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Satake in mixed characteristic

By XINWEN ZHU

Abstract

We endow the set of lattices in Q) with a reasonable algebro-geometric
structure. As a result, we prove the representability of affine Grassmanni-
ans and establish the geometric Satake equivalence in mixed characteristic.
We also give an application of our theory to the study of Rapoport-Zink
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Introduction

0.1. Mixed characteristic affine Grassmannians.

0.1.1. Let F be a non-archimedean local field; i.e., F' is either F,((t))
or a finite extension of Q,, with O C F' its ring of integers. Let V = F"
denote an n-dimensional F-vector space. A lattice of V is a finitely generated
O-submodule A of V such that A ® FF = V. For example, Ag = O" is a
lattice in V', and every other lattice in V' can be translated to Ay by a linear
automorphism of V. Therefore, the set of lattices in V can be identified with
the set GL,,(F')/GL,(O).

For various applications in number theory, representation theory and alge-
braic geometry, it is highly desirable to realize this set as the set of (k-)points of
some (reasonable, infinite dimensional) algebraic variety defined over k, where
k denotes the residue field of F. If F = k((t)), such an algebro-geometric
object, called the affine Grassmannian, does exist, and it plays a fundamental
role in geometric representation theory and in the study of moduli spaces of
vector bundles on algebraic curves. However, a reasonable algebro-geometric
structure on the set GL,(Q,)/GLy(Z,) has not been available for many years,
although some attempts have been made ([Hab05], [Krel4], [CKV15]). The
first goal of this paper is to give a solution of this problem to some extent.
We will call this new algebro-geometric object the mixed characteristic affine
Grassmannian.

0.1.2. To explain the ideas, let us first recall the equal characteristic
story. (See, e.g., [BL94] for details.) First one can make sense of the notion of
a family of lattices in k((t))": for a k-algebra R, a lattice in R((t))" is a finitely
generated projective R[[t]]-submodule A of R(())" such that A @ gy R((t)) =

R((t))™. The affine Grassmannian Gr’!' is defined as the moduli space that

'In this paper, objects defined in the equal characteristic setting are usually written with b
in their superscripts. But this does not mean that they are the tilts of the corresponding
mixed characteristic objects as in Scholze’s theory of perfectoid spaces.
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assigns every k-algebra R the set of lattices in R((¢))". In particular, the set
of k-points of Gr” is just GL, (k((t)))/GLy(k[[t]]).

Given a lattice A in R((t))", there always exists some big integer N such
that

(0.1.1) R[] € A c TV R[[t]]".

So Gr” is the union of subfunctors Gr>™) consisting of those lattices satisfying
(0.1.1). The key fact is that via the map

A tVRI[H]"/A,
Gr»M)(R) is identified with the set of quotient R[[t]]-modules of
N RI[t]]" /Y R[t]]"

that are projective as R-modules. Then it is not hard to see that GrW) g
represented by a closed subscheme of the usual Grassmannian variety.

0.1.3. There is an obvious guess of the moduli problem that the mixed
characteristic affine Grassmannian Gr should represent: it should associate to
every k-algebra R the set

(0.1.2) {finite projective W (R)-submodules A of W (R)[1/p]"
such that A[1/p] = W(R)[l/p]n},

where W (R) is the ring of Witt vectors for R. Unfortunately, this definition
is unreasonable,? as the ring of the Witt vectors for a nonperfect ring R is
not well behaved. For example, p could be a zero divisor of W(R) if R is
nonreduced, so Agg = W(R)™ may not be a submodule of W(R)[1/p]". On
the other hand, note that

(1) if R is a perfect k-algebra, then W(R) is well behaved;

(2) the values of a scheme X at perfect rings R determine X up to perfection;
(3) the (étale) topology of a scheme (e.g., the f-adic cohomology) does not

change when passing to the perfection.

3

Therefore, we restrict the naive moduli problem (0.1.2) to the category
of perfect k-algebras. This defines a presheaf on this category,® and the best
question one can ask is whether this functor is represented by a(n inductive

2 Alternatively, one could try to define Gr(R) as the set of pairs (A, 3), where A is a finite
projective W (R)-module and 8 : A ® W(R)[1/p] =~ W(R)[1/p]" is an isomorphism. But we
still do not know whether this is reasonable.

3The category of perfect k-schemes is a full subcategory of the category of presheaves on
the category of perfect k-algebras. See Lemma A.12.

“In fact, Kreidl [Krel4] proved that this is an fpgc sheaf.
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limit of) perfect k-scheme(s). Our first main theorem gives a positive answer
to a slightly weaker version of the question.

