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Nodal sets of Laplace eigenfunctions:
proof of Nadirashvili’s conjecture and
of the lower bound in Yau’s conjecture

By Alexander Logunov

Abstract

Let u be a harmonic function in the unit ball B(0, 1) ⊂ Rn, n ≥ 3,

such that u(0) = 0. Nadirashvili conjectured that there exists a positive

constant c, depending on the dimension n only, such that

Hn−1({u = 0} ∩B) ≥ c.

We prove Nadirashvili’s conjecture as well as its counterpart on C∞-smooth

Riemannian manifolds. The latter yields the lower bound in Yau’s conjec-

ture. Namely, we show that for any compact C∞-smooth Riemannian

manifold M (without boundary) of dimension n, there exists c > 0 such

that for any Laplace eigenfunction ϕλ on M , which corresponds to the

eigenvalue λ, the following inequality holds: c
√
λ ≤ Hn−1({ϕλ = 0}).

1. Introduction.

Let M be a C∞ smooth Riemannian manifold (with or without bound-

ary) of dimension n. Let B be a geodesic ball on M with radius 1. Assume

λ > 0. Consider any solution of the equation ∆u+λu = 0 in B (the boundary

conditions for u do not matter), and denote the zero set of u by Zu. We prove

the following result:

Theorem 1.1. There exist c > 0 and λ0, depending on M and B only,

such that if λ > λ0, then

c
√
λ ≤ Hn−1(Zu ∩B).

We prove a similar result for harmonic functions, which was conjectured

by Nadirashvili ([12]):
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Theorem 1.2. There exists c > 0, depending on M and B only, such

that for any harmonic function h on B that vanishes at the center of B, the

following estimate holds :

c ≤ Hn−1(Zh ∩B).

As an immediate corollary from Theorem 1.2 we obtain that if h is a non-

constant harmonic function in R3, then the zero set of h has an infinite area.

Apparently, this is also a new result.

Theorems 1.1 and 1.2 are related to each other by a standard trick that

allows us to pass from Laplace eigenfunctions to harmonic functions. If u

satisfies ∆u+ λu = 0 on M , then one can consider the harmonic function

h(x, t) = u(x) exp(
√
λt)

on the product manifold M × R. The zero set of h and the zero set of u are

related by

Zh = Zu × R.
Then Theorem 1.1 will follow in a straightforward way from the 1√

λ
-scaled

version of Theorem 1.2 and the fact that Zu is const√
λ

dense in B. The latter

fact, which is well known, is the corollary of the Harnack inequality for har-

monic functions. For the reader’s convenience, we present the proof of this

fact in Section 8, where we also deduce Theorem 1.1 from the scaled version

of Theorem 1.2.

Most of this paper is devoted to the proof of Nadirashvili’s conjecture.

Nadirashvili’s conjecture was motivated by the question of Yau, who con-

jectured that if M is a compact C∞-smooth Riemannian manifold with no

boundary, then there exist c, C > 0, depending on M only, such that the

Laplace eigenfunctions ϕλ on M (ϕλ corresponds to the eigenvalue λ) satisfy

c
√
λ ≤ Hn−1(ϕλ = 0) ≤ C

√
λ.

The lower bound for Yau’s conjecture in dimension 2, which is not difficult,

was proved by Brüning and also by Yau. In dimension n ≥ 3 the lower bound

for Yau’s conjecture follows now from Theorem 1.1.

For the case of real-analytic metrics, the Yau conjecture was proved by

Donnelly and Fefferman [3]. Theorems 1.1 and 1.2 do not follow from the

Donnelly-Fefferman argument and are new in the case M = Rn, n ≥ 3, en-

dowed with the standard Euclidean metric. Roughly speaking, Nadirashvili’s

conjecture implies the lower bound for Yau’s conjecture and gives additional

information on small scales. The assumption of real analyticity of the metric

seems to be of no help for the question of Nadirashvili, but it was exploited

by Donnelly and Fefferman to establish the lower and upper bounds in Yau’s

conjecture.
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Concerning the upper bounds for Yau’s conjecture without real-analyticity

assumptions, Donnelly and Fefferman ([4]) proved that in dimension n = 2 the

following estimate holds:

H1(u = 0) ≤ Cλ3/4.

Recently this upper bound was refined to Cλ3/4−ε in [10], which we advise be

read before this paper.

In higher dimensions Hardt and Simon ([7]) showed that

Hn−1(u = 0) ≤ CλC
√
λ.

Recently an upper bound with polynomial growth was obtained in [9]:

Hn−1(u = 0) ≤ CλC .

In this paper we use techniques of propagation of smallness developed in

[10] and [9].

We refer to [14] and [12] for the interesting conjectures on Laplace eigen-

functions and harmonic functions. See also [1], [2], [13], [3] for the previous

results on the lower bounds. This paper is self contained with the exception

of Theorem 5.1, which was borrowed from [9].
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2. Almost monotonicity of the frequency

Given a point O on a Riemannian manifold M , let us consider normal

coordinates with center at O. We will identify a neighborhood of O on M with

a neighborhood of the origin in the Euclidean space. Now, we have two metrics:

the Euclidean metric, which we will denote by d(x, y), and the Riemannian
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metric dg(x, y). The symbol B(x, r) will denote the ball with center at x and

radius r in Euclidean metric. while Bg(x, r) is used for the geodesic ball with

respect to g. The radius r will always be smaller than the injectivity radius.

Due to the choice of normal coordinates for any ε > 0, there is a sufficiently

small R0 = R0(ε,M, g,O) > 0 such that

(1)
d(x, y)

dg(x, y)
∈ (1− ε, 1 + ε)

for any two distinct points x, y in Bg(O,R0). We will always assume that R0

is sufficiently small. In particular, we assume that (1) holds with ε = 1/2.

Throughout the paper the words “cube” and “box” (hyperrectangle) will

be used in the standard Euclidean sense. The reason why we need two metrics,

but not one, is because we will frequently partition cubes into smaller cubes,

and the combinatorial geometry ideas are easier to describe in Rn than on a

manifold. We kindly advise the reader to think that M is Rn, to throw away

half of the used notations, and to remove the ε error term in the monotonicity

property for the frequency function defined below.

Let u be a harmonic function on M . Given a ball Bg(x, r), define the

function

H(x, r) =

∫
∂Bg(x,r)

|u|2dSr,

where Sr is the surface measure on ∂Bg(x, r).

We will use a slightly non-standard definition of the frequency function:

β(x, r) =
rH ′(x, r)

2H(x, r)
.

