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The Shimura–Waldspurger
correspondence for Mp2n

By Wee Teck Gan and Atsushi Ichino

Abstract

We generalize the Shimura–Waldspurger correspondence, which

describes the generic part of the automorphic discrete spectrum of the

metaplectic group Mp2, to the metaplectic group Mp2n of higher rank. To

establish this, we transport Arthur’s endoscopic classification of represen-

tations of the odd special orthogonal group SO2r+1 with r � 2n by using

a result of J.-S. Li on global theta lifts in the stable range.

1. Introduction

In a seminal 1973 paper [81], Shimura revolutionized the study of half

integral weight modular forms by establishing a lifting

{Hecke eigenforms of weight k + 1
2 and level Γ0(4)}

{Hecke eigenforms of weight 2k and level SL2(Z)}.

He proved this by using Weil’s converse theorem and a Rankin–Selberg in-

tegral for the standard L-function of a half integral weight modular form.

Subsequently, Niwa [68] and Shintani [82] explicitly constructed the Shimura

lifting and its inverse by using theta series lifting. From a representation the-

oretic viewpoint, Howe [32] further developed the theory of theta series lifting

by introducing the notion of reductive dual pairs, so that the lifting gives a

correspondence between representations of one member of a reductive dual

pair and those of the other member. Then, in two influential papers [88], [91],

Waldspurger studied the Shimura correspondence in the framework of auto-

morphic representations of the metaplectic group Mp2, which is a nonlinear

two-fold cover of SL2 = Sp2. Namely, he described the automorphic discrete

Keywords: automorphic representations, metaplectic groups, Shimura correspondence,

theta lifts

AMS Classification: Primary: 11F70, 22E55.

c© 2018 Department of Mathematics, Princeton University.

965

http://annals.math.princeton.edu/about
https://doi.org/10.4007/annals.2018.188.3.5


966 WEE TECK GAN and ATSUSHI ICHINO

spectrum of Mp2 precisely in terms of that of PGL2 = SO3 via the global theta

lifts between Mp2 and (inner forms of) SO3. Subordinate to this global result

is the local Shimura correspondence, which is a classification of irreducible

genuine representations of Mp2 in terms of that of SO3 and was also estab-

lished by Waldspurger. For an expository account of Waldspurger’s result, the

reader can consult a lovely paper of Piatetski-Shapiro [69] and a more recent

paper [16], which takes advantage of 30 years of hindsight and machinery.

The goal of the present paper is to establish a similar description of the

automorphic discrete spectrum of Mp2n, which is a nonlinear two-fold cover

of Sp2n, in terms of that of SO2n+1. As in the case of Mp2, it is natural

to attempt to use the global theta lifts between Mp2n and (inner forms of)

SO2n+1 to relate these automorphic discrete spectra. However, we encounter a

difficulty. For any irreducible cuspidal automorphic representation π of Mp2n,

there is an obstruction to the nonvanishing of its global theta lift to SO2n+1

given by the vanishing of the central L-value L(1
2 , π). Thus, if we would follow

Waldspurger’s approach, then we would need the nonvanishing of the central

L-value L(1
2 , π, χ) twisted by some quadratic Hecke character χ. In the case of

Mp2 (or equivalently PGL2), Waldspurger [91] proved the existence of such χ

by exploiting Flicker’s result [13] on the correspondence between automorphic

representations of GL2 and those of its two-fold cover. Moreover, Jacquet [39]

outlined a new proof of Waldspurger’s nonvanishing result based on relative

trace formulas, and Friedberg–Hoffstein [14] gave yet another proof and its

extension to the case of GL2. However, in the higher rank case, this seems to

be a very difficult question in analytic number theory. The main novelty of

this paper is to overcome this inherent difficulty when L(1
2 , π) = 0.

1.1. Near equivalence classes. We now describe our results in more detail.

Let F be a number field and A the adèle ring of F . Let n be a positive integer.

We denote by Sp2n the symplectic group of rank n over F and by Mp2n(A)

the metaplectic two-fold cover of Sp2n(A):

1 −→ {±1} −→ Mp2n(A) −→ Sp2n(A) −→ 1.

Let L2(Mp2n) be the subspace of L2(Sp2n(F )\Mp2n(A)) on which {±1} acts as

the nontrivial character, where we regard Sp2n(F ) as a subgroup of Mp2n(A)

via the canonical splitting. Then one of the basic problems is to understand

the spectral decomposition of the unitary representation L2(Mp2n) of Mp2n(A),

and our goal is to establish a description of its discrete spectrum

L2
disc(Mp2n)

in the style of Arthur’s conjecture formulated in [19, Conj. 25.1], [18, §5.6].

We first describe the decomposition of L2
disc(Mp2n) into near equivalence

classes (which are coarser than equivalence classes) of representations. Here

we say that two irreducible representations π =
⊗

v πv and π′ =
⊗
v π
′
v of
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Mp2n(A) are nearly equivalent if πv and π′v are equivalent for almost all places

v of F . This decomposition will be expressed in terms of A-parameters defined

as follows. Consider a formal (unordered) finite direct sum

(1.1) φ =
⊕
i

φi � Sdi ,

where

• φi is an irreducible self-dual cuspidal automorphic representation of GLni(A);

• Sdi is the unique di-dimensional irreducible representation of SL2(C).

We call φ an elliptic A-parameter for Mp2n if

• ∑i nidi = 2n;

• if di is odd, then φi is symplectic, that is, the exterior square L-function

L(s, φi,∧2) has a pole at s = 1;

• if di is even, then φi is orthogonal, that is, the symmetric square L-function

L(s, φi,Sym2) has a pole at s = 1;

• if (φi, di) = (φj , dj), then i = j.

If further di = 1 for all i, then we say that φ is generic. We remark that the

basic analytic properties of exterior and symmetric square L-functions were

established in [11], [40], [77], [78] and [12], [77], [78], respectively, and precisely

one of L(s, φi,∧2) and L(s, φi,Sym2) has a pole at s = 1 since the Rankin–

Selberg L-function

L(s, φi × φ∨i ) = L(s, φi × φi) = L(s, φi,∧2)L(s, φi, Sym2)

has a simple pole at s = 1 by [37, Prop. 3.6] and both of the two L-functions do

not vanish at s = 1 by [77, Th. 5.1]. For each place v of F , let φv =
⊕
i φi,v�Sdi

be the localization of φ at v. Here we regard φi,v as an ni-dimensional represen-

tation of LFv via the local Langlands correspondence [45], [30], [31], [76], where

LFv =

the Weil group of Fv if v is archimedean,

the Weil–Deligne group of Fv if v is nonarchimedean.

Note that φv gives rise to an A-parameter φv : LFv × SL2(C)→ Sp2n(C). We

associate to it an L-parameter ϕφv : LFv → Sp2n(C) by

ϕφv(w) = φv

(
w,

(
|w|

1
2

|w|−
1
2

))
.

Our first result is

Theorem 1.1. Fix a nontrivial additive character ψ of F\A. Then there

exists a decomposition

L2
disc(Mp2n) =

⊕
φ

L2
φ,ψ(Mp2n),

where the direct sum runs over elliptic A-parameters φ for Mp2n and where

L2
φ,ψ(Mp2n) is a full near equivalence class of irreducible representations π in
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L2
disc(Mp2n) such that the L-parameter of πv (relative to ψv—see Remark 5.3

below) is ϕφv for almost all places v of F .

Thus, to achieve our goal, it remains to describe the decomposition of

L2
φ,ψ(Mp2n) into equivalence classes of representations. In this paper, we carry

this out when φ is generic.

Remark 1.2. It immediately follows from Theorem 1.1 that Mp2n has no

embedded eigenvalues, i.e., any family of eigenvalues of unramified Hecke al-

gebras on the automorphic discrete spectrum of Mp2n is distinct from that on

the automorphic continuous spectrum of Mp2n. This is an analog of Arthur’s

result [5, Th. 5], [6], which he needed to establish in the course of his proof of

the classification of automorphic representations of orthogonal and symplectic

groups. However, in our case, we first establish the classification (with the help

of theta lifts) and then deduce from it the absence of embedded eigenvalues.

Remark 1.3. The dependence of L2
φ,ψ(Mp2n) on ψ can be described as

follows. Let ψa be another nontrivial additive character of F\A given by

ψa(x) = ψ(ax) for some a ∈ F×. If φ is of the form (1.1), we define another

elliptic A-parameter φa by

φa =
⊕
i

(φi ⊗ (χa ◦ det)) � Sdi ,

where χa is the quadratic automorphic character of A× associated to F (
√
a)/F

by class field theory. Then, for any irreducible summand π of L2
φ,ψa

(Mp2n),

the L-parameter of πv (relative to ψv) is ϕφa,v for almost all v. In particular,

we have

L2
φ,ψa(Mp2n) = L2

φa,ψ(Mp2n).

1.2. Local Shimura correspondence. As in Waldspurger’s result [88], [91],

our result will be expressed in terms of the local Shimura correspondence. Fix a

place v of F , and assume for simplicity that v is nonarchimedean. For the mo-

ment, we omit the subscript v from the notation, so that F is a nonarchimedean

local field of characteristic zero. Let Irr Mp2n be the set of equivalence classes

of irreducible genuine representations of the metaplectic group Mp2n over F .

Then the local Shimura correspondence is a classification of Irr Mp2n in terms

of Irr SO(V ), where V is a (2n+ 1)-dimensional quadratic space over F .

To be precise, recall that there are precisely two such quadratic spaces

with trivial discriminant (up to isometry). We denote them by V + and V − so

that SO(V +) is split over F . In [24], the first-named author and Savin showed

that for any nontrivial additive character ψ of F , there exists a bijection

θψ : Irr Mp2n ←→ Irr SO(V +) t Irr SO(V −)

satisfying the following natural properties:
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• θψ preserves the square-integrability and the temperedness of representa-

tions;

• θψ is compatible with the theory of R-groups (modulo square-integrable

representations);

• θψ is compatible with the Langlands classification (modulo tempered repre-

sentations);

• θψ preserves the genericity of tempered representations;

• θψ preserves various invariants such as L- and ε-factors, Plancherel measures,

and formal degrees [20].

Note that an analogous result in the archimedean case was proved by Adams–

Barbasch [2], [3] more than 20 years ago.

On the other hand, the local Langlands correspondence, established by

Arthur [6] for SO(V +) and by Mœglin–Renard [62] for SO(V −), gives a parti-

tion

Irr SO(V +) t Irr SO(V −) =
⊔
φ

Πφ(SO(V ±)),

where the disjoint union runs over equivalence classes of L-parameters φ :

LF → Sp2n(C) and Πφ(SO(V ±)) is the associated Vogan L-packet equipped

with a bijection

Πφ(SO(V ±))←→ Ŝφ,

where Sφ is the component group of the centralizer of the image of φ in Sp2n(C)

and Ŝφ is the group of characters of Sφ. Composing this with the local Shimura

correspondence, we obtain a local Langlands correspondence for Mp2n,

Irr Mp2n =
⊔
φ

Πφ,ψ(Mp2n)

with

(1.2) Πφ,ψ(Mp2n)←→ Ŝφ,

which depends on the choice of ψ, and which inherits various properties of

the local Langlands correspondence for SO(V ±). We remark that the depen-

dence of the L-packet Πφ,ψ(Mp2n) and the bijection (1.2) on ψ is described

in [24, Th. 12.1]. We also emphasize that the L-packet Πφ,ψ(Mp2n) satisfies

endoscopic character relations; see Section 1.5 below.

1.3. Multiplicity formula for Mp2n. Suppose again that F is a number

field. We now describe the multiplicity of any representation of Mp2n(A) in

L2
φ,ψ(Mp2n) when φ is generic; i.e., φ is a multiplicity-free sum

φ =
⊕
i

φi
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of irreducible symplectic cuspidal automorphic representations φi of GLni(A).

We formally associate to φ a free Z/2Z-module

Sφ =
⊕
i

(Z/2Z)ai

with a basis {ai}, where ai corresponds to φi. We call Sφ the global component

group of φ. For any place v of F , this gives rise to a local L-parameter φv :

LFv → Sp2n(C) together with a canonical map Sφ → Sφv . Thus, we obtain a

compact group Sφ,A =
∏
v Sφv equipped with the diagonal map ∆ : Sφ → Sφ,A.

Let Ŝφ,A =
⊕

v Ŝφv be the group of continuous characters of Sφ,A. For any

η =
⊗

v ηv ∈ Ŝφ,A, we may form an irreducible genuine representation

πη =
⊗
v

πηv

of Mp2n(A), where πηv ∈ Πφv ,ψv(Mp2n) is the representation of Mp2n(Fv)

associated to ηv ∈ Ŝφv . Note that ηv is trivial and πηv is unramified for almost

all v. Also, by the Ramanujan conjecture for general linear groups, πη is

expected to be tempered. Finally, we define a quadratic character εφ of Sφ by

setting

εφ(ai) = ε(1
2 , φi),

where ε(1
2 , φi) ∈ {±1} is the root number of φi.

Our second result (under the hypothesis that Arthur’s result [6] extends

to the case of nonsplit odd special orthogonal groups; see Sections 3.1 and 6.2

below for more details) is

Theorem 1.4. Let φ be a generic elliptic A-parameter for Mp2n. Then

we have

L2
φ,ψ(Mp2n) ∼=

⊕
η∈Ŝφ,A

mηπη,

where

mη =

1 if ∆∗η = εφ,

0 otherwise.

Remark 1.5. The description of the automorphic discrete spectrum of

Mp2n is formally similar to that of SO2n+1, except that the condition ∆∗η = εφ
is replaced by ∆∗η = 1 in the case of SO2n+1.