THEOREM 0.1. The above functor can be written as an increasing union
of subfunctors Gr = @Xi, where each X; is the perfection of some proper
algebraic space defined over k and X; — X;y1 is a closed embedding.

Perfect k-schemes/algebraic spaces are almost never of finite type over k.
But as stated in Theorem 0.1, each X; appearing above is in fact the perfection
of some proper algebraic space over k.> We do not know how to canonically
construct these algebraic spaces without passing to the perfection. But this
does not bother us. We can still study their topological properties. In partic-
ular, we can define the f-adic derived category on X;, the notion of perverse
sheaves, etc.

As soon as the representability of Gr is known, the representability of
mixed characteristic affine Grassmannians and affine flag varieties for general
reductive groups follows by the same argument as in equal characteristic situ-
ation. See Section 1.4.

0.1.4. Now we explain some ideas behind the proof of Theorem 0.1. As
in the equal characteristic situation, it is enough to prove the representability
of the subfunctor Gr™) of Gr defined by a condition similar to (0.1.1). With
a little further work, one then reduces to prove the representability of the
following functor:

Gry = {A € Gr | A C Aggr such that A" A =pN A" AOR}a

where Agrg = W(R)", and A"(—) denotes the n-th wedge product. Now,
the essential difficulty is that the quotient Agr/A is not an R-module so the
previous strategy to embed this functor into the Grassmannian fails. In fact,
a basic question is whether there exists a nontrivial line bundle on Gry. Note
that in equal characteristic, such a line bundle exists, known as the determinant
line bundle £, on G?V Its fiber over a lattice A C R[[t]]" is the top exterior
wedge of R[[t]]"/A regarded as an R-module. This construction certainly fails
in mixed characteristic. (See Appendix B.1 for more discussions.)

Therefore, we proceed in another way. Our observation is that after adding
level structures, Gry is represented by an affine scheme defined by matrix
equations. More precisely, for each h, let W, (R) denote the ring of truncated

Tt is expected that these X;’s are the perfections of projective varieties over k. See
Appendix B for further discussions. But knowing that they are algebraic spaces is sufficient
for all the applications we have in mind.

That X;’s are the perfections of projective varieties was proved very recently by Bhatt-
Scholze [BS].
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Witt vectors of length A, and define
GN,h = {(A, 6) ’ Ae @N,E: Wh(R)n ~ A/phA}.

This is an L"GL,-torsor over Gry, where L"GL,, denotes the affine k-group
scheme that is the perfection of the Greenberg realization of GL, over O/p"
and that acts on Gry j, by changing the isomorphism €. We will show that when
h > N, Gryp, can be (noncanonically) identified with the following scheme of
pairs of matrices:

{(A,7) | v € L"GLy, A € L"M,,,det A € p"(O/p"0)*, Ay = A},

where M,, denotes the scheme of all n x n matrices and L"M,, denotes the
perfection of its Greenberg realization over O/p. In fact, A is the matrix
representing the map

Wi(R)" = A/p"A = Ao /p"Mor = Wi(R)".

Therefore, Gry can be expressed as a quotient of an affine scheme by a
free action of an affine group scheme. One can expect that such a quotient
should exist, at least as an algebraic space over k. This is indeed the case here,
but it cannot follow directly from the general theory, because neither Gry
nor L"GL,, is of finite type. However, we manage to prove the following result,
which is enough to conclude Theorem 0.1.

THEOREM 0.2 (see Theorem A.29). Let G be the perfection of an algebraic
group over k, and let X be the perfection of an affine scheme of finite type
over k. Assume that G acts on X and that the action map G x X — X x X,
(9,x) — (gz, ) is a closed embedding. Then the quotient [X/G] (as a stack) is
represented by the perfection of an algebraic space separated and of finite type
over k.

0.2. The geometric Satake. There are a lot of applications of mixed char-
acteristic affine Grassmannians. The most fundamental one is to establish the
geometric Satake equivalence in mixed characteristic. Its equal characteris-
tic counterpart is a result of works of Lusztig, Drinfeld, Ginzburg, Mirkovié-
Vilonen (cf. [Lus83], [Gin90], [BD], [MVO07]). In a forthcoming joint work with
Liang Xiao [XZ], we will apply the mixed characteristic geometric Satake to
the study of some arithmetic geometry of Shimura varieties.