Our definition is slightly different from the one in [6], [5], and [8]; in particular,

in the case of ordinary harmonic functions in Rn we do not normalize H(r) by

the total surface area |Sr|. Sometimes we will specify the dependence of β and

H on u and write Hu(x, r) and βu(x, r). The frequency is almost monotonic

in the following sense:

For any ε > 0, there exists R0 > 0 such that if r1 < r2 < R0 and

dg(x,O) < R0, then

β(x, r1) ≤ β(x, r2)(1 + ε).

See also Remark (3) to Theorem 2.2 in [11].

It follows directly from the definition that

(2) H(x, r2)/H(x, r1) = exp

Ç
2

∫ r2

r1

β(x, r)d log r

å
and by the almost monotonicity property that

(3)

Å
r2
r1

ã2β(x,r1)/(1+ε)
≤ H(x, r2)

H(x, r1)
≤
Å
r2
r1

ã2β(x,r2)(1+ε)
.
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3. A lemma on monotonic functions

Lemma 3.1. Let f be a non-negative, monotonic and non-decreasing func-

tion on the interval [a, b]. Assume that f ≥ e on this interval. Then there exist

a point x ∈ [a, a+b2 ) and N ≥ e such that

(4) N ≤ f(t) ≤ eN

for any t ∈ (x− b−a
20 log2 f(x)

, x+ b−a
20 log2 f(x)

) ⊂ [a, b].

Proof. Without loss of generality we can assume a = 0, b = 1. Define a

sequence of numbers xi ∈ [0, 1) such that x1 = 0 and xi+1 = xi + 1
10 log2 f(xi)

as long as xi+1 < 1/2. The sequence might be finite. Assume that (4) fails

for x = xi+1+xi
2 and N = f(xi). Then f(xi+1) ≥ ef(xi). Assuming this for

all such x, we obtain f(xi) ≥ ei. Hence xi+1 − xi = 1
10 log2 f(xi)

≤ 1
10i2

. Since∑∞
i=1

1
10i2

< 1/2, we see that xi < 1/2 for all integers i and f(xi) ≤ f(1/2)

while f(xi)→∞ as i→∞. �

We want to apply Lemma 3.1 to a modified frequency function:

β̃(p, r) := sup
t∈(0,r]

β(p, t).

We note that β̃ is monotonic and β and β̃ are comparable due to almost

monotonicity of the frequency:

(5) β(p, r) ≤ β̃(p, r) ≤ (1 + ε)β(p, r),

if Bg(p, r) ⊂ Bg(O,R0), where R0 = R0(ε,O,M, g). Hereafter we will work in

a small neighborhood of O and always assume that (5) holds with ε = 1.

Lemma 3.2. Consider a ball Bg(p, 2r) ⊂ Bg(O,R0), and assume that

β(p, r/2) > 10. Then there exist s ∈ [r, 32r) and N ≥ 5 such that

(6) N ≤ β(p, t) ≤ 2eN

for any t ∈ (s(1− 1
1000 log2N

), s(1 + 1
1000 log2N

)).

Proof. Indeed, we can apply Lemma 3.1 for β̃(p, t) on [r, 2r) and find such

s and N that

2N < β̃(p, t) ≤ 2eN

for t ∈ (s− r
20 log2(2N)

, s+ r
20 log2(2N)

). By (5) we have N < β(p, t) ≤ 2eN for t

on the same interval.
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Since β(p, r/2) > 10, we have 2N ≥ 10. Recall that s ∈ [r, 2r). These two

observations implyÇ
s

Ç
1− 1

1000 log2N

å
, s

Ç
1 +

1

1000 log2N

åå
⊂
Ç
s− r

20 log2(2N)
, s+

r

20 log2(2N)

å
. �

4. Behavior near the maximum

In this section we study the behavior of a harmonic function in the spheri-

cal layer of width ∼ 1
log2N

from Lemma 3.2, where the frequency is comparable

to N . We will consider a sphere within this spherical layer and collect several

estimates for growth of u near the point, where the maximum is attained on

that sphere.

The same notation as in Lemma 3.2 is used here: we consider a ball

B(p, 2r) ⊂ B(O,R0) with β(p, r/2) ≥ 10 and a number s ∈ [r, 2r) such that

the following holds: For any t in the interval

I :=

Ç
s

Ç
1− 1

1000 log2N

å
, s

Ç
1 +

1

1000 log2N

åå
,

the frequency is estimated by N < β(p, t) ≤ 2eN . We will always assume that

N is larger than 5.

By c, c1, C, C1, C2, . . . we will denote positive constants that depend on

M, g, n,O,R0 only. These constants are allowed to vary from line to line.

Consider the function H(p, t) =
∫
∂Bg(p,t)

u2. By (2) and (6) we have

(7) (t2/t1)
2N ≤ H(p, t2)

H(p, t1)
≤ (t2/t1)

4eN

for any t1 < t2 in I.

Consider a point x on ∂Bg(p, s) such that the maximum of |u| on Bg(p, s)

is attained at x, and define K = |u(x)|. Let us fix numbers

(8) A = 106, δ ∈ [
1

A log100N
,

1

A log2N
], s−δ = s(1− δ), sδ = s(1 + δ).

Note that s−δ < s < sδ and δ < 1/106.

Lemma 4.1. There exist c > 0 and C > 0, depending on M, g, n,O,R0

only, such that

sup
Bg(p,s−δ)

|u| ≤ CK2−cδN ,(9)

sup
Bg(p,sδ)

|u| ≤ CK2CδN .(10)
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Proof. We will prove only (9); the same argument works for the second

inequality (10).

By the standard estimate of L2-norm of a function, by L∞-norm and by

(7) we have

K2 ≥ C1s
−n+1H(p, s) ≥ C1s

−n+1H(p, s−δ/2)(1 + δ/2)2N .

We need an estimate that compares L2-norm of a harmonic function on the

boundary of a ball and L2-norm in the ball:

sH(p, s−δ/2) = s

∫
∂Bg(p,s−δ/2)

|u|2 ≥ C1

∫
Bg(p,s−δ/2)

|u|2.

Let x̃ be a point on ∂Bg(p, s−δ), where the maximum is attained. Define

K̃ = |u(x̃)|. Since the volume |Bg(x̃, δ2s)| ≥ C2(δs)
n, we have∫

Bg(p,s−δ/2)
|u|2 ≥

∫
Bg(x̃,

δ
2
s)
|u|2 ≥ C2(δs)

n−
∫
Bg(x̃,

δ
2
s)
|u|2.

One can estimate the value of a harmonic function u in the center of a

ball by a constant multiple of the average of |u| over the ball, so

−
∫
Bg(x̃,

δ
2
s)
|u|2 ≥ (−

∫
Bg(x̃,

δ
2
s)
|u|)2 ≥ C3|u|2(x̃) = C3K̃

2.

