)? S i Dy(m)a [Emp) ngm>2(1 P)} e

where 1 is a multiplicative function defined by ri(p*) = 2 for any p | Diarge
and k > ordy Diarge and rq (p*) = 1 otherwise.

Remark 10.12. Notice that by definition, r1 < ro.

Proof. Recall that v and Do(m) are square-free. To prove the lemma we
use the multiplicativity of pg to write

po(upi" Da(m)?a) = [H po (por “+1)] o (p )
plv

I I G

| D2(m) pla
ptup1 D2 (m)

We treat each term above separately.
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Any prime dividing v necessarily is coprime to the conductor (cf. Sec-
tion 5.3.2) and is inert in E/Q; thus according to Proposition B.3,

1170 (pord” “H) = H(p—l—l)pordpa = vged(a, v™®) [ (1 + 1) <a ged(a,v™).
plv plv plv p
The last inequality holds because v is bounded above by the product of all
primes where B ramifies.

The prime p; is split in E/Q and coprime to £, hence by Proposition B.3,

ordp1 a+2n ordp1 a+2n—1

po (p: ) = (1 = D)p; < p3" ged(a, p).

Next we consider all primes p dividing Da(m). These are ramified in £/Q
and coprime to 4fw. Hence due to Corollary B.7, we know that

0
 da PO(P) ord a 1
I @) = ] Q pdp+2<1_7>
plDa(m) pDs(m) P P
1
< Do(m)? ged(a, Da(m)™®) ] 2(1_7).
plDs(m) P
We are left dealing with primes p | a that are coprime to vp;Da(m).

Because we have assumed ged(a, Do(m)Di(m)) = 1, we know that p 4 Dgman.
If 2 < p | w, then because of Proposition B.5,

ﬁQ (pordp a) <2 OI‘dp wpordp ﬁpordp a,r_l (pordp a)‘
Applying Proposition B.5 for p = 2, we deduce
H ﬁQ(pordpa) <y ged(a, w™)ri(ged(a,w™)) H 2ord, w
plged(4w,a) plw
< ged(a, w™)ri(ged(a, w™))|wl.
In the last inequality we have used the facts []p, 2 < |w| and []p, ordpw <
lw] < d(Jw]) < |w|, where d(|w]|) is the number of divisors of w.

For any prime p | a coprime to 4Dgyaw, we can apply Proposition B.3
and Corollary B.7 to deduce

1
H ﬁQ (pordpa) <<ﬁ H pordp a,rl (pordpa) (1 + 7) )
pla pla p
pf4Dsmallw M4Dsmallw
The claim follows by combining all the inequalities above for the different cases
of p. O

PROPOSITION 10.13. Let m € Z/k:Z with wg(m) > 0. Let 6; > 0 be
admissible, fir 0 < n < 1/2 and assume R%, < A(&)'7*. If vpi™ < |D|"/2,

max
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then

) (f'To)(qu;égj))

(z,y)e&NZ?
Q(z,y)=m mod k

on P (m; (Do(m) D1 (m))?) 2¢(P2(m)
<<ff,777G A(éa)pl (Do(m)Dl(m))4 D2(m)2
oPtogloszle)® [ (1-222)  y 19

2<p<2x|D|1" p a<2x|D| a
ptDo(m) D1 (m) ged(a,Do(m)D1(m))=1

Proof. We begin by substituting the result of Lemma 10.11 into Proposi-
tion 10.10 to see that

> (f-70) (qu;:%’g))

(z,y)eENZ
Q(z,y)=m mod k

—on m; (Do(m)Dy(m))?) 20P2(m)
<<ﬁ,77 A(éa)p12 pQ( ( 0( ) 1( )))

-wlogw H 1-— pQ(Qp))

2<p<2x|D|'""

pfup1Do(m)D1(m)
> fenene [H (1+1)
a<2k|D| pla p

ged(a,Do(m)D1(m))=1
Using Lemma 9.2 we deduce

1 () ()

2<p<2k|D|1—" 2<p<2k|D|1=7
ptup1Do(m)D1(m) ptDo(m)D1(m)

Because r1(a) < rg(a), to prove the claim we need only to show that

> fne [H (1+1)

a<2x|D| pla b
ged(a,Do(m)D1(m))=1

fla)

<g.n (loglog(2|w]))® > ”

a<2k|D|
ged(a,Do(m)D1(m))=1
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We prove this by applying the decoupling lemma 9.18 twice. In the first
application let g(p') = f(p))ro(p))?/p’ if p + Do(m)D1(m) and g(p') = 1 oth-
erwise, and let h(p!) = (1 + %) for | > 1. We can write h = 1 %), where

P(p') =0 for I > 2 and ¥(p) = 1/p.
We need to estimate 9t,(g, ) as follows:

e Nya(p!)?2 -
oz 1 [1+vn 5 008 T i 1520000
p<oo i=1 — 2
- 221 o
_pgo {Hp(l’—l)Q} <p1g_£o {H (p—1)2} <h

where we have used the trivial bound f(p') < (k + 1)/2 for every p { f. We
have thus proved that

s mneeg))e xS

a<2k|D| pla a<2k|D|
ged(a,Do(m)D1(m))=1 ged(a,Do(m)D1(m))=1
We continue by applying Lemma 9.18 again, this time with g(p') =
f(®")/p" whenever p { Do(m)D1(m) and g(p') = 1 otherwise, and with h(p') =
ro(p')2. We have h = 1 x 1), where ¢ (p°™ D) = 4 for p | Dpign and ¥(p') = 0
for all other prime powers with I > 1. We estimate 9,(g,) in the following
way:

M.(g,0) < ] <1+4 i fif;l)> < 11 <1+4§:;>

P|Dhigh j=ordp D P|Dhigh
8
-0 (+-2)< 11 (+5)< 11 (1+3)
P|Dhigh p—1 P|Dhigh p P|Dhigh p
1\8 1\8
SH(l—I-*) 1T (1+7>.
Pl p plD p

p>n/(4Cy) log | D]

