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Nonuniqueness of weak solutions to the
Navier-Stokes equation

By TRISTAN BUCKMASTER and VLAD VICOL

Abstract

For initial datum of finite kinetic energy, Leray has proven in 1934 that
there exists at least one global in time finite energy weak solution of the
3D Navier-Stokes equations. In this paper we prove that weak solutions of
the 3D Navier-Stokes equations are not unique in the class of weak solu-
tions with finite kinetic energy. Moreover, we prove that Holder continuous
dissipative weak solutions of the 3D Euler equations may be obtained as a
strong vanishing viscosity limit of a sequence of finite energy weak solutions
of the 3D Navier-Stokes equations.

1. Introduction

In this paper we consider the 3D incompressible Navier-Stokes equation

(1.1a) O +div (v ®v) + Vp — vAv = 0,
(1.1b) dive =0

posed on T? x R, with periodic boundary conditions in z € T3 = R3/277Z3. We
consider solutions normalized to have zero spatial mean, i.e., ng v(z,t)dx = 0.
The constant v € (0, 1] is the kinematic viscosity. We define weak solutions to
the Navier-Stokes equations [49, Definition 1], [19, pp. 226]:

Definition 1.1. We say v € C°(R; L%(T?)) is a weak solution of (1.1) if for
any t € R the vector field v(-,t) is weakly divergence free, has zero mean, and
(1.1a) is satisfied in D'(T3 x R), i.e.,

// v (Opp+ (v- V) + vAp)dedt =0
RJT3
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holds for any test function ¢ € C$°(T? x R) such that ¢(-,t) is divergence-free
for all ¢.

As a direct result of the work of Fabes-Jones-Riviere [19], since the weak
solutions defined above lie in CY(R; L?(T?)), they are in fact solutions of the
integral form of the Navier-Stokes equations

(1.2) v(-,t) = e"Pu(-,0) + /t e’I)APAiy (u(-,s) @ v(-, 8))ds,
0

and are sometimes called mild or Oseen solutions (cf. [19] and [39, Def. 6.5]).
Here P is the Leray projector and e!® denotes convolution with the heat kernel.

1.1. Previous works. In [40], Leray considered the Cauchy-problem for
(1.1) for initial datum of finite kinetic energy, vo € L2. Leray proved that
for any such datum, there exists a global in time weak solution v € L$L2,
which additionally has the regularity L,?Hal;, and obeys the energy inequality
o(t)||32 + 2v f(f |Vu(s)||32 ds < ||lvo||72. Hopf [24] established a similar result
for the equations posed in a smooth bounded domain, with Dirichlet boundary
conditions. To date, the question of uniqueness of Leray-Hopf weak solutions
for the 3D Navier-Stokes equations remains however open.

Based on the natural scaling of the equations

v(x,t) = vy(z,t) = Wz, \2t),

a number of partial regularity results have been established [45], [7], [41], [37],
[53], [35]; the local existence for the Cauchy problem has been proven in scaling-
invariant spaces [30], [32], [28]; and conditional regularity has been established
under geometric structure assumptions [11] or assuming a signed pressure [47].
The conditional regularity and weak-strong uniqueness results known under the
umbrella of Ladyzhenskaya-Prodi-Serrin conditions [31], [43], [48], state that
if a Leray-Hopf weak solution also lies in LVLZ, with 2/p + 3/g < 1, then the
solution is unique and smooth in positive time. These conditions and their gen-
eralizations have culminated with the work of Escauriaza-Seregin-Sverak [27]
who proved the L{°L3 endpoint. The uniqueness of mild/Oseen solutions is
also known under the Ladyzhenskaya-Prodi-Serrin conditions, cf. [19] for p > 3,
and [21], [42], [38], [33] for p = 3. Note that the regularity of Leray-Hopf weak
solutions, or of bounded energy weak solutions, is consistent with the scaling
2/p + 3/q = 3/2. In contrast, the additional regularity required to ensure that
the energy equality holds in the Navier-Stokes equations is consistent with
2/4 4 3/4 =5/4 for p = q = 4 [50], [34]. See [12], [52], [38], [44], [39] for surveys
of results on the Navier-Stokes equations.

The gap between the scaling of the kinetic energy and the natural scaling
of the equations leaves open the possibility of nonuniqueness of weak solutions
to (1.1). In [28], [29] Jia-Sverdk proved that nonuniqueness of Leray-Hopf
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weak solutions in the regularity class L{°L3> holds if a certain spectral as-
sumption holds for a linearized Navier-Stokes operator. While a rigorous proof
of this spectral condition remains open, very recently Guillod-Sverak [23] have
provided compelling numerical evidence of it, using a scenario related to the
example of Ladyzhenskaya [36]. Thus, the works [29], [23] strongly suggest
that the Ladyzhenskaya-Prodi-Serrin regularity criteria are sharp.

1.2. Main results. In this paper we prove that weak solutions to (1.1) (in
the sense of Definition 1.1) are not unique within the class of weak solutions
with bounded kinetic energy. We establish the stronger result!:

THEOREM 1.2 (Nonuniqueness of weak solutions). There exists § > 0,
such that for any nonnegative smooth function e(t): [0,T] — R>q, there exists
v € CY[0,T); H3(T?)) a weak solution of the Navier-Stokes equations, such
that [ [v(z,t)|? do = e(t) for all t € [0,T). Moreover, the associated vorticity
V x v lies in CP([0,T); LL(T3)).

In particular, the above theorem shows that v = 0 is not the only weak
solution which vanishes at a time slice, thereby implying the nonuniqueness of
weak solutions. Theorem 1.2 shows that weak solutions may come to rest in
finite time, a question posed by Serrin [49, pp. 88]. Moreover, by considering
e1(t), e2(t) > 0 which are nonincreasing, such that e;(t) = ea(t) for ¢t € [0,7/2],
and e1(T) < ez(T), the construction used to prove Theorem 1.2 also proves
the nonuniqueness of dissipative weak solutions.

From the proof of Theorem 1.2 it is clear that the constructed weak
solutions v also have regularity in time, i.e. there exists v > 0 such that
v € CJ([0,T); L2(T3)). Thus, v ® v lies in C/ L1 N CYLL*7, and the fact that
Vv € CYL} follows from (1.2) and the maximal regularity of the heat equation.

We note that while the weak solutions Theorem 1.2 may attain any smooth
energy profile, at the moment we do not prove that they are Leray-Hopf weak
solutions, i.e., they do not obey the energy inequality or have L?H; integra-
bility. Moreover, the regularity parameter S > 0 cannot be expected to be too
large, since at 5 = 1/2 one has weak-strong uniqueness [12]. We expect that the
ideas used to prove Theorem 1.2 will in the future lead to a proof of nonunique-
ness of weak solutions in CYL?, for any 2 < p < 3, and the nonuniqueness of
Leray-Hopf weak solutions.

The proof of Theorem 1.2 builds on several of the fundamental ideas pio-
neered by De Lellis-Székelyhidi Jr. [15], [16]. These ideas were used to tackle
the Onsager conjecture for the Euler equation [18], [10], [8] (set ¥ = 0 in (1.1))

We denote by H” the L?-based Sobolev space with regularity index 8. Clearly CYHS C
CPL2.
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via convex integration methods [46], [51], [2], [17], [1], [3], leading to the reso-
lution of the conjecture by Isett [26], [25], using a key ingredient by Daneri and
Székelyhidi Jr. [14]. The construction of dissipative Euler solutions below the
Onsager regularity threshold was proven by authors of this paper jointly with
De Lellis and Székelyhidi Jr. in [4], building on the ideas in [14], [26]. In order
to treat the dissipative term —v A, not present in the Euler system, we cannot
proceed as in [6], [9], since in these works Holder continuous weak solutions are
constructed, which is possible only by using building blocks which are sparse
in the frequency variable and for small fractional powers of the Laplacian. In-
stead, the main idea, which is also used in [5], is to use building blocks for
the convex integration scheme which are “intermittent”. That is, the building
blocks we use are spatially inhomogeneous, and have different scaling in dif-
ferent LP norms. At high frequency, these building blocks attempt to saturate
the Bernstein inequalities from Littlewood-Paley theory. Since they are built
by adding eigenfunctions of curl in a certain geometric manner, we call these
building blocks intermittent Beltrami flows. In particular, the proof of Theo-
rem 1.2 breaks down in 2D, as is expected, since there are not enough spatial
directions to oscillate in. The proof of Theorem 1.2 is given in Section 2 below.

The idea of using intermittent building blocks can be traced back to classi-
cal observations in hydrodynamic turbulence, see for instance [20]. Moreover,
in view of the aforementioned works on the Onsager conjecture for the Eu-
ler equations, we are naturally led to consider the set of accumulation points
in the vanishing viscosity limit v — 0 of the family of weak solutions to the
Navier-Stokes equations which we constructed in Theorem 1.2. We prove in
this paper that this set of accumulation points, in the CY L2 topology, contains
all the Holder continuous weak solutions of the 3D Euler equations:

THEOREM 1.3 (Dissipative Euler solutions arise in the vanishing viscosity
limit). For B > 0 let u € Cfx(T?’ x [—2T,2T]) be a zero-mean weak solution
of the Euler equations. Then there exists § > 0, a sequence v, — 0, and a
uniformly bounded sequence v'») € CO([0,T]; HZ(T?)) of weak solutions to the
Nawvier-Stokes equations, with v») — u strongly in C?([0, T); L2(T?3)).