Combining the estimates above one has

(11) K2 ≥ C4δ
n(1 + δ/2)2NK̃2.

Note that log(1 + δ/2) ≥ δ/4 for δ ∈ (0, 1/106), so

(1 + δ/2)2Nδn ≥ exp(Nδ/2 + n log δ) = exp(Nδ/4) exp(Nδ/4 + n log δ).

Using that δ ∈ [ 1
A log100N

, 1
A log2N

] it is easy to show that

C5 +Nδ/4 + n log δ > 0

for sufficiently large C5 = C5(n). Thus K2 ≥ C6 exp(Nδ/4)K̃2. �

Now, we can estimate the doubling index near x. Define N (x, r) by

2N (x,r) =

sup
Bg(x,2r)

|u|

sup
Bg(x,r)

|u|
.

One can estimate the growth of a harmonic function in terms of the doubling

index. For any ε, there exist R0 > 0 and C > 0 such that for any positive

numbers r1, r2 with 2r1 ≤ r2 and Bg(x, r2) ⊂ Bg(O,R0), the following version

of the logarithmic convexity property holds (see [9]):

(12)

Å
r2
r1

ãN (x,r1)(1−ε)−C
≤

supBg(x,r2) |u|
supBg(x,r1) |u|

≤
Å
r2
r1

ãN (x,r2)(1+ε)+C

.
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In particular, the doubling index is almost monotonic in the following sense:

N (x, r1)(1− ε)− C ≤ N (x, r2)(1 + ε) + C.

Lemma 4.2. There exists C = C(M, g, n,O,R0) > 0 such that

(13) sup
Bg(x,δs)

|u| ≤ K2CδN+C ,

and for any x̃ with d(x, x̃) ≤ δ
4s,

N (x̃,
δ

4
s) ≤ CδN + C,(14)

sup
Bg(x̃,

δs
10N

)

|u| ≥ K2−CδN logN−C .(15)

Proof. The first estimate (13) immediately follows from (10) since

Bg(x, δs) ⊂ Bg(p, s(1 + δ)).

To establish (14) we note that

2N (x̃, δ
4
s) =

sup
Bg(x̃,δs/2)

|u|

sup
Bg(x̃,δs/4)

|u|
≤

sup
Bg(x,δs)

|u|

K
≤ 2CδN+C .

It remains to obtain (15). We will use (14) and almost monotonicity (12) of

the doubling index:

sup
Bg(x̃,δs/4)

|u|

sup
Bg(x̃,

δs
10N

)

|u|
≤ (40N)C1N (x̃, δ

4
s)+C1 ≤ 2C2δN logN+C2 logN ≤ 2C3δN logN+C3 .

In the last inequality we used that δ ∈ [ 1
A log100N

, 1
A log2N

]. Since sup
Bg(x̃,δs/4)

|u| ≥

|u|(x) = K, the proof of (15) will be completed if we take C = C3. �

5. Number of cubes with big doubling index

Given a cube Q, we will denote

sup
x∈Q,r≤diam(Q)

log

sup
Bg(x,10n·r)

|u|

sup
Bg(x,r)

|u|

by N(Q) and call it the doubling index of Q. This definition is different from

a doubling index for balls but more convenient in the following sense. If a

cube q is contained in a cube Q, then N(q) ≤ N(Q). Furthermore, if a cube q

is covered by cubes Qi with diam(Qi) ≥ diam(q), then N(Qi) ≥ N(q) for

some Qi.
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The following result was proved in [9], where it was applied to upper

estimates of the volume of nodal sets. However this result appears to be useful

for lower bounds as well.

Theorem 5.1. There exist a constant c > 0 and an integer A > 1, de-

pending on the dimension n only, and positive numbers N0 = N0(M, g, n,O),

R = R(M, g, n,O) such that for any cube Q ⊂ B(O,R), the following holds :

if we partition Q into An equal subcubes, then the number of subcubes with

doubling index greater than max(N(Q)/(1 + c), N0) is less than 1
2A

n−1.

Further, we will partition the cube Q into Ank subcubes (k will tend to

infinity) and iterate the Theorem 5.1 for the subcubes.

Notation. Let A > 1 be the integer from Theorem 5.1. Given an Euclidean

n-dimensional cubeQ , we partitionQ into An equal subcubes with 1/A smaller

size than Q, we denote these cubes by Qi1 , i1 = 1, 2, . . . , An, then partition

each Qi1 into An equal subcubes Qi1,i2 , i2 = 1, 2, . . . , An and so on. We denote

the collection of all subcubes Qi1,i2,...,ik of all sizes by A.

By Cik we denote the binomial coefficients k!
i!(k−i)! .

Let j1, j2, j3, . . . be independent and identically distributed random vari-

ables such that

P(jk = i) = 1/An for i = 1, 2, . . . , An.

We make a remark that we use the probabilistic notation because they

are simpler than writing “the number of subcubes with.”

Lemma 5.2. Let c,N0 be positive numbers. Let N be a function from the

set of subcubes A to R+ with the following properties :

(i) N is monotonic with respect to inclusion : if q1, q2 ∈ Q and q1 ⊂ q2, then

N(q1) ≤ N(q2);

(ii) for any cube ‹Q ∈ A,

P
(
N(‹Qj1) ≥ max(

N(‹Q)

1 + c
,N0)

)
≤ 1

2A
.

Then for any integers l, k with 0 ≤ l ≤ k, k ≥ 1, the following holds :

(16)

P
Ç
N(Qj1,j2,...,jk−1,jk) ≤ max(

N(Q)

(1 + c)l
, N0)

å
≥

k∑
i=l

Cik

Å
1

2A

ãk−i Å
1− 1

2A

ãi
,

and for any ε > 0, there exist σ > 0 and an integer k0 such that

(17) P
Ç
N(Qj1,j2,...,jk) ≥ max(

N(Q)

(1 + c)σk/ log k
, N0)

å
≤
Å

1

2A

ãk(1−ε)
for all positive integers k > k0.
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Before we start the proof of Lemma 5.2 we give some informal explana-

tions.

Heuristics. Let p = 1
2A . Suppose we have k independent and identically

distributed variables yi and that each yi takes value 0 with probability p and

value 1 with probability (1− p). Then

P
( k∑
i=1

yi ≥ l
)

=
k∑
i=l

Cikp
k−i (1− p)i

for 0 ≤ l ≤ k.

