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Positive scalar curvature on foliations

By WEIPING ZHANG

Abstract

We generalize classical theorems due to Lichnerowicz and Hitchin on
the existence of Riemannian metrics of positive scalar curvature on spin
manifolds to the case of foliated spin manifolds. As a consequence, we
show that there is no foliation of positive leafwise scalar curvature on any
torus, which generalizes the famous theorem of Schoen-Yau and Gromov-
Lawson on the nonexistence of metrics of positive scalar curvature on torus
to the case of foliations. Moreover, our method, which is partly inspired
by the analytic localization techniques of Bismut-Lebeau, also applies to
give a new proof of the celebrated Connes vanishing theorem without using
noncommutative geometry.
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0. Introduction

It has been an important subject in differential geometry to study when a
smooth manifold carries a Riemannian metric of positive scalar curvature (cf.
[18, Ch. IV] and [12]). In this paper, we study related problems on foliations.

Let F' be an integrable subbundle of the tangent vector bundle TM of a
smooth manifold M. For any Euclidean metric g on F, let k' € C>®(M),
which will be called the leafwise scalar curvature associated to g%, be defined
as follows: for any x € M, the integrable subbundle F' determines a leaf F,
passing through x such that F|z, = TF,. Then, g* determines a Riemannian
metric on F,. Let k7= denote the scalar curvature of this Riemannian metric.
We define

(0.1) KE (2) = k7 ().

—

For a closed spin manifold M, let A(M) be the canonical K O-characteristic

—~

number of M such that if dim M = 8k + 44 with i = 0 or 1, then A(M) =

WA\(M);I if dim M = 8k+i with i = 1 or 2, then A(M) € Zy is the Atiyah-

Milnor-Singer « invariant, while in other dimensions one takes A(M) = 0.
The main result of this paper can be stated as follows.

THEOREM 0.1. Let F be an integrable subbundle of the tangent bundle
of a closed spin manifold M. If F' carries a metric of positive leafwise scalar
curvature, then A(M) = 0.

When F' = T M, one recovers the classical theorems due to Lichnerowicz
[19] (for the case of dim M = 4k) and Hitchin [17] (for the cases of dim M =
8k + 1 and 8k + 2).

Ezxample 0.2. Take any 8k + 1 dimensional closed spin manifold M such
that A(M) # 0. By aresult of Thurston [27], there always exists a codimension
one foliation on M. However, by our result, there is no metric of positive

leafwise scalar curvature on the associated integrable subbundle of T'M.

Remark 0.3. A longstanding open question in foliation theory (cf. [33,
Rem. C14]) is whether the existence of g¥” with k' > 0 implies the existence of
g™ with k7™ > 0. This question admits an easy positive answer in the case
where (M, F') carries a transverse Riemannian structure. (When such a trans-
verse Riemannian structure exists, (M, F') is called a Riemannian foliation.)
An approach to this question for codimension one foliations is outlined in the
long paper of Gromov [12, p. 193].

1t [31, pp. 13] for a definition of the Hirzebruch A-genus A\(M)
2Cf. [18, §2.7] for a definition.
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Combining Theorem 0.1 with the well-known results of Gromov-Lawson
[13] and Stolz [26], one gets the following consequence, which provides a posi-
tive answer to the above question for simply connected manifolds of dimension
greater than or equals to five.

COROLLARY 0.4. Let F' be an integrable subbundle of the tangent bundle
of a closed simply connected manifold M with dim M > 5. If F' carries a metric
of positive leafwise scalar curvature, then M admits a Riemannian metric of
positive scalar curvature.

For nonsimply connected manifolds, recall that a famous result due to
Schoen-Yau [25] and Gromov-Lawson [14] states that there is no metric of
positive scalar curvature on any torus. By combining Theorem 0.1 with the
techniques of Lusztig [23] and Gromov-Lawson [14], one obtains the following
generalization to the case of foliations.

COROLLARY 0.5. There ezists no foliation (T™, F') on any torus T™ such
that the integrable subbundle F of T(T™) carries a metric of positive leafwise
scalar curvature.

If F is further assumed to be spin, then Corollaries 0.4 (in the case of
dim M = 4k, k > 1) and 0.5 can also be deduced from the following celebrated
vanishing theorem of Connes, which provides another kind of generalization of
the Lichnerowicz theorem [19] to the case of foliations.

THEOREM 0.6 (Connes [10, Th. 0.2]). Let F be a spin integrable subbundle
of the tangent bundle of a compact oriented manifold M. If F' carries a metric

of positive leafwise scalar curvature, then A(M) = 0.

Recall that the proof of Theorem 0.6 outlined in [10] makes use of non-
commutative geometry in an essential way. It is based on the Connes-Skandalis
longitudinal index theorem for foliations [11] as well as the techniques of cyclic
cohomology. Thus it relies on the spin structure on F', and we do not see how
to adapt it to prove Theorem 0.1, where one assumes T'M to be spin instead.

On the other hand, while Theorem 0.1 is different from Connes’ result
and also covers the cases of dim M = 8k + 1 and 8k + 2 where the Hirzebruch
Z—genus vanishes tautologically, a common difficulty for both Theorems 0.1
and 0.6 is that there might be no transverse Riemannian structure on the
underlying foliated manifold.

To overcome this difficulty, Connes [10] introduces an important geomet-
ric idea, which reduces the original problem to that on a fibration® over the
foliation under consideration. The key advantage of this fibration is that the

3This will be called a Connes fibration in what follows.
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lifted (from the original) foliation is almost isometric, i.e., very close to Rie-
mannian foliations. On the other hand, however, this fibration is noncompact.
This makes the proof of Theorem 0.6 in [10], which relies essentially on the
noncommutative techniques, highly nontrivial.

Our proof of Theorem 0.1 is differential geometric and does not use non-
commutative geometry. It makes use of the sub-Dirac operators constructed
in [22, §2b)] on the Connes fibration, as well as the adiabatic limit computa-
tions on foliations also considered in [22]. The key point is that while Connes’
noncommutative proof of Theorem 0.6 relies heavily on the analysis near the
(fiberwise) infinity of the associated Connes fibration, our main concern is on
a compact subset of the Connes fibration. To be more precise, inspired by [5],
[6] and [10], we introduce a specific deformation of the sub-Dirac operator on
the Connes fibration (cf. (2.21) in Section 2.2) and show that the deformed
operator is “invertible” on certain compact subsets of the Connes fibration.

Moreover, by modifying the sub-Dirac operators mentioned above (see
Section 1.4 for more details), our method applies to give a purely geometric
proof of Theorem 0.6. This new proof provides a positive answer to a long-
standing question in index theory (cf. [16, p. 5 of Lecture 9]).

We would like to mention that the idea of constructing sub-Dirac operators
has also been used in [20] to prove a generalization of the Atiyah-Hirzebruch
vanishing theorem for circle actions [3] to the case of foliations.

This paper is organized as follows. In Section 1, we discuss the case of
almost isometric foliations and carry out the local computations. We also in-
troduce the sub-Dirac operator in this case and prove Theorem 0.6 in the case
where the underlying foliation is compact. In Section 2, we work on noncom-
pact Connes fibrations and carry out the proofs of Theorems 0.1 and 0.6. We
also include some new results in the end of the paper.

1. Adiabatic limit and almost isometric foliations

In this section, we discuss the geometry of almost isometric foliations in
the sense of Connes [10]. We introduce for this kind of foliations a rescaled
metric and show that the leafwise scalar curvature shows up from the limit
behavior of the rescaled scalar curvature. We also introduce in this setting the
sub-Dirac operators inspired by the original construction given in [22]. Finally,
by combining the above two procedures, we prove a vanishing result when the
almost isometric foliation under discussion is compact.

This section is organized as follows. In Section 1.1, we recall the definition
of the almost isometric foliation in the sense of Connes. In Section 1.2 we
introduce a rescaling of the given metric on the almost isometric foliation and
study the corresponding limit behavior of the scalar curvature. In Section 1.3,
we study Bott type connections on certain bundles transverse to the integrable
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subbundle. In Section 1.4, we construct the required sub-Dirac operator and
compute the corresponding Lichnerowicz type formula. In Section 1.5 we prove
a vanishing result when the almost isometric foliation is compact and verifies
the conditions in Theorem 0.6.

