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The sharp threshold for making squares

By PAUL BALISTER, BELA BOLLOBAS, and ROBERT MORRIS

Abstract

Consider a random sequence of N integers, each chosen uniformly and
independently from the set {1,...,z}. Motivated by applications to factor-
ization algorithms such as Dixon’s algorithm, the quadratic sieve, and the
number field sieve, Pomerance in 1994 posed the following problem: how
large should IV be so that, with high probability, this sequence contains a
subsequence, the product of whose elements is a perfect square? Pomerance
determined asymptotically the logarithm of the threshold for this event and
conjectured that it in fact exhibits a sharp threshold in N. More recently,
Croot, Granville, Pemantle and Tetali determined the threshold up to a fac-
tor of 4/m + o(1) as x — oo and made a conjecture regarding the location
of the sharp threshold.

In this paper we prove both of these conjectures by determining the
sharp threshold for making squares. Our proof combines techniques from
combinatorics, probability and analytic number theory; in particular, we
use the so-called method of self-correcting martingales in order to control
the size of the 2-core of the random hypergraph that encodes the prime
factors of our random numbers. Our method also gives a new (and com-
pletely different) proof of the upper bound in the main theorem of Croot,
Granville, Pemantle and Tetali.
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1. Introduction

Many of the fastest known algorithms for factoring large integers rely
on finding subsequences of randomly generated sequences of integers whose
product is a perfect square. Examples include Dixon’s algorithm [15], the
quadratic sieve [28], and the number field sieve (see, e.g., [25]); an excellent
elementary introduction to the area is given by Pomerance [31]. In each of
these algorithms one generates a sequence of congruences of the form

a; = b? (mod n), i=1,2,...

and then one aims to find subsets of the a; whose product is a perfect square,
say [Jser @i = X2, so then one has X? = Y2 (mod n) with Y = [[;cs b;. If one
is lucky, then X # +Y (mod n), in which case one can generate non-trivial
factors of n as ged(X £ Y, n).

A useful heuristic, suggested by Schroeppel in the 1970s (see [31]), is
to imagine that the numbers a; are chosen independently and uniformly at
random from the set {1,...,x} for some suitably chosen integer x. Motivated
by this idea, Pomerance [29] posed in 1994 the problem of determining the
threshold for the event that such a collection of random numbers contains a
subset whose product is a square. To be precise, given = € N, let us define a
probability space (x) by choosing a1, ag, ... independently and uniformly at
random from {1,...,z}, and a random variable T'(z) by setting

T(z) := min {N e N: Hai is a perfect square for some
el

IC{l,...,N}, I# (z)}.
Pomerance [30] proved that for all € > 0,

(1) exp ((1 —5)\/210gx10g10g:1:) < T(x) < exp <<1 +s)\/210gxloglog3:)

with high probability,! and he conjectured that T'(x) in fact exhibits a sharp
threshold, i.e., that there exists a function f(x) such that (1—¢)f(z) < T(x) <

!We use the term with high probability to mean with probability tending to 1 as 2 — co.
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(1 4+ &) f(xz) with high probability for all € > 0. Croot, Granville, Pemantle
and Tetali [13] significantly improved these bounds (see (3), below) and stated
a conjecture as to the location of the threshold, i.e., the value of the func-
tion f(z). In this paper we shall prove these two conjectures.

In order to state the theorem and conjecture of Croot, Granville, Pemantle
and Tetali, we will need to recall some standard notation. Let 7(y) denote the
number of primes less than or equal to y, let ¥(x,y) denote the number of
y-smooth integers in {1,...,z}, that is, the number of integers with no prime
factor strictly greater than y, and define

@) J(z) = min W7

T 2% U(a,y)

It can be shown (see Section 3) that the minimum in (2) occurs at

Yo = Yo(x) = exp ((1 + 0(1))\/% log x log logaz)

and that
J(@) =y = exp ((1+0(1))y/2logzloglogz).

An asymptotic formula for J(z) was obtained by McNew [26]. We remark that
a relatively straightforward argument due to Schroeppel (see [30]) shows that,
for all € > 0,
T(z) < (1+¢)J(x)

with high probability, which implies the upper bound in (1). Indeed, if N >
(1 + &)J(x), then with high probability at least m(yp) + 1 of the numbers
ai,...,ay will be yg-smooth, since each a; is yp-smooth with probability
U(z,y0)/x = 7(yo)/J(z). Now, by simple linear algebra, it follows that the
vectors encoding the primes that divide a; an odd number of times are linearly
dependent over Fo, and hence there exists a subset whose product is a square,
as required.

Pomerance’s conjecture remained wide open for over ten years, until a
fundamental breakthrough was obtained by Croot, Granville, Pemantle and
Tetali [13], who used a combination of techniques from number theory, proba-
bility theory and combinatorics to dramatically improve both the upper bound
of Schroeppel and the lower bound of Pomerance [30], determining the location
of the threshold to within a factor of 4/7. To be precise, they proved that

(3) %(e*7 —e)J(@) < Tl(z) < (¢7 +¢)J(x)

with high probability, where v ~ 0.5772 is the Euler-Mascheroni constant.
Recall that e™" is (amongst other things) the limit as y — oo of the ratio of
the density of integers with no prime divisor smaller than ¥, to the proportion
of elements of {1,...,y} that are prime.
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Croot, Granville, Pemantle and Tetali [13] conjectured that the upper
bound in (3) is sharp. Our main theorem confirms their conjecture.

THEOREM 1.1. For all € > 0, we have with high probability
(e —¢e)J(z) < T(x) < (e +¢)J ().

As a simple corollary, we also deduce the following asymptotic expression
for the expected value of T'(x).

COROLLARY 1.2. E[T(:p)} = (e‘“’ + o(l))J(x) as r — 00.

Since the upper bound in Theorem 1.1 was proved in [13], we are only
required to prove the lower bound. However, we will also obtain a new proof
of the upper bound, quite different from that given in [13], as a simple conse-
quence of our method; see Section 10. We would like to thank Jonathan Lee
for pointing out to us a particularly simple and natural way of deducing this
from our proof.

Another significant advantage of our proof, which is outlined in Section 2,
is that it gives detailed structural information about the typical properties of
the set of numbers that are left over after sieving and “singleton removal” (see,
e.g., [22]). We plan to study this structure in a more general setting, and in
greater detail, in a follow-up paper together with Lee [2].

Croot, Granville, Pemantle and Tetali [13] proved their lower bound in (3)
via the first moment method, by counting the expected number of non-empty
subsets I C {1,..., N} such that [[;c;a; is a square. Unfortunately, there
exists a constant ¢ > 0 such that this expected number blows up when N >
(e77 —¢)J(x), which implies that a sharp lower bound cannot be obtained by
this method. (See the comments after the proof of Theorem 1.1 in Section 10.)

Instead, we shall use the method of self-correcting martingales? to follow
a random process that removes numbers from the set® {aj,...,ay} as soon
as we can guarantee that they are not contained in a subset whose product is
a square. This is in one sense very simple: a number a; can be discarded if
there exists a prime for which a; is the only remaining number that it divides
an odd number of times. However, this apparent simplicity is deceiving, and

2This technique is based on the so-called “differential equations method” (see, e.g., [23],
[35]), and it involves the use of martingales to control a collection of interacting random
variables that exhibit “self-correction” in a certain natural sense (see Sections 7 and 8). It
was introduced in [4], [7], [33] and has more recently been further developed in [5], [6], [16];
our approach is, in particular, based on that used in [16].

3This is, strictly speaking, a multi-set, since the numbers a; are chosen independently with
replacement. However, since we are very unlikely to choose the same number twice (indeed,
if we do so we immediately have a square), we shall ignore this possibility for the sake of this
discussion.
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the technical challenges involved in tracking the process are substantial. For
example, we will need to reveal the random numbers {a1,...,an} gradually
(roughly speaking, prime by prime, in decreasing order), and the amount of
information we are allowed to reveal at each step is rather delicate. Moreover,
the removal of a number can trigger an avalanche, causing many other numbers
to be removed in the same step. Fortunately, however, self-correction (which
is partly a result of these avalanches) will allow us to show that the process
remains subcritical (in a certain natural sense), which will in turn allow us to
control the upper tail of the size of the avalanches; see Section 6. In order to do
so, we will need good control over the dependence between the prime factors
of the numbers {ay,...,ay} conditioned on the information we have observed
so far. This is achieved in Section 5, where we obtain strong bounds on the
ratio between the (conditional) probability of certain “basic” events, and the
corresponding probabilities in a simpler independent model. These bounds
require some number-theoretic estimates (stated in Section 3), most of which
follow easily from the fundamental work of Hildebrand and Tenenbaum [18]
on smooth numbers.

Using the method described above, we shall be able to show that with high
probability the number of “active” numbers (i.e., elements of {ay,...,ay} that
we have not yet discarded) tracks a deterministic function (see Theorem 2.2,

below) until there are very few numbers remaining (roughly e~ CVlogyoy, for
some large constant C'), at which point we can apply the first moment cal-
culation from [13]. The heuristic reason for the appearance of the formula in
Theorem 2.2 is that the number of y-smooth numbers is concentrated (e.g., by
Chernoff’s inequality) for all reasonably large values of y, since the a; are cho-
sen independently, and is equal to the number of isolated vertices in a certain
natural (random) hypergraph (see Definition 2.3). We will control the average
degree of this hypergraph (see Theorem 2.6) and show (using Theorem 5.1)
that its edges are chosen almost independently so, in particular, its degree
distribution is close to Poisson. Equating these two estimates for the number
of isolated vertices gives (7). The Euler-Mascheroni constant v appears in our
proof at this point, since when we reveal the zth smallest prime, the (typical)
average degree of the hypergraph is close to Ein(m(z)/z), where m(z) is the
number of active numbers at this point, and Ein is the exponential integral

w] et

Ein(w) = /0 ; dt.

In order to prove the upper bound in Theorem 1.1, we observe (Lemma 10.2)
that the ratio of the number of active numbers and active primes (that is,
primes that could still appear in some square) approaches 1 when z = m(yp)
and N/J(z) approaches e7. Thus, by adding just a few extra yp-smooth
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numbers, we can apply the linear algebra approach of Schroeppel to obtain a
subset whose product is a square, as required.

The rest of the paper is organized as follows. In Section 2 we give a detailed
outline of the proof, state our main auxiliary results, and define precisely the
random process mentioned above. In Section 3 we deduce the number-theoretic
estimates we need from known results on smooth numbers, and in Section 4
we recall some basic results from probability theory, define some useful events,
and use the results of Section 3 to prove various useful properties of these
events. In Section 5 we shall again apply the results of Section 3, this time to
control the dependence between the prime divisors of our random numbers in
the probability space obtained by conditioning on the information revealed in
the random process so far, and then in Section 6 we apply the main theorem
of Section 5 to control the size of avalanches in the process. In Section 7 we
use these results and the method of self-correcting martingales to control the
process for large primes, and in Section 8 we do the same in the critical range
z = 9(Wlog yo)yo. Finally, in Sections 9 and 10, we will deduce the main aux-
iliary theorems stated in Section 2, as well as Theorem 1.1 and Corollary 1.2.

1.1. Notation and basic definitions. Let us conclude this introduction by
collecting together for convenience some of the basic definitions and nota-
tion that we shall use throughout the paper. We shall denote the primes by
41,92, - - -, SO ¢ is the zth prime. (We use ¢ here to avoid overusing the letter p,
which will often denote a probability.) We shall write [n] = {1,...,n} for the
first n positive integers and [m, n] for the set {m,...,n}. We shall also use the
notation a € b &+ ¢ to mean that

b—c<a<b+e

In this paper, a hypergraph H will consist of a set V(H) of vertices and a
multi-set E(H) of hyperedges (which we will usually refer to simply as edges). A
hyperedge is just a subset of V(#), and a k-edge is a hyperedge of size k. Note
that we allow multiple copies of the same edge; all edge counts are taken with
multiplicity. A hypergraph H' = (V/, E’) is a sub-hypergraph of H = (V, E)
if V.C V(H) and E' C E(H) (so that each e € E’ is a subset of V'). The
degree of a vertex v € V(H) in H is the number of hyperedges containing it,
counted with multiplicity. An isolated verter is a vertex of degree 0. An even
hypergraph is one in which all vertices have even degree.

The 2-core of a hypergraph H is the hypergraph obtained by repeatedly
removing any vertex of degree at most 1, along with the corresponding edge
when the degree is exactly one. Clearly, the 2-core is the union of all sub-
hypergraphs of minimum vertex degree at least 2.

Finally, let us recall the standard Landau notation, which we shall use
throughout the paper. Given functions f(x) and g(x), we write f(z) = O(g(z))
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if | f(z)] < Clg(z)| for some constant C' and all sufficiently large x; and f(x) =
O(g(x)) if f(z) = O(g(x)), g(x) = O(f(z)), and f(x)/g(x) is positive for all
sufficiently large . We write f(z) = o(g(z)) if f(x)/g(z) = 0 as x — oo, and
f(z) = w(g(x)) if g(x) = o(f(x)). Unless stated otherwise, all limits are as
x — oo, where {1,...,x} is the set from which the random numbers a; are
chosen. We shall avoid the notation Q(f(z)), <, and >, as these may mean
different things to different mathematical communities.

2. An outline of the proof

In this section we shall precisely define the random process that we shall
use to prove Theorem 1.1, and state our key results about this process, Theo-
rems 2.2 and 2.6. Throughout the proof we fix a constant n > 0 and a suffi-
ciently large integer x.* We set N = nJ(z) and define an N-tuple (ay,...,ay)
by choosing N elements of [z] independently and uniformly at random (with
replacement), and we form an NV x 7(x) 0-1 matrix A by setting A;; = 1 if and
only if the jth prime g; occurs an odd number of times in the prime factoriza-
tion of a;. Thus, to find a subset I C [N] such that [];c; a; is a square, it is
enough to find a set of rows of A such that all column sums within these rows
are even.

Note that the rows of A are chosen independently, but the columns are
not. For example, the condition a; < x puts a limit on the number of times a 1
can occur in row 7 of A. More precisely, let @(m, y) be the number of integers
in [z] all of whose prime factors that are strictly greater than y occur to an
even power. Thus

(4) U(z,y) = Y W(z/ty),

teP(y)

where P(y) is the set of all £ > 1 that have no prime factor less than or equal
to y. Define

U(x,q) — ¥(x, 1)
\IJ(%qj)
for each j € [r(x)], and observe that p;(x) is equal to the conditional prob-

ability that A;; = 1 if A;j = 0 for every j/ > j. Indeed, more generally we
have

(6) P(Aij = 1\(Az~j/)}(;”§+1) = pj (w / 11 1)

!
J'>5, A =1 9

() pj(x) =

“In the definitions below, we shall suppress the dependence on z and 7.
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Typically, p;(x) will be only slowly varying with z, and so the entries in a row
of A will depend only mildly on one another. Nevertheless, this dependency is
a major technicality that we shall need to overcome.

We can also think of the matrix A as a hypergraph whose vertices are the
primes and whose edges correspond to the set of primes dividing a; an odd
number of times. We shall often wish to ignore small primes here, so a precise
definition is as follows.

Definition 2.1. For each z € [0,7(z)], define Ha(z) to be the hyper-
graph with vertex set V(Ha(2)) = [z + 1, 7(x)] and hyperedge set E(Ha(z)) =
{€} :i € [N]}, where

¢; = {j € [+ 1,m(x)] : Aj = 1}.
In particular, when z = m(z), all of the edges of H 4(z) are empty.

Croot, Granville, Pemantle and Tetali [13] proved the upper bound in
Theorem 1.1 by counting the number of acyclic (also called Berge-acyclic)
even sub-hypergraphs of this hypergraph. An acyclic hypergraph is one in
which there does not exist, for any & > 2, a cycle of k distinct hyperedges
€, €1,...,e = eg and distinct vertices v1,...,v with each v; € e;—1 Ney,
i = 1,...,k. They showed that if n > e~7 then, for a suitable z, H(z)
contains more than z edge-disjoint acyclic even sub-hypergraphs® with high
probability. This guarantees more than z disjoint sets of rows of A, each of
which has a sum in the subspace (taken over Fy) of vectors that are supported
on the first z columns. As any set of more than z vectors in this z-dimensional
subspace is linearly dependent, this guarantees a linear relation between the
rows of A. As noted in the introduction, the authors of [13] used the first
moment method to prove their lower bound, counting the expected number of
even sub-hypergraphs of H 4(0) or, equivalently, the number of sets of rows of
A that sum to zero over Fo. However, as mentioned in the introduction, this
method does not yield a sharp lower bound as this expected number blows up
before the threshold for the existence of a single such set given by Theorem 1.1.

2.1. The 2-core of Ha(z). Instead of counting the even sub-hypergraphs
of H4(0), we shall study the 2-core C4(z) of the hypergraph H 4(z) for each
z_ < z < w(x), where z_ = e OV logyo)yo is defined below; see (12). Since all
even sub-hypergraphs (after removing isolated vertices) are sub-hypergraphs
of the 2-core, it is enough to restrict attention to C4(z). As noted in the
introduction, this is equivalent to iteratively removing any a; for which there

®Note that an empty hyperedge is an acyclic even sub-hypergraph corresponding to a
q.-smooth integer a;; however, in order to find sufficiently many relations for all n > e™7,
the authors of [13] needed to consider even sub-hypergraphs with an arbitrarily large (but
bounded) number of hyperedges.
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exists a prime ¢ > ¢, that occurs to an odd power in a;, but to an even
power in all other remaining a;. We shall show that if n < e™7, then the 2-core
Ca(z-) of Ha(2—) is (with high probability) small by tracking the size of C4(z)
throughout the range z € [z_, m(x)]. In particular, we shall show that C4(z_)
has fewer than z_ edges with high probability. As a consequence, any linear
relation between the rows of A must involve fewer than z_ rows. This however
is ruled out by a result in [13] that shows (via a first moment calculation) that
any linear relation between the rows of A must involve many rows. We remark
that this approach was partly inspired by the work of Pittel and Sorkin [27] in
a closely related setting, where again a direct first moment calculation fails to
find the correct threshold for the appearance of linear relations in the rows of
a random matrix, but succeeds once restricted to the 2-core.

The following theorem tracks the size of the 2-core of H(z) for all z €
[z—,m(x)] and is the key technical statement we will need in order to prove
Theorem 1.1. Let M(z) be the set of rows of A corresponding to the set
E(Ca(2)) = {e; : i € M(z)} of hyperedges of the 2-core, and let m(z) =
IM(2)] = |E(Ca(2))].

THEOREM 2.2. If n < e 7 and g9 > 0, then with high probability,

m(z) m(z) U(z,q,)

(7) exp ( — E1n<7>) € (1teo)nd(x)

for every z € [z, m(z)], where z_ is defined in (12) below.

Recall that the exponential integral Ein(w) is an entire function and is
related to the incomplete gamma function via the relation

wl— —t
(8) Ein(w) := / : dt = T'(0,w) + logw + 7.
0

Since I'(0, w) = fucjo e*t% decreases to 0 as w — oo, we see that we Fn®) jg
a strictly increasing function of w that converges to e™” as w — oo. Thus we

can define a(n) € [0, 00) uniquely by the equation
(9) a(n)e B — 4y
for any n € [0,e”7). Note that %we‘Em(“’) = ¢~ w=Fin(w) and hence

o/ () = e~m+Ein(a()

is an increasing function of 7. Thus «(n) is a convex function that strictly
increases from 0 to oo as 7 increases from 0 to e~ 7.

Let us assume from now on that 0 < n < e™7, so that a(n) € (0,00) is
well defined by (9). We shall fix sufficiently small positive constants g, €1 and
0 satisfying the following inequalities:

(10) O0<e<e?—n, 0<e < i—ge_co and 0 < § < g1/,
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where
(11) Co = a((l + 50)77).

Note that the upper bound on ey implies that (1 + £9)n < e~ 7 and hence
Cy < oo. For convenience we shall also assume that 1/e; is an integer.

The constant ¢ appears in Theorem 2.2 and determines the accuracy with
which we track m(z), while the constant £; will appear (via Definition 2.5) in
Theorem 2.6 below and will determine the accuracy to which we track various
other parameters of the process. The constant § plays a different role: it
determines the “critical” range [z_, z], above which we shall have to use a
slightly different approach, and below which we will lose control of the process.
To be precise, set
(12)  z_ := min {z A (2) = 5} and z; := max {z A (z) = (5},
where

g
(13) A(z) = Ay(z) = J(x)(i;qz)
for each z € [w(x)]. As in the introduction, let 7(y)x/¥(z,y) be minimized at
Yy = Yo, and define zp = 7(yo). Observe that we can take yy to be prime, since
m(y) and ¥(z,y) only change at prime y. It follows from (2) that A(z) < 1
and that A(zg) = 1. Theorem 2.2 and (9) together imply that

(14) m(z) € a((l + eo)nA(z))z

so, in particular, m(z) < Cpz for all z € [z_, w(x)] (see Observation 4.7 below)
o'

)
and, moreover, m(z) =~ a(n)z when z & zy. We will show later (see (37)) that

2p = 6:I:@(\/log ZO)ZO~

2.2. The hypergraph Sa(z). As mentioned in the introduction, the equa-
tion (7) comes from counting the number of isolated vertices in a certain hy-
pergraph in two different ways. This hypergraph is not C4(z), but (in a certain
sense) its “dual,” defined as follows.

Definition 2.3. For each k > 2 and z € [0,7(x)], let Sk(z) denote the
collection of vertices of degree k in C4(z),

Se(z) = {j € e+ 1L,m(@)] : [{i € M(2) : Ay = 1}| = k}.

In other words, Si(z) is the set of all columns of A after column z that have
column sum k when restricted to the set of rows M(z). Note that for z = 7(z),
we have Si(z) = (). Also, these column sums are zero for j ¢ V(Ca(2)), so
Sk(2) CV(Ca(z)). Set sp(2) := [Sk(2)|, and define S(z) := Ugs2 Sk(2)-

We shall think of Si(z) as labeling the k-edges e; := {i € M(z) : A;; = 1}
of a hypergraph S4(z) with vertex set M (z) and edge set {e; : j € S(2)}. Note
that we are now thinking of the rows (corresponding to numbers a;) of A as
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being the vertices and the columns (primes) as hyperedges, where each prime
g corresponds to the set of i € M(z) such that ¢ divides a; an odd number of
times.

Later we shall show that pj(z) = (1 + o(1))/j when j is in the critical
range z— < j < z4. Thus heuristically one would expect that

P(j € Sk(z)) ~ P(Bin(m(z),1/5) = k)
for k > 2, where Bin(n,p) denotes a binomial random variable with n trials
and success probability p. Indeed, if a column has at least two 1s in active rows
(i.e., rows in M(z)), then this column has no effect on the construction of the
2-core. Also, one would expect that the events {j € Sk(z):j€z+ l,w(z)]}
are “approximately independent.” This leads one (after a short calculation) to
predict that si(z) tracks the following function.

Definition 2.4. For each k > 2 and every z € [n(x)], set

(15) S(2) = =T (2)/ e§1“(2> .

Note that $i(2) is a decreasing function of k£ and that

m(z)

(16) S2(2) = = (1—em)/7),

We next define a function that we shall use to bound the error in si(z).
Definition 2.5. For each z € [z_, z4]| and each k > 2, define
ek - k!
Az)
The function e(k, z) decreases exponentially fast in k& while k is relatively
small, and then increases super-exponentially fast when & is large. We will

e(k,z) =

need the former property in order to obtain the self-correction (see below)
that will play a crucial role in our proof, and the latter property in order to
show that the bound (17) holds when k is reasonably large. We shall prove
the following theorem.

THEOREM 2.6. Suppose n < e~ 7. Then, with high probability,
(17) se(2) € (1e(k,2))8k(2)
holds for every k > 2 and every z € [z_, z4].

Note that £(k, z) > 1 for all sufficiently large k, so to prove that (17) holds
for these values of k, it will suffice to show that sg(z) = 0. We shall in fact

SMore precisely, it will be important that e(k, 2)3x(z) decreases only exponentially fast
in k; see Observation 4.16 and its applications in Section 8.
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show that, with high probability, si(z) = 0 for all k¥ > 5log 2/ loglog zy and
for all z € [z_, m(x)] (see Lemma 4.13 below).