Suppose now that yi are independent variables, each yi takes only two

values 0 and 1, P(yi = 0) ≤ p and P(yi = 1) ≥ 1− p. Now, yi are not assumed

to be identically distributed. Then

(18) P
( k∑
i=1

yi ≥ l
)
≥

k∑
i=l

Cikp
k−i (1− p)i .

The proof of (16) is parallel to (18) with the exception that we have to always

add words “or smaller than N0.” Namely, starting with a cube Qi1,...,ik and

choosing randomly its subcube Qi1,...,ik,jk+1
the doubling index of the latter is

either (1 + c) times smaller than the doubling index of Qi1,...,ik or smaller than

N0 with probability at least 1− p.
Inequality (17) will be proved with the help of the following fact:

Claim. Let p ∈ (0, 1) be a fixed number. Then for any ε > 0, there are

σ > 0 and k0 > 0 such that

(19)
l−1∑
i=0

Cikp
k−i (1− p)i ≤ pk(1−ε)

for any k > k0 and l ∈ [0, σk/ log k].

Proof of the claim. Note that Cik ≤ kl for i ≤ l. Hence

l−1∑
i=0

Cikp
k−i (1− p)i ≤ lklpk−l.

It sufficient to choose σ > 0 so that

lklpk−l ≤ pk(1−ε)

for large k, which is equivalent to

lkl(1/p)l ≤ (1/p)εk.

Since l ≤ σk/ log k, we have

l ≤ elog k ≤ (1/p)
ε
3
k, kl ≤ eσk ≤ (1/p)

ε
3
k, (1/p)l ≤ (1/p)σk/ log k ≤ (1/p)

ε
3
k

for k large enough and σ < ε
3 log(1/p). Multiplying the three inequalities above

we finish the proof of the claim. �
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Proof of Lemma 5.2. We are going to prove inequality (16) by induction

on k. For k = 1, it is true due to assumption (ii). Assume that (16) holds for

(k − 1) in place of k. We want to show that (16) holds for k. For k > l > 0,

define the disjoint events

El,k :=

®
N(Qj1,j2,...,jk−1,jk) ∈

Ç
max

Ç
N(Q)

(1 + c)l+1
, N0

å
,max

Ç
N(Q)

(1 + c)l
, N0

åô´
,

E0,k :=

®
N(Qj1,j2,...,jk−1,jk) ∈

Ç
max

Ç
N(Q)

(1 + c)
, N0

å
,max(N(Q), N0)

ô´
,

Ek,k :=

®
N(Qj1,j2,...,jk−1,jk) ≤ max

Ç
N(Q)

(1 + c)k
, N0

å´
.

If l < 0 or l > k, we will denote the empty event by El,k.

The doubling index of any cube is non-strictly greater than the doubling

index of any its subcube. Hence Ei,k ⊂ ∪ij=0Ej,k−1 and Ej,k−1 ⊂ ∪ki=jEi,k,
where both unions are disjoint. Hence

P
Ç
N(Qj1,j2,...,jk−1,jk) ≤ max

Ç
N(Q)

(1 + c)l
, N0

åå
=

k∑
i=l

P(Ei,k)

We start to prove by induction on k that

k∑
i=l

P(Ei,k) ≥
k∑
i=l

Cik

Å
1

2A

ãk−i Å
1− 1

2A

ãi
.

Indeed,

k∑
i=l

P(Ei,k) =
k∑
i=l

i∑
j=0

P(Ej,k−1 ∩ Ei,k) =
k∑
j=0

k∑
i=max(l,j)

P(Ej,k−1 ∩ Ei,k)

≥
k−1∑
j=l

k∑
i=j

P(Ej,k−1 ∩ Ei,k) +
k∑
i=l

P(El−1,k−1 ∩ Ei,k)

=
k−1∑
j=l

P(Ej,k−1) +
k∑
i=l

P(El−1,k−1 ∩ Ei,k) = I + II.

It follows from (ii) that

P(El−1,k−1 ∩ El−1,k) ≤
1

2A
P(El−1,k−1).

Since
∑k
i=l−1 P(El−1,k−1 ∩ Ei,k) = P(El−1,k−1), we obtain

II = P(El−1,k−1)− P(El−1,k−1 ∩ El−1,k) ≥
Å

1− 1

2A

ã
P(El−1,k−1).
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Hence

I + II ≥
k−1∑
j=l

P(Ej,k−1) +

Å
1− 1

2A

ã
P(El−1,k−1)

=
1

2A

k−1∑
j=l

P(Ej,k−1) +

Å
1− 1

2A

ã k−1∑
j=l−1

P(Ej,k−1).

By the induction hypothesis for k− 1, we can estimate the latter amount

from below by

k−1∑
i=l

Cik−1

Å
1

2A

ãk−i Å
1− 1

2A

ãi
+

k−1∑
i=l−1

Cik−1

Å
1

2A

ãk−1−i Å
1− 1

2A

ãi+1

=
k∑
i=l

(Cik−1 + Ci−1k−1)

Å
1

2A

ãk−i Å
1− 1

2A

ãi
=

k∑
i=l

Cik

Å
1

2A

ãk−i Å
1− 1

2A

ãi
.

Inequality (16) is proved, which implies

P
Ç
N(Qj1,j2,...,jk−1,jk) > max(

N(Q)

(1 + c)l
, N0)

å
≤

l−1∑
i=0

Cik

Å
1

2A

ãk−i Å
1− 1

2A

ãi
.

It remains to prove (17). By (19) applied for p = 1
2A we have

l−1∑
i=0

Cik

Å
1

2A

ãk−i Å
1− 1

2A

ãi
≤
Å

1

2A

ãk(1−ε)
for 0 ≤ l ≤ σk/ log k, k ≥ k0. �

Now, we ready to formulate the corollary of Theorem 5.1 and Lemma 5.2,

which will be used in the next section.

Theorem 5.3. There exist constants c1, c2, C > 0 and a positive in-

teger B0, depending on the dimension n only, and positive numbers N0 =

N0(M, g, n,O), R = R(M, g, n,O) such that for any cube Q ⊂ B(O,R), the

following holds : if we partition Q into Bn equal subcubes, where B > B0, then

the number of subcubes with doubling index greater than

max(N(Q)2−c1 logB/ log logB, N0)

is less than CBn−1−c2 .

Proof. Let us fix c, A,N0, R from Theorem 5.1. Fix a cube Q ⊂ B(O,R)

and partition it into An equal subcubes Qi1 , then partition each Qi1 into An

subcubes Qi1,i2 and so on. We denote by A the collection of all subcubes

Qi1,i2,...,ik of all sizes.

