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Abstract

In this paper we prove convergence and compactness results for Ricci
flows with bounded scalar curvature and entropy. More specifically, we
show that Ricci flows with bounded scalar curvature converge smoothly
away from a singular set of codimension > 4. We also establish a general
form of the Hamilton-Tian Conjecture, which is even true in the Riemann-
ian case.

These results are based on a compactness theorem for Ricci flows with
bounded scalar curvature, which states that any sequence of such Ricci
flows converges, after passing to a subsequence, to a metric space that is
smooth away from a set of codimension > 4. In the course of the proof, we
will also establish LP<2-curvature bounds on time-slices of such flows.

Contents

Introduction and statement of the main results
Introduction
Statement of the main results: Structure of singularities

Statement of the main results: Compactness theorem and further

results
Outline of the proof
Important terminology and conventions
Terminology
Conventions
Preliminaries on Ricci flows
Ricci flows with bounded scalar curvature
L-geometry

754
754
759

760
762
764
764
767
767
767
771

Keywords: Ricci flow, bounded scalar curvature, Hamilton-Tian Conjecture, compactness

theorem for Ricci flows
AMS Classification: Primary: 53C44, 53C23, 53C56.
(© 2018 Department of Mathematics, Princeton University.

753


http://annals.math.princeton.edu/about
https://doi.org/10.4007/annals.2018.188.3.2

754 RICHARD H. BAMLER

4. Compactness of Ricci flows under a priori assumptions 773
4.1. Statement of the main result 773
4.2. Existence of short £-geodesics 776
4.3. Proof of the compactness result 799
5. The e-regularity theorem 801
5.1. Statement of the results 801
5.2. Existence of almost geodesics that stay away from high curvature
regions 802
5.3. Existence of almost optimal £-geodesics and a reduced volume
bound 810
5.4. Proof of the regularity theorems 815
6. Proof of the main theorems 818
6.1. Proof of the integral curvature bound 818
6.2. Convergence of the flow away from a subset of codimension 4 823
References 827

1. Introduction and statement of the main results

1.1. Introduction. There has lately been a lot of progress in the study
of compactness and degeneration behaviors of solutions to geometric equa-
tions, such as Einstein metrics, minimal surfaces or mean curvature flow (see,
for example, [And89], [And90], [CC96], [CCTO02], [CN13a], [CN15], [Alm83],
[Whi97], [CN13b], [CHN13]). These studies usually follow a common approach,
which can be summarized as follows: One first specifies a topology, in which
such solutions converge to a possibly singular space, after passing to a subse-
quence. Secondly, one devises a partial regularity and structure theory for the
limiting space. This theory usually implies that the limiting space is smooth
away from a singular set of small codimension and provides a characteriza-
tion of the tangent cones at the singular points. Unfortunately, a theory of
this kind has not been available for the Ricci flows, despite several interesting
attempts or partial results (see [HM11], [HM15], [MT10], [Top09], [Stul6]).
The goal of this paper is to carry out such a partial regularity and structure
theory for Ricci flows that satisfy an additional scalar curvature bound. Using
this theory, we will characterize the formation of finite-time singularities of
such flows. As a corollary, we will obtain a general, Riemannian form of the
Hamilton-Tian Conjecture.

Understanding the formation of finite-time singularities is an important
goal in Ricci flow. In dimensions 2 and 3, finite-time singularities are reason-
ably well understood. In these dimensions, the maximum of the scalar cur-
vature diverges at a singular time (see [Ham82], [Ham95b]) and the geometry
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of the singularity can be analyzed by a blow-up procedure. More specifically,
after normalizing the scalar curvature at a sequence of basepoints via parabolic
rescaling, the flow subsequentially converges to a smooth singularity model. In
dimension 2, Hamilton and Chow showed (see [Ham88], [Cho91]) that the only
such singularity models are the round sphere and projective space, which is
equivalent to saying that the flow becomes asymptotically round at a finite-time
singularity. In dimension 3, Perelman proved (see [Per(2]) that the singularity
models are k-solutions, which he then classified in a qualitative way. This clas-
sification was the basis of the construction of Ricci flows with surgery, which
led to the resolution of the Poincaré and Geometrization Conjectures (see also
[Per03]). In higher dimensions, similar characterizations have only been ob-
tained in relatively restrictive settings. For example, it was shown by Sesum
and Enders, Miiller, Topping (see [Ses06], [EMT11]) that under a Type I bound
on the entire Riemannian curvature tensor—of the form |Rm;| < C(T —¢)~!—
singularity models exist and are gradient shrinking solitons. Apart from these
results, the characterization and classification of finite-time singularities in
Ricci flows has been largely open.

A main difficulty in the analysis of finite-time singularities of higher di-
mensional Ricci flows comes from the fact that—at least a priori—we may
observe different types of singularity formation at different scales, leading to
a bubble-tree-like structure. At the smallest scale, such singularities can be
described by smooth singularity models. These models arise as blow-up lim-
its due to a compactness theorem of Hamilton (see [Ham95a]), which requires
uniform bounds on the Riemannian curvature. By contrast, singularity models
describing the flow at larger scales are expected to be singular, as they may
arise as limits of flows with unbounded curvature. The analysis of the flow
at such larger scales requires a reasonable compactness, partial regularity and
structure theory, which has been missing so far. The theory developed in this
paper will partially fill this void and therefore allow the analysis of singulari-
ties at any scale below the scalar curvature scale (i.e., the scale that results in
blow-up sequences with bounded scalar curvature).

The main result of this paper is a compactness and partial regularity
theorem, which states that every non-collapsed sequence of Ricci flows with
uniformly bounded scalar curvature converges, after passing to a subsequence,
to a space that is smooth away from a singular set of codimension at least 4. We
refer to Section 1.3 for a precise statement. We will also derive various other
structural properties of this limiting space, which, combined with earlier results
(see [Baml17]), imply that all tangent cones of the limiting space are metric
cones. As such, our characterizations of the limiting space are comparable to
the partial regularity and structure theorems obtained for non-collapsed lim-
its of Einstein manifolds or spaces with bounded Ricci curvature (see [CC96],
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[CCTO02], [CN15]). In fact, as Einstein metrics can be trivially evolved into a
Ricci flow with bounded scalar curvature, our theorem in some way general-
izes these results; however, it does not provide an alternative proof, since our
methods rely on generalizations of these results to the singular setting.

Let us now discuss in some more detail the structural results on the forma-
tion of finite-time singularities that follow from our main theorem. Consider a
Ricci flow (gt)ejo,1)

Btgt = -2 Ricgt

on a manifold M, which possibly develops a singularity at some finite T' < co.
We will answer the following questions:

QUESTION 1. Suppose that the scalar curvature satisfies the bound R < C
on M x [0,T) for some constant C < co. What can be said about the behavior
of the metric gz ast S T7?

QUESTION 2. Suppose that there is some constant C' < oo such that the
scalar curvature satisfies R(-,t) < C(T —t)~t for all t € [0,T). What can be
said about the behavior of the rescaled metric (T —t)"tg; ast S T?

We will show that in the settings of both questions, the (rescaled) met-
ric converges (subsequentially) to a singular space that possesses the partial
regularity and structural properties as explained earlier. More specifically, we
obtain that this space is smooth away from a singular set of codimension at
least 4 and that all its tangent cones are metric cones. In the setting of Ques-
tion 2, we moreover obtain that the limit is a gradient shrinking soliton on its
regular part. We refer to Section 1.2 for the precise statements of these results.

Question 1 is related to a famous conjecture that the scalar curvature
near any finite-time singularity in Ricci flow must blow up. This conjecture
is equivalent to the conjecture that in the setting of Question 1 the metric g;
converges to a smooth metric gr as t /' T" and hence that the flow (g¢).e(0,7)
can be extended past time 7. The conjecture is true in dimensions n = 2,3,
as pointed out earlier, and in the case in which (gt)icpo,1) is a Kéhler-Ricci
flow (see [ZhalO]). Moreover, if we replace the assumption that R < C on
M x [0,T) by the stronger assumption that |[Ric| < C' < oo on M x [0,T'), then
the conjecture holds (see [S05]). Even in dimension 4, a complete answer to
Question 1 is still unknown. In this dimension, it has, however, been proven
recently that the L:-norm of the Riemannian curvature tensor, | M |[Rm|?dgy,
remains uniformly bounded as ¢ ' T and that the metric g; converges to a
CP-orbifold (see [BZ17], [Sim15b], [Sim15a]). The techniques used to obtain
these results are very specific to dimension 4 and cannot be generalized to
higher dimensions. It was moreover shown in [Sim15a] that in dimension 4,
despite possible singularities, the flow (g¢)icpo,7) can still be extended past
time 7' by a Ricci flow on the limiting orbifold. In other words, the flow can
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be continued if we allow the underlying manifold to change its topology. This
insight raises the question of whether a similar extension can be constructed
in higher dimensions. So one may wonder whether in the context of Ques-
tion 1, the singular time-T-slice is “regular enough” such that the flow can be
continued past time T, possibly via a singular flow.

The setting of Question 2 is a generalization of the Type I condition,
and it occurs naturally in the study of Ké&hler-Ricci flows on Fano manifolds
(see [STO08]). By the recent resolution of the Yau-Tian-Donaldson Conjecture
(see [CDS15a], [CDS15b], [CDS15¢], [Tial5]), Fano manifolds admit Ké&hler-
Einstein metrics under certain algebro-geometric conditions. If these condi-
tions are fulfilled, then the rescaled metric (T — t)~!g; smoothly converges to
one of the predicted Kéahler-Einstein metrics as t T (see [TZ13]). If these
conditions are not assumed, then we have the following conjecture:

HAMILTON-TIAN CONJECTURE. If (gt)icjo,1) is a Kdhler-Ricci flow on a
Fano manifold M, then (T — t)~'g; subsequentially converges to a compact
Kahler-Ricci soliton, possibly away from a singular set of codimension > 4 as
t /T.

For complex dimensions < 3, the Hamilton-Tian Conjecture was shown
by Tian and Zhang in [TZ13], [TZ16]. A proof for all dimensions was given
in [CW17a], [CW17b]. The approach in [CW17a], [CW17b] uses the Bergman
kernel in a crucial way, which is only available in the Ké&hler setting. This
technique is non-standard in proving compactness of geometric equations and
very different from the techniques used in this paper.

Our answer to Question 2, restricted to the Ké&hler case, implies the
Hamilton-Tian Conjecture. Our proof is purely Riemannian and does not
require any tools from Kahler geometry.

Our structure theorem will follow by analyzing Ricci flows with bounded
scalar curvature at different scales, using a blow-up argument. Due to an
earlier estimate of Zhang (see [Zhal2]) on the volumes of geodesic balls in
such flows, it is known that such blow-up sequences converge to a possibly
singular metric space in the Gromov-Hausdorff topology. Our goal in this
paper will be to derive several analytic and geometric properties of these blow-
up limits, which will imply that the blow-up limits are Ricci flat away from
a well-behaved singular set. These properties will then allow us to obtain
further structural information, using a generalization of the theory of Cheeger,
Colding and Naber to the singular setting, which was developed by the author
in [Bam17]. The application of this theory is quite subtle, because we do not
obtain a (synthetic) Ricci curvature bound on the singular set. The proofs of
the following two properties of the blow-up limit will occupy the greater part
of this paper:
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e A type of weak convezity property of the set of regular points (called mildness
of the singular set), stating that almost every pair of regular points can be
connected by a minimizing geodesic consisting only of regular points. This
property will be a consequence of a new regularity result for Ricci lows with
bounded scalar curvature, which states that, under certain assumptions,
almost every pair of points in a time-slice can be connected by an almost
geodesic that avoids high curvature regions. This regularity result will follow
from a combination of heat kernel estimates and integral estimates along
families £-geodesics. For more details, see Section 4.

e An e-reqularity theorem, asserting a curvature bound at centers of balls in
the same time-slice whose volume is sufficiently close to the corresponding
Euclidean volume. This theorem will follow from an analogous and new
e-regularity theorem for Ricci flows with bounded scalar curvature. We
remark that similar e-regularity theorems for Ricci flows have been deduced
in [HN14], [Ni07]. However, these results are not applicable here, as they
impose other geometric assumptions and they do not hold in a single time-
slice. The proof of our e-regularity theorem relies, among other things, on
a segment inequality in the context of Ricci flows. We refer to Section 5 for
more details.

Throughout the entire paper, we will moreover use a number of analytic and
geometric estimates for Ricci flows with bounded scalar curvature that were
developed by the author and Zhang in [BZ17], [BZ15]. For further details on
the proof, see Section 1.4

The main results of this paper motivate a number of interesting questions.
First, it seems desirable to obtain a more detailed characterization of the limit-
ing flows of sequences of Ricci flows with bounded scalar curvature (not only of
limits of time-slices). By an earlier result by Zhang and the author in [BZ15],
such limiting flows evolve continuously with respect to the Gromov-Hausdorff
distance. However, the set of singular points may, a priori, vary in time, and
even change its topology. Due to the availability of heat kernel and distance
distortion estimates, it is likely that such flows offer a useful model case for a
synthetic definition of Ricci lows—perhaps via optimal transport, generalizing
the approach of Sturm (see [Stul6]).

Second, our results can be seen as a first step towards a general partial
regularity and structure theory for non-collapsed Ricci flows. Hence, it is an
interesting question whether our theory can be generalized to a broader class
of Ricci flows. Even though our proof seems to rely on the scalar curvature
bound at a number of steps, it is likely that this bound is crucial in only two
steps: in the proofs of a lower (Gaussian) heat kernel bound and an upper
bound on the distance distortion. So one may wonder whether a similar struc-
ture theory can be developed under weaker assumptions that still guarantee
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these two bounds, or similar estimates. In addition, our arguments seem to
offer a certain amount of flexibility. For example, several steps in our proof
produce stronger estimates than what is needed in subsequent steps. It is also
interesting to observe that the generalization of the theory of Cheeger, Cold-
ing and Naber (see [Bam17]), which is used in our proof, does not require a
(synthetic) curvature characterization on the singular set. Therefore, it may
be possible that, in a more general setting, our arguments are robust towards
the loss of certain geometric or analytic control, as long as this loss occurs in
an almost singular region of the flow.

1.2. Statement of the main results: Structure of singularities. We will
now state in detail the main results of this paper that describe the structure
of finite-time singularities of Ricci flows with bounded scalar curvature. That
is, we will answer Questions 1 and 2 from the previous subsection.

Let us first consider Question 1. In the setting of this question, the author
showed previously in collaboration with Zhang (see [BZ15]) that the induced
length metric d; : M x M — [0,00) converges uniformly to a pseudometric
dr : M x M — [0,00) as t T, which is a metric with the exception that
the distance between some distinct points is allowed to be zero. In dimension
n = 4, the limiting metric is a C°-orbifold. Away from the singular points, the
metric and the convergence to this metric are smooth (see [BZ17], [Sim1bal).
The first main result of this paper generalizes this fact to higher dimensions.
More specifically, it states that the convergence to the limiting metric is smooth
away from a small set of Minkowski dimension < n — 4:

THEOREM 1.1 (Evolution of the flow under a uniform scalar curvature
bound). Suppose that R < C on M x [0,T) for some C < oo, and let dr :
M x M — [0,00) be the limiting pseudometric on M.

Then there is an open subset R C M on which the metric g, smoothly
converges to a smooth Riemannian metric gr. The complement of this subset,
M\ R, has Minkowski dimension < n — 4 with respect to dp. Moreover, the
induced metric space (M/ ~,dr) is isometric to the completion of the length
metric of the (incomplete) Riemannian manifold (R, gr).

Similarly, in the setting of Question 2, we obtain smooth subconvergence
of the rescaled flow to a singular gradient shrinking Ricci soliton:

THEOREM 1.2 (Degeneration towards a singular gradient shrinking soli-
ton). Assume that for some constant C < 0o, we have

R(-t)<C(T—t)"r  forall te€l0,T).
Then for any point ¢ € M and any sequence of times t; /T, we can choose

a subsequence such that (M, (T — t;)"1g:,,q) converges to a pointed, singular
space (X, qx) = (X,d, R, g,q0) that has singularities of codimension 4 in the
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sense of Definition 2.2 (this implies that the singular set X \ R has Minkowski
dimension < n — 4) and that is Y -reqular at scale 1 in the sense of Defini-
tion 2.4 for some Y < oo that only depends on gy and C.

Moreover, X is a shrinking gradient soliton in the following sense: There
is a smooth and bounded function foo € C°°(R) that satisfies the shrinking
soliton equation

Ricy+V?fu =29 on R

A precise definition of a singular space X can be found in Section 2.1 (see
Definition 2.1). In a nutshell, a singular space is a metric space whose geometry
is given by a smooth Riemannian metric on a generic subset. The notion of
“convergence to a singular space” is also made more concrete in Section 2.1
(see Definition 2.5).

In the Kéhler-Fano case, Theorem 1.2 implies the Hamilton-Tian Conjec-
ture:

COROLLARY 1.3. Let (M*", (9t)tejo,r)) be a Kdihler-Ricci flow on a Fano
manifold M?™. Then for any sequence of times t; /* T, we can find a sub-
sequence such that (M, (T — t;)"1gs,) converges to a compact singular space
X = (X,d,R,g) that has singularities of codimension 4, that is Y -reqular at
scale 1 for some Y < oo and that is a shrinking soliton in the sense of Theo-
rem 1.2.

1.3. Statement of the main results: Compactness theorem and further re-
sults. Theorems 1.1, 1.2, and by proxy Corollary 1.3, will follow from a uni-
fying compactness and partial regularity result for sequences of Ricci flows
with bounded scalar curvature. This compactness result states that for any
sequence of Ricci flows with bounded scalar curvature and uniformly bounded
entropy, the final time-slices subconverge to a singular space, which is smooth
away from a set of Minkowski dimension < n — 4.

THEOREM 1.4 (Compactness of Ricci flows with bounded scalar curva-
ture). Let (M;, (gz)te[_g,o]) be a sequence of Ricci flows on compact, n-dimen-
sional manifolds M;, and assume that there is a uniform constant C < oo such
that the following holds:

(i) The scalar curvature satisfies the uniform bound
|IR| < pi < C on  M; x[-2,0]

for some sequence p;.
(ii) Perelman’s entropy satisfies the uniform lower bound

vlgho 4] = inf plgly 7] > —C.

(For a definition of u[g’ o, 7], see Section 2.1.)
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Let q; € M; be a sequence of basepoints. Then, after passing to a subsequence,
there is an n-dimensional, pointed singular space (X, o) (in the sense of Defi-
nition 2.1) such that the sequence of pointed Riemannian manifolds (M;, g, q;)
converges to (X, qx) (in the sense of Definition 2.5). Moreover, the singular
space X has singularities of codimension 4 (in the sense of Definition 2.2) and
X is Y-regular at scale 1 for some Y =Y (n,C) < oo, which only depends on
n and C. Lastly, if p; — 0, then X is Ricci flat (in the sense of Definition 2.1)
and has mild singularities (in the sense of Definition 2.3).

We remark that Theorem 1.4 shows that in the case p; — 0, the limiting
space X is regular enough to apply the generalization of the theory of Cheeger,
Colding and Naber from [Baml7]. This theory gives us further structural
characterizations on & and its blow-up limits, and it also holds in the settings
of Theorems 1.1 and 1.2. For example, Theorem 1.4 combined with [Bam17,
Th. 1.5, Prop. 4.1] implies

COROLLARY 1.5. In the settings of Theorems 1.4, 1.1 and 1.2, all tangent
cones of the limiting space X are metric cones.

In the setting of Theorem 1.4, we also obtain further characterizations of
the behavior of the flow as p; — 0, which will be discussed in a subsequent
paper.

Theorem 1.4 and its proof imply an important geometric bound for Ricci
flows with bounded scalar curvature. Before introducing this bound, we need
to recall the following terminology:

Definition 1.6 (Curvature radius). Let (M, g) be a (not necessarily com-
plete) Riemannian manifold, and let x € M be a point. Then we define the
curvature radius rry () at x to be the supremum over all » > 0 such that the
ball B(x,r) is relatively compact in M and such that |[Rm| < 7=2 on B(z, 7).

If (g¢)ter is a Ricci flow on M, then we denote by rgrm(x,t) the curvature
radius rry, () with respect to the metric g;.

We will often denote by {a < rrm < b} (in the static case) or {a <
rRm(-,t) < b} (in the dynamic case) the set of all points x € M such that
a < Trm(z) < bor a < rgm(x,t) < b, respectively.

