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Sharp phase transition for the
random-cluster and Potts models
via decision trees

By Huco DUMINIL-COPIN, ARAN RAOUFI, and VINCENT TASSION

Abstract

We prove an inequality on decision trees on monotonic measures which
generalizes the OSSS inequality on product spaces. As an application, we
use this inequality to prove a number of new results on lattice spin models
and their random-cluster representations. More precisely, we prove that

e For the Potts model on transitive graphs, correlations decay exponen-
tially fast for 8 < ..

e For the random-cluster model with cluster weight ¢ > 1 on transitive
graphs, correlations decay exponentially fast in the subcritical regime and
the cluster-density satisfies the mean-field lower bound in the supercritical
regime.

e For the random-cluster models with cluster weight ¢ > 1 on planar
quasi-transitive graphs G,

pe(G)pc(G™) _
= p@)—p@) ~ 7

As a special case, we obtain the value of the critical point for the square,

triangular and hexagonal lattices. (This provides a short proof of a result
of Beffara and the first author dating from 2012.)

These results have many applications for the understanding of the subcrit-
ical (respectively disordered) phase of all these models. The techniques
developed in this paper have potential to be extended to a wide class of
models including the Ashkin-Teller model, continuum percolation models
such as Voronoi percolation and Boolean percolation, super-level sets of
massive Gaussian free field, and the random-cluster and Potts models with
infinite range interactions.

Keywords: percolation model, Potts model, randomized algorithm, sharp threshold, ex-
ponential decay
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1. Introduction

1.1. OSSS inequality for monotonic measures. In theoretical computer
science, determining the computational complexity of tasks is a very difficult
problem (think of P against NP). To start with a more tractable problem, com-
puter scientists have studied decision trees, which are simpler models of com-
putation. A decision tree associated to a Boolean function f takes w € {0,1}"
as an input and reveals algorithmically the value of w in different bits one by
one. The algorithm stops as soon as the value of f is the same no matter the
values of w on the remaining coordinates. The question is then to determine
how many bits of information must be revealed before the algorithm stops.
The decision tree can also be taken at random to model random or quantum
computers.

The theory of (random) decision trees played a key role in computer sci-
ence (we refer the reader to the survey [BAWO02]), but also found many ap-
plications in other fields of mathematics. In particular, random decision trees
(sometimes called randomized algorithms) were used in [SS10] to study the
noise sensitivity of Boolean functions, for instance in the context of percola-
tion theory.

The OSSS inequality, originally introduced in [OSSS05] for product mea-
sure as a step toward a conjecture of Yao [YaoT77], relates the variance of a
Boolean function to the influence of the variables and the computational com-
plexity of a random decision tree for this function. The first part of this paper
consists in generalizing the OSSS inequality to the context of monotonic mea-
sures that are not product measures. A monotonic measure is a measure g on
{0,1}¥ such that for any e € E, any F C E, and any &, ¢ € {0, 1}F satisfying
€ <, plwe =&, Ve € F] >0 and plwe = (e, Ve € F| > 0,

'u,[wezl‘wezfe,VeEF]S/L[we=1’we=C&V€€F]-

The motivation to choose such a class of measures comes from the appli-
cations to mathematical physics (for example, any positive measure satisfying
the FKG-lattice inequality is monotonic — see [Gri06] for more details), but
monotonic measures also appear in computer science.

In order to state our theorem, we introduce some notation. Consider a
finite set F of cardinality n. For a n-tuple e = (e1,...,e,) and t < n, write
e = (€1, .-, €) and weyy = (Wey s - - - Wey)-

A decision tree encodes an algorithm that takes w € {0,1}¥ as an input,
and it then queries the values of w., ¢ € E one bit after the other. For
any input w, the algorithm always starts from the same fixed e; € E (which
corresponds to the root of the decision tree) and queries the value of we,. Then,
the second element es examined by the algorithm is prescribed by the decision
tree and may depend on the value of w,,. After having queried the value of
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We,, the algorithm continues inductively. At step t > 1, (e1,...,e;-1) € B!
has been examined, and the values of we,,...,we, , have been queried. The
next element e; to be examined by the algorithm is a deterministic function of
what has been explored in the previous steps:

(1) et = di((er, .. e1-1), Wy, e y) € E\{e1, ... e1}.

(Here ¢, should be interpreted as the decision rule at time ¢: ¢; takes the loca-
tion and the value of the first ¢t — 1 steps of the induction and decides the next
bit to query). Formally, we call decision tree a pair T = (e1, (¢t)2<t<n), where
e1 € E, and for each ¢, the function ¢;, as above, takes a pair ((e1,...,e;—1),
Wey,....es1)) @ an input and returns an element e; € E'\ {e1,...,e;1}.

Let T = (e1, (¢¢)2<t<n) be a decision tree and f : {0,1}¥ — R. Given
w € {0,1}F we consider the n-tuple (ei,...,e,) defined inductively by (1).
(This corresponds to the ordering on E that we get when we run the algorithm
T starting from the input w.) We define
(2)
7(w) = 7¢r(w) := min {t >1:Vu' €{0,1}F, wé[t] = Weyy = fw) = f(w’)}
In computer science, a decision tree is usually associated directly to a Boolean
function f and defined as a rooted directed tree in which internal nodes are
labeled by elements of F/, leaves by possible outputs, and edges are in corre-
spondence with the possible values of the bits at vertices. (See [OSSS05] for
a formal definition.) In particular, the decision trees are usually defined up
to 7, and not later on. In this paper, we chose the slightly different formalism
described above, which is equivalent to the classical one, since it will be more
convenient for the proof of the following theorem.

