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Abstract

In 1980, Gross conjectured a formula for the expected leading term at
s = 0 of the Deligne-Ribet p-adic L-function associated to a totally even
character 1 of a totally real field F'. The conjecture states that after scaling
by L(ypw™",0), this value is equal to a p-adic regulator of units in the abelian
extension of F' cut out by 9w~ 1. In this paper, we prove Gross’s conjecture.
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1. Introduction

In 1980, Gross stated a beautiful and precise analog of Stark’s conjecture
for the behavior of p-adic L-functions at s = 0 ([11]). Let F' be a totally real
field, and let

(1) X:Gr — Q"

be a totally odd character of the absolute Galois group of F. Let H denote
the CM, cyclic extension of F' cut out by Y, i.e., the subfield of F fixed by
the kernel of x. Let p be a prime integer. We fix once and for all embeddings
Q — C and Q = C,, so x may be viewed as taking values in C or C,.
Here C,, denotes the completion of an algebraic closure of Q,. Consider the
L-function associated to x with Euler factors at primes above p removed:

(2) L*(x,8) = L(x.8) - [T(1 = x(p)(Np)~*).
plp

Here and throughout, we adopt the convention that y(p) = 0 if p is rami-

fied in H/F, whereas x(p) = x(Frob(p, H/F)) if p is unramifed in H/F'. Let
w: Gp — pip—1 (or pg, if p = 2)
denote the Teichmiiller character. There is a unique meromorphic (and as long
as Y # w™!, analytic) p-adic L-function
Ly(xw,s): Z, — C,

determined by the interpolation property
(3) Ly(xw,n) = L*(xw",n) for n € Z=°.

A classical theorem of Siegel implies that the values L*(xw",n) for n € Z=Y
are algebraic. Hence by our fixed embedding Q — C,, we can view these
values as p-adic numbers. The existence of the p-adic L-function satisfying
the interpolation property (3) was proved independently by Deligne-Ribet [7]
and Cassou-Nogues [3] in the 1970s, and new approaches have been considered
recently in [4], [20] and [1].

We partition the set of primes above p in F' as RU R’, where

R={p|p:x(p) =1}, R ={p|p:x(p) #1}.

Since Y is totally odd, we have L(x, 0) # 0, as can be proven from the functional
equation for L(, s) and the well-known fact that L(x~!,1) # 0. It follows that

Ordszo L*(Xv S) = TP(X)’
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since () = #R is precisely the number of Euler factors above p in (2) that
vanish at s = 0. Motivated by this and the fact that L,(xw,s) and L*(x, s)
agree on a dense set of integers p-adically approaching 0, Gross stated the
following conjecture regarding the order of vanishing of L,(xw, s) at s = 0.

CONJECTURE 1 (Gross). We have

ords—o Lp(xw, s) = 1p(X)-

The inequality

(4) ords—g Lp(va 5) > Tp(X)

can be shown to follow from Wiles’s proof of the Main Conjecture of Iwasawa
theory, at least for p # 2; for example, see [22, §2.1]. Recently a more direct
analytic proof of (4) that holds for all p was given in [4, Th. 3] and [20]. Note
that both of these latter papers use Spiess’s results on cohomological p-adic
L-functions proved in [19].

Even more strikingly, Gross stated a p-adic analog of Stark’s conjecture
that gives an exact formula for the leading term of L,(xw,s) at s = 0. To
state this conjecture, we first recall Gross’s p-adic regulator Z,(x).

Let ¢ denote the unique complex conjugation of H. Let

log,: Q, — Z;
denote Iwasawa’s p-adic logarithm, normalized such that logp(p) =0. fPisa
prime ideal of Op lying above p, we consider two continuous homomorphisms
op =ordy: Hy — Z,
by = log,oNormpy,, /q,: Hy — Zp.

Let U = Ogl1/p]* denote the group of p-units of H, and let X be the
free abelian group on the set S, of prime ideals of O lying above p. The
abelian groups U and X are naturally modules for the group G = Gal(H/F).
We consider the minus subspaces of these modules for the action of complex
conjugation:

U ={uelU:clu)=u'}, X ={reX:c(r)=—z}.

Consider the two G-module homomorphisms

0p: U™ — X~ op(u) = (op(u))ypes,,
by U™ —= X" @2y Ly(u) = (—bp(u))pes, -

One verifies that after tensoring with Q, the map o, induces a Q[G]-
module isomorphism

() Um®Q—=X"®Q;
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see for example [21, I.4]. Denote by E the finite extension of Q,, generated by

1

the values of the character xy. We consider the x~'-components of U~ and X ~:

Uy={velU ®FE:o(u) = UX_l(U)}’
Xy={ze X ®@F:0()= X_1(0)$}.

The E-vector space X, has dimension r,(x), and by (5) the same is true
for Uy.. After tensoring with E (over Z and Z,, respectively), the maps o, and
¢, induce E[G]-module homomorphisms

X pX.
oy, by Uy — Xy,

with oX an isomorphism. In parallel with the classical Stark regulator (see [21,
1.4.5]), Gross’s regulator is defined by!

Pp(x) = det(£X o (01’0‘)_1) € E.

The following is often referred to as the Gross—Stark Conjecture. For
simplicity, we write r for rp(x).

CONJECTURE 2 (Gross). We have

LY (xw,0)

(6) r!L(x,0)

=% (x) [ (1 —x(p))

peER’

The equality (6) takes place in the field E. The statement of Conjecture 2
does not rely on Conjecture 1.

Gross proved both Conjectures 1 and 2 in the case F' = Q; the proof of
Conjecture 2 follows by combining the formula of Gross—Koblitz [12], which
relates Gauss sums to the special values of the p-adic Gamma function, with
the theorem of Ferrero-Greenberg [9], which relates the derivative of Kubota—
Leopoldt p-adic L-functions to special values of the p-adic Gamma function.
This special case served as the motivation for the general formulation of Con-
jecture 2.

There has been further work on Conjecture 2. Federer and Gross proved
that when the order of x divides p — 1, the p-adic valuations of the two sides
in Conjecture 2 are equal using the Iwasawa Main Conjecture [8, Prop. 3.10];
in particular, it follows that under this restrictive condition Conjecture 1 is
equivalent to the statement %,(x) # 0.2 Further partial evidence has been
discovered recently; see, for instance, [2, Ths. 3.1 and 5.2].

!This definition of %,(x) differs from the regulator R,(x) defined in [11] by the simple
factor (—1)"*™) [ 1y, o, with notation as in loc. cit. We have chosen our conventions to

agree with [5] in order to make the statement of Theorem 1 as clean as possible.
2We thank John Coates for informing us about this paper.
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For notational simplicity, define
_ Ly (xw,0)
r!L(x, 0) ITper (1 — x(p))
The main result of this paper is a proof of the Gross—Stark Conjecture (Con-

Zan(X)

jecture 2):
THEOREM 1. We have Ly (x) = %Zp(X)-

In view of (4) and Theorem 1, it now follows unconditionally that Con-
jecture 1 is equivalent to Zp(x) # 0. This fact is known for » < 1. (See [11,
Prop. 2.13]; this observation leads to the proof of Conjecture 1 when F' = Q,
as mentioned above.)

Theorem 1 was proved in the case r = 1 under certain assumptions by the
first author in joint work with H. Darmon and R. Pollack [5]. These assump-
tions were later removed by the third author [22]. At the time of publication of
[5], the first author believed the higher rank case to be unapproachable using
the methods of loc. cit. In the remainder of this introduction, we present a
detailed summary of the proof of Theorem 1, highlighting the obstacles that
appear when trying to generalize from r = 1 and describing the techniques
used to overcome them.

Remark 1.1. The fact that the endomorphism £X o (0X)~" of Uy is canoni-
cally defined suggests the possibility that one can study its characteristic poly-
nomial and not just its determinant. In [6], the first author and M. Spiess
state a conjectural formula for this characteristic polynomial in terms of the
Eisenstein cocycle, generalizing the Gross—Stark Conjecture. This more gen-
eral conjecture remains open.

It is a pleasure to acknowledge the encouragement and suggestions of
a number of colleagues with whom we have discussed this problem over the
last decade. We are extremely grateful to Joel Bellaiche, David Burns, Pierre
Charollois, Henri Darmon, Matthew Emerton, Ralph Greenberg, Haruzo Hida,
Chandrashekhar Khare, Masato Kurihara, Robert Pollack, Cristian Popescu,
and Michael Spiess for their advice and support.

1.1. Explicit formula for the regulator. As noted above, we have dimg U,
=r. Let uy,...,u, be an E-basis for U,. Write R = {p1,...,p,}. For each
p; € R, consider the continuous homomorphisms

0; = ordy,: F,, — Z,

t; =log, oNormp, /q,: By — Zy,.

For each p; € R, choose a prime P; of H lying above p;. Then via
(7) Ogl[l/pl C H C Hy, = F,,,
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we can evaluate o; and ¢; on elements of Og[1/p]* and extend by linearity to
maps

0i,4; OH[I/p]* RQF — F.
Gross’s regulator is equal to the following ratio of determinants:

. det(—fi(uj))iyjzl...r

(8) %p(X) - det(oi(uj))ijzl---r € b

It is clear that this ratio is independent of the chosen basis {u;}. Furthermore,
the ratio is independent of the choice of 9B; since replacing B; by o(*B;) has
the effect of scaling the ith row of both matrices in (8) by x(c). Finally, one
sees that det(o;(u;)) # 0 since the Dirichlet unit theorem implies that the
x~!-component of the group of p;-units of H is 1-dimensional for each p; € R,
and hence for the appropriate basis {u;}, the matrix (0;(u;)) can be made to

equal the identity.