We bound the two factors above separately. The first one can be bounded
because

1
H (1 + 7) < loglog(2|wl).
plw b
For the second factor, we have the following upper bound due to (52):

1 1
I (1+0)< 11 1+ )« ©

p|D P71 /(aCy) 10g | DI<p<Cy log | D) P
p>n/(4Cy) log | D|

The second inequality holds due to Mertens’ theorem.
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PROPOSITION 10.14. Let m € £/ with wy(m) > 0. Fiz 1/2 > 1 > 0.
If C' > 0 satisfies

L,(lv XE)
— 2222 < Clog|D

) XE)
then
I (1 B pQ(f)) 3 f(a)
_ p a
2<p<2k|D|177 a<2k|D|
ptDo(m) D1 (m) ged(a,Do(m) Dy (m))=1

D\ 1 e
<em L xe) [ <1 — <pE> p) |D|~2/3+e(h),

plf

Proof. We first estimate the product over primes appearing above. From
Propositions B.3 and B.5 we deduce that pg(p) > p —1 for all primes p. Thus

(53)
11
I <1,0Q(2p)>§ 1 (177+72)
2<p<2x|D['~" b 2<p<2k| D[}~ p P
ptDo(m)D1(m) ptDo(m) D1 (m)
< I (=) I (5
2<p<2k| D[ 7 P’ pco p°—p
ptDo(m) Dy (m)
1 2 1
< ]I (1—7>H(1+—2)<< 11 <1—7>
2<p<2k|D|1—7 p p<oo p 2<p<2k|D|1" p
PtDo(m) D1 (m) Do (m)Ds (m)
—1
<log(26|D|" "] (1 _ 1) _
plDo(m)D1(m) ~ P

The last inequality above follows from Mertens’ theorem.
The logarithmic mean

> fla)

a
a<2k|D|

ged(a,Do(m)D1(m))=1
can be estimated using standard tools from multiplicative number theory. Con-
sider the multiplicative function g defined by g(p') = f(p') if p{ Do(m)D1(m)
and g(p') = 1 if g | Do(m)D1(m). Then because of the decomposition (g (s) =
C(s)L(s,xg) with L(s, x) holomorphic, the Dirichlet series of g can be written

as Ly(s) = ((s)f;(s) with E;(s) holomorphic.
Let ¢: [0,00) — [0,00) be a compactly-supported smooth non-increasing
function satisfying 1y < ¢ < L gp; i.e., ¢ is a smooth approximation of
the characteristic function of [0, 1]. Notice that the Mellin transform satisfies
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sAl(p)(s) = M(Op)(s), where O(p)(x) = —x¢'(x) > 0 is a smooth compactly-
supported function vanishing outside of [1,2]. Hence sJl(y)(s) decays faster
than any polynomial in the vertical direction. The decay is uniform in any strip
of the form op < R(s) < o1. The same property holds for Ml (p)(s) outside a
small neighborhood of s = 0. Moreover, the the Laurent expansion of Jl(y)(s)
around s = 0 is 1 + [° @ dz 4 O(]s]). Using contour integration, the Perron
formula and the decay of Dirichlet L-functions in the vertical direction, we see
that

(54)

Z M < Z;(l) <log(2H|D|) + v+ %O) + /100 @dx)

a<2k|D| a (1)
ged(a,Do(m)D1(m))=1

L[ |Ly(1/2 4+ it)| |
— — | Mp(—1/2 t)|dt
+2W/_Oo Dy Me (12 + il

where v is the Euler-Mascheroni constant.
Because all the primes p | Do(m)D1(m) are ramified in £/Q and coprime

to £, the following properties of Lg4(s) are an immediate consequence of com-
paring the Euler product of L,(s) with that of (g(s):

L,(1) = L(1L, xp) Il (- (%)) i (1-2).
fg((ll)) — Clog|Dg|

|Lg(1/2 + it)| < |L(1/2+ it, x)| < | DIYTW]1/2 4+ it 4,

<1,

The constant A > 0 is absolute. The last inequality for |L(1/2,xf)| is due
to Conrey and Iwaniec [CI00, Cor. 1.5] strengthening the convexity breaking
result of Burgess [Bur62] for real characters. Substituting these and (53) into
(54) and using the super-polynomial decay of |[Ml(p)(1/2 + it)|, we deduce

Dg

11 (1 - pigm) <1og(26| D" L1, xp) [[ (1 - (7) ;19)

2<p<2|D[}—7 o »
ptDo(m) D1 (m)
log(25|D]) + Clog|D| + O(1) + 0(1) - [P/
- (log(2x|DJ) + Clog |D| + O(1)) + ()W
D 1
<y,C L(l, XE) H (1 — <pE) p) |D‘—2/3+o(1)‘ 0

plf

We can now combine all the results of this section to deduce a final bound
on the shifted convolution sum.
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PROPOSITION 10.15. Let 6; > 0 be admissible, fir 0 < n < 1/2 and

assume RO < A(&E)'7*1. Suppose vp™ < |D|"2. If C > 0 satisfies
L'(1
L'(1, xg) < Clog|Dgl,

then

Z (2)f (m—wD) (x—wD)
Gis1(X) fronge -1 r
0<z<x|D| B e e vp}" vpi"
z=w|D| mod vp3"

s V1P (L1 xp) +|DI2/0)
pl '
Proof. In this proof only we allow all implicit constants to depend on
C,n, £, G without specifying that further.
From Lemmata 10.2, 10.6 and Propositions 10.13 and 10.14 we deduce
that the shifted convolution sums is bounded above by

<La. g0 Klwllog(2|w|)(loglog(2|w|))

A(E)pr>" (L(L x) + D723+ w]? (log log(2]w]))®

/ pq (m: (Do(m) Dy (m))?) 22P20m) (m)
—omodvpzr  (Do(m)Di(m))*  Dy(m)2

The claim would follow immediately from the formula for A(&’) in Lemma 10.4
if we prove that

/ - PQ (ZHS(DO(m)DI(m)))Q‘“(Dﬂ m)) o) < 1

Do(m)Di(m))*  Da(m)?