THEOREM 1.1. Fiz an increasing function f : {0,1}¥ — [0,1] on a finite
set E. For any monotonic measure  and any decision tree T,

(3) Var'u(f) < Z 5e(f7 T) COVH(f7 we);

ecE

where §.(f,T) = H[Elt < 7(w) @ e = e} is the revealment (of f) for the
decision tree T'.

A slightly stronger form of this result is stated in Section 2. In this pa-
per, we focus on applications of the previous result to statistical physics but
we expect it to have a number of applications in the context of the theory of
Boolean functions. The interested reader is encouraged to consult [O’D14] for
a detailed introduction to the subject. Theorems regarding Boolean functions
have already found several applications in statistical physics, especially in the
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context of the noise sensitivity. For a review of the relationship between per-
colation theory and the analysis of Boolean functions, we refer the reader to
the book of Garban and Steif [GS15].

1.2. Sharpness of the phase transition in statistical physics. We call lattice
a locally finite (vertex-)transitive infinite graph G = (V,E). An (unoriented)
edge of the lattice is denoted xy. We also distinguish a vertex 0 € V and call
it the origin. Let d(-,-) denote the graph distance on G. Introduce a family
of non-negative coupling constants J = (Jyy)zyer € [0,00)" that is non-zero
and invariant under a group acting transitively on V. Notice that the coupling
constants are necessarily finite-range (since the graph is locally finite). We call
the pair (G, J) a weighted lattice.

Statistical physics models defined on a lattice are useful to describe a
large variety of phenomena and objects, ranging from ferro-magnetic materials
to lattice gas. They also provide discretizations of Euclidean and Quantum
Field Theories and are as such important from the point of view of theoretical
physics. While the original motivation came from physics, they appeared as
extremely complex and rich mathematical objects, whose study required the
development of important new tools that found applications in many other
domains of mathematics.

One of the key aspects of these models is that they often undergo or-
der/disorder phase transitions at a certain critical parameter S.. The regime
B < Be, usually called the disorder regime, exhibits very rapid decay of corre-
lations. While this property is usually simple to derive for very small values of
(B using perturbative techniques, proving such a statement for the whole range
of parameters 8 < f3. is a difficult mathematical challenge. Nevertheless, hav-
ing such a property is the key towards a deep understanding of the disordered
regime.

The zoo of lattice models is very diverse: it includes models of spin-glasses,
quantum chains, random surfaces, spin systems and percolation models. One
of the most famous examples of a lattice spin model is provided by the Ising
model introduced by Lenz to explain Curie’s temperature for ferromagnets.
This model has been generalized in many directions to create models exhibit-
ing a wide range of critical phenomena. While the Ising model is very well
understood, most of these natural generalizations remain much more difficult
to comprehend. In this paper, we prove that the Potts model (one of the most
natural of such generalization) undergoes a sharp phase transition, meaning
that in the disordered regime, correlations decay exponentially fast. In order to
do so, we will study the random-cluster representations of these models, which
are often monotonic. The generalized OSSS inequality proved in Theorem 1.1
will play a key role in the proof.
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Ezxponential decay for the subcritical random-cluster model. Since random-
cluster models were introduced by Fortuin and Kasteleyn in 1969 [FK72], they
have become the archetypal example of dependent percolation models and as
such have played an important role in the study of phase transitions. The
spin correlations of Potts models are rephrased as cluster connectivity proper-
ties of their random-cluster representations. This allows the use of geometric
techniques, thus leading to several important applications. While the under-
standing of the model on planar graphs progressed greatly in the past few
years [BDC12], [DCST17], [DGH"16], [DCRT18a], the case of higher dimen-
sions remained poorly understood. We refer to [Gri06], [DC13] for books on
the subject and a discussion of existing results.

The model is defined as follows. Consider a finite subgraph G = (V, E) of
a weighted lattice (G, J), and introduce the boundary 9G of G to be the set of
vertices x € G for which there exists y ¢ G with xy an edge of E. A percolation
configuration w = (wgy)zyep is an element of {0,1}¥. A configuration w can
be seen as a subgraph of G with vertex-set V' and edge-set given by {zy € E :
wey = 1}. Let k¢(w) (resp. kw(w)) be the number of connected components
in w (resp. in the graph obtained from w by considering all the vertices in G
as one single vertex).

Fix ¢, > 0. For # € {f,w}, let qbﬁ’@q be the measure satisfying, for any
w e {0,1}%,

ko (w) wa

zyeE

where Z is a normalizing constant introduced in such a way that (;Sé 5q 18 @
probability measure. The measures qba@q and gb‘&@q are called the random-
cluster measures on G with respectively free and wired boundary conditions.
For ¢ > 1, the measures qﬁﬁ,ﬁ’ g can be extended to G — the corresponding

measure is denoted by gbé Baq by taking the weak limit of measures defined
in finite volume.

For notational convenience, we set © +— y if x and y are in the same
connected component. We also write x «+— Y if x is connected to a vertex in
Y C 'V, and = <— oo if the connected component of z is infinite. Finally, let
A,, be the box of size n around 0 for the graph distance.