In the following result, we control the inverse of the curvature radius,
(TRm (-, 1)) 71, in the local LP<* sense on each time-slice of a Ricci flow, in terms
of a constant that only depends on an upper bound on the scalar curvature
and a lower bound on the entropy. We furthermore obtain LP<2-bounds on the
Riemannian curvature tensor.

THEOREM 1.7 (Bounds on the curvature radius). For any A < co, € >0
and n, there is an C = C(A,e,n) < 0o such that the following holds:
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Let (M, (gt)iej—2,0)) be a Ricci flow on a compact n-dimensional manifold
such that the following holds:

(i) The scalar curvature satisfies the uniform upper bound
R<A on M x [-2,0].

(ii) Perelman’s entropy satisfies the uniform lower bound

vlg-2,4l = mf plg—s,7]>—A.

Then for any 0 <r < 1,t € [-1,0] and z € M, we have

/ ’]E{nl(7 t) ‘Q*Edgt S / (,ar_l(.7 t)) _4+2€dgt < Crn74+28.
B(z,t,r) B(z,t,r)

Note that Theorem 1.7 can be seen as a generalization of the main result
of [CN15].

Lastly, we mention that the size of the time-interval [—2, 0] in Theorem 1.7
was chosen for technical reasons and can be adjusted to any other size via
parabolic rescaling. (See Section 2.1 for more details.) Likewise, the interval
[—1,0] in the assertion of Theorem 1.7 can be chosen to be larger than half of
the time-interval [—2,0].

1.4. Outline of the proof. In the following, we give a brief outline of the
proofs of our main results. As mentioned before, Theorems 1.1, 1.2 and Corol-
lary 1.3 are deduced as a consequence of the compactness result, Theorem 1.4.
This compactness result and the curvature bound, Theorem 1.7, will be proven
virtually simultaneously.

Before explaining the strategy of proofs of Theorems 1.4 and 1.7, we first
make the following observation: In order to obtain the (strong) LP<*-bound in
Theorem 1.7, it suffices to establish a similar weak LP -bound for some p* > p.
For technical convenience, we will often work with this weak LP -bound in
this paper, and for brevity, we will refer to a weak LP-bound simply as an
“LP-bound” in this outline.

The strategy of our proof is the following. Let us fix some constants
E,p,p/,p" such that 3 < p < p’ < p” < 4. We first introduce an a priori
assumption, which states that the inverse of the curvature radius, rgrln, is
locally bounded by E in a certain LP-sense (similar as in the statement of
Theorem 1.7). Assuming this a priori assumption, we show that rgél is bounded
in an LP'-sense, at sufficiently small scales, by a constant C', whose value is
independent of . It is therefore possible to choose E > C in our a priori
assumption. Using this conclusion, we carry out an induction argument over
scales, which will imply that the L? -bound from above holds even if we do not
impose the a priori assumption. More specifically, we can arrange things in
such a way that the LP-bound in the a priori assumption (involving E) follows
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from the L” -bound (involving C) at smaller scales. Therefore, if the LP-bound
holds at scales below some r < 1, then the a priori assumption and thus also
the LP-bound hold at scales < 10r. Iterating this conclusion, will then allow
us to derive an LP-bound at all scales.

In order to derive the LP-bound on rgrln under the a priori assumption,
we prove a compactness and blow-up result, which is similar to Theorem 1.4.
More specifically, we show that sequences of Ricci flows that satisfy the a priori
assumption and whose scalar curvature is bounded by a constant that goes to
0 converge, after passing to a subsequence, to a singular space A that is Ricci
flat away from a singular set of codimension > 3. It will turn out that these
limit spaces can be analyzed using the results of [Bam17], which generalize the
theory of Cheeger, Colding and Naber (see [Col97], [CC96], [CN13a], [CN15])
to the singular setting. As a result, we obtain an L*" “bound on rlgrln on X.
From this bound we can deduce an L? -bound on Ricci flows with sufficiently
small scalar curvature via a covering argument.

It is important to note that the limiting space X can only be shown to
be Ricci flat on its regular part. Unfortunately, a (synthetic) characterization
of the curvature on the singular points seems to be unavailable. Therefore,
the generalization of the theory of Cheeger, Colding and Naber to the singular
setting becomes quite subtle. In lieu of a curvature condition on the singular
points of X, we have to show that X possesses a number of geometric and
analytic properties, which allow us to carry out this theory whatsoever. A
sufficient set of such properties has been worked out in [Bam17]. Luckily,
several of these properties follow more or less naturally from earlier work of the
author and Zhang (see [BZ17], [BZ15]). However, as discussed in Section 1.1,
there are two properties—the weak convexity property of the regular set (also
known as “mildness of the singular set”) and an e-regularity property—that
require new regularity results for Ricci flows with bounded scalar curvature.
The proofs of these regularity results occupy most of this paper.

The general inductive multi-scale approach of our proof is quite common in
the analysis of geometric PDEs and Ricci flows in particular. The effectiveness
of this approach in Ricci flows was first demonstrated by Perelman (cf. [Per02],
[Per03]). In the setting of Ricci flows with bounded scalar curvature, the
approach was also used in [BZ17]. In the Kéhler case, it was furthermore used
by Chen and Wang (cf. [CW12]). However, in their work, the authors needed
to impose several strong additional a priori assumptions that they had to verify
subsequently. In our proof, these additional properties will be derived directly,
making the structure of our argument more linear and transparent.

The paper is structured as follows. Section 2 contains the most important
definitions and conventions used throughout this paper.
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In Section 3, we review the results from [BZ17] and [BZ15] that will be
needed subsequently.

In Section 4, we prove a result similar to the compactness statement of
Theorem 1.4 under the a priori LP-bound on Tl;_{lln. The main part of this
section is devoted to the proof of the mildness of the singularities in the limit
(see Definition 2.3), which is needed in order to apply [Bam17].

In Section 5 we show that the limiting space from the previous section is
Y-regular (in the sense of Definition 2.4), meaning that any ball with Y ~!-
almost maximal volume has bounded curvature at its center.

In Section 6, we combine the compactness statement under the a priori as-
sumption (from Section 4) with the Y-regularity of the limit X (from Section 5)
and the LP bound on r;{; (from [Bam17]) to deduce the main Theorems 1.4
and 1.7. Theorems 1.1, 1.2 and Corollary 1.3 will follow immediately.

2. Important terminology and conventions

2.1. Terminology. We now give a precise definition of the terminology
that was used in the theorems of corollaries of the previous subsection and
that will be used throughout this paper. Let us first introduce the following
notion: Given a measurable subset S C M of a Riemannian manifold (M, g),
we will denote by |S| = |S|, the Riemannian measure of S with respect to the
metric g. If (g:)ienr is a Ricci flow, then we often write |S|; := |S]g,.

Next, we review Perelman’s entropy formulas (cf. [Per02]). For any com-
pact, n-dimensional Riemannian manifold (M, g), any function C*(M) and any
7> 0, we define

Wlg, f,7] = /M (T(IVF*+ R) + f —n)(4nr) " 2e~  dg.

We can then derive the following functionals: For 7 > 0, we define

,T] = inf Wig, f, T
1lg, 7] e 9. f,7]
[y drT)~ "/ 2e T dg=1
and
:= inf n.
vlg, 7)== nf pulg,7]

Note that v[g,7] < 0. If (gt)iefo,r) is a Ricci flow, then the functions ¢
wlge, T —t], t — vigy, T — t] and t — v[g;| are non-decreasing. Moreover, by
replacing f < f — 5 log 1 + 5 log 72, we can deduce the following estimate for
any 0 < 1 < 798
n n
plg, 2] 2 plg Tl + 5 log i — 5 log 7,

and similarly

n n
vlg, 1] > vig, ] > v[g, 1] + 510g71 - 5108372-
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Lastly, note that the choice 7 = 4 in the conditions on the entropy in the
theorems and corollaries of Section 1.1 only serves our convenience and can be
modified to any other constant.

We now define what we mean by the singular spaces that appeared in
Theorem 1.4. The following definition comprises the most basic notions of a
metric space that is smooth on a generic subset.

Definition 2.1 (Singular space). A tuple X = (X,d,R,g) is called an
(n-dimensional) singular space if the following holds:

(1) (X,d) is a locally compact, complete metric length space.

(2) R C X is an open and dense subset that is equipped with the structure of a
differentiable n-manifold whose topology is equal to the topology induced
by X.

(3) g is a smooth Riemannian metric on R.

(4) The length metric of (R, g) is equal to the restriction of d to R. In other
words, (X, d) is the completion of the length metric on (R, g).

(5) There are constants 0 < k1 < k2 < oo such that for all 0 < r < 1,

k1™ <|B(z,r) NR| < kar'™.

Here | - | denotes the Riemannian volume with respect to the metric g and
distance balls B(x,r) are measured with respect to the metric d.

If, moreover, Ricy, = 0 everywhere on R, then X is said to be Ricci flat. Also,
if ¢ € X is a point, then the tuple (X,q) or (X,d,R,g,q) is called pointed
stngular space.

The subset R is called the regular part of X and its complement X \ R
the singular part of X.

We remark that this definition is similar to the corresponding definition
in [Bam17] with the only difference that g is assumed to be smooth in this
paper. We furthermore emphasize that the metric d on X is induced by the
length metric of the Riemannian metric g on R (see item (4)). So the distance
between any two points in ‘R can be approximated arbitrarily well by the length
of a smooth connecting curve in R. This is an important property, which will
take us some effort to establish.

We can generalize the concept of curvature radius from Definition 1.6 to
singular spaces X = (X,d,R,g) by defining the function gy, : X — [0, 0]
as follows: We define 7ru|x\z = 0, and for any = € R, we let rry(7) be the
supremum over all » > 0 such that B(z,r) C R and |[Rm| < =2 on B(z,7).

We will now define the following properties of singular spaces:

Definition 2.2 (Singularities of codimension py). A singular space X =
(X,d,R,g) is said to have singularities of codimension pg, for some py > 0, if
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for any 0 < p < pg, € X and ro > 0, there is an Ep ;. < oo (which may
depend on X) such that the following holds: For any 0 < r < rp and 0 < s < 1,
we have

{ram < sr}N B(z,r) NR| < Ep 4»sPr".

It can be seen easily that if an n-dimensional singular space X has singu-
larities of codimension pg in the sense of Definition 2.2, then its singular set
X \ R has Minkowski dimension < n — py.

Definition 2.3 (Mild singularities). A singular space X = (X,d,R,g) is
said to have mild singularities if for any p € X, there is a closed subset @), C R
of measure zero such that for any z € R \ @, there is a minimizing geodesic
between p and x that lies in R.

The idea behind the notion of mild singularities also occurs in the work
of Cheeger and Colding (see [CC00, Th. 3.9] and Chen and Wang (see [CW12,
Def. 2.1]).

Definition 2.4 (Y-regularity). A singular space X is called Y -regular at
scales less than a, for some a,Y > 0, if for any p € X and 0 < r < a, the
following holds: If

|B(p,7) N R| > (wp — Y 1",
then p € R and rgm(y) > Y ~1r. Here w, denotes the volume of the standard
n-dimensional ball in Euclidean space. The space X is said to be Y -reqular at
all scales if it is Y-regular at scale a for all a > 0.

The notion of Y-regularity is standard in the study of Einstein metrics. A
similar notion has been used in [CC00] and [And89] and, in the setting of Ricci
flows with bounded scalar curvature, in [CW12, Def. 3.3] and [TZ16, Th. 2.35].
We also remark that Definitions 2.2 and 2.4 are similar to the corresponding
definitions in [Bam17] with the only difference being that the curvature radius,
as defined in Definition 1.6, that is used in these definitions here does not
involve higher derivatives of the curvature tensor. Due to parabolic regularity
and backwards pseudolocality (see Proposition 3.2), this difference will turn
out to be inessential.

It can be shown that in a Y -regular space with singularities of codimension
po (for some py > 0), any point p € X whose tangent cone is isometric to R"
is actually contained in R. Therefore, the regular set R and the metric ¢ in
such a space is uniquely characterized by the metric d.

Next, we define what we understand by convergence towards a singular
space.

Definition 2.5 (Convergence and convergence scheme). Consider a sequence
(M;, gi,qi) of pointed n-dimensional Riemannian manifolds and a pointed,



CONVERGENCE OF RICCI FLOWS WITH BOUNDED SCALAR CURVATURE 767

n-dimensional singular space (X,¢x) = (X,d,R,9,¢x). Let U; C R and
Vi C M; be open subsets and ®; : U; — V; be (bijective) diffeomorphisms such
that the following holds:

(H)U,cUyC---

(2) U, Ui = R.

(3) For any open and relatively compact W C R and any m > 1, we have
®7g; — g on W in the C™-sense.

(4) There exists a sequence g} € U; such that

d™i (®;(q}), ;) — 0.

(5) For any R < oo and € > 0, there is an ig . < oo such that for all i > i,
and z,y € BX(¢>®, R) N U;, we have

M (@), @i(y)) — d¥ (a,y)| <=

and such that for any ¢ > ig. and x € BMi(g;, R), there is a y € V; such
that dMi(z,y) < e.

Then the sequence {(U;, V;, ®;)}:2, is called a convergence scheme for the se-
quence of pointed Riemannian manifolds (M;, gi,q;) and the pointed singular
space (X, qs0). We say that (M, gi,q;) converges to (X, qso) if such a conver-
gence scheme exists.

2.2. Conwventions. In the following we will fix a dimension n > 3 and we
will omit the dependence of our constants on n. Note that all the theorems
above trivially hold in dimension 2.

3. Preliminaries on Ricci flows

3.1. Ricci flows with bounded scalar curvature. In this subsection we re-
view some of the previous results on Ricci flows with bounded scalar curvature
that we will need in the following.

We first recall the following volume bounds for distance balls.

PROPOSITION 3.1 (volume bound). For any A < oo, there is a constant
C = C(A) < oo such that the following holds:

Let (M, (gt)ie[-2,0]) be a Ricci flow on a compact, n-dimensional manifold
that satisfies

(i) v[g-2,4] > —A4;
(i) [R| < A on M x [=2,0].

Then for any (x,t) € M x [-1,0] and r > 0, we have

C'_1<mi]a{1,r})n < |B(z,t,7)| < Cre’r.
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The lower volume bound is due to Perelman’s No Local Collapsing The-
orem (cf. [Per02]), and the upper bound is a consequence of the non-inflating
property from [Zhal2] or [CW13]; see also [BZ15, Lemma 2.1].

Before we move on to the next result, we recall the definition of the cur-
vature radius from Definition 1.6 in a Ricci flow:

rRm (%, t) = sup {7“ >0:Rm| <72 on B(x,t,r)}.

Note that by definition, rrm (-, t) is 1-Lipschitz, which can be seen easily by con-
tradiction: If rrm(x,t) — ram(y,t) > di(z,y) for two points z,y, then for r :=
Rm(z,t) — di(x,y), we would have B(y,t,r) C B(x,t, Trm(z,t)), and therefore
Rm| < rg2 (x,t) <72 on B(y,t,r), in contradiction to r > 7R (Y, t).

We now recall the Backwards and Forward Pseudolocality Theorems for
Ricci flows with bounded scalar curvature.

PrOPOSITION 3.2 (Pseudolocality; cf. [Per02], [BZ17, Th. 1.5]). For any
A < oo, there is a constant € = £(A) > 0 such that the following holds:
Let (M, (gt)te[—2,0]) be a Ricci flow on a compact, n-dimensional manifold
that satisfies
(i) vg—2,4] = - A;
(i) |R| < A on M x [~2,0].
Then for any (z,t) € M x [—1,0] and r := min{1, rgrm(z,t)}, we have

(3.1)  rpm >er on P(x,t,er,—(er)?) U P(a,t,er, min{(er)?, —t}).

Here, P(x,t,r,a) denotes the parabolic neighborhood B(x,t,r) X [t,t + a]
or B(z,t,r) x [t + a,t], depending on whether a is positive or negative.

Note that the minimum in (3.1) is placed in the second parabolic neigh-
borhood to ensure that the parabolic neighborhood does not reach past time 0,
where the flow is not defined.

Next, we recall the distance distortion bound from [BZ15].

ProprosiTION 3.3 (Distance distortion; cf. [BZ15, Th. 1.1]). For any
A, D < oo, there is a constant C = C(A,D) < oo such that the following
holds:

Let (M, (gt)re[—2,0]) be a Ricci flow on a compact, n-dimensional manifold
that satisfies

(1) l/[.g—274} Z _A,
(i) |R| < A on M x [-2,0].
Let t1,l2 € [_2,0] and T,y € M such that dt1 ({I,‘,y) < D. Then
’dtl(xvy) - dtQ(ﬂs,y)‘ < Cy/|t1 — ta.

We will also need the Gaussian heat kernel bounds from [BZ17].
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PROPOSITION 3.4 (Gaussian heat kernel bounds; cf. [BZ17, Th. 1.4]). For
any A < oo, there is a constant C = C(A) < oo such that the following holds:
Let (M, (gt)te[—2,0) be a Ricci flow on a compact, n-dimensional manifold
that satisfies
(i) vig-2,4] > —A4;
(ii) |R| < A on M x [—2,0].
Let K(x,t;y,s) be the fundamental solution of the heat equation coupled with
the Ricci flow, and let =2+ A~ < s <t <0. Then

1 _ Cdi(z,y)

C d*(z,
C(t—s)n/QeXp( t—s p(- (y))‘

><K(x,t;y,8)<mex C(t—s)

With the help of Proposition 3.3, the time-s distance dgs(x,y) can also be re-
placed by the time-t distance di(x,y) in the formula above.

We will sometimes use the following corollary from Propositions 3.1 and 3.4.

COROLLARY 3.5. For any a > 0 and A < oo, there is a constant C =
C(a, A) < oo such that the following holds:

Let (M, (gt)te[—2,0) be a Ricci flow on a compact, n-dimensional manifold
that satisfies

(i) v[g—2,4] > —A4;

(i) |R| < A on M x [-2,0].

Let K(x,t;y,s) be the fundamental solution of the heat equation coupled with
the Ricci flow, and let —1 < s <t < 0. Then for all >0 and xo € M,

(3.2) /M\B(IW) K (20, ;9 5)dgr (y) < C exp (_C(ZQ_S))
Moreover,

(33 [ KGotiy.s)(dhlao.n) das) < Ot = )"
and

(3.4) [ K Goti.5) () da ) < Ot = 5)°"

Similarly as in Proposition 3.4, the time-t balls B(xg,t,r) can be replaced by
the time-s balls B(xg,s,r), and the time-t measure dg; can be replaced by the
time-s measure dgs and vice versa.

Proof. Set 7 :=t—s < 1. Let us first check (3.2). This inequality holds
trivially for r2 < 7 if C is large enough, as its left-hand side is bounded by 1.
So assume that 72 > 7. Then, using Propositions 3.1 and 3.4, for some generic
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constant C' = C'(A) < oo, we have
C d?(x,
/ K(xo,t;y, s)dgi(y) < / w7z P (—t(cy))dgt(y)
M\ B(zo,t,r) MT T
¢ _d?(w,y)>dgt(y)

= exp
/2 Z /B(xo,t,2k+1r)\B(x0,t,2kr) ( Cr
C [o.¢]

= /2 Z | B(xo,t, 2k+17‘)|t . exp(
< n/2 Z 2’1€+1 " exp (02’”17") exp( ) )

-

Ccr® n( 2 2 22k
< - Z on(k+1) gy (0322(k+1) + E) - exp (_E _ %>

Crm™ r2 " 22k,’
< a2 P (—E) ,;)2 (k+1) oxp (0322(k+1) 1 %)

2

n 2
< SZ}geXp (_JE) < Cexp (n . #) - exp (_47“?)

r 2 2

ey i E) < Cexp (_82'7')'

(Note that in the fourth inequality we have used Vab < i(a +b) for a =
203220+ )7 and b = % In the fifth inequality, we have used (2Fr)? >
$2%kp2 4 192kp2 > 192 4 192k7 ) This shows (3.2). The bounds (3.3) and (3.4)
follow using (3.2) and Fubini’s Theorem for some generic C' = C(a, A) < 0.
To see (3.3), we argue as follows:

/M K (0, t:y, 5) (de(0, 7)) dgi(y)
di(z0,y)
:// K(zo,t;y,8) - ar® 'drdg,(y)

/ / Xr<dyz0 1:0375 Yy,s ) “ ldrdgt( )

—/ ar®” 1/ K (zo,t;y,s)dg(y)dr
0 M\B(zo,t,r)
[e'S) 2
r a—1

S/o Cexp (—E)T dr

00 u2
= \ﬁ/ C exp (—6)(uﬁ)a_ldr < 792,

0

The bound (3.4) can be derived similarly. This finishes the proof. (]

= Cexp (n
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PROPOSITION 3.6. There are constants Cy, C1, ... < oo that only depend
on the dimension n such that the following holds: Let (M, (g¢)ie[—2,0) be a Ricci
flow on an n-dimensional manifold . Let (z,t) € M x [-1,0] and 0 < r < 1,
and assume that the ball B(z,t,r) is relatively compact in M. Assume that
|[Rm| < r=2 and |R| < p on the parabolic neighborhood P(x,t,r,—r?) for some
0<p<1. Then for allm >0,

(3.5) |V™ Ric|(z,t) < Cppp'/2r~m1
and
(3.6)  |VR|(x,t) < Cop®*r™*°  and  |8; Rm|(z,t) < Cop*/?r~3.

