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Hyperbolic triangles
without embedded eigenvalues

By Luc HILLAIRET and CHRIS JUDGE

Abstract

We consider the Neumann Laplacian acting on square-integrable func-
tions on a triangle in the hyperbolic plane that has one cusp. We show that
the generic such triangle has no eigenvalues embedded in its continuous
spectrum. To prove this result we study the behavior of the real-analytic
eigenvalue branches of a degenerating family of triangles. In particular,
we use a careful analysis of spectral projections near the crossings of these
eigenvalue branches with the eigenvalue branches of a model operator.

1. Introduction

Though well studied for over fifty years, the spectral theory of hyperbolic
surfaces still presents basic unresolved questions [Sar03]. For example, does
there exist a noncompact, finite area hyperbolic surface whose Laplacian has
no nonconstant square-integrable eigenfunctions? This question has been the
subject of many investigations including [Col83], [PS85], [DIPS85], [PS92b],
[Wol92a], [Wol92b], [Wol94], and [PS94].

As a model problem, Phillips and Sarnak [PS92a] suggested studying the
Neumann eigenvalue problem on the domain 7; C R x RT pictured in Figure 1.
In this paper, we prove the following theorem.

THEOREM 1.1. For all but at most countably many t € |0, 1], the Neu-
mann Laplacian on the geodesic triangle T; in the hyperbolic plane has no
nonconstant (square-integrable) eigenfunction.
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Figure 1. The triangle 7; defined by 22 + y?> > 1 and 0 < = < t.

The group G; of hyperbolic isometries generated by reflections in the ge-
odesic arcs that bound 7; is discrete if and only if ¢ = cos(n/n) for n > 3 an
integer. For example, if t = 1/2, then G} contains an index two subgroup that
is naturally isomorphic to PSLg(Z). It follows from the seminal work of A.
Selberg [Sel89] that if n = 3,4, or 6, then the Neumann Laplacian has infin-
itely many nonconstant eigenfunctions. In particular, for some special ¢, there
do exist square-integrable solutions to the Neumann problem.!

In [Jud95], Theorem 1.1 was verified under an additional — and as of yet
unjustified — assumption concerning the spectral multiplicities of the Neu-
mann Laplacian acting on L?(71). The proof consisted of studying the sin-
gular perturbation problem associated with letting ¢ tend to 1. Similar sin-
gular perturbations were studied in the context of degenerating hyperbolic
surfaces [Wol94] and unitary characters over a fixed hyperbolic surface [PS94].
In [Wol94], [PS94], [Jud95], and all prior work on this problem, it was nec-
essary to make assumptions about the multiplicities of the spectrum of the
limiting surface.

The angles of a geodesic triangle in the hyperbolic plane determine the
isometry class of the triangle. The angles of Ty are (7/2, arccos(t),0). It is not
difficult to extend Theorem 1.1 to triangles with angles (61, 62, 0); see Section 4.

THEOREM 1.2. The set of (01,02) for which the hyperbolic triangle with
angles (61,62,0) admits a nonconstant Neumann Laplace eigenfunction has
Lebesgue measure zero and is contained in a countable union of nowhere dense
sets.

In the case where n > 3 is an integer not equal to 3,4, or 6, Phillips and Sarnak asked
whether the domain Tcos(x/n) has no nonconstant Neumann eigenfunctions [PS92a). We
should point out that since Theorem 1.1 allows for countably many exceptional ¢, it does not
directly answer their question.
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In other words, the generic hyperbolic triangle with one cusp has no non-
constant Neumann eigenvalue where “generic” can be taken in both a topo-
logical and a measurable sense. Theorem 1.1 gives the existence of a triple of
angles (61, 62,0) for which there are no nonconstant Neumann eigenfunctions.
Theorem 1.2 then results from applying a general and well-understood princi-
ple concerning analytic perturbations (See, for example, [HJ09]). On the other
hand, the proof of Theorem 1.1 is much more involved. In particular, the proof
will rely upon a refined analysis of “crossings” of eigenvalue branches.

To prove Theorem 1.1, we further develop the method of asymptotic sepa-
ration of variables that we introduced in [HlrJdgl1] to study generic simplicity
of eigenvalues. This method facilitates the study of real-analytic eigenvalue
branches in situations where a geometric domain degenerates onto a lower di-
mensional domain. There is a vast literature — for instance, [BF10], [GJ96],
[FS09] — concerning perturbations involving degeneration onto lower dimen-
sional domains, but most of these studies do not address analytic eigenvalue
branches. In contrast, our results depend crucially on a study of real-analytic
eigenbranches and their crossings.

1.1. An outline of this paper. We now describe the content of each section.
In Section 2, we establish notation and recall basic features of the spectral
theory of the Laplacian acting on functions on a domain in the hyperbolic
plane having one cusp. We describe the Fourier decomposition associated to
the cusp. The zeroth Fourier mode is responsible for an essential spectrum of
[4, 00[. Following [LP76] and [Col82], we will replace the Dirichlet quadratic
form £(u) = (Au,u) with a modification £ obtained by “truncating” the
zeroth Fourier coefficient above y = 3. An eigenfunction u of £3 corresponds to
an eigenfunction of £ if and only if the zeroth Fourier coefficient of u vanishes

2 The operator

identically. We will call such an eigenfunction a cusp form.
associated to £3 has compact resolvent and hence a discrete spectrum. This
makes £3 a much better candidate for the application of methods from spectral
perturbation theory.

In Section 3, we recall and make precise some ideas familiar in the per-
turbational study of cusp form existence. We consider a real-analytic family,
t +— q¢, of quadratic forms that have the same domain as £3. We say that a
real-analytic family ¢ — wu; of eigenfunctions of ¢; is a cusp form eigenbranch

if and only u; is a cusp form for each t. We demonstrate a dichotomy: Either

2For t = cos(m/n), these are “cusp forms” in the sense of the theory of automorphic forms,
but otherwise there is no discrete group, and hence they are not cusp forms in the traditional
sense. In this paper we will always be considering “even” cusp forms, that is, eigenfunctions
satisfying Neumann conditions.
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the family ¢t — ¢, has a real-analytic cusp form eigenbranch or the set of ¢ such
that ¢; has a cusp form is countable.

In Section 4, we consider arbitrary real-analytic paths in the space of hy-
perbolic triangles with one cusp. We apply the results of Section 3 to deduce
Theorem 1.2 under the assumption that there exists a triangle with no non-
constant Neumann eigenfunction. The remainder of the paper is devoted to
proving Theorem 1.1, which will give the existence of such a triangle.

In Section 5 we specialize to the family 7;. After renormalizing by a factor
of 12, we find that for each u, the function ¢ + ¢;(u) has a Taylor expansion
at t = 0. We compute the leading order terms of this expansion.

In Section 6 we show that the method of the asymptotic separation of
variables introduced in [HJ11] may be used to analyze the family of quadratic
forms gg;. In particular, we define a reference quadratic form a; to which
separation of variables applies and that is asymptotic to gg; at “first order.”
By separation of variables we mean that each eigenfunction of a; is of the form

vf(y) - cos(mlx) with £ € Z and v} a solution to

(1) 2 4 (k) ;2) u=0,

a renormalized form of the equation for a modified Bessel function with imag-
inary parameter. The potential (k)2 — X -y =2 is positive for y large and has
a unique zero at y = v/A/(kw). To analyze the solutions to (1), we will re-
late them to the Airy functions, solutions to the ordinary differential equation
0?A = z - A. The remainder of the paper depends crucially on the analysis of
(1) using Airy functions, which has been placed in the appendices.

In Section 7 we prove a nonconcentration estimate — Proposition 7.2
— and use this estimate to derive information concerning the real-analytic
eigenbranches (Ey,u;) of gg. First, we show that there exists an integer k
so that F; limits to (wk)? as t tends to zero. Second, we find that if the
spectral projection of uw; onto the space Vi spanned by functions of the form
the ¢(y) - cos(mkz) is relatively small, then the derivative 9,F; is of order 1/t.
Finally, we show that if (E},u;) is a cusp form eigenbranch, then E; cannot
limit to zero.

In Section 8 we prove Theorem 1.1. By the dichotomy of Section 3, it
suffices to show that real-analytic cusp form eigenbranches do not exist. We
suppose to the contrary that the real-analytic family gg; has a cusp form
eigenbranch (F¢, u;). By the results of Section 7, we have that E; limits to
(mk)? where k € Z*. By improving the analysis of [HJ11], we show that there
exists an eigenbranch, Af, of a; that “tracks” E} at order ¢ in the sense that

1
(2) limsup — - |E; — A\/| < o0.
t—0 t
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We will obtain a contradiction to this estimate by estimating f(¢):=4 (E,—\})
from below.

Indeed, we show that when the norm of the projection wf of u; onto V. is
relatively large with respect to ||u;||, the function f(¢) is of order =3, whereas
when ||wF|| is relatively small, the function f(t) is of order t~'. By controlling
the sizes of the sets where ||w}|| is respectively small and large relative to |||
and by integrating, we will contradict (2).

The key observation is the following: Since FE; limits to (kn)2, it has to
“cross” each of the eigenbranches of a; that limit to zero. We show that near
such a crossing, the branch u; must “interact” with the functions in V4 to
such an extent that the projection onto Vj, cannot be too large. The effect of
each interaction is made precise by careful estimates of the off-diagonal terms
in the quadratic form ¢ — a; (Appendix A). By summing the effects of these
interactions, we eventually prove that there exists ¢ > 0 so that

% 2
Et_At =c-13,

thus contradicting (2).

2. The spectrum of a domain in the hyperbolic plane with a cusp

In this section, we describe some basic spectral theory of the Neumann
Laplace operator acting on the square-integrable functions on domains in the
hyperbolic plane with a cusp. We define the Laplacian and associated Dirich-
let quadratic form, describe the Fourier decomposition of eigenfunctions along
horocycles, and construct a modification of the Dirichlet form whose eigen-
functions include the eigenfunctions (cusp forms) of the standard Laplacian
but whose spectrum is discrete.

2.1. The quadratic forms associated to the Neumann Laplacian. The half
plane {(z,y), y > 0} equipped with the Riemannian metric y—2(dz? + dy?) is
the Poincaré-Lobachevsky model for the 2-dimensional hyperbolic space H?.
The measure associated to the Riemannian metric g = y~2(dz? + dy?) is given
by integrating
dxdy

y:
In the present context, a cusp of width w and height yy is the subset

dm =

Sw,yo = [0,w] X [yo, 0] of the upper half plane. A domain  C H? is said to
have one cusp if € is the union of a cusp and a compact set. We will assume
that the boundary of 2 is the union of finitely many geodesic arcs and that
the interior of €2 is connected.

Let D(Q) denote the set of functions u : Q — C such that u is the re-
striction to 2 of a compactly supported smooth function defined on some

neighbourhood of €.
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The L2-inner product of two functions v and v in D(Q) is defined by
3) Nwv) = [ ule.y) - olay) dm.
Q

Abusing notation slightly, we will often write A (u) in place of N(u,u). Let
L?(£2,dm) denote the completion of D(Q) with respect to the norm ./\/'(u)%
To define the Neumann Laplacian we consider the bilinear form defined

on D(R2) by

E(u,v) = /Qg(Vu, Vo) dm,

where V satisfies g(Vf,X) = X f for all vector fields X and smooth func-
tions f. Let £(u) denote the value of the quadratic form u — &E(u,u). One
computes that

Ew) = [ 10su(a,p)* + 0yuw,y) dudy.
Q

Let H'(£2) denote the completion of D(Q) with respect to the norm (&(u) +
N (u))% We will consider £ as a nonnegative symmetric bilinear form on L?(2)
with domain H'(Q). As such it is densely defined and closed, and hence there
exists a unique, densely defined, self-adjoint operator A on L?(2) such that
for each v € H(Q) and v in the domain of A, we have?

(4) N(Au,v) = E(u,v).

The operator A is called the Neumann Laplacian. It can be shown that u €
H(Q) if and only if u € L?(Q, dm) and &(u) < +oc where in the definition of
£ the partial derivatives are to be taken in the distributional sense.

It is well known that A has an essential spectrum equal to [1/4, cc[. (For
example, see [LP76] or [Col82]). Apart from this essential spectrum, A may
also have eigenvalues either smaller than 1/4 or embedded in the continuous
spectrum.

From (4) we see that u is an eigenfunction of A with eigenvalue F if and
only if u € H'(Q) and for each v € HY(Q),

(5) E(u,v) = E-N(u,v).
2.2. Fourier decomposition in the cusp. For each positive integer k, define
er(x) == 23 . cos(km - x)

and define eg = 1. The collection {ex | £ > 0} is an orthonormal basis for
L?(]0,1]). Hence, the functions

mH\}Eek(Z)

3See, for example, [Kat95, Th. VI.2.1].
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provide an orthonormal basis of L2([0, w]).

For positive w, yo, let Sy, = [0,w] X [yo, 00] be a cusp of width w and
height yo.

For each u in L?(Sy4,,dm) and almost every y > yo, the function z
u(z,y) belongs to L?([0,w]). Thus we can write

(6) uwy) = 2wk ) e ().

k>0

(7 i) = o [Cu) (D) do

kt® Fourier coefficient

belongs to L? ([yo, 00[,y 2dy). We refer to u* as the
of u. More generally, if € is a domain with a cusp Sy ,, then we define the
k™ Fourier coefficient of a function v : Q — C to be the k™ Fourier coefficient

restriction of v to Sy y,. Parseval’s theorem gives
o0 2 d
k Y
N goo) =X [ [t w)] %,
k>0 Yo Yy
where 1 x denotes the characteristic function of a set X.
LEMMA 2.1. If u € HY(,dm) is a Neumann eigenfunction of & with

eigenvalue E, then for each k € N and each y > yo, the Fourier coefficient u¥
satisfies

(8) — (uh)" + <(k7r)2 - b;) k= 0,

w? Y

Proof. If v is a smooth function on €2, then since u is a Neumann eigen-
function of &, integration by parts gives
dxdy

—/(u-@iv—l—u-@iv) dmdy:E/u-v 5
Q Q Y

By letting v = ¢(y) - ex(z/w), where ¢ is a smooth function with compact
support in |yg, oo[, we find that

o0

)2 [ 00
e /y W dy_/ W (y) - ¢"(y) dy:E/ ut(y)- .

w 0 Yo Yo Y

It follows that u* satisfies (8) in the distributional sense in D’((yo,o0)). By
elliptic regularity, u” is actually smooth and satisfies (8) in the strong sense. [

In particular, u’ = Ay® + By'~® for some constants A and B with E =
5(1—s). If E > 1/4, then the real part of s equals 1/2, and hence u® does not
belong to L? ([yos oo[, y~2dy) unless both A and B equal zero. Therefore, we
have the following.
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COROLLARY 2.2. Ifu is a Neumann eigenfunction with eigenvalue & > %,
then the zeroth Fourier coefficient u® vanishes identically on [yg, oo|.

In the classical spectral theory of a quotient of H by a lattice in SLa(R), a
Laplace eigenfunction v with vanishing zeroth Fourier coefficient in each cusp is
called a (weight zero) Maass cusp form. Even though most of the domains that
we will consider are not fundamental domains for discrete groups of isometries,
we will adapt this terminology.

Definition 2.3. If u is an eigenfunction for the Neumann Laplacian on a
0
domain with a cusp, and (u . ]l[yopo[) = 0, then we will call u a cusp form.

Traditionally, the Neumann eigenfunctions for Tiosr/n) are called even
cusp forms whereas the solutions to the Dirichlet eigenvalue problem are called
odd cusp forms. We will not consider odd cusp forms in this paper.

2.3. A related quadratic form. We wish to apply analytic perturbation
theory to study the behavior of eigenfunctions of £ on 7; as we vary t. Be-
cause the eigenvalues of £ might lie inside the essential spectrum, standard
perturbation theory does not apply directly. Following [Col82] and [PS85], we
will use a modification of € first constructed by P. Lax and R. Phillips [LP76]
[LP80].# In this section, we recall the construction, show that the eigenvalues of
the modification are isolated, and relate the eigenfunctions of the modification
to those of £.

For 8 > yo, let Zz denote the set of u € D(Q) such that for each y > S,
we have u%(y) = 0. Let L% (2, dm) denote the Hilbert space completion of Zg
with respect to u — A/(u)2. Let N denote the restriction of N to L3(9).

Let H é(Q) denote the Hilbert space completion of Z3 with respect to the
norm u +— (E(u) + N(u))% The restriction, £3, of £ to HE(Q) is a closed,
densely defined quadratic form on L% (©). A simple argument shows that

L3(Q) = {u e L*(Q,dm), | ¥y > B, u’(y) = 0}
and

HY(Q) = {ue H(Q), | ¥y > B, u’(y) =0} .

In the sequel it will be more convenient to replace Zg by the following
other set.

Definition 2.4. Define W3 to be the set of functions v in Hé such that

e u extends to a continuous function on the closure Q of €,
e u is smooth on Q\ {y = §}.

“See page 206 of [LP76] under the heading “A related quadratic form.”
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Observe that since Zg C Wp, the closure of W with respect to the norm
ur (E(u) + N(u))% is Hé The latter assertion says that Wjg is a core of the
quadratic form &g

Let Ag denote the unique operator such that dom(Ag) C H é and that
satisfies Ng(Agu,v) = E3(u, v) for each u € dom(Ag), v € HE(Q)

LEMMA 2.5 ([LP76]). For each B > yo, the resolvent of Ag is compact.
Hence, the spectrum of £z with respect to Ny is discrete and each eigenspace
is finite dimensional.