For ¢ > 1, the model undergoes a phase transition: there exists . =
Be(G) € [0, 00] satisfying

=0 if B <Be,

0(8) = ¢g 5,4[0 < o0] = {> 0 ifp>4

The main theorem of this article is the following one.
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THEOREM 1.2. Fizx q > 1, and consider the random-cluster model on a
weighted lattice (G, J). Then,

e there exists ¢ >0 such that 0(8) > c(B—B.) for any 5> B, close enough to B;
e for any B < f3., there exists cg > 0 such that for every n >0,

DA, p.ql0 < OAn] < exp[—cpnl.

Theorem 1.2 extends to quasi-transitive weighted graphs and to finite
range interactions. (For the latter, simply interpret finite-range models as
nearest-neighbor models on a bigger graph.)

For planar graphs, the result was proved for any ¢ > 1 under some sym-
metry assumption in [DCM16]. (See also [MR18] for the case of planar slabs.)
On Z, the result was restricted to large values of ¢ [LMMS'91] and to the
special cases of Bernoulli percolation (¢ = 1) [Men86], [AB87], [DCT16] and
the FK-Ising model (¢ = 2) [ABF87], [DCT16].

Numerous results about the subcritical regime have been proved under the
assumption of exponential decay, and therefore Theorem 1.2 transforms them
into unconditional results. To cite but a few, let us mention the Ornstein-
Zernike theory of correlations [CIV08], the mixing properties of the model
[Ale04], and the bounds on the spectral gaps of the associated dynamics
[Mar99]. The second item of Theorem 1.2 could be replaced by ¢f 5[0 «—
x] < exp[—cgd(0, x)], but the stronger statement proved in the theorem is the
one useful for these applications.

Applications to computations of critical points for planar graphs. Another
important application of Theorem 1.2 is the computation of critical points of
specific lattices. In this section, we fix coupling constants to be equal to 1
and set p, := 1 — e P, In general, the critical parameter p. is not expected
to take any specific value. However, for the square, hexagonal and triangular
lattices, the critical values can be predicted using duality. It is proved in
[Gri06, Th. 6.17] that predicted values are indeed the critical ones under the
assumption of exponential decay for p < p.. Therefore, our result provides an
alternative proof of the following theorem.

THEOREM 1.3. Fix ¢ > 1. If y. :=p./(1 — pc), then we have
yg —q=0 on the square lattice,
yi’ + 3y2 —q=0 on the triangular lattice,
yg’ —3qy. — > =0 on the hexagonal lattice.

Note that for the square lattice, p is equal to \/q/(1+,/q). This result was
originally proved in [BDC12], where exponential decay of correlations below
pe is proved using Russo-Seymour-Welsh type arguments and a generalization
[GGO6] of the KKL result [KKL], [BKK*92].
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The fact that our proof of exponential decay requires very few conditions
on the graphs enables us to study critical points of general planar locally-finite
doubly periodic graphs, i.e., embedded planar graphs that are invariant under
the action of some lattice A =~ Z @ Z. Denote the dual of any planar graph G
by G*.

THEOREM 1.4. Fix ¢>1 and a planar locally-finite doubly periodic graph G.
We have
() Pe(G)pe(G”) —

(1= pe(G))(1 = pe(G*))

This result should be understood as a generalization of the famous state-
ment p.(G) + p.(G*) = 1 for Bernoulli percolation. The theorem is a con-
sequence of duality, exponential decay for p < p.(G) and the following non-
coexistence result. For a configuration w on G, define a configuration w* in G*
by the formula w}. = 1 — w, for every edge e of G, where e* is the edge of G*
between the two vertices of G* corresponding to the faces bordered by e.

THEOREM 1.5. There does not exist any translational invariant measure
woon a planar locally-finite doubly periodic graph G satisfying the following:
e (FKG) For any increasing events A and B, u(AN B) > pu(A)u(B).
o Almost surely, there exists a unique infinite connected component in w and
in w*.

This result was proved in [She05] . It was also proved for percolation on
self-dual polygon configurations in [BR10]. Here, we present a proof that also
has the advantage of being quite short.

Applications to the ferromagnetic q-state Potts model. The Potts model
[Pot52] is one of the most fundamental examples of a lattice spin model under-
going an order/disorder phase transition at a critical parameter (.. It general-
izes the Ising model by allowing the spins to take one of ¢ values. In two dimen-
sions, the model has been the object of intense study in the past few years and
the behavior is fairly well understood, even at criticality [DCST17], [DGH'16].
In higher dimension, the understanding is limited to the case of the Ising model
(i.e., ¢ = 2) and of large q [AF86], [ADCS15], [KS82], [LMMS*91], [BCO03].

The model is defined as follows. Consider an integer ¢ > 2. For G = (V, E)
a finite subgraph of a weighted lattice (G,J), v € {1,...,q}, and 5 > 0,
the g-state Potts measure with boundary condition v is defined for any o =
(O-.Z’)IGV € {17 s 7Q}V by

exp(—BHg 4(0))

PX o] =
Gl S exp(—BHY (o))
o'e{l,....q}V

)
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where
v ._
H¢ o (0) == > Joybosmoy — >, JuyOo,—u
zyeE TyeE
z€0G, y¢G

The model can be defined in infinite volume by taking the weak limit of
measures on a nested sequence of finite graphs. The obtained measure P¢ 5
is called the Potts measure with boundary conditions v. The Potts model
undergoes a phase transition between absence and existence of long-range order
at the so-called critical inverse temperature . (which depends on G and J);
see [Gri06] for details.