As an immediate consequence of Theorems 1.1 and 1.4, we obtain the

following generalization of Waldspurger’s result [88, p. 131].

Corollary 1.6. The generic part of L2
disc(Mp2n) (which is defined as⊕

φ L
2
φ,ψ(Mp2n), where the direct sum runs over generic elliptic A-parameters

φ for Mp2n) is multiplicity-free.



THE SHIMURA–WALDSPURGER CORRESPONDENCE FOR Mp2n 971

1.4. Idea of the proof. The main ingredients in the proof of Theorems 1.1

and 1.4 are

• Arthur’s endoscopic classification [6] (which relies on, among other things,

the fundamental lemma proved by Ngô [67] and the stabilization of the

twisted trace formula established by Mœglin–Waldspurger [65], [66]);

• a result of J.-S. Li [49] on global theta lifts in the stable range.

It is natural to attempt to transport Arthur’s result for the odd special orthog-

onal group SO2n+1 to the metaplectic group Mp2n by using global theta lifts.

However, as explained above, the difficulty arises when the central L-value

vanishes.

To circumvent this difficulty, we consider the theta lift between Mp2n

and SO2r+1 with r � 2n, i.e., the one in the stable range. More precisely,

let π be an irreducible summand of L2
disc(Mp2n). If π is cuspidal, then by the

Rallis inner product formula, the global theta lift θψ(π) to SO2r+1(A) is always

nonzero and square-integrable. Even if π is not necessarily cuspidal (so that

the Rallis inner product formula is not available), J.-S. Li [49] has developed

a somewhat unconventional method for lifting π to an irreducible summand

θψ(π) of L2
disc(SO2r+1), which is given by the spectral decomposition of the

space of theta functions on SO2r+1(A) associated to the reductive dual pair

(Mp2n, SO2r+1). (Note that such theta functions are square-integrable by the

stable range condition.) Then Arthur’s result attaches an elliptic A-parameter

φ′ to θψ(π), which turns out to be of the form

φ′ = φ⊕ S2r−2n

for some elliptic A-parameter φ for Mp2n; see Proposition 3.1. We now define

the A-parameter of π as φ, which proves Theorem 1.1.

To prove Theorem 1.4, we apply Arthur’s result to the near equivalence

class L2
φ′(SO2r+1) and transport its local-global structure to L2

φ,ψ(Mp2n). For

this, we need the following multiplicity preservation: if

L2
φ,ψ(Mp2n) ∼=

⊕
π

mππ,

then

L2
φ′(SO2r+1) ∼=

⊕
π

mπθψ(π).

Since the above result of J.-S. Li amounts to the theta lift from Mp2n to

SO2r+1, we need the theta lift from SO2r+1 to Mp2n in the opposite direction.

In fact, J.-S. Li [49] has also developed a method which allows us to lift an

irreducible summand σ of L2
φ′(SO2r+1) (which is no longer cuspidal so that

the conventional method does not work) to an irreducible subrepresentation

θψ(σ) of the space of automorphic forms on Mp2n(A), which is realized as a

Fourier–Jacobi coefficient of σ (as in the automorphic descent; see [27], [28]).
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However, we do not know a priori that θψ(σ) occurs in L2
disc(Mp2n). The

key innovation in this paper is to show that θψ(σ) is cuspidal if φ is generic

(see Proposition 4.1). From this, we can deduce the multiplicity preservation

and hence obtain a multiplicity formula for L2
φ,ψ(Mp2n) when φ is generic (see

Proposition 4.4).

However, there is still an issue: we do not know a priori that the local

structure of L2
φ,ψ(Mp2n) transported from L2

φ′(SO2r+1) agrees with the one

defined via the local Shimura correspondence. In other words, we have to

describe the local theta lift from SO2r+1 to Mp2n in terms of the local Shimura

correspondence (see Proposition 6.1). This is the most difficult part in the

proof of Theorem 1.4 and will be proved as follows.

• We consider the theta lift of representations in the localA-packet Πφ′(SO2r+1)

to Mp2n, where φ′ is a local A-parameter of the form

φ′ = φ⊕ S2r−2n

for some local L-parameter φ for Mp2n. For our global applications, we

may assume that φ is almost tempered. Then we can reduce the general

case to the case of good L-parameters for smaller metaplectic groups, where

we say that an L-parameter φ is good if any irreducible summand of φ is

symplectic. This will be achieved by using irreducibility of some induced

representations (see Lemma 5.5), which is due to Mœglin [54], [55], [57], [56]

in the nonarchimedean case and to Mœglin–Renard [59] in the complex case,

and which is proved in [22] in the real case.

• If φ is good, then we appeal to a global argument. As in our previous paper

[21], we can find a global generic elliptic A-parameter Φ such that Φv0 = φ

for some v0 and Φv is non-good for all v 6= v0, and then apply Arthur’s

multiplicity formula (viewed as a product formula) to extract information at

v0 from the knowledge at all v 6= v0. Strictly speaking, we need to impose

more conditions on Φ, and the most crucial one is the nonvanishing of the

central L-value L(1
2 , Φ) (see Corollary 6.7), which makes the argument more

complicated than that in [21].

Finally, we remark that when n = 1, our argument gives a new proof

of the Shimura–Waldspurger correspondence for Mp2 which is independent of

Waldspurger’s result [91, Th. 4] on the nonvanishing of central L-values.

1.5. Endoscopy for Mp2n. In [50], [51], [52], W.-W. Li has developed the

theory of endoscopy for Mp2n and has stabilized the elliptic part of the trace

formula for Mp2n, which should yield a definition of local L-packets for Mp2n

satisfying endoscopic character relations. In this paper, the local L-packets

for Mp2n are defined via the local Shimura correspondence, and we do not

know a priori that they satisfy the endoscopic character relations. However,
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this was established by Adams [1] and Renard [72] in the real case. Moreover,

using a simple stable trace formula for Mp2n established by W.-W. Li and the

main result of this paper as key inputs, C. Luo [53], a student of the first-

named author, has recently proved the endoscopic character relations in the

nonarchimedean case.

Acknowledgments. We thank the referees for useful suggestions. The first-

named author is partially supported by an MOE Tier one grant R-146-000-

228-114. The second-named author is partially supported by JSPS KAKENHI

Grant Number 26287003.

Notation. If F is a number field and G is a reductive algebraic group

defined over F , we denote by A(G) the space of automorphic forms on G(A),

where A is the adèle ring of F . If G = Mp2n, we understand that A(G) consists

only of genuine functions. We denote by A2(G) and Acusp(G) the subspaces

of square-integrable automorphic forms and cusp forms on G(A), respectively.

If F is a local field and G is a reductive algebraic group defined over F , we

denote by IrrG the set of equivalence classes of irreducible smooth represen-

tations of G, where we identify G with its group of F -valued points G(F ). If

G = Mp2n, we understand that IrrG consists only of genuine representations.

For any irreducible representation π, we denote by π∨ its contragredient

representation. For any abelian locally compact group S, we denote by Ŝ the

group of continuous characters of S. For any positive integer d, we denote by

Sd the unique d-dimensional irreducible representation of SL2(C).

2. Some results of J.-S. Li

In this section, we recall some results of J.-S. Li [47], [49] on theta lifts

and unitary representations of low rank which will play a crucial role in this

paper.

2.1. Metaplectic and orthogonal groups. Let F be either a number field or

a local field of characteristic zero. Let n be a nonnegative integer and Sp2n the

symplectic group of rank n over F . (If n = 0, we interpret Sp0 as the trivial

group {1}.) If F is local, we denote by Mp2n the metaplectic two-fold cover of

Sp2n,

1 −→ {±1} −→ Mp2n −→ Sp2n −→ 1,

which is the unique (up to unique isomorphism) nonsplit two-fold topological

central extension of Sp2n when n > 0 and F 6= C, and which is the trivial

extension (i.e., Mp2n
∼= Sp2n × {±1}) when n = 0 or F = C. We may realize

Mp2n as the set Sp2n × {±1} with multiplication law determined by Ranga

Rao’s two-cocycle [71]. If F is global, we denote by Mp2n(A) the metaplectic
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two-fold cover of Sp2n(A):

1 −→ {±1} −→ Mp2n(A) −→ Sp2n(A) −→ 1.

This cover splits over Sp2n(F ) canonically.

Let V be a quadratic space over F , i.e., a finite-dimensional vector space

over F equipped with a nondegenerate quadratic form q : V → F . We assume

that V is odd-dimensional

dimV = 2r + 1

and that the discriminant of q is trivial. We say that V is split if V is isometric

to the orthogonal direct sum Hr⊕F , where H is the hyperbolic plane and F is

equipped with a quadratic form q(x) = x2. We denote by O(V ) the orthogonal

group of V and by SO(V ) = O(V )0 the special orthogonal group of V . Note

that

(2.1) O(V ) = SO(V )× {±1}.

We write

SO(V ) = SO2r+1

if V is split. Then SO2r+1 is split over F . If F is local, we denote by

ε(V ) ∈ {±1} the normalized Hasse–Witt invariant of V ; see [75, pp. 80–81].

In particular, ε(V ) = 1 if V is split.

2.2. Theta lifts. Suppose first that F is local, and fix a nontrivial additive

character ψ of F . Recall that with the above notation, the pair (Mp2n,O(V ))

is an example of a reductive dual pair. Let ωψ be the Weil representation of

Mp2n ×O(V ) with respect to ψ. For any irreducible genuine representation π

of Mp2n, the maximal π-isotypic quotient of ωψ is of the form

π � Θψ(π)

for some representation Θψ(π) of O(V ). Then, by the Howe duality [35], [90],

[26], Θψ(π) has a unique irreducible (if nonzero) quotient θψ(π). We regard

θψ(π) as a representation of SO(V ) by restriction. By (2.1), θψ(π) remains

irreducible if nonzero.

Similarly, for any irreducible representation σ̃ of O(V ), we define a rep-

resentation Θψ(σ̃) of Mp2n with its unique irreducible (if nonzero) quotient

θψ(σ̃). We now assume that r ≥ n. Let σ be an irreducible representation of

SO(V ). By the conservation relation [85], there exists at most one extension σ̃

of σ to O(V ) such that θψ(σ̃) is nonzero, in which case we write θψ(σ̃) = θψ(σ).

(We interpret θψ(σ) as zero if such σ̃ does not exist.)

Suppose next that F is global, and fix a nontrivial additive character ψ

of F\A. Let π =
⊗
v πv be an abstract irreducible genuine representation of

Mp2n(A). Assume that the theta lift θψv(πv) of πv to SO(V )(Fv) is nonzero
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for all places v of F . Then θψv(πv) is irreducible for all v and is unramified for

almost all v. Hence we may define an abstract irreducible representation

θabs
ψ (π) =

⊗
v

θψv(πv)

of SO(V )(A). We call θabs
ψ (π) the abstract theta lift of π to SO(V )(A). On the

other hand, if π is an irreducible genuine cuspidal automorphic representation

of Mp2n(A), then we may define its global theta lift Θaut
ψ (π) as the subspace

of A(SO(V )) spanned by all automorphic forms of the form

θ(f, ϕ)(h) =

∫
Sp2n(F )\Mp2n(A)

θ(f)(g, h)ϕ(g) dg

for f ∈ ωψ and ϕ ∈ π. Here ωψ is the Weil representation of Mp2n(A) ×
O(V )(A) with respect to ψ and θ(f) is the theta function associated to f , which

is a slowly increasing function on Sp2n(F )\Mp2n(A) × O(V )(F )\O(V )(A). If

Θaut
ψ (π) is nonzero and contained in A2(SO(V )), then Θaut

ψ (π) is irreducible

and

Θaut
ψ (π) ∼= θabs

ψ (π)

by [43, Cor. 7.1.3].

2.3. Unitary representations of low rank. The notion of rank for unitary

representations was first introduced by Howe [34] in the case of symplectic

groups and was extended by J.-S. Li [47] to the case of classical groups. Fol-

lowing [47, §4], we say that an irreducible unitary representation of SO2r+1

is of low rank if its rank (which is necessarily even) is less than r − 1. Such

representations are obtained by theta lifts as follows.

Assume 2n < r− 1. In particular, the reductive dual pair (Mp2n,SO2r+1)

is in the stable range (see [48, Def. 5.1]). If F is local, then for any irreducible

genuine representation π of Mp2n, its theta lift θψ(π) to SO2r+1 is nonzero.

Moreover, if π is unitary, then so is θψ(π) by [48]. In [47], J.-S. Li showed that

this theta lift provides a bijection

(2.2)

{irreducible genuine unitary representations of Mp2n}×{quadratic characters of F×}

{irreducible unitary representations of SO2r+1 of rank 2n},

which sends a pair (π, χ) in the first set to a representation θψ(π)⊗ (χ ◦ ν) of

SO2r+1, where ν : SO2r+1 → F×/(F×)2 is the spinor norm.

This result has a global analog. Let F be a number field and σ =
⊗

v σv
an irreducible unitary representation of SO2r+1(A) which occurs as a subrep-

resentation of A(SO2r+1). Then, by [33], [49, Lemma 3.2], the following are

equivalent:
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• σ is of rank 2n;

• σv is of rank 2n for all v;

• σv is of rank 2n for some v.

Suppose that σ satisfies the above equivalent conditions. Then, for any v, there

exist a unique irreducible genuine unitary representation πv of Mp2n(Fv) and

a unique quadratic character χv of F×v such that

σv ∼= θψv(πv)⊗ (χv ◦ ν).

By [49, Prop. 5.7], χv is unramified for almost all v and the abstract charac-

ter χ =
⊗

v χv of A× is in fact automorphic. This implies that θψv(πv) and

hence πv are unramified for almost all v. Hence we may define an abstract

representation π =
⊗

v πv of Mp2n(A), so that

σ ∼= θabs
ψ (π)⊗ (χ ◦ ν).