1.2. Cohomological study of the conjecture. For each place v of F, choose
a decomposition group G, C Gp, and let I, C G, be the associated inertia
group. This choice corresponds to an embedding F' C F',, for each place v and,
in particular, specifies a prime of H C F above v. We assume in the sequel that
the specified prime above p; for p; € R is equal to the prime J3; used in (7).

If V is an E-vector space, we let V(x~!) denote the E[Gr]-module in
which ¢ € G acts by multiplication by x (o). Let

HE(Gr E(x™ ') C H(Gr, E(x™"))

denote the subspace of continuous Galois cohomology classes x unramified
outside R, i.e., those classes x such that res;, k € H(I,, E(x™1)) is trivial for
all v € R. Note that for each prime p; € R, we have x(Gp;) = 1 and hence

HY(Gy,, B(x ™)) = HY(Gp,, E) = Homegs(Gy,, B) = Homes(Fy, E),

where the last isomorphism invokes the reciprocity isomorphism of local class
field theory®

—

(9) recy, : Iy, — Gg:’.

Here }/ﬁ = lim FJ /(Fy:)™ denotes the profinite completion of Fy . Since o;
and {; are continuous maps for the topology on Fy defined by the subgroups

3Throughout this article, we adopt Serre’s conventions [17] for the local reciprocity map.
Therefore, if u € OF, , then ecyc(rec(u)) = Normo ., /z, u, where ecyc is the usual cyclotomic
character defined in (26), and rec(w ™) is a lifting to G2" of the Frobenius element on the
maximal unramified extension of Fy if w € F,’ is a uniformizer.
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(Fy,

)™, we obtain continuous homomorphisms.
oir B — L — 1y,
&-: FS‘Z — Zp.

Define the subspace of “cyclotomic classes”

Heye(X) C Hp(Gr. E(x™"))

to be the set of x such that for p; € R, the restriction resy, k € HY(Gy,, E)
lies in the E-span of o; and ¢;, viewing these as continuous homomorphisms
Fy — E. Then dimp Hclyc(x) = r. (This is a straightforward generalization
of [5, Lemma 1.5].) Let 1,..., K, be a basis, and for each p; € R, write

respj Ri = ;05 + yijfj,

where z;5,v;; € E. Inspired by R. Greenberg’s study of exceptional zeroes [10],
we define

_ det(xij)i,jzl...T

— det(yij)ijmtor

Using the above mentioned generalization and the fact that kq,...,k, are

galg(X)

linearly independent, it can be shown that det(y;;)i j=1..» # 0.

We now relate this algebraic Z-invariant to the unit group Uy. Let x €
HhL(Gp, E(x™!)). Extending by E-linearity, we can view res,, k as a continuous
homomorphism

resp, K Fi@E — E.

We prove the following orthogonality result regarding Hh(Gr, E(x™')) and U,
in Section 2.

PROPOSITION 1. Let k € Hy(Gp, E(x™1)) and u € Uy. Viewing u as an
element of Fy. @ E wvia (7), we have

T

(10) Z(respi k)(u) = 0.

=1

Using Proposition 1, one readily proves that

Lag(X) = Zp(x)-

When r =1 (say R = {p}), Conjecture 2 is therefore equivalent to the exis-
tence of a nonzero class k € Hy . (x) such that resy x = Zun(x)op + €. The
construction of such a class is carried out in [5] and [22]. The natural general-
ization of this strategy for r > 1 is to construct r linearly independent classes
in H Clyc(x) and to use them to compute %, (x). However, despite much effort,
we do not in fact know how to construct even a single cyclotomic cohomology
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class in the general case. The construction for r = 1 relies crucially on the
injectivity of the local restriction

(11) Hp(Gp, BE(x™")) — H'(Gy, E)

when R = {p}, which in general fails for fixed p € R if r > 1.

As described below, in the general case we are still able to construct a
class

k€ Hp(Gr, B(x™1))

for some E-vector space B with partial knowledge about the local restrictions
resp, K. Our method of proof involves abandoning the hope of constructing
cyclotomic classes and calculating Z,15(x). Instead, we directly use the or-
thogonality (10) with « and a basis of U,. We describe below how the result-
ing equations can be used to prove that %, (x) = %p(x). First we describe
the mechanism through which the analytic #-invariant -%,,(x) appears in our
work and the construction of the cohomology class k.

1.3. An infinitesimal eigenform. Our technique for constructing a coho-
mology class related to p-adic L-functions is Ribet’s method, which first ap-
peared in [16] and was later used to great effect by Mazur and Wiles to prove
the Main Conjecture of Iwasawa theory [15], [24]. We consider the space of cus-
pidal Hida families of Hilbert modular forms for F' with tame level n = cond(),
and we let T denote its Hecke algebra over A = Og[[T]].

In [5], a certain linear combination of products of Eisenstein series was
used to construct a cuspidal Hida Family .# that specializes in weight 1 to
the Eisenstein series F1(1, xs). Here xs denotes the character x viewed with
modulus divisible by all primes in S, so the Eisenstein series F;(1, xg) is the
stabilization of the classical weight 1 form E1(1, x) at all primes p above p with
Up-eigenvalue equal to 1. In the case r = 1 considered in loc. cit., the form .7
remains an eigenform in an infinitesimal neighborhood of weight 1, yielding a
A-algebra homomorphism

o: T — E[T]/T?,

12) t— ai(t-F) (mod T?).

We fix a topological generator u € 1+ 2pZ, and normalize our conventions so
that for k € Z,, setting T = uF~1 — 1 corresponds to specializing in weight k;
in particular, 7' = 0 corresponds to weight k¥ = 1. The explicit nature of the
construction of .# allows us to calculate

1

log,, (u)

for primes [ of F' such that [ { np. (Here and throughout, (z) = z/w(x) for
x € Zy.) The p-adic L-function L,(xw,1 — k) occurs as the constant term of

(13) @(Ty) = 1+ x(I) log,(N), where 7 :=

)
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one of the Eisenstein series used in the construction of .%, and as a result an
explicit computation shows that

(14) o(Up) = 14 Lan(x)7.

(Equations (13) and (14) hold if R’ is nonempty; if R’ is empty, then slightly
modified equations hold.)

In the general case, it is natural to attempt to construct a A-algebra
homomorphism T — E[T]/T"*! analogous to (12). However, the form F
constructed in [5] is not an eigenform modulo 7"*!, and it is unclear if the
construction can be modified to define such an eigenform. The key idea to
circumvent this problem, drawn from [22], is to simply study the Hecke orbit
of the form .#. Modulo T"+!, this orbit is not 1-dimensional over A/T"*!, but
it is still finite dimensional and explicitly computable. Therefore, we obtain a
representation of T into a finite-dimensional E-algebra, namely, the endomor-
phism ring over E of the space of Fourier expansions modulo 7" +! of the forms
in the Hecke orbit of .%#. These arguments are explained in detail in Section 3,
culminating with the proof of the following theorem and its generalizations
needed to handle all cases.

Let e: Gp — A* denote the A-adic cyclotomic character; see (27) below.
Write

Tan = 7”an(X) = ords= LP(XW’ 8)’

N
gan(X) - ran!L(X7 ()) HPER'(l - X(p)) ‘

(Of course, Conjecture 1 states that 7, = r and hence £ (x) = Zan(X), but
we are not assuming this conjecture.)

THEOREM 2. Suppose R’ is nonempty, and write R = {p1,...,p,}. There
exists a A-algebra homomorphism

©: T — W =E[m,e1,...,6]/ (" 2 eim e160 - (1) L5 (x )7

such that Ty — 1+ xe(l) for l{np, Uy 1 for L norle R, and Uy, — 1+¢;.

If R’ is empty, we construct a slightly more complicated homomorphism.
Note that W is a local ring with maximal ideal my = (T, e1,...,&,).

1.4. Construction of a cohomology class. Let m C T denote the kernel of
the composition of ¢ with the canonical projection

W—>W/ngE.

Let L = Frac(Ty)) denote the total ring of fractions of the localization of T
at the prime ideal m. Theorems of Wiles and Hida imply the existence of a
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continuous irreducible Galois representation

p: GF — GLQ(L),

oo (1) )

that is unramified outside np and such that for primes [{ np, the characteristic
polynomial of p(Froby) is

(15) char(p(Froby))(z) = 2 — Ty + xe(l),

where T’ denotes the image of T} in L.

Let B denote the T-module generated by the b(c). Using the fact that
©(T) = 14+xe(l) together with (15), we show that after choosing an appropriate
basis for p, the map

k: Gp — B = B/mB
given by k(o) = b(c) - x (o) is a cocycle yielding a cohomology class in
HY(Gp,B(x1')). For all q | p, the representation p|q, is known to be reducible
with a certain specified semi-simplification. This can be used to show that s
is unramified outside R.

