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Abstract

Let M be the Shimura variety associated with the group of spinor simili-
tudes of a quadratic space over Q of signature (n,2). We prove a conjecture
of Bruinier-Kudla-Yang, relating the arithmetic intersection multiplicities
of special divisors and big CM points on M to the central derivatives of
certain L-functions.

As an application of this result, we prove an averaged version of Colmez’s
conjecture on the Faltings heights of CM abelian varieties.

Contents
1. Introduction 392
2. Special endomorphisms of Lubin-Tate groups 398
3. CM Shimura varieties 414
4. Orthogonal Shimura varieties 431
5. Big CM cycles on orthogonal Shimura varieties 455
6. Arithmetic intersections and derivatives of L-functions 465
7. Proof of the arithmetic intersection formula 474
8. The height of the tautological bundle 504
9. Colmez’s conjecture 508
References 527

Keywords: abelian varieties, complex multiplication, Faltings height, Shimura varieties

AMS Classification: Primary: 11G15, 11G18.

F. Andreatta is supported by the Italian grant Prin 2010/2011. E. Z. Goren is supported
by an NSERC discovery grant, B. Howard is supported by NSF grants DMS-1201480 and
DMS-1501583. K. Madapusi Pera is supported by NSF Postdoctoral Research Fellowship
DMS-1204165 and NSF grant DMS-1502142.

(© 2018 Department of Mathematics, Princeton University.

391


http://annals.math.princeton.edu/about
https://doi.org/10.4007/annals.2018.187.2.3

392 F. ANDREATTA, E. Z. GOREN, B. HOWARD, and K. MADAPUSI PERA

1. Introduction

1.1. The average Colmez conjecture. Let E be a CM field of degree 2d
with maximal totally real subfield F. Let A be an abelian variety over C of
dimension d with complex multiplication by the maximal order O C E and
having CM type ® C Hom(F, C). In this situation, Colmez [Col93] has proved
that the Faltings height hF**(A) of A depends only on the pair (E,®), and
not on A itself. We denote it by

iy = ™ (A).

Colmez stated in loc. cit. a conjectural formula for h(Fg{'ﬁi)) in terms of the
logarithmic derivatives at s = 0 of certain Artin L-functions, constructed in
terms of the purely Galois-theoretic input (E, ®). The precise conjecture is re-
called in Section 9.1, where the reader may also find our precise normalization
of the Faltings height.

When d = 1, so F is a quadratic imaginary field, Colmez’s conjecture
is a form of the famous Chowla-Selberg formula. When E/Q is an abelian
extension, Colmez proved his conjecture in loc. cit. , up to a rational multiple
of log(2). This extra error term was subsequently removed by Obus [Obul3].
When d = 2, Yang [Yanl3| was able to prove Colmez’s conjecture in many
cases, including the first known cases of non-abelian extensions.

Our first main result, stated in the text as Theorem 9.5.5, is the proof of
an averaged form of Colmez’s conjecture for a fixed E, obtained by averaging
both sides of the conjectural formula over all CM types.

THEOREM A.

1 Dg

1 1 L'(0,x) d
SN pFalt 2 2L " log | == — = - log(27).
od Z{): (E,®) 2 L(0,x) 4 ©8 Dp 2 og(2m)

Here x : Ay — {£1} is the quadratic Hecke character determined by the
extension E/F, and L(s,x) is the usual L-function without the local factors
at archimedean places. The sum on the left is over all CM types of E, and Dg
and Dy are the discriminants of £ and F', respectively.

Remark 1.1.1. Very shortly after this theorem was announced, Yuan-
Zhang also announced a proof; see [YZ18]. The proofs are very different.
The proof of Yuan-Zhang is based on the Gross-Zagier style results of [YZZ13]
for Shimura curves over totally real fields. Our proof, which is inspired by
the d = 2 case found in [Yan13], revolves around the calculation of arithmetic
intersection multiplicities on Shimura varieties of type GSpin(n, 2), and makes
essential use of the theory of Borcherds products, as well as certain Green
function calculations of Bruinier-Kudla-Yang [BKY12].
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Remark 1.1.2. Tsimerman [Tsil8] has proved that Theorem A implies
the André-Oort conjecture for all Siegel (and hence all abelian type) Shimura
varieties.

1.2. GSpin Shimura varieties and special divisors. Let (V,Q) be a qua-
dratic space over Q of signature (n,2) with n > 1, and let L C V' be a maximal
lattice; that is, we assume that Q(L) C Z, but that no lattice properly con-
taining L has this property. Let LY C V be the dual lattice of L with respect
to the bilinear form

[z,y] = Q(z +y) — Q(z) — Qy),

and abbreviate Dy, = [LY : L] for the discriminant of L.
To this data one can associate a reductive group G = GSpin(V') over Q,
a particular compact open subgroup K C G(Ay), and a hermitian domain

D={z€Vg:[z2]=0,][zz] <0}/C

with an action of G(R) by holomorphic automorphisms. The n-dimensional
complex orbifold

M(C) = GQ\D x G(Af)/K

is the space of complex points of a smooth algebraic stack M over Q, called
the GSpin Shimura variety. It admits, as we explain in Section 4, a flat and
normal integral model M over Z, which is smooth after inverting Dy. For any
prime p > 2, the special fiber Mp, is normal and Cohen-Macaulay.

The Weil representation

wr, : SLa(Z) — Aute(SL)

defines an action of the metaplectic double cover SLy(Z) — SLy(Z) on the
space Sy, = C[LY /L] of complex valued functions on LV /L. Associated with it
are, for any half-integer k, several spaces of vector-valued modular forms: the
space of cusp forms Si(wr), the space of weakly holomorphic forms M,’C(wL),
and the space of harmonic weak Maass forms Hy(wr,). There are similar spaces
for the complex-conjugate representation wy. By a theorem of Bruinier-Funke
[BF04], these are related by an exact sequence

(1.2.1) 0= M{_n(wr) = Hi_g(wr) S Spez @) >0,

where £ is an explicit conjugate-linear differential operator.
Let ¢, € St be the characteristic function of the coset p € L. Each form
feH 1_%(0%) has a holomorphic part, which is a formal g-expansion

fr=> cfmpeu-q"
m>3>>—00
ueLY /L
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valued in Sz. The sum is over all m € DZIZ, but there are only finitely many
non-zero terms with m < 0.

The Shimura variety M comes with a family of effective Cartier divisors
Z(m, ), indexed by positive m € D;lz and p € LV /L. If the harmonic weak
Maass form f has integral principal part, in the sense that c}r (m,u) € Z for all
m <0 and p € LV/L, then we may form the Cartier divisor

m>0
uelY /L
on M. A construction of Bruinier [Bru02] endows this divisor with a Green
function ®(f), constructed as a regularized theta lift of f. From this divisor
and its Green function, we obtain a metrized line bundle

Z(f) = (2(f),2(f)) € Pic(M).

1.3. The arithmetic Bruinier-Kudla-Yang theorem. We now explain how
to construct certain big CM cycles on GSpin Shimura varieties, as in [BKY12].

Start with a totally real field F' of degree d, and a quadratic space (¥, 2)
over F' of dimension 2 and signature ((0,2),(2,0),...,(2,0)). In other words,
¥ is negative definite at one archimedean place and positive definite at the
rest. The even Clifford algebra E = C*(¥) is a CM field of degree 2d with F
as its maximal totally real subfield.

Now define a quadratic space

(1.3.1) (V,Q) = (¥, Trgjg 0 2)

over Q of signature (n,2) = (2d — 2,2), and fix a maximal lattice L C V.
As described above in Section 1.2, we obtain from this data a GSpin Shimura
variety M — Spec(Q), but now endowed with the additional structure of a
distinguished 0O-cycle. Indeed, the relation (1.3.1) induces a morphism 7' — G,
where T is the torus over Q with points

T(Q) = EX /ker (Nm : F* — Q).

From the morphism T — G one can construct a O-dimensional Shimura variety
Y over E, together with a morphism Y — M of Q-stacks. The image of this
morphism consists of special points (in the sense of Deligne) and are the big
CM points of [BKY12].

In Section 3.2 we define an integral model Y of Y, regular and flat over Op,
along with a morphism Y — M of Z-stacks. Composing the pullback of
metrized line bundles with the arithmetic degree on the arithmetic curve Y
defines a linear functional

—

Pic(M) — Pic(Y) 2% R.
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We call this linear function arithmetic degree along Y and denote it by
ZZ2:))

To state our second main theorem, we need to introduce one more actor
to our drama. This is a certain Hilbert modular Eisenstein series E(T,s) of
parallel weight 1, valued in the dual representation S). Starting from any
f € Ho_4(wp), we may apply the differential operator of (1.2.1) to obtain a
vector-valued cusp form

§(f) € Sa(@r)
and then form the Petersson inner product L£(s,£(f)) of £(f) against the diag-
onal restriction of E(7,s) to the upper-half plane. This rather mysterious
function inherits analytic continuation and a functional equation from the
Eisenstein series, and the functional equation forces L£(s,&(f)) to vanish at
s = 0. Our second main result, stated in the text as Theorem 6.4.2, is a
formula for its derivative.

THEOREM B. For any f € Hy_4(wr) with integral principal part, the equal-
ity
Z(): Y] £10,6(0) , @(0,0)-¢f(0,0)
dege(Y) A(0, x) A(0, x)
holds up to a Q-linear combination of {log(p) : p | Dyad,L}-

The unexplained notation in the theorem is as follows: Dy,q 1, is the prod-
uct of certain “bad” primes, depending on the lattice L C V = ¥, specified in

Definition 5.3.3;
1
dege) = 2 TRay)

yeY (C)
is the number of C-points of the E-stack Y, counted with multiplicities; A(s, x)
is the completed L-function of (6.0.1); and the constant a(0,0) = ar(0, o) is
defined in Proposition 6.2.3. In fact, a(0,0) is essentially the derivative at
s = 0 of the constant term of E(7,s). By Proposition 7.8.2, it satisfies

(1.3.2) a(0,0) _ _2A’(O,X)
A0, x) A0, x)
up to a Q-linear combination of {log(p) : p | Dpad,r}-

A key component of the proof of Theorem 6.4.2 is the Bruinier-Kudla-
Yang [BKY12] calculation of the values of the Green function ®(f) at the
points of Y, which we recall in Theorem 6.3.1. In fact, a form of Theorem B
was conjectured in [BKY12] based on these Green function calculations.

The bulk of this paper is devoted to computing the finite intersection mul-
tiplicities that comprise the remaining contributions to the arithmetic intersec-
tion [Z(f) : V]. More concretely, most of the paper consists of the calculation
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of the degrees of the O-cycles Y X oq Z(m, ) on Y, and the comparison of these
degrees with the Fourier coefficients of the derivative E'(7,0).

The first main new ingredient for the calculation, found in Section 2.5, is
the computation of the deformation theory of certain ‘special’ endomorphisms
of Lubin-Tate formal groups which, using Breuil-Kisin theory, we are able to
do without any restriction on the ramification degree of the fields involved.
This is a direct generalization of the seminal computations of Gross [Gro86]
for Lubin-Tate groups associated with quadratic extensions of Q.

The second new ingredient is the computation of certain 2-adic Whittaker
functions, which forms the bulk of Section 7.1.

The introduction to each section has some further explanation of its role
in the proof of the main theorem.

Remark 1.3.1. The authors’ earlier paper [AGHMP17] proves a result sim-
ilar to Theorem B, but for a cycle of small CM points Y — M defined by the
inclusion of a rank 2 torus into G. In the present work the cycle of big CM points
Y — M is determined by a torus of maximal rank. One essential difference
between these cases is that the big CM points always have proper intersection
(on the whole integral model M) with the special divisors Z(f). Thus, unlike
in [AGHMP17], we do not have to deal with improper intersection.

Remark 1.3.2. In the special case of d = 2, results similar to Theorem B
can be found in the work of Yang [Yanl13] and of Yang and the third named
author [HY12]. Note that when d = 2, we are working on a Shimura variety
of type GSpin(2,2), and this class of Shimura varieties includes the classical
Hilbert modular surfaces.

The paper [Howl2] contains results similar to Theorem B, but on the
Shimura varieties associated with unitary similitude groups instead of GSpin.
Of course the unitary case is easier, as those Shimura varieties can be realized
as moduli spaces of abelian varieties.

1.4. From arithmetic intersection to Colmez’s conjecture. We explain how
to deduce Theorem A from Theorem B, roughly following the strategy of Yang
[Yanl3]. First, we choose the harmonic weak Maass form f of Theorem B so
that f is actually weakly holomorphic. In other words, we assume that

f= 3 crlmp)ou-q™ € My y(wr),

m>3>—00
ueLY /L

and so £(f) = 0 by the exact sequence (1.2.1). Combining Theorem B with
(1.3.2) gives

Z2(f): V) 2A'(0, x)

dege(Y) A0, x)

where ~, means equality up to a Q-linear combination of log(p) with p | Dyaq,r.-

(1.4.1) ~r —cf(0,0) -
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The integral model M carries over it a line bundle w called the tautological
bundle, or the line bundle of weight one modular forms. Any g € G(Ay)
determines a uniformization

D 2259 ()

of a connected component of the complex fiber of M, and the line bundle w
pulls back to the tautological bundle on D, whose fiber at z is the isotropic
line Cz C V¢. If we now endow w with the metric ||z||?> = —[2,Z], we obtain a
metrized line bundle

@ € Pic(M).
For simplicity, assume that d > 4. (This guarantees that V' contains an
isotropic line; throughout the body of the paper, we only require d > 2.) After
possibly replacing f by a positive integer multiple, the theory of Borcherds

products [Bor98|, [Hor14], [HM17] gives us a rational section ¥(f) of the line
bundle w®r(0:0) gatistying

—log [[T(f)|[> = ®(f) — ¢f(0,0) log(4me?),

and satisfying div(¥(f)) = Z(f) up to a linear combination of irreducible
components of the special fiber Mp,.
We define a Cartier divisor

E(f) = div(¥(f)) = Z(f)

on M, supported entirely in characteristic 2, which should be viewed as an
unwanted error term. Endowing this divisor with the trivial Green function,
we obtain a metrized line bundle & (f) € Pic(M) satisfying

(@200 V] = [2(£) : ¥] = ¢4(0,0) log(4me”) - ddege (V) + [Ex(F) = V.
If we choose f such that ¢;(0,0) # 0, then combining this with (1.4.1) and
dividing by ¢£(0,0) leaves

[w:)] N oo
m+d~log(4we )NL

27(0, x) 1 [&(f): V)]
A0, x) ' ¢£(0,0) dege(Y)

The pullback to ) of the metrized line bundle w computes the averaged

Faltings heights of abelian varieties with CM by E. More precisely, the cycle
Y carries a canonical metrized line bundle wy with two important properties.
First, we show in Theorem 9.4.2 that the arithmetic degree of &y computes
the averaged Faltings height:

1 degy(@o)
— N phalt o= OV L Yog | Dp| — 2d - log(27).
g7 2 MEw) = o () + 081D og(2r)
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Second, in Proposition 9.5.1, we prove the approximate equality

@:Y] _ degy(@o)

~ I Drl.
doge(V) L dego(v) T o8I Drl

Putting all this together, we find that

1 1 L'(0,x) 1 Dg| d
il plalt - Z\DHA) — ’ ‘_1 9 b 1
2d§ (B9 =73 Lo 1 %8| Dy " 208m Ep £(p) log(p)

for some rational numbers bg(p), with bg(p) = 0 for all p { 2Dpaq, .-

The integer Dyaq,7, depends on the choice of auxiliary F-quadratic space
(7,2) and lattice L, and to show that bg(p) = 0, one only has to find some
choice of the auxiliary data for which p { 2Dyaq,,. We show that for any
prime p, the auxiliary data can be chosen so that p { Dyad, 1., and hence bg(p) =0
for all p > 2. This proves Theorem A, except that we have not shown that
br(2) =0.

For this, we embed L in a larger lattice L°® that has rank 2d+2, and which
is self-dual at 2. The integral model M? of the Shimura variety associated with
L? is a smooth integral canonical model in the sense of [Kis10].

Using a result of Bruinier [Brul6], we now pick a Borcherds lift U°(f)
over M, whose divisor intersects ) properly, and which allows us to compute
the height of the canonical bundle & along ) even at the prime 2. This enables
us to prove that the constant bg(2) does indeed vanish.

1.5. Acknowledgements. The authors thank Jan Bruinier, Pierre Colmez,
Steve Kudla, Jacob Tsimerman, and Tonghai Yang for helpful conversations.

Parts of this research were carried out during the various authors’ visits
to the Erwin Schrodinger International Institute for Mathematical Physics,
the Mathematisches Forschungsinstitut Oberwolfach, the Banff International
Research Station, the Centre de Researches Mathématiques, and the Universita
Statale di Milano. The authors thank these institutions for their hospitality.

2. Special endomorphisms of Lubin-Tate groups

In this section, we generalize the results of Gross [Gro86] to Lubin-Tate
groups over arbitrary finite extensions K/Q,. Namely, we study the deforma-
tion theory of certain ‘special’ endomorphisms of such groups.

This generalization, which appears as Theorem 2.5.5, is the basis for the
local intersection theory calculations underlying the proof of our main technical
result, Theorem 6.4.2. To be able to avoid restrictions on the ramification index
of K, we are compelled to employ the theory of Breuil-Kisin modules [Kis06].
This allows us to give a uniform treatment of all relevant cases.
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The reader uninterested in the nitty gritty of p-adic Hodge theory, want-
ing only to understand the statement of Theorem 2.5.5, can find the relevant
definitions in the first paragraphs of Sections 2.3, 2.4, and 2.5.

2.1. Breuil-Kisin modules and p-divisible groups. Fix a prime p. Let @Zlg
be an algebraic closure of ), and let C,, be its completion. Set W = W(Fglg),
and let Frac(W)3& C C, be the algebraic closure of its fraction field Frac(WW).
Let K C Frac(WW) be a finite extension of Frac(W), and let

I'x = Gal(Frac(W)8/K)

be its absolute Galois group.

Set & = W/|u|], the power series ring over W in the variable u. Fix
a uniformizer w € O, and let £(u) € Wu] be the associated Eisenstein
polynomial satisfying £(0) = p. A Breuil-Kisin module over O (with respect
to w) is a pair (M, on), where M is a finite free S-module and

pm @ MET] = ME]

is an isomorphism of &-modules. Here, ¢ : & — & is the Frobenius lift that
extends the canonical Frobenius automorphism Fr : W — W and satisfies
o(u) = uP.

Usually, the map @gn will be clear from context, and we will denote the
Breuil-Kisin module by its underlying G-module 9.

We will write 1 for the Breuil-Kisin module whose underlying &-module
is just & equipped with the canonical identification ¢*6 = &.

By [Kis10], there is a fully faithful tensor functor 9t from the category
of Zy-lattices in crystalline I'g-representations to the category of Breuil-Kisin
modules over Ok . It has various useful properties. To describe them, fix a
crystalline Z,-representation A. Then

e There is a canonical isomorphism of F-isocrystals over Frac(W):
(2.1.1) M(A) /uIM(A)[p~Y] =5 Deris(A) = (A @7, Beri) ¥
o If we equip ¢*M(A) with the descending filtration Fil®¢*0 given by
Fil'o"M(A) = {z € "M(A) : papa)() € E(u)'M(A)},
then there is a canonical isomorphism of filtered K-vector spaces
(2.1.2) (" M(A)/E (W)™ M(A))[p™] = K @prac(w) Deris(A)-

Here, the left-hand side is equipped with the filtration induced from the one
defined on ¢*9MM" above.

Kisin’s functor can be used to classify p-divisible groups over Og. This
was done by Kisin himself [Kis06] when p > 2, and the case p = 2 was dealt
with by W. Kim [Kim12]. We now present a summary of their results.
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We will say that 9t has £-height 1 if the isomorphism gy arises from a
map ¢*9M — M whose cokernel is killed by £(u).

Let S — Ok be the p-adic completion of the divided power envelope of
the surjection

The natural map Wu] — S extends to an embedding & — S, and the Frobe-
nius lift ¢ : & — & extends continuously to an endomorphism ¢ : S — S.
Write Fil'S C S for the kernel of the map S — Q. If M is a Breuil-Kisin
module of £-height 1, and M = S ®, ¢ M, we will set
(2.1.3)
FilM={zeM=58®s ¢ M: (1® pm)(x) € Fil'lS @ M C S @c M}.

The image of Fil'! M in O @3 M = Og Qs ¢*M is a Ok-linear direct sum-
mand, and so equips the ambient space with a two-step descending filtration.

For any p-divisible group H over a p-adically complete ring R, we will
consider the contravariant Dieudonné F-crystal D(H) associated with H (see,
for instance, [BBM82]).

Given any nilpotent thickening R’ — R, whose kernel is equipped with
divided powers, we can evaluate D(H) on R’ to obtain a finite projective R'-
module D(H)(R'). (This construction depends on the choice of divided power
structure, which will be specified or evident from context.) If R’ admits a
Frobenius lift ¢ : " — R’, then we get a canonical map

v " D(H)(R) = D(H)(R)

obtained from the F-crystal structure on D(H).

An example of a (formal) divided power thickening is any surjection of
the form R’ — R'/pR’, where we equip pR’ with the canonical divided power
structure induced from that on pZ,. Another example is the surjection S —
Ok considered above.

The evaluation on the trivial thickening R — R gives us a projective
R-module D(H)(R) of finite rank equipped with a short exact sequence of
projective R-modules:

0 — Lie(H)Y — D(H)(R) — Lie(H") — 0.

We will set

def

Fil'D(H)(R) < Lie(H)" € D(H)(R)

and term it the Hodge filtration.

THEOREM 2.1.1. For any p-divisible group H over O, write H" for its
Cartier dual. Then the functor H + IM(T,(H")) is an exact contravariant
equivalence of categories from the category of p-divisible groups over Ok to the
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category of Breuil-Kisin modules of £-height 1. Moreover, if we abbreviate
M(H) < M(T, (H)"),
then the functor has the following properties:

(1) The @-equivariant composition

P M(H) /up™M(H)

PR (H)
L

M(H) [udM(H)[p~"]

By, Denso(Ty(H)Y) = D)W [p ]

~

maps ©*M(H) /up*IM(H) isomorphically onto D(H)(W). Here, in a slight
abuse of notation, we write D(H)(W) for the evaluation on W of the
Dieudonné F-crystal associated with the reduction of H over Fglg.

(2) The filtered isomorphism

S M(H) /€ (W) MAH) ] L2 K Opracy) Desis(To(H)Y)

= D(H)(Ok)[p™]

maps @*IM(H)/E(w)p*M(H) isomorphically onto D(H)(Ok).
(3) There is a canonical p-equivariant isomorphism

S @y, M(H) = D(H)(S)

whose reduction along the map S — Ok gives the filtration preserving
isomorphism in (2).

Proof. This follows from [Kis17, Th. 1.1.6], using the work of Kim [Kim12]
when p = 2. Note that this corrects an error in the statement of [Kisl0,
Th. 1.4.2], which is off by a Tate twist. O

2.2. Lubin-Tate groups. Fix a finite extension E of @, and a uniformizer
mp € E. Let e(X) € Og[X] be a Lubin-Tate polynomial associated with 7 g,
so that

e(X)=mgX (mod X?),
e(X)=X? (mod 7g).

Here, g = #kg is the size of the residue field kg of E.

Let G = Spf(Og[|X]|]) be the unique formal Og-module in one variable
over O with multiplication by 7 given by the polynomial [7g](X) = e(X).
For each n € Z~g, write G[n}] for the 7j-torsion Og-submodule of G. These
fit into a mwg-divisible group G[7%] over Op.

Assume now that we have an embedding £ — K. We obtain a formal
Op-module Gp,. over Ok and a mg-divisible group G[n%]o, . For simplicity,
we will omit Ok from the subscripts in what follows, and so we will be viewing
both G and G[7%’] as objects over Ok.
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Let

Tep(G) % lim Glr] (Frac(W)*)

be the mg-adic Tate module associated with G[n%’]. This is a crystalline Z,-
representation of I'x equipped with an Og-action, making it an Og-module of
rank 1. We will now describe the associated Breuil-Kisin module

M(G) < M(Tx,,(G)")

with its Og-action. This will involve constructing an explicit candidate 9t
for such a module and then showing that this candidate is indeed isomorphic
to M(G).

Let Ey C E be the maximal unramified subextension, and let Emb(Ep) be
the set of embeddings Ey — Frac(W). Let (o € Emb(Ey) be the distinguished
element induced by the embedding £ < K. The Frobenius automorphism Fr
of W acts on Emb(FEy), and every ¢ € Emb(Ep) is of the form Fré() for a
unique ¢ € {0,1,...,dp — 1}, where dy = [Ep : Q).

The underlying Og-equivariant G-module for our candidate is

M=6®z, Opr= P S ®.,05, OF =Ppe.
+€Emb(E)p) L

where, for © € Emb(Ep), we have set W, = W ®1,08, O and 6, = W, [|ul].
There is a canonical Og-equivariant identification of &-modules

¢ M =P " Sp1(,) = P S, =M.
L L
The & ®z, Op-equivariant isomorphism ¢gn will now arise from a map
o e"IM =M %) m
for some

BE(G®z Op)N (G0, 0p) = ][] &N
t€Emb(Eop)

To describe § explicitly, we have to specify each of its components
B e, NG ca e
Let &,(u) € W,,[u] be the Eisenstein polynomial for w over W, satisfying

E,,(0) = 1o(mEg), and set
5, = {&O(u) if L =10,

1 otherwise.
From 91, we obtain an abstract ‘crystalline’ realization

(221) Mcris déf w K SO*DJT =W ®Zp OE = @Wb’
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where we view W as an G-algebra via u — 0. This also identifies Fr* M ;s with
@, W,. Under these identifications, the F-crystal structure on Mc;is is given
by multiplication by the image of § under

1
& @z, Op 225 & @z, Op Y220 W @y, Op.

This image is easy to describe: Its --component is 1 when ¢ # Fr(s), while its
Fr(e0)-component is Fr(co(7r)) € Wey(,)-
Similarly, we obtain an abstract ‘de Rham’ realization

(2.2.2) Myr & Ok ©6 o*M,

where we view Ok as an G-algebra via u — w. Write M, for the t-isotypic
component of Myg; this is simply

def
Ok, = Ok ®,04, OF

viewed as a module over itself.

The recipe in (2.1.2) also gives us a direct summand Fil'! Myg € Mgg. This
is an Ok ®z, Op-stable submodule, and so it suffices to specify its t-isotypic
component Fil'M, ¢ M, for each ¢. To do this, we first need to describe the
subspace Fil'¢*M. By definition, we have

Fil' o*M = {z € ¢*M : pon(x) € E(u)M}.

From this, we deduce

(2.2.3) (Fil'p o) = {{95 €6,: &y (w)r € (w6} if v =10,

E(u)6, otherwise.

Reducing mod & (u), we now find

ML : gL 1 - 0 f — )
(2.2.4) Fil' M, = {{l‘ € Jmw@lx =0} ifi=uy

otherwise.

Clearly, 2t has £-height 1. Therefore, by Theorem 2.1.1, there exists a
p-divisible group H over Ok, equipped with an Og-module structure, such
that 9 = M(H). Moreover, the Op-action on I translates to an Og-action
on H.

Let Ty, (H) be the mg-adic Tate module over K associated with H. We
can use the explicit descriptions of M¢,is and Myr above to obtain a description
of the associated FE-equivariant, filtered ¢-module

def
Dcris = Dcris(TwE(H)v)'
The underlying Frac(W)-vector space is

Deris = Meris [p_l] = Frac(W) ®Qp E= @ FI'&C(W)L.
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As before, this description also identifies Fr* D5 with @, Frac(WW),, and under

these identifications, the F-isocrystal structure on Dgss is given simply by

multiplication by m,, on the ¢p-factor, and the identity on the remaining factors.
To complete our description, we need to know the subspace

Let D, C Dgr be the t-isotypic component. This is a rank 1 free module over
K, = K @w W,. Note that we have a quotient map

(2.2.5) K, =K®,pE—K

induced by the distinguished embedding F < K. This gives us an idempotent
projector eg : K,, — K, such that (2.2.5) identifies eg K, = K. From (2.2.4),
we now have

Fil' Dag = EPFil'D, c P D,
L L

where

Fil'D, — {eODL if ¢ = 1,
0 otherwise.
ProproSITION 2.2.1. There is a Og-equivariant isomorphism
M(G) = M
of Breuil-Kisin modules. In particular, we have Og-equivariant isomorphisms
D(G)(W) = Mexis,  D(G)(Ok) = Mar
of F-crystals over W and filtered Ok -modules, respectively.

Proof. The first assertion of the proposition amounts to showing that we
have an Og-equivariant isomorphism

Trp(H) = Try ()

of mg-adic Tate modules over K. In fact, since all Og-lattices in Ty, (G)[p
are simply dilations of T, (G) by powers of 7, it is enough to show that we
have an Og-equivariant isomorphism

Ty (M)~ = Trp ()07

To do this, we will show that the admissible filtered ¢-modules associ-

,1]

ated with the two representations are Og-equivariantly isomorphic. We have

already computed the admissible ¢-module D5 associated with T, (H)V. So

we have to check that it agrees with that obtained from T}, (G)". This follows
from [RZ96, Lemma 1.22].

The last assertion follows from the first via (1) and (2) of Theorem 2.1.1.

O
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2.3. Special endomorphisms. We will assume that F is equipped with a
non-trivial involution 7. Let F' C E be the fixed field of 7. If E/F is unramified,
then we will further assume that the uniformizer 7g is in fact a uniformizer
in F. Given a p-adically complete Og-algebra R, a special endomorphism of
Gr will be an element f € End(Gr) such that

f([al(X)) = [m(a)](f(X))
for any a € Op. Write V(Gg) for the space of special endomorphisms of G.
The following proposition is clear.
PROPOSITION 2.3.1.
(1) The subspace V(Gr) C End(GRr) is Og-stable. If it is non-zero, then it is
a finite free Op-module of rank 1.
(2) For any x1,x2 € V(GRr), there exists a unique (x1,22) € O such that
X1 0xo = [<x1, x2>] c EndoE (gR)
(3) The pairing (x1,x2) — (r1,22) is a Hermitian pairing on V(GR).
It will be useful to have the following notation. Let R be a commutative
ring with a non-trivial involution 7. For any R-module M, we will set
V(M,7)={f € End(M) : f(a-m)=7(a)f(m) for all a € R}.

This is an R-submodule of End(M), where we equip the latter with the
R-module structure obtained from post-composition with scalar multiplication
by R.

The embedding ¢y € Emb(Ep) induces an embedding kp — Fglg . Set

V(G1) = V(g]pglg)
and
V;:ris(g) = V(McriSaT)a

where we view M as an Of ®z, W-module.
We now have the following easy lemma, whose proof we omit.

LEMMA 2.3.2.

(1) Veis(G) is an Og-stable subspace of End(Meyis), which is free of rank 1 over
W ®z, Op. Conjugation by ¢o : Fr* Meis — Meris induces a Op ®z, W -
linear automorphism

o B Ves(G)[p 1] = Varis(G) 1.
(2) There is a canonical identification
V(G1) = Varis(G)9~"
of V(G1) with the p-equivariant elements in Veis(G).
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(3) For z,y € Viis(G), x oy € End(Meis) corresponds to multiplication by an
element (x,y) € W ®z, Op. The assignment

(xay) = <:£,y> S W@Zp OE

is a T-Hermitian form on Veis(G), which restricts to the canonical Op-
valued Hermitian form on V(Gy) from Proposition 2.3.1.

It will be useful to have an explicit description of Vi,is(G) along with that
of the conjugation action of the semi-linear endomorphism ¢y of M. This
is easily deduced from the explicit description of M5 from (2.2.1).

For each « € Emb(Ep), set V, = W ®, 0, V(Op, 7). This is a rank 1
free module over W,. Using (2.2.1), we now obtain a canonical Og-equivariant
identification

‘/cris(g) =W ®Zp V(OE,T) = @ V..
t€Emb(Ep)
This also identifes Fr*Vi,is(G) with @,crmb(£y) Vi-
As before, set dy = [Ep : Qp]. Any element of Viis(G) is a tuple of the

form f = (fi)o<i<dy—1 for some a; € Vg,i(, ), and

o(f)i = nip(fie1) € Vi) 0]
for certain n; € Frac(Wyyi(,,))-

t

To pin the n; down, first consider the case where F is unramified over F.
In this case, mg is a uniformizer for F' by hypothesis, and hence satisfies
T(mg) = mg. Also, 7 acts non-trivially on Emb(Ep): If r € Z>; is such
that 2r = dy, we have, for any ¢ € Emb(Ej),

() =7(0) ¥ ior
We can now identify
V, = HomVVL(WT(L)a WL)
as W,-modules. Here, we view W, as acting on W,(,) via the isomorphism
W, = Wy, induced by 7.

Now, as seen in (2.2), the F-crystal structure on M5 corresponds under
the identification (2.2.1) to multiplication by the element 5y € W ®z, OF,
whose tg-isotypic component is 1 ® g, and whose t-isotypic component for
L # 1o is 1. From this we deduce

l@rg ifi=1,
m=S1lenr, ifi=r+1,
1 otherwise.

Using this, we easily obtain the following explicit description of the space

V(gl) C ‘/cris(g)-
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PROPOSITION 2.3.3. When E/F is unramified, V(G1) C Veis(G) consists
precisely of the elements f = (f;) such that
o fo e VIO = V(0g,7);
o fi=Fr'((1®7mg)ag) for 1 <i<r;
o fi=Fr'(ag) forr+1<i<2r—1.
In particular, we have an isometry
(V(G): () = (V(Op,7), 75 ()
f=fo

of Hermitian Og-modules where, for x,y € V(Og, 1), (z,y) € Of is the ele-
ment such that x oy € End(Op) is multiplication by (x,y).

Let us now consider the case where F/F is ramified. In this case, 7
fixes every element in Emb(Ey) and so induces involutions 7 : W, — W, for
each ¢« € Emb(Ep). Once again, as in the ramified case, from the explicit
description of the F-crystal structure on Mc,s under the identification (2.2.1),
we have V, = V(W,, 7), and also

17 o s
= 1®T(W’2) ifi =1,
1 otherwise.

So we obtain

PROPOSITION 2.3.4. When E/F is ramified, V(G1) C Viis(G) consists
precisely of the elements f = (f;) such that
e fo €V, satisfies (1® mg)Fr®(fo) = (1© 7(7r)) fo;
e i=(1® T(CEE))-FrZ(fO) fori=1,...,dy—1.