Proof. Using the Fourier decomposition, one shows that for each b > 0,
the set of v € Hé(Q) such that M(v) < 1 and £(v) < b is compact in L%(Q);
see [LP76, Lemma 8.7]. It follows that Ag has compact resolvent. Hence,
by standard spectral theory, the spectrum is discrete and the eigenspaces are
finite dimensional. O

Definition 2.6 (cusp form). We will say that an eigenfunction u of £g with
respect to N is a cusp form if and only for each y > vy, we have u®(y) = 0.

LEMMA 2.7. The following assertions are equivalent:

(1) w is a cusp form of £ with respect to N;
(2) there exists 5 > yo such that u is a cusp form of Ez with respect to Ng;
(3) for each 8> yo, the function u is a cusp form for £z with respect to Ng.

Proof. (1) = (2): If u is an eigenfunction of £ with eigenvalue E, then by
Lemma 2.1 the zeroth Fourier coefficient u" satisfies the differential equation
0= (u0)" + (E/y?) - u®. Since u°(y) vanishes for y > yo, it must vanish for
y > B.

(2) = (1): Fix a smooth function x such that x(y) =0 for y < W and
x(y) =1 fory > @ If u%(y) = 0 for each y > yo, then

Ni(u,v —x -0Y) = N(u,v)

and
g(uﬂj) = g(uvv —X- UO) = gﬁ(uav - X UO)

for each v € H1(Q). Thus, if E5(u,v) = E-Ng(u,v), then &(u,v) = E-N(u,v).
(2) < (3): Follows from the equivalence of (1) and (2). O

Not every eigenfunction u of £3 is an eigenfunction of £. For example, if
w = cos(m/n) and Fy is an Eisenstein series whose zeroth Fourier coefficient
vanishes at y = 3, then Ey(z,y) — E(y) - X[3,00[(¥) 1s an eigenfunction of £g.
This function is not smooth across y = 3, but elliptic regularity implies that
each eigenfunction of £ is smooth.
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3. Real-analyticity and generic properties of eigenfunctions

Let S = [0,1] x [yo,00), and let 5 > a > yo. In this section, we consider
a fixed domain {2 that contains the cusp S and a real-analytic family ¢ — ¢
of quadratic forms defined on H é(Q) C L%(S, dm) that represents the cusp of
width wy for y > yo and some real-analytic function ¢ — w; (see Definition 3.1
below). We prove the following dichotomy: Either there exists a real-analytic
eigenfunction branch consisting of “cusp forms” or the set of ¢ such that ¢
has a “cusp form” eigenfunction is countable. This fact is fundamental to the
proofs of both Theorems 1.1 and 1.2.

Let S = [0,1] x [yo, o0, and let 8 > a > yo. For any w > 0, we can

define a transformation ®,, between L%(S) and L%(Sw,yo) by asking that, for

any u € L%(S), the function v 1= @, (u) is defined by v(z,y) = ﬁu(%,y)

Since, in the sequel yg will be fixed, we will drop the index yy and denote by
Sw the cusp of width w.

It is straightforward that ®,, is an isometry between L%(S ) and L%(Sw).
Moreover, ®,, also preserves H 5 in the sense that Dy(u) € H 5(Sy) if and only
ifue H é(S ).

We may thus define &3, the quadratic form obtained by pulling back &g
on Sy, using ®,,. This quadratic form is then closed on the domain H é(S ), and
for each u € Hé(S),

Eruuw) = [ w2 0sua ) +10,u(a,y)* dady.

Definition 3.1. Let €2 be a domain that has S as a cusp and 8 > a > yo.
Let ¢ be a quadratic form closed over the domain H é(Q) We will say that ¢
represents the cusp of width w for y > « if, for any v € H é that is supported
in {y > a}, we have

q(u) = Egaw(u)-
For such a quadratic form, we will say that an eigenfunction u is a cuspform
if u%(y) vanishes on {yo <y < B}.

The aim of this section is to prove that being a cuspform is a real-analytic
condition. To make this statement precise we have to consider a family ¢; of
quadratic forms that satisfies the following assumptions.

ASSUMPTION 3.2. Lett_ <ty and 8> a > yg. Foreacht € I :=|t_ t,],
let wy be a positive real-analytic function on I. Let g denote a nonnegative,
closed quadratic form with domain Hé(S) that represents the cusp of width w;
fory > a.

Lastly, we assume that the family t — q; is real-analytic of type (a) in
the sense of [Kat95]. That is, for each u € Hé(S), the map t — q(u) is
real-analytic.
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A straightforward application of analytic perturbation theory — [Kat95,
§VII] — gives the following.

THEOREM 3.3 (Existence of a real-analytic eigenbasis). Let t — q; satisfy
the assumptions above 3.2. Then there exist a collection of real-analytic paths
{t = ujy € L3(Q,dm) | j € Z*} and a collection of real-analytic functions
{t = X\js € R|j€Z"} sothat for each t, the set {u;y | j € Z} is an
orthonormal basis for L%(Q,dm), and for each (j,t), the function uj; is an
eigenfunction of q; with eigenvalue \j;.

Proof. Since the embedding from H é into L% is compact, for any ¢, the
spectrum of ¢; consists only in eigenvalues. The proof is then similar to the

proof of Theorem 3.9 in [Kat95, §VIII.3.5]. O
For u € W3, define
u’(y)
L(u) = lim —=.
() y=6- y—p

LEMMA 3.4. An eigenfunction u of q is a cusp form if and only if
L(u) = 0.

Proof. L(u) is the left-sided derivative of u® at 8. Since u is an eigen-
function, v € Wy, and u? is a solution to a second order ordinary differential

equation on [yo, 3] with ug(8) = 0. Thus, u° vanishes identically on [yo, ] if
and only if L(u) = 0. O

For real-analytic eigenbranches we have the following.

LEMMA 3.5. Let (ut, A\t) be an analytic eigenbranch of q. Then the map-
ping t — L(uy) is analytic on Jt_,t4][.

Proof. The zeroth mode ) of u; is a solution to the ODE

—u” — A—; u=0
Y
on [a, ] with Dirichlet boundary condition at §. Denote by G, the unique
solution to this ordinary differential equation that satisfies G»(3) = 0, G (B)
= 1. Since the coefficients of the ordinary differential equation depend analyt-
ically on the parameter A, the mapping A — G is analytic (for instance, with
values in C%([a, (])). Moreover, for each compact set K C|t_,t [, we can find
a < ag < (B such that, for each t € K, ffK G > 0. Since wu; is a multiple of

G, , we then have

_ ( i G, (y) dy)1~/01 /i we(@, y) dxdy.

Canwa) [t

K
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Analyticity on K then follows from the analyticity of ¢t — u; and ¢t — G, and
the choice of ag. O

We will say that real-analytic eigenfunction branch u; of ¢; is a cusp form
eigenbranch if and only if for each t € I, the eigenfunction u; is a cusp form;
see Definition 3.1. Using the real-analyticity proved in Lemma 3.4 we obtain
the following.

COROLLARY 3.6. If us is a real-analytic eigenfunction branch that is not
a cusp form eigenbranch, then the set of t € I such that u; is a cusp form is
discrete.

We now proceed to prove that if ¢; has no real-analytic cusp form eigen-
branch, then for a generic ¢, the form ¢; has no cusp form. As it turns out, we
will actually first prove that the spectrum of ¢; is generically simple.

Let Inut denote the set of ¢ € I such that ¢; has an eigenspace of dimension
at least two.

PropPOSITION 3.7. If q; does not have a real-analytic cusp form eigen-
branch, then I, ts countable.

Proof. Let {uj; | j € Z*, t € I} and {\j+ | j € ZT, t € I} be as in
Theorem 3.3. For each j,k € ZT, let Z;j, = {t | X\jz = X¢}. Since each
eigenspace of ¢; is spanned by a finite collection of {u;;}, the union (J; Zj
equals Iyt

The function ¢ +— \j; — Ay is analytic, and hence Zj, = {t | \j = A}
is either countable or equals I. Thus to prove the claim, it suffices to show
that it is not possible for Z; to equal I.

Suppose that there exists j and k so that w;; and u;; are real-analytic
eigenbranches so that A\;; = A, for each ¢ € I. To prove the proposition,
it suffices to produce a linear combination u; of uj; and wuy; so that for each
t € I, the function u; is a real-analytic cusp form eigenbranch.

By hypothesis, neither u;; nor uy ¢ are cusp form eigenbranches. By Corol-
lary 3.6, the set J of ¢ such that either u;; or uy; is a cusp form is discrete.

For each t ¢ J, define

_ Lugye) -uje — Dluje) - upy
/L (e)? + L(ugy)?

It suffices to show that ¢ — wu; extends to a real-analytic function on /. Indeed,

since L is linear, we have L(u;) = 0 for each ¢t ¢ J. By Corollary 3.5, the real-
analytic extension would satisfy L(u;) = 0.

The order of vanishing of ¢t — L(u;;) (resp. t — L(ug,.)) is finite at each
t € J. If the order of vanishing of L(uy:) at to € J is at least the order
of vanishing of L(u;¢) at to, then the ratio L(uy;)/L(u;;) has a real-analytic
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extension near tg. Hence, factorizing L(u;;) we obtain that

L(ug.y)  L(ugyg) L(uge)
Tt e (1 (7))

L(ujq) - L) 2) E
VL(uwi)? + L{uge)? (1 i <L(“J'vt))

have real-analytic extensions near ty. If the order of vanishing of L(uj,) at

N|=

and

to is at most the order of vanishing of L(u;.) at to, then a similar argument
applies by factorizing L(us,) everywhere. Thus, u; extends to a real-analytic
cusp form eigenbranch. ([

Let I+ denote the set of ¢ € I such that ¢ has at least one cusp form
eigenfunction.

ProprosiTION 3.8. If i has no real-analytic cusp form eigenbranch, then
I.¢ is countable.

Remark 3.9 (Dichotomy). If there exists a cusp form eigenbranch, then
Is = I. Therefore, we have the following dichotomy: Either the set I is
countable or the family ¢ — ¢; has a real-analytic cusp form eigenbranch.

Proof of Proposition 3.8. Let {u;| j € Z, t € I} be as in Theorem 3.3.
By Corollary 3.6, the zero set Z; = {t | L(u;; = 0)} is countable.

If each eigenspace E of ¢; is 1-dimensional, then there exists a unique j
such that E equals the span of u;;. Thus, if ¢ does not belong to I, or to
any Zj, then t does not belong to I.¢. In other words, Iof C (U Z;j) U Ipuit- By
Proposition 3.7, the set I, is countable, and hence so is I. O

4. Perturbation theory for hyperbolic triangles with one cusp

In this section we use the results of the previous section to explain how
Theorem 1.2 can be deduced from the existence of a triangle with a cusp that
has no nonconstant Neumann eigenfunctions. This fact might be considered to
be folklore as it follows from the general philosophy of using analyticity to prove
generic spectral results; see [HJ09]. The main task here is to construct a real-
analytic family of quadratic forms that is associated with each real-analytic
path in the moduli space of triangles.

4.1. The moduli space of triangles. First, we discuss the parametrization
of the set of triangles with one cusp. The statement of Theorem 1.2 makes
use of the fact that hyperbolic triangles with one cusp are parametrized by the
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two nonzero vertex angles. But in order to prove Theorem 1.2, it will be more
convenient to use an alternate set of parameters.

For each geodesic triangle T in the hyperbolic upper half plane H? having
(exactly) one cusp, there exist a unique ¢ € ]0,1] and w € [2¢,1 + ¢[ so that T
is isometric to the domain

9) %wz{(%y)’ogﬂcéw, (m—c)2+y2>1};

]

see Figure 2.
In this way, the set of hyperbolic triangles may be identified with the
Euclidean triangle

M=A{(c,w) |0<ec<1, 2c<w<c+1}.

We say that a subset of the set of triangles has measure zero if and only if the
corresponding subset of M has measure zero. Similarly, a subset of the set
of triangles is said to be a real-analytic curve if and only if the corresponding
subset of M is a real-analytic curve.

These notions are equivalent to those used in the statement of Theorem 1.2
because the relationship between the angles (61, 62) and the parameters (¢, w)
is real-analytic. Indeed, we have ¢ = cos(#;) and cos(f2) = w — ¢; see Figure 2.

To prove Theorem 1.2, we will apply perturbation theory. The following
fact makes this approach feasible.

PROPOSITION 4.1. Fach nonconstant Neumann eigenfunction on Te,, s
a cusp form and hence an eigenfunction of the modified quadratic form &g.

T
c—1 0 c w c+1

Figure 2. The triangle 7. ,, in the upper half plane.



HYPERBOLIC TRIANGLES WITHOUT EMBEDDED EIGENVALUES 315

Proof. The eigenvalue of a nonconstant Neumann eigenfunction on 7T’ is at
least 1/4 [Jud07].> Thus, the claim follows from Corollary 2.2 and Lemma 2.5.
O

Let Ms denote the set of (¢,w) € M such that there exists § > 1 so
that the modified quadratic from £g has a cusp form. To prove Theorem 1.2
it will suffice to show that M has measure zero and is a countable collection
of nowhere dense sets.

4.2. A family of diffeomorphisms. To show that M, is nongeneric, we
will use analytic perturbation theory and Proposition 3.8. In order to use
analytic perturbation theory we will have to normalize the Hilbert space and
the domains of the quadratic forms. To accomplish this, we let S = [0, 1] x
[1,00[, and for each (c,w), we define a C'* diffeomorphism ¢c, : Te.y — S such
that®

(1) the restriction of ¢, 4, is the identity for y > a = (5 +1)/2;
(2) for each path 7 : I — M, the family ¢ — ¢, is a real-analytic path.

To construct ¢, we use the fact that the map (z,y) — = defines a
fibration of 7., over [0,w] and a fibration of S over [0,1]. We define ¢.,, by
sending the fiber over {x} onto the fiber over {z/w}.

LEMMA 4.2. For each o € |0, af, there exists a unique cubic polynomial
B, so that

e By(a)=1,
e BL(0) =«
L4 Ba(g) = Q,
e B\(a) =

The coefficients of B, are real-analytic for a €]0, af.
Moreover, if a > 2+ /3, then for all o € (0,1] and y € [0,a], we have
B (y) > 0.

Proof. Since a # 0, satisfying the two conditions on B, is equivalent to
the existence of some A such that

B,(y) = A-y(a—y)+;-y+z-(a—y)-

®See also [Sar80] for the case of triangles that are fundamental domains for the Hecke
groups.

5 In [HJ11], we considered a simpler mapping from 7o ; onto S. The mapping that we define
here is more complicated because it must preserve the notion of zeroth Fourier coefficient for
all y above some point. In particular, the vertical displacement of vertical lines should not
depend on z for large y. In [HJ11], we considered Dirichlet boundary conditions, and in that
context there is no need to truncate the zeroth Fourier coefficient.
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Denote by Q) the cubic polynomial defined by
Y
Quly) = [ #ta—2)dz.

«

By integration, there exists some C' such that

1L y* o (a-y)
B =A- - == .
a(y) Q)+ 5 -5~ 5 *€
Evaluating at « and using the condition on B, («) we find
2 PR
oo _oa—a)
20 2

Observe that Qq(a) # 0 if a € [0, af and, under this condition, we can solve
the last equation on B, to find A. We obtain
a

Qyd=a-5-C
:i[ngLaQ—a(g—a)Q—Qg}
:12_704[ 2—|—g2—2g(a—|—1)]

(1—-a) [a2—2ga+g2—2g]

2a

It follows that we have a unique solution provided o # 0 and 0 < a < @,
and that the coeflicients are real-analytic in a.

We now check the last statement. For a = 1, we have B,(y) = y so that
the claim follows. For a@ < 1, we observe that the numerator of A is a cubic
polynomial that has three roots at 1, + /2a. Thus, if @ > 2 + /3, then 1 is
the smallest root. Since this cubic polynomial is positive for large negative «
and the denominator also is positive, it follows that A is positive for 0 < a < 1.
So B/, is a concave function, and by construction B/,(0) > 0 and B/, (a) > 0.
The claim follows. (]

Notation. We will use the notation B, (y) as well as the notation B(«, y).
Define F,., : R — R by

B(fe(z),y) if

Fe(z,y) = {y ¢

where

fe(x) =1/1 = (x — ¢).

Define ¢¢ @ Teqw — S by
Pew(2,y) = (z/w, Fe(z,y)).
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Observe that the conditions on B imply that F, 9, F. and 9, F. are continuous
on T so that ¢, is Ct.

We will use this function ¢, ,, to normalize the triangle 7. ,,. This is made
possible by the following lemma.

LEMMA 4.3. Suppose that 0yB(f.(x),y) > 0 for each (z,y) € TeawN{y <
a}. Then the map @ 5 a C' diffeomorphism from Tew onto S.
In particular, for each o > 2+ /3 and each (c,w) € M, the mapping pe is
a Ct diffeomorphism from Tew onto S.

Proof. 1t suffices to show that the map Fi, is a C ! diffeomorphism from
[fe(x), 00] onto [1, 00[. By assumption, 0,B (fe(x),y) > 0 for each . We have
B(fe(x), fe(z)) = 1, B(fe(2),) = a, and 8yB(fc($)7Q) = 1. Since F, is the
identity for y > a, we find that F., is a C! diffeomorphism from [f.(z), 0o]
onto [1, 00]. O

For each a and each M C M, we define X, ar and Ay by
XQ,M = {(‘T’ya C7w) ‘ (C7w) €M, ($ay) € ’Tc,wa Yy < Q},
AQ,M = {(a7 b, c, w) | (C, w) €M, (a,b) €S, b< Q}'

We then have

LEMMA 4.4. For each a, M, each of the following maps is analytic on
X%M:

(1) (33, Y, ¢, w) — ()06711}(‘7:7 y);

(2) ('Tv Y, ¢, w) = 896906711) (xa y);

(3) (l‘, Yy, ¢ w) — 81/906,11) (l‘, y)

If, for each (c,w) € M, the assumption of Lemma 4.3 holds, then the map
(a,b,¢c,w) — @ (a,b) is also analytic on Ag .