In the case r = 1, the injectivity of the restriction map (11) can be used to
show that after rescaling by a certain element of L, we have B C m. Applying
the homomorphism ¢ to the cocycle x yields a class s, € le(GF,E(X_l)).
The known shape of the local representation p|g, can be used to prove that x,
is cyclotomic. Using equation (14), one shows that res, k = Zan(X) - 0p + &p,
giving the desired result Z,15(x) = Zan(X)-

In the case r > 1, there is an unknown constant x; € L for each place p;
such that we have a formula for the restriction of the function z;b(c) to Gy,.
In particular, we can show that z;0(Gp,) C m. However, the failure of the
injectivity of (11) appears to make it impossible to deduce that ;B C m. In
fact, for > 3, we believe that this is false.* In particular, we are unable to
show that the cohomology class « is cyclotomic.

As mentioned above, our new method is to apply the orthogonality (21)
with x and a basis {u;} of Uy. We obtain r equations

T
Z(respj K)(ui) =0
j=1
in B. This implies that

(16) det((resp; x)(ui)) =0

If r = 2 and Fy, = Q, for i = 1,2, then the injectivity of (11) does hold, and one can
give a proof of Theorem 1 in this special case using Theorem 2 and methods analogous to
those of [5].
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in Br/mBpg since it is the determinant of a matrix whose rows all sum to 0,
where Bp, is the T-module generated by products b(o1) - - - b(o,) with o; € Gy, .
The fact that z;6(Gp,) C m implies that ([[j—; x;)Br C m", and scaling (16)
by []i_; z; yields an equation in m”/m"*!
¢ to this equation to yield a formula in the 1-dimensional FE-vector space

. We can apply the homomorphism

mj; = £-T7. An explicit computation shows that when 7, = r, this equality
is

(17) (=)™ Zan(x) - det(0s(uy)) + det(£(uz)) = 0.

Equation (17) is equivalent to the desired result Z,(x) = Zp(x). (When
Tan > T, We obtain %, (x) = 0, which is the desired result in this conjecturally
vacuous case.)

2. Orthogonality between cohomology and units

Let V be an E-vector space. Recall that Hy(Gp,V(x 1)) denotes the
group of cohomology classes unramified outside R. We begin by proving Propo-
sition 1 stated in the introduction.

PROPOSITION 2.1. Let k € HL(Gp,V(x™')) and u € Uy. We have

T

Z(respi k)(u) = 0.
i=1
We will provide two proofs. The first is more conceptual and invokes
Poitou—Tate duality and the Kummer isomorphism, though we state without
proof certain identifications that are needed. The second proof is rather more
direct and relies only on class field theory.

Proof 1 of Proposition 2.1. As explained in [5, Prop. 1.4], Hilbert’s The-

orem 90 yields isomorphisms®

(18) §: (H*QE)X = HY(Gp, E(x)(1)),
(19) dp: (HLBE) = HY(Gy, B(x)(1)).
Define

Hp(Gr, E(x)(1)) € H'(Gr, E(x)(1))
to be the subspace of classes x such that res, x € H*(G,, E(x)(1)) lies in the
image of (0% ,&E)X " under §, for each v ¢ R. It is then clear that (18)
induces an iso}norphism

(20) 0: Uy = Hg(Gr, E(x)(1)).

°In (18), H*®FE = (Im(H" ® Op/p")) ®oy E, and similarly in (19).
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Recall that for each place p; € R, there is a perfect Tate duality pairing
() >Pi: Hl(GPmE(X)(l)) X Hl(GPmE(X_l)) — L.

It follows from Poitou-Tate duality that the images of HL(Gp,V(x™')) and
HEL(Gp, E(x)(1)) under the product of the restriction maps res,, are orthogo-
nal under the local Tate duality map

(21)

r _ r Z< ) )Pi
(s r: Ili=a Hl(Gm: V(X)) x [Tiz Hl(Gpi7E(X)(1)) V.
The desired result follows from this orthogonality and the fact that
(22) (’%5(’“));31- = (respi H)(u) U

We now present an alternate and more direct proof of (10) using only
general facts from class field theory.

Proof 2 of Proposition 2.1. Since H is the fixed field of y, the restriction
of k to Gy yields a class
resy k € HY(Gr, V(x )¢ = Homes (G, V)X,
where the group on the right is the F-vector space of continuous group homo-
morphisms f: Gy — V such that

(23) f(ehae™) = x"Y(o)f(h)  foro € Gp,h e Gy.

Since x is unramified outside R, the homomorphism resy x is trivial on the
inertia group I, C I, for each place v € R, where w is the place of H specified
by the choice of G,. From (23), it follows that resy & is trivial on the inertia
group I, for every place w € Ry, where Ry denotes the set of places of H
lying above those in R. Therefore, the homomorphism resy; x factors through
the maximal abelian extension of H unramified outside Ry, which we denote
by K. By class field theory, we have an isomorphism

(24) rec: Ay /H* H Ofw — Gal(K/H),
w¢Ry

where Ap is the ring of adeles of H and by convention O, = C* if w is a
complex place.
Let u € O, the group of Ry-units of H. The idele

T = (uyu, ... u, 1,1, .00)

with component 1 at each w ¢ Ry and component u at each w € Ry is clearly
trivial in the quotient (24). The fact that resy x factors through Gal(K/H)
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therefore implies that

0 = (resg k)(1) = (resy k) (rec(my))

= > (resyr)(u) = ET: > (resy(p;) k) (u).

wERY i=1o0€e@G

Equation (23) implies that

resa(‘ﬁi)(u) = X_l(a) resy, (O-_l(u))a
and noting that via (7) we have resgp, = resp,, we obtain
T
Z(respi K)(uy) =0 where u, = Z o(u) ® x(o).
i=1 ceG
Since elements of the form u, for u € Of  generate the E-vector space Uy,
the desired result follows. O

We conclude this section by proving a crucial injectivity result from global
to local cohomology groups.

PROPOSITION 2.2. Let V' be an E-vector space. The restriction map

T T
H resy,, - H}%(GF7 V(X_1)> - H H' (IPN V)
i=1 i=1
18 injective.
As mentioned in the introduction, the fact that in the general case this
injectivity fails to hold when [];_; resy, is replaced by a single resy, (or even
a single resp,) represents an important distinction from the rank 1 setting.

Proof. The proposition states that there are no nonzero classes in the
cohomology group H'(Gr,V(x~!)) that are unramified everywhere. To see
this, first note that the restriction map

resy: HY(Gp,V(x 1) — HY(Gy, V)X

—1

is an isomorphism, since the preceding and following terms in the inflation-
restriction exact sequence are the groups H*(G,V(x~!)) for i = 1,2. These
groups vanish since G = Gal(H/F) is finite and the E-vector space V is torsion-
free.

If x is unramified everywhere, then as in the second proof of Proposi-
tion 2.1 we see that resp k factors through the maximal abelian unramified
extension of H. Since this extension (the Hilbert class field of H) is a finite
extension of H, it follows that resy x = 0 once again using the fact that V is
torsion-free. The fact that resy is an isomorphism then implies that x = 0 as
desired. O
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3. Homomorphism on the Hida Hecke algebra

Our goal in this section is to prove Theorem 2 from the introduction and
its various generalizations that are needed to handle all cases. This involves
rather technical computations involving the Hecke action on certain explicitly
defined Hida families. The reader who is willing to take Theorem 2 as a black
box and is interested in the deduction of the equality Zn(x) = %p(x) from
this theorem can skip ahead to Section 4 without any loss of continuity.

We first recall the notation and conventions of [5, §§2 and 3] and [22] for
Hida families of Hilbert modular forms for F.

3.1. Notation on Hida families. Let A = Og|[T]] where, as in the intro-
duction, F is a finite extension of Q, containing the values of the character x.
For each k € Z,, we have a “specialization to weight k” Og-algebra homomor-
phism

(25) ve: A — Op given by T +— w1 — 1,

where u is a topological generator of 1 + 2pZ,. (For instance, we may choose
u=1+4pifpisodd and u = 5if p = 2.) Under this convention, specialization to
weight 1 corresponds to the augmentation map 7'+ 0. Let Ay = Og[[T]](r)
denote the localization of A in weight 1, i.e., the localization of A with respect to
the prime ideal (T') = ker v;. Note that p is invertible in Ay so, in particular,
A1) is an E-algebra. Furthermore, Ay is a DVR and we choose the uniformizer

1
N log,, u

This uniformizer is normalized to have the following property making trans-
lation between the k-variable and the mw-variable straightforward. Suppose
h € A1) can be written h = 7"h' where b’ € AZ‘U, and let f: U — E be defined
for a sufficiently small neighborhood U C Z, containing 1 by f(k) = v(h).
Then f has a zero of order n at k =1 and

£ @) /n! = vi(h).

Next we recall the A-adic cyclotomic character. This is the character
e: Gp — A* satisfying vy (e(0)) = (ecye(0))* 71 for any k € Z,. Here

(26) Eoye: G — Z)

is the usual cyclotomic character defined by o({) = ¢eere(9) for any p-power
root of unity (. The character ¢ is given explicitly by the formula
(27) e(0) = (1 4 T)loeplcerc(o))/logy u,

Recall that n denotes the conductor of the character y. We denote by
M(n, x) the A-module of A-adic Hilbert modular forms for F' with tame level
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n and character y. For each .# € M(n,x) and integer k > 2, the special-
ization vy (%) lies in the space My (np, xw'™*) of Hilbert modular forms for
F of weight k, level np, and character yw!™*. The subspace of cusp forms in
M(n, x) is denoted S(n, x). The A-module M(n, x) is equipped with an action
of Hecke operators T; for primes [{ np and U; for [ | p. Following Hida, we let

n!
=) <H Up)
plp

be the ordinary projector and denote by
M(n,x) =eM(n,x),  S°n,x)=eS(n, x)

the spaces of Hida families and cuspidal Hida families, respectively. We denote
by T and T the A-algebras of Hecke operators acting on M°(n, x) and S°(n, x),
respectively.