In particular, Theorem 1.3 shows that the nonconservative weak solutions
to the Euler equations obtained in [26, 4] arise in the vanishing viscosity limit
of weak solutions to the Navier-Stokes equations. Thus, being a strong limit of
weak solutions to the Navier-Stokes equations, in the sense of Definition 1.1,
cannot serve as a selection criterion for weak solutions of the Euler equation.
Whether similar vanishing viscosity results hold for sequences of Leray-Hopf
weak solutions, or for suitable weak solutions of (1.1), remains a challenging
open problem. The proof of Theorem 1.3 is closely related to that of Theo-
rem 1.2, and is also given in Section 2 below.
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2. Outline of the convex integration scheme

In this section we sketch the proof of Theorem 1.2. For every integer ¢ > 0

o

we will construct a solution (vq, pg, Ry) to the Navier-Stokes-Reynolds system

(2.1a) Orvg + div (v ® vg) + Vpy — vAv, = div }Q%q,
(2.1b) divv, = 0.

where the Reynolds stress I%q is assumed to be a trace-free symmetric matrix.

2.1. Parameters. Throughout the proof we fix a sufficiently large, univer-
sal constant b € 16N, and depending on b we fix a regularity parameter 8 > 0
such that 8b? < 4 and Bb < 1/20. We remark that it is sufficient to take b = 2°
and 3 = 2716,

The relative size of the approximate solution v, and the Reynolds stress
error }?q will be measured in terms of a frequency parameter A, and an ampli-
tude parameter ¢, defined as

)\q - a(bQ)a
_ 38y 2
g = AP A2
for some integer a > 1 to be chosen suitably.

2.2. Inductive estimates. By induction, we will assume the following esti-
mates? on the solution of (2.1) at level g¢:

(2.2) lvgllca, < Ags
(23) o]0 < 2577800,
(2.0 By, <2

We additionally assume

(2.5) 0< e(t) - / g2 de < Syi
T
and
(2.6)  e(t)— | |vg(z,t)]* dx < Og+1 = vg(t) =0 and Ry(-,t) = 0.
T3 100

for all t € [0,T7].

*Here and throughout the paper we use the notation: ||f|,, = ||f|l ccpr, for 1 < p <
t x
o0, [Ifllenr = ”fHLtOOCaJDV = Zog\a|§1\r D% fll oo ”f”ci\ft = Zogn+\a|gz\1 107 D* f|| o, and
1o = 1o for s> 0, and 1< p < oo,
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2.3. The main proposition and iterative procedure. In addition to the suf-
ficiently large universal constant b, and the sufficiently small regularity param-
eter = [(b) > 0 fixed earlier, we fix the constant M, = HeHCtl. The following
iteration lemma states the existence of a solution of (2.1) at level ¢ + 1, which
obeys suitable bounds.

ProOPOSITION 2.1. There exists a universal constant M > 0, a suffi-
ciently small parameter eg = egr(b, ) > 0 and a sufficiently large parame-
ter ag = ao(b, B,er, M, M.) > 0 such that for any integer a > ag, which is
a multiple of the Ny of Remark 3.3, the following holds: Let (vq,pq,éq) be
a triple solving the Navier-Stokes-Reynolds system (2.1) in T3 x [0,T)] satis-
fying the inductive estimates (2.2)—(2.6). Then there exists a second triple
(vq+1,pq+1,ﬁ{q+1) solving (2.1) and satisfying the (2.2)—(2.6) with q replaced
by q + 1. In addition we have that

1
(2.7) g1 — vgll 2 < M.

The principal new idea in the proof of Proposition 2.1 is to construct the
perturbation v411 — v, as a sum of terms of the form

(2.8) ag)We)

where W) is an intermittent Beltrami wave (cf. (3.12) below) with frequency
support centered at frequency £\, for € € S2. While these intermittent Bel-
trami waves have similar properties (cf. Proposition 3.4) to the usual Beltrami
flows used in the previous convex integration constructions [16, 2, 17, 1, 3] for
the Euler equations, they are fundamentally different since their L' norm is
much smaller than their L? norm (cf. Proposition 3.5). The gain comes from
the fact that the Reynolds stress has to be estimated in L' rather than L2,
and that the term vAw is linear in v. At the technical level, one difference
with respect to [26], [4] is the usage of very large gaps between consecutive
frequency parameters (i.e., b > 1), which is consistent with a small regularity
parameter 3. Next, we show that Proposition 2.1 implies the main theorems
of the paper.

2.4. Proof of Theorem 1.2. Choose all the parameters from the statement
of Proposition 2.1, except for a, which we may need to be larger (so that it is
still larger than ag).

For ¢ = 0 we note that the identically zero solution trivially satisfies (2.1)
with Ry = 0, and the inductive assumptions (2.2), (2.3), and (2.4) hold. More-
over, by taking a sufficiently large such that it is in the range of Proposition 2.1
(i.e. @ > ap) we may ensure that

s
le(®)] < llellgy = Me < 155 = 7o
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Then the zero solution also satisfies (2.5) and (2.6).
For ¢ > 1, we inductively apply Proposition 2.1. The bound (2.7) and
interpolation implies®

00 0

1-p' /
> llvgt = vallgsr S D Mlvgrt — vgll 2" (vgrallen + vgllen)”
q=0 q=0

o0 1*[3/ 176’
1—B/ \3B—F5— \ —B—=— \ 48’
<SS MUEINTTA L T A
q=0
/ 717/3/
(2.9) < M

)

for 8/ < B/(s+ 8), and hence the sequence {v,},>0 is uniformly bounded CY H',
for such . Furthermore, by taking a sufficiently large (depending on b, 5 and
B') the implicit constant in (2.9) can be made to be universal. From (2.1), (2.3),
the previously established uniform boundedness in C{ L2, and the embedding
W2l C L2 we obtain that

1850l -5 S [Piv (vg ® vg) — vAv, — Bdiv Ry,
< 11vg @ vgll 1 + llvgl 2 + || 4]
< M2,

Ll

where P is the Leray projector. Thus, the sequence {vg}q>0 is uniformly
bounded in C}H_3. Tt follows that for any 0 < 8” < 3’ the sum

Z(Uq—H —Ug) =10

q>0

converges in COHS", and since HéqHLl — 0 as ¢ — oo, vis a CVHP" weak
solution of the Navier-Stokes equation. Lastly, in view of (2.5) we have that
the kinetic energy of v(-,t) is given by e(t) for all ¢ € [0,7T], concluding the
proof of the theorem.

2.5. Proof of Theorem 1.3. Fix 8 > 0 and a weak solution u € C’Ex to the
Euler equation on [—-2T,2T]. The existence of such solutions is guaranteed in
view of the results of [26], [4] for 8 < 1/3, and for 3 > 1 from the classical local
existence results. Let M, = [|ul|5. Pick an integer n > 1.

Choose all the parameters as in Proposition 2.1, except for a > ag, which
we may take even larger, depending also on M, and ' which obeys 0 < ' <
min(8/2,8/@8 + 8)). We make a even larger, depending also on [, so that in

3Throughout this paper, we we will write A < B to denote that there exists a sufficiently
large constant C', which is independent of ¢, such that A < CB.
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view of (2.9) we may ensure that

o0

1—5 351—75/ ,Bl;ﬁl 4’ 1
210) S e < L
q=n

where C' is the implicit constant in (2.9).

Let {¢¢ }o>0 be a family of standard compact support (of width 2) Friedrichs
mollifiers on R? (space), and {¢.}c>0 be a family of standard compact support
(of width 2) Friedrichs mollifiers on R (time). We define

Up = (U g ¢)\;1) *t Py -1

to be a mollification of u in space and time, at length scale and time scale
AL, restricted to the temporal range [0,T]. Also, on [0,T] define the energy
function

e(t) :/ |’Un($,t)|2dl‘+5£
T3 2

that ensures (2.5) and (2.6) hold for ¢ = n.
Since u is a solution of the Euler equations, there exists a mean-free p,
such that

Oy + div (v, @ vy,) + Vp, — )\;QAvn =div (Rn),
where Rn is the traceless symmetric part of the tensor
(Un @ vn) = ((u@u) *g Py-1) %y -1 — A2V,
Using a version of the commutator estimate introduced in [10], which may for
instance be found in [13, Lemma 1], we obtain that

<AMy + A2

CON n

(2.11) |72

il

S|
-~

In addition, from a similar argument it follows that

(2.12) B S M+ 27202,
t,x

(2.13) [onllca < AP M.

Setting

V== A

then with a sufficiently large, depending on M, and 3, we may ensure the pair

o

(vn, Ry) obey the inductive assumptions (2.2)-(2.4) for ¢ = n. Additionally,
we may also choose a sufficiently large, depending on M, and 3, so that

3 1
B—B <
(2.14) AP M, < S| To
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At this stage we may start the inductive Proposition 2.1, and as in the proof of
Theorem 1.2, we obtain a weak solution u(*») of the Navier-Stokes equations,
with the desired regularity, such that

1

Hv(vn) B UHHB/ < HU(VH) — Un + ’Tg‘l/Q [w —vnllger < n

HHB’

in view of (2.10) and (2.14). Since n was arbitrary, this concludes the proof of
the theorem.

3. Intermittent Beltrami waves

In this section we will describe in detail the construction of the intermittent
Beltrami waves which will form the building blocks of our convex integration
scheme. Very roughly, intermittent Betrami waves are approximate Beltrami
waves (approximate eigenfunctions to the curl operator) whose L' norm is
significantly smaller than their L? norm.