1.1. Almost isometric foliations. Let (M, F') be a foliated manifold, where
F' is an integrable subbundle of the tangent vector bundle T'M of a smooth
manifold M; i.e., for any smooth sections X, Y € I'(F'), one has

(1.1) [X,Y] € T(F).

Take a splitting TM = F @ TM/F. Let p™/F . TM = F & TM/F —
TM/F be the canonical projection. Following [7], we define the Bott connec-
tion to be any connection VI'™M/F on TM/F so that for any X € I'(F) and
U eI'(TM/F), one has

(1.2) VIMIEY = pT™IF [ x 1],
The key property of the Bott connection is that it is leafwise flat; that is, for
any X, Y € I'(F), one has (cf. [31, Lemma 1.14])

(1.3) (VMY (X, Y) = 0.

However, it may happen that VITM/E does not preserve any metric on TM/F.

Let G be the holonomy groupoid of (M, F') (cf. [28]).
We make the assumption that there is a proper subbundle E of TM/F
and choose a splitting

(1.4) TM/F=E® (TM/F)/E.
Let q1, g2 denote the ranks of E and (T'M/F')/E respectively.

Definition 1.1 (Connes [10, §4]). If there exists a metric g”™/F on TM/F
with its restrictions to F and (T'M/F)/E such that the action of G on TM/F
takes the form

(15) ( O(XI) 0812) )’

where O(q1), O(g2) are orthogonal matrices of ranks ¢, g2 respectively, and
A is a g2 X g1 matrix, then we say that (M, F) carries an almost isometric
structure.

Clearly, the existence of the almost isometric structure does not depend
on the splitting (1.4). We assume from now on that (M, F') carries an almost
isometric structure as above.

For simplicity, we denote E, (TM/F)/E by Fi-, F5- respectively.
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Let ¢f" be a metric on F. Let gFlL, gF2L be the restrictions of ¢g?M/F to

Fi-, F5-. Let g"™ be a metric on TM so that we have the orthogonal splitting
(1.6) TM=FaFtaF, ¢M=¢" a7 og.

Let VTM be the Levi-Civita connection associated to g7,

From the almost isometric condition (1.5), one deduces that for any X €
[(F), U;, V; € T(F), i = 1, 2, the following identities, which may be thought
of as infinitesimal versions of (1.5), hold (cf. [22, (A.5)]):

<[Xv Ui]v VL) + <Ui> [X? VZ]) = X<Ui’ VL)?

D (X, U], T) = .

Equivalently,

L (X, ViMV + VMU = o,
(VMU Uh) + (X, VEYUL) = 0.

In this paper, when there is no further notice, we also make the following
assumption. This assumption holds by the Connes fibration to be dealt with
in the next section.

Definition 1.2. An almost isometric foliation as above verifies Condition
(C) if F5- is also integrable. That is, for any Us, Vo € I'(F3"), one has

(1.9) U2, Vo] €T (Fy).

1.2. Adiabatic limit and the scalar curvature. In this subsection, we study
the relationship between the leafwise scalar curvature and the scalar curvature
on the total manifold of an almost isometric foliation. For convenience, we
recall the formula for the Levi-Civita connection (cf. [4, (1.18)]) that for any
X, Y, Zel(TM),

1.10) 2(VIMY, Z) = X(V, Z) + Y (X, Z) - Z(X,Y)
+ <[X7 Y]7Z> - <[X7 Z]7Y> - <[Y7 Z]7X>

Recall that by [22, Prop. A.2], if one rescales the metric g%° i to 6% gfT and
takes € — 0, then the almost isometric foliation in the sense of Definition 1.1
becomes an almost Riemannian foliation in the sense of [22, Def. 2.1]. In order
to get information on the leafwise scalar curvature, one further rescales the
metric E%gFlL @ gl (standardly) to é(g%gFlL @ g% (compare with [22, (1.4)]
and [21]), which is equivalent to rescaling g to 32¢’". Putting these two rescal-

ing procedures together, it is natural to introduce the following deformation
of ™™,
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For any 5, € > 0, let gﬁM be the rescaled Riemannian metric on T'M
defined by
(1.11) gid =p%" @ 129 Pght
We will always assume that 0 < 3, ¢ < 1.

We will use the subscripts and/or superscripts “B, €” to decorate the
geometric data associated to gﬁ For example, VI'M:5:¢ will denote the Levi-
Civita connection associated to gﬁ . When the corresponding notation does
not involve “B, e,” we will mean that it corresponds to the case of § =¢ = 1.

Let p, pt, p%‘ be the orthogonal projections from TM to F, Fi-, F3- with
respect to the orthogonal splitting (1.6). Let V%=, VFlL’ﬁ’E, VF3Be be the
Euclidean connections on F, Fi-, F3- defined by
(1.12)

vEBe pVTM,,B,sp, vFll,,B,s _ pllvTM,ﬁ,splL, VF;,ﬁ,s _ pé_vTM,,B,spé_‘

In particular, one has
1 1
(1.13) Vi =pVTp, VI = pr VT, VI = py VMg
By (1.10)—(1.13) and the integrability of F', the following identities hold
for X e I'(F):
Ve =vF, VMo = pViMpE, =1, 2,

(1.14) M M
PV = B22piViMp, VM = B2y VM

From (1.7)-(1.11), we deduce that for X € T\(F), U;, V; e T'(FiY), i =1, 2,

(1.15) (Vi X) = (VEM WA, >=%<[U1,V1]7X>,
while
(1.16) (VEPeve, X) = (VM X) = %<[U2,V2] X)=0.

Equivalently, for any U; € T'(F1), i =1, 2,
(1.17) prVep = B2eptViMp,  prV P ep =0,

Similarly, one verifies that

(Vi) -

52
(U1, X], U2) = = ([U1, U], X))

(VMPex ) = iqu, ]U2>+ﬁ<[U1,U2] X).

1
(1.18) 2

For convenience of the later computations, we collect the asymptotic be-
havior of various covariant derivatives in the following lemma. These formulas
can be derived by applying (1.7)—(1.18). The inner products which appear in
the lemma correspond to 8 =¢ = 1.
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LEMMA 1.3. The following formulas hold for X, Y, Z € T'(F), U;, V;, W;
€ D(F) with i =1, 2, when 3 >0, ¢ > 0 are small:

(VMY z)y = 0(1), (VMPeY,Ur) = 0 (6%?),

1.19
(1.19) <V§M’B’EY, U2> —0 (52> ,
(1.20) (Vi y) =0 1), (VML) =0(),
| (VM0 U,) = 0 (1),

(1.21) (VIMBU, Y)Y =0 (1), (VEMA<U, 1) = 0 (),
<V§M’6’€U2, V2> =0(1),

(1.22) <Vripffw"87€Xa Y> =0(1), <ngw’ﬁ’6X, V1> -0 (5252> ’
<V5fw7ﬁ’aX, U2> =0(1),

(1.23) (Vo v X) =0, (V" Vi, w) =0 (),

1.23
(VMO Uy = 0 (é) ,

(1.24) (Viy 02, X) = 0 (312) L (VU ) = 0 (1),
(VEMPEU, ) = 0 (1),

(1‘25) <v£é\/[ﬁ’8X7 Y> =0 (1) s <VTM”8’EX, U > =0 (€2> :
(VX V) =0,

€ 1 .

(1.26) (Vo™ Ul’X>:O(B2)’ (VEMBEr V) =0 (1),
(VP2 ) = 0(1),

(1.27) <VT£4,5,8V2,X> =0, <V5j”ﬁ%, U1> —-0 <€2> 7

| (VL0 W) = 0 (1)

Proof. The formulas in (1.19) follow from (1.14).

The first formula in (1.20) follows from (1.11) and the second formula in
(1.19). The second one is trivial, and the third one follows from (1.18).

The first formula in (1.21) follows from (1.11) and the third formula in
(1.19). The second one follows from the second formulas in (1.7) and (1.18).
The third one is trivial.
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The first formula in (1.22) follows from (1.1), (1.10) and (1.11). The
second one follows from (1.17) and the third one follows from the first formula
in (1.18).