Proof. For (3.5), see [BZ17, Lemma 6.1] or [Wan12]. The second bound
in (3.6) can also be found in [BZ17, Lemma 6.1]. To see the first bound in
(3.6), use that |V2R| < |V2Ric| < 2C2p"?r=3 and |R| < p in a parabolic
neighborhood of (z,t) and the interpolation inequality at scale p'/471-5. O

3.2. L-geometry. We now recall some of the basic definitions and facts of
L-geometry, as introduced in [Per02]. For more detailed proofs and explana-
tions, we also refer to [KLO8, §§17-23].

Let (M, (gt)[a,b}) be a Ricci flow, tg € (a,b] and 0 < 71 < 72 < £y — a.
Consider a smooth curve 7 : (71, 2] = M. We define its L-length Ly, () based
at time to as follows:

Li() = / P VAW O+ Riy(r).to — 7)) dr.

T1
In the following, we will often consider the case 71 = 0. We will also frequently
omit the index tg if the base time is clear.

The L-length functional can be viewed as a Ricci flow analogue of the Rie-
mannian energy functional for curves. However, while the Riemannian energy
functional is applied to curves in a static Riemannian manifold, the £-length
should be seen as a functional for spacetime curves, whose endpoints lie in
different time-slices. Nevertheless, many of the notions in Riemannian geome-
try that are related to the energy functional—such as (minimizing) geodesics,
distances, the exponential map and the cut locus—can be translated to equiv-
alent notions related to the L£-length functional. In the following we will briefly
recall these notions and compare them with their Riemannian counterparts.

Curves that minimize the L£-length for fixed endpoints are called minimiz-
ing L-geodesics. Note that, unlike in the Riemannian case, such minimizing
curves may not necessarily be parametrized by constant speed. The Euler-
Lagrange equation for the L-functional (i.e., the equation satisfied by curves
that are critical points of the £L-functional) is the £-geodesic equation:

to—T 1 1 .
(3.7) Vi,%T) v (1) — §VR(’}/(T), to—17)+ 57'(7) + 2R1cgt04(*y’(7)) =0.
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Solutions of the L-geodesic equation are called L-geodesics. It follows that
minimizing £-geodesics are L-geodesics, and it can be shown that, as in the
Riemannian case, any £-geodesic is locally minimizing. Moreover, it is known
that if the underlying manifold M is compact, then any two points (x1,¢;) and
(z2,t2) with a < ty < t1 < tg, x1,22 € M can be connected by a minimizing
L-geodesic v : [11, 2] = M with 71 = tg —t; and 75 = tg — t2. This L-geodesic
is continuous for all 7 and smooth whenever 7 > 0.

From now on we will only consider £-geodesics based at time ¢ty and we will
omit the index ¢y. For any basepoint (zg,tg) € M x[a,b] and (z,t) € M x[a, to),
we define

L(x,t) = L(xo,to)(:n,t)
=inf {L(7) : v:[0,t0 —#] = M,~(0) = wo,~(to — t) = z}

to be the L-distance between (x,t) and (xg,to). Note that if M is compact,
then the infimum in the definition above is attained. We also set

L(x,t) = Ligg10) (1) 1= 2v/tg — LL (5 1) (2, 1)
and
x,t).

1
Uw,t) = lizg ) (T, 1) = NﬁL(mo,to)(
It was shown by Perelman that if M is compact, then

in the barrier sense (meaning that for any (z,t) € M X (a,tp) and € > 0
there is an open neighborhood U C M of z, § > 0 and a smooth function
¢ : Ux(t—6,t] — R satisfying 9;¢ > A¢p—2n—e such that L < ¢ with equality
at (z,t)). This bound can be seen as a parabolic analogue of the Laplacian com-
parison theorem for Riemannian manifolds with lower Ricci curvature bounds.

Next, recall the L-geodesic equation (3.7). Given some x € M and 7 > 0,
this equation admits a unique solution v : (0,ty — a] — M. Moreover, it can
be seen that z := lim;\ o v(7) and lim.\ o /77 (7) € Ty, M exist. Vice versa,
for any point xg € M and vector v € T, M, there is a unique £-geodesic with
these properties. We can therefore define for any 7 > 0 the L-ezponential map

Lexp, = Lexp g ), * LogM — M

z0,t0
such that v(7) = Lexp,(v) is an L-geodesic with lim\ o+/77(7) = x¢ and
lim;\o /7y (7) = v. The L-exponential map can be viewed as a Ricci flow
version of the Riemannian exponential map. The Jacobian of the L-exponential
map, with respect to the measures induced by g¢,|z, on Ty, M and dgi,—r on
M, is denoted by

JEC,T) = J(Ero,to)("T) : TpoM — R.
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Observe that if M is compact, then £exp, is surjective and, more specifi-
cally, for every x € M and 7 > 0, there is a v € T, M such that Lexp, (v) =z
and such that 7/ — Lexp_(v) is minimizing on [0, 7]. This observation mo-
tivates the definition of an analogue of the segment domain in Riemannian

geometry:
Df = D(ﬁ:po,to),r = {v € TyoM : 7' — Lexp.(v) is minimizing on
[0,(1+ X)7] for some A\ > 0}
and

c c — £
G = Gao,to)r = L EXP(ag o) - (D(xoyto)J)‘
It is known that DX and G~ are open, that

Lexp, : Df — gf

is a diffeomorphism, and that the complement M \ QTL has measure zero. This
complement can be viewed as an analogue of the Riemannian cut locus.

Finally, we mention an important result due to Perelman’s, which states
that along any minimizing geodesic v : [0,7] — M, (') = Lexp, (v), the
quantity 7~"/2e~{7(®):t0=7) J£(y 7) is non-increasing in 7. Therefore, if M is
compact, then the reduced volume

V(r) = V(ro,to)(T) = / (47”_)—n/2€—l(-,t0—-r)dgt077_
M
:/ (47T7_)7n/267l(£expT(v),tofT)JL(U’T)d,v
Df

is non-increasing in 7 as well. This monotonicity and (3.8) were used by
Perelman to give an alternative proof of the no local collapsing Theorem.

4. Compactness of Ricci flows under a priori assumptions

4.1. Statement of the main result. The goal of this section is to prove a
compactness result for sequences of Ricci flows with bounded scalar curvature
that satisfy an additional a priori uniform LP-curvature bound. We will show
that such a sequence subconverges towards a singular space. Moreover, if the
sequence is obtained via a blow-up process, then the limiting singular space
is Ricci flat and has certain regularity properties. For example, it has mild
singularities and is Y-tame at all scales, where Y does not depend on the
a priori LP-curvature bound. This fact will become important in the proof
of Theorem 1.7. The regularity conditions and the Y-tameness property will
enable us later to carry out some of the steps in the theory of Cheeger, Colding
and Naber (cf. [Col97], [CCI6], [CN13a], [CN15]) on the limiting singular space
in such a way that the constants involved in this theory do not depend on the
a priori LP-curvature bound.
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The theory of Cheeger, Colding and Naber adapted to the singular setting
is described in [Bam17]. Note that in the following result, we only obtain Ricci
flatness of the limiting singular space on their regular part and we will not
characterize the curvature on the singular part. This will not create any issues
for us, as the results in [Bam17] surprisingly do not depend on such a curvature
characterization.

Lastly, we mention that there is a further regularity property of singular
spaces—namely, Y-regularity—whose proof we will postpone to Section 5, as it
relies on the compactness result from this section. This Y-regularity property
will then allow us to carry out all the necessary steps in the theory of Cheeger,
Colding and Naber (as described in [Baml7]) in Section 6 and deduce LP-
curvature bounds that are independent of the a priori LP-curvature bounds.

The main compactness result of this section is the following:

PROPOSITION 4.1 (Compactness assuming a priori curvature bounds). Let
(M;, (gg)te[_Ti’O}), T; > 2, be a sequence of Ricci flows on compact, n-dimen-
stonal manifolds M; such that

(i) V[giTi, 2T;] > —A for some uniform A < oco.
(i) |R| < pi on M; x [=T;,0] for some sequence 0 < p; < 1.
(iii) There is a constant pg > 2 such that for any 0 < p < po, there is a
constant Ep < 0o such that for all (z,t) € M; x [-T;,0] and 0 < r,s <1,
we have

[{rian( 1) < 8} N BMi (2, 1,7)| < EpsPr™.

Let q; € M; be a sequence of basepoints. Then, after passing to a subsequence,
the pointed Riemannian manifolds (M;, gi, q;) converge (in the sense of Defi-
nition 2.5) to a pointed singular space (X, qso) = (X,d, R, g, G0) (in the sense
of Definition 2.1) with singularities of codimension pg (in the sense of Defini-
tion 2.2). Moreover,

(a) For all0<p<pg and allz € X and 0 < r,s < 1, we have
[{rftn < s} B (2.r) NR| < BpsPr™.

Here rg;,, denotes the curvature radius on X.

(b) If pi = 0, then Ric =0 on R and X has mild singularities (in the sense
of Definition 2.3). If furthermore pg > 1, then X is Y (A)-tame at scales
c(A)VTs, where To, = limsup, . T; and Y (A, pg) < oo can be chosen
only depending on A and pg and ¢(A) > 0 can be chosen only depending
on A. (In particular, both of these constants are independent of Ep.)

The convergence (M;, g, q;) to (X, qs) can be understood as follows: there is
a convergence scheme {(U;, Vi, ®;)}52, such that
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(¢) For any x € R and r > 0, we have

‘Bx(x,r) ﬂR‘ < liminf ‘BMi(q’i(w)’O’r>‘o

1—00
< limsup ‘BMZ'(CI)Z-(.%), O,r)‘ < ’BX(x,r) N R‘
1—00 0
(d) For any x € R, we have
i (x) = lim i (€(2).0).

(e) Forany D < oo and o > 0 and sufficiently large i (depending on D and o),
we have
rRm(-,0) < o on BMi(q;,0,D)\ 'V
and
TRm < O on B*(¢oo, D)\ U;.

A more effective version of Proposition 4.1 is the following:

PRrROPOSITION 4.2. For any A,E < oo, n > 0 and pg > 2, there is a
p = p(A,E,n,po) > 0 such that the following holds: Let (M, (gi)ie[2,0]) be
a Ricci flow on a compact, n-dimensional manifold M, xo € M a point and
0 <rg <1 a scale, and assume that
(i) v[g—2,4] > —A4;
(ii) |R| < p on M x [-2,0];
(iii) for all (z,t) € M x [-1,0] and 0 < r,s < 1, we have

Hrrm(+,t) < s} B(x, t,r)|y < EsPor™.

Then for any (q,t) € M x[—1/2,0], there is a pointed singular space (X, Goo) =

(X,d,R,9,4x) with Ric = 0 on R and mild singularities (in the sense of

Definition 2.3), subsets U C R and V C M and a diffeomorphism ® : U — V

such that the following holds:

(a) goo € U and di(®(go0), q) < 1.

(b) |®*g: — g”c[fll(U) <.

(c) 12, < n on BX(qeo,n 1) \ U, where v, denotes the curvature radius on
X.

(d) rRm(-,t) <n on BM(q,t,n")\'V and

1B (g,t,n )\ Ve <.
(e) For any y1,y2 € U, we have

[d(y1,y2) — de(P(y1), P(y2))| < 7.

1

(f) For any 0 <r <n~', we have

(1- U)‘Bx(q,r) ﬂR’ —n< ‘BM(q,t,r)’t <1 +77)‘BX(qoo,r) ﬂR‘ 4.
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(g) Forallz € X and 0 < r,s <1, we have

‘{T?{Om <sryNBX(z,r) N R‘ < EsPor™,

The major difficulty in the proof of Proposition 4.1 lies in verifying prop-
erties (C) and (E) of [Bam17, §1.2] for the sequence of pointed Riemannian
manifolds (M;, g, q;). These properties will imply that the length metric on
the smooth part R of the limiting space X is equal to the restriction of its
metric to R, as well as the mildness of singularities of X'. This will be achieved
by constructing minimal time-0 geodesics as limits of certain L-geodesics, as
explained in Section 4.2. The other statements will follow more or less using
standard techniques and the results of [Bam17].

4.2. FExistence of short L-geodesics. In this subsection we will show that,
in a Ricci flow with bounded scalar curvature, between almost any two points
we can find an L-geodesic on a short time-interval that approximates a mini-
mizing geodesic at time 0.

We first show that the L-length is bounded from below in terms of the
distance. This proof is similar to one direction of the distance distortion bound
of [BZ15].

LEMMA 4.3 (L-length is almost bounded from below by distance). For
any A, D < oo, there is a C = C(A, D) < 0o such that the following holds:

Let (M, (gt)ie[—2,0) be a Ricci flow on a compact, n-dimensional manifold
M and xg € M with the property that

(i) v[g—2,4] = —4;
(i) |R| <1 on M x [—2,0].

Let 0 <6 < %, letv:[0,0] = M be a smooth curve, and denote by L(7)
its L-length based at time 0. Assume that do(7(0),v(0)) < D. Then
2V0L() > di((0),7(9)) — CO'*.
Proof. Let z¢ := v(0), 4o := v(#) and 7 := 6%/ > 20. Observe first that
by Proposition 3.3, we have

(4.1) |ty (20, y0) — diy (T, y0)| < C1y/n forall  t1,t5 € [-,0],

where C; = C1(4, D) < oo.
Next consider the solution u € CO(M x [—n,0]) NC=(M x (—n,0]) to the
heat equation coupled with the Ricci flow

dru= D, ul-,—n) = min{d_y(zp, ), D}.
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Then by Corollary 3.5, for some constant Cy = C2(A) < oo, we have
u(xp,0) = / K(x0,0; 2z, —n) min{d_,(xo, 2), D}dg—,(2)
M

< / K (30, 0; 2, —n)dy (20, 2)dg(2) < Con/.
M
Next, by (4.1) we have

D > do(zo,y0) > d—p(z0,y0) — C1y/7.
So by the triangle inequality, for all z € M, we have

d_y(x0,1y0) — min {d_n(l‘o, z), D}
< d_y(x0,1y0) — min {dfn(fb“oy z),d—y(w0,y0) — Cnfﬁ} < d_y(y0,2) + C1/n.

We now estimate u(yp, —6). Recall that 6 < %02/3 = 1n. So we obtain,
similarly as before,

u(yo, ~0) = d_y (20, %0) — /M K (y0, ~0; 2, —n)
- (d—y (0, 90) — min{d_ (w0, 2), D})dgy(2)
> do (o, yo) — Crv/Ti — / K (50, —05 2, —1)dy (30, 2)dgn(2)
M
> do(xo0,y0) — C3+/7,

where C3 = C3(A) < 0o. So, in conclusion,

(4.2) u(yo, —0) — u(wo,0) > do(xo,y0) — Car/n,

where Cy = Cy(A) < oo.

Now consider the quantity |Vu| on M x [—n,0]. We claim that in the
barrier sense,

0| Vu| < A|Vul.

Recall that this means the following: For any (z,t) € M x (—n,0] and € > 0,
there is an open neighborhood U C M of z, § > 0 and a smooth function
¢ U x (t—96,t] — R satisfying 0, < A¢+ ¢ such that ¢ < |Vu| with equality
at (z,t). In fact, whenever |Vu| > 0, by Kato’s inequality we have

o|Vul?*  2(VAu,Vu) + 2Ric(Vu, Vu)  A(Vu, Vu) — 2|V3ul?

8t|Vu| =

oNVu| 2|Vul ) 2vul
. 2 - 2
_ 2A[Vul - [Vu| 4 2|V|Vul|” — 2|V7u| < AVl
2|Vu|

So if |Vul(x,t) > 0, then |Vu| is smooth in a neighborhood of (z,t) and we
can set ¢ = |Vul|. On the other hand, if |Vu|(z,t) = 0, then we can set ¢ = 0.
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Since |Vu|(-,—n) < 1, we have by the maximum principle that
(4.3) |Vu| <1 on M x [—n,0].

We can control the time-derivative of u using [BZ17, Lemma 3.1(a)]. We obtain
that there is a constant Cs = C5(D) < oo such that for all t € (—n, 0],

C
0| = |Au| < —> on M.
n+t
So, since 0 < %n, we get
2C
(4.4) |Opu < =2 on M x[-6,0].
n

Using (4.3) and (4.4), it follows that for any 7 € [0, 6],

%U(V(T)a —7) = (Vu(y(7), =7),7'(7)) __ = Biu(3(7), =7) < Y/ (7)| = + —.

So, using (4.2),

2C, 2C,
do(wo,yo) — Ca/] = =20 < ulyo, —0) — u(w0,0) = =20

n
< [ o= ([ 2\517’(7)|27d7>1/2< A Q%df)” :

_ (2\/5 /0 " ) Q_Td7>l/2.

It follows that for some Cg = Cg(A, D) < o0,
0
2V6L(2) =2V8 [ V(I (P + R(r). ~7))dr
0

0 [ 0
> 28 [ VAP =28 [ 2V [ () - g6

2
> (do(l‘o,yo) — Cﬁ\/ﬁ — 2072) — %02 > dg(a:o,y()) — 06(91/3'

This finishes the proof. O

Next we show that between almost every pair of points we can find a min-
imizing £-geodesic whose L-length is bounded from above by the distance at
time 0 and that satisfies the further condition that the inverse of the curvature
radius along this £-geodesic is bounded from above in the L!5-norm.

LEMMA 4.4 (Short £-geodesics along which curvature is bounded in L®).
For any A, E, D < oo and o, 6,6 > 0, there are constants 0 = 0(A, D, 6y, 6) €
(0,600) and C = C(A, E, D, b0y,00,0) < oo such that the following holds:
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Let (M, (gt)re[—2,0) be a Ricci flow on a compact, n-dimensional manifold
M and xog € M with the property that

(1) V[g*2a4] Z _Aa
(ii) |R| <1 on M x [-2,0];
(iii) for all (z,t) € M x [-1,0] and 0 < r,s < 1, we have

|{TRm(-,t) < ST} N B(«T,t,T)’t < E327"n;
(iV) TRm(xm 0) > 0g.
Then there is an open subset S C B(x,0, D) such that

(a) ‘B($0703D)\S|0 < 5a

(b) for any y € S, there is a minimizing L-geodesic 7y : [0,0] — M between x
and y, v(0) = xo, v(0) =y, such that
(bl) its L-length can be estimated as

2V0L(y) = di(z0,y)| < 6
(b2) we have
(1) € B(z0,0,D + 9) for all T € [0,6];

(b3) we have the integral curvature bound

0
/ Tgrlrf("y(’i'), —7)dr < C.
0

Proof. We will use the notation from Section 3.2. Note that for any (x,t) €
M x [-2,0],

(4.5) L(x,t) > —2\/ft/o_t V—tldt = _gtz > 92,
CLAIM. There is a constant 01 = 61(A, D, 0y,9) € (0,00) such that when-
ever 0 < 0 < 01, there is an open subset Sy C B(xzo,0, D) such that
| B(0,0, D)\ Splo < 9/2
and such that for all y € S,
Ly, —0) — di(z0,9)| < 0.
Here L = Ly, o) denotes the L-distance with respect to (xo,0).