The integrand decomposes as a product of functions on Z /pQZ for p | Dgman,

and the measure is a product measure. Thus we can use Fubini to write

dwy(m)

/ pq (m; (Do(m) Dy (m))2) 2+(D2(m)
0 mod vp (Do(m)Dl(m))4 Dg(m)2
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We bound the term for each p | Dgman using the definition of w, and
Proposition B.8:

%wp(()) + > mip%wp(a) = % + (1 — 1) + ! (1 — i)

p 7, p p p p p
0#a€ /p2Z
4—f 5
=1+ 7 <1+ 1?’
where
-D
f=1+¢ < p/p) Xp(Nrs_l) + (;) Xp(Nrs_l) e {-1,1,3}.

We conclude that the integral in question is bounded above by

5
11 (1 + —2) <1 O
p<oo p

10.4. Conclusion of the proof. Let 6; > 0 be an admissible exponent for
lattice counting in ellipses. If there is some 79 > 0 such that for all ¢ > 1

(55) ;ﬂz > ‘Di’(279;1)/3+n0’

holds for all #; in the sequence where 1/2 > 1 > 0 depends only on 7y and 6;.
Assume first that such 79 > 0 exists. The condition that all fields E;/Q have
no exceptional zero implies that there is C' > 0 independent of i such that

L, ( 1’ XEZ)
This result has been attributed to Hecke by Landau [Lanl18].

Let £ € (G xG)(A). Fix n € N. Then for any ¢ >, ».qg 1, we have
vp?® < |D;|"/2. Moreover, the assumptions of Theorem 3.2 imply that

97 T3(Q)sig; N BE™ ctr(€) B = ¢

then using Lemma 10.4 we can deduce that the condition R

for all i >¢ 1.
Thus for ¢ large enough, we can use Proposition 10.15 and Theorem 8.7
to deduce that for any n € N,

Corlps, ve](BU™™) < e vol ([T(A)g]) " vol ([G2(A)F¢] )71 P

e VIDI(L(1, xg) + |D|72/3+e0)
pi"

< vol ([GA(A)%]Y1 k|w|?(log log(2|w|))*py *".

The last inequality follows from the computation of the volume of a homoge-
neous toral set using the analytic class number formula; cf. [ELMV11]. The

- #i|w|*(log log (2|w|
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expression x|w|?(loglog(2|w|))® is a continuous function of ctr(¢) as can be
seen from the definition of k and w in Theorem 8.7. Moreover, the definition
of the volume implies immediately that vol ({GA(Aﬁ{]) is a non-vanishing

G x G) (A)

continuous function of { € GA( A)+\( Because the fiber of the

(G xG)(A)

continuous map ctr: GA(A)+\ — G(A) is compact,'! the func-

tion & — vol ([GA(AVE]) is bounded below by a non-vanishing continuous
function of ctr(¢).

We deduce that if condition (55) holds, then the proof is concluded by
Lemma 10.1. If condition (55) fails, then the theorem follows from the meth-
ods of Ellenberg, Michel and Venkatesh [EMV13, §3], which are based on
Linnik’s method for equidistribution of CM points. Although the argument of
[EMV13, §3] applies verbatim only to the case of G ramified at co and func-
tions invariant under an Iwahori at the place pq, these restrictions are relaxed
using the technical improvements presented in [Khal?7, §5].

The following discussion is a recap of [EMV13] with an emphasis on the
required adaptation when removing the restriction ged(M;, p1) = 1. Let m € N
to be determined later. Because we have assumed a splitting condition for two
primes we can use the flow either at p; or at po. The input required by [EMV13]
and [Khal7] is a norm gap for the Hecke operator

\GSC(A) SC(A)/

R e
where j € {1,2} and U =[], U, < G**(Ay) is a compact-open subgroup such
that Up, is the intersection of two Iwahori in the apartment corresponding
to Ap,. Fix Kp, < G*(Qp,) as a maximal compact subgroup containing Uy,
The following norm gap for Tp}n follows for any € > 0 from the decay of matrix
coefficients of automorphic representations of SLo [Sar91], [BS91], [CU04],

[COUO01] and the Jacquet-Langlands correspondence [JL70]:

/U - GSC(Q)\G U>

—ml O+e¢
(56) Ty lo o py e (K, 2 Up,Jpy ™02,

where HT m||o is the norm of T}, m restricted to the subspace of L2 ([Gs<(A))Y

orthogonal to the constant functlon UPi = []pzp; Up and 6 is the best bound
towards the Generalized Ramanujan Conjecture for SLy in the sense of [CU04].
The dependence of the constant on the parameters Upj, pj and € is effective
and can be made explicit.

In the Ellenberg-Michel-Venkatesh argument we restrict a joint homoge-
neous toral set to an ambient Hecke correspondence of volume 9; [, m, (1 + %)

"The fiber is isomorphic to G(A)

/G(A)+'
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and apply an effective equidistribution argument in conjunction with Linnik’s
Basic Lemma to show that the joint period toral measure is close to the Haar
measure on the ambient Hecke correspondence.

Let a; € Ap, be as in Definition 5.22. We can use the effective equidistri-
bution theorem from [Khal7], which builds upon the work of [Lin68], [EMV13],
to deduce the necessary equidistribution result for the argument of Ellenberg-
Michel-Venkatesh as long as for each i there is some m such that HTp;.n lo<1/2
and that Linnik’s Basic Lemma is valid for prln(He/) for some € > 0.

If pj | 9%, we know that [K) : Up,] = p?rdpj o (1 + p%); cf. Section 7.
Because of the freedom to use either p; or ps, we can assume without loss of

generality that

T <
For a fixed UP!, the bound || Ty, [lo < 1/2 would follow from (56) for any m € N
satisfying

(57) P Sy py e M0,
On the other hand, Linnik’s Basic Lemma for one-sided Bowen balls in this
setting (cf. [EMV13]) applies only for m € N in the range

(58) Np* < |D|M/2He),

where the o(1) is ineffective as it is derived from Siegel’s bound. There exists
an m € N satisfying both (57) and (58) if

’ﬁiﬂ/(l_eﬁ) KU1 pyc |D‘1/2+0(1).

This condition is satisfied if we know that there is e > 0 such that for all
1> 1,

(59) N; < |D|FFETT

In the range (59) the conclusion of the Ellenberg-Michel-Venkatesh ar-
gument is that for any limit measure p, one has [ fdu = 0 for any smooth
compactly supported f € L3, ([(G x G) (Q)],mgxg) that is invariant in the
place p; under an intersection of two Iwahori subgroups stabilizing edges in
the apartment of A, .