Moreover, each restriction extends analytically to an open neighbourhood.

Proof. The coefficients of the cubic polynomial B, depend analytically
on «, and hence (a,y) — B(a,y) is analytic. The map (c,z) — f.(x) is
analytic, and hence it follows that map (1) is analytic. Maps (2) and (3) are
therefore analytic.

Since (a,y) — B(a, y) is analytic and 9, B(«,y) > 0 for y > 0, the implicit
function theorem (Theorem 2.1.2 in [H90]) implies that there exists a function
(a,b) — Y, (b) that is analytic and a solution to

Ba(Ya(b)) —b=0.

We then have
‘pc_,i}(av b) = (w " a, ch(wa)(b))
and, since (¢, x) — f.(x) is analytic, the claim follows. O
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In the rest of the section, a > 2 + V3 will be fixed so that we can use
Lemmas 4.3 and 4.4.

4.3. The quadratic form with fivred domain. We use the family of diffeo-
morphisms .., to define a quadratic form ¢ with domain H, é(S) C L%(S)
that is unitarily equivalent to £g on H/é(7;w) C L%(’va).

Define @, : L(S,da db/b*) — L*(Tew,dz dy/y*) by

u

Do) =yl detTacloea)] - (0 peu )
where Jac is the operator that returns the Jacobian matrix of a map.

LEMMA 4.5. The isometry ®.., is a unitary isomorphism from L%(S)
onto L%(ﬂ@), and it maps Hé(S) onto Hé(’ﬁ,w). On functions that are sup-
ported in b > a, P, coincides with 51”.

Proof. We have

o dz dy _

2

u
| it S = [ (F o) detUacteen)] -y

Teow y Tew b

2

u
= — ) da db.
5<b) “

It follows that ®,, is a unitary isomorphism from L%(S’ ) onto L% (Tew)-

Let u € HE(S) Since ey is a C! diffeomorphism and \/\ det(Jac(pew))]
is continuous on 7., and smooth away from y = /3, then ®. ,,(u) is continuous
and in Hé (Tew \ {y = B}). The jump formula implies that ®,,(u) € Hé(7;w).
Since for y > a, Y w(®,y) = (5, y), the last statement is a direct verification.

[l

o dx dy
y2

Definition 4.6. Define the quadratic form g, ,, on Hé(S) C L?(S,dadb/b?)
by
Geqw(u) :=Eg 0 ey ().

LEMMA 4.7. The function u is a cusp form for qc., if and only if v =
O ou is a cusp form for & on Teqp.

Proof. If y > a, then ¢ (x,y) = (x/w,y). It follows that if y > «, then
u®(y) = 0 if and only if v%(y) = 0. For y > 1, the function v°
a second order ordinary differential equation, and hence v°(y) = 0 for y > « if
and only if v°(y) = 0 for y > 1. O

is a solution to

It will be convenient to have the following alternate form for ¢,.

PROPOSITION 4.8. We have

(10) Geqw(u) = /S V(perw 1) - Qe - V(pew - 1) dadb,
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where peq S — R is defined by

_ (y : \/’ det(JaC(‘PC,w)‘) o Spci,i;

c,w — b )

and Qe : S — GL2(R) is defined by

! M ~Jac(pew) - Jac(pew)™.

11 c,w W T 7 T .\
(11) Qew 0 pe. det (Jac(@ew

Moreover, qc. represents the cusp of width w fory > a.

Proof. This is a straightforward calculation using the chain rule and the
change of variables formula. O

4.4. Analytic paths in M. Let I =|t_,t,[, and let v : I — M be a real-
analytic path.

THEOREM 4.9. The family of quadratic forms t — g, is analytic of type
(a) in the sense of [Kat95].

Proof. For each ¢, the quadratic form ¢,y = &z 0 @,y is a closed form
with domain Hé(S) It suffices to show that for each u € Hé(S), the function
t > qy(t)(u) is real-analytic.

By Proposition 4.8, we have

a rl co 1
(12) G () = / / I, dadb + / / I da db,
1 0 a 0

where
It = V(py) - 1) - Q) - V(pye) - 1) -
If (a,b) € ]0,1] x [a, 0o[, then the matrix Q(a,b) is given by

L0
o= (% 1)

and py)(a,b) = 1. Thus, the second integral on the right of (12) depends
analytically on t.

It remains to consider the integral over [0, 1] x [1, . The integrand I; can
be expanded into a finite sum of terms of the form

(13) /1 B /0 " w(a,b) - H(t,a, b)dadb,

where H is a function that is obtained by multiplying p, or its derivatives and
the entries of Q and w is one of the L' functions obtained by making the
product vivs where both v; are either u or one of its partial derivatives.

By Lemma 4.4, the coordinates of ¢, and gac_llu are analytic functions
of (c,w). It follows that (t,a,b) — pyy)(a,b) and (t,a,b) = Qy;(t)(a,b) are



320 LUC HILLAIRET and CHRIS JUDGE

analytic (in a neighborhood of I x [0,1] x [1,«]). In all possible choices, the
function H then is analytic.
The analyticity of ¢ — g, (u) follows from Lemma 4.10 below. O

LemMA 4.10. If H : I x [0,1] x [1,a] is analytic, then for each p €
LY([0,1] x [1,a]), the function

o rl

(14) PN / / pla,b) - H(t,a,b) dadb
1 Jo

s analytic on I.

Proof. There exists an open neighborhood U C C3 of I x [0,1] x [1, a] such
that the map h extends to a holomorphic function on U. Since [0,1] x [1, o] is

compact,
H(t,a,b) — H(s,a,b)

t—s
converges uniformly to %H (s,a,b) as t approaches s. It follows that the (com-
plex) t-derivative of the map in (14) exists at each ¢t € U. O

4.5. Generic absence of cusp forms. Given Theorem 4.9, we now explain
why the generic triangle 7¢,, has no cusp forms provided that one triangle has
none.

THEOREM 4.11. If there exists a point (co,wp) € M such that € on
L%(ﬁo,wo, dm) has no nonconstant eigenfunction, then M has measure zero
and is a countable union of nowhere dense sets.

Proof. By Proposition 4.1, the quadratic form &g on L%_};(TCO’U,07 dm) has
no cusp form, and hence by Lemma 4.7, the quadratic form g, 4, has no cusp
form.

To show that M has measure zero, we apply Fubini’s theorem in a
fashion similar to [HJ09]: Let v, (t) = (co,wp + t), and apply Lemma 3.8 to
find that the set B of w such that (cp,w) € M is countable. For each w ¢ B,
let vy (s) = (co + s,w), and apply Lemma 3.8 to find that the intersection I,
of the line {(c,w) | ¢ € R} with M, is countable. Hence for each w ¢ B,
the set I,, has measure zero with respect to the linear measure da. Hence,
the measure of M¢ equals the measure of | J,,cp Iy. Since B is countable, the
measure equals zero.

For N € Z, let MY be the set of (c,w) € M such that £ on L*(T¢ 4, dm)
has a cusp form with eigenvalue at most N. Using the continuity of (¢, w) —
¢e,w and the continuity of linear functional L, one can show that Mé\f/ is closed.
Thus, it suffices to show that Mé\f’ is nowhere dense.

Given a point (¢, w) € MY, let v : [0,1] — M be a real-analytic path join-
ing (cg, wp) to (c,w). Since £3 on L%(Tcwwo, dm) has no cusp forms, the family
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t — qy() has no cusp form eigenfunction branch. It follows from Lemma 3.8
that for each open neighborhood U of (¢, w), there exists ¢t € [0, 1] such that
v(t) € U and g, (;) has no cusp forms. Hence MY is nowhere dense. (]

5. The family T;

In the remainder of this paper we consider the specific family of triangles
Ti = To, defined in the introduction. In particular, we will study the spectral
properties of go; for small ¢t. The family go; of quadratic forms does not
converge as t tends to zero nor do its real-analytic eigenbranches. But a simple
renormalization will give convergence.

Fix 8 > 1 and a such that 1 < a < . Let B be the function defined in
Lemma 4.2. When « tends to 1, the function y — 0,B(«,y) converges to 1
uniformly for y € [0,a]. Thus, there exists 7 > 0 such that if 1 —n < a <1
and 0 < y < ¢, then 0yB(a,y) > % Choose tg = /1 — (1 —mn)2. Then,
for each t < ty and each (z,y) € Tt N {y < a}, we have fo(z) < n so that
OyB(fo(z),y) > 0. We may thus use Lemmas 4.3 and 4.4. The methods and
results of Section 4.4 then apply, and we define the quadratic form go; as
previously.

For each ¢t € [0,tp], define the renormalized quadratic form by

G =1 qos
with domain H é(S ). By Theorem 4.9, the family ¢ — ¢, is real-analytic of type
(a) for t € ]0,1[. In particular, the results of Section 4.5 apply.

To study the limiting properties of the family ¢;, we re-express ¢; in a
more convenient form: For each C! function w : S — C, define

(15) Vi w= (8w, t- Oyw).

Recall that Y, is the inverse of B,, and set f(x) = fo(z) = V1 — 22. Define
~ Y (f(ta)b 1

(16) pita.b) = T v (g an) )

and

Q(a,b) = (9,(Y (f(at),b)) ™"
(17) 1 (B oY) f'(ta)
(aBoY)-['(ta) ((@aBoY)-[(ta)’+(,B) )
where the subscript (or first argument) in each Y and B is f(t-a). When
comparing p and p (Q and Q) we see that we only miss some powers of ¢ that
eventually cancel in the computation leading to Proposition 4.8.
This shows that for each u € Hé(S),

(18) Qt(u):/s%(ﬁt'U)'ét'%(ﬁt-u)* dadb+ | Vu- (Va) dadb,
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where S_ = [0,1] x [1,a] and ST = [0,1] x [a, 00].

By arguing as in the proof of Theorem 4.9, one can show that ¢ — ¢ (u)
is analytic at t = 0.7

We will now compute the first few terms in the Taylor series in ¢ for
p and @ These functions are analytic on a neighbourhood of [0,%y[xS_-. In
particular, in the following, the expressions like O(#?) are uniform with respect
to (a,b) € S~ and may be differentiated with respect to t,a and b.

We first compute

(19) flta) =1 5 -1 -a® +O(t")

and

(20) f(ta) = =t -a+ O(t3).

Since a — Y, is analytic and Y;(b) = b, it follows from (19) that
(21) Yi(ay(b) = b+ O().

Moreover, using analyticity, this asymptotic expansion may be differentiated
with respect to (a,b). We thus obtain

(22) Yy (0) =1+ o(t%).
Substituting these into (16) and differentiating, we find that
(23) pr(a,b) =14+ O(t*), Vappi(a,b) = O(t?).

Using (19), (20), (21), and (22) we find that

~ 1
1) Qe =1+t (] )o@,

where I is the identity matrix, O(¢?) is a matrix whose operator norm is
bounded by a constant times t? as ¢ tends to zero, and p is the polynomial

(25) p(b) = = 0aBa(b)]q—1 -
To prove Theorem 1.1 we will need to know that p(1) # 0.
LEMMA 5.1. p(1) = 1.

Proof. By construction we have B(a,«) = 1. By differentiating with re-
spect to a and setting o = 1 we get

0nB(1,1) + 0,B(1,1) = 0.
Since 9y B(a,y) = 1 + O((a — 1)?), the claim follows. O

" However, because qo is not closed on the domain H é (S), the family g; is not analytic at
t =0 in the sense of [Kat95].
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6. Asymptotic separation of variables

In this section we apply the method of asymptotic separation of variables
developed in [HJ11] (see also [HJ12]) to the family ¢;. Using the small ¢
asymptotics derived in Section 5, we approximate ¢; to first order with a family
of quadratic forms a; for which separation of variables apply. We also derive a
nonconcentration estimate for eigenfunctions of ¢;.

Notation. In this section and the following sections, we will use (z,y) in
place of (a,b) as coordinates for S = [0,1] x [1,00[, and unless it is specified
otherwise | - || is the norm in L?(S,y~2dzdy).

6.1. Asymptotic approximation. We begin by using the expansions ob-
tained in Section 5 to determine the forms used to approximate ¢;. In particu-
lar, by substituting the expansions (23) and (24) into (18) we are led to define

(26) at(u,v):/sgu'%v da;dy:/s(ux-vx—i-t2-uy‘vy) dx dy

and

(27) be(u,v) = Vu- B(z,y) - Vo dz dy,
S_

where the operator V is defined by (15), S_ = [0,1] x [1,a], and

B(z,y) =z p(y) - (? é)

We wish to show that ¢; is asymptotic to a; at first order in the sense of
[HJ11]. It will also be used to help derive a key estimate for crossing eigen-
branches. However, although a; is a positive quadratic form, the bottom of its
spectrum tends to 0 so that it is more convenient to use the quadratic form ay
that we now define to control quantities.

Definition 6.1. The quadratic form a; is defined on dom(a;) by
ar(v) = ay(v) + [[of*.

The following proposition can be seen as the beginning of an asymptotic
expansion for g.

PROPOSITION 6.2. There ezists C' such that for each u,v € Hé(S),

() 2a (v)2.

D=

(28) |Qt(u7v) _at(uvv)_t'bt(u7v)| < C'tQ'
Proof. We have
(29) Vipi-u=pr-Viutu-Vypy.

If y > a, then p; is identically equal to 1 and CNQt is identically equal to I. Hence,
by substituting (29) into (18), we find that ¢:(u,v) —a¢(u,v) —t - bi(u,v) is the
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sum of the following four terms:

(30) /S Viu- (52 Qr—I—t-B) -V da dy,
(31) /s pi-v- (Ve - Qr - Veu) dz dy,
(32) /S ) po-u- (Vipr - Qu- Vi) da dy,
(33) /S (Vepi- Qo Vap) -u-v da dy.

In order to estimate these four terms, we use the asymptotic expansions of
Section 5. For example, by (24) we have that (30) is equal to

/ Viu- O(t?) - Vo dz dy.
S

Since the operator norm of the matrix O(t?) is bounded by a constant C
times t2, we can apply the Cauchy-Schwarz inequality to find that the norm
of (30) is bounded by C - 2 - at(u)% : at(v)%.
Similar arguments show that there is a constant C' so that
(31) is bounded above by C -2 - at(u)% : ||’UH%,
(32) is bounded above by C' - t2||u|\% ~at(v)%;
e (33) is bounded above by C - 2 - HUH% : ||’U”é
The claim follows. O

6.2. The spectrum of a; via separation of variables. We recall the Fourier
decomposition of Section 2.2. Since now w = 1, we thus have for each u €

L2(S, 421),

y2

1
W) = [ uley)-elo) do,

where the latter makes sense for almost every y and defines an element of
L2((1,00), %).

As above, let D(S) denote the set of functions v : S — C such that
v is the restriction of a compactly supported, smooth function defined in a
neighborhood of S. If u € D, then each u* is smooth, and a straightforward
computation shows that®

ar(u) = Z at (uk ® ek)

keN

= Z /100 (t2 - OyuF (y)? + (km)?- uk(y)Q) dy.

keN

(34)

8Here ® is the operation defined by (v ® w)(z,y) = v(y) - w(z).
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We define D([1, 00[) to be the set of compactly supported, smooth functions
defined on [1, 0o[. For v € D([1,00)), each integer k, and each t > 0, we define

(35) af(v) = /loo <t2 ' (y)? + (km)?- U(y)Q) dy.

For v, w in L?([1,00[ ,y~2dy), the inner product is defined by

Uy V) = u(y) - v(y) —-.
(u, v)y /1 () v(y) 2
Let L% denote the subspace consisting of those functions whose support lies in
1, B].
For each k € N, the quadratic form af extends to a closed, densely defined
1

form on the completion of D([1, co[) with respect to v — af(v)% + (v,v)g. For
k = 0, we will restrict the domain of af to be the completion of those smooth
functions whose support lies in [1, 5].

If u is an eigenfunction of a; with eigenvalue A, then for each v in the
domain of a¥, we have

af (u®,v) = ap(u,v @ e) = X (u,v @ ex) = A - (uF,v),,

k

and hence u* is an eigenfunction of a¥ with eigenvalue \ with respect to (-, Dy

Thus, each eigenfunction u of a; may be written uniquely as

U = Zuk®ek,

keN

where the k™ Fourier coefficient u* is an eigenfunction of a¥. Moreover, the
spectrum of a; with respect to (-,-) is the union of the spectra of af with
respect to (-, -),. In what follows we will often suppress the subscript y from
the notation.

The next two lemmas identify the eigenfunctions of a¥ for each k. The
zero modes are given by the following lemma.

LEMMA 6.3. The spectrum of a? with respect to (-,-), is the set

(36) {tQ- G + r2>

The eigenspace associated to t> - (% + 12) is spanned by the eigenvector

r >0 and 2r = tan(r - ln(ﬁ))} .

1
2

(37) $(y) = y? - cos (riny)) — - -sin(rIn(y)).

Proof. Suppose that v is an eigenfunction, that is a? (v, w) = X - (v, w) for

all w. This implies first that
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holds in the distributional sense. Ellipticity then yields that v is smooth.
Moreover, by integrating by parts against a smooth function that is identically
equal to 1 near y = 1, we also find that v'(0)=0. Let s be such that s-(1—s)=
A/t2. Then two linearly independent solutions are given by y® and y'~* if
s # % and by y% and y% ~In(y) if s = % The condition that \/t? is real
and nonnegative implies either that s = % + ir with r > 0, that s € [0,1/2),
or that s = 1. If Re(s) = 1/2, then the boundary conditions v/(1) = 0 and
v(B) = 0 imply that the solutions take the form given in (37) with 2r =
tan(r - In(B)). If s € [0,1/2], then there are no solutions that satisfy the

boundary conditions. O

The nonzero modes are given by the following lemma.