As mentioned in the introduction, we shall prove Theorem 2.6 using the
method of self-correcting martingales (see, e.g., [16, §3]). Roughly speaking,
we shall show (see Lemmas 7.5 and 8.1) that if nothing has yet gone wrong,
then the (expected) drift in the relative error of si(z) depends mainly on the
current error, and (unless it is already quite small) tends to push the error
towards zero. We emphasize that the function e(k, z) was chosen with exactly
these lemmas in mind; in particular, it will be important that e(k, z) decreases
rapidly for small values of k, since we shall use this fact to bound the influence
of the error in sp11(z) on the drift of si(z). Combining these lemmas with
bounds on the probability of a large jump in the relative error (see Lemmas 7.6
and 8.2), it will be relatively easy to deduce sufficiently strong bounds on the
probability that si(z) is the first variable to “go astray.”

Theorem 2.2 will be proved simultaneously with Theorem 2.6, but we
will not show that m(z) is self-correcting; instead we shall show that m(z)
is unlikely to go off track before any of the sx(z). More precisely, we shall
use a martingale approach to show that m(z) does not drift off course too
quickly, together with an occasional application of Lemma 9.3 to put it back
on track. Since the probability of failure in Lemma 9.3 is relatively large, we
can only apply it a small number of times; however, this will be sufficient to
prove Theorem 2.2 over the “critical” interval [z_, z |, while larger values of z
are easier to deal with.

2.3. The random process. Let us finish this section by defining the random
process we shall use to reveal the 2-core C4(z). In each step we reveal just
enough information to proceed; in particular, and crucially, we shall not reveal
the exact locations of the 1s in a column until it has only a single non-zero
element in an active row, that is, a row of M(z).

Algorithm 2.7. We start with z := w(x), M(z) :=
each k > 2. Now repeat the following steps until z = 0:

1. Set M := M(z), Sg := Sk(z) for each k > 2 and S := 0.

2. Reveal the (random) quantity d(z) := ‘{z € M(z): A, = 1}’, that is,

the number of active non-zero entries of column z.
3. Ifd(z) =d >0, set Sq:= SqU{z}.
4. While Sy # ) do the following:
(a) Pick the smallest” 2’ € Sy, observe which row i is such that i € M,
Aiz’ - 1.

[N] and Sk(z) := 0 for

"An arbitrary z’ € S; would do here, but we shall later wish to ensure that the order in
which rows are removed by the algorithm is uniquely specified.



THE SHARP THRESHOLD FOR MAKING SQUARES 61

(b) Set M := M\ {i}, S1:= 51\ {7}
(c¢) For each k > 1 and each j € Sk, reveal whether column j has a 1
in row 4; if it does, remove j from Sy and (if £ > 1) add it to Sk_;.
5. Set M(z —1) := M and Sk(z — 1) := Sj, for each k > 2.
6. Set z := z — 1; if z > 0, then return to Step 1, otherwise stop.

It is easy to see that this algorithm tracks the 2-core C4(z) as z decreases
from 7(z) to 0. Define a filtration Fr () C Fr(p)—1 C -+ by taking F, to be
the information observed at the moment the index z is set equal to y. More
precisely, F, reveals which rows and columns of A correspond to the edges
and vertices of the 2-core C4(y), as well as the degrees (column sums) of all
the vertices in the 2-core. The only other information revealed by F, concerns
rows of A outside of M (y) (as a result of earlier steps of the algorithm), which
will be irrelevant for our purposes.

Define the o-algebra .7-"; to include F, and also the information observed
at Step 2 when z = y, namely, the value of d(y). Thus .7-"; specifies the col-
umn sums of A of all columns in [y, 7(x)], summing only over rows in M/(y).
The matrix A conditioned on F,/ and restricted to M(y) x [y, n(z)] can be
constructed with the correct probability distribution by taking a uniform dis-
tribution on all choices of the multi-set of numbers {a; : i € M(y)} whose
column sums are compatible with ]-"; . Indeed, any such multi-set, combined
with the original a; for all ¢ ¢ M (y), would result in the algorithm constructing
the same 2-core, and all such choices of the a; are equally likely. Understanding
this probability space will be the main aim of the next three sections and will
be key to the proof of Theorem 1.1.

3. Number-theoretic facts

In order to understand the distribution of the numbers {a; : i € M(2)}
conditioned on the information observed in F, or F,

detailed information about the smooth number counting function ¥(z,y) and

we shall need some

its close relative @(m,y). The first result in this direction was obtained by
Dickman [14] in 1930, who proved that if u is fixed, then

1/u
i Y@,

T—00 T

where p is the (unique) continuous solution to the delay differential equation
(18) up'(u) + plu—1) = 0

for u > 1, with the boundary condition p(u) =1 for all 0 < v < 1. This func-
tion is now known as the Dickman—de Bruijn function, and it is asymptotically
of the form

(19) p(u) _ u—(l—l—o(l))u
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as u— 00. Further important breakthroughs were made in 1938, by Rankin [32],
and in 1951, by de Bruijn [9], who determined ¥(z,y) asymptotically when
Yy = exp ((log :U)5/8+E) for some ¢ > 0. Upper and lower bounds in a much
wider range were later proved by de Bruijn [10] and by Canfield, Erdés and
Pomerance [11], respectively. We will use the following asymptotic result, due
to Hildebrand [17].

THEOREM 3.1 (Hildebrand, 1986). Let exp ((loglog x)2) <y <z, and

set u = logx' en
| : U(z,y) _ p(u)(1+0<log(u+1)>)

logy
T logy
uniformly in x and vy.
We remark that the main result of [17] is even more general than The-
orem 3.1, but the version above is a little simpler to state, and more than

sufficient for our purposes. Indeed, it follows from Theorem 3.1 and (19) (see,
for example, [13, §2.1]) that®

(20) J(x) = y§+0(1) = exp ((1 +0(1)>\/210gx10g 10g:v>

as x — 00, as claimed in the introduction. It also follows that
-1 1
(21) U(w,yg) = ayy TV
for every f = [(x) bounded away from 0, which implies the following crude
estimate for A(z).

COROLLARY 3.2. Let 8 = B(z) be bounded away from 0, and set z = zg,

where zg = w(yo). Then
A(z) = 23*5*1/5+0(1)

as r — 00.

Note that Corollary 3.2 also follows from [13, Lemma 2.1] and implies that

(22) Zy = zé+o(1).

Let us define ug = llg)gg;),

here the following immediate and useful consequence of (20):

(23) log zo = (1 + o(1))ug log up.

so that yg = z2/“. For future reference, we note

In order to obtain more detailed information about the function A(z), we shall
need some fundamental results of Hildebrand and Tenenbaum [18, Th. 3],

8In fact, to prove (20) one only needs the results of de Bruijn [10] and Canfield, Erdés and

Pomerance [11], which imply that ¥ (z,y) = zu~FoIU a5 4 — oo for all y > (logz)**e.
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which control the “local” dependence of ¥(x,y) on the variable . (We remark
that the idea of using these to understand the matrix A was one of the key
innovations of [13].) Instead of quoting these results directly, we shall prove
a form (Theorem 3.5) that will be more convenient for our purposes. We will
need the following two results on the Dickman—de Bruijn function p(u).

THEOREM 3.3 (Hildebrand [17, proof of Lemma 1]). The function p(u) is

log-concave for u > 1. Equivalently, plu (u)) 1§ 1ncreasing in u.

Define the function £ = £(u) for u > 1 to be the unique positive solution
of the equation

(24) e = 1 4 ué(u).
THEOREM 3.4 (Hildebrand and Tenenbaum [19, eq. (2.1)']). For u > 1,

we have . <1+ i))\/g» ( /5 dt)

We now state our key estimate on the rate of change of the function p(u).
This essentially follows from [19, Cor. 2.4], but since the precise version we
need is not an immediate consequence of the results stated in [19], we shall
give the proof for completeness.

THEOREM 3.5. Let u > 1 and a,b > 0 satisfy a +b < u. Then

pluza=-b) ex u o)
(25) 1ot < op (16 + 2).
If, in addition, a + b < u/2, then
p(u—a—b)_eX " O(b? +ab+1)
(26) P o (g + O L),

We shall use the following simple facts about the function &(u), which we
collect here for convenience:
© o(1
@7) &) = (1+oM)logu, € = 2 ana ') = -2

2
u u
for all u > 1. We remark that here the o(1) is as u — oo.

Proof. Suppose first that a = 0 and u — b > 1, and apply Theorem 3.4 to
u — b and u to obtain

logip(u_b) 11 glu_b / £(t) dt+L

p(u)
We shall bound each of the terms on the right in turn. First, observe that
flu=b) @ /“ dt u
1 dt = O(1 — =01
) u—b & (t) W (tog =)
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where the first step follows by differentiating log £'(¢), and the second follows
from (27). Next, note that integration by parts gives

b{(u)—/uubg(t) dt = /uubg’(t)(t—qub) dt

u _ 2
:@(1)/ t u+bdt:@(b),
u—b t u

where the second step follows from (27), and the last equality holds for u —b >

ewas [ (t—u—>b)dt =b*/2and t = O(u) for t € [cu,u]. On the other hand,

the last integral increases to b as u —b — 07, so it also holds for 1 < u—b < cu.
Combining the three equations above, we obtain

u— u 2
logp(p(u)b) = b&(u) +O<logu_b> - 9(5 ) + S(_lg)
Now for 0 < b < u/2, we have log .3 = O(b/u) and 1/(u — b) = O(1/u), so
plu—>) " O(b+1)—06(?)
(28) PO exp (bg( )+ ” )

This clearly also holds for 0 < u — b < 1 as then u < 2 is bounded. Thus (26)
holds for a = 0.

Now suppose 1 < u —b < u/2. Then b?/u = O(u), while log %7 < logu
and 1/(u —b) = O(1). Thus we obtain

(29) p(;‘(;)b) < exp (bg(u) + Oi”)

However, (29) also follows from (28) when u —b > u/2 as the O(b+ 1) — O(b?)
term is bounded above by a constant for all b > 0. Finally, note that £(u) > 0
and p(u —b) =1 for every 0 < uw — b < 1, so it follows that (29) in fact holds
for all 0 < b < u. In particular, (25) holds for a = 0.

In order to deduce (25) and (26) in the case when a > 0, we substitute
u — a for u in (28) and (29). In the former case, this gives

plu—a—>b) . O(b+1) — O(b?)
e GO

for all a +b < w/2, which implies (26) since £(u) = £(u —a) + O(a/u), by (27),
and v — a = ©(u). Similarly, substituting v — a for u in (29) gives

< exp (bf(u —a)+ 0(1)> < exp (bg(u) + OU))

plu—a—b)

p(u— a)
since £ is an increasing function. This is enough to prove (25) when u —a > eu,
so let us assume instead that u — a < eu. Now, observe that

'y " EWHO(1/u)
S =t < = Ew e

u—a u—a
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as u — oo, where the first step follows by the definition (18) of p, the second
step follows by (29) applied with b = 1, and the third step follows by the
definition (24) of £ and (27). It follows that —p'(u)/p(u) < {(Cu) for some
absolute constant C' > 1 (since &’'(u) = ©(1/u)), and hence

og 20D [ PO (o) < o)

p(u—a) —a—b p(t)
if ¢ was chosen sufficiently small, since ¢ is increasing. Thus (25) also holds in
this case, and the proof is complete. O

The probabilities in our model are given in terms of the modified smooth
number counting function ¥(x,y). We now show that there is little difference
between ¥(z,y) and ¥(x,y).

LEMMA 3.6. If y > exp ((loglog x)2), then

U(z,y) < U(z,y) < (1+y W) B(2,y)
uniformly in y as x — oo.

Proof. The lower bound holds trivially, by definition; we shall prove the
upper bound. We may assume y < z, as otherwise ¥(z,y) = ¥(z,y) = x.
Recall from (4) that

\I/(:L',y) = Z \Il(x/tzjy%

teP(y)

where P(y) is the set of positive integers whose prime factors are all strictly
larger than y. Applying Theorems 3.1 and 3.5 with a = 0, b = 2198L

logy”’
2 (z/t2,y) O(log(u+ 1))\ p(u —d)
U(z,y) S <1 logy ) p(u)

O(1) N O(log(u + 1)))
U logy

we obtain

< exp <b§ (u) +

for all t € [y,+/z], where u = iggz >u—>b= l(()TyZ) > 0. Note that in
the case when x/t> < y, we apply Theorem 3.1 only to ¥(x,y), as in this
case t2W(x/t?,y) < x and p(u — b) = 1. Now &(u) = O(logu) = o(logy) for

Yy = exp ((log log :U)2) Hence t2W(x/t2,y) /¥ (z,y) = t°1), and so

\I](l‘ay) _\I’(xvy) = Z \IJ(IE/t2,y)
1<teP(y)

< Ula,y) Y 200 <y oD (a,y),
tzy

as claimed. O
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We can now state our estimates for the rate of change of the functions
U(x,y) and ¥(x,y). The form of the statement below is designed to facilitate
its application in Section 5.

THEOREM 3.7. Let z € [z, m(x)], set y = q. and u = %géz, and assume
O0<a<uand b>1. Then

o)

(30) log < b(ﬁ(u) —log y) + "

Moreover, if a+b < u/2, then

Uy~ @0 y)
U(zy=a,y)

Also, both statements hold with U in place of W.

(31) log ) + M.

= b(&(u) —logy -

Note that we interpret log0 = —oo in the case when a + b > w (and so
U(ay (), y) = 0).

Proof. The bound 3 > exp((loglog x)?) follows from (20), since z > z_,
1+0(1)

S0y =Y, , by (22). Thus by Theorem 3.1, we have
Uy “™y)  _, plu—a—b) ( <log(u + 1)>>
— =y - 1+0
(zy=,y) p(u—a) logy

ifa+b<u—1andb >0, since these inequalities imply that y < xy*(“”’) <
xy~®. Both (30) and (31) now follow by Theorem 3.5, since log(u+1)/logy =
O(1/u), by (23), and the corresponding bounds with ¥ replaced by ¥ follow
using Lemma 3.6.

The case when a +b > u — 1 and a + b < u/2 is ruled out by the as-
sumption? that b > 1, so it only remains to prove that (30) holds when
u—1l<a+b<u+bandb>1 Ifa < u-—1, then we can apply (30)
with b replaced by V' := v — 1 — a (noting that we in fact proved it for all
a+b<u—1andb>0) to obtain

Uy~ (@) y) y ) O(1)
log —2Y Y _jog Y <y (e(u) - logy) + L.
U(zy=2,y) U(zy=2,y) (&) ) u
Noting that W(zy= (@) 4) < 2y~ (@+0) = 14" =b it follows that
Uy~ (@10, y) yl b ) O(1)
log ——2 7 < og -2 < V¢(u) —blogy + ——2,
U(zy=,y) U(zy=,y) (W) u

9Note that we need some condition on the parameters in the statement of the theorem in
order to rule out the case when, say, y° ~ 2, but 1 < zy~“* < 2y~ < 2, and u — co.
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which implies (30) since ¥’ < b. The proof with ¥ replaced by W is identical.
Finally, if @ > v — 1 and b > 1, then 2y~ (**t?) < 1, and so the claimed bound
holds trivially. O

We are now ready to bound the conditional probability of A;; = 1 that is
given by (6).

COROLLARY 3.8. If z € [2_,24] and a = o(ug), then

_ 1+o(1
pz(xqza) = Z( )
Moreover, for any z € [z_,m(x)] and a > 1, we have
_ 1+o(1
pz(a:qz a> < <1+0(1)>pz(x) < Z()

Furthermore, p.(z) = 2z~ °W) for every z € [z_, n(z)].

We shall use the following observation in the proof of Corollary 3.8.

OBSERVATION 3.9. If z = 2(1)+0(1) and x = q*, then £ = (140(1))q. /2.

Proof. Note that z = ZéH)(I)

implies that u = (1 4 o(1))ug, and hence
e =14+ ut(u) = (14 o0(1))ulogu = (1 + o(1))uglog ug
= (1+o(1))logz = (1+o0(1))logg. = (1+0(1))q/z,
by (23), (24) and the prime number theorem, as claimed. O
Proof of Corollary 3.8. Set 2/ = xq;*, and observe that
V(a',q.) = V(' gsm1) = V(a'e ! gem) = V(@' g:) = U(a'q % gon)
and 0 < @(m’qz_b,qz_l) < @(w’qz_b,qz) for b € {1,2}. Therefore, recalling the
definition (5) of p.(z),
T (1 ST T( 1
LGS : Wlr'e ") o) < U(z q7 142)
Let z = ¢¥, and note that if z € [2_, z1], then u = (1 4 o(1))ug, since z4 =
zé+o(1), by (22). Thus, if a = o(ug) then, by Theorem 3.7, we have

V(a'qz",q2)

(32)

log m = b(f(u) - long) +o(1)
for b € {1,2}. Moreover, £ = (1 4 0(1))g./z by Observation 3.9, since
2y = zé+o(1). It follows that
U(r'qq) _ (1o’
U(r'q.) ( 2 > ’

which together with (32) implies that p,(2’) = (1 + o(1))/z when a = o(uyg),
as claimed.
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The bounds p.(z) < (14 0(1))/z and p.(z) = z~°M) follow by a similar
argument. Indeed, by Theorem 3.7 (applied with a = 0), we have

{Ij(xq;bﬂZ) o %
(33) log o0 < b(€(u) —logg:) + =

for b € {1,2}, and moreover a matching lower bound holds when u > 2b. Note
also that, since 1 < u < (14 o(1))up, we have

E(w)+0(1/u) E(uo) _ 4z 4=
S+ < (T+0(1))ef™) = (1+0(1))2 < (1+0(1))Z

20
by (27), Observation 3.9 and the prime number theorem. Thus by (33),
U(zqs? 1+0(1)\"
(34) (@e"e) ( + of )) ’
\I’(x, QZ) z

and (32) then implies p,(z) < (1+0(1))/z. Moreover, the lower bound p,(z) >
e9M) /¢, holds for u > 2 by (32), using the matching lower bound in (33) when
b=1 Forl<u<2 ¥(/¢:q) = |z/¢:] = O(zx/q.) and ¥(z,q.) < z, s0
again p,(x) > ¢/q. for some ¢ > 0. In particular, p.(z) > z~1+o(),

Finally, the bound p,(zq; %) < (1+0(1))p.(z) is also similar, though since
it does not always hold when a < 1, we shall need to be a little careful. Note
first that if w < a + 1, then the claimed bounds hold trivially, since xq; * < g,
and hence p,(xq;®) = 0. We may therefore assume that u > a + 1, which
implies that x¢;! > ¢, and 2’ > ¢,. We claim that

U('q; " gz) V(g qz)

(35)  p.(z') < W < (1+0(1)>W < (1+0(1))pz(37)‘

Indeed, the first inequality follows by (32), and the second follows since The-
plu—1) plu—1)
up(u) p(u)

orem 3.3 implies that , and hence is an increasing function of wu,

so if u > a + 2, then

VWeha) )t AE=a=D)

\Il(xquz) p(u - CL)
o -1, p(u — 1) . o @(qu_l,qz)
< (1+0(1))g: o (1+ (1))?@7%)

by Theorem 3.1 and Lemma 3.6. On the other hand, ifa+1 < u < a+ 2, then
2'q;! < g, so in this case we may replace the bound on @(m’q;l, q») given by
Theorem 3.1 by the equality U(a/q; L, q.) = #/¢; = p(u — a — 1)a/q; L, since
by definition, p(u) =1 for all 0 < u < 1.

To deduce (35) from (32), it therefore only remains to observe that, by (34)
and two applications of Theorem 3.7,
Vea?a) (W(qq))zl RGNS

U(z,q,)

U(z,q,)

U(z,q,)
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where we again used the fact that © > a + 1 > 2 when applying Theorem 3.7
with b = 1. This proves (35), and hence completes the proof of the corollary.

O
We next deduce some more refined estimates concerning the function A(z).
LEMMA 3.10. If z = z(l)+0(1), then
M-

Proof. Noting that ¥(x,q,) = ¥(x,q.—1) + ¥(zq; !, ¢.), and recalling the
definition (13) of A(z), we have

Az)—Az—1)  (z—1)¥(2,q.) —2V(z,q.-1) 2 (zq;t, q.) — U(x, qz).

A(z) (z—=1)¥(z,q.) N (z—=1)U(z,q.)
Now, applying Theorem 3.7 with y = ¢., a = 0 and b = 1, we obtain
U(zg; ' q
EI/(UUCI)Z) = exp (f(u) —logq. + 0(1))a
where u = 11(())ggqxz = (14 o(1))up — oo. Hence
A(z) —A(z—1) 1 [ zet® o(1)
= 1 H)—1) = —=
(36) G il (1+0(1)) ot
by Observation 3.9. (|

LEMMA 3.11. Write z = zgexp (c\/log zo) for some ¢ = c(x). Then

Az) = e +o(1).

Proof. We may assume without loss of generality that z = zé+o(1), and

hence ¢ = o(y/log 2p), as otherwise the result follows from Corollary 3.2 with

A(z) = o(1). Set y = ¢, and u = }ggz Since A(z) = J(2)¥(z,q.)/xz and

A(zp) = 1, it follows by Theorem 3.1 that
A(z) 2o U(z,y) 2o p(u)
Az) = = —. =(140(1))—" .
(2) A(zp) z  U(x,yp) ( ( )) z  plug)
Set b = up — u, and note that b = o(ug), which by Theorem 3.5 implies that
plu) O(b* + 1))
p(uo) up '
Thus, defining k¢ by up&(ug) = (1 + ko) log yo, we obtain
AE) = (1 o) Ty,

where we have used (23) (in particular, the fact that ug = o(logyg)) to replace
2 2
the error factor eQ®*+1/w0 1y (1 4 0(1))?/8(b /)
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Now, by the prime number theorem we have

Yo _ zologyo 20
e (1+0(1)) oy~ (1+0(1)) —

and by the definitions of u, ug and b, and the fact that b = o(ug), we have

% — o l/uo—1/(uo=b) _ yofb/(uofb) _ yo—b/uo—(l—i-o(l))b?/ug.

Thus, we obtain
bro/uo—(140(1))b? /u2

AG) = (1+0(1)t
b b?
= exp | —kologyo — (1 + 0(1))—210g Yo +o(1) ),
and hence, noting that
z Y b
cv/logzy = log— = log = +0(1) = (1 + 0(1))— log yo + o(1),
20 Yo uo
and that ko = o(1), by (23) and (27), it follows that
A(z) = exp ((1 + 0(1))nocx/logy0 - (1 + 0(1))02 + 0(1)).

But A(z) is maximized at ¢ = 0, so this implies that xov/logyo = o(1), which
in turn implies that A(z) = e~ + o(1), as required. O

Note that as an immediate corollary of Lemma 3.11, we have

(37) Zy = 2pexp (i (\/log(l/é) + 0(1)>\/log zo>

as well as

(38) A(z) = 6+0(1) for all z € [z, z4]
and

(39) A(z+) = 6 +o(1).

Finally, let us make a trivial observation.
OBSERVATION 3.12. Z Ajj < 2uq for every i € [N].
Jj=z-
Proof. 1f some number a; is divisible by k distinct primes, each larger than
z_, then zF < z. Since z_ = zé+o(1) = y(1)+0(1) = g(I+oM)/uo  this implies that
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4. Probabilistic facts and preliminary results

In this section we shall recall some standard probabilistic tools, define
some events that will be important in later sections, and prove some basic
facts about these events. Let us begin by defining the events that encode our
induction hypothesis. Recall that n < e™7 was fixed in Section 2 and that g
and (k, z) were defined in (10) and Definition 2.5.

Definition 4.1. For each z € [z_, 7(x)], let M(z) denote the event that

(40) miz) exp ( - Ein(m(z)>) € (1+0)nA(2)

z

holds, and let M*(2) denote the event that M (w) holds for every w € [z, 7(z)].
For each z € [z_,z4] and k > 2, let Tj(z) denote the event that

sp(z) € (1£e(k,2))8k(2).