2.4. Some inequalities. Finally, we recall a result of J.-S. Li [49] which

allows us to lift square-integrable (but not necessarily cuspidal) automorphic

representations of Mp2n(A) to SO2r+1(A). For any irreducible genuine repre-

sentation π of Mp2n(A), we define its multiplicities m(π) and mdisc(π) by

m(π) = dim HomMp2n(A)(π,A(Mp2n)),

mdisc(π) = dim HomMp2n(A)(π,A2(Mp2n)).

Obviously, mdisc(π) ≤ m(π). Likewise, if σ is an irreducible representation of

SO2r+1(A), we have its multiplicities m(σ) and mdisc(σ).

Theorem 2.1 (J.-S. Li [49]). Assume that 2n < r − 1. Let π be an

irreducible genuine unitary representation of Mp2n(A) and θabs
ψ (π) its abstract

theta lift to SO2r+1(A). Then we have

mdisc(π) ≤ mdisc(θ
abs
ψ (π)) ≤ m(θabs

ψ (π)) ≤ m(π).

3. Near equivalence classes and A-parameters

In this section, we attach an A-parameter to each near equivalence class

contained in L2
disc(Mp2n).

3.1. The automorphic discrete spectrum of SO(V ). We first describe the

automorphic discrete spectrum

L2
disc(SO(V )) = L2

disc(SO(V )(F )\SO(V )(A)),

where V is a (2r+ 1)-dimensional quadratic space over a number field F with

trivial discriminant. If SO(V ) is split over F , then it follows from Arthur’s

result [6] that

L2
disc(SO(V )) =

⊕
φ

L2
φ(SO(V )),
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where the direct sum runs over elliptic A-parameters φ for SO(V ) (or equiva-

lently those for Mp2r) and L2
φ(SO(V )) is a full near equivalence class of irre-

ducible representations σ in L2
disc(SO(V )) such that the L-parameter of σv is

ϕφv for almost all places v of F . Even if SO(V ) is not necessarily split over F ,

this decomposition is expected to hold.

3.2. Attaching A-parameters. Let C be a near equivalence class contained

in L2
disc(Mp2n). Then C gives rise to a collection of L-parameters

ϕv : LFv −→ Sp2n(C)

for almost all v such that for any irreducible summand π of C, the L-parameter

of πv (relative to ψv) is ϕv for almost all v. Here ψ is the fixed nontrivial

additive character of F\A. Then we have

Proposition 3.1. There exists a unique elliptic A-parameter φ for Mp2n

such that ϕφv = ϕv for almost all v.

Proof. To prove the existence of φ, we fix an integer r > 2n+1 and consider

the abstract theta lift from Mp2n(A) to SO2r+1(A). Choose any irreducible

summand π of C. Since mdisc(π) ≥ 1, we deduce from Theorem 2.1 that

mdisc(θ
abs
ψ (π)) ≥ 1; i.e., θabs

ψ (π) occurs in L2
disc(SO2r+1). Hence, as explained

in Section 3.1 above, Arthur’s result [6] attaches an elliptic A-parameter φ′ to

θabs
ψ (π).

We show that φ′ contains S2r−2n as a direct summand. Consider the par-

tial L-function LS(s, θabs
ψ (π)) of θabs

ψ (π) relative to the standard representation

of Sp2r(C), where S is a sufficiently large finite set of places of F . If we write

φ′ =
⊕

i φi � Sdi as in (1.1), then

(3.1) LS(s, θabs
ψ (π)) =

∏
i

di∏
j=1

LS
Å
s+

di + 1

2
− j, φi

ã
.

Note that LS(s, φi) is holomorphic for Re s > 1 for all i, and it has a pole at

s = 1 if and only if φi is the trivial representation of GL1(A). On the other

hand, by the local theta correspondence for unramified representations, the

L-parameter of θψv(πv) is

(3.2) ϕv ⊕
( 2r−2n⊕

j=1

| · |r−n+ 1
2
−j
)

for almost all v. Hence

(3.3) LS(s, θabs
ψ (π)) = LSψ(s, π)

2r−2n∏
j=1

ζS(s+ r − n+ 1
2 − j),
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where LSψ(s, π) is the partial L-function of π relative to ψ and the standard

representation of Sp2n(C). Since LSψ(s, π) is holomorphic for Re s > n+ 1 (see,

e.g., [93, Th. 9.1]), it follows from (3.3) that LS(s, θabs
ψ (π)) is holomorphic for

Re s > r− n+ 1
2 but has a pole at s = r− n+ 1

2 . This and (3.1) imply that φ′

contains S2t as a direct summand for some t ≥ r − n. If t is the largest such

integer, then LS(s, θabs
ψ (π)) has a pole at s = t+ 1

2 . This forces t = r − n.

Thus, we may write

φ′ = φ⊕ S2r−2n

for some elliptic A-parameter φ. This and (3.2) imply that ϕφv = ϕv for

almost all v. Moreover, by the strong multiplicity one theorem [37, Th. 4.4],

φ is uniquely determined by this condition. �

We now denote by L2
φ,ψ(Mp2n) the near equivalence class C, where φ is the

A-parameter attached to C by Proposition 3.1. Then we have a decomposition

L2
disc(Mp2n) =

⊕
φ

L2
φ,ψ(Mp2n),

where the direct sum runs over elliptic A-parameters φ for Mp2n. Note that

L2
φ,ψ(Mp2n) is possibly zero for some φ. This completes the proof of Theo-

rem 1.1.

Remark 3.2. Suppose that

L2
φ,ψ(Mp2n) ∼=

⊕
π

mππ,

where the direct sum runs over irreducible genuine representations π of Mp2n(A)

and mπ is the multiplicity of π in L2
φ,ψ(Mp2n). If r > 2n+1 and φ′ = φ⊕S2r−2n,

then it follows from Theorem 2.1 and the Howe duality that

L2
φ′(SO2r+1)←−↩

⊕
π

mπθ
abs
ψ (π).

In Corollary 4.2 below, we show that the above embedding is an isomorphism

if φ is generic.

Remark 3.3. By Arthur’s multiplicity formula [6, Th. 1.5.2], once we know

that local A-packets are multiplicity-free, we have

mdisc(σ) ≤ 1

for all irreducible representations σ of SO2r+1(A). On the other hand, the

multiplicity-freeness of local A-packets was proved by Mœglin [54], [55], [57],

[56] in the nonarchimedean case, and by Mœglin [58] and Mœglin–Renard [59]

in the complex case, but is not fully known in the real case, though there

has been progress by Arancibia–Mœglin–Renard [4] and Mœglin–Renard [61],

[60]. Hence, by Theorem 2.1, L2
disc(Mp2n) is multiplicity-free at least when F

is totally imaginary.
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4. The case of generic elliptic A-parameters

In this section, we study the structure of L2
φ,ψ(Mp2n) for generic elliptic

A-parameters φ.

4.1. A key equality. We define the multiplicity mcusp(π) by

mcusp(π) = dim HomMp2n(A)(π,Acusp(Mp2n))

for any irreducible genuine representation π of Mp2n(A). Obviously, we have

mcusp(π)≤ mdisc(π) ≤ m(π).

Proposition 4.1. Let φ be a generic elliptic A-parameter for Mp2n. Let

π be an irreducible genuine representation of Mp2n(A) such that the L-para-

meter of πv (relative to ψv) is φv for almost all v. Then we have

mcusp(π) = mdisc(π) = m(π).

Proof. It suffices to show that for any realization V ⊂ A(Mp2n) of π, we

have V ⊂ Acusp(Mp2n). Suppose on the contrary that V 6⊂ Acusp(Mp2n) for

some such V. Then the image VP of V under the constant term map

A(Mp2n) −→ AP (Mp2n)

is nonzero for some proper parabolic subgroup P of Sp2n. Here AP (Mp2n) is

the space of genuine automorphic forms on N(A)M(F )\Mp2n(A), where M

and N are a Levi component and the unipotent radical of P , respectively.

Assume that P is minimal with this property, so that VP is contained in the

space of cusp forms in AP (Mp2n). Then, as explained in [44, p. 205], π is a

subrepresentation of

Ind
Mp2n(A)

P̃ (A)
(ρ)

for some irreducible cuspidal automorphic representation ρ of M̃(A), where

P̃ (A) and M̃(A) are the preimages of P (A) and M(A) in Mp2n(A), respectively.

If M ∼=
∏
i GLki × Sp2n0

with
∑
i ki + n0 = n, then ρ is of the form

ρ ∼=
(⊗

i

τ̃i,ψ
)
⊗ π0

for some irreducible cuspidal automorphic representations τi and π0 of GLki(A)

and Mp2n0
(A), respectively. Here, as in [20, §2.6], we define the twist τ̃i,ψ =

τi ⊗ χψ of τi by the genuine quartic automorphic character χψ of the two-fold

cover of GLki(A). By Proposition 3.1, π0 has a weak lift τ0 to GL2n0(A). Hence

π has a weak lift to GL2n(A) of the form

(4.1)
(
�
i

(τi � τ∨i )
)
� τ0,

where � denotes the isobaric sum.
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On the other hand, if we write φ =
⊕

i φi for some pairwise distinct

irreducible symplectic cuspidal automorphic representations φi of GLni(A),

then π has a weak lift to GL2n(A) of the form

(4.2) �
i

φi.

By the strong multiplicity one theorem [37, Th. 4.4], the two expressions (4.1)

and (4.2) must agree. However, τi in (4.1) either is non-self-dual or is self-dual

but occurs with multiplicity at least 2, whereas φi in (4.2) is self-dual and occurs

with multiplicity 1. This is a contradiction. Hence we have V ⊂ Acusp(Mp2n)

as required. �

4.2. The multiplicity preservation. As a consequence of Proposition 4.1,

we deduce

Corollary 4.2. Let φ be a generic elliptic A-parameter for Mp2n. Sup-

pose that

L2
φ,ψ(Mp2n) ∼=

⊕
π

mππ.

If r > 2n+ 1 and φ′ = φ⊕ S2r−2n, then

L2
φ′(SO2r+1) ∼=

⊕
π

mπθ
abs
ψ (π).

Proof. For any irreducible genuine unitary representation π of Mp2n(A)

such that the L-parameter of πv (relative to ψv) is φv for almost all v, we have

(4.3) mdisc(π) = mdisc(θ
abs
ψ (π))

by Theorem 2.1 and Proposition 4.1. In view of Remark 3.2, it remains to show

that for any irreducible summand σ of L2
φ′(SO2r+1), there exists an irreducible

summand π of L2
φ,ψ(Mp2n) such that σ ∼= θabs

ψ (π). Since the L-parameter of

σv is

ϕφ′v = φv ⊕
( 2r−2n⊕

j=1

| · |r−n+ 1
2
−j
)

for almost all v, it follows from the local theta correspondence for unramified

representations that

(4.4) σv ∼= θψv(πφv)

for almost all v, where πφv is the irreducible genuine unramified representation

of Mp2n(Fv) whose L-parameter (relative to ψv) is φv. Note that such πφv is

unitary (see [86] and Remark 5.3 below). As explained in Section 2.3, such σv
is of rank 2n, and hence so is σ. Hence there exist a unique irreducible gen-

uine unitary representation π of Mp2n(A) and a unique quadratic automorphic
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character χ of A× such that

σ ∼= θabs
ψ (π)⊗ (χ ◦ ν).

Then we have

σv ∼= θψv(πv)⊗ (χv ◦ ν)

for all v. Recalling the bijection (2.2), we deduce from this and (4.4) that πv ∼=
πφv and χv is trivial for almost all v. Since χ is automorphic, it must be trivial,

so that σ ∼= θabs
ψ (π). Hence, by (4.3), we have mdisc(π) = mdisc(σ) > 0. �

4.3. Multiplicity formula for SO2r+1. Corollary 4.2 allows us to infer a

local-global structure of L2
φ,ψ(Mp2n) with a multiplicity formula from Arthur’s

result [6], which we now recall. Let φ′ be an elliptic A-parameter for SO2r+1,

and write

φ′ =
⊕
i

φi � Sdi

as in (1.1). Let

Sφ′ =
⊕
i

(Z/2Z)a′i

be a free Z/2Z-module with a basis {a′i}, where a′i corresponds to φi�Sdi , and

put

S̄φ′ = Sφ′/∆(Z/2Z).

For each place v of F , we regard the localization φ′v of φ′ at v as a local A-

parameter φ′v : LFv × SL2(C) → Sp2r(C). Let Sφ′v be the component group

of the centralizer of the image of φ′v in Sp2r(C), and put S̄φ′v = Sφ′v/〈zφ′v〉,
where zφ′v is the image of −1 ∈ Sp2r(C) in Sφ′v . Then we have a canonical map

S̄φ′ → S̄φ′v . Thus, we obtain a compact group S̄φ′,A =
∏
v S̄φ′v equipped with

the diagonal map ∆ : S̄φ′ → S̄φ′,A.

To each local A-parameter φ′v, Arthur [6] assigned a finite set of (possibly

zero, possibly reducible) semisimple representations of SO2r+1(Fv) of finite

length:

Πφ′v(SO2r+1) = {ση′v | η
′
v ∈ ˆ̄Sφ′v}.

If φ′ is generic, then Πφ′v(SO2r+1) is simply the local L-packet associated to

φ′v (regarded as a local L-parameter) by the local Langlands correspondence.