Let G be a reductive group over O, the ring of integers of a p-adic field F,
and let Grg denote its affine Grassmannian. As explain above, it makes sense
to define the category of LTG-equivariant perverse sheaves (with coefficients
in Q) on Grg, denoted by P;+5(Grg). As in the equal characteristic situation,
this is a semisimple monoidal category with the monoidal structure given by

SWe refer to [Laf12] for some amazing applications of the equal characteristic geometric
Satake to the Langlands correspondence over function fields.
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Lusztig’s convolution product of sheaves. In addition, one can still endow the
hypercohomology functor H*(Grg, —) : Pr+o(Grg) — Vectg, with a canonical
monoidal structure (although the methods of [Gin90], [BD], [MV07] do not
work directly in our setting). Our second main theorem is the geometric Satake
equivalence in this setting.

THEOREM 0.3. The monoidal functor H* factors as the composition of an
equivalence of monoidal categories from Pr+q(Grg) to the category Rep@Z(G)

of finite dimensional representations of the Langlands dual group G over Qy and

the forgetful functor from Rep@Z(G) to the category Vect@é of finite dimensional

Qy-vector spaces.

In particular, the theorem implies that there exist the commutativity con-
straints of Pr+4(Grg) such that H* is a tensor functor. In equal characteristic,
such constraints come from the interpretation of the convolution product as
the fusion product (cf. [MVO07, §5] or [BD, §5.3.17]). As the fusion product
currently does not exist in mixed characteristic,” it is probably surprising that
we can still establish these constraints in the current setting.

In fact, a construction of the commutativity constraints using a categorical
version of the classical Gelfand’s trick already appeared in [Gin90]. It was then
claimed in [BD, §§5.3.8, 5.3.9] (but without proof) that (a modification of)
Ginzburg’s construction coincides with the construction via the fusion product.
Therefore, we do have candidates of the commutativity constraints even in
mixed characteristic. The problem is that it is not clear how to verify the
properties they suppose to satisfy (e.g., the hexagon axiom) without using the
fusion interpretation.

Our new observation is that the validity of these properties is equivalent
to a numerical result for the affine Hecke algebra. Namely, in [LV12], [Lus12]
Lusztig and Vogan introduced, for a Coxeter system (W, .S) with an involution,
certain polynomials P, (¢) similar to the usual Kazhdan-Lusztig polynomials
Py w(q) ([KL79]). Then it was conjectured in [Lus12] that if (W, S) is an affine
Weyl group and y, w are certain elements in W,

Pgiw(Q) = Py,w(_Q)§

see loc. cit. or Section 2.4.5 for more details. This conjecture is purely combina-
toric, but its proof by Lusztig and Yun [LY13] is geometric, which in fact uses
the equal characteristic geometric Satake! We then go in the opposite direction
by showing that this formula implies that the above mentioned commutativity
constraints are the correct ones.

"But we note that the recent work Scholze on diamonds opens a door to this direction;

see [SW].
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So our proof of Theorem 0.3 uses the geometric Satake in equal char-
acteristic. It is an interesting question to find a direct proof of the above
combinatoric formula, which will yield a purely local proof of the geometric
Satake, in both equal and mixed characteristic.

Along the way of our proof, we also establish the Mirkovié-Vilonen theory
in mixed characteristic. This is very useful to the study of affine Deligne-
Lusztig varieties; see below.

0.3. Dimension of affine Deligne-Lusztig varieties. One motivation to in-
troduce mixed characteristic affine Grassmannians is their relation to
Rapoport-Zink spaces. Let G be a connected reductive group over Q,, and
assume (for simplicity) that there is an extension of G to a reductive group
scheme over Z,, still denoted by G. Let k = F,, and let L = W (k)[1/p] denote
the completion of the maximal unramified extension of Q,. Let o denote the
Frobenius automorphism of L. Let b be a o-conjugacy class of G(L) and p a
geometric conjugacy class of one parameter subgroups of G (also known as a
dominant coweight of G with respect to some chosen Borel). When the triple
(G, b, 1) (sometimes called a Rapoport-Zink datum) comes from a PEL-datum,
Rapoport-Zink (cf. [RZ96]) defined a formal scheme M (G, b, 1), locally of fi-
nite type over W = W (k), as certain moduli problem of p-divisible groups.
Recently, Kim (cf. [Kim13]) and Howard-Pappas (cf. [HP15]) generalized the
definition of M(G, b, 1) to include those Rapoport-Zink data of Hodge type
and proved the representability of M(G, b, i) in the case p > 2. In any case, a
serious restriction is that u must be minuscule. Under this assumption, by the
Dieudonné theory one identifies the set of k-points of M(G, b, ;u) with the set

(0.3.1) Xu(b) ={g € G(L)/G(W) | g~'ba(g) € GW)p'G(W)}.