Proof. Assume that 0 < 6 < 61, where 61 will be determined in the course
of the proof of this claim. Due to Lemma 4.3, it suffices to verify the bound
L(y,—0) < d3(z0,y) + . The idea behind the following proof is to utilize the
following inequality from [Per02, eq. (7.15)], which holds in the barrier sense:
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Since limy_,0 L(2,t) = d3(zo,2) for all 2 € M, we find that for all 2z €
B(.%'(), 0, D+ 1),

(46) [ K200, ~0) L. ~0)dg-a(s) < dia0. ) + 200.
M
It follows that
/ K(z,0yy,—0)(L(y, —0) — dj(wo, z) )dg—e(y) < 2n0.
M

So, using (4.5), Lemma 4.3 and Corollary 3.5, we get that for some C; =
C1(A,D),Cy = Cy(A, D) < oo and for all z € B(x0,0,D + 1),

K(z,0;y,—0)(L(y, —0) — d3(xo,2)) dg_o(y
Lo K00 () i) oot
< 2n9+/ K(2,0;y,—0)(L(y, —0) — dj(x0,2))_dg_o(y)
M
< 2n9+/ K(z,0yy,—0)((Z(y, —0) — dj(x0,y)) _
B(z0,0,D+2)
+ | (20, 2) = (20, )| )dgo(y)
+/ K(z,0;y,—0)(20° + (D + 1)%)dg_o(y)
M\B(2,0,1)

<20+ [ K (2,0, ~0)(C16"/* + 2(D + 2)do(z, ) )dg ()
B(z0,0,D+2)

+ (20 + (D + 1)) Crexp (_0119)

1
< 200 + 10" + C1(D + 2)V0 + C1 (D + 1)% + 2) exp (_ﬂ)
1

< Cy01/3.

Using the lower heat kernel bound from Proposition 3.4, it follows that for
some C3 = C3(A, D) < oo,

0"/2/ L(y, —0) — d2(z0,2)) dgoly) < C30/3.
B(z,o,\/a)( ( ) — dg(zo ))+ 0(y) < Cs

By the triangle inequality we have for all y € B(z,0, \/@),

|d5 (0, y) — di (w0, 2)| < (do(wo,y) + do(xo,2)) - [do(z0,y) — do(zo, 2)]
< 2(D +1)V6.
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SO
0 n/Q/ ; -0) — 2 Zo,
o) (Z(y, —0) — d(w0,)) , dgo(y)

Sg—n/Q/ Ly, —0) — d3(z0,2)) | +2(D + 1)vV0)dgo(y
B(z,o,x/é)« ( ) = do(o ))+ ( V) dgo(y)
< 503 +2(D + 1)V0 < C16M/3.

Letting z vary over B(x,0, D + 1) and using Fubini’s Theorem and Proposi-
tion 3.1 yields, for some constants C5 = C5(A, D), Cs = Cs(A, D) < o0,

B(z0,0,D) +
<C0_n/2/ / 73/, 0 d2l‘,y dg ng y
i B(z0,0,D) B(y,(]\/é)( ( ) 0( 0 )>+ 0( ) 0( )

SC’G—n/2/ / Tty —0) — 2(z0.1)) dao(y)daos
i B(20,0,D+1) B(z,o,\/é)( ( ) — do(zo )>+ 0(y)dgo(z)
< C5C403|B(20,0, D + 1)|o < Cs0/3.

We can now choose 61 = 01(A, D, 0y,9) € (0,6p) uniformly in such a way
that

[ (-0 - Blaoy) dols) < 6°/2

B(z0,0,D)

Let S) C B(xo,0, D) be the set of points z € B(zo,0, D) such that
L(z,—0) — d%(xg,2) < 4.

Then

‘B($0,07D) \ Sé‘o . 5 S /

(T(y, ~0) - di(w0,)) , dgo(y) < 6°/2.
B(z0,0,D)

It follows that
|B(20,0,D) \ Shlo < 6/2.
This finishes the proof of the claim. 0

The set S will arise as a subset of Sj, for sufficiently small § < ;. By the
claim, any subset of Sj already satisfies assertion (bl) of the lemma. We will
now show that for sufficiently small 6, depending only on A, D, 6y, §, the set Sj
also satisfies assertion (b2) in the sense that for any y € S and any minimizing
L-geodesic v : [0,0] — M between ¢ and y, v(0) = o, 7(8) = y, we have the
bound from assertion (b2). Consider such a minimizing £-geodesic . Then
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for any 7 € [0, 6], we have

(47) 2/ALAom) < 2V / U V(W (M, + (RO(r), —7) + 1))dr
0
<aym /0 V(W @R, + (Riv(r), —1) + 1)) dr
= 2\/TT<£(7) - 293/2> < 2VOL(7) + 462,

So, again by Lemma 4.3, we obtain for small enough 6, depending on ¢, that

(4.8) d2(x0,7(11)) < 2L o.m) + O °
< 2VOL(Y) + 4607 + CO'/3 < d?(xo,y) + 26 < D? + 26.

Note that in the third inequality we have applied assertion (bl), which holds
due to the claim, assuming y € S C Sj. The bound (4.8) shows assertion (b2),
since D > 1. We will fix 6 from now on, set S’ := S} and focus on assertion (b3).
For the rest of the proof let C' = C(A, D, E,0y,00,d) < oo be a generic
constant. Using the estimates (4.7) and (4.8), we also obtain that for any such
L-geodesic v : [0,0] — M, we have
2 .
(20, 7(11)) < 20/T1L(Y|[ry) + Cy/> < 2ﬁ<£(’y) + 303/2> +on’?
D? +1 ) 1/3
< 24T +1)+Cr'".
ﬁ( 2v0 '

Since 0 was determined in terms of A, D, 6y, ¢, this shows that we can choose
a constant 0 < 79 = 79(A, D, E, 0y, 00,5) < min{(e09)?, 0y} such that

(4.9) do(x0,7v(1)) < €09 for all T € [0, 70].

Here € = £(A) is the constant from Proposition 3.2. Note that this bound can
also be derived using [KLO0S8, eq. (26.8)] and the upper bound on L(7). See
also Lemma 4.6 below for a more precise result.

Now consider the £-exponential map at z,

Lexp, = Lexpy, ,: ToeM — M,
and the subsets DX C T,y M and G C M as defined in Section 3.2. Moreover,
set
U := Lexp, ' (S")NDf.
Then
Lexpy(U) =S NGE.
Define the function f : M x [0,60] — [0,00) by

flz,7) = (’I"Rm(l‘, —7')) 0
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Using assumption (iii), Propositions 3.1, 3.3 and a covering argument, we de-
duce that there is a constant E* = E*(A, D, E) < oo such that for all t € [—1, 0]
and 0 < s <1,

{rRm (-, t) < s} N B(z0,0,D + 1)|; < E*s°.

Using Fubini’s Theorem and Proposition 3.1, this implies that

(4.10)

/ f(z,7)dg—r(x)
B(z0,0,D+1)

:/ / Xs<f(ac,7')d8dg*T($)
B(20,0,0+1) Jo

</ | Xeestemydsdg () +Blan, 0.0 + 1),
B(x0,0,D+1) J1

g/ {s < rri’(-, =)} N B(x0,0, D + 1)|_ds + | B(20,0, D + 1)|_,
1

oo
< E*/ (57?15)2d8 + ’B(x07O7D + 1)’—7’ <EY = E**<A7D7E) < 0.
1

Note that for any v € U, the map 7 — Lexp__(v) describes a minimizing
L-geodesic between (g, 0) and (L expy(v), —0). Since L expg(v) € S, we know
by claim 1 that Lexp,(v) € B(zo,0,D + 1) for all 7 € (0,6]. In other words,
Lexp, (U) C B(xo,0,D + 1) for all 7 € (0,6]. So for any 7 € (0, 6], we have

(4.11) /Uf(ﬁ exp, (v), 7)J* (v, 7)dv < / f(z,7)dg—r(x) < E**.

B(wo,O,D+1)

By the monotonicity of the quantity 7—"/2¢=H£expr(v).=7) J£(y 7). we find that
for all 7 € [, 6],

n/2
(4‘12) JE(’U,Q) < (9) el(ﬁexpT(v),—G)—l(ﬁexp_r(v),—r)Jﬁ(%7_)

-
6\"/* D+1 .

<(Z 1) I, 7).

N (TO> eXp( 2V ) w7

Here we have used the lower bound

1 T
I(Lexp,(v),7) > —=—~= [ V7ldr' > —1.
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Plugging (4.12) back into (4.11) and integrating from 7 to 6 gives us
(4.13)

/ / f(Lexp, (v),7)J*(v,0)dvdr

n/2
D+1
< (> exp <+ + 1) / / f(Lexp, (v),7)J* (v, 7)dvdr < CE*.
70

On the other hand, recall from (4.9) that for any 7 € (0, 7] and v € U we have
Lexp,(v) € B(x,0,c00).
Therefore, using Proposition 3.2, for any such 7 and v,
F(Lexp,(v),7) < (e00) 1.
It follows, using Proposition 3.1, that

0 s [ e
(4.14) /0 /Uf(ﬁexp.,.(v),T)J(v,G)dvdT§(500) /0 /UJ (v, 0)dvdr

= (500)_1'57—0"8(1‘07 07 D)|—9 S C
Combining (4.13) and (4.14) yields

(4.15) / / f(Lexp.(v),7)J5(v,0)dvdr < C*

for some C* = C*(A, D, E, 0y, 00,d) < 0.
Define h : U — [0, 00) by

/ F(Lexp, (v), 7)dr

Then, by Fubini’s Theorem and (4.15),
/ h(v)J* (v, 8)dvdr < C*.

U

Let
W= {veU:h(v) <46'C*}
and
S := Lexpy(W).
Then S is open and S C S’.
Let us first check that S satisfies assertion (a). To do this, observe that
[S"\ Slo = 1(S"NG5) \ Slo
< 2|(8"NG5) \ Sl = 2| Lexpy(U) \ Lexpy(W)|—g

L9/4 v)J5 (v, 0)dv
<2- % /U\Wh( )IE (v, 6)dv < 5/2.
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So
‘B(I‘o,O,D)\Sb = |B(1‘0,0,D) \ S/’() + ‘S\S/’() < 5/2+5/2 = 0.

Next, we will check that S satisfies assertion (b). Let y € S, and let
v : [0,0] - M be a minimizing L-geodesic between xy and y. Since y €
S C gg, this L£-geodesic is unique and there is a vector v € U \ W such that
v(1) = Lexp, (v). As discussed earlier, assertions (bl) and (b2) hold. For
assertion (b3), observe that

0 0
/ rra(y(7), —7)dT = / F(Lexp,(v),7)dr = h(v) < 4671C* =: C.
0 0
Note that the right-hand side only depends on A, E, D, 6y, 0, 6. ([

We will now use the integral curvature bound in Lemma 4.4(b3) to inte-
grate the £-geodesic equation, under the assumption that the scalar curvature
is small. This will then enable us to bound the speed ~/(7) of any L-geodesic
v : [0,6] — M whose endpoint lies in S.

LEMMA 4.5 (Existence of L-geodesics with controlled speed). For any
AE,;D < 0o and 0p,06p,6 > 0, there are constants 8 = (A, D, 0,9) € (0,60)
and p = p(A, E, D, 0y,00,9) > 0 such that the following holds:

Let (M, (gt)ie[—2,0) be a Ricci flow on a compact, n-dimensional manifold
M and xog € M with the property that

(i) vlg-2,4] = —A;
(i) |R| < p on M x [-2,0];
(iii) for all (z,t) € M x [—1,0] and 0 < r,s < 1, we have
H{rRm (-, t) < s7} N B(z, t,r)|; < Es®r™;
(iv) rRm(x0,0) > 0y.
Then there is an open subset S C B(xo,0, D) such that

(a) ‘B(.%'0,0,D)\S‘O < 5)

(b) for anyy € S, there is a minimizing L-geodesic 7 : [0,0] — M between xg
and y, v(0) = xo, y(0) =y, such that the following is true:
(b1) the L-length satisfies the bound

2WBL() < dB(x0,y) + 5
(b2) we have
(1) € B(x0,0,D + 9) for all T € [0,6];
(b3) for any 0 € (0, 0], we have

1 1
—L n) > ——=L(y) — 0;
2\/@ (’Y|[0,9]) 2\/@ (’7)
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(b4) for all T € (0,6], we have

d§(zo,y) + 0

46 )

Proof. Without loss of generality, we may assume that 0 < 6,6y < 1 and
D > 1. Use Lemma 4.4 to choose and fix § = 0(A, D, 6y,0/4) € (0,6p) and C =
C(A,E,D,60,00,0/4) < co. We now claim that the subset S C B(xg,0, D)
from Lemma 4.4 satisfies the assertions of this lemma if we assume that p

T (T, <

is chosen sufficiently small, depending only on A, F, D,60y,00,6 and on 6,C.
Obviously, S satisfies assertion (a).

In order to verify assertion (b), choose y € S and pick a minimizing £-
geodesic v : [0,0] — M between xy and y such that

(4.16) [2VOL(y) — dj(x0,y)| < 5/4

and 0

TP_{Iln'B("}/(T), —7)dr < C.
0
Assuming p < §/4, it follows that
(4.17

)9 ) 2
/ VT (T))2dr — L(7)] < / VTIR(y(7), =7)|dr < §p93/2 < 66/4.
0 0

We will now bound the oscillation of /7 times the integrand on the left-
hand side. Set rrm,1(z,t) := min{rgm(z,t), 1}. Using the L£-geodesic equation
for 7 (see [Per02, (7.2)]) and Proposition 3.6, we get that there is a constant
Cy = C(A) < oo, which only depends on A, such that for all 7 € (0, 6],

2T

1 .
‘Vif(?w’(f) +5-7'(7) + Rie—-(+/(7))

-7

_ ’;VR(V(T), ) — Ric_(v/())

< Cu(PPrpsB (v(7), = 1) + p 2 L (v (7), =) (1) =)
< Cup'2rgL3 (4(7), =) (1 + | (7)|=r ).
So

a4
dr

(P (P)) = 20 (V907 (1,7 (1) + (7). + 27 Rieo(+/(7),7/(7))
<21 CopPrghB (v(r), —1) (14 |V (D)) - Y ()] =~
< 4C’*p1/27’§;751('y(7), —T)(l +717'(7) 2—r>

This implies that

d _
. log (1 + T|’y'(7)]2_7) < 4C*p1/2rerrfl (v(7), —7).
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Integrating this inequality yields that for any 71,72 € (0, 6],
1+ 7—1"7 (Tl) -7
log 5
(4.18) L+ 7|y (12)|2,

By combining (4.16), (4.17) and (4.18), we find that there is a 7, € (0, 6] such
that

< 40,112 /0 (Pl (4(r), —7) + 1) dr

< 4C.pY2(C +9).

ey (r) s, VO - VI (1), < Cun(D, A, C).

So by (4.18) a similar upper bound holds for all 7 € (0,6]. Thus, again by
(4.18), we can find a constant p > 0 whose value only depends on D, A, C, and
therefore only on A, E, D, 6y, po,d, such that for any 7,2 € (0, 6],

‘ 2

Y (P, =l (),

Then, by (4.17) and (4.16), we have for any 79 € (0, 6],

7'0|7 To -
’7'O|’y/(7'0) 2_7'0 = 2\/‘/ Tod

T|’)/ —I—5/4
(4.19) 2v/f/

<Q%QWH4WQ+W%<

A

1
ﬁﬁ(v) +46/2

- d3(zo,y) +6/4 d3(zo,y) + 6
460 460 '

This proves assertion (b4). For assertion (bl) observe that, similarly as in
(4.19), for any 9 € (0, 6],

Ti |’7 —7' 7—7 _5 4
0l ()12, = 2\[/ ° 0 dr > \[/ il /
1 50/4 1

= v 2V/]/ Vet =3 V8 Ve

+d/4 <

—L(y) —0p—46/2.

So

=Ll = 2f e

>2\/@ ; ﬁ<mﬁ(7)—9p—5/2)d7—9'p
1
= S50~ 0/2 = 26p.

This establishes assertion (b3) for p < §/4. O
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Before we continue with our analysis of £-geodesics, we establish the fol-
lowing technical lemma, which we will later apply to £-geodesics of controlled
speed. This lemma can be seen as a generalization of (4.9) in the proof of
Lemma 4.4 or of [KL08, eq. (26.8)].

LEMMA 4.6 (Curve of controlled speed cannot leave parabolic neigh-
borhood too soon). For any A,D < oo and oy > 0, there is a constant
0 < ap(A, D,og) < 1/2 such that the following holds:

Let (M, (gt)re[—2,0) be a Ricci flow on a compact, n-dimensional manifold
M and xg € M with the property that

(i) v[g—2,4] = —4;
(ii) |R| <1 on M x [-2,0];
(iii) TRm({L‘(), O) > 00-

Assume that 0 < 0 < 1 and that v : (0,0] — M, lim,_,oy(7) = x0 is a
smooth curve such that
D?+1

46

Ty (1), < forall 7 €(0,0].

Then
(1) € B(zo,0,00/10) for all T € [0, b

Proof. By Proposition 3.2 there is a constant 0 < ¢ = ¢(A) < 1/10 such

that

IRm| < (g09) 2 on  P:= P(x,0,e00, —(c00)?).

By a simple distance distortion estimate this implies that for all 7 € (0, (¢09)?],
Y (T)lo <101 (7)|— if (1) € B(ao,0,e00).

Choose 7§ = a0 € (0, min{(c0p)?,0}] maximal with the property that
(1) € B(x0,0,e00) for all 7 € [0,75). It suffices to derive a lower bound on
afy in terms of A, D, o¢. For any 7 € [0, 75),

/ 7_/

do(o,7(r")) < lengtho(1]j0.r1) < / I (7)lodr < 10 / Iy ()| —pdr
0 0

7! / 2 1/2 T’ 2 1/2
glo/ <TMT)‘T> d7<10/ (D +1> dr
0 T 0 40’7’
o (D? 1)1/ D2 +1\"?
1 ) 204/t
< 0/0 N dr < 204/ag0 7
< 20\/a(D>+1)"%.

It follows that 7 = min{(e00)?,6} or

cop < 40\/aj (D2 +1)"%.
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In the second case we obtain a lower bound on of in terms of A, D, oy imme-
diately. In the first case we have 75 = (e00)? or 7§ = 0. This implies that
o} = (€00)%071 > (e09)? or afy = 1. So we still have a lower bound on «f in
terms of A, D, 0. O

Next, we improve the results of Lemmas 4.4 and 4.5 to find even more
regular £-geodesics. The main innovation of the following lemma is that the
integral curvature bound along short £-geodesics does not depend on the size of
the time-interval [0, 8] on which these £-geodesics are defined or the size of the
constant 7 that governs the preciseness by which we can control the derivative
of n. So we will later be able to choose 0 arbitrarily small, without deteriorating
the integral curvature bound. In order to achieve this independence, however,
we have to assume that the scalar curvature is sufficiently small.

LEMMA 4.7 (Existence of £-geodesics with controlled speed along which
the curvature is bounded). For any A, E, D < co and 6y, 00,9,m > 0, there are
constants C = C(A,E,D,0¢,0) < o0, 8§ = 0(A,E, D, 0y,00,9,n) € (0,00) and
p=p(A,E D,0y,00,0,n) >0 such that the following holds:

Let (M, (gt)te[—2,0)) be a Ricci flow on a compact, n-dimensional manifold
M and xog € M such that

(i) v[g—2,4] = —A;
(i) |R| < p on M x [~2,0];
(iii) for all (z,t) € M x [-1,0] and 0 < r,s < 1, we have
(4.20) {rRm(-,t) < sr} N B(x,t,7)]; < Es?r™;
(iv) rRm(x0,0) > oy.
Then there is a subset S C B(xo,0,D) such that
(a) |B($0,0,D)\S’0 < 67
(b) for any y € S, there is a minimizing L-geodesic 7y : [0,0] — M between
zo and y, v(0) = zo, v(0) =y such that
(bl) its L-length satisfies
2VOL(7) < di(wo,y) +n;
(b2) we have
(1) € B(x0,0,D + 1) for all T €1[0,0];
(b3) for all T € (0, 6], we have

d3(zo,y) +1

(D, < T,

(b4) we have
o ~1.5
/ (TRm(’y(T), 0)) dr < 4,

note that here we take rry at time 0 and not at time —T as in
Lemma 4.4(b3).
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Note that in this lemma the constant C' does not depend on n or 6g.

Proof. We use a similar argument as in the proof of Lemma 4.4. The
difference is that this time we have a better estimate on the Jacobian of the
L-exponential map, due to assertion (b2) in Lemma 4.5. This fact will allow
us to choose C independently of 6.