In particular, if further v is nonarchimedean or complex, then ση′v is nonzero

and irreducible for any η′v. However, if φ′ is not generic, then Arthur’s result

[6] does not provide explicit knowledge of the representation ση′v . Fortunately,

in the nonarchimedean case, Mœglin’s results [54], [55], [57], [56] provide an

alternative explicit construction of Πφ′v(SO2r+1) and rather precise knowledge

of the properties of ση′v such as nonvanishing, multiplicity-freeness, and irre-

ducibility. These results will be reviewed in Section 5 below.
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For any η′ =
⊗
v η
′
v ∈ ˆ̄Sφ′,A, we may form a semisimple representation

ση′ =
⊗
v ση′v of SO2r+1(A). Let εφ′ be the quadratic character of S̄φ′ defined

by [6, (1.5.6)]. Then Arthur’s multiplicity formula [6, Th. 1.5.2] asserts that

(4.5) L2
φ′(SO2r+1) ∼=

⊕
η′∈ ˆ̄Sφ′,A

mη′ση′ ,

where

mη′ =

1 if ∆∗η′ = εφ′ ,

0 otherwise.

4.4. Structure of L2
φ,ψ(Mp2n). Finally, with the help of Corollary 4.2, we

can transfer the structure of L2
φ′(SO2r+1) to L2

φ,ψ(Mp2n) for any generic elliptic

A-parameter φ for Mp2n, where φ′ = φ ⊕ S2r−2n with r > 2n + 1. If we

write φ =
⊕
i φi for some pairwise distinct irreducible symplectic cuspidal

automorphic representations φi of GLni(A), then Sφ and Sφ′ are of the form

Sφ =
⊕
i

(Z/2Z)ai, Sφ′ = Sφ ⊕ (Z/2Z)a′0,

where ai and a′0 correspond to φi and S2r−2n, respectively. In particular, the

natural map

ι : Sφ ↪−→ Sφ′ −� S̄φ′

is an isomorphism. Put εφ = ι∗εφ′ .

Lemma 4.3. We have

εφ(ai) = ε(1
2 , φi).

Moreover, if the central L-value L(1
2 , φ) does not vanish, then εφ is trivial.

Proof. Recall that φi is symplectic and hence ni is even; see [40, §9].

Let Lφ =
∏
i Spni(C) be a substitute for the hypothetical Langlands group

of F as in [6, (1.4.4)], so that for any place v of F , we may regard φv as

a local L-parameter φv : LFv → Lφ via the local Langlands correspondence.

Let φ̃ : Lφ → Sp2n(C) be a natural embedding. We define a homomorphism

φ̃′ : Lφ × SL2(C)→ Sp2r(C) by

φ̃′ = φ̃⊕ S2r−2n,

where we regard φ̃ and φ̃′ as representations of Lφ and Lφ × SL2(C), respec-

tively. Then we have a natural embedding κ : Sφ′ ↪→ Sp2r(C) whose image is

equal to the centralizer of the image of φ̃′ in Sp2r(C). More explicitly, we have

Std ◦ (κ× φ̃′) =
(⊕

i

κi � Stdi
)
⊕ (κ′0 � S2r−2n)
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as representations of Sφ′ ×Lφ×SL2(C), where Std is the standard representa-

tion of Sp2r(C), Stdi is the composition of the projection Lφ → Spni(C) with

the standard representation of Spni(C), and κi and κ′0 are the characters of

Sφ′ given by

κi(aj) =

−1 if i = j,

1 if i 6= j,
κi(a

′
0) = 1,

κ′0(aj) = 1, κ′0(a′0) = −1.

We consider the orthogonal representation Ad ◦ (κ× φ̃′) of Sφ′ ×Lφ× SL2(C),

where Ad is the adjoint representation of Sp2r(C), and we decompose it as

Ad ◦ (κ× φ̃′) =
⊕
j

εj � ρj � Sdj

for some characters εj of Sφ′ , some irreducible representations ρj of Lφ, and

some positive integers dj . In fact, εj descends to a character of S̄φ′ for all j. If

ρj is symplectic, we denote by

ε(s, φ, ρj) =
∏
v

ε(s, ρj ◦ φv, ψv)

the ε-function of φ relative to ρj , which is independent of the choice of ψ. Note

that ε(1
2 , φ, ρj) ∈ {±1}. Then εφ′ is given by

εφ′ =
∏
j

εj ,

where the product runs over indices j such that ρj is symplectic and ε(1
2 , φ, ρj)

= −1. On the other hand, we have

Ad ◦ φ̃′ = (Ad ◦ φ̃)⊕ (φ̃� S2r−2n)⊕ S3 ⊕ S7 ⊕ · · · ⊕ S4r−4n−1

as representations of Lφ × SL2(C). Since Ad ◦ φ̃ is orthogonal, it does not

contribute to εφ′ . Moreover, we have

φ̃� S2r−2n =
⊕
i

κiκ
′
0 � Stdi � S2r−2n

as representations of Sφ′×Lφ×SL2(C). Since Stdi is symplectic and ε(s, φ,Stdi)

= ε(s, φi), this implies the first assertion.

If L(1
2 , φ) 6= 0, then since L(1

2 , φ) =
∏
i L(1

2 , φi), we have L(1
2 , φi) 6= 0 and

hence ε(1
2 , φi) = 1 for all i. Thus, the second assertion follows from the first

one. �

Similarly, for any place v of F , the natural map

ιv : Sφv ↪−→ Sφ′v −� S̄φ′v
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is an isomorphism. For any η′v ∈ ˆ̄Sφ′v , we write

ση′v =
⊕
i

mη′v ,iση′v ,i

for some positive integers mη′v ,i and some pairwise distinct irreducible repre-

sentations ση′v ,i of SO2r+1(Fv). Put ηv = ι∗vη
′
v and

π̃ηv =
⊕
i

mη′v ,iθψv(ση′v ,i),

where θψv(ση′v ,i) is the theta lift to Mp2n(Fv). Thus, for any η =
⊗
v ηv ∈ Ŝφ,A,

we may form a semisimple genuine representation π̃η =
⊗

v π̃ηv of Mp2n(A).

Proposition 4.4. Let φ be a generic elliptic A-parameter for Mp2n.

Then we have

L2
φ,ψ(Mp2n) ∼=

⊕
η∈Ŝφ,A

mηπ̃η,

where

mη =

1 if ∆∗η = εφ,

0 otherwise.

Proof. Suppose that

L2
φ′(SO2r+1) ∼=

⊕
σ

mσσ.

Then, by Corollary 4.2 and the Howe duality, we have

L2
φ,ψ(Mp2n) ∼=

⊕
σ

mσθ
abs
ψ (σ).

This and the multiplicity formula (4.5) imply the assertion. �

Hence, to complete the proof of Theorem 1.4, it remains to describe π̃η
in terms of the local Shimura correspondence. This will be established in

Proposition 6.1 below.

Remark 4.5. In the above argument, we have fixed an integer r > 2n+ 1

and do not know a priori that π̃η is independent of the choice of r. This does

not seem immediate and will be deduced from the description of π̃η in terms

of the local Shimura correspondence. While this is a purely local problem, we

will address it by a global argument in Section 6 below.

5. Local L- and A-packets

In this section, we review the representation theory of metaplectic and

orthogonal groups over local fields. In particular, we state irreducibility of

some induced representations which will play an important role in an inductive

argument in Section 6 below.
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5.1. L-parameters. Let F be a local field of characteristic zero and put

LF =

the Weil group of F if F is archimedean,

the Weil–Deligne group of F if F is nonarchimedean.

Then the local Langlands correspondence [45], [30], [31], [76] provides a bijec-

tion

Irr GLn ←→ {n-dimensional representations of LF }.

Let φ be an n-dimensional representation of LF . We may regard φ as an

L-parameter φ : LF → GLn(C). We say that

• φ is symplectic if there exists a nondegenerate antisymmetric bilinear form

b : Cn × Cn → C such that b(φ(w)x, φ(w)y) = b(x, y) for all w ∈ LF and

x, y ∈ Cn;

• φ is tempered if the image of the Weil group of F under φ is relatively

compact in GLn(C).

If φ is irreducible and symplectic, then it is tempered. Let τ be the irreducible

representation of GLn associated to φ. Then we have

• τ is essentially square-integrable if and only if φ is irreducible;

• τ is tempered if and only if φ is tempered.

Let φ be a 2n-dimensional symplectic representation of LF . We may

regard φ as an L-parameter φ : LF → Sp2n(C). We decompose φ as

(5.1) φ =
⊕
i

miφi

for some positive integers mi and some pairwise distinct irreducible represen-

tations φi of LF . We say that

• φ is good if φi is symplectic for all i;

• φ is tempered if φi is tempered for all i;

• φ is almost tempered if φi| · |−si is tempered for some si ∈ R with |si| < 1
2

for all i.

If φ is good, then it is tempered. Also, any localization of a global generic

elliptic A-parameter for Mp2n is almost tempered.

For any 2n-dimensional symplectic representation φ of LF , we may write

(5.2) φ = ϕ⊕ ϕ∨ ⊕ φ0,

where

• ϕ is a k-dimensional representation of LF whose irreducible summands are

all non-symplectic;

• φ0 is a 2n0-dimensional good symplectic representation of LF ;

• k + n0 = n.
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More explicitly, if φ is of the form (5.1), then φ0 is given by

φ0 =
⊕
i∈I0

miφi,

where I0 = {i |φi is symplectic}. Let Sφ be the component group of the cen-

tralizer of the image of φ in Sp2n(C) and zφ the image of −1 ∈ Sp2n(C) in Sφ.

Then Sφ is a free Z/2Z-module of the form

Sφ =
⊕
i∈I0

(Z/2Z)ai,

where ai corresponds to φi, and zφ = (miai). In particular, we have a natural

identification Sφ0 = Sφ.

5.2. Representation theory of SO(V ). The local Langlands correspondence

[45], [79], [80], [6], [62] provides a partition

Irr SO(V ) =
⊔
φ

Πφ(SO(V ))

and bijections

(5.3)
⊔
V

Πφ(SO(V ))←→ Ŝφ,

where the first disjoint union runs over equivalence classes of 2n-dimensional

symplectic representations φ of LF and the second disjoint union runs over

isometry classes of (2n+1)-dimensional quadratic spaces V over F with trivial

discriminant. For any σ ∈ Πφ(SO(V )), we have

• σ is square-integrable if and only if φ is good and multiplicity-free;

• σ is tempered if and only if φ is tempered.

We write σ = ση if σ corresponds to η ∈ Ŝφ under the bijection (5.3). Let

Ŝφ,V ⊂ Ŝφ be the subset of all η such that ση is a representation of SO(V ).

Then we have

Ŝφ,V ⊂ {η ∈ Ŝφ | η(zφ) = ε(V )},
with equality when F is nonarchimedean or F = C. Note that if F = C, then

Sφ = {0}, so that the condition η(zφ) = ε(V ) disappears.

Write φ = ϕ ⊕ ϕ∨ ⊕ φ0 as in (5.2). We have Πφ(SO(V )) = ∅ unless the

F -rank of SO(V ) is greater than or equal to k, in which case there exists a

(2n0 +1)-dimensional quadratic space V0 over F with trivial discriminant such

that V = Hk⊕V0. Let Q be a parabolic subgroup of SO(V ) with Levi compo-

nent GLk × SO(V0). Let τ be the irreducible representation of GLk associated

to ϕ. Then, by the inductive property of the local Langlands correspondence,

for any η ∈ Ŝφ,V , ση is equal to an irreducible subquotient of

Ind
SO(V )
Q (τ ⊗ ση0),
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where we write η as η0 if we regard it as a character of Sφ0 via the identification

Sφ0 = Sφ.

Lemma 5.1. If φ is almost tempered, then Ind
SO(V )
Q (τ ⊗ σ0) is irreducible

for any σ0 ∈ Πφ0(SO(V0)).

Proof. If φ is tempered, then by definition, the L-packet Πφ(SO(V )) con-

sists of all irreducible summands of Ind
SO(V )
Q (τ ⊗σ0) for all σ0 ∈ Πφ0(SO(V0)).

Hence the irreducibility of Ind
SO(V )
Q (τ ⊗ σ0) is a consequence of the bijectivity

of (5.3) and the fact that Sφ0 = Sφ.

Thus, if φ is almost tempered, then by induction in stages, it remains to

show that Ind
SO(V )
Q (τ ⊗ σ0) is irreducible if

• τ is an irreducible representation of GLk whose L-parameter is of the form⊕
i φi| · |si for some tempered representations φi of LF and some si ∈ R with

0 < |si| < 1
2 ;

• σ0 is an irreducible tempered representation of SO(V0).

If F is archimedean, then this follows from a result of Speh–Vogan [83]; see

also [87, Ch. 8]. If F is nonarchimedean, then this follows from a result of

Mœglin–Waldspurger [64, §2.14] and a conjecture of Gross–Prasad and Rallis

[29, Conj. 2.6], which is proved in [21, App. B]. �

5.3. Representation theory of Mp2n. Fix a nontrivial additive character ψ

of F . The local Shimura correspondence [2], [3], [24] asserts that the theta lift

(relative to ψ) induces a bijection

θψ : Irr Mp2n ←→
⊔
V

Irr SO(V )

satisfying natural properties as stated in Section 1.2, where the disjoint union

runs over isometry classes of (2n+ 1)-dimensional quadratic spaces V over F

with trivial discriminant. Composing this with the local Langlands correspon-

dence for SO(V ), we obtain a partition

Irr Mp2n =
⊔
φ

Πφ,ψ(Mp2n)

and bijections

(5.4) Πφ,ψ(Mp2n)←→ Ŝφ,

where the disjoint union runs over equivalence classes of 2n-dimensional sym-

plectic representations φ of LF . Since θψ preserves the square-integrability and

the temperedness of representations, for any π ∈ Πφ,ψ(Mp2n), we have

• π is square-integrable if and only if φ is good and multiplicity-free;

• π is tempered if and only if φ is tempered.
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We write π = πη if π corresponds to η ∈ Ŝφ under the bijection (5.4).