Of particular interest to us will be the Eisenstein series. Let k > 1 be an
integer, and let 1 be a narrow ray class character of F' such that 7 is totally
odd or totally even, with parity agreeing with k. Let b denote the modulus
of n, which we do not assume to equal the conductor of 7; i.e., n need not be a
primitive character. Excluding the exceptional case where F' = Q, k = 2, and
b = 1, there is an Eisenstein series Ej(1,n) with normalized Fourier coefficients
given by

c(a, By(Lm)) = > neNe*!
tla,(v,b)=1

for integral ideals a C O and constant coefficients (assuming b # 1 or k # 1)°
C)\(O)Ek(]-vn)) = 2_[F:Q]Lh(777 1- k)v A€ Cl+(F)v

where the subscript b emphasizes that the Euler factors at primes dividing
b are removed. (For details regarding our conventions on Hilbert modular
forms and their Fourier coefficients, see [5, §2].) These classical Hilbert mod-
ular forms interpolate p-adically in the sense that there is an Eisenstein series
&(1,x) € M°(n,x) such that vx(&(1,%)) = Er(1, xw' ") for all k > 1, where

1-k

the character yw is understood to always have modulus divisible by all

primes above p (even if £ = 1 (mod p — 1)). The constant coefficients of
ve(€(1, %)) can be expressed as 27 QUL (yw, 1 — k).

51f b = 1 and k = 1, the constant coefficients are given by

ex(0, Br(1,m)) = 27U L(x, 0) + x T L(x 7, 0)).
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3.2. Construction of a cusp form. We now recall the construction of a
certain Hida family of cusp forms from [5] and [22]. For any integer k, we let
A(k)y = Ar—_ur-141) denote the localization of A in weight k, i.e., the localization
at the prime ideal (T—u*~1+1) = ker v. Similarly we let M°(1, w™1) (k) denote
the localization of the space of Hida families of modular forms with respect to
weight k, i.e.,

Mo(l,w_l)(k) = Mo(l,w_l) QA A(k)

LEMMA 3.1 ([22, Th. 2]). There exists a Hida family & € M°(1,w™") ()
with the property that vo(4) =1 and c\(0,94) =1 for all A € CIT(F).

Lemma 3.1 was proved in [5] under the assumption of Leopoldt’s conjec-
ture using Eisenstein series, but it was demonstrated unconditionally in [22].
We write

G = ve(9) € My(p,w™").

Now, for each integer k > 1, we define a modular form Fy € My (np, xw!'=").
If R is not empty (we call this Case 1), let

L,(xw,1—k)
L(XR’7O)

Here x g denotes the character x viewed with modulus divisible by all primes
in R, so

(28) Fy = Ep(1,xw' ™) — E1(1,xRr') - Gr_1 -

L(xw,0) = L(x,0) T] (1 = x(p))
pER’

is equal (up to the constant 2-1F*Ql) to the value of the constant terms of
E1(1, xr). By construction, Fj has constant terms equal to 0. If R’ is empty
(this setting will be subdivided further into two cases, Case 2 and Case 3), we
let
Ly(xw,1—k)

L(x,0)
LP(XW? 1 - k) L(Xilv 0)

L(X: 0) LP(X_1w7 1- k) .

Fy = Ep(1,xw'™) = By (1,x) - Gp_1 -
(29)

+ Ek(Xa wl_k) :

Again Fj, has constant terms equal to 0.
The forms F}, interpolate to Hida families. Note that

(@ (14 Thu ! = 1)) = 11 (9(T)).

Therefore, in Case 1 the A-adic family

L(xw)

F =600 - Bl xw)? (1 + Ty = 1) 7=
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satisfies v (.Z) = F}, for all positive integers k in a neighborhood of 1 in Z,,
where L(xw) € A() is the element such that v (L(xw)) = Lp(xw,1 — k).

Similarly, if R’ = ¢, we define
L{xw)

(30) F =6&(1L,x)— Ea(l,x)-4((1+T)u™" = 1)) - ot E(x.1) - W,
where .
= Efix‘fi) | L&(X, 6?) € Frac(d)
satisfies
(31) W) = Lol 1= K) L(x~1,0)

L(X7 O) . Lp(Xilwa 1- k)

for all k € Z, with Ly(x 'w,1 — k) # 0. In our calculations, we will require

that the A-adic form .Z is regular in weight 1, i.e., Z € MO (n, x)1y- This will
be the case unless VW has a pole in weight 1, i.e., if

ord; W = ran(x) — Tan(xfl) < 0.

(Of course, Conjecture 1 implies that 7an(x) = 7(x) = ry-1 = Tan(X), s0
it should be the case that ord; W = 0; however we are proving Conjec-
ture 2 without assuming Conjecture 1, so we need to consider the possibility
ord, W < 0.) Now, swapping x and x ! has the effect of inverting WW. There-
fore, in the case that VW has a pole at k = 1, it suffices instead to assume that
W has a zero at k = 1 and to prove Conjecture 2 for x~! (i.e., to prove that
Zan(x7Y) = Z,(x1)). Therefore, we assume that ord, W > 0 and subdivide

the setting R’ = ¢ into two cases:

e Case 2: v1(W) # 0; we must prove Zp(X) = Lan(X)-
e Case 3: v1(W) = 0; we must prove Z,(x) = Lan(x) = 0 and Zp(x~1) =
ZLan(x 7).

Now, the A-adic family of modular forms .# has been constructed such
that its constant coefficients at oo vanish—in the terminology of [16], .# is
a “semi-cusp form.” The following result was proved in [5, Cor. 2.10 and

Prop. 3.4].

THEOREM 3.2. There exists a Hecke operator t in the Hecke algebra ’i‘(l)
such that F =t-e-.Z is a cuspidal Hida family, i.e., F € S°(n, x)q)-

3.3. Hecke action in Case 1: (R # ¢). We now study the action of the
Hecke operators on the form .#. The action of the Hecke operators above p is
more complicated than the setting » = 1 considered in [5], and our methods
here draw from those introduced in [22].
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Any Hida family is determined by its Fourier expansion; there is a canon-
ical A-algebra embedding

C: So(n, X)(l) — H A(l), FC +— (C(Cl, %))acop.
aCOp
Recall the definition of r,, and £ (x) given in (2).
We define H to be the image of the Hecke orbit of .# under the reduction
rantl " This is a finitely-generated module over A /m"=+! =
E[rn]/n"=*1 and we obtain a canonical A-algebra homomorphism

of ¢ modulo 7

(32) Q: T — EndE[W]/Trran+1 H.

By identifying the image of (32), we can now prove Theorem 2 from the intro-
duction.

THEOREM 3.3. Suppose R’ is nonempty. There exists a A-algebra homo-
morphism

©: T — Wi=E[m,e1,...,&] /(x> 2 eim 169 -+ gpt(—1)"2 L2 (x)m")
such that

Ti— 1+ xe(l) for lfnp,
U1 forl|norle R, and
Up, = 1+¢4, R={p1,....,p+}.

Proof. By definition, 7"» fully divides £(xw) in Ayy. Since 19(¥) = 1,

Tan+1

it follows that modulo 7 we can write the second term appearing in the

definition of .# more simply; namely,

a! _ , wl = . L(xw)
(33) F'=FE (1, xr)9((1+7T) 1)) 0w 0)

= (-1 Ei(1, xp) L ()7 (mod w"=t1),

To be clear, this congruence means that the two sides have Fourier coefficients

Tan+1 .

that are congruent modulo 7 In particular, modulo 7"a»*! the Hecke

action on .’ depends only on the action on the form F1(1, xg/). More precisely,
if 7 € T, then we have

(34) 77 = (1) v (T)(Ei(L X)) - Lo ()7 (mod 7",

Let us therefore study the action of the Hecke operators on Eq(1,xpr/). We
have

TE(1,xr) =1+ x())E1(1,xr),  [fnp,
U[E1(17XR') = E1(17XR’)7 [ ’ norle R/.
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The action of the operators U, for p € R is more subtle and leads to an

interesting phenomenon. A direct calculation shows that for p € R, we have
UpE1(17 XR') = E1(17 XR/) + E1(17 XR/U{p})-

More generally, for R C J C S, and p € Sy, we have

Er(Lxgugy) ifp g,
35 Uy — 1)Ei(1, ) =
(35) (Up — 1) Ex(1,x) {0 fpc

Note that for [{np, we have Ty(£(1, x)) = (1 + x&(l))&(1, x). Since
I+ xe() =14 x(I) (mod ),

it follows from (34) and the definition of .# that modulo n"*!, the Hecke
operator 17 acts as multiplication by the scalar 1 4+ xe([) on Z. By the com-
mutativity of the Hecke algebra, the same is clearly true for .%# and its entire
Hecke orbit . The same argument shows that Uy for [ | n or [ € R acts as
the identity on H. Therefore, the homomorphism (32) satisfies

(36) (T1) =1+ xe(l)  for [{np,
(37) o(Uy) =1 for[|norleR.

Recall that R = {p1,...,p,}. For p; € R, the operator U,, — 1 annihilates
&(1,x). It follows from this along with (33) that 7 annihilates the image of
(Up; — 1) in H. Similarly using (34) and (35), it follows that the image of
(Up, — 1)27 is 0 in H. If we let &; denote the image of Uy, — 1 under the
homomorphism ¢ given in (32), it is therefore clear that
(38) 2 =0 and g -m =0 for all i.