First, we will consider the case B = Ak, where k is sufficiently large. In

this case Theorem 5.3 follows from Lemma 5.2. Let us first check assumptions
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(i) and (ii) of Lemma 5.2. The monotonicity property (i) for the doubling

index of cubes is clear from the definition. The second assumption (ii) follows

from Theorem 5.1. Now fix ε > 0 so small thatÅ
1

2A

ã1−ε
=

Å
1

A

ã1+c2
for some c2 > 0.

The conclusion (17) of Lemma 5.2 for this ε claims that the number of

subcubes Qi1,i2,...,ik with N(Qi1,i2,...,ik) ≥ max( N(Q)

(1+c)σk/ log k , N0) is smaller than

Ank
Å

1

2A

ãk(1−ε)
= Ak(n−1−c2) = Bn−1−c2 .

Note that logB = k logA. We therefore can choose c1 > 0 so small that

log(1 + c) · σk/ log k ≥ c1 log 2 · logB/ log logB

for all sufficiently large B = Ak. This is done to provide

(1 + c)σk/ log k ≥ 2c1 logB/ log logB.

We have proved Theorem 5.3 in the case B = Ak.

Now, let B ∈ [Ak, Ak+1] and define ‹B = Ak. There are two partitions

of Q into equal subcubes, say Q = ∪Qi, i = 1 · · ·Bn, and Q = ∪‹Qi, i =

1 · · · ‹Bn. We know that the number of cubes ‹Qi with doubling index greater

than max(N(Q)2−c1 log B̃/ log log B̃, N0) is less than ‹Bn−1−c2 . Each cube Qi is

covered by a finite number, which depends on dimension n and on A = A(n)

only, of cubes ‹Qj , which have a smaller diameter. If N(Qi) is greater than

max(N(Q)2−c1 log B̃/ log log B̃, N0), then one of ‹Qj that covers Qi also has N(‹Qj)
greater than max(N(Q)2−c1 log B̃/ log log B̃, N0). Thus the number of cubes Qi

with doubling index greater than max(N(Q)2−c1 log B̃/ log log B̃, N0) is less than

C‹Bn−1−c2 . We can decrease c1 and increase C to replace ‹B by B in the

previous sentence. �

Remark 5.4. Here we collected several informal remarks to orient the

reader. The goal of this paper is to estimate the Hausdorff measure of di-

mension n − 1 of zero sets of harmonic functions from below. If a harmonic

function is zero at the center of a cube and the doubling index of this cube is

bounded by a fixed constant, then it is not difficult and well known that there

is a lower bound for the volume of the zero set in this cube. Unfortunately,

the bound depends on the doubling index, and it is not clear why the lower

estimate does not become worse as the doubling index becomes large.

In the next section there will be an argument that works for the case

of the large doubling index of the original cube. Speaking non-formally the

argument will show that for a proper choice of B, the number of subcubes,
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which contain zeroes, is larger than Bn−1 , and the argument severely exploits

that the number of bad subcubes with large doubling index is smaller than

Bn−1. We do not specify here what the words “smaller” and “larger” mean.

If we partition the cube with zero at the center into Bn equal subcubes,

there can be some subcubes with small doubling index, which intersect the zero

set, but there also can be bad subcubes with large doubling index, where we

have no good a priori estimate. The estimate for the number of bad subcubes

appears to be useful.

In Theorem 5.1 the number of subcubes An is fixed, and it shows that

all except at most 1
2A

n−1 of the subcubes have constant times smaller dou-

bling index than a big cube. For the estimates of the volume of the nodal

set, it is crucial that the number of exceptions is smaller than An−1. In The-

orem 5.3 the number of subcubes Bn tends to infinity, but the bigger B the

smaller the doubling index for the most of the subcubes becomes, and we

still want the number of bad subcubes with big doubling index to be smaller

than Bn−1. Theorem 5.3 is the iterated version of Theorem 5.1; the itera-

tion procedure is similar to the independent flips of the coin. The quantity

k/ log k ∼ logB/ log logB in Theorem 5.3 comes from the simple estimate of

the tails of the binomial distribution (19).

We also note that for the purposes of this paper, a weaker estimate than

the conclusion of Theorem 5.3 would be sufficient. Namely, it is sufficient to

know that the number of subcubes with doubling index greater than

max(N(Q)/(logB)κ, N0)

is less than Bn−1/(logB)κ, where κ > 0 is a sufficiently large constant depend-

ing only on the dimension.

6. A tunnel with controlled growth

This section contains a geometrical construction that allows us to find

many disjoint balls with sign changes of the harmonic function (Proposi-

tion 6.1). It appears to be useful for lower estimates for the nodal sets. The

construction is using the estimates for the number of cubes with big doubling

index and requires a look at several statements of the previous sections. The

whole section consists of the proof of one proposition.

Proposition 6.1. Fix a point O on the Riemannian manifold M equipped

with Riemannian metric g. There is a sufficiently small radius R0 > 0 such

that for any ball Bg(p, 2r) ⊂ Bg(O,R0) and for any harmonic function u on

Bg(p, 2r), the following holds : If β(p, r) is sufficiently large, then there is a

number N with

β(p, r)/10 ≤ N ≤ 2β

Å
p,

3

2
r

ã
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and at least [
√
N ]n−12c3 logN/ log logN disjoint balls Bg(xi,

r√
N

) ⊂ B(p, 2r) such

that u(xi) = 0.

Proof. According to Section 4 we can find a spherical layer where the

frequency does not grow too fast: there exist numbers s ∈ [r, 32r] and N ≥ 5

such that

N ≤ β(p, t) ≤ 2eN

for any t ∈ (s(1− 1
1000 log2N

), s(1 + 1
1000 log2N

)).

By the monotonicity property of the frequency, we have

β(p, r) ≤ (1 + ε)β(p, t) ≤ 10N

and

N ≤ β(p, s) ≤ (1 + ε)β(p,
3

2
r) ≤ 2β

Å
p,

3

2
r

ã
.

Until the end of this section we will assume that N is sufficiently large.

Fix a point x ∈ ∂Bg(p, s) such that sup
∂Bg(p,s)

|u| = |u(x)|. Put

(20) δ =
1

108n2 log2N
.

Consider a point x̃ ∈ ∂Bg(p, s(1 − δ)) such that dg(x, x̃) = δs. In other

words, x̃ is the nearest point to x on ∂Bg(p, s(1− δ)). Note that

(21) C1(n)
r

log2N
≤ d(x, x̃) ≤ C2(n)

r

log2N
.

Let us consider a box T (a hyperrectangle in the Euclidean space) such

that x and x̃ are the centers of the opposite faces of T , one side of T is equal to

d(x, x̃) and n− 1 other sides are equal to d(x,x̃)
[logN ]4

, where [·] denotes the integer

part of a number.