Note that Theorem 2.2 states that the event M*(z_) holds with high
probability, and Theorem 2.6 states that with high probability the event Ty (z)
holds for every k > 2 and every z € [z_, z;]. We shall also need the following
slightly more technical events.

Definition 4.2. For each z € [z, m(x)], let Q(z) denote the event that
e M(z) holds;

¢ 5(2) = Urs2 Sk(2) contains no element w with w > 23;

e sp(z) =0 for all k > 4uy.

Let KC(z) denote the event that Q(z) holds and also
(41) Zkak(z) < 2e%m(z),
k>2
where Cj was defined in (11).
We shall prove the following two lemmas, which allow us to deduce the

technical events (which we shall need in the sections below) from our induction
hypothesis.

LEMMA 4.3. With high probability, Q(z) U M*(2)¢ holds for every z €
[z, 7 ()]

In other words, the lemma above says that the probability that there exists
z € [z, 7(x)] such that M*(z) holds but Q(z) does not is o(1) as x — oo.

LEMMA 4.4. Let z € [z—, z4]. If Q(z) holds and Ti(z) holds for all k > 2,
then KC(z) holds.

Before proceeding to the proofs of Lemmas 4.3 and 4.4, let us give a simple
but important application of the event K(z). Recall from Algorithm 2.7 that
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d(z) denotes the number of rows of M(z) that contain a 1 in column z. The
following lemma shows that the distribution of d(z) is close to that of a Poisson
random variable with mean m(z)/z.

LEMMA 4.5. Let z € [z, z4]. If K(2) holds, then

(o] k k
(42)  P(d(z) = k | F) = (H(l))e_m(z)/Z(m(z)) , o

k! z z

for every k > 0.

In the proof of Lemma 4.5 we shall use the following bound on the sum
of independent Bernoulli random variables due to Le Cam [24].

LEMMA 4.6 (Le Cam, 1960). Let Xi,...,X, be independent Bernoulli
random variables, and let X :=>"" | X;. Then

_ k n
ZP(X:k)—e;;“ <2 pl,
: i=1

k=0
where p; :=P(X; =1) and p:=E[X] =Y pi-

We shall also use the following fact on numerous occasions throughout the
paper.

OBSERVATION 4.7. If M(z) holds, then m(z)/z < CoA(z) < Cp.

Proof. Recall from (8) and (9) that a(w) and we P*(®) are strictly in-

creasing functions, that a(w) is convex, and that a(w)e F@@) = . It

follows that, if M(z) holds, then
miz
B < a((1+emA) < al(1+zm)AR) = CAR) < G,

as claimed, since Cy = a((l + 50)77) and A(z) < 1. O
Proof of Lemma 4.5. Recall that
f\i;(xv QZ) - iﬁ(l’, QZ—I)
U(z,q2)

denotes the probability that a uniformly chosen random number in [z] is di-

Pz = pz(x) =

visible by ¢, to an odd power, conditioned on the event that all larger prime
factors occur to an even power. We shall prove that the lemma holds even
when, instead of conditioning on F,, we in fact condition on the entire matrix
to the right of column z. In this case, d(z) is a sum of independent Bernoulli
random variables {X; : i € M(2)} with P(X; = 1) = p,(xq; ), where

?i = H Gu

w>z, Ajw=1
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is the product of the primes ¢, greater than ¢, that divide a; an odd number
of times.
However, the event K(z) implies that
S aw< Y 6= Y 6ksi() = O(m(2)),
i€EM(z) 1EM(2) w>z, Ajp=1 k>2

where the first step follows since S(z) contains no prime g, with g, > ¢°
(since ¢% > 28 > Q5 = 28+O(1)), and the last follows from (41). By the
pigeonhole principle, it follows that «; = o(ug) for all but a o(1)-proportion
of the i € M(z). Now by Corollary 3.8, we have P(X; = 1) = (1 + o(1))/z
whenever o; = o(up), and P(X; =1) < (1 4+ 0(1))/z for every i € M(z). Thus

SR =1)=(1+ 0(1))7”(2) and 3 P(X;=1) = (1+ 0(1))’"(2”’)
ieM(2) * ieM () &
whenever K(z) holds. As m(z) = O(z) by Observation 4.7 (since K(z) implies
M(z)), it follows by Lemma 4.6 that

.
Y IP(d(z) =k | F.) - ]:,“ = OS),
k>0 '
where p = E[d(2)] = (1 + o(1))m(z)/z, as required. O

For the next result, it will be useful to have the following simple estimate
on the function a(w) defined in (9).

OBSERVATION 4.8. For 0 < w < 0.2, we have
(43) w < a(w) < w+ 2w

—Ein(w)

Proof. The lower bound follows from (9) as we < w, and hence

a(w) = w. The upper bound also follows from (9) as Ein(w) < w, and
(w + 2w2)e*Ein(w+2w2) > (w+ 2w2)e*(“’+2“’2) > (w+ 2w?) (1 —(w+ 2w2)>
= w+w(l — 4w — 4uw?) > w,
so a(w) < w4+ 2w? for 0 < w < 0.2. O
In Section 7 we shall also need the following weaker bounds on the distri-
bution of d(z) in the range [z4, 7 (x)].
LEMMA 4.9. Let z € [z, m(x)]. If K(z) holds, then
P(d(z) > 1| F.) < (1+0(1))m(2)p ()
and, moreover,

(20m)~1

P(d(z) = k | F.) < 1

P(d(z) = 1| F)

for every k > 2.



74 P. BALISTER, B. BOLLOBAS, and R. MORRIS

Proof. Let the independent Bernoulli random variables {X; : i € M (z)} be
defined as in the proof of Lemma 4.5, and observe that, since o;; € {0} U[1, 00)
for every i € M(z), we have
1+ 0(1)

z

P(X; =1) < (140(1))p:(a) <
for every i € M(z), by Corollary 3.8. The first claimed inequality now follows
by the union bound. For the second bound, we note that in general if p; :=
P(X; = 1), then

kP(Y; Xi = k) _ Zigelm ()] ZioeSCim(z))|s|=k [lies Pi [Tigs (1 — pi)
P( YuXi=1) Y ioe[m(2)] Pio L Lizio (L — Pi)

< max > 12

0 SCm(N\ o} [Sl=k-1i€5 1 T Pi

k-1
m(z) —1 Di
<
\( k—1 )m?x<1—pi)

Thus

1
The result follows as M(z) and z € [z, 7(z)] imply that

m(z)

(1+0(1))

by (43) as A(z) < d+o(1) and g9 < e™7 < 0.6. O

< (14 o(1)a((1+e0)nA(z)) < a(1.66n) < 20n

4.1. The proof of Lemma 4.3. The first step is to control mg(z), the num-
ber of isolated vertices in the hypergraph S4(z). As noted above, this simple
fact lies at the heart of our proof and will be used several times in later sections.

LEMMA 4.10. For each z € [z, m(x)],

P(mo(z) ¢ (1:|:51)17A(z)2> < xi
1

5-
In particular, with high probability, my(z) € (1 £ e1)nA(z)z for every z €

[z, w(@)].

Note that since m(z) = mq(z), this implies, in particular, that with high
probability we have m(z) > (1 —e1)nA(z)z for every z € [z_, (z)]. We remark
(and also note for future reference) that the event M(z) implies deterministi-
cally that

(44) m(z) > a((l—eo)nA(z))z > (1—e0)nA(2)z > (1—eg)nA(z_)z_ > Zé+o(1)



THE SHARP THRESHOLD FOR MAKING SQUARES 75

for every z € [z_,m(x)], by (14), (43), (22), and the fact that A(z)z =
J(z)¥(x,q,)/ is increasing in z.

Lemma 4.10 is a straightforward consequence of the following special case
of the well-known inequality of Chernoff [12].

LEMMA 4.11 (Chernoff’s inequality). Let e > 0, let Xi,..., X, be inde-
pendent Bernoulli random variables, and let X = > | X;. Then for any
e >0,

P(IX — | > ep) < 2e7= /@4,
where p := E[X].

Proof of Lemma 4.10. The number of isolated vertices in S4(z) is pre-
cisely the number of rows of A with no non-zero entry to the right of column z
(all of which will lie in M (z)). This is also the same as the number of integers
a;, i € [N] such that every prime ¢ > ¢, divides a; an even number of times.
Let u denote the expected number of a; with this property, and observe that
U(z,q ) V(z,q.)
p=nJ(x)- (x = (14 0(1))nJ(x)- (m = (14 0(1))nA(2)z
by Lemma 3.6 and the definition (13) of A(z). Since the numbers a; are
independent, it follows by Lemma 4.11 that

P(mo(z) ¢ (1 :t€1>77A(z)z> < P(mo(z) ¢ (1 :|:51/2)u> < 2ecin/(B12e1)

Now simply note that p is increasing in z, so (approximating very crudely) we
have 1 > (1 + o(1))nA(z—)z— > ndz_/2 > (logx)?, and hence the right-hand
side of the above inequality is at most 1/z2. The last part follows by the union
bound over z € [z_, (x)]. O

We shall next use the lower bound on m(z) given by Lemma 4.10 to prove
the following upper bounds on the random variables sg(z).

LEMMA 4.12. With high probability, the following all hold:

(a) si(z) =0 for every k > 2 and every z > z3.
(b) s2(2) + s3(2) < z()_l/zm(z) for every z > 23.

(c) sp(z) =0 for every k > 4 and every z > z§.

Proof. Note that a prime ¢ divides a uniformly chosen random element
of [x] with probability |z/q|/z < 1/q. Recall that A has N rows, and that
N =nlJ(x) = z§+0(1), by (20). It follows that the expected number of primes
g > w that divide at least k of the integers a;, i € [N], is at most

Nk Ero(k
(4 PR

k
qzw q w
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Now if sg(2) > 0, then there must be a prime g > ¢, that divides at least k of
the a;. Hence applying (45) with & > 2 and w = Q3 2 2§ gives part (a), and
applying it with k& > 4 and w = Q3 > 23 gives part (c). To prove (b), observe
first that with high probability
m(z) > mo(2) > (- enh()z > (1— e (e) -t _ o)

for every z > 23. Indeed, the first inequality is trivial, the second follows by
Lemma 4.10, the third since ¥(z,y) is increasing in y, and the fourth by (20)
and (21). Hence, applying (45) with £k = 2 and w = Q3 > 23, it follows that
the expected number of primes that can contribute to the value of so(2) + s3(2)
for any z > 23 is at most z(1)+0(1) < z()_z/ngO(l)m(z). Part (b) then follows by
Markov’s inequality. O

We similarly obtain the following bound on s (z) for large k. Note that
uo = (1 +0(1)) log 20/ log log 2z by (23).

LEMMA 4.13. With high probability, for every z € [z—, w(x)], either M*(z)
fails to hold, or si(z) =0 for every k = 4uy.

Proof. Suppose that M*(z) holds, and recall that this implies m(w) <
Cow for all w > z, by Observation 4.7. Any element w € Jg>4y, Sk(2) must
have been “born” with d(w) > 4uy. But, by Lemma 4.12, with high probability
no such w exists in [z§ + 1, 7(z)] as it would contribute to sj(w — 1) for some
k > 4ug. Thus it is enough to show that with high probability no w exists in
[z_, 28] with d(w) > 4ug and m(w) < Cow.

The probability that A;, = 1, conditioned on all entries of A to the right of
column w, is always at most (14 0(1))/w, by Corollary 3.8, and is conditionally
independent for each i. It follows that

(46) P(d(w) > k | Fu) < <m(w)) <1+0(1))k _ (2

k w k!

when m(w) < Cow. Thus the expected number of w in [z_, 23] with d(w) > 4ug

and m(w) < Cow is at most
2Cp) "
M?j()))! 28 < exp ( — 4ug log ug + O(up) + 3log Zo) = o(1)
by Stirling’s formula and the fact that logzp = (1 + o(1))uglogug, by (23).
Hence, with high probability, no such w exists. O

Lemma 4.3 follows immediately from Lemmas 4.12 and 4.13. Note that if
w € Sk(z), then w € Sp/(w — 1) for some k' > k, so if si(w) = 0 for all k& > 2,
w > 25, then Sk(2) cannot contain any element w > z§.
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4.2. The proof of Lemma 4.4. We shall next prove that the event Q(z) N
Nk>2 Ti(z) implies (deterministically) that the event K(z) holds. To do so, we
need to prove that Y59 2¥s(2) < 2e“0m(z). We begin with a simple but
useful observation.

m(z)

OBSERVATION 4.14. (k+1)5,41(2) < - 8k(2).

z

Proof. This follows easily from Definition 2.4. Indeed, writing A\:=m(z)/z,

we have

A m(z) _y - N m(z) S A
k+1 = <A o=\ 7
(bt D)k (z) = = e o ()] k(k—1)° K:Ek:—l 17 5(2)
as claimed. O

We shall first prove the following bound on the sum over k of 2¥¢(k, 2)55(2).
We shall need this bound again in Sections 9 and 10.

LEMMA 4.15. Let z € [z—,z4]. If M(z) holds, then
Z ke (k, 2)8,(2) < erm(2).

Proof. Note that
kek 2kek (m(z) b2
(A7) > 2%e(k, 2)8k(z Z 11<; )<Y 1( 259(2)
k>2 = A AR\ 2
by Definition 2.5 and Observation 4.14. Now

m(2)?

z

285(2) = m(2)(1— e ™@/7) < < CoA(z)m(z),

and m(z) < Cpz, by (16) and Observation 4.7. Noting from (10) that £1Cy <
£1e%0 < 1/16, it follows that the right-hand side of (47) is at most
4e1C
Z2k5'f0(’)“*1m(z) = &slm(z) < egm(z)
>2 1-— 26100

as required. O

Proof of Lemma 4.4. Since Ti(z) holds for all k¥ > 2, we have
> 2Fs1(2) < > 2%5r(2) + > ke (k, 2)51(2).
k>2 k=2 k=2

The second term is at most e1m(z), by Lemma 4.15, and since Q(z) implies
that the event M(z) holds. To bound the first term, observe that, writing
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A =m(z)/z, we have

(48)
N \ /\ AL gk
Z2Sk(z Z k—1) Z gy_ Z@Z
k>2 k>2
z)e_)‘z —' 28 <m(z)e e = e Em () < eComy(z),
as required, where in the final step we used Observation 4.7. ([l

Finally, let us make a simple observation that will play an important role
in Section 8.

OBSERVATION 4.16. If M(z) holds, then e(k, z)5,(z) = zéJrO(l) uniformly
for every z € [z, z4] and 2 < k < 4uo.

Proof. Let z € [z_, z4], and observe that, since M(z) implies m(z)/z =
O(1), we have

. bkl m(z) . 21 (m(2)\'
(49)  e(k, 2)34(2) = X(Z) 'k(k(—)l)e )/ Z:Xk:lw(i)> _ oM,

Since up = o(log z0), by (23), and z = zé+o(1) for every z € [z_, z4], by (22), it
follows that e(k, 2)3i(2) = 1+O( ) uniformly for every z € [z_, 2z ] and k < 4uo,

as claimed. O

4.3. Martingales. We finish this section by recalling some standard results
about martingales that we shall use in later sections. Recall that a super-
martingale with respect to a filtration (F;)¢>o of o-algebras is a sequence of
random variables (X;);>o such that the followmg hold for each t > 0: X; is
Fi-measurable, E[|X;|] < oo, and E[Xt+1 ] .7-}] <

The following inequality was proved by Azuma [1] and Hoeffding [20] (see,
e.g., [8]).

LEMMA 4.17 (The Azuma-Hoeffding inequality). Let (X;)i_, be a super-
martingale with respect to a filtration (F;)i_y, and assume P(|X; — X¢—1| > ¢;)
=0 fort=1,...,L. Then

2
—a
P(X,—Xo =2 a) < exp()
( ) 2% ¢
for every a > 0.
Recall that a stopping time T with respect to the filtration (F3)¢>0 is a

non-negative integer valued random variable such that the event {T" < t} is F-
measurable. A stopping time 1" is called bounded if there exists a deterministic
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C > 0 such that P(T' < C) = 1. We shall require the following well-known
theorem (see, for example, [34]).

LEMMA 4.18 (Optional Stopping Theorem). Suppose (X¢)i=0 is a super-
martingale and T is a bounded stopping time. Then E[X7] < E[X)].

5. Approximation by an independent hypergraph model

In order to control the evolution of the variables m(z) and si(z) as z de-
creases, we shall need to understand the structure of the 2-core C4(z) of H(z),
conditioned on F,". More precisely, we shall need to prove good approxima-
tions for the probability that certain substructures occur in A, conditioned
on the column sums (over the rows M(z)) of the columns [z, 7 (x)]. We shall
show that, up to relatively small error, these probabilities are the same as they
would be if the columns were independent.

Note that without any conditioning the rows are independent, and the
entries in the rows are almost independent, meaning that we can estimate the
probability of given hypergraph structures using (6). The problem is that we
wish to condition on an event £ € F, of the form

(50) £ = {M(z) =Mand > Ay =dj, forj > z},
€M (z)

which specifies M(z) and all the degrees of vertices in C4(z) as well as d(z).
Thus both rows and columns are now dependent. If the entries in each row of A
were independent, then we could just forget the probabilities p;(x) and model
the matrix as placing d; 1s in column j uniformly at random. Unfortunately
this is not the case, so we need to be a bit more careful.

The substructures that we shall need to consider involve a (typically small)
subset I C M(z) of rows of A, and we shall need to estimate the probability
that the entries in these rows are of a given form. The most general version
of this requirement is that the submatrix obtained by just considering the set
I of rows and a (usually larger) set C' C [z, 7(z)] of columns forms a specific
I x C matrix R. This corresponds to specifying exactly which vertices of C' lie
in a fixed set I of edges in C4(z).

In order to state the main result of this section (Theorem 5.1, below), we
shall need some notation. Given any matrix B and subsets I and C of the
rows and columns of B respectively, define B[I x C] to be the submatrix of B
given by the set I of rows and the set C' of columns. Given z € [z_, 7(x)] and
an event & € F of the form (50), which determines the set M(z) = M and
the sequence (d;) >, let Ag denote the random M x [z, w(x)] matrix obtained
by choosing (for each j) column j uniformly among the (% |) possible choices
of column with column sum d;, independently for each column. We shall
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write m := |M| and Ay := A{M X [z, 71'(3?)]] for the corresponding submatrix
of A, even when & does not hold. Of course if £ holds, then m(z) = m and
M(z) = M.

Assume I C M and C C [z,7(x)]. If Ris an I x C' 0-1 matrix, define

2
’R‘l = Z Z Rij and ’R‘Q = Z ( Z Rij) .
el jeC i€l \jeC
We shall prove the following theorem, which allows us to control the (condi-
tional) probability of each “basic event” of the form {A[I x C] = R} in terms of
the probability of the corresponding event {Ag[I x C] = R} in the independent
model Ag.

THEOREM 5.1. Let z € [z—,w(x)], and let € € FJ be an event of the
form (50) such that K(z) holds and d(z) < 4ug. Let I C M, C C [z, 7(x)]
with |I| = e and let R be an I x C 0-1 matriz with |R|; = O(|M|/ug).
Then

O(Il+|R
(51) P(AIxC]=R|E) <exp (w

uo

)P(Ag[f x C] = R).
Moreover, if every row sum of R is at most ug/150, then

O(|I] + |Rl2)

Ug

(52) P(AIxC]=R|E) = exp< )P(Agu x C] = R).

For each I C M and C C [z,7(z)], let us define Re(I,C) to be the
collection of I x C 0-1 matrices R whose jth column sum does not exceed d; for
each j € C. Note that matrices that do not have this property are inconsistent
with the event &£, and so the theorem holds trivially for such matrices, since
all the probabilities are then zero.

If K(z) holds, then d; = 0 for j > 23, so if R € Rg(I,C), then the
probabilities in (51) and (52) are unaffected if we replace C' by C N [z, 23]
Thus we may assume without loss of generality that C' C [z, 23]. Similarly, we
may assume without loss of generality that z < z5. Thus, for convenience, let
us fix for the rest of the section an integer z € [2_, 23] and an event £ € F.f
of the form (50) such that IC(z) holds and d(z) < 4up. We note that the
conditions K(z) and d(z) < 4ug also imply that

)

w(z
(53) > dj = d(z)+ Y ksi(z) = O(m(2)),
j=z k>2
and that m(z) > zé+o(1), by (44).
The idea of the proof is to randomly permute some of the entries of A in
M x {j} for each j € C so as to obtain a random submatrix in M x C that
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is zero in I x C' and to show that in most cases the expected probability of
obtaining this permuted matrix is roughly the same as obtaining the original.
This will not always be the case, but such exceptional cases occur rarely, and
the probabilities in these cases are smaller than normal, so they have little
effect on the probability of seeing a particular pattern in the entries I x C.
This allows us to reduce the general case to the case R = 0. Moreover, by
summing over R we can reduce the trivial “true” event to the case R = 0, thus
indirectly estimating the probability when R = 0. Lemmas 5.6 and 5.8 below
will prove (51) and (52) respectively, subject to the result holding for R = 0.
Lemma 5.9 will then deal with the case when R = 0. One reason for splitting
the result into three lemmas is that the proof of the lower bound in Lemma 5.8
actually relies heavily on the upper bound from Lemma 5.6, and the proof of
Lemma 5.9 also relies heavily on Lemma 5.8.

Given an M x [z,7(x)] matrix B, we say B is consistent with £ if the
column sums Y ;s Bjj are equal to d; for all j > 2. Let B be the set of all
M x [z,m(x)] 0-1 matrices that are consistent with £, and for R € Re¢(I,C),
define

Br:={B € B:B[IxC|] =R} and By := {B € B: B[l xC] = 0}.
We will use the following simple observation several times in the proof below.

OBSERVATION 5.2. P(Ayy = B | £) = P(Ay = B | Am € B) for every
B € B, and hence

P(AI xC] =R | €) =P(Ay € Br | Ay € B)
for every R € Re(I,C).

Proof. Note that the event £ is equal to {M(z) = M} N {Ay € B}.
We claim that, conditional on the event Ay € B, the event M(z) = M
depends only on rows outside of M and so is independent of the choice of
Ay € B. Indeed, since every d; (for j > z) is either zero or at least 2,
none of the rows of M will be deleted by the algorithm that constructs the
2-core C4(z). (To see this, consider the first such row to be deleted.) Thus
the event M (z) = M holds (conditional on Ay € B) if and only if all other
rows are removed by step z of the algorithm, which depends on the sequence
(dsg1y-- -, dw(x)) and on the rows outside M, but not on the choice of Ay € B,
as claimed. This proves the first statement, and the second follows immediately
since {A[I x C] = R} N B = Bg. O

Given B € B, define a random matrix ¢7 c(B) as follows. For each j € C,
remove all 1s in the submatrix B[I x {j}] and place them on a uniformly
chosen random subset of the zero entries in B[(M \ I) x {j}], choosing the
random subsets independently for each j € C. The result is a matrix ¢; ¢(B)
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with the same column sums, and hence ¢; ¢(B) is still consistent with £, but
ér.c(B)[I x C] =0, so ¢5c(B) € By. The choices made in the construction of
¢1,0(B) will always be assumed to be independent of any random choice of B,
or the matrix A. The following observation is then immediate.

OBSERVATION 5.3. For any fired R € Re(1,C), if B is chosen uniformly
at random from Br, then the distribution of ¢;c(B) is uniform on By.

Proof. Indeed, the distribution is invariant under any permutation of the
rows M \ I. O

Now, for any 0-1 matrix B and each row ¢ of B, let
Bij
Jj€lz,m(z)]
and define the weight of the ith row, w;(B), by
t(B) = ¢,

For completeness, define w;(B) = 0 if 7 is not a row of B.

OBSERVATION 5.4. If By =0 for all j ¢ [2,2]], then ¥; Bij < wi(B) <
6>, Bij-

Proof. All primes dividing ¢;(B) are in the range [¢:,¢.], and ¢ =
zg+°(1) <28 < b . O

Assume B € Bg. Let B~ be the matrix obtained from B by setting all
entries in I x C' to 0. Note that B~ is not in general consistent with £. Write

§; = wi(B) —wy(B7), and 6 := wi(¢rc(B)) —wi(B7).