Write φ = ϕ⊕ϕ∨⊕φ0 as in (5.2). Let P be a parabolic subgroup of Sp2n

with Levi component GLk×Sp2n0
and P̃ the preimage of P in Mp2n. Let τ be

the irreducible representation of GLk associated to ϕ and τ̃ψ = τ ⊗χψ its twist

by the genuine quartic character χψ of the two-fold cover of GLk given in [20,

§2.6]. Then, by the inductive property of the local Shimura correspondence,

for any η ∈ Ŝφ, πη is equal to an irreducible subquotient of

Ind
Mp2n

P̃
(τ̃ψ ⊗ πη0),

where we write η as η0 if we regard it as a character of Sφ0 via the identification

Sφ0 = Sφ.

Lemma 5.2. If φ is almost tempered, then Ind
Mp2n

P̃
(τ̃ψ⊗π0) is irreducible

for any π0 ∈ Πφ0,ψ(Mp2n0
).

Proof. If φ is tempered, then by the inductive property of the local Shimura

correspondence, the L-packet Πφ,ψ(Mp2n) consists of all irreducible summands

of Ind
Mp2n

P̃
(τ̃ψ ⊗ π0) for all π0 ∈ Πφ0,ψ(Mp2n0

). Hence the irreducibility of

Ind
Mp2n

P̃
(τ̃ψ ⊗ π0) is a consequence of the bijectivity of (5.4) and the fact that

Sφ0 = Sφ.

Thus, if φ is almost tempered, then by induction in stages, it remains to

show that Ind
Mp2n

P̃
(τ̃ψ ⊗ π0) is irreducible if

• τ is an irreducible representation of GLk whose L-parameter is of the form⊕
i φi| · |si for some tempered representations φi of LF and some si ∈ R with

0 < |si| < 1
2 ;

• π0 is an irreducible tempered representation of Mp2n0
.

If F = C, then this follows from a result of Speh–Vogan [83]; see also [87, Ch. 8].

If F = R, then the argument in [83] should also work, but they only consider

real reductive linear Lie groups. For the sake of completeness, we give a proof

in [22]. Suppose that F is nonarchimedean. Then this follows from a result of

Atobe [7, Th. 3.13], but we include the proof for the convenience of the reader.

We may assume that π = Ind
Mp2n

P̃
(τ̃ψ ⊗ π0) is a standard module. Let π′ be

the unique irreducible quotient of π. By the local Shimura correspondence,

the theta lift σ0 = θψ(π0) to SO(V0) is nonzero and tempered for a unique

(2n0 +1)-dimensional quadratic space V0 over F with trivial discriminant. Put

σ = Ind
SO(V )
Q (τ ⊗ σ0), where V = Hk ⊕ V0 and Q is the standard parabolic

subgroup of SO(V ) with Levi component GLk×SO(V0). As shown in the proof

of Lemma 5.1, σ is irreducible. Then, by [24], we have

θψ(π′) = σ.

On the other hand, as in the proof of [24, Th. 8.1], it follows from Kudla’s

filtration (see, e.g., [24, Prop. 7.3]) and [24, Lemma 7.4], which continues to
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hold for s > −1
2 , that there exists a surjection

Ind
Mp2n

P̃
((τ∨ ⊗ χψ)⊗Θψ(σ0)) −� Θψ(σ).

Since Θψ(σ0) = θψ(σ0) = π0 by [24] and θψ(σ) = π′, this induces a surjection

Ind
Mp2n

P̃
((τ∨ ⊗ χψ)⊗ π0) −� π′.

Taking the contragredient and applying the MVW involution [63], [84], we

obtain an injection

π′ ↪−→ Ind
Mp2n

P̃
(τ̃ψ ⊗ π0).

Hence π′ occurs in π as a quotient and as a subrepresentation. Since π′ occurs

in π with multiplicity one (see, e.g., [9, Rem. 4.5]), π must be irreducible. �

Remark 5.3. Suppose that F is nonarchimedean of odd residual character-

istic and ψ is of order zero. Then we may regard K = Sp2n(O) as a subgroup

of Mp2n via the standard splitting, where O is the integer ring of F . If an

irreducible genuine representation π of Mp2n is unramified, i.e., has a nonzero

K-fixed vector, then it must be the unique unramified subquotient of a prin-

cipal series representation

(5.5) Ind
Mp2n

B̃
(χψ| · |s1 ⊗ · · · ⊗ χψ| · |sn),

where B is a Borel subgroup of Sp2n, B̃ is the preimage of B in Mp2n, and

s1, . . . , sn ∈ C. In this case, by the local theta correspondence for unramified

representations, the L-parameter of π (relative to ψ) is

n⊕
i=1

(| · |si ⊕ | · |−si).

Also, as shown in the proof of Lemma 5.2, the representation (5.5) is irreducible

if |Re si| < 1
2 for all i. Hence, by [46, Lemma 3.3], the representation (5.5) is

unitary if either si ∈
√
−1R or si ∈ R with |si| < 1

2 for all i.

5.4. Some A-packets for SO2r+1. Let φ′ be a 2r-dimensional symplectic

representation of LF × SL2(C). We may regard φ′ as an A-parameter φ′ :

LF×SL2(C)→ Sp2r(C) and associate to it an L-parameter ϕφ′ : LF → Sp2r(C)

by

(5.6) ϕφ′(w) = φ′
(
w,

(
|w|

1
2

|w|−
1
2

))
.

Let Sφ′ be the component group of the centralizer of the image of φ′ in Sp2r(C),

and put S̄φ′ = Sφ′/〈zφ′〉, where zφ′ is the image of −1 ∈ Sp2r(C) in Sφ′ . Then

Arthur [6] assigned to φ′ an A-packet,

Πφ′(SO2r+1) = {ση′ | η′ ∈ ˆ̄Sφ′},
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where ση′ is a (possibly zero, possibly reducible) semisimple representation of

SO2r+1 of finite length.

From now on, we only consider an A-parameter φ′ of the form

φ′ = φ⊕ S2r−2n

for some 2n-dimensional symplectic representation φ of LF with 2n < r − 1.

Then we have

Proposition 5.4. Assume that φ is almost tempered. Then ση′ is nonzero

and irreducible for any η′ ∈ ˆ̄Sφ′ . Moreover, Πφ′(SO2r+1) is multiplicity-free;

i.e., the ση′ ’s are pairwise distinct.

This proposition is largely due to Mœglin [54], [55], [57], [56] when F is

nonarchimedean, to Mœglin [58] and Mœglin–Renard [59] when F = C, and

to Arancibia–Mœglin–Renard [4] and Mœglin–Renard [61], [60] when F = R
and φ is good. The reader can also consult an efficient and concise exposi-

tion of Mœglin’s results by B. Xu [92]. In the next section, we will give a

proof of Proposition 5.4 based on theta lifts. For this, we need the following

irreducibility of some induced representations.

Write φ = ϕ ⊕ ϕ∨ ⊕ φ0 as in (5.2). Put φ′0 = φ0 ⊕ S2r−2n, so that φ′ =

ϕ⊕ ϕ∨ ⊕ φ′0. Let Q′ be a parabolic subgroup of SO2r+1 with Levi component

GLk×SO2r−2k+1. Let τ be the irreducible representation of GLk associated to

ϕ. Then, by the definition and the inductive property of A-packets (see [6]),

for any η′ ∈ ˆ̄Sφ′ , ση′ is equal to the semisimplification of

Ind
SO2r+1

Q′ (τ ⊗ ση′0),

where we write η′ as η′0 if we regard it as a character of S̄φ′0 via the identification

S̄φ′0 = S̄φ′ .

Lemma 5.5. Assume that φ is almost tempered. Then Ind
SO2r+1

Q′ (τ ⊗ σ′0)

is irreducible for any irreducible subrepresentation σ′0 of any representation in

the A-packet Πφ′0
(SO2r−2k+1).

Proof. The assertion was proved in a more general context by Mœglin

[57, §3.2], [56, Prop. 5.1] when F is nonarchimedean, and by Mœglin–Renard

[59, §6] when F = C. In [22], we give a proof based on the Kazhdan–Lusztig

algorithm when F = R, noting that σ′0 has half integral infinitesimal character

by [10, Lemme 3.4]. �

6. Comparison of local theta lifts

As explained in Section 4.4, to finish the proof of Theorem 1.4, it remains

to describe the local theta lift from SO2r+1 to Mp2n with r > 2n+ 1 in terms
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of the local Shimura correspondence. Namely, we need to compare the local

theta correspondences for the following reductive dual pairs:

• (Mp2n, SO2n+1) in the equal rank case (and its inner forms);

• (Mp2n, SO2r+1) in the stable range.

To distinguish them, we keep using θψ to denote the theta correspondence for

the former but change it to ϑψ for the latter. We emphasize that we need all

inner forms of SO2n+1 in the former but only need the split form SO2r+1 in

the latter.

Let F be a local field of characteristic zero, and fix a nontrivial additive

character ψ of F . Let φ be a 2n-dimensional symplectic representation of LF ,

and put φ′ = φ⊕S2r−2n with r > 2n+1. Then we have a natural isomorphism

ι : Sφ ↪−→ Sφ′ −� S̄φ′ .

We now state the main result of this section.

Proposition 6.1. Assume that φ is almost tempered. Then, for any

η′ ∈ ˆ̄Sφ′ , we have

ϑψ(ση′) = πη,

where η = ι∗η′.

The rest of this section is devoted to the proof of Propositions 5.4 and 6.1.

6.1. Reduction to the case of good L-parameters. We proceed by induction

on n.

Lemma 6.2. Propositions 5.4 and 6.1 hold for n = 0.

Proof. If n = 0, then φ′ = S2r and Πφ′(SO2r+1) = {σ1}, where σ1 is the

trivial representation of SO2r+1. Moreover, the theta lift ϑψ(σ1) to Mp0 is the

genuine 1-dimensional representation of Mp0 = {±1}, which is also the theta

lift of the trivial representation of SO1 = {1}. This completes the proof. �

From now on, we assume that n > 0.

Lemma 6.3. Assume that Propositions 5.4 and 6.1 hold for all 2n0-dimen-

sional good symplectic representations of LF for all n0 < n. Then they also hold

for all 2n-dimensional almost tempered non-good symplectic representations

of LF .

Proof. Let φ be a 2n-dimensional almost tempered non-good symplectic

representation of LF . Write φ = ϕ ⊕ ϕ∨ ⊕ φ0 as in (5.2). In particular, φ0

is a 2n0-dimensional good symplectic representation of LF with n0 < n. Put

φ′0 = φ0⊕S2r−2n, so that φ′ = ϕ⊕ϕ∨⊕φ′0. Let η′ ∈ ˆ̄Sφ′ , and put η = ι∗η′. We

write η′ (resp. η) as η′0 (resp. η0) if we regard it as a character of S̄φ′0 (resp. Sφ0)

via the natural identification. Then, by definition, ση′ is the semisimplification
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of Ind
SO2r+1

Q′ (τ ⊗ ση′0), where Q′ is the standard parabolic subgroup of SO2r+1

with Levi component GLk × SO2r−2k+1 and τ is the irreducible representation

of GLk associated to ϕ. Since ση′0 is nonzero and irreducible by assumption,

so is ση′ by Lemma 5.5. Moreover, the theta lift ϑψ(ση′0) to Mp2n0
is πη0 by

assumption. Hence it follows from the induction principle [42], [2, Cor. 3.21],

[3, Th. 8.4], which easily extends to the case at hand, that there exists a

nonzero equivariant map

ωψ −→ Ind
Mp2n

P̃
(τ̃ψ ⊗ πη0)⊗ Ind

SO2r+1

Q′ (τ ⊗ ση′0),

where P is the standard parabolic subgroup of Sp2n with Levi component

GLk × Sp2n0
. Since Ind

Mp2n

P̃
(τ̃ψ ⊗ πη0) is irreducible by Lemma 5.2, this im-

plies that the theta lift ϑψ(ση′) to Mp2n is πη. Thus, since Πφ,ψ(Mp2n) is

multiplicity-free, so is Πφ′(SO2r+1). This completes the proof. �

We may now assume that Propositions 5.4 and 6.1 hold for all 2n-dimen-

sional almost tempered non-good symplectic representations of LF . It remains

to show that they also hold for all 2n-dimensional good symplectic represen-

tations of LF . In particular, we have finished the proof for F = C since any

irreducible representation of LC is 1-dimensional and hence non-symplectic.

Later, we also need the following description of the theta lift from SO2r+1

to Mp2n.

Lemma 6.4. Assume that F is nonarchimedean or F = C and that φ is

almost tempered. Let ϕφ′ be the L-parameter associated to φ′ by (5.6) and σ′

the irreducible representation in the L-packet Πϕφ′ (SO2r+1) associated to the

trivial character of Sϕφ′ . Then we have

ϑψ(σ′) = π1,

where π1 is the irreducible representation in the L-packet Πφ,ψ(Mp2n) associ-

ated to the trivial character of Sφ.

Proof. If φ is non-good, then it follows from [6, Prop. 7.4.1] and Proposi-

tion 5.4 that σ′ is the representation in the A-packet Πφ′(SO2r+1) associated

to the trivial character of S̄φ′ . Hence, by Proposition 6.1, we have ϑψ(σ′) = π1.