LEMMA 6.4. For eacht and k and eigenvalue X of af with respect to (-, ),
the associated eigenspace consists of functions of the form y — f(nk-y/t) such
that

(i) 1"(2) = (1= 252) - f(2);

(i) £ € L2 ([1.00), %)

(iii) f'(mw-k/t) = 0.
Moreover, when t varies, the spectrum is organized into eigenvalues branches
Ai(t). For each i, the function t — \;(t) is increasing, and

. ) _ 132
lim Ai(t) = (- k)*.

Proof. Integrate by parts as in the proof of Lemma 6.3, make the change
of variables z — 7k - y/2t, and use the boundary conditions. The existence of
a complete set of real-analytic branches of eigenvalues and eigenvectors follows
from Theorem 3.3.

For each real-analytic eigenbranch ¢ — \;(t), the first order variation is
obtained by the classical formula

. oo

M) = afo) = 2t [ o)y
where v; is the normalized eigenfunction associated with A;(¢). Since the inte-
grand is nonnegative, the eigenvalue branches are increasing.

The fact that each eigenbranch ¢ + \;(t) limits to (7 - k)? follows from
the methods of [HJ11]. Alternatively, one can transform the eigenvalue prob-
lem into a problem involving a Schrédinger operator with a potential whose
minimum value equals (7 - k). O

Remark 6.5. The eigenfunctions of af for positive & may be regarded as
Bessel functions since the corresponding differential equation can be trans-
formed into a Bessel equation on the half-line [7,7 - 00).
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As a consequence of the identification of the eigenfunctions, we have the
following Poincaré type inequality.

LEMMA 6.6. For each t < 2m and each u € Hé(S), we have

(38) ag(u) = — -n(u).
Proof. We have

)= St )= 5 [

Lemmas 6.4 and 6.3 imply
DALT-
4

and
0 2
(39 o) > (0 [
1 4
for k > 0. O

In the sequel we will use different kind of projections associated either with
the Fourier decomposition u = Zuk ® e or with the spectral decomposition
of a;.

More precisely, for each ¢ € N, define the orthogonal projection I, :
L3(8) — L3(S) by

(40) e(v) = v (y) - ex(w),
and let V; denote the image of II,. For each k € Z, we define
(41) Mocp(v) = Y v

I<k

to be the projection onto @o<pcr Vo-

We also define PaAt to be the orthogonal projection onto the eigenspace
of a; associated to the eigenvalue A of a;. For a fixed interval I, define the
a¢-spectral projection in the energy interval I to be

Pl (v) = Z P (v).
Aespec(at)NI

For each eigenvalue A of ay, the associated a;-eigenspace W) is the orthogonal
direct sum @, (W§ ® vect(es)), where W1 is the A-eigenspace of af and vect(e;)
is the span of e;. It follows that

(42) Mo (P (v) = > Pa(l(v).

A€spec(af)nI
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More generally, for a quadratic form b, the notation PbI will always denote
the spectral projection onto the interval I.

6.3. Asymptotic at first order. In the following, we let ¢; (resp. a;) denote
the derivative of q; (resp. a;) in t. The following proposition will allow us to
compare a; and ¢; in the limit t — 0.

PROPOSITION 6.7 (Asymptotic at first order). There exist a constant C
and ty such that, for all u,v € Hé and all t < 1o,

(NI

1
(43) lge(u, v) — ap(u,v)| < C - t-ar(u)z - ay(v)?2,
(44) |G (u) — ar(u)| < C- ar(u).
In [HJ11], two real-analytic families of quadratic forms a; and ¢; satisfying

(43) and (44) were said to be asymptotic at first order. We will use the same
terminology here.

Proof. One argues as in the proof of Proposition 6.2, paying a little more
attention to the terms (31), (32), and (33). For example, to estimate (31), use
the Cauchy-Schwarz inequality and (23) to obtain
(45) Vipi - Veul < Vi - [Veu| = O() - |Vl
The Cauchy-Schwarz inequality and Lemma 6.3 give
1

t-y/1/44 1} '
By combining (45) and (46) and using (23), we find that
VB 1ol 94 Qi+ Vil dwdy = O(t) - as(u)

Switching the roles of u and v, we obtain the same bound for the expression
n (32). Similar methods apply to bound the other terms.
The estimate for ¢ — a is obtained in a similar way. ([

NI
N

(46) [ bl Vel dzdy < ar(w)? - ay(v)t.

D=

'at(v)%.

7. Limits of eigenvalue branches

Since ¢; is asymptotic to a; at first order and a; and @; are nonnegative
quadratic forms, each real-analytic eigenvalue branch F; of ¢; converges to a
finite limit Ey as ¢ tends to zero (Theorem 3.4 of [HJ11]). For the Dirichlet
eigenvalue problem on 7, we showed in [HJ11], [HJ12] that each limit Ey has
the form (7k)? where k is an integer. The methods of [HJ11] can be applied
to show that the same fact is true in the present context. In this section we
highlight the necessary modifications. We also show that if the eigenvalue
branch is associated to a cusp form, then & must be positive. This latter fact
will be used crucially in the proof of Theorem 1.1.
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7.1. Non-concentration and first variation. The proof of convergence de-
pends crucially on the following “nonconcentration” result proved for the
Dirichlet problem in [HJ11].

We will let Dy denote the domain of the quadratic form af. We define a
quadratic form a} : Dy — C by setting

a(v) = ag(v) +||v]|?
for each v € Dy.

PROPOSITION 7.1 (Compare Proposition 9.1 of [HJ11]). Let £ € N, let K
be a compact subset of |(7f)?, co[, and let C > 0. There exist positive constants
to and k (that only depend on £, K and C') so that if E € K, if t < tg, and if
for each w € Dy, the function v € Dy satisfies

jaf(v,w) = B (w,w)| < C-t- ]| - |Jo]],

then

(47) |7 (= @) P dy > w ol

Proof. If £ = 0 and we let kK = inf(K) > 0, then (47) holds. If ¢ > 0, this
follows from Proposition 9.1 of [HJ11] with = (7£)? and o(y) = y~2. See the
end of [HJ12] for a proof of Proposition 9.1 of [HJ11]. O

In the language of semi-classical analysis, Proposition 7.1 asserts that a
quasimode v of order t at energy E does not concentrate at y = v E/(¢r) if
¢ # 0. In Section 12 of [HJ11], we used nonconcentration to derive indirect
estimates for a;. The following proposition and corollary make these estimates
more transparent and simpler to apply.

PROPOSITION 7.2. Let ¢ € N, and let K C ](nf)?, 00 be compact. For
each € > 0, there exist ' > 0 and tyg > 0 such that for each v € Dy and t < ty,

t . €
(48) ol < = - ai(v) + 5 - Ne(v, B)?,
where
f —E
NE(U,E) = sup |a’t(vaw) 1</an>’.
weD &f(w)?

[e.9]
Proof. From (35) we find that af(v) = 2t/ v'(y)? and hence
1

(@9)  teafe) =2 [ (S - @?) 0?2 (ale) - B ol?).

y2
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If the claim is not true, then for each ' > 0, there exist a sequence (t,)n>1
tending to zero and sequences (0n)n>1, Un € D, (Ep)p>1, En € K such that

€ - Ng(f}m En)2

N th .
(50) [nll* > =5 - ae(®n) + ——
n

In particular, since @ > 0, we have N (3, E,)? < (t2/€) - ||0n]/?. Tt follows that
for each w € D,
0~ - t L~ 1
(51) @ (B, w) = (B +1) - (90, w)| < ﬁ 17| - @ (w)?.
Fix § > 0 such that [-6,6] + K C ((¢r)?,00). Set I, = [E, — 4, E,, + 6] and
vn = Plr(5,). Note that v, = PIp7(,), where I+1 := [E,—5+1, Ep+6+1].
t

We now argue as in the proof of Lemma 2.3 in [HJ11]: The estimate (51)

implies that

e
< o7,
€

3 (N — B, +1)?

= [(en ]

120
where (¢{);>0 is a complete orthonormal set of eigenfunctions of af (with cor-
responding eigenvalues );). By retaining in the sum only the terms for which
Nié¢ I, =[E,+1—-96 Ex+1+0], we find that

- 2 E
(0 —vn) < 2l (14 22)).
€ o
Observe that the sequences (vp,)n>1, (tn)n>1 and (Ey)p>1 depend on the initial
choice of k' but the preceding estimate gives a constant C' that is independent
of k" such that

af@n —vp) < C -ty - |0,
This implies, in particular, that |3, — v,|> < C -2 - ||0,]|* so that, for n
sufficiently large, we have [|v,|| < ||0n]] < 2||vn]|-
In equation (51) we replace the test function w by sz‘ (w) and use that
t

the spectral projector is self-adjoint and commutes with @f. We obtain that for

each w € Dy,
~ t - ~
sy @) = Bat - ()] < -0l (Pl (w))

S C -t oalfJwl],

D=

N

where we have used that ||v,|| is controlling ||7,|| and that
f (Pl (w)) < (sup(K) +6) - [[w]]

by definition of a spectral projector.
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Since af < % -af and af is a nonnegative quadratic form, we also have

fy~ L . 1
af (90)% — af(vn)?

D=

< df@n — V)

1
(%af(ﬁn — vn)) ’
< C -Vt ||vnll.

N

Equation (52) implies that we may use Proposition 7.1 to find

o0 En
| (G5 = @) )P dy > s ol

Since (52) also implies ’af(vn) - EnanHQ' < C -ty - |Jval/?, using (49) we find
that

(53) tn'df(vn) 2 (k—C ty)- ||Un||2
On the other hand, the contradiction assumption implies that
K- anH2 2ty af(ﬁn)
. 1 2
> (VEnaf(va)? = Ctyun]|?)
1 2 9
((h=C )2 = Cty) " vl

> (k= C - tn) loal®.

(54)

WV

The implied constant C' does not depend on ', so if we take k' < k, then
choosing t,, small enough yields the contradiction. U

This proposition yields an estimate for a(w) from below in terms of the
projection Iy pw.

COROLLARY 7.3. Let k € Z™, and let K C R* be a compact subset of
|(7k)?,00[. For each € > 0, there exists k > 0 tg > 0 such that if E € K,
w € dom(ay), and t < to, then

(59 ()= 5 (M) = 55 Nw.£P).
where
N(w,FE)= sup Jae(w, v) - El (w,v)]'

vedom(ay) &t(U)§

Remark 7.4. The functional v — N (v, E) is equivalent to the H~'-norm
of (A — E)(v) where here A; is the operator such that (A,u,v) = a;(u,v) for
each u,v € dom(ay).
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Proof of Corollary 7.3. Since a; is block diagonal with respect to the sum
@,V and af > 0, we have

oo k—1
= (sz ® eg> = Z at(wt) > Z at(wh).

We may apply Proposition 7.1 with ¢ = &’/k to each term on the right-hand
side to find that

)= (Z (P - ZNw E) )

where £ is the minimum of the s’ coming from Proposition 47. For each ¢ and
v € Dy, we have

laf(wh,v) — E- (wh,v)]  Ja(w® @ ep,v@ep) — E - (wh ®@ep,v®@eg).
af(v)? B (v ® ef)®
_af(w,v®ep) — E-(w,v @ eyl
a a(v ® eg)?

and hence N;(w’, E) < N(w,E). We also have Y [[w||? = ||[Tpcr(w)]?,
and the claim follows. (]

)

7.2. The spectral projection w;. The bounds proved in Section 7.1 depend
on a bound on N(w, E). In this subsection, we show that if w is an a;-spectral
projection of a g;-eigenfunction in an interval containing the eigenvalue F/, then
N(w, E) is of order t.

We start with a real-analytic eigenfunction branch u; for ¢; with associated
real-analytic eigenvalue branch F;. We let

(56) wi = Py, (w),

where we recall that P({t denotes the spectral projector on the interval I that
is associated to a;. In the sequel, in arguments for which the interval I is fixed,
this notation will be often abbreviated to w;.

Let Ep denote the limit of E; as t tends to zero. The following two
lemmas express the fact that the projection w/ is an order ¢ quasimode for a;
at energy Fy.

The following lemma is similar to Lemma 2.3 in [HJ11].

LEMMA 7.5. If I is a compact interval whose interior contains Eq, then
there exist tg > 0 and C' such that if t < tg, then

2
at (ut - wf) + Hut - thH <C 12 |Jug?.

Proof. Using the fact that u; is an eigenfunction of ¢; and that a; and ¢
are asymptotic at first order, for each w € H é,
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. 1,01
(57) la(ug, w) — Ey(ug, w)| < C -t - ap(ug)2a(w)2.
Observe that letting w = u; yields that a(u) < % - |lue||?. Moreover, the

former equation can be rewritten as
- = - 1 1
’at(ut, w) — Et<ut,w>’ <C-t-a(ug)? - ar(w)2,

where E; := E; + 1. We may now follow the proof of Lemma 2.3 in [HJ11]
observing that P({t = Pa{:r{l}. This yields a constant C such that
ar(up — wi) + [lug — wi||* < C - ap(w)
C-t?
< -
1-C -2
<Ot lug .
The claim follows. U

e

Remark 7.6. Lemma 7.5 implies that most of the mass of u; lies in its
projection, w/, onto the energy interval I. More precisely, for ¢ small, we have

(58) (1=C 1) Juell < |wf || < ffuel]
where C' is the constant in Lemma 7.5.

LEMMA 7.7. If I is a compact interval whose interior contains Eqy, then
there exist tg > 0 and C such that if t < tg, then

N (ul B) < Ot fu|.
Proof. For each w € H é, we have

ar(we, w) = ap(ug, w) — ar(uy — we, w)

so that the Cauchy-Schwarz inequality and the preceding lemma imply
1
|ar(wi, w) — ar(ug, w)| < C - tlugl|ay(w)?.
We also have using Cauchy-Schwarz and the preceding lemma
I

(e, w) = (wf,w)| < C -t Jlug| ]

We now start again from (57). First, in the bounding term, we have already

seen that we could replace dt(ut)% by C|lu||. Thus from the triangle inequality,
(57), and the two preceding estimates, we obtain

jar(wf,w) = Blwf,w)| < O tlul|- (ax(w)? + ||

NI

< Ot ul - ar(w)2.
The claim follows using (58). O

Lemma 7.7 has the following corollary that expresses, in the language of
semiclassical analysis, that w/ is an order ¢ quasimode.
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COROLLARY 7.8. If I is a compact interval that contains Ey, there exist
C and ty > 0 such that, for t <ty and each v € dom(a;), we have

jar(wf,v) = By(wf,0)| < €t [lwf]|-||o].
Proof. Since Palt is a spectral projector, we have

lar(w!,v) = Brwf,v)| = |as(w], Pa,v) = Ey(w], Pa,v)

?

and hence Lemma 7.7 implies

~ 1
jar(wf,v) = By(wf,0)| < O Jwf]| - a (P (v))2.

NI

Since a (P} (v))% < (1 +sup(f))2 - [Jv]|, the claim follows. O

7.3. Limits of eigenvalue branches. By combining Lemma 7.7 with Corol-
lary 7.3 we prove the following.

THEOREM 7.9 (Compare Theorem 13.1 [HJ11]). Let (E¢, ut) be an eigen-
branch of q;.. Then there exists k € N such that

. o . 2
(59) lim By = (k- )%

Proof. Suppose to the contrary that Ej is not of the form (k- 7)?, where
k is an integer. Let n = inf{/ € N | (7¢)? > Ey}. Choose a compact interval
I C](n — 1)?>72, n%7?| whose interior contains Ej.

Let u; be a real-analytic eigenfunction branch of ¢; associated to E;. As
before, let w{ = P! (u;) be the projection of u¢ onto the modes of a; that have
energy lying in I. Since I is fixed in the rest of this argument, we abbreviate
the notation and simply write w; := wy.

If ¢ > n, according to Lemma 6.4, the eigenvalues branches of aj are
increasing and limit to n?m2. It follows that for each ¢, each eigenvalue of af is
at least (7n)2. Thus, since sup(I) < (7n)?, equation (42) implies that

Ipcn, (wt) = Wt.

Let C be as in Lemma 7.7, and apply Lemma 7.3 with &’ = 1/(2C?) to
obtain k so that

) K
an(wr) > o - [lwe*

It follows that ag(w;)/||we||? is not integrable. This contradicts Theorem 4.2

of [HJ11], which we state below as Theorem 7.10. O

THEOREM 7.10 ([HJ11, Th. 4.2]). Let q; be asymptotic to a; at first order,
and suppose that for each t > 0, we have

(60) 0 < ar(v) <t ar(v).
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Let t — Ey be a real-analytic eigenbranch of q: that converges to a limit Ey as
t tends to 0, and let V; be the associated eigenspace.

If t — u, € Vi is continuous on the complement of a countable set, then
the function

iy (Pgt (ut))
A

is integrable on each interval of the form (0,t*].

(61)

The next proposition will be the starting point of the contradiction argu-
ment in the following sections. It says that a cusp form eigenbranch cannot
limit to 0. Heuristically, the zeroth Fourier coefficient of a cusp form vanishes
identically whereas an eigenvalue branch that limits to 0 must eventually have
nontrivial zeroth Fourier mode. However, because we have made a nontrivial
change of variables, this fact requires an argument.

ProproSITION 7.11. If E; is a real-analytic cusp form eigenvalue branch
of qi, then the integer k appearing in (59) is positive.

Proof. Suppose to the contrary that lim; o Ey = 0. Set I = [0,1], and
consider w; = w! defined as in (56). If £ > 0, the restriction of a to V; is
bounded below by 72 > 1, and thus we have ITp(w;) = w;. On the other
hand, the projection of u; onto @y~¢ Vz equals u; — uY ® 1. Let v denote the
projection of u; — w; onto Vj.