This identification endows X, (b) with an algebro-geometric structure; there-
fore X, (b) is sometimes called an affine Deligne-Lusztig variety (cf. [Rap05]).
Note that the definition of X, (b) as a set makes sense for any triple (G, b, p),
but only for minuscule p, X,,(b) may relate to the moduli of p-divisible groups.

It has been hoped to endow X, (b) with an algebro-geometric structure
without using p-divisible groups and the Dieudonné theory. Now, the exis-
tence of the mixed characteristic affine Grassmannian Grg (for G over a p-adic
field F') allows us to realize X, (b) as a (locally) closed subset of Grg® and
therefore to give X, (b) a structure as an ind-perfect algebraic space. Note
that in this new definition, there is no restriction on the cocharacter u. But
when (G, b, u) arises as a(n unramified) Rapoport-Zink datum of Hodge type
as above, we have the following proposition, as a simple application of the

8Note that (3.1.2) shows that X, (b) itself is a kind of moduli space of mixed characteristic
local Shtukas over k.
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equivalence of categories between p-divisible groups and F-crystals over a per-
fect ring in characteristic p > 0 (a theorem of Gabber; see also [Laul3, §6]).

PROPOSITION 0.4. Let W_Oo(b) denote the perfection of the special fiber

of M(G,b, w). Then there is a canonical isomorphism of spaces ﬂi_m(b) ~
Xu(b).

Even if the primary interests are the study of the Rapoport-Zink spaces,
having another definition of X, (b) gives us extra flexibility. For example, the
new definition is group theoretical, so it allows us to study M(G, b, 1) by using
root subgroups or Levi subgroups G, or passing to central isogenies of G.

In a forthcoming work [XZ], these extra flexibilities allow us to under-
stand the irreducible components of certain RZ spaces. Here, we illustrate
this idea by one simple example:? we prove the dimension formula of X,,(b) as
conjectured by Rapoport.

THEOREM 0.5. The ind-perfect algebraic space X, (b) is finite dimen-
stonal, and

. 1
dim X,,(b) = (p, 0 — ) — §def(;(b).

We refer to Section 3.1 for unexplained notation. Thanks to Proposi-
tion 0.4, when (G, b, u) is of Hodge type, we obtain the dimension formula of
the corresponding Rapoport-Zink space.'®

Not surprisingly, after the machinery is set up, we can imitate the meth-
ods used in the equal characteristic situation (with one innovation): we can
apply the arguments of [GHKRO6] in the current setting and reduce to prove
Theorem 0.5 for those b that are the so-called superbasic o-conjugacy classes.
It was shown in [GHKRO06], [CKV15] that if G is of adjoint type, superbasic
o-conjugacy classes exist only when G = PGL,, or G = Resg,r PGL;, where
E/F is an unramified extension. The case when G = PGL,, was treated in
[Vie06] (in equal characteristic, but the same arguments apply to mixed char-
acteristic as well). The case when G = Resg/r PGL,, was treated in [Ham15a]
in the equal characteristic situation and then was adapted in [Haml5b] to
deal with the corresponding Rapoport-Zink spaces. Our innovation here is a
reduction of the Resg,p PGL,, case to the PGL;, case so one can invoke the
results of [Vie06] directly (see Proposition 3.3). In particular, it gives a much
shorter proof of the main result of [Ham15a] (assuming [Vie06]). We note that

9An earlier example is the study of the connected components of X, (b) in [CKV15],
although the notion of connected components of X, (b) was defined in loc. cit. in an ad hoc
way, due to the lack of the representability of X, (b) at the time.

10%When the first draft version of the paper was completed, Hamacher released his preprint
[Ham15b] where Rapoport’s conjecture for PEL type Rapoport-Zink spaces was solved.
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this reduction step uses the representability of X, (b) for nonminuscule x (even
we are just interested in proving Theorem 0.5 for minuscule p) and also the
semismallness of convolution maps of affine Grassmannians.

0.4. Plan of the paper. We quickly discuss the organization of this paper.
In Section 1, we prove the representability of affine Grassmannians and affine
flag varieties and discuss their first properties, first for GL, in Sections 1.2
and 1.3, and then for general groups in Section 1.4. We establish the geometric
Satake equivalence in Section 2. In particular, the semi-infinite geometry of the
affine Grassmannian is discussed in Section 2.2 and the Tannakian structure
on the category is established in Sections 2.3 and 2.4. In Section 3, we prove
the dimension formula for Rapoport-Zink spaces conjectured by Rapoport, as
an application of our theory. The paper contains two appendices. Appendix A
discusses perfect schemes and perfect algebraic spaces in some generality, which
is the setting we will work with in the paper. Appendix B discusses some
further questions on affine Grassmannians, including conjectures related to
the representability of affine Grassmannians as schemes and the deperfection
of “Schubert varieties” inside them. Finally, we discuss an example of these
“Schubert varieties” in our setting.