3.1. Beltrami waves. We first recall from Proposition 3.1 and Lemma 3.2
in [15] the construction of Beltrami waves (see also the summary given in [2]).
In order to better suit our later goal of defining intermittent Beltrami waves,

the statements of these propositions are slightly modified from the form they

appear in [2], by making the substitution |—£| — &

PROPOSITION 3.1. Given £ € S2NQ3, let A € S2N Q3 be such that
Ac-£=0, |[Ael =1, A_¢ = Ag.

Furthermore, let

Let A be a given finite subset of SN Q3 such that —A = A, and let A € Z be
such that AN C Z3. Then for any choice of coefficients ag € C with ag = a_¢
the vector field

(3.1) W)=Y agBee™t "
e
is real-valued, divergence-free and satisfies
W2
5
Furthermore, since B¢ @ B_¢ + B_¢ ® Bg = 1d — £ ® £, we have

(3.2) div(W @ W) =V

_1 2 (1 —
(3.3) TSW@de—2§%:\|a§| (Id—¢®¢).
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PROPOSITION 3.2. For every N € N, we can choose ey > 0 and X\ > 1 with
the following property. Let B, (Id) denote the ball of symmetric 3 x 3 matrices,
centered at 1d, of radius ey. Then, there exist pairwise disjoint subsets

A CSPNQ* ae{l,...,N},
with M\, € Z3, and smooth positive functions
7 e C®(B(1d)  ae{l,....N} €A,
with derivatives that are bounded independently of X, such that
(a) € € Ay implies —§ € A, and ,yéoz) = 'y(:?;
(b) for each R € B, (Id), we have the identity
1 2
(3.4) R=5 3 ((®) 1d-¢29).
£€EAQ
Remark 3.3. Throughout the construction, the parameter N is bounded
by a universal constant; for instance one can take N = 2. Moreover, for each
« the cardinality of the set A, is also bounded by a universal constant; for
instance one may take |A,| = 12. Consequently, the set of direction vectors
UM Ugen, {€, Ag, € x Ag} € SPNQ3 also has a universally bounded cardinality.

Therefore, there exists a universal sufficiently large natural number Ny > 1
such that we have

{NAE, NaAg, Na& x A¢} C NAS*NZ?

for all vectors ¢ in the construction.
It is also convenient to introduce a sufficiently small geometric constant
ca € (0,1) such that

E+E#0 = |4+ >2e

for all £,&' € Ay and all @« € {1,...,N}. In view of the aforementioned
cardinality considerations, the geometric constant ¢, is universal to the con-
struction.

The implicit constants in the < of the below estimates are allowed to

depend on N and cp, but we will not emphasize this dependence, since these
are universal constants.

3.2. Intermittent Beltrami waves. Recall cf. [22, §3] that the Dirichlet
kernel D,, is defined as

S e sin((n 1))
(3.5) Dy (x) gz_n Sn(2/2)

and has the property that for any p > 1 it obeys the estimate

1Dall o ~ 0=,



NONUNIQUENESS OF NAVIER-STOKES WEAK SOLUTIONS 111

where the implicit constant only depends only on p. Replacing the sum in
(3.5) by a sum of frequencies in a 3D integer cube

Q= {e= (k0 Gk L€ {r,... 1)}

and normalizing to unit size in L?, we obtain a kernel

1 ‘ 1
€r
(2r + 1) > ¢ (2r + 1) 2

5697‘ j,k,ée{f’l’,...ﬂ’}

D,(z) := oiliw1+kzo+las)

such that for 1 < p < oo, we have
(3.6) ID:[I72 = (27)%,  and || Dyl S

where the implicit constant depends only on p. Note that —Q, = Q,..

The principal idea in the construction of intermittent Beltrami waves is
to modify the Beltrami waves of the previous section by adding oscillations
that mimic the structure of the kernels D, in order to construct approximate
Beltrami waves with small LP? norm for p close to 1. The large parameter r
will parametrize the number of frequencies along edges of the cube .. We
introduce a small parameter o, such that Ao € N parametrizes the spacing
between frequencies, or equivalently such that the resulting rescaled kernel is
(T/xc)3-periodic. We assume throughout the paper that

(3.7) or < e J(10Ny),

where ¢y € (0,1) and Ny > 1 are the parameters from Remark 3.3. Lastly,
we introduce a large parameter u € (A, A?), which measures the amount of
temporal oscillation in our building blocks. The parameters A, r,o and u are
chosen in Section 4 below.

We recall from Propositions 3.1 and 3.2 that for £ € Ay, the vectors
{€, A¢, & x A¢} form an orthonormal basis of R3, and by Remark 3.3 we have

NAE, NaAg, Naéx Ae€Z?  forall €€ A,,a€{l,...,N}.

Therefore, for ¢ € A}, we may define a directed and rescaled (T/xo)3 = (R/2mroz)3-
periodic Dirichlet kernel by

() (5 ) = Mg p o (T51)

(3:8) = Dy (Ao NA(€ -z + pt), A\oNp A - 2, Ao NA(€ x Ag) - ).

For £ € A7, we define 1) (7,t) := n_¢)(z,t). The periodicity of 7 follows

o

from the fact that D, is T3-periodic, and the definition of Ny. We emphasize
that we have the important identity

1
(3.9) ;atn(g) (z,t) = £(§ - V)ne(x,t), forall e AL

as a consequence of the fact that the vectors A¢ and § x A¢ are orthogonal to &.
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Note that the map
(1,22, 23) = (AONA(§ - @ + pt), \oNpAg - £, \oNp (€ X Ag) - x)

is the composition of a rotation by a rational orthogonal matrix which maps
(e1,e2,e3) to (& A¢,& x Ag), a rescaling by AoNj, and a translation by
Ao Npputer. These are all volume preserving transformations on T2, and thus
by our choice of normalization for (3.6) we have that

(3.10) ﬁgn@(%ﬂdw:l, and H”(é)‘

for all 1 < p < oo, pointwise in time.
Letting W) be the Beltrami plane wave at frequency A, namely

(3.11) W) () = Wea(z) = Bee™,

we have

< 7'3/2_3/1)
Lp(T3) ™~

curl W(g) = )\W(E) and div W(g) =0.
We take A to be a multiple of Nj, so that W is T3-periodic. Finally, we

define the intermittent Beltrami wave W ¢ as

(3.12)
Wey(@,t) = We s (1) = N x0T, ) Wea () = 1) (2, ) Wiey ().
We first make a few comments concerning the frequency support of W ).

In view of (3.7) and the definition of 1), which yields P<oxorn, 1) = 7(e), We
have that

(3.13) PeaaP>pWie) = Wig),
while for £ # —¢&, by the definition of ¢j in Remark 3.3 we have
(3.14) PirPoenn (Wig) ® Wiy ) = Wig) @ Wer.

Note that the vector W) is not anymore divergence free, nor is it an
eigenfunction of curl. These properties only hold to leading order:

1 .. 1 Aor

W =3 |Be- Vg, £ 5 = om.
1 1 Aor
XCHI‘]W@) — W(ﬁ) Lo = X an(ﬁ) X Bg‘ 2 S, 7>\ =or

and the parameter or will be chosen to be small. Moreover, from Proposi-
tions 3.1 and 3.2 we have:

PROPOSITION 3.4. Let W¢) be as defined above, and let Ao, €, 7y(e) = 'yéa)
be as in Proposition 3.2. If ag € C are constants chosen such that ag = a_¢,

the vector field
> > W)
a £€Aa
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is real valued. Moreover, for each R € B._ (Id) we have the identity

(3:15) > (%@(R))Q][ Wi ®Wi_gdr = 3 (vg(R)) Be® B¢ =R
¢€ha T ¢eha

Proof of Proposition 3.4. The first statement follows from the fact that
N—e)(x,t) = e (x,t). Identity (3.15) follows from (3.4) upon noting that
2Re (Be ® B_¢) =1d — £ ® £, and the normalization (3.10). O

For the purpose of estimating the oscillation error in Section 5, it is useful
to derive a replacement of identity (3.2), in the case of intermittent Beltrami
waves. For this purpose, we first recall the vector identity

(A-V)B+(B-V)A=V(A-B)— Axcurl B— B x curl A.
Hence, for £,&' € A, we may rewrite
(3.16)
div (Wig) @ Wigy + Weny @ W) )
= (Wiey ® Wign) + Wien @ Wig)) V (meyicer))
+ )¢ (<W<5> V)We (W@') V)W)
(

V) (meynen)) Wiey + (Weey - V) (mieymieny)) Wie
WV (Wiey - Ween ) N?(s)??(s') (Wiey x Wieny + Wiery x Wie))
(W@’) V) (meymen)) Wiy + (Wee) - V) (memeen) ) Ween

+ e men Y (Wey - W(E’))
In the last equality we have used that the cross-product is antisymmetric.
Let us now restrict to the case £ + & = 0. Recall that W = %(Ag +
1€ X 145)6"’\5'”C ,§- A =0, and |A¢| = 1. Therefore, when §’ = —¢ the last term
on the right side of (3.16) is zero, as W(g) - W_¢) = 1. Thus we obtain

div (Wig) © W(_g) + W(_g) © W)
= ((Wi—g) - V)iie)) Wiy + (W) - Vi) Wi-g)
= (A - VInie)) A + (((€ x Ag) - VIng) (€ x Ag)
= Vnfey — ((€- V)nj) &

In the last equality above we have used that {{, A¢,§ x A¢} is an orthonormal
basis of R3. The above identity and property (3.9) of N() shows that

. s £
(3.17) div (Wiey @ W(_e) + W_g) @ Wg)) = Vi) — ;3“7@)'

which is the key identity that motivates the introduction of temporal oscilla-
tions in the problem.