THEOREM 1.6. Fix an integer ¢ > 2, and consider the q-state Potts on
a weighted lattice (G, J). Then, for B < B., there exists cg > 0 such that for
every x € V,

0 <P}, sqlo0=1]~— % < exp|—can].

Furthermore, for the nearest-neighbor model on the square lattice, we have
B.(Z2) = log(1 + ).

For the 2-state Potts model, better known as the Ising model, the result
goes back to [ABF87] (see also [DCT16]). For the g-state Potts model with
q > 3, the result was restricted to either perturbative arguments involving
the Pirogov-Sinai theory for ¢ > 1 or planar arguments. (See the discussion
on the random-cluster model.) The question of deriving this property for
g > 3 and Z¢ with d > 3 was open. Again, the flexibility in the choice of
the lattice G implies that the result applies to finite range interactions. The
statement of Theorem 1.6 is stronger than the statement P, 5 q[Uo =v]— % <
exp[—cgd(0, z)).

The Potts model and the random-cluster models on a weighted lattice
(G, J) can be coupled (see [Gri06, Th. 1.10] for details) in such a way that

v 1

_1 W
PR, sqloo =v] = o = 20K, pql0 <= OApia],

so that Theorem 1.6 is a direct consequence of Theorems 1.2 and 1.3.

Other models. The reasoning above should extend to other lattice spin
models for which there exists a random-cluster representation that is mono-
tonic. An archetypal example is provided by the Ashkin-Teller model; see
[Bax82] for details. It also extends to continuum percolation models such as
Voronoi percolation [DCRT17], occupied and vacant sets of Boolean percola-
tion [DCRT'18b], and massive Gaussian free field super-level lines.

Organization. The paper is organized as follows. In the next section we
prove Theorem 1.1. In the third section, we prove Theorem 1.2. (We tried to
isolate a few general statements which may be used for the proof of exponential
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decay for other models of statistical physics.) In the last section, we describe
the proof of Theorems 1.4 and 1.5.
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research of the first author was supported by the ERC CriBLaM. We thank
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2. Proof of Theorem 1.1

The strategy is a combination of the original proof of the OSSS inequality
for product measures (which is an Efron-Stein type reasoning), together with
an encoding of monotonic measures in terms of independent and identically
distributed (iid) random variables. Assume that E is finite and has cardinal-
ity n. Let E be the set of sequences e = (ey, . .., en) where each element of E
occurs exactly once. Consider a monotonic measure p on {0, 1}%.

We start by a useful lemma explaining how to construct w with law p
from iid uniform random variables. For u € [0,1]" and e € E, define F.(u) = x
inductively for 1 <t < n by

()

o L ifup > plwe, = 0] wey_y) = Tep,_y s
° 0 otherwise.

LEMMA 2.1. Let U be an iid sequence of uniform [0,1] random variables,
and e a random variable taking values in E. Assume that for every 1 <t <mn,
U, is independent of (e, Uy_1)), then X = Fe(U) has law p.

Proof. Let « € {0,1}¥ and e € E such that P[X = z,e = ¢] > 0. The
probability P[X = x,e = €] can be written as

n

[IPXe, = e, [ ey = ey, Xey_yy = Ty )
t=1
n

X H P[et = €t | e[t_l] = e[t—l}’Xe[t—l] = .re[t_l]].
t=1

(All the conditionings are well defined, since we assumed P[X = z,e =¢] > 0.)
Since Uy is independent of (e, Uy—y)) (and thus X, , ), the definition (5)
gives

P[Xet = Tey |e[t] = e[t}’Xe[t,H = :L'e[t,u] = M[Wet = Te, |w6[t71] = xe[t,l]]
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so that the first product is equal to pufw = z| independently of e. Fixing
r € {0,1}F and summing on e € E satisfying P[X = r,e = ¢] > 0 gives

:ZP[X:x,e:e]

= plw = 7] Z HP[et = €t’e[t 1] = €[t— 1]: ef—1) xe[t,l]]

= plw = 2], -

Proof of Theorem 1.1. Our goal is to apply a Lindenberg-type argument
on a probability space in which e and X (sampled according to ) are coupled
to an independent copy of X (denoted by Y” below). We now present the
coupling.

Consider two independent sequences of iid uniform [0, 1] random variables
U and V. Write P for the coupling between these variables (and E for its
expectation). Construct (e, X, 7) inductively as follows: For ¢ > 1, set

el ift=1
e = .
qﬁt(e[t 1], e 1]) ift >1,

X. — 1 if Uy > p(we, =0 Wep_q) = Xe[t—l])’
er — .
0 otherwise,

and 7 := min {t >1:Vx e {0, 1}E,a:em = Xey, = f(2) = f(X)}. Note that
7 is equal to the stopping time defined in (2). Finally, for 0 < ¢ < n, define
Y! := Fo(W?), where

WH=W' U, V)= (Vy,...,V,U1,..., U, Viq,..., V).

(In particular, W' is equal to V if t > 7.)

Lemma 2.1 applied to (U, e) gives that X has law p and is U-measurable.
Lemma 2.1 applied to (V,e) implies that Y™ has law p and is independent
of U. Therefore, using that f is valued in [0, 1], we deduce that

Var,(f) < gpllf = plfll] =

<

E[|E[f(X)|U] - B[f(Y™)|U] |
E[|f(X) - F(Y™)]].