0.5. Notation. We fix a perfect field k£ of characteristic p > 0. For a
k-algebra R, let

W(R) = {(ao,al, .. ) | a; € R}

denote its ring of Witt vectors, and let R — W(R), x — [z] = (2,0,0,...)
be the Teichmiiller lifting. We denote by Wj(R) the ring of truncated Witt
vectors of length h. If R is perfect, Wj,(R) = W(R)/p"W (R).

Let us write Oy = W(k), Fo = W(k)[1/p]. Except in Section 3.2, F'
denotes a totally ramified finite extension of F; and O denotes the ring of
integers of F. Let w denote a uniformizer of O. For a perfect k-algebra R, let

Wo(R) = W(R) @wu) O

and

Won(R) = W(R) W (k) O/w".

We write Wo(k) = Op and L = Op[1/p], which is the completion of the
maximal unramified extension of F'. We write

Dpg,gr := Spec Wo(R), Dp g = Spec Wo(R)[1/p].

Informally, Dp g (resp. Dy ) can be thought as a family of discs (resp. punc-
tured discs) parametrized by Spec R. In the above notation, we will omit the
subscript F' if F' = Fpy, and we will omit the subscript R if R = k.
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Unless otherwise stated, we will assume that G is a smooth affine group
scheme over O with connected geometric fibers. We will denote by & the
trivial G-torsor.

When G is a split reductive group, we will choose a Borel subgroup B C G
over O and a split maximal torus 7' C B. Let U C B denote the unipotent
radical of B. Sometimes, we denote by G, B, U, T their reductions modulo .

Let X, denote the coweight lattice of T and X® the weight lattice. Let XJ
denote the semi-group of dominant co-weights with respect to the chosen B.
We denote by 2p € X® the sum of positive roots. Let “ < ” be the following
partial order on Xo: A < p if g — A is a linear combination of positive roots
with coefficients in Z>¢. For A € X,, the image of w € F* = G,,(F) under
the map A : G,, = T — G is denoted by w™.

The dual group of G (over a field of characteristic zero) is denoted by G.
We equip it with a dual Borel B and a maximal torus 7" dual to 7.} For
p € X{, let V, denote the irreducible representation of G with the highest
weight p. For A € X,, let V},(\) denote the A-weight subspace of V.

0.6. Acknowledgement. An ongoing project with L. Xiao is the main mo-
tivation of the current paper. The author thanks him cordially for the collab-
oration. The author also thanks B. Bhatt, B. Conrad, V. Drinfeld, B. Elias,
A. de Jong, X. He, J. Kamnitzer, L. Moret-Bailly, G. Pappas, P. Scholze and
Z. Yun for useful discussions and comments. He in particular would like to
thank J. Kamnitzer for pointing out a serious mistake in an early draft of the
paper. The author is partially supported by NSF grant DMS-1001280/1313894
and DMS-1303296/1535464 and the AMS Centennial Fellowship.

1. Affine Grassmannians

In this section, we construct affine Grassmannians and affine flag varieties
in mixed characteristic. We will work with a class of geometric objects called
perfect algebraic spaces. We refer to Appendix A for the necessary background
for these objects.

1.1. p-adic loop groups and affine Grassmannians. In this subsection, we
will define affine Grassmannians and state our first main theorem. We refer to
Section 0.5 for the notation.

1.1.1. Let X be a finite type O-scheme. According to Greenberg ([Gre61]),
there are the following two presheaves on the category of affine k-schemes
defined as

LIX(R) = X(Wo(R)), LEX(R)=XWou(R)),

Un fact, if G is the Tannakian group constructed from the geometric Satake, it is auto-
matically equipped with B and T'.
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which are represented by schemes over k. In addition, L;}X is of finite type
over k, and L X = limLpX. If X C Y is open, then Ly X C L}Y is open. We
denote their perfection by

Ltx = (Lfxyp ™, L'x=(L)x)p "™,

and we call them p-adic jet spaces. The justification of the choice of the
notation is that perfect objects behave better and are more similar to their
equal characteristic analogues. If f : X — ) is an O-morphism, we denote by
Lyf:LfX — LfYand L f: LTX — L*Y the induced maps.