114 TRISTAN BUCKMASTER and VLAD VICOL

Recall, the intermittent Beltrami waves were designed to include addi-
tional oscillations that cancel in order to minimize their L' norm, in a way
that is analogous to the cancellations of the Dirichlet kernel. In this direc-
tion, an immediate consequence of property (3.10) of 7, of the frequency
localization in the spatial variable (3.13), and of the frequency of the temporal
oscillations, are the following bounds for 7)) and the the intermittent Beltrami
waves W g):

PROPOSITION 3.5. Let W ¢y be defined as above. The bound
(3.18) HVN@KW(@HLP < )\N()\aru)Kr?’/2_3/”,
(319) [V 0 ne)), < (hor) (orny =

forany 1l <p<oo, N>0 and K > 0. The implicit constant depends only on
N, K and p.

Remark 3.6. We note that while in the above proposition we state esti-
mates for all orders of derivatives (N and K), only derivatives up to a fixed
order, which is independent of ¢, appear in the entire proof of Proposition 2.1.
Hence the implicit constants that depend on the number of derivatives taken
are independent of ¢q. This remark also applies to estimates in later parts of
the paper (e.g. mollification estimates).

3.3. LP decorrelation. We now introduce a crucial lemma from [5] that
will be used throughout the paper. Suppose we wish to estimate

| W,
for some arbitrary function f : T? — R. The trivial estimate is
| W, S 171l [Wee | .

Such an estimate does not however take advantage of the special structure
of the (27 Ao)~! periodic function W(g)e_“‘&'“”. It turns out that if say f has
frequency contained in a ball of radius p and Ao > p then one obtains the
improved estimate

| wee)

Sl

Wi !

L’
< Wi, This idea is

one of the key insights of [5] and is summarized in Lemma 3.7 below. For

which gives us the needed gain because HW(@’

convenience we include the proof in Appendix A.
LEMMA 3.7. Fiz integers M, k, A > 1 such that

2mV/3A 1 A
- < 3 and A —ar =
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Let p € {1,2}, and let f be a T3-periodic function such that there erists a
constant Cy such that

1D fllLe < Cp N

for all 1 < j < M + 4. In addition, let g be a (T/x)3-periodic function. Then
we have that

Ifgllze < Crllgllze

holds, where the implicit constant is universal.

4. The perturbation
In this section we will construct the perturbation wq1.

4.1. Mollification of vq. In order to avoid a loss of derivative, we replace v,
by a mollified velocity field vy. Let {¢c}eso be a family of standard Friedrichs
mollifiers (of compact support of radius 2) on R?® (space), and {¢:}e~0 be a
family of standard Friedrichs mollifiers (of compact support of width 2) on R
(time). We define a mollification of v, and inq in space and time, at length
scale and time scale ¢ (which is defined in (4.16) below) by

Uy = (Uq *x ¢€) *t ©p,
RZ = (éq *x (bé) *t e

Then using (2.1) we obtain that (v, R¢) obey

(4.1)

(42&) atUg + div (Uﬁ & Uz) + sz - A’U( = div (éﬁ + Ecommutator)a
(4.2b) divue, =0,

where the new pressure py and the traceless symmetric commutator stress
Rcommutator are given by

~ 2 2

De = (pq *z ¢€) *t Yp — <|U€| - (‘vq| *x Qbé) *t SOZ) y

43) 0 :
Reommutator = ('UZ®'UZ) - ((Uq®vq) * ¢€) *t Qe-

Here we have used a®b to denote the traceless part of the tensor a ® b.
Note that in view of (2.2) the commutator stress Rcommutator Obeys the
lossy estimate

(44) || Reommutator|, . S £lvg @ vllen S €l1vgllen lgll e < €A,

Lo ™

The parameter ¢ will be chosen (cf. (4.16) below) to satisfy

(4.5) (OXg1) ™2 < €< A0,
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In particular, R, inherits the L' bound of éq from (2.3), and in view (2.4) and
the upper bound on / in (4.5), we have that

(4.6) |Be]| o S AN SN,

N ~Y
Ct,x

Moreover, from (2.2) and the upper bound on ¢ from (4.5) we obtain the bounds

(4.7) lvg = vell oo S Lllvgllon S €A

(4.8) loellerr, S 7N logller S €70 S €77,

4.2. Stress cutoffs. Because the Reynolds stress ]Q%g is not spatially homo-
geneous, we introduce stress cutoff functions. We let 0 < X, x < 1 be bump
functions adapted to the intervals [0,4] and [1/4,4] respectively, such that
together they form a partition of unity:

(4.9) Xow) + D> Xi(y) =1, where Xi(y) = X(4'y),
i>1

for any y > 0. We then define

~ é@(.’lﬁ,t)
4.10 Az, t) =y ) =Y -
(4.10) X (T, 1) = Xig1(z,t) = X <<100>\qER5q+1>>

for all ¢ > 0. Here and throughout the paper we use the notation (A) =
(1 + |A|*)'/? where |A| denotes the Euclidean norm of the matrix A. By
definition the cutoffs x(;) form a partition of unity

2 _
i>0
and we will show in Lemma 4.1 below that there exists an index imax = imax(q),

such that X@) =0 for all i > imayx, and moreover that 4%max < ¢t

4.3. The definition of the velocity increment. Define the coefficient func-
tion ag; 441 by

1 éé
(4.12) Q(g) *= Qg+l = Pi/QXi,qul’Y(S) (Id N p-(t)) :

where for ¢ > 1, the parameters p; are defined by
(413) pPi = A;6R5q+14i+co

where cg € N is a sufficiently large constant, which depends on the e, in
Proposition 3.4. The addition of the factor 4°° ensures that the argument of
Y(¢) 1s in the range of definition. The definition py is slightly more complicated
and as such its definition will be delayed to Section 4.4 below; see (4.25) and
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(4.26). Modulo the definition of pg, we note that as a consequence of (3.14),
(3.15), (4.11), and (4.12) we have

(4.14) > > ]{rd (Wiey @ Wiy ) do = 3 pixtyld = Fi

>0 ££7€A ) i>0

which justifies the definition of the amplitude functions a).
By a slight abuse of notation, let us now fix A, o, r, and u for the shorthand
notation W ¢), W¢) and ) introduced in Section 3.2 (cf. (3.8), (3.11), (3.12)):

Wie) == Wer10mn Wiy = Wen and 1) = Ne g pr,00m 0

q+1
where the integer r, the parameter o, and the parameter u are defined by

3/4 5/4

_15/16
4+1s and = Agi1-

o=\

The fact that Aj+10 € N is ensured by our choices a € N and b € 16N. In order
to ensure A\gy1 is a multiple of Ny, we need to choose a which is a multiple of
Nj. Moreover, at this stage we fix

—20
(4.16) =22,

which in view of the choice of ¢ in (4.15), ensures that (4.5) holds, upon taking

Ao sufficiently large. In view of (4.16), throughout the rest of the paper we

may use either /2 < \;2%° or Ay 5 < AgF, with e > 0 arbitrarily small, to absorb

any of the constants (which are g-independent) appearing due to < signs in

the below inequalities. This is possible by choosing Ay = a, sufficiently large.
The principal part of qu is defined as

(4.17) wlh =30 Y ae Wee

i EeA)
where the sum is over 0 < i < ipax(gq). The sets A(,-) are defined as follows.
In Lemma 3.2 it suffices to take N = 2, so that « € {ap, a1}, and we define
A=A This choice is allowable since x;x; = 0 for [ — j| > 2. In order
to fix the fact that wéi)l is not divergence free, we define an incompressibility
corrector by

Oimod2"°

(4.18)

wly Z > V(agme) x Wi

A fEA( )

Using that div W) = 0, we then have

c) 1 1
(4.19) wl)) +wl?, = T2 > el (g Wig) = 5

qg+1 ¢ey q+1

curl (w

and thus

div (w((f_?l + wéﬁl) = 0.
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(c)

411, We introduce a tem-

In addition to the incompressibility corrector w
poral corrector w((] sz which is defined by

1
(4.20) wilii= 30 3 PaPro (afgniet)-

pe
tOLEAG

Here we have denoted by Py the operator which projects a function onto
its nonzero frequencies Pof = f — ng f, and have used Py for the usual
Helmholtz (or Leray) projector onto divergence-free vector fields, Py f = f —
V(A~!div f). The purpose of the corrector w((;j)rl becomes apparent upon re-
calling (3.17). Indeed, if we multiply identity (3.17) by a%g), remove the mean

and a suitable pressure gradient, the leading order term left is

— (V) PaPo(§afeOemie));

see (5.13) below. This term is not of high frequency (proportional to Ag4+1).
Moreover, upon writing this term as the divergence of a symmetric stress, the
size of this stress term in L' is §,41, instead of §,19; thus this term does not
obey a favorable estimate and has to be cancelled altogether. The corrector
w((;ll is designed such that its time derivative achieves precisely this goal, of
cancelling the —(1/M)IP’H]P’¢0(§(1 8t77( )) term.