Let us divide T into equal boxes Ti, i = 1, 2, . . . , [
√
N ]n−1, so that each

Ti has one side of length d(x, x̃) and (n − 1) sides of length d(x,x̃)

[
√
N ][logN ]4

. We

partition each Ti into equal cubes qi,t, t = 1, 2, . . . , [
√
N ][logN ]4, with side

d(x,x̃)

[
√
N ][logN ]4

, and the cubes qi,t are arranged in t so that d(qi,t, x) ≥ d(qi,t+1, x).

We will call the boxes Ti “tunnels.”

Note that

dg(p, qi,1) ≤ dg(p, x̃) + dg(x̃, qi,1) ≤ s(1− δ) + C
δs
√
n

[logN ]4
≤ s(1− δ/2).

Hence qi,1 ⊂ Bg(p, s(1− δ/4)). Recall that |u(x)| = K. Then by (9),

(22) sup
qi,1
|u| ≤ K2

−c1 N
log2 N

+C1 .
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Applying (14) with δ, which is 100n2 times larger than δ defined by (20),

we obtain that for any point y ∈ T ,

(23) N (y, 10nδs) ≤ CδN + C ≤ N/100.

The center of qi,t will be denoted by xi,t.

Now, let t = [
√
N ][logN ]4. We can inscribe a geodesic ball Bi,t in 1

2qi,t
with center at xi,t and radius s

N . Taking into account

dg(xi,t, x) ≤ C2s

[logN ]6
,

we deduce from (15), applied with x̃ = xi,t, that

sup
Bi,t

|u| ≥ K2
−C3

N
log5 N

−C3 ,

and therefore

(24) sup
1
2
q
i,[
√
N ][logN ]4

|u| ≥ K2
−C3

N
log5 N

−C3 .

Inequalities (22) and (24) imply the following estimate: there exist positive c,

C such that

(25) sup
1
2
q
i,[
√
N ][logN ]4

|u| ≥ sup
1
2
qi,1

|u|2cN/ log
2N−C .

The next step in the proof of Proposition 6.1 is the following claim:

Claim 6.2. There exist c > 0, N0 > 0 such that at least half of tunnels

Ti have the following property :

(26) N(qi,t) ≤ max

Å
N

2c logN/ log logN
, N0

ã
for all t = 1, 2, . . . [

√
N ][logN ]4.

Proof of the claim. We will assume that N is sufficiently big. Let us call

a cube qi,t bad if N(qi,t) > N2−c1 logN/ log logN , where a constant c1 is from

Theorem 5.3. It is sufficient to show that the number of bad cubes is less than

the half of the number of tunnels Ti, i.e., 1
2 [
√
N ]n−1.

Let us partition T into equal Euclidean cubes Qt, t = 1, 2, . . . , [logN ]4

with side d(x,x̃)
[logN ]4

. For any point y ∈ T , we have

dg(x, y) ≤ 2d(x, y) ≤ 4d(x, x̃) ≤ s

107 log2N
=: ρ.

By (14) we have
sup

Bg(y,ρ)
|u|

sup
Bg(y,ρ/2)

|u|
≤ 2CN/ log

2N+C .
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The last observation implies that

N(Qt) ≤ N

for t = 1, 2, . . . , [logN ]4.

It follows from Theorem 5.3 with B = [
√
N ] that the number of bad cubes

in Qt is less than C[
√
N ]n−1−c2 . Thus the number of all bad cubes is less than

C[
√
N ]n−1−c2 [logN ]4 ≤ 1

2
[
√
N ]n−1. �

We will call a tunnel Ti good if (26) holds.

The next step in the proof of Proposition 6.1 is the following claim.

Claim 6.3. There exists c2 > 0 such that if N is sufficiently large and Ti
is a good tunnel, then there are at least 2c2 logN/ log logN closed cubes qi,t that

contain zero of u.

Proof of the claim. By (26) we know that

(27) log

sup
1
2
qi,t+1

|u|

sup
1
2
qi,t

|u|
≤ log

sup
4qi,t

|u|

sup
1
2
qi,t

|u|
≤ N

2c1 logN/ log logN

for any t = 1, 2, . . . , [
√
N ][logN ]4 − 1.

Let us split the set {1, 2, . . . , [
√
N ][logN ]4 − 1} into two subsets S1, S2.

The set S1 is the set of all t such that u does not change the sign in qi,t∪ qi,t+1

and S2 = {1, 2, . . . , [
√
N ][logN ]4−1}\S1. By the Harnack inequality for t ∈ S1

we have

(28) log

sup
1
2
qi,t+1

|u|

sup
1
2
qi,t

|u|
≤ C1,

and for any t ∈ S2 the inequality (27) holds. We therefore have

log

sup
1
2
q
i,[
√
N ][logN ]4

|u|

sup
1
2
qi,1

|u|
=
∑
S1

log

sup
1
2
qi,t+1

|u|

sup
1
2
qi,t

|u|
+
∑
S2

log

sup
1
2
qi,t+1

|u|

sup
1
2
qi,t

|u|

≤ |S1|C1 + |S2|
N

2c1 logN/ log logN
.

By (25),

(29) cN/ log2N − C ≤ log

sup
1
2
q
i,[
√
N ][logN ]4

|u|

sup
1
2
qi,1

|u|
.
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Hence

cN/ log2N − C ≤ |S1|C1 + |S2|
N

2c1 logN/ log logN
.

Note that

|S1|C1 ≤ C1[
√
N ] log4N ≤ c

2
N/ log2N − C

for N large enough. Thus

|S2| ≥
2c1 logN/ log logN

2 log2N
≥ 2

c1
2

logN/ log logN . �

We continue the proof of Proposition 6.1. At least half of the tunnels Ti
are good by Claim 6.2. Hence the number of cubes qi,t where u changes a

sign is at least 1
2 [
√
N ]n−12c2 logN/ log logN . For any such cube, let us fix a point

xi,t ∈ qi,t such that u(xi,t) = 0. We had find many disjoint cubes with sign

changes. To replace the cubes by balls is not difficult.

The fact that the side of qi,t is comparable to r√
N log6N

shows that each ball

Bg(xi0,t0 ,
r√
N

) intersects not greater than C3[logN ]6n other balls Bg(xi,t,
r√
N

).