Assume without loss of generality that 0 < 6y, 00,d,7 < 1. Let us first
establish the following two bounds:

CLAIM. There is a constant E* = E*(A, E, D) < oo such that

(4.21) / Tra?(z,0)dg(z) < EF
B(z0,0,D+1)

and
|B(z0,0,D)|o < E*.

Proof. The second bound is a direct consequence of Proposition 3.1. For
the first bound, note that a ball packing argument combined with Proposi-
tion 3.1 implies that B(zg,0, D + 1) can be covered by a bounded number of
1-balls (depending only on A, D). So (4.20) in assumption (iii) also holds for
x=pandr=D+1if we replace E by a constant depending only on A, F/, D.
The bound (4.21) now follows similarly as in (4.10). O

We can now choose the constants C, 6 and p. Let ag = ap(A, D, 09) be
the constant from Lemma 4.6. Next, choose

E* = E*(A, E,D,04) = 2eay " *E* + 2(00/2) P E*
and
C =C(A,E,D,00,6) :=4E*¢ 1.
Note that C' does not depend on the choice of y or . Next, we choose
0" :=min{d/2,n},

and we assume that p < min{ps5(A, E, D, 0y, 00,0%),1/10}, where p45 is the
constant from Lemma 4.5.

We now apply Lemma 4.5 with A <« A, F <« E, D +« D, 6y + 0o,
op < oo and § + 0%, assuming p to be sufficiently small. We obtain the
constant 0 = (A, E, D, 6y, 00,0*) € (0,6p) and a subset S C B(xo,0,D),
which we will denote henceforth by S’, that satisfies assertions (a) and (b) of
that lemma. The subset S C B(xzg,0, D), whose existence is claimed in this
lemma, will arise as a subset of S’.

Our proof again uses L-geometry and the terminology recalled in Sec-
tion 3.2. Define

U := Lexp, ' (S")NDf.
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Then
Lexpy(U) =S NGE.
For simplicity, we set
._ —-1.5
f(z) := (rrRm(z,0)) XB(zo,o,D+1)(93)a

where X p(z,,0,0+1) is the characteristic function of B(zo,0,D + 1). Note that
by the claim, we have for all 7 € [0, 0] (assuming p < 1/10),

/ f(z)dg—-(x) < 60'17/ f(x)dgo(x) < 2E*.
M M

So by the transformation formula, we have for all 7 € (0, 6],

exp. (v))JE (v, 7)dv = z)dg_,(z *,
| 7(eexp) 5w o= [ f(@)dg_r(x) < 2B

Lexpg, (U)

Using assertion (b3) of Lemma 4.5 and the estimate 6* < 1, we have for
allv e U and 7 € (0, 6],

(4.22) l(Lexp,(v),—7) > (Lexp,(v),—0) — 1.
Moreover, by the monotonicity of 7="/2e='"=7) J(v, 1), we have
(4‘23) 9—n/2€—l(£expT(v),—G)JE(,U’ 9) < T—n/Qe—l(Lexp_r(v),—r)Jﬁ(u7_)‘

Combining (4.22) with (4.23) yields that for all 7 € [ag8, 6],

n/2
JE(v,0) < e(%) / JE (v, 1) < eaan/zJﬁ(v,T).

&%)

So for all 7 € [apb, 0], we have

/Uf(EeXpT(v))Jﬁ(v,H)dv Sea&nﬂ/Uf([IeXpT(U))Jﬁ(v,T)dU

< 2eaan/2E*.

(4.24)

We now estimate the left-hand side of (4.24) for all 7 € (0,ap6]. Ob-
serve that by Lemma 4.6, we have Lexp,(v) € B(x,0,00/10) for all 7 €
(0, pf]. Since rrm(+,0) is 1-Lipschitz with respect to gg, we have the bound
f < (00/2)~% on B(x0,0,00/10). So for all T € (0, 70,

(4.25)
L —1. L
/Uf(ﬁexpT(v)>J (v,0)dv < (0¢/2) 15/UJ (v, 7)dv
< (00/2)"°|B(0,0, D)| 4
< 2(00/2) 7| B(x0,0, D)| < 2(00/2) P E*,
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Integrating (4.25) from 0 to apf and (4.24) from apf to 6 yields
(4.26)

0
/ / f(ﬁ eXpT(v))JE(v, 0)dvdr < (2eaan/2E* + 2(00/2)71'5E*)9 = E*0.
0 JU
Define h : U — [0, 00) by

0
h(v) ::/ f(EeXpT(v))dT.
0
Then, by Fubini’s Theorem and (4.26),
/ h(v)J (v, 0)dvdr < E**6.
U

Let

W:={velU:h(v)<CO} and S := Lexpy(W).
Then S C Lexpy(U) C S’. We claim that S satisfies assertion (b). For any
y = Lexpy(v), v € W, we choose the minimizing £-geodesic (1) := Lexp, (v).
Asy=~(0) € Qél, this L-geodesic is the only minimizing £-geodesic between
xo and y. So assertions (bl)-(b3) follow immediately from assertions (bl),
(b2) and (b4) of Lemma 4.5. For assertion (b4), observe that

/0 " (rrm(3(7),0)) P = /0 " F(Coxpo(0))dr = h(o) < CO.
To see assertion (a), observe that
1S\ S0 = (8" N GF) \ Slo < 2L expy(U) \ Lexpy(W)|—g
! / (v, 0)dv < 2 / (CO) 1 h(v)J (v, 0)dv
U\W I\W

<2(CO)TE™*0 =207 B = §)2.
So
|B(x0,0, D)\ Slo < |B(z0,0,D)\ S’|o + 5"\ S|o < *+6/2 <.
This finishes the proof. O

Finally, we can improve the curvature bound in Lemma 4.7(b4) from an
integral bound to a pointwise bound. This bound will also enable us to show
that the £-geodesics are almost minimizing with respect to the time-0 metric.

PRrROPOSITION 4.8. For any A, E, D < oo and og,d,n > 0, there are con-
stants 0 = o(A,FE,D,00,6) and p = p(A, E,D,0¢,6,n) > 0 such that the
following holds:

Let (M, (gt)re[—2,0]) be a Ricci flow on a compact, n-dimensional manifold
M and xog € M such that

(i) v[g-2,4] > —A4;
(ii) |R| < p on M x [-2,0];
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(iii) for all (z,t) € M x [—1,0] and 0 < r,s < 1, we have
|{7"Rm(',t) < ST‘} N B($’t7r)’t < ESQT‘n;

(iV) TRm(xQ, 0) Z gQ.-
Then there is an open subset S C B(xo,0, D) such that the following holds:
(a) ‘B(.%'0,0,D) \ S‘o < 4.
(b) Foranyy € S, there is a curve vy : [0,1] — M between x¢ and y, v(0) = xq,
~v(1) =y such that the following holds:
(bl) its time-0 length satisfies

lengthy(v) < do(zo,y) + n;
(b2) we have
rRm(7(s),0) > o for all s €0,1].

Note that the constant o does not depend on the choice of 7.

Proof. The idea of the proof will be to use the subset S and the £-geodesics
v from Lemma 4.7. We will show that the function rgm,(7(7),0) does not
oscillate too much and use assertion (b4) in Lemma 4.7 to establish a lower
bound for rgrm(7(7),0). Using this bound and assertion (b3) of Lemma 4.7,
we can then derive an upper bound on the time-0 length of ~.

We will first choose the relevant constants. Let ¢ = e(A) > 0 be the
constant from Proposition 3.2. Let ag = ap(4, D,0p) < 1/2 be the constant
from Lemma 4.6, and set

. 1/2 2 -1/2 1
4.27 = 2(D*+1 — .
(a27) @ = min fa (20 + 1) " g
Note that a depends only on A, E, D, ¢, . Next, let C = C(A, E, D, 00,9) be
the constant from Lemma 4.7, and choose o > 0 small enough such that

(4.28) %a(2a)_0'5 >C, a0 <ay/2, o<o0p/2 and o <1/10.

Note that all constants occurring in (4.28) only depend on A, E, D, 0¢,6. So o
can be chosen depending only on these constants as well.

Next, choose and fix a constant 0 < * < 1, depending only on D, n, such
that

1/

(L4n)(@+77) " <d+n forall delo,D).

CrLAaM. There is a constant p1 = p1(A, E,D,00,d,m) > 0 such that if
p < p1, then for all x € M with rrm(z,0) > o, all v € T, M and all
t € [—(e0)?,0], we have the distortion estimate

[vlo < (149770
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Proof. This fact follows from Propositions 3.2 and 3.6. The constant p;
can be chosen depending only on ¢, ¢, which in turn only depend on A, F, D,
00, 57 n. U

Assume in the following that p < p; and p < ps.7(A, E, D, 0, (c0)?,5,n%),
where p4.7 is the constant from Lemma 4.7. Furthermore, let

0<0=060,7(AFE,D, (60)2,00,5, n*) < (50)2

be the constant from Lemma 4.7.

We now apply Lemma 4.7 for A <+ A, E < E, D < D, y + (c0)?,
00 < 00, 0 < ¢ and n + n*. We obtain a subset S C B(xg,0, D) that satisfies
assertions (a) and (b) of Lemma 4.7. We claim that S satisfies assertions (a)
and (b) of this proposition as well. Obviously, assertion (a) holds.

It remains to check assertion (b). Let y € S, and let v : [0,0] — M
be the L-geodesic from Lemma 4.7(b). In the following, we will show that ~
satisfies properties (bl) and (b2), after reparametrization. By this we mean
that lengthy(y) < do(zo,y) + 1 and

(4.29) TRm <'y(7'), 0) >0 for all 7€ 0,6].

An important tool in our analysis will be Lemma 4.7(b4), which states that

0
(4.30) /0 (rRam(7(r),0)) " "dr < €.

We first show that the bound (4.29) holds whenever 7 € [0, apf]. Indeed,
for all such 7, we have dy(x,v(7)) < 00/10 by Lemma 4.6 and thus, by the fact
that rry is 1-Lipschitz with respect to go, we have rry,(7(7),0) > 00/2 > 0.

Next, we choose 7 = a6 maximal such that

"Rm(Y(7),0) >0 forall 7€][0,7].
Then oy =1 or a3 < 1, and we have
(4.31) rRm(Y(16),0) = o.
Moreover, by our previous discussion we have
(4.32) a1 > ap.

We will find later that we indeed have a; = 1, hence establishing assertion (b2).
Using the claim, we find that

Y (D)o < A+ 99y (7)]-r for all T € 1[0,71].
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It follows that for any 0 < 7/ < ay6 we have, using Lemma 4.7(b3),

a0

do(7(r'), 7(018)) < lengthy (1] r.ay)) < (1 +17) / Iy (7)] _rdr

T/

(4.33) — (147 /Tale <TW(7)2—T) Vo

’ T

2 * 1/2 a16
< ) (B T

Assume that ay < 1. We now apply (4.33) for 7’ € [(aq — ao)f, 1] and note
that by (4.32) and (4.27),

(a1 —ao)f > (g — ao)d > Fagh.

We then obtain (using (4.27), (4.33) and the crude estimates n* < 1, 0 < 1)

D2 1 /2 payb
aat)atm) < 2 T ) [

46 /

D2 1 1/2 _
§2< 4;— ) -aa@-(%aﬁ) 1/2

< aal/2(2(D2 + 1))1/2a -0 < o.

So by the 1-Lipschitz continuity of rgrm(-,0) and (4.31), we get that
(4.34) ram(Y(7),0) < o+ 0 =20 for all T € [(a1 — ao)b, a1 0)].

Using (4.30) and (4.34), it follows that
0
La(20)%90 = ach - (20)15 < / (rrm((7),0)) " < CB.
0

This inequality contradicts (4.28). So we indeed have a; = 1 and 71 = 6, which
proves assertion (b2).

To see assertion (b1), we apply (4.33) again for 7/ = 0 and obtain (using
0 <land D >1)

£\ 1/2
d§(wo,y) +n / . 9g1/2
46

lnitlo(xloa) < (147
* 2 * 1/2
< (147" (dg(zo,y) + 7)< do(xo, y) + 1.
This shows assertion (bl). O

If we do not assume that the scalar curvature is small, we obtain a similar
result as Proposition 4.8, but this time o depends on 4.
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COROLLARY 4.9. For any A, E, D < oo and o¢,6 > 0, there is a constant
o=0(A,E,D,o00,0) >0 such that the following holds:
Let (M, (gt)te[—2,0)) be a Ricci flow on a compact, n-dimensional manifold
M such that
(i) vlg-2,4] > —4;
(i) |R| <1 on M x [-2,0];
(iii) For all (z,t) € M x [-1,0] and 0 <r,s < 1, we have

{rRm (-, t) < sr} N B(x,t,r)|; < Es®r™.
Then for any x,y € M with do(x,y) < D and
’I"Rm(ﬂf70), TRm(yvo) Z go,

there is a smooth curve 7y : [0,1] — M between x and y, v(0) = z, v(1) =y
whose time-0 length satisfies

lengthy(y) < do(zo,y) + 9

and such that
rRm(7(5),0) > o for all s €]0,1].

Proof. The idea of the proof is to apply Proposition 4.8 several times at
small scales. We therefore first derive the following claim.

CLAIM. For any6*,0f > 0, we can find constants c* = c*(A, E, 0§, 6%), 7}
=r5(A, E,05,0%) > 0 such that the following holds:

For any 0 < r < r§ and any zo € M with rrm(z0,0) > ojr, there is an
open subset Sy, » C B(20,0,r) such that

|B(20,0,7) \ Szy.rlo < 6*r"

and such that for any z1 € Sy, ., there is a smooth curve v* : [0,1] — M
between zy and z1, v(0) = 2o, ¥(1) = 21 such that

lengthy(v) < do(z0,21) + 6™ r
and such that
TRm (7(8),0) > o™r for all s €[0,1].
Proof. Using the constants ¢ and p from Proposition 4.8, we define
0" (A, E,04,0%) :=0(A, E,1,04,0%)

and
ro(A, B, 03,0%) = pY/?(A, B, 1,04,6%,6%).

The claim then follows from Proposition 4.8 for D < 1 after rescaling by .
O
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Before we continue with the proof, let us first choose all the constants.

) b 1
vi=min{ ——, — /.
8D’ 10

Next, use Proposition 3.1 to find a k = k(A) > 0 such that |B(z,0,r)|o > xr"
for all z € M and 0 <r < 1. Choose o5 > 0 such that

Let

(4.35) E(%) < g and oy < 00,
and choose

* : 1 n
(4.36) 0% := min {iﬁu ,u}.

Choose o* := 0*(A, E,0}) and r§ := r§(A, E,0§,0%) according to the claim.
Lastly choose N € N large enough such that

2D 4D
(437) W < T'S and WV < 0g.
Let 7 : [0,1] — M be a time-0 minimizing geodesic between z and y, and

choose

2j ::7(%) for j=0,...,N.
Note that then
do(l‘,y) 1 .
do(zj—1,%) = N = 3" for all j=1,...,N,
where r < % < r§. We will now inductively choose points z, ...,z € M and

smooth curves v1,...,yn : [0,1] = M such that v;(0) = 2/_; and ~;(1) = 2/
with the following properties:

(4.38a) 2y=2=1

(4.38b) do(z},zj) <wr forall j=0,...,N,
(4.38¢) 75(0) = 2j_; and  ;(1) = 2] forall j=1,...,N,
(4.38d) lengthy(v;) < do(2}_y,2;) + 6"  forall  j=1,...N,
(4.38¢) TRm(z}) > ogr for all j=0,...,N,
(4.38f) TRm(7;(s),0) > o*r  for all s €[0,1]

and j=1...,N.

Let us first choose z), = x. Then (4.38a), (4.38b) obviously hold for j = 0.
Next, assume that j € {1,...,N — 1} and that z{,... )23‘71 and v1,...,7-1
have already been constructed such that (4.38a)—(4.38f) hold. We will now
construct 2.
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For this apply the claim with our choices of 6*, o} for zg < z§_1 and r < r.
This is possible due to (4.38¢). We obtain a subset S . C B(zj_;,r) such
J— k)
that

|B(z§_1,0,r) \ SZ;'—l?T‘|O < or™.
We now claim that
(4.39) SZ;__PT N B(z;,0,vr) N {ram(-,0) > ojr} # 0.
To see this, note that B(z;,0,vr) C B(2)_;,0,7), because by (4.38b),

1
do(25-1,2) < do(2j-1,2j1) + do(zj-1, %)) <wr+gr < (1—-v)r
So, if (4.39) was false, then

{rem(-,0) = 0gr} N B(2,0,vr) C B(2j_1,0,7)\ Sz .

This would imply
[{rm(,0) > o7} 01 B(2,0,0m)| < 6%

S
’ ’B(zj,O, I/’I”)‘O - '{rRm(-,()) <oprin B(zj,O,m")‘O < 0*r".

Using assumption (iii), this implies

0_*

2
k(vr)" — E<70> (vr)™ < 6 r'".
So

k" — E(U—O)zyn < 0",
v
which contradicts (4.35) and (4.36). So (4.39) is indeed true and we can pick
a2 € SZLM N B(z,0,vr) such that rrim(2},0) > ogr as well as a curve v; :
[0,1] — M such that (4.38b)—(4.38f) are satisfied. This finishes the induction
and shows that we can choose z,..., 25\ and v1,...,vn such that (4.38a)-
(4.38f) hold.

Lastly, we choose a minimizing geodesic yn+1 : [0,1] — M between z
and y. Note that since rgm(y,0) > 0¢ > 2vr and since rrp(+, 0) is 1-Lipschitz
with respect to gop, we have, using (4.37),

2D 1
YN+1(8) > 00 —vr =09 — Y > 500 for all s €[0,1].
Joining the curves vq,...,7n+1, and smoothing yields a smooth curve v :

[0,1] — M between z and y such that
1
TRm (7(8),0) > min {UST, 500} forall  s€(0,1]

and such that
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lengtho(y) < (do(z0, 21) + 0%1) + -+ + (do(2y_1, 2y) + 67r) + vr
< (do(z0, 21) + 2vr + 6*r) + (do(z1 + 22) + 2vr + 6*7) + -+
+ (do(ZN—17 ZN) + 2vr + 5*7’) +ur
<do(z,y) + (BN + L)vr
= do(z,y) + (3N + 1);/%
< do(w,y) + 8Dw < do(,y) + 0.

This finishes the proof. O

4.3. Proof of the compactness result. Using Proposition 4.8 and Corol-
lary 4.9, we are now able to prove the main results of this section, Proposi-
tions 4.1 and 4.2.

Proof of Proposition 4.1. The proposition will essentially follow from
[Bam17, Th. 1.2]. In order to apply this theorem, we have to verify that
the sequence (M;, gi, g;) of pointed Riemannian manifolds satisfies properties
(A)—(F), which are mentioned in [Bam17, §1.2]. Before doing so, we mention
that in this paper we use a slightly different definition of the curvature radius
rrRm than in [Bam17]. The definition of the curvature radius in this paper (see
Definition 1.6) does not involve curvature derivatives, while the definition of
TRm Or TRm in [Baml7] does. However, this difference does not create any
issues, since in our setting these three radii are comparable to one another:
By definition, the curvature radius rg,, in our paper is bounded from below
by "Rm > TRm from [Bam17], and by Proposition 3.2 and Shi’s estimates, it is
bounded from above by CTry < Crry from [Baml7], where C' = C(4) < oo
only depends on A.

Let us now verify the properties from [Baml7, §1.2]: Property (A) is a
direct consequence of Proposition 3.1. Note that the constant A appearing in
property (A) can be chosen depending only on the constant A from assump-
tion (i) of this proposition. Also the constant 7" appearing in this property can
be chosen to be any T' < limsup;_,. T3 = Two. Next, property (B) is a direct
consequence of assumption (iii). Here, the constant pg appearing in this prop-
erty has to be chosen slightly smaller than the constant pg in assumption (iii).
Property (C) is a direct consequence of Corollary 4.9. Property (D) follows
from assumptions (i) and (ii) of this proposition, where the constant A of this
property depends on the constant A of our proposition. Property (E) follows
from Proposition 4.8 in the case in which p; — 0. Finally, property (F') follows
from [BZ17, Th. 1.3]. The constants A and T appearing in this property can be
chosen depending on the constants A and T, of this proposition, respectively.
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Now [Baml7, Th. 1.2] implies that the pointed Riemannian manifolds
(M;, gi, i) converge to a pointed singular space (X, ¢ ) with singularities of
codimension pg. Note here that in the context of [Baml7], the Riemannian
metric g on the regular part R of the singular space X = (X,d,R,g) as well
as the convergence of the metric were allowed to have regularity C2, and in
the present paper, we require the regularity to be C°°. This extra regularity
follows easily from Proposition 3.2 and Shi’s estimates.