The first formula in (1.23) follows from (1.11) and the second formula in
(1.22). The second formula is trivial. For the third formula, the % factor
comes from the terms involving ([Uy, Uz, V1), ([V1,Uz],U1) and Us(Uy, V1).

The first formula in (1.24) follows from the first formula in (1.18). The

second one is trivial, and the third one follows from (1.9).

The first formula in (1.25) follows from the first formula in (1.14). The
second one follows from the second formula in (1.18), and third one follows
from (1.16).

The first formula in (1.26) follows from (1.11) and the second formula in
(1.25). The second one is trivial, and the third one follows from (1.9).

The first formula in (1.27) follows from the third formula in (1.25). The
second one follows from the third formula in (1.26), and the third one is trivial.

The proof of Lemma 1.3 is completed. (]

In what follows, when we compute the asymptotics of various covariant
derivatives, we will simply use the above asymptotic formulas freely without
further notice.

Let RTM:Pe = (VTMB:2)2 be the curvature of VIM:A< Then for any
X, Y e (T M), one has the following standard formula:

TM TM7 b TM7 b TM7 b TM7 9y TM7 b
(1.28)  RTMP=(X,y) = viMieyitie _ gMBegiithe _ glilie,
Let R = (VF)2? be the curvature of V. Let k7M5¢ kF' denote the scalar

curvatures of g7M5< g respectively. Recall that k%" is defined in (0.1). The
following formula for k¥ is obvious,

rk(F)

(1.29) K== ST (RY (i, ) £ 1)

i,j=1
where fi, i = 1,...,1k(F), is an orthonormal basis of (F, g%"). Clearly, when

F = TM, it reduces to the usual definition of the scalar curvature k7™ of g7M .

PROPOSITION 1.4. If Condition (C) holds, then when B > 0, € > 0 are
small, the following formula holds uniformly on any compact subset of M,

TM,B.e k" £
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Proof. By (1.1), (1.14), (1.28) and Lemma 1.3, one deduces that when
B >0, e >0 are very small, for any X, Y € T'(F'), one has

1.31
| <R)TM’B’€(X, V)X, Y) = (V"7 (p+pt +p3) Vi X Y)
(TP et ) TR V) — (TR Y)
= (RF(X,V)X,Y) - % (pi ViM X, VEMY') — 82 (py VIV X, VEMY)
+ 5252 < J_VTMX VTMY> +/32 <p VTMX VTMY>
= (RM(X,Y)X,Y)+0(5%).

For X € I'(F), U € T'(Fi"), by (1.7)-(1.28), one finds that when 3, € > 0
are small,

(RMMP(X, U)X, U) = (V"7 (p+ vt +p3) V"X, U)
— (VEMBE (p+pt +p3) VP XU - <v{pf\jf; . v)
= 3% (ViMpVEM X, U) + %> (VM pi VM X, U)
(132) =2 (py v x, viMIeU)
— 2 (VEMpVIM X, U — 22 (VM P pt vEM X, U)
+e2 (pr Vi Pex, v
- g <V(Tpﬂ_{pl Do U> ~ < ij[f)f[j]x U> O (8% +¢€?).

Similarly, for X € T'(F), U € T'(Fs"), one has that when 3 > 0, £ > 0 are
small,

(RTMPe(x,0)X,U) = (VM2 (p+pt +p3) VMP2X,U)

. TM,B,e 1 TM,B,e . TM,B,e
<VU (p—i—pl + 2 ) Vi X, U> <v(p+pf+p§)[X7U]X’ U>

= 5 (VRMpVIM X, U) - i< LyTM ey, vTMBaU>
5
(133 82 (v GIMBE Ly TM x| v)
B2 (VR VI X 1) — g2 <V5Mﬁep%v X,U)
g (VIMAe LTV X 1)
~ (ViR X.U) = (Vi 0 X U)
=0(p*+¢€?).
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For U, V € T'(Fi-), one verifies that
(R™MP= U VYU, V) = (VP2 (p+ pt + p3) ViU, V)

TM,B,e 1 1 TM,B,e TM,B,e
—(Vy A (p+pi +p2)Vy ’ U,V>*<V(p+pﬁli+p;)[U,V]U’V>

= B2 (VEMpv M Peu, V) + (VEMpt VMO, V)
— g2 <p2LV‘T/M,B76U, V5M7B,EV> _ 522 <V€Mpv5M,B,gU7 V>

(L34 (GIMpLIMy, V) 4+ &2 (pp v Aoy, v ey
(V) (Vv V) - (VoY)

= —* (py ViU v MY
+e2 (py VMU, vV 0 (1) = 0 (é) :
from which one gets that when 8 > 0, € > 0 are small,
(1.35) e (RT™MP=U, VU, V) =0(1).
For U, V € T'(F3"), one verifies directly that
<RTM,B,5(U7 V)U, V> <VTM5 £ (p I Pl 4+ pa ) vTMﬂ 1, V>
— (VPP (p+ ot +p3) VMU V) = (VENUV)
= B2 (VEMpv MU V) — ei (pr VMo, M)
+ (VEMpy VMU, V) — g2 (VIMpV MU, v
+ l< LM PeU, M) — (VM pr VMU, V)

— (ViU V) =0().

(1.36)

For U € T(F{t), V € T'(F§"), one verifies directly that,
(RTMP=u VYU, V) = (VP2 (p+pt + p3 ) VP20, V)
— (VIMPE (p i +p3) VMUY - <V[U e, v>
= g% (pviMreu, M PEyy - i 5 (VM vy
+ (VM Py VMU VY + 52 (pviM U, vy
+ ; (pt VM, VM) — (VM g VMU, V)

1 TM B\ (1 1)
+€—2<U,V[U7V} V)y=0 St )

(1.37)
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from which one gets that when 8 > 0, € > 0 are small,
£2
(1.38) 2 (R™™P=(U,V)U,V) = (R"™MP(V,U)V,U) = O <1 - 52) .
From (1.29), (1.31)—(1.33), (1.35), (1.36) and (1.38), one gets (1.30). O

1.3. Bott connections on Fi- and Fs-. From (1.7) and (1.9)-(1.12), one
verifies directly that for X € T'(F), U;, V; € T(F5), i = 1, 2, one has

1 2.2
(V80w = o v - 5 o) X0,
(1.39)

1
(V50 Wa) = (X, 03] Va).
By (1.39), one has that for X € I'(F), U; € ['(F}1), i = 1, 2,

1 ~ Ll
(1.40) lim VY U, = VY U =t [X, U

e—0t

Let V7 be the connection on F:*+ defined by the second equality in (1.40)

~ L iR
and by Vii U; = Vi U; for U € T(Fit @ F+). In view of (1.2) and (1.40),
we call VEi a Bott connection on Ft fori =1or 2. Let R denote the

curvature of VI for i = 1, 2.
The following result holds without Condition (C).

LEMMA 1.5. For X, Y € I'(F) and i = 1, 2, the following identity holds:
(1.41) RFF(X,Y) =0.

Proof. We proceed as in [31, Proof of Lemma 1.14]. By (1.40) and the
standard formula for the curvature (cf. [31, (1.3)]), for any U € T\(F:-), i = 1, 2,
one has

R (XU =V VY U -y VY UV, U
=pi (X, V.U + [V, [U, X]] + [U, [X, Y]))
(1.42) —pi [X, (1d = p) [V, U]] = pi [V, (1d — pi") [U, X]]
= —p [X, (pt +p3 — i) [V, U]]
—pi [V, (pt +p7 — 1) [U, X]],

where the last equality follows from the Jacobi identity and the integrability
of F.
Now if i = 1, then by (1.7), one has U € I'(Fj") and

(1.43) pi [X,p3 [V, U]] = pi [Y.p3[U, X]] = 0.
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While if 4 = 2, still by (1.7), one has U € I'(F3-) and
(1.44) pi[Y, U] = pi U, X] = 0.