In particular, the map

W ®z, V(G1) = Veris(G)

is an isomorphism. Moreover, if v € W/ is such that (1 ® mg)Frdo(y) =
(1®7(mE))y, then we have an isometry

(V(gl)7 <'a >> i) (V(OEa 7-)7 ’77—(’7)<'7 >)
of Hermitian Og-modules defined by f +— v~ fy.
2.4. Special endomorphisms with denominators. Let R be a p-adically

complete Op-algebra. Fix an element p € E/Op, and choose any representa-
tive i € E for it. If p # 0, the positive integer r(u) = —ordy(fi) depends only

on p. If p=0,set r(u) = 0. Let [a] € ﬂgr(“)End(gR) be the corresponding
quasi-isogeny from Gg to itself. Set

Vi(Gr) = {f € V(Gr)[rg'] : f — [fi] € Endo,(Gr)}.

This does not depend on the choice of representative fi.
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PROPOSITION 2.4.1. Suppose that E/F is ramified.

(1) If p =0, then V,,(Gr) = V(GR).
(2) If 1 # 0, then Vii(Go, /) is non-empty if and only if

r(p) <ordp(0g/r) — 1,
in which case it is a torsor under translation by V(Go, /). Here, 0g/p is
the relative different of E over F.
(3) If p#2 and pn # 0, then V(G o) = 0.
Proof. For simplicity, set m = ordg(dg/r). The first assertion is clear.

Suppose therefore that p # 0, and that we have f € V,.(Go, /). In the

notation of Proposition 2.3.4, f corresponds to a tuple (f;) with f; € V,,[75'] =
V(W,,,7)[r5"], where f; = Fri(fy), and where fy satisfies

(2.4.1) Feo( fy) = 7).

Jo.

Here, we are identifying mp with the element 1 ® g € W,,.
Moreover, by hypothesis, fo— [f] € End(W,,). Now, [f] is invariant under
the action of Fr®. Therefore, (2.4.1) implies

<1 — T(WE)> < fo = fo—FrP(fy) € V.

TE

This implies

m— 1= ordg <1 - TWE)) >r(p).
TE
Hence, we find that V,,(Go, /=) = ) whenever r(u) > m — 1.

Assume now that r(u) < m — 1. To finish the proof of assertion (2), we
have to show that we can always find fy as above satisfying (2.4.1) and with
fo i) € Bad(Wiy). ~

For this, choose any fy € V,,[r5'] such that fo — [fi] lies in End(WW,,). We
now have

“9www—ﬁ=<TWY*>WWM+HMﬁ—mrwﬁ—m»

T(7E) (7R

Since r(pu) < m — 1, we see that this belongs to V.
Now, notice that the endomorphism

—E _.Frdo—id

T(rg)
Vip —— Vi

is surjective. Indeed, mod 7, this is immediate from the fact F,, is algebraically
closed. A simple lifting argument, using the completeness of W,, now does the
rest.
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Therefore, there exists f( € V,, with

E dorgty _ ¢ _TE do( 7\ _ f
T(?TE)Fr (fO) fO_T(ﬂ'E)Fr (f()) fO'

It is an immediate check that we can now take fo = fo — 15
Assertion (3) is clear from (2) since, when p # 2, m —1 = 0. O

2.5. Deformation theory. Assume now that K is generated over Frac(WW)
by the image of ¢y : E — Frac(W)®8. Set w = 1o(ng); this is a uniformizer
for K. For any k € Z>1, set G, = gOK/wa,-l, and for each p € DE}F/OE, set

VilGr) € Vi(Goem)-

Let Mgr be the de Rham realization of Gp, as in (2.2.2); it is a free
Ok ®z, Op-module of rank 1 equipped with the Of-linear direct summand
Fil' MR, described in (2.2.4).

In the notation of Section 2.3, let

ef
VdR d: V(MdR, T) C EndoK (MdR)

be the space of 7-semilinear endomorphisms of Myg.

Given f1, fo € Vgr, there is a canonical element (f1, f2) € Ok ®z, Op such
that, for every m € Mag, (f10 f2)(m) = (f1, f2) - m. Set Var = Var ®0, DE}F.

Similarly, for each k € Z>1, let Mgr r = Myr @0y (’)K/wk be the induced
filtered free module over Ok /w”, and let Vagy = V(Mark, 7). We have
Vark = Var ®oy Ok /1. Set Var x = Var ®o, Ok /="

For each k € Z>1,

ESBk = VdR ®OK®ZPOE71®T(LO) OK/wk

This is a rank 1 free module over O /w*.
Now set Oby, = w®~1. Oby; this is a 1-dimensional vector space over F;lg.

PROPOSITION 2.5.1. For each k € Z>1, there is a canonical map

obg11 : Vu(Gr) = Obgpq
with the following properties:

(1) an element f € V,(Gy) lifts to V,(Grs1) if and only if obry1(f) = 0;
(2) if a € Op, then the diagram

ob
V. (Gr) ak Obyg41
f}—)a-fl lm»—no(f(a))-z
Vau(Gr) o Obyg41

commutes.
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Proof. For any p-adically complete Og-algebra R, an element f € V,(Gy)
can be viewed as a 7-semilinear homomorphism

f:Gr — Homp, (0g/F,GR)

of formal Og-modules over R.
For each k € Z>1, Ox/w**! — Ok /o is a divided power thickening,
and so every f € V,(Gy) has a canonical crystalline realization!

Jr+1  Mar k+1 ®0p 0/ — Mar k41,

which is a 7-semilinear homomorphism of O/ whtl ®z, Op-modules, and thus
can be viewed as an element fr1 € ‘u/dR,kH.

We claim that the map obj4 that takes f € V,,(Gi) to the image of fi11
in Obgy1 answers to the requirements of the lemma.

For this, set

a=f— [ﬂ] S EndoF (gk)

It is easily checked that f lifts to an element of V,,(Gi41) if and only if a lifts

to EHdOF (gk+1).
The crystalline realization of a gives a homomorphism

a1 : Mar g+1 = MR k+1

of O Jwh*! ®z, Op-modules.

By Grothendieck-Messing theory [Mes72] — which applies even when p =
2, by the theory of Zink [Zin01], because G is connected — a lifts to End(Gy1)
if and only if a1 preserves the direct summand FillMdeH C MR j+1-

We now use the explicit description of the filtration from (2.2.4). Since
Eo(u) = —u+1® g, we find that, in terms of the natural isotypic decompo-
sition MgR g+1 = ©.MaRr k41,0, We have

Fil' Map g1, = {{x € Magjt1,: 1@ —w® 1)z =0} if v =1,
el 71/ -

otherwise.

Here, we are using the fact that the cokernel of the map

of Ox-modules is free of rank 1 over Ok, and hence the formation of its kernel
is compatible with arbitrary base change.

For this, choose an O ;(,,)-module generator u € VdR’k’T(LO), and let c €
(’)K,T(LO)/(WIH'1 ® 1) be such that ¢-u = frx41. The proposition will follow once

'Recall that we are using the contravariant Dieudonné F-crystal.
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we show that f lifts to V,(Gi41) if and only if ¢ maps to 0 under
1®7 (o)
OK,T(LO)/(wk+1 ® 1) - (OK/wk—H) ®T(L0)70E0 Ok —O> OK/wk-H:

equivalently, if and only if c € (1® 7(7p) — @ ® 1) - O 1(,0)/ (@ T @ 1).
First, suppose that E/F is unramified. In this case Vyg p1 = ‘V/dR7k+1, we
can take i = 0, and f lifts precisely when we have

Frer1 (Fil' MR g 41) C Fil' MR g1
Now, we have

. =1
U(FlllMdR7k+1) = Fil MdR,k—i—l

def
= {r € Map ky1r(0) : (1@ 7(7E) —w @ 1)z = 0}.

Therefore, we must have c- (ﬁlMdR,kH) = 0, which is precisely equivalent to
ce(1®@7(rp) —w®1l).

Suppose now that E/F is ramified, so that 1o = 7(¢9) € Emb(Ep). In this
case, the homomorphism

Jrt1,00 = 1@ @2 MaR k41,0 ®0p 0p/F — Mar k+1

lifts to the endomorphism ay41,, € Endo, (MdR k+1,,). The proposition now
reduces to the following easy observation: Suppose that foo € Vg is such that
foo —1® i € Endp, (Mgr). Then we have

(foo — 1@ @)(Fil' MyR g+1) C Fil' Myg 21
if and only if foo,, € 1@ T(7E) —w®1) - XV/dR,LO. O
Suppose that k& < e, so that the surjection
Wu]/(u*) “== Ok /(w")

is a divided power thickening. (Its kernel is generated by p.) Upon evaluating
the crystal D(G) on this thickening, we obtain a free W [u]/(u") ®z, O-module
My, of rank 1. Using the Frobenius lift ¢ on W{u]/(u¥) satisfying o(u) = u?
and the F-crystal structure on D(G), we also obtain a canonical W [u]/(u*) ®z,
Opg-linear map
Pk - (p*Mk — M.

Let Vi, = V(My, 1) be the space of 1 ® 7-semilinear endomorphisms of the

Wlu]/(u*) ®z, Og-module My,. Conjugation by ¢, induces an isomorphism

Cr e Vilp T S Vilp
Set Vi = Vi @0y, 055
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The Og-module structures on My, Vi, and Vi equips them with isotypic
decompositions

My, = @Mm ; Ve = @Vlw Vg = @f)k,u

LEMMA 2.5.2.

(1) For each k < e, the reduction map Vi — Veris(G) induces an isomorphism
Vi[p~ee=t = V(G
(2) Suppose that k < e and that f € V,,(Gi). Set

k

Br+1 = Zuz ®7(rp)*" € W/ (u"t) Dr(10),08, OE-
i=0

Then obg1(f) = 0 if and only if

Bri1 - fk+1,r(m) € (1®7(mp)*) 'f’kH,T(LO)-

Proof. The first assertion is well known and is essentially Dwork’s trick:
Given an element fo € V(G1)[p~'], and any lift f € Vi.[p~!], gpﬁ_l(f) € Velp™]
will be the unique pg-invariant lift of fy.

For the second assertion, by multiplying both sides of the condition by
(1®7(mE) —u® 1), we see that it is equivalent to

(2.5.1) Frirro) € X@T(TE) —u @ 1) Vit 1(10)-

The pre-image Fil'l My of FillMdR’kH in Mgyq can be explicitly de-
scribed using (2.2.3) and the canonical isomorphism

PM @ Wlu]/(u*) = My
obtained from assertion (3) of Theorem 2.1.1. We find

E(u)®1

Fil' M =
' b 17 —u®1

Mg, +E(U) - M.

Now, Wu]/(u*) — Ok/w" is a divided power thickening, its kernel
being the ideal (p,u*~!), and fk+1, by virtue of being characterized by its
pr-invariance, is the evaluation of the crystalline realization of f on this thick-
ening. Therefore, oby1(f) vanishes if and only if ka — 1 ® [i preserves the
submodule Fil! M1 € M.

If F/F is unramified, then we can take i = 0, and the condition translates
to

&(u)
l@7(mg) —u®1
This is easily seen to be equivalent to (2.5.1).

: fk‘+1,7‘(L0) € g(u) : Vk—i—l,Lo-
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Now, suppose that E/F is ramified. Fix a W, [u]/ (ukHN)—module gener-

ator v € Mp4q1,,. Then the image of FillMdR’kH,LO under fi41,, —1® fi is
generated by

E(u)®1
1@7(rp) —u®1

E(u)®1

R vy |

(1®h)- .

This lies in Fille+17L0 if and only if we have
(1®7rE—u®1)fk+1,L0(:c)—(l@r(wE)—u@l)(l@ﬂ)-x € (1a7(mg) —u®1) Mpt1,4,,

equivalently, if and only if

(1®(rg — T<7TE)))f~k‘+1,Lo () e (1@ 7(mE) —u® 1) M1,

which, as is once again easily verified, is equivalent to (2.5.1). O

LEMMA 2.5.3. For any k € Z>1, suppose that f € V,(Gy) is such that f
does not lift to V,,(Gry1). Then, for every a € O with ordg(a) =1, a- f €
Vau(Gr) lifts to Vo, (Grs1) but not to Vi (Gig2)-

Proof. 1t is immediate from Proposition 2.5.1 that

obgti(a- f) = w(r(a))obry1(f)

vanishes. Therefore, a - f lifts to V.,,(Gr+1). It remains to show that it does
not lift to Vj.,(Gr42); that is, we must show that obyya(a - f) # 0.

Suppose first that k < e, where e = eg is the absolute ramification index
of E, and suppose that obgia(a - f) = 0. We then claim that obgyi(f) = 0.
Indeed, this follows easily from assertion (2) of Lemma 2.5.2 and the identity

By = (1®7(7E)) - fer1  (mod ubF1).

This shows the lemma when k < e.
Now suppose that k > e. Then the map Ox — O /w” is a divided power
thickening. Therefore, f € V,(Gy) has a crystalline realization fuis € Var

k+1

whose reduction mod w is the crystalline realization fx41 € ‘v/dRJH_l. Set

—— def
Ob = Vyr D0 @3, 0,107 (10) OK-

Then, Ob is a rank 1 finite free Ok-module and, for each i € Z>1, we have
66¢+1 = 65 ROk OK/w”l.

The hypothesis obg11(f) # 0 means that the image of f.is in Ob does not
lie in c+1.0Ob. In turn, this implies that the image of (a- f)eis = (1®a) - feris
in Ob does not lie in w**2 - Ob, and thus that obgia(a- f) #0. 0

Define a function
OI‘dE : V(gl)(@ — Z,

given by two defining properties:
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e ifac E, and f € V(Gi)q, then
ordg(a- f) = ordg(a) + ordg(f);

e if f € V(Gy) is an Og-module generator, then

1 if F is unramified over F,

ordp(dg/p) if E is ramified over F'.

ordg(f) = {

LEMMA 2.5.4. If f € V,(G1) is such that ordg(f) = 1, then f does not
lift to V,,(Ga).
def

Proof. Let feis € Veris(G) = Verss(G) ®0p OE}F be the crystalline real-
ization of f. Observe that, by Propositions 2.3.3 and 2.3.4, the hypothesis
ordg(f) = 1 implies

fCI‘iSJ‘(L()) S (1 ® WE) ) ‘?Crls(g)\(l ® 7T2E) ’ ‘ZﬁTiS(g)'

Now, one only needs to observe that O /w? is either W/p?W or the
ring F2'8[u]/(u®) of dual numbers, and that, in either case, there exists an
isomorphism

Veris(G) @w Ok Jw* =5 Viro

of Oy [w? ®z, Op-modules carrying feis to the crystalline lift fo € ‘v/dPMQ.
This immediately implies oba(f) # 0, and thus gives us the lemma. O

THEOREM 2.5.5. Suppose that f € V,(G1). Then f lifts to V,,(Gk) if and
only if ordg(f) > k.

Proof. Immediate from Lemmas 2.5.4 and 2.5.3. O

3. CM Shimura varieties

Our goal in this section is to study a certain O-dimensional Shimura vari-
ety. The proof of the main Theorem 6.4.2 will proceed by embedding this 0-
dimensional variety into the higher dimensional GSpin Shimura varieties stud-
ied in the next section and then computing the degree of the special divisors
on the ambient Shimura variety along the resulting arithmetic curve.

As with the GSpin Shimura varieties themselves, the 0-dimensional variety
studied here does not admit any obvious moduli interpretation. Instead, we
have to resort to abstract existence theorems, working consistently with the
various realizations of the putative motives that live over the variety, and
exploiting properties arising from the comparison isomorphisms among them.
As a result, the exposition is necessarily somewhat technical.

Now we present some notational conventions that will be in force through-
out the section. We will fix a CM field £ with totally real subfield F'. We will
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also take Q8 to be the algebraic closure in C of Q and write I'g for the abso-
lute Galois group Gal(Q*8/Q). For any algebraic torus A over Q, we will write
X*(A) (resp. X«(A)) for the I'g-module of characters (resp. cocharacters) of A.

If 1o : G,, — A is a cocharacter with field of definition F C Q2 then its
reflex norm is given by

es Nm
7(A, 1) : Resp/oGm Res Resp/gA — 8 A,

Here, Resp/gA is the Weil restriction of the base change of A over F', Res p is
the Weil restriction of y, and Nmp /g is the usual norm map.

3.1. A 0-dimensional Shimura variety. For any Q-algebra R, abbreviate

Tr = Resp/gGm. Set
Th =ker(Nm : Tr — G,,)
and T = Tg/T, } The natural diagonal embedding G,, — Tg induces an
embedding G,,, — T'. Set
Tso = ker(Nmpg/p : Tp — TF).
The rule z — z/T defines a surjection
0 : TE — Tsoa

inducing isomorphisms Tg/Tg = T/Gp, = T,. The character groups of
these tori can be described explicitly. If for any number field M/Q we set

Emb(M) = {Embeddings M > Q*},
then we have natural identifications

(3.1.1) XTeg)= @ Z-[,

t€Emb(E)

X*(T) = {Z a,[t] € X*(Tk) : a, + a7 is independent of L},

X" (Ts) = {Zab[b] € X*(Tg) : a, + a; = 0 for all L}

of I'g-modules.

Identify Emb(FE) with the set of embeddings F < C, and enumerate the
real embeddings F' — R as ¢g,...,tq—1. We will declare ¢y a distinguished
embedding, and we will fix, once and for all, an extension ¢y € Emb(FE) of this
embedding.

Define a cocharacter o € X.(Tg) by the formula

0 otherwise.

(3.12) (o 1) = {1 o
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We will also denote the induced cocharacter of T' by pg. The field of definition
for g is 1o(E) € Q8 c C. If no confusion can arise, we will identify E with
this subfield of C.

In our situation, the reflex norm r(Tg, o) simplifies considerably; it is

simply the identity Tr 7 . In particular, the reflex norm r(T, uo) : Tg — T
associated with pg € X, (T') is just the natural surjection from Tg to T.

Let (T, po)e : (Qr ®q E)* — T'(Qg) be the evaluation of this map on Q.
We will write r(T, po)x : EX — T(Qp) for its restriction to EY. We also have
the adélic version

(T, po)(Ag)  Af g — T(Ag).

Fix a compact open subgroup K C T'(Af). To the triple (T, uo, K) we
can attach a finite étale algebraic stack Yx over E, which we will call a CM
Shimura variety. This is constructed as follows. Consider the composition

A% ZERD ) - T(Ay)TQK.

This factors via the global reciprocity map through the abelianization of the
Galois group I'g = Gal(Q¥8/E). Therefore, we obtain a homomorphism

T (T, po) : Te — T(Ay)/T(Q)K.
Now, suppose that K is neat; this is equivalent to requiring that K N7T(Q)

be torsion-free.? Then Y will be a finite étale scheme over E corresponding
to the I'g-set
Y (Q"8) = T(Q)\{no} x T(Ay)/K,

equipped with the Galois action obtained from the map rx (7T, jp). More pre-
cisely, there is a natural action of T'(A;)/T(Q)K on Y (Q#) obtained via the
right multiplication on T'(Af) on itself. The action of I'y on Yx (Q#) is the
one induced from that of T'(Ay)/T(Q) K via the map 7x (T, po). For general K,
choose a neat compact open subgroup K’ C K. Then Yx will be the stack
quotient of Yx+ by the action of the finite group K/K’.

3.2. The integral model. We will now choose a particular maximal com-
pact Ko C T'(Ay). Using the identification

(Qp ®q E)"
TSO Q - TN e T\
) =@, 00 F)"
we define K 5, to be the subgroup
(Zp ®2.OR)™
3.2.1 Kypso= —F—"—"""— CTy )
( ) 0,p, (Zp ®7 OF)X (Qp)

This will be the image of Ky in Ty, (Qp).

For instance, one can take K to be the image of the elements in (Or ® 2)X that are
congruent to 1 mod 3.
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The long exact sequence of T'g,-cohomology associated with the short
exact sequence
1 =T =T —-T —1

gives us a short exact sequence

(Qp o) E)X
(Qp ®q F)Nm=1

(3.2.2) 0— — T(Qp) = P Q) /Nm(F,) — 0.

plp
Here, p varies over the p-adic places of F.. Now define Ko, C T(Q,) to be
the largest subgroup mapping to Ko pso C T50(Qp), and to @y, Z,) /Nm(Oﬁp)

under (3.2.2). It sits in a short exact sequence
1= 2Z; = Kop — Kopso— 1.

Finally, set Ko =[], Ko p-
For any compact open subgroup K C T'(Ay), let Yk be the normalization
of Spec(Opg) in Yk ; see Definition 4.2.1 below. Set Yy = Yk, and Vo = Vi, .-

PROPOSITION 3.2.1. Let K C T(Ayf) be a compact open subgroup. Sup-
pose that p is a prime such that K, = Ko p, and set Og, = O ®gz Zy,. Then
Yk ®oy, Op,p is finite étale over O . In particular, Yy is a finite étale alge-
braic stack over OF.

Proof. By construction, Vi is normal and finite flat over Og. We need to
study the ramification of Y. This is easily done from its explicit description.

Fix a prime q C Og lying above a rational prime p. Fix an algebraic
closure leg of @, and an embedding 7, : Qale leg such that the closure
of n,(E) C leg is £y. This allows us to identify I'g, = Gal(Qzlg/Eq) with a
subgroup of I'g.

Set

YK,q =Yg X Spec(E) Spec(Eq),
yK,q = yK XSpeC(OE) SpeC(OEﬂ)7

so that Yy 4 is a finite étale algebraic stack over ;. Assume that K is neat.
Then Yk g4 is the finite étale scheme over Ej associated, via the local reciprocity
map, with the composition

Ey L (@) = T(Ag) [TQK.

Therefore, the ramification of Yk, over Ej is controlled by

7(T,10)

—— T(Qp)/Kp).

More precisely, the completed étale local ring of Vi 4 at any Fglg—valued point
will be the ring of integers in the finite abelian extension of the compositum
W(Fglg)(’) E,q classified by the above compact open subgroup of (’)}3 0

ker(Opg
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From this, we conclude that to show that Vi 4 is finite étale over O g, it
is enough to show that

(T, 110)q(Og 4) € Kop.

From the definition of 7(T), o), this subgroup is exactly the image of O a
under the map Tg(Q,) — T(Q)). It follows easily from the definition of Ky,
that it must contain this image. O

3.3. Automorphic sheaves 1. Fix a compact open subgroup K C T'(Ay).
We will now construct some natural sheaves on V.

First, suppose that we have an algebraic Q-representation N of T'. Then
we obtain a local system of QQ-vector spaces

T(QN\ ({ro} x N x T(Ay)/K)

over Vi (C). If we fix a K-stable lattice Nz C Np,, we get a local system Np
of Z-vector spaces underlying this local system, where the fiber of Np over a
point [(po,t)] of Vi (Ay) is tN5 N N.

We can also associate with IV the vector bundle

Nar,c = T(Q)\ {mo} x Nc xT(Ay)/K)

over Vi (C). Here, we have equipped N¢ with its topological structure as a
C-vector space. There is a canonical isomorphism

Oy, (c) ®z Ng = Narc

of vector bundles over Vi (C).
Let vg be the infinite place of E underlying the distinguished embedding ¢.
Via the identification E,, = C obtained from ¢y, we have a homomorphism

T(THU'O)

(3.3.1) C* =E; ——% T(R)

where 7(T, f10), is as defined in Section 3.1. This homomorphism equips the
Te-representation N¢ with a Hodge structure whose Hodge filtration is split
by the cocharacter pg ! Since this Hodge structure is T(Q)-equivariant, it
descends to one on the vector bundle Nyg ¢, and so we obtain a Hodge filtration
Fil* Ngr,c on Ngr,c. Therefore, the tuple

(NB, Nar,c: Fil* Nar ¢, Oy, (c) @z N => Nagr,c)

corresponds to a variation of Z-Hodge structures on Vi (C), which we denote

by Nugg. The assignment of Nyg, to the pair (N, Ni) is clearly functorial.
Fix a prime ¢. Suppose that K, C K, is a compact open subgroup, and

set K' = K;K* C T(As). Then the proof of Proposition 3.2.1 shows that the
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map of integral models Vi — Yy is finite étale over Og[¢~1]. In particular,
the pro-finite Og-scheme

V= lim Yir[07]

KéCK@

is a pro-finite Galois cover of Vi [¢~!] with Galois group K;. Therefore, we ob-
tain a functor from continuous ¢-adic representations of Ky to locally constant
¢-adic sheaves on Vi [¢(~!] via the contraction product

Ne— Ny = (Vell™'] x Np)/ Ky
The next result is easily checked from the definitions.

PROPOSITION 3.3.1. Suppose that N is a Q-linear algebraic representa-
tion of T' and that Nz C Na, is a K-stable Z-lattice. Then, for each £, there
1$ a canonical isomorphism

Zy® Np = Nzly, )
of £-adic local systems on Vi (C).

3.4. Abelian schemes. The norm character Nmpg,g : Tp — Q factors
through a homomorphism Nm : T — G,,. Suppose that H is a faithful
Q-representation of T' that admits a T-invariant symplectic pairing

Y Hx H— Q(Nm)

such that the Hodge structure on H arising from the map (3.3.1) has weights
(0,—1),(—1,0) and is polarized by .

For any K-stable lattice Hy; C Ha, on which ¢ takes values in Z, the
associated variation of Z-Hodge structures Hygq, over Vi (C) is the homology
of a polarized abelian scheme over Vg c. This abelian scheme is associated
with a map of Shimura varieties

yK,(C — Xr,m,(Ca

where 2r = dimg(H), m? is the discriminant of v restricted to H, and X, is
the Siegel modular scheme over Z parametrizing polarized abelian varieties of
dimension r and degree m. By the theory of canonical models, this descends
to a map Yx — X, g over E, and so we obtain a polarized abelian scheme
Ao — Yk.

PROPOSITION 3.4.1. The abelian scheme Ap g extends canonically to an
abelian scheme Ay — Yi. Moreover, for any prime £, the {-adic Tate mod-

ule of Ag, viewed as an (-adic sheaf over Vi [¢~1], is canonically isomorphic
to Hy,.
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Proof. For any prime ¢, it is immediate from Proposition 3.3.1 and the
theory of canonical models that the ¢-adic Tate module of Ap g is canonically
isomorphic to the restriction of Hz, to Yg. Since this sheaf extends to a lisse
sheaf over Yi[¢!], it follows from the Néron-Ogg-Shafarevich criterion for
good reduction that Ay g extends to an abelian scheme over Vi [¢~1] for each
prime £, and hence to an abelian scheme Ay — Vg, whose ¢-adic Tate module
is canonically isomorphic to Hz,. O

We will now give an explicit construction of such a symplectic represen-
tation. Write CM(E) for the set of CM types ® for E; these are the subsets
® C Emb(F) satisfying

® P =Emb(E).
The total reflex algebra of E is the étale Q-algebra E? equipped with an iso-
morphism
Hom(E*, Q¥#) = CM(E)
as sets with I'g-actions. It is easily checked that E* is a product of CM fields
and is, in particular, equipped with a canonical complex conjugation = — =,
corresponding to the involution ® — ® on CM(E).

There is a total reflex norm Nm' : Ty — T'g:, which factors through an
embedding

(3.4.1) Nm? : T Th:.

This map can be described explicitly on the level of the associated character
groups. Using the natural identification of I'g-modules of (3.1.1), along with

X' (Tg)= P Z-[2],

it is given by
X*(Nm?) : [®] = > [4].
1ed
Write HY for Ef viewed as a representation of T via multiplication. Via
the map Nm* : T — Ty of (3.4.1), we can consider H* also as a representation
of T.
For ® € CM(FE), write tp for the corresponding element in

Hom(E*, Q*#) = Hom(E*, C).

Fix a non-zero element & € E* such that, for any ® € CM(E) with ¢g € ®, we
have Lq,(f) € Ryg-1.
The following proposition is an easy check from the definitions.
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PROPOSITION 3.4.2. The pairing (x,y) — Trps(§xy) gives rise to a
T-equivariant symplectic pairing

Y*: HY x H* — Q(Nm)

such that the Hodge structure on H arising from the map (3.3.1) has weights
(0, —1),(=1,0) and is polarized by *.

3.5. Automorphic sheaves 11. Recall from Section 3.3 that we have a canon-
ical functor N + (Ngg,c, Fil®* Ngr c) from algebraic Q-representations N of T'
to filtered vector bundles over Vi (C). We can interpret this a bit differently.
Given any E-linear algebraic representation M of E ®g T, the constant vector
bundle
{ro} x Mc x T(Af)/K

over {po} x T'(Af)/K is T(Q)-equivariant, and so descends to a vector bundle
Mg, over Yk (C). When restricted to a Q-linear representation N equipped
with the filtration Fil®* Ng split by the cocharacter g, this functor recovers the
filtered vector bundle associated with N.

PROPOSITION 3.5.1. For any E-linear representation M of E ®q T, the
vector bundle Myr c has a canonical and functorial descent to a vector bundle
Mgr g over Yi. In particular, for any Q-linear representation N, the filtered
vector bundle (Nggr,c, Fil* Nar,c) has a functorial descent to a filtered vector
bundle (Ngr,g, Fil* Ngr,q) over Yk.

Proof. This is essentially a consequence of Deligne’s theorem showing that
all Hodge cycles on abelian varieties are absolutely Hodge [DMOS82, Ch. IJ;
see also [Har85, §3.15]. We sketch a proof here.

Take H to be a faithful Q-representation of 1" as in Section 3.4, so that the
associated variation of Hodge structures Hpygqg (associated with some choice
of K-invariant lattice in H|4 f) corresponds to a canonical abelian scheme Apg
over Vi . We can always find such a representation; see Proposition 3.4.2. The
relative first de Rham homology of Ay over Yx gives a canonical descent of
H g c to a vector bundle Hygr g over Y.

Let H® (resp. H ?R@) be the direct sum of tensor powers of H (resp.
H(‘?R’Q) and its dual, and let {t3} C H® be a collection of tensors whose
pointwise stabilizer in GL(H) is T. By the functoriality of the construction
N + Nhqg, these tensors give rise to Hodge tensors

{tsarct C H'(Vkc, FIPHE, o).
By Deligne’s theorem, these tensors descend to a collection
{ts.aro} € H (Vi FiI'HG o);
see [Kis10, Cor. 2.2.2].
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Now, the functor on Yg-schemes carrying a Ygx-scheme S to the set of

isomorphisms
n:0s®@q H = Hgrols

satisfying 7(1 ® t3) = tgar,q for all indices 3 is represented by a T-torsor
Prq — Yk. Moreover, this T-torsor is canonical and does not depend on
the choice of representation H. This can be seen by comparing the torsors
obtained from H and a different representation H’ with the one associated
with the direct sum H @& H'; see the argument in [Har85, p. 177].

The construction of the functor M +— Mgr @ is now simple: We will take
Mgr @ to be the contraction product

def
Marg = (Prg x M)/T,
where T" acts diagonally on Prg x M. O

We now want to extend this construction over the integral model Vg . We
will do this using integral p-adic Hodge theory. Let ¢ C Og be a prime lying
above a rational prime p. Fix an algebraic closure Fglg for Fy and also an
algebraic closure Frac(W)# of the fraction field Frac(W) of W = W(Fﬁlg).
Choose an embedding Q'8 < Frac(W)8 inducing the place q on E = 1o(E).

Let O, be the completion of Vg at an Ff{lg—valued point y. Write W for
the ring of integers in the extension of Frac(1V) generated by the image of Ej.
Let

I; = Gal(Frac(W)™ /Frac(W,))
be the absolute Galois group of Frac(Wy). If leg C Frac(W)2# is the alge-
braic closure of @Q,, then I is identified with the inertia subgroup of I'g, =
Gal((@;lg /Ey). Fix an embedding of Frac(W;)-algebras Frac(QO,) < Frac(W ),
and let

T, = Gal(Frac(W)™ /Frac(0,))
be the absolute Galois group of Frac(Q,). Then I'y is a finite index subgroup
of I.

If N, is a continuous p-adic representation of K, we obtain from it a lisse
p-adic sheaf IN,, over Yy, and restricting further to Spec(Frac(O,)) gives us a
continuous representation of Iy, which we will denote by IN,, .

PROPOSITION 3.5.2. Suppose that N, is a K,-stable Z,-lattice in an al-
gebraic Qp-representation N of Tg,. Then the T'y-representation Am,[p*l] is
crystalline.

Proof. This is essentially due to Rapoport-Zink [RZ96]. We give some
details of the proof.
Consider the map

(3.5.1) Ty = I3" = 0F = Te(Qy),
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where the isomorphism in the middle is the reciprocity isomorphism of local
class field theory.

Via the map (3.5.1), given any algebraic Q,-linear representation M of Tg
and a Kj-stable Z,-lattice M, C M, we obtain, in a functorial way, a continu-
ous Zp-linear representation M, of I'y. The associated QQp-linear representation
M, [p~!] does not depend on the choice of the lattice M,

In particular, since any representation of T' is naturally a representation
of Tk, we obtain a functor from Q,-linear algebraic representations of 7' to
continuous Q,-representations of I'y. Applying this functor to IV, we obtain
a continuous Q,-representation of I'y. Using the description of the functor
M, — M, above, as well as of the Q-structure on Y (Q%8) in Section 3.1, it
is easy to verify that this representation is precisely IV, , [p~1].

Therefore, to finish the proof, it is enough to show that, for any Q,-repre-
sentation N of T, Np[p~!] is a crystalline representation of I',. It suffices to do
this for a single faithful representation of Tg; indeed, any other representation
will yield a Galois representation that is a subquotient of tensor powers of the
Galois representation associated with the chosen faithful representation of 7.

We choose our faithful representation to be the tautological representation
Hy of Tk obtained from its multiplication action on the Q-vector space . We
have

Ho, = @ Hog
a'lp
where q’ ranges over the p-adic primes of E, and Hy y is simply Ey viewed as
a representation of Tg g,

By the explicit description of (3.5.1), we find that the associated repre-

sentation of Iy also admits a direct sum decomposition

HO,p[Pfl] = @Ho,et,q’ 1,
a'lp
where I'y acts on Hy et g via the reciprocity isomorphism I = O;J,q of local
class field theory, and trivially on Hy e o for q # q'.
Therefore, it is enough to show that Hp e q [p~1] is crystalline. But, by the
construction of the local reciprocity isomorphism using Lubin-Tate theory, this

is simply the rational Tate module Ty, (Gq)[p~!], where G, is the Lubin-Tate
group over OF 4 associated with some choice of uniformizer m € E;. O

Remark 3.5.3. From the proof above, we see that the homomorphism

Iy = T(Qp)

giving rise to the functor N, — IN,, , factors through the image of E;* in T'(Qp).
Let Ty C T, be the image of Resg, /g, Gm. Then, if we set

Ky = Kp N T, (Qp),
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we actually obtain a functor from Kg-stable lattices in algebraic Q,-represen-
tations of Tj to continuous I'y-representations on finite free Z,-modules. When
restricted to K),-stable lattices in algebraic representations of Tg,, this recovers
the functor IV, — NN, , considered above.