Since each V} is a direct sum of eigenspaces of a, we have

ar(up — wy) = ar(vf) + ag(u — uf @ 1).

The quadratic form a is nonnegative, and the restriction of a; to @y~ Ve is
bounded below by 72. Hence a(u; —w;) = 72 ||uy — u) ® 1||2. By Lemma 7.5,
we have

at(ut - wt) g C- t2 . HutHQ
Therefore, ||u; —ud ® 1]|> < C" - 2 - |Jug||?, and hence
(62) [uglZequy = (1= C) - [lu®

for small ¢.

To obtain a contradiction, we will bound ||u?|| from above. Towards this
end, we will compare u with ®¢ ¢(u); see Section 4.3. In particular, Lemma 4.7
implies that ®¢(u¢) is a cusp form for £, and hence for each y € [1, f],

(63) /01 n(t-z,y) u (x,b(t-x,y)) de =0,
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where b(z,y) = B(VI —a2,y) and 5(z,y) = (y/b(z,y)) - /O, B(V1—22,y).
(See Section 4.2 for the definition of B.) Thus, for all y € [1, 5], we have

1
ug (y) =/0 w(,y) dx
1
- 0 Ut(.T,y) - 77(t : x,y)ut(x, b(t ’ x,y)) dx
— /01 (1 =n(t-z,y)) uw(z,y)dx

1
+ /0 n(t - 2,y) (@, y) — (e, bt - z,y))] de.

Let r1 and 75 denote, respectively, the two integrals on the right-hand side of

this equation. Thus u(t) = r1 + 79, where we regard both r; and r9 as functions

of y € [1, f].
To bound ||r1|| and ||r2]|, we will repeatedly use the following well-known
fact: For each f € L%([0,1]), we have

’/;f(x)d:c

Using the properties of B, one finds that there exists C' such that

2 1
2
< /0 |f (@) da

sup {[n(t-z,y) = 1[, (z,y) € [0, 1] x [L,A]} < C-¢

for small ¢. It follows that there exists a (perhaps different) constant C' so that

8 1
64 ralaquon < [ [ 10 =n(t-2.) wle. ) dedy < -2 Jul

Using the fundamental theorem of calculus and the Cauchy-Schwarz in-
equality we find that

b(t-z,y)
e bt 2,) = e, y) < bt wy) =yl [ O D) dz,
Y

where here Jy denotes the derivative with respect to the second variable. Using
the properties of B, we find that there exists C’ so that

sup {|b(t- 2,y) —yl, (z,y) € [0,1] x [L,B]} < C"-¢

for small ¢. It follows that the interval [y, b(¢ - z,y)] is always a subset of the
interval [y — C" - t,y + C’ - t], so that we obtain the bound

e bt 2.9) = we )P <C ot [ o (@) d
ly—z[<C-t
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Thus we may estimate ||72|| as follows:

8 1
IralBaquy < [ [ 10 9) lates) = o)) dady

B 1
< C’-t/ / / By (,2)[* dzdady
1 Jo Jy—z|<C't

. 2 . 5 1 2
<C-t |Oauy (2, 2)|” dzdx.
1 Jo

Here the constant C' may vary from line to line. Since a; and ¢; are asymptotic
at first order,

t2/S |Boug (2, 2)]* dadz < ap(ug) < (By+ C - ) - |Jug)?
for sufficiently small ¢. This yields
(65) Irallquen < € (Bt C-0)2 - el
By combining estimates (64) and (65), we find that
(66) a2 < €+ (B +6)2 - ]

for ¢ small and some constant C. If E; were to tend to zero as ¢ tends to zero,
then we would have a contradiction to (62) for small ¢. (]

7.4. Bounds on the first variation of the eigenvalue. We can also use the
nonconcentration of the spectral projection to give an O(t~!) lower bound
on the first variation, E;, when the projection of the eigenfunction onto the
“small” modes is significant:

PROPOSITION 7.12. Let I be a compact interval whose interior contains
Eo and I C ((k—1)*m2, (k+1)*1?), and let wy = P! (u;) (see (56)). For each
d > 0, there exists k' >0 and ty > 0 so that if t <ty and
M (we) || = 6 - [Juel],
then

Proof. Using the Cauchy-Schwarz inequality and the nonnegativity of ay,
we have

. ) ) . 1
(68) at(ut) > at(wt) — at(wt)2 . at(ut — wt)2.
It follows from (26) that for all v € Dom(ay),
(69) ar(v) <271 - ay(v),

and hence at(wt)% <V2-t3 -a(wt)% <to- (2 sup(I))% - ||we||. Moreover, by
combining this with Lemma 7.5 we find a;(u; — wy) < Ct|jug|?.
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Thus, from (68) we obtain
ar(ug) = ar(we) — C - [Jug|*.
Hence by applying Lemma 7.5, we have

Et : HUtHQ = C}(Ut)
ar(ue) — C - alue)
dr(wy) = C - ug|* = C - q(uy)

ar(we) — C - [lue]|?

(70)

A\YAR\VARR\V

for t sufficiently small.
As in the proof of Theorem 7.9, we have Iy y1(w) = wy = pep(wy) +
T (wy). Since a; is nonnegative and “block-diagonal,” we have

ap(we) = a(Tpcr(wy)).

Let C be as in Lemma 7.7, and apply Lemma 7.3 with ¢’ = §2/(2C?) to obtain
K so that

. K 52
auwn) > 5 (M) = 5 fol?)

K- 02

= TR [[we||?

for ¢ sufficiently small. Estimate (58) implies that ||w||? > £|ju||? for ¢ small,
and therefore by combining the above inequalities, we prove the claim. O

In contrast to Proposition 7.12, we have the following.
LEMMA 7.13. There exists tg > 0 and C such that if t < ty, then
E 2
— < -+ 3C.
E, t *
Proof. 1t follows from (26) that for all v € Dom(ay),
(71) ar(v) <271 ay(v).
From (43), there exists C so that for sufficiently small ¢,
ay(v) < (L+C-1) - q(v)
and

Gt(v) < ar(v) + C - ay(v).
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Thus, if u; is the real-analytic eigenfunction branch of ¢; associated to E;, then

By - |Jugl|® = e (uz)

2.7+ C)-(1+C - t) - qulwy)
=247+ C) -1+ C-t) B [Ju*.

By choosing t( sufficiently small, we obtain the claim. ([

8. Proof of the main theorem
Proposition 3.8 reduces the proof of Theorem 1.1 to the following.

THEOREM 8.1. The family t — q; does not have a real-analytic cusp form
etgenbranch.

The proof of Theorem 8.1 will be by contradiction. We will assume that
there exists a real-analytic cusp form eigenvalue branch, F;. By the results of
Section 7, we have

(72) lim FE; = (7- k)2,

t—0

where k is positive. We aim to contradict the positivity of k.

8.1. Choosing 8. We recall that our construction of the quadratic form
q: depends on a parameter 3, by forcing the zeroth Fourier coefficient of the
elements of dom(g;) to vanish for y > f.

The proof of Theorem 8.1 will rely on the estimates of solutions to ordinary
differential equations made in Appendix B. To make the estimates less tedious,
we will choose 3 to be sufficiently close to 1, where “sufficiently close” will be
determined by the integer k that appears in (72).

However, the construction of the quadratic form ¢; depends on 5.2 There-
fore, the integer k that appears in (72) depends a priori on . In order to avoid
circularity of reasoning, we will prove the following.

PROPOSITION 8.2. Let E; be a real-analytic eigenvalue branch associated
to a real-analytic cusp form eigenfunction branch of t — qf. For each B > 1,
the family t — qf has a real-analytic cusp form eigenfunction branch with

associated eigenvalue branch E;.*°

9We have suppressed this dependence from notation until now.
0The respective eigenfunction branches will not be the same if 8 # 3'.
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Proof. For each fixed t, since E; corresponds to a cusp form, it belongs to
the spectrum of qtﬁ " for all B'; see Lemma 2.7. By Theorem 3.3, there exists a
real-analytic eigenvalue branch s — E of s — q’B such that Et E;. Since
s qsﬁ has only countably many real-analytic eigenvalue branches, there exists
some branch s — E? such that the set of ¢ with B!, = Ey has an accumulation
point. Thus, by real-analyticity, we have Ef, = Ey for all /.

If for each ¢, the dimension of the eigenspace V; of qtﬁ " associated to E,
is greater than one, then one can argue as in the proof of Proposmon 3.7 to
obtain a real-analytic cusp form eigenfunction branch of qt associated to Ej.

Otherwise, by real-analyticity, for each t in the complement of a discrete
set A of ¢, we have dim(V;) = 1. Let t — uf " be a real-analytic eigenfunction
branch of qtﬁ " associated to E;.

Let t — uf denote a real-analytic eigenfunction branch of qf associated

to E;. For each t, the pull-back of u; by the diffeomorphism gog’t is a cusp

form of £ on 7T;. In turn, for each ¢, the pull-back of u; o gog’t by (gog’,t)_l is a

cusp form eigenfunction of qf " Hence, the eigenfunction ut’g "isa cusp form for
t ¢ A. Thus, by Corollary 3.6, the branch ¢ — ut’B is a real-analytic cusp form

eigenbranch of qf " ([

As a consequence of Proposition 8.2, we may fix 3 to satisfy!'!

k
(73) 1<5<ﬁ

It follows that for each £ < k and y € [1, ], we have

E.
(74) (r- 02— = <0,
Y
as soon as t is small enough.
In what follows, we will drop S from the notation for qtﬁ .

8.2. Tracking. In this section we show that there exists a real-analytic
eigenvalue branch of af, which we denote by Af such that |[\f — E;| is at most
of order ¢. In Section 8.4, we will show to the contrary that |\} — Ey| is at least
of order t5. This will provide the desired contradiction.

THEOREM 8.3 (Tracking). If E; is a cusp form eigenvalue branch of q
with positive limit (km)2, then there exist tg > 0, C > 0, and a real-analytic

11 This choice of B is most probably not necessary, but it will simplify the arguments
in the appendix. In particular, it implies that on [1, 3] and for ¢ < k, the Sturm-Liouville
equations associated with af have no turning point.
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eigenvalue branch \f of a¥ so that for each t < to,
(75) spec (af) [ [E = Ct,E+Ct] = {A\j}.

Proof. Let us denote a real-analytic eigenfunction branch of ¢; associated
to the eigenvalue branch Ej;. Let I C ((k — 1)272%, (k + 1)?72) be a compact
interval that contains k27?2 in its interior. Let w; = P! ,(u¢) be the associated
spectral projection.

By Corollary 7.8 and the fact that Il; is an orthogonal projection that
commutes with a;, there exist positive constants Cy, and ¢1 so that if ¢ < ¢;
and v € D, then
Com - N1
Let G be the set of ¢ > 0 such that spec(af) N [Ey — Cym - t, Bt + Cy, - t] is
nonempty. To prove the claim, it suffices to show that there exists tg > 0 so
that GN10,te[=]0, o[ and for each t < ¢y, the intersection

spec(al) N [By — Cym - t, By + Cym - 1]

(76) las (Mg (we), Mg (v)) = Et - (g (we), i (v))] <

is a single point.

Let B denote closure of the complement of G, namely, the set of t > 0 so
that the distance from F; to the spectrum of af is at least Cy,, - t. For each
t € BNJ0,t1[, we apply a resolvent estimate to (76) and obtain ||TIx(w;)| <
||we|| /2. Orthogonality then implies that for each t € BN|0,¢;[, we have

V3

(77 ok wil) > 52 el

By estimate (58) we have [Jw|| ~ ||u||, and so we can apply Proposition 7.12
to find x > 0 so that
1p(t)

t Y

(78) Et Z K-

where 1 g is the indicator function for B.

We first observe that (78) implies that 0 is a limit point of G. Indeed,
since lim¢ o F. = Ey, the fundamental theorem of calculus implies that for
each positive integer n, the limit

1
lim " Et dt

e—0 J¢

exists and is finite. Thus, by (78), the limit

is finite. Therefore, since 1/t is not integrable on ]0,1/n], the set |0,1/n] N G
is nonempty for each n.
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Next, we note that there exists a positive to < ¢; such that if t < o
and t € G, then spec(af) N [Ey — Cym - t, Bt + Cym - t] consists of a single
point. This is a consequence of the super-separation phenomenon described in
Theorem 10.4 of [HJ11]. We recall the exact statement here: Let (s,)52; be a
sequence of positive numbers that tends to zero as n tends to infinity. For each
positive integer n, let Xt and X\, be distinct eigenvalues of a];’n. If X* tends to
(7k)? as n tends to oo, then

nh_)rgo s;l . ‘)\I — )\;’ = +-00.

The set GNJ0, 2] is a disjoint union of intervals. Since 0 is a limit point
of GG, to prove the theorem it suffices to show that the number of intervals is
finite. Since the eigenbranches of a¥ are real-analytic for ¢ > 0, the intervals can
be enumerated Iy, I, I3, ... so that sup I;11 < inf I; for each positive integer
j. Because the spectrum of each af is discrete, simple, and nonnegative, the
eigenvalue branches of af can be enumerated A', A2, A3, ... so that Af < )\fH
for each t > 0. By super-separation, for each interval /;, there exists a unique
positive integer £(j) so that for each t € I, we have

spec(al) N [By — Cym £, By + Com 1] = { X'}

To finish the proof of the theorem, it suffices to show that the function j — £(j)
is strictly decreasing.

We claim that there exists t3 < to such that if ¢ € 0G, t < t3, and
At = By £ Cypy, - t, then

(79) }\t < Et — Cqm < Et + Cqm.

Indeed, if t € 0G, then t € B, and so (78) gives that E, > k- t. Thus, if the
claim were not true, then we would have a sequence t, tending to zero such
that t,, - j\tn would be bounded below by a positive constant «. But this would
contradict Lemma 8.4 below.

Let a < t3 be the left endpoint of an interval I;. Then a € G, and hence
estimate (79) implies that there exists € > 0 so that if a — e < ¢ < a, then
XY > By + Cym - t. Let b be the infimum of s < a such that for all £ €]b,al,
we have \U) > B, + Cqm - t. We cannot have b > 0, because then b € 9G and
estimate (79) would give a contradiction. Therefore, )\f(j ) > Ei+ Cyp, - t for all
t < a; see Figure 3. Thus, the branch MUY must lie below the branch AU,
That is, j — £(j) is strictly decreasing as desired. ([

LEMMA 8.4. Let k > 0, and let t, be a sequence converging to zero. For
each n € ZT, let t — \,(t) be a real-analytic eigenbranch of the family af. If
limy, o0 An(tn) = (7k)2, then

lim ¢, Ap(t,) =0.

n—oo
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E
A By + Cqm -t
Et Et - Cq'rn -t
AW
Z
ACG+1)
(wk)? (=
3 > ¢

It I;

Figure 3. Let Z denote the set of (¢, F) such that F € [E; —
Cym - t, Bt + Cym). As t decreases from t3 to 0, each eigenvalue
branch a¥ that enters Z must enter from below, and if it exits Z,
then it must exit from above.

Remark 8.5. One may replace the assumption in Lemma 8.4 that t —
An(t) is real-analytic with the assumption that ¢t — A, (¢) continuous. Indeed,
for each t > 0, the eigenvalue problem for af corresponds to an eigenvalue
problem for an ordinary differential equation, and hence the eigenvalues are
simple. It follows that each continuous eigenvalue branch ¢ — A, (t) of the
real-analytic family af is necessarily real-analytic.

Remark 8.6. Lemma 8.4 is not a direct consequence of Lemma A.1 because
the eigenvalue branch A\, may vary with n. By keeping track of the constants
in the proof of Lemma A.l, one can produce a version that directly implies
Lemma 8.4. We prefer to give a direct proof here.

Proof. For each n, we denote by y — 9, (y) a unit norm eigenfunction of
ay with eigenvalue A, (t,). By the standard variational formula and (35),

Maltn) = i, () =260~ [ W) dy.

Since 9, is an eigenfunction of af with eigenvalue A, (¢, ), using (35), we have
00 © A\, (tn

s 2 [Tl a= [T (25 - ) il a

It suffices to show that the right-hand side of (80) tends to zero as n tends to
infinity.
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Let € > 0. Since \,(t,) tends to (7k)?, there exists 6 > 0 so that if
ly — 1| < &, then (A\n(tn) - y~2 — (7k)?) < €/2 and thus

o [ (G- el < s [ )P

To estimate the remaining integral over [1+4, c0), we will apply a standard
convexity estimate from the theory of ordinary differential equations.'? If n is
sufficiently large, A\, (t,)/(7k)? < (1 + &§/4)%, and hence there exists n > 0 so
that if y > 2 > 1+ 6/2, then

Un () < ()P - exp (=2 (5 - 2))

It follows that there exists g so that if ¢ < tg, then

82 / b 2 dy < —— / h 2
(82) [hn(y)” dy < eE |t (y)]

Since [ A (tn V/y? — (7k) | (mk)? for sufficiently large n, we may combine
(82) with (81) to show that (80) is less than the given e for sufficiently large n.

O

Notation. For the convenience of the reader, we recall the notation that is
being used in the proof of the main theorem. We are considering an eigenbranch
(ug, By) of q; such that lim; o By = k*72 > 0. We have chosen a compact
interval I CJ(k — 1)%72, (k + 1)272[ that contains k%72 in its interior. We
have set w; = Plu;, where P/ is the spectral projector on I associated with
ar. Finally, w} is the orthogonal projection of w; onto Vi so that there exists
vF € L2((1,400),y~2dy) such that wf = v} ® ey.

8.3. Crossings. In this subsection, we show that ||w”|| is smaller than ||u||
for s near a crossing time, a value of the parameter t such that F; belongs to
the spectrum of a?. Then we show that there exists a sequence of crossing
times t,, and intervals of width O(tS) about the crossing times on which ||wf||
is smaller than p||u|| for some fixed p.