From (1.42)—(1.44), one gets (1.41). The proof of Lemma 1.5 is completed.
(]

Remark 1.6. For ¢ = 1, 2, let RE 8¢ denote the curvature of Vi B,
From (1.39)—(1.41), one finds that for any X, Y € I'(F'), when > 0, e > 0
are small, the following identity holds:

(1.45) RFPE(X,Y) = 0 (8%2).

On the other hand, for ¢ = 1, 2, by using (1.7), (1.9), (1.10), (1.12) and
(1.28), one verifies directly that when 5 > 0, € > 0 are small, the following
identity holds:

(1.46) RFPe = 0(1).

1.4. Sub-Dirac operators associated to spin integrable subbundles. We as-
sume for simplicity that TM, F, Fil, 1 = 1, 2, are all oriented and of even
rank, with the orientation of T'M being compatible with the orientations on
F, F{- and F3 through (1.6). We further assume that F is spin and carries a
fixed spin structure.

Let S(F) = S (F)®S_(F) be the Hermitian bundle of spinors associated
to (F,g"). For any X € I'(F), the Clifford action c(X) exchanges Sy (F).

Let i = 1 or 2. Let A*(F;-) denote the exterior algebra bundle of FZ-L’*.
Then A*(Ff‘) carries a canonically induced metric g (F ) from g% 7. For any
UecF* let U € Fij"* correspond to U via ng‘L. For any U € T'(F/*), set

(1.47) c(U)=U"N—iy, ¢U)=U"A+iy,
where U*A and iy are the exterior and interior multiplications by U* and U
on A*(FH).

Denote q = rk(F), ¢; = rk(F;*).

Let hy,...,h, be an oriented orthonormal basis of Fi-. Set

1 qi(qé'-‘rl)
1
(1.48) T (FingFi ) = (\/_—1> c(hy)---c(hg).
Then
2

(1.49) T (Fh ') = Iy (r)-
Set

(1.50) AL (FR) ={he A (FF)r (FH g™ ) h=+h}.
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Since ¢; is even, for any h € Fi-, ¢(h) anti-commutes with 7(FL, g5,
while ¢(h) commutes with T(FiL,gFiL). In particular, c(h) exchanges A% (F).
Let 7(F;") denote the Zo-grading of A*(F;") defined by

]

(1.51) 7(F")

= :l:Id|A even

Aodd (le) odd (Fij_).

Now we have the following Zs-graded vector bundles over M:

(1.52) S(F) = S4(F) & S_(F),
(1.53) A (FR) =AML (FR) e A (Fr), i=1, 2
and

(1.54) A (FR) = A (FH) @ A (B, i=1, 2.

We form the following Zs-graded tensor product, which will play a role in
Section 2:

(1.55) W (F,Fi-, F§-) = S(F)®A* (Fi*) @A* (Fy),

with the Zs-grading operator given by

(1.56) TW:Ts(F)-T(FlL,gFf_) ’F(FQJ'),

where 7g(p) is the Zp-grading operator defining the splitting in (1.52). We
denote by

(1.57) W (F,Fi", F) = W, (F, F{", F5-) @ W_ (F, F{-, Fy")

the Zo-graded decomposition with respect to 7.

Recall that the connections V¥, V¥ and V¥ have been defined in (1.13).
They lift canonically to Hermitian connections V(&) vA™(F i ), VAT(E, ) on
S(F), A*(Fi-), A*(Fs") respectively, preserving the corresponding Za-gradings.
Let VWEFF3) he the canonically induced connection on W (F, Fi-, F5")
which preserves the canonically induced Hermitian metric on W (F, Fi-, F5-),
and also the Zo-grading of W (F, Fi\, F5b).

For any vector bundle E over M, by an integral polynomial of £ we will
mean a bundle ¢(E) which is a polynomial in the exterior and symmetric
powers of E with integral coefficients.

For i = 1, 2, let gbi(FiJ-) be an integral polynomial of FZ-L. We denote
the complexification of ¢;(F;-) by the same notation. Then ¢;(F;") carries
a naturally induced Hermitian metric from g%’ 7+ and also a naturally induced
Hermitian connection V(#7) from VFi .
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Let W(F, Fit, F5') ® ¢1(Fi-) ® ¢o(F5) be the Za-graded vector bundle
over M,

W (F, Fi, Fi) @ ¢ (F{") ® 62 (FY)
(1.58) = Wy (F, F{" Ff) @ 61 (F) @ 6o (Ff)
oW (F,FLF) @ o (Fh) @ 6o ().

Let VW®#19¢2 denote the naturally induced Hermitian connection on the above
vector bundle with respect to the naturally induced Hermitian metric on it.
Clearly, VWV®1992 preserves the Zg-graded decomposition in (1.58).

Let S be the End(T'M)-valued one form on M defined by

(1.59) VA VAR T VAL RIS v )

Let e1,...,eqimpm be an orthonormal basis of T'M. Let VISP )®62(F3) he
the Hermitian connection on W (F, Fi, F5") ® ¢1(Fi-) ® ¢o(F3-) such that for
any X e I'(TM),
Fi¢1(Fi")®d2(F3") weses | 1o~
(1.60) V! 2=V Q—i—i Z (S(X)es, ej)clei)c(ej).
i, j=1
Let the linear operator DF¢1(Fi)®d2(Fy) D(W(F, Fit, F5") @ ¢1(Ff) ®
$2(F3")) — D(W(F, Fi', F3") ® ¢1(Fi") ® ¢2(F5)) be defined by
dim M N n
(1.61) pEoLFL)@62(FF) _ Z ¢ (e;) vher(F)®de(Fy)

e
i=1

We call DF91(Fi)@¢2(F3) 3 sub-Dirac operator with respect to the spin vector

bundle F'.

One verifies that DF1(FI)®82(F5) g a first order formally self-adjoint el-
liptic differential operator. Let DL %) py (p FL EL @ ¢, (FLL)
® ¢o(F5h)) — T(Wx(F, Fit, F5b) @ ¢1(Fi-) ® ¢2(F5)) be the corresponding
restrictions of DF#1(Fi)®é2(F5)  Then one has

(1.62) ( Df,m(Ff)m(F;))* _ pPerFesa(Fs)

Remark 1.7. In the special case of F' = {0}, the above sub-Dirac operator
is simply the sub-Signature operator constructed in [30] (cf. [32]). On the
other hand, in the case where one of F;- = {0} (i = 1 or 2), the above
sub-Dirac operator is constructed in [22, §2], which is sufficient for the proof
of Theorem 0.1. The sub-Dirac operator constructed above will be used in
Section 2.5 to prove the Connes vanishing theorem, i.e., Theorem 0.6.

Remark 1.8. When Fi-, F5- are also spin and carry fixed spin structures,
then TM = F @ Fi- @ F,- is spin and carries an induced spin structure from
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the spin structures on F, Fj- and Fs-. Moreover, one has the following iden-
tifications of Zy-graded vector bundles (cf. [18]) for i = 1, 2:

(1.63) A% (FH) e (FY) =S, (F) oS (F) @5 (F)es (R,

(1.64)
if\in (FZJ_) @ A0dd (FZJ_) _ (S+ (FlJ_) ® 9, <Fl¢>* oS (le) ® S- (FzL)*)
5 (Sy (FH) oS- (F) o5 (FH) o5, (7)),

By (1.48)—(1.61), (1.63) and (1.64), DF41(Fi)®62(F5) i simply the twisted
Dirac operator

(1.65)
pFaFDEel) . v (S(TM)BS (F) © S (FiH)" @ ¢1 (Fih) © ¢ (F3))
— T (S(TM)@S (F) @S (Fi) @ ¢ (F) @ ¢2 (FY)),

where for i = 1, 2, the Hermitian (dual) bundle of spinors S(F;-)* associated
to (Fi-, g z‘L) carries the Hermitian connection induced from V*7". The point
of (1.61) is that it only requires F' being spin. On the other hand, (1.65) allows
us to take the advantage of applying the calculations already done for usual

(twisted) Dirac operators when doing local computations.

Remark 1.9. It is clear that the definition in (1.61) does not require that
F C TM be integrable.