For the next result, we slightly expand the usual notion of an F-crystal
over W. For us, it will be a finite free W-module Jy equipped with an isomor-
phism Fr*.Jo[p~'] = Jo[p~'] of W-modules. Also a filtered finite free module
over O, is a finite free module J over O, equipped with a filtration Fil*J by
Oy-linear direct summands.

COROLLARY 3.5.4. Let M be an algebraic Q,-representation of Ty, and
let M, C M be a Kgy-stable Zy-lattice. Then we can associate with M, an
F-crystal Mcyisyy over W and a filtered finite free Oy-module Mar 0, with the
following properties:

(1) The assignments My — Meyisy and My — Mgr o, are functorial in M,.
(2) If My, is the crystalline I'y-representation associated with M, via Re-
mark 3.5.3, then we have canonical comparison isomorphisms

Bcris ®Zp Mp,y — Bcris Qw Mcris,ya
Bar ®z, My, — Bar ®0, Mar,0,-

(3) If M, = T,(H)" is the dual of the p-adic Tate module of a p-divisible
group H over Oy, then, in the notation of Theorem 2.1.1, we have canonical
isomorphisms

Mcris,y i) ]D)(/H)(W)’
Mgg,y = D(H)(0,)

of F-crystals over W and filtered finite free Oy-modules, respectively. Un-
der these isomorphisms, the comparison isomorphisms in assertion (2)
are carried to the canonical p-adic comparison isomorphisms for abelian
schemes over O,.

Proof. Choose a uniformizer m, € O, and let £(u) € Wu] be its asso-
ciated monic Eisenstein polynomial. Then, by the theory in Section 2.1, we
obtain a functor:

My — IMM(Mp) o M(Myp.y)
from Kg-stable lattices in algebraic Q,-representations of Tj; to Breuil-Kisin
modules over O, (associated with the uniformizer ).

Reducing ¢*M(M,,) mod u gives us an F-crystal Ms,, over W. Reducing
it mod £(u) gives us a finite free Oy-module Mg4gr,. The existence of the
canonical comparison isomorphisms in assertion (2) follows from the properties
of the functor 9 as explained in Section 2.1.
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In particular,
MdR,Oy [p_l] = Frac((’)y) O Frac(W) DcriS(Mp,y)
has a canonical filtration, and we will equip Mg, with the induced filtration.
The constructions are clearly functorial in M,,, and their compatibility

with Dieudonné theory as stated in assertion (3) follows from Theorem 2.1.1.
([

ProPOSITION 3.5.5. Fiz an algebraic Q-representation N of T and a
K-stable lattice N C Ny . Then we can canonically associate with this pair a
filtered vector bundle (Ngr, Fil* Ngr) over Y. Given a prime ¢ C Of, we can
also canonically associate with the pair an F-crystal Neyis over Vi ,. These
constructions have the following properties:

(1) They are functorial in the pair (N, Nz).

(2) The restriction of Nqr to Yi is canonically isomorphic to Ngrg as a
filtered vector bundle.

(3) If N = H is as in Proposition 3.4.1 with associated abelian scheme Ag
over Vi, then the filtered vector bundle Hag s canonically identified with
the relative first de Rham homology of Ar. Moreover, the F-crystal Heyis
over Y F, is canonically isomorphic to the dual of the Dieudonné F-crystal
associated with the restriction of Ag over Vi, .

(4) If y € yK(Falg), then the evaluation of Ngqr on Spec Oy is canonically
isomorphic, as a filtered free Oy-module, to the filtered module Ngr o,
obtained from Nz, via Corollary 3.5.4.

(5) With y as above, the evaluation of Neis on Spf W (Fy), viewed as a formal
divided power thickening of y, is canonically isomorphic to the F-crystal
Nerisyy, obtained from Nz, via Corollary 3.5.4.

Proof. Fix a representation H of T as in Proposition 3.4.1 and a lat-
tice Hy C H such that Hi C Hy ;I8 K-stable, giving us an abelian scheme
A — V. Let Hgr be the first relative de Rham homology of Ag over V.
As in the proof of Proposition 3.5.1, if we fix tensors {t3} C H®, whose point-
wise stabilizer is T', we obtain canonical global sections {tg r.o} of Fil’H (?R’Q.

We can assume that each {3 actually lies in Hg. Then, given a prime p,
the p-adic étale realizations of these invariant tensors give us canonical global
sections {tg,} of HY over Vi [p~'].

Fix a prime q C Og lying above p and a point y € )}K(Falg). Then we
obtain I'y-invariant tensors {tg,,} C Hp,.

From Corollary 3.5.4 we obtain canonical tensors {tg crisy} C H, @

cris,y and

{tgar,0,} C H, SFR , such that the comparison isomorphisms
Bcris ®Zp Hp,y i Bcris ®W(Fq) Hcris,y ; BdR ®Zp Hp,y i BdR ®Oy HdR,Oy
carry 1 ®@tgpy to 1 @ tg erisy and 1 ®@ Ep ar 0, , Tespectively.
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By a theorem of Blasius-Wintenberger [Bla94], the restriction of t5.dr,0,
to Frac(O,) is precisely the evaluation of the de Rham tensor tgg4rg on
Spec Frac(O,). Therefore, we find that tg4r g extends to a section tgqr
of H?R over Vg.

This also shows that, for any Kj-stable lattice N, C Ng, in an algebraic
Q-representation N, there is a canonical isomorphism

Nar,0,[p™"] = Nar,glspec(rac(o,))

of filtered vector spaces. Indeed, as in the proof of Proposition 3.5.1, both con-
structions arise from the T-torsor over Frac(O,) parametrizing trivializations
Frac(Oy) ® H = Hgr o, [p~1], which carry 1®t4 to ts.ar,0, for each index f3.

In particular, using the functoriality of the construction N, — Ngr,o0,,
one deduces that there is a canonical filtered vector bundle Ngr 4 over Vg g,
whose restriction to Vi q [p~!] is isomorphic to the restriction of Ngg g, and
whose evaluation at Spec O, for any point y € yK(Fi}‘g), is the lattice Nqr, 0, -

The construction of the functor N, — Ncis proceeds similarly, but we
only give it in the case where Vg 4 is étale over O 4, which will suffice for our
purposes. By a descent argument, we caln assume that K is neat, so that Vi q
is a scheme over O 4, and is in fact a disjoint union of schemes of the form
V' = SpecOpr, where E'/E, is a finite, unramified extension.

Let F/ be the residue field of Ops. Fix an embedding F « Fglg: This de-
termines a point y € )’ (Fﬁlg). The construction in Corollary 3.5.4 gives us an
F-crystal Ny 4 over W(Fglg). It is now enough to show that it has a canoni-
cal descent to an F-crystal Neisp over W(F'), which recovers the Dieudonné
F-crystal of Ay when N = H. This can be deduced from the functorial-
ity of Kisin’s functor 9. Alternatively, it can also be deduced by observing
that Kisin’s functor is already defined for crystalline Galois representations
of Gal(Q3'¢/E’), as is its compatibility with Dieudonné theory of p-divisible
groups, and we can therefore use it to produce F-crystals over W (F’), and not
just over W (F2'%).

It remains to globalize the construction of the de Rham realization. Let D
be the product of the finitely many rational primes at which F is ramified, or
at which we have K, # K ,. Note that T extends to a torus over Z[D~!]. We
will denote this extension again by T'. From the construction of the compact
open subgroup Ko, in Section 3.1, we find that, for p{ D, K}, = Ko, = T(Zy).
Moreover, for each such p, we can choose the tensors {tg} so that their stabilizer
in GL(Hz,,) is Tz, .

We can now consider the functor on Vg [D~!]-schemes carrying S to the
set of isomorphisms

£: 05 ®z Hy = Harls
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of vector bundles over S satisfying £(1 ® tg) = tgqr for all indices 3. Since T'
is a reductive group over Z[D ™!, it follows from [Kis10, Cor. 1.4.3] that this
functor is represented by a T-torsor Pr over Vi [D~!]. Just as in the proof
of Proposition 3.5.1, this functor is independent of the choice of data (H, Hz),
and we obtain from it a canonical functor

Nzip-11 = (Nar,zip-1), Fil* Nagr z;p-11)

from algebraic representations of T on finite free Z[D~1]-modules to filtered
vector bundles over Yy [D~!], which has properties (2), (3) and (4).

Given an arbitrary K-stable lattice Nz C Na,, by enlarging the set of
primes appearing in the factorization of D if necessary, we can assume that
Ni[ p-1] arises from an algebraic Z[D~!]-representation of T', and so the desired
filtered vector bundle (Ngg, Fil®* Ngr) is canonically determined outside of the
primes dividing D. For a prime q C O dividing D, it is determined by the
condition that its restriction to Vg 4 is isomorphic to NgR 4- O

To summarize the results of Section 3.3 and of this subsection, from a pair
(N, Ni) as in the proposition above, we have obtained the following realiza-
tions:

Nhgg in the category of variations of Z-Hodge structures over Y (C);
Ngr in the category of filtered vector bundles over Vi;

for each prime ¢, N, in the category of lisse f-adic sheaves over Vi [(~1];
for each prime ¢ C Op, Neis in the category of F-crystals over Vi, .

For 7 = Hdg, dR, ¢, cris, let End(IN7)g be the endomorphism algebra of
N- in the appropriate isogeny category; this is a finite dimensional algebra
over Q7, where Q; = Q if 7 = Hdg; Q; = E if 7 =dR; Q7 = Qy, if 7 = ¢; and
Q7 = Qp if 7 = cris. This algebra depends only on /N and not on the choice of
K-stable lattice Ni' Let Aut®°(IN») be the algebraic group over Q- associated
with the group of units in this algebra.

Fix a representation H as in Proposition 3.4.1 and a K-stable lattice
in H, and let Ay be the associated abelian scheme over Vg . Let Aut®(Ag)
be the algebraic group over Q obtained as the group of units in the (Q-algebra
End(Ag)qg.

PROPOSITION 3.5.6.

(1) There is a canonical map of algebraic groups
9?(N) : TQ? — Auto(N?)

functorial in the representation N.
(2) There is a canonical embedding T — Aut®(Ap) whose homological real-
izations induce the maps 07(H) for the representation H.
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Proof. The simplest way to see this is to use the torus
T 1.

In complete analogy with the construction of Vg, given a compact open K C
T(Af), we can associate with it and the cocharacter po an arithmetic curve
:)N)f( over Op. If the image of K in T(Ay) is contained in K, then we obtain a
finite map
yf( — Vi
of algebraic Op-stacks.
We also obtain realization functors (N, N5) — N7 over 37;( Here, N is

an algebraic representation of T and Nz C N.
We apply this to the representation Hy and the lattice H 07 from the proof

of Proposition 3.5.2 to obtain sheaves Hj» over )7;( Since the FE-action on
Hj is f—equivariant, the sheaves just obtained are F-linear objects in the ap-
propriate isogeny category. We now recover Tt Q, as the group of F-equivariant
automorphisms
T, = Aut,(Ho) C Aut®(Hoz).
From this, and the fact that Hy is a faithful representation of T, it is not
hard to deduce that this actually gives us a canonical map

To, — Aut®(N»)

for every T-representation N. We obtain the map from assertion (1) by spe-
cializing now to representations of T that factor through T
As for assertion (2), since abelian varieties over C are a fully faithful
subcategory of Z-Hodge structures, the Betti realization 0p(H) corresponds
to a map
T — Auto(.AH7y((c)).

Since the étale realizations of this map descend over Y, it is easily checked
that the map itself descends:

T — Aut® (.AHyy).
Our desired embedding is just the composition of this one with the inclu-

sion

Auto(.AHy) — Auto(.AH). O

3.6. The standard representation and its realizations. We will now con-
sider a particular representation of T'. As in the proof of Proposition 3.5.2, we
have the tautological representation Hy of T acting on F via multiplication.
Let ¢: E — E be complex conjugation, and in the notation of Section 2.3, set

Vo = V(Ho,c) ={z € End(Hp) : z(a-h)=c(a)z(h), for all a € E}.
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This is a Tg-subrepresentation of End(Hj) on which the action factors through
T and, in fact, through Ty,. We call this the standard representation of T

The ring of integers O C E gives a natural lattice Hy 7 C Hp, and hence
a lattice

Voz = V(Hoz,c) C V.

Fix a prime q C O, an algebraic closure Frac(W)2 of Frac(W) (here,
W =W(F 2lg)), and an embedding Q'8 — Frac(W)?'¢ inducing the place q on
E = 1p(E). Let leg be the algebraic closure of Q, in Frac(W)&. We can now
view (o as an embedding Ey < Q;;lg.

Fix a point y € yK(F‘;}lg). We can now describe the F-crystal Vj crisy
quite explicitly. Fix a uniformizer my € Ey, and let G4 be the Lubin-Tate group
over O 4 associated with this uniformizer. Let

HO,cris,q = D(gq)(W)

be the Dieudonné F-crystal over Frac(W) associated with G;. The Opq-
equivariant structure on G induces an Op g-equivariant structure on Hy cris g
For a prime q' C Og lying over p with ¢’ # q, let

HO,Cris,q’ =W ®@p Oqu/

be the rank 1 W ®q, Ey-module equipped with the constant F-isocrystal
structure arising from the automorphism Fr @ 1.
Now, set

HO,cris,y = @ HO,cris,q/-
a’lp
From the proof of Proposition 3.5.2, we find that this is precisely the crystalline
realization obtained from the tautological representation Hy of T, equipped
with the standard Og-stable lattice.
The inclusion V < End(Hp) now gives us identifications

%,cris,y = V(HO,CI‘iS,y7 C) - End(HO,Cris,y)-
In particular, the decomposition of Hy sy gives us a decomposition
‘/O,cris,y = @ Vz),cris,p’a
p'lp
into F-crystals, where p’ ranges over the primes of O lying above p, and where
‘/O,cris,p’ = V(HO,cris,pH C) - End(HO,cris,p’)'

Here,
HO,cris,p’ = @ HO,cris,q’
a’lw’
is an O y-linear F-crystal over W.
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PROPOSITION 3.6.1. Let p C Op be the prime lying under q. Then the
following statements are equivalent:
(1) p is not split in F;
(2) the space of p-invariants V('f;ls’p is non-zero;
(3) the natural map

FraC(W) ®Zp ‘/Oﬁ:ii,p — %,Cris,p [p_l]

s an isomorphism;
(4) the natural map

p=1 . -1
Frac(W) ®Zp ‘/O,cris,y - %:CUS:y[p ]
18 an isomorphism.
Proof. If p is split in E, we have
HO,cris, = I_IO,Cris7 @ I_I(),Cris7 c.
p q q
Moreover, Vj crisp = V (Ho,cris p, ¢) consists of pairs (21, z2) of Opp-linear maps
€yt I_I(],cris,qC — HO,cris,qa T2t HO,cris,q — HO,cris,qC-

Therefore, the space of p-invariants consists of p-equivariant such pairs. How-
ever, by definition, Hy cis qc is generated by its ¢-invariants, while Ho cri g,
being the Dieudonné F-isocrystal associated with a Lubin-Tate group, has no
non-zero p-invariant elements. Thus we conclude that Vosf’;il&p
elements.

On the other hand, suppose that p is not split in £. Then we can identify
Vo,crisp = V (Ho crisp, ¢) with the space Viris(Gg) defined in Section 2.3.

In Propositions 2.3.3 and 2.3.4, we described the structure of ¢-invariants
in this space explicitly and, in particular, showed that they generate the whole
space over Frac(W).

has no non-zero

From these considerations, the equivalence of statements (1), (2) and (3)
of the proposition are immediate. The equivalence of these statements with
(4) now follows from the fact that, for q # q, Hcisq is generated by its
(p-invariants. (]

Fix a representation H as in Proposition 3.4.1 and a K-stable lattice in H,
and let Ay be the associated abelian scheme over Vi .

PROPOSITION 3.6.2. Fix a prime q C Og above a rational prime p, and
let p C OF be the prime lying under it. Then the following are equivalent:
(a) p is not split in E;
(b) Am,y is supersingular for all y € yK(Falg).

Proof. Fix a point y € yK(Filg). By Proposition 3.4.1, the Dieudonné
F-isocrystal associated with Ay, is isomorphic to the F-isocrystal Heys -
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Now, the slopes of the F-isocrystal Hcrisjy[pfl] are determined by its New-
ton cocharacter

V(H) D — Aut:;(Hcris,y)’

where D is the pro-torus over @, with character group Q, and Autg,(Heris,y)
is the algebraic group of Q, obtained as the group of units in the Q,-algebra
Endy, (Heis,y)g of p-equivariant endomorphisms of Heris y [p~1].

LEMMA 3.6.3. For any Q-representation N of T', the Newton cocharacter
v(N) for Ncriw[p_l] factors through the map Ocis(N) : Tg, — Aut,(Nerisy)
from Proposition 3.5.6.

Proof. The Newton cocharacter is functorial in N. If Hy is the tautolog-
ical representation of T, then it is clear from the construction of Hy ¢, in
Section 3.6 that its slope decomposition is stable under the E®qQ)-action, and
hence that the slope cocharacter for Hy cis y [p~!] factors through the commu-
tant in AutZ,(Hcris,y) of E®q Q. This is precisely the torus Tg q,. Combining
this with the fact that any Q-representation of 7', when viewed as a represen-
tation of T, appears as a subquotient of a tensor power of Hy, one easily
deduces the lemma. O

Now, we find from (3.6.1) that V{ cisy[p~!] is generated by p-invariants,
and hence that v(V}) is trivial, if and only if p is not split in E. Since the
quotient Ty, of T" acts faithfully on Vj, this implies in turn that p is not split
in F if and only if v(H) factors through

G = ker(T — Tyo).

This is the case if and only if v(H) is constant, and hence if and only if Apy,
is supersingular. O

4. Orthogonal Shimura varieties

Let (V, Q) be a quadratic space over Q of signature (n,2), with n > 1. Fix
a mazximal lattice L C V, and let LY be the dual lattice. As in the introduction,
the discriminant of L is Dy, = [LV : L].

In this section, we lay out the theory of GSpin Shimura varieties associated
with (V,Q) and L. The main references are [MP16] and [AGHMP17]. The
models constructed in these references have to be modified slightly for our
purposes here, and we explain this in Section 4.4.

The main notion studied is that of a special endomorphism, which al-
lows us to give a moduli interpretation for the special divisors considered by
Kudla in [Kud04]. This interpretation is crucial for the degree computations
underlying the proof of Theorem 6.4.2.
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4.1. The GSpin Shimura variety. Let C(V') be the Clifford algebra of
(V,Q), with its Z/2Z-grading

C(V)y=CcH(V)yaC (V).

Recall from [MP16] that the spinor similitude group G = GSpin(V) is the
algebraic group over Q with

G(R) = {g eCT(Vg)* : gVrg ! = VR}
for any Q-algebra R. It sits in an exact sequence
15 G — G225 50(V) — 1,

where g @ v = gug™!. Let v : G — G,,, be the spinor similitude.
The group of real points G(R) acts on the hermitian symmetric domain

(4.1.1) D={z€Vc:[z,2]=0,[2z] <0}/C* C P(V¢)

through the morphism G — SO(V'). There are two connected components
D = D" UD™, interchanged by the action of any v € G(R) with v(y) < 0.
The pair (G, D) is a Shimura datum. More precisely, given a class z € D,
we can choose a representative z of the form z + iy, where xz,y € Vg are
mutually orthogonal vectors satisfying Q(xz) = Q(y) = —1. Then we obtain a
homomorphism
h,:S= ReSC/RGm — Gg

satisfying h. (i) = zy € G(R) C CT(V)g. In this way, we can identify D with
the G(R)-conjugacy class of h, for any z € D. The reflex field of (G, D) is Q.

Recall that we have fixed a maximal lattice L C V. Define a compact
open subgroup

(4.1.2) K =G(Ap)NC(L)* € G(Ay).

Here, we have set L = Lz. The image of K in SO(V)(Ay) is the discriminant
kernel of E; this is the largest subgroup of the stabilizer of L that acts trivially
on LV/L.

By the theory of canonical models of Shimura varieties, we obtain an
n-dimensional algebraic stack M over Q, the GSpin Shimura variety associated
with L. Its space of complex points is the n-dimensional complex orbifold

(4.1.3) M(C) = GQ\D x G(A[)/K.

ProOPOSITION 4.1.1. Suppose that one of the following conditions holds:
o n>2;
e Dy is square-free.

Then the complex orbifold M(C) is connected.
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Proof. The kernel of v : G — G, is the usual spin double cover of SO(V')
and hence is simply connected. Using strong approximation, it follows that
the connected components of M(C) are indexed by QZ\Af /v(K), and so
the claim follows once we prove that v(K;) = Z; for every prime . When
Lz, contains a hyperbolic plane, the assertion is clear, so we only need to
consider the case where Vj, is anisotropic of dimension at least 3, and is such
that ¢? does not divide Dy. In this case, the result can be deduced from the
classification of maximal anisotropic lattices over Zy; see [Shil0, §29.10]. O

Given an algebraic representation G — Aut(N) on a Q-vector space N,
and a K-stable lattice N5 C Ny, we obtain a Z-local system Np on M(C)
whose fiber at a point [(z,g)] € M(C) is identified with N N gN5. The corre-
sponding vector bundle Ngg r7(c) = On(c) ® Np is equipped with a filtration
Fil®* Ngr,am(c), which at any point [(z,g)] equips the fiber of Np with the
Hodge structure determined by the cocharacter h,. This gives us a functorial
assignment from pairs (N, Ni) as above to variations of Z-Hodge structures
over M(C).

Applying this to V and the lattice LCV, ;» We obtain a canonical variation
of polarized Z-Hodge structures (Vp, Fil* Vig ar(c)). For each point 2 of (4.1.1),
the induced Hodge decomposition of V¢ has

v =cz; Vi =cz, VY =(Cz+ 02t

It follows that Fil' Var,m(c) 1s an isotropic line and FilOVdR M(c) 18 its annihi-
lator with respect to the pairing on Vig ar(c) induced from that on L.

Let H be the representation of G on C(V') via left multiplication. It is
equipped with a K-stable lattice Hi = C(E) C Hp,. From this, we obtain a
variation of Z-Hodge structures (Hp, Fil* H g, M((c)). This variation has type
(—1,0),(0,—1) and is therefore the homology of a family of complex tori over
M (C). This variation of Z-Hodge structures is polarizable, and so the family
of complex tori in fact arises from an abelian scheme Ac — M. For all this,
see [AGHMP17, (2.2)].

By [MP16, §3], this abelian scheme descends to an abelian scheme A— M.
We call this the Kuga-Satake abelian scheme. It is equipped with a right C'(L)-

action and a compatible Z/27Z-grading
A=AT x A™.

The first relative de Rham homology sheaf of A gives a canonical descent
of Hyr c over M as a filtered vector bundle with an integrable connection. We
denote this descent by Hyr. Using it, and Deligne’s results on absolute Hodge
cycles on abelian varieties, we obtain a canonical tensor functor from algebraic
Q-representations N of G to filtered vector bundles (Ngr, Fil* Ngr) over M,
which descends the already constructed functor to objects over Mc.
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Similarly, if we fix a lattice Nz C Ny, then, for any prime ¢, the f-adic
sheaf Nyc = 7Zy ® Np over M(C) descends canonically to an ¢-adic sheaf N,
over M. When N = H, Hj is canonically isomorphic to the ¢-adic Tate module
of A. For all this, see [MP16, (4.15)].

In particular, for 7 = B, ¢, dR, the G-equivariant embedding

V — Endc(v) (H)

determined by left multiplication gives rise to embeddings of homological re-
alizations

(4.1.4) Vi — Ende ) (H?).
For z € V with Q(x) > 0, define a divisor on D by
D(z)={2z€D:zLx}.

As in the work of Borcherds [Bor98], Bruinier [Bru02], and Kudla [Kud04], for
every m € Qs and u € LY /L, we define a complex orbifold

Zmw(© = | T\ L @)
9gEG(QN\G(Af)/K xCpgtLlg
Q(z)=m
Here I'y = G(Q) NgKg~!, L, C V is the Z-lattice determined by f/g =gel,
and
fg=gepe€ Ly/Ly.
By construction Z(m, u)(C) is the space of complex points of a disjoint
union of GSpin Shimura varieties associated with quadratic spaces of signature

(n —1,2). As such, it has a canonical model Z(m, ) over Q, and the obvious
map Z(m, 1)(C) — M(C) descends to a finite and unramified morphism

(4.1.5) Z(m, pu) — M.

Using the complex uniformization, one can check that, étale locally on the
source, (4.1.5) is a closed immersion defined by a single equation. Thus (4.1.5)
determines an effective Cartier divisor on M, which we call a special divisor.
Via abuse of notation, we will usually refer to Z(m, p) itself as a special divisor
on M.

4.2. Integral models in the self-dual case. In this subsection, we will fix a
prime p such that the lattice L is self-dual over Z,), and we abbreviate
L) = Lz,

The group G(,) = GSpin(L(;)) is a reductive model for G over Z ).
The goal is to show that a large part of the results of [MP16, §4] also work
without the assumption p > 2.
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Consider the Kuga-Satake abelian scheme A — M. Its homological real-
izations are the sheaves associated with the representation H of G on C(V)
via left multiplication and the lattice Hy = C (L) C Hy ;-

We can choose a G-invariant symplectic pairing ¢ : H x H — Q(v) such
that induced pairing on the Betti realization Hp is a polarization of variations
of Hodge structures; see [AGHMP17, (2.2)] for details. This gives rise to a
polarization A on Aj(c), which descends to a polarization of A over M of
degree m?, where m? is the discriminant of the lattice H in the symplectic
space Hy,. In this way, we obtain a map

M — X27L+2 ’m’Q,

which is finite and unramified. Here, X5n+2,, is the moduli stack over Z of

polarized abelian schemes of dimension 2"*2 and degree m?.

Definition 4.2.1. Given an algebraic stack X" over Z,) and a normal alge-
braic stack Y over QQ equipped with a finite map jg : ¥ — Xy, the normaliza-
tion of X in Y is the finite X-stack j : J — X, characterized by the property
that j,Oy is the integral closure of Oy in (jg)«Oy. It is also characterized
by the following universal property: given a finite morphism Z — X with Z a
normal algebraic stack, flat over Z,), any map of Xg-stacks Zp — Y extends
uniquely to a map of X-stacks Z — ).

We now obtain an integral model M, for M over Z, by taking the
normalization of Xyni2 ,, in M. By construction, the Kuga-Satake abelian
schemes extends to a polarized abelian scheme

THEOREM 4.2.2. The stack /\/l(p) 15 smooth over Z(p).

Proof. When p > 2, this follows from the main result of [Kis10]. The
general case is shown in [KMP16, Th. 3.10]. O

Remark 4.2.3. Fix a prime £ # p. Recall from Section 4.1 the functor that
assigns a lisse /-adic sheaf Ny over M to each Ky-stable Z,-lattice Ny C Ng, in
an algebraic representation NV of G. This functor extends (necessarily uniquely,
by the normality of M) to lisse f-adic sheaves over M, and carries Hz, to
the f-adic Tate module H, of A. Indeed, it is enough to show that the induced
functor to lisse Qg-sheaves over M extends over M,). As shown in [MP16,
(4.11), (7.9)], this functor is associated with a canonical étale G(Qy)-torsor
over M, which admits an extension over M.

We also have a canonical functor

(4.2.1) N Nar
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from algebraic Q-representations of G to filtered vector bundles over M that
are equipped with an integrable connection. The following result is [KMP16,
Prop. 3.7].

PROPOSITION 4.2.4. The functor (4.2.1) on algebraic Q-representations
of G extends canonically to an exact tensor functor

N — Ngr

from algebraic Z,)-representations N of Gy, to filtered vector bundles on My,
equipped with an integrable connection. When N = H(,), the associaled fil-
tered vector bundle with integrable connection is simply Hyg, the relative first
de Rham homology of A — M.

In particular, from the representation L), we obtain an embedding
Var = Endg(r) (Har)

of filtered vector bundles over M,y with integrable connections, mapping onto
a local direct summand of its target, and extending its counterpart (4.1.4)
over M.

We now expand our definition of an F-crystal over M, F, to mean a
crystal of vector bundles IN over M, r, equipped with an isomorphism

Fr*N = N
in the Qp-linear isogeny category associated with the category of crystals over
M(p)zFP' o
Write M), for the formal completion of M, along M, . The rela-
tive first crystalline homology of A over M, r, gives an F-crystal Heyis over

Mp) F, whose evaluation on .K/l\p is canonically isomorphic to the p-adic com-
pletion of Hyg as a vector bundle with integrable connection.

ProroOSITION 4.2.5. There is a canonical functor N — Ncis from al-
gebraic Zy-representations of G,y to F-crystals over My, that recovers

H_.is when applied to H (») and whose evaluation on the formal thickening ./\//Tp
is canonically isomorphic to the p-adic completion of Ngr as a vector bundle
with integrable connection.

In particular, there is a canonical F'-crystal Veis over M, g, whose eval-
uation on /T/l\p s canonically isomorphic to the p-adic completion of Var as a
vector bundle with integrable connection. It admits a canonical embedding

‘/cris — LMC(L) (Hcris)

mapping onto a local direct summand of its target, and it is compatible with
the embeddings of de Rham realizations.

Proof. See Proposition 3.9 of [KMP16]. O
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4.3. Special endomorphisms in the self-dual case. By Propositions 4.2.4
and 4.2.5, the embedding of G(;)-representations L, — H(, gives rise to
embeddings

(4.3.1) Vi < End () (H?)

for 7 = B, ¢, dR, cris that map onto local direct summands of their targets.

If 7 = B, let 15 be the locally constant sheaf Z over M(C); if 7 = ¢, let 1,
be the lisse f-adic sheaf Z, over M, [¢(~']; if 7 = dR, let 14r be the structure
sheaf O oy equipped with the connection a +— da and the one-step filtration
concentrated in degree 0; and, if 7 = cris, let 1.5 be the structure sheaf over
(M(p)’ﬂ?p /Zp)eris, equipped with its natural structure of an F-crystal.

The quadratic form on L, induces a form on the associated realizations.
More precisely, for any section f of V2, we have

fof=Q(f)id

under composition in Endezy(Hv?). Here Q(f) is a section of 17. The assign-
ment f — Q(f) is a quadratic form on V7 with values in 1,. The associated
bilinear form is non-degenerate when 7 = dR or cris.

Definition 4.3.1. For any M,-scheme S, we define an endomorphism z €
Endg(r)(As) to be special if all its homological realizations land in the images
of the embeddings (4.3.1). More precisely, we require the f-adic realizations
over S[¢~!] to lie in V}, the crystalline realizations over Sr, to lie in Vi, and
the de Rham realizations to lie in VgR.

We will write V(Ag) for the space of special endomorphisms.

We now study the deformation theory of a special endomorphism z. In
what follows, we will frequently cite results from [MP16, §5], where there is a
standing assumption that p is odd. However, the proofs there do not use this
assumption, as the reader can easily verify.

Suppose that S = Spec(O), with O a p-adically complete Z,)-algebra.
It will be useful to have a notion of special endomorphisms for the p-divisible
group Ag[p™]. We will call an endomorphism x € End¢ (1) (As[p™]) special
if its crystalline realization lands in the image of the embedding (4.3.1) for
? = cris. We will write V(Ag[p™]) for the space of special endomorphisms.

Suppose that we have a surjection @ — O of p-adically complete Lpy-
algebras, whose kernel I admits nilpotent divided powers. Suppose that we

have a map y : Spec(0) — M,) and let  : Spec(O) — M;) be the restriction
to Spec(O).
Let Hp be the O-module obtained by restricting Hgg to Spec(O), and

let Vo C End(Hp) be the corresponding realization of Vggr, so that Vi is
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equipped with its Hodge filtration Fil' Vi, which is a rank 1 projective module
over O. Denote by Hgz and Vi the induced modules over 0.

Let € V(Ay[p™]) be a special endomorphism. The crystalline realization
of x gives us an element x.is € V. Pairing against Fil'Vy induces a linear
functional

(4.3.2) [Teris, -] : Fil' Vo — O.

The following two results are shown just as in [MP16, Prop. 5.16 and
Cor. 5.17].

PROPOSITION 4.3.2. The endomorphism x lifts to an element of V(Ay[p™])
if and only if the functional (4.3.2) is identically 0.

COROLLARY 4.3.3. Suppose that k is an algebraically closed field of char-
acteristic p, that t € My (k), and that x € V(A[p™]) is a special endomor-
phism. Let Oy be the completed étale local ring of My w ) att. There is a
principal ideal (fz) C O such that, for any map f: O — R to a local Zy,)-
algebra R, w lifts to an element in Endg(r) (A [p™]) if and only if f factors
through O/ (fx).

In other words, the deformation space of the endomorphism z within the
formal scheme Spf(Q;) is pro-representable and cut out by a single equation.

We have to explain how our notion of a special endomorphism relates
to the one defined in [MP16, §5]. The main difference is that in loc. cit. an
endomorphism = € Endg()(As) was defined to be special if it is special in
our present sense at every geometric point of .S, which appears to be a less
restrictive definition. It is not, as the following result demonstrates.

PROPOSITION 4.3.4. Let S be a connected My -scheme, and suppose that
MRS EndC(L) (Ag)

is a C'(L)-equivariant endomorphism. Then the following statements are equiv-
alent:

(1) x is special;

(2) for any geometric point s — S, the fiber of x at s is special;

(3) for some geometric point s — S, the fiber of x at s is special.

Proof. If S is a scheme of finite type over Q, then this is clear, since the
conditions can be checked over S¢, where everything follows from the fact that
the Betti realization is locally constant and determines the étale and de Rham
realizations. The case of an arbitrary scheme over Q follows from this, as M,
is itself of finite type.

If S is an arbitrary Z,)-scheme, then combining this with [MP16, Lemmas
5.9 and 5.13] shows that (2) and (3) are equivalent. To complete the proof of
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the proposition, we now need to know that if x is special at a point s — S
in characteristic p, then the crystalline realization of x lands in the image
of (4.3.1) globally over Sg,. This follows from Lemma 4.3.5 below. O

LEMMA 4.3.5. Let R be a complete local algebra over W with perfect
residue field k. Suppose that we have a point t € My (R) and an endo-
morphism x € Ende(r)(As). Let to € My, (k) be the induced point, and let
wo € Endg(r)(At,) be the fiber of x at tg. Then x is special if and only if xo is
special.

Proof. Let Oy, be the complete local ring of M, wx) at to. By Theo-
rem 4.2.2, Oy, is isomorphic to a power series ring over W (k) in n variables. By
Corollary 4.3.3, the deformation ring for the endomorphism x( is a quotient
Otoe0 = Oty/(fzy) of Oy, by a principal ideal. Now, by our hypothesis, z
lifts over R, and so the map O;, — R factors through Oy ,,. In particular,
it suffices to verify the lemma for R = Oy »,, and so we can assume that we

have
W(E)[Ju1, - -, unl]

(f)

for some element f € W(k)[|ui, ..., us|]-

The crystalline realization of x is a section of MC( L)(Hcris). We want
to show that it is in fact a section of Vi;s. This is equivalent to showing that
its image in LMC(L)(HCTiS)/%riS is 0.