Finally, we define the Veloc1ty increment wg41 by

t
(4.21) Wg1 := wfzi)l + wéﬂl + wéllv

which is by construction mean zero and divergence-free. The new velocity field
Ug+1 is then defined as

(4.22) Vg1 = Vg + Wy 1-

4.4. The definition of pg. It follows from (4.14) that with the p; defined
above we have

(4.23)
2
/ s Wig| de=3 > / aentr (Wig ® W) do
i>1 /T3 £ i>1 €8 €N
= Z Z / aé)tr ][ (W) @ W(_g)) do + error
‘ T3 T3
i>1 €A,
= ?)Z:pZ / X(z dx + error,
i>1

where the error term can be made arbitrarily small since the spatial frequency
of the a(¢)’s is ¢!, while the minimal separation of frequencies of Wiy @W_ (e
is Agr10 > ¢71. The term labeled as error on the right side of (4.23) above will



NONUNIQUENESS OF NAVIER-STOKES WEAK SOLUTIONS 119

be estimated precisely in Section 6 below. We will show in the next section,
Lemma 4.3 that

(4.24) sz/ X(z dr S 6g+10; 7"

i>1

In order to ensure (2.5) is satisfied for ¢ + 1, we design pg such that
2

/11" Z a@yWee| dr= e(t) :=e(t) — / \fuq\ dr — 32/% /T3 X? dz.

’ §€A o) i>1

We thus define the auxiliary function

(4.25) p(t) == 3|1'1T3| (/11‘3 Xa da:)l max (g(t) - 5q—2+2, O) .

The term —%+2/2 is added to ensure that we leave room for future corrections
and the max is in place to ensure that we do not correct the energy when
the energy of v, is already sufficiently close to the prescribed energy profile.
This later property will allow us to take energy profiles with compact support.
Finally, in order to ensure p(l)/ ? is sufficiently smooth, we define pg as the square
of the mollification of p'/? at time scale ¢

(4.26) o= ((0") % 00)".

We note that (2.5) and (4.34) below imply that

1
(4.27) lpollco < 20441 and Hﬂo/

12 y-N
for N > 1. By a slight abuse of notation we will denote

By :{pfé) if xo # 0 and Ry 0,

po(t) 0 otherwise.

Observe that if xo # 0 and R, # 0, then (2.6) and (4.24) ensure that po > 0.

In order to ensure that Id — p%) is in the domain of the functions 7 from

Proposition 3.4, we will need to ensure that
R
po(t)

We give the proof of (4.28) next. Owing to the estimate

o0 [ o0 do—e(t) ~ [ oyt t)f

<e

(4.28) ‘ <e,

Le= (supp x(0))

da < 0
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for ' € (t — £,t + ¢) which follows from Lemma 6.1 in Section 6, and the
inequality ¢'/2 <« dg+1, we may apply (2.6) to conclude that it is sufficient to
check the above condition when

Og+1
t) — )2 do > L=
6( ) ’]I‘S |UQ($7 )‘ €z — 200
Then by (4.24), the above lower bound implies
- Og+1
t) > 4=
M = 00

and thus

L <5q+1 5q+2) > Og+1
400 2

t) >
p()—mri%\ = 500
where we used (4.34) from Lemma 4.3 below to bound the integral. Finally,

using the estimate (6.4) from Section 6 we obtain

Og+1
t) > L=

Since on the support of yo we have ‘éz‘ < 1000\, “Rg4+1, we obtain (4.28).

4.5. FEstimates of the perturbation. We first collect a number of estimates
concerning the cutoffs x(;) defined in (4.10).

LEMMA 4.1. For q > 0, there exists imax(q) > 0, determined by (4.31)
below, such that

X@) =0 forall i>imax.
Moreover, we have that for all 0 < i < imax
(4.29) pi S Aimex <ot

where the implicit constants can be made independent of other parameters.
Moreover, we have

imax
1/ - 1
(4.30) S pi*2i <36
=0

Proof of Lemma 4.1. Let i > 1. By the definition of X; we have that
x(i) = 0 for all (z,t) such that

-1 —1 £ i—
(1007 A\;7 0, Ry(x, 1)) < 41
Using the inductive assumption (2.4), we have that

|l <

Lo ™

or 5[

10 10+ep
Cl S Cmax)\q S Aq
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since the implicit constant Cp,ax is independent of ¢ and of eg (it only depends
on norms of the mollifier ¢ used to define R;), and thus we have Cpax < )\ZR.
Therefore, if 7 > 1 is large enough such that

<100—15(1—J:1A;0+28R> < 47;—2,

then x(;) = 0. Therefore, as eg < 1/12 and since we have
<100715q—+11/\50+253> < <5q_421)‘;0+1/2> < 5(1_431)‘(111
for all ¢ > 0 (since b is small), we may define iy,,x by

(4.31) imax(¢) = min {i > 0: 4772 > \lg 1}

Observe that, the first inequality of (4.29) follows trivially from the definition
of p; for i > 1 and (4.27) for ¢ = 0. The second inequality follows from the fact
that )\éléq_ﬁl < ¢~1, which is a consequence of b3 being small. Finally, from
the definition (4.13) and the bound (4.27) we have

Z pll'/22fi < 25;&1 4 9¢ E : )\(;63/25261
i=0 =1
1 C —€R -
< 0 (24200723 + logs (A9 .))) -

Since /\éléq_ﬁl < )\20, which is a consequence of $b being small, we can bound

the second term above as
29002 (3 + logy (AL10.1)) < 2900 "2(3 4+ 201og, (A)) <1

by taking a (and hence \;) to be sufficiently large, depending on er and c.
This finishes the proof of (4.30). O

The size and derivative estimate for the x(;) are summarized in the fol-
lowing lemma

LEMMA 4.2. Let 0 <4 < ipax. Then we have

(4.32) HX(i) 12 S 27",
(4.33) e on SN N
for all N > 1.
Proof of Lemma 4.2. We prove that
HX(i) s 47,

so that the bound (4.32) follows since x(; < 1, upon interpolating the L? norm
between the L' and the L™ norms.
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When i = 0, ol < |T3 HX(O)HLOO <1< 47% For
i > 2, we use the Chebyshev’s inequality and the inductive assumption (2.3)
to conclude

)

x| < sup | {70 < Ao Be(r,1)/100) < 47|
< sup‘{x 471 < A€R5q+1\R4(x,t)|/100 + 1}‘

< sup’ x: 100)\;535q+14’_2 < |}02@(x,t)]}'

€R —1
< ER —1 —1
)\ 5q+14 LooLl ~ 4 ’

proving the desired L! bound. In order to prove the estimate (4.33) we appeal
to [2, Prop. C.1], which yields

oy, = Jossitit o0, +[ogmsteon]y,

SO i+

1
Ct,o;

S

S A[110£7N+1 _i_)\éON g AlOelfN’

where we have used that 6,41 < 1 and (2.4). O
LEMMA 4.3. We have that the following lower and upper bounds hold:
(4.34) / dx > ”]1‘3‘
’ T3 ( ) 2
(4.35) sz/ x(l z,t)dr S A 01
i>1

Proof of Lemma 4.3. By Chebyshev’s inequality, we have

. -1 T3] || B |T| T3
{$| ‘RZ’ > 2A[]—€R6q+1 ‘VHB‘ }’ < _UR L1 < o 1 < | |’
270 g1 2Xq "0q41 2
where we have used (2.3). Then from the definition of x ) we obtain (4.34).
Observe that by definition,

1 Rg
sz/ Xydr S Y (410X <@ <_>> dz
i>1 ® i>1 4 100Aq 5R5q+1

< el <
from which we conclude (4.35). O

—€R
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LEMMA 4.4. The bounds

(4.36) la| . S 27 S5/,
(4.37) Joo o £ 0" < 00002
(4.38) Ha(f)Hcgt <N

hold for all 0 < i < imax and N > 1.

Proof of Lemma 4.4. The bound (4.37) follows directly from the defini-
tions (4.12), (4.13) together with the boundedness of the functions (¢ and pg
given in (4.27). Using (4.32) additionally, the estimate (4.36) follows similarly.
For (4.38), we apply derivatives to (4.12), use [2, Prop. C.1], estimate (4.33),
Lemma 4.1, the bound (4.6) for Ry, the definition (4.16) of ¢, and the bound
(4.29) to obtain the following estimate for the case i > 1:

Ha(g)Hcﬁt <ol <Hx<z~>

1 e (1= Pfléﬁ)“c;yt

oy, o 1720 )

o el

10p1—-N
+ AL )

_1/ -N
T 0 )

(4.39) Snl (pfl |7 o

</ (pi‘lf—NH ”éf‘

Cl

~ 7

cl, 2 HRK

1 1 _ i,

59/2( ilg N+1)\c110+/)¢ 1)\(110N_’_pi /2 N)

<N,
For ¢ = 0, the time derivative may land on p(l)/ ®. We use (4.27) to estimate this
contribution similarly, by loosing an ¢~! for each time derivative. U

PROPOSITION 4.5. The principal part of the velocity perturbation, the in-
compressibility, and the temporal correctors obey the bounds

@ il = Yt

(4.41) q+1' - wa(zt)rl‘ 12 S T K
(442) qu+1HW1p + H ‘1+1HW1 » T qu‘|'1”W1 IS SO,
(4.43) HatquH + HatquH <02 +10/u”5/2‘3/”,
(4.44) qu'HHCN + H q‘HHCN 4 H ‘1+1”CN <5 ((191:15N)/2

for N € {0,1,2,3} and p > 1, where M is a universal constant.
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Proof of Proposition 4.5. For i >0, from (4.36) and (4.38) we may estimate

|DNage)| . S 65007,

where we have used that (4, i{Q = )\[1_20+f3b < 1, which follows from the restric-
tion imposed on the smallness of 8b. Since W ¢) is (T/A.410)? periodic, and the
condition (4.5) gives that =2 < \;410, we may apply (3.18) with N = K =0
and Lemma 3.7 to conclude