Let AF$1(Fi)®62(F5) denote the Bochner Laplacian defined by

Fyé1 (FH)®¢2 (F3b) ol Fo1(FH)ada(F3) )2 Fo1(Fi)®¢2(F5-)
(1.66) AFP1 2 = Z (vei ) - vzdi:nlml\/l VIMe,
=1 ¢ ¢
Let k7™ be the scalar curvature of g™ and R (1 =1, 2) be the cur-
vature of V. Let RO1(FI)®¢2(F5) he the curvature of the tensor product
connection on ¢1(Fi-) ® ¢2(F3") induced from VL) and Vo),
In view of Remark 1.8, the following Lichnerowicz type formula holds:

( DF,¢1(F5)®¢2<F;>)2 _ _ AP (Fh)ooa(Fy)

k:TM 1 dim M

- . N\ ROLEF)®G2(FS) (b o
wn B )
1 2 dimM .
+ 3 Z <RFk (ei,€5) et,es>c(ei)c(ej)E(es)ﬁ(et).
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When M is compact, by the Atiyah-Singer index theorem [1] (cf. [18]),
one has

1 1
lIld (Df’(ZSl(Fl )®¢2(F2 ))
a1 /-~ ~
2% (WL () e (BF) (o (51)) e (0n (1)) D)

where A(F) is the Hirzebruch A-class (cf. [31, §1.6.3]) of F, L(Fi) is the
Hirzebruch L-class (cf. [18, (11.18') of Chap. III]) of Fi", e(Fy") is the Euler
class (cf. [31, §3.4]) of Fs-, and “ch” is the notation for the Chern character
(ct. [31, §1.6.4]).

(1.68)

1.5. A wanishing theorem for almost isometric foliations. In this subsec-
tion, we assume M is compact and prove a vanishing theorem. Some of the
computations in this subsection will be used in the next section, where we will
deal with the case where M is noncompact.

Let f1,..., fq be an oriented orthonormal basis of F'. Let hq, ..., hq, (resp.
e1,...,eq) be an oriented orthonormal basis of Fi- (resp. F5).

Let 5 > 0, 8 > 0, and consider the construction in Section 1.4 with respect
to the metric g M defined in (1.11). We still use the superscripts “g, £” to dec-

orate the geometrlc data associated to gﬁ - . For example, DFG1(F)®02(Fy ) Be

now denotes the sub-Dirac operator constructed in (1.61) associated to gﬁ P
Moreover, it can be written as

DEFO1F)®¢2(F5),8 —1 Z (f:) VF 01 (Fi-)©2(F5).B.e
o L
+ Z (es) VF¢1(FL)®¢2(FL)5€

By (1.69), the Lichnerowicz type formula (1.67) for (DF:¢1(Fi)®¢2(F5).f:)2
takes the following form (compare with [22, Th. 2.3]):

Fi1 (F )82 (Ff) B ) Fou(F)eea(Fs) pe  KTPE
(1.70) D _A n
4
L J_
2/82 Z R¢1(F )®¢2(F ,Bé(f fj)
i, j=1
+82 a1 hs ha R¢1(F1i)®¢2(F2l),575 W
5 2 c(he(hy) (hi, 1)
%, ]*1
+ = Z ej) ROFD®OR(F)Be (o, ¢

Zjl



WEIPING ZHANG

1052
Eiqz f R¢>1 (FiH)®¢a(F3b), 65(f )
ﬁ P ‘ o
1 q Q2
fzz (fi)e )R(ﬁl(FL)®<¢>2(Fl 55(f e])
ﬁi:lj:l
+5§:§:C(hi)c( ) RS0 ()
z:lj:l
W S S (RFE (i fi) husha) e () e (1) €(hs) ()
i, j=1s,t=1

t=1

+5 SIS (RIP2 (i, hy) e, b e (ha) e (hy) @ (h) € (ha)
i, j=1s,

7,]1

+2 Z 3 (RFCP2 (e, ¢) hushe) e (e) ¢ (e) @ (he) € ()
s, t=1
j EPIPIDINCE
i=1j=1s,t=1
1 q Q2 q1
ahd £

i=17=1
q1 Q2 q1
IS Y (RO (i) o) e (i) e () @ (Rs) B (he)
i—lj—lst—l
1 1 R R
tam, ZZ (B2 (fi g enes) e (£ e(f) elea) 2 ler)
q1 q2
+— S 3 (RFPE (b hy)eres) e (hi) e (hy) @ es) E(er)
i,j=1s,t=1
q2
FES Y (R (e e len) o) e 2(er)
z] 1s,t=1

q1 q2
ﬁZZ D (R 2% b evea) e (£ o) Elea) (e
1=1j=1s
1 q q2 q2
PP
i=17=1 =1

+= ZZ Z (RIP (hiyeg) er, e ) e (hi) e (e;) E(es) Eer)
j=1s,t=1

=1
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By (1.30), (1.45), (1.46) and (1.70), we get that when 5 >0, £ >0 are small,
(1.71)
F 2
Fou(FH@6a(Ff).6.\2 _ _ AFé(FH)@sa(FH) S 4 B 1. €&
(D 1 2 )_ A L 2 +452+O 5+52 .
PROPOSITION 1.10. If k¥ > 0 over M, then for any Pontrjagin classes
p(Fih), p/(F5) of Fi-, F5- respectively, the following identity holds:
(1.72) (A(F)p (Fi) e (F) o' (F5), [M]) = 0.
Proof. Since k¥ > 0 over M, one can take 8 > 0, ¢ > 0 small enough so
that the corresponding terms in the right-hand side of (1.71) verifies that
EF 1 &
1.73 —+0|=-+—5]>0
473 w2 (ﬁ i 52)
over M. Since —AF#1(F)®92(F3)8e js nonnegative, by (1.62), (1.71) and
(1.73), one gets

(1.74) ind (Df"z’l(Ff)@@(F?)ﬁ’a) = 0.
From (1.68) and (1.74), we get
(1.75) (A(F)L (Fi*) ch (61 (F)) e (F5) eh (o2 (F5)) . [M]) = 0.

Now as it is standard that any rational Pontrjagin class of Fj- (resp. Fj")
can be expressed as a rational linear combination of characteristic classes of the
form L(Fi-)ch(¢q(Fi-)) (vesp. ch(pa(F5H))), one gets (1.72) from (1.75). O

Remark 1.11. If one changes the Zs-grading in the definition of the sub-
Dirac operator by replacing 7(Fs-) in (1.56) by 7(Fz-, g’ ), then one can prove
that under the same condition as in Proposition 1.10,

(1.76) (AE)w (i) v (F5), [M]) =0
for any Pontrjagin classes p(Fi-), p/(Fsb) of Fi, Fs-.

2. Connes fibration and vanishing theorems

This section is organized as follows. In Section 2.1, we recall the definition
of the Connes fibration and prove some basic properties of it. In Section 2.2,
we introduce a specific deformation of the sub-Dirac operator on the Connes
fibration and prove a key vanishing result for the deformed sub-Dirac operator
on certain compact subsets of the Connes fibration. This motivates the proof
of Theorem 0.1 for the case of dim M = 4k given in Section 2.3. In Section 2.4,
we present the proof of the dim M = 8k + i (i = 1, 2) cases of Theorem 0.1.
Finally, in Section 2.5 we present the proof of Theorem 0.6 and state some new
vanishing results.
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2.1. The Connes fibration. Let (M, F') be a compact foliation; i.e., F' is
an integrable subbundle of the tangent vector bundle T'M of a closed mani-
fold M. For any vector space E of rank n, let £ be the set of all Euclidean
metrics on F. It is well known that £ is the noncompact homogeneous space
GL(n,R)*T/SO(n) (with dim& = %), which carries a natural Riemann-
ian metric of nonpositive sectional curvature (cf. [15]). In particular, any two
points of £ can be joined by a unique geodesic.

Following [10, §5], let 7 : M — M be the fibration over M such that for
any x € M, M, = 7 1(z) is the space of Euclidean metrics on the linear space
T.M/F,.

Let TV M denote the vertical tangent bundle of the fibration 7 : M — M.
Then it carries a natural metric gTVM such that any two points p, ¢ € M,
with # € M, can be joined by a unique geodesic in M. Let d™=(p, q) denote
the length of this geodesic.