Let X be an affine scheme over F'. We define the p-adic loop space LX of
X as a perfect space by assigning a perfect k-algebra R the set

LX(R) = X(Wo(R)[1/p]).

Every F-morphism f : X — Y induces a morphism Lf : LX — LY. We do
not define the object L, X as a presheaf on the category of all affine k-schemes.
According to Lemma A.12, the following statement makes sense.

ProrosiTiON 1.1. If X is affine of finite type, then LX 1is represented by
an ind-perfect schemes.

Proof. As soon as we go to the perfection, the proof is similar to the
representability of the usual loop groups in the equal characteristic setting.

First, it is enough to consider the case F = Fy = W(k)[1/p]. If X = A}
then LX = @(Aoo)p*oo' This follows from the fact that every element in
W(R)[1/p] can be uniquely written as

T = Z pl[xz]
i>—N

Second, X = X; x Xo, then L(X; x X9) = LX; x LX9 so LA™ is repre-
sentable. Finally, if Z C A" is a closed embedding, then LZ — LA™ is a closed
embedding. Indeed we can write

2] + [y] = > PS5 (e, )7,

where ¥;(X,Y")’s are certain polynomials with two variables X,Y’, of homoge-
neous degree p’. Now assume that

Oz =Flti,...,tn]/(f1y -y fim)-
It is easy to see that if f(¢1,...,t,) is a polynomial with coefficients in F', then

(X S plond]) = S0 D () ).

where f()’s are some polynomials in terms of the variables X,,,;, m =1,...,n,l
€ Z. Then L,Z is defined in L,A" by £, (£ (f9Hw* O
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The above arguments also give the following lemma.
LEMMA 1.2.

(i) Let X be an affine scheme of finite type over O, and let X = X Q¢ F.
Then LYX C LX is a closed subscheme.
(ii) If X =Y is a closed embedding, then LX — LY is a closed embedding.

Now, let X = G be a smooth affine group scheme over 0. We write
G = @ and define the h-th congruence group scheme of G over @ , denoted
by G, as the dilatation of G»~1 along the unit. There is a natural map
G™ — @ that identifies
(1.1.1) LTGM = ker(LTG — L"G).

Note, however, that Lf G") # ker(L} G — LIG).

1.1.2. Let G be a smooth affine group scheme over 0. We define the

affine Grassmannian of G as the perfect space
Grg == [LG/L*G;

see Section A.1.4 for the notation. Explicitly, for a perfect k-algebra R, Grg(R)
is the set of pairs (P, ¢), where P is an L*TG-torsor on Spec R and ¢ : P — LG
is an LT G-equivariant morphism. Similar to the equal characteristic situation,
there is the following interpretation of Grg. Recall that we denote by & the
trivial G-torsor on O.

LEMMA 1.3. We have

& is a G-torsor on Dp g, and
Gra(R) = | (,5) 5 5|D?R ~ 50‘D;R 1s a trivialization
Proof. Let us temporarily denote the functor defined by the right-hand

side by Gry;. We define a new presheaf L'G as
(€,8) € Grg(R) }

€: & ~ £ is a trivialization

L'G(R) ~ {(5’,6,6)

We claim that

(a) L'G is an LT G-torsor over Gry; and
(b) there is an LT G-equivariant isomorphism LG = L'G.
Then it follows that Grg = Gry,.

Let € be a G-torsor on Dr g. Since G is smooth, after replacing R by its an
étale cover, we may assume that £ is trivial when restricted to Spec Wo(R)/w.
Then it is trivial on Df g, again by the smoothness of G. In other words, étale
locally on R a trivialization € as in the definition of L'G always exists. Claim (a)
follows. The isomorphism in Claim (b) is given by A — (&, A,id) with the
inverse map given by (&, 3,¢) — A := fe. O
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According to Lemma A.12, one can ask whether Grg is represented by a(n
ind)-perfect scheme. Our main theorem of this section gives a positive answer
to a slightly weaker version of this question.

THEOREM 1.4. The affine Grassmannian Grg is represented by a sepa-
rated ind-pfp ind-perfect algebraic space. If G is reductive over O, then Grg is
ind-perfectly proper.

Again, similar to the equal characteristic situation, one can reduce the
proof of this theorem to the case G = GL,, and F = Fy (see Proposition 1.20).
So in the next two subsections, we will focus on the GL,, case first.