Finally, we consider the action of [];_;(Up, — 1). We have

[T = 1).7 =t e((-1)" By (1, x5) 25 (0)7"™)  (mod 7"+1)
=1

tee((=) M Zn(0n™ E(LX))  (mod w7 )
= (—1)r g (O T (mod 7" *1).
Therefore, we have
(39) g1 &+ ()™ ZL007™ =0 in Endpigjrrane M

Combining (36)—(39), we have therefore proved that there is a surjective
A(1)-algebra homomorphism

W, — (p(T) RKRog E

such that ¢; — ;. To conclude the proof, we must show that this homomor-
phism is injective. This can be achieved by counting dimensions. The algebra
W1 has dimension 2" +7,, — 1 over F, and it is generated as an E-vector space
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by 1,7, 72, ..., 7" ~1 and the products [Ijes€j for all subsets J C R, J # ¢.
We must therefore show that the elements 1,7, 72, ..., 7"~ 1 and the prod-
ucts [[;cs&; are E-linearly independent in Endp;/rran+1 H, and for this it
suffices to show that their images on .% are E-linearly independent. It is clear
that the coefficients of ., 7.7, ..., 7"~ L% in any putative linear combination
must be zero, since these forms all vanish to distinct orders less than r,, at
k = 1. We have already calculated that up to a nonzero constant multiple, the
forms [],c;&;.7 for J # ¢ are congruent to E1(1, xg/us)7™ modulo mrantl,
These forms are easily seen to be linearly independent over F, and the result
follows. O

Remark 3.4. Consider the A-subalgebra T/ C T generated by the opera-

tors T for [ np, Uy for [ [ nor [ € R/, and
Uy=T"#"T[ (U, — 1)
peJ

for nonempty subsets J C R. One checks that the images of these Hecke
operators under ¢ lie in the E-subalgebra of Wi generated by w. Therefore,
restricting the homomorphism ¢ to T/ and reducing modulo 7" (this reduc-
tion is only relevant if r,, > r) yields a A-algebra homomorphism

¢ T — E[r]/a" !

satisfying
Ti— 1+ xe(I) for [t np,
U1 for[|norle R,
Uj—0 for p #J C R,

Ur — (=) L ()"

This holds even if r,, > r, in which case Z,,(x) = 0. The homomorphism ¢’
can be constructed directly and more simply than ¢ by considering the mod
7"+l cigenvalues of the form .Z, i.e., for all 7 € T/, we have

7.7 = ¢ (1).# (mod "),

A careful study of the arguments of Section 5 reveals that the homomorphism
¢ is sufficient for our applications; to be precise, only the images of the op-
erators in T' under ¢ are needed to expand the determinant in (85) and to
obtain (87). Nevertheless, we have included the construction of the homomor-
phism ¢ on the full Hecke algebra T for completeness.

Remark 3.5. If r = 1, there is a natural A()-algebra homomorphism
Wy — E[r]/7? sending &1 — Zun(x)7. (Note that this holds even if r,, >
r =1, in which case Zan(x) = 0.) The composition of ¢ with this homomor-
phism is precisely the homomorphism constructed in Case 1 in [5].
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3.4. Hecke action in Case 2: R = ¢, vr1(W) # 0. In this section, we
handle the more complicated setting where R’ = ¢. Recall that we are assum-
ing that W € A(y) so that the family .7 is regular in weight 1. Define the
A(p)-algebra

Wy = Elm,e1,...,er,y]/Twy,

where
IW2 :(ﬂTan'f'l? yran-i-l7 y(7r _ y)’ gTan))) — yran (W + 1)’
€2 eim, ey €162 £ + (= 1)L (x) (77 — ).

THEOREM 3.6. Suppose R is empty. If vi(W) # 0, then there exists a
A-algebra homomorphism

p: T — Wy
such that
1—e(h)
Lo 14 xe()+ () = 1)——=y  forl{np,
-1
U 14201 for U] n, and
T

Proof. The proof follows that of Theorem 3.3. We again let H denote
the image of the Hecke span of .# in the space of Fourier coefficients modulo
7"+l and we consider the canonical A-algebra homomorphism

(40) @: T — EndE[W]/WranH 7‘[
Fix a prime q t np such that x(q) # 1. Define
Ty — 1 — xe(q) <
Y = 1 e Tp.
(x(a) - (1 —e(@)/m ~~W

An explicit computation shows that
Y.Z =78 (x, )W  (mod r"nt1).
It therefore follows that

1—e(l
(41) 1.7 = (1 + xe(h) + (x() = 1) ;( )Y> F  (mod m"™» +1), [{np,
(42) U7 = (1 + (s([)_lY) F (mod 7" 4+1), [|n.
T
One also computes Y& (x,1) = 7&(x, 1), and hence
(43) (7Y = Y3H.Z =0 (mod 7"=T1),
(44) Yt Z =0 (mod nentl),
(45) (7" W — Y (W4 1)).Z =0 (mod 7"T1).
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In computing (45), one uses &(1,x) = &(x,1) = Ei(1, xs) (mod 7). Now we
consider the action of the Hecke operators above p on .# modulo 7”1, As
in Theorem 3.3, we have

(46) (Up — 1)29 = 7T(Up -1).Z =0 (mod ﬂ-ran+1)’
and clearly also
(47) (Upy—1)YF =0 (mod n""1).

We furthermore compute

T

[[w,-17

=1

(=1 B (1, x8) Lo ()7 (mod 7" +)

(()HLL ) = ¥Y)F (mod ),

hence
T

48) LWy — )F = (1) gz () (7™ —Y™).F  (mod "=t1).
i=1
Combining (41)-(48), we see that there is a surjective A(j)-algebra homo-
morphism

(49) W2 — ¢(T) ®o, E

such that y maps to the image of Y in Endgy)/rran+1 H and &; maps to the
image of Uy, — 1. For future reference, we note that we have not yet used the
condition (W) # 0 in this proof.

To conclude the proof, we must demonstrate that the homomorphism
(49) is an injection, which we again accomplish by counting dimensions. The
algebra W5 has dimension 2" + 2r,, —2 as an F-vector space and is generated
by the images of

L, n2,. .., wren=l gy g2 . yren
and the products €; = [];cs¢&; for all subsets J C R, J # ¢, R.

First suppose v1(W) # —1 (in addition to the assumption v (W) # 0 of

the theorem), and suppose we have an E-linear combination of the forms

{x' Yot Uy F Y U { 10, -1)7 } CH
et J#6,R

that vanishes. We must show that each of the coefficients in this linear
combination is zero. Now .# does not vanish at k& = 1, that is, v1(.F) =
I+ (W))Ei1(1,xs) # 0, and it is the only form in our list with this prop-
erty; therefore, its coefficient in our linear combination must be zero. Next we
consider the two order 1 terms in our list, namely 7 and Y F. Suppose the
coefficients of these two terms in our linear combination are o and 5. Then by
considering leading terms, we must have a(14v1(W))+ Bv1 (W) = 0. However
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by applying Y and then considering leading terms, we also find oo + 5 = 0.
These two equations imply that o = 8 = 0. Continuing in this fashion, we see
that all the coefficients of the terms in our linear combination with order less
than r,, must vanish. It remains to prove that the image of the forms Y ».%
and {Hje g(Up, = 1)F } J46R in H are linearly independent over E. However,

modulo 7"+ these forms are congruent up to non-zero scalars to the forms
mran By (1, xy) for J C R, J # ¢. As noted earlier, these forms are linearly
independent.

If 41 (W) = —1, a similar argument goes through. The minimal order forms
in our list are .% and Y.%#; these each have order 1, and their leading terms
(i.e., their images in H modulo 72) are linearly independent. This implies that
their coefficients in our linear combination are zero. The next minimal order
forms are 7.% and Y2.%, which each have order 2 and have leading terms that
are linearly independent. Continuing in this way, we are reduced to proving
that the order r,, forms 77=n=1.% Y70 % and {HjeJ(Upj - 1)9}J¢¢7R are
linearly independent modulo 7"2»*1. The linear independence of all but the
first of these forms follows exactly as in the previous case. We must therefore
prove that 772 ~1.% cannot be written as a linear combination of Y"».% and
{HjeJ(Upj — 1)3’} bR modulo 771, However, applying Y to such a puta-
tive linear combination, we would find that 77 ~'Y.% = 0 (mod 7">»1) since
Y annihilates all of the forms Y"™».% and {Hje g(Uy, = 1)F } J46R modulo

"+l Byt
Ty F = g B (1, xg)ri(W) £ 0 (mod 77T,
This concludes the proof. O

Remark 3.7. Note that when r = 1 and w = v1(W) # 0,—1, there is a
natural A(jy-algebra homomorphism Wy — E[r]/ 72 given by
y—m-w/(w+1), e Lan(X)m/(w+ 1).
We therefore obtain a A-algebra homomorphism T — E[nx]/7? such that

X (1) +w
T 14 x(0) + 57— = (ogND)T,  [{np,
U —1, [|n,
K7
1 T pr— pr— .

This is exactly the homomorphism constructed in Case 2 in [5].