Let Dr — R be the p-adic completion of the divided power envelope of
R in W(k)[|u1,...,un|]. In other words, this is the p-adic completion of the
subalgebra

R =

n

W), .. ., un] {% € Zino| € Frac(W(k)[ur, ... ua]]).
Note that the Frobenius lift
o W(k)[|ut,...,un|] = W(E)[|u1, ..., ul]

defined by u; — u? extends continuously to an endomorphism ¢ : Dg — Dpg.
Evaluation along the formal divided power thickening

Spec(Rr,) < Spec(Dg)

establishes an equivalence from the category of crystals over (Spec(Rr,)/Zp)cris
to the category of finite free Dr-modules equipped with a topologically nilpo-
tent integrable connection. Furthermore, this establishes an equivalence be-
tween F-crystals and finite free Dgr-modules M equipped with a topologically
nilpotent integrable connection as well as a map ¢*M[p~!] — M[p~!] that is
parallel for this connection.

Therefore the lemma is now immediate from Lemma 4.3.6 below. [l
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LEMMA 4.3.6. Let M be a finite free Dr-module with a topologically nilpo-
tent integrable connection

and an isomorphism *M[p~'] — M][p~'] that is parallel for V. Suppose
that m € MV=Y is a parallel element that goes to 0 under the reduction map
M — M ®p, W. Then m = 0.

Proof. Let U be the rigid analytic space over Frac(W(k)) associated
with the power series ring W (k)[|ui,...,u,|] via Berthelot’s analytification
functor; see [dJ95, §7]. This is simply the rigid analytic unit disc. The endo-
morphism ¢ induces a contraction map ¢* : Uris — [rie,

Now, there is a rational number r; € (0,1) such that all elements in Dpg
converge in the open disc /U\rig(rf) C UM of radius ry. Let R"& be the ring of
global sections of the structure sheaf on Uris (rf). Then we have an inclusion
Dr C R, and extending scalars along this inclusion gives us an R"8-module

M"® = R"® @p, M

equipped with an integrable connection and an isomorphism

~

(P*Mrig = Mrig'
In this situation, the image of the natural map
(Mrig)V:O N Mrig
generates M™® as an R*8-module. This is just Dwork’s trick; see, for instance,
[Vol03, §3.4, Prop. 4].
Therefore, if a parallel section of M8 vanishes at a point, then it vanishes

everywhere on ff\rig(r ) and is hence the zero section. This proves the lemma.
O

PROPOSITION 4.3.7. Let S be an My-scheme. For each x € V(Ag), we
have
zox = Q(z)- idag € End(Ag)
for some integer Q(x). The assignment x — Q(x) is a positive definite qua-

dratic form on V(Ag).
Proof. This is shown as in [MP16, Lemma 5.12]. O

4.4. Integral model over Z. We will now explain how to construct an inte-
gral model for M over Z. In [AGHMP17], using the results of [MP16], we gave
a construction that worked over Z[1/2]. This is inadequate for our current pur-
poses for two reasons: first, of course, it omits the prime 2; second, at primes
p such that p? | Dy, the integral model from loc. cit. excluded points in the
special fiber that will be relevant to this article; see [AGHMP17, Rem. 2.4.4].
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Fix a prime p. Choose an auxiliary quadratic space (V°,Q°) over Q of
signature (n°,2), admitting a maximal lattice L® C V° that is self-dual over
Zpy and admitting an isometric embedding

V,Q) = (V°,Q°)

D)

carrying L into L°. Set
A=Lt={zecl®:|z,L[]=0}CL°

Set G° = GSpin(V?), and let D° C P(VZ) be the associated hermitian
domain; then there is a natural embedding of Shimura data

(G, D) = (G°, D°),

giving rise to a finite, unramified map of Shimura varieties M — M®. Here,
M€ is the Shimura variety associated with the maximal lattice L°.

Since L° is self-dual over Z,y, M° admits a smooth integral model M?p)
over Zy). We have the Kuga-Satake abelian scheme A® — M?p) with associ-
ated de Rham sheaf Hjp, as well as the embeddings

Vi < Ende(r0)(H?),
where 7 = B, {,dR, cris. For any M‘Ep)—scheme S, we have the subspace
V(A%) C El’ldc(Lo) (Agv)

of special endomorphisms, whose homological realizations are sections of V;°.

Define My to be the normalization of M7, in M (see Definition 4.2.1).
The restriction of Fil! ViR to My, gives us a line bundle w over M, which

extends the line bundle Fil' Vg over the generic fiber M.

PROPOSITION 4.4.1.

(1) The integral model M,y and the line bundle w are independent of the
choice of the auziliary data (V°,Q°) and L°® C V°.

(2) The Kuga-Satake abelian scheme A — M extends to an abelian scheme
A — My, and there is a canonical C(L?)-equivariant graded isomorphism

(4.4.1) A®c(r) C(L°) = A°

of abelian schemes over M.
(3) There is a canonical isometric embedding

(4.4.2) A= V(A

(4) M) has the following extension property: if E/Q, is a finite extension,
and t € M(F) is a point such that A; has potentially good reduction over
Og, then the map t : Spec(E) — M extends to a map Spec(Og) — M.
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Proof. Assertion (1) is shown just as in the proof of [AGHMP17, Prop.
2.4.5]. As for assertion (2), first note that, given the existence of the extension
A — My, the fact that C(L°) is free over C(L) gives meaning to A ®c¢(r,)
C(L?) as an abelian scheme over M,; this is the Serre tensor construction.
We always have the canonical C(L°)-equivariant graded isomorphism (4.4.1)
over the generic fiber M; see [AGHMP17, (2.12)]. In particular, as abelian
schemes over M, there is a canonical closed immersion A < A°. Note that
A° — pr) admits a polarization of degree prime to p; indeed, in the notation
of [AGHMP17, §2.4], arranging for this amounts to choosing an element ¢ €
C’+(L°)2<p) satisfying 0* = —J. That A extends to an abelian scheme over
My now follows from the argument in [MS11, Prop. 4.2.2]. The argument
actually shows the following. As in Section 4.2, let ¢ : H x H — Q(v) be a
G-invariant symplectic pairing giving rise to a polarization on A|ys, and thus
to a finite map M — Xynt2 p, o to the generic fiber of a Siegel moduli space.
Then this map extends to a finite map M) — Xon+2 ,, 7 - parametrizing the
abelian scheme A — M.

The existence of the isomorphism (4.4.1) of abelian schemes over M),
as well as the embedding (4.4.2), are now shown exactly as in the proof of
[AGHMP17, Prop. 2.5.1].

Assertion (4) is immediate from the finiteness (hence properness) of the
map M(p) — X2n+27m7z(p). ([

Given the proposition, we can choose our auxiliary lattice L® to our con-
venience. We will choose it so that A = L+ C L° has rank at most 2. This
is not strictly necessary, but it will make some proofs shorter. Moreover, it
is always possible to make such a choice, as can be easily verified using the
classification of quadratic forms over QQ.

Let Z(A) — M, be the stack such that, for any M{ )-scheme S, we have

Z(A)(S) = {Isometric embeddings A — V(A%)}.

The argument from [AGHMP17, Prop. 2.7.4] shows that Z(A) is an algebraic
stack that is finite and unramified over Mg ).

The embedding (4.4.2) corresponds to a map M,y — Z(A). It is shown
in [MP16, Lemma 7.1] that this map identifies M with an open and closed
substack of Z(A)q.

PROPOSITION 4.4.2. Let p be an odd prime. Suppose either that p*{ Dy,
or that n > 3. Then Z(A) is normal and flat over Lpy- In particular, the map
My — Z(A) identifies My, with an open and closed substack of Z(A).

Proof. Let A — V(A%( A)) be the tautological isometric embedding. Let

Adr C Varlza)



FALTINGS HEIGHTS OF ABELIAN VARIETIES 443

be the coherent subsheaf generated by the de Rham realization of this embed-
ding. As in [MP16, Lemma 6.16], there is a canonical open substack
ZPH(A) C Z(A)

containing Z(A)g, and over which Agr is a local direct summand of V3. It
is shown in [MP16, Cor. 6.22] that, under our hypotheses, ZP*(A) is a flat,
normal Z,-stack.

When p? { Dy, it is shown in [MP16, Lemma 6.16] that ZP*(A) = Z(A),
and so the proposition follows in this case. For the remaining cases, we will
need two lemmas.

LEMMA 4.4.3. Suppose that n > 2. The stack Z(A) (resp. Z(M)r,) is a
local complete intersection over Z, (resp. Fp) of relative dimension n.

Proof. Since p > 2, we can find A’ C A and v € (A)* C A such that p?
does not divide the discriminant of A’ and such that, over Zp), we have an
orthogonal decomposition

Az, = /Z(p) 1 (v).
Then we have a factorization
Z(A) = Z(N) — ./\/lfp)
into finite and unramified morphisms of Z,)-stacks.

As above, it follows from [MP16, Cor. 6.22 and Lemma 6.16] that Z(A’)
is a faithfully flat regular algebraic stack over Z,), whose special fiber is a
geometrically normal, local complete intersection algebraic stack of dimension
n+12>3.

Fix a point t € Z(A)(leg). We can also view this as a point ¢t €
Z(N)(Fa'8). Let Oz (resp. Oz;) be the complete local ring of Z(A’) (resp.
Z(A)) at t. Then it is shown in [MP16, Cor. 5.17] that Oz, is a quotient of
Oz(ar) cut out by a single equation.

In particular, this implies that Z(A) is étale locally an effective Cartier
divisor on Z(A’) and is, in particular, a local complete intersection over Z,).
To show that Z(A)r, is a local complete intersection stack over Iy, it now
suffices to show that it does not contain any irreducible components of the
normal algebraic stack Z(A')g,. But this follows from [MP16, Prop. 6.17],
which shows that, if n — Z(A’ )F, is a generic point, then the tautological map
A" — V(A7) is an isomorphism. O

LEMMA 4.4.4. The codimension of the complement of ZP*(A)r, in Z(A)r
is at least n — [n®/2] .

P

Proof. By [MP16, (6.27)], we find that this complement is supported en-
tirely on the supersingular locus

.88
M

’ <&
p)7]Fp C M(p)vFP'
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But, by [HP17], this locus has dimension at most [n°/2]|. This dimension
count can also be deduced using the methods of Ogus from [Ogu01]. From this
the lemma is clear. O

By our assumption on A, n® < n + 2. Therefore, by Lemma 4.4.4, we see
that ZP'(A) is fiberwise dense in Z(A) as soon as n > 3. On the other hand,
Lemma 4.4.3 shows that Z(A) is a Cohen-Macaulay stack over Z,. Therefore,
by the normality of ZP"(A) and Serre’s criterion for normality, we find that
Z(A) is itself normal and flat over Z,), as soon as n > 3. O

THEOREM 4.4.5. Assume one of the following conditions:

o L, is self-dual;
e p is odd, p*{ D, and n > 2;
e pis odd and n > 5.

Then M), is a geometrically connected and geometrically normal algebraic
stack over Fp,.

Proof. By Proposition 4.1.1, under our hypotheses, M is a geometrically
connected smooth algebraic stack over Q. Therefore, we only have to show
that M,) has normal geometric fibers. Indeed, as soon as this is known, it
will follow from [MS11, Cor. 4.1.11] that M, r, is geometrically connected.

If L, is self-dual, then M, is smooth over Z,) by Theorem 4.2.2, so
the theorem is clear under this hypothesis.

If p is odd, to prove the theorem, by Proposition 4.4.2 it is enough to show
that, under the given hypotheses, Z(A) is a normal algebraic stack, flat over
Z(p), with normal geometric special fiber. By [MP16, Cor. 6.22], we find that,
under our hypotheses, ZP*(A) has geometrically normal fibers.

Therefore, by Lemma 4.4.3 and Serre’s criterion for normality, to show
that Z(A)p, is normal, it is enough to show that the complement of ZP"(A)r,
in Z(A)r, has codimension at least 2. When p? { Dy, this is clear, since
ZPH(A) = Z(A).

For the general case, by Lemma 4.4.4, it suffices to show

{n+2

J <n-—2
whenever n > 5. This is an easy verification. ([

The construction of M — Spec(Z) now proceeds as in [AGHMP17, §2.4].
Choose a finite collection of maximal quadratic spaces L, LS, ..., LS with the
following properties:

o for each i =1,2,...,r, LY has signature (ng,2) for n{ € Zso;
e for each 7, there is an isometric embedding L — L¢;
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e if, for each i, we denote by D; = D re the discriminant of LY, then
ged(Dy, ..., D) = 1.

It is always possible to find such a collection.
Fori=1,2,...,r, let M be the GSpin Shimura variety over Q attached
to LY. Then M7 admits a smooth integral model M® over Z[D; ']. Let

i,Z[D; ']
Mz p-1) be the normalization of M? in M.

: i2[D7 ]

THEOREM 4.4.6. There is a unique flat, normal algebraic Z-stack M such

that, for each i, the restriction of M over Z[D[l] is isomorphic to MZ[D;1].

Moreover,

(1) the Kuga-Satake abelian scheme A — M extends to an abelian scheme
A— M;

(2) the line bundle Fil' Vg over M extends canonically to a line bundle w over
M;

(3) if Ly is self-dual, or if p is odd and p? 1 Dr, orif p is odd and n > 5,
then Mg, is a geometrically connected and geometrically normal algebraic
stack over IFp,.

Proof. This is immediate from Proposition 4.4.1 and Theorem 4.4.5. [

Suppose now that we have an isometric embedding

(V,Q) = (V°,Q°)
into a quadratic space of signature (n°,2) and a maximal lattice L® C V¢
containing L. Then we have a finite and unramified map of Shimura varieties
M — M?¢ over Q.

The next result is easily deduced from the construction of our integral
models; see [AGHMP17, Prop. 2.5.1] for details.

PROPOSITION 4.4.7. The map M — M? extends to a finite map of inte-
gral models M — M?®. Moreover,

(1) If A> — M°® is the Kuga-Satake abelian scheme, then there is a canonical
isomorphism
A®cr) C(L°) = A%|m
of abelian schemes over M.
(2) Let w® be the canonical line bundle over M® from assertion (2) of Theo-
rem 4.4.6. Then there is a canonical isomorphism

WM = w
of line bundles over M extending the natural identification
Fil' Vi |a = Fil' Vg
over the generic fiber M.
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4.5. Special endomorphisms and special divisors over Z. Let S be a scheme
over M. We have already encountered the notion of a special endomorphism
of Ag in Section 4.3, at least in the situation where S is a Z)-scheme, with
p 1 Dr. In [AGHMP17, §2.6], we gave a definition that worked without this
condition, but since we have somewhat modified our integral models here, the
theory there does not apply directly. We now explain how to fix this.

Fix a prime p, and set M ;) = Mz(p). Choose an auxiliary maximal lattice
L® of signature (n°,2) that is self-dual at p, and which admits an isometric
embedding L < L°. This gives us a finite map of Z,)-stacks

M(p) — M?p)

It will be useful to have a notion of special endomorphisms for the ¢-divis-
ible group of A° as £ varies over the rational primes. If £ # p, we will define
V(A°[¢*]s) to be the space of endomorphisms of A°[¢(*°]g, whose ¢-adic re-
alizations land in the space V,°. If £ = p, we will define V(A°[p>]s) to be
the space of endomorphisms of A°[p™>]s, whose p-adic realizations land in the
space V,? over S[p~!] and whose crystalline realizations land in Vg, over Sg,.

The isomorphism of Kuga-Satake abelian schemes

A®c(r) C(L°) = A% pm,,
induces, for any M, -scheme S, canonical embeddings

(451) EndC(L) (As) — EndC(Lo)(A%),
Ende(r) (As[>]) < Endere)(AS[])

for any prime £. We now declare an endomorphism
(4.5.2) S Endc(L) (AS) or rc EndC(L)(As[EOO])

to be special if its image under (4.5.1) is a special endomorphism of A% or
AL [0>], respectively.
Let

A=Lt={zecl®: [z,L]=0}
be the orthogonal complement of L in L°. Then there is a canonical embedding
(4.5.3) A — Enderey(Afy),
described in the proof of [AGHMP17, Prop. 2.5.1].
PropoSITION 4.5.1. The notion of
r € Endg ) (As) or x € Endg(r)(As[€™])

being special does not depend on the choice of the auxiliary lattice L°.
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Proof. As in the proof of [ AGHMP17, Lemma 2.6.1], we can reduce to the
case where L is itself self-dual over Z,.

In this case, we have homological realizations V; over M, and a com-
muting square of embeddings

Vi Endcr)(H?)

| |

-V?Q‘M(p) - MC(LO)(‘H?) ’M(p)

of sheaves over M, mapping onto local direct summands of their targets;
see [AGHMP17, Prop. 2.5.1(ii)].

In fact this square is cartesian: both vertical arrows identify sections of
their domain with those of the target that anti-commute with the homological
realizations of the embedding (4.5.3); see the argument in [MP16, §7.3].

From this, we find that x is special with respect to the lattice L° if and
only if its homological realizations land in V7, and so the notion of being special
is in this case intrinsic to the stack M, and independent of choices. O

If S is now an arbitrary M-scheme, we declare an endomorphism (4.5.2)
to be special if its restriction to SZ(p) is special for every prime p. Write V(Ag)
and V(Ag[¢°]) for the respective spaces of special endomorphisms.

We will also need certain distinguished subsets

Vu(As) € V(As)g
parametrized by p € LY /L. To define these, we will first define subsets
Vi (As[€]) € VI(As[%])q

parametrized by p, € Zy ® (LY /L).
For this, note that over M (C), as K acts trivially on the quotient LY /L,
we have a canonical isometry

Z®(L'/L) 3 VY Vs
of locally constant sheaves. For each prime ¢, this gives an isometry
ap: 2@ (LY /L) = V' [V,

of étale sheaves of abelian groups over M. In fact, this can be extended to an
isometry of sheaves over M[¢~!]. By the normality of M, it is enough to show
that the sheaves V; and V,¥ extend to lisse sheaves over M[¢~!]. This can be
deduced using the argument from Remark 4.2.3.

Fix a prime p, and let S be an M,-scheme. Then, for any ¢ # p, the
(-adic realization of a special endomorphism =z € V(Ag) is a section of the
submodule V; C Ende(r)(H).
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Now identify V,” with an f-adic subsheaf of V;[¢~!]. Any element of the
dual subspace

V(As[e*)Y = {y € V(As[t®))q : [V(As[t™]), 9] C Ze} C V(As[E™])g
has a realization x, in V;[¢~!], where the pairing [-,-] on V(Ag[¢*]) is the one
induced from composition in End(Ag[¢>°]). This allows us to define

Vi (As[6>]) € V(As[e>])”
to be the subset of elements x such that x, lies in Vg\/ and maps to ay(1 ® )
in V)Y /V,.
Next, we will define the subset
Vi, (As[p™]) € V(As[p™])"
for pu, € Z, ® (LV/L). 1If S is a Q-scheme, then this can be defined just as
for £ # p. For the general case, choose an auxiliary maximal lattice L° that is
self-dual over Z, of signature (n®,2), which admits an isometric embedding
L — L°. By Proposition 4.4.7 and [AGHMP17, Prop. 2.6.4], this gives a map
of Z-stacks M — M? along with an isometric embedding
A = V(AS).
Here, A = L+ c L°.
LEMMA 4.5.2. For any My,)-scheme S, there are canonical isometries
V(As) = At C V(42),
V(As[p™]) = Az, C V(Ag[p™)).
Proof. The first isometry follows from the definitions and the fact that
the subspace
EndC(L) (As) C EndC(Lo)(Agv)
consists precisely of those endomorphisms that anti-commute with A; see

also [AGHMP17, Prop. 2.5.1]. The second is proven in similar fashion. O

Now, there are canonical isomorphisms
Zpy® (LV/L) < 2, ® (L°/(L® A)) = Z, @ (AV/A).
Therefore, we can canonically view p,, as an element of Z, ® (AY/A). Moreover,
the inclusions
V(As[p™]) @ A C V(A[p™]) € (V(As[p™]) @ Az,)" = V(As[p™])" @ Ay,
induce an embedding

VAYPX) V(A A
VAsp]) @Az, V(Asp™]) Az,

P

(4.5.4)
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We now set
Vi, (As[p™]) = {x € V(As[p™])Y : ([z], pp) is in the image of (4.5.4)},
where
V(As[p™])"
€ Y Asl))

is the class of z.

PROPOSITION 4.5.3. The subset V,,, (As[p™]) C V(As[p™])" just defined
does not depend on the choice of the auziliary lattice L°. Moreover, if S is a
Q-scheme, then this definition agrees with the one already given above.

Proof. As usual, for the independence statement, we can reduce to the
case where L is itself self-dual over Z,). In this case, u, = 0, and we have to
show that, if z € V(Ag[p™])" is such that ([x],0) is in the image of (4.5.4), then
x must belong to V(Ag[p™]). However, ([z],0) being in the image of (4.5.4)
means exactly that 2 belongs to V(A%[p>]) and is orthogonal to Az,. So we
are now done by Lemma 4.5.2.

We leave the verification of the second assertion to the reader. (]

Now suppose that S is an arbitrary M-scheme and p is any prime. We
decree that an element of V(Ag[p™])" belongs to V,,,(As[p™]) if and only if it
does so over SZ(p)‘

Consider the dual space

V(As)" ={y € V(As)g : [V(As),y] CZ} C V(As)g

with respect to the bilinear form induced from composition in End(Ag). For
each prime p and each yu, € Z, ® (LV/L), let

Vi, (As) C V(Ag)Y

be the subspace of elements mapping into V,,, (As[p™]). In general, if € LY /L
has p-primary part u, for each prime p, set

Vi(As) = Vi, (As) C V(Ag)".
p
The next result is immediate from Proposition 4.3.7 and the definitions;
see also [AGHMP17, Prop. 2.6.3].
PROPOSITION 4.5.4. For each x € V(Ag), we have
zox = Q(z)- iday € End(Ag)

for some integer Q(x). The assignment x — Q(x) is a positive definite qua-
dratic form on V(Ag). If x € V,(Ag), then we have the congruence

(4.5.5) Q(z) =Q(p) (mod Z).
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Fix a maximal lattice L® of signature (n°,2), equipped with an isometric
embedding L < L°, so that we have the corresponding finite map of algebraic
stacks M — M. Set A = L+ C L°.

PROPOSITION 4.5.5. Fixz an M-scheme S — M.

(1) There is a canonical isometric embedding A — V(A%) and an isometry
(4.5.6) V(As) = At C V(AY).

(2) For every u € L>Y/L° and every (u1,us2) € (u + L°>/(L @ A), the map
(4.5.6), tensored with Q, restricts to an injection

Vi (As) x (2 + A) = V,(A3).
(3) The above injections determine a decomposition

Viu(Ag) = L Vi (As) x (n2 + A).
(1,p2)€(p+L2)/ (LBA)
Proof. Assertion (1) is shown just as in Lemma 4.5.2. Everything else is
immediate from this and the definitions. O

Definition 4.5.6. For m € Q=g and p € LY/L, define the special cycle
Z(m, np) - M as the stack over M with functor of points

(4.5.7) Z(m, p)(S) ={z € Vu(As) : Q(x) = m}

for any scheme S — M.

Note that, by (4.5.5), the stack (4.5.7) is empty unless the image of m in
Q/Z agrees with Q(u).

For later purposes we also define the stacks Z(0, ) in exactly the same
way. As the only special endomorphism z with @Q(x) = 0 is the zero map, we

have
0 if 0,
2(0,0) = { 7
M if p=0.

Once again, fix a maximal lattice L° of signature (n°,2), equipped with
an isometric embedding L < L°, so that we have the corresponding finite
map of algebraic stacks M — M°. Set A = L+ C L°. For m € Q>0 and
u € LV /L° write Z°(m,u) — M?® for the stack associated with the pair
(m, p). The following result is immediate from Proposition 4.5.5.

PROPOSITION 4.5.7. Fiz € L>Y/L°. Then there is an isomorphism of
M-stacks

Zo(m, M) X pe M~ |_| Z(mlyﬂl) X Amz,uz’
mi1+mo=m
(1 p2)€(u+ L) (L)
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where
Am27u2 ={z € p2 + A : Q(z) = ma},
and Z(ma, p1) X Ay iy is the disjoint union of #Ap, 4, copies of Z(mu, pi1).

PRrOPOSITION 4.5.8. There is a natural isomorphism
Z(m, p)g = Z(m, )

of stacks over M. Moreover,

(1) Suppose that m > 0. Etale locally on the source, Z(m, ) is an effective
Cartier divisor on M.

(2) Suppose also that n > 3. Then Z(m, u) is flat over Z[1/2]. If, in addition,
L9y is self-dual, then Z(m, u) is flat over Z.

Proof. Assertion (1) is deduced from Proposition 4.5.7, exactly as in the
proof of [AGHMP17, Prop. 2.7.4], by reducing to the case where L is self-dual
over Z,) and using Corollary 4.3.3.

As for assertion (2), since Z(m, ) is étale locally a divisor on M, it fails
to be flat exactly when its image in M contains an irreducible component of
Mg, for some prime p.

If L, is self-dual at p, then the argument used in [MP16, Prop. 5.21]
applies to show that Z(m, u) is flat over Z).

For the other cases, we can now suppose that p > 2. Choose an auxiliary
maximal lattice L that is self-dual over Z(,) and an embedding L — L° as
usual. If A = L+ C L°, then by Proposition 4.4.2, we can identify M ;) with
a closed and open substack of the stack Z(A) — pr) parametrizing isometric
embeddings A — V(A%).

By Proposition 4.5.7, it suffices to show that, for every m € QQ and every
p € L®Y/L?, the restriction of Z°(m, u) to Z(A) is flat over Z,). Equivalently,
it is enough to show that the image of the map

2°(m, ) xmg  Z(Mr, = Z(Mg,

does not contain an irreducible component of its target.

For this, let ZP"(A) C Z(A) be as in the proof of Proposition 4.4.2. We
saw there that, under the hypothesis n > 3, ZP*(A) is a fiberwise dense open
substack of Z(A). Therefore, it is enough to show that the image of the map

2°(m, 1) <) 27 (), — 27 (M)s,

does not contain an irreducible component of its target.

Note that the p-adic component of i is necessarily trivial, and note also
that ZP*(A)p, is normal and hence generically smooth. Therefore, the desired
assertion follows from [MP16, Cor. 6.18]. O
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4.6. Metrized line bundles. Let Fy : M(C) — M(C) be complex conju-
gation. An arithmetic divisor on M is a pair

Z=(Z,)

consisting of a Cartier divisor Z on M and a Green function ® for Z. This
means that ® is an Fy-invariant smooth R-valued function defined on the
complement of Z(C) in M(C), such that if ¥ = 0 is any local equation for
Z(C), the function ® + log |¥|? extends smoothly across the singularity Z(C).
A principal arithmetic divisor is an arithmetic divisor of the form

div(W) = (div(¥), — log |W[?)

for a rational function ¥ on M. The group of all arithmetic divisors is denoted
Div(M), and its quotient by the subgroup of principal arithmetic divisors is

the arithmetic Chow group CH' (M) of Gillet-Soulé [GS90].

A metrized line bundle on M is a line bundle endowed with a smoothly
varying F.-invariant Hermitian metric on its complex points. The isomor-
phism classes of metrized line bundles form a group Pic(M) under tensor
product. As in [Sou92, III.4], there is an isomorphism

(4.6.1) Pic(M) = CH (M)

defined by sending a metrized line bundle L on M to the arithmetic divisor
div(¥) = (div(¥), ~ log | ¥|*)

for any non-zero rational section ¥ of L.

By assertion (3) of Theorem 4.4.6, we obtain a canonical line bundle w
over M. We call this the tautological bundle, or the line bundle of weight one
modular forms. Its fiber at a complex point [(z,g)] € M(C) is identified with
the isotropic line Cz C V. Using this identification, we define the Petersson
metric on the fiber wy(, 5y by ||2||* = —[2,2]. In this way we obtain the metrized
tautological bundle e

w € Pic(M).

4.7. Harmonic weak Maass forms. We recall some generalities about the
Weil representation and vector-valued harmonic forms from [BF04], [BKY12],
[BY09], [Kud03]

Let S (V) be the space of Schwarz functions on V =V ® A #, and denote

by

S, cS(V)
the (finite dlmensmnal) subspace of functions that are invariant under trans-
lation by L = L ® Z and supported on LY = LV ® Z. We often identify Sy,

with the space of complex-valued functions on

LV/L = LY/L.
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In particular, for each p € LY /L, there is a corresponding Schwartz function
(4.7.1) Yu € S,

defined as the characteristic function of p + LcV.
Write SLa(A) for the metaplectic double cover of SLa(A). This cover splits
over SLy(Q), yielding a canonical injection

(4.7.2) SLy(Q) < SLy(A).
Pulling back the cover by the inclusions
SLa(R) — SLa(A), SLa(Ay) — SLa(A)
yields double covers
SLa(R) — SLa(R), SLa(Af) — SLa(Ajf),
and we define SLo(Z) and SLy(Z) by the cartesian diagrams

SL(Z) — SLa(R) SLy(Z) — SLa(Ay)
SLy(Z) — SLy(R) SLy(Z) — SLa(Af).

The inclusion (4.7.2) induces an injection SLy(Z) — SLy(Z), denoted 77,
defined by demanding that the product

7 -4 € SLa(R) - SLy(As) C SLa(A)
be equal to the image of 4 under the composition
SLy(Z) — SLy(Z) < SLy(A).
Denote by ¢g : Q\A — C* the unramified character with archimedean
component ¥ (z) = ™. The group SL2(Af) acts on S(V) via the Weil
representation w determined by vg, and the restriction of this representation to

SLy(Z) C SLy(Z) leaves invariant the finite dimensional subspace Sz. Denote
this representation by .
wr, : SLa(Z) — Aut(SL),
and define the complex conjugate representation @y, : SL2(Z) — Aut(SL) by
wr(y) e =wr(¥) P

If dim (V') is even, then wy, and @y, factor through SLo(Z). Note that our @y, is
the representation denoted pz, in [Bor98], [Bru02], [BF04], [BKY12], [BY09].

Denote by Hy_,/2(wr) the space of harmonic weak Maass forms of weight
1—n/2 for SLy(Z) of representation wy, in the sense of [BY09, §3], and denote
by

S1_ny2(wr) C Mifn/Q(wL) C Hy_pj(wr)
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the subspaces of cusp forms and weakly modular forms, respectively. By a
result of Bruinier-Funke [BF04], these spaces are related by an exact sequence

(4.7.3) 0 — Mi_, p(wr) = Hy_npo(wr) S Siina(@r) = 0,

where £ is a certain explicit differential operator.
As in [BY09, (3.4a)], any f € Hi_,/2(wr) has a holomorphic part

= > cf(m)-qm,

which is a formal g-expansion with coefficients
c}“(m) = Y c}f(m,u) -~ € 8L
neLY /L
When the principal part
Pi(r) =) cf(=m)-¢ ™
m>0
is integral, in the sense that cj{(—m,u) € Zforallm >0 and p € LV/L, we
define the corresponding special divisor
Z(f) = Z C}_(_ma M)Z(mnu)

m>0
ueLY /L

on M. There is a natural Green function ®(f) for Z(f), defined as a regu-
larized theta lift as in [BY09, (4.7)]. See also [Bru02], [BF04], [BKY12]. In
particular, we obtain an arithmetic divisor

(4.7.4) Z(f) = (2(/), 2(f)) € CH (M),
4.8. Borcherds products. Suppose
(4.8.1) flr) = Z cr(m)-qm € M{fnm(w,;)
meD;'Z
m>0

is a weakly holomorphic form, so that f = f* and ¢f(m) = c;? (m).

The following result will be shown in the companion paper [HM17], gen-
eralizing a result of F. Hérmann [Hér14]. Here, we only sketch its proof. For
the applications to Colmez’s conjecture, we will only require the assertion over
primes of good reduction, which is already contained in [Hor14].

THEOREM 4.8.1. Suppose that n > 3 and that the principal part Py(T) is
integral. Then, after replacing f by a multiple kf, for any sufficiently divisible
k € Z~q, there exists a rational section V(f) of w®er(00) " defined over Q, such
that

O(f) = —1og ()2 + 5 (0, 0) log(4me).

Here v = —T"(1) is the Euler-Mascheroni constant.
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In particular, the canonical isomorphism (4.6.1) produces identifications
=0 = div(¥(f))
= Z(f) = ¢(0,0) - (0, log(4me”)) + E(f),

where (0,log(4me?)) denotes the trivial divisor endowed with the constant Green

function log(4me?), and E(f) = (E(f),0) is the divisor
E(f) = div(¥(f)) = Z(f)

endowed with the trivial Green function. Moreover, there is a decomposition

E(N) =Y &)

p|Dr
in which the divisor £,(f) is supported on the special fiber Mg, , and
e if p is odd and p*t Dy, then E,(f) = 0;
o ifn>>5, then E(f) = &(f) is supported on Mg, .
e ifn>5 and Ly is self-dual, then E(f) = 0.

Sketch of proof. For any sufficiently divisible k, all the Fourier coefficients
of k- f are integral, and the Borcherds lift of k - f, after a normalization,
descends to a section of w®kr(00) Replacing f by this multiple, we take our
desired section ¥(f) to be this descent of the Borcherds lift. It is known that
the divisor of W(f) in M is exactly Z(f)|ar; see [Bor98] or [Bru02]. Thus
E(f) = >, E(f) is supported in finitely many non-zero characteristics.

Assume that L, is self-dual, or that p is odd and p? {1 Dy, or that p
is odd and n > 5. To check that &,(f) = 0, it suffices to show that both
Z(f) and div(¥(f)) are flat over Z,y. The flatness of Z(f) follows from
Proposition 4.5.8. For the flatness of div(¥(f)), note that the special fiber
Mg, is irreducible, by Theorem 4.4.6. Thus div(¥(f)), if not flat, contains a
multiple of the entire special fiber Mp,. Since a theory of integral g-expansions
is now available through [MS11], we can use the explicit product g-expansion
of W(f) to check that the support of div(¥(f)) cannot contain Mr,, and hence
that div(W(f)) is also flat. To be more precise, the Fourier coefficients in the
g-expansion of W(f) are integral and without a non-trivial common divisor.
Hence, the mod p reduction of such an expansion cannot vanish identically.
The g-expansion principle now implies that the form ¥(f) also cannot vanish
identically along the special fiber. O

5. Big CM cycles on orthogonal Shimura varieties

As in Section 3, we will fix a CM field E with totally real subfield F'. We
will also take Q2 to be the algebraic closure in C of Q and write I'g for the
absolute Galois group Gal(Q2/Q). We will also fix a distinguished embedding
v B — Qs
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The goal here is to embed the 0-dimensional Shimura variety from Sec-
tion 3 into the GSpin Shimura varieties from Section 4, and to study the
interaction between the various ‘motives’ that live over the two spaces. The
main result is Corollary 5.4.6, which explains the structure of the space of
special endomorphisms associated with points of the 0-dimensional Shimura
variety.