We can now bootstrap this to deduce the conclusion of the theorem. Let
A21 < Ap, be the maximal compact subgroup of the torus. Using a decreasing
sequence of intersections of two Iwahori, we conclude that the push forward of
the limit measure u to

G x G)(A)

(GXGM@“ [40 % A0,
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is a measure of maximal entropy for the action of a® for any element of a € A;;l
that is not contained in a compact subgroup. As this factor and the space

[(G x G) (A)] have the same maximal entropy for a®

, we deduce that any
limit measure p has maximal entropy for a on [(G x G) (A)], which implies it
is (G x G) (A)T-invariant.

To conclude the proof we need to verify that the range of (55) overlaps
with the range of (59). Taking 6; > 2/3 from Van der Corput’s bound [vdC20]
and 0 = 1/2 from Gelbart-Jacquet, we see that any improvement to either
bound would imply the necessary overlap in ranges. This can be achieved
either by taking a smaller admissible value of ; such as provided by [Hux03]
or using any improvement towards Ramanujan beyond 6 < 1/2 as in [Sha88],
[LRS99).

Appendix A. Principal genus theory

In this appendix we collect results related to the principal genus theory
of quadratic orders. The results we discuss are classical when presented in an
elementary form, going back to Gauss in the case of maximal orders.'? Unfor-
tunately, the author is unfamiliar with a modern concise presentation treating
the case of non-maximal orders. This appendix contains all the statements
that are of use in this manuscript with complete proofs.

As is usually the case with topics in algebraic number theory the treat-
ment is significantly streamlined by the use of adéles. Noticeable features of
the presentation below are that it uses class field theory only for quadratic
extension and does not resort to the properties of ring class fields and genus
fields. The main tools are Hilbert’s Satz 90 for quadratic global and local
fields, and the Hasse norm theorem, which for quadratic fields was proven by
Hilbert and elementary Galois cohomology. Except for treatment of the wild
prime 2, T have tried to circumvent explicit computations wherever possible.

Notation. Let A be an order in an imaginary quadratic extension E < Q.
As usual we denote by D the discriminant of A and define A, to be the closure
of A in Ey =[]y Ew for any rational place v # oo.

A.1. Adelic form of Pic(A)/ Pic(A)2. The adelic interpretation below is
used both for computing the structure of the group Pic(A) / Pic(A)? and in

—

describing the characters in the dual group Pic(A) vanishing on Pic(A)? using
Kronecker symbols of ideal norms.

12The reader interested in the history of the development of principal genus theory can
consult the review [Lem07] by Lemmermeyer.
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PROPOSITION A.1. The adelic norm map Nr: Ay, — A* and the real
adelic character xg: QX\AX — {£1} attached to the quadratic extension E/Q
by global class field theory descend to a short exact sequence

_ Pic(A) Nr,

r AX XE
/Pic( A)? QX\ /]R>0H75 Nr A~ —r {EL} = L

Proof. Recall that Pic(A) =~ EX\AE/CX TTooo A Because o acts by
inversion on Pic(A), the group Pic(A)? is equal to the group of coboundaries
cbd (Pic(A)). Hence Pic(A)? is the image of [],cbd(E,) < A% in EX\AE/
C* [Tooo A Hilbert’s Satz 90 implies cbd(E,) = ESY for each v, hence

[, cbd(E,) is the kernel of the norm map Ay — A*.
The norm map descends to a map

A x
Nr: px\ E%QX\A .

The Hasse norm theorem implies that the kernel of this map is the projection
of T[], cbd(E,). Global class field theory states that the image is the kernel
of xg. It follows that there is a norm map

. X
Nr: Pic(A) — QX\A /By [Ty N A
VFEOO (%

with kernel Pic(A)?. Moreover, the conductor of the quadratic character xp
contains Nr EZ [yt00 NT @Ev, thus xp factors through the right-hand side
above and its kernel is the image of Nr. O

COROLLARY A.2. The index [Pic(A): Pic(A)?] can be computed by
2 [Pic(A): Pic(A)?] = [ [2X: NrA)].

vF£00
X
Proof. By Proposition A.1 above, the gro A is
roof. By Proposition \¢ group QX\ /R>0 oo o 1
Pic(A)

Nr A

a 2-cover of /Pic( NG Thus we need only to compute the size of this

adelic quotient.
We use the fact that Q has class number 1 to conclude that the following
sequence is exact:

152 -R NrAY = R T 2 = o\ A 1.
~ vgo ’ 1710 PPN Reg T N A
Moreover, the inclusion map descends to an isomorphism
Z R Hv;éoo Z:;(
II ”/NrAg = zx\ /R>0HU¢OON1~A§ -
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The following two lemmata are necessary in order to understand non-
maximal orders in terms of their reduction modulo the conductor.

LEMMA A.3. Assume A, < Op, is a non-maximal order. Let £,0p, be
the conductor of Ay,. Then 1+ £,0p, C A).

Proof. Because A, is non-maximal, ord, £, > 1 for £, € Z, as above. This
implies that the Taylor series for H% converges for any x € £,0p,. As A, is a
closed subset, we deduce (14 z)~! € A,. O

LEMMA A.4. Assume A, < Op, is a non-mazimal order. Consider the
reduction map redg, : Og, — ®Ev/ﬁ Op - Then
v v

AX

(2

Proof. Notice that A, = red;ﬂl(redpv (Zy)) = red;vl(redﬁv (Z)). The first
equality follows from Lemma 2.3, and the second equality holds because Z is
dense in Z,. It follows immediately that A)S C 1"edﬁ_v1 (redg, (Z)*). The reverse
inclusion is a consequence of Lemma A.3. ([l

= red‘,_;_v1 (redy, (Z)*) = Z; + £,08,

We now compute the groups Nr A appearing in Proposition A.1.

LEMMA A.5. Fiz v # oo, and denote by p the residue characteristic of
Qy. Then

% 7y  E,/Qu is unramified,
NrOg, = X2 g . _
> v/ Qy is Tamified and p > 2.