3.5. Hecke action in Case 3: R' = ¢,11(W) = 0. Suppose that W has
a zero at k = 1, i.e., Tan(X) > 7an(x~!). For notational simplicity, we write
5 = Tan(x) and t = ran(x ). Define the A(j)-algebra

W3 - E[W)Elw ")Er7y]/IW37
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where
IW3 :(ﬂ-s+1v yt+1v y(ﬂ- - y)’ WtW - ytv
€2, &im, ey, 162 - - - Er + (—1)S$;n(x)7rs>.

THEOREM 3.8. Suppose that R is empty and that W has a zero of order
s —t > 1. There exists a A-algebra homomorphism

p: T — W3
such that
1—¢()
T 14 xe() + (x() = 1)———y  for [{np,
-1
U[»—>1+&y for 1| n, and
T

Proof. As noted earlier, the proof of Theorem 3.6 carries through without
the use of the assumption v1(W) # 0 up through the construction of the
homomorphism (49). It is the injectivity of this homomorphism that used the
condition v1 (W) # 0. Indeed, if 11 (W) = 0 as we are currently assuming, then
(49) is not injective. We have

VIHLZ =2 1&(, DW =0 (mod 7**1)
since 77t | W, hence Y*1.% =0 (mod 7°*!). Furthermore,
YIZ =nt&(x, )W = 7' W.Z  (mod 7°71).

It follows that the homomorphism (49) factors through the quotient W3 of W,
and to conclude the proof it remains to show that the induced map W3 —
¢(T) ®o, E is injective. For this it suffices to show that the forms

[® F Y, LY ZYot U {prj - M}
jed JCR,J£¢.R
are E-linearly independent modulo 7**!. The demonstration of this fact is

similar to the previous cases and left to the reader. O

4. Construction of a cohomology class

We write
p: T — W,
where W = Wy, Wa, or W3 in Cases 1, 2, and 3, respectively, for the homomor-
phism ¢ given in Theorems 3.3, 3.6, and 3.8. We write myy for the maximal
ideal of W and m C T for the kernel of the composition

T W —W/my 2E.
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The height 1 prime ideal m is generated by T' € A, Ty — (1 + xe(I)) for [ { np
and Uy — 1 for [| np.

Let T () denote the localization of T at the prime ideal m. Let L =
Frac(Ty)) denote the total ring of fractions of the local ring T'y,. Since the
tame character y in our space of Hida families has conductor equal to the
tame level n of our families, there are no n-old forms and therefore Ty is
reduced. This simple yet crucial observation was not mentioned in [5]; we
thank H. Hida for pointing it out to us and refer the reader to [13, Proof of
Th. 3.6 and Cor. 3.7, pp. 381-382] for further details. As a result, we have a
canonical injection T(y) — L, where L is isomorphic to a product of fields

(50) L=]]Lx-

Each L is a finite extension of Frac(A) and corresponds to a cuspidal Hida
eigenfamily 7. For an integral ideal a C Op, the normalized Fourier coeffi-
cient c(a, %) is equal to the image in L, of the Hecke operator T,. These
coefficients generate a finite local A-subalgebra of L 4 that we denote A 4z and
call the Hecke algebra of 7. The image of Ty in L is the localization of
Az at a height 1 prime ideal my; lying above (T') C A, and the explicit de-
scription of the homomorphism ¢ implies that for prime ideals [ C O, we have

c(,A) =1+ x(I) (mod mg) for [{up,

o1
(51) c(l,J) =1 (mod m ) for [ | np.

These congruences simply state that the specialization of 7% at the prime ideal
m . is the weight 1 form Ey(1, xg).

4.1. Representations associated to Hida families. As above, let 57 denote
a cuspidal Hida eigenfamily specializing at a weight 1 prime ideal m_» C Ay
to the form FEi(1,xs) (i-e., satisfying (51)). Let L, = Frac(A ) denote the
fraction field of A ;. The following theorem ([23, Ths. 2 and 4]) of Hida and
Wiles is crucial for the construction of our cohomology class.

THEOREM 4.1 (Hida, Wiles). There ezists a continuous irreducible Galois
representation
P GF — GLQ(L%),
where Ly is endowed with the A-adic topology (i.e., the topology induced by
the mazimal ideal (rg,T) of A, where mg is a uniformizer for E), such that
(1) pur is unramified outside np;
(2) for primes Lt np, the characteristic polynomial of p 7 (Froby) is

(52) char(p_ (Froby))(z) = 2 — ¢(l, )z + xe(1);
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(3) for allp | p, we have

—1
XEMNy w2 *
53 pxla N( P >
(53) Gy 0 o

where np : Gy — Ny is unramified and np  (vec(w™1)) = c(p, ).
Here w € Fy is a uniformizer and rec: Fy — ng is the local Artin
reciprocity map.

Note that by (52) we have char(p»(Froby))(xz) € Ar[x], and hence by
Cebotarev we have

(54) char(pz(0))(x) € Axla]

for all o € Gp. Moreover by (51), (52), and another application of Cebotarev,
we have

(55) char(p(0))(z) = (z — 1)(z — x(0)) (mod my)

for all 0 € Gr. Note that in applying Cebotarev and the continuity of p
to deduce (54) and (55), we are using the fact that A and m are finitely
generated A-modules and hence are closed in the A-adic topology on L ».

In order to rigidify the representation pr, we choose an element 7 €
GF such that x(7) # 1. Let An,, denote the completion of the localization
of Ay at my with respect to its maximal ideal. We denote the maximal
ideal of Ay, by My = mypAn,,. By (55) and Hensel’s Lemma, p s (7) has
distinct eigenvalues A1, A2 € Ay, such that A\; =1 (mod m ) and Ay = x(7)
(mod mp). After extending scalars to Ly, = Frac(Am,, ), we can choose a
basis for our representation consisting of eigenvectors for p_»(7), i.e., such that

(56) )= (3 )

In the next section, we will demonstrate how to define a cohomology
class using the upper right entries of the representation p in this basis as
F¢ ranges over the 7. Ribet showed how to gain local information about
this cohomology class by comparing the “global” basis satisfying (56) to the
“local” basis indicated in (53). This argument, which Mazur [14] has called
“Ribet’s Wrench,” does not succeed in our context if the global basis and local
basis are the same. We must show, therefore, that 7 can be chosen so that
its eigenvectors do not agree with the eigenvectors of p(Gy) for any p | p.
Furthermore, we must do this simultaneously for all the finitely many 5# that
occur.

LEMMA 4.2. Letv € L]i% be a nonzero vector in the representation space
of pw, and let G, C G denote the subgroup of elements o such that v is an
eigenvector for p (o). If x(Gy) # 1, then G, has infinite index in Gp.
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Proof. Fix a 7 € G, such that x(7) # 1. As above, let A;, A2 € An,,

be the eigenvalues of p(7) such that Ay = 1 (mod M) and Ay = x(7)
aye (o) by (o)

e (0) d (U)) whose first vector is v

(mod m ). Choose a basis for p (o) = (
and such that p_»(7) is diagonal; hence

(57) po(7) = ( i‘)l )?2 ) or  py(r) = ( )62 ;)1 >

Let us for the moment assume that the first of these cases holds, as the second
case is similar and proceeds in the same fashion.
By (54) we have

ax(0) +dw(o) =trpr(c) € Ay C Ay,

for any o € G, and moreover by (55), we have

(58) aw(o)+dx(c) =14+ x(o) (mod my).
Now by (57),

ay(t)=A =1 (mod m ),
(59 dor(7) = Do = x(r) (mod fe).
We have
(60) 1+ x(o)x(1) = ap(or) + dy(oT) (mod m )
(61) =ax(0) +dy(o)x(r) (mod my),

where (60) follows from (58) with ¢ replaced by o7, and (61) follows from (59).
Now (58) and (61) imply that
(62) ay(oc)=1 (mod my), dy(o)=x(o) (mod m).
(In particular, ax(0),dyw(0) € An,,.)

Let Cp denote the A j-module generated by the elements ¢ (o) for o €
GF, and let C denote the Ay, -module generated by the c (o). The continu-
ity of pr and the compactness of Gr imply that Cj is compact. It follows that
C)y is a finitely-generated A j-module, and hence that C is a finitely generated
A, -module.

The equation

e (0T) = e (0)a (1) + dy (o) e (T)
together with (62) implies that ¢, (0) € C/m 4 C is a 1-cocycle representing a
cohomology class k € H (G, C/fC(x)).

The restriction of k to G, clearly vanishes, since ¢(G,) = 0. If G, has
finite index in G, then the inflation-restriction sequence shows that s itself
is a trivial cohomology class, i.e., we have ¢ (o) = (x(0) — 1)z for some
x € C/mC. Evaluating at ¢ = 7 we see that in fact z = 0, i.e., the image
of cr in C/myC is zero. However, the c (o) generate the module C'/m_»C
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by definition. Therefore, C'/m »C = 0 and hence by Nakayama’s Lemma, we
must have C' = 0; hence ¢y is zero as a function on Gg. This contradicts the
irreducibility of p, and hence GG, must have infinite index in G .

If the second case in (57) holds, then ¢, (0) € C/m»C represents a
cohomology class k € HY(Gp,C/m»C(x™ 1)) and the same argument goes
through. O

For each prime p € R and each Hida family J# as above, let v, » € L2 »
be the eigenvector for p - (Gy).

LEMMA 4.3. There exists a 7 € G such that x(7) # 1 and such that
vy, 15 not an eigenvector for py(T) for all 7€ and p.