Since f(YY) = f(X) (the entries of Y for ¢ > 7 are irrelevant for the value of
f by definition of 7), the equation above implies

Ir
2
g
2

Var,(f) < $E[I£(Y?) — £(Y")].
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Since Y! = Y!~! for any ¢ > 7, the right-hand side of the previous inequality
is less than or equal to

SE[IF(Y) - f(Y]
t=1

SCE[I£(YY) — FYY)] - Lic]

=1

~+

ZiE[ B[l f(Y") = f(Y') ' Up_q] ]ltST,et:e:|-
ecE

t=1

Recalling that Y7 P[t < 7,e; = ¢| = 0.(f, T), the proof of the theorem follows
from the fact that on {t < 7,e; = e},

(6) E[|F(Y") = F(Y'™)] | Up_y)] < 2Cov,(f,we).

In order to show this, we now restrict ourselves to the event {t < 7,e; = e}.
First observe that Y = Y!~! implies Y! = Y®~1, and this together with the
fact that f is increasing implies

(7)
FOYD) = FOYTH = (FY) = fFYT)) (Yo - Y )
= fOYTOY T+ F(Y) Y - (YT Y - FY) Y

Our goal is to average against E[-|U};_y)]. In order to do this, we will use the
following claim.

CrLAM. For any measurable g and t < n,
(8) Elg(Y")[Upy] = plg(w)].

Proof. Conditioned on Uy, the random vector Wt is composed of iid
uniform random variables satisfying that W! is independent of (ey, ..., e;) for
every i < n. Therefore, Lemma 2.1 applied to (e, W?) implies that the law of
Y! conditioned on Uy is p, which gives the claim. O

Applying (8) to g(w) = f(w)we gives that (for the second equality, we
average on Uy)

9) Ef (Y DY | Uy = plf(w)we] = E[f(Y) YL Up_q).

For fixed Uy, and s, Y* = Fo(W?) is an increasing function of V, by mono-
tonicity of p. Since f and W, are increasing functions of V, we deduce that
F(Yt"Y and Y! = Fo(W), are increasing functions of V. The FKG inequality
applied to the iid random variables V gives

E[f(Y'™) YU > E[f(Y'™)|UL E[Y U]
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Taking the expectation with respect to E[-[U,_yj] gives

(10) E[f (Y N)YEUp_y] > E[E[f (Y| Upy | E[YE Uy ( Uy
_ ®)
=E[f(Y'" )| Up_y|E[YEUp_yy| = ulf(w)]plwel,
where we used that E[Y[|Up,| is Uy_j-measurable (since Y depends on
Up_y) and V only).
Similarly, f(Y?) and Y!~! are increasing functions of V so that using the
FKG inequality and then taking the expectation with respect to E[- U] gives

E[f(Y")YL U] > E[E[f(Y")|Up[E[YL ! [Upy] | Uy

_ (8) _

=E[f(Y)[UE[Y: ' U] = ulf (@)E[Y U,
This time, we used that ]E[Yé_1|U[n]] is Uy-measurable. Taking the expecta-
tion with respect to E[-[U,_yj] gives

E[f (Y)Y Uy > plf @)EYE U ] 2 plf@)]plwd].

This inequality together with (10), (9) and (7) give (6), which therefore con-
cludes the proof. O

Remark 2.2. For most applications, one may replace covariances in the
OSSS inequality by influences I.[f] := pu(flwe = 1) — p(flwe = 0). (We chose
not to do so since applications in statistical physics to long-range models would,
for instance, require the statement with covariances.) In this case, we do not
need to prove (6) anymore and can replace the lengthy end of the proof by the
following short argument. Recall the dependency in the measure p in Fe(u)
and write F¥(u). With this notation, one sees that F' is both increasing in
u and in p (for stochastic domination). We deduce that both Y!~! and Y*
are sandwiched between Z = F1<<=0 (W) and Z := Fhllee=1] (W), Recall
that W is independent of Uj;_;j. Lemma 2.1 and the fact that f is increasing
give us

E[|F(Y") = f(Y')] | Upoy] < E[f(Z)] - E[f(2)]
— plf@)lwe = 1] = plf @) lwe = 0] = LIf).
Remark 2.3. Note that for the trivial decision tree discovering all the

edges, for every edge the revealment is equal to 1 . As a consequence, we
recover (in a very convoluted way) the discrete Poincaré inequality

(11) Var,(f) < Z Cov,(f,we).
eeE

Remark 2.4. The proof of the previous statement can be extended in a
trivial way as follows. First, we may consider countable sets F by using a very
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simple martingale argument. Second, we may consider that 7 is an arbitrary
stopping time (with respect to the filtration (F; = o(ef, wey,))i>0), i.e., that f
is not necessarily %, measurable. By simply applying the previous lemma with
g = p[f|-#:], we obtain the following result, which may be useful in statistical
physics.

THEOREM 2.5. Fiz a countable set E and an increasing function f :
{0,1}¥ — [=1,1]. For any monotonic measure u on {0,1}¥, any decision
tree T and any stopping time T,

(12) Var,(f) < > 6.(f.T) Covy(f,we) + p[lf — ulf1Z]].

eclk
3. Proof of Theorem 1.2

In order to be able to apply the strategy to other models, we state two
useful lemmas.