5.1. Hermitian spaces. Let (¥, (-,-)) be a rank one Hermitian space over F
that is negative definite at ¢y and positive definite at the remaining archimedean
places. The assignment

z— (zr,z) = 2(x)

induces a quadratic form 2 : ¥ — F on the underlying F-vector space of
signature

(5.1.1) sig(7) = ((0,2),(2,0),...,(2,0)).

The Clifford algebra of (¥,2) is a quaternion algebra over F, with a
7./27-grading
C(V)=Ct()a o (V).

The even part CT (%) is isomorphic to E as an F-algebra. We will fix an iso-
morphism E = C(¥) of F-algebras. Now, the odd part C~ (%) is identified
with the F-vector space ¥". The action of E on ¥ given by left multiplication
in the Clifford algebra is none other than the given E-module structure on 7.

Remark 5.1.1. If we fix any E-module isomorphism ¥ ~ FE, there is a
unique £ € F* such that the hermitian form on ¥ is identified with the
hermitian form (x,y) = £&zy on E. The element ¢ is negative at ¢y and positive
at t1,...,tq_1, and the isomorphism class of ¥ is uniquely determined by

Conversely, if we start with any CM field E with totally real subfield F', and
any £ € F'* negative at 1o and positive at 1, ..., tq_1, we obtain an F-quadratic
space (¥, 2) = (E,§ - Nmg,p) of signature (5.1.1) as above.

Let x : Ax — {£1} be the quadratic character determined by E/F.
Keeping the notation of Remark 5.1.1, for every place v of F', define the local
tnoariant

invy (V) = xo(§) € {#1}.

Thus inv, (7#') = 1 if and only if € is a norm from £, and a € FS is represented
by 7, if and only if x,(a) = inv,(¥’). The hermitian space ¥ is uniquely
determined by its collection of local invariants, and the product of the local
invariants is 1.
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Definition 5.1.2. Suppose that p C O is a prime ideal non-split in £. The
nearby hermitian space *¥ is obtained from ¥ by interchanging invariants at
to and p. In other words, P¥ is the unique rank one hermitian space over F
with
—inv,(¥) ifv e {p, w0},

inv,(¥)  otherwise.

inv,(*¥) = {

The (positive definite) hermitian form on ?¥ is denoted P(x1,x2), and the
associated F-quadratic form is P 2(z) = P(z, x).

5.2. Reflex algebras and Clifford algebras. Associated with (¥, 2) is the
Q-quadratic space

(5.2.1) (V,Q) = (¥, Trpyg 0 2)

of signature (n,2) = (2d — 2, 2).

Let Ef be the total reflex algebra associated with E. It is an étale
Q-algebra whose associated I'g-set is canonically identified with the set CM(E)
of CM types for E; see Section 3.4.

PROPOSITION 5.2.1. The relation (5.2.1) determines a distinguished em-
bedding of Q-algebras E* — CH(V).

Proof. The E-action on V = ¥ gives us a decomposition

(5.2.2) Vous = P 7 (),
t€Emb(E)

into 1-dimensional Q*8-vector spaces, where ¥ (1) = ¥ ® By Q2. By construc-
tion, the quadratic form ) induces a perfect pairing

V() x V(1) — Qdle.
Therefore, for each embedding ¢; : F — Q¥8, i =0,1,...,d — 1, Q restricts to
a non-degenerate form on

¥ =V ®p,, Q.

If i # j, then % and 7; are orthogonal, and so we obtain a Q®8-linear

orthogonal decomposition
d—1

VQalg == @ 7/1

i=0
into 2-dimensional non-degenerate quadratic subspaces. In turn, this gives us
a natural I'g-stable commutative subalgebra

(5.2.3) 6(5 CT (%) C CH(Vguw),
=0

which descends to a Q-subalgebra B C C*T (V).
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We claim that there is a canonical isomorphism of Q-algebras Ef = B.
For this, it is enough to show that there is a canonical isomorphism of I'g-sets:

Homgq_e(B, Q¥8) = CM(E).

But this is clear from the description in (5.2.3), since, for each i =
0,1,...,d — 1, we have canonical isomorphisms of Q*-algebras with an in-
volution

E®p,, QY8 5 CH(¥) op,, Q¥ 5 CH(%). 0

5.3. Morphisms of Shimura varieties. Assume now that d > 1, so that
n=2d—2>0. Write H for C(V), viewed as a faithful representation of

G = GSpin(V)

via the left multiplication action of C'(V) on itself. Using the inclusion E* C
C (V) of Proposition 5.2.1, the group Ty also acts faithfully on H via left
multiplication. The torus T' = Tx /T4 can be identified with the intersection
of G and T inside of GL(H). In other words, there is a cartesian diagram

T Ty
l: GLL(H)

in which all arrows are injective. Here, Nm? is the total reflex norm defined in
Section 3.4.
Now, we have canonical identifications

ReSE/QSO(af/) = Té = Tso

of tori over Q. This exhibits Ty, as a maximal torus in SO(V), and it also
identifies V' with the standard representation Vy of T'. Moreover, we have a
commutative diagram

]‘ Gm T Tso 1
1 Gm G SO(V) — 1

with exact rows, and all vertical arrows are injective.
Via the decomposition (5.2.2), we obtain a T'(C)-stable line

2" =Y (1o)c C Y.

This line is isotropic with respect to the quadratic form Trp/g o 2, and we use
(5.2.1) to view z“™ as a point of the hermitian domain (4.1.1).
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The morphism 7' — G induces a morphism of Shimura data
(5.3.1) (T, {mo}) — (G, D)

mapping pg to z" € D.

As in Section 4, let L C V' be a maximal lattice of discriminant Dy. Recall
that the choice of maximal lattice determines a compact open subgroup K C
G(Ay) and a Shimura variety (4.1.3), with a canonical model M — Spec(Q).

Consider the compact open subgroup K1 o = Ko N K C T(Ay). In Sec-
tion 3, we associated with it a 0-dimensional Shimura variety Y, ,, as well as
a normal integral model yKLO over Og. From now on we abbreviate

Y=Vk,,-

This is an arithmetic curve over O, whose generic fiber we denote by ¥ —
Spec(E). By the theory of canonical models, we now obtain a morphism

(5.3.2) Y = M
of Q-stacks, induced by the morphism of Shimura data (5.3.1).
PROPOSITION 5.3.1. The map (5.3.2) extends to a map of Z-stacks
Y= M.

Proof. This follows from Proposition 3.6.2 and assertion (4) of Proposi-
tion 4.4.1. O

We will need some information about the compatibility of this map with
constructions of automorphic sheaves. For this, fix a prime ¢ C O lying above
a rational prime p, and an auxiliary quadratic lattice L® of signature (n°,2),
self-dual at p and admitting L as an isometric direct summand. Associated
with it is the Shimura variety M with a smooth integral canonical model pr)
over Z, and a finite map M, — pr).

From Propositions 4.2.4 and 4.2.5, we obtain functors N,y — NJr and

Np) = N from Gfp) def GSpin(L%(p) )-representations to filtered vector bun-

Cris
dles over ./\/lfp) and F-crystals over M%p, respectively. On the other hand, any
Gfp)—representation Np) gives a Q-representation N = N, [p~1] of T, and a
Ko, -stable lattice N, = N,y ® Z;, C Ng,. Therefore, by Proposition 3.5.5
(or more precisely, its proof), it gives us a filtered vector bundle Nygr over

Vi) =Y @0y Op,(q) and an F-crystal Negs over Vg, .

PROPOSITION 5.3.2. There are canonical isomorphisms

0

~ > . >~
Ngr — NdR’y(q) ; Neris = CI‘iS|y]Fq

of filtered vector bundles and F'-crystals, respectively.
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We omit the proof of the proposition, which follows immediately from
unwinding the constructions. The main point is that both constructions, when
restricted to the completed étale local ring at a point y € Y(Fy), recover the
functors N, — Ngr,0, and N, — Neisy of Corollary 3.5.4, obtained from
Kisin’s functor 91

For any prime p, note that the F-action on V gives us an orthogonal
decomposition

VQp = @ V;J’
plp
where p ranges over the p-adic places of F', and where we have set V, = FyQpV.
For each p | p, set

Definition 5.3.3. Call a prime p good for L, or simply good, if the following
conditions hold:

e For every p | p unramified in E, the Z,-lattice L, is Of p-stable and self-
dual for the induced Zjy-valued quadratic form.

e For every p | p ramified in E, the Zy-lattice L, is maximal for the induced
Zyp-valued quadratic form, and there exists an O 4-stable lattice A, C V,,
such that

-1
Ap C Ly S5 5 Ay

Here q C Op is the unique prime above p.

All but finitely many primes are good. Choose any Op-stable lattice A C L.
Then, for all but finitely many primes p, Az, = Lz, will be self-dual and hence
good.

We will call a prime bad if it is not good, and we let Dy,q be the product
of the bad primes. If we wish to make its dependence on the lattice L explicit,
we will write Dy,q 1, for this quantity.

LEMMA 5.3.4. For every p{ Dyaq, we have
Krop = Kop CT(Qp)-
In particular, Y is finite étale over OE[D];;d].

Proof. Note that Ky o, contains the subgroup Z; of scalars. Therefore,
it is enough to show that the image Ky, o of Ko p in Tio(Q)p) is contained in
the discriminant kernel of Lz,. This is easy to see from the explicit description
of Lz, in Definition 5.3.3, as well as of Kq s, in (3.2.1).

There are two main points. First, K s, preserves all O j,-stable lattices
in Lz,. Second, for any prime p C O ramified in £ with ¢ C Og the prime
above it, if « € Opgq, then @ and « are congruent mod dg, /-
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Combining these two facts, if A, C L, is a maximal OF ¢-stable lattice,
then Ko s, stabilizes A, and acts trivially on DE: /P, Ay/Ay. This implies that
it stabilizes L, and acts trivially on L,\J/ /Ly. Since LV/L is a subquotient of
@Dy Ly /Ly, we find that Ko s, preserves L and acts trivially on LV/L. U

5.4. The space of special endomorphisms.

PROPOSITION 5.4.1. Suppose that y € Y(C). Then V(A,) =0.

Proof. Let z¢" = ¥ (19)c C Vg be as in Section 5.3. The proposition
amounts to the statement that there are no positive elements x € V that
are orthogonal to z¢"*. But if such an x existed, then it would generate the
1-dimensional E-vector space ¥ = V and, since z¢" C ¥ is E-stable, this
would imply that every element of V is orthogonal to z“", which is clearly
impossible. ([

Recall that V' is isomorphic as a T-representation to the standard repre-
sentation Vy = V(Hp,c) from Section 3.6. If we are viewing V or Vj as an
E-module, we will emphasize this by writing ¥ and %), instead. There is
a canonical Hermitian form on %;: For z,y € %), we define (x,y)g € E by
the relation z oy = (x,y)o as elements of End(Hp). Under the isomorphism
¥ = ¥, the Hermitian form on ¥ induced from 2 is carried to the form
&(z,y)o for some element & € F' such that ¢(o(§) < 0 and ¢;(§) > 0 for j > 0.

The lattice LZ C Va ; is Ko,r-stable, and we have a Ky r-equivariant
embedding L5 < Endg(r)(Hz). From this data, and the constructions in
Sections 3.3 and 3.5, we obtain embeddings

(5.4.1) Vi — Ende () (Hq)|y

of sheaves over ) for 7 = B, {,dR, cris. The images of these embeddings are
local direct summands of their targets when ? = B, ¢, but not necessarily when
? = dR, cris. However, we have an embedding

(5.4.2) Viris,Q < LMC(L)(Hcris)Q‘y

in the isogeny category associated with the category of F-crystals over ).
The next result is clear from the definitions and Proposition 5.3.2.

PROPOSITION 5.4.2. For any Y-scheme S, and any prime p,
V(As[p™]) € Ende(r) (As[p™])

consists precisely of those endomorphisms whose homological realizations land
in the images of the embedding (5.4.1) for 7 = p over S[p~'], and in the
embedding (5.4.2) for ? = cris over Sg,. In particular,

V(As) C Ende(z)(As)
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consists of those endomorphisms whose (-adic realizations over S[{—'] land in
the image of the embedding (5.4.1), and whose crystalline realizations over Sr,
land in the embedding (5.4.2).

Fix a rational prime p. Let q C O be a prime above p, and let p C Op
be the prime below q.

PRrOPOSITION 5.4.3. If p is split in F, then
V(4y) = V(Ay[p>]) =0
for ally € y(Fglg).
Proof. Indeed, V(Ay[p™]) C Verisy[p~1]?~! = 0, by Proposition 3.6.1. O

By Propositions 5.4.1 and 5.4.3, for a geometric point y of ), if V/(4,) # 0,
then y must be an Fglg—valued point with q C Op the unique prime lying above
a prime p C O that is not split in E.

Until otherwise specified, we will assume from now on that we have fixed
the data of such p,q and y. In this case, by Proposition 3.6.2, the abelian
variety A, is supersingular. Therefore, for any prime ¢, the natural map

Zy ® End(Ay) — End(A,[¢>])
is an isomorphism. This implies that, if £ # p, then the natural map
(5.4.3) V(4,[6]) = Vi,

is an isomorphism.
Also, if £ = p, then the natural map

(5.4.4) V(4y[p™Dg = Verisylp™ 177"

is also an isomorphism. Moreover, by Proposition 3.6.1, Vcrisjy[pfl] is generated
by its @-invariants.

For any 7?7, since E acts T-equivariantly on V, we have a natural map
E — End(V?)q giving an action of E on V» in the appropriate isogeny category.
In particular, if y is as above, then, via the isomorphisms (5.4.3) and (5.4.4),
the space V (A, [(*°])g has an F-action, making it a rank 1 module over Q,®gFE.
If we want to emphasize this structure, we will write ¥ (A,[¢*°])q for this space
and 7'(A,[¢°]) for the lattice V(A,[¢>°]) within it.

Recall that there is a natural quadratic form @ on V(A4,[¢*°]) induced
from composition in End(A,[¢*°]). There is now a unique Hermitian form
(-,-)¢ on ¥ (Ay[€>])q with associated Qy ®qg F-quadratic form Zy(x) = (z,x),
such that, for any x, we have

Q@) = Tr(g,eqr) /0, (Ze(x)).
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Set
¥ (Ayloo]) = [ 7 (A, [6]).
¢

Then 7 (Ay[oc])g has the structure of a Hermitian space over Ay g.

PROPOSITION 5.4.4. The Hermitian space ¥ (Ay[oo])g is isometric to
"”//Af, where *Y is the nearby Hermitian space from Definition 5.1.2.

Proof. For each prime ¢ # p, (5.4.3) shows that ¥/ (A,[¢>]) is isometric
to Lz,. This shows that ¥/ (Ay[oc0])q is isometric to ¥ ,, and hence to 7} ,
away from the prime p.

Now consider what happens at the prime p. By (5.4.4) there is an isometry

Y (Ay[p™])o = Vcris,y[p_l}wﬂa
and there is an orthogonal decomposition

V;:ris,y[p_l] = @ V[p_l]cris,p/7
plp
where p’ ranges over the primes in O lying above p. By the proof of Propo-
sition 3.6.1, for each p’, we have

V[p_l]cris,p’ = V(HO,cris,p’> C) [p_l]-
Under this isomorphism, the Hermitian form on V [p~ sy is carried to the
form &(-,-), where (-,-) is the Hermitian form induced from composition in
End(HO,Cris,p’)-
If p’ # p, there is an isomorphism of F-crystals

Wy @0, Ho — Ho cris p

where the left-hand side is equipped with the semi-linear map Fr% © 1. There-
fore, we obtain an isomorphism

Vi ey = B ©r %

cris,p’
carrying the Hermitian form on the left-hand side to £(-,-)o. This shows that
¥V (Ay[c])q is isometric to ¥, and hence to P¥}, away from the place p.
Finally, if p’ = p, the F-crystal Hocisp is the Dieudonné F-crystal of a
Lubin-Tate group over O 4 associated with some uniformizer 7 € E,. If q is
unramified over F' and 7 is chosen to lie in F}, then Proposition 2.3.3 shows
that we have an isomorphism

Vip &, = Ea®r %

cris,p
carrying the Hermitian form on the left-hand side to 7&(-, ).
If q is ramified over F' and 7 is chosen to lie in F},, then Proposition 2.3.3
shows that we have an isomorphism

Vip 25 S By o %

cris,p
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carrying the Hermitian form on the left-hand side to v&(-,-)o, where v = 33
for some 3 € W satisfying mFrdo (B) =7p.

In either case, it is easily checked that this establishes an isometry of
V[p‘l]‘pzl with ;. This finishes the proof of the proposition. O

cris,p

PROPOSITION 5.4.5. Suppose that p is not split in E and that q C Of is
the unique prime above it. Fix a pointy € y(Fglg). Then Ay is a supersingular
abelian variety. Moreover,

(1) V(4y) #0;
(2) the natural map

(5.4.5) Z @z V(Ay) = V(Ay[e0])
1 an isometry of quadratic spaces over Z.

Proof. It was already observed above that A, being supersingular follows
from Proposition 3.6.2.

From Proposition 5.4.4, we find that, for any prime ¢, the rank of the
Zg-module V' (A,[0>]) is equal to 2d = dim V. Moreover, we can find a finite
extension of Fy over which y and all the elements of V(A,[¢>°]) are defined.

This shows that [MP15, Assumption 6.2] is satisfied, and so our propo-
sition now follows from [MP15, Th. 6.4]. The statement of the cited result
assumed p > 2, but its proof goes through without this assumption. O

COROLLARY 5.4.6.

(1) For any connected Y-scheme S, V(Ag)g has a canonical structure of an
E-vector space equipped with a positive definite Hermitian form (-,-).
(2) We have V(Ag)g = 0 unless the image of S — Y is supported on a single
special fiber Vg, with @ C Op a prime lying over a non-split prime p C Op.
(3) If S — Y is supported on a single special fiber Vg, as in (2), then there is
an isometry
Y (Ag)g — PV

of Hermitian spaces over E. Here, we have written ¥ (Ag)g for V(As)o
equipped with its additional Hermitian E-vector space structure.

Proof. From Proposition 3.5.6, we obtain an embedding 7" — Aut°(Ag),
whose homological realizations are the maps 67(H) of loc. cit. This implies
that V(As)g C Endg(r)(As)g is a T-stable subspace.

First assume that S is a geometric point y € y(F;‘lg), where q C Op
lies over a non-split prime p C Op. For any ¢ # p, by (5.4.3), V(Ay)q, is
isomorphic as a Tg,-representation to Vp,. It is easy to see that, for each /,
the E action on Vg, identifies Fg, with the commutant of T, in End(Vy,).
Therefore, the commutant of 7" in End(V (Ay)q) is a commutative Q-algebra
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that, for every £ # p, is isomorphic to Eg, over Q;. As such, this commutant
must be the field E. In this way, we obtain an E-action on V' (4,)qg, making it a
1-dimensional E-vector space, which is irreducible as a representation of T'. In
particular, there is a unique Hermitian form (-, -) on it, which when composed
with Trp/q gives the canonical quadratic form on V(A )q. It now follows from
the Hasse principle for E-Hermitian spaces and Propositions 4.5.4, 5.4.4 and
5.4.5 that we have an isometry
Y (Ay)o =Py

of Hermitian spaces over E.

If S is any Y-scheme with V(Ag) # 0, it follows from Proposition 5.4.1
that the image of S in ) does not intersect the generic fiber Y, and thus it
is supported in finite characteristics. Suppose that s € S (Fglg) is a geometric
point lying above a point y € y(IF‘f{lg). This implies that q lies over a non-split
prime p C Op. Moreover, since ¥ (Ay)q is an irreducible representation of T,
the map

V(As)e = 7(4y)e
must be an isomorphism. In particular, V' (Ag)g has a canonical structure of a
Hermitian space over E, equipped with which it is isomorphic to P¥. It follows
from this that the image of S in ) has to be supported over V,. (]

6. Arithmetic intersections and derivatives of L-functions

In this section, we set up the terminology required to state the main
technical result of this paper, Theorem 6.4.2. In particular, following [BKY12],
we discuss the theory of incoherent Eisenstein series and their g-expansion and
recall the main theorem of loc. cit.

Keep E/F and (¥, 2) as in Section 5.1. Once again define a Q-quadratic
space

V,Q) = (¥, Trpg o 2)

of signature (2d —2,2) = (n,2), where d = [F' : Q]. We will assume that d > 1,
so that n > 0.

Let x : Ay — {£1} be the quadratic character defined by the CM ex-
tension E/F, and let Dg and Dp be the discriminants of F and F. If we set
I'r(s) = 7~%/2I'(s/2), the completed L-function

Dg s/2 J
(60]‘> A(Sa X) = FR(S + 1) L(Sv X)
Dp
satisfies the function equation A(1 — s, x) = A(s, x). Furthermore,
A r 1 D log(4me”

where v = —I"(1) is the Euler-Mascheroni constant.
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6.1. Incoherent Fisenstein series. Recalling the standard additive charac-
ter g : Q\A — C* of Section 4.7, define

¢F  F \AF — CX
by p =g o Trp/q.
If v is an archimedean place of F', denote by %, the unique positive definite
rank 2 quadratic space over Fy,. Set oo = [[yo0 ¢v- The rank 2 quadratic space

C=CoxV

over A is incoherent, in the sense that it is not the adelization of any F-quad-
ratic space. In fact, € is isomorphic to ¥ ® p Ap everywhere locally, except at
the unique archimedean place ¢y at which ¥ is negative definite.

To any Schwartz function

oo @ ¢ € S(Co) @ S(V) = S(€)
we may associate an incoherent Hilbert modular Eisenstein series via the pro-
cess described in [Kud97], [KY10], [Yan05]. Briefly, the construction is as
follows. Denote by I(s,x) the degenerate principal series representation of
SL2(Ap) induced from the character x| -|* on the subgroup B C SLy of upper

triangular matrices. Thus I(s, x) consists of all smooth functions ®(g,s) on
SLa(Ap) satisfying the transformation law

o (1)) = x@lal+iat.s),

As in Section 4.7, the Weil representation wy (determined by the character ¢r)
defines an action of SLa(Ap) on S(%), and the function

®(g,0) = we(9)(Peo ® ©)(0)

lies in the induced representation (0, x). It extends uniquely to a standard
section ®(g, s) of I(s, x), which determines an Eisenstein series
(6.1.1) E(g,s,®) = > ®(vg, s)

~EB(F)\SLa(F)
on SLa(Ar). As in [Kud97, Th. 2.2], the incoherence of ¥ implies that
E(g, s, ®) vanishes identically at s = 0.

Endow Ap with the Haar measure self-dual with respect to ¥, and give
F\Ar the quotient measure. For every o € F', define the Whittaker function
(6.1.2) Walg,s, @) = O (wn(b)g, s) - Yr(—ab) db,

Ap
where w = (, 7') and n(b) = (1 %) . The Eisenstein series (6.1.1) has a Fourier

expansion

E(g,5,®) = FEa(g,s,®)
acF
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in which the coefficient
E.(g,s,®) = / E(n(b)g, s,@) ~pp(—ab) db
F\Ap
is related to the Whittaker function by

Wa(g737(b) lfOé#O,

(613) Ea(g,S,@) - {(I)(g,s)+Wo(g,5,‘I)) if = 0.

The degenerate principal series decomposes I(s,x) = ®yIy(s, xv), where
the tensor product is over all places of F'. There is an obvious factorization
¢ = P, ® Py into archimedean and nonarchimedean parts, which induces a
corresponding factorization

Wa(g7 S, (b) = Wa,oo(gom S, ¢OO) : Woz,f(gf’ S, (Pf)

of the integral (6.1.2). In practice there will be a further factorization ¢ =
®ppp € S(¥') over the rational primes, and hence a factorization

Wa(g) S, (P) = Wa,oo(gooa S, ¢oo) ! HWQ,P(QP) S, SDP)
p

of Whittaker functions. When the component ¢, admits a further factorization
©p = Rp|pPp, S0 does

Wap(9ps s, 0p) = H Wa,p(9p, 8, ¢p)-
plp

From now on we will always take the archimedean component ¢, of our

Schwartz function to be the Gaussian distribution

P2 = B0y, € Q) S(6)

v]oo

defined by ¢}(z) = e 272 ®); 9, is the quadratic form on %,. By [KY10,
Lemma 4.1] the resulting Eisenstein series (6.1.1) has parallel weight 1. As
the archimedean component will remain fixed, the section ® is determined by

—~

v € S(¥), and we will often write

E(g,s,¢) = E(g,s,®).

6.2. A formal g-expansion. Asin the previous section, fix a Schwartz func-
tion p € S (77), and let E(g,s,¢) be the corresponding incoherent weight 1
Eisenstein series on SLa(Ap).

For any 7 € H%, let gz € SLo(Ar) be the matrix with archimedean com-

ponents
i 1 Ui_ 1/2
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and take all finite components to be the identity matrix. Here

ﬁ:(uo,...,ud,l), 172 (vo,...,vd,l)

are the real and imaginary parts of 7. Exactly as in [BKY12, (4.4)], define a
classical weight 1 Hilbert modular Eisenstein series

1

E(?787¢): 'E(Q",S,QO),
N@
where N (V) = vg---v4—1. Its derivative at s = 0 has the Fourier expansion
E'(7,0,¢)

/(
\/N— c;?E 97,0, 9).
As in [Kud97], [KY13], for any a € F*, define the difference set
Diff () = {places v of F': €, does not represent a}.
Usually o will be totally positive, in which case
Diff (o) = {primes p C Op : ¥, does not represent o}
= {primes p C Op : xp(a) # invy(¥)}.

Remark 6.2.1. Note that Diff(«) is a finite set of odd cardinality, and
any place v € Diff(a) is non-split in E. If p C Op is a finite place, then
Diff («) = {p} if and only if « is represented by the nearby hermitian space %
of Definition 5.1.2.

All parts of the following proposition follow from the statement and proof
of [BKY12, Prop. 4.6].

PROPOSITION 6.2.2. For any totally positive o € F', we have

1 CLF(OZ, QD)
: E& T 07 = ——"T>.¢
N om0 =gy

for some constant ar(a, ) independent of 7. Furthermore,
(1) if Diff(a)| > 1, then ap(e, @) = 0;
(2) if Diff(a) = {p}, then

ap(a, @)
A0, x)

where Q(¢)/Q is the extension obtained by adjoining all values of ¢.

€ Q(p) - log N(p),

Now we study the constant term. Much of the following proposition is
implicit in the statement and proof of [BKY12, Prop. 4.6], but the relevant
part of loc. cit. is misstated, and we need more information than is found there.
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PROPOSITION 6.2.3. There is a meromorphic function M (s, ) such that
Eo(gz, s, ) /2 L spp A(s,x)
6.2.1 ——"" = p(0)- N(¥)¥* = N(0) " ———5— - M(s,¢).
©21)  PUIEEE - p0) NG N g O M)
If ¢ = @pipyp factors over the primes of O, then so does
M(s, ) = ]| Mp(s, p)-
p

FEach factor My(s,py) is a rational function, with coefficients in Q(py), in the
variable N(p)*, and all but finitely many factors are equal to 1. Finally,

1 a0
 E)(g7,0, ) = (0) log N(7) + “F0#)

(6.2.2) G NOR

where the constant ap(0, @) is defined by the relation
ar(0,¢) A'(0, x) /
AESP) — 95(0) - — M'(0, ).
A(0,x) ) A(0,x) (®%)

Proof. Assume that ¢ = ®pp, admits a factorization over the finite places
of I, so that there are similar factorizations

(I)(Q,S) :H(bv(gas)? W0(9737(I)) :HWQW(Q,S,(I)U)

over all places of F'. We define

M(s,p) = HMP(87 9013)7
p

where

I](p)f(p)/Z I‘P(S 17X)
6.2.3 My(s,pp) = . -Wow(l,s,®
( ) P(S P) ,Yp(/.j/) [p(37X) O,P( s P)

= Nep o . Lp(s+1,x) . wn s
w7 Ly(s,x) /F,, ®y (wn(b),s) db.

Here I € SLa(Fy) is the identity matrix, f(p) = ordpy(DpDp/p), where Dp
and Dg/p are the different and relative discriminants of F//Q and E/F, re-
spectively, and

(6.2.4) Yo (V) = xp(—1) - invp (V) - ep (X, ) € {£1, £i}
is the local Weil index (relative to ¥p) as in [Yan05]. These satisfy

(=) [ W) = -1
p

Note that for a given ¢, all but finitely many p satisfy M, (s, ) = 1. This
is an easy exercise. Alternatively, as two factorizable Schwartz functions are
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equal in all but finitely many components, it suffices to prove the claim for any
one factorizable Schwartz function. This is done below.

Extend ¢ — M(s, ) linearly to all Schwartz functions. Combining the
definition (6.2.3) with the calculation

gTrR(s +1)¢ _
W - — ()BT A (1-9)/2
0,00(97’7 S, (boo) ( Z) FR(S T 2)d N(U)
of [Yan05, Prop. 2.4], we find
L1 A(s, x)
Wal(g~ S (I=s)/2 2% X)
0(97'783@) N(U) A(S+1,X) M(S,QO).

Plugging this equality and
®(gr,5) = N (@) T2 (1, 5) = N@) V2. 0(0)
into the equality

EO(gFa S, SO) = @(g,[—_»’ 3) + WO(QFa S, q))

of (6.1.3) proves (6.2.1). As the left-hand side of (6.2.1) vanishes at s = 0, the
functional equation A(1 — s, x) = A(s, x) implies M (0, ) = ¢(0), and (6.2.2)
then follows directly from (6.2.1) by taking the derivative.

It only remains to prove the claims concerning the rationality of the local
factors My (s, pp). First we describe M, (s, ¢p) for a specific choice of ¢,. Fix
an isomorphism

(6.2.5) ("5, Zp) = (Ep, & - NmEp/Fp)

with § € FJ°. If p is either split or ramified in F, we choose this isomor-
phism so that &, € Of’p. If p is inert in F, we choose the isomorphism so that
ordy (&) € {0,1}. Now let ¢y, be the characteristic function of O, C E, = %.
For this choice of Schwartz function, the calculations of [Yan05] (see also Corol-
lary 7.1.9 below) show that

N(p)~!- é‘;’gziﬂjg if p is inert in F and invy (%) = —1,

1 otherwise.

MP(Sv (:513) = {

By the linearity of ¢, — M,(s,pp), it now suffices to show that when
©p(0) = 0, the function

LP(‘SaX)
PN M (s, 0p) =
Ly(s +1,x) (s ¢p)

N(p)/®)/2
Y () Fy

is a polynomial in N (p)® with coefficients in Q(¢p). We assume ¢,(0) = 0 in
all that follows.

(6.2.6) O, (wn(b), s) db
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If |b| < 1, then ®,(wn(b),s) is independent of s, by the definition of a
standard section. If |b] > 1, then the factorization

wn(b) = (1 _bl) = (bl _bl> (bll 1)

ytwn(t).s) = w02y (1 )0).

As ®,(g,0) is locally constant, this last equality also implies that for all b
outside of some sufficiently large ball p~¢, we have

¢, (wn(b),s) = Xp(b)|b|7571<1>p(l, 0) = Xp(b)]brs’lgop(O) =0.
Using these observations, one can check that (6.2.6) is a polynomial in N(p)*
by decomposing the integral as a sum of integrals over annuli p* ~ p**! in the
usual way.
For all sufficiently large ¢, we have

1 1
w(¥) Ik, plwn(b), 0)db = ) /_c Py (wn(b),0) db

o
_ / - [y (@) (b2() ) da db

_ /% oo(@) < /p - qu,,,(bfzp(x))db> dz.

The second equality is easily obtained from the explicit formulas [HY12, (4.2.1)]
defining the Weil representation. In the above equalities, Haar measure on %,

shows that

is normalized as in [HY12, Lemma 4.6.1], so that, for any isomorphism (6.2.5),
Vol(Og ) = N(p)~orde(Dr/r)/2N (p)~ords (&)
The Haar measure on F} is chosen to be self-dual with respect to 1 ry, so that
Vol(p~¢) = N(p)° - Vol(Op,) = N(p)° - N(p)—ordp(DF)/Q.

The inner integral above is

/  Urp(b2(x)) db =

p 0 otherwise,

{%Mﬂ)ﬁ%mmwm$

and from this it is clear that the value at s = 0 of (6.2.6) lies in Q(yp).

By the interpolation trick of Rallis, as in [KY10, Lemma 4.2], the calcula-
tion above can be extended to show that the value of (6.2.6) lies in Q(¢y) for any
s € Z>p. This shows that (6.2.6) has the form R(N(p)®) where R(T) € C[T] is
Q(¢p)-valued at infinitely many 7" € Z, and from this it follows that R(7") has
coeflicients in Q(¢py).

This completes the proof of Proposition 6.2.3. U
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As in [BKY12, Prop. 4.6], define a formal g-expansion
E(T,p) = ar(0,¢) + Z ar(a, ) - q%,
acF

where Fly C F' is the subset of totally positive elements. Its formal diagonal
restriction is the formal g-expansion

E(r,p) = Z a(m,¢)-q"

meQ
defined by a(0, ¢) = ar(0, ¢), and
(6.2.7) a(m,p) = Y ar(a,p)
acly
Trp/g(e)=m

for all m # 0. In particular. a(m, ) =0 if m < 0.

6.3. The Bruinier-Kudla-Yang theorem. Fix a maximal lattice L in the

Q-quadratic space (V, Q). Recalling the Schwartz function ¢, € S(¥) = S(V)
of (4.7.1), abbreviate

a(m,p) = alm,p,), ar(a,p) =ar(a, @)

for any p € LY/L.
Fix also a harmonic weak Maass form f € Hy_4(wr) with integral princi-
pal part. Let us temporarily denote by

F=£&(f) € Sa(wr)

the image of f under the Bruinier-Funke differential operator of (4.7.3). De-
compose f(7) = 3", fu(7)¢u, where the sum is over p € LY/L, and define a
generalized L-function

(€)= As+100 [ S BB e S
SL2(Z\H eV, v
exactly as in [BKY12, (5.3)]. Here 7 = w+ iv € H, and E(7,s,) is the
restriction of the Hilbert modular Eisenstein series E(7, s, ¢) to the diagonally
embedded H — H?. This L-function is an entire function of the variable s,
and it vanishes at s = 0.
Abbreviate

degc(Y) def Z 1 _ |T(@)\T(Af)/KL,0’

sevio) [Auty)] T(Q)NKLo

where Y (C) is the set of complex points of Y, viewed as an E-stack. If we set

yr =y X Spec(Z) Spec((C),
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then
1

S = 2d-dege(Y).
S oy 1At

The following theorem is the main result of [BKY12].