Ha(aW(s)\ (5)(

Upon summing over i € {0, ..., imax}, and appealing to (4.30), we obtain (4.40)
for some fixed constant M independent of any parameter.
In order to bound the L? norm of wé?l, we use (3.19) and Lemma 4.4 to

estimate

WD)

L S0 Po

1
LQNIOz

1
—V(a x W,
ot ((@77(5)) ©

L2

<5 o — ([vao] o el o + oo [0 ] ,2)
S et )\q+1 <£ T 6;f12 )\q'HUT)
< 8. 20or,

where we have used that £=! < )\q+15;flar, which follows from (4.15)—(4.16)
since b is sufficiently large. Analogously, bounding the summands in the defi-

(t)

nition of w,{;, we have

Sq14'7°
T
Summing in i € {0,...,imax} and &, and employing (4.29), we obtain

<

~

1 1 2
HQMIP’H]P’#o (aé)”(?»s)*f)HL2 S P lallZe H%)) L4

1
5q/+21‘77' Og1r™? < L/251/2
L2~ e m fp Ot

quH + quﬂ

In the above bound we have used the inequality ¢/ < o172, which follows
from (4.15)—(4.16).

Now consider (4.42). Observe that by definition (4.17), estimate (3.18),
and Lemma 4.4, we have

qu+11\W1p~Z Z laells,
(4.45) SZ Z = )\q+17’3/2 3/p

% ﬁEA(i)
N 5—2)\%17“3/2_3/;;.

whp
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Here we have also used (4.29) in order to sum over i. For the analogous bound

on wé?l, using (3.19) and Lemma 4.4 we arrive at

Aqlﬂv (ame) x Wi .
& Aqlﬂ (Hvz (“(6)77(5)>‘ 1 T e HV (a(g)n(g)) Lp)
: HGA(Z‘{C (e e, + Aot [ )
S o (A 07“)27“3/2_3/"—1-5/\2 or’ /P
~ )‘q+1 q+1 )\q+1 q+1

S 02 (1),

where we used Aq1107 < Ag+1. The above bound is consistent with (4.42)

for w((;zl since summing over i and ¢ loses an extra factor of £~! that may be

absorbed since ¢~lor < 1. Similarly, in order to estimate wéil we use the

bound (3.19) and Lemma 4.4 to obtain

1
HHPHMO (afe)meé) H

Wwlp
L 2
S Y A
< Lt g,

Summing in ¢ and § and using (4.29) we obtain

t 1 5,4 _3 _ 3/0_3 0'7"5/2
Hw‘g'*)'lHWLP S ;5 /25q§1(Aq+1UT)T3 /prSE 2)‘q-i-l7" /2 /pT-

Thus (4.42) also holds for w((;j)rl, as a consequence of the inequality or”2 < p,
which holds by (4.15).

Now consider the L? estimates of the time derivatives of w((ﬁr)l and w((;zl.
Estimates (3.18) and (4.38) yield

ol 23 3 o]

o o)

Lp
i EeAg)
S5 T o
i EGA('L)

SO 2o,
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Similarly, using (3.19) and (4.38), we obtain

pS2 2|5

7 fEA( )

9 (V (a@ymie) x W)
qu

Lp

)|,
i LEAG

ZZH

S gi10%ur e,

2, (12 v+ 0 1)

(1+1

which is a bound that is consistent with (4.43), upon noting that £~lor < 1
holds.

For N = 0, the bound (4.44) holds for w); in view of (3.18), (4.38),
(4.29), and the fact that (~1r%? < A / . For the derivative bounds of wf(ﬁ)l,
we use (3.18) and (4.38) to conclude

—N N 3
. < Il [Pl 5 unomss
from which the first part of (4.44) immediately follows in view of our parameter
choices (4.15)—(4.16). Indeed, (4.15) gives Agp10rp = )\qflﬁ = )\2+1)\q/+1§ and
r? )\q/f:l The bound for the CX ', norm of wé le and wéll follows mutatis
mutandis. (]

In view of
the definitions of wg41 and vgyq in (4.21) and (4.22);
the estimates (4.7) and (4.8);
the identity vg41 — vg = wer1 + (ve — vg);
the bound E/\géqif + 0717271 < 1, which holds since b was taken to be
sufficiently large,

the estimates in Proposition 4.5 directly imply

COROLLARY 4.6. For N € {0,1,2,3} and p > 1, we have
3M51/2

(4.46) [wg+1ll2 < 3 Ya+1
(4.47) logr1 — vgll 2 < M6./2,

(4.48) gt lyiw S €2 Agar™ e,
(4.49) lwgllo, < A;;T”/i
(4.50) legsilloy, < A;iﬁ””
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Therefore, setting N = 1 in the above estimate for v,4; we have proven
that (2.2) holds with ¢ replaced by ¢ + 1. Also, (4.47) proves the velocity
increment bound we have claimed in (2.7).

5. Reynolds stress

The main result of this section may be summarized as follows:

ProproSITION 5.1. There exist a p > 1 sufficiently close to 1 and an
er > 0 sufficiently small, depending only on b and B (in particular, independent
of q), such that there exist a traceless symmetric 2 tensor R and a scalar
pressure field p, defined implicitly in (5.7) below, satisfying

(5.1) Ovg41 + div (vg41 ® vg41) + VD — VAV = div R
and the bound

> -2
(5.2) IR, S Afim0gre,

where the constant depends on the choice of p and ep.

An immediate consequence of Proposition 5.1 is that the desired inductive
estimates (2.3)—(2.4) hold for a suitably defined Reynolds stress ]D%qH; see (5.5)
below. We emphasize that compared to E, the stress Iséqﬂ constructed below
also obeys a satisfactory C! estimate.

COROLLARY 5.2. There exists a traceless symmetric 2 tensor Rq+1 and a
scalar pressure field pg41 such that

Ovg41 + div (Vg1 @ vg41) + Vpge1 — VA = div éq+1.
Moreover, the following bounds hold:

(5.3) Héq-l—l) s Agti 0g+2,
(5.4) | Ry o, S Al

Before giving the proof of the corollary, we recall from [2, Def. 1.4] the
2-tensor valued elliptic operator R that has the property that Ruv(z) is a sym-
metric trace-free matrix for each z € T2, and R is a right inverse of the div
operator, i.e.,

divRv =v — ][ v(x)de
T3

for any smooth v. Moreover, we have the classical Calderén-Zygmund bound
IIVIR||1p—rr < 1, and the Schauder estimates ||R| ;p_ 0 + [Rllcoco S 1,
for p € (1,00). Since throughout the proof the value of p > 1 is independent
of ¢, the implicit constants in these inequalities are uniformly bounded.
Proof of Corollary 5.2. With R and p defined in Proposition 5.1, we let

(5.5)  Rgp1 =R(PgdivR) and  pgi1 =p— A~ divdiv R.
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With the parameter p > 1 from Proposition 5.1, using that ||Rdiv ||, ;» S1
we directly bound

|20
The estimate (5.3) then follows since the factor )\q 11 can absorb any constant

if we assume a is sufficiently large.
Now consider (5.4). Using equation (5.1) and the bounds of Corollary 4.6

5 e, £ ], 5500

we obtain

= | RPu( dwR)]

o]

1

S 10g41 + div (vg41 ® vg41) — VAVg4 ][
N Hé’tquHcl + lvg+1 ® Uq—HHcZ + qu—l—lucs
S A

< 1. Similarly, we have that

~

by using the Schauder estimates ||RP || co_,co

|01 |, . S 100@ger + div (vg41 @ vgs1) = A1) | o

oo
+ 10i0g41 @ vgrallen + 10rvg41ll o

2
S H@ Vet o
)\l]+17

which concludes the proof of (5.4) upon using the leftover power of \;11 to
absorb all ¢ independent constants. O

5.1. Proof of Proposition 5.1. Recall that vy41 = wgy1 + ve, where vy is
defined in Section 4.1. Using (4.2) and (4.21), we obtain

(5.6) div R— VD = —vAwg1 + 0 (w (p)l—i—wl(]ﬁl)—l—dlv (Ve ® Wgt1+Wet1 @ vg)
+div ((wéi)l —l—w((ﬁ)l) ® Wan +w§+)1 ® (wé_21+w(t) ))
+div (W @ w®) + Re) + 8wl
+div (Rcommutator) Vg

(57) =:div (Rlinear + Rcorrector + Eoscillation + ﬁcommutator)
+ V(P —pp).

Here, the symmetric trace-free stresses Elinear and Ecorrector are defined by
applying the inverse divergence operator R to the first and respectively second
lines of (5.6). The stress Reommutator Was defined previously in (4.3), while the
stress Eoscillation is defined in Section 5.3 below. The pressure P is given by
(5.11) below.

Besides the already used inequalities between the parameters, ¢, r, o, and
Ag+1, we shall use the following bound in order to achieve (5.2):
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-2 5/2—3 3/2)—1, —1\1/py3(1=1/p)
2o (PP )/”A(H_l
(5.8) y3=3/p ord—3/e

—10 —2¢eR
T Bage T B T S e O

In view of (4.15)-(4.16), the above inequality holds for b sufficiently large, g
sufficiently small depending on b, parameters eg,p — 1 > 0 sufficiently small
depending on b and 3, and for A\g = a sufficiently large depending on all these
parameters and on M.