The proof of the first result depends on the analysis contained in Appen-
dix B that provides estimates on the off-diagonal part of the quadratic form b;
which, we recall, has been defined in (27) in such a way that it is the leading
part of ¢ — a¢; see Proposition 6.2.

PROPOSITION 8.7. Given p < 1, there exists n > 0 and tg > 0 such that
if t <tg and

(83) dist (Et, spec (ag)) <n- t%,

128ee, for example, Lemma 6.3 in [HJ11].
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then
k]| <o Iluel.

Proof. Let 1Y be an eigenfunction of a? with eigenvalue \) satisfying
|Er — A <n- t3. We have

(Be = AD) - (un, ) = (ae — qe) (uay 7)) = t- by(ug, 0F) + O(E%) - ]| - |47 |
and hence
(84)  |E = 9| [t wD)] = - ol )| — O -l - 6]
In Appendix B, Proposition B.1, we prove that there exists k > 0 so that
2
[be (e, 6)| = w15 - ([lwfll =2 - fluel]) - 0]

Hence by applying the Cauchy-Schwarz inequality to the left-hand side of (84),
we find that

B = 20 el -l = (- 65 (bl =2 ffuell) = O@)fwell) - 7]
Let n = p- k/2, and use (83) to find that

wlot

(
p k 5 1
5 el = Jlwpll = O - fluel| — O5) - Jlue].

2
The claim follows by choosing ty sufficiently small. O
PROPOSITION 8.8. For alln > 0, let § = m There exists so > 0 such

that if s < so, Es € spec(al), and t € [S, 54655 , then
dist (Et, spec(ag)) <n- 53,

Proof. Let A) be the eigenvalue branch of aY such that E; = \J. By
Lemma 6.3, we have \) = ¢ - t? for some ¢ > 0, and hence A) = 2. ¢ . \).
Using the fact that a; and ¢; are asymptotic and the fact that a; is non negative,
there exists a constant C such that E; > —CE, for all sufficiently small ¢t. Thus,

for even smaller ¢ we obtain
0
iln </\t) <3¢ L

dt E;
Since Es = A, integration over [s,t] and exponentiation gives
At
85 =< (7) :
(85) B S\5

Iftgs—f—é-s%,then

t\3 3
() <(1+5$%) <1446 5%,
S
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_3
5.

where the last inequality holds for s < s; = (20)
(85), one finds that for ¢ € [s, s+0- Sg], we have

By combining this with

(86) N — By < Ey4-6-s5.
Using Lemma 7.13 and A > 0, we have that

87 —In( =) <3 -t %
87) dt“(A?)

An argument similar to the one above gives that
B - <\g.5.53

for t € |:S,8+5'S%:|.

Since by assumption, lim;_,o E; = (7k)?, there exists sy so that if ¢ < so +

8
§-s3, then E; < 2-(mk)?. Thus, by (86), we have that {/\9 |s<t<s+9- sg}
is bounded above by 3(7k)? for s < sy = min{sy,s2}. In sum, if s < s¢ and
te [8,84—5'8%], then
’)\Q - Et’ < 12(7k)? - 553 < n- s3

by the choice of . O

We wish to estimate from below the size of the set of ¢ for which (83)
holds true. This is accomplished by the following proposition.

PROPOSITION 8.9. Let § > 0. There is a sequence t,, of crossing times
such that
(88) Jim n-ty =k In(B).

If n # m are large enough, then the intervals
[tn,tn +6- t,%} and [tm,tm L5t
are disjoint.
Proof. By Lemma A.1, there exists, v* > 0 so that \} = (7k)? + v* 5+
0 (t%). It also follows from Proposition 8.3 that there exists M so that
(89) (Tk)2 +v* 45 — M -t < By < (mk)2+ 0" - £3 + M -t

for sufficiently small . By Lemma 6.3, the eigenvalues of a have the form
cn - t2, where ¢, = (1/4 4+ r2) and 7, is the increasing sequence of positive

solutions to the equation 2r = tan(rIn(f)). Standard asymptotic analysis
shows that

nm+ 5
(90) o = 2 4 o(1).

In(3)
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Fix 0 < vy < v* <. For each v € [y, v | and each n € Z, there exists
a unique ¢ € R" so that

(91) e ()2 = (k)2 + v - ()3

We drop the dependence in v from the notation for a moment. If we set
1 1 1

Tp = cn® and y, = cf - t;, then (91) becomes
yp = (m k) +voap -y
The analytic (polynomial) function F' defined by F(x,y) = 4® — (7 - k)? —
v-2%-y? satisfies F'(0, (Wk)%) =0 and 0, F (0, (Wk)%) # 0. Thus, by the analytic
implicit function theorem, for x near 0, there exists a unique analytic function
Y (x) so that

Y(2)® = (7 k) +v-22-Y(2)

By inspecting the first few coefficients in the Taylor expansion of Y3, we find

that
v

) =m- —_—
Y (x) k+2.w@%

2? + O(2%).

_1 _1
Thus, since lim, yoo 7, = 0 and t,, = ¢, 2 - Y3(c, ?), we find that
_1 _5
(92) t = (k) - cn® +T-cn® +0(c;h),

where 7 = v - (wk)%/Q

Choose € > 0 so that if v* = v* £, then vy, < v~ < v* < v <1y
Define tF = ¢, By applying the intermediate value theorem to \; — Ej, there
exists t, € ]t , [ so that E;, = A\, ; see Figure 4. Since ¢, is increasing to

infinity, the sequence t, is decreasing to zero.
Moreover, since vt = v* + ¢,

5 5

1 _5
(93) tn = (k) - cn? +7°cn® 4+ 0(cn %),

where 7% = v* - (7['](5)%/2 From (90) we have

2 1
w-2(1s0(2)
n n
where o = In(f)/m. By substituting this into (92) and (93) we find that

tF= (k) -n"t+1- 0% nE 4 O1(n™?)

n =

and
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cn-t2

(mk)* +vT - t3
E;

?(wk‘)z +u o tE

ty bt

Figure 4. The crossing ¢,.

The first claim follows. Moreover, since v+ = v* + ¢, we have

1
k)3
tz—tnwa-(w) -n*g,
2
_ (wk)i _s
tp —t, ~¢€- 5 ‘o3,

ty — iy ~e (Th)s 0TS,
8
th =O0(n"3).

8
It follows that, for all sufficiently large n, we have [t,,t, + 6 - t3] C [t t1].

n»'n
Since the intervals {[t,,, ']} are disjoint, the claim is proven. O

8.4. Relative variation and the contradiction. In this section we derive the
desired contradiction. In particular, we prove the following.

THEOREM 8.10. Suppose that F; is a cusp form eigenvalue branch with
a positive limit. If \; is the eigenvalue branch of a; that satisfies (75), then
there exists to > 0 and ¢ > 0 so that if t < tg, then

. 2
Et_At >c-13.

The proof will consist of two types of lower estimates. The first depends
on the fact that near each crossing the “relative variation” E; — A} is at least

of order O(t~1). The second shows that away from the crossings the relative
variation is not too negative.
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Define
K(t,p) = {s€]0,8] | [wk] <p-llusl}
If p < 1, then it follows from Proposition 7.12 that there exists x > 0 so that
for s € K(t,p), we have

(94) E,>r-s L

Hence, since \f = O(t_%), there exists t* > 0 so that if ¢ <t¢* and p < 1, then
. . K

(95) E,— )\ > R st

for each s € K(t,p). We will integrate this estimate near the crossings to

obtain the following.

LEMMA 8.11. For each p < 1, there exists tg > 0 and v(p) > 0 so that
for each t < tg, we have

/ <E87>'\<3> ds = v(p) - 3.
K(t,p)

win

Proof. By (95), the integrand is positive on K (¢, p); it suffices to show the
same estimate holds for a subset G of K (¢, p).

To define this subset, we first combine Propositions 8.7, 8.8, and 8.9 to
find § > 0, N’ > 2, and a monotone sequence {t,} so that for each n,

8
In,é = {tnytn +0-th

belongs to K(1/2, p), the intervals I,, and I, 1 are disjoint, and for each n >
N/

T 2T

" < tn < )

2n n

where 7 = k - In(f). The subset G will be defined as a union of I,, over
sufficiently large n.

5
We have [; s7'ds = In(1 + & - t3), and hence there exists N* > N’ so
that if n > N*, we have

(97) [ ostass
1,

Thus, from (96) we find that if N > N*, then

2 o0 tn\3
2/ x*%dxz(N+2)*§>(N)3.

w (&) 5 d>x ) c

n>N+2 n=N+2

(96)

o

wlot

Since the intervals I,, 5 are disjoint, by combining (95), (97), and (98), we find
that

(99) / (By—A2) ds> -t
Gn

Zwlv

)
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where’y:/ﬁ-5~7-2_% and

Gy = U In,é-
n>N+2

Let tog = tn«. If t < tp, then t € [ty41,tn] for some N > N*. We have
8 2
3

P
8 2
tNy2 + {9 < tny1 < t, and hence Gy C K (t,p) and t}; > t5. Therefore,
(99) implies the claim. O

To bound the relative variation on the complement of K (t, p), we will use
the following.

PROPOSITION 8.12. There exists C' and ty > 0 such that, if t < tg, then

2
[ o

k
[

©l=

(100) B, >
[

Proof. By arguing as in (70), we have

(101) By Jlugl® = ae (wf) — O (lue)?) -
Let w} denote the orthogonal projection of wF onto the eigenfunction branch
of a; that corresponds to A} from Theorem 8.3. Let wi- := wf — w}. For

o =k,*, L, we define vy so that wy = vy ® eg. Observe that by definition, v}
is an eigenfunction of af with eigenvalue \}.
Using the Cauchy-Schwarz inequality and the nonnegativity of a;, we have

(102) a(wf) = af (vf) > af (v7) - 2- |af (v}, 0)|.
Since v} is an eigenfunction, we have a¥ (vf) = A* - ||vf||2. Using (35) and the
fact that v} is an eigenfunction that is orthogonal to vj-, we find that

a0 o) = 267 (ab o) = (o)? [ o) - o () )

= —2(ek)? 7" [ 0i ) vt )y

(103)

Since (v§,vi-) = 0, we have
> 1 o 1 —2
/1 Vg - Uy dy—/l v -vp - (1 =y~ ) dy.

The large y asymptotics of vf and v;- can be analyzed using the same methods
as in Appendix B for vf. We thus define ry, for o = k,*, L, by

E
e = ()" + (y; - k27r2> vy,
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so that Proposition B.7 gives

* 2
S, P dy
(104)

<C.(+2. < o2 252 . o2 -2
< ¢ 1?4 exp 2 oy )Py ™"dy ).
1 1+te

We can now estimate ry with the same techniques as in Lemma B.5 : we test
again a smooth function ¢ to obtain

/100 () oly) = —ak(vf, ) + Ey - (v, b).

We now observe that vy ® e, = PSw,;, where P; is some spectral projector
associated with a;. Arguing as in Corollary 7.8, we thus obtain

o0
[ rewotm) ay
This now implies (see the proof of Lemma B.5)
o0
[ @l dy <8

We plug this estimate into (104) (see also the proof of Corollary B.8) to
obtain that, for each a < %, there exists a constant C so that for sufficiently

< Ot lwe - o]l

small ¢,
> 2 2-2a 2
S iy < O
and
o 12 2—2« 2
[ ey < O

If y < 14 2t% then (1 —y~2) < 4t* for sufficiently small ¢. Therefore, by
splitting the domain of integration into [1,1 4 2¢t] and [1 + 2¢t%, oo[ and using
the Cauchy-Schwarz inequality, we find that

(105) ’ / vy - vt dy
1

for sufficiently small ¢.
1
We claim that [|Jvi|| = O(t3) - |[w||. Indeed, by applying Lemma 7.7 with
v € Vi, we have

<5t o] [Joi | + € 8272 g2

k(,k k
|ai (vi,0) = E - (v, 0)| S C -t [lwg| - [Jo]

for some constant C. Thus, since the eigenvalue \* satisfies |Ep — \*| < C” - ¢,
we find that

(106) jaf (v, v) — B - (v, 0)] <20t lwl - [Jo].

By definition, v;- is a spectral projection onto eigenspaces of af whose associ-

ated eigenvalues are distinct from A*. By Lemma A.1, there exists 6 > 0 so
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that such eigenvalues differ from \* by at least ¢ - t5. Because of (106), we can

thus apply a resolvent estimate (e.g., [HJ11, Lemma 2.1]) to find that
2C 1
(107) o) < =55 o]

By substituting (107) into (105) and setting o = 5/9, we find a constant
C’ so that

w1 ;L8 2
. vy v dy| < CT-to - w7

By combining this estimate with (103), (102), and (101), we obtain a constant
C" so that

Ep-Jlurl® = X wf* — 20" 75 - e
By orthogonality, ||w;||? = ||wF||?—|lw;||?, and hence by (107) and Lemma A.1,
we have a constant C” so that

. . 1
AN wi P = A wf]> = €7 - t5 - Jlwe||
The desired result follows. O

COROLLARY 8.13. There exists C' such that for each p € ]0,1[, there
exists tg > 0 such that if 0 < t < tg, then

(108) / (Es—A2) ds > O (p? —1) - 5.
[0,\K (t,p)
Proof. By definition, if s € [0,¢] \ K(t,p), then |[wF||?/|lu¢]|?> > p?, and

hence from Proposition 8.12, we find that

E-Nz(P?-1)-\-C-t75.
By using Lemma A.1, we find C’ and ¢ so that for ¢ < tg,

2 1

E, — X\ >§~C'~(p2—1)'t 3.

The claim follows from integration. ]

Finally, we use Lemma 8.11 and Corollary 8.13 to prove Theorem 8.10.
This will complete the proof of the main theorem.

Proof of Theorem 8.10. Apply Lemma 8.11 with p = 1/2. Then apply
Corollary 8.13 with p = pg > 1/2 such that

2

pR-1_ 1 <1>
c. > . Z).
2 7 277
Since s — E, — \* is positive on K(t,po) D K(t, %), we find that

[ =5 as > 5o (5) 4t

Since lim; g Ey — A = 0, we have the desired conclusion. O
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Appendix A. Eigenvalue branches of a!

In this appendix, we compute the asymptotics of each real-analytic eigen-
value branch of af for each ¢ € Z*.

PROPOSITION A.1. Let £ € Z*, and let t — N\ be a real-analytic eigen-
value branch of af fort > 0. Then

(109) \o=(0r)?+a-15 40 (),
where a = (2(m 2)% ) and ( is a zero of the derivative of the Airy function
A_ defined in (161). Moreover
2
lim )\t % = —.a.
t—0+ 3

To prove Proposition (A.1), we will first transform the eigenvalue problem
into an eigenvalue problem that is easier to analyze. If v is an eigenfunction
of af with respect to | - || with eigenvalue ), then for each w € C§°([0, oo[) and
t > 0, we have

o [, OO Cv-w
t vewdy+p vowdy = A —5— dy,
1 1 1 Yy

where we have set p = £?72.
Hence

oo o0 _1. 1 [0.9] .
t2/ v'-w’dy+u/ (y )2(y+ )-v'wdyz()\—u)/ U2wdy.
1 1 Y Ty

2
3

By making the change of variable y = ¢3 -z + 1, letting v(z) = v(tg cx+ 1)
and w(x) = w(t% cx+ 1), and dividing by t%, we find that
2

/ vy W d:L'+u/ x- g §~ ) ﬁt-@dx:t_%()\—u)/ f(t%-x)-ﬁt-ﬁd:c,
0 0

where

1
f(z) = m
and P
9(z) = m

This leads us to set s = ¢3 and define for each w € C5°([0,00]) the
quadratic forms

As(w) —/Ooo(w’)de—i-,u,/ooowg(s?-x)-de:):

w)z/ooof(SQ-x)-dem.

and
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Define H := L?([0, o), mz—lﬂ dz), and D := H'([0,00)) (i.e., the set of functions
u € L?([0,00)) such that the distributional derivative also is in L?).

Then for each s > 0, the form N is a bounded quadratic form on H and
As is a closed quadratic form on ‘H with domain D.

Since w — w maps bijectively C3°([1, oo]) onto C5°([0, 00]), the function v
is an eigenfunction of A, with respect to N with eigenvalue v = s72- (A — pu).

It follows from the perturbation theory of generalized eigenvalue problems
(see [Kat95, §VIL.6]) that the eigenvalues of A with respect to Ny can be
organized into real-analytic eigenvalue branches for s > 0.13

Since the generalized eigenvalue problem Ag(u,v) = v - Ny(u,v) corre-
sponds to a Sturm-Liouville problem with Neumann condition at x = 0, the
eigenspaces are 1-dimensional. Hence, we may enumerate the real-analytic
eigenvalue branches vi so that for each i > 0 and s > 0, we have

(110) Vi< Uit
LEMMA A.2. For each i, there exists sg > 0 and C so that if s < sg, then
(111) <C-s.

%
Vg

In particular, there exists a so that for small s > 0,

(112) vi=a+0(s%).

2
3

Moreover, —a/(2u)3 is a zero of the derivative of the Airy function A_.

Proof. First, we show that each v} is bounded. To this end, define

oo
B(v) = / (v’(az))2 +2p - - v(z)? dr.

0
Since g is bounded above by 2, we have Ag(v) < B(v) for each s > 0 and
v € C§°([0,00[). Note that for each s < 1, we have N(v) > Ni(x), and hence
Adv) _ B)
Ni(v) = NMi(v)’

Integration by parts shows that the eigenfunctions of B with respect to

N7 are solutions to the Sturm-Liouville problem

(113)

v(z)
(1+x)?
Standard convexity estimates on solutions to ordinary differential equations
imply that each eigenfunction belongs to the domain D of A for each s > 0.
In particular, the sum of the first 7 eigenspaces of B with respect to Nj belongs
to D.