THEOREM 6.3.1 (Bruinier-Kudla-Yang). In the notation above,

O(5,Y) L) a(m, ) - ¢ (=my )
2deg(Y) A0, x) + Z A(0, x) ’

ueLY /L
m>0
where ®(f) is the Green function for Z(f) appearing in (4.7.4) and, using the

morphism Y>°(C) — M(C) induced by (5.3.2), we abbreviate

O(f,y)
ye;@ |Aut(y)|

6.4. The arithmetic intersection formula. Exactly as in Section 4.6, we
may form the group of metrized line bundles Pic()) on V.

Let Fyy : Y*°(C) — Y>°(C) be complex conjugation. As Y is flat of
relative dimension 0 over O, all Cartier divisors on ) are supported in non-
zero characteristics. If Z is such a divisor, by a Green function for Z, we mean
any Foo-invariant R-valued function ® on Y*°(C). Exactly as in Section 4.6,
we define an arithmetic divisor on ) to be a pair

—~

Z=(2,0)

consisting of a Cartier divisor on ) together with a Green function. The

—1
codimension one arithmetic Chow group CH ()) is the quotient of the group
of all arithmetic divisors by the subgroup of principal arithmetic divisors

div(¥) = (div(¥), — log |¥[?)
for ¥ a non-zero rational function on ). Once again we have an isomorphism
Pic(y) = CH ().
Remark 6.4.1. Any arithmetic divisor (Z, ®) decomposes as (Z,0)+(0, ®),

and Z can be further decomposed as the difference of two effective Cartier
divisors.

To define the arithmetic degree, as in [GS90], [KRY04], [KRYO06], of an
arithmetic divisor Z as above, we first assume that Z = (Z,0) with Z an
effective Cartier divisor. Then

deg(Z) = Y logN(q)

9C0E 2EZ(FY®)

length(Oz )
[Aut(z)]



474 F. ANDREATTA, E. Z. GOREN, B. HOWARD, and K. MADAPUSI PERA

where Oz , is the étale local ring of Z at z. If Z= (0, ®) is purely archimedean,
then

igH=L vy 2
2 2o TAui(y)
The arithmetic degree extends linearly to all arithmetic divisors and defines a

homomorphism
deg : Pic(Y) — R.
We now define a homomorphism
- )] Pie(M) — R,
the arithmetic degree along ), as the composition
Pic(M) — Pic(Y) <5 R.

THEOREM 6.4.2. Recall the integer Dyaq = Dyaa,r defined following Def-
inition 5.3.3. For any f € Ho_4(wr) with integral principal part, the equality
2(1) Y] __L£0.£(f)  2(0.0)-¢£(0,0)

degc (V) A(0, ) A(0, x)

holds up to a Q-linear combination of {log(p) : p | Dpad}-

Theorem 6.4.2 is the technical core of this paper; its proof will occupy all
of Section 7, with the completion of the proof appearing in Section 7.8.

Remark 6.4.3. By Proposition 5.4.1, the Z-quadratic space of special endo-
morphisms V(4,) is 0 for any complex point y € Y(C). By the very definition
of the special divisors Z(m, ), it follows that the image of ) — M is disjoint
from the support of all Z(m, ), and hence from the support of Z(f), in the
complex fiber. As Y is flat over Z of relative dimension 0, this implies that
the image of ) meets the support of Z(f) properly; i.e., the intersection has
dimension 0 and is supported in finitely many non-zero characteristics.

7. Proof of the arithmetic intersection formula

In this section we prove Theorem 6.4.2. There are two main computa-
tions that are independent of each other: Proposition 7.3.2 and Theorem 7.7.4.
The first computes the Fourier coefficients of an incoherent Eisenstein series,
and the second computes the lengths of the local rings of the intersection be-
tween the special divisors on the ambient GSpin Shimura variety with the
0-dimensional Shimura variety from Section 3.1. These combine to give Theo-
rem 7.8.1, which is at the heart of the proof of the main theorem.
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7.1. Local Whittaker functions. Let p be a good prime, in the sense of
Definition 5.3.3, and let p C OF be a prime above it. We will assume that p is
not split in Og. Let ¢ C Og be the unique prime above p.

Let m(p) and n(p) be the p-adic valuations of the different dp, g, and
relative discriminant Dg,  p, = Nmpg, /g (0g,/F,), respectively. The integer
n(p) is non-zero if and only if g is ramified over F. Set f(p) = m(p) + n(p);
this is the p-adic valuation of dr, o, Dk, /F,-

Let e(p) be the absolute ramification index of p. If p # 2, then the only
possible non-zero value for n(p) is 1. If p = 2, then n(p) belongs to the set
{2e(p) +1}U{2i: 0<i<e(p)}.

Since p is good, the quadratic space Ly, = L, NV, contains a maximal
Op q-stable lattice Ap,. Moreover, if p is unramified in £, then this lattice is
itself self-dual and, in particular, is equal to Ly.

Fix a uniformizer m, € Opyp. If p is unramified in £, we will also write m,
for this element, when we view it as a uniformizer for Ej. If p is ramified in E,
we assume that 7, has the form Nm(nq) = 7, for a uniformizer 74 € E;. Here
Nm is the norm from Ej to Fy.

We will now explicitly describe the possibilities for A,.

e If p is inert in F, then the self-dual quadratic form on L, is the trace of an
E4-valued Hermitian form. In this case, Ly, = A, and we have an isometry
of Hermitian lattices:

(Lp, <$1,$2>) ~ (OE’q, 7rp—m(p)$1§2).

The nearby Hermitian module P L, =P A, is defined by

1

(" Ly, P (21, 22)) = (Opq,mp " a173).

(In other words, the underlying O g-module is the same, but the hermitian
form is rescaled by my.)

e If p is ramified in F, with ¢ C Of the prime above it, then, for an appro-
priate choice of unit g, € (’);,p, we have an isometry of Hermitian lattices:

(A, (71, 72)) = (O, Bamy P Ts).
The nearby Hermitian module PA, is defined by
(PAp,P (@1, 22)) = (Og, By "P17s),

where f_ = 654, and 0 € 1+7rg(p)7lOF,p3 is such that x(0) = —1. (In other
words, the underlying O g-module is the same, but the hermitian form is
rescaled by 4.)

3If n(p) = 1, then we set 1 + W;L(MilOF’p =05,
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Let P¥ be the nearby Hermitian space as in Definition 5.1.2. Then, by
construction, the nearby lattice PA, is a lattice in P%;,. Moreover, again by con-
struction, we have an identification of O -modules (though not an isometry)

Fix a coset
A+ Ay C g "PA,
of Ap, and let PA +PA, be the associated coset of PA, obtained from the iden-
tification (7.1.1).

Let "oy € S(M %) be the characteristic function of ®X\ + ®JA,. Here
and in the sequel, we will use the superscript ® to indifferently denote objects
related to both ¥ and P7; e.g., S(?®)%,) means either S(7;) or S(*%).

Write (p)@é € Ip(s, x) for the standard section associated with ®) ¢y as in
Section 6.1, with corresponding Whittaker function

Wap(L, s, P@}) = [ ®&X(wn(b),s) - g, (—ab) db.
Fy
Let I € SLy(Fy) be the identity. For convenience, set

Yo (P7) .
N(p)f()ﬂ)/2

Here, v,(")7) is defined by (6.2.4).
The next result follows from [Kud97, Prop. 1.4].

W o1, s, <P><I>g) - Wap(I,s, (P>q>3).

PROPOSITION 7.1.1. Suppose that a € FJ* is not represented by (p)“i/p.
Then

Wa,P(QP? 0, (p)@;}) — 0

Set
¢ = Ty m(®) if p is unramified in F,
e ﬁ+7rp_m(p) if p is ramified in F,
and
(7.1.2) be, — ﬂ;m(p)H if p is unramified in F,
o - B_ﬂ;m(p) if p is ramified in E.

The proofs of the two propositions below are essentially contained in
[HY12, §4.6] and [Yan05]. In particular, see [Yan05, Props. 2.1, 2.2, and 2.3].

PRrOPOSITION 7.1.2. Suppose that p is unramified in E.
(1) If ordy(c) < —m(p), then

Wap(L, s, Pe) = 0.
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(2) If ordy(c) > —m(p), then
1
W (1,500 = ——— 3 (1) N (p)~*
a,p\tsoy Fp
Lp(S +1, X> 0<k<ordy(a)+m(p)
and
WO&,P(Ia S, P(I)g) = WOL,p(Iv S (bg) - (1 + N(p)_l)
PROPOSITION 7.1.3. Suppose that p is ramified in E.
(1) If ordy(c) < —m(p), then
Wap(l,s,Pd0) = 0.
(2) If ordy(c) > —m(p), then
W, s, (p)@g) =14 Xp((p)gpa)N(p)*(ordp(a)+m(p)+n(p))8_

Now, suppose that p is ramified in . As above, let 7y € E; be a uni-
formizer, chosen so that Nm(my) = m,. For any a1,a2,{ € F*, write a1 = a
(mod () to mean a; = az (mod (OFy).

PROPOSITION 7.1.4. Suppose that X\ ¢ A,.
(1) If p # 2, then

1 ifa=®2(®X) (mod P)¢,),

0 otherwise.

Wot,p(I7 87 (P)(I)g\) = {

(2) Suppose that p=2. Then
a=2) (modé) & a="2(°PN) (modPE).

Moreover, Wo (1, s, (p)(p;\) is identically 0 unless these equivalent congru-
ences hold, and when they hold we have

Wap(L s, D) = 14+ (V) N () 1017,

where 7(\) € Zsq is the smallest positive integer such that \ € 7rq_r()‘)Ap.

Proof. When p # 2, this computation is contained in [HY12, Prop. 4.6.4].
When p = 2, the result appears to be new. We present a mostly self-contained
proof here that covers both possibilities.

For simplicity, write ®, x, ¥ and & for (p)q)?’ Xp> ¥F, and &, respectively.
By a standard argument, we have a decomposition:

Wap(I,s,®) = W p(I,5,®)S + W, ,(I1,s,®)71,
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where

W@MLSJMSI:1A<1®@md®ﬁﬂ—awdh

WoplLs.®)7 = [ (B0 ()i(—ab)db.

Here, n_(b~1) = (bll ?), and we have abbreviated ®(g,0) to ®(g).

By the definition of ®, and basic properties of the Weil representation, for
any b € Opyp, we have

() = () [l O L)

— %((P)a//) (b P 2(B))\)). [)A Y- P 2(z)+b- PN 1)) do

- %((p)«//) (b P 2(B))N)). [p)A (b - P 2(z)) da.

Here, dz is the Haar measure on ) 7, that is self-dual with respect to the
pairing
(z1,22) = ¢ (Trp, /m, (Pa1, 22))).
We have also used the fact that, for any x € Ay, (”)<(p))\, x) belongs to 0;7:/@?7
and hence
(b PPN 2)) = 1.
Set sy = P 2(®))). Using [HY12, Lemma 4.6.1], we then obtain
Bwn(®) = NB) OO )0sx) [ (14 x(En)u)dy
Tp

F.p

= N(p) D 29 )y bs3)
N S NG [ e
k=—m(p) OFp

- N(p)*n(xﬂ)ﬂ%((P)y/)l/,(bs/\).
The second equality here is deduced by noting
(7.1.3)

N(p)~"Vol(Opy,) = N(p)"~™®)/2 if ord >r —m(p),
[ wcn- { (p)~"Vol(Or) = N (p) o(O) =7 —m(p)
Tp UFp

0 otherwise,

and the last is deduced by using the following lemma, which is a standard
Gauss sum computation, using the fact that x has conductor n(p).
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LEMMA 7.1.5. For a € Fy,

Jo

Therefore, we have

N(p) @72 x(a) - ep(x, %) if ordy(cr) = —f(p),

0 otherwise.

x(y)(ay)dy = {

X
Fyp

(7.1.4)  Wap(l,s,®)St = N(p)"0)/24,(®)y). o P((sy — a)b)db
Fop
_ N(p)~T®/2. 4 (®y) ifa=sy (mod &),
o otherwise.

To compute Wy (1, s, @)1, we will need

LEMMA 7.1.6. Suppose that ¢ € Ofy and that k = ordy(c) > 1. For any
integer t € Z>1, set

Up, =1+ mOFy.
Set
d(k,\) =2k — (n(p) —r(N)).
Then ®(n_(c)) # 0 only if

n(p) = r(\) e
5 < k < n(p) 5
In this case, we have
P(c'sy) ~1
O(n-(e) = = [ X sy
Vol(Uy ) iy '

In particular, if p # 2, then W (I, s, ®)>1 = 0.
Proof. As in [HY12] and [Yan05], this uses the identity
n_(c) = —wn(—c)w,

so that

X)) [ vime O 2@)(w)(Pp) (@)da

L, vlme®2@) [ u(=T( O y)dy da.

A ®A+(PA,

Here, we have used the identity 7, (" %)? = &, (x, ¥)? = x(-1).
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For = € )7, set ty(x) = Tr(®(®IX z)). We compute

L T gy = w(-ta@) [ o= y)dy
PA+®A,

AP
= N(p)7"P/2 . y(~ty(2)) - char(my " Ap) (),

and hence
D(n_(c)) = N(p) )2 / W= ©) 2(x) — ty(z)) dx.

If £ > n(p), then
ordy(c- P 2(2)) > k —n(p) — m(p) > —m(p)

n(p)

for all x € m; "’ Ay. Therefore, under this assumption, we have

B(n-(e) = NP2 [ b(=ta(a) da =0,

q—”(P)Ap

where we have used (7.1.3).
Now, suppose that k& < n(p). Note that

—c-W(z)—ty(z)=—c- P2+t PN+ ls,y.

Therefore,

B(n-(c) = N(p) " (e s) - [ U(-c .2(a)) da.

Cfl'(P)A—&-ﬂ';n(p)Ap
Using Lemma 4.6.1 of [HY12], we find
D(n-(0)) = N(p)~UEH0) 25,

: |+ o

/625)\+7rpf(p)OF,p( X(gy))w( Cy) Y
= N(p)~FEHE)/2( 15,

: o

o 10, XEOc0)

Here, for the last identity, we have also used (7.1.3) combined with the in-
equality
ordy(c) =k < n(p) = f(p) —m(p).
If 2k > n(p) — r(A), then
ordy(c72sy) = =2k —m(p) —r(\) < —f(p)-
Therefore, the substitution y +— (c¢72s,)~ !y, combined with the observation
that x(sx) = x(§) gives us

-1
o(n_(c)) = \W g X o
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If £ > n(p) — T(;‘), then d(k,\) > n(p). Since x has conductor n(p), in this
case we get
P(ctsy) 1
B(n-(e) = S [ v )y,
o o
which vanishes by (7.1.3).
If 2k < n(p) — r(A), then we have

Xy dy = |

_ X(y)Y(—cy) dy.
7Tp f(’P)Opr

/C2S)\+7Tpf<p) OF,p

In this case, it is not hard to see, using Lemma 7.1.5, that this integral vanishes,
and hence that ®(n_(c)) = 0. O

When p # 2, this, combined with (7.1.4), finishes the proof of Proposi-
tion 7.1.4. Therefore, we now specialize to the case where p = 2. In this case,
we have

P2(N) =02(N),

where ¢ € U;ﬁ)fl. From this, and the condition r(\) < n(p), it follows easily

that the conditions
a=2(\) (mod¢), a=*2F)\) (mod )

are equivalent. This shows the first part of assertion (2) of the proposition.
For the second part, observe that Lemma 7.1.6 gives us

Wap(I,s, @)~ ZN —h(s+1) /d (b)__kX(b)@(n,(b—l))w(—ab) db,

where ~ (/\) <k<n(p)+ OrdQ“(/\, and the summand indexed by k is equal to

N ks 3
(15) O X ) [ O, 5r— o~ )b dy.
VOI(Upr ") Uy Ok

Now, we have
ordy(m, *sx(1—y)) =k — f(p) > —f(p),
and therefore
ordy(m, ¥ (s) — = 5,y)) = —k + ordp(sa(1 — y) — @)

can equal — f(p) if and only if ordy,(a)) = k — f(p). So, using Lemma 7.1.5, we
see that

/ox X(0)Y (b, F(sx — a — syy))db

= N(p) P2 x(=s0) x(y — (1= 57" q)) - (. ¥)
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if ordy(a) = k — f(p), and that it vanishes otherwise. Therefore (7.1.5) is
non-zero only if ord,(a) = k — f(p), in which case it is equal to

N(p)—f(p)/2 . %((p)y/) N (p)~hs

Vol (U V)

~/(Jd(k,)\) x(yly — (1= 3;10‘)» dy.

Here, we have also used the formula for ~,(#?)%) from (6.2.4), combined with
the identity x(sx) = x(&) = inv,(® 7).
Combining this with (7.1.4), we obtain

N(p)_ks-M(a,)\) if « Zsy (mod ¢),

(7.1.6) Wa ol s,®) = {1 + N(p)7F - M(a,\) ifa=sy (mod &),

where k = ordy(a) + f(p), and where

1
Vol(Up™)

)

M(a,)) = S X0 = (1= 5510))) dy.

Now, if a = sy (mod &), then ordy(sy @) = 0, and so k = n(p) — r(N).
Therefore, the proof of the proposition will be completed by the following
lemma.

LEMMA 7.1.7. We have

1 if a =sy (mod &) and (p)”f/p represents o,
M(a,\)=¢ -1 ifa=sy (mod &) and (p)”f/p does not represent «,
0 if « sy (mod &).
Proof. If a = s (mod &) and (p)”f/p represents «, then we can choose our
coset representative ")\ so that

sy=P2(W)) =qa.
Therefore, sy 'a = 1, and the formula for M (a, \) reduces to

1

M(a,\) = ———o
Vol (U ™)

2 —
/Ud(k”\) x(y”) dy = 1.
F.p

If a = s\ (mod &) is not represented by (P)“//p, then Proposition 7.1.1
shows that

1+ M(a, \) = W, (1,0,®) =0,

and so M (a, A\) = —1.
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Now, suppose that a # s, (mod &). Set ( =1 — 3;104. We have

(7.1.7) oo X W=y dy =[x =y7¢) dy

F.p Fip

= /d(k o X(1=yC) dy
UF’p’
= x(—¢) /U;S{:N x(y—¢Y) dy.

Note that

ordy(C) = {o it k> n(p) — r(\),

k= (n(p) — () i k < n(p) - r(N).

Moreover, when k = n(p) —r(\), ordy(¢) is an integer between 0 and r(\) — 1.
In particular, we find that we always have

n(p) — 1 —ordy(¢) > d(k, A).

Choose n € U;f,(;)_l such that x(n) = —1. This choice determines a

measure preserving bijection

(k) ~ ;-d(kN)

d
ouUFp

by y — y + (1 —1)¢~!. We now compute

/wac,A) xiy— ¢ Hdy= /Ud(m) xla(y) — ¢ dy

Fyp Fyp
_ 1
= /U;(k’)‘) X(y —n¢™) dy
P
_ -1 -1
—/Ud(k,k)x(n y—C ) dy
Fop
= _/Ud(k”\) x(y—¢ 1) dy.
Fop
Combining this with (7.1.7) shows that M («a, \) = 0. O
This completes the proof of Proposition 7.1.4. U

We now record a few more results that are easy consequences of Proposi-
tions 7.1.2, 7.1.3 and 7.1.4. We omit their proofs.

ProrosITION 7.1.8. We have

Yo () . Ly(s,x) ifAE A
Wop(L, s, ¢';‘) = {(J)V(P)f(”>/2 Lp(s+1,x) ZZ}\ . Ap’
p.
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COROLLARY 7.1.9. Let My(s, ) be as in (6.2.3). Then My(s,py) is
constant. In fact, it is either 1 or O depending on whether X\ is zero or non-
zero.

PROPOSITION 7.1.10. Suppose that o € F* is such that Diff(a) = {p}.
Set

X(,\) ={z €PA+PL, :?2(z) = a € I}
(1) If X(a, \) = 0, then
W/, (1,0, @) =0.
(2) If X(a,\) # 0, then Wa,p(I,O,pq){J\) # 0. Moreover, in this case, we have

W/ o(1,0,2))  £y(a)

= log N
Wap(L0,p0) 2N
where
-1
0p(@) = w if p is unramified in E,
’ ord, (5;101) +n(p) ifp is ramified in E.

7.2. Nearby Schwarz functions. We will keep our notation from the pre-
vious subsection.

If p’ | pis a prime of O not equal to p, set PA,, = A, as Hermitian spaces
over Op,. Note that PAy [p~!] is isometric to P¥y, and set

Ap = @Ap/, PA, = @pAp/.
plp plp

As in (7.1.1), we have a canonical O p-linear isomorphism (but not an

isometry):

(7.2.1) Ay = PA, C Y.
We set
(P)A[V) — @(p/)—n(lﬂ )((P)Ap,)_
p'lp
Note that ”A;{ is not necessarily the dual lattice associated with PA,, but the

notation will be convenient.
Suppose that we are given a class

A=) €A/ =D ((P/)in(p )Ap'/Ap’) :
Plp
Observe that the isomorphism (7.2.1) carries the coset A+A, to a coset PA+PA,,
of PA, in PA)J. We have a further factorization

PA+PA, = []PA + P Ay
p'lp
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Let Poy, € S(*7}) be the characteristic function of PA, +PAy. We now set
P ~)\ = ® P@)\p/’
p'lp
where pgb,\p, = pcp,\p,, for p’ # p, and where

(7.2.2) P3y = Pox, ifordg(Ap) > —n(p),
F 0 otherwise.

Fix pu € LY/L. Associated with this is the characteristic function ¢, €
S (“//) of the coset ,u—I—L We will now associate with this class a nearby Schwarz
function Py, € SP¥ ) as follows. First, we will have a factorization

Yo =R ou € R SEH) C SEY).
l ¢

If ¢ # p, then Py, = ¢,, will be the characteristic function of u, + L,
under the obvious identification

SCt) = S(N).

If { = p, we can view u,+ L, as a subset of A;,/ and, as such, it is a disjoint
union

Hp + Lp == |_| )\ + Ap
A€pp+Lyp
of cosets of A, in AZ . We now set
(7.2.3) Pow =Y faa= Y. Qe
A€pp+Lp A€pp+Lyp p'lp

As in the discussion of Section 6.1, let (s, x) be the space of the degenerate
principal series representation of SLy(Ar) induced from x|-|*, and let ®)®#(g, s)
be the standard section of I(s, x) determined by the Schwartz function

oL ® Mo, € (%) @ S(P7).
Associated to this and each o € F' is the Whittaker function
Wa(g7 S, (P)@#) = Wa,oo(gom S, (p)(ﬁgo) ) Wa,f(gf7 S, (P)@;)

admitting a factorization into infinite and finite parts.
We have a decomposition of the finite part

(p)q)ILfL = ®€(P)(I)/; € ®€I€(S>X)7

where ®)®} € I,(s,x) is the standard section associated with ")¢,,. This
gives us a decomposition of Whittaker functions

Wa,f(gf7 5, (p)(I)/;) = H Wa,é(gé, S, (P)(P/Z)
l
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We have

SO,Ufp = Z (2 € S(%)?
Ap€pp+Lp

where @) is the characteristic function of A + A, and the analogous decompo-
sition for Py, from (7.2.3). Each coset A 4+ A, admits a further decomposition

A+ Ay = |_|)‘p’ + Ay,
p'lp
and so we obtain a finer decomposition
(7.2.4) Pup = Z ® Py
Ap€ppt+Lyp p'|p

where W is the characteristic function of Ay + Ay.

7.3. Orbital integrals and Fourier coefficients. Normalize the Haar mea-
sure on

Tw(R)={s€ (E®gR)" :ss =1}
to have total volume 1, and fix any Haar measure on
Tew(As) = {s € EX : 55 =1}.

There is an induced quotient measure on Ty, (Q)\75(A), and for any compact
open subgroup U C Ty, (Af), we have

750(Q) N U|
Vol(U) = - Vol( Ty5o (Q)\ T (A) ).
W) = @\ ¥ @V o()

Definition 7.3.1. Fix a prime p C Op non-split in E, and let P € S(p”///\)
be any Schwartz function on the nearby hermitian space P¥ = ?7 @ A of
Section 5.1. For each o € F'*, define the orbital integral

1

Vol (Tso (Q\Tso (A)> /Tso (Ay)

O(a,Pp) = Po(sz)ds

for any = € P¥ with P(x,z) = a. If no such z exists, we set O(a,p) = 0.

PROPOSITION 7.3.2. Fiz an o € Fy such that Diff(a) = {p} for a single
prime p C Op. Let q C Of be the prime above p. Suppose that p lies above a
good prime p. Then, for any p € LV /L, we have

ap(a, j1)
A0, x)

where ly(or) = 0 unless (P, +PLy) NPY, represents o € F*, in which case, we
have

= —ly(@) - O(a,Pp,,) - log N(q),

0 %ﬂp)“ if p is unramified in E,
o) =
’ ordp(a) +m(p) +n(p) if p is ramified in E.
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Proof. The proof proceeds as in [Kud97, Th. 6.1]. The strategy is to relate
the incoherent Eisenstein series E(g, s, ¢,) to a nearby coherent Eisenstein se-
ries, whose Fourier coefficients can be computed using the Siegel-Weil formula.
This information is then combined with the computations of local Whittaker
functions in Section 7.1 to complete the proof.

We begin by repeating the construction of the incoherent Eisenstein series
from Section 6.1, but we replace the incoherent Ap-quadratic space ¥ = %o
xV by the coherent space

Goo X PV SV @ Ap,

which differs from % only at the place p.
Let ¢l € S(7?) be the prime-to-p part of ¢, so that we have

Pu = Pup ® 1 € (%) @ S(FP).

By (7.2.4), we have ¢, = Y\ cup+L, Pr,» Where oy, admits a further
product decomposition
ex, = [ o5, € @pS(H).
p'lp
Here, A, ranges over representatives for cosets of A, in A]v) contained in pi,+ L.

—~

Set px = ¢, @ ¢h, € S(¥). We now have

(7.3.1) ap(a,p) = Z ar(a,@y).
ApEpp+Lyp

Fix A\, € pp + L. Choose any Schwarz function Py, € S(*%;). This gives
us a global Schwarz function P € S(P¥') admitting a factorization over primes
p' C O,

Pp = ®p’p80p’a
where P, is our chosen function and, for p’ # p, we have
Poy = ox, € S(U) = S(Hp).

If Py, is the characteristic function of PA, + PA,, then we will write Ppy
for the corresponding element of S(P7).

Let ®* € I(s,x) (resp. *® € I(s,x)) be the standard section associated
with L @y (resp. L @Pp). If Pp = Py, we will write P®* for the section P®,
in agreement with the notation used in the local setting of Section 7.1.

There is a factorization

I(S) X) = IP(Sa X) ® Ip(sa X)
into the p-part and prime-to-p-part. Since ¢, and Py differ only at their p-
components, our two sections ®* and P® have the form

Ot = Bf ® P Pp = PO, @ o®)

for a common section ®® of I*(s, x).
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We now have a coherent Eisenstein series E(g, s,?¢) = E(g,s,?®) defined
exactly as in (6.1.1) and associated with the Schwartz function .

Given g,¢" € SLo(Ap) that have the same prime-to-p components, we
deduce, using (6.1.3), the relation

WO@P (gp, S, (I)é\)

Wa,P(g{a’ S, p(I)P)

which is valid for all values of s at which Wy (g, s,P®y) is non-zero.
Suppose that g is such that g, = I € SLa(F}) is the identity, and choose

gy and Py such that W p(gy,0,P0p) # 0. Then, using (7.3.2) and Proposi-
tion 7.1.1, we get

(732) Ea(g,S,(I)A) == 'Ea(g/787p(1))7

Wan (1,0, )
WO&,P (g;/:n 07 p(I)P)

El\(g,0,*) = - Ea(g',0,7®).

In the notation of Proposition 6.2.2, this equality implies

(7.3.3) ap(@,2) o Wap(L,0 ) Ea(gl,0,P®)
- A(O7X) Wa,p(g{:,O,PCI)p) N(l_f)

for all 7 € H.
If o is not represented by PA,+FA,, then assertion (1) of Proposition 7.1.10
now implies
ar(a, ¢x)
A(0, x)
Combining this with (7.3.1) shows that ar(c, 1) = 0, whenever (P, +¥L,) P %,
does not represent «.

=0.

Now, suppose that « is represented by PAp, +PA,. Then Proposition 7.1.10
implies that we can take ¢’ = g and P, =Py,

As in the proof of [HY12, Prop. 4.4.1], the Siegel-Weil formula [KR94]
implies

Eq(97,0,7 ) 2¢*

P -1
= = oa(s7 x)ds.
N(U) VOI(TSO(Q)\TSO(A)) \/SO(Q)\TSO(A) xg:”j/ f
P9(z)=a
The group T (Q) acts simply transitively on the set of all x € P¥ with
P2(x) = «, allowing us to rewrite this equality as
Ea(g?a 0, Pq)/\)
N(0)
Combining (7.3.4) with (7.3.3), and using the formulas for
W/, (1,0,97)
Wa,p(I,O,p@g\)

(7.3.4) =2-0(a,Ppy) - q“.
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from Proposition 7.1.10 shows

(7.3.5) W = —fy(a) - O(a,"py) - log N(q).

Now, observe that ord,(a) + m(p) + n(p) = 0 whenever n(p) # 0 and
ordg(Ap) = —n(p). Therefore, from the definition of Py, in (7.2.2), we see
that (7.3.5) is equivalent to
(7.3.6) ‘m = () - O, ")) - log N(q).

Here, P@y differs from Py only at p, and we take its factor at p to be P,

Now, note that by (7.2.3),

Ola,Pp) = > O(a,’@y)
ApE€pp+Lyp
and that
O(a,"¢y) =0
whenever P\, +PA, does not represent a.

Combining these observations with (7.3.1) and (7.3.6) completes the proof
of the proposition. O

7.4. A decomposition of the space of special endomorphisms. Fix a prime
p C Op not split in E, and let ¢ C Og be the unique prime above it. Fix
an algebraic closure F?lg for F, and also an algebraic closure Frac(W)3e of
the fraction field Frac(W) of W = W (F3'®). Choose an embedding Q2 <
Frac(W)22 inducing the place q on E = 1o(E).

Let Ly = L,N%, C Ly, and let H, = C(Ly) C C(Ly,) = Hp. Let
Ko C T(Ay) be the compact open subgroup defined in Section 5.3, and let
Ko,1,q C Ko,1p be the intersection of Ko 1, with the image of qu under the
natural map

EX < (B¢ Q,)" — T(Qy).

Then H, C Hg, is a Ko, ,-stable lattice, and H, C Hy[p~] is a Ko g-

stable lattice. Moreover, the natural C'(Ly)-linear map

(7.4.1) Hy, ®c(r,) C(Lp) — Hp
h®z—h-z

is a Ko q-equivariant isomorphism, once we equip C(L,) with the trivial
Ky, 1, q-action.

Fix a point y € Y(F2'8). Then, by Remark 3.5.3, (7.4.1) gives us a crys-
talline Z,-representation Hy , of I'y and a C(L,)-linear isomorphism
(7.4.2) H,, ®c(r,) C(Lp) = Hy,y.

The following result is easily deduced from Theorem 2.1.1.
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PROPOSITION 7.4.1. The I'y-module Hy, is canonically isomorphic to
the p-adic Tate module of a C(Ly)-linear p-divisible subgroup

A[poo]}) C A[poo} |Spec((’)y) .

Moreover, the natural C(Ly)-linear map of p-divisible groups
Alp™ly ®@c(r,) C(Lp) = Alp™]lspec(o,)
18 an isomorphism.
In particular, for any O,-scheme S, we obtain a natural map
(7.4.3) Endgr,) (Alp™lp,s) = Endg(z,) (As[p™]),

and so, in complete analogy with the definitions from Section 4.5, we define
the space of special endomorphisms

V(A[poo]p,s) C Endg(z,) (A[p™p,s)

to consist of those elements that induce special endomorphisms of A[p™] via
(7.4.3). By definition, this is a subspace of V(Ag[p™]).
The next result is entirely analogous to Lemma 4.5.2.

PROPOSITION 7.4.2. Let Lf) = LpL C L, be the orthogonal complement
to Ly. Then there is a canonical isometric embedding

LE — V(A[pOO]Spec(Oy))

as a direct summand, such that, for any Oy-scheme S, we have

(o) 1 (o]
V(A[p™lps) = (L5)” C V(As[p™)).
Given a class i € L]\,/ /Ly, we will also need a corresponding subset
(7.4.4) Vo(Ap™lp,s) € V(AP™ps)”

This is once again defined as in Section 4.5. We fix an embedding L — L°
into a maximal lattice L°® that is of signature (n®,2) and is self-dual at p.
Let A" C Ly be the orthogonal complement of Ly. Then we have a canonical
isometric embedding

AP — V(A°[p™]s),
whose orthogonal complement is V (A[p™], s). Hence we get a map
V(AP><ls)” AP
V(Ap>lps) — AP

The subset (7.4.4) now consists of elements = such that the pair

V(ApTlys) AP
D €y gy, ©

V(As[p™]) —
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is in the image of V (A%[p™]). Here, we have used the natural isomorphisms
APV Le
& P

to view 77 as an element of Ali—pv
The following proposition is now immediate from the definitions and is
analogous to assertion (3) of Proposition 4.5.5.

PROPOSITION 7.4.3. For any p, € L;,//Lp, we have a canonical decompo-
sition
Vi (As[p™]) = L Vi (A[p™]p,5) x (p2 + LB),
(,p2) €(pp+Lp)/ (Lpy®LPP)
where we are viewing
pp + Lp Lil\s/ ng,v
Ly@Lh ~ L,  Lp~
7.5. Lubin-Tate and Kuga-Satake. Let p C Of and q C Of be as above.
For the rest of this section, we will assume that p lies above a good prime p.

Therefore, we have
Ay C L, € ag:/FpAp = A},
where Ay, C ¥} is an Op g-stable lattice.