By using the Bott connection on TM/F' (cf. (1.2)), which is leafwise flat,
one lifts F to an integrable subbundle F of TM.* Let g be a Euclidean
metric on F', which lifts to a Euclidean metric ¢ = 7*¢g!" on F.

For any v € M, T,M/(F, & T, M) is identified with Ty, M/Fy () un-
der the projection m# : M — M. By definition, v determines a metric on
Tre(v)M [ Fy(y), which in turn determines a metric on T,M/(F, & T, M). In
this way, TM/(F @ TV M) carries a canonically induced metric.

Let Fi- € TM be a subbundle, which is transversal to F @& TV M, such
that we have a splitting TM = (F TV M) @ Fi-. Then Fi- can be identified
with TM/(F @ TV M) and carries a canonically induced metric g7 . From
now on we use the notation F3- = TV M.

Let ¢g"™ be the Riemannian metric on M defined by the following or-
thogonal splitting:

2.1) TM=FeFtrers, M=g et agd?.

Let 102L be the orthogonal projection from 7'M to }'QL. Let VTM be the Levi-
Civita connection of g”M. Then V72 = 5 VI Mps- is a Euclidean connection
on F5 not depending on g7 and g7 i

By [10, Lemma 5.2], (M, F) admits an almost isometric structure with
respect to the metrics given by (2.1). In particular, for any X € I'(F), U;, V; €

41ndeed7 the Bott connection on T'M/F determines an integrable lift Fof Fin Tﬂ7 where
(locally) M = GL(TM/F)* is the GL(q:,R)" (with ¢1 = rk(TM/F)) principal bundle of
oriented frames over M. Now as M is a principal SO(q1) bundle over M, F determines an
integrable subbundle F of T M.
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[(F') with 4 = 1, 2, one has by (1.7) that

(X, U], Vi) + (Ui, [X, Vi]) = X (Ui, Vi),

(2:2) (X, Us], U3) = 0.

Take a metric on TM/F. This is equivalent to taking an embedded section
s : M — M of the Connes fibration 7 : M — M. Then we have a canonical
inclusion s(M) C M.

For any p € M\ s(M), we connect p and s(w(p)) € s(M) by the unique
geodesic in M. Let o(p) € F5|p denote the unit vector tangent to this
geodesic. Let p(p) = d™~® (p, s(7(p))) denote the length of this geodesic.

The following simple result will play a key role in what follows.

LEMMA 2.1. There exists Ay > 0, depending only on the embedding s :
M — M, such that for any X € I'(F) with |X| < 1, the following pointwise
inequalities hold on M\ s(M):

(2.3) | X(p)| < A1,

<

(2.4) 'vfgl -

Ax
p
In particular, the following inequality holds on M:

(2.5) ’vﬁ? (pa)’ <24,

Proof. Since the estimates to be proved are local, we may well assume
that there is Y € I'(F) over M, with |Y| < 1, such that X = 7*Y. Let ¢
(resp. @), t € R, be the one-parameter group of diffeomorphisms on M (resp.
M) generated by Y (resp. X = 7*Y). Then ¢, is the lift of ¢;.

Take any p € M\ s(M). By [10, Lemma 5.2] and (2.2), one sees that each
quSt maps the fiber My, isometrically to the fiber Mg, (r(p)). Thus, it maps the
geodesic connecting p and s(m(p)) in My, to the geodesic connecting o1(p)

and ¢y (s(m(p))) in M, (x(p)), Such that p(p) = dMo) (¢y(p), de(s(m(p))))-
Thus, one has

10 (91(p)) = p(0)]
(26) = [aMaew (Gulp), @) - Ao (Fp), ls(r(0)|
< dMot=w) (s(ge(m(p)), Bi(5(m(p)))) = p (G(s(x(p))))

Since at p one has X (p) = lim,_,o+ w, (2.3) follows from (2.6)
and the following lemma.



1056 WEIPING ZHANG

LEMMA 2.2. There exist ¢y, Ag > 0, depending only on the embedding
s: M — M, such that for any x € s(M) and 0 <t < ¢p, one has

(2.7) p(di(x)) < Aot

Proof. Take any = € s(M). If t = 0, then (2.7) clearly holds. Recall that
¢t maps M) isometrically to Mg, ((p)). Thus one has

(2.8) p(d(@)) = p (6 (s(u(m(@))))) -

Since ¢; ' (s(¢(m(z)))) depends smoothly on ¢, one sees from (2.8) that (2.7)
holds at = € s(M). By the compactness of s(M), it holds for all x € s(M). O

To prove (2.4), we first observe that by (2.2) one has that for any U €
['(Fy), the following identity holds (cf. (1.25)),

(2.9) prVIMX = 0.

From (2.9) and the fact that [X, o] = [7*Y, 0] € ['(F3) (cf. [4, Lemma
10.7]), one sees that in order to prove (2.4), one need only to prove that

A
(2.10) X, 0] < 71.
To prove (2.10), recall that (cf. [9, Th. 2.3 of Ch. 6])
o— () o
(2.11) [X,0] = lim &
t—0T t

Since q~5t maps geodesics in My _, (r(p)) to geodesics in My (), one sees as in

[10, §5] that at p € M\ s(M), (¢¢).0 is the unit vector tangent to the geodesic

connecting p and gy (s(6_(m(p)))).
Let ay be the angle at p of the geodesic triangle in My, with vertices

p, s(m(p)) and ¢ (s(¢—_(7(p)))). Then one has
(2.12) o~ (é1) 0] =2(1 —cos (o).
Since M (,) is of nonpositive curvature, one has (cf. [15, Cor. 1.13.2]),
(2.13)
(0 (9 (s (G (x)))))” = 2(1 — cos () p(p) M) (p, Gy (5 (6=t (x(p))))) -
From (2.12) and (2.13), one gets

1) o (3).0]< p (91 (s (6-(m(p))))

From (2.11), (2.14) and proceeding as in Lemma 2.2, one gets (2.10). O
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2.2. Sub-Dirac operators and the vanishing on compact subsets. From now
on we assume that there is § > 0 such that k¥ > § over M. We also assume
that M is spin and carries a fixed spin structure, then F @ Fi- = n*(T'M) is
spin and carries an induced spin structure. For simplicity, we also assume first
that F3- is oriented and both TM and F3- are of even rank.

For any 8, ¢ > 0, following (1.11), let Q,BM be the deformed metric of
(2.1) on M defined by the orthogonal splitting

1

f
@15)  TM=FeF eF, gGMf=pFgeles?

In what follows, we will use the subscripts (or superscripts) B, € to dec-
orate the geometric objects with respect to the deformed metric gﬁM. It is
clear that for any X € F & Fi- and U € F5-, c5.(X), ¢(U) and ¢(U) act on
Spo(F @ F)®A*(F5) and exchange (Sg.(F @ Fi)@A*(F5-))+.

Let fi,..., fq (vesp. hi,..., hq,; resp. 61, ..., €q,) be an orthonormal basis
of (F,g7) (resp. (Fir,g”7); resp. (F&,¢g72)). By proceeding as in [22, §2]
and Sections 1.4 and 1.5, we construct the sub-Dirac operator (cf. (1.61) and
(1.69), where we take F in (1.61) to be F @ Fi-, Fi- in (1.61) to be zero and
Fs- in (1.61) to be Fy)

(2.16)
Dot e T (52:F 0 F B (7)) — T (S50 BN (37)
given by
(2.17)
Drgripe= ZB Lege (B 1f,)v58+25cﬁg ehs v/35+z (ej) V2=,
7=1

where as in (1.69), V5 is the canonical connection on Sg . (F @ Fi-)@A* (Fy)
determined by (1.60) with respect to ggé\/‘ In particular, in view of Remark 1.8,
one has

(2.18) VA<, d(o)] =2 (V77 o).

Let Drgrl .+ acting on (Spo(F @ F{)®A*(F5))+ be the restrictions
Of D‘F@]_—li7ﬁ7€, then

ES
(2.19) (D]:@]:ll,ﬁ,egr) = D}'@}"ﬁ,ﬁ,eﬁ'
For any R > 0, denote
(2.20) Mpr={peM: p(p) <R}.