Note that §; = w;(R) depends only on R and that §; = 0 for i ¢ I while (5? =0
for ¢ € I. Moreover, by Observation 5.4, we have ¢; € {0} U [1,00) for every
i € M, and §; (respectively 5? ) is, up to a constant factor, equal to the number
of 1s removed from (respectively added to) row i by the map ¢ c. Define

A=d6= Y 47
iel 1€M\I

and note that A = O(|R|1) and A depends only on R. Also observe that, by
(53) and Observation 5.4,

(54) > wi(B) = O(|M])
ieM
for any B € Br. We shall also write

(55) ar(B) := > wi(B7).

i€l
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Our first challenge will be to prove the following lemma.

LEMMA 5.5. Let z € [2—, 23], and let €& € F} be an event of the form (50)
such that K(z) holds and d(z) < 4ug. Let I C M and C C [z, 23] be such that
|I| = e9)  and let R € Re(I,C). If |R|1 = O(|M|/ug), then for all B € Bg,

O(|RI)

Uug

50 B =5) < ow (S )PAn = ore(B).

Moreover, if no row i € I of B contains more than u/12 1s, where q,—1 = i/,
then
O(ar(B) + |R|2)

Ug

(57)  B(Ay = B) = exp< )P(AM — 610(B)).

Note that the probabilities here are unconditional and are both over the
choice of A and the (uniform and independent) choice of ¢ c(B).

Proof. For any B € Bpg, there are exactly E(:L‘/ti(B),qZ,l) choices of
integer a; € [z] such that A[{z} X [Z,T('(IL’)H = B[{z} X [2,71(3;)]]. Thus, by
counting the number of choices for a;, i € M, we have
(58)

= = 711}1(3_)761
P(Ay = B) H ‘l’(x/ti(B)anfl) B ‘I’(fﬁqz_l ,qZ71>
IP)(/1M = B_) ieM \I/(ZL'/ti(B_)an—l) i 8;>0 ’\i;(qu—iuli(B*)’qz_l)

Thus, by Theorem 3.7, and recalling that §; € {0} U [1,00) for every i € M,
we have

B9 loggii = < = ({6 - rog.1) + ©)

— A(¢(w) — loggey) + 2L,
g

The error bound in the last line follows as there are clearly at most |R|; rows
where B and B~ differ, and since u = ©(ug), which holds because z € [z_, 2J].
Similarly, conditioned on the choice of ¢r.c(B),

(60)
P(Ay = B B o1
log Ay P(iljj(: )B|_¢)SI’C( ) < '.%0 (5?(5(16) —logg.1) +£))
= A(&(u) —logg.—1) + O(Lljh).

Again, the error bound follows as there are at most |R|; rows where ¢7c(B)
and B~ differ.
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We now aim to deduce corresponding lower bounds from Theorem 3.7. To
do so, note first that if no row ¢ € I of B contains more than «/12 1s, then,
by Observation 5.4,

wi(B™) + 6; = wi(B) < g
Hence, by (58) and Theorem 3.7, we have
(61)
P(Ay = B) U(z,q 577 )

log ————— = log =~ _u.(B-
P(Ay = B7) ieM ‘I’(Cﬂaqz—f(B )7QZ—1>

0(522 + 5@’(01'(3_) + 1))

Uug

-y (5i<5<u>—long_1>+
i: ;>0
O(agr(B) + |R|2)

— A(§(u) —logg.1) + R

Note that the last equality follows by Observation 5.4, since
Z (62 + 6;wi(B7) + 1) < 6}|R|s + ar(B) + |R|
i: ;>0
and |R|; < |R|2.

Proving a similar bound for ¢7 ¢ (B) (and without assuming that the rows
of B have few 1s) is a little more complicated, since w;(B~) + (5? < u/2 does
not necessarily hold for all ¢; c(B). To get around this problem, we use the
following event (which depends on the choice of ¢ c(B)):

gp = {wi(B*) < u/3 and (535 < 6 for each ¢ € M such that 5;75 > O}.
The first step is to show that this event occurs for most choices of ¢ c(B).

Claim 1: For every B € Bg, we have

P(Gp) = exp ( _ 0<|Rh>>_

Uo

Proof of Claim 1. Let M' = {i € M : w;(B~) < u/3}, and note that if
ér1,c(B) places 1s only in rows of M’, and places no more than a single 1 in
each row, then Gp holds. Indeed, only those rows ¢ where a 1 is inserted have
6? > 0, and if only a single 1 is inserted in row ¢, then by Observation 5.4 we
have 5? < 6.

We can construct ¢ c(B) with the correct distribution by processing each
one of the |R|; 1 entries of R = B[I x (] in turn, removing it from B and
then adding a 1 to a uniformly chosen non-zero entry of the same column of
B, outside of the rows I. The number of possible choices in this process is
clearly at most |M|!fl. If instead we consider only those choices where 1s are
placed only in the rows M’ \ I, and no two 1s are placed in the same row, the
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number of choices will still be at least (|M’| — |I| — 4ug — |R|1)!®*. Indeed,
at each step we have |M’\ I| choices of row, but we must avoid the at most
4ug original 1s of B in that column and the at most |R|; rows where we have
already placed a 1. Since the choice of ¢7 (B) is uniform, we have

R R
P(Gp) > |M'| —|I| — 4uo — |R|y Rl > (1 o) IRy _ ORI fu)
o] n ,

since |I|+4ug+|R|1 = O(|M]/ugp), by our assumptions and using (23) and (44),
and since

Uiern Wienm o
by (54) and since u = O(uyg). O

We are now ready to prove our final lower bound; the lemma follows easily
from the following claim, together with (59), (60) and (61).

Claim 2: For every B € Br, we have

P(Ay = é1,0(B))

O(IR]1)
P(Ay = B™) '

Uug

log Z A(ﬁ(u) — log q2—1> +

Proof of Claim 2. Note first that

P(Ay = é1,0(B)) P(Ay = é1,0(B) | é1,0(B)) ' G }
P(Ay = B") P(Ay = B") Bl

> P(Gp)E

and observe that if Gp holds, then w;(B™) + 5? < u/3+6 < u/2. Hence, by
Theorem 3.7, it follows (cf. (61)) that
P(Ay = é1,0(B) | d1,0(B))
P(Ay = B-)
= —wi(BT)-6

Uz, q,_ y4z—
= log [] E = (B7) 4 1)1>

= \If(:L‘, qz__wf
- Z (5?(5(15) —logg.—1) + WM)

uo
i 87>0

log

O(ay +|R
= A(&(u) —loggo1) + Olas + |Rl1)
Uo
whenever Gp holds, where
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Thus, by the convexity of the exponential function,
P(An = ¢I,C(B))
P(Ay = B~)
O(ag + IR
exp (A(&(u) —logq.—1) + <<z>|1>> ‘ gB}

Up

> (Gn) exp (| Ale(n) ~ Togg-oa) + X | gy ).

Up

(62)

> P(G5)E

We claim that
(63) Elag | Gs] = O(RI).
Indeed, as in the proof of Claim 1, the probability that a given 1 entry in R
is moved to row i is at most (\M’] — || — 4up — \R|1)_1 = O(1/|M]|) for each

i € M. Thus the probability that 5? > 0 (i.e., that row i receives some 1) is
at most O(|R|1/|M]), and so

o, | 6] = CUFD)

> wi(B7) = O(|R]),

Ml
by (54), as claimed.

Hence, combining (62) and (63), and using Claim 1, we obtain

P(Ay = é1,0(B))

P(Ay = B)

> exp (A(é(u) —logge1) + O“Rl))

Uo

as required. O

To complete the proof, simply observe that combining Claim 2 with (59)
gives (56), and that combining Claim 2 with (60) and (61) gives (57). O

We can now easily deduce the following lemma.

LEMMA 5.6. Let z € [2—, 2], and let € € F} be an event of the form (50)
such that K(z) holds and d(z) < 4ug. Let I C M and C C [z, 23] be such that
[I| = e90) | and let R € Re(I,C). If |R|1 = O(|M|/uo), then
P(AIxC] =R |€) o <O(‘R’1)>P<Ag[1 x C] = R)
P(AIxCl=0]&) = P(Ag[l x C] = 0)

Up

Proof. Write Epep, for the expectation over a uniform random choice of
B € Bg, and similarly for Egcp,. Note that, by Observation 5.2,

|Br|Epes,P(Av = B)

P(AIxC] =R | &) =P(Ay € Br | Ay € B) = F(Ay < B)

)
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and that by Lemma 5.5 and Observation 5.3,

O(|R
EBeBRIP’(AM = B) < exp <<||1)

Uug

O(|R|
= exp <<UOI))EB€BO]P)(AM = B).

Thus, using Observation 5.2 again, it follows that

)EBGBRIP(AM = ¢1.c(B))

_ O(IR]1)Y |Bxl _
P(AIxC]=R|€) < exp< ” ),ZSO‘IP’(A[IX Cl=0]¢&).

Now, since Ag is distributed uniformly on B, we have
P(Ag[I x C] = R)  |Bpyl
P(Ag[I xC] =0)  |Bol’

and so the lemma follows. O

Our next task, which will be somewhat harder, is to prove an almost-
matching lower bound when the row sums of R are not too large. In order to
do so we will use the following simple observation, which will also be useful in
Section 6.

OBSERVATION 5.7. Let X1,..., X, be independent Bernoulli random vari-
ables, and let X =31 X;. Then for any X > 0,

E[e*] < exp ((e* — DE[X]).
Proof. We have, for each Bernoulli random variable X,
E[e*] = 14 (e} = DP(X; = 1) < exp ((e* — DELX]).
Thus by independence of the X;,

E[GAX} = l:IlE[G)‘Xi} < 1:[lexp ((eA - I)IE[XZ]) = exp ((e)‘ - l)IE[X]),

as required. O

The following lemma provides us with the lower bound on IP(A[I x O] =

R|E ) that we require in order to prove the second statement in Theorem 5.1.

LEMMA 5.8. Under the same assumptions as Lemma 5.6, but with the
1/u
9y

extra condition that no row sum of R exceeds u/24, where q,—1 = x we

have

(65) P(A[IxC] =R | &) <O(|R|2)>P(Ag[1 x C] = R)
P(AIxC]=0]&) ug P(Ag[l x C] = 0)
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To prove Lemma 5.8 we would like to repeat the calculation in the proof
of Lemma 5.6, except using the second statement in Lemma 5.5. However,
there is a problem: we have no control over the entries of B~ in the rows of I.
Indeed, if B~ contains too many 1s in some row ¢ € I that is non-zero in R,
then we will be unable to find any non-trivial lower bound on P(A;; = B).
Fortunately however, very few matrices B have this property, so we can simply
use the trivial lower bound (i.e., zero) for those matrices. The main challenge
is to show that we also do not have a large contribution to P(A[l x C] =0 | &)
in this case.

Proof of Lemma 5.8. We are only required to prove the lower bound, since
the upper bound follows from Lemma 5.6. Define

B = {B € B : B~ has no more than u/24 1s in row i for all i € I},

and set By, = B' N Br and B = B’ N By. Note that if B € BY, then, since no
row of R contains more than u/24 1s, we have at most u/12 1s in each row
i € I of B. Thus we can apply Lemma 5.5 to deduce that

O(ar(B) +|R|2)
g

(66) P(Ay = B) = exp( )IP’(AM = ¢1.0(B))

for every B € Bj. Note that ar(B) = ar(¢r,c(B)), since §; only depends
on R, and w;(B~) = wi(¢r,c(B)~) for every i € I, and observe that, as in
Observation 5.3, if B is chosen uniformly from B}, then ¢; ¢(B) is uniform
on By, since the extra condition that B € B’ does not depend on the columns
C of the matrix B. Thus, taking the expectation of (66) over a uniform choice
of B € B, we obtain

- IP>(1411\|4B/G| By)
R
~ Epes, {exp (O(QR(QSLC;LDB)) + |R|2>>]P’(AM _ qﬁLc(B))}
 Epe {exp (O(OKR(B;)O"' !Rb))P(AM _ Bﬂ

P(An € Bp).

1 E{exp (O(aR(AM) +|Rl2)

A /
B)] )' m € By

Uo

The following claim will allow us to bound the right-hand side of (67).
Claim 1: E[ar(Ay) | Am € By = O(|RI1).
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Proof of Claim 1. Since d; depends only on the fixed matrix R, the defi-
nition (55) of ag and Observation 5.4 imply that

(68) Elor(An) | Ay € By =Y 6;E[wi(Ay,) | Am € By

el

<6> 6 Y. P(Ay; =11 Ay € Bp).

€l jelzm(z)\C
We claim that

d.
(69) P(Aj =1| Ay € By) < eoﬂ/“o)ﬁ

for every i € I and j € [2,25] \ C. Indeed, if B is chosen uniformly at random
from the set Cy := {B € By : By = 1}, then ¢ ;3 (B) is uniform on Cp :=
{B € B, : Bjj =0}. Lemma 5.5 then implies (cf. (67)) that

]P(AM € C1> = ‘Cﬂ 'EBecl]p(AM = B)
< [C1[eCV " B pee, P(An = d1.0(B))

= |G PU I B B(Ay = B) = }gl /(A € Cp).
0

Now [C1]/|Co| = dj/(|M| — d;), so
P(Ai; =1| Ay € By))  P(Aw € (1) oty __d;
P(Aj; = 0| Ay € By)  P(Ay € Co) | M| —

which implies (69), because d; < 4ug (since K(2) holds) and u3 = o(|M]),
by (44).
Now, combining (68) with (69) gives

7(x)
E[ar(An) | An € By| < O(1) Y 6; Z O(|Rl1),
i€l j=z
where the final step follows by (53), and since Y ;c; 0; = O(|R|1). O

By Claim 1 and the convexity of the exponential function, we obtain
Olagr(A O(IR
e (2N 4 ] 5 (D),
0

uo
Now, combining this with (67) and noting that |R|; < |R]2 gives

(70)  P(Ay € Br) > P(Ay € By) > eO<le/"0>||llg33,*f||P(AM € By).
0

Note also that
BRl _ |Ba| _ P(Aell x C] = R)

i By = Bl ~ P(Aellx O] =0)°
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since the condition that B € B lies in B’ does not affect the columns in C. The
following claim will therefore be sufficient to complete the proof of the lemma.

Claim 2: P(Ay & By | An € By) = O(e™).

Proof of Claim 2. Recall that if B € By \ By, then B{{z} x ([, 28] \ C)]
contains at least u/24 1s for some i € I. Our strategy will be to use Lemma 5.6
to bound the probability that this property is satisfied by Ajs in terms of the
probability that it is satisfied by Ag, and then use the independence of the
columns of Ag¢ to deduce the desired bound.

In order to apply Lemma 5.6, we will first have to cover the event Ays €
By \ Bj, with a suitable collection of events. To do so, let C be the collection
of subsets C" C [2,23] \ C of size exactly [u/24], and let R(C’) be the set
of R' € R(I,C") with some row i € I of R’ consisting entirely of 1s. Now if
Apr € By \ By, then there must exist some C’ € C and R’ € R(C") such that
A[I x C'] = R'. Thus, by the union bound, we have
(72)

P(Av € By | A € Bo) < > Y P(AIxC') =R | Ay € By).
C'eC R'eR(C)
We claim that
P(A[I xC'| =R, Al xC] =0 &)
P(A[IxC]=0]¢)

for every C' € C and R’ € R(C’). Indeed, by Observation 5.2 both sides are
equal to

(73) P(A[I x C') = R' | Ay € By) =

P(A[I x C'] = R,A[I xC] = 0 | Ay € B)
P(A[IxC] =0 | Ay € B)
We are now ready to use Lemma 5.6 to show that
P(A[I xC'| = R, A[I xC] =0 £)
P(A[I x (C'UC)] =0 €)
P(Ae[I x C'] = R/, Ag[I x C] = 0)
P(AglI x (C"UC)] = 0)

(74)

O (o)

N

Indeed, this follows by applying Lemma 5.6 with R an [ x (C' U C') matrix
that is R on I x C’ and zero on I x C, noting that |R'|; < 4ug|C’| < ud.

Note that the right-hand side of (73) is at most the left-hand side of (74),
since we have added the condition that A[I x C'] = 0 in the denominator.
Observe also that

- P(Ag[I x C') = R, Agll x O] = 0)  P(A¢[I x C'] = R')
(75) P(Ag[I x (C'UC)] = 0) - P(AelIx ¢ =0)]
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since the columns of Ag are independent, and also that

(76)
P(Ae[l x C'] = 0) = BC, (IMld; III) <IZ)_ _ Jg, tHO \Ml II\ —t
Je ()

since Y jeor dj < 4ug|C'| <
Combining (72), (73), (

(77) P(Ay € By | Ay € By) < 900 > N P(A[IxC'] = R)
C'eC R'eR(C)

Owo) 3™ N"P(Ael{i} x C'] = 1),

C'eCiel

and |I| = e90) = o(|M|/u?), by (23) and (44).

I 2
> eXP( W) =1-0(1),
w2
up;
74), (75) and (76), we obtain

where 1 indicates the all 1s vector, since the events ]P’(/ng [I xC'N=R ) are
disjoint.

Now, let X = ngzz X, where Xm--szg are independent Bernoulli
random variables with P(X; = 1) = d;/|M|. We claim that

(78) 3" P(Ael{i} x C'] = 1) = PM™IP(X = [u/24])

c'eC

for every 7 € I. Indeed, simply note that

IP’(X:[U/%D:ZH,‘ 11 <1_|d]‘2’)

C’eC jeC’ ]e[z z5\C’
= O 3 H Ol N~ P(Agl{i} x C'] = 1)
C’GCJEC’ crec

for each i € I, since the columns of A¢ are independent, and using (53).
Recalling that |I| = e?(0) and u = O(ug), it follows from (77) and (78)
that

P(Ay & By | An € By) < eM-P(X = [u/24])

for some constant A > 0. Noting that
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by (53), and that e2*A+DX > cOM+Du for X — [4/24], it follows by Observa-
tion 5.7 that
P(An & By | Au € By) < E[e DX ]emu
< exp ((624(/\+1) - 1)E[X])e_“ = O(e_“),
as required. O

To complete the proof, we simply combine Claim 2 with (70) and (71).
This gives

P(Ag[I x C] = R)
P(Ae[I x C] = 0)

P(AM S BR) > eO(IBl2/uo) P(AM € B()).

But, by Observation 5.2, we have
P(AIxC]=R|E) P(Ay € Br| Ay €B) P(Ay € Bg)

P(AIxC]=0|€E) P(AyeBy| Ay eB) P(Ay€B)’
and so the required lower bound follows. O

To prove Theorem 5.1, it just remains to estimate P(A[l x C] =0 | &).
To do so we prove the following lemma, which follows from |C| applications of
Lemma 5.8.

LEMMA 5.9. Under the same assumptions as in Lemma 5.6,
(79)  P(AIxC]=01&) = exp(O(I|/uo))P(Ag[I x C] = 0).

Proof. Enumerate the elements of C' as {j1,...,J:}, and write

Ci = {Ji, Jirrs - i}
Let p; :=P(A[l x C;j] =0 | &) and p; := P(A¢[I x C;] = 0), and observe that
(80) logP(A[I xC]=0]¢&) = —Zlog]ﬂ = —Zlog (1+M>,
i=1 pi i=1 pi
and similarly for A¢ and p;, since Di+1 = Pr+1 = 1. We will use Lemma 5.8 to
show that
(81) Pi+l = Di _ O(dy, fu) . 151'+1~* Pi
bi 2
for each i € [t]. To prove this, define a family
R(i) = {R € Re(I,Ci) : R[I x {5i}] # 0 and R[I x Ciya] = 0},

and observe that we can write

Dit1 —Di = Z ]P’<A[I x C;] = R | 5),
RER(i)
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and similarly for p;11 — p;. Note that each row sum of each R € R(7) is at
most 1, and so |R|y = |R|1 < dj, < 4ug = o(|M|/ug). Hence, by applying
Lemma 5.8 (with C = C}), we obtain
P(AIxC]=R|€&) Oty uo) P < Ci] = R)
bi Di
for each R € R(i). It follows that

P(Ag[I x C;] = R)

_ Oy fun)  Pix1 = Pi

PP o /) 3
bi RER(i) bi bi
as claimed.
Next, observe that p;/piy1 = P(Ag[l x {ji}] = 0), since the columns of
Ag are independent, and so, recalling that d;,|I| = e©0) = o(|M]), by (23)
and (44), we have

. . -1
Pi+1 — Pi ’M\) (|M’ . !II> O(d;,|11)
82 — — —1 = C = o(1).
52 pi (dj d; | M] W
Now log(1 + e®b) =log(1 4+ b+ O(ab)) =log(1+b) + O(ab) for all a=0O(1) and
b=o(1). Applying this with b= (pi+1 — p;)/Pi, and using (81) and (82), gives

log <1 L Pin1 —m) ~ log (1 4 (Od;; /) Pit1 —ﬁz‘)
s

7 2

) ﬁz
S5 di Bir1 — D
_ log (1 + pH_lN pz) + O(g2 . pz-‘rl~ pz)
Di Uug Di

~ 2

Pi+1 dj.!II )
= log—— + O( ! .

Di UO\M|

Finally, recall that Y_; d2 < d(2)? + Y ks0 k*sk(2) = O(IM]), since K(z)
holds and d(z) < 4ug. Thus, using (80), we obtain

t ~ t
Pit1 || 2)
logP(A[I xCl =01]&)=—) log— +O< dz.
(AT 0] =01 &) = =Yoot 40 a3
- 1
= logP(A¢[I x C] = 0) + OS D,
0

as required. O

Proof of Theorem 5.1. The reduction to the case z € [z_,2]], C' C [z, 2]]
and R € Re(1,C) was given after the statement of the theorem, so we may
assume these conditions hold. Multiplying (79) by (64) gives (51). Simi-
larly, multiplying (79) by (65), and noting that u > /6 for all z € [2_, 2§],
gives (52). O
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6. The exploration process

When there is exactly one active non-zero entry in column z (i.e., when
d(z) = 1), a chain reaction is set off that reduces the number of active rows
and can significantly alter the hypergraph S4(z). In order to control the evo-
lution of the variables si(z) (and hence m(z)) we shall need a very precise
understanding of this deterministic process. In this section we shall use tech-
niques from the theory of branching processes to control the expected change
of various key parameters of the hypergraph S4(z), where we average over the
possible matrices A that are consistent with the information observed so far
in the filtration; see Algorithm 2.7. Importantly, we shall also obtain strong
bounds on the probability of large deviations.

We begin by defining the various parameters that we shall need to control.

Definition 6.1. For each z € [w(x)], and each k > 2, define the following
random variables:

(i) D(z) :==m(z) — m(z — 1), the number of rows removed in step z.
(i1) Ag(z) :=|Sk(2) \ Sk(z — 1)|, the number of edges of size k that contain
a vertex removed in step z.
(ili) Ri(2) := d(2) + X2 k(sk(z) — sk(z — 1)), the number of 1s removed
from the matrix in step z (including those in column z) if d(z) = 1.
(iv) A’(z), the number of edges of size at least three that have at least two
vertices removed in step z.

The following theorem will play a key role in the proof of Theorem 2.6.
THEOREM 6.2. Suppose that z € [z_,7(x)], K(z) holds, and 2s2(z) <
(1 —e1)m(z). Then

-1

(a) E[D(z) | Fz, d(z) = 1} = (1 - 2:12(12)) —i—o(l)) ;
-1

TG o) G rolner)

(b) E[Ak(2) | Fe, d(z) =1] = (1
for all k > 2;
(c) E[D(2)? | F, d(2) = 1] = O(1);
(d) E[A'(2) | Fz, d(2) = 1] = O(m(2)71/?),
where the bounds implicit in the o(-) and O(-) notation are uniform in k and z.
Moreover,

(83) P(Ri(z) > uf | Feod(z) = 1) < 2.