1.2. The affine Grassmannian for GL,. We denote Grgy,, by Gr in this
subsection for simplicity. We will introduce some closed subspace Gry C Gr,
which can be realized as a quotient of a finite dimensional affine scheme by
an action of a finite dimensional affine group scheme. It then follows from
Theorem A.29 that Gry (and therefore Gr) is representable.

1.2.1. Let R be a perfect k-algebra. As usual we will identify GL,,-torsors
on D = Spec W(R) with finite projective W (R)-modules. So we can rewrite
the moduli problem Gr as follows. Let & = W(R)"™ denote the rank n free
W (R)-module. Then for a perfect k-algebra R, we have

Cr(R ¢ € is a rank n projective W (R)-module,
w(R) =) (E5) B:E[1/p] — E[1/p] is an isomorphism |

Note that via the inclusion £ C &[1/p] £ &o[l/p] = W(R)[1/p]", we can think
of £ as a lattice in W (R)[1/p]". Therefore, the above moduli interpretation
coincides with the one given by (0.1.2). We will use these two points of views
interchangeably.

Recall that a finite projective W (R)-module is the same as a finite rank
locally free crystal on Spec R. Due to this reason, for two finite projective
W(R)-modules & and &, an isomorphism 3 : £1[1/p] ~ E2[1/p] will be called
a quasi-isogeny. Sometimes, we write it as

B:E --+ &

for simplicity. If 5 extends to a genuine map & — &, it is called an isogeny.
Now we recall some basic facts of quasi-isogenies.

Let k be a perfect field, and let 8 : E; --+ E5 be a quasi-isogeny of finite
projective W (k)-modules.'? The relative position of 3, denoted by Inv(3), is

12Finite projective modules over W (k) are usually denoted by FEoy,E1,... instead of
&o,&1, ... in the sequel.
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defined as an element in
Xe(Dp)t ={pu=(m1,...,mp) €EZ" | my >ma > -+ >my,}

as follows. There always exist a basis (e1, ..., e,) of E1 and a basis (f1,..., fn)
of E5 such that (8 is given by

Blei) =p™ fi
and my > mg > -+ > my,. In addition, this sequence (my,...,m,) is indepen-
dent of the choice of the basis. Then we define
(1.2.1) Inv(B) = (m1,...,my).

Note that (3 is an isogeny if and only if m,, > 0.'3

For 0 < i < n, we denote by w; = (1,...,1,0,...,0) with the first ¢
entries 1 and the last n—i entries 0. Let w = wy,_;—w,. Note that Inv(3) = w;
if and only if 8 extends to a genuine map E; — FEs such that pFs C Fy and
Ey/E; is a k-vector space of dimension 4. Similarly, Inv(5) = w} if and only if
B~ 1 induces the inclusions pEy C Ey C E; such that E; /Es is of dimension i.

Note that Xe¢(D,,)" can be identified with the set of dominant co-weights
of GL,, in the usual way. The partial order “<” from Section 0.5 then can be
explicitly described as follows: p; = (mq,...,my) < po = (l1, ..., 1) if

mi+--+m; < b4+, j=1,...,n, and mi+---+my =L+ -+,
Note that wp is a minimal element.

Now let R be a perfect k-algebra, and let 8 : & --+ & be a quasi-isogeny
of finite projective W(R)-modules. For x € Spec R, we denote by

B &1 Oy Wk@)[1/8] — & @wmy W (k())[1/3)
the base change of 8 to z. Let
(Spec R),, = {x € Spec R | Inv(f3;) = p}
C (Spec R)<,, = {z € Spec R | Inv(f;) < u}.
If (Spec R),, = Spec R, we say that the quasi-isogeny /3 is of relative position f.
LEMMA 1.5. Let R be perfect k-algebra, and let 5 : E1 --+ £ be a quasi-
isogeny as above. If it is of relative position w;, then B induces a chain of inclu-

sions p€a C & C &y and the quotient E3/&1 is a finite projective W(R)/p = R
module of rank i. A similar statement holds for w;.
Proof. We claim that if 8, is a genuine map at every point x € Spec R,

then 8 is a genuine map. Indeed, there is an open cover Spec W(R) =
USpec W(R)y, such that both & and & are free so that we can represent /3

1311 this case, the relative position of 3 is sometimes also called the Hodge polygon of
and denoted by HP(f) in the literature.
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by an element in A; € Myxn(W(R)y,[1/p]). We need to show that A; €
Myuxn(W(R)y,). Let f; = f;modp. Then there is a natural map j : W(R)s, —
W(Ry,) and it is enough to show that j(A;) € Mpxn(W(Ryf,)). But this can
be checked at every point of Spec Ry,. This proves that § induces an inclusion
&1 C &. By applying the same argument to the quasi-isogeny