In view of the bound E)\S < )\q_lo, the estimate (4.4) for Reommutator i
consistent with (5.2). Hence it remains to consider the linear, corrector and
oscillation errors in (5.7).

5.2. The linear and corrector errors. In view of (5.2), we estimate contri-
butions to the R coming from the first line in (5.6) as

‘ ’ Rlinear

L S IR@Aw )l + [R@(w +wi)]
+ |RAiv (ve @ wg1 + wgr1 @ ve)l|1p

Slhegirlhpns + 5 oRent (w21},

Lp

+ l[oell oo llwg+ll Lo

1
. (»)
(59) 5 /\q ”wq—l—lnwl,p + m Hatwail Lp

< /\3572)‘q+1r3/273/p + 572)‘11—1-10#7"5/273/17

q+1
< K*QU,urE)/Q*S/p,

where we have used v < 1, /\3)\%1 < opr, the identity (4.19), the inductive
estimate (2.2) to bound |lvg| ;e S |lvellon S llvgllor, estimates (4.43) and
(4.48). Next we turn to the errors involving correctors, for which we appeal to
LP interpolation, the Poincaré inequality, and Proposition 4.5:

< HRdiV ((wéle + wf;tll) ® Wet1 + w((f—)&-)l ® (wéﬂl + wé?—l))’

Reorrect
H corrector L

Lr
c t c 1-1/p
S H(wt(1421 +w¢(1421) ®wq+1 I ( 5421 +w¢(;421) ®wq+1H
p 1-1/p
+ ‘w((zz—?1 ® (w ((1—21 er((]-i)-l) I ((11331 ®( q+1 +w q+1 H

el

S
< (r 3/26—1M—1)1/p>\qs_11 l/p)‘

Due to (5.8) this estimate is sufficient.
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5.3. Oscillation error. In this section we estimate the remaining error,

Roscination, which obeys
(510) div (Eoscillation) + VP =div (w((ﬁ)l X ’U)((Izjr)l + é@) + 6tw(521;

where the pressure term P is given by

1
P=3 pixtyt52 2 a9uePro(We W)

i>0 1.5 §EA(;) & EN()
(511) 1 1 2 2
=2 > SATdivor (afyne) -
ogeAd g

Recall that from the definition of wéﬁ)l and of the coefficients a(), via
(4.14) we have

(5.12)

div (wéljr)l ® wéﬁ)l) + div R,

=2 > div(agae Wi @ W) +div R
13 EEA ), €A

= Y div (ague (We © We, - ][ Wi @ W, dr) )
RYRSSINORISIE) T

+V (Z PiX%i))
i>0

=3 > div (agaE)Peanes (Wi @ W)
iJ €M) EA()

+V (Z Pz’X%@) .
i>0

Here we use that the minimal separation between active frequencies of W ¢ @

Eeery

W ¢y and the 0 frequency is given by Ay 10 for & = —&, and by cadgy1 > Agr10
for & # —&. We proceed to estimate each symmetrized summand EgentEg ¢
individually. We split
e + B 6) = Pro (Poasaep (Wie) @ Wiey + Wiey @ Wig) V (aace)))
+Pro (ayae)div (Wg) © We) + Wey @ Wee) )
= Ege 1)+ Eeg 2)-

Here we used the fact that E¢ ¢y + E¢ ¢y has zero mean to subtract the mean
from each of the the two terms on the right-hand side of the above. We have

also removed the unnecessary frequency projection Ps»,. o5 from the second
term.
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The term E¢ ¢ 1) can easily be estimated using Lemmas 4.4 and B.1,
estimate (B.2), with A = /=1, C, = {72, k = X+10/2, and L sufficiently large, as

HRE(g,g',l)HU, S H!VI*I Eee ||

< IV B0 (Borsiaes (Wiey @ Wie) ¥ (aggracen))

Lp

1 1
S 1+ Wi ® We
62)\(14_10' ( gL ()\q+10.)L—2> H (5) (f ) Lr

1
< -
~ P10 ”W(f)
P33/

~ 62)\q+10' ’

Wiery

L2p L2p

In the last inequality above we have used the estimate (3.18), and in the second
to last inequality we have used that for b sufficiently large and L sufficiently
large, we have =% (A\,110)27L < 1. Indeed, this inequality holds under the
conditions L > 3 and ®(L -2)/16 > 20L. After summing in i and £ we incur an
additional loss of £~1. By (5.8) this bound is consistent with (5.2).

For the term E(¢ ¢ 9), we split into two cases: £+ ¢' # 0 and £ + & = 0.
Let us first consider the case £ +&" # 0. Applying the identity (3.16) and using
(3.14), we have

ag)agendiv (Wig) © Wiy + Wg) @ W)
=agae) (Wey -V (memen)) Wee + (Wee - V (memen)) Wien)
+agaeyne eV (W - Wie)
= agae)Poear, s (V (een) (Wiey © Wiey + Wigy © Wier)))
+V (g ae)Wie) - Wien) = V (ag)a¢)) Prearsin (Wiee) - Ween)
= )\ Peyr, 0 (Wi - Wien) Vimenie)) -
The second term is a pressure, and to the remaining terms we apply the inverse
divergence operator R. We estimate R applied to the third term analogously
to E(¢¢r 1), and R applied to the fourth term can be estimated similarly to the
first term. Thus it suffices to estimate R applied to the first term. Applying

(3.19), Lemma 4.4, estimate (B.2) of Lemma B.1, with A = =1, C, = 72,
Kk = cAMAg+1, and for b and L sufficiently large (L > 3 and b(L — 2) > 20L
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suffices), we obtain

HR (&) Poenrgss (V (meme)) (W< &) @ Wig) + Wiey @ Ween)) )

v ( :
< < ) H 77(5 )

P
~ EQ

Lp

Summing in ¢ and i we lose an additional £=! factor. By (5.8) this bound is
consistent with (5.2).

Now let us consider E(¢ ¢ 9) for the case £ + & = 0. Applying the identity
(3.17), we have

Ee,—¢2) = Po (@?OW(Q@ afe) 6(9t( e )))
(5.13) =V (agg)P>r,10p (77(29)) P20 (Poagie (1)) Vaie)
1 1
- pat“”aéo (afeyme€) + ;Psﬁo ()0 (afe)) €) -

Here we have used that P;éo??é) = Poxpi0 /277(25), which holds since 7 is
(T/Ag110)3-periodic. Hence, summing in ¢ and 4, using that M) = N(—¢), bairing
with the 8tw((]tll present in (5.10), recalling the definition of wffll in (4.20), and
noting that Id — Pz = VA~!'div, we obtain

SN Bleen + ol
bgEA,

=V X X afgParep (1)

@ feA(l)
_ 2 2
(5.14) zi:se%:a B0 (P2rvops (1)) Vale)
-V X A tdiv 9 (ateynfe)€)
i £€A
+ Z > Pro (0 (afe)) €) -
i feA(”

The first and third terms are pressure terms, and to the remaining terms we
apply the inverse divergence operator R. Thus it suffices to estimate R applied
to the second and the last term above. We split the second term of (5.14) into
its summands, apply R, and estimate each term individually, similarly to the
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estimate of RE ¢ 1y. Using (3.19), Lemma 4.4 and Lemma B.1, estimate
(B.2), with A = £=1, C, = £72, k = Xa+19/2, and for b and L sufficiently large
(L >3 and oL —2) /16 > 20L), we obtain

(5.15)

1R (Posi12 (1)) Valy) )|

1 1
< 1+
> ™ PAgp0 ( ek (Aq+10)L2>
r3=3/p

~ Prg1o

Summing over ¢ and i we lose a factor of ¢~!. Lastly, applying R to the
last term on the right side of (5.14), the bound on each summand is a simple
consequence of (3.19) and Lemma 4.4:

(5.16) R fZ > Pao (0lafe)nie)

i geAl, .
§;Z > [oratorntes],,
bogeAd,
1
$p2 X el e I 0

(%)
< LS 15 i3
"

q+1

€—2r3—3/p < ,,,.3—3/1)

where we have used that Agy10 < p. Using (5.8), the bounds (5.15) and (5.16)

are consistent with (5.2), which concludes the proof of Proposition 5.1.

6. The energy iterate

LEMMA 6.1. For all t and t' satisfying |t —t'| < 2¢, and all i > 0, we
have

(6.1) e(t') —e(t")| < 07,

(6.2) ‘/ [vg (2, 1) dx—/ ]vq z, )| dx| < 07,

(6.3) [ (80~ at)) do| S
T3

(6.4) lo(t) = p(t')] S £,
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Proof of Lemma 6.1. In the proof of the lemma, we crudely use a factor
of A, to absorb constants. First note that (6.1) follows immediately from the
assumed estimate HeHCtl < M,. Using (2.2) we have

\ / oy, t)[2 dar — / g, ) de| < €llugllZ < A%,
T3 T3 t,x

which implies (6.2). The estimate (6.3) follows in a similar fashion, from
Lemma 4.2. Finally, (6.4) follows directly from the definition of p(t), (4.34)
and the bounds (6.1)—(6.3) above. O

LEMMA 6.2. If po(t) # 0, then the energy of ve41 satisfies the following

estimate:
2 Ogt2| _ Ogy2
(6.5) — [ g ) do - 22 < L2,
T

2 |17 4

Note that the above lemma implies that if po(t) # 0, then

St
(0~ [ Ioute 0 do > S,

and thus (2.6) is an empty statement for such times.