LEmMA 3.1. Consider a converging sequence of increasing differentiable
functions fp, : [0, Bo] — [0, M] satisfying
n

for all n > 1, where X, = ZZ;(I) fr. Then, there exists 51 € [0, Bo] such that

(P1) for any 8 < B1, there exists cg > 0 such that for any n large enough,
fn(B) < exp(—cgn);
(P2) for any f> B1, f = lim f, satisfies f(5) > §— .

Proof. Define

1 :=inf {ﬁ : limsupw > 1}.

n—00 ogn
Assume that 3 < f1. Fix d >0 and set 3/ = 38— ¢ and 8" = 8 — 25. We
will prove that there is exponential decay at 5" in two steps.
First, there exists an integer N and a > 0 such that ¥,,(8) < n!=® for all
n > N. For such an integer n, integrating f} > n®f,, between 8’ and 8 — this
differential inequality follows from (13), the monotonicity of the functions f,
(and therefore ¥,,) and the previous bound on ¥,,(8) — implies that

fa(B) < Mexp(—=6n®) V¥n > N.

Second, this implies that there exists ¥ < oo such that ¥,(8") < ¥ for
all n. Integrating f), > & f, for all n between 3" and ' — this differential

inequality is again due to (13), the monotonicity of ¥,, and the bound on
Y (B8") — leads to

fn(B") < Mexp(—% n) ¥n > 0.
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Assume that B > 1. For n > 1, define the function T;, := loé‘n S %
Differentiating 7}, and using (13), we obtain

T 1 ii{ (123) 1 i£ > logEnH—logEl7
logn — 1 logn — %; logn
where in the last inequality we used that for every i > 1,
; Yit1 dt
fi > / — =log¥;11 —logZ;.
i bl t

For 3 € (f,0), using that ¥,41 > X, is increasing and integrating the
previous differential inequality between ' and 8 gives

log ¥, (8") — log M

To(B) = Tu(B) = (B - B')

logn
Hence, the fact that T,,(3) converges to f(f) as n tends to infinity implies
. log %,,(8)
/ / /
FB) = £(8) = (8- [lmsup = =] > 5 5
Letting ' tend to 81 from above, we obtain f(8) > S — 5. O

We now present an application of Theorem 1.1 to monotonic measures on
{0,1}F, where E is the edge set of a finite graph G = (V, E). Let A,,(z) denote
the box of size n around =z € V, and write A, = A,,(0). We see elements of
{0,1}¥ as percolation configurations and use the corresponding notation.

LEMMA 3.2. Consider a finite graph G = (V, E) containing 0. For any
monotonic measure pu on {0,1}F and any n > 1, one has

Z COV,LL ( ]10<—>8An y we)

zyel
n
> — [0 OAL] (1 = p[0 4 OA,)).
4 max ];)u[:ﬂ & OA(z)]

The proof is based on Theorem 1.1 applied to a well-chosen decision tree
determining Lo«oa,- One may simply choose the trivial algorithm checking
every edge of the box A,. Unfortunately, the revealment of this decision tree
being 1 for every edge, the OSSS inequality will not bring us more information
than the Poincaré inequality (11). A slightly better algorithm would be pro-
vided by the decision tree discovering the connected component of the origin
“from inside.” Edges far from the origin would then be revealed by the algo-
rithm if (and only if) one of their endpoints is connected to the origin. This
provides a good bound for the revealment of edges far from the origin, but
edges close to the origin are still revealed with large probability. In order to
avoid this last fact, we will rather choose a family of decision trees discovering
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Figure 1. A realization of the clusters intersecting 0Ay. Every
edge having one endpoint in this set is potentially revealed by
the decision tree before time 7. Furthermore, in this specific
case, we know that 0 is not connected to the boundary of A,,.

the connected components of OA; for 1 < k < n and observe that the average
of their revealment for a fixed edge will always be small.

Proof. We can assume that dA,, is not empty (otherwise the statement
is trivially true). For any k € [1,n], we wish to construct a decision tree T
determining 1p 94, such that for each e = wuv,

(14) 5e(T) < palu +— OAG] + plv «— OA).

Note that this would conclude the proof since we obtain the target inequality
by applying Theorem 1.1 for each k and then summing on k. As a key, we use
that for u € A,

Z plu +— OAg] < Z [t < ONpg—g(u,0) ()]
k=1 k=1
n—1

< 2max l;) pla < O (x)].

We describe the decision tree T, which corresponds first to an exploration
of the connected components in A,, intersecting 0A; that does not reveal any
edge with both endpoints outside these connected components, and then to a
simple exploration of the remaining edges.
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More formally, we define e using two growing sequences OA, = Vo C V1 C
- CVand )= Fy C F; C--- C F (where F is the set of edges between two
vertices within distance n of the origin) that should be understood as follows:
at step t, V; represents the set of vertices that the decision tree found to be
connected to OAg, and Fj is the set of explored edges discovered by the decision
tree until time ¢.

Fix an ordering of the edges in F'. Set Vj = dA and Fy = (). Now, assume
that V; C V and F; C F have been constructed and distinguish between two
cases:

e If there exists an edge e = zy € F\ F; with z € V; and y ¢ V; (if more
than one exists, pick the smallest one for the ordering), then set e;11 = e,
Ft+1 = Ft U {6} and set

Viu{z} ifwe=1,
VZH = .
Vi otherwise.

o If e does not exist, set e;41 to be the smallest e € F'\ F; (for the ordering)
and set Vip1 =V, and Fiy; = Fy U {e}.