If p = 2 ramifies in E/Q, then Nr@gv is one of the three possible index 2

subgroups of Z5 containing the index 4 subgroup ZQXQ, i.e., one of the index 2
subgroups of

iy (2, ) L Z
/vaz—( /sz) ~=LlogxLlag.

Proof. Notice that Z; < O hence ZX? < Nr Op, for all v # oo. The
claim now follows immediately from the local class field correspondence be-
tween degree 2 extensions of QQ, and index 2 subgroups of Q.. ([l

LEMMA A.6. Assume A, < Op, is a non-maximal order. If p > 2, then

NrAX =77
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If p =2, then

Nrog, 2| fo,

4| £y and E,/Q, is unramified
or N0y =14 4Zs,

1+8Zy = Z?Q otherwise.

NrAX = {1+ 47,

Proof. For any v # oo, we have Z; < A} and ZEQ < NrA). Also for
all v, we know Nr A} < NrOg . Hence if E,/Q, is ramified and p > 2, then

Lemma A.5 implies that NrAf = 252.
Assume now that E,/Q, is unramified or p = 2. We compute Nr GE}/

NrAX in the following way:

Nr O redy, (Ay)”~

A’I>)< ~Y
/NrAx ™ %\ /@gv) ™ redy, (65,)% " /@g>

__ Nrredy, (®Ev)x/
- Nrredy, (Ay)*
. I'edffv Nr (@Ev)x/
- redy, Nr (A,)™

The first and the third equalities above hold because the kernels of the norm
maps are the corresponding norm 1 elements; the second equality follows from
Lemma A.4, and the fourth equality holds because the reduction map is equi-
variant for the Galois action. As all the isomorphisms above are canonical
their composite is exactly the reduction map redy,,. We use Lemma A.4 once

2
more to deduce redy, Nr(A,)”* ~ (Z / ﬁvz)x . We continue case by case.
If £,/Q, is unramified, then we use Lemma A.5 to deduce

Zx _Nr@év N/ X 17 x2
/NeAx = nenx = Ppz) [ (Plyz)
Z/om p>2
1 p:272 || f')v?
2/, p=2.4] fo,

Z)og xLlog p=2.8]f

This settles all the cases when p > 2 and the unramified case when p = 2.

Assume p = 2 and E,/Q, is ramified. If 2 || £,, then NrOg = NrA)
because F5 = 1. If 4 || f,, then reds, NrAY = {1}, and hence NrA} =
Nr@év N1+ 47Zy. If Nr@EU = 1447y = {1,-3} + 8Zy, then we deduce
NrAJ = NrOg , otherwise Nr A =1+ 8Z,.
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If 8 | £, then redy, Nr A = {1} and Zx? < NrAX and hence NrAX =
7% =1+ 8Zs. O

COROLLARY A.7. Let figame be the number of odd primes dividing D. Set
fwind = ordy [Z3+ NrAj] € {0,1,2}.
Notice that pwigq depends only on fo and the ramification of 2 in E/Q.
The following equalities holds for any imaginary quadratic order A:
#Pic(A)[2] = [Pic(A): Pic(A)?] = 2rtemetrwia=l < g0(D)

COROLLARY A.8. The first equality holds because the squaring homomor-
phism fits in a short exact sequence

x—x?

1 — Pic(A)[2] — Pic(A) 255 Pic(A)? — 1.
The second equality follows from Corollary A.2 and Lemma A.6.
A.2. Characters orthogonal to Pic(A)?2.

Definition A.9. For any prime p > 2, define p* := (—1)%]) =1 mod 4,
and for n € N, set
_ Pj)

This is the unique non-trivial primitive real Dirichlet character of modulus p.

Also define 4 3
xam = (=), xsm = ().

The unique non-trivial primitive real Dirichlet character of modulus 4 is x4,
and the non-trivial primitive real Dirichlet characters of modulus 8 are xg and

X4 Xs8-
We multiplicatively extend every Dirichlet character of modulus ¢ to the

multiplicative group of rationals that are coprime to all prime divisors of q.
X
Moreover, we abuse the notation and denote by x,: QX\A — {£1} the
adelic lift of the corresponding Dirichlet character.

PROPOSITION A.10. Let a € §(A). Then [a] € Pic(A)? if and only if

Nr(a) B
X (gcd(Nr(a),modulus(X)oo)) =1

for all the following real Dirichlet characters x:

(1) x, for all odd primes p | D;

(2) one of ™ x4, X8, Xa X3 if [Z;: NrA;} =2
(3) x4 and xg if Nr AS =1+ 8Z,.

13The specific character depends on the subgroup Nr AS <Z3.
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Proof. Our goal is to compute all the characters orthogonal to Pic(A)2.
Because (Pic(A)Q)L = 13@[2], all these characters are real.

Consider the short exact sequence of character groups dual to the short
exact sequence of Proposition A.1:

1 (Pic(A)?)" & ) &E 1) 1.

AX
<\ /Ry [Tostoo Nr AX
Exactness implies that every character in (Pic(A)Q)J' can be expressed as a
composition with the norm map of a real rational Hecke grossencharacter

QX\AX — {£1} that vanishes on R~ [],00 Nr A, Moreover, the only non-

trivial relation is that yp is trivial in (Pic(A)2)"

The translation between finite rational Hecke grossencharacters and Dirich-
let characters implies that the relevant characters are adelic lifts of real Dirich-
let characters with conductor containing R []yz00 N A Using Lemma A.6
and the fact that all primitive real Dirichlet characters are the Kronecker sym-

- - .. X
bols described in Definition A.9, we deduce that (@X\A /Rso [Tostos Nr AX)
is generated by the adelic lifts of the characters listed in the claim. The explicit
expressions for the evaluation of a character at the norm of an ideal follows by
unwinding the adelic lifting procedure. ([

A.3. 2-torsion in the Picard group. The cohomological interpretation of
the 2-torsion in the Picard group is used in the description of the fiber of the
invariant map attaching pairs of fractional ideals to intersections.