Proof of Lemma 6.2. By definition we have
(6.6)

[, a0 do= [ jode0f do
T3 T3

+ 2/ We1(z,t) - vp(z,t) do +/ lwgi1 (2, 1)[* da.
T3 T3

Using (4.14), similarly to (4.23), we have that

/‘wqﬂxt da:—3sz/X (z,t) dx

>0

= X / L UOUENP2r 10 (Wie) - Wiegr))da =2 Ep(t).
1,7>0€EA ;)& EA()

Using the standard integration by parts argument
[ 1Posgdel =1 [ 1911917 By S Nl "
with L sufficiently large, we obtain from (4.38), since £~! < A\ 410, that

(6.7) ‘/ ’wqﬂazt dx—BZpZ/ X(z (x,t)dx| =

= |E,(1)] < £
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We consider two sub-cases: p(t) # 0 and p(t) = 0. First consider the case
p(t) # 0; then using the definition of p, we obtain

32[)2/ XGy (@, 1) dzx

>0

= 30(t) [ Xyt da
3 ()=o) [ olede 335 [ 3o 0o

T8 i>1
)
—clt) = [ lla ) do+ 3 0o0(0) = plt) [ st do - P52
T3 T3 2
For the case that p(t) = 0, we have that by continuity for some t' € (t—¢,t+7),
)
e(t’) —/ |vq(az,t/ dx _SZPZ/ Xz z, t’ dor — 2972 _ .
T8 i>1 2

Thus applying Lemma 6.1 we conclude that for either case p(t) # 0 or p(t) = 0,

0
3% pi 2 (z,t)dx — e(t 2 do + 242
S [t de—et)+ [ ool dot 2

>0

When p(t) # 0, in the above estimate we have used the bound |pg(t) — p(t)| <
'/, which follows from the definition of py in (4.26) and the estimate (6.4)
established earlier.

Observe that using (2.2), the definition of vy, and (4.7) we have

(6.9)

‘/11‘3 |Uq($,t)’2dx — /1r3 vg(z, t)[2dz

Further, using also (3.13), (4.8), (4.38), and integration by parts, we obtain

(6.8) <

S Mlvgll oo [ve = vgll Lo S Ao < 0,

~ q

‘/ Wat (7, ) - ve(2, t)' dv < quﬂ +wz(1t421

22

i>0 £€A ()

< €_27"3/2/f1 + Z:Ogg\: )\q—ﬁ Ha(g)chN
g (i)

L leellen

/ © (@, t) - ve(w,t) dz
T3

S R P

In the last line we have used (4.15) and the fact that summing over £ and 4
costs at most an extra £~!'. Taking N sufficiently large, we obtain

(6.10) ‘ /T g 0) vl )| de S OONE S 08,
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upon taking b > 400. Using (4.40) and (4.41) yields

/ [wyr1(z,t)[*de — / ‘wqﬂzxt

(p) (t)
(6.11) S (lwgrall o + [0 | L) (Jwih]] . + [0 ,.)
< (Sq—i-lg_llu_1
< '
Thus we conclude from (6.6), (6.7), (6.8), (6.10) and (6.11) that
J
/ [Vg+1(, 1) 7(];2 SO
from which (6.5) immediately follows. O
LEMMA 6.3. If po(t) =0, then vg41(-,t) =0, éq+1(-,t) =0 and
30
(6.12) o(t) = [ lopsa(a ) < 22
T

Proof of Lemma 6.3. Since po(t) = 0, it follows from the definition of pg
and p that for all ¢’ € (t — £, + (), we have

1)
e(t') — \vqxt 33—32[)@/ la, ') do < 242
T3 i>1 2
Using (4.35), this implies that
)
(6.13) o) = [ ot do =242 £ 2906,

Using that A % and the ratio dg+20, +11 can absorb any constant, from (2.6)
we conclude that v,(-,t') = 0 and Jf?q(‘,t’) =0forallt € (t—¢t+{). Hence
vg(+,t) = 0 and Ry(-,¢) = 0. This in turn implies that y;(-,t) = 0 for all i > 1.
Since in addition po(t) = 0, it follows by (4.12) that a(¢)(-,t) = 0 for all i > 0,
and thus that wg41(-,t) = 0. Hence we have that vgyq1(-,t) = 0. Moreover,
since the {x;(z,t)}i>1 and p(l)/ ?(t) are nonnegative smooth functions, it follows
that Oyx;(-,t) = 0 for all ¢ > 1 and that 8tp(1)2(t) = 0. Hence we also obtain
Orae)(+,t) = 0, and from the definition of wq41 we have 9wy 1(+,t) = 0. Since
vg vanishes on (t — £,t + ) and vy, wey1, Opweyr, Ry, all vanish at time ¢, it
follows from (4.3) and (5.7) that R(-,t) = 0, and therefore ]%q+1(',t) =0.

Using (6.13) and (6.9) (note that £~'/* may be used to absorb constants),
we obtain

- [ ot e = [ e+ [ e = [ o

< 2Yat2 g/4<i_
- 8 * - 4
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In the last inequality we used that Bb? is sufficiently small. Hence we obtain
(6.12). O

We conclude this section by using Lemmas 6.2 and 6.3 to conclude (2.5)
and (2.6) for ¢+ 1. Observe that the estimates (6.5) and (6.12), together imply
(2.5) for ¢ + 1. From (6.5), if

0,

2 q+2
- x,t der < ——=
/]I‘3 |Uq+1( ) )| = 1007

then po(t) = 0. Hence from Lemma 6.3 we obtain that v,41 = 0 and Rq+1 =0,
from which we conclude (2.6).

Appendix A. L? product estimate

Proof of Lemma 3.7. For convenience we give here the proof from [5]. We
first consider the case p = 1. With these assumptions we have

sl < 3 /T 1fol

where T} are cubes of side-length 2% For any function h, let h; denote its
mean on the cube T;. Observe that for x € T}, we have

2)| = |7+ f(@) = 7}
< [7i]+ sup|£(2) -7

<|f;] + %\f sup| D
< |7,| + 27” DR + QW‘f sup Df - DF,|
S\fij\ijwsup\D?f»
<|7; (+ sup\DQf]]Jr—sup\DQf D2fy|.

Iterating this procedure M times we see that on 7T} we have the pointwise
estimate

M
F1< > @nv3 )™ [D7 | + (27 VBr M [ DM f| .

m=0
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Upon multiplying the above by |g| and integrating over 7}, and then summing
over j, we obtain

M
gl <3 | (!a! D (2mvan )" \Dmfjo o
j 7T m=0

+(2mV/3e™ )M DY £l oo gl 1

M

—1\m 1 m
< Z (27r\/§/-i h (Z W | D f||L1(Tj) ||g||L1(Tj)>
m=0 J J

+2nV3HM DY f e gl -
Since g is a T)j-periodic function, we have

_ T
HgHLl(T?’) = W HQHLl(Tj)

for any value of j, and since the interiors of the {7} are mutually disjoint,
based on the assumption on the L' cost of a derivative acting on f and the
Sobolev embedding, we conclude from the above that (here we used the Sobolev
embedding of W4+hl ¢ [*)

1 l — m m
19l ersy < 9] gl prersy D (V3™ [ID™ fl 11 sy
m=0
+ (2mv3s™ )M DM F| L1l g | 1
1 M )
< ] gl 1. ersy 20(277\/5/‘0_ )T Cy

+ (2r V35 MO g
< (1+ 2T lgll ooy

The case p = 2 follows from the case p = 1 applied to the functions f2 and g2,
and from the bound

D7 < 3 (I i+l < 3 () amcs = 2nc
k=0 k=0

Here we are thus using that drv/3BA~1 < 2 /3 < 1 so that we have a geometric
sum. O

Appendix B. Commutator estimate

LEMMA B.1. Fiz k > 1, p € (1,2], and a sufficiently large L € N. Let
a € CF(T3) be such that there exists 1 < X\ < k, and C, > 0 with

(B.1) HDJ@HLOO < CN
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for all 0 < j < L. Assume furthermore that [5 a(x)Psyf(x)dz = 0. Then we
have

©2) 9 @ Panh)], 5 0o (14 2 ) e
. >K Lr ™~ a HL_Q P
for any f € LP(T?), where the implicit constant depend on p and L.

Proof of Lemma B.1. We have that

’v‘_l(a P>if) = ‘V’_l(PS'ﬁha P>y f) + ‘v’_l(PZN/ﬂL P>y f)

(B.3) - .
= (P2 V) (Panpa Po f) + V[T (Porppa Py f).

Note that [is P>.pg(z)dr = 0 for any function g, and thus the assumption
that a P>, f has zero mean on T3 implies that PsrpalP>, f also has zero mean
on T3. We then use

[

LP—LP

which is a direct consequence of the Littlewood-Paley decomposition, and the
bound

<1

Lp—pp ™~ 77

19178 20|

which is a direct consequence of Schauder estimates (see [22]). Combining
these facts and appealing to the embedding W1#(T3) ¢ L>®(T3), we obtain

< UpcopaPand],, + [ ot

r ™

V17! (@ Pxf)

b

Fllzw
) e

K

)w

K

< (lall o + # || P2

S (lallpe + &27" | D*Ponpal,

L
) A2l Y 11
< | tall e + 21 -

K

The proof of (B.2) is concluded in view of assumption (B.1). O
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