The first part of assertion (b) of this proposition, namely, the fact that
Ric = 0, follows from Propositions 3.2, 3.6 and the fact that p; — 0. The
statement about the mildness in assertion (b) follows from assertion (a) of
[Bam17, Th. 1.2] and the fact that property (E) of [Bam17] holds if p; — 0.
The statement about the tameness in assertion (b) follows from assertion (b)
of [Bam17, Th. 1.2].

Assertions (c¢) and (e) of this proposition follow from assertions (a) and
(c) of [Bam17, Th. 3.1}, which is the more detailed version of [Bam17, Th. 1.2].
Assertion (b) of [Bam17, Th. 3.1] and our discussion of the different definitions
of the curvature radius implies that there is a C' = C(A) < oo such that for all
T €R,

(4.40) C 1 lim sup rﬁ/ﬁl(@i(m), 0) < rgn(z) < Climinf rﬁﬁ(@i(x), 0).

i—00 100

We will now deduce assertion (d) of this proposition from this inequality. For
this let € R and fix some 0 < r < % (x). Then BX(z,r) C R is rel-
atively compact in R and |[Rm| < 7=2 on BX(z,r). By compactness, we
have BX(z,r) C U; for large i. By lifting curves of length 0 < 7/ < r that
start in ®;(z), we can conclude that for any 0 < 7’ < r and large i, we have
BMi(®;(x),r") C ®;(BX(z,r)). So, by the smooth convergence on R we have

(4.41) lim inf il (®y(x),0) > 12 ().

We now show the reverse inequality. So let x € R and assume that 0 <
r < limsup;_ o rht (@i(2),0).  We want to show that then 12 (z) > r.
To see this, observe that for any 0 < ' < r and y € BX(z,r') N R, we
have lim; oo d)7 (®;(z), ®;(y)) = d¥(z,y) < 1. So, since the rf;\gil(x, -) are
1-Lipschitz with respect to gé, we get

lim sup ré‘gg(@i(y), 0) > limsup r?{/ﬁl(@(a:),O) —r'>r -7

1—00 1—00

Using (4.40), we find that for all y € BX (z,/),
rRm(y) = C7Hr =),

It follows that BX(z,r’) C R for all ' < r, and hence BX (x,7’) is relatively
compact in R for all ' < 7. By smooth convergence we have |Rm| < r=2 on
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BX(x,r), which shows that r < r&_ (). So

(4.42) lim sup riyi (®;(z),0) < 180, ().
1—00
Combining (4.41) and (4.42) yields assertion (d).
Finally, assertion (a) is a consequence of assertion (d) and assumption (iii).
([

As a consequence, we obtain Proposition 4.2.

Proof of Proposition 4.2. First observe that by parabolic rescaling and re-
choosing the constants A, E' it suffices to prove the proposition for ¢ = 0. Now
fix A, E,n and pg, and assume that the statement was wrong. Choose a se-
quence p; — 0, and consider counterexamples (M;, (gg)te[_m) of Ricci flows
that satisfy assumptions (i)—(iii) for p replaced by p; and points ¢; € M such
that the conclusion does not hold. Then we can use Proposition 4.1 to con-
clude that the (M;, g§, ¢;) converge to a pointed singular space (X, d, R, g, ¢oo)
with Ric = 0 on R and mild singularities. Let (U;, Vi, ®;) be a convergence
scheme for this convergence. We claim that for sufficiently large ¢, the subsets
U=U!:=UNB(z;,nt-n/2),V=V=&(U!) and ® = &, := ®; |y satisty
assertions (a)—(g). /

To see this, observe that by definition of a convergence scheme asser-
tions (a), (b) and (e) hold automatically for large i. Assertions (c) and (d) are
a direct consequence of Proposition 4.1(e). Assertion (f) follows from Propo-
sition 4.1(c) and the fact that due to volume comparison on X (see [Baml7,
Prop. 4.1]), the map r + |BX(z,7) N'R| is continuous. Assertion (g) is a direct
consequence of Proposition 4.1(a). O

5. The e-regularity theorem

5.1. Statement of the results. The main result of this section will be an
e-regularity theorem for Ricci flows with small scalar curvature that satisfy
an additional a priori LP-curvature bound. More specifically, we will prove
that any ball with almost Euclidean volume has bounded curvature at its
center if the scalar curvature bound is small enough. An important property
of this e-regularity theorem is that the constants quantifying the curvature
bound at the center of this ball and the degree to which the volume of the
ball is almost Euclidean (namely ¢) are independent of the imposed a priori
LP-curvature bound. Only the scalar curvature bound will depend on this
a priori LP-curvature bound.

Based on the e-regularity theorem and by passing to the limit, we will
furthermore show that the limiting singular space in Proposition 4.1 from Sec-
tion 4 is Y-tame. Here Y only depends on a lower bound A on Perelman’s
v-functional and not on the integral curvature bound Ep,.
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Let us now state the main results more precisely:

PrOPOSITION 5.1 (The e-regularity theorem). For any A, FE < oo and
p > 3, there are constants g = e9(A),00 = 00(A4),p = p(A,E,p) > 0 such
that the following holds:
Let (M, (gt)te[-2,0) be a Ricci flow on a compact, n-dimensional and ori-
entable manifold M, and assume that
(i) vlg—2,4] = —4;
(ii) |R| < p on M x [-2,0];
(iii) for all (z,t) € M x [-1,0] and 0 < r,s < 1, we have

H{ram(-,t) < sr} N B(z,t,r)|; < EsPr.
Then for any xo € M and 0 < ro < 1 for which
|B(x0,0,70)|0 > (wn — €0)17,
we have rrm(x0,0) > ooro.

Note that g9 and oy do not depend on E or p; only p does. This fact
will be important for us in Section 6, where a value for F = E(A) will be
determined based on o( such that assumption (iii) always holds.

We also remark that a similar result was considered in [CW12, Prop. 4.16].

Using Proposition 5.1, we can refine the compactness results of Section 4.

COROLLARY 5.2 (Regularity of the limit). For any A < oo, there is a
Y =Y (A) < oo such that the following holds:

Assume that we are in the setting of Proposition 4.1, and assume that
pi = 0, po > 3 and that all M; are orientable. Let X be the limiting singular
space, and set T := limsup;_, . T;.

Then X is Y -reqular at scale /Ts, (in the sense of Definition 2.4).

5.2. Existence of almost geodesics that stay away from high curvature re-
gions. The main result of this subsection, Proposition 5.4, states that, as long
as the scalar curvature bound p is chosen small enough, we can find an al-
most geodesic between almost every pair of points with the following property:
All points on this almost geodesic have bounded curvature and small Ricci
curvature at all times of the time-interval [—1/2,0].

In order to show Proposition 5.4, we will first show that we can find such
almost geodesics on which the curvature is bounded at a single time.

LEMMA 5.3. For any A, E,D < oo, p > 2 and § > 0, there are con-
stants 0 < 0, = o0.(A,E,D,p,d) < 1, C, = C.(A,E,D) < o0 and p =
p(A,E,D,p,0) > 0 such that the following holds:

Let (M, (gt)te[—2,0)) be a Ricci flow on a compact, n-dimensional manifold
M with the property that
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(i) v[g-2,4] > —4;
(i) R < p on M x [~2,0];
(iii) For all (x,t) € M x [-1,0] and 0 < r,s < 1, we have
H{rrm(-,t) < sr} N Bz, t,r)|; < EsPr.
Let xo € M and tp € [—%,O]. Then there is a closed subset
s'c B(Zb‘o,to,D) X B(xovt(bD)a
a smooth function

L: ((B(wo, to, D) x B(xo,to, D))\ S, (y1,42) = lys.e

and a smooth family of curves

Vy1,y2 [07 lyl,yz} — M, (y1,92) € ((B(xo,to, D) x B(zo, to, D)) \ Sl?
with the following properties:
(a) |51, < &/2 with respect to the product measure dgs, ® dgy,.
(b) For any (y1,y2) € (B(xo,to, D) x B(zo,to, D))\ S, we have vy, 4,(0) = y1,
Vy1,y2 (lylvyz) =y and
1=0 <[, ) <1+ forall  s5€0,ly .

(c) For any such pair (y1,y2), we have rRm(Vy, 4. () t0) > 0« for all s €
[0, 1y .4
(d) For any such pair (y1,y2), we have
|lengthy (Vy,,4) — dio (Y1, y2)| < 0.

(e) For any such pair (y1,y2), we have
Ly, yo > 0.

(f) We have the segment inequality

lylva
/ / F o s () dsdlgio (51 g (42)
(B(x07t07D)XB(x07t07D))\S/ 0

< 0k fdgt,
B(z0,t0,10D)

for any non-negative, bounded and Borel measurable function f : M —
[0, 00).

Proof. Without loss of generality, we may assume in the following that
D > 1. Let 0 < 1 < min{(10D)~1, M} be a constant whose value we will
determine in the course of this proof, depending only on A, E/, D, §, and choose
p = p(A, E,n) > 0 according to Proposition 4.2. Then, by Proposition 4.2 for
(g,t) < (o, to), we can find a pointed singular space (X, ¢s) = (X,d, R, g, ¢o0)
with Ric = 0 on R and mild singularities, subsets U C R, V C M and a
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diffeomorphism ® : U — V such that assertions (a)—(g) of Proposition 4.2
hold. Moreover, by assertion (g) of Proposition 4.2 and a covering argument
involving volume comparison on X (see [Bam17, Prop. 4.1]), we find a constant
E* = E*(D, E) < oo such that for all 0 < s < 1,

(5.1) (i < s} N B¥ (g, 10D) N R| < E*sP.

Here rg;, denotes the curvature radius on &'

By [Bam17, Prop. 7.4] we have a segment inequality on X. More specif-
ically, we can find an open subset G* C R x R such that (R x R) \ G* has
measure zero and such that for any (z1, z2) € G*, there is a unique minimizing
arclength geodesic

’7:1,z2 : [O7dX(z17 22)] — R,

and d¥ (z1,22) as well as v* depend smoothly on zj,z2. Then the segment
inequality on X can be expressed as
(5.2)

d* (z1,22)
/ / 7, (8))dsdg(z1)dg(z) < C / fdg
(BX(qoo,ZD)XBX(qOO,QD))ﬂQ* 0 R

for any non-negative, bounded and Borel measurable function f : R — [0, 00).
Here C = C(D) < oo denotes a uniform constant. (The constant C' depends
only on D due to volume comparison on X; see [Baml7, Prop. 4.1].) Pick
0 < 0x = 04(D,d) < 1 such that

(5.3)  CE*4PoP1<§/32  and  w,o?, wi(2D)"0™ < §/32.

Here w,, denotes the volume of the unit ball in Euclidean space.
We will now construct a subset S* C RxR that will be used to construct S’.
First, define

St = ((B*(g0,2D) N R) x (BX (g0, 2D) N R)) \ G*.

Note that Sj is closed in (BX(goo,2D) NR) x (BX(ge,2D) N'R) and has
measure zero. Next, define

S5 = {(21722) € (BX(qoo,QD) ﬂR) X (BX(qOO,QD) OR) cdX (21, 29) < O'*}

- U {z1} x ((B*(40,2D) N'R) N BX(21,04)).
21€BX(¢0,2D)NR

Then S3 is closed in (BX(geo,2D) N R) x (BX(¢s,2D) N R). By volume
comparison (see [Bam17, Prop. 4.1]) and Fubini’s Theorem, we have

5] < |B¥ (4o0, 2D) N R| - w0 < wi(2D)"07 < 6/32,



CONVERGENCE OF RICCI FLOWS WITH BOUNDED SCALAR CURVATURE 805

Lastly, set
S5 = {(21,22) € (B¥(¢o0,2D) N R) x (B* (4o, 2D) NR) N G*
TR (Vay.2,(8)) < 204 for some s € [O,dX(zl,zg)]}.

Then S is closed in ((BX (g, 2D) NR) % (BX(gs0,2D) NR)) N G*. We will
now bound its measure. For this, let

W= {rgm < 404} N B(¢0,4D) N'R.
Note that since rg;, is 1-Lipschitz, we have for any (21, 22) € S5 \ S5,
s € [0, d(z1,20)] : 7 -y (5) € WH = .
So setting f := xw in (5.2) yields, in view of (5.1) and (5.3),
|55\ S5| - 0x < CE*(40,)P < (6/32)0+,

which implies

S5\ 53

< §/32.
Now set
S*:=STUS;US;.
Then
|S*| = |STUS; U (S5\S5)| <d/16.
We will now construct S’ C M. For this, note that
(BX(qOOaQD) X BX(q0072D)> \S* - {rfoiom > U*} X {ri:){om > G*}a
because any pair of points that belongs to the set on the left-hand side can
be connected by a unique minimizing geodesic inside {rg;, > 20.} (since
S3 C S*). Therefore, we also have %, > 20, > o, at its endpoints of such a
geodesic. So, assuming 1 < o, and using Proposition 4.2(c), we have
(BX(go0s 2D) x B¥(gs,2D)) \ S* C U x U.
Now let S” be defined as follows:
§' == B(xo,to, D) x B(xo,t, D)\ (® x ®)((B* (a0, 2D) x B¥ (g, 2D)) \ 5).

Then S’ is closed in B(xg,ty, D) x B(xo,t,D) and can be expressed as the
union of
S1 = (P x ®)(5*)
with
Sh := (B(zo,t0, D) \ V) x (B(zo,t,D) \ V).
For sufficiently small n (in a uniform way), we may assume that the Jacobian
of ® is bounded from above by 2 (see Proposition 4.2(b)) and hence

|S1ley < 41S7[ < 6/4.
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Furthermore, by Proposition 4.2(d),
1951, < |B(wo, to, D) \ V[;, <n* < 6/4.

So
‘Sl|t0 < ‘Si’to + |Sé|t0 < 5/2>
which implies assertion (a).
Before we verify the remaining assertions, let us summarize our construc-
tion: For any (y1,y2) € (B(xo,to, D) x B(xo,tg, D))\ S" CV x V, we have

(@' (1), 2 ' (12)) € (B (oo, 2D) x BX (g0, 2D)) \ 5*.
As 8§ C S*, this implies that for all s € [0,d*(®7(y1), @~ (y2))], we have

Tﬁom(vgfl(yl),éfl(yz) (S)) > 20*

So, since we assumed 1 < 0, we conclude

Vo1 (). 2-1(y)(8) €U

for all such s. Hence it is possible to make the following definition: for any
(yl,yg) € (B(xg,to,D) X B(xo,tQ,D>) \ S'CV xV,let

lyy o = dX(q)_l(yl)v (b_l(yQ))
and
Yo (8) 7= P(Va 1 a1t (8))s S € 0,1y, 4]
Assertions (b), (d), (e) now follow immediately for small enough 7, depending
on 0. For assertion (c), observe that for small enough 7, we have

PR (Yyr.92 (8),10) > 378 (27 (V02 (5)) = 370 (Va1 ()01 () (8))) > 0

Assertion (f) follows from (5.2) by replacing f : M — [0,00) by (f o ®)xy :
R — [0,00). O

We can now prove the main result of this subsection. Similarly to the
previous lemma, Lemma 5.3, the following proposition asserts the existence of
almost geodesic curves between almost every pair of points at a given time t.
However, in contrast to Lemma 5.3, Proposition 5.4 asserts additionally that
along any such curve we have a lower bound on rg;, and a small upper bound
on |Ric| at all times t € [—1,0]—not only at time #.

In a vague sense, Proposition 5.4 follows by analyzing the set of points
x € M where rry(z,t) < 20 for some t € [—1,0], where o is a small constant.
We will find that the volume of this set is roughly bounded by CoP~2. On
the other hand, we will show that any almost geodesic on which rgy (-, t) < o
for some t € [—1,0] must intersect this set of points in a curve of length 2 o.
Using the segment inequality from assertion (f) of Lemma 5.3 and a length
distortion bound, it will follow that this set of almost geodesics has measure
< CoP73. So, since we assumed that p > 3, this measure can be made
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arbitrarily small. Therefore, the set of almost geodesics on which rgy (z,t) < o
for some t € [—1,0] can be discarded.

PROPOSITION 5.4. Forany A, E,D < oo, p > 3 and § > 0, there are con-
stants p = p(A, E,D,p,d),0(A, E,D,p,0) > 0 such that the following holds:
Let (M, (gt)te[—2,0]) be a Ricci flow on a compact, n-dimensional manifold
M with the property that
(i) v]g-2,4] > —A4;
(ii) |R| < p on M x [-2,0];
(iii) for all (z,t) € M x [-1,0] and 0 < r,s < 1, we have

H{ram (- t) < sr}nB(x,t,r)|y < EsPr™.
Let xg € M and ty € [—%,O]. Then there is a subset
S C B(xo,to, D) x B(xg,to, D)
such that the following holds:

(a) We have
‘S‘to <90
with respect to the product measure dg, @ dgy,.
(b) For any

(y1,42) € (B(xo, to, D) x B(wo,t0, D))\ S,
there is a smooth curve vy, y, = [0,1] = M with vy, 4, (0) = Y1, Yy1,40(1)
= yo such that

| lengthy, (Y, 42) — dio (Y1, 92)| <0
and such that
TRm (Vo140 (8), 1) > 0 for all s€0,1] and te[-1,0]
and
IRic|(Vy1,p0(5),t) <8 forall  se€l0,1] and te[-1,0].

Proof. Fix A, E,D < oo, p > 3 and 6 > 0. Assume without loss of
generality that § < 0.1. Assume that p is chosen small enough such that we
can apply Lemma 5.3 at (zg,%), and let 0 < 0, = 0.(A, E,D,p,0) < 1 and
C.(A,E,D) < oo be the constants from this lemma. Next, using Proposi-
tion 3.3, we may choose a constant D* = D*(A, D) < oo such that

B(l‘o,to,D) C B(J}o,t, D*) for all tc [—1,0].

Using assumption (iii), a covering argument and Proposition 3.1, we can find
a constant £* = E*(A, D, E) < oo such that for all 0 < s < 1 and ¢ € [—-1,0],

(5.4) {ram(-,t) < s} N B(zo,to, D)|s < E*sP.
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Let € = ¢(A) > 0 be the constant from the Backwards and Forward Pseudolo-
cality Theorem, Proposition 3.2, and assume without loss of generality that
e < 0.1. Moreover, choose an integer N = N (A, E, D, p, ) < oo such that

. 2 \P! 0
3] NC*E (M) <1 and m < E0x < 1
(this is possible since p > 3), and determine o¢g = 0¢(4, F, D,p,d) > 0 by
o 2
gg - — m
Then
(5.5)
-1 * _p—1 100 2 2 1
090 < eoyx, 83 NC.E*oj <1, N < (e0.)* and (g0¢/2)" = N
Define 0 = (A, E, D, p,d) > 0 by
j2=—
0:=¢€00/2 = ——.
O m

We will assume in the following that p = p(A, E, D,p,d) > 0 is chosen small
enough such that, using Proposition 3.6, we can conclude that |Ric|(y,t) < §
at any (y,t) € M x [—1,0] at which rrm(y,t) > o.

Fori=0,...,N —1, set

)
W= {rn =) <0} €
and define
N-1
f@) =" xw,
i=0

where xw, denotes the characteristic function of Wj. Then, by (5.4),

(5.6) / fdgi, < NE*oP.
B((Eo ,to ,D*)

Consider now the subset S’ C B(xg, to, D) X B(xg,tg, D) from Lemma 5.3 and
the family of curves

Yy1,y2 ¢ [Oalyhyz} — Ma (2/171/2) € ((B(x(]:t()aD) X B($0,t0,D)> \Sl
Set

S" = {(yl,yg) € (B(:L‘o,to,D) X B(xo,to,D)) \ S’

ly17y2
/ S (Vo (8))ds > 25_1NC'*E*05’}.
0
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Then, using the segment inequality in assertion (e) of Lemma 5.3 combined
with (5.6), we find

18" |4y - 20 'NCLE* o8 < C.NE*ab.