The idea is to prove a corresponding theorem in the simpler (independent)
model Ag and then use Theorem 5.1 to deduce the statement in S4(z). We
now recall this model and define some additional notation.
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Definition 6.3. Fix z € [z2_,m(x)] and an event €& € F of the form (50)

such that K(z) holds and d(z) = 1, and define S¢ to be the random hypergraph
with vertex set M and edge set

E(8e) = {& 1 j € [+ 1,7(2)], dj > 0},

where €; is a random subset of M chosen uniformly over all (‘ ,|) choices of
subsets of M of size d;, independently for each j. For k > 2, let

Sk:{jGZ-f-lﬂ' :]—k‘}

denote the set of columns corresponding to the k-edges in Sg, and let S =
Uk>2 S. We also define &, = {v}, where v is chosen uniformly at random
from M, independently of €;, j > z.

We define a deterministic process on the random hypergraph Se by “in-
fecting” vertex v at time zero and then at each subsequent step infecting any
vertex that is the last non-infected vertex in an edge of S. To be precise, we
set Dy = {v} and, for each t > 1

Dy := Dy 1 U {fw € M : there exists j € S with w € € C D;_q U {w}}

We remark that such processes are usually referred to as “bootstrap perco-
lation” and have been extensively studied in both deterministic and random
settings; see, e.g., [3, 21].
We now define D, Ry, Ay, and A’ to be the quantities corresponding to
D(z), Ri(2), Ak(z), and A’(z) respectively. That is,

)
(i) D :=|Dw|, where Doy := Usso D
(ii) Ay : '{jESk ;N Do #@}’foreachk

) Ry =1+ Yieslei N Dy|. (Note that the extra 1 is for the single 1 in
column z.)

(iv) A= |{j € Ukss Sk 1 1&; N Doc| > 2} .
For k > 3, we also define A,(:) by
A,(j) = ‘{] € Sk : 16N Ds| = 1})

(iii

Note that for k& > 3, A,(;) < Ap < Al(:) + A

The hypergraph Sg is the hypergraph corresponding to Sx(z), except
that we use the matrix Ag from Section 5 in place of A. In particular, if £
holds, then S; = Si(z) and M = M(z). We remark that, for emphasis, we
shall put tildes over all random variables that are functions of the random
hypergraph Sg and write s, = |S| and m = |M| so that if £ holds, then
m = m(z) and s, = sg(z). We label the hyperedges of Sg by the column
indices j € [z + 1, 7(z)]; the realizations of these edges as subsets of vertices
are then given by the random variables é; = {i € M : (Ag);; = 1}. However,
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as we analyse the progress of the “avalanche” we shall reveal information about
these random subsets only when necessary. Although technically not part of
the hypergraph Sg, we also define é, as the random 1-edge corresponding to
column z. We remark also that, since we will always assume that K(z) (and
hence M(z)) holds, it follows from (44) that m > zé+o(1).

Our first main task will be to prove the following bound on the probability
(in the independent random hypergraph model) of large deviations of Ri.

LEMMA 6.4. Suppose that & is such that K(z) holds, d(z) =1, and 2s9 <
(1 —e1)m. Then there exists a constant X > 0, depending only on €1, such
that

5 O(s2) —\t
4 P(Ry >t) = 2
(84) (B >t) = ==
and
~ O(ksy) _
(85) IE[AIS)IL{KEKW/Q}} = (m ) i

for all 2 <t < m'2, uniformly in t and k > 3.

We shall next precisely define the process via which we reveal the set of
vertices removed in the independent model. For each integer ¢ > 0, let A, and
Vi (the active and visited vertices respectively) be subsets of M given by the
following algorithm. For technical reasons, we shall need an upper bound on
the number of vertices we visit during the process.

Algorithm 6.5. We start with ¢ := 1, Ay = Vj := {v} and Ey:= {z}, where
v is the vertex corresponding to the unique 1 in column z. Define j(v) = z and
repeat the following steps until |A;| = 0:

1. Pick u € A;_; with the smallest value of j(u), and list the elements of
M\ Vi1 (in increasing order, say) as wi,...,w,. Set A0 = 4, 4,
V) .= f/t—l, EO .= E’t,l and ¢ := 0.

2. While |[V®| < m!/2 and ¢ < r, repeat the following steps:

(a) Set £ :={+1.

(b) Let j(we) be the smallest j € S with {u,w,} C & C Vi1 U {wy},
if such a j exists. Set V) := VD U {w,}, A® = AN U {w,},
and B := ED U {j(wy)}. If no such j exists, then set VO :=
VD AG = A1) apnd BO = B,

3. Set Ay := AO\ {u}, V;:= VW, and E;, := EO.

4. If \flt| = 0, then set Voo := V; and E := E;; otherwise set t := ¢ + 1
and return to Step 1.

Let us begin by making a couple of simple but key observations about this
algorithm.
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OBSERVATION 6.6. |A;| = |Vi| —t for every 0 < t < |Vio|, and |Vao| =
min {D, (ml/ﬂ}.

Proof. The equation |A| = |V;| —t follows since we add the same elements
to A; and V; but remove one element from At at each time step. To see that
[Vao| < D, observe that in fact we have V; C Dt for all ¢ > 0 by induction, as
we only add vertices to V; that are added to D;. Moreover, if |V;| < [m!/?]
for every t > 0, then the algorithm discovers all vertices that are included
in Dy, so in that case Voo = Do, and so |Va| = D. On the other hand,

if |V;| = [m!/?] for some t, then we visit no new vertices after that point,
and therefore Vi = V; for all t < ' < |Vl, and hence |Vy| = [ml/zw, as
claimed. g

We think of (|4;|)¢>0 as a random walk and of |Va| as the hitting time
of 0. However, the steps of this random walk might be large and are not
independent. Therefore, in order to control the walk we shall need to break
the steps up into smaller pieces. Let us define random variables X’t,w € {0,1}
for each 1 <t < |Vio| and w € M \ V;_; by setting

thzl = wE%\‘z,l.

Abusing notation slightly, let us define a filtration J; t=FCF C---C
‘F\V | = = Fuo by defining F; to be the information observed (about the inde-

pendent model) at the moment V; is defined.'® For each 1 < ¢ < |Vaol, let us
define a further filtration

Fic1 = Frcwn © Frcws © 0 © Frcw, © Ft

by defining F; <., to be the information observed just before we begin Step 2(b)
in the round of Algorithm 6.5 in which we discover whether or not w € V;\ V;_;.

Remark 6.7. Note that in Step 2(b) of the algorithm we only need to
observe whether or not the hyperedge €; satisfies {u,w;} C é; C Vie1 U {we}
in turn!! for each j until we find one that does, or we have exhausted all j € S.
Moreover, if we do find such an edge, then we do not test this condition for
larger j. We emphasize that this is the only (new) information contained
in .7-"t<w£+1, and therefore, for edges €; € E(S¢) that are not used in the
process, we only have “negative” information (i.e., information of the form
“the hyperedge &; does not satisfy {u,we} C & C V;_; U {w}”). This fact will
play an important role in the proof; see Lemmas 6.8, 6.12 and 6.13, below.

10Note that after we have visited m*/2 vertices, the algorithm does not observe any further
new information, and so the o-algebras of the filtration are all the same from that point on.

"Since j(we) is the smallest j € S with this property, we consider the elements of S in
increasing order.



98 P. BALISTER, B. BOLLOBAS, and R. MORRIS

In order to bound R; and the other variables introduced in Definition 6.3,
we shall need to consider both edges €; with JEe Fuo (i.e., edges of Se that are
used in the algorithm), and edges €;, j € S \ E, that nonetheless intersect Vs.
Before embarking on the proof of Lemma 6.4, we shall use Remark 6.7 to
control the distributions of the number of both types of edges.

We begin with the edges €;, j € Es. Let us define a random variable

X(]fg €{0,1} for each k > 2,1 <t < |Vio| and w € M \ V;_; by setting
X§’fj =1 < weV,\Vi_1 and jw) € S.

Note that Xt = Spso Xt(’fj for every t and w. Define X;,, to be the event
that V() < m1/2 just before we test vertex w in time step t. Thus Xt,w =1is
only possible if 2?,571,) holds.

We write 1 4 to denote the indicator function of an event A.

LEMMA 6.8. Suppose that € is such that K(z) holds, d(z) =1, and 2s9 <
(1 —e1)m. Then

E[XE | Ficu] = (224 0(m=7)) 15,

and if k> 3, then

2
¢ | 7 2Rk
[Xt,w | ‘Ft:<w] S m(k+2)/2 ﬂXt,w

for every t > 1 and w € M \ Vi_i. As a consequence,
- ~ 2s _
E[Xpw | Ficw] = (2 +0(m 3/2))12@,w-

Moreover, the constants implicit in the O(-) notation are uniform in z, t and w.

Proof. Let V® be the set of visited vertices just before we ask whether or
not w € V; \ V1. If \V(Z)] > m'/2, then Xt,w =1z =0, so we may assume
that [V©| < m!'/2. As K(z) holds, we may also assume k < 4ug, as otherwise
Sk = 0 and hence f(t(lzg = 0. By (44), we may also assume that m > z(l)+o(1),
so ug = o(logm). We shall prove the first two statements by bounding (for
each k > 2) the probability that w € Vi \ Vi1 and j(w) € Sk by the expected
number of edges j € Sy \ EY) of size k with {u,w} C & C Vi U {w}.

Indeed, by Remark 6.7, conditioned on »7:t,<w, the edges €;, j € S}, \ EWO,
are each chosen independently and uniformly from the collection of sets that
fail to satisfy the test in Step 2(b) in any prior time step where the edge é€;
was actually tested. This (crucially) includes all k-subsets of M that contain
at least two vertices of M \ V,_1. Since |‘~/t,1| < m!2, the number of such sets
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is therefore

(3) -om () = (o) = o’y

where we have used the fact that 2 < k < 4ug = o(m'/?), by (44), and the
general fact that (7) = (1 — O(r?/n))n"/r!. It follows that, for each k > 2
and each j € S \ E®, the edge ¢; satisfies {u,w} C & C V;_1 U {w} with
(conditional) probability

KL (Vi k(k = D)|Vig 2
(86) (1+ 0(1)>W . (k ) < (1+0(1)) s
so, in particular, for each k > 3, we have
k(k —1)|Vi_q |2 2k sy,

~(k ~
E{Xt(,uz | ft7<w} < (1+0(1)) mk SE X W

since |Vi_1| < m'/?

replace (86) by

, as claimed. When k = 2, on the other hand, we can

(5) ot ) '~ ot

since |V;_1| < m'/2, and that at most |V;_;| edges have already been used in
the process (since every time a new edge is used, we visit a new vertex). Hence
the probability that some 2-edge satisfies €; = {u, w} is

(22 +0(m7) (s2+ O(n ) = 22+ (),

as claimed, since sy = O(m).
For the last part, we note that )N(t,w =Y k>2 f(t(’jj and so, assuming /%t,w
holds,
5@ F 2k sy iy
E{Xt,w - Xiw | th,<w] < Z D = O(m )
3

=

as KC(z) holds, so Y g>9 s = O(m). Uniformity in z, ¢t and w follows as all the
o( ) terms are in fact bounded by functions of m, and since K(z) holds we have

m > zé+o(1), by (44). O
Next, define
kif X’t’w =1 and j(w) € Sk,

flt,w) = .
0 if Xpp = 0.

Using Lemma 6.8, we can easily deduce the following bounds, which will be
needed in the proof of Lemma 6.4, below.
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LEMMA 6.9. Suppose & is such that K(z) holds, d(z) = 1, and 2sy <
(1 —e1)m. Then for any 0 < XA < &1, we have

m

: - A—A%)2
E{e)\xt,w ‘ ft,<w] < exp </>

; - 2
E[e)\f(t,w) | ]:t,<w] < exp (A>
m

for every t > 1 and w € M\ﬁ;_l.

and

Proof. Since 2s9 < (1 —¢€71)m, it follows by Observation 5.7 and Lemma 6.8
that

B[ | ] < o (1) (5 0
<exp<(a—1)<1—sl+o<1>>> gexp@—m),

m m

since 0 < A< ey <landso(ed—1)(1—e1) < (A+% o)1= A) <A—2

Similarly, recalling that m > zl+o( ) and that Sks2 285, = O(m), since K(z)
holds, we have

4ug

B[O | F] = 143 (- DB(EE = 1] i)
k=2

2 _ 2k2(eF — 1)
1+ (egA - 1) (% + ( 3/2)> + 22: m(k“ Sk
1+ (eQA - 1)% + O()\m_3/2>

2\ <2)\)
1+ — < exp| — |,
m m

since 0 < A<ey <1andso (e22~1)(1—¢1) < (2)\—1—4’\ +8>‘3+~~-)(1—)\)<2)\. O

N

N

/N

In the proof of (85) we shall use the inequality
1 _ 1) AR
(87) E[Al(c )]l{tgf%1<m1/2}} <e E{Al(f )eARlﬂ{KRKmW}}’

so it will be important that we have some control over the distributions of
A,(cl) and R conditioned on the “positive” information that By > 1. The next

observation provides us with this control.

OBSERVATION 6.10. The random variable |Vi| — 1 is stochastically dom-
inated by the binomial random variable Bin(se,2/m). In particular, E[€|V1| |
Ry >1]=0(1).
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Proof. Only 2-edges can be included in F as j € Fy implies |é; \ {v}] = 1.
Each 2-edge is included precisely when it contains v and is not identical to a
previously encountered 2-edge, and this occurs with probability at most 2/m.
Thus |V}| is stochastically dominated by a 1 4 Bin(sz,2/m) random variable.
The condition that Ry > 1 is precisely the condition that the exploration
process does not immediately die out, so it is equivalent to the condition that
\Vl\ > 1. Now conditioning on Ry > 1 is equivalent to conditioning on at least
one 2-edge containing v. But conditioned on that, \Vl\ — 2 is stochastically
bounded by a Bin(sg,2/m) random variable, as there are at most s, remaining
edges to test, and each adds 1 to |V;| with probability at most 2/m. By
Observation 5.7, E[eP(2:2/m)] < exp((e — 1)2s5/m) = O(1), so the second
result follows. O

We are ready to bound the contribution to R of the edges used in Algo-

rithm 6.5. Let
Woo := Y &)l = D d;
WE Vo j€Fs
denote the sum of the sizes of these edges; as these edges all lie inside Vo, this

is precisely their contribution to Ri. The following lemma controls the size
of W

LEMMA 6.11. There exists some A > 0, depending only on €1, such that
E[M>= | R > 1] = 01).

Proof. Note that the condition Rl > 1 is equivalent to Woo > 0 and is
JFi-measurable, as one discovers whether or not Ry > 1 in the first round of
Algorithm 6.5. We will first need to control the large deviations of |V|.

Claim 1: For every t > 1,
P(|Vao| >t | By > 1) = O(e™*1/2).

Proof of Claim 1. Since |V;| = |A;| +t >t for t < |Vao|, we have
(88) )
P([Vao| >t | Ry > 1) =P(|[Vi| >t | By > 1) < e ME[eV | By > 1].

We shall bound IE[ e1|Vi| | Ry > 1] using Lemma 6.9 and the law of iterated
expectations. Indeed, setting X; = Sw X, w, S0 that X, = \Vt \ V,_ 1|, we have

(89) E[€€1|‘7t| | Ry > 1} — E[651(1+X1+'"+X’5) | Ry > 1]

= E[eal‘f/t_ll ~E[681Xt ‘ ft—l} ’Rl > 1}
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and similarly,
(90) E[elet ’ﬁt—l] — E{€€1(Xt,w1+---+)2t,wr) ’ﬁt—l]
— E|:661(Xt,w1+"'+)2t,w,’,71) .E[eal)?t,wr |]}t,<wr] |]}t71:|-

Now, applying Lemma 6.9 with A = 1, we have

51—5%/2>

1 E a1 Xiw | T wl <
ay e | Fiea] < e (258

for every t > 1 and w € M \ V;_;. Combining this with (90), and iterating the
procedure, we obtain

- ~ _ 2 ) -~ - N
E[eslxz ‘ ]:t—l} < exp(gl E1/ )]E|:651(Xt,w1+”'+Xt,wr—1) ‘ ]:t—l}

m

(e1 —2/2)r

) < exp (51 —5%/2),

g <exp<

since r = |M \ V;_1| < m. Hence, using (89), and iterating again, we have
B[l | Ry > 1] < 2B [entlfiol | &y > 1]
<--- < e(flfff/Q)(tfl)E{efl\Vll | Ry > 1}.
Thus by Observation 6.10,
E[eel‘m | Ry > 1] = 0(6(51_5%/2)’5).
Finally, it follows from (88) that
P([Vao| >t | Ry > 1) < e " E[e Vi | Ry > 1] = O(e~1t/2),
as claimed. 0

We shall next use a similar argument to control
Wii= > &Gl = X
wev; jeFy
the sum of the sizes of the edges used in the first ¢ iterations of Algorithm 6.5.

Claim 2: If 0 < XA < €1, then
eAWt—Z)\t

is a super-martingale with respect to the filtration (F;):>o.

Proof of Claim 2. The proof is similar to that of Claim 1, except the
bound (91) is replaced by

E[e)\f(t,w) | ft,<w] < exp (2)\)’
m
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which also follows from Lemma 6.9. Indeed,

]E[e)\(Wt—Wtfl) | Fio] = E|:6A(f(t,w1)-‘ru.-‘r];(t,'wrfl))
.E[e)\f(t,wr) | Frcw,] | ﬁt_l]

2 7 ; ~

27
<0 < eXp() < e

N

m
since r < m. Since Wt,l is ]}t,l—measurable, it follows immediately that
E[BAWt—Z/\t | -7:—1‘,71} < em/t,l—%(t—l),

as required. O

We are now ready to bound the expectation of eAWee | Observe first that

. ~ 1 - N ~ . -
E[eM=/2 | Ry > 1] < o (B[ 20| By > 1] 4 B[] | Ry > 1]),

2
by the convexity of e®. Now, if A < €2/4, then
~ - o0 o ~
E[e?Vel | Ry > 1] < YT ePP([Vio| > t | Ry > 1) = O(1)
t=0

by Claim 1. Moreover, since the event Ry > 1is Fi-measurable, it follows
from Claim 2 by the optional stopping theorem that

E[ AWVl | Ry > 1] < E[M | Ry > 1] = 0(1)

for every A < 1/2. Indeed, since W; = 2(|Vi| — 1) is twice the number of
2-edges used in the first round of Algorithm 6.5, the last equality follows by
Observation 6.10. Thus

E[MW= | By > 1] = O(1)
for every A\ < £3/8, as required. O

We shall next use Remark 6.7 to control the distribution of the number
of remaining edges that nonetheless intersect V. For each k > 2, define

R(k‘) = ‘{j S gk\Ew : éjﬂVoo 75 @}‘

to be the number of edges of Sg of size k that have at least one vertex removed
but are not used in Algorithm 6.5. For each k > 2, define binomial random

variables R
Z(k) ~ Bin(sk, k|V°°|>.

m—k
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LEMMA 6.12. The random variables R(k) are conditionally independent
given Foo and, conditioned on Foo, are stochastically dominated by Z(k) for
each k > 2.

Proof. Since K(z) holds, we have s = 0 for all £ > 4ug, so we may assume
that k£ < 4ug. Run the algorithm to reveal Voo and Eoo. By Remark 6.7, we
have not revealed any edge of S, \ F., though we have gained some “negative”
information about the events {¢; N Vo # 0}. To be precise, conditioned on
the information we have observed during the process (i.e., Fio), the edges €5,
j e Sk \ E., are each chosen independently and uniformly from the collection
of sets of size k that would not have resulted in j being picked as some j(w).
The crucial observation in this case is that this collection is foo—measurable
and includes all k-subsets of M \ Voo cf. the proof of Lemma 6.8. Thus, the
(conditional) probability that é; meets Vao is at most the probability that a
uniformly chosen k-set of M meets V.

The events {&; N Voo # 0}, j € Sk \ Ewo, are therefore conditionally inde-
pendent given Foo, and each has (conditional) probability at most

Vool (™)) kIVix|

(%) m—k

As |Si \ Eso| < si, R(k) is stochastically dominated by Z(k). The R( )
are conditionally independent given F, as they depend on disjoint sets Sk \ Fos

of random edges that are themselves conditionally independent given Fo,. U
We are finally ready to prove the key lemma of this section.

Proof of Lemma 6.4. Recall that
> lEw)l = > d;
’wEVoo ]EEOO
is the sum of the sizes of the edges used in Algorithm 6.5. Observe that

min {Rl, m1/2} < Wao + i k- R(k)
k=2

since each edge counted by R(k) can contribute at most k to Ry, so this holds
when |Vao| < m!/2, and W > |Vio| = m'/? otherwise. Recall that W, is
Foo-measurable and that (z) implies R(k) = 0 for all k > 4ug. Given Fuo, the
random variables R(k) are conditionally independent, so Lemma 6.12 implies
that

(92) E[e)\min{fh,mlm} ’ Rl > 1] < E[E[GAWOO+Zk>2)\kR(k) ’ J%oo] ’Rl > 1}

. du -
_ E{e”"w ﬁ)E[e/\kR(k) | J-EOO] ‘ Ry > 1|.
k=2
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Moreover, it follows from Lemma 6.12 and Observation 5.7 that
MeR(K) | F NeZ(k) | % M 1y FVeol
E[e | ]-"OO] < E[e | .7:00] < exp (e ) — sk |,

since Z(k) is a sum of s, independent Bernoulli random variables, each of
expectation k|Vso|/(m — k). Since ¥ —1 = (1 —e™™)e" < we® for all w > 0,
and Y g9 2%sp = O(m) (since K(z) holds), it follows that

2wk gy RVael Vool <212 -
Z(e —1)7.3 \m 4uoz/\ke sk = O\|Vxl)

for A < g1 < log2. Thus, recalling that Woo > W'OO|, we have
93)  E[rmnRm ) Ry s 1] < E[eMWetOATD | Ry > 1]
E[cOVT= | fy > 1]
for all 0 < A < e1. Hence, by Lemma 6.11, it follows that
E[Amin{fmt | Ry s 1] < B[PV | By > 1] = O(1)

for sufficiently small A > 0. Now, by Observation 6.10, P(R; > 1) =P(|V;| > 1)
< 2s9/m. Thus

P(Rl > t) < e—)\tE[e)\min{Rhml/?} ‘ Rl > 1] P(Rl > 1) — Oq(/nsz)e—)\t

1/2

for all sufficiently small A > 0 and all 2 <t < m*/°, as required.

For the second part, observe first that, as noted in (87), we have

1 _
EAL g cmrny] < e -E[APS T, o]

< e—)\t E[Agﬂl)eAélﬂ{R1<ml/2} ‘ Rl > 1:|

Recall that A = |{j € Sk : |&; N Dso| = 1}/, and note that therefore
(D) AR % Amin{Ry,m/2} | p
JESk
since Voo = Doo when Ry < m!'/2. Now, repeating the argument of (92)-(93),
we obtain

oA min{Ry;m!/2} ‘ Ry > 1] AFONWos 'fﬁ > 1}

o | < E[Ljg 7.2y

for every j € S and 0 < X\ < 1, since |&; N Va| = 1 and k > 3 imply that
Jj € Ex (and that €; contributes exactly one to R;), and the edges not used in
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the algorithm are conditionally independent given Fn. Combining the above
inequalities, we obtain

(1) Y MONW | B
E[Ak ﬂ{t<R1<m1/2}:| g é ‘ Z E[l{‘éjmvoo‘zl}e i ( ) 'Rl > 1:|
JESK
Y Z E k“voo|€)\+0()\)Woo ’ Ry > 1}
- m—k
JESk

cf. the proof of Lemma 6.12. Since |[Sg| = s;, and |Vao| < Woo = O(e)‘WOO)7 it
follows by Lemma 6.11 that

(1) O(ksk) _» OMNWao | 75 ~ O(ksy) _y
E[Ak 11{t<ﬁ.11<ml/2ﬂ < m e t-IE[e ) | Ry > 1] = Te t
for all sufficiently small A > 0, as required. N

Having done the hard part, it is now relatively straightforward to deduce
Theorem 6.2, using Theorem 5.1. The next step is to use Lemmas 6.4, 6.8 and
6.12 to deduce the following estimates for the other quantities introduced in
Definition 6.3.