Fix a point y € y(]F;‘lg). Fix also a uniformizer mq € Ey, and let Gy be
the Lubin-Tate formal Of g-module over O, associated with this uniformizer.
If p is unramified in E, we will assume that we have chosen 7y = 7, to be a
uniformizer for F,. Otherwise, we will set 7, = Nm(7y) € Fj,. As in Section 7.1,
we will set

As in Section 2.4, for any Oy-scheme S, and for each A € DEQI/Fp/(’)E,q, we
have a canonical subset

VA(Gq,5) € End(Gg,5)0

of special endomorphisms (with denominators) of Gy ¢. Fix an Og g-linear
identification Ay = Of g, so that we can identify
V _1
AP _ DEq/Fp

ATJ Okq '
In particular, for any A € A;/ /Ay, we have a corresponding set V)(Gq,s) of
special endomorphisms of Gy. Under this identification, the Hermitian form on
A, is carried to the form
(w1, 72) = &a1T2

on Op,q for some §, € F satisfying ordy(§,) = —m(p).
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Since we have identified A,/ /A, with DEI/F /OE.q, for A € A) /Ay, we can
a/Ltp ?
speak of the space V(Gq) of special endomorphisms of the Lubin-Tate group G.
For yi € L, /Ly, set

V,u,(gq,y) = |_| VA(gq,Oy/quy)a
AEp+Ly

where A varies over the classes in A,//A, such that A 4 A} lies in p + L.

PROPOSITION 7.5.1. There exists an Eg-linear isomorphism

V(Ay[p™p)a = V(G

carrying the Hermitian form on the left-hand side to &, times that on the right,
and such that, for each p € L;,//Lp, it induces a bijection

Viu(Ay[p™lp) = Viu(Gay)-

Proof. Using Remark 3.5.3, we can associate with A, an Op g-linear con-
tinuous representation Ay ¢, of the absolute Galois group I'y of Frac(O,).
This representation can be identified with the space Voot = V(Hopet,c) of
OE ¢-semilinear endomorphisms of the Tate module Hgp ot of the Lubin-Tate
group Gg. Moreover, its crystalline realization Ay s, can be identified with
the space Vo pcrisy = V(Ho p,cris,y, ¢) of Op g-semilinear endomorphisms of the
F-crystal Hyy cris y oObtained from the Dieudonné F'-crystal associated with Gj.

These identifications carry the Hermitian form on Ay ¢ (resp. Ay crisy) tO
& times the natural Hermitian form on Vp, (resp. Vi perisy). Therefore, we
now obtain an Fg-linear isomorphism

V(A<)e = Vi, P71 = A, P = Viba, P = V(Gaye
carrying the Hermitian form on the left to §,-times that on the very right.
It remains to show that it carries V},(A4,[p™],) onto V},(Gqy). For this, we
will need a little preparation. Consider the Breuil-Kisin module 9t(A;) associ-
ated with Ay e, and the uniformizer 7. We have an Op 4-linear identification

M(Ap) = V(M(Hoy),c)
of Breuil-Kisin modules.

LEMMA 7.5.2. There is canonical, @-equivariant isomorphism
v v
Ai = M(Ay)
Ay M(A)
of &-modules, where the left-hand side is equipped with the constant p-semi-
linear endomorphism ¢ ® 1. It induces a p-equivariant isomorphism
L;/ ~ ?J)?(L;/)

G ®z, — — .
Ly — DM(Ly)

6 ®z,
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Proof. If p is unramified in Og, then A'\J/ = A, and there is nothing to
show.

Suppose therefore that p is ramified in Op. We have 6 ®z, Op ¢-linear
isomorphisms

Ay o oEI/F
7.5.1 £ = —ak
( ) 6 ®z, A, — 6 ®z, Oryg
and
MAY) = Vmyn
7.5.2 L= 2V @6, VIO(Hyy), e
As in Section 2.2, we have identifications
(7.5.3) M(Hoyp) = M(Try(Gq) = G @z, Op,

as 6®z, O q-modules carrying the the ¢-semilinear endomorphism of M(Hy p)
to the endomorphism S(¢®1), where § has the following description. First, let
Eq0 C Ey be the maximal unramified subextension. For each embedding 7 :
Eq0 — Frac(W), we obtain a finite W-algebra W, = Og ®0Eq,0m W. There
is a distinguished embedding 79 induced from the distinguished embedding ¢
of E, into Frac(W)a.

We now have

B= (8 €]]6ewW, =6z, O,
"
where 3, =1, if n # ng, and B,, = u — no(my).
From (7.5.3), we now obtain an identification
(7.5.4) V(OM(Hoyp),c) = 6 ®z, Opq

carrying the ¢-semilinear endomorphism on the left-hand side to the endomor-
phism a(p ® 1), where

a:(an)€H6®WWn:6®2qu
n

with o, = 1, for n # ng, and oy, = Z:Zgggg

. Since Tq — mq € g, /F,, We have
a=1 (moddg p,)

Therefore, tensoring (7.5.4) with DE/Fp/OE’q’ and using (7.5.1) and (7.5.2),
gives us the isomorphism whose existence is asserted in the proposition.

We leave it to the reader to check that this isomorphism is independent
of all our choices. O
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Now, base-changing along ¢ : & — & the isomorphism from Lemma 7.5.2
and then reducing it mod u, we obtain a canonical isomorphism
L\/ Vo
n:Weg — — ——=.
3 Lp ‘/;J,Cris,y
LEMMA 7.5.3. The subset V,,(Ay[p™]y) C V(Ay[p™lp)q consists of those
elements x whose crystalline realization s € W,mi&y[p*l] \

lies in V;
and such that

,CT18,Yy )

Lcris = 77(1 ® N’) (HlOd ‘/p7crisvy)'

Proof. Choose an auxiliary lattice L°, self-dual at p, and isometric embed-
ding L — L°, giving us the auxiliary Kuga-Satake abelian variety A; over Iﬁ‘ﬁlg.

Let Ly* C L; be the orthogonal complement of L,. Choose a lift /i € L‘\J/
of 1 and an element P € LY such that

~ - v BV
(1, ") € Ly C Ly @ Ly™Y.

Then, by definition, giving an element of V,(A,[p>],) amounts to specifying
z € V(Ay[p™]p)Y such that

(, i) € V(Ay[p™]p)" & Lo

lies in the image of V (Ay[p*]).
Since we have a canonical isometric embedding

W ®Zp LoP — V?e

cris,y

mapping into the orthogonal complement of V, ¢ris,, We obtain an inclusion

(755) c?is,y — ‘/;;\,/cris,y D (W ®Zp LQAJ,V)'

Let @oris € mei&y[pfl] be the crystalline realization of x, and let ¢, € Cﬁis,y
be the crystalline realization of (x, 1). Then it is clear from the definitions that
Teris actually lies in VY and that (7.5.5) maps €&, to (Teris, 47). From this,

p,cris,y cris

one deduces that @is must map into n(1 ® u) € VYo s ../ Ve crisy- O

p,cris,y

Tracing through the definition of V},(Gqy), it is not hard to show that it
has the same description as that of V,(A,[p*>],) given to us by Lemma 7.5.3.
This finishes the proof of the proposition. U

7.6. Special zero cycles. For any scheme S over ), by Corollary 5.4.6, the
space V(Ag)g has a canonical structure of an E-vector space equipped with a
positive definite Hermitian form (-, -) such that, for any = € V(Ag)q,

Qz) =z oz =Trp((z,z)).

Write ¥ (Ag)g for V(As)g equipped with this additional structure. For any
peLY/L, let ¥,(Ag) denote the space V,(Ag) viewed as a subspace of ¥ (Ag)q.
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Suppose that « € F* and p € LY/L. Define a moduli problem Zpg(a, p1)
over ) such that, for any Y-scheme S, we have

Zp(a,p)(8) = {x € #(As) : (z,2) = a}.

Since (-,-) is positive definite, Zp(a, p) is empty unless o € Fy is totally
positive.

From the definitions, we now find that there is a canonical decomposition
of Y-stacks

(7.6.1) YV xpm Z(m,p) = |_| Zr(a, p).

acFy
TrF/Q(a):m
PROPOSITION 7.6.1. Suppose that o € F'y and p € LV /L. Then Zp(a, p)
is non-empty only if Diff () consists of a single prime p. In this case, Zp(a, 1)
is 0-dimensional and is supported at the unique prime q C O above p.

Proof. To begin, Proposition 5.4.1 implies that the intersection of Zp(«, p)
with Y is empty. Therefore, Zp(«, ) is always either empty or 0-dimensional.

If z € Zp(a,p)(F8) for some prime q C Op, let y € Y(F%) be the
point below it. By the definition of Zr(«, p1), the E-hermitian space ¥ (Ay)q
represents a. In particular, ¥'(A,) # 0, and so Proposition 5.4.3 implies that
the prime p C Op below q is non-split in Og. Moreover, Corollary 5.4.6 implies
that the nearby hermitian space ?¥ represents a. This shows Diff () = {p},
by Remark 6.2.1, and everything follows easily. O

Set
Viu(Ayloo]) = [T Vi (44 [0>]) € V(Ay[o0])g-
¢
When viewed as a subset of the Hermitian space #'(A,[o0])g, we will denote
this set by 7},(A4,[o0]).

PROPOSITION 7.6.2. Suppose that y € y(Fglg). Then the Ay p-linear
1sometry

Y (Ayloo))g = P

of Proposition 5.4.4 can be chosen so that for each € LV /L, the characteristic
function of the image of V,,(Ay[oc]) in PV is the nearby Schwarz function P¢,,
defined in (7.2.3).

Proof. The only non-trivial point is to show that the E,-linear isometry
V(A [p™*Na = %

can be chosen so that, for every p, € L},/ /Lp, it identifies the characteristic
function of V,, (A, [p>]) with the Schwarz function Py, .
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For this, first note that the sublattice L, C L, transfers to a sublattice
PL, C?L,, as do its cosets in L;/ . Moreover, we have a canonical decomposition

pp + Lp = |_| (1 + Ly) x (NQ"‘LE,)-
(11,p2)€(pp+Lp)/(Ly®LP)

Given this and Proposition 7.4.3, it is enough to show that we can find an

Eq-linear isometry
V(Ay[p™Tp)e = P %

such that, for every u; € L;J/ /Ly, it carries the characteristic function of
Vi (Ay[p™]p) to the Schwarz function Pe,,.

By Proposition 7.5.1, we have an Ej-linear isomorphism

V(Ay[p>])p = V(Gay)o
carrying V,, (A,[p>]p) to
)\E,U«1+Lp

Here, A runs over the cosets of A, in A;/ that are contained in p1 + Ly, and we
define V) (Gy,y) via an identification A, = Of 4, which induces an identification

—1
Av\J//AP = DEq/Fp/OE,Q‘
By Proposition 2.4.1, V)(G,,y) is empty whenever ordg(A) < —n(p) + 1.
Therefore, we see that it is enough to construct an Eg-linear isometry
(V(gq,y)(@v <" >) = (quﬁl’lfz)

such that, for every \ € a;J;/Fp/OE:q with ordq(A) > —n(p), the isometry

carries V\(Gqy) to A + Opq. Here, f = m, = Nm(m,) if p is inert in F, and
B € OF, is such that x,(8) = —1if p is ramified in E.

Such an isometry can be constructed using Propositions 2.3.3 and 2.3.4.

O

Recall the embedding T — Aut°(A) from Proposition 3.5.6, whose homo-
logical realizations induce maps

6:(H) : To, — Aut’(H?)
over Y, which in turn give us maps
6-(V) : Ty, — Aut® (V7).
In particular, for each prime ¢, we obtain a canonical map
00 : Ty, — Aut (7 (A[(™])q),

and thus a map

0% 0y, : Ty, — Aut(¥(Aloo))).
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LEMMA 7.6.3. The group T'(Ay)/T(Q)Kr o acts simply transitively on the
set of isomorphism classes in y(]Fﬁlg), and every point

y € V(F;®)

has automorphism group Aut(y) = T(Q) N K. Moreover, for every t €
T(Ay), there is a canonical isometry of A p-hermitian spaces ¥ (Ag.y[o0])g —
Y (Ay[oo])g identifying

Pu(Apy[o0]) = 0(8) - Fu(Ay[oc])

as subsets of ¥ (Ay[oo])q.

Proof. By Proposition 5.3.1, Y ®0,, OF,, is finite étale over Og . There-
fore, the reduction map

Y(Frac(W)€) — Y(F2'e)

is an equivalence of groupoids. Furthermore, the map )(Q®8) — Y(Frac(W)218)
is also an equivalence of groupoids. Therefore, the first assertion follows from
the fact that T(Ay)/T(Q)KL o acts simply transitively on the set of isomor-
phism classes in Y(Q¥#) with isotropy group T(Q)N K, . This can be checked
from the explicit description of the generic fiber Y in Section 3.1.

The rest of the lemma follows easily from the definitions. O

PROPOSITION 7.6.4. Fiz an « € F such that Diff (o) = {p}. We have

1
1 ’Aut(2)| deg(C(Y) O(O{, QDM)
=€ Zp () (F})

Proof. The proof follows the same strategy as [How12, Th. 3.5.3]. Pick
any base point yp € Y (}Fﬁlg) and an isomorphism

¥ (Ay[oe))g = PV
as in Proposition 7.6.2. This identifies the characteristic function of
%(Ayo [OO]) C V(Ayo [OO]) ®’Z Af

—~

with the Schwartz function P¢,, € S(°¥") defined in Section 7.2.
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Using Lemma 7.6.3, we compute
1 1

ZEZF(QZ,N)(]F?Ig)mt(ZN B E%alg) xf%Ay |Aut( )’
_ 3 Mza v
R tET(QN\T(Ay)/ K0 7€V (Atyy) [Aut(t - yo)|

1 <CE,(E>—Q

= @) " Kol > > p(p#(G(t)@.
TET(@QN\T(Ay)/ KL 0 xE’Z/(A;/o)@@

Next use the fact that
T(Q)/ker(6) = Tso(Q) = {s € E* : s5 =1}

acts simply transitively on the set of z € ¥ (4,,) ® Q with (z,z) = a. By
picking one such x, we compute

1 1 )
2w @ N Kl > Peuledns)

2€ZF (o) (Fﬁlg) te?’(g%Eé)(ﬁ{e)r/(gLﬁ

_ degc(Y) /
Vol (Tuo(Q)\Tio(A)) JTu(ay)

as desired. O

Pou(sz)ds,

7.7. Deformation theory. Fix an o € F such that Diff(a) = {p} for a
single prime p C Op. Let ¢ C O be the unique prime above p. Assume that
the rational prime p below p is good for L.

Suppose that y € y(Fglg). For any integer k € Z>1 and any p € L’\J//Lp,
set A [p™] = Aoy/ﬂ_ko P>, Go i = 94,0, /70, and

Vi(Ak[p™]) = Vi(Ao, fro, ™))
Vi(Ak[p™s) = ViAo, jrr0, P10 Vi(Gak) = VilGy 0, /xk0,)-

Consider the 1-dimensional Eg-vector space V(A,[p>]y)g. By Proposi-
tion 7.5.1, it can be identified with the Ey-vector space V(Gqy)o-

PRrOPOSITION 7.7.1. For every k, the above identification induces an
equality
Viu(Ak[p™]p) = Vi(Ga,r)-
Proof. We will prove this by induction on k. When k£ = 1, this follows

from Proposition 7.5.1. It remains to show that the assertion holds for k + 1
whenever it holds for k.
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Consider the de Rham realization Ay dr,0, associated with the Kg-rep-
resentation Ay. It is the reduction mod £(u) of the G-module ¢*M(A,) and is
naturally a filtered O,-submodule of V:fR,Oy‘

LEMMA 7.7.2. We have Fil' A ar 0, = FﬂlvdoR,Oy.

Proof. That the assertion holds after inverting p is immediate from the
construction. Therefore, it is enough to show that both FillAp7dR70y and
Fﬂl‘/g}{vy have the same image in A;f dr,0,- Since Fill‘/:fR’Oy is a direct
summand of Vi, ,, , it actually suffices to show that its image in A is
contained in A(:Egz)y. ’ i POy

Set

Fil'o (V) = {z € 9"M(V) ¢ () € E@M(V;)}.
Then, using assertion (2) of Theorem 2.1.1, it can be checked that the image
of Fﬂl(p*ﬁﬁ(‘/ﬁ) in V;ﬁ%,Oy is precisely Fil! VdoR,Oy-
Now, given an element of FillVdoR’Oy, choose a lift x € Fillgp*im(%o). If
a’ € *IM(A) is the image of x, then we find

p(a') € E(u)M(A).
But then Lemma 7.5.2 implies that
o’ € " M(Ap) + & (u)p"M(A)
and hence that its image in A;fde’Oy lies in Ay ar,0, - O

Write Vi o (resp. Apark, Ayggry) for the reduction of Vi o = (resp.
Ay ar,0,, Apdr0,) mod Tk

Now, choose x € V},(Ax[p™]p), and let xpr be the corresponding element
of V},(Gg,x). To finish the proof of the proposition, it remains to show that z
lifts to V,,(Ag41[p™]p) if and only if xpy lifts to an element of V,(Gq x+1).

Consider z° = (z,f1) € V( %y/ﬂéoy). Let xg;s € ViR x41 be the crys-
talline realization of z°. By Proposition 4.3.2 and Lemma 7.7.2, z° lifts to

V(A?9 ko ), and hence z lifts to V},(Ax+1[p]y), if and only if the functional
y/Tq y

(@50 - Aparpsr — Oy/7i 1O,

lies in the annihilator of F ﬂlAp7dR’k+1.
We claim that this annihilator is

0 AV def v v
Fil'Ay ar k41 = ker(Ap,dR,k+1 = Ay aR k11 ©O,@5,05,.1070 Oy)~

Indeed, it is enough to check that the annihilator of FillA%dR,oy in A;\:/,dR,Oy is

V Vv
ker(Ap,dR,oy = Ay ar.0, ®0, 02,054,187 0y),

which can be checked after inverting p, where it is easily verified.
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Now, by Proposition 2.5.1, zrr has a crystalline realization i1 cis €
AR s> and it lifts to Vi (Gqrs1) if and only if @pp ers lies in FIPAY g 401
To finish, it now suffices to observe that

(7.7.1) LT cris = [Epigs ] € A;\J/,dR,kJrl'
For this, let S be the p-adic completion of the divided power envelope of the

surjection W u] io(ma) Oy, and set

M) & s mAY) @6 S.
The ¢-module structure on M(A)[E (u)~!] gives us an isomorphism
p " M) = M(AY).

Moreover, by a variation of Dwork’s trick (see [Bre97, 6.2.1.1]), the reduc-
tion map

MNP = MA@ W = A crig y[p7']
]\J/,cris,y
realization of x viewed as an element of V,,(Ay[p>],), and let Zo € M(A))[p™']

induces a bijection on p-invariant elements. Let g € A be the crystalline

be its unique -invariant lift.
If k < e, then the image of &y in M(AY)[p~!] ®s Wu]/(u**!) actually
lies in
M) ©s Wu]/(u"*)
and, by virtue of its p-invariance, is necessarily the crystalline realization of

both  and xpr along the divided power thickening Wu]/(u**!) wrto(ma),
O,/ 7r§(’)y.

If £ > e, then, once again by virtue of its ¢-invariance, &g is the crys-
talline realization of both x and xrr along the divided power thickening S —
O,/ 7r§(9y.

From these observations, the required identity (7.7.1) easily follows. O

Define a function
ordg : V(Ay[p™lp)o = Z
given by two defining properties:
o if a € By, and x € V(A,[p™];), then

ordg(a - x) = ordq(a) 4 ordg(x);
o if x € V(G,,) is an Op,-module generator, then
1 if q is unramified over F',
ordg(z) = e .
n(p) = ordg(0g ) if q is ramified over F.

Our definition of the function ordy is justified by the following result.
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PROPOSITION 7.7.3. Suppose that p € Ly /Ly and that x € V,,(A,[p™],).
Then x lifts to V,(Ak[p™]y) if and only if ordg(z) > k.
Proof. This is immediate from Proposition 7.7.1 and Theorem 2.5.5. [
THEOREM 7.7.4. At any point z € Zp(a, u)(Fslg) we have
length (Oz,.(au),2) = (),
where {y(a) is defined as in Proposition 7.3.2.

Proof. The point z corresponds to a point y € J}(Falg) equipped with
a special endomorphism = € V,(A,) satisfying (x,z) = a. By Serre-Tate
theory its deformation theory is governed by the induced endomorphism z, €
Vi, (Ay[p™]). By Proposition 7.4.3, there is a unique pair

pp + Ly Lf;/ L%v
Ly + L’;, Ly LE ’

(Hlu /1'2) €

together with a unique z, € V},, (4,[p*>]y) and v € pz + Lb, such that
Tp = Tp + 0.

Moreover, ord, (o) = ordy({xy, xp)).

Also, by the same proposition, the deformation theory of z, is governed
by that of x,. More precisely, z, lifts to V,,(Ax[p™]) if and only if z, lifts
to Vy, (Ag[p™]p). By Proposition 7.7.3, this is equivalent to the condition
ordg(zy) > k.

Therefore, to finish, we must show

(7.7.2) ordg(zp) = p(a).

Now, note that the Hermitian form on V(A,[p>]y)q is &p-times the natural
Hermitian form (-, ) on V (G, )o and that ord, (&) = —m(p).

Moreover, using Propositions 2.3.3 and 2.3.3, we find that if z9 € V(Gqy)
is an Op q-module generator, then

1 =—1+2-ordg(xp) if qis unramified over F,

ordy ({xq, x =
N {O = —n(p) +ordy(zo) if q is ramified over F.

Combining all this, we find that ord,(c) is equal to

—m(p) —1+2-ordg(zp) if q is unramified over F,

d ; =
ordy ({zp, Tp)) {—m(p) —n(p) +ordg(xp) if q is ramified over F'.

Comparing this with the formulas for ¢,(c) in Proposition 7.3.2 gives
us (7.7.2) and hence the theorem. O
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7.8. Calculation of arithmetic degrees: end of the proof of Theorem 6.4.2.

THEOREM 7.8.1. Suppose that « € F and p € LV/L. Assume that
Diff (a) = {p} consists of a single prime of O, which lies above a rational
prime p that is good for L. If we denote by

Zr(a, ) € Pic(Y)

the divisor Zp(a, ) on Y endowed with the trivial Green function, then

(@(2}7(0&, M)) B _CLF(Oé, N)

dege(Y)  A0,x)
Proof. Combine Propositions 7.3.2 and 7.6.4 with Theorem 7.7.4. U

Given a,b € R, we will write a ~; b to mean that a — b is a Q-linear
combination of {log(p) : p | Dpad,L}-

PROPOSITION 7.8.2. We have
a(0,0)  2A'(0,x)
AO) A0

If i # 0, then
al0.p)
A0, x)

Proof. Let ¢ = ¢, so that we have a factorization ¢ = ®¢, over the
rational primes. By Proposition 6.2.3, we have

Q(Oaﬂ) G,F(O,QO) A/(07X) /
7.8.1) = = —2p(0 — M'(0, ).
( A0, x)  A0,x) ( )A(O,x) 9:¢)
Fix a prime p, and suppose that we have ¢, = "; ¢;, where each ¢; admits
a factoring ¢; = ®y|,pip over primes p C Op above p. Then, for each i, by

Proposition 6.2.3, we obtain a factoring

MP(37 901') = H MP(Sv ()Oi,P)
plp

where, for any p | p, My (s, i p) is arational function in N (p)®. Thus, M, (0, ;)
is a rational number and M, (0, ¢;p) is a rational multiple of log N (p).
Moreover, if p is a good prime, then, by (7.2.4), we can choose our decom-

Pup = ® PAps

Ap€pp+Lyp
where )\, ranges over representative of cosets of A, in A;,/ contained in p, + L.
By Corollary 7.1.9, My (s, ¢»,) is constant, and hence My (0, ¢,,) = 0, for
all primes p | p. It now follows that M’'(0, ) is a Q-linear combination of

log(p) with p | Dpaq.
The identity (7.8.1) now gives us the proposition. O

position to be
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Proof of Theorem 6.4.2. Recalling that

Z(f) = Z Z c}_(_mau)z(ma ,u)?

m>0 MGL\//L
the stack decomposition
Z(mnu') XMy: |_| ZF(OGM)
acFy
TrF/Q(a):m

of (7.6.1) implies

[Z(f): Y] ®(f,Y>) N deg(Zr(a, )
dege (1) ‘2degc<Y>+ﬂe§/ch () 21; dogc(Y)
m>0 Trp/g(c)=m

For any o € F and any pu € LY/L, we have

@(Z\F(a?M)) ~ _CLF(%M)
degC(Y) L A(OaX) ‘

Indeed, if |Diff («)| > 1, then Propositions 6.2.2 and 7.6.1 imply that both sides
of (7.8.2) vanish. If Diff(«) = {p}, then let p be the rational prime below p.
If p 1 Dyag, then the relation (7.8.2) follows from Theorem 7.8.1. If p | Dpagq,
then both sides of (7.8.2) are ~ 0 by Propositions 6.2.2 and 7.6.1.

Combining (7.8.2) and (6.2.7) shows that

(7.8.2)

deg(Zp(a, p)) . _a(m,p)
degc(Y)  ~FA(0,x)

>

acF*
TrF/@(a):m

and so

2(H):Y] O, Y) s ol cf (m,p)
NL - .

m>0
Comparing with Theorem 6.3.1 and using the approximate identity a(0, i)

~r, 0 from Proposition 7.8.2 for y # 0 shows that

BV L0 , 0.0 0.0
dege(Y) ~© A(0,x) AOx)

as desired. O
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8. The height of the tautological bundle

For applications to the computations of heights of line bundles and to
Colmez’s conjecture, it will be useful to have a results more general than The-
orem 6.4.2, involving restrictions of Borcherds products from larger GSpin
Shimura varieties. In this section, we pursue such generalizations, which are
mostly of a formal nature, given what has come before.

8.1. Enlarging the Shimura variety. Suppose that we have a quadratic
space (V°,Q°) of signature (n°,2), a maximal lattice L® C V° of discriminant
Do = [L*Y : L°], and an isometric embedding

(V,Q) = (V°,Q°)
satisfying L C L°. Define a positive definite Z-quadratic space
A={zel®:z 1L}
of rank n°® — 2d 4 2, so that L & A C L® with finite index, and V° =V @ Ag.
From this data, we obtain maps of Z-stacks

VM= M°,

where M and M are the integral models for the orthogonal Shimura varieties
associated with the lattices L and L°, respectively, and J = YV, , is the stack
appearing in Proposition 5.3.1.

8.2. The archimedean contribution. From the Z-quadratic space A we may
form the representation wp of SLy(Z) on the finite dimensional subspace

Sy € S(Ag)

of C-valued functions on AY /A, exactly as in Section 4.7, and the contragredi-
ent representation wy on the C-linear dual SY.
The theta series

Ia(r) = ZPA(m) q" e Mlngfd+1(w>\/)
has Fourier coefficients pp(m) € SY defined by
pa(m,0) = Y o)
zeAY

for any ¢ € Sp. Letting ¢, denote the characteristic function of p € AY/A,
we often write pa(m, 1) = pa(m, @p).

Given a pair (uy,p2) € (LY/L) @ (AV/A) and a p € LY /L° we write, by
abuse of notation, p + pe = g to mean that the map

(LY/L)& (AY/A) = (LY & AY)/L°
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induced by the inclusions
LoACLc LY cLYaeA
takes (p1, p2) — .
PRrROPOSITION 8.2.1. Fix any weakly holomorphic modular form
fe Mifn0/2(WL°)

with integral principal part, and let ®°(f) be the corresponding Green function
on M?, as in Section 4.7. If we set

ye=y X Spec(Z) Spec((C)
and define ®°(f, V) as in Theorem 6.3.1, then

(I)O(fh))()o) a(mlaﬂl)pA(mZa/@)
SIS em) Y .
2degc(Y) 5] e A0

meQ H1tp2=p

Proof. The isomorphism
S(V°) = S(V) ® S(Ag)
together with the tautological pairing between S (/A\@) and its dual induce a

map
S(V®) ® S(Ag)Y — S(V).
As L@ A C L°, this restricts to a map Sro ® SY — Sp, which we call tensor
contraction and denote by 1 ® w2 — 1 © Po.
There is an induced map on spaces of weakly holomorphic forms

M (wre) ® My(wX) — My, o(wr)

for any half-integers k£ and ¢. In particular, f — f ® ¥ defines a linear map
M

e @) = M_g(wn).

In terms of g-expansions,
(f O] 29/\)(7—) = Z Z Crova (ma IU‘)SO,U« : qm’
m>»>—oo pelV /L
where

(8:2.1) crom(mp)= Y > cp(ma, i+ p2) - pa(me, p2).
mi+ma=m 'uQEAV/A

ptu2€L>Y JLBA
The essential observation is this. If we pull back the Green function ®°(f)
for the divisor Z°(f)(C) on M°®(C) via the map M(C) — M°(C), we obtain
the Green function ®(f ® ¥,) for the divisor Z(f ® 9¥A)(C) on M(C). This
is clear from the factorization [BY09, (4.16)] of Siegel theta functions and the
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construction of the Green functions as regularized theta lifts as in [BKY12],
[BY09)].
As Y>°(C) — M°®(C) factors through M(C), we find
2°(f, Y>) _ O(f © Uy, V™)
2degc(Y) 2dege(Y)

We may apply the result of Bruinier-Kudla-Yang, as stated in Theorem 6.3.1,
directly to the right-hand side. This gives

(I)Q(fvyoo) - _ Z a’<m17:u1) 'cfQﬂA(_mlnul)
2deg(C(Y) MlELv/L A(O7 X)
mi1€Q
_ a(ma, p) pa(ma, p2)
- Z Cf(m?n M) Z A(O ) )
neL>Y /L® H1tp2=p ' X

m1+mo+m3z=0

where the second equality follows from (8.2.1). O

8.3. An extended arithmetic intersection formula. Fix any weakly holo-
morphic modular form f € Ml!in0 /2 (wre) with integral principal part. Let

Zo(f) = Z Z Cf(*ma/‘) ’ Zo(mwu)

m>0 pe LoV /Lo

be the corresponding divisor on M¢®, and denote by
~ 1
Zo(f) = (2°($), 9°(f)) € CH (M)

the corresponding arithmetic divisor.

In what follows we will frequently demand that f satisfy the following
hypothesis with respect to the quadratic submodule L C L° and its orthogonal
complement A = L+ C L°.

Hypothesis 8.3.1. If m > 0, and if there an element z € DZ&A with
Q(z) = m, then cf(—m, ) =0 for all p € L*Y/L°.

LEMMA 8.3.2. If the image of Y(C) — M®(C) intersects the support
of Z°(m,pu)(C), then there is an x € D;sA with Q(x) = m. Therefore, if
Hypothesis 8.3.1 holds, then Z°(f) intersects Y properly.

Proof. Suppose the image of J(C) intersects the support of Z°(m, u)(C).
By Corollary 4.5.7, this implies that there exist mj, ma € Q>0 with m; + mg

= m and
oV

Lo A
such that Y(C) intersects the support of Z(mu, pt1) X Ay s, Where

Am2,u2 = {$ € p2 + A Q(:C) = m2}'

C(LY/L)& (AY/A)

(p1, p2) €
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By Proposition 5.4.1, for any point y € Y (C), we must have V(A,) = 0. Thus
the only way that y can meet Z(my,p;) is if m; = 0 and g3 = 0. It now
follows that there exists © € A, ,, with

L<>,\/
LoN

and from this we deduce that there exists x € D;J A with Q(z) = m.
The second assertion is clear from the first. O

(07 MQ) €

PROPOSITION 8.3.3. Under Hypothesis 8.3.1, we have
[2°(f) : V] a(0,0)
degc(Y) A(0, x)
Proof. Corollary 4.5.7 gives us, for each pair (m, p), a decomposition
Z%(m, ) X pme M = |_| Z(ma, 1) X Mg s

mi1+mo=m
H1t+p2=p

~r cf(0,0)

of stacks over M. Moreover, if cf(—m, p) # 0, then Hypothesis 8.3.1 implies
that all terms with m; = 0 are empty. Therefore, we obtain a decomposition

Z2°(f)lm= > eplmap) Y pa(ma, p2)Z(ma, )
neL>Y /L p1tpo=p
mi+ma+m3z=0
m3<0
m1>0

of divisors on M.
By Lemma 8.3.2, the image of Y — M intersects Z°(f) properly, and so,
as in the proof of Theorem 6.4.2 (see especially Section 7.8), we deduce

[Z°()): Y], ®°(fY™)
degc(Y) " 2dege(Y)

_ Z Cf(mg,,u) Z a(mhﬂl)f’lx(m%l@)'

pel®Y /Le H1tp2=p A(0,%)
m1+ma+m3=0
m3<0,m1>0
Combining with Proposition 8.2.1 completes the proof. O

Suppose now that n® > 3. Denote by
@ € Pic(M), @° € Pic(M°)

the metrized tautological bundles on M and M® of Section 4.6. By Theo-
rem 4.8.1, after replacing f by a multiple if necessary, we have the equality

(8.3.1) ¢7(0,0) - @° = Z°(f) — ¢£(0,0) - (0, log(4me?)) + E°(f),
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where £°(f) = (£°(f),0) is empty if L,y is self-dual and n > 5, and is otherwise
supported on the union of special fibers Mp, for p? 1 Dy, as well as My, if

L3 is not self-dual.
THEOREM 8.3.4. We have
©:Y) 20'(0, ) L [E(f): ]
-~y ——— > —d - log(4mweY) + .
doc(v) ~E A0 T 00 deme(v)
Proof. Combine Propositions 8.3.3 and 7.8.2 with (8.3.1), and observe that

the restriction of W® to M is canonically isomorphic to w; see Proposition 4.4.7.
O

9. Colmez’s conjecture

In this section we prove Theorem A, following the argument that was
explained in Section 1.4 of the introduction.

9.1. The statement of the conjecture. In this subsection only, F is an ar-
bitrary CM algebra. Recall that Q*# is the algebraic closure of Q in C. The
group I'g = Gal(Q*2/Q) acts on the set of all CM types of E in the usual way:
cgo® ={ocoyp:ped} Foreach @, let Stab(®) C I'g be its stabilizer.

Definition 9.1.1. Let ¢ € I'g be complex conjugation. Write CMO for the
space of locally constant functions a : I'g — Q that are constant on conjugacy
classes and are such that the quantity

(9.1.1) a(co) + a(o)
is independent of ¢ € I'g. This notion does not depend on the choice of c.

Every function a € CM° decomposes uniquely as a finite linear combination
a=Y a(n)n
n
of Artin characters. For each Artin character 7, let

1
L(s,n) =
(5,71 1;[ det (1 — p—sn(Frp)\Uzp)

be the usual Artin L-function, where p is a prime of Q*# above p and U is the
space of the representation 7.

The independence from o of the quantity (9.1.1) implies that any non-
trivial Artin character 7 with a(n) # 0 must be totally odd, in the sense that
n(c) = —n(id), and therefore L(0,7n) # 0. We now set

Z0.a) = — S a(m (£, log(fn)
20,0 == atn) (o + ).

where f, is the Artin conductor of 7.



FALTINGS HEIGHTS OF ABELIAN VARIETIES 509

Following Colmez, we will now construct a particular function a?E ) in

CM?O from the CM type (E, ®). First, define a locally constant function on I'g
by the formula

ag,e)(0) =|PNood|
The average

1

(912) a((]E’(I,) = T ar AT Z A(E,70®)
[Cg : Stab(®)] T€lg/Stab(®)

is constant on conjugacy classes of I'g, and depends only on the I'g-orbit of ®.