As long as we are in the first case, we are still discovering the connected
components of dAj, while as soon as we are in the second case, we remain in
it. The fact that 7 is smaller than or equal to the last time we are in the first
case gives us (14). O

Remark 3.3. Note that 7 may a priori be strictly smaller than the last
time we are in first case (since the decision tree may discover a path of open
edges from 0 to dA,, or a family of closed edges disconnecting the origin from
O\, before discovering the whole connected components of OAy).

We are now in a position to prove Theorem 1.2. We will simply combine
a derivative formula for random-cluster models with the previous lemma and
then apply Lemma 3.1.

Theorem 1.2. Fix ¢ > 1 and 9 > 0. For n > 1 and 8 < Sy, define

n—1
Hn = d)xvzn,,&q? Qk(ﬁ) = :uk[o AN aAk]? Sn 1= Z Or.
k=0

Now, the comparison between boundary conditions [Gri06, Lemma 4.14] to-
gether with the facts that Agg(x) C Ag, and that G is transitive imply that
for x € Ay,

n—1

Z pn |z <> OANg(x)] <2 Z tnlx < OAg(2)] < 2 Z wrl0 <> 0Ax] < 285,.
k=1 k<n/2 k<n/2
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Since p, is monotonic [Gri06, Th. 3.8], Lemma 3.2 (applied to the graph G =
(A2p, E) induced by Ag,) and the previous bound give
n
(15) > Cov(Lloson, we) > —o - On(l—6n).
8Sn
ecl
Now, a derivative formula for random-cluster models [Gri06, Th. 3.12] implies

Jz

ec

(16)
. J.
2> min {e,Bon%} Z Cov(Loesan,, ,We)-
€E

Notice that the minimum above is positive (since the coupling constants are
finite-range and invariant). Inequalities (15) and (16) together lead to

1 0 >c g,
( 7) n — CSTL 9
where L 61(B) ;
o L — U1{P0 . Ty
c=c(fo) = —g min {—exp(ﬁony) — 1} > 0.

(We used that 6, < 6; by comparison between boundary conditions and then
monotonicity and § < fy.) Measurability implies limsup,, = 6 while the
comparison between boundary conditions gives that 6, > 6 (for all n) so that
0, converges to 6. Lemma 3.1 applied to f,, = 6,,/c gives the existence of (;
such that (P1) and (P2) occur.

Also, for every n > 1,

¢X27l,5,q[o +—— 0Ny < 0,(5).

Overall, the two previous facts combined with (P1) and (P2) imply the theo-
rem readily. (Note that when . < oo, 81 = (. as soon as [ is chosen larger
than 3..) O

4. Proofs of Theorems 1.4 and 1.5

Without loss of generality, we may assume that G and G* are embedded
in such a way that A is the set of translations of Z2. We see configurations w
and w* as subsets of R? given by the union of the open edges. For three sets
A, B,C C R?, denote the event that w N C contains a continuous path from A
to B by A << B.

Let us start by explaining how Theorem 1.4 follows from Theorems 1.2
and 1.5.

Proof of Theorem 1.4. If w has law ¢g , . (we write p in the subscript of
the measure instead of ) and w* is defined by the formula w}. = 1 — we, then
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the duality [Gri06, Th. 6.13] for random-cluster models states that w* has law
(;5&*717*’(1, where
pp”
(1=p)(1—p*)

In particular, we need to prove that p.(G)* = p.(G*). The second item of

Theorem 1.2, for quasi-transitive graphs, implies that for any p < p.(G),

> 68 | [mon 4+ 1] % [0,1] ¢ {0} x R| < 0.

n>0
The Borel-Cantelli lemma implies that there exist only finite circuits of w
surrounding the origin almost surely. Therefore, by duality, there exists an
infinite connected component in w* almost surely, which proves that p* >
pe(G*). Letting p tend to p.(G) gives p.(G)* > p.(G*).

On the other hand, ergodic properties of PG p.q 1ply that when p > pe(G),

w contains a unique infinite connected component almost surely (see [Gri06]).
Similarly, if p* was greater than p.(G*), w* would contain a unique infinite
connected component almost surely. (This uses a known fact [Gri06] that,
above the critical point, the random-cluster model with free boundary condi-
tions also contains an infinite connected component almost surely.) Therefore,
Theorem 1.5 shows that p > p.(G) implies p* < p.(G*). Letting p tend to
pc<G) gives pc(G)* < pc(G*)' U

We now turn to the proof of Theorem 1.5.

Proof of Theorem 1.5. For R = [0,n]| x [0, k|, denote Top, Left, Bottom
and Right for the top, left, bottom and right sides of the boundary of R. Also,
define the crossing probabilities

v(n, k) := p[Top AL Bottom] and h(n,k) := p[Left AL Right].

LEMMA 4.1. Assume that both w and w* contain a unique infinite con-
nected components almost surely. Then, as min{n, k} tends to infinity,

e max {h(n, k),v(n,k+ 1)} tends to 1,
e min {v(n, k), h(n,k)} tends to 0.