This implies |S”|¢, < 0/2, so if we set S := 5" U S”, then assertion (a) holds.
We will now verify assertion (b). To do this, observe that, by (5.5), for
any (y1,y2) € (B(zg, to, D) x B(xg, to, D))\ S we have for any i =0,..., N —1,

ly y Y
(5.7) / (s (8))ds < 26 NCLE0P < 0/,
0

We will use this bound to show that for all i =0,..., N — 1, we have

7
(5.8) TRm (’Yyl,yz (s), _N) > 09/2 for all s €10,y ys]-

To see that (5.8) holds for all i = 0,..., N — 1, recall first that by asser-
tion (c) of Lemma 5.3 we have 7rm (Vy, 4. (5),%0) > o« for all s € [0,1,, 4,]. It
follows by Proposition 3.2 and (5.5) that for all t € [—1,0] with [t—to| < (g04)?,
we have

TRm (Vo142 (5), 1) > €04 > 00 /2 for all 5 €0,y )

So since (e0.)? > 190 (see (5.5)), there is at least one i for which (5.8) holds.
More specifically, there are 1,45 € {0,..., N — 1} such that —% <ty < —iﬁl
and such that (5.8) holds for all ¢ = 41,...,i2. Assume now that (5.8) does
not hold for all i = 0,..., N — 1, and pick i such that (5.8) does not hold for
i = ip and such that [tg + ‘NO\ is minimal with this property. In other words,
(5.8) holds for all i = 0,...,N — 1 for which |to + | < |to + 2| but not for
i = ig. We will now derive a contradiction to this assumption. Recall from
(5.5) that (€00/2)% = %. So, by Proposition 3.2, we have

(5.9) TRm (V1,40 (8), 1) > €00/2 =0 for all 5 €0,y ]

for all t € [—% )] or t € [ty, — %], depending on whether i > i3 or ig < i1.
As discussed before, by our small choice of p, this implies that for all such ¢,
we have

(5.10) |Ric|(Vy, 40 (5),t) <6 for all s € [0,y ys]-

So, since |y, 4, (5)|tp < 1+d and § < 0.1, a distance distortion estimate yields
that |7, ,,(5)[: <2 for all t € [—%, o] or ¢ € [tg, —%¢]. So the function s —
TRm (Vy1,y2(8), — %) is 2-Lipschitz. By the choice of ig, there is an s € [0, Iy, 4]
such that

io
TRm (7y17y2 (80)7 _N) < 00/2'
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Using the 2-Lipschitz property, we conclude that for all s € [0,[, 4] with
|s — so| < 00/4, we have

TRm (7y17y2 (5)7 _ZNO) < 09-

In other words, vy, 4, (s) € W, for all s € [0,1,, ,,] with |s —so| < 09/4. Since,
by Lemma 5.3(e), 1y, 4o, > 04« > 00/4, this contradicts (5.7).

So (5.8) holds for all i = 0,..., N — 1. As before, it follows that (5.9) and
(5.10) hold for all ¢t € [—1,0]. This finishes the proof of assertion (b). O

5.3. FEuxistence of almost optimal L-geodesics and a reduced volume bound.
In this subsection, we will use the existence of almost geodesics that avoid
regions of high curvature to construct short £-geodesics between a given base-
point and a set of points of large measure. Based on this construction we will
eventually derive a good lower bound on the reduced volume at that basepoint.

LEMMA 5.5. For any A,E,D < oo, p>3,0<7 <1/2andd > 0, there
is a constant p = p(A, E, D, p,10,0) > 0 such that the following holds:

Let (M, (gt)te[-2,0)) be a Ricci flow on a compact, n-dimensional and ori-
entable manifold M with the property that

(1) V[g*2a4] 2 *A’
(i) |R| < p on M x [-2,0];
(iii) for all (z,t) € M x [-1,0] and 0 < r,s < 1, we have

{rem(,t) <sr}nB(z,t,r)| < EsPr.
Consider a point xo € M. Then there is a subset
S C B(zo,to, D)

such that the following holds:

(a) We have
|S]o < 6.
(b) For any
z € B(x9,0,D)\ S,
we have

L(20,0)(2: —T0) = 2y/T0L(39,0) (2, —70) < d§(w0, 2) + 6.
Here Ly, o) denotes the L-distance based at (70,0).

Moreover, the reduced volume at (x¢,0) satisfies

d3(zo, 2)

(4%70)_"/2 exp (— Ino

(511)  Viyo () > / )dgo(=) — o

B(:ZZOaO’D)
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Proof. Let us first construct S such that assertions (a) and (b) hold. The
bound (5.11) will then follow easily.

In order to construct .S, we first introduce a constant 0 < 6 < 7y that will
be chosen small enough in the course of the proof depending only on A, E/, D, 1y
and §. The constant p will be chosen small enough depending on A, E, D, 19,0
and 0 in the course of this proof. In the following we will construct curves with
bounded L-length between (xo,0) and a large set of points (z, —7p). These
curves will arise as a concatenation of a short £-geodesic between (x,0) and
some point (y, —0) and a reparametrization of the curves from Proposition 5.4
to the interval [0, 79).

Let us first construct sufficiently many short £-geodesics based at (zo,0).
For this, we will argue similarly as in the claim of Lemma 4.4. As explained in
the proof of this claim we obtain the following special case of (4.6) for z < z(:

/M K(x0,0;y, —0)Lyy.0)(y, —0)dg—s(y) < 2nb.

Next, assuming p < 1,
0
- 4
L(wo,O)(y7 _0) > _2\/5/ \/;dT = —592 > —202
0
Now consider the integral

/ K(l‘g, 0;y, _'9) (f(xo,O) (y7 _0) + 292)dg—9(y) < 2nb + 262
M

The integrand of this integral is positive everywhere. So, by volume distortion
estimates, the lower bound on the heat kernel (see Proposition 3.4) and the
fact that |B(xo,0,v0)]g > cf™/? for some uniform ¢ = ¢(A) > 0 (see Proposi-
tion 3.1), we can find a constant C' = C'(A) < oo such that

L(zo,0) (9, =6)dgo(y S][ Ly 0 (y, —0) +26%)dgo(y) < C6.
]i(mo’\/é) (0,0 ( )dgo(y) B(zo,o,\/é)( (@0,0) ) )dgo(y)

It follows that if we set
U:= {y € B(x,0, \/5) 3f(x0,0)(y7 —0) < 209},
then )
Ul > §‘B(xo,0, Vo), > gen/?
We now fix the constant § = 6(A, E, D, p,79,d) > 0 small enough such
that 0 < 6 < 19 and such that the following holds:

(5.12) 20\/§+69\F\/7T0\/§<d+2\/§)2+6<d2+5 forall 0<d<D.
T0 —

Based on this choice, we pick §' = §'(A, FE, D, p,0,d) > 0 such that

§ <6  and 5'(%9”/2)_1 <.
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Now apply Proposition 5.4 with A <+ A, E < E, D <+ D, p + p, § + ¢,
(zo,t0) + (x0,0) for sufficiently small p (depending on A, E, D, 19, d), and let
S" C B(x0,0,D) x B(z0,0,D) be the subset that is denoted by S in that
proposition. For any z € B(xzg,0, D), let m(z) := S’ N ({z} x B(xzo,0,D))|o
be the time-0 measure of the section through z. By Fubini’s Theorem,

[ oty =18 <
B(z0,0,D)
It follows that there is a point y € U such that
1( € pn/2 -1
m(y) < 6 (29 ) <.
Now let S C B(xo,0, D) be the subset for which

{y} xS =90 ({y} x B(x,0,D)).

Then S satisfies assertion (a).
Next, we show assertion (b). Choose an L-geodesic v* : [0,60] — M with

7(0) = o, ¥(0) = y and
* I
(5-13) Lo(v") = L(IO,O)(ya —9) = T\/éL(zo,o)(y, —3) < CVe.

Let z € S, and recall that (y,z) € S’. Let v : [V0, /5] - M be a con-
stant speed parametrization of the curve =, , : [0,1] — M obtained in Proposi-
tion 5.4(b) and define ¥ : [0, 7o) = M by 7(7) := v(\/7). So7/ (1) = ﬁ’y’(ﬁ)
Thus, since by Proposition 5.4, we have |Ric|(7(s),t) < §' < @ for all s € [0, 7]
and t € [—1,0], we have

T0 , T0
2\/5/ VI (P dr < 27 - €8 / N
0 0
<2 7'0-69/ —— Y (V1)|3dr
v [M v
0 0 / 2
= [ s
Vo

2
.14 = (v - Vi) () )
gugﬁm%www¥
<0 (oo, 2) VO + )

< 69\/%(610(300, z) + 2\/§>2.
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Moreover, for sufficiently small p (depending on 6),

70
(5.15) /9 JIR((7), —)dr < ;mgﬂ < p<b)2.

Now let 4** be the concatenation of v* and 7. Then by (5.13), (5.14), (5.15)
and (5.12),

Lz0,0)(2,=70) < 2y/70Lo(7"™)
<20V + Y (do(a, =) + 2V8)’ + 0 < Ao, 2) + 6
N
This proves assertion (b).

We will now show how the first part of the lemma implies (5.11). For this,
observe that

Vo 0y (0) = /M<4WT0>—”/2e—l<Zv—T>dg_To<z>

L _
> e_p/ (47T7'())_n/2 exp <—(IO’O)(Z’ 7-()))cigo(,z)
B(J:(),to,D)\S

479
2
> e_p/ (4777'0)_"/2 exp (—dO(wZ’ 2) + 5) dgo(z)
B(mo,to,D)\S 70
2
> e_p/ (471'7'0)_”/2 exp (dO(xZ’ )+ 6) dgo(z)
B(ro,to,D) 70

— e PO (rrg) TS,

Note that |B(zo,to, D)|o is bounded from above by a constant that only de-
pends on A and D (see Proposition 3.1). So choosing p and ¢ small enough
implies (5.11). O

LEMMA 5.6. For any A, E < oo, p > 3 and § > 0, there are constants
0<v=w(),p=p(A, E p,J) <1 such that the following holds:

Let (M, (gt)ie[—2,0) be a Ricci flow on a compact, n-dimensional and ori-
entable manifold M and xo € M, and assume that

(1) V[g*254] 2 _Aa

(i) |R| < p on M x [-2,0];

(iii) for all (z,t) € M x [-1,0] and 0 < r,s < 1, we have

{rrRm (-, t) < sr} N Bz, t,r)|s < Es39rm
(iv) we have
| B(xo, 0, V_1)|0 > (wy — l/)(l/_l)n.
Then for all x € B(x,0,1), the reduced volume satisfies.
Vieo)(1/2) > 1 - 4.

Note that v does not depend on A, E or p.
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Proof. Let us first fix the constants. Choose v = v(J) > 0 small enough
such that

/ 2r) 2 P24y < 573, v <001,  4v<4/3,
R\ B(07,v-1)

and (wn —20) (™" > (wn — 3v) (v + )™
Next, choose n = n(d) > 0 small such that

1 —1\n n —1yn
m(wn—’/)(l/ D) —m>(wn_21’)(” o,

(1—=n)(wn—30) >wp—4v  and  2m) 22+ 1)n+n<d/3.

n<v/2,

We will now use Proposition 4.2 with (g,t) < (z,0), assuming p to be
sufficiently small, depending on A, E/,n. Proposition 4.2 yields a pointed sin-
gular space (X, ¢xo) = (X,d, R, g, gso) with mild singularities for which Ric = 0
on R, subsets U C R and V C M and a diffeomorphism & : U — V such that
assertions (a)—(g) of this proposition hold. Note that assertion (a) states that
doo € U and dop(P(¢eo), ) < n. Then, by assertion (f),

1
X -1 M -1 o n
|BY (goc, v +1)mR(>—1+n’B (2,0,v7" +1)| o
1 7 n
> ——|BM (0,0, — —1—
e A R
1 —1\n n
> —(wp — V)V —_

> (wp — 20) ()" > (wp, — 3v) (v + 1)™
Since X has mild singularities and satisfies Ric = 0 on R, we can apply the
Bishop-Gromov volume comparison on X (see [Bam17, Prop. 4.1]) and obtain
that

’BX(qoo,r) ﬂR’ > (wy, — 3v)r" for all 0<r<v 4l
Using assertion (f) of Proposition 4.2 again, we get
’BM(w,O, 7“)’0 > (1 —n)(w, = 3v)r" —n > (w, —4)r" —1n
for all O<r<vi41.

So by Lemma 5.5, for § < n, 79 + 1/2, xo < x and sufficiently small p,

v —n/2 d%(%,y)
Vie 12>/ dm-5) " exp (== )dgo(y) — 1
(w.0)(1/2) BM(%OVI)( Y ( . )dgo(y)
vl 7'2
= - — (27) " ?rexp (—— )dr
/];’M(a:,O,z/l) ( /do(%y) ( ( ) ( 2 )
(l/_l 2

+ (2m) 2 exp (—

2) ))dgo(y)—n
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-1
0
+ (2m) 202 BM (1,0, —y
-1
> (wn — 41/)/ (27’r)7n/2r”+1677'2/2d7‘ 4 (271.)*%/2(]/*1)7%7(1/_1)2/2
0

-1

- 17/ (2%)_”/2r6_r2/2dr - (271')_”/26_(”71)2/277 o/
0

> (wp, — 41/)/ (277)_”/26_|Z|2/2dz —@n) 2w+ -1
B(0n,v—1)CRn

> 1 —/ (2%)_”/2e_|z|2/2dz
R\ B(0",v—1)

- 41// (271')_”/26_|Z‘2/2dz —2r) 2w+ 1) -1
B(0m,u—1)CR"
>1—-0/3—4v—46/3
>1-4.
This finishes the proof. ([

5.4. Proof of the regularity theorems. We first need to establish the fol-
lowing gap theorem for the reduced volume:

LEMMA 5.7. For any A < oo, there are constants § = 0(A),0 = o(A) >0
such that the following holds:

Let (M, (gt)ie[—2,0) be a Ricci flow on a compact, n-dimensional and ori-
entable manifold M and xo € M, and assume that

(i) vlgoo, 4] > —A4;
(ii) |R| <1 on M x [-2,0];
(iii) for all x € B(x0,0,1), the reduced volume satisfies
‘/(9370)(1/2) >1-46.
Then rrm(x0,0) > 0.
Proof. Note that by the monotonicity of the reduced volume, we have
1>Viq(r)>1-38  forall 7€(0,1/2].

Assume now that the statement of the lemma was false, and pick arbitrary
sequences 0;, 05 — 0. Then we can find a sequence of flows (M, (gf)ie[—2,0])
and basepoints z(; € M; such that conditions (i)—(iii) of the lemma hold, but
for which r?{ﬁl(:pg, 0) < 0;. Choose y; € BMi(x{,0,1/2) such that

. P02
a; = |Rm|(yla0)<% - dgjl(y’wa))
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is maximal, and set @; := |Rm|(y;,0). Then a;, @Q; — oo and |Rm|(-,0) < 4Q);
on BMi(y;,0,4(3 — di (ys, ). Let (M;, (91 )te[=20.,0) be the flows that arise
from parabolic rescaling of (M, (g;)ic[—2,0) by Qi Then, in these rescaled
flows we have |Rm'|(y;,0) = 1 and [Rm’|(-,0) < 4 on B'(y;,0,%,/a;) and

"7(1;{8;,(921)(7) > 1—6 for all z € B'(y;,0,3,/a;) and 0 < 7 < @Q;/2. More-

over, by Proposition 3.2, we have
(5.16) Rm’| < 472 on P! = P’(yi,O,% a;, —52/4>

for some uniform ¢ = ¢(A) > 0. Lastly, due to Proposition 3.1, we have
|B'(z,0,1)|o > & for all z € B'(y;,0, +/a;), where k = r(A4) > 0 is some
uniform constant. So by passing to a subsequence, we may assume that the
pointed flows (M;, (ggi)te(_52/470], (vi,0)) smoothly converge to some Ricci flow
(Moo, (95°)te(—2 /4,01 (Yoo, 0)) that has complete time-slices and bounded cur-
vature on compact time-intervals. Note that |Rm|(ye0,0) = 1. Since we took
a blow-up sequence, we have R = 0 and hence Ric = 0 on M, x (—&2/4,0].
We now claim that for any zo € My and 0 < 7 < £2/4, we have
(5.17) Vil (1) = 1.
To see this, fix oo € My and 0 < 7 < 52/4, and consider a sequence z; € M;
that converges to x~ under the smooth convergence of Ricci flows. Note that
x; € BMi(20,0,1) for large i.
Consider the L-exponential maps on (M, (gf)te[_QQi,ol) based at (x;,0)
for the parameter T,

Eexp(%o)ﬂ. : Ty, My — M,
their Jacobians J(ﬁxi,o)(’vT) : Ty, M; — R and the subsets D(Cxi,o) C Ty, M;,

\T

Qéi 0,7 C M; as defined in Section 3.2. Fix some constant D < oo, and define
the subsets

Spi = EeXp(axi,O),T <T$iMi \ B(0x;, D)> < M;.

Due to the curvature bound (5.16), we find that for sufficiently large i (de-
pending on D), the following is true: for all v € B(0,,, D) C T, M;, the image
of the L£-geodesic

Yo i [0, 7] = M;, 7' Lexpg, o). (v)

lies in B'(y;,0,%/a;). Therefore the maps L expy, o),r smoothly converge to
Lexp(,.. o), on B(0z,, D) C Ty;; M;. Moreover, there is some constant D* < oo,
which does not depend on ¢, such that M; \ Sp; C B'(z;,0, D*) for all i. Note
that if i is large, then for all z € M;\ Sp;, the L-distance Ly, o)(2, —7) is given
by the L-length of an £-geodesic v, for some v € B(0,,,D) C T,,M;. So for
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any z € My and z; € M; with z; — 2o for which z; € M; \ Sp; for infinitely
many ¢, we have
lzoo,0)(2,—T) < liigigfl(%())(zi7 —7).

It follows that

Vit (r) = [ )2t G0y ()

1—00

> lim inf/ (477) 270 (57T 42 (2)
M;\Sp

— liminf (VM“(Q”(T) - / (4r7) "/ Qelwzwm(zwdg"i(z))
M\Sp,i

1—»00
> lim inf (1 —0; — / (4m7)~™/?
oo D(,. 09, \B(0z;,D)

- exp <_l(mi,0) (L XD (z,,0),r (v), —T))d’l))

> 1 — limsup (A7) ~"/?

1—00 /TZZ,M\B(O% ,D)
- €xXp (fl(zi,O) ([’ €XP(z;,0),7 (U)v *T)) dv

21_/ (4r) /2l /gy
Rn\B(On 7l))

Letting D — oo yields that the left-hand side of (5.17) is not smaller than the
right-hand side. The reverse inequality is always true by default.
Since (Moo, (95°)te(—2/4,0) 18 Ricci flat, we have

dy > (xg,x 2
Ligo0y(@, —7) = <02(\/(7)>_)).

So (5.17) implies that for all # € M, and 0 < 7 < £2/4,

[ e (<D e ) =¥ g ) = 1.

9]

So, by volume comparison,

1—/ (47rT)_"/2L€_T2/4T
0 2

T

BMee(2,0,7) ‘Odr

* —n/2 " _r2/4

< / (A7) M2 —e AT e = 1.
0 2T

It follows that |BMe(z,0,7)|o = w,r™ for all » > 0 and hence that (M, g5°) is

isometric to Euclidean space. This, however, contradicts |Rm|(y~,0) = 1. O

We can finally prove Proposition 5.1 and Corollary 5.2.
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Proof of Proposition 5.1. Let 6 = §(A),0 = o(A) > 0 be the constants
from Lemma 5.7, and determine v = v(§) from Lemma 5.6. Set g9 = eg(A) :=
v. By combining those lemmas we conclude that whenever p is sufficiently
small, depending on A, E, p, and

|B($07O7 V_1)|0 > (wn - V)(V_l)nv

then 7rm(z0,0) > o. The proposition now follows via parabolic rescaling by
(rov)2. O

Proof of Corollary 5.2. The Y-regularity of the limit follows immediately
from Proposition 5.1 and assertions (c¢) and (d) of Proposition 4.1. The con-
stant Y can be chosen only depending on g9 and og of Proposition 5.1, which
in turn only depend on A.

Alternatively, observe that Proposition 5.1 implies property (G) from
[Bam17, §1.2] for an A that only depends on the A from Proposition 4.1.
The corollary follows now using [Bam17, Th. 1.2(c)]. O

6. Proof of the main theorems

6.1. Proof of the integral curvature bound. We first prove the following
covering lemma, whose result we will iterate later:

LEMMA 6.1. For any A < oo and 0 < p < 4, there is a constant H =
H(A,p) < oo such that
Forany E' < oo and0 < X < 1, thereis a constant0 <7 =T(A,p, E',\) <
1 such that the following holds:
Let (M, (gt)te[-2,0) be a Ricci flow on a compact, n-dimensional and ori-
entable manifold M and 0 < ro <T a scale with the property that
(i) v[g—2,4] > —A4;
(ii) |R| <1 on M x [-2,0];
(iii) for all (z,t) € M x [-1,0] and 0 <7 <719 and 0 < s < 1, we have

’{TRm("t) < S’F} M B(x,t’r)h < E/S?)'l’l"n.