(@) + 202 0(x) =

BAt s = 0, the domains of As and N change, and hence analytic perturbation theory
cannot be applied.
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Therefore, using (113), the minimax principle, and (110), we find that /¢
is bounded by the i*" eigenvalue of B with respect to Nj.

In the remainder of the argument we drop the superscript ¢ and focus on
an individual real-analytic eigenfunction branch us with eigenvalue vs. For
s > 0, we have

e — AS(US) _y N;’(US)
’ Nis(us) ’ Nis(us)’

where - indicates differentiation with respect to s. A computation gives that
for each w,

. o0
Ag(w) = 2s - u/ 22 g (s x) wx)de
0
and
. 00
Ns(w) = 23/ z- f(s* x) wx)?de.
0
Let us be a real-analytic eigenfunction branch of Ag with respect to N
associated to the real-analytic eigenvalue branch v,. Integration by parts gives
(114) —ul(z)+p-x-g (52 . l‘) cug(x) = v - f(52 1) - ug(x).
Let M be the upper bound on vg proven above. If s < 1 and z > zy :=
max{1, M/u}, then
poxog(s®x) —ve- f(s7 1) > g
and hence u]us(z) = 4§ - u2(z) for s < 1. It follows that (u?)"(z) > p - u2(x)
for > xg. Thus, since N (uy) is finite, we find that for o < x < y,
2 — .
(115) us(y)2 < P viy)
us(2)? S oxp (—ii @)

Integrating from xy to 2z¢, we find a constant C' (which depends on x) such

that, for y > 2x(, we have

20 ulx 2
y?u(y)? < C-y? exp(—/uy) - /2 (z) dx.

0 1422
From this we find constants C' such that

‘As(us) < C-s-Ns(us).
A similar argument shows that
Ni(us)| < O 5 Ni(uy).

Therefore, (111) holds, and via integration we find a so that (112) holds true.

Continuity of solutions to ordinary differential equations with respect to
coefficients applies to (114) with fixed initial conditions u/,(0) =0 and u(0) =1.
In particular, we have a solution ug to

—up(x) + 21 - 7 - up(x) = a - up(z).
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It follows that

v(z) =g ((2/1)7% sz 4 (2u) a))
is a solution to v”(z) = z - v(z). Estimate (115) applies to up, and hence it
follows from (161) that v is a multiple of A_. The function u satisfies the
Neumann condition u/(0) = 0 and hence v’(—(2u)7% -a) =0 as desired. [

Proof of Proposition A.1. If v, is a real-analytic eigenfunction branch of
of af associated to the eigenvalue branch );, then T,s is a real-analytic eigen-
function branch of Ag with eigenvalue branch v = s72(\;s — ). Lemma A.2
implies that

A= p+a-ti+O(t5).
By differentiating A\ys = p + 52 - v, we find that

3}\83 =D +2 vs-5 L

By Lemma A.2, both g and vs are bounded. Therefore, Ay = O(s~!) and
hence A\ = O(t_%). O

Appendix B. The off-diagonal estimates

Let (F¢,uy) be a real-analytic eigenbranch of ¢ such that lim; g E} =
Ey = (7 - k)? for some positive integer k. For a fixed constant C' > 0, let

I:[EQ*C,EQjLC].

As in Section 7.2, let w; denote the orthogonal projection of u; onto the sum
of the eigenspaces of a; whose eigenvalues lie in I.

The purpose of this appendix is to prove the following fact, which is cru-
cially used in the proof of Proposition 8.8. We recall that b; is the quadratic
form defined in (27).

ProprosiTION B.1. Let n > 0. There exist k > 0, § > 0, and tyg > 0 such
that, if t < to and if Y° is an eigenfunction of al with eigenvalue \° satisfying

(116) A0 — By <n-t5,
then
2
(117) Be(u, 0 @ 1)| 2 - 5 - (| = ¢ - luel]) - 0]

Remark B.2. The condition on A° is only used to ensure that, when ¢
tends to 0, A° tends to k272.

Proof. Proposition 6.2 says that the quadratic form b; is controlled by a;.
There exists a constant C' such that for u,v € dom(ay),

1be(u,v)] < C g (u)? - p(v)?.
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Thus, Lemma 7.5 and the fact that a;(¢¥°) = O(||1o]|?) imply that
bi(ug —we, ¥ @ 1) = O(t) - [|ue - 4],

and hence it suffices to bound b;(w;, ") from below.

Observe also that Lemma 7.5 also implies that ||u¢|| ~ ||w| in the limit
t — 0 so that we can freely replace ||ut|| by ||w¢|| and vice-versa in each (mul-
tiplicative) estimate.

By the discussion in Sections 6.2 and 7.2, for each ¢, we can uniquely write

w(z,y)=>. Y. W) - ela),

£<k Xespec(af)Nly
where each ¥ (y) is an eigenfunction of a; with eigenvalue \ € I;. Set
(118) vily) = Y Ui
)\Gspec(af)ﬁh

and
w(z,y) = vi (y) - eo(x).

By linearity,
(119) be(we, ¥’ @1) = > by (wf, 9’ @1).

1<k

From (27) we have

bt 1) = [* [Tl ( pe) 0 ) (V)" dady,

where Vi f = [0,f, tdy f] and p(y) is defined in (25). Since 0,9 (y) = 0 and
eo(x) = 273 cos({mx), we find that

1
by (wf,wo ® 1) = (—2_§€7r . /0 x - sin(&m)dm)

([ 20wt (0w W) ).

If £ = 0, then sin(¢rx) = 0, and so by(wf,¢° ® 1) = 0. For 0 < £ < k, apply
Lemma B.3 below to find that

(120) [bu(wf, 40 @ 1)| = Ou(t) - [lof] - (4]

Since wf and w! are orthogonal if £ # ¢, we have

k-1 kel
¢ -1 ¢

Dollvl? =272 flwpl® < flul.

=1 =1
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Thus, by summing (120) over £ € {0,...,k — 1}, we obtain

<o (2 ||vf|r> ol

k-1

> be(wi v’ ®1)
=0

(121) k-1 3
t) <Z |Uf!|2> Al
1
<O) - [lwll - 471
For ¢ = k, we have
1
kw/ zsin(krz) de = (=1)F £ 0.
0
Thus, from Lemma B.4 and Lemma 5.1, there exists x’ > 0 so that
bu(w, 0 @ 1) = K15 - (lwfl] = ¢ uel]) - (14

for some k' > 0. The latter estimate, combined with (119), (121), and the
triangle inequality, yield the claim. ([

LEMMA B.3. For each smooth function g : [1,a] — R, there exist C > 0
and tg > 0 such that if t <tg and 0 < £ < k, then

[T 9w v (¢ () W) av] < el <[00

LEMMA B.4. For each smooth function g : [1,a] — R with g(1) # 0, there
exist k,0,tg > 0 such that for each t < to,

[ o) k@) (e (00) @) dy| > w6 (] = ¢ ) - 10°)]

The remainder of this appendix is devoted to proving the preceding lem-

(122)

mas.
B.1. The proof of Lemma B.3. Define rf : [1,00[ — R by
E
(123) i) =2 00w + (5 - () vl

LEMMA B.5. There exist tg > 0 and C so that if t < tg, then for each
e N,

R VPENT 2 2
)| dy <O

Proof. Multiply both sides of (123) by a smooth function with compact
support ¢ and integrate over y € [1, 0o, then integrate by parts to obtain

|t ws' @) dy = ~al(f.0) + B - (of.0).
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Observe that af(vf, ¢*) — Ey - (vf, ¢) = as(wy, ¢° @ ep) — Ei(wy, ¢° @ ey) so that
by applying Lemma 7.8 to the test function ¢¢ ® ey, there exist tg > 0 and C’
such that for ¢t < ty, we have

|7 s @] <t fuil - 16

Recalling that the L?-norm on the right-hand side has the weight y—2, this
implies that

Y IENE: / 2
|t dy < et ).
The claim follows since 4% > 1 on the interval over which we integrate. ([

The strategy of the proof of Lemma B.3 is as follows. By (123), the

function vy is a solution to the inhomogeneous equation

(124) 2+ fv =,

where p = Fy and

(125) Thy) = o5 = (L m)?,

The function v is a solution to the homogeneous equation
(126) V2 fl v =0,

where 1 = A°. Our choice of 8 in (73) implies that fﬁ is bounded below by a
constant 41 > 0 for all small £, ¢ < k, and u € I. Hence we can use WKB type
estimates to find a basis vy of solutions to the homogeneous equation (126).
We will then use “variation of parameters” to express each solution to (124)
in terms of this basis, and we use Lemma B.5 to provide control of the in-
homogeneous term r. Finally, we will estimate the integral in (122) using a
Riemann-Lebesgue type estimate.

Proof of Lemma B.3. For £ < k and p € I, we have fﬁ > 0p > 0, and
hence we can apply Theorem 6.2.1 in [Olv74] to obtain a basis (Uf; 4 vf;,_) of
solutions to the homogeneous equation (126) that satisfy

2 o) = || e (x5 [ |

and
1
4-exp( / ’fé

128) - (the) () = i |£w) F ) (14+2(y)

where, for 4 € I and ¢ < k, the smooth functions € and & have CY-norm that
is uniformly O(?).
Observe that v 1,4 have L?([1, 8])-norms that are uniformly bounded above

1+€( )

and away from O. Moreover since vﬁ 4 and v’ _ are highly oscillatory for

L
small ¢, an integration by parts argument shows that the L?([1, 8])-inner
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product (v’ VsV v u—) 18 O(t). It follows that there exists m > 0 such that if
(ay,a-) € C, then

1 1
(120) m- (Jay [ +[a-?)* < |fag vl +a - of || <m7t- (lag? + o )2

for all sufficiently small . Here || - || denotes the L?([1, 8])-norm.
By the method of “variation of constants,” each solution to

(130) Vot v =t
is of the form
(131 R R S A

where (a;,a_) € C2,

y
hffi(y) =+¢2. )/V_l/1 r(z) - vﬁ’:F(z) dz,

and W=,  ~v, - — v, _ v, is the Wronskian.
In partlcular for each ¢ and each t, there exists (a} + aj ) € C* so that

the function v} of (118) satisfies
2.t l
v, = (af,+ + hé:f+) Vg, 4+ (at +hg Tt ) U, -

The eigenfunction 1° of a satisfies (130) with » = 0, and hence there exists
(c4,c_) € C? so that
wo =Cqt - U[))\oy_,_ +c_- Ugoy_
The integral in (122) is equal to
o Lyr 0 /
/1 g- Z(ati—i—h t) UEti Zci (t'UAO,i) dy.
+

By expanding the product of sums, one obtains a sum of 22 integrals. By
substituting the expressions (128) and (127), integration by parts, and applying
standard estimates, we find that each integral is O(t).

For example, consider the terms of the form

(132) afi-es [ g (jﬁ;) oo (5 [ £ (0) 7 (1)) e dy

Since £ > 0, an elementary computation shows that there exists § > 0 so that
if z € [1, 8] and ¢ is sufficiently small, then

(133) § < ’(f,‘;t(z)); + (ff\]o(z))% .
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Thus, we may integrate by parts to find a constant C' so that the integral in
(132) is at most C -t - ||g||c1. It follows that all the terms of this form are
bounded above by

(134) "t gller - 19°1]- (Z Iaf,il) :
+

We also have terms of the form

N AN 3
1) [Pyenihe () e ([0 (1) 002

4
We integrate by parts as above, but this time we need to also bound h+ = hil:f 1

and its derivative.
From (127) and (128) we find that there exists ¢; so that if ¢ < ¢;, then
|t - W| > 1. From (127) and (125) we find that for each ¢,

2
136 sup |vt =Y)| < —=

for all sufficiently small ¢. Hence, using the Cauchy-Schwarz inequality and
Lemma B.5 we have, for all y € [1, J],

<t-(/1 (y)? dy)1~(/1yv%t,¢<y>2dy)é
2t VB T2 6

for all sufficiently small ¢. For the derivative of hu 1, we have

3 _1
[We(w)] < 5 - Ir(y)] - 2072

Applying Cauchy-Schwarz and Lemma B.5 gives

/1a|h,i(y)| dy < R VB—1- </15 Ir(y))? dy)é

t
2 0~
VB SC -t ||ug)

Finally, we apply integration by parts to (135). The resulting terms that

do not contain k!, have uniformly bounded C°-norm. The term that contains

! can be bounded using (137). It follows that all the terms of this form are
bounded by

(138) C -t Jluell - 9.

(137)

w\»—t
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The final step consists in bounding 3" |ax| by ||vf|| to control the terms of
equation (134).
Using (129) and (131), we have

1 2
m (|asl? +Ja-f?)* < Jlofll + (8 - 1) - 75 Fluﬁri{lh#y)\ + [h—(y)[}-

By orthogonality we have |lvf|| < ||| and, using the bound on |h4(y)|, we
finally obtain )
(las? +la-f?)* < C - Jlul].
This finishes the proof. ([
B.2. The proof of Lemma B.4. As in the previous subsection, the function
vf is a solution to the inhomogeneous equation (124) with u = E; and r defined
by (123). However, for ¢ = k, the function

FEw) = 2 g
Y
is negative for large y. In fact, since F; decreases to (7k)?, the function fF
changes sign nearer and nearer to y = 1. Since the solution v} belongs to
L?*(R,y~2dzdy), we expect it to decay exponentially as soon as y moves away
from 1. For y near 1, we will approximate v using Airy functions. In this
subsection we will make these approximations precise and use them to give a
proof of Lemma B.4

B.2.1. Normalization of ¥°. By Lemma 6.3, 1" is a constant multiple
of ¢ defined in (37). Because both sides of the estimate in Lemma B.4 are
homogeneous functions of degree 1 in 9, it suffices to assume that ¢)° = .

Let | f|, denote the supremum norm of f over [1, 3].

LEMMA B.6. There exists to > 0 such that if t <ty and \° € I, then

(139) % < [¥lo < 2v/B,
In

(140 2D <l < Vin(a),

and

(141) |t -]y < 2¢/sup(]).

Proof. We have
(142) Y(y) =wh(ry) — (2r) 7w (ry),

where
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and
N =1¢2.(1/4 +12).
In particular, for sufficiently small ¢,

inf(1 sup(/
(143) 7() <r< &

2t t
Thus, since |w¥|o < /B and |wt|g > 1, the triangle inequality applied to (142)

implies that (139) holds for sufficiently small ¢:
B B B dy
| sy ay = [ costriny)
1 1 Yy
Inpg
(144) :/ | cos(rz)|*dz
0
1 1
=—-Ing+0 <7) .
2 r
The same estimate applies for w_. Hence the triangle inequality and (143)

imply that (140) holds for sufficiently small ¢.
The bound on ¢ -9’ is proven in a similar fashion using the fact that

1 _ _
(145) Y == (r+5) v e )
together with (143) and the fact that r is of order ¢t~ 1. O

B.2.2. Localization neary = 1. The following proposition provides a quan-
titative description of the concentration of solutions to ¢? - v" + fF - v = r near

y = 1.

PROPOSITION B.7. Let k € Z*. For each a € 0,2, there exist to > 0
and C such that if v is a solution to t> -v" + fF-v =1 and t < ty, then
(146)
o

o0 —2a o0 3a—2 _
[ P ay< e (e [Tk cen (<9F) - [T )y ).
142t 1 14t~

Proof. By Proposition 8.3 and Lemma A.1, there exists C' so that if ¢ is
sufficiently small, then
(147) B, < (km): + C - 5.
Hence, for y > 1 + t%, one finds that
E 2.t 4 2@ 2
2 13 2 2
Thus, since o« < 2/3, there exists t; > 0 such that if ¢ < t;, then for all
y =14 t% we have

(148) (k)2 — 5; > (k)2 - £,
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For each smooth function ¢ with support in |1 + t*, co[, define
E
Lig) == +((km? - 3) 0.

Extend L; to a self-adjoint operator on L?([1 + t%, oo,dy). It follows from
(148) that the spectrum of L; lies in [(k7)? - t%, oo[. Hence L; is invertible and
the operator norm of || L; || is bounded above by % Therefore,

o0 2 d [e’e]
w9) [ ol < [
1+t 1

Y +te
The function L;!(r) is a solution to (124) on [1 + t* o0), and hence
w = v — L;7(r) is a solution to the homogeneous equation (126). It follows
from (148) that

(150) ()" () > 7% w’(y)

2

t—Qa o]

-1 2 / 2
< — .
0 ay < G [ b ay

if y € [14+t%, 00[. In particular, w? is convex and, moreover, w? is nonnegative

and in L2([1 4 t®, 00),y 2dy) since v € L*([1 + t*, 00),y 2dy) and L;'r €
L2([1 +t%,00),dy) C L*([1 +t*,00),y 2dy). This implies lim, o w?(y) = 0.
Indeed, since w? is convex, (w?)" has a limit m in R U {+oo}. If this limit
is positive, then it implies that w?(y) > 5y for large y, and this contradicts
the fact that w?(y)y~2 is integrable. In particular, (w?)’" is bounded so that
by integrating (150) we find that w? € L!([1 +t%, 00), dy). The argument also
shows that (w?)’ is nonpositive for large y so that w? has a limit when y — co.
Since w? is integrable, this limit is 0.
For each y € [1 +t*, 00), the function e,, which is defined by

ey(2) = w2(y) - exp (—tanQ (z— y)) ,

satisfies €] (2) = 172 - e, (2) with e,(y) = w?(y) and lim. o ey(z) = 0. There-
fore, by comparison with (150), and using the maximum principle, we find that
if 2 > 5, then w?(2) < e.(y). Applying this to z = y +t, we find that for each

y=>14+t%
3a—2

w?(y +t*) < exp (—t 2 )w2(y).