We may now assume that φ is good (and hence tempered), so that F is

nonarchimedean. By definition, σ′ is the unique irreducible quotient of the

standard module

Ind
SO2r+1

Q′ (| · |r−n−
1
2 ⊗ | · |r−n−

3
2 ⊗ · · · ⊗ | · |

1
2 ⊗ σ),

where Q′ is the standard parabolic subgroup of SO2r+1 with Levi component

(GL1)r−n × SO2n+1 and σ is the irreducible tempered representation in the

L-packet Πφ(SO2n+1) associated to the trivial character of Sφ. Since the theta

lift of σ to Mp2n is π1, we have ϑψ(σ′) = π1 by [25, Prop. 3.2]. �
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6.2. Multiplicity formula and globalization. To finish the proof of Proposi-

tions 5.4 and 6.1, we appeal to a global argument. One of the global ingredients

is Arthur’s multiplicity formula (4.5) and the following variant.

Let F be a number field and A the adèle ring of F. Let V be a (2n + 1)-

dimensional quadratic space over F with trivial discriminant. Recall the (ex-

pected) decomposition of L2
disc(SO(V)) into near equivalence classes described

in Section 3.1. We only consider the near equivalence class L2
Φ(SO(V)) asso-

ciated to a generic elliptic A-parameter Φ for SO(V). As in Section 1.3, we

formally define the global component group SΦ of Φ equipped with a canonical

map SΦ → SΦv for each v and the diagonal map ∆ : SΦ → SΦ,A. For any

η =
⊗
v ηv ∈ ŜΦ,A such that ηv ∈ ŜΦv ,Vv for all v, we may form an irreducible

representation Ση =
⊗

v Σηv of SO(V)(A), where Σηv is the representation of

SO(V)(Fv) associated to ηv by the local Langlands correspondence described

in Section 5.2. Then Arthur’s multiplicity formula (which has not been estab-

lished if SO(V) is nonsplit but will be assumed in this paper) asserts that

(6.1) L2
Φ(SO(V)) ∼=

⊕
η

mηΣη,

where the direct sum runs over continuous characters η of SΦ,A such that

ηv ∈ ŜΦv ,Vv for all v and

mη =

1 if ∆∗η = 1,

0 otherwise.

In particular, L2
Φ(SO(V)) is multiplicity-free and mdisc(Ση) = mη.

We will use Arthur’s multiplicity formula

• to globalize a local representation to a global automorphic representation;

• to extract local information from a global product formula.

To make the argument work, we first globalize a local L-parameter to a global

A-parameter suitably. For this, we need the following refinement of the glob-

alization of Sakellaridis–Venkatesh [73, Th. 16.3.2], [36, Cor. A.8], which will

be proved in Appendix A below.

Proposition 6.5. Let S be a nonempty finite set of nonarchimedean

places of F and v0 a nonarchimedean place of F such that v0 /∈ S. For each

v ∈ S, let φv be a 2n-dimensional irreducible symplectic representation of LFv .

Then there exists an irreducible symplectic cuspidal automorphic representa-

tion Φ of GL2n(A) such that

• Φv = φv for all v ∈ S;

• Φv is a sum of 1-dimensional representations for all nonarchimedean v /∈
S ∪ {v0};
• L(1

2 , Φ) 6= 0.
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Here we regard Φv as a 2n-dimensional representation of LFv via the local

Langlands correspondence.

We also need the following globalization (noting that any irreducible sym-

plectic representation of LR is 2-dimensional), which will be proved in Appen-

dix A below as well.

Proposition 6.6. Assume that F is totally real. Let S be a finite set of

places of F containing all archimedean places and v0 a nonarchimedean place

of F such that v0 /∈ S. For each v ∈ S, let φv be a 2-dimensional irreducible

symplectic representation of LFv . Then there exists an irreducible symplectic

cuspidal automorphic representation Φ of GL2(A) such that

• Φv = φv for all v ∈ S;

• Φv is a sum of 1-dimensional representations for all v /∈ S ∪ {v0};
• L(1

2 , Φ) 6= 0.

Here we regard Φv as a 2-dimensional representation of LFv via the local Lang-

lands correspondence.

Later, we will use the following consequence of these globalizations.

Corollary 6.7. Let F be a nonarchimedean local field of characteristic

zero or F =R. Let φ be a 2n-dimensional good symplectic representation of LF .

(i) Let F be a totally imaginary number field (resp. a real quadratic field)

if F is nonarchimedean (resp. if F = R) with two distinct places v0, v1

of F such that Fv0 = Fv1 = F . Then there exists a generic elliptic A-

parameter Φ for Mp2n such that

• Φv0 = Φv1 = φ;

• the natural maps SΦ → SΦv0 and SΦ → SΦv1 agree;

• L(1
2 , Φ) 6= 0.

(ii) Assume that φ is reducible. Let F be a totally imaginary number field

(resp. F = Q) if F is nonarchimedean (resp. if F = R) with a place v0

of F such that Fv0 = F . Then there exists a generic elliptic A-parameter

Φ for Mp2n such that

• Φv0 = φ;

• Φv is non-good for all v 6= v0;

• the natural map SΦ → SΦv0 is surjective;

• the natural map SΦ →
∏
v 6=v0 SΦv is injective;

• L(1
2 , Φ) 6= 0.

Proof. Put S0 = {v0, v1} in case (i); S0 = {v0} in case (ii). We may

write φ =
⊕
i φi for some (not necessarily distinct) 2ni-dimensional irreducible

symplectic representations φi of LF . For each i, choose a set Si = {vi, v′i}
consisting of two distinct nonarchimedean places of F such that
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• S0 ∩ Si = ∅ for all i;

• Si ∩ Sj = ∅ for all i 6= j.

Since we can always find a 2ni-dimensional irreducible symplectic representa-

tion of LFv for all nonarchimedean v (see, e.g., [74, §2]) and any irreducible

representation of LC is 1-dimensional, it follows from Propositions 6.5 and 6.6

that there exists an irreducible symplectic cuspidal automorphic representation

Φi of GL2ni(A) such that

• Φi,v = φi for all v ∈ S0;

• Φi,vi is irreducible;

• Φi,v is a sum of 1-dimensional representations for all v /∈ S0 ∪ Si;
• L(1

2 , Φi) 6= 0.

In particular, the Φi’s are pairwise distinct.

We show that Φ =
⊕
i Φi satisfies the required conditions. In case (i),

this is easy. In case (ii), since φ is reducible, Φv contains a 1-dimensional

irreducible summand (which is non-symplectic) and hence is non-good for all

v 6= v0. Also, since Φi,vi is irreducible but Φj,vi is a sum of 1-dimensional

representations for all j 6= i, the natural map SΦ →
∏
i SΦvi is bijective, so

that the natural map SΦ →
∏
v 6=v0 SΦv is injective. The remaining conditions

can be easily verified. �

6.3. The case of good L-parameters. We now prove Propositions 5.4 and

6.1 for any 2n-dimensional good symplectic representation φ of LF when F is

nonarchimedean or F = R. We give a somewhat roundabout argument below,

though we could streamline it by using an explicit construction of A-packets

by Mœglin [54], [55], [57], [56] and Mœglin–Renard [61], [60], which were not

fully available when this paper was first written. Especially, when F is non-

archimedean, we could give a local proof by combining Mœglin’s results [54],

[55], [57], [56] with a result of Atobe and the first-named author [8] which

describes local theta lifts explicitly, but we do not discuss it here.

Put φ′ = φ ⊕ S2r−2n with r > 2n + 1. For any irreducible representation

σ′ of SO2r+1 and any character η′ of S̄φ′ , we define the multiplicity m(σ′, η′)

by

m(σ′, η′) = dim HomSO2r+1(σ′, ση′),

where ση′ is the representation in the A-packet Πφ′(SO2r+1) associated to η′.

Lemma 6.8. Let σ′ be an irreducible representation of SO2r+1. Then, for

any η′ ∈ ˆ̄Sφ′ , we have

m(σ′, η′) ≤ 1,

with equality for at most one η′. Namely, Πφ′(SO2r+1) is multiplicity-free.
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Proof. The assertion was proved in a more general context by Mœglin

[57] when F is nonarchimedean, but it is not fully known when F = R, though

there has been progress by Mœglin–Renard [60]. Here we give a proof based

on theta lifts.

We may assume that m(σ′, η′) > 0 for some η′. Let F, v0, v1, and Φ be

as given in Corollary 6.7(i), so that Φv0 = Φv1 = φ. Put Φ′ = Φ ⊕ S2r−2n.

Since L(1
2 , Φ) 6= 0, it follows from Lemma 4.3 that the quadratic character εΦ′

of S̄Φ′ is trivial. We define an abstract irreducible representation Σ′ =
⊗

v Σ
′
v

of SO2r+1(A) by setting

• Σ′v0 = Σ′v1 = σ′;

• Σ′v to be the irreducible representation in the L-packet ΠϕΦ′
v
(SO2r+1) asso-

ciated to the trivial character of SϕΦ′
v

if v 6= v0, v1.

By [6, Prop. 7.4.1], Σ′v is an irreducible summand of the representation in the

A-packet ΠΦ′
v
(SO2r+1) associated to the trivial character of S̄Φ′

v
if v 6= v0, v1.

Since the pullback of η′ ⊗ η′ under the natural map

S̄Φ′ −→ S̄Φ′
v0
× S̄Φ′

v1
= S̄φ′ × S̄φ′

is trivial for any η′ ∈ ˆ̄Sφ′ , we have an embedding( ⊕
η′∈ ˆ̄Sφ′

(ση′ ⊗ ση′)
)
⊗
( ⊗
v 6=v0,v1

Σ′v

)
↪−→ L2

Φ′(SO2r+1)

by the multiplicity formula (4.5). In particular,

mdisc(Σ
′) ≥

∑
η′∈ ˆ̄Sφ′

m(σ′, η′)2 > 0.

We now consider theta lifts. Fix a nontrivial additive character Ψ of

F\A such that Ψv0 and Ψv1 belong to the (F×)2-orbit of the fixed nontrivial

additive character ψ of F . Let Π = ϑabs
Ψ (Σ′) be the abstract theta lift to

Mp2n(A) relative to Ψ . Since Φ is generic, it follows from Proposition 4.1 and

Corollary 4.2 that Π is an irreducible summand of L2
Φ,Ψ (Mp2n) and that

mcusp(Π) = mdisc(Π) = mdisc(Σ
′) > 0.

For any realization V ⊂ Acusp(Mp2n) of Π, let Θaut
V,Ψ (V) be the global theta lift

to SO(V)(A) relative to Ψ , where V is a (2n+ 1)-dimensional quadratic space

over F with trivial discriminant. Since Φ is generic, we deduce from the tower

property and the local theta correspondence for unramified representations

that Θaut
V,Ψ (V) is cuspidal (but possibly zero). Moreover, we have

LSΨ (1
2 , Π) = LS(1

2 , Φ) 6= 0,

where S is a sufficiently large finite set of places of F and LSΨ (s,Π) is the partial

L-function of Π relative to Ψ and the standard representation of Sp2n(C).
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Hence, by the Rallis inner product formula [43], [23], [93] and the local Shimura

correspondence [2], [3], [24], there exists a unique V such that Θaut
V,Ψ (V) is

nonzero for any realization V of Π. For this unique V, let Σ = θabs
V,Ψ (Π) be

the abstract theta lift to SO(V)(A) relative to Ψ . Then, by the multiplicity

preservation [17, Prop. 2.6], we have

mdisc(Σ) ≥ mcusp(Σ) = mcusp(Π).

Also, it follows form the local theta correspondence for unramified representa-

tions that Σ is an irreducible summand of L2
Φ(SO(V)). Since Φ is generic, the

multiplicity formula (6.1) implies that

mdisc(Σ) = 1.

Thus, combining these (in)equalities, we obtain

1 ≥
∑

η′∈ ˆ̄Sφ′

m(σ′, η′)2 > 0.

This completes the proof. �

Let JH(Πφ′(SO2r+1)) be the set of equivalence classes of irreducible rep-

resentations σ′ of SO2r+1 such that m(σ′, η′) > 0 for some η′.

Lemma 6.9. The theta lift induces an injection

ϑψ : JH(Πφ′(SO2r+1)) ↪−→ Πφ,ψ(Mp2n).

Proof. We retain the notation of the proof of Lemma 6.8. In particular, for

any σ′ ∈ JH(Πφ′(SO2r+1)), we have an irreducible summand Σ′ of L2
Φ′(SO2r+1)

such that

• Σ′v0 = σ′;

• Π = ϑabs
Ψ (Σ′) is an irreducible summand of L2

Φ,Ψ (Mp2n);

• Σ = θabs
V,Ψ (Π) is an irreducible summand of L2

Φ(SO(V)).

Since the L-parameter of Σv0 = θΨv0 (Πv0) is Φv0 = φ, we have

ϑψ(σ′) = ϑΨv0 (Σ′v0) = Πv0 ∈ Πφ,ψ(Mp2n).

This and the Howe duality imply the assertion. �

We now show that the map ϑψ in Lemma 6.9 is in fact surjective.

Lemma 6.10. The theta lift induces a bijection

ϑψ : JH(Πφ′(SO2r+1))←→ Πφ,ψ(Mp2n).

Proof. Let η′ ∈ ˆ̄Sφ′ , and put η = ι∗η′. Let Ση be the irreducible repre-

sentation in the L-packet Πφ(SO(V )) associated to η, where V is the (2n+ 1)-

dimensional quadratic space over F with trivial discriminant such that η ∈
Ŝφ,V . Let F, v0, v1, and Φ be as given in Corollary 6.7(i), so that Φv0 = Φv1 = φ.
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Then there exists a unique (2n+1)-dimensional quadratic space V over F with

trivial discriminant such that

• Vv0 = Vv1 = V ;

• Vv is the split space with trivial discriminant for all v 6= v0, v1.

We define an abstract irreducible representation Σ =
⊗

v Σv of SO(V)(A) by

setting

• Σv0 = Σv1 = Ση;

• Σv to be the irreducible representation in the L-packet ΠΦv(SO(V)) associ-

ated to the trivial character of SΦv if v 6= v0, v1.