Then for any x € M and 0 < r < 10rg, we can find at most HAP™"™ many
POINLS Y1, .., Ym € M, m < HNXP™" such that

m
(6.1) {rRm(+,0) < Ar} N B(z,0,7) C U B(y;,0,Ar).

j=1

Proof. Fix the constants A and p for the rest of the proof, and deter-

mine Y = Y (A) as the maximum of the corresponding constants from Propo-
sition 4.1(b) and Corollary 5.2. So every blow-up limit X of Ricci flows
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(M;, (9{)te[—2,0]) that satisfy assumptions (i)-(iii), as obtained via Proposi-
tion 4.1, is a singular space X = (X,d, R, g) with mild singularities of codi-
mension 3.1 that satisfies Ric = 0 on R that is Y-tame and Y-regular at all
scales. Consider such a blow-up limit X for a moment. We can now apply
[Bam17, Th. 1.6] to X', and we obtain a constant £ = E(p, Y (A)) < oo, which
only depends on p and Y and hence on A, such that X’ satisfies the bound

(6.2) {rt < sr} N BY (200,7) NR| < EsPr™

for all zoo € X, 7 > 0 and 0 < s < 1. Fix this constant £ = E(p,Y (A)) for
the rest of the proof, and remember that ' only depends on A and p.

Next, we show that for any £’ < oo and 0 < A < 1, there is a constant
7 =T(A,p, E',\) > 0 such that for any z € M and 0 < r < T,

(6.3) {rrm (-, 0) < 2Mr} N B(x,0,2r)|o < 2E(20)P(2r)".

Assume that there was no such 7 for some fixed E’, X\. Then we can find a
sequence of Ricci flows (M, (g})ie[—2,0) that satisfy assumptions (i)—(iii) and
points x; € M;, 0 < r; < 10r¢; with o4, — 0 such that for all i,

PR (- 0) < 2Ari} 0 BMi(,0,2r;)
Rm

L= 2B(20P(2r)".

Let (M] = Mj, (") se[—2(r: /10)~2,0]) be the flows that arise from (M;, (g})se[—2,0))
by parabolic rescaling by (r;/10)72. After this rescaling, the previous bound
becomes
(6.4) [ {ria(,0) < 200} 1 BMi (2;,0,20)| > 2B(20)P20".
Note that |R| < r? — 0 on M x [—(r;/10)72,0]. So we can apply Proposi-
tion 4.1(b) to conclude that, after passing to a subsequence, we have conver-
gence of the pointed Riemannian manifolds (M}, g, z;) to some singular space
(X, 2o) with mild singularities of codimension 3.1 that satisfies Ric = 0 on
R and that is Y-tame and Y-regular at all scales. The convergence can be
described by a convergence scheme {(U;, V;, ®;)}22,. Moreover, the limit space
X satisfies (6.2).

We will now derive a contradiction by passing (6.4) to the limit. Fix some
e > 0 for the moment, and observe that by Proposition 4.1(e), for large i we
have

(6.5) BMi(;,0,20) \ ®;(U; N B* (200,20 + €)) € BM (2,0,20) \ V;
c {ral(,0) < €} 1 BM (2,0, 20).

Next note, that by a standard ball-packing argument there is a uniform con-
stant C' < oo such that every 20-ball in (M;, gf') can be covered by at most C
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many 1-balls. Combining this with (6.5) and the parabolically rescaled as-
sumption (iii), for large i, we get

[BM (20,0,20) \ @5(Us 1 BY (200,20 + 2))| | < CE'=3120",
Combining this with (6.4) and Proposition 4.1(d), we find
\{Tﬁm(-, 0) < 20\ + ¢} N B (200,20 4 ) N R' > 2E)\P — CE'e3120™.

For sufficiently small ¢, this contradicts (6.2) and hence shows (6.3).

We will now use (6.3) to show (6.1). To do this, choose m € N maximal
such that we can find points y1,...,Ym € {rRm(-,0) < Ar}NB(z,0,r) with the
property that the balls B(yy,0,Ar/2),..., B(ym,0, A\r/2) are pairwise disjoint.
Then

B(y1,0,Ar/2), ..., B(Ym,0,A\r/2) C {rrm(+,0) < 2Ar} N B(z,0,2r).

By Proposition 3.1 there is a constant ¢ = ¢(A) > 0, which only depends on
A, such that

|B(y;,0,Ar/2)|o > c(Ar/2)".
It follows using (6.3) that
2E(2\)P(2r)"  2E.2p+n

= APTT = HN\PTT,
c(Ar/2)n c(N\/2)7
Note that H = H(A, p) only depends on A and p. By the maximal choice of
m we conclude (6.1), which finishes the proof. O

Applying Lemma 6.1 successively for sufficiently small A yields

LEMMA 6.2. For any A< oo and 0 <p <4, there is a constant Ep(A) < oo
such that for any E' < oo, there is a constant 0 < T = 7(A,p, E') < 1 such
that the following holds:

Let (M, (gt)ie(—2,0) be a Ricci flow on a compact, n-dimensional and ori-
entable manifold M and 0 < ro < T a scale with the property that

(i) vlg—2,4] > —A4;
(ii)) |R| <1 on M x [-2,0];
(iii) for all (z,t) € M x [—1,0] and 0 <r <71 and 0 < s < 1, we have

{rRm (- t) < s7} N B(z, t,r)|; < E's>1rm.
Then for any x € M and 0 <r < 10rg and 0 < s < 1, we have
(6.6) H{rRm(+,0) < sr} N B(z,0,7)|o < EpsPr”.

Proof. Fix A < 0o and 0 < p < 4 for the rest of the proof, and choose
some p’ = p(p’) such that p < p’ < 4. Let H = H(A,p’) be the constant
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from Lemma 6.1. Based on this constant choose 0 < A = A(A, p,p’) < 1 small
enough such that

HXNP'~P < 1.

Now consider the constant E’, and choose 7 = T(A, p’, E’, \) according to
Lemma 6.1. Applying Lemma 6.1 multiple times yields that for any integer
k > 1, there are at most (H)\p'*")k many points y1,...,ym € M such that

m

{rRm(-,0) < Xery N B(z,0,r) C U B(yj,O,)\kr).
j=1

By Proposition 3.1 there is a constant C' = C(A) < oo, which only depends
on A, such that the time-0 volume of the balls B(yj;, 0, M) is bounded from
above by C(Afr)™. Thus

[{rim(+0) < Xor} 0 B, 0,r)]g < C\Fr)" (AP )
— OAPE(H AP PYkpn < C\PRp?,

As X\ and C only depended on A and p, this bound implies (6.6) for some
suitable Ep, = Ep(A) < oo. O

Next, we show that assumption (iii) in Lemma 6.2 always holds for a
suitable E' = E’'(A).

LEMMA 6.3. For any A < oo, there are constants E' = E'(A) < co and
7 =T(A) such that the following holds:
Let (M, (gt)ie[—2,0) be a Ricci flow on a compact, n-dimensional and ori-
entable manifold M with the property that
(i) v[g—2,4] = —A;
(i) |R| <1 on M x [—2,0].

Then for any (x,t) € M x [-1,0] and 0 < r <T and 0 < s < 1, we have
(6.7) H{rrm(-,t) < sr} N Bz, t,r)| < B3

Proof. Fix A, and choose E' := E31(A) < oo according to Lemma 6.2.
Next choose 0 < 7 =7(A,3.1, E') < 1 according to Lemma 6.2. It follows that
whenever for all (z,t) € M x [-1,0] and 0 < r <7 and 0 < s < 1 the bound
(6.7) holds, then it also holds for all (z,t) € M x {0} and 0 < r < 107 and
0<s <l

Let us now apply this conclusions to parabolic rescalings of (g¢)e[—2,0)-
Let 0 < rg < 1andtye -2+ 27‘8,0], and consider the parabolic rescaling
gii=To 297»3(75 +t0)» Which is defined for at least all times ¢ € [~2,0]. The time-
interval [—2,0] for (g});c[—2,0] corresponds to the time-interval [to — 2rg, to] for
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(9t)te[-2,0;- By the monotonicity of the v-functional, we have

I/[QI,Q, 4] = V[gt0—2r§’4a2] > v[g_2, 47“% + (to — 27‘8 + 2)]
= v[g_2,2r§ + to +2] > v[g_2,4] > —A.

So the rescaled flow (g');c—2,0) still satisfies assumptions (i) and (ii). Hence,
applying our previous conclusion to (¢’ )te[—?,o] and rescaling back shows the
following;:

Whenever 0 < ro < 1 and to € [-2+ 213, 0] and whenever the bound (6.7)
holds for all (z,t) € M X [to — 13,t0] and 0 < r < Trg and 0 < s < 1, then it
also holds for allz € M and 0 <r < 107rg and 0 < s < 1.

Assume now that the conclusion of the lemma was wrong with our choice
of E'. Then we can find some (z1,t1) € M x [-1,0], 0 < 7 <7 and 0 <
s1 < 1 such that (6.7) fails for < x1,t < t1, r < r1 and s < s;. By
the contrapositive of our previous conclusion for ty < t1, rg < %771“7 this
implies that we can find some xo € M, t2 € [t; —2(1—10?*17'1)2,1%1], 0<r < %0?"1
and 0 < s2 < 1 such that (6.7) fails for z < xo,t < to, r < ro and s < sa.

Repeating this argument yields a sequence (z1, 1,71, $1), (2, t2,72, $2), . . . such
that r1 < 1—107% and |tg41 — tx| < 2(%07_17%)2 and such that (6.7) fails for
T4 Tyt tp, T rpand s+ s forall k =1,2,.... As 1, < (1—10)’“_1?, we

find that ¢ stays within [—1.5,0]. So the process can be continued indefinitely.
However, by the smoothness of (gt)te[_gm there is some large k for which the
left-hand sided of (6.7) is zero for x < xg,t < tg, r < ri and s < sg. This
gives us the necessary contradiction. ([

We can finally state our most general bound on the sublevel sets of rgry.

PROPOSITION 6.4. For any A < oo and 0 < p < 4, there is a constant
E = E,(A) < 0o such that the following holds:

Let (M, (gt)te[—2,0) be a Ricci flow on a compact, n-dimensional manifold
M with the property that

(i) v[g—2,4] > —A;
(i) |R| <1 on M x [2,0].

Then for any (z,t) € M x [—1,0] and 0 < r,s < 1, we have
|{TRm(‘,t) < 57“} N B(:E,t,r)|t < Epsprn.

Proof. This follows from Lemmas 6.2, 6.3 and a covering argument using
Proposition 3.1. In the non-orientable case, we need to pass to the orientable
double cover. O

As a consequence, we obtain Theorem 1.7.
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Proof of Theorem 1.7. The theorem is a consequence of Proposition 6.4.
More specifically, note that by the maximum principle applied to the evolution
equation for the scalar curvature

2
OR = AR+ 2[Ric|> > AR + ﬁR%

we have R > —% on M x (—2,0]. So by assumption (i) we have —% <
R < A on M x [-1,0]. By parabolic rescaling and with the help of a covering
argument we may therefore reduce our proof to the case |[R| < 1 on M x[-2,0].
See also the discussion in Section 2.1 on how parabolic rescaling affects the
bound of the v-functional in assumption (ii).

We can now use Proposition 6.4 for p = 4 — € to conclude

—4+2¢
m\" d
/B(x,t,r) (TR ( t)) 9

o0
= —442¢
a /B(ac,t,r) /1"—4+25 X5<T§§1+25(',t)d8dgt +r |B(z,t,7)|:

[e.e]
/r4+2s

o0 —€
< / Ep8_44—7267m74+€d5 + C(A)Tnf4+2s < C(A,Ep,€)7‘n74+2€.
r

—44-2e

{TRm(~,t) < S_ﬁ} N B(l‘,t,r)‘tds + C(A)T,n—4+2s

This finishes the proof. ([

6.2. Convergence of the flow away from a subset of codimension 4. Theo-
rem 1.4, except for the assertion involving the uniform convergence in the case
pi — 0, now follows immediately:

Proof of Theorem 1.4. The theorem follows from Propositions 4.1 and 6.4
O

Next we present the proof of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. By [BZ15, Cor. 1.2], we have uniform convergence
dy — dp for t S T. The function dp : M x M — [0,00) is a pseudometric.
Write © ~ y if d(z,y) = 0. Then (M, dr) descends to a metric space (M* :=
M/ ~,d}).

Let ¢ € M. By the first part of Theorem 1.4 (or Propositions 4.1 and
6.4), we obtain that there is a sequence t; /T such that (M, g,,q) converges
to a pointed singular space (X, d, R*, g, ¢oo) With codimension 4 singularities,
according to some convergence scheme {(U;, V;, ®;)}2,. It follows that (X, d)
is isometric to (M*,d7). So identify in the following (X,d) with (M*,d})
and view R* C M*. Let R C M be the preimage of R* under the canonical
projection w: M — M* = M/ ~.
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By looking at the construction of the convergence scheme {(U;, Vi, ®;)}5°,,
we may assume that for all x € R*, we have ®;(7(x)) — z as i — oo. Thus,
by Proposition 4.1(d) we have lim;_oc 7Rm (2, t;) = &, («), where &, denotes
the curvature radius on &X'. Using forward pseudolocality, Proposition 3.2, we
obtain that the metric g; smoothly converges to some metric gr on R ast NT
and rrm (2, T') := limy »7 rRi (2, ) exists for all z € M.

Assume now that x € R and y € M such that  ~ y. Then z = y, because
for ¢ sufficiently close to T', we have di(z,y) < rrm(2)/2 and the convergence
g+ — gr is smooth on B(z,T,rgm(z,T)/2). So 7|g : R — R* is a bijective
map and 7*¢g = gr. This finishes the proof of the theorem. O

Proof of Theorem 1.2. Recall the basepoint ¢ € M, choose a sequence
5 T and consider the kernels

Kj(z,1) == K(q, t}; 2,1)

to the conjugate heat operator 9; + A — R. So for every fixed t € [0,t}), we
have

(6.) / K(e,t)dgi(z) =1 and -0, = AK, — R,
M

By Perelman’s Harnack inequality for the conjugate heat equation (cf.
[Per(02, 9.5]), we have

1
By comparison with the constant curve, we obtain the bound

t*—t
| / " VRR(.€ — 7)dr

(@t5)( 2\/t*7
< — / e f
2,/t5 — ( —7)

t*—t C
sl v

Combining this with (6.9) yields the following bound at ¢ for some ¢y > 0:

—dT

<C.

1 _ co
6.10 Ki(gt)>—— ¢ ¢>__ 2

Next, we use the reproduction formula

©1) Ko = [ K 5T+ 0K T+ 05000 ()
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to derive further bounds on Kj(x,t) for large j. To see why (6.11) holds, recall
that both Kj(x,t) and

K(z,t) = /M Kj(y, 3(T + ) K (y, 5(T + t);2,)dgy 1y ()

satisfy the conjugate heat equation and agree for t = ' = %(T +1).

We first note that we have the scalar curvature bound R < 2C(T —t)~!
on M x [0,1(T +t)]. So by Proposition 3.4 we have an upper bound of the
form

1 ' 1 iry(@:9) ¢’
6.12) K(y,3(T +1t);z,t) < —————exp | ——2 =
(6.12) Ky, 3(T+ 8ot < 5o eXP( C'(T —t) ) T (T -t
for some uniform ¢’ < co. Combining this with (6.8) applied at time (7" +¢)
yields that for large 7,
C/

(6.13) Kj(z,t) < T

In order to deduce a lower bound on Kj(-,t), we observe that by (6.12)
there is some uniform D < oo such that for

B%(Tth) = B(q,%(T—f—t),D\/rth)a
we have
. . co/2
Koot s "pm o M By

where ¢y > 0 denotes the constant from (6.10). So by (6.10), (6.12) and (6.8)
we obtain that for large j,

C Co
<
(T =) = (t; = 1)

C’
. 1 -

5(T+0)
co/2
Ff R ey )
M\B Y (744 j
(04 1 60/2
< m /B Kj(@/» §(T + t))dg%(T—&-t) (y) + 4(T — t)n/g-

$(T+t)

Thus
(1 Co
L BT 0oy ) > 55

LT+
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So if we restrict the domain of the integral in (6.11) to By ++) and use the lower
2

Gaussian bound on K (y, 5(T + t); 2, t) from Proposition 3.4 and the distance
distortion bound from Proposition 3.3, then we obtain that for large j,

c1 di (¢, ) )

Kj(z,t) > T — oz P <_61(T—t)

for some uniform ¢; > 0.

By (6.13) and local parabolic regularity, we obtain local bounds on higher
covariant derivatives of K, which may depend on space and time, but which
are independent of j. So after passing to a subsequence, we have smooth
convergence K; — u € C*°(M x [0,T)) on compact time-intervals. The limit
u is a positive solution to the conjugate heat equation —0yu = Au — Ru, and
for all t € [0,T), we have

/ u(x, t)dg(x) =1
M

and

C d%(‘]a'r) C/
(614) mexp (q(T—t)) < U(I',t) < m

Now write
Kj(z,t) = (4n(t; — 1)) 2e @D and  wu(z,t) = (An(T — )"/ 2e /0,
Then f; — f smoothly on compact time-intervals. For any ¢ € [0,7"), we have

w(t) = W[gta f('vt)vT - t] = jILI&W[gt7fj('7t)vt; - t] <0.

Recall also that w(t) is non-decreasing in ¢t. More specifically,

. 1 2
w'(t) = /M 2(T — t)‘ Ric(-, ) + V2f(-,t) — mgt u(-,t)dg.
So, given any sequence t; /T, for any 6 > 0, we have
(6.15)
ti 1 2
lim / 2(T — t)’ Ric(-,t) + V2f(-,t) = =————g¢| u(-,t)dgedt = 0.
10 St —0(T—t;) J M 2(T - 1)

We now use Theorem 1.4 (or Propositions 4.1 and 6.4) to conclude that
(M, (T —t;)"'g:,, q) converges to a pointed singular space

(X7q00) = (X7d7R797QOo)

whose singularities have codimension 4. Let {(U;, Vi, ®;)}5°; be a scheme for
this convergence. Now consider the functions f(z) = f(®;(x),t;), [ €
C>(U;). We will show that, after passing to a subsequence, these functions
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limit to a smooth function fo, € C°°(R) that satisfies the gradient Ricci soliton
equation.

(6.16) Ricy +V?foo — 29 = 0.

This question can be analyzed locally. So let zg € R, and choose 0 < 20 <
7 (x). Then for large i, we have rrpm(®i(z0),t;) > o(T — t;)"/2. Using
backward and forward pseudolocality, we find that rgrm, (®;(x0),t;) > eo(T —
)12 on P(®;(x0),ti,e0(T — t;)Y/?, £e26%(T — t;)) for some uniform £ > 0.
Using local parabolic derivative estimates and (6.14), we obtain that

(6.17) V7 f| < Coo(T —t;)"™?  for  m=0,1,...

on P(®;(w0),ti, 3e0(T — t;)4/2, £1e26%(T — t;)) for some uniform constants
Cp, < oo. Thus, after passing to a subsequence, these functions fi smoothly
converge to a smooth function fo, on BX(z, isa). If foo did not satisfy the
gradient Ricci soliton equation (6.16) at xg, then by the smooth convergence,
for large i, we would have

2

(T —t)*| Ric(-,t) + V2f(-,t) — gt >

AT ~t)
at ®;(x¢) and t = t; for some uniform ¢’ > 0. Due to the local derivative
estimates (6.17) and Shi’s derivative estimates on the curvature, this would
imply that the same bound, possibly for a smaller ¢, holds on P(®;(x¢), t;,
(T — t;)'/2, —€'(T — t;)) for some uniform &’ > 0. This would however con-
tradict (6.15). So fs satisfies indeed (6.16). O

The Hamilton-Tian Conjecture now follows immediately.

Proof of Corollary 1.3. The Hamilton-Tian Conjecture follows from The-
orem 1.2 and the upper bounds on the scalar curvature and the diameter as
derived in [STO08]. O
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