LEMMA 6.13. Suppose that £ is such that K(z) holds, d(z) = 1, and
2s9 < (1 —e1)m. Then, in the independent random hypergraph model,

-1

(a) E[D] = (1 - % + o(l)) :

(b) E[Ak] = (1 - % + o(l)) 1];? + O(m_l/Q) forall k > 2,
(c) E[D?] = 0(1),

(d) E[A] = O(m=1/2),

where the bounds implicit in the o(-) and O(-) notation are uniform in k and z.

Proof. Parts (a) and (c) are easier: we shall prove them first. Part (c)
follows immediately from Lemma 6.4, since D < Ry, so

E[D?] < E[R}] < iﬁ-P(Rl >t) = 0(1),
t=1

as required.

To prove (a), recall that X, = ]f/} \ f/}_1| =Y w X}’w and that ‘)Et,w is the
event that VO < m!/2 just before we test whether or not Xt,w = 1. Also, by
Lemma 6.8, we have

(94) E[Xiw | Frcw] = (fns; + O(m—3/2))]l B
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for every t € N and w € M \ ‘N/t_l. Let us define, for each ¢ > 1, an .T:'t_l—
measurable event

- - ~ 1
Xt = {]P(’VH 2 m1/2 ’ .Ft-l) < 7712},

and observe that if X; holds, then E[Il X | .7:}_1] < 1/m? for each w €
M \ V;_1, which in turn implies that

(95) E[X, | Fial = Y. E[Xiw | ﬁH]
weM\f/; 1
ZQQLJ)IM\WH—+(Q

by (94) and since |V;_1| = o(m). Observe also that, by Lemma 6.4, we have

(96) P(Xf) < m?P(|Voo| > ml/z) < m2P(Ry > mY?) = O(m2e™>'"),

since D < Ry and |Vao| = Inln{ ml/? } by Observation 6.6.

We now define sequences Y;" and Y, as follows. Let 0 < € < &1 be an
arbitrarily small constant, set Y;" = 1and Y; = —1, and for each 1 < t < |V,
define

_ 2 -
5 |Ay| + (1 2 5>t if X, holds,
}/;Jr = m
AS otherwise.
Similarly, define Y;~ := —|A| — <1 — 22 4 5>t if X; holds, and Y;” := Y,,

otherwise. We claim that }7t+ and Y/t_ are both super-martingales with respect
to the filtration (F%)i>0. Indeed, for each 1 <t < |Vi|, if A} holds, then

~ ~ ~ ~ ~ . 2s
]E[Y;JF f}/ttl | ]:tfl} = E[|At| — |At,1| | ‘7:75*1} + <1 — WZ 6) <0

by (95), since |As| — |A;_1| = X; — 1, and similarly for f/t_ Therefore, by the
optional stopping theorem applied to Yt , and writing Y+ = Y|‘J;oo|, it follows
that

E[VS] < Y5 =1

Now, recalling that /Nl“;oo‘ =0, it follows that

~ 2s
Vi = (125)|V y
m

if X; holds for every 1 < t < |Vi|, and in general |Yi| < m!/2, by Ob-
servation 6.6. Recall also that, by Observation 6.6, we have D = |V if
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[Vao| < m'/2, and otherwise D < m. Hence, by (96), it follows that

E|Y]] > (1 — % — 25>E[D].

Applying the same argument to ?;7, we obtain 1 < (1 — 252 + 25)JE[D]. Since
e > 0 was arbitrary, and 2sy < (1 —e1)m, it follows that

E[D| = (1 — 2% +o(1)>_l,

as required.

To prove parts (b) and (d), we shall need to separately consider edges of
Sp N Ey (i-e., edges that are used in the process) and edges of Sk \ Es that
intersect Vao. We will show that E. is unlikely to contain any edges of size at
least three but is expected to have the required number of edges of size 2.

The proof of part (b) in the case k = 2 is very similar to that of part (a),
so we shall be somewhat brief with the details. Let A > 0 be a sufficiently
large constant, set Zar =0, and for each 1 <t < |VOO\, define

L 9 A .
- |So N Ey| — (2—1—7) -t if A} holds,
m | ml/2
Zt‘*'_ 1 otherwise.
Similarly, define Z; := —|So N Ey| + (27% = )\m_l/2>t if X; holds, and Z; :=

Z; , otherwise. Recall that X't(lg = 1ifand only if w € V;\ V;_; and j(w) € Sk,
and that 5
S _
E[X2) | Ficw] = (—2 +0(m 3/2)) 1y,

for every t € N and w € M \ V;_y, by Lemma 6.8. Tt follows that

- - - L S - ~ 2s A
E[Z' - Z', | Fiea] = B[|S2nEy| — [S2NEyy] | ft—l]_<ﬁz+7m1/2> <0

if X; holds, since sy = O(m). Thus Z;" is a super-martingale with respect to
the filtration (F;);>0, and hence, by the optional stopping theorem,

E[ZL] < Z7 =0,

where Z1 = ZR'/ E Now,

~ . %9 A\ -
(97) 7 =130 Bl = (224 ) 1V

if X, holds for every 1 < t < |Voo|, and |Z;g| < s3 < m otherwise. Thus,
by (96), it follows that

G ~ 2 A - 1
(98) E[150 Bucl] < (224 5 ) B[1Vacl] + 5.
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Now, using part (a) and recalling that € > 0 was arbitrary and 2 < 2s9 <
(1 —e1)m (since if so = 0 then we trivially have E[Ag] = 0), it follows that

1
B50 Bul) < 22(1- 22 40) O,

Repeating the argument for Zt_ , we obtain a corresponding lower bound, and
hence

-1
(99) E[|8> N Fool] = 2ms2<1 - % +0(1)> L O(m1?).

When k£ > 3, we only need a weaker bound, and as a consequence the
argument is simpler. Recall first that

c0) | £ 2k
E[X") | Fico] < i
for every t € N, k > 3 and w € M \ V;_1, by Lemma 6.8. Note also that

1SkNE| = |Skn B+ Y X3

taw?
’wEM\f/’tfl
and therefore Ut(k) := |Sk N Ey| — 2k%sm~"/?t is a super-martingale, since
B[00 — 0% | Fi] = B[S0 Bl = 1800 Bl | For] - 255 < 0
t 75_1| t—1| — | k t’ | k t—lH t—1 W <X

for every t > 1. Hence, by the optional stopping theorem, we have

2k2s,

(100) E[‘SkmENoo” < W

Since E[\f/ooﬂ = O(1) (by Lemma 6.4, or by part (a)), it follows, using the
event KC(z), that

oo
(101) S E[ISknExl] = O(m™12).
k=3
We shall next deal with edges that are not used in the process, but never-
theless intersect V4 in at least two vertices. To be precise, we shall show that
the expected size of

Ro(k) = ‘{j € Sp\ B : |65 N Vio| = 2}\

is small for each 2 < k < 4ug. Indeed, recall (see Remark 6.7 and the proofs of
Lemmas 6.8 and 6.12) that conditional on the information we have observed
during the process, each edge €;, j € Sk \ FE+, is chosen uniformly from a
collection of sets of size k that depends on j but always includes all k-subsets
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that contain at least two elements of M \ V. The (conditional) probability
of the event {|é; N V| > 2} is therefore at most

()

since |Vao| < m'/2, s0 k- |Vao| = o(m). Note also that if k& > 3, then the
(conditional) probability of the event {|é; N V| = 1} is at least

Vo] (mgj‘i“‘> (’Z)l = (1+ 0(1))’“'7‘”%.

Thus the expected number of edges of size k that intersect Voo is at least
ksk ~
(103) (1+0(1))WE[]VOO\],

which together with part (a) proves the lower bound of part (b) when k& > 3.
Now, using part (¢) and K(z) to bound E[|Voo|2] = 0(1) and s = O(m),
respectively, it follows from (102) that

(104) E[Rz(k)] < k;sf E[[Vaol*] = O(i?)

Note that if |[Va| < m!/2, then every edge of size 2 is (by definition) either con-
tained in or disjoint from Do, and that otherwise Ay = O(m), by K(z). Hence,
combining (104) with (99), and using (96), we obtain the case k = 2 of part (b).
Moreover, combining (104) with (101), and recalling that 3 >0 k*sx = O(m),
by K(z), it follows that

E[A] = O(m™) +0(m™/?) = O(m™1/?),
which proves (d).
It only remains to prove the upper bound in part (b) when £ > 3.

By (100), it is sufficient to show that the expected number of edges of Sy \ Fuo
that intersect V5, in at least one vertex is at most

92 —1
(1 S Y 0(1)) ksk
m

m

for each k > 3. This follows by Lemma 6.12 and part (a), since
5 k s
(k)] = E[E[Z(k) | Fx]] = (1 —i—o(l))%E“VmH

E
for every 3 < k < 4up. This completes the proof of part (b), and therefore of
the lemma. [l

We are finally ready to deduce Theorem 6.2. The key observation, which
allows us to apply Theorem 5.1, is that each of the variables D(z), R1(z), Ak(2)
and A’(z) depends only on F. and the submatrix R(I) := A[I X [Z,ﬂ'(:ﬂ)]],

z
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where [ is the set of rows that are removed in step z. Note also that we can
deduce from F and R(I) whether or not I is the set of removed rows. Indeed,
in Algorithm 2.7 we only need to look at the entries of a row once we know
we shall remove it. The event {D(z) = t} (for example) is therefore a disjoint
union of events of the form {A [I X [z, W(.’E)]] = R} with R having exactly ¢ rows.

It follows that we would be able to deduce Theorem 6.2 from Lemmas 6.4
and 6.13 if we could restrict to events £ € F and {A[I X [z, 77(1:)]] = R} for
which

P(A[I x [z,7(x)]] = R| &) = (14 0(1))P(Ae[I x [z, 7(2)]] = R).

Theorem 5.1 provides us with such a bound as long as |R|; is not too large,
since |I| < |R|1 < |R|2 < (|R]1)? for the matrices we shall be dealing with.
Moreover, observe that if I is the set of removed rows, then |R(I)|; = Ri(2),
so we shall be able to use Theorem 5.1 and Lemma 6.4 to bound from above
the probability that |R|; is large.

Proof of Theorem 6.2. We partition the probability space into three pieces,
using the events

D, = {Rl(z) < utl)/?’}, Dy = {ué/g < Ri(z) < ug}, D3 = {Rl(z) > u%}

Let us fix z € [z_, m(x)] and an event £ € F of the form (50) such that K(z)
holds, 2s2(2) < (1 —e1)m(z) and d(z) = 1, and say that an I X [z, 7(x)] matrix
R is 1-acceptable (with respect to &) if it is consistent with Dy N E and if the
event {A[I X [z, 77(:10)]] = R} N & implies that I is the set of removed rows in

step 2.!2 Note that Dy is the disjoint union of the events {A [I X [z, ﬂ(x)]] = R}
over the family U; of all 1-acceptable matrices R. We claim that, for every
1-acceptable matrix R € U, we have

(105) P(A[Ix [z,7m(@)]] = R| &) = (14 0(1))P(Ae[I x [z, 7(x)] = R).
Indeed, this follows by applying Theorem 5.1 since

I R
’ ’+’ ‘2 _ 0(1)7
uo

which holds because every row of R is non-empty, so |I|<|R|2 < (|R|1)? < ug/ 5,

and also every row sum of R is at most |R|; = o(up).

We shall next prove that P(D3 | F., d(2) = 1) < 2;?°. To do so, let
us say that an I x [z, 7(z)] matrix R is 3-acceptable (with respect to &) if it
is consistent with £ and if I is the set of rows removed in Algorithm 2.7 at

1276 be precise, an I x [z, 7(z)] matrix R with this latter property is said to be consistent

with D1 N € if and only if the column sums of R satisfy > .., Ri; < d; for each j € [z, 7(x)],

and |R|1 < u(l)/g.

iel
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the first point at which D3 is guaranteed to hold, i.e., the first point at which
|R|1 > u3. Thus Dj is the disjoint union of the events {A[I X [z, F(.Z')]] = R}
over the family U3 of all 3-acceptable matrices R. Now, by Theorem 5.1, we
have

PAIx[r@]] =R|E) <o(m + \Rll)) _ o)
P(Ag[l x [z,m(z)] = R) ug

for any 3-acceptable matrix R, since |I| < |R|1 = O(u3). Indeed, we have

|I| < |R|1 (as before) since R has no empty rows, and |R|; = O(ud) since I

is minimal, and since each row of R contains at most 2uy non-zero entries (by

Observation 3.12), so each row can increase |R|; by at most O(ug).
Now, by Lemma 6.4, we have

Z IP’(flg[I X [z,w(x)]] = R) = }P’(Rl > ug) = O(e_)‘ug),
ReUs
and hence, noting that log 29 = o(u3), by (23), we obtain
P(Ds | F., d(z) = 1) < exp (O(uo) — Mud) < 25,
as claimed, which proves (83). Note that this also implies that
(106) E[Ri(2)*1p, | Fe, d(z) = 1] < 2°,

since the event KC(2) implies that R1(2)? < (4upzg)? < 24t

Finally, let Us denote the family of (2-acceptable with respect to &) I x
[z, m(x)] matrices R that are consistent with Dy N E and are such that the event
{A [I X [z, 7T(£U)]] = R} N & implies that I is the set of removed rows in step z.
By Theorem 5.1, we have

P(A[I x [z,7(z)]] = R | €) O(|R]1)
P(Ag(I x [z,7(z)]] = R) S p( uo )

for any 2-acceptable matrix R, since |I| < |R|1, and hence

B2 | 7o) = 1) < X e ( QD )Rl x fn(e)] = )

Rells o
“ ~ )\ul/g
< Z eO(t/uo)]p(Rl > t) < exp(— 0 >’
13 2
t—uo

by Lemma 6.4. Since (by definition) R;(z) < u3 if Ds holds, it follows that

1/3
(107) E[Ri(2)* 1p, | Fs, d(z) = 1] < ugexp(— Aty ) = o(1).
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Combining (107) with (105), (106) and Lemma 6.13, this completes the proof
of parts (a) and (c) of Theorem 6.2. Moreover, for part (d), we have

E[A'(2)] = E[A'(2)1p,] + E[A'(2)1p,| + E[A/(2)1p,]
< (14 0(1)E[A] + PE[A] + 25 = O(m(2)"1/?),

by Lemma 6.13, since up = o(logm(z)) and m(z) < N = z§+0(1).
For part (b), we need to take more care in the case that si(z) is small.

For k > 3, we have
ug
E[Ak(2)1n,] < Y. E[AL(2)Lirye)—g) +E[A(2)],

_1/3
t=u,

and applying Theorem 5.1 to each 2-acceptable matrix R with |R|; =t gives

! A (L u O(ksp(z)) _
E[A](C)(Z)]]-{Rl(z):t}] < E{A?eO(t/ O)R{Rlzt}] < R At/2

for each ué/ 3 < t < ud, where the second inequality follows by Lemma 6.4.
The claimed bound now follows by (105), (106) and Lemma 6.13, and using
part (d) to bound E[A’(z)}. For k = 2, we note that As(z) < Ri(z), so by
Theorem 5.1 and Lemma 6.4,

O(s2(2))

p. O(t/u —At/2

E[AQ(Z)H{Rﬂz):t}} < E[Rle / O)H{Rlzt}] < Tz)e / .
Summing over ¢t € [ué/3,u%] gives E[Aq(z)1p,] = o(s2(z)/m(z)), so we are
done as before. O

7. Tracking the process when most columns are empty

In this section we shall track si(z) and m(z) above the “critical” range
[2—, z4] by showing that for z > z;, there are few edges in Sa(z) and as
a consequence that m(z) ~ nA(z)z. For z > 23, these results follow almost
immediately from Lemma 4.12, so for most of this section we shall be interested
in the range z € [z4, 23]

Set & := (1 — 2¢1)nd and, recalling Definition 2.5, define

e(k,zy) ok 1 eh okt
(108) ok ! 2k A(zy) 2k

We remark that the fact that oy decreases only exponentially fast (as a func-
tion of k) will play an important role in the proofs of Lemmas 7.5 and 7.6,
below. Note that Lemma 4.10 implies that m(z;) > mo(z,) > dz, with high
probability, since A(z4) = 6.
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Recall that, by Definition 4.1, M*(2) = >, M(z) implies that m(w) is
well controlled for all w > z, and T(z) implies that si(z) is well controlled.
Define D(z) to be the event that m(z) — m(z — 1) < ud, and set

w(z)
(109) D*(z) := () D(w).
w=z+1

Note that D*(z) does not include the event D(z). We shall prove the following
upper bound on si(z) when z > z,.

PROPOSITION 7.1. With high probability, M*(z4) and D*(z4) hold and,
moreover,
(110) skp(z) < opm(z)
for every k > 2 and every z € [z4, m(x)].

We remark that (110) is extremely weak at the beginning of the process

but becomes progressively stronger as time goes on (i.e., as z decreases). We
shall begin by showing that at z = z it implies the events T (z4).

COROLLARY 7.2. If sp(zy) < opm(zy) and m(zy) > 62y, then

sp(zy) € (1:t g(kéz*))gk(z+).

In particular, with high probability Ti(z4) holds for every k > 2.

Note that our bound on si(z4) is slightly stronger than necessary for
Tr(z+) here. This is because we shall require the stronger bound in Section 9.
To prove Corollary 7.2, we first note the following observation, which will also
be used later in the proof of Lemma 7.9.

OBSERVATION 7.3. For every k > 2, we have
eVt g

3k

Z A(Z+)7
and hence e(k, zy) = 3F/e;.

Proof. Note that the expression e¥*1£!/3" is minimized by taking k = 3/e
(which we have assumed is an integer) and that k! > 2(k/e)* for all k& > 2.

Thus ) )

k+17.) 3/e1 3/e1

- > 2 — — =2 1> 26
3k 51<€€1> <3> o

by (10). The first result follows since A(z4) = d 4+ 0(1), by (39). It now follows
immediately from Definition 2.5 that

k! 3k
A<Z+) €1 ’

as required. O

€<k7 Z+) =
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Proof of Corollary 7.2, assuming Proposition 7.1. The lower bound on
sk(z4) holds trivially as e(k, z1) = 2 by Observation 7.3. To prove the upper
bound, observe that

sk(z4) opm(zy) FIm(zy) m(zy) [m(zy) bl
(111) 6(];{,;;) S Ek(k,z:) B k!~2k+ S Q(k—;)k!( z++) ’

by (108) and the assumption that m(zy) > 6z, . Thus, by considering just the
first term in the sum,

sn(zy) < Szeimice) > i z+)) LS NEn)

{=k—1

as required.
The last part follows as by Proposition 7.1, si(z+) < orm(z4), and by
Lemma 4.10, m(z4+) > dz4, with high probability. O

Note that m(z) — m(z — 1) = D(z) < Ri(z) when d(z) = 1, and m(z) —
m(z — 1) = 0 otherwise. So by Theorem 6.2, if (z) holds and 2s2(z) <
(1 —e1)m(z), then
(112) P(D(2)° | F.) < P(D(2)° | Fey d(z) = 1) < 2520
Let

sk(2)
si(z) = { oxm(z)
sp(z+1) otherwise
for each k > 2 and z € [z4,7(z)], and define
(113) ) =00 ) (Qu)n ) {si(w) < 1})
we[z,m(x)] k=2

for each z > z;. We shall in fact show that the event £*(z4) holds with high
probability, which will be sufficient to prove Proposition 7.1. Let us quickly
note, for future reference, that the event £*(z) implies that the conditions of
Theorem 6.2 are satisfied.

if D*(z) holds,

LEMMA 7.4. Let z € [z, m(x)]. If D*(2) holds and s} (z) < 1 for every
k > 2, then

(114) Zkak(z) < erm(z).

k=2
In particular, if L£*(z) holds, then 2s2(z) < eym(z) and K(z) holds.
Proof. Note first that if D*(z) holds and sj(z) < 1 for every k > 2, then
9 kgkfl

k>2 k>2 k>2
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since 6 < & < A(zy) < 1 and e; < 1/16, which proves (114). It follows
that £*(z) also implies (114), which in turn implies that 2s2(z) < eym(z) and
that (41) holds. Since L£*(z) also implies Q(z), this is sufficient to show that
K(#) holds, as claimed. O

In order to apply the method of self-correcting martingales, we shall need
(for each k > 2) an estimate of the expected change in s;(z) as well as a bound
on the largest jump in s} (z). To be precise, we shall prove the following two
lemmas.

LEMMA 7.5. Let z € [24,23]. If L£L*(2) holds, then
E[si(z = 1) = si(2) | F2] < (k= 1pz(2)( = sk(2) + 16e1)
for every k = 2.
LEMMA 7.6. Let z = zg € [z4, 28], If L*(2) holds, then
[sh(z = 1) = si(z)] < 2770
for every k > 2.

We shall first deduce Lemma 7.6, which is relatively straightforward, and
then Lemma 7.5, the proof of which will require a little more work. The first
step is to recall the following simple facts about m(z).

OBSERVATION 7.7. Let z € [z4,m(x)]. If M(z) holds, then ch)+o(1)
m(z) <z W J21+ol)

N

. More precisely, if z = zg, then m(z) =

Proof. Recall first that if M(z) holds, then m(z) = O(A(z)z), by Observa-
tion 4.7 and (44). Moreover, A(z) = ZS_B_I/BJFO(I) for z = zg, by Corollary 3.2,

so m(z) = zéil/ﬁﬁ(l), as claimed. Since 8 > 1 for every z4 > zg, the bounds

zé+o(1) <m(z) < z§+0(1) follow. O

Proof of Lemma 7.6. Recall first that £*(z) implies Q(z), which implies
that si(z) = 0if k > 4ug (see Definition 4.2), so we may assume that k < 4uy.
Also, by definition of sj(z), we may assume D(z) holds. Recall that ug =
o(log zp), by (23), and note that therefore

el o1 O(k) o(1) (1)
(115) o) = NeRRETS =e =z, = m(z)".

By Observation 3.12, each row of A contains at most 2ug non-zero entries to
the right of z, and hence |si(z — 1) — s(2)| < 2ug|m(z —1) —m(z)| if d(2) = 1.
On the other hand, [sg(z — 1) — sg(2)| < 1 and m(z — 1) = m(z) if d(z) # 1.
Thus D(z) implies

(116) sz — 1) — s(2)] < 2ud,
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Finally, note that, by the definition of s}(z), we have

‘ak(sk(z—l — si(z ‘ = z:i :Eg
< sz =) —sk(2)] | sk(2)m(z) —m(z — 1)
= m(z —1) m(z)m(z — 1)
2u} sp(2)ud
m(z —1) + m(z)m(z — 1)
< 37%% - m(2)71+o(1)
= om(z) - ug ’

since si(z) < eym(z), by £*(z) and Lemma 7.4, and since uy < logzp and

m(z) > z(1)+0(1). The lemma now follows from (115) and Observation 7.7 as
L*(z) implies M(z). O

We shall now prove Lemma 7.5. The first step is to note the following
immediate consequence of Theorem 6.2 and Lemma 7.4. The key observation
is that since s2(z) is small, if d(z) = 1, then we are likely to only remove a
single row.

LEMMA 7.8. Let z € [z, m(z)]. If L*(2) holds, then
E[(m(z) —m(z —1))1pg) | Fe, d(z) = 1] € 1£2ey.

Proof. By Lemma 7.4, 2s2(z) < eym(z). Thus by Theorem 6.2, and re-
calling that D(z) = m(z) — m(z — 1), it follows that

1
Bl(m(e) — (e - )togy | Fo ) = 1] = (1= 22E) 1 o)

+0(m(2)25%) € 142¢
by (112), as claimed. O

Next, we shall calculate the expected change in s(z).

LEMMA 7.9. Let z € [z, m(z)]. If L*(z) holds, then
(117)
E[(sk(z — 1) — si(2))1pey | F2] < kow( = sp(z) +5e1)P(d(z) = 1| F.)

for every k > 2

Recall from Definition 6.1 that Ag(z) = |Sk(2) \ Sk(z — 1)| denotes the
number of edges of size k that contain a vertex removed in step z, and A’(z)
denotes the number of edges of size at least 3 that have at least two vertices
removed in step z. We shall use the following simple observation to prove
Lemma 7.9, and again in Section 8.