We can choose the maximal set of disjoint balls Bg(xi,t,
r√
N

). Since the num-

ber of xi,t is at least 1
2 [
√
N ]n−12c2 logN/ log logN and the number of intersec-

tions for each ball is bounded by C3[logN ]6n, the maximal set of disjoint balls

Bg(xi,t,
r√
N

) will consist of at least c3[
√
N ]n−12c2 logN/ log logN

[logN ]6n
balls. We can choose

c4 ∈ (0, c2) such that

c3[
√
N ]n−12c2 logN/ log logN

[logN ]6n
≥ [
√
N ]n−12c4 logN/ log logN

for large enough N . �

Remark 6.4. The following remark will not be used later but shows the

flexibility of the construction. In the statement and in the proof of Proposi-

tion 6.1 one can replace
√
N by Nα with any α ∈ (0, 1) and the statement will

remain true.

We fix a point O on the Riemannian manifold M equipped with Rie-

mannian metric g. There is a sufficiently small radius R0 > 0 such that for

any ball Bg(p, 2r) ⊂ Bg(O,R0) and for any harmonic function u on Bg(p, 2r),

the following holds: If β(p, r) is sufficiently large, then there is a number N

with

β(p, r)/10 ≤ N ≤ 2β

Å
p,

3

2
r

ã
and at least Nα(n−1)2c logN/ log logN disjoint balls Bg(xi,

r
Nα ) ⊂ B(p, 2r) such

that u(xi) = 0.
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7. Estimate of the volume of the nodal set

In this section we prove Theorem 1.2. We formulate it in the scaled form.

Define the function

F (N) := inf
Hn−1({u = 0} ∩Bg(x, ρ))

ρn−1
,

where the infimum is taken over all balls Bg(x, ρ) within Bg(O,R0) and all

harmonic functions u on M with respect to metric g such that u(x) = 0

and N(Bg(O,R0)) ≤ N . Here we denote by the N(Bg(O,R0)) the supre-

mum of β(x, r) over all Bg(x, r) ⊂ Bg(O,R0). Recall that the radius R0 =

R0(M, g, n,O) is a sufficiently small positive number.

Theorem 7.1. There exists c > 0 such that F (N) ≥ c for all positive N .

Proof. Letu be a harmonic function that vanishes at x, Bg(x, ρ)⊂B(O,R0)

and βu(x, ρ) ≤ N for Bg(x, ρ) ⊂ B(O,R0). By the almost monotonicity prop-

erty of the doubling index we know that

N ≥ 1

2
lim
ρ→0

β(x, ρ) ≥ 1/2.

Hence N is separated from zero. Furthermore, let us assume that F (N) is

almost attained on u:

(30)
Hn−1({u = 0} ∩Bg(x, ρ))

ρn−1
≤ 2F (N).

We start with a naive and well-known estimate that gives some lower bound

for F (N). There exists c1 > 0 such that

(31)
Hn−1({u = 0} ∩Bg(x, ρ))

ρn−1
≥ c1

(β(x, ρ/2))n−1
≥ c2
Nn−1 .

This estimate follows from the fact that if a harmonic function u vanishes at

x and has the frequency (or the doubling index) of Bg(x, ρ/2) smaller than N ,

then one can inscribe in Bg(x, ρ/2) a ball of radius ∼ ρ
N where u is positive

and a ball of radius ∼ ρ
N where u is negative. For instance, see [10] for the

details.

We can use the estimate (31) to bound F (N) from below for small β(x,ρ/2).

Now, we will assume that N is sufficiently big and will show that β(x, ρ/2) is

bounded.

We argue by assuming the contrary. Let β(x, ρ/2) be sufficiently big.

Then we can apply Proposition 6.1 for the ball Bg(x, 2r) = Bg(x, ρ) and find

a number ‹N ≥ β(x, ρ/2)/10
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and [
√‹N ]n−12c3 log Ñ/ log log Ñ disjoint balls Bg(xi,

r√
Ñ

) within B(x, 2r) such

that u(xi) = 0. For each i, we know that

Hn−1({u = 0} ∩Bg(xi,
r√‹N )) ≥ F (N)

Ç
r√‹Nån−1 .

Since the number of such balls is at least [
√‹N ]n−12c3 log Ñ/ log log Ñ and these

balls are disjoint and contained in Bg(x, ρ), we get

Hn−1({u = 0} ∩Bg(x, ρ)) ≥ F (N)

ï»‹N òn−1
2c3 log Ñ/ log log Ñ

Ç
ρ/2√‹Nån−1 .

We can decrease c3 to a smaller positive constant c4 such that

(32) Hn−1({u = 0} ∩Bg(x, ρ)) ≥ 2c4 log Ñ/ log log ÑF (N)ρn−1

if N is sufficiently large. The last observation contradicts to (30).

We have proved that ‹N is bounded from above by some positive constant

N0, and we can use (31) with ρ = r to obtain the uniform bound F (N) ≥ c5
Nn−1

0

.

�

Remark 7.2. Now, we know that F (N) is uniformly bounded from below.

Since β(x, ρ/2)/10 ≤ ‹N , the inequality (32) implies the following estimate of

the volume of the nodal set:

Hn−1({u = 0} ∩Bg(x, ρ))

ρn−1
≥ 2c6 log β(x,ρ/2)/ log log β(x,ρ/2)

for β(x, ρ/2) > β0.

8. The lower bound in Yau’s conjecture

In this section we prove Theorem 1.1. Let B be a geodesic ball of fixed

radius on a Riemannian manifold M . Consider a function u on B that satisfies

∆u+ λu = 0 in B and the harmonic extension of u

h(x, t) = u(x) exp(
√
λt).

The following lemma is well known, but for the convenience of the reader

we give the proof below.

Lemma 8.1. There exists C1 > 0 and λ0 > 0, depending on M and B

only such that if λ > λ0, then Zu is C1√
λ

dense in B.

Proof. Let y be a point in B × [−1, 1]. Denote the geodesic ball with

center at y and radius r on M × R by BM×R(y, r). The Harnack inequality

for harmonic functions says that there exist C1(M,B) > 1 and r0(M,B) > 0
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such that if 0 < r < r0 and h is positive on BM×R(y, r), then for any ỹ ∈
BM×R(y, r/2), the following inequality holds:

h(ỹ) < C1h(y).

Let us formulate the Harnack inequality in the following form: if |h(ỹ)| ≥
C1|h(y)|, then h changes sign in BM×R(y, r).

Let C2 = logC1. Consider a point y = (x, 0), x ∈ B and the point

ỹ = (x,C2/
√
λ). Since h(ỹ) = C1h(y), by the Harnack inequality we know

that if λ is sufficiently big and BM×R(y, 3C2/
√
λ) ⊂ B × [−1, 1], then there is

a point ˜̃y ∈ B × [−1, 1] such that h(˜̃y) = 0 and dg(y, ˜̃y) ≤ 3C2/
√
λ. In other

words, Zh is const√
λ

dense in B × [−1, 1]. Since Zh = Zu × R, the zero set Zu is

also C√
λ

dense in B. �

Now, it is a straightforward matter to prove Theorem 1.1.