Proof. In the notation of Lemma 4.2, we must show that there exists a
7 € G such that x(7) # 1 and 7 € G,, ,, for all p and . Label the v, s
such that x(Gy, ,,) # 1 as v1,...,v, and the remaining vy » as vpi1, ..., V.

We construct 7 inductively. Let 7y € Gal(H/F') be nontrivial, so x(70)
# 1. Let Hy = H. We define 7; for i = 1,...,n recursively as follows. Since
G, has infinite index in Gp by Lemma 4.2, there exists an «; ¢ H;_1 in the
fixed field of G,, acting on F. Let H; be the Galois closure of H(a;) over F,
and let 7; be an element of Gal(H;/F') such that 7;|g, , = 7i—1 and 73(a;) # «;.
Then any 7 € GF restricting to 7; will satisfy x(7) # 1 and 7 € G,,, since T
acts nontrivially on the fixed field of G,,.

After defining 7, ..., 7, in this way, let 7 € G be any element restricting
to 7, on H,. Then by construction, x(7) # 1 and 7 & G,, for i = 1,... n.
Clearly 7 € G,, for i =n+1,...,m, since x(7) # 1 and x(G,,) = 1 for these
1. This concludes the proof. O

4.2. Construction of the cohomology class. Recall that Ty denotes the
localization of T at the prime ideal m and that

t
L=]]Lx
=1

denotes its total ring of fractions. Let T denote the image of T in T (m). The
product of the Galois representations pz for ¢ = 1,...,¢ yields a continuous
Galois representation
p: Gp — GLao(L),
where L is endowed with the A-adic topology, satisfying
(1) p is unramified outside np;
(2) for primes [t np, the characteristic polynomial of p(Froby) is
(63) char(p_y (Froby))(z) = 2* — Tz + xe(1),

where T denotes the image of Ty in T;
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(3) for all p | p, we have

-1
XN, € %
4 ~ P

where 17: Gy — T is unramified and 7, (rec(ew 1)) = Up. Here w € Fy

is a uniformizer.

Let Ty denote the completion of Ty, with respect to its maximal ideal
mT ). We write m = mTy, for the maximal ideal of Ty. Let 7 € G
satisfy the conditions of Lemma 4.3. By Hensel’s Lemma, there exist unique
roots A, Ay € Ty, of the characteristic polynomial of p(7) such that \; = 1
(mod m), Ay = x(7) (mod m). We extend scalars for the representation p to
Ly = Frac(Ty) and choose a basis for the representation consisting of the
associated eigenvectors for p(7), i.e., such that

(65) () = ( wy ) .

We can now construct our desired cohomology class following the method
introduced in the proof of Lemma 4.2. Write p(o) = (a(a) b(g)) . Using (63)

and the fact that Ty = 1+ x(A\) (mod m), it follows froni((gecgg)tarev that
(66) a(oc) +d(oc) € T C Ty,

and

(67) a(o)+d(o) =1+ x(o) (mod mT).

Our applications of Cebotarev and the continuity of p to deduce (66) and (67)
rely on the fact that T and m C T (and hence their images in T y,)) are finitely
generated A-modules and are therefore closed in the A-adic topology.

Following the argument from (58)-(62) and using (65), we deduce that
a(o),d(o) € Ty and

(68) a(c) =1 (mod m), d(o) = x(o) (mod m).

Now let B denote the Tyy-module generated by the b(o) for o € Gp. Repeating
the compactness argument from the proof of Lemma 4.2 shows that B is a
finitely generated Tp-module. Define the E-vector space B = B/mB, and let
b(o) denote the image of b(c) in B. The equation

b(oa’) = a(a)b(o’) + b(o)d(d”), 0,0 € Gp
together with (68) implies that the function
(69) w(o) = B(o)x (o)
is a 1-cocycle representing a cohomology class [k] € H (G, B(x™1)).
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4.3. Interlude on the homomorphism . The local Artin ring W is com-
plete with respect to its maximal ideal my, since m’I}}”H
the homomorphism ¢: T — W extends canonically to a surjective homomor-

phism

= 0. As a result,

Ym: Ty — WL
The arguments used to deduce the congruences (68) can be refined to
calculate the images of a(o) and d(o) under the homomorphism ¢y. The
key observation that allows this is the following. While it is clear that ¢n
(mod myy) decomposes as the sum of two characters (namely, 1 and ), the
same is in fact true for the full homomorphism ¢y. In Cases 2 and 3, define
the “A-adic cyclotomic character in the variable y,”
Ey: G F— W*,

to be the character ¢ with the variable 7 replaced by y; i.e., if e(0) = 3.2, a;7,
then

(70) ey(0) =Y _aw’
i=0

(71) =1+ s(a)ﬂ-—ly.

Note that (70) is a finite sum since y is nilpotent, and (71) holds from the
relation 7y = y? in the ring W. Define ex—y(0) similarly, with y replaced by
m — y. Define two homomorphisms

1,02 Gp — W™

as follows:

1 Case 1,
i(o) =
ey(o)  Cases 2 and 3,

xe(o) Case 1,
(o) =
Xer—y(0) Cases 2 and 3.

LEMMA 4.4. We have

m(a(0)) = 1h1(0),

em(d(0)) = ¥a(0).
Proof. A direct computation shows that for [{ np, we have
(73) ¢m(T1) = 1 (Froby) + 12 (Froby).

Furthermore, it is easy to see that eye;_, = ¢ using the relation 7y = y?, and

(72)

hence

(74) P12 = XE.
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Now, (73) implies that

(75) pm(a(o) +d(0)) = ¢1(0) +¢2(0)
for all o € Gp. The fact that 1 =1 (mod my) and ¥9 = x (mod myy) along
with
pm(char(p(0))(z)) = (x = 11(0)) (2 — P2(0)),
which follows from (74) and (75), implies that

(76) om(M) = P1(7),
(77) Pm(A2) = ¥2(7).
Now (75) applied with o7 implies that

(78) m(a(0))1(7) + om(d(0))P2(T) = P1(07) + Y2(07).
Solving (75) and (78) yields (72) as desired. O

Remark 4.5. Let I be the kernel of ¢': Ty, — E[r]/(z"»*1). As in
Section 4.2, Lemma 4.4 can be used to construct a cohomology class [%] in
HY(GF,(B/IB)(115")). Applying the arguments of [15] (see also [18]) one
can deduce a lower bound for the E-dimension of B/IB as follows. Let J
(the “Eisenstein ideal”) denote the kernel of the structure map Ay — Tw/I.
Then there are isomorphisms A(yy/J = Ty/I = Elz]/(x"*1). Hence J =
(grantl) A@). Let Fitt4M denote the initial Fitting ideal of a finitely
presented A-module M. Then

Fitta,,, (B/IB) (mod J) = Fitty , /,(B/IB)
— Fitty, ,;(B/IB) = Fittr, B (mod I) = 0.
The last equality holds because B is a faithful Tip-module. Thus Fitty , (B/IB)
C J and
dimpg B/IB > dimpg A(l)/J = Tan + 1.

However, it is unclear if [£] can be used to construct r cyclotomic cohomology
classes in HL(Gp, E(x™1)).

4.4. Local behavior of the cohomology class. We now study in detail the
cohomology class k constructed in Section 4.2.

For each place p | p, there is a basis for which the representation p\(;p
takes the shape given in (64). Let (‘é‘; gz> € GL2(Ly) denote the change of
basis matrix taking this local basis to our fixed global basis satisfying (65),

i.e., such that

m () (& 8)-(& 5) 0% i)

for o € Gy.
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LEMMA 4.6. The elements Ay and Cy are invertible in Ly,.

Proof. First note that Ty C [[i_; Am o, and hence

¢
Ly C H Lm%i, where Lmiﬁ- = FraC(Am%i).
i=1
We must show that the projections of A, and C, onto each factor Ly, o, Are
nonzero for ¢ = 1,...,¢. But if the image of A, or C}, is zero in Lm%”i’ then it is
easy to see that the eigenvector for p (G} ) acting on Lﬁt ", is an eigenvector for
p (7). But we chose 7 in Section 4.2 to satisfy the conditions of Lemma 4.3,
so this is not the case. This proves the result. O

Comparing top left entries of the matrix equation (79) and using Lemma 4.6,
we find
AP -1
(80) b(o) = c (xnpte(0) —alo)), o €G,.
LEMMA 4.7. The cohomology class [k] € H' (G, B(x™')) defined in (69)
18 unramified outside R.

Proof. Tt is elementary to see that any class [k] € HY(Gp, B(x™!)) is
unramified outside p. Indeed, let v be a place of F' not lying above p, and let w
be the place of H lying above v according to the choice of decomposition group
G, C Gp. By inflation-restriction, it suffices to prove that the restriction of
[k] to Gy C G is unramified. However, since x|g, = 1, this restriction is an
element

resy k] € HY(Gy, B) = Homs (G2, B).
Now, the image of I, in G2 is a pro-f group where £ is the prime of Q
below w (or trivial, if w is a complex place) and B is a pro-p group, being a
finite-dimensional F-vector space. Therefore there are no non-zero continuous
homomorphisms between these groups, and hence resy,, ([k]) = 0.

Next we show that [k] is unramified (in fact locally trivial) at primes
p € R'. By definition of R', there exists ¢ € G} such that x(¢) # 1. Since
np(6) = e(6) = a(d) =1 (mod 1), it follows that x7, 'e(d) — a(5) € Tj, and
hence by (80) we have A,/C, € B. Reducing (80) modulo mB we see that
resy K is a coboundary:

k(o) = (L =x"10)A/Cy, 0 €G.
Therefore, resy[r] = 0 as desired. O
LEMMA 4.8. The Ty-module B is generated by b(o) for all o € I,,p € R.