By integration, we obtain

o0 3a—2 o0
|ty <o (—55) - [ wPdy.
14-2¢> 1

This implies

S . exp (—ty) 142t~ )
/ w(y) dy < 573 / w(y) dy.
142t 1 —exp (—t 2 ) 1
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It follows that for ¢ small enough, we have

00 9 3a—2 1+2t¢ 9
/ w?(y) dy < exp (—t2 )/ w(y) dy
1+42t« 1+t

o 142t
exp (—t7%) / w?(y)y~*dy
1t

(151) <

oo

3a—2 _
< sexp (—t 2 )/ w?(y) y~*dy.
14t

We now use (149) and the triangle inequality to obtain

[vll[4260,400) < Wll[14260,100) + |’Lt_1(7")”[1+2ta,+oo)
3a—2 —a
<exp (=t 7 /2) [wlljisee rooyg2 + CE 07l 1400)
3a—2 —
<exp (=77 /2) ([Vllpato, ooy + 17 () lljsso soc)y—2)

+ CtIr i1, 400)-
The claim follows. O

COROLLARY B.8. For each a €]0, %[, there exist C' and tg such that, for

each t < ty,
[e.e]
e

Proof. Using orthogonality, we have that HU?”B(‘%) < lwell ~ [uel]-
Yy

2 d .
o] 7 < €8

Since y~2 < 1 on the interval [1+¢%, o), the integral with v} on the right-hand
side is bounded by C/|u¢||>. The integral with r is controlled via Lemma B.5. [

COROLLARY B.9. There exist C' and tg > 0 so that if t < tg, then

/ g<y>-vf<y>-<w>'<y>dy\ <O - 1.

+2t>

(152)

Proof. Use the boundedness of g, the Cauchy-Schwarz inequality, the pre-
ceding corollary, and Lemmas B.5 and B.6. U

This corollary holds for each a €10, %[ However, we will want this contri-
bution to be o(t%) so that we will need to take a €]0, 2.

B.2.3. The Airy approvimation. For small ¢, the function fF has a simple
zero near y = 1. Thus, to approximate solutions of t? - v + fgt -v = r near
y = 1, we will use solutions to Airy’s differential equation w”(z) —z-w =0
where z =y — 1.

We first describe the link to Airy’s equation. If we define W (z):=vf (z+1),
then we have

(153) _ 2 W) + ((zmﬁ—( E

Hl)g) -W(z) =7(z),
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where 7(z) = r(z + 1). Let p be the smooth function that satisfies
1
(x4 1)?
By substituting the latter expression into (153) and by dividing by 2F;, we
find that

=1-2z+2% p(z).

12 " 1 (km)? T x?
. . Z. ~1). o
2EtW+xW+2<Et w SF, 2pVV
Setting
t
154 -
(154) s ST,
and
1 (km)?
1 s=z-(1——5—),
(155) s =5 ( E, )
we have
(156) — 52, W (x) + (x — 2z5) - W(x) = Ry(x),
where

Ri(z) = (2B) ™ - 7(z) — 271 - 2% - p(x) - W(x).
In the next few subsections, we will analyze the solutions to (156). But
first, we provide an estimate of the L?([0,3t%])-norm of R;.

LEMMA B.10. For each a < %, there exist C' > 0 and tg > 0 such that for
each t < to,

3t>
(157) / Ry(2)|? dz < C - £220F5) . [y,
0

Proof. We have E > (k)% > 1, and hence by Lemma B.5,

2

,
<lrel® < O 2 e .

E

Let * = 9} be the tracking eigenvalue branch associated to E = FE;. The
eigenvalue A} corresponding to ¢* is in a O(t) neighbourhood of E;. Moreover,

when ¢ tends to 0, Proposition A.1 implies that )\; is at a distance of order t5
of the rest of the spectrum. Using (109), (123), Lemma B.5 and a resolvent
estimate, we have ||vf —f| = O(t%)||ut|| and hence

3t
(158) [ o) -+ 1| de < vt
0

The tracking eigenfunction ¢* satisfies (124) with » = 0. Hence, by Proposi-
tion B.7, if @ < & < 2/3, we obtain

3 * 2 da sa—2 |2
/2 x -p(IL‘)-w(l‘—l-l)‘ de < C -t -exp(—t 2 )||1/1 I|“.

o
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Observe that, by orthogonality, ||| < ||u]|; it follows that
B 2 1o (4a 44 8a—2 2
/0 ‘x -p(:v)-w*(:v—l—l)’ dx < C -(to‘—l—taexp<—t7>>-||ut\| .

Since 2(2a+ %) < 2 (because a < %), we may thus take & = %, and the biggest

term is then of order t2(2°‘+%). The claim follows. O

B.2.4. The inhomogeneous, semi-classical Airy equation. By (156), an es-
timate of v will result from estimating the solutions to

(159) — s> W' (x—2)-W=R

for 575 - zs in a fixed compact set.
We first construct solutions to the associated homogeneous equation

(160) — 2 W' (x—25)- W =0

using Airy functions. In particular, it is well known that there exists a basis
{A4, A_} of solutions to —A”(z) + x - A(x) = 0 such that

Ai(l‘)

(161) lim —1
T—00 .’IJ_% - exp (i% . $%>
and
A/
(162) m . AE®
T0 x1 - exp (i% xi)

One checks that
(163) Wi(z) = Ax (s_%(x - zs))
defines a basis of solutions to (160).
It follows from well-known identities that the Wronskian, A, A_ — A A’ |
of {Ay, A_} is 2. Hence the Wronskian of {W,, W_} is 2573. Therefore, by

the method of variation of constants, for each T > 0, the function

1

(164) We(e) =5 5™ <W+(m) /:R-W_JrW_(x) /(]ZR-W+)

ol

is a solution to (159).

LEMMA B.11. For each compact set K C R, there exists C' such that for
2
eachT >0, if s73 - z3 € K and x € [0,T], then

Wl

(165) (Wa(z)| < C- 575 - 55 - ||R|
and
(166) (Wi(z)| < C-s75 575 -||R],
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where | R|| denotes the L?>-norm of R over [0,%]. Moreover, there exists M so
that if x € {M . s%j} ,then

(167) W(2)] <2575 5557 - ||R|| -2~
and
(168) Wi(@)| <2575 57555 |[R]| - 275,

Proof. Using the Cauchy-Schwarz inequality, for x € [0,Z] we have

/:R(z)-W_(z)d (/R ) /W
/(]xR(z)-W+(z)d (/R ) /W+

Thus, from (164) and the triangle inequality, we have

53 <W+<m>| Rl (f W)’
W) Rl ([ Wif) |

Estimate (165) then follows from Lemma B.12 below.
To prove (166) we apply a similar argument to

Wih(z) =2 §-<W+ /RW + W (x /RW+> O

Define I (x) = [0, 2] and I_(x) = [z, c0].

and

[Wa(z)| <

w\»—u

(169)

M

LEMMA B.12. There exists C so that if t > 0 and s” 3 - z3 € K, then

(170) We(a)? [ Wa(y)? dy<C-s3
Iz (x)

and

(171) Wi()?* | ( )Wﬂyﬁ dy < C-s75.
F xr

Moreover, there exists a constant M so that if x > M - 5%, then

172 Wy (x)? W y2dy<4-\/§'s§‘s-x7%
:F
Iz (z)
and
(173) W (x)? W=(y)? dy <2V2- s78 .53 .072

Iz (2)
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Proof. The proof is a straightforward consequence of the continuity and
known asymptotics of Ay and A’.. From (161) and integration by parts we
find that

)
-uz ),

[SUNRIEN

(174) / |AL(r)? dr ~ L cutexp <:|:
Iz (u) 2

as u tends to oco.
Thus there exists u* so that if u > u*, then

o0 4
/ A_(r)? dr <ulexp (—g u%) .

Therefore, for u > u*,

N

(175) A+(u)2/u°° A (P2 dr <2 u

and, using (162),

N|=

(176) A;(u)2/uoo A_(r)?dr<2-u"2.

The expressions on the left-hand sides of (175) and (176) are continuous in
u, and hence they are bounded by a constant C' for u € K U [0, 00[ where
ue K& -uek.

By (163) and the change of variable r = s75 - (y — zs), we have

: / A_(r)? dr,
us(x)

win

(177) / W) dy = s

where ug(x) = §73 (x — z5). For each = > 0, we have us(xz) > —sup K, and
hence estimate (170) follows from (175).
Moreover, from (175) and (176) we have

(178) W+(:c)2/ W)y <2 % ug(z) 3
and
(179) Wi()? [ Wo(y)?dy <255 ug2)2,

us(x)

provided us > u*. Let M = u* +2sup K. If x > M - s%, then x — zg > x/2
and ug(x) > us. The desired estimates in the +/— case follow. The estimates
in the —/+ case are proved in a similar fashion. ]
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B.2.5. The end of the proof of Lemma B.4. By (152) it suffices to estimate
3t

as0) [ 9w b)) W= [ gte) Wit - (1) @)

where W; = vF(z + 1), §(z) = g(z + 1), and ¢(z) = ¢(x + 1). By assumption,
the C' norm of g, and hence of g, is uniformly bounded.

The function W; satisfies the inhomogeneous equation (159) with s =
t//Ey, and the inhomogeneity R; satisfies (157). In order to estimate W; and
hence (180), we write

Wi =Wyt + Why,
where W), ; is taken to be the particular solution Wz to (159) defined by (164),
where we set T = 3t“. The function W}, ; is then a solution to the associated
homogeneous equation.

LEMMA B.13. For each o € |33, 1[, there exists § > 0 such that

2t y
/0 G Wy () do

for all t sufficiently small.

2
<O 9] - lull

Proof. Integration by parts gives

Qto‘N 7 _ ~ |2t 2t _ -
sy [ G W (60) =5 Wt [} = [ 0.G W) -1,

Using Lemmas B.10 and B.11, one finds that there exists C' such that, for
x € [0,3t%],

W) < C -7 22075 - .
Thus, using (B.6), we conclude that the first term on the right-hand side of
(181) is O(t2%5) - [|ug | - |].

To bound the second term on the right-hand side of (181), we separately
consider the integral of (0,g) - Wy - t and the integral of § - (0:Wpt) - t).
For the first integral we can use the same uniform bound on W), ; as above to
obtain a contribution that is ¢ - O(t20‘+%) el - Yl

To estimate the second integral, we choose a so that % > a > «, and
we separately estimate the integral over [0, ta] and the integral over [ta, 3t9].
Observe that since a < %, then & > Ms3. Using Lemmas B.10 and B.11, we
find C so that for all sufficiently small ¢,

2t ~ / 3 1~ 2 1
Jo W@ dr <ot e )
tOt
and

t ~
|5 W@ de< ettt .
O 7
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By combining these estimates and using (141), we find that

2o ., st 1 a0
[ W (0 0) <ol e [ g W)
<C- (t2a+% + t—%-&-Sa—ia + t—%-‘r?a-ﬁ-a) ||Ut|| )

The claim will follow provided we can choose (o, &) so that a < %, a < a,
and each power of ¢ appearing on the right-hand side is greater than 2/3. The
solution set to this problem is the open triangle in R? bounded by the lines
a<1/3,2a+a =1, and 3a — &/4 = 5/6. The two latter lines intersect for
a= %. The claim follows. ([

The same kind of argument allows us to estimate the norm of W, ;.

LEMMA B.14. For all a €35, 1, there exist § > 0 and C > 0 such that

(182) Wl ae) < C -t Jlu.

Proof. As above we consider a < % and take some a > «a. Using Lem-
mas B.10 and B.11, one finds that

and

~ < C 12055 [y

”W 7t [07150‘]

The claim will follow provided we can find o < & and o < % such that

576“ — % — % > 0 and 2a + % - % > 0. Here the solution set is a quadrilateral
whose projection onto the a-axis is the interval |35, [. O

Finally, we consider the integral corresponding to the homogeneous part
Wh,t of th

2 —
(183) | 3@ Was@)- (t-3) (@) da.
There exist constants a, a_, depending on ¢, such that
Whﬂg = a4 - W+ +a_ - W_,

where W, and W_ are as defined in (163) with the parameter s and zs defined
in (154).

We first prove a lemma that roughly says that in the decomposition W =
Wyt +arWy +a_W_ the L?-norm is mainly supported by a_W_.
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LEMMA B.15. For all a € |55, %[, there exists § > 0 such that
(184) lasWillp,2ee) = OE>) - [lud,

where O(t>°) is a function that is of order t"™ for each n, and

1
2
Proof. Using the behavior of the norm of AL we find that

(185) la—W_llp ey = 5 - (lwfll = C - ] ) -

la+Willjo,2t0) = O™) - [la+ W || 20 3p0]
and
la-W_]|[2te 3a) < C - [la-W_||(0,2¢0)-
We thus have

lasWelljo,2te) = OF) - las W |26 312

o(
(
<Ot) - (luell + IW-lj0.210) + £ |Jul])

(

N

< O(t™) (llas Wi lljo a1 + [ful]) -

Estimate (184) then follows by absorbing the norm of a4 W into the
side.

< O(®) - ([IWll2ee 3eo) + la—W-llpee 3] + [Wptll 260 320 )

O(t>) - (lluell + 1W lljo,a1e] + llas Weelljo 210 + IWp,elljo 212 )

left-hand

To prove estimate (185), we first observe that by using the triangle in-

equality we find that

W lo,2te < IWpielljo,260) + lla—W_]]j0,2¢0]

The first term on the right-hand side is O(#°) ||u¢|| and the last one is O(t>) ||ug||

so that we obtain

la-W-ljo,010 = (IW lljo,000) = O(°)Jue]) -

The claim then follows by observing that Corollary B.8 implies that

Wll0,200) = (Hw | = O =) [lue]) -
LEMMA B.16. We have

/02ta§‘W—'(t'QZ)/ dxz(ﬁk)'t‘g(l)'A— (_3_%ZS>+O(t

for t small.

ol
N——
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Proof. From (145), we have

N|=

Fa)=—@+13-(rt %) sin(r - In(z + 1)),

Thus, the integral we want to estimate can be written as

((rt5) [ @A i 2ot nGe+ 1)

where we have set ag(z) := —(z + 1)_%@ Denote by I(t) the integral
2

2t
I(t) = 7"/0 ap(z)A_(s"3(x — z5)) exp(ir - In(z + 1) dz.

Integration by parts shows that

I(t) = —ial(:v)A,(s_%(ac — zg))exp(ir - In(z + 1) 2

1 2" 2 ’
s Oz (al(J:)A_(s_§(:c - zs)> (rexp(ir - In(x + 1))) dz,
where we have set a;(z) = agp(z)(x + 1).

Since a < % < % and s is of order ¢, and since A_ is rapidly decreasing,
the boundary term at 2t* is O(t*°). Observe that we have a global % prefactor
in front of the integral term. Thus, when the 0, is applied to a;, we gain 1/r,
that is, something of order t. When 0, hits2 the Airy function, we lose a 575

57, which is O(t%). Summarizing,

so that the global prefactor is of order

integrating by parts gains at least a prefactor t5.
By repeated integration by parts we thus observe that for each N, we can
write

N-1 2\ ¢

n=0 ktl=n r

where the ay ¢ are some constants and the remainder term Ry can be written

sfg ¢ 2t 2
Rn(t) := Z rk< )/0 ak,g(z)Aé(sfﬁ(x—zs))

k=N r

(rexp(ir - In(x +1))) dx

for some smooth functions ay ¢. If we fix some order tM™ then, using that A_
and all its derivatives are rapidly decreasing, we can find N such that the
remainder Ry is O(¢"V). This tells us that I(¢) admits a complete asymptotic
expansion of the form

Wi

PN
I(t) ~ agyr T A(—s3 2, k(2 AO(—s32,).
(t) ~ agor (—s Sz)—i—Zak,lr ( " Qe (—s 32z4)

k=1
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From the first integration by parts we see that
ago = ig(0),
and the second term is then of order ¢5. The claim follows by taking the

imaginary part. O

We will use the following to verify that the leading order term does not
vanish.

LEMMA B.17. We have
lim sfg

e = —
s—0 s C’

where —( is a zero of the derivative of A_.

Proof. From (154) we have

[\

B - (k)
C9idE
By combining Lemmas 8.3 and A.1, we have

Ep — (wk)? = 25 - (wk)3 - (=€) - 15 + 0 (1),

where ( is a zero of A’ . Since lim;_,q E; = (7k)?, the claim follows. O

.Zs

F Gl

COROLLARY B.18. There exist &' > 0 and tog > 0 so that if t < tg, then

3t~ ~/ 2
| @ wo@)- (- 0) @) da| > w13 v

for t sufficiently small.

Proof. Let ¢ be the zero of A_ that comes from Lemma B.17. Since A_ is
a nontrivial solution to a second order differential equation, A_ cannot vanish
at a zero of the derivative A’ . Hence, for sufficiently for small ¢, we have
A= (=85 - )| > §[A-(0)] > 0.

By arguing as in the proof of Lemmas B.17 and B.12 and using s ~ ¢, we
find ¢; > 0 so that

05 1W_(x)2 dx > i - cq ‘t%,
where k) = ff’;up( K) A= (u)|? and ¢ is sufficiently small. In particular,
(186) 1< b
Vel
Hence the claim follows from Lemma B.16. O

The estimate in the latter corollary is homogeneous so that we can multi-
ply W_ by a_.
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Using Lemma B.15 we then have

and

[ aw)a @ (¢ 9) @) de

2 k 5
5 (Jwf ]| = [|ue])

/
>R W] > 5

/02t §@) - a Wi (@) - (- 9) (@) de| < O@) - il

Putting all the different pieces together yields the estimate.
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