Proof. By Lemma 8.1, if λ > λ0, then Zu is C√
λ

dense in B and we can

find c(
√
λ)n disjoint balls BM (xi, C/

√
λ) such that u(xi) = 0. It is sufficient

to show that

(33) Hn−1(Zu ∩BM (xi, C/
√
λ)) ≥ c1λ−

n−1
2

for some c1 = c1(M,B) > 0. Indeed, since the balls are disjoint, it would

immediately give Hn−1(Zu ∩B) ≥ c2
√
λ.

We can apply Theorem 7.1 for the function h to see that

Hn(Zh ∩BM×R((xi, 0),
C√
λ

)) ≥ c3λ−n/2.

In view of Zh = Zu × R, that gives (33). �
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[1] J. Brüning, Über Knoten von Eigenfunktionen des Laplace-Beltrami-Operators,

Math. Z. 158 no. 1 (1978), 15–21.

[2] T. H. Colding and W. P. Minicozzi, II, Lower bounds for nodal sets of

eigenfunctions, Comm. Math. Phys. 306 no. 3 (2011), 777–784. MR 2825508.

Zbl 1238.58020. https://doi.org/10.1007/s00220-011-1225-x.

[3] H. Donnelly and C. Fefferman, Nodal sets of eigenfunctions on Riemannian

manifolds, Invent. Math. 93 no. 1 (1988), 161–183. MR 0943927. Zbl 0659.58047.

https://doi.org/10.1007/BF01393691.

[4] H. Donnelly and C. Fefferman, Nodal sets for eigenfunctions of the Laplacian

on surfaces, J. Amer. Math. Soc. 3 no. 2 (1990), 333–353. MR 1035413. Zbl 0702.

58077. https://doi.org/10.2307/1990956.

[5] N. Garofalo and F.-H. Lin, Monotonicity properties of variational integrals,

Ap weights and unique continuation, Indiana Univ. Math. J. 35 no. 2 (1986), 245–

268. MR 0833393. Zbl 0678.35015. https://doi.org/10.1512/iumj.1986.35.35015.

http://www.ams.org/mathscinet-getitem?mr=2825508
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1238.58020
https://doi.org/10.1007/s00220-011-1225-x
http://www.ams.org/mathscinet-getitem?mr=0943927
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0659.58047
https://doi.org/10.1007/BF01393691
http://www.ams.org/mathscinet-getitem?mr=1035413
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0702.58077
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0702.58077
https://doi.org/10.2307/1990956
http://www.ams.org/mathscinet-getitem?mr=0833393
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0678.35015
https://doi.org/10.1512/iumj.1986.35.35015


262 ALEXANDER LOGUNOV

[6] Q. Han and F.-H. Lin, Nodal sets of solutions of elliptic differential equations,

book in preparation.

[7] R. Hardt and L. Simon, Nodal sets for solutions of elliptic equations, J.

Differential Geom. 30 no. 2 (1989), 505–522. MR 1010169. Zbl 0692.35005.

https://doi.org/10.4310/jdg/1214443599.

[8] F.-H. Lin, Nodal sets of solutions of elliptic and parabolic equations, Comm.

Pure Appl. Math. 44 no. 3 (1991), 287–308. MR 1090434. Zbl 0734.58045. https:

//doi.org/10.1002/cpa.3160440303.

[9] A. Logunov, Nodal sets of Laplace eigenfunctions: polynomial upper bounds

for the Hausdorff measure, Ann. of Math. 187 no. 1 (2018), 221–239. https:

//doi.org/10.4007/annals.2018.198.1.4.

[10] A. Logunov and Eu. Malinnikova, Nodal sets of Laplace eigenfunctions: es-

timates of the Hausdorff measure in dimension two and three, preprint.

[11] D. Mangoubi, The effect of curvature on convexity properties of harmonic func-

tions and eigenfunctions, J. Lond. Math. Soc. (2) 87 no. 3 (2013), 645–662.

MR 3073669. Zbl 1316.35220. https://doi.org/10.1112/jlms/jds067.

[12] N. Nadirashvili, Geometry of nodal sets and multiplicity of eigenvalues, Curr.

Dev. Math. (1997), 231–235. https://doi.org/10.4310/CDM.1997.v1997.n1.a16.

[13] C. D. Sogge and S. Zelditch, Lower bounds on the Hausdorff measure of nodal

sets II, Math. Res. Lett. 19 no. 6 (2012), 1361–1364. MR 3091613. Zbl 1283.

58020. https://doi.org/10.4310/MRL.2012.v19.n6.a14.

[14] S. T. Yau, Problem section, in Seminar on Differential Geometry, Ann. of

Math. Stud. 102, Princeton Univ. Press, Princeton, N.J., 1982, pp. 669–706.

MR 0645762.

(Received: May 10, 2016)

(Revised: June 9, 2017)

School of Mathematical Sciences, Tel Aviv University, Tel Aviv, Israel

Chebyshev Laboratory, St. Petersburg State University, Saint Petersburg,

Russia

Institute for Advanced Study, Princeton, NJ, USA

E-mail : log239@yandex.ru

http://www.ams.org/mathscinet-getitem?mr=1010169
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0692.35005
https://doi.org/10.4310/jdg/1214443599
http://www.ams.org/mathscinet-getitem?mr=1090434
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0734.58045
https://doi.org/10.1002/cpa.3160440303
https://doi.org/10.1002/cpa.3160440303
https://doi.org/10.4007/annals.2018.198.1.4
https://doi.org/10.4007/annals.2018.198.1.4
http://www.ams.org/mathscinet-getitem?mr=3073669
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1316.35220
https://doi.org/10.1112/jlms/jds067
https://doi.org/10.4310/CDM.1997.v1997.n1.a16
http://www.ams.org/mathscinet-getitem?mr=3091613
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1283.58020
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1283.58020
https://doi.org/10.4310/MRL.2012.v19.n6.a14
http://www.ams.org/mathscinet-getitem?mr=0645762
mailto:log239@yandex.ru

	1. Introduction.
	Acknowledgments

	2. Almost monotonicity of the frequency
	3. A lemma on monotonic functions
	4. Behavior near the maximum
	5. Number of cubes with big doubling index
	6. A tunnel with controlled growth
	7. Estimate of the volume of the nodal set
	8. The lower bound in Yau's conjecture
	References