118 P. BALISTER, B. BOLLOBAS, and R. MORRIS

OBSERVATION 7.10. For every z € [z—,m(x)] and k > 2, we have

se(z — 1) = sk(2) € Lygaymry + (= Ar(2) + Apr1(2) £ A(2)) Liggay1y-

Proof. Recall from Algorithm 2.7 that if d(z) ¢ {1,k}, then Sg(z — 1) =
Sk(z), while if d(z) = k, then Si(z — 1) = Sg(z) U {z}. If d(z) = 1, then
exactly Ag(z) edges are removed from Si(z), and Agi1(z) £ A'(z) edges are
added to Sk(z), as required. Note that the A’(z) bounds both the number of
(k + 1)-edges that lose more than one vertex, as well as edges of size at least
k + 2 that lose enough vertices to become k-edges. O

Proof of Lemma 7.9. Note first that, since £*(z) holds, we have s3(z) <1
for each k > 2, 2s9(2) < eym(z), and K(z) holds (by Lemma 7.4), and si(z) =
orm(z)si(z) (since L£*(z) implies D*(z)). Thus, by Theorem 6.2,

E[An(z) | Fevd(z) = 1] = (1 _ 2(2) +0(1)>_ s(2) +O(m(2)"V3)

m(z) m(z)
€ (1+2e1)kogsi(z) + O(m(z)"1/?)
for each k£ > 2, and also
E[A'(2) | Fe,d(z) = 1] = O(m(z)"'/%).
Note also that (108) implies
(k4 1)opq1 = €10 - koy.
By Observation 7.10, and using (112) and (115), it follows that

E[(sk(z — 1) = sk(2)) Ipesy | P2, d(z) = 1]
< —(1 = 2e1)kopsi(z) + (1+ 2e1)(k + 1)oy15541(2) + O(m(2)7?3)
< lmk( — 55(2) 4+ 261 4 (1 +2e1)e16 + 0(1))
< kak( —sp(2) + 351).

Finally, by Lemma 4.9 and Observation 7.3, we have

P(d(z) = k| F-) _ (o)t _ (391 _ ebtige
p(d(z)zu};) = k! SOk T Azy)

= 251k0k

for every z € [z4,m(x)] and every k > 2. Hence
El(si(z — 1) = s(2)Ip(s) | F2] < kow( — si(2) +5e1)P(d(z) = 1 | F.),
as required. O

Lemma 7.5 will now follow as a straightforward consequence of Lemmas 7.8
and 7.9.
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Proof of Lemma 7.5. As in the proof of Lemma 7.6, we may assume that
k < 4ugp, and hence that o = zg(l), by (115). Observe that

(118) ox(si(z — 1) — sj(2))
_(sk(z=1)  sk(2)
‘( (- 1) <z>>ﬂ7’
om(2) ([(se(z—1) —si(z) | sk(z)(m(z) = m(z - 1))
" 1)( mi m(z)? )

Since £*(z) implies (z), by Lemma 7.4, it follows from Lemmas 4.9 and 7.8
that

E[(m(z) —m(z — 1))1pe) | F=] < (1+3e1)m(z ) 2(z).
Since L£*(z) implies that si(z) = opm(z)s}(z) and s} (z) < 1, it follows that
(119) E[sp(2)(m(z) —m(z — 1)) 1Ipe | F=] < (sk(z )+351>akm( )2p. ().
Similarly, by Lemmas 4.9 and 7.9, we have
(120) E[(se(z — 1) — sx(2))LIpe) | Fe| < (= ksi(2) + 6e1k)opm(2)p: ().
It remains to bound

(121) (m(z) —m(z — 1)) (sk(z — 1) —si(2) s(2)(m(z) — m(z — 1))>

m(z —1) m(z) m(z)

under the assumption that D(z) holds. To do so, recall that s(z) < eym(z),
by Lemma 7.4, that m(z) = 271/’8%(1) , by Observation 7.7, where z = z(’?,
and that 1 < 8 < 3, since z € [z+,zo] It follows from (116) that (121) is at

most
ug 2u8 sk(z)ug 3“8 Zf4+2/5+s1
<m(z - 1)) (m(z) * m(z)? ) S m(z)(m(z) — ug) S

Now p,(z) = z~Ho) = zaﬁ+o(1)7 by Corollary 3.8, and o} = 28(1), by (115).
Thus

—4+2/p+ —B—
) /Bt < Zoﬂ “! < €1O'kpz($),

where we have used the fact that f+2/8 < % < 4—2¢e1 for 1 < 8 < 3. Hence,
using (118), (119) and (120), we have

E[si(z = 1) = si(2) | F2] < (= (k= 1)sj(2) + 621k + de1 )p2 ()
< (k= 1)p2(2)( = si(2) + 1621 )
for every k > 2, as required. O

We can now deduce the main result of the section.
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Proof of Proposition 7.1. We shall show that £*(z) holds with high prob-
ability, which implies both the events M*(z1) and D*(z4), and the inequal-
ity (110). The idea is (roughly speaking) to bound, for each a > zy, the
probability that a is maximal such that £*(a) does not hold. The main step
is the proof of the following claim.

Claim: For each zy < a < z3 and k > 2, we have
(E* a+1) {sk ) > 1} {sk (23) 3/4}) < 220
Proof of claim. For each 2z, < a < b< 23 and k > 2, let us define Uy, (a, b)

to be the event that the following all occur:

(a) sp(a) > 1.

(b) sj(2) > 3/4 for every a < z < b.

(c) sp(b) < 3/4.

(d) £*(a+ 1) holds.
Note that if £*(a + 1) holds, s;(a) > 1 and sk(zo) 3/4, then the event
Uy (a,b) occurs for some (unique) b, a < b < z3. By the union bound, it will
therefore suffice to prove that

P(“k(avb)) X 623
for every z4 < a <b<

By Lemma 7.6 we may assume sj(b) > 3/4 — ¢1, as otherwise s} (b—1) <
3/4 and so Uy(a,b) is impossible. For each t € {0,...,b — a}, define

. sp(b—t) —sp(b) if Xy > 0o0rt =0,
L X1 otherwise.

We claim that X; is a super-martingale with respect to the filtration (.Fb_t)f;g.
Indeed, if X; < 0, then X1 = X;, and if X; > 0, then

E[Xi1— Xt | Fomt] < (k= 1)ppy(a)( — sp(b—1t) +1621) <0
by Lemma 7.5, since Xy > 0 and (10) imply s;,(b—t) > s;.(b) > 3/4—¢e1 > 16¢;.

. —2+1
Write ¢; = 25 " /Bte

, Where b —t = zg. Then
| X1 — Xi| <
by Lemma 7.6. Also,

23
b—a—1
—4+2/B+2¢e1 —4/342¢1 _2 3 —1 3+3e1
Z D IR S AR

z=z4 z=z4

3

where § = ((z) is defined by z = zg , and the second inequality holds as
2/ < (8=2p)/3 for 1 < 8 < 3. But Ug(a,b) implies that X, > 1/4, so by
the Azuma—Hoeffding inequality, we obtain

}P’(Z/{k(a, b)) < P(Xb,a > 1/4) < exp ( - 23/3_461) < 2%,

as claimed. O
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To complete the proof of the proposition, we will show that with high
probability there does not exist z € [z4,m(x)] such that £*(z + 1) holds but
L*(z) does not hold. (Here £*(m(x) + 1) holds vacuously.) Note first that, by
Lemma 7.4 and (112), with high probability there does not exist z € [z, 7(z)]
such that £*(z+ 1) holds but D(z + 1) does not; since D*(z + 1) and D(z + 1)
imply D*(z), we may assume that D*(z) holds.

Now consider the condition sj,(z) < 1. Lemma 4.12 implies that with high
probability we have sa(z) + s3(2) < z()_l/?m(z) for every z > 2§, and sx(2) =0
for every k > 4 and every z > z3. Since oy, = O(1) for k € {2, 3}, it follows that
with high probability (110) holds and, moreover, s}(z) < 3/4 for all z > 2}
and every k > 2. But if s}(23) < 3/4, then the claim implies that with high
probability there does not exist z € [z4, 23] and k > 2 such that £*(z + 1) and
sp(z) > 1.

We next consider the event M(z). Note first that, by Lemma 7.4, and
using the assumptions that D*(z) holds and that sj(z) < 1 for every k > 2,
we have

(122) mo(z) < m(z) < mo(z) + > ksp(z) < mo(2) +e1m(z),
k>2

since the number of non-isolated vertices is at most the sum of the degrees.

Recall that with high probability we have mg(z) € (1 &+ 1)nA(z)z for every
z € [z—,7(x)], by Lemma 4.10. Assuming this holds, it follows from (122) that

m(z) < 1+¢e

(1 —e1)nA(2) > 11—,

nA(z).

Recalling from (12) and (39) that A(z) < 6 4+ o(1) when z > 24, and that
w(l—w) < we™™ < we B < gy

for 0 < w < 1, since 0 < Ein(w) < w, by (8), we obtain

. 1
(1= 250)(1 — e1)uA(z) < L) < TE (),

This implies that

m(z)

(123) e Fmnlm@/2) e (1 4 3e1)nA(2),

z
which implies that M(z) holds. As £*(z + 1) implies M*(z 4 1), this implies
M*(2) holds. However, by Lemma 4.3, with high probability there does not
exist z € [z, m(z)] such that M*(z) holds but Q(z) does not. It follows that
with high probability, there does not exist z > z; such that £*(z + 1) but
L*(z) fails to hold, and the proof is complete. O
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8. Tracking the process in the critical range

In the next two sections we shall track si(z) and m(z) in the “critical”
range [z_,z4]. The main aim of this section is to prove two lemmas corre-
sponding to Lemmas 7.5 and 7.6 from the previous section. We shall need
these lemmas in Section 9 in order to track si(z) using the method of self-
correcting martingales.

The first step is to define the event we shall use to prove our key lemmas.
Recall that D(z) denotes the event that m(z) — m(z — 1) < u2 and D*(2)
denotes the event that D(w) holds for all w > z. Now , for each z € [z_, 24]
and each k > 2, define

sk(z) — Sk(2)
(124) si(z) == { ek, 2)8k(2)
sp(z+1) otherwise.

if D*(z) holds,

Recall that Tj(z) denotes the event that si(z) € (1 £ ¢e(k, 2))8k(z), and define

Z4 4ug
T*(z) :==D*(z) N ﬂ (Q(w) N ﬂ ﬁ(w))
k=2

w==z

for each z € [z_,z4]. Note that Q(z) implies Tx(z) for every k > 4up since
for such k, we have e(k,z) > 1 (since ugp = w(1)), and sx(z) = 0 (see Defini-
tion 4.2).

In this section we shall prove the following two lemmas.

LEMMA 8.1. Let z € [z—,z4]. If T*(z) holds, then

E[si(z 1) - si(z) | 7] € -1 (s;;(z) + 1)
for every 2 < k < 4uyp.
LEMMA 8.2. Let z € [z_,z4]. If T*(2) holds, then
|56z = 1) = si(2)] < 2 77
for every 2 < k < 4uyp.

The proofs of these two lemmas are, in outline, similar to those of Lem-
mas 7.5 and 7.6, but the calculation is more delicate in the critical range, and
as a consequence the details are somewhat more complicated. We begin by
noting that 7*(z) implies the conditions of Theorem 6.2 are satisfied and so,
in particular, that (112) holds.

LEMMA 8.3. Let z € [z, z4]. If T*(2) holds, then 2s2(z) < (1 —e1)m(z)
and K(z) holds.
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Proof. Since T*(z) implies that Q(z) holds and that 7x(z) holds for every
k > 2, it follows from Lemma 4.4 that K(z) holds. To prove the bound on
s2(z), note that 72(z) implies that

(125) 282(2’) < 2(1 + €<27z)>§2(z) = <1 + i?j))m(z)<1 _ e—m(z)/z)7

by (16) and Definition 2.5. Since

m(z)

1—e Bz ¢ < CoA(2),

z
by Observation 4.7, it follows that for A(z) < 2eq,

252(2) < (CoA(z) +263C0)m(z) < 261Co(1 + e1)m(z) < m(z)

2
since £1Cy < €190 < 1/16 by (10). On the other hand, if 2e; < A(z) < 1,
then

252(2) < (L+e1)(1—e )m(z) < (1+e1)(1—2e1)m(z) < (1—e1)m(2),
as required, as e~ 0 > 2¢1. O

8.1. The expected change in m(z). The next step is to use Theorem 6.2
to bound the expected number of vertices removed in each step. Recall that if
T*(z) holds, then the average degree in the graph S3(2) is close to 252(z)/m(z)
=1 — e ™*)/% and so the expected size of D(z) = m(z) — m(z — 1) should
be about €™(*)/% . P(d(z) = 1) ~ m(z)/z, by Lemma 4.5. The following lemma
makes this precise.

LEMMA 8.4. Let z € [z_,z4]. If T*(z) holds, then

Elm(z) —m(z—1) | 7] = (1 +v(z)+o(1))m

and

E[(m(z) — m(z = 1)) Ipe | F2] = (14+7(2) +o(1)) 22,

where y(z) is defined by

‘ £(2,2)s5(2) (em(z)/z - 1)
(126) v(2) = e ) (@ 1)

OBSERVATION 8.5. Let z € [z_,z4]. If T*(2) holds, then |y(z)| < e1.

Proof. Since m(z)/z < CyA(z), by Observation 4.7, it follows that

m(z)/z 2¢e3 P
e 1) < Zh (e )
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Now (e — 1)/ is an increasing function of z and A(z) < 1, so
£(2,2) (em(z)/z - 1) < 2629 — 1) < /8

by (10). The result follows from the definition (126) of v(z) and the fact that
T*(z) implies T2(2), so |s3(z)] < 1. O

In the proof below, and also several times later in the section, we will need
the fact that m(z) = ©(z) uniformly in z € [z_, z1], which follows from M(z)
(and hence from 7*(z)) by Observation 4.7, and by (38) and (44).

Proof of Lemma 8.4. Note first that 7*(z) implies that I(z) and M(z)
hold, by Lemma 8.3 and Definition 4.2. It follows that P(d(z) =1 | F;) =
(1+ o(l))@e*m(z)/z = ©O(1), by Lemma 4.5 and since m(z) = ©(z). Recall

also that D(z) = m(z) —m(z—1) = 0if d(z) # 1. By Theorem 6.2, Lemma 8.3,
and (112), it follows that

E[D(2)lp, | F
= (E{D(z) | Fry d(z) = 1] — O(m(z)zo_20>)P(d(z) =1| fz)

(B

m(z) z

Now, 7*(z) implies D*(z), so

2;2((5)) = (14e(2,2)s5(2)) 2775;2((5) = (1+e(2,2)s3(2)) (1 — e /%),

by (16) and (124). Thus we obtain
E[D(2)Lpg) | F:]

_ (em(z)/z _ (1 + 5(27 Z)S;(Z)> (em(z)/z _ 1) + 0(1))_1miz)
_ (1 —e(2, 2)s5(2) (e 1) + o(1)>1miz)
= (1+9(2) +o(1)) miz)’
and similarly for E[D (2) | F 2]7 as required. ;

8.2. The expected change in 5;(z). The next step is to bound the expected
change of §;(z). We shall use Lemma 8.4 to bound the first moment of D(z),
and Theorem 6.2 to bound its second moment. To simplify the statement, let
us define

Sk(z e=mA/Z () \F
(127) () = L T (”)
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for each k& > 2. Note that gx(z) = O(1) if the event 7*(z) holds, since
Sk(z) < m(z) and m(z) = O(z), by Observation 4.7. We shall prove the
following lemma.

LEMMA 8.6. Let z € [z_,z4]. If T*(2) holds, then

(128)  E[(8k(z—1) — 3x(2))1p() | 7] = _(2) (v(2) + o(1)) gk ()

z

for every 2 < k < 4uyp.

Note that, since gx(z) = O(1), the error term is o(1). However, it will be
important in the proof of Lemma 8.1 that gx(z) is significantly smaller than
this when k& — oo. The first step in the proof of Lemma 8.6 is to obtain
deterministic bounds on §x(z — 1) — §x(2), which follow via some easy algebra.
We give the details for completeness.

LEMMA 8.7. Let z € [z—, z4]. If T*(z) and D(z) hold, then
%@>Z%@<m@_m@+owwwv+m)

(129) §k(z)—§k(z—1) = + . -

for 2 < k < 4uy.
Proof. For each k > 2 and w > 0, set
—w S ¢
we w
AT N
so that $x(2)/z = fr(m(z)/z). Observe that

(1—-w)e ™ & £

. w we™™ X wt 1 whe—
) = = é;_lﬁ + megﬂﬁ — w(fk(w) + H)
so that f;(m(z)/z) = zgx(z)/m(z). Observe also that
(130)
1 d 1 d wkew k-2 —w k=1 —w
Fw) = g (wikw) = fuw)) = Jon5 = e =

Thus, if w is bounded away from 0, f;/(w) = O(k f;,(w)). Moreover, if [w' —w| =
O(ud/z) = o(1/k), then we still have f(w") = O(kf},(w)) for all w” € [w,w’]
as neither term in (130) changes by more than a constant factor. Thus, by
Taylor’s Theorem,

(131) felw) = fi(w') = fiw)(w —w' + O (k(w - w)?)).

Writing w = m(z)/z and w’ = m(z —1)/(z — 1) we have

o m) _mz)-DE) _ 1(ma—“”)

z z—1 z—1 z
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If 7*(z) holds, then w is indeed bounded away from zero as 7*(z) implies Q(z),
which implies M(2). Also D(z) implies D(z) < ud, so |w' — w| = O(ud/=2).
Thus substituting these values of w and w’ into (131) gives

W) =) _ o) (o mE) |, ODER+1)
<z>(D” * )

z z—1  (z—1)m z z

Multiplying by z — 1 then gives (129). O

We note here, for future reference, the following identity, which follows
immediately from the definition (15) of §x(2).

OBSERVATION 8.8. For each k > 2 and every z € [r(x)],

. R efm(z)/z m(z)k
(k—1)8k(2) — (k4 1)8k11(2) = SN R

Note that as an immediate corollary of this observation, it follows that
(132) gr(2)z = kSi(2) — (k + 1)8k41(2) < kSg(2).

Moreover, from Lemma 8.7 and (132) it follows that if the events 7*(z) and
D(z) hold for some z € [z_, z4], then
§k(Z — 1) —1+ (1)
133 ————2 =140(z""7°),
(133) e ( )
since D(z) implies D(z) < u3 and M(z) implies m(z) = O(z), as noted above.
To deduce Lemma 8.6 from Lemma 8.7, we just need to take expectations
of both sides and apply Theorem 6.2 and Lemma 8.4.

Proof of Lemma 8.6. Recall that

B[D(E)o | F] = (1+9(2)+ o) ™2,

by Lemma 8.4, and that E[D(z)? | F.] = O(1) by Theorem 6.2 and Lemma 8.3.
It therefore follows from Lemma 8.7 and (112) that

E[(.§k(z) — 8k(z — 1))113(2) | ]_—Z] _ ékiZ)
O(k -
+ ('y(z) +o(1) + Tn((z;)gk(z) +0(z),
since 8x(2)/2<gr(z)=0(1). The result follows since k<4ug=o0(m(z)). 0

8.3. The expected change in si(z). We now arrive at the main calculation:
that of the expected change in the number of edges of size k.
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LEMMA 8.9. Let z € [z_,z4]. If T*(z) holds, then
E[(sk(z — 1) = si(2))1pes | F:]

34(2) Boelh,2)5k(2) (1
S egn(z) - TR () 4
for every 2 < k < 4uyp.
We shall first prove the following deterministic lemma.
LEMMA 8.10. Let z € [z—, z¢|. If T*(z) holds, then
. X 1
ks(z) — (k + Dsira(2) € gu(2)z + k- ek, z>5k<z>(sk<z> . 8)

for every k > 2
Proof. Observe first that since the event 7*(z) holds, we have
ksi(z) — (k + 1)sg+1(2)
€ k(1+e(k,2)s1(2))8k(2) — (k+ 1) (1 £e(k + 1, 2)) s
= gr(2)z+k-e(k,2)si(2)8k(2) £ (k+ 1)e(k+ 1, 2) 8k (z)

by (132). But by Definition 2.5 and Observations 4.7 and 4.14, we have
(134)

(k+1De(k+1,2)811(2) < miz)s(k +1,2)8,(2) < e1Co(k+1) - ek, 2)3x(2),

so since £1Co(k + 1) < 2ke1e“? < k/8, by (10), the claimed bounds follow. [
We can now use Theorem 6.2 to bound the expected change in si(z).

Proof of Lemma 8.9. Let z € [z_, z4], and suppose that 7*(z) holds. Re-
call that

(135) sp(z—1) —si(2) € :H-{d(z):k} + ( — Ag(2) + Agya(2) £ A/(Z)>]l{d(z):1}
for each k£ > 2, by Observation 7.10. Also,
(136) E[A(2)lp() | Fe, d(2) = 1]

- "“;’ﬂ(iz)) (E[D(z) | Feyd(z) = 1] +0(1)) +0(m(2)713)
for each k£ > 2, and
(137) E[A(2) | F., d(z) = 1] = O(m(2)71/?),

by Theorem 6.2 and Lemma 8.3, where we have used the fact that Ag(z) <
sk (z) deterministically and (112) to bound the error when D(z) fails. Moreover,

m(z)

(138) E[D(2) | F, d(z) = 1| P(d(z) = 1| F.) = (L+4(2) +0(1)) o
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by Lemma 8.4. We claim that
(139) E[(sk(z = 1) = sk(2))Ip(e) | Fer d(z) = 1] P(d(2) = 1 | F.)

o(ka(k,z)ék(z)»

_ 1+Z(z)((k¢ + Vs (2) — ksi(2)) +

Indeed, in order to deduce this from (135)—(138), we just need to show that
the various error terms are all o(k:s(k:, 2)8k(2)/ z) To see this, note first

(140) e(k,z) > efk! > 5%/81(1/51)!
is bounded below by a positive constant, since A(z) < 1 for every z € [z_, 2],
and recall that e(k, 2)5x(z) = zé+o(1), by Observation 4.16 and our assumption

that k& < 4ug, that e(k+ 1, 2)8;41(2) = O(e(k, 2)5(2)) by (134), that |s;(2)|+
|si41(2)] = O(1), by T*(z), and that m(z) = ©(z). The error terms are
therefore at most
o(k;sk(z) + (k+ 1)5k+1(z)>
z

—I—O(m(z)_1/3> _ o(ks(k,z)ék(z))’

z

as claimed, so we have proved (139).
To deal with the case when d(z) > 1, observe also that, by Lemmas 4.5
and 8.3, we have

P(d(z) =k | F.) = (1+0(1))

ke—m()/z (m(z))k Lo

k! z z

We claim that in fact

(141) P(d(z) = k | F2) = ! z z

e—m(2)/z (m(z)>k . o(e(k, 2)sk(2)) |

To see this, note that if k = O(1), then (1+0(1))* =1+o0(1) and %(my) k

= O(8k(2)/z), by (15). On the other hand, if ¥ = w(1) then P(d(z) =
k| F.) < (200)%/k! 4+ O(1/z) decreases super-exponentially with &, while
e(k, 2)5p(2) = e9®)z, by (49) and our assumption that k < 4ug.

Now, noting that d(z) = k£ > 1 implies D(z), it follows from (135), (139)
and (141) that

1+Z(Z)((k +1)sp41(2) — ksp(2))

e=m()/Z (2)k o(ks(k, 2)§k(z))
+ t ‘
k! 2k

E[(sk(z —-1)— Sk(z)>]1D(z) ‘ ]:Z] =

By Lemma 8.10, this is contained in

e—n;(!z)/z mii)k 1 +z(2) (gk(z)z k- ek, Z)gk(z)(s;(z) + ;>>,
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which is equal to

- gt - I (et (i) £ 1))

z z

Since |y(2)| < e1 and |s}(2)| < 1, by Observation 8.5 and 7*(z), the lemma
follows. g

8.4. The proof of Lemmas 8.1 and 8.2. We are finally ready to prove the
two main lemmas of the section. We will prove Lemma 8.2 first, since we shall
need (a weak form of) it in the proof of Lemma 8.1.