PROPOSITION A.11. The diagonal restriction map
HY(®, A7) — [] H'(&,A))
vF£00

18 injective, and there is a canonical isomorphism

HY (&, A .
i, e O = i)
Proof. We construct the necessary isomorphism in several steps. On the
way we also prove the claimed injectivity. For any order © < O in a global

field F, denote by Z(0) = ®x\F * the group of invertible principle fractional
6-ideals.

We begin by examining the following commuting diagram with exact rows:

1 AX EX P(A) — 1

| | |
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This diagram induces a commuting diagram of &-cohomology with exact rows:
1 /s Q* PN —— HY(B,A) —— 1
(60) ! ! \ 4]
1 — Hv#oo Z:;( . H;;ﬁoo Q;; — f(A)Qj - H'u;éoo Hl(@vaA;;() — 1

The last terms are trivial due to Hilbert’s Satz 90. We can truncate the diagram
above to the following commuting diagram with exact rows:

1 —— P(Z) —— PAN® —— H(BA) — > 1

o ] !

EE— 5(2 E— j(A)QS B Hv;éooHl(Qv,A;;) — 1.

Because Z(A)® — F(A)® is injective, the four-lemma implies that

HY (6, A°) = [[ H(Qu,A))
vF£00

This proves the first claim. Next we deduce from (61) that

A)® vtoo HY(Qy, A
(62) @(A)ﬁ\g( ) = Hl(QS,AX)\H 7 ( )

ker

~ 27 )\5( ) = = Pic(Z) = 1.

We can also continue the long exact sequence in the first row of (60),

(63 HY(®,A) > 1 H(®,2(0) > L /o ax = Y /g o

where we have computed the second cohomology groups using the formula
H?*(C,M)~M © /Nr M valid for any finite cyclic group C acting on an abelian
group M. Because FE is an imaginary quadratic field, Z*NNr E* = 1, and thus
the last map in (63) is injective. By exactness we deduce H'(&, Z(A)) = 1.

We finally consider the long exact sequence associated to the short exact
sequence

1= Z(A) = F(A) — Pic(A) — 1.
The equality H'(&, 2(A)) = 1 implies
(64) Pic(A)[2] = Pic(A)® ~ gZ(A)@\‘j(A)@'
The claimed isomorphism is a composition of (64) and (62). O

COROLLARY A.12. Recall the definition cbd(x) = z/%x for x € E} for
any v. The proposition above implies

IT [A: ebd(A)] = [T #H'(®,A)) = 24 Pic(A)[2].
vF£00 vF#00
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Proof. The definition of H'! using cocycles and coboundaries implies that
HY(®,L) ~ L(l)/cbd(LX) for L = A and L = A, for all v # co. Hence by
Proposition A.11 the factor of proportionality between [T, oo {Ag,l) : chd(A) )}
and # Pic(A)[2] is [AD: cbd(A¥)] = 2. O

LEMMA A.13. Let v # oo. The first Galois cohomology group of the unit
group of a maximal order is

H? (Qu,05,) =1 if E,/Qy is unramified,
H'(Qy,05) = Z/QZ if E,/Qy is ramified.

If E,/Q, is tamely totally ramified, i.e., the residue characteristic is odd, then
the non-trivial class of H' (Q@,(@Ev) is represented by the cocycle corresponding

to —1 € 61(913

Proof. Denote by g the number of places above v in E/Q, and let e be
the ramification index of v in E/Q. Consider the short exact sequence

1= 0 — Ef 79— 1.

The third map is the valuation map, and if g = 2, then the Galois group acts
on the value group Z9 by switching the coordinates. The associated long exact
cohomology sequence is

1527 - Qf > Z— H' (8,65 )1,

where the last group is trivial by Hilbert’s Satz 90 and the third map is the
valuation map of E restricted to Q.. The image of QX — Z is eZ, and we
deduce that
HY(6,05)~2%/,5.
Assume E,/Q, is ramified. If IT is a uniformizer of Op,, then the map
Z — H'(®,0}; ) can be written explicitly as n — cbd(II"). If the ramification

is tame, we can choose a uniformizer so that °II = —II and H 1(@5,@,3}) is
generated by —1. O

LEMMA A.14. Assume A, < Op, is a non-mazimal order, and denote the
residue characteristic by p. Then

2 p > 2,

1 X\
#H (ijAv) - {2Hwild p: 2

Moreover, when p > 2, the non-trivial cocycle of H (&, A) is represented
_ (1)
by —1 € Ay’
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Proof. The short exact sequence of abelian &-modules

@X
1= Ay =0 — Ev/A§—>1

induces a long exact sequence of cohomology
o) ©
1 =2 = 7ZF —>< E”/Ax>
v

(65) — H(Qy, A)) — H'(Qy, 065 ) — H' <QU,®EU/AX>

7y 7y
- U/NrAqf_) U/NrGEU'

(o) . .
Because & acts on  Fv/ AX by inversion we see that
v

<®EU/A§>® N <®EU/A§> 2],

(0% ) = (%R10.) /(%)

The second map in (65) is simply the identity, and we can truncate the
sequence (65) to an exact sequence

L (@EU/AQT) [2]

x x 2
o @A) 1 @005) (/) / (1)

Nr @E
/ Nr A — 1.
The second and the fifth groups above are non-canonically isomorphic,
and exactness implies

)2 D> 2,
/NI"A;(_ QHwild p=2.

The second equality above follows from Lemmata A.13, A.5 and A.6.

We need only show that the cocycle of —1 € Aq(jl)
p > 2. Assume in the contrary the —1 = z/%z for some x € A)S. Then by
Lemma A.4 we know that

X T

HHYQy, M) = #HY(Q,, 05 ) - # " OF

is not a coboundary if

1= mod £,0g, =1 mod £,0g,,

x

which is a contradiction because the residue characteristic is odd.
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Appendix B. Points on conics

B.1. Notation. In this section we denote by ¢(x,y) a primitive binary
integral quadratic form of discriminant D < 0 and define Q(z,y) = ¢(z,y)—wD
for some w € Z. We denote by X = SpecZ[z,y]/ (Q(x,y)) the affine plane
curve cutout by Q.

We shall also need the homogenized polynomial Q(x,y,2) = q(x,y) —
wDz?. Denote by X¢ = ProjZ[z,y, z]/ <@(:U, Y, z)> the projective completion
of the curve X¢. The plane curve X is an affine conic and X is a projective
conic.