Before proving this lemma, let us explain how it implies the theorem. For
each n, let k,, be the largest integer for which v(n, k,,) > h(n, k). (Note that by
definition v(n, k,+1) < h(n, k,+1).) The uniqueness of the infinite connected
component easily implies that k, tends to infinity as n tends to infinity. (For
each fixed k, the probability that both the infinite connected component and
the dual infinite connected component cross [0,n] x [0, k] from top to bottom
tends to 1 as n tends to infinity.)
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Now, if both w and w* contain infinite connected components almost
surely, the first item of the previous lemma implies h(n, k) or v(n, k,+1) tends
to 1. This implies that min{v(n, k), h(n, ky)} or min{v(n, k,+1), h(n, k,+1)}
tends to 1, leading to a contradiction with the second item. ([

Proof of Lemma 4.1. We prove the first item. The second item is implied
by the first one (with the roles of w* and w exchanged) since 1 — v(n, k) and
1 — h(n, k) are the probabilities that R is respectively crossed horizontally and
vertically by a path in w*.

Fix n,k and s. (They should be thought of as satisfying 1 < s <
min{n, k}.) Let S, be the translate of S := [0,s]*> by y € Z?. Define
r = z(R) € RN Z? such that there exists 2’ and z” neighbors of z in Z?
satisfying

p[Sz & Bottom] > u[S, AL Top],
p[Sz LN Left] > p[Sz AL Right],
p[Syr & Top] > u[Sy AL Bottom],
p[ Sy & Right] > u[S,~ & Left].

In order to see that this point exists, let X be the set of z € Z? N R such
that (18) holds and denote its boundary in R (i.e., the set of points in X with
one neighbor in R\ X) by 0X. Let Y and 9Y be defined similarly with (19)
instead of (18). (The sets X and Y are illustrated on Figure 2.) Note that
00X NOY # () since X contains a path of neighboring vertices crossing R from
left to right, and dY a path from top to bottom. By definition, any point in
0X NIY satisfies the property above.

CrLAaM. The distance between x(R) and the boundary of R is tending to
infinity as min{n, k} tends to infinity.

Before proving the claim, let us show how to finish the proof. Let Ag
be the event that there is a unique connected component in w N R going from
distance 2 of S, to the boundary of R.

Assume that p[Sy LN Bottom] > u[S, & Left]. The FKG inequality
together with (18) and (19) imply that
R 1/4
(22) 1[Sy #— Bottom] < u[S #— oo]'/4.
Now, set R = R+ (1,0) and Top’ for the top side of R'. We find

HlSe(0.1) < Top']| = p[ Sy < Top]

(20)
> pl[Sy LN Bottom|
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(0, k) Top
7
+ =
E s, % =
Y7
Bottom (n,0)

Figure 2. The vertices hatched in black are those such that
[ S LN Bottom] > u[Sy RN Top], and the vertices hatched
in grey are those that satisfy u[S, FELN Left] > u[Ss JELN Right].
The point is selected in the intersection of the boundary of the
two regions.

> ul{Sy +— oo} N{S, N Bottom} N Ag]
(22) 1/4 c
= S «— oo] = pu[S #— oo /7 — u[Ag].

We deduce that

v(nk+1) > p[{S, <& Bottom} N {S,4(0.1) < Top'} N Ag]

(22)
> p[S +— oo] = 2u[S #— o]/t — 2u[AF].

Assume now that u[Sy L Bottom] < u[Sy & Left]. The same reasoning as
above (with 2" instead of 2’ and (21) instead of (20)) leads to the same bound
as above for h(n,k). The uniqueness of the infinite connected component
together with the claim imply that p[Ag] tends to 1 as min{n, k} tends to
infinity. Letting the size s of S tend to infinity finishes the proof of the first
item. To conclude the whole proof, we need to prove the claim.

Proof of the claim. We prove that the distance to Left is tending to infinity.
(The other sides work the same.) Note that it is sufficient to prove that wNH,
where H = R4 X R, does not contain any infinite connected component almost
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surely. To avoid introducing new notation, we prove the equivalent statement
for w*NH instead of wNH, but the proof is the same. Introduce ¢4 := {0} xRy,
(_:={0} xR_and L =/¢_U/,.

For an integer s,m > 0, choose z = x(m) with first coordinate equal to
m satisfying

H H H H
p[Sz = L] = p[Sy «— £4] and  p[Syi01) ¢ -] < p[Ser01) ¢ 4]

(This point exists since u[Sy LN (4] increases to p[S, LN /] as the second
coordinate of x tends to +00.) The FKG inequality together with these two
inequalities implies that

plSe ¢ €] 21— \/u[Saf— 1]

and

H
Sz y(01) ¢ £4+] > 1 — \/H[Sach(o,l)<7L> €.
Let A,, be the event that there is a unique connected component in wNH going
from distance 2 of S, to £. Let B be the event that w N H does not contain an

Figure 3. The construction of Claim 1. The black path prevents
segment {0} x [0,1] from belonging to an infinite cluster of the
dual.



96

HUGO DUMINIL-COPIN, ARAN RAOUFI, and VINCENT TASSION

infinite connected component intersecting {0} x [0, 1]. We find

u[B] > pl{Se ¢ €23 N {Spy(02) “o L4+ (0,1)} N Ay

v

1=\ [Sat—) = \/ul Sz 0.1y #—1] — nlAG,).

(The construction leading to the bound above is illustrated in Figure 3.) The
uniqueness of the infinite connected component in w* implies that u[A,,] tends
to 1 as m tends to infinity, and also that for any y € H,

FKG
(23)  ulS, €] = pl{S, ¢ 00} N {5y ¢ 00}] = ulS +— ool

Letting m tend to infinity and then the size s of S tend to infinity implies that

wu[B] = 1. This concludes the proof. O
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