Moreover,

a(()E,<I>)<J) + a(()E,<I>)(60> = |2

is independent of o, and so a(()E qj)(a) belongs to CMY; as desired.

Remark 9.1.2. If E is a CM field, E is a CM field containing E, and
® = {$ € Hom(E, Q") : 3| € @}
is the lifted CM type, then

0
B+ E] alpg) = 055

Definition 9.1.3. The Colmez height of the pair (E,®) is
h(cﬁ“),l@) = 2(07 a?E,i)))'

Suppose A is an abelian variety over Q*# of dimension 2dim(A) = [E : Q]
and admitting complex multiplication of type (F, ®). Choose a model of A over
a number field k C Q8 large enough that the Néron model 7 : A — Spec(Oy)
has everywhere good reduction. Pick a non-zero rational section s of the line
bundle

W*Q‘jj;“gf € Pic(O),

and define
hEalt (A s) log /
akz—:xc ‘ U((C)
and
1
REAY (A ) = —— ordy(s) - log N(p).

pCOk
Definition 9.1.4. The Faltings height of A is

WP (A) = BEMY(A, 5) + WM (A, s).

It is independent of the field k, the choice of model of A over k, and the choice
of section s.
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THEOREM 9.1.5 (Colmez). If A has complex multiplication by the maxi-
mal order O C E, the Faltings height

Wi < BA)

depends only on the pair (E,®), and not on the choice of A. Moreover, there
is a unique linear map ht : CM® — R such that, for any pair (E,®), we have

h(Ee) = ht(alp,g))-
Proof. This is [Col93, Th. 0.3]. O

CONJECTURE 9.1.6 (Colmez). For any a € CM°, we have ht(a) = Z(0, a).
In particular, taking a = a?E@), for any CM pair (E,®) we have

M) = NS

9.2. The reflex CM type. For the remainder of Section 9, we fix a CM field
E of degree [E : Q] = 2d and a distinguished embedding ¢y : E — C. Denote
by F' the maximal totally real subfield of F.

Recall from Section 5.2 the total reflex algebra E* associated with E. This
is a finite étale Q-algebra equipped with a canonical I'g-equivariant identifica-
tion

Homg_ . (E*, Q¥8) = CM(E),

where CM(FE) is the I'g-set consisting of all CM types of E.
The embedding ¢y determines a subset

{CM types of E containing ¢y} C CM(FE).

This corresponds to a subset ®f C Hom(E*, Q*8) = CM(FE), called the total
reflex CM type. The pair (Eﬁ, ®*) is the total reflex pair.

The relation between the total reflex pair and the classical notion of re-
flex pairs is given by the following proposition, which is immediate from the
definitions.

PROPOSITION 9.2.1. There exist representatives ®1,..., P, € CM(E)
for the T'g-orbits in CM(E) satisfying the following condition. If for each
pair (E,®;), (El, @) is its refler CM pair, then there is an isomorphism of
Q-algebras Ef = [1; E!, such that the natural bijection

29
Hom(E*, Q¥8) = Hom(E}, Q¥&) L - - - L Hom(E!, , Q%)

identifies ®F = ®) L --- U . In particular, E* is a CM algebra and ®F is a
CM type.
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9.3. The average over CM types.

PROPOSITION 9.3.1. Recall the completed L-function (6.0.1). The Colmez
height satisfies

1 1 L'0,x) 1 Dg| d
— N pCol T, A2 oo | 22| — Z . loe(2
9d Z{; (B2 =75 L0,y 1 %8| Dy ~ 3 108"

1 N(O,x) d 3
= 2. 20X 168
2 Aoy 4 og(16m°e”),

where the sum on the left-hand side is over all CM types of E.

Proof. Recall that we have fixed an embedding ¢y : E — Q8. If we let
I'r C I'g be the subgroup that acts as the identity on ¢o(F) C Qe and view
the nontrivial character x : Gal(E/F) — {£1} as a character of I'p, then
1 0 _ od—2 1 0] )
(931) m ; a(E,@) =2 <1 + gIndI‘F (X) ;
where 1 is the trivial character on I'g. Indeed, if we normalize the Haar
measure on I'g to have total volume 1, and define a function ¢ : I'g — Z by

20=1if g 049 = 1,

P(e) =<0 if 001y =1,

29-2  otherwise,

then an elementary calculation shows that the values of both sides of (9.3.1)
at o0 € I'g are equal to

w(Tilo'T) dr.
I'g

Using this, the first equality in the proposition follows from the calculation

i 1 ¢0) Doy 1
- hCol -~ 4. ) |
2d§ &)~ T3 { o) Tz, T2t ndew

d 1L/0,x) 1

=5 log(2m) — 3T(0,) 1 log(|Dr| - Npyg(0p,r))
1 L'0,x) 1 Dg| d
_C. T oe | 2B 2 0e(2
> To) ~1 By~ et
and the second equality follows from (6.0.2). O

PROPOSITION 9.3.2. The total reflex pair (E*, ®%) satisfies
1
0 _ 0
“een) T TR Q] %:‘L(E,@)’

where the sum is over all CM types of E.
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Proof. Let E C Q%8 be a finite Galois extension of Q large enough to
contain all embeddings £ — Q8. In particular, each E! Cc E. Use 1 to
regard F as a subfield of . For each 1 <i <k, let

®;, @) C Gal(E/Q) = Hom(E, Q®)

be the lifts of ®; and ¥/, respectively, so that o € @, if and only if 071 € 52

An easy exercise shows that a’~ - = a’~ ~ | and hence Remark 9.1.2 implies

(E,®) (E,%4)

%

It follows that

0 [Ei:Q] 1 0
Aipr &y — ————— - a N = . a od. )
e £ Q) (Bt [£: Q) TEFQ/Szt:ab(‘bi) ety
and summing over ¢ proves the claim. O

COROLLARY 9.3.3. The total reflex pair (E*, ®*) satisfies

1
thlﬁt o) = Z hFalt )
b . (E7®)
( ) [E ’ Q] PcCM(E)

Proof. Combine Theorem 9.1.5 and Proposition 9.3.2. O

9.4. Faltings heights and Arakelov heights. Recall the torus T = Tg/Th

and the arithmetic curve
Yo — Spec(Ok)

from Section 3.2, defined by the compact open subgroup Ko C T'(Af). In
Sections 3.3 and 3.5, given an algebraic representation NN of the torus 7, and
a Ko-stable lattice N> C Ny, we constructed various homological realizations
N> over ), functorially associated with the pair (NN, Ni)'

Let H' be as in Proposition 3.4.2. The subring Og: C E* gives us a lattice
H% C H* stable under the multiplication action of Ops. Therefore, from the
pair (H?, H%
realizations are the sheaves associated with the pair. By construction, at any
point y € Yy(C), A% is an abelian variety with CM by O and of CM type ®*.

Define

), we obtain an abelian scheme A — ))y, whose homological

dim(A#)
QA’i/ Yo
At any complex point y € Y5°(C) we endow the fiber

Qﬁ:m

_ 770 dim(A*)
Q) =H (145,,%2/(c )

with the Faltings metric

9

HsH?—\/ sAS
H ()
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and so we obtain the metrized Hodge bundle
Qf € Pic(Dh).
The Betti realization of A? gives us a local system

# ﬁ _ gt
Hp C Hi @ Oy ) = Hyp v, ()

which determines a local system of Z-modules det(HﬁB) C det(HgRyo(C)) of
rank 1.

We define the volume metric on det(HﬁR) by declaring that ||e]|* = 1 for
any local generator e of det(H]g). At any complex point y € Yp(C), the dual
volume metric on

~ dim (A#
det(H}p, )Y = Hig @4t c)

is just integration of top degree C*° forms

Il = \/Ay(c)n].

This gives a second metrized line bundle
det(Hjy) € Pic(D).

We will need a third metrized line bundle @wy. This will be defined as
follows. Consider the representation Vp = V(E, ¢) of T on the space of E-semi-
linear endomorphisms of E. This representation factors through 7' (and in
f:iiCt through Ty, = Tr/TF) and has a natural lattice Ly = V(Og, ¢) such that

Lo = LO 7 is stable under K. The natural E-linear structure on 1 is invariant

under T'. Therefore, from the pair (Vp, Eo), we obtain a de Rham realization
WVo.dr over )y, equipped with an action of Og, making it a locally free sheaf of
rank 1 over Oy, ®zOFg. This realization is equipped with a canonical Og-stable
filtration Fil*Vj gr by local direct summands extending the one over Yy = Y g
obtained from Proposition 3.5.1. Moreover, the degree 1 summand

def .
wo é FﬂlVELdR

is a line bundle over ).
Composition in End(E) induces a canonical, T-invariant Hermitian form
(+,)0 on Vj determined by the property

(zoy)(a) = (z,y)0 - a
for any =,y € Vy and a € E. From this, we obtain a Q-valued quadratic form
Qo = Trp/q((z, )o)

with associated bilinear form [z, y]op on V.



514 F. ANDREATTA, E. Z. GOREN, B. HOWARD, and K. MADAPUSI PERA

Just as in Section 4.6, for every y € Y°°(C), this form equips wo, =
Fil' Vy ar , with the Hermitian form ||z||2 = —[z,Z]o, and thus equips wy with
the structure of a metrized line bundle, which will denote by @j.

There is a natural T-equivariant embedding

(9.4.1) Vo < End(H?)
defined as follows. We have

I
Hﬁ — Eﬁ — < ® Qalg QuF E‘) .

t€Emb(F)

Here, the action of I'p on the tensor product is the obvious one compatible
with permutation of the indexing set Emb(F').*
For each ¢ € Emb(F), we have an embedding

Q" @, r Vo =V(Q" @, E,c) C End(Q¥¢ @, r E).
The Lie algebra tensor product of these embeddings gives us a I'g-equivariant

embedding
0 0 Vi = (0% 2, 10) — B (@ e B),

L

so that x € Vj acts on Q%8 ®Q EY via
d—1
rlag®a; @ - ®ag_1) = Za0®"‘®ai—1®x(ai)®"'ad71~
i=0

Here, to,t1,...,t4-1 : FF — R are the real embeddings of F', and for each 1,
a; € Qvle ®,,,r E. The descent of this action over Q gives us (9.4.1).

Now, it is clear that this embedding induces a Ky-stable inclusion Eo —
End(H%) and thus gives us a map of de Rham realizations

Voar — End(H%R)

allowing us to view sections of Vj qr as endomorphisms of H gR'
The action of wg on HgR induces a map

wo B0y, gredHYL — Fil'HY,

of vector bundles over ), and taking determinants yields a map

(9.4.2) W ®oy, det(grpiHig) — det(Fil"Hp)
of line bundles over Oy,. Set

. _9d— _ -1
(9.4.3) Z = det(FiI'HYR) @ w§ 2" oy, det(grpi Hip)”

“In other words, E* is the tensor induction of the F-algebra E to an algebra over Q.
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Then (9.4.2) gives us a canonical section of . over )p, and thus an effective
divisor A on ). Write A = (A, 0) for the associated arithmetic divisor.

PROPOSITION 9.4.1. We have

deg(A)

degc(Y0)

This is the key technical result of this subsection, and its proof will be

= 2% og | Dp|.

given further below. For now, we deduce from it the following theorem, which
gives the precise relation between the degree of &y and the average of the
Faltings heights of abelian varieties with CM by Ogp.

THEOREM 9.4.2. We have the identity

1 1 deg(@o) , 1 1
N pfalt = TEESVEY) L T o0 [ Del — Zd - loe(27).
9d ; (E,2) 4 degC(Yb) + 4 Og’ F‘ 2 Og( Tr)

Proof. By Corollary 9.3.3, we have
> ey = 2d - h(Es g
®

Observing that, for every y € Yp(C), the abelian variety Agj has CM by
Op: with CM type ®* and using Theorem 9.1.5, we obtain

do ()
— 9 - hFalt — hFalt ]
degc(y'o) (E,04) Z@: (E,®)

Consider the short exact sequence

(9.4.4)

0— Fil'HY, — H'; — grid HY, — 0
of vector bundles over ). Taking determinants, we obtain an isomorphism
(9.4.5) det(HflR) S Z2® w8§2d71 ® det(grgﬁHgR)@z,

where £ is as in (9.4.3). If A is as in Proposition 9.4.1, then, using the
canonical isomorphism

det(gr;ﬁHﬁR)@_l = 0f
it is easy to check that (9.4.5) gives us an identity
det(HY) = A + 29715, — 2. QF
in Pic(Mp).
Combining this with Proposition 9.4.1 and (9.4.4) shows
1 deg(det(H}y))
20+ degp(Yp)

1 1 deg(@) | 1
o ZhFalt _ g( 0) = .log|Dp| —
]

(B:®) ™ 4 dege(Y0) T
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Therefore, we will be done once we verify the identity

deg (det(Hp))

= 2%d - log(27).

deac(h) 52

But this is easily done using Lemma 9.4.3 below. (|

LEMMA 9.4.3. Let E' be a number field, and let A be an abelian scheme
over Opr. Suppose that the top degree cohomology H3E(A/Opr) of A is a free
module of rank 1 over Op/. Fiz an embedding E' — C and an Opg-module
generator e € H3L(A/Opr), and let n(e) be a degree 2d C*° form on A(C) that
represents this generator over C. We then have

/. R0

Proof. As explained in [DMOS82, Ch. I, §1, p. 22|, there is a canonical
Op-linear trace map

— (27T)_ dim(A) .

Trag : H3L(A/Op) — E'

which, over C, corresponds to the linear functional

1
=
n (27T’L)d1mA /A((C) U

on top degree C* forms on A(C).
So, to prove the lemma, it is enough to show that Trqr maps isomorphi-
cally onto O C E’. Indeed, this would imply that

/ n(e) € (2mi)~ A X,
A(C)
For this, note that Trggr is equal to the composition
~ Tr
Hig(A/Op) = HYA, Q% 0,,) = O,

where the first isomorphism arises from the degeneration of the Hodge-to-
de Rham spectral sequence for A, and the second is the trace isomorphism
from Grothendieck-Serre duality. O

We now begin our preparations for the proof of Proposition 9.4.1. Suppose
that we have inclusions of complete discrete valuation rings A C B C C' with
perfect residue fields, with Frac(B) finite over Frac(A). Suppose that the set
Hom(B, C) of local A-algebra homomorphisms has the maximum possible size
[Frac(B) : Frac(A)].?

°In other words, the étale Frac(A)-algebra Frac(B) splits over Frac(C).
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Fix a subset T C Hom(B, C), and consider the map of C-algebras

oy :C®sB— HC
oceY
c®b— (c-0o(b))s-

Set KK(T) = ker py. If T¢=Hom(B,C)\YT, then the inclusion
K(T)+ K(Y°) — C®aB

of C-modules is an isomorphism after tensoring with Frac(C'). Therefore, its
cokernel has finite length as a C-module. Denote this cokernel by C(T). Fix
a uniformizer 71 € B. Let By C B be the maximal étale A-subalgebra.
Let 0p/4 C B be the different, and let D54 = Nmp/4(0p/4) C A be the
discriminant ideal for B over A.

LEMMA 9.4.4. We have

lengthe (C(1)) = 1+ 3 length(C/(r () — 7' ()

TH#T!
+ % . Z length(C/(o(n) — o' (7B)))

o,0lexrc

o#o’!
1
—5 length(C/Dp/4C).

Proof. By a standard reduction, we can assume that A = By, so that B
is totally ramified over A. First consider the cokernel C;(Y) of the natural
embedding

K(T) z2@)q, H C.
oeYe
We claim that

9.46)  n1(T) % lengthe(C1 (1)) :%. S length(C/(r(m5) — 7'(75))).

TH#T!

This can be verified using induction on the size of T, after proving (via a sepa-
rate inductive argument) that (T) C C' ®p A is the principal ideal generated
by the element

fr=T]0®ns—r(rp)®1) € C@p A
7eY
We also claim that the inclusion

C®4B— H C
oc€Hom(B,C)
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has cokernel of length % -length(C/®p,4C). This follows by observing that
D;l 4 is the dual lattice to B under the canonical non-degenerate trace pairing
(w,y) = Trp a(w,y) on Frac(B), and that [Jycrom(p,c) C is a self-dual lattice
in Frac(C) ® 4 B under the induced C-bilinear pairing.

The lemma now follows by noting that

O

om C
length(C(Y)) = n1(Y) + n1(Y) — length (HUGH(BC)> '

C®aB

Let K be a finite étale Q,-algebra, and let P C Frac(W )8 be a finite Ga-
lois extension of Frac(W) that receives all maps n : K < Q&%. Let C(I'g,,C)
(resp. CO(FQP,C)) be the space of continuous (resp. continuous, conjugation-
invariant) C-valued functions on I'g, .

CO (g, C) has a basis given by characters of irreducible finite dimensional
complex representations of I'g,. There is a unique linear functional

Ky CO(FQP,(C) — C,

which associates with every finite dimensional irreducible character x the in-
teger p(x) = log, fp(X), where f,(x) is the Artin conductor of x and log, is
the base-p logarithm.

Since I'g, is compact, averaging with respect to the Haar measure of
measure 1 gives us a canonical section f — f0 of the inclusion

C°(Tg,,C) <= C(Tg,,C)
and so permits us to lift 11, to a measure on I'g,: 1,(f) def pp(f0).
With any subset T C Hom(K, P), we can associate the function
aQK,T) " FQP — 7
o= |TNooT|.

Let M be a finite free Op ®z, Ox-module of rank 1. For T C Hom(K, P),
set

K(T) = ker <0P @, O 222, TT 0P> ,
neY

and set (M, Y) =IC(T) - M. Let C(M,Y) be the cokernel of the inclusion
K(M,YT)+K(M,YT¢) < M

of Op-modules.
It will be useful later to have another description of this cokernel. Set

Q(M,Y) = coker(K(M,Y) — M).
Then C(M,Y) is also the cokernel of the natural inclusion

K(M,Y) < Q(M,Y).
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PROPOSITION 9.4.5. Let ep be the absolute ramification index of P. Then

1
lengtho,C(M,T) = —5 -ep - (p(agry) + mlagre)) -

Proof. If K = []; K; is the decomposition of K into a product of field
extensions of Q,, and

Y; = T N Hom(kK;, Q%)

for each i, then we have a? (K,T) Z, . Moreover, if M; = M ®¢, Ok;,

then we have
T) = @C(Mi, T).

Therefore, without loss of generality, we can assume that K is a field.
To compute the right-hand side of the asserted identity, for each pair n,7n" €
Hom(K, P), consider the function a,, € I'p, given by

o (o) = {1 it o () =,

0 otherwise.

Fix a uniformizer wx for K. Let Ky C K be the maximal unramified
subextension. By Lemme 1.2.4 of [Col93] and the remark following Proposition
1.2.6 of loc. cit., we have

(9.4.7)
—ordo, (1(0k/q,)OP) if 7 =1,
pplany) = —s5ordo, (n(nk) =0 (7x))  if nlx, = 7|k, and n # 7/,
0 otherwise.

Moreover, the following identity is easily verified:

(9-4.8) Ay ATy = Y gyt D gyt D gy
n,m €Y n,n’ €YC n:K—P
n#n’ n#n’

Now, observe that we are in the situation of Lemma 9.4.4, with A = Z,,
B = Ok and C = Op, and the computation there gives us an explicit formula
for the left-hand side of the desired identity. Comparing this with (9.4.8)
and (9.4.7) completes the proof of the proposition. O

Proof of Proposition 9.4.1. Fix a prime q C Of above a rational prime p,
and also a point y € Yy (F alg) Let Oy be the completed étale local ring of Vg
at y. Set W = W(Fglg). Fix an algebraic closure Frac(W)2# of Frac(W), and
an embedding Q& — Frac(I/V)alg inducing the place g on E C Q8 embedded
via ¢g. This identifies O, with the ring of integers in the extension of Frac(1V)
generated by the image of E.
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Restricting the line bundle . over Spec O, gives us a free O -module .Z,
of rank 1, equipped with a canonical section s, : O, — .Z,. We claim that we

have
(9.4.9) length(.%,/im(s,)) = 2472 . ordg(0r/q)-
Assuming this for all q and y, we find
— length(.%, /im(s
qCOE yEVL(F5'®)
_ 1
=242 Z log N(q) - ordq(0r/q) - Z _
o g, [AUE(Y)]|
Ve yeyO(Fq g)

— 9d—2 IR ) o
=2 (qﬁ%:(@ |Aut(y)y) <qczo:El g N(q) dq(aF/@)>

= 2971 . deg(Yp) - log | Dr|.

Here, in the third identity, as in the proof of Lemma 7.6.3, we have used the
finite étaleness of ), over Op.

It remains to show (9.4.9). Note that complex conjugation induces an
involution ¢ on the set I'g,-set Hom(E,, leg). Set

CM(Ey) = {®, C Hom(Ey, Q3%) : ®, U c(®y) = Hom(Ey, Q5%)}-

Let Eg be the étale Qp-algebra associated with the I'g,-set CM(E,). There is
an obvious surjection of I'g,-sets

CM(E) — CM(E,)

inducing an inclusion Eg — Elﬂ, = E* ®g Q, of étale Q,-algebras. Associated
with 1o : By — Q;lg are the subsets
and we have

= {F B QpF ] € ).

Now, let Ty C T, be as in Remark 3.5.3. Viewed as a representation
of Ty, Hg = Hf ®q Qp admits the Ty-stable subspace Hg corresponding to
the subspace Eg C Eg. Moreover, we have a canonical lattice Hg z, C Hg
corresponding to O, C Eg. This is stable under Koq = Ko N7T(Q,), and we

p

have a natural Ky 4-equivariant isomorphism of O Eﬁ—modules:
p

# =, r7f
H ,Zp ®OE§ OEg — HZP
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If Hg dr.0. is the de Rham realization of H, ﬁZ obtained from Corol-
) W~y P: P
lary 3.5.4, then we obtain an isomorphism

i =~ #
Hy ar0,®0,; O = Hig o,
p

of filtered O, ®z, C’)Eu—modules.
P
Fix a O,-module generator fj € F111%7d37@y, and view it as a map
—1 gyt 20 rrt
grp Hag o, = FilHgg o -
We find from the construction that this arises via a change of scalars from O 4

P
to O of a map
g

oLyt 10 £yt
Jop g Hy g o, = FILH 5 o, -
Let P C Frac(W)¥#& be a Galois extension of Frac(W) containing Oy,

which receives all maps Eg — leg. Then

def
M = H,4r 0, ®o, Op

is a finite free Op @z, OEg—module of rank 1. One can now check that, in the
notation preceding Proposition 9.4.5, we have
FﬂoHp’dR’()y ®o, Op = K(M, cI)ﬁ) ; grEi}Hp,dR,Oy ®o, Op = Q(M, Eﬁ)
Therefore, we have
1

(9.4.10)  length(L,/im(sy)) = e(Pi/Eq) - 9d=dy -ordp, (det(fop))
2d—dy Q(M, (I)li)
:W - |lengthy (M) — lengthy ,C(M, @E)} .

Here, e(P/Ey) is the ramification index of P over Eg, and dp, = [F}, : Q).

Now, set N = Vy4r,0, ®o, Op. This is a free module of rank 1 over
Op ®z, OEp‘ Set

T, = Hom(E,, Q%)\{uo}.
Then we have
Fill%,dR,Oy ®(9y Op = /C(N, TLO).
Moreover, the action of any generator of Q(N,Y,;) induces an isomorphism
oM, ) = Q(M, %))

of Op-modules. Therefore, we have
Q(M, ¥})

=i
fO,p(Q(Mv (I)p))
Arguing as in Propositions 9.3.2 and 9.3.1, we see that

1 L
0 _ odp—2 Q
@t ah) = 2% (1 + dendrpf(Xp)> ,

9.4.11 length = 2%~ Jengthy, C(N,T,,).
Op Op 0
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where X, is the (possibly trivial) quadratic character of Fj associated with
E,/F,. From this and Proposition 9.4.5, one easily deduces that we have

(9.4.12) lengthy ,C(M, @g) = e(P/Ey)-2%72. (2. ordy(0g/q) — ordq(0F/q))-
A similar but much easier computation shows
(9.4.13) lengthyp,C(N,Y,,) = —ep - pp(a(Ey, T,y)) = e(P/Ey) - ordq(0g/q)-

Combining (9.4.10), (9.4.11), (9.4.12) and (9.4.13) now yields (9.4.9) and
hence the proposition. O

9.5. The averaged Colmez conjecture. As in Remark 5.1.1, choose any
¢ € F* negative at (¢ and positive at ¢1,...,tq_1. This defines a rank two
quadratic space

(7,2) = (E.§Nmg/r)
over F', and we set

(V,Q) = (7, Trpyg 0 2)

as in (5.2.1). Fix any maximal lattice L C V/, and let Dy,q,1, be the product
of all the bad primes with respect to L (see Definition 5.3.3).

Recall the integral model M — Spec(Z) of the GSpin Shimura variety
associated with L, as well as the finite cover ) — )y associated with the level
subgroup Kp, o and equipped with a map Y — M. We also had the metrized
line bundle @ on M from Section 4.6. Over ), this line bundle arises from the
Hodge filtration on the vector bundle Vg obtained as the de Rham realization
of the pair (V, L).

Let (V°,Q°) be a quadratic space of signature (n®,2) with n > 3, and
suppose that we have an isometric embedding

(V,Q) = (V°,Q°)

and a maximal lattice L® C V° with L € L°. This corresponds to a map
M — M? of integral models over Z for the associated GSpin Shimura varieties.

Suppose that f € Mi_no /2(w o) has integral Fourier coefficients and non-
zero constant term cy(0,0). Let Z°(f) be the corresponding divisor on M°,
and assume that Hypothesis 8.3.1 is satisfied. After replacing f by a multiple
if necessary, we obtain the vertical metrized line bundle £°(f) = (£°(f),0) on
M? as in Theorem 8.3.4.

As before, we will write a =~ b for two real numbers a,b if a — b is a
rational linear combination of log(p) with p | Dyaq,r.-

PRrRorOSITION 9.5.1. We have

1 Falt L Col 1 [E°(f): Y]
od Z{; hige) — 54 Z{; " 4cp(0,0) dege(Y)
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Proof. Given Theorems 8.3.4, 9.4.2, and Proposition 9.3.1, we only have
to show

(9.5.1) @ : V] — degy(@o) — log | Dr| ~p, 0.

For this, note that, via the construction in Proposition 3.5.5, the sheaves
Var and Vg gr are both associated with the standard T-representation V' = Vj,
but they correspond to different K -stable lattices in V) 5 The first is as-
sociated with the lattice L and the second with the lattice Lg. In particular,
since the restrictions of these bundles to the generic fiber does not depend on
the Ko, -stable lattice, there is a canonical isomorphism

(9.5.2) wly = woly

of line bundles over Y. At each point y € Voo (C) lying above a place ¢ : FF — R,

this isomorphism carries the metric ||-||, on wy, to [¢(§)|-times the metric ||-||o -
Therefore, it is enough to show that (9.5.2) induces an isomorphism

~ a1
@y, 1 €0/ ®or wolyp 1, )

of line bundles over Y [Dgald’ ol

This is a statement that can be checked over the complete étale local rings
of y[DgaldL]. So let ¢ C O be a prime lying above a prime p { Dpaq 1, and
suppose that we have y € y(F;“g). Let p C Of be the prime induced from gq.
By the definition of Dy.qr, Ly = L, NV, contains a maximal Op ,-stable
quadratic lattice Ap,. We then must have

(9.5.3) Ap = €050, Lo

Let O, be the complete local ring of ) at y. As explained in Remark 3.5.3,
from Ay and Ly, we obtain de Rham realization Ay qr,0, and V; 4r,0, over Oy;
these are filtered vector bundles over O,.

Choose an isometric embedding L < L° with L°® of signature (n°,2) and
self-dual over Z,. The inclusions Ay < L, — L; give embeddings

Apar,0, = Viro,
of free Oy-modules.
It now follows from Lemma 7.7.2 that the inclusion
wo, N Ay ar.0, = wo, = Fil'Viz o

is an isomorphism.
Therefore, (9.5.3) shows that the isomorphism (9.5.2) induces an isomor-
phism
wo, = £(05) g, ®or w0,0,)
of line bundles over O,, finishing the proof of the proposition. O
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PROPOSITION 9.5.2. We can find another choice of auxiliary data
(7', 2') = (B, - Nmpgp)
and a mazimal lattice L' C V' such that ged(Dpad, L, Dbad,z/) = 1.

Proof. 1t is sufficient to show that, given any finite set of rational primes S,
we can find { and L' such that no prime in S divides Dpaq, .-

To make this more concrete, suppose that we given an ideal a C O and
¢ € F satisfying 19(¢') < 0 and ¢;(§') > 0 for j > 0. For a prime p, we will
declare the pair to be good at p if

ef
Ap «© (0, Trg/g(¢'Nmpg p)) @z Zy

is an Op-stable quadratic Zy-lattice in (E, Trg/q(¢'Nmg,/p)) ®q Qp, which is
self-dual over all primes p | p that are unramified in F, and which satisfies

\Y -1
Ay € m A

when p is ramified in E and q C Of is the unique prime above it. Here, we
have set Ay = Ap @0y, OFp.

LEMMA 9.5.3. Suppose that (a,&") is good at all p € S. Then there exists
a maximal lattice
L'cV' = (B, Trpq(€ -Nmpg/p))

that is good at all primes p € S.

Proof. For any prime p € S and any prime p C Op lying above such p,
write 7)) C V(ép for the p-isotypic part of V@p, and fix a maximal lattice Ly, C 7/
containing A,. Now, take L' C V' to be any maximal lattice such that, for
every p € S, L/Zp contains Py, Ly- O

It now remains to find a pair (a,&’) that is good at all primes in S. Given
a pair (a,&’) as above, one can check that the pair is good at p if and only if
for all primes p C OF lying above p, p is relatively prime to {'Nmpg,p(a)dp/q-

Write CIT(F) for the narrow class group of F' and CI(E) for the class
group of E. The norm map induces a map

(9.5.4) CL(E) — CI*(F).

This map is surjective if and only if E/F is ramified at some finite prime.
Indeed, via class field theory, the surjectivity of (9.5.4) is equivalent to the
assertion that the narrow class field of F' does not contain F.

Suppose that E/F is unramified at all finite places. In this case, the
quadratic character x g,/ can be viewed as a character

xg/r : CIF(F) — {£1},

whose kernel is exactly the image of (9.5.4). We now interrupt the proof for
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LEMMA 9.5.4. When E/F is unramified at all finite places, d=0 (mod 2).
Moreover, we have

Xe/F(OF/Q) = (1)Y=,

Proof. Treating xg/r as an idéle class character, consider its infinite part
XE/Fo- Since E is a totally imaginary extension of F', xg/F o is the product
of the sign characters over all infinite places of F'. Since x g, is unramified at
all finite places, for any unit o € O, we have

XE/Foo(@) = XE/F(O‘)XE/F,f(O‘)_l =1
Applying this to the case & = —1 shows that (—1)¢ = 1, and so d must be
even.
The final assertion is an improvement by Armitage [Arm67, Th. 3] of a
classical result of Hecke. O

We return to the proof of Proposition 9.5.2. Choose an arbitrary & € Op
with ¢9(&p) < 0 and ¢;(&§p) > 0 for j > 0. Consider the ideal

b= EQUF/@ C Orp.

Assume either that F/F is ramified at some finite prime, or that E/F is
unramified and d =2 (mod 4). Under either assumption, we claim that there
exists an ideal a C Op and a totally positive element n € F* such that

77NH1E/F0 =p L

In other words, the class of b in CIT(F) is in the image of (9.5.4).
If E/F is ramified, then this is immediate from the surjectivity of (9.5.4).
If E/F is unramified, then b = {05/, and by (9.5.4), we have:

xpe(b) = (~1)F
Therefore, when d = 2 (mod 4), b is in the image of (9.5.4), and the claim
follows.
Now, it is easily checked that with & = néo, (a,&’) is good at all primes p.
It remains to consider the case where E/F is unramified and d = 0
(mod 4). In this case, xg/r(0r/g) = 1 by Lemma 9.5.4. Therefore, we can
find an a C O and totally positive n € F'* such that

Now, given a totally positive 8 € F, the pair (a,np) is good at a all

primes in S if and only if 8¢y is not divisible by any p € S. Such a S can
always be found by weak approximation. O

THEOREM 9.5.5. We have
1 Falt 1 Col
2 Zq) hige) = 52 Z{; h(E.2)-
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Proof. Combining Propositions 9.5.1 and 9.5.2, we find that we have
RE lt Col
2dz i Qth]_(W)@) ZbE ) log(p

where we can compute bg(p) as follows. Choose auxiliary data (7, 2) and a
maximal lattice L C V such that p { Dyaq,r,. Also choose an auxiliary quadratic
space (V°,Q°) of signature (n°,2) with n® > 3, as well as a maximal lattice
L° C V° containing L. Choose a weakly holomorphic form
!
fr)=">_ cp(m)-q" € M;_n(wre)
m>>>—00

with integral principal part and c(0,0) # 0, and satisfying Hypothesis 8.3.1.
Then, after replacing f by a suitable multiple, we have

1 [E(f): )
(9.5.5) ZbE ) log(p " 4¢7(0,0) degp(Y)

Therefore, it is enough to show that, for each prime p, we can choose L°
and f such that £°(f) does not intersect Mg .

It is an easy exercise, given the classification of quadratic forms over Q,
to find L° such that n® = 2d, and such that pr) is self-dual, and such that L
embeds isometrically in L°. Now, the orthogonal complement

A=L+crL°

is a rank 2 positive definite lattice over Z. Any rational prime not split in
the discriminant field of A will fail to be represented by Ag. Therefore, by
Theorem 9.5.6 below, we can find a weakly modular form f as above such that
cf(m) # 0 only if m is not represented by Ag. In particular, Hypothesis 8.3.1 is
satisfied and, since pr) is self-dual, by Theorem 4.8.1, £°(f) does not intersect
M%p, as desired.

We note again that the proof only used knowledge of the divisor of the
Borcherds lift of f at primes where L® is self-dual, which is contained in [Hor14],
and not the full strength of Theorem 4.8.1. O

The proof above used the following consequence of a result of Bruinier
[Brul6, Th. 1.1], which we state here for the reader’s convenience.

THEOREM 9.5.6 (Bruinier). Let L be a quadratic lattice of signature (n,2)
withn > 2. If S is any infinite subset of square-free positive elements of DZIZ
represented by LV, there is a weakly holomorphic form f € Ml!_n/z(wL) such
that

(1) c}“(m,u) € Z for all m and p;

2) ¢} (0.0) 0
(3) ifm>0 and m & S, then c;{(—m,,u) =0 forallpe LV/L.
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