Proof. Let By be the Ty-module generated by b(o) for all o € I, p € R.
Let By = B/B;. We want to show that By = 0. Let [s;] denote the image
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of the cohomology class [x] in H'(Gp, (B;/mBy)(x™!)). By Lemma 4.7, the
class [r;] is unramified outside R. But by the definition of By, the image of
k(o) in Br/mBy is trivial for o € I, p € R, and therefore [r;] is unramified
everywhere. By Proposition 2.2, it follows that [k;] = 0. Repeating the ar-
gument at the end of Lemma 4.2 shows that B; = 0. Indeed, writing x; as
a coboundary and evaluating at 7 shows that Kk = 0 as a function. Yet the
values of k; generate B;/mB; and hence By/mB; = 0. Since By is a finitely
generated Tp-module, Nakayama’s Lemma implies that B; = 0 as desired. [

LEMMA 4.9. Let R = {p1,...,p,}. We have B C ’%11{14_..._’_ féi‘t:rﬁl_
1 T

Proof. This follows from Lemma 4.8 and equation (80), together with the
observation that for p € R, we have x(I,) = 1 and

m(o)=¢e(o)=a(o) =1 (mod m), o€ I O

5. Computation of the regulator

We now assemble the constructions of the previous sections and complete
the proof of Theorem 1, which states that Z,,(x) = %,(x). Let I denote the
kernel of the homomorphism ¢p: Ty, — W.

5.1. Proof of Lan(x) = Zp(x) in Cases 1, 2, and 3. Denote by [k] €
HL(Gr,B(x™')) the cohomology class constructed in Section 4.2. Denote by

ut,...,u, an E-basis of U,. By Proposition 2.1 and Lemma 4.7, we have
r —
(81) Zrespi k(uj) =0in B for j=1,...,r
=1

For each fixed j, we can write u; = > p yji ® ek, where y;;, € Og[1/p]* and
ejr € B. Foreach i =1,...,7, let

oij =y ejkyj(g € E[Gy,],
k

)

where yj(;c € Gy, is any element whose image in Gg? is equal to the image of

y;jx under the local Artin reciprocity map (9). (As usual, we use (7) to embed
Op(1/p]* C Fy,.) Then noting that x(Gy,) = 1, by definition we have

resp, £(u;j) = b(oy;) in B where b(0;;) = Z ejkb(y§2) € B.
k
Therefore, (81) can be written as

(82) Z b(oi;) € mB foreach j=1,...,r
i=1
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Now by (80), we have
A i i
(83) b(oij) = Xk: ek @ (77@' ely) ~ “(yy('k))> ’

where for simplicity we have written A;, C;, and n; for Ay, Cy,, and n,,. As we
have noted, the term in parenthesis on the right lies in m since 7;, €, a all lie in
T, and are congruent to 1 modulo m. Furthermore, we have

n W) = Up = 14 o) Uy, = 1) (mod 1),
(84) 5(9(2) =1+ li(yje)m (mod 7?),
a(y$y)) = 1+ al(y;e) (mod (1?,I)),
where a(y;;) € m is any element such that

0 Case 1,

) =
me( z(y]k)) {Ez(y]k)y Cases 2 and 3.

The congruence (84) follows from Lemma 4.4. Of course 72 € m?. Therefore,

0 e (i) — a(yy) = Gy + 0i(yin) (Up, — 1) — alye)  (mod (2,1)),
Hence (83) can be written more simply as
A;
c (€i(ui)m + 0i(u;) (U, — 1) — aj(u;) + mij)
for some m;; € (M?,1). Now in view of Lemma 4.9, which implies that mB C
Sy %ﬁlQ, (82) can be written

: A’L / .
> o (i (uj)m + 0i(uj)(Uy, — 1) — aj(uj) +m;j) =0  foreach j=1,...,r,

i=1 ¢

b(oi;) =

after altering the m;; by elements of m?. It follows that
As
det (25 (6u)m + 01(u) Uy, — 1) — df(ug) +m)) =0
Ci i=1,er
since it is the determinant of a matrix whose rows all sum to 0. Cancelling
the constants % (which are invertible by Lemma 4.6) from the rows of this
matrix, we obtain

det (£;(uj)m + 0;(u;)(Up, — 1) — aj(u;) + m4j) = 0.

This determinant now takes place in the ring Ty, and in fact all of its entries
lie in the maximal ideal m. We apply the homomorphism ¢y, to this equation
to obtain an equation in the ring W

(85) det((4i(uj)m + 0i(uj)e; +nij) =0 Case 1,
(86) det((4;(uj)(m —y) + 0i(uj)e; + nyj) =0 Cases 2 and 3,
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where n;; € m%,[,. Since each entry of this matrix lies in myy, it is clear that
the n;; do not effect the value of the determinant modulo m};}l. Finally, using
the relations in the ring W (in particular, that ;7 = 0 and g;y = 0) it is easy

to calculate these determinants. In Case 1 we find
0 = det(4;(u;)m + 0;(uj)e;) (mod mf;ft)
(87) = det(;(uj))m" + det(oi(uj))er- - - & (mod mj;th)
= det(¢;(u;))7" + det(o;(uj))(=1)"* T L% (x)7"™  (mod miF).

If ran = 7, then 2% (x) = Zan(x), and since 7" & mi;F!, it follows that
Zan(x) = (=1)" det(€;(uy))/ det(0i(u;)) = Zp(x)

as desired. If ray, > 7, then 7™ = 0 (mod mwl), so (87) implies that
det(¢;(uj)) = 0, hence Z,(x) = 0. Since Zn(x) = 0 in this case as well,
we again find %, (x) = %Zp(x).

Cases 2 and 3 are nearly identical, once one uses the relations in the ring

W to observe that (7 —y)" = 7" —y" & mj;F.

5.2. Proof of %an(x~') = %,(x~') in Case 3. As noted in Section 3.2, to
complete the proof we must show that Z,(x™1) = %Z,(x ') in Case 3. For
this, we repeat the arguments from Section 4.4 onward using the “c-cocycle”
coming from our representation rather than the “b-cocycle.” To be precise, we
let C' denote the Ty-module generated by the elements c¢(o) for all o € Gp
and write C = C'/mC. Then the equation

c(oo’) = c(o)a(o) + d(o)c(d’), oo’ € Gp

together with (68) implies that the function ¢: Gg — C is a 1-cocycle defining
a cohomology class

[c] € H'(Gr,C(x))-
The elementary argument at the beginning of the proof of Lemma 4.7
shows that [¢] is unramified outside p, and hence outside R since R’ is empty

in Case 3. The analogue of (80), which is seen by equating lower left entries
in (79), is the following:

(o) = Z’: (xnpte(o) —d(0)), 0 €Gy.

LEMMA 5.1. Forp € R and o € I, we have that

om(e(o) —d(o)) € yW.

Proof. Lemma 4.4 implies that ¢n(d(0)) = er—y(0). Using the relation
7y = y?, it is easy to see that £(0) — ex—y(0) = gy(0) — 1 in W. The result
follows. g



868 SAMIT DASGUPTA, MAHESH KAKDE, and KEVIN VENTULLO

From Lemma 5.1, the arguments of Lemmas 4.8 and 4.9 apply without
change to show that

C
C P . pr
C U + + Apr U?
where ) = @1 (yW) is an ideal of Ty,.
We can next repeat the argument of Section 5.1 without change, where
now uy, ..., u, denotes an E-basis of U, 1. Noting that pn(d(0)) = xer—y(0)
by Lemma 4.4 and hence that

gom(xnp_ils(cr) —d(0)) =ey(0) — 1+ 0i(F)ei, o € Gy,

(where 7 € Fg‘z is such that rec(a) is the image of ¢ in ng), the analogue of
(86) is the equation

det((4i(uj)y + 0i(uj)e; +nij) =0
with n;; € myy. We obtain
(88)  det(fi(uy))y” + det(o;(uy))(~ )" L5 ()7 = 0 (mod myy’).
Note that in the ring W = W3, we have

—t LX)
t Wﬂ't —(—1)% t an 7'('5,
/ Uz

hence (88) can be written
(89)  det(fi(uy)y” + det(oi(uy)(~1)LLL (Y =0 (mod myry”).

This congruence yields an equality in " /myy”, the 1-dimensional E-vector
space generated by the image of y".If t = r, then £ (x) = Zan(x) and we
obtain

det(i(uy)) + det(oi(uy)) (1) Zun(x 1) = 0,

hence Zon (X 1) = Z,(x 1) as desired. If t > r, then y' € myy” so (89) yields
det(£;(u;)) = 0 and hence %Z,(x ') = 0. Since Zn(x~!) = 0 in this case as
well, we again find %, (x 1) = %Z,(x~!). This completes the proof.

Remark 5.2. We note that this argument fills in a hole at the end of the
proof of Theorem 4.4 in [5]. There it was simply suggested without elaboration
that switching the roles of b and ¢ yields a cohomology class giving the desired
result for y~!. This is indeed the case if r,,(x) = r = 1, but in the case
Tan(X) > Tan(x~!) one needs a version of the argument presented here and, in
particular, the whole homomorphism (,; the homomorphism ¢, constructed

in [5] does not suffice in Case 3.
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