Then, by the multiplicity formula (6.1), Σ is an irreducible summand of

L2
Φ(SO(V)). In fact, since Φ is generic, it follows from the argument in the

proof of Proposition 4.1 that Σ is cuspidal.

Let Π = θabs
Ψ (Σ) be the abstract theta lift to Mp2n(A) (relative to Ψ as

in the proof of Lemma 6.8), so that

Πv0 = θΨv0 (Σv0) = θψ(Ση) = πη ∈ Πφ,ψ(Mp2n).

Since L(1
2 , Φ) 6= 0, we can deduce from the argument in the proof of Lemma 6.8

that the global theta lift Θaut
Ψ (Σ) to Mp2n(A) is nonzero and cuspidal, so that

Θaut
Ψ (Σ) ∼= Π is an irreducible summand of L2

Φ,Ψ (Mp2n). Hence, by Corol-

lary 4.2, the abstract theta lift Σ′ = ϑabs
Ψ (Π) to SO2r+1(A) is an irreducible

summand of L2
Φ′(SO2r+1), where Φ′ = Φ⊕S2r−2n. Since Φ′v0 = φ′, this implies

that

Σ′v0 ∈ JH(Πφ′(SO2r+1)).

On the other hand, we have

ϑΨv0 (Σ′v0) = Πv0 = πη.

Hence the map in Lemma 6.9 is surjective. �

Finally, we show that Propositions 5.4 and 6.1 hold for φ. We consider

the irreducible case and the reducible case separately.

Lemma 6.11. Assume that φ is irreducible. Then Propositions 5.4 and

6.1 hold for φ.

Proof. Let σ′1 be the representation in the A-packet Πφ′(SO2r+1) associ-

ated to the trivial character of S̄φ′ . Then, by [6, Prop. 7.4.1], σ′1 contains the

irreducible representation σ′ in the L-packet Πϕφ′ (SO2r+1) associated to the

trivial character of Sϕφ′ . Since

# JH(Πφ′(SO2r+1)) = 2

by the irreducibility of φ and Lemma 6.10, we may write JH(Πφ′(SO2r+1)) =

{σ′, σ′′} for some irreducible representation σ′′ of SO2r+1.
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We show that σ′1 is irreducible. Suppose on the contrary that σ′1 is re-

ducible. By Lemma 6.8, we have σ′1 = σ′ ⊕ σ′′. Let F, v0, v1, and Φ be as

given in Corollary 6.7(i), so that Φv0 = Φv1 = φ. Put Φ′ = Φ ⊕ S2r−2n. Since

L(1
2 , Φ) 6= 0, it follows from Lemma 4.3 that the quadratic character εΦ′ of

S̄Φ′ is trivial. We define an abstract irreducible representation Σ′ =
⊗
v Σ
′
v of

SO2r+1(A) by setting

• Σ′v0 = σ′;

• Σ′v1 = σ′′;

• Σ′v to be the irreducible representation in the L-packet ΠϕΦ′
v
(SO2r+1) asso-

ciated to the trivial character of SϕΦ′
v

if v 6= v0, v1.

Since σ′1 = σ′ ⊕ σ′′, it follows from the multiplicity formula (4.5) that Σ′ is

an irreducible summand of L2
Φ′(SO2r+1). Let Π = ϑabs

Ψ (Σ′) be the abstract

theta lift to Mp2n(A) (relative to Ψ as in the proof of Lemma 6.8). Then, as

shown in the proof of Lemma 6.8, there exists a unique (2n + 1)-dimensional

quadratic space V over F with trivial discriminant such that the abstract theta

lift θabs
V,Ψ (Π) to SO(V)(A) is nonzero. On the other hand, if v 6= v0, v1 (so that v

is not real), then by Lemma 6.4, Πv = ϑΨv(Σ
′
v) is the irreducible representation

in the L-packet ΠΦv ,Ψv(Mp2n) associated to the trivial character of SΦv , so that

ε(Vv) = 1.

Also, by Lemma 6.10, we have

{Πv0 , Πv1} = {ϑΨv0 (Σ′v0), ϑΨv1 (Σ′v1)} = {ϑψ(σ′), ϑψ(σ′′)} = Πφ,ψ(Mp2n),

so that

ε(Vv0) · ε(Vv1) = −1.

This contradicts the fact that
∏
v ε(Vv) = 1. Hence σ′1 is irreducible and

σ′1 = σ′.

By Lemmas 6.8 and 6.10, it remains to show that ϑψ(σ′) is associated

to the trivial character of Sφ. If F is nonarchimedean, then this follows from

Lemma 6.4. Suppose that F = R (so that n = 1) and that ϑψ(σ′) is associated

to the nontrivial character of Sφ. From the above argument with the following

modifications,

• F = Q,

• Φ is a generic elliptic A-parameter for Mp2 such that Φ∞ = φ and L(1
2 , Φ) 6= 0

(see Proposition 6.6),

• Σ′∞ = σ′,

• Σ′v is associated to the trivial character of SϕΦ′
v

if v is nonarchimedean,

we can deduce that there exists a 3-dimensional quadratic space V over F
with trivial discriminant such that ε(Vv) = 1 for all nonarchimedean v but

ε(V∞) = −1. This is a contradiction and completes the proof. �
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Lemma 6.12. Assume that φ is reducible. Then Propositions 5.4 and 6.1

hold for φ.

Proof. Let η′ ∈ ˆ̄Sφ′ , and put η = ι∗η′. Let F, v0, and Φ be as given in

Corollary 6.7(ii), so that Φv0 = φ. Since the natural map (
∏
v 6=v0 SΦv )̂→ ŜΦ is

surjective, there exists a continuous character
⊗

v ξv of SΦ,A such that

ξv0 = η,(6.2) (⊗
v

ξv
)
◦∆ = 1.(6.3)

Then there exists a unique (2n+1)-dimensional quadratic space V over F with

trivial discriminant such that ξv ∈ ŜΦv ,Vv for all v. We define an abstract

irreducible representation Σ =
⊗
v Σv of SO(V)(A) by setting

Σv = Σξv ∈ ΠΦv(SO(V))

for all v. Then, by the multiplicity formula (6.1), Σ is an irreducible summand

of L2
Φ(SO(V)).

Let Π = θabs
Ψ (Σ) be the abstract theta lift to Mp2n(A) (relative to a fixed

nontrivial additive character Ψ of F\A such that Ψv0 belongs to the (F×)2-orbit

of ψ), so that

Πv = θΨv(Σv) = θΨv(Σξv) = πξv ∈ ΠΦv ,Ψv(Mp2n)

for all v. Then, as shown in the proof of Lemma 6.10, the abstract theta lift

Σ′ = ϑabs
Ψ (Π) to SO2r+1(A) is an irreducible summand of L2

Φ′(SO2r+1), where

Φ′ = Φ ⊕ S2r−2n. This implies that for any v, Σ′v is an irreducible summand

of σξ′v ∈ ΠΦ′
v
(SO2r+1) for some ξ′v ∈ ˆ̄SΦ′

v
. By Lemma 6.8, such ξ′v is unique. In

fact, if v 6= v0 (so that v is not real), then since Φv is non-good, we can apply

Propositions 5.4 and 6.1 to obtain Σ′v = σξ′v with

(6.4) ι∗vξ
′
v = ξv,

where ιv : SΦv → S̄Φ′
v

is the natural isomorphism. On the other hand, since

L(1
2 , Φ) 6= 0, it follows from Lemma 4.3 that the quadratic character εΦ′ of S̄Φ′

is trivial. Hence, by the multiplicity formula (4.5), we must have

(6.5)
(⊗

v

ξ′v

)
◦∆ = 1.

Thus, since the natural map ŜΦv0 → ŜΦ is injective, we deduce from (6.3),

(6.4) and (6.5) that

ι∗v0ξ
′
v0 = ξv0 .

Hence we have ι∗v0ξ
′
v0 = η by (6.2), so that

(6.6) ξ′v0 = η′
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by the definition of η. In particular, ση′ ∈ Πφ′(SO2r+1) is nonzero for any

η′ ∈ ˆ̄Sφ′ . By Lemmas 6.8 and 6.10, this implies that ση′ is irreducible for

any η′. Moreover, by (6.6), we have

ϑψ(ση′) = ϑΨv0 (Σ′v0) = Πv0 = πη.

This completes the proof. �

This completes the proof of Propositions 5.4 and 6.1 and hence of Theo-

rem 1.4.

Appendix A. Globalizations

In this appendix, we prove Propositions 6.5 and 6.6.

A.1. Proof of Proposition 6.5. Let F be a number field and A the adèle

ring of F . Let S∞ be the set of archimedean places of F . Let S be a nonempty

finite set of nonarchimedean places of F and v0 a nonarchimedean place of F

such that v0 /∈ S. Then Proposition 6.5 is an immediate consequence of the

following:

Proposition A.1. For each v ∈ S ∪{v0}, let τv be an irreducible square-

integrable representation of GL2n(Fv) such that L(s, τv,∧2) has a pole at s = 0.

Assume that τv0 is supercuspidal. Then there exists an irreducible cuspidal

automorphic representation T of GL2n(A) such that

• Tv = τv for all v ∈ S ∪ {v0};
• Tv is a principal series representation for all v /∈ S∞ ∪ S ∪ {v0};
• L(s, T ,∧2) has a pole at s = 1;

• L(1
2 , T ) 6= 0.

To prove this proposition, we globalize a generic representation of Mp2n(Fv)

to a globally generic automorphic representation of Mp2n(A). More precisely,

let N be the standard maximal unipotent subgroup of Sp2n. We regard N(A)

as a subgroup of Mp2n(A) via the canonical splitting. Fix a nontrivial additive

character ψ of F\A. As in [19, §12], ψ gives rise to a generic character of

N(F )\N(A), which we denote again by ψ.

Proposition A.2. For each v ∈ S∪{v0}, let πv be an irreducible genuine

ψv-generic square-integrable representation of Mp2n(Fv). Assume that πv0 is

supercuspidal and that if n = 1, then πv0 is not the odd Weil representation

relative to ψv0 . Then there exists an irreducible genuine globally ψ-generic

cuspidal automorphic representation Π of Mp2n(A) such that

• Πv = πv for all v ∈ S ∪ {v0};
• Πv is a principal series representation for all v /∈ S∞ ∪ S ∪ {v0}.
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Proposition A.1 can be easily deduced from Proposition A.2 and [36,

Prop. 4.3]. We include the proof for the convenience of the reader.

Proof of Proposition A.1. For each v ∈ S ∪ {v0}, let πv be the descent of

τv to Mp2n(Fv) relative to ψv; see [27], [28], [36, Th. 3.1]. Then πv satisfies

the conditions in Proposition A.2. Let Π be as given in Proposition A.2.

Let Σ = Θaut
ψ (Π) be the global theta lift to SO2n+1(A) relative to ψ. Since

θψv0 (πv0) is supercuspidal by [41, Th. 2.2], Σ is cuspidal. By [15], Σ is nonzero

and globally generic. Hence Σ is irreducible, and by the Rallis inner product

formula [43], [23], [93], we have

Lψ(1
2 , Π) 6= 0,

where Lψ(s,Π) is the L-function of Π relative to ψ and the standard represen-

tation of Sp2n(C). Moreover, it follows from the local Shimura correspondence

[24] that

• Σv is square-integrable for all v ∈ S ∪ {v0};
• Σv is a principal series representation for all v /∈ S∞ ∪ S ∪ {v0}.

We now take T to be the functorial lift of Σ to GL2n(A). Then L(s, T ,∧2)

has a pole at s = 1, and we have

L(1
2 , T ) = L(1

2 , Σ) = Lψ(1
2 , Π) 6= 0.

Also, since Tv is the functorial lift of Σv, it is a principal series representation

for all v /∈ S∞ ∪ S ∪ {v0}. Finally, by [36, Prop. 4.3], we have

Tv = τv

for all v ∈ S∪{v0}. In particular, Tv0 is supercuspidal and hence T is cuspidal.

�

It remains to prove Proposition A.2, which is a refinement of the glob-

alization of Sakellaridis–Venkatesh [73, Th. 16.3.2], [36, Cor. A.8]. We need

to modify their argument to control the localization Πv at nonarchimedean v

outside S ∪ {v0}.

Proof of Proposition A.2. We first introduce some notation. By abuse of

notation, we write

Gv = Mp2n(Fv), GS = Mp2n(FS), G(A) = Mp2n(A),

where FS =
∏
v∈S Fv. If Fv is nonarchimedean of odd residual characteristic,

we regard Kv = Sp2n(Ov) as a subgroup of Gv via the standard splitting, where

Ov is the integer ring of Fv. Also, we regard G(F ) = Sp2n(F ) as a subgroup

of G(A) via the canonical splitting. Put

NS = N(FS), ψS =
⊗
v∈S

ψv, πS =
⊗
v∈S

πv.
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Let C∞c (Gv) be the space of genuine smooth functions on Gv with compact

support. Let C∞c (Nv\Gv, ψv) be the space of genuine smooth functions f on

Gv such that

• supp f is compact modulo Nv;

• f(xg) = ψv(x)f(g) for all x ∈ Nv and g ∈ Gv.
Then we have a map Pv : C∞c (Gv)→ C∞c (Nv\Gv, ψv) defined by

(Pvf̃)(g) =

∫
Nv

f̃(xg)ψv(x) dx.

Also, C∞c (Nv\Gv, ψv) is equipped with a natural hermitian inner product 〈·, ·〉.
Let C∞c (NS\GS , ψS) be defined similarly. For any automorphic form ϕ on

G(A), we define its Whittaker–Fourier coefficient Wϕ by

Wϕ(g) =

∫
N(F )\N(A)

ϕ(xg)ψ(x) dx.