B.2. Local diagonlization of binary quadratic forms.

LEMMA B.1. For any prime p, the form q(x,y) is equivalent over Z, to a
form ¢'(z,y) with Z, coefficients and satisfying the following.

Ifp >2o0rp=2and D =0 mod4, then ¢'(x,y) = ux®+ Ay? is
diagonal. Moreover, we can assume u € Z,, . Ifp' || A, then we write A = uap!
forua €Z.

Forp=2and D=1 mod 4,

(@,y) xy D=+1 mod8<:>(%):+1,

z,y) =

ey 2> +ary+y? D=-3 mod8<:>(%):—1.

Proof. This is classical; cf. [Cas78, Ch. 8]. O

Remark B.2. Assume ¢ corresponds to the ideal class [s] € Pic(A) where
A is a quadratic order of discriminant D. If p > 2 and ¢/(z,y) = uz? + Ay? as
above, then (%) = X,(Nr[s]), where y,, is the genus class group character from

Proposition A.10. In particular, the class of u in Z; /7x2 depends only on [s]
P
mod Pic(A)2. By abuse of notation, for odd p | D we shall denote

Xp(q) = x,(Nr[s]) = (Z) :

Moreover, because D = —4uA, for p > 2 we have (%“) = (_Dp/pl> Xp(q) where
P D.
B.3. Regular primes.

PROPOSITION B.3. If ptwD, then pg(p*) = po(p*) = po(p)p* ! and
D

p - p N (7> )
PQ(p) )

Proof. If p1 D, then X7Q and Xg have a smooth reduction modulo p. The
first claim is an application of Hensel’s lemma.
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The reduction of X is a smooth conic over a finite field and it is isomor-
Xo (Z/pz)| =p+1.

To calculate pg(p) = ‘XQ (Z/ pZ)‘ we need to subtract the points of X¢
on the line at infinity z = 0. These are exactly the points on the projective

phic to the projective line. In particular,

variety cutout by ¢(z,y), equivalently ¢'(z,y) from Lemma B.1. There are
either two or zero such points depending on the Kronecker symbol (%). O

B.4. Singular primes.

LEMMA B.4. Let qo(x,y) € Zy|x,y] be a homogeneous binary quadratic
form such that either qo(z,y) = uiz? + usy? with ui,us € Zy orp =2 and

qo(z,y) = zy or qo(z,y) = &* + zy + y*.
Fiz uz € Z;. For any integer m > 0, define

Qm(xa y) = QO(x7 y) - U3pm-
If p > 2 or p =2 and qq is not diagonal, then
PQm (P")
. {%W pn—l (1 - (dl%}q()))) +pn n=0 mod 2 +pn_15n51 mod2 T <M,
(1 + L%J)pn—l (1 - (%@)) +pn (1 - %) 5mEO mod 2 n>m.

Otherwise if p = 2 and qq is diagonal, then

£Q,,(2") < min ( [E—‘ 14 L%J) 2nt3 4 om,

2
Proof. Denote by p(p™: p™) the number of solutions to
(66) Qu(z.y) =0 mod p".

Similarly, denote by p°(p™: p™) the number of solutions modulo p" reducing
to (0,0) modulo p, and let p'(p™: p™) be the number of solutions not reducing
to zero modulo p.

Casel: m =0. If p > 2orp = 2and go(z,y) is not diagonal, then Qo (x,y)
defines a smooth affine conic modulo p. Subtracting the points on the line at
infinity from the projective conic we deduce

disc(qo)
p(p: p") = p'(p: ") =p — (p :
Moreover, all these solutions are smooth, and in this case

pp": p%) = p' (p": ") =p" 7! (p - <(hsc<‘10)>>

p

() )
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If p =2 and qq is diagonal, then p°(2": 2°) = 0 and for n < 3, we use
the trivial bound p(27: 2%) < 22" < 2"*3, Hensel’s lemma in the strong form
implies for n > 3 that p(27: 20) = 27"=3p(23: p¥) < 2"*3. We deduce that for
alln > 1,

p(2n: 20) — p1(2n: 20) < 2n+3‘

Case II: n =1, m > 1 and p* forn > 1. If p > 2o0r p = 2 and qq is
not diagonal, then @ = qp mod p and ¢y is a non-degenerate quadratic form
modulo p. We see that

pp: p™) =1

pp:p™) =1~ (diS;(QO)> :

Moreover, in this case all the solutions except (0,0) are smooth, thus if m > 1
and p > 2 or p = 2 and gqg is not diagonal, then

pp™: p™) =p" <1 - <GHS;(qO)>> :

If m>1, p=2and q is diagonal, then the same arguments as in Case 1
imply that

pO(2:2™) =1,
pl (2n 2m) < 2n+3.
Case I1I: p° for n > 2, m > 1. We proceed to compute p°(p": p™) for
n > 2, m > 1. We need to count solutions to (66) of the form (z,y) = (pzo, pyo)
for (zg,yo) € Z/101%12 X Z/pnflz. The pertinent (pzxg, pyo) solve (66) if and
only if
(67) p*q0(z0,y0) — usp™ =0 mod p".

The first case to consider is n = 2, m > 1. Then obviously

0 m=1,
P’(p*: p™) = { )
p* m>1.
If n > 3 and m = 1, then (67) implies that
P ph) =0.
If n > 3 and m > 2, then (67) is equivalent to

q0(z0,y0) —uzp™ 2 =0 mod p" 2
and we have a recursion formula
p0<pn: pm) _ p2p(pn72: pmf2).
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Finally we can use the recursion formula and the all the cases computed

above to deduce the claim.

PROPOSITION B.5. Fiz a prime p | wD, and set | == ord, D, m

ordy(4w). For p > 2, define

p—(%> [=0 mod 2,

P
po(p) =14 2p I=1 mod 2 and (%) =+ X,(9),
0 =1 mod 2 and (%) = —Xp(9)-
If n <, then for all primes p,
pq(p™) = p" /A,

Ifp>2,n>1andpfw, then

(pl) _ pn+Ll/2j pOQ(p> )

p
Ifp>2,n>1andp|w, then set m = ord,(4w):
n+[1/2]

PQ

pQ(@") =p

O

‘ Uanl‘l — (I mod 2)) 1% (1 _ (Dl/)pl>> +6n=1 mod2+ %571;1 modp N —1<m,
(1+ L%J — (Il mod 2)) % (1 - (D/pl)) + (1 - %) Om=0 mod 2 n—101>m.