Then Mg is a smooth manifold with boundary OMg.
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Let f : [0,1] — [0, 1] be a smooth function such that f(t) = 0for 0 < ¢ < %,
while f(t) =1 for 3 <¢ < 1. Let h: [0,1] — [0,1] be a smooth function such
that h(t) =1 for 0 <t < 2 while h(t) =0for £ <t <1.

Inspired by [5] and [10], we make the following deformation of Dz, 18
on Mp, which will play a key role in what follows:

f (§) élo)

3 .

Remark 2.3. The usual deformation from the analytic localization point
of view (such as in [5]) deforms Drgripe by T¢(po), with T > 0 being
independent of 5 and €. On the other hand, fc(o) has occurred in [10], where
it is viewed as the symbol of a fiberwise Dirac operator. Here we use f¢(o)/8

(221) D./—‘@J—'f‘,ﬂ,s? +

to deform D r FLpe while Lemma 2.1 allows us to get the needed estimates
given in the following lemma.

LEMMA 2.4. There exists Ry > 0 such that for any (fized) R > Ry, when
B, € >0 (which may depend on R) are small enough,

(i) for any s € T(Spe(F @ Fi-)@A*(F5-)) supported in Mg, one has®

F(g)e) || Vo
(229) H Drar et LADY o > X2 s
(ii) for any s € T(Spe(F @ FL)RA*(F5-)) supported in Mg\ M%’ one has
p\ , co)
(223) H 2) Dot () + 85 ) ol = g5 il
Proof. In view of Remark 1.8 and (2.17), one has
LAY 2 (L
(D rortget N (R;C(U)> = Do+ B cactapito)
(2.24) m £ (2)?
+ 55 Doy o ¥lo)]| + =5

where we identify dp with the gradient of p.
By definition, one has on M \ s(M) that

(2.25)

q1 q2

cs(dp) = ZB Yo (B71) filp) + D ecpe (ehs) hs(p) + Y c(e5) €5(p)-

i=1 s=1 j=1

5The norms below depend on 8 and €. In case of no confusion, we omit the subscripts for
simplicity.
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By (2.17) and (2.18), one has on M \ s(M) that
(2.26)

Drart sette)] =328 s (37 5) e (v o)

n q2
Y e, (why) e(Vizo) + > elene(via).
s=1 =1

By Lemma 2.1, (2.25) and (2.26), we find that there exists a constant
C > 0, not depending on R, 3, € > 0, such that the following inequality holds
on Mg\ s(M):

e g g () [Pram (0] | < g 0n ),

where by Or(-) we mean that the estimating constant might depend on R > 0.
On the other hand, by (1.71), the following formula holds on Mg:

se , K 1 &

1>

(2.28) DF@FIL,B, —A —1—@—%03 (5 52)

where —A#¢ > 0 is the corresponding Bochner Laplacian and k% = 7%k > 6.
From (2.24), (2.27) and (2.28), one sees that if one first fixes a sufficiently

large R > 0 and then makes 8 > 0, € > 0 sufficiently small, one deduces (2.22)

easily.
Now by (2.17) one has on Mp \ s(M) that

(h ) r—— (%) + E(g)f

R
2 h(L)? 1
p p .
<h <§> FOFi.B, N <§>> + g [D}'@J-'li,ﬁ,aa C(U)] + 82
From (2.27) and (2.29), one gets (2.23), where Supp(s) € Mpg \ Mk,

2
similarly. O

(2.29)

Lemma 2.4 motivates the proof of Theorem 0.1 (for the case of dim M =
4k) given in Section 2.3, where we make use of a trick of Braverman [8, §14].
This approach reflects the topological nature of the A-genus and the involved
indices.

2.3. Proof of Theorem 0.1 for the case of dim M = 4k. Let 0 Mg bound
another oriented manifold Nz so that Nz = MpUANGR is a closed manifold (for
example, one can take the double of Mpg). Let E be a Hermitian vector bundle
over Mp such that (Sz.(F @ Fi-)®A*(F5))- @ F is a trivial vector bundle
over Mpg. Then (Sp.(F @ Fi-)@A*(F3)); © E is a trivial vector bundle near
OMp, under the identification ¢(o) + Idg.
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By obviously extending the above trivial vector bundles to Nz, we get
a Zg-graded Hermitian vector bundle £ = £, © £_ over Ng and an odd self-
adjoint endomorphism V = v + v* € I'(End(§)) (with v : I'(§) — IT'(€-), v*
being the adjoint of v) such that

(2.30) (e = (Spe (FoF)BA (Fy)), @ F
over Mg, V is invertible on ANz and
(2.31) V=f (%) (o) +Idg

on Mg, which is invertible on Mg\ Mk.
2

Recall that h(%) vanishes near OMpz. We extend it to a function on Nz

which equals to zero on Ny, and we denote the resulting function on N Rr by
hr. Let TV : TN'g — Nr be the projection of the tangent bundle of Ng. Let

WNR € HOIII(7T~ £+,7rﬁ ¢_) be the symbol defined by

(2.32) R(p,w) = wij (ﬁ?ﬁ% cge(w) + v(p)) for pe Ng, we Tp]\/vR.

By (2.31) and (2.32), VR is singular only if w = 0 and p € M z. Thus vV is
an elliptic symbol. ’

On the other hand, it is clear that %RDFeafll,,B,aER is well defined on NR
if we define it to equal to zero on NR \ Mpg.

Let A : L?(¢) — L%(¢) be a second order positive elliptic differential
operator on Y R preserving the Zy-grading of € = £, @&, such that its symbol
equals to |n|? at n € TAR. (To be more precise, here A also depends on
the defining metric. We omit the corresponding subscript/superscript only for
convenience.) Let P . : L*(€) — L?(£) be the zeroth order pseudodifferential
operator on N r defined by

~ ~ Vv
(2.33) Prpe=A"thpDrgri 5 hrA™T + 5
Let Prpe @ L2(&+) — L?(£-) be the obvious restriction. Then the princi-

pal symbol of Pg g 4, which we denote by v(Pr . +), is homotopic through

elliptic symbols to WNR. Thus Prge + is a Fredholm operator. Moreover, by
the Atiyah-Singer index theorem [1] (cf. [18, Th. 13.8 of Ch. III}), one finds
(2.34) ind (Prge+) = A(M).
Inspired by [8, §14] (see also [24, §3]), for any 0 < ¢ < 1, set
- - ¢ 1—t
(2.35)  Prpes(t) = A ThpDreri 5 hrA™T + % At 5 a4,

Then Pr g +(t) is a smooth family of zeroth order pseudodifferential operators
such that the corresponding symbol v(Prg g +(t)) is elliptic for 0 < ¢ < 1. Thus
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Pr ge+(t) is a continuous family of Fredholm operators for 0 < ¢t < 1 with
PR,B,E,Jr(l) = Prpe+-

Now since Pr g, 4 (t) is continuous on the whole [0, 1], in view of (2.34),
if Prge+(0) is Fredholm and has vanishing index, then Theorem 0.1 follows
from (2.34).

Thus we need only to prove the following result.

PRrROPOSITION 2.5. There exist R, 3, € > 0 such that the following iden-
tity holds:

(236)  dim (ker (Prp 1 (0))) = dim (ker (Pp 50+ (0)")) = 0.
Proof. By definition, Pg g.(0) : L?(¢) — L?(€) is given by
1~ ~ 1 Voo
(2.37) PR”&S(O) =A 4hRD]-'Q9]-'1l7ﬂ75h’RA 1+ A 4EA 1,

By (2.19), Pr.(0) is formally self-adjoint. Thus we need to show that
(2.38) dim (ker (Pr,(0))) =0
for certain R, 3, € > 0. Let s € ker(Pgrg(0)). By (2.37) one has

- v
(2.39) (hRD}'@]-'lL,ﬂ,ahR + ,8) Afis =0.