Let L2(G) be the genuine part of L2(G(F )\G(A)), which is equipped with

the Petersson inner product 〈·, ·〉. Let L2
cusp(G) be the closure in L2(G) of

the subspace of genuine cusp forms on G(A). We define L2
cusp,ψ-gen(G) as the

orthogonal complement in L2
cusp(G) of the closure of the subspace of genuine

cusp forms ϕ onG(A) such thatWϕ = 0. Then, by the uniqueness of Whittaker

models, L2
cusp,ψ-gen(G) is multiplicity-free. Fix a finite set S0 of nonarchimedean

places of F such that

• S ∩ S0 = ∅;

• v0 /∈ S0;

• Fv is of odd residual characteristic and ψv is of order zero if v /∈ S∞ ∪ S ∪
{v0} ∪ S0.

Let {Πi} be the set of irreducible summands of L2
cusp,ψ-gen(G) such that

• Πi,v0 = πv0 ;

• Πi,v is a principal series representation for all v ∈ S0;

• Πi,v is unramified (i.e., Πi,v has a nonzero Kv-fixed vector) for all v /∈ S∞ ∪
S ∪ {v0} ∪ S0.

As in [73, §16.4], we show that πS is weakly contained in the Hilbert space

direct sum
⊕
iΠi (regarded as a representation of GS). Since πS belongs to

the support of the Plancherel measure for L2(NS\GS , ψS), it suffices to prove

the following: for any compact subset Ω ⊂ GS and any fS ∈ C∞c (NS\GS , ψS)

with 〈fS , fS〉 = 1, there exist ci ∈ R with ci ≥ 0 and ϕi ∈ Πi with 〈ϕi, ϕi〉 = 1

such that
∑
i ci = 1 and

〈RyfS , fS〉 =
∑
i

ci〈Ryϕi, ϕi〉

for all y ∈ Ω. Here Ry is the right translation by y. For each v /∈ S∞ ∪ S, we

choose fv = Pvf̃v ∈ C∞c (Nv\Gv, ψv), where f̃v ∈ C∞c (Gv) is given as follows:
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• if v = v0, then f̃v0 is a matrix coefficient of πv0 ;

• if v ∈ S0, then f̃v belongs to the wave packet associated to a Bernstein com-

ponent consisting only of irreducible principal series representations (e.g.,

one containing a sufficiently ramified principal series representation);

• if v /∈ S∞ ∪ S ∪ {v0} ∪ S0, then

f̃v(g) =

ε if g ∈ ε ·Kv with ε ∈ {±1},
0 otherwise.

By [70, Lemma 4.4], we may further assume that 〈fv, fv〉 = 1. For each v ∈ S∞,

we choose fv ∈ C∞c (Nv\Gv, ψv) later. Put

f = fS ⊗
(⊗
v/∈S

fv
)
.

We define a Poincaré series Pf on G(A) by

Pf (g) =
∑

γ∈N(F )\G(F )

f(γg),

where the sum converges absolutely. Then we have

〈Pf , Pf 〉 ≤
∫
N(F )\G(A)

|f(g)Pf (g)| dg

≤
∫
N(A)\G(A)

|f(g)|
∫
N(F )\N(A)

|Pf (xg)| dx dg <∞,

so that Pf is square-integrable over G(F )\G(A). Since πv0 is supercuspidal,

Pf is cuspidal by the condition on fv0 . For any genuine cusp form ϕ on G(A)

such that Wϕ = 0, we have

〈Pf , ϕ〉 =

∫
N(F )\G(A)

f(g)ϕ(g) dg

=

∫
N(A)\G(A)

f(g)Wϕ(g) dg = 0.

Hence Pf ∈ L2
cusp,ψ-gen(G). Moreover, by the conditions on fv, we have Pf ∈⊕

iΠi. Thus, as in [73, (16.8)], it remains to prove the following: there exists

fv ∈ C∞c (Nv\Gv, ψv) for v ∈ S∞ such that

〈RyfS , fS〉 = 〈RyPf , Pf 〉

for all y ∈ Ω. This was proved in [73, §16.4], but we include the proof for

the convenience of the reader. We choose fv ∈ C∞c (Nv\Gv, ψv) for v ∈ S∞
such that 〈fv, fv〉 = 1 and supp fv is sufficiently small, so that there exists a

compact subset U ⊂ G(A) satisfying the following conditions:

• U−1 = U ;

• Ω ⊂ U ;

• suppRyf ⊂ N(A) · U for all y ∈ Ω;
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• N(A) ⊂ N(F ) · U ;

• G(F ) ∩ U4 ·N(A) = N(F ), where U4 = U · U · U · U .

For any y ∈ Ω, we have

〈RyPf , Pf 〉 =

∫
N(F )\G(A)

f(gy)Pf (g) dg

=

∫
N(F )\G(A)

∑
γ∈N(F )\G(F )

f(gy)f(γg) dg.

Let γ ∈ G(F ). If f(gy)f(γg) 6= 0 for some g ∈ G(A), then gy ∈ N(A) · U and

γg ∈ N(A)·U ⊂ N(F )·U ·U . Replacing γ by an element in N(F )·γ if necessary,

we may assume that γg ∈ U ·U . Then we have γ = γg · y · (gy)−1 ∈ U4 ·N(A),

so that γ ∈ N(F ). Hence

〈RyPf , Pf 〉 =

∫
N(F )\G(A)

f(gy)f(g) dg = 〈Ryf, f〉 = 〈RyfS , fS〉.

Thus, we have shown that πS is weakly contained in
⊕

iΠi. As shown in

the proof of Proposition A.1, the global theta lift Θaut
ψ (Πi) to SO2n+1(A) is

cuspidal. Hence, by [36, Prop. A.7], we have

{Πi,S} ⊂ Irrunit,ψS-gen,≤cGS

for some 0 ≤ c < 1
2 , where Πi,S =

⊗
v∈S Πi,v and Irrunit,ψS-gen,≤cGS is the set

of equivalence classes of irreducible genuine ψS-generic unitary representations

of GS whose exponents are bounded by c; see [36, p. 1328]. On the other hand,

it follows from the analog of [36, Lemma A.2] for Mp2n that πS is isolated in

Irrunit,ψS-gen,≤cGS with respect to the Fell topology. This forces πS = Πi,S for

some i and completes the proof, noting that Πi,v is an irreducible principal

series representation as in Remark 5.3 for all v /∈ S∞ ∪ S ∪ {v0} ∪ S0. �

A.2. Proof of Proposition 6.6. Let F be a totally real number field and A
the adèle ring of F . Let S∞ be the set of archimedean places of F . Let S be

a finite set of places of F containing S∞ and v0 a nonarchimedean place of F

such that v0 /∈ S. Then Proposition 6.6 is an immediate consequence of the

following:

Proposition A.3. For each v ∈ S, let τv be an irreducible square-

integrable representation of GL2(Fv) with trivial central character. Then there

exists an irreducible cuspidal automorphic representation T of GL2(A) with

trivial central character such that

• Tv = τv for all v ∈ S;

• Tv is a principal series representation for all v /∈ S ∪ {v0};
• L(1

2 , T ) 6= 0.
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This proposition can be deduced from Waldspurger’s result [91, Th. 4]

on the nonvanishing of central L-values. (See also [14], in which Friedberg–

Hoffstein gave a completely different proof.) Nevertheless, we give a more

direct proof based on torus periods, so that the proof of the main result of this

paper will be independent of Waldspurger’s nonvanishing result.

We write
S = S∞ ∪ S1 ∪ S2,

where S1 (resp. S2) is the set of nonarchimedean places v in S such that τv is

not supercuspidal (resp. τv is supercuspidal). Put

S0 =

S∞ ∪ S1 if #(S∞ ∪ S1) is even,

S∞ ∪ S1 ∪ {v0} if #(S∞ ∪ S1) is odd.

Let D be the quaternion division algebra over F which is ramified precisely at

the places in S0. For each v ∈ S, let πv be the Jacquet–Langlands transfer of

τv to D×v . More explicitly, we have

• if v ∈ S∞, then πv is odd-dimensional;

• if v ∈ S1, then πv = χv ◦ νv for some quadratic character χv of F×v , where

νv is the reduced norm on Dv;

• if v ∈ S2, then πv is supercuspidal.

Choose a totally imaginary quadratic extension E of F such that

• if v ∈ S1 and χv is unramified, then Ev is the unramified quadratic extension

of Fv;

• if v ∈ S1 and χv is ramified, then Ev is the quadratic extension of Fv asso-

ciated to χv by class field theory;

• if v ∈ S2, then Ev = Fv × Fv;
• if v = v0, then Ev 6= Fv × Fv.
Then E can be embedded into D. Fix an embedding E ↪→ D.

We consider algebraic groups

G = D×/F×, H = E×/F×

defined over F , and regard H as a subgroup of G. Note that G is anisotropic

over F and Gv is compact for all v ∈ S0. Then, for any v ∈ S, πv (regarded as

a representation of Gv) is H-distinguished, i.e.,

(A.1) HomHv(πv,C) 6= 0.

We globalize these distinguished representations to a globally distinguished

automorphic representation.

Proposition A.4. There exists an irreducible automorphic representa-

tion Π of G(A) such that

• Πv = πv for all v ∈ S;
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• Πv is a principal series representation for all v /∈ S ∪ {v0};
• Π is not 1-dimensional ;

• Π is globally H-distinguished, i.e.,∫
H(F )\H(A)

ϕ(h) dh 6= 0

for some ϕ ∈ Π .

Proposition A.3 can be easily deduced from Proposition A.4 and Wald-

spurger’s result [89] on torus periods. Indeed, let Π be as given in Proposi-

tion A.4 and T the Jacquet–Langlands transfer of Π to GL2(A). Since Π is not

1-dimensional, T is cuspidal. Moreover, since Π is globally H-distinguished,

it follows from Waldspurger’s result [89, Th. 2] (see also [38], in which Jacquet

gave a new proof based on relative trace formulas) that

L(1
2 , T ) · L(1

2 , T × χE) 6= 0,

where χE is the quadratic automorphic character of A× associated to E/F by

class field theory. Hence T satisfies the required conditions.

Proposition A.4 follows from the globalization of Prasad–Schulze-Pillot

[70, Th. 4.1]. We include the proof for the convenience of the reader.

Proof of Proposition A.4. We first introduce some notation. If v /∈ S0, we

denote by Kv = PGL2(Ov) the standard maximal compact subgroup of Gv =

PGL2(Fv), where Ov is the integer ring of Fv. Let C∞c (Gv) and C∞c (Hv\Gv)
be the spaces of smooth functions on Gv and Hv\Gv with compact support,

respectively. Then we have a map Pv : C∞c (Gv)→ C∞c (Hv\Gv) defined by

(Pvf̃)(g) =

∫
Hv

f̃(hg) dh.

Put L2(G) = L2(G(F )\G(A)), which is equipped with the Petersson inner

product 〈·, ·〉. We define L2
0(G) as the orthogonal complement in L2(G) of the

closure of the subspace spanned by all automorphic characters of G(A).

For each v 6= v0, we choose fv = Pvf̃v ∈ C∞c (Hv\Gv), where f̃v ∈ C∞c (Gv)

is given as follows:

• if v ∈ S, then f̃v is a matrix coefficient of πv;

• if v /∈ S ∪ {v0}, then f̃v is the characteristic function of Kv.

By (A.1) and [70, Lemma 4.4] (which continues to hold for v ∈ S∞), we may

further assume that fv(1) 6= 0. For v = v0, we choose fv0 ∈ C∞c (Hv0\Gv0)

later. Put f =
⊗

v fv. We define a Poincaré series Pf on G(A) by

Pf (g) =
∑

γ∈H(F )\G(F )

f(γg),
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where the sum converges absolutely. Obviously, Pf ∈ L2(G). Also, for any

automorphic form ϕ on G(A), we have

(A.2)

〈Pf , ϕ〉 =

∫
H(F )\G(A)

f(g)ϕ(g) dg =

∫
H(A)\G(A)

f(g)

∫
H(F )\H(A)

ϕ(hg) dh dg.

We choose fv0 ∈ C∞c (Hv0\Gv0) such that supp fv0 is sufficiently small, so that

• supp f ∩G(F ) ⊂ H(F );

• supp fv0 ⊂ Hv0 · kerµ for all characters µ of Gv0 ,

and such that fv0(1) 6= 0 and∫
Hv0\Gv0

fv0(g) dg = 0.

Then we have

Pf (1) = f(1) 6= 0.

Let µ be an automorphic character of G(A). By (A.2), we have 〈Pf , µ〉 = 0

unless µ is trivial on H(A), in which case we have

〈Pf , µ〉 = vol(H(F )\H(A)) ·
∫
H(A)\G(A)

f(g)µ(g) dg

= vol(H(F )\H(A)) ·
∏
v

∫
Hv\Gv

fv(gv)µv(gv) dgv = 0

as well since ∫
Hv0\Gv0

fv0(g)µv0(g) dg =

∫
Hv0\Gv0

fv0(g) dg = 0.

Hence we have Pf ∈ L2
0(G).

We now take Π to be any irreducible automorphic representation of G(A)

such that 〈Pf , ϕ〉 6= 0 for some ϕ ∈ Π. In particular, Π is not 1-dimensional.

Moreover, by (A.2), we have∫
H(F )\H(A)

ϕ(hg) dh 6= 0

for some g ∈ G(A), so that Π is globally H-distinguished. Finally, by the

conditions on fv, we have

• Πv = πv for all v ∈ S;

• Πv is unramified (i.e., Πv has a nonzero Kv-fixed vector) for all v /∈ S∪{v0}.

Hence Π satisfies the required conditions. �
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