Proof of Lemma 8.2. If D(z) fails to hold, then s} (z — 1) = s}.(z) by defi-
nition, so we may assume that [m(z) —m(z — 1)| < u, and hence |s;(z — 1) —
sp(2)| < 2ud, by (116). We claim first that

se(z—1) —Sk(z—1)  sk(z) — 5k(2)

sp(z —1) —sp(2) = e(k, 2z — 1)ép(z — 1) N e(k,2)8k(2)

_sklem ) A= 1)~ sel2) k() (sl )
8(]{, z)§k(z) z14o(1)
Indeed, to see this simply recall that, by Definition 2.5, Lemma 3.10 and (133),
the events 7*(z) and D(z) imply that

e(k,z—1)8(z—1) Alz)  s(2-1)

ek, 2)8k(z) Az —1)  3(2)

Now, note that §;(z — 1) — 5x(2) = O(u), by Lemma 8.7, since m(z) = O(z),
Sk(2)/2 < gr(z) = O(1) and up = 2’8(1). Thus
O (u5)

’SZ(‘Z - 1) - 8};(2)‘ = m —+ O(z_l+0(1))

— 14 0(z 1),

as T*(z) implies [sj(z)] < 1. Now z = zé+o(1) for every z € [z_,z4], by

|
Lemma 3.11, and e(k, 2)5,(z) = zéJrO(l) for all & < 4up, by Observation 4.16.

Hence
Isi(z — 1) — si(2)] < 25T,

as required. O

To finish the section, we shall deduce Lemma 8.1 from Lemmas 8.2, 8.6
and 8.9.

Proof of Lemma 8.1. Let z € [z_, zy], and suppose that 7*(z) holds. We
shall break

. e (sk(z—1) =38k(z—1)  sp(2) — 8k(2)
si(z—1) = si(z) = < e,z — Danlz—1)  e(k,2)3(2) >1D<Z>
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into two pieces (see (142) and (143), below) and bound the expected size of
each of them in turn. We note that, by Lemmas 8.6 and 8.9, we have

E{(Sk(z —1) = $(z — 1) — s(2) + 8k(2) ) Ip(s) fz]
c _ks(kz,z)§k(2)

z

<s;<z> . é) + o(gi(2)).

But gi(2) < kSx(2)/z = O(ke(k, 2)5,(2)/2) by (132) and the fact that e(k, 2)
is bounded away from 0. Thus
k 1
— sz 22 ).
€ . (sk(z) 5)

1) = 8k(z — 1) — sk(2) + 5k(2)
sp(2) :t351k'

1
e(k, )3k (2) GCIRE
z

(142) E{S’“(z -

We claim that
143
(E )a(k,z)ék(z) —e(k,z—1)sk(z — 1) - 1)1
e(k, 2)8k(2) A D(2)

To prove (143), observe first that if D(z) holds, then

S

Fz

e(k,2)8k(z)—e(k,z—1)8k(2—1) = e(k, 2) (S‘k(z) —8k(z— 1))—1—0( .

since e(k,z — 1)/e(k,2) = 1 + o(1/z), by Definition 2.5 and Lemma 3.10,
and $x(z — 1) = @(ék(z)) if 7*(z) and D(z) hold, by (133). Therefore, by
Lemma 8.6,

E[(e(k, 2)3k(2) — ek, 2 — D)dr(z — 1)) Ipy) | fz}

_ ek, 2)8k(2) (v(2) +0(1))gk(2)=
a z (1 + Sk(z)

e(k,2)sk(z) > 7

+o(1)>

€ (1+2e1k) ek, 2)3k(2) Zig’“(z),

since gi(z) < kéi(2)/z, by (132), and |y(2)| < €1, by Observation 8.5. Since
|sp(z — 1) — s;(2)] < &1 by Lemma 8.2, it follows that

o Ke(k, 2)an(z) — ek, 2 — 1)z — 1))s;<z o fz}

e(k, 2)sk(z)
c (1 £ 2e1k)(s5(2) £e1) c sp(z) £ 3e1k
2 z
as claimed. As noted above, adding (142) and (143) we obtain

E[si(z = 1) = si(2) | 7] € _’;<3;;<Z> . ;) GRS

c (s )

for every k > 2, which completes the proof of the lemma. O

)
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9. The proof of Theorems 2.2 and 2.6

In this section we shall use the method of self-correcting martingales to
deduce Theorems 2.2 and 2.6 from Lemmas 8.1 and 8.2. Recall that Theo-
rem 2.2 states that the event M*(z_) holds with high probability, and Theo-
rem 2.6 states that with high probability the event 7x(z) holds for every k > 2
and every z € [z_, z4]. Since we already know that M*(z4) holds with high
probability, by Proposition 7.1, it will suffice to prove that the event 7*(z_)
holds with high probability, since 7*(z_) implies that M(z) holds for every
z € [z2—, z4], and that Tx(z) holds for every k > 2 and every z € [z_, z4].

As in Section 7, the rough idea is to bound the probability, for each
a € [z_, z4], that a is maximal such that 7*(a) fails to hold. Let us begin by
proving the base case.

LEMMA 9.1. T*(z4) holds with high probability.

Proof. Recall that by Lemma 4.3, Q(z4) U M™*(z1)¢ holds with high prob-
ability and that by Proposition 7.1 and Corollary 7.2, D*(z4) N M*(z4) N
N, Tr(24) holds with high probability. Thus

4ug
T*(24) = D*(24) N1 Q) 0 () Thlz4)
k=2
holds with high probability, as claimed. ([

By Lemma 9.1, we can assume that z_ < a < z; and that 7*(a + 1)
holds. For each pair z_ < a < b < z; and each k > 2, let Wy (a,b) denote the
event that the following all occur:

(a) sf(a) > 1.

(b) sp(z) > 3/4 for every a < z < b.

(c) sp(b) < 3/4.

(d) T*(a+ 1) holds.
Note that if 7*(a + 1) N {SZ(Z+) < 3/4} holds and sj(a) > 1, then the event
Wi (a, b) holds for some a < b < z;.. We shall prove the following lemma.

LEMMA 9.2. If z_ <a<b< z4, then
]P’(Wk(a,b)) < 220
for every 2 < k < 4uy.

Proof. We may assume sj,(b) > 3/4 — €1, as otherwise sj(b—1) < 3/4 by
Lemma 8.2, and so Wg(a, b) fails to hold. Set £ = b —a, and for each 0 < ¢t < ¥,
define

{s};(b —t)—sp(b) f X4y >00rt=0,
Xt =

X1 otherwise.
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We claim that X; is a super-martingale with respect to the filtration (Fb,t)fzo.
Indeed, since 7*(a+ 1) holds, we have either X; < 0, in which case X;11 = Xy,
or Xy > 0, in which case

k—1 i 1
E[Xt+1—Xt | fb_t} < b_t(—Sk(b—t)+2>

by Lemma 8.1. But if X; > 0, then sj(b—1t) > s5(b) > 3/4 —e1 > 1/2, so in
all cases E[X; 11 — Xy | Fo—t] < 0. Recalling that ¢ < z4 = zé+o(1), it follows
by the Azuma—Hoeffding inequality that

P(Wi(a,b)) < exp (=2 *1) < 5™,
as claimed. 0

It is easy to see that one can deal with the case s} (a) < —1 in exactly the
same way, so we leave the details to the reader. Using the union bound over
all choices of b, it follows that

P({|si(a)] > 1} N T*(a+1) N {si(z1) < 3/4}) < 2®

for every a € [z, z4] and 2 < k < 4ug. Moreover, it follows from Corollary 7.2
that, with high probability, s} (z4) < 1/2 for every k > 2.

It therefore only remains to bound the probability that D(z+ 1)U Q(2)°U
T*(z + 1) holds for some z € [z_, z;]. By (112) and Lemmas 4.3 and 8.3, it
will therefore suffice to show that m(z) is unlikely to be the first variable to go
off track. Unfortunately, unlike with sx(z), m(z) is not self-correcting, and so
a simple martingale approach will not work. Instead we shall prove this using
a two stage approach: we shall show, using super-martingales, that m(z) can
only drift off track slowly, but every so often (and well before it drifts so far as
to cause M(z) to fail) we shall use the following lemma to put it firmly back on
track. The following lemma, which follows from Lemma 4.10 and Theorem 5.1,
ensures that m(z) is far closer to its target value than required by M(z), but
unfortunately it has a relatively large failure probability. Thus we cannot use
it for very many values of z.

LEMMA 9.3. For every z € [z, z4],

]P’(IC(z) n {m(z) exp ( -3 ksk(z)) ¢ (14 351)77A(z)z}> _ o)

Pt (2) Uug

Proof. Recall that, by Lemma 4.10, the number of isolated vertices mq(z)
in the hypergraph S4(z) satisfies

(144) mo(z) € (1£e1)nA(2)z

with probability at least 1 — 1/z2. We shall use Theorem 5.1 to give another
way of approximating mg(z), and together these estimate will imply the lemma.
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Recall that a vertex i in S4(z) is isolated if the submatrix A[{z} X [z +1,

W(.CC)H is the all zero vector. We bound the number mg(z) of isolated vertices
using the second moment method, using Theorem 5.1 to estimate both the
mean and variance of mg(z). First, let £ € F be an event of the form (50)
for which KC(z) holds and d(z) < 4ug, and recall from Definition 6.3 that the
random matrix Ag is obtained by choosing each column uniformly at random

m(

from all ( d_z)) possible choices, independently in each column. Thus for j > z,

d; O}
m(z) m<z>2>‘

P(Agl{i} x {j)] = 0) =1~ md(J;) - < B

As the columns of Ag are independent,
P(Ag[{i} x [z + 1,7(2)]] = 0) = exp < - miz)zdj N O&Zdﬁ).

>z m >z

Now Yjs.dj = Spsoksp(z) and Yjs.di = Ypsok?si(2) = O(m(z)) by
condition K(z). Thus

m(z) | m(z)

]P’(flg [{z} X [z + 1,7T(x)]] = 0) — exp ( _ Z ksi(2) O(l)>'
k=2
Applying Theorem 5.1 with I = {i}, C = [z + 1,7(z)], and R = 0, gives

P[i is isolated in S4(z) | 8} = P(A[{z} X [z + 1,77'(:11)]] =0 | 5)

— exp ( -> Forlz) | 0(1)>

k>2 m(z) uo

Thus, summing over i € M(z),

(145) o= E[mo(z) | 5] = m(z)exp ( - Z i (2) + O(l)>.

et m(z) uQ

For the second moment of mg(z), we consider the probability that two distinct
vertices i1, i are both isolated. In the independent model, we have

(1=5) (=)

o 2 OB

m(z)  m(z)?

P(Agl{ir iz} x {j}] = 0)

As the columns of Ag are independent, a similar argument to the above yields

]P’(flg [{h,iz} X [z + l,ﬂ(:v)ﬂ = 0) — exp < . Z 2ksy(z) n O(l)>'

2 m(z) m()
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Applying Theorem 5.1 with I = {i1,i2}, C = [z + 1,7 (x)], and R = 0, gives

P(A[{i1,i2} x [z + 1,7(2)]] = 0| £) = exp ( -y 2hsi(z) 0(1))

> m(z) U

Summing over all ordered pairs (i1, i2), we obtain

(146)
E|mo(2)(mo(z) — 1) | €] = m(z)(m(z) — 1) exp ( -3

= (1 + Ou(01)>u2.

Combining (145) and (146), we have

Var(mo(2) | €) = E[mo(2)(mo(z) — 1) | €]+ p— 1> = pu+ O(1/ug)ps’.

Now > ksi(z) = O(m(z)) by K(z) and so p = ©(m(z)). Thus Var(mo(z) | 5)
= O(p?Jup) and hence, by Chebychev’s inequality,
Var(mo(z) | 5) O(1)

P(mo(z) ¢ (L+e)p| ) < 2,0 =

Since the event £ was chosen arbitrarily amongst those consistent with K(z)
and satisfying d(z) < 4ug, and using (46) to bound the probability that d(z) >
4uy, it follows that

P(mo(z) ¢ (1% en)p | K(2) = 22,

Uo

Combining this with (144) and (145) completes the proof of the lemma. [

We shall also need the following simple identity.

LEMMA 9.4. For every z € [n(x)],

S kén(z) = m(z)Ein(miz))

k>2

Proof. Define

and note that

o) l
S ki(z) = 3 Zfzie—m(z)/z 3 ;‘(miz)> — m(2)f(m(z)/2).

k>2 k>2 t=k—1




THE SHARP THRESHOLD FOR MAKING SQUARES 135

Now, we have f(0) =0 and

, e~ w o0 w(—l o ,wZ
=SS gt X )

k=2 t=k—1 t=k—1
wh=2 <ew — 1> 1—e™
= e—’LU Z —_— = e_w = .
Pt (k—1)! w w
wil-et . :
It follows that f(w) = / dt = Ein(w), as required. O
0

We can now complete the proof of our main auxiliary results.

Proof of Theorems 2.2 and 2.6. As noted above, it will suffice to prove
that the event 7*(z_) holds with high probability. Recall that 7*(z) holds
with high probability, by Lemma 9.1, and let a € [2_, 24| be maximal such
that 7*(a) fails to hold. As 7*(a + 1) holds, one of the events D*(a), Q(a),
or Ti(a) for some 2 < k < 4up, must fail. By Lemma 8.3 and (112), with high
probability there is no a such that 7*(a + 1) holds but D(a + 1) fails, so we
may assume that D(a 4 1), and hence D*(a), holds. By Lemma 9.2, with high
probability there is no a such that 7*(a + 1) and D*(a) hold, but T(a) fails
for some k > 2. By Lemma 4.3, with high probability there is no a such that
M*(a) holds but Q(a) fails. As T*(a+ 1) implies M*(a + 1), we deduce that
with high probability there is no a such that 7*(a + 1) and M(a) hold but
T*(a) fails. It will therefore suffice to bound the probability that M(a) fails to
hold, assuming that D*(a) holds, and that 7x(a) holds for every 2 < k < 4uy.

To do so, let us choose a set W = Jwg,wq,...,wy;, where z_ = wy <
wy < -+ < wp = z4, such that £ = O(log(z+/2-)) and w; < 2w;—1 for each
i € [¢]. Since log(z4+/2-) = ©(y/log z9) = o(ug), by Lemma 3.11 and (23), it
follows from Lemma 9.3 that with high probability either

(147) m(w) exp ( - Z ksk(w)) € (1+3e1)nA(w)w,

= mw)

or K(w) fails to hold for every w € W. Since by Lemma 4.4, 7*(z) implies
K(%), it will suffice to bound the probability that (147) holds for w = wj, say,
and

4ug

(148) M(a)*ND*(a) N T*(a+1) N (] Tala)
k=2

holds for some w;_1 < a < w;. We shall show that this has probability at
most zg 15,
To bound the probability of the event (148), we shall use a martingale

approach to control m(z) in the interval a < z < w. Define Xy := 0, and for
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0<t=w—2z<w-—a,

mw—t—1) m(w—1t) m(w)

Xey1 = Xy + ( o1  w_i )ﬂp(w—t)mT*(w—t) — 91 Wz

We claim that X} is a super-martingale with respect to the filtration (Fy,—¢);— "
Indeed, T*(w — t) is Fy—¢-measurable and clearly X1 < X; when 7*(w —t)
fails. Assuming 7*(w —t) = 7*(z) holds, we have

m(z)

z

by Lemma 8.4. Recalling that 7*(z) implies that |y(z)| < €1, by Observa-
tion 8.5, it follows (using (112)) that

E[Xpp1— X | ] = E m(z=1) —m(z) = m(z) _Seim(w) ‘ FZ}

Elm(z) —m(z—1) | .| = (1+7(2) +0(1))

z—1 2(z—1) w?
+ O(zam)
= - (26) + ofn) 1 - ) <

for every a < z < w, as claimed, since w < 2a and m(z) < m(w).
Now, |Xip1 — Xi| < 251" for every a < 2z < w, since m(z) = O(2)

(by Observation 4.7) and z = zé“m (by (22)), and since D(z) implies that

Im(z) —m(z —1)| < u% = 28(1). Thus, noting that w —a < 24 = zé“'o(l)’ by

the Azuma—Hoeffding inequality we obtain
P({Xw_a > 2551} NT"(a+ 1)) < exp ( — 2(1)7551) < 2520

Observe that if D*(a) N 7T*(a + 1) holds, then X,,_, < 2z, ! implies that

m(w)

w

(149) m(a)

< (14 5e1) + 25"

a
Now, to finish the proof, we shall show that if 7*(w) and (147) hold, then

(150) m(w) < af(1 4 5er)nA(w)).

w

To prove this, observe first that if 7*(w) holds, then
Z ksk(w) < Z (1 + e(k, z))kék(w) < (Em(m(w)> +61>m(w),
k>2 k>2 w

by Lemmas 4.15 and 9.4. Thus (147) implies that

mfvw) exp ( - Ein<m(w)>) < e (14 3¢1)A(w),

w
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which implies (150), since « is increasing and €' (1 + 3¢;) < 1+ 5e;1. Combin-
ing (149) and (150), and recalling that A(a) = (1 + o(1))A(w) = § + o(1) by
Lemma 3.10 and (38), and that «(t)/t is increasing, by (9), it follows that,

m(a)

< a<(1 + 1151)77A(a)).

By the definition of o (and again using the fact that « is increasing), this

implies that
m((l“) exp ( - Em(my))) < (14 11e1)nA(a).

A corresponding lower bound can be proved similarly, and thus
4ug
P(M(a)c ND*(a)NT*(a+1)N ﬂ 7}(@)) < 2,
k=2

as claimed. As explained above, this implies that 7*(z_) holds with high
probability, and hence this completes the proof of Theorems 2.2 and 2.6. [

10. The proof of Theorem 1.1

Once we have Theorem 2.2, it is straightforward to deduce Theorem 1.1.
Indeed, the deduction of the lower bound follows from the results of [13], the
extra ingredient provided by Theorem 2.2 being that any linear relation can
only involve at most m(z_) ~ nA(z_)z_ rows. We shall use the following
result, which was proved in [13].

PRrROPOSITION 10.1 (Croot, Granville, Pemantle and Tetali). There exists
¢ > 0 such that if N < e VJ(x), then with high probability there does not exist
a set I C [N] with

0<|I] < zoexp(—c\/logzo)

such that [[;er a;i i a square.

We remark that Proposition 10.1 follows from the proof of [13, Th. 1.3];
see [13, §3.5], for any constant ¢ > /2 — log 2. However, we shall only use the
fact that ¢ = O(1).

As noted in the introduction, we shall also give a new proof of the upper
bound, which was originally proved in [13]. For the upper bound, we shall
need the following simple identity.

LEMMA 10.2. For every z € [m(z)],

Z§k(2) =m(z) — z(l - e_m(z)/z).

k>2
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Proof. Using the fact that m = k—ll — %, we have

] —m(z)/z 1 > 1/m(z ¢
5 ) = e g 8 (")

k>2 k>2 l=k—1
_ < 1 /m(x)\"' 2/ 1 1
= m(z)e Ay ( 11
— £ z = k—1 k

¢ R i (gi - (miz)>z+1

(=1
= m(z)e ™)/2 (em(z)/z - 1) — ze~™)/2 (em(z)/z -1- m(z)/z)

as claimed. 0

Proof of Theorem 1.1. To prove the lower bound, it is enough to show
that for n < e™7, there is with high probability no linear relation between the
rows of A. Any such relation would correspond to an even sub-hypergraph
of Ha(z—) without isolated vertices and so must lie in the 2-core C4(z—). In
particular, the number of rows involved is at most m(z_), which satisfies

(151) m(z—) < a((l —|—€0)A(Z_)?7>Z_ < a(256_"’)z_ < 2o

with high probability, by Theorem 2.2. We may therefore assume that there is
no linear relation involving more than z_ rows. However, by Lemma 3.11 we

Z_ = zoexp<— (1 +0(1)>\/m>,

and so by Proposition 10.1 there is with high probability no linear relation
involving at most z_ rows if § is taken sufficiently small. Hence there is with
high probability no linear relation between the rows of A, as required.

To prove the upper bound, assume that we have n'J(z) numbers with
n =e V4w, v>0. Pick n < e 7, and construct the 2-core C4(zp) starting
with just the first N = nJ(z) numbers. Observe that, by Theorems 2.2 and 2.6,
and Lemmas 4.15 and 10.2, the number of columns of A that either have a non-

have

zero entry in one of the rows of M(zg), or are to the left of 2, is with high
probability at most

(152) 20+ Y sk(z0) < 20+ Y (1+e(k, 20))8k(20)
k>2 k>2

< (1+e1)m(z0) + zge~™Z0)/ 70,
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On the other hand, we have at least vJ(x) remaining unused numbers, and
among these there are, with high probability, at least

v(z) Y(z,y0) _ vao

2 T 2

yo-smooth numbers. Thus we have a total of at least m(zo) + vzo/2 rows
of A, all of whose non-zero entries lie in a set of columns of size at most
(1 + e1)m(z0) + zpe~™#0)/?0 Hence, if

% > 8177’L(Z0)/20 + e—m(zo)/zo’
then we obtain a linear relation between the rows. Now, recall that m(zg)/z9 >
a((1 — eg)n) with high probability, by Theorem 2.2, and that a(w) — oo as
w — e~ 7. Hence, by choosing n sufficiently close to e™7, and &q sufficiently
small, we can make m(zy)/zo arbitrarily large. In particular we can force
e~™=0)/20 < 1 /4. Since m(zy)/z < Co with high probability, with Co = Co(n)
fixed, the result follows by taking e; sufficiently small. (]

The proof of the upper bound in Theorem 1.1 can be modified to show
that the expected number of linear relations between the rows of A blows up
at some noJ(z), with ng < e~7, thus demonstrating that a straightforward
application of the first moment method cannot give a sharp lower bound on
T'(x). To see this, let n < ™7 and consider N = nJ(z) integers a;. The number
mo(2o) of yo-smooth numbers is binomially distributed with mean 7zy, but can
be much higher. Indeed,

_ ~ (7720)277:50 —NZ20 ~o 1+0(1))nzo
]P’(mg(zo) = 27]z0> ~ W@ 120z (e/4)UFoMInzo,
However, the remaining numbers are still uniformly distributed over non-
smooth numbers, and smooth numbers have no effect on the algorithm de-
termining the 2-core. Thus if we remove about 7zg smooth numbers, the
distribution of the 2-core C4(zp) of the remaining numbers has approximately
the same distribution as if we had started with N —nzy = (1 + o(1))N num-
bers initially. Thus, with probability (e/4)(*+°(1))7%0  we have a submatrix of
A with m(z) + nzo rows and (1 4 £1)m(z) + zoe~™(*0)/20 non-zero columns.
Taking 7 sufficiently close to e™7 and &g, &1 sufficiently small, we obtain a sub-
matrix of A with (7 — €)zp more rows than non-zero columns. This results
in at least 2(7=9)20 — 1 non-trivial linear relations between the rows. As this
occurs with probability (e/4)(+°(0)n20 and e/4 > 1/2, the expected number
of linear relations grows exponentially with 2y, even though we are below the
threshold.
Finally we give a proof of Corollary 1.2.
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Proof of Corollary 1.2. Since finding a square product among {a1,...,a;}
is independent of finding one among {a¢41, .. ., as } we have that P(T(m) > 2t)

< }P’(T(x) > t)z, and more generally ]P’(T(:v) > kt) < P(T(l’) > t)k for every
keN.
Setting t = (6_7 + 5)J(az) and 0 = IP(T(:U) > t), we have
E[T(x)] < tP(T(x) € [0,t)) +2tP(T(x) € [t,2t))
+3tP(T(x) € [2t,3t)) + -+
= t+tP(T(x) > t) +tP(T(z) > 2t) +---
eV +e
1-6

Now, observe that, by Theorem 1.1, § — 0 as x — oo for any € > 0. Since
e > 0 is arbitrary, it follows that E[T(x)] < (e"y + O(l))J(.CC). On the other

hand, taking t = (e*"/ - E)J(x), we have

<S(Q+0+62+-- )t = J(z).

E[T(z)] > tP(T(x) > t) = (1+0(1))t = (e —c—0(1))J(x)

as r — 00, so, since € > 0 was arbitrary, E[T(x)] > (e‘“’ + 0(1))J(1‘), as
required. ([l
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