Since hr = 0 on Ng \ Mp, while V is invertible on Nr \ Mg, by (2.39)

one has

(2.40) A"is=0 on Np\Mas.
Write on Mg that
(2.41) Ais =51 + s,

with s1 € L2(Sg.(F @ F{-)@A*(F5)) and sp € L*(E).
By (2.31), (2.39) and (2.41), one has

(2.42) 52 =0,
while
~ ~ 2)elo
(2.43) (hRDF@F%ﬁ,ahR + f(R,)B()> o = 0.

We need to show that (2.43) implies s; = 0. Let a : [0,1] — [0,1] be a
smooth function such that a(t) = 0 for 0 <t < 1, while a(t) = 1 for 2 <t < 1.
Following [5, p. 115], let a1, ag be the smooth functions on Mg defined by

1—a(L Y
2 2 2 2
(o (5)° + (1 —a(f)) (a(f)°+(1-a(f))

N
[NIE
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Then a} + a3 =1 on Mp. Clearly, a1hg = ay, s f(%) = az. Thus, one has

f(f)eo)
B > .

2

H (ERD]-'GB]-'f- pehn+

2
(2.45) _

2)¢lo

a0\ |

+ ||as <?LRD]_—®]_—1L”37£ER + B) S

)

from which one gets

V2 H (ﬁRDfeﬂfmeﬁR +

>

o (Df@fllﬁ’e + 5

~ ~ c(o
a9 (hRD.F@.Ff-,B,shR + (B)) S1

(Df@ff-,ﬂ,s + W) (a1s1)

8
7 7 o)

+

(2.46)

>

B
— [lege (daq) s1]] — [leg e (daz) s1]f,

where for each ¢ € {1, 2}, we identify da; with the gradient of ;.
By Lemma 2.1, (2.25) and (2.44), there is C; > 0, not depending on
R, 8, € > 0, such that

(2.47) |C/375 (dOél)‘ + ’0575 (dag)’ S BC';% + OR(l).

From Lemma 2.4, (2.46) and (2.47), one finds that there exist R, §, € > 0
such that

L3y, |, Lo

g VB

From (2.39)—(2.43), (2.48) and the invertibility of A1, one sees that for
suitable R, 3, € > 0, (2.38) holds. This completes the proof of Proposition 2.5,

which implies Theorem 0.1 for the case of dim M = 4k, when JF3- is orientable
and of even rank. O

(2.48) H <ERDRB FLpehR +

If tk(F5 ) is not even, we can consider M x M x M x M to make it even.
If 75 is not orientable, then we can consider the double covering of M with
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respect to wi (Fy ), the first Stiefel-Whitney class of F3-, and consider the pull-
back of F3- on the double covering. The proof of Theorem 0.1 for the case of
dim M = 4k is thus completed.

Remark 2.6. One may also use % instead of f(%) in the above proof.

2.4. The case of the mod 2 index. In this subsection, we consider the cases
of dimM = 8k + i, i = 1, 2. Here we deal with the case of dim M = 8k + 1,
where one considers real operators as in [2], in detail. By multiplying M by a
Bott manifold of dimension eight, which is a compact spin manifold B® such
that Z(B8) =1, we may well assume that ¢; > 1. Then O Mg is connected.
Let f1,..., fg+q be an oriented orthonormal basis of F @® Fi- with respect
1

f
to the metric $%2¢” @ 98—21. Set
(2.49) Tae = Cpe (f1) - cae (foram) -

Let 7 be the Zo-grading operator for A*(Fs-) = A" (F3-) @ A (F5H).
Inspired by [2, §3] and [6, (3.1)] (compare with [29], which deals with the

case of dim M = 8k + 2), we modify the sub-Dirac operator in (2.16) by
(2 50) ?Tﬁ,sDF@Fll,@a :T (Sﬁﬁ(f@ ]I‘lJ-) @ A* <F2J_>)
| — T (Spe(FaFH) oA (Fy)),

which is formally skew-adjoint. (Here by dimension reason there is no Zso-
grading of the real spinor bundle Ss .(F @ Fi-).) We also modify V = v + v*
in (2.31) by

(2.51) V=0-70"

such that one has, on Mg, the following formula for ¥ acting between real
vector bundles:

(252) 0=/ (%) 70(0) +1dp T (Spe(F & Fi) @ A (74 ) & B)

— T (Spe(FaF) @AY (F) o E).
We then modify the operator Pr g in (2.33) by

—~

= 1z ~ ~ 1V
(2.53) PR,B,E =A 4hRTB’€T D}'EB}'I{B,EhRA 1+ E’
which is clearly formally skew-adjoint. By direct computation, one has

(2.54) (7¢(0))" =¢(0)T = —7¢(0)
and that for any X € T M,
(2.55) T1e(X)Te(0) +7¢(0)T1e(X) = 1e(X)é(0o) — ¢(o)Te(X) = 0.
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From (2.53)—(2.55), one sees that (1/5375,5)2 has an elliptic symbol. Thus
J/D\Rﬁ,e is a zeroth order real skew-adjoint elliptic pseudodifferential operator,
and thus admits a mod 2 index in the sense of [2]. Moreover, by the mod 2
index theorem in [2] (cf. [18]), one has

(2.56) a(M) = dim (ker (ﬁR,,B,a» mod 2.

Now by proceeding as in Section 2.3, one sees that there are R, 5, ¢ > 0
such that

(2.57) dim (ker (Pryg.)) € 22.
From (2.56) and (2.57), one gets a(M) = 0.

2.5. Proof of the Connes vanishing theorem and more. Without loss of
generality, we may and we will assume that all F = 7*F, Fi- and Fj are
oriented and of even rank. The main concern here is that we only assume F' is
spin, not T'M. Thus, here F = 7*F is spin and carries a fixed spin structure.

Instead of the sub-Dirac operator considered in (2.16), we now consider
the sub-Dirac operator constructed as in (1.61),

TOTD) p (S(F)@A* (FL) BN (FE) @ 6 (FL))

— T (S(F)BA (F) 8N (Fy) @ 6 (FH)) -
Now we can proceed as in Sections 2.2 and 2.3, by replacing the sub-Dirac
L
operator in (2.16) by D;ff(}-l ) above.
In particular, by the Atiyah-Singer index theorem [1], the right-hand side
of the formula corresponding to (2.34) is now

D
(2.58) P

q

(2.59) 2% (A(F)L(TM/F)ch(6(TM/F)),[M]).
In summary, if k" is positive over M, then we get
(2.60) (A(F)L(TM/F)ch(¢(TM/F)),[M]) = 0.

Now as any rational Pontrjagin class of TM/F can be expressed as a
rational linear combination of classes of form L(TM/F)ch(¢(T'M/F)), one
gets from (2.60) that for any Pontrjagin class p(T'M/F) of TM/F, one has

(2.61) (AF)p(TM/F),[M]) = 0,

which has been proved in [10, Cor. 8.3]. In particular, one has
(262)  AM) = (ATM),[M]) = (A(F)A(TM/F),[M]) =0,
which completes the proof of Theorem 0.6.

Remark 2.7. If one modifies the sub-Dirac operator in (2.16) by twist-
ing an integral power of Fi-, then one sees that (2.61) also holds under the
condition of Theorem 0.1. This generalizes [22, Th. 3.1].
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By further modifying the sub-Dirac operators involved above, one gets the
following generalization of Theorems 0.1 and 0.6. (Compare with [22, Th. 3.2].)

THEOREM 2.8. Under the assumptions of either Theorem 0.1 or 0.6, if
TM/F is also oriented, then for any Pontrjagin class p(TM/F) of TM/F,
one has for any integer k > 0 that

(2.63) (A(F)p(TM/F)e(TM/F)*,[M]) = 0.
In particular,
(2.64) (A(F)e(TM/F),[M]) = 0.

Under the assumption of Theorem 2.8, if one assumes that dim M = 6
and rk(F') = 4, then by (2.63) one gets

(2.65) (e(TM/F)?,[M]) = 0.

From (2.65), one obtains the following partial complement to a classical
result of Bott [7, Cor. 1.7], which states that there is no smooth codimension
two foliation on the complex projective space CP?"+! with n > 2.

COROLLARY 2.9. There is no smooth codimension two foliation of positive
leafwise scalar curvature on CP3.
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