P
If p=2 and n > 1, then

po(2") < ont1l/2] {min < [nT_ﬂ 1+ {%J) 2% + 1} :

Proof. Let ¢(z,y) = uz?+ Ay? as in Lemma B.1. We solve the equivalent

equation Q'(z,y) = ¢ (z,y) —wD =0 mod p".

Case I. n < ord, D. Because n < ord, D, the equation Q'(z,y) = 0

mod p™ is equivalent to

ur? =0 mod p” < 2 =0 mod p/"/?].

Equivalently, (z,y) € (Z/an) is a solution to Q(z,y) = 0 if and only if x =0

mod p/™/2]. The formula for po(P™), n <1, follows immediately.

Case II: n > ord, D. Any solution modulo p" must reduce to a solution
modulo p'; i.e., it must satisfy z = 0 mod pl¥/2l. Write z = pl"/21z,, where
Ty € Z/pn—[l/ﬂz, and denote w = [mod 2 € {0,1}. Then the equation

Q'(z,y) =0 mod p" is equivalent to
upl+2wx(2) + Ay’ —wD =0 mod p"

(68) 2w .2

where A = uyp' and D = —4uA.

= up““xj + uay? — dwuug =0 mod p
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Denote

20,2

q0(z0,y) = up®™@ xf + uay® — dwuua € Zpz,y).

We have shown that the solutions of Q'(x,y) = 0 mod p" are exactly the
; l Z Z
residue classes of the form (p///?1zg,y) where (z9,y) € /p“_”/ﬂZ X /an

reduces to a root of qo(zo,y) modulo p"~'. In particular,

pQ(pn) _ pl—[l/Q]plpqO (pn—l) _ pl+Ll/2JpqO (pn—l).
If w =0 mod 2, then we can apply Lemma B.4 directly to gg with m =
ord, (4w).
If w =1 mod 2, then we have two options. If p t 4w, then gy defines a
smooth affine conic modulo p. Computing explicitly and using Hensel’s lemma,
then we deduce

_Je (8)=+x),

pQO(p) {0 (%):_Xp(CI)v
n—Il\ __ n—lp(m(p)

qu(p )_p P .

Otherwise, if p | 4w, then reducing (68) modulo p we conclude that nec-
essarily y = 0 mod p. Moreover, if n —1 = 1, then py,(p) = p. Otherwise, if
n > 1+ 2, we write y = pyp for yg € Z/pn—l—lz-

Equation (68) is then equivalent to

up%% + uApzyS — dwuus =0 mod p" 7t

If m = ordy(4w) = 1, then this equation has no solutions, i.e., py(p) = 0.
If m > 2, then define q1 = uz? + uayd — (4w/p*)uuas. Then pg(P"~) =
P’pg, (p"~'=2), and apply Lemma B.4 to ¢;. O

COROLLARY B.6. The following bound holds for any prime power p™:
po(p") < 16p"C71/2).
COROLLARY B.7. Let p| D, and set l = ord, D. Then if n <1,

Fo(") = ptin/2] (1 - %) n=0 mod 2,
0 n=1 mod 2.

Assume next that p t 4w. Then
0
. Po(p)
po(p') = p i/l (1 - QQ>
p
and forn > I,

0
~ ny _ .n+[l/2] pQ(p) o 1
pe(p") =p — <1 p).
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Proof. Notice that if p | D, then Xg (Z/pZ) has no smooth points. The
claim follows from Proposition B.5 and Lemma 9.3. ([

PROPOSITION B.8. Fiz a prime p | D and k € {0,1}. Assume p { dw. If
e € {£1}, then

p4 (1 - 11;) k ’ Xp(q) = +¢,
(69) > po(PFa;p?*) =<0 =0, x,(q) = —¢,
X 3
ae (Z/pZ—kZ) P (&)=c (1= 1];> k=1,
where

fi=1+e <_l;/p> Xp(9) + (;) Xp(2)-

Proof. Let ¢'(x,y) = ux® + Ay? as in Lemma B.1 and write A = uap
where uyg € Z;. Let u. € Z; such that (%) = €. Define
V(z,y, w) = ux?® — uspy® — dwuusp — pFucw? € Lp|z,y,w].
Consider the equation
(70) V(z,y,w) =0 mod p°.

The left-hand side of (69) is proportional to the number of solutions to (70)
satisfying w # 0 mod p. The proportionality constant is exactly the number
of solutions to pFucw? = pkugw(Q] mod p? for any fixed unit wg. The latter
equation has 2p* solutions. In conclusion,

> po(a;p?)
Z " la
oe(Lrpag) 5 (5)=
1 7/ v/ v/ -
= st e €21 < Pl < (U ) 1V = of
Equation (70) reduces modulo p to
(71) uz? — pPu.w® =0 mod p.

Case I: k = 0. All the solutions to equation (71) with w # 0 mod p are
smooth. There 0 such solutions if (%) = —1 and 2p(p—1) solutions otherwise.
Using Hensel’s lemma we conclude that the number of solutions to (70) with
w#0 mod pis 2p* (1 — %D) if x,(q) = +€ and 0 otherwise.

Case 1I: k = 1. Equation (71) implies that necessarily x = 0 mod p.
Hence equation (70) is equivalent to

(72) uay? — uew? — dwuug =0 mod p.
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This is an equation of a smooth conic with p+ 1 projective solutions. The
are either two or zero solutions on the line at infinity depending on the sign of

-1
€ (%) = (%). Hence the number of solutions to (72) is p — € (“7“).

We also need to subtract from the solutions of (72) the cases where w = 0
mod p. Substituting 0 for w in (72) we see that there are either two or zero
such solution depending on the sign of (“;7“)

We conclude that the number of relevant solutions to (70) is

p4 (1 - i) )
p
— ua wu
Wheref._1+e(p>+(p>. U
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