1
—B71 i pEy - &4,
b

one shows that p& C &;.
To show that £ /& is locally free, first note that for every homomorphism
R — R’ of perfect k-algebras, there is a natural isomorphism
(1.2.2) (E2/&1) @R R ~ (& @wr) W(R))/(E1 @wr) W(R)).
So we can assume that both &;,&y are free, and the dimension of the fibers
of &/& is constant on Spec R. Note that £ /& = coker(&1/p — &2/p). So
we reduce to show that on a reduced affine scheme Spec R, if N is finitely
presented, and the fiber dimension of N is constant, then N is locally free.
But as N is finitely presented, it is isomorphic to an R-module of the form
(coker(A™ — A™)) ®4 R, where A C R is a subring, of finite type over Z.
Then we reduce to the noetherian situation, in which case the statement is
well known. (]
Recall the following basic fact ([Kat79, §2.3]).

LEMMA 1.6. (Spec R)<,, is closed in Spec R, and (Spec R),, is open in
(Spec R)<,,. In particular, (Spec R), is closed.

Here is a direct corollary of this lemma. See Section A.1.4 for the definition
of closed embedding between two perfect spaces.

COROLLARY 1.7. The diagonal map A : Gr — Gr x Gr is a closed em-
bedding.

Proof. Let Spec R— GrxGr be a map, given by two pairs (&, 8) and (&', §').
We consider the quasi-isogeny (8)7*3: € --+ €. Then Spec R XGrxGr.a Gr is
represented by (Spec R)., - O

For every pu € Xo(Dy)T, let
Gre,(R) = {(€,8) € Gi(R) | (Spec R)<, — Spec R}.
If A < p, we have the closed embedding Gr<) C Gr<, by Lemma 1.6. Define
Gr, = Gre, — Uy, Grey,

which is an open subspace of Gre<,,.
We record the following fact for later use. For pu = (my,...,m,) €
Xe(Dy)™T, let

(1.2.3) Ay =W(k){p™er,...,p""en} C W(k)[1/p]"
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be the lattice generated by {p™'ei,...,p""e,}. Then A, defines a k-point
Gr, denoted by p¥. The following lemma is a reformulation of the Cartan
decomposition.
LEMMA 1.8.
(i) The group GL, (W (k)) acts transitively on the set Gr, (k). In fact, Gr,(k)
= GL, (W (k))pH.
(ii) Gr(k) = Upex,(p,)+ Gru(k).
The above discussions can be generalized to general split reductive groups
over O; see Section 1.4.3.

1.2.2.  We write Gry instead of Gr<nw, and Gry instead of Gry,,,. Note
that the group LGL, acts on Gr, and every Gr<) is contained in gGry as a
closed subspace for some g € GL,(F) and some N big enough. Therefore, it
enough to prove the representability of Gry. We make the moduli interpreta-
tion of Gry more explicit. Namely, for a perfect k-algebra R,

€ is a rank n projective W (R)-module,
Gry(R) ={ (&,8) | and B: & — & is an isogeny, which
induces A" B: A"E ~ pNW(R) C A"

Let M,, denote the scheme of n x n matrices. Define the following mor-

phisms of Z,-schemes:

7 M:= M, xG,, = A', 7w(At)=tdetA,
iN : SpecZ, — Al = Spec Zy[u], u V.
Define a scheme of finite type over Z, as
VN = Zp X’iN,Al,Tr M.

By definition, L} Vi (R) is the set of pairs (A, t) consisting of an n x n-matrix
A with entries in W (R) and t € W(R)* such that tdet A = p". Note that
L; GL,, acts on L; Vi by left and right multiplications. Passing to the perfec-
tion, both actions become free. By the same proof of Lemma 1.3, we obtain
the following statement.

LEMMA 1.9. There is a canonical isomorphism
LTVy/LTGL, = Gry.

This lemma expresses Gry as a quotient of an affine scheme by an affine
group scheme. But it is not very useful since both L*Vy and LTGL, are
infinite dimensional. We need to work at the finite level.
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Recall that we have the affine group scheme LraL = ker(LTGL,, —
L"GL,). Define
Gryp = LTV /LYGLI.
In terms of the moduli interpretation,
= _ (576) E@N(‘R)v
GrN,h(R) - {(57/8)6) .

€: &lw,r) = Elw,(r)

This is an L"GL,-torsor over Gry on which L"GL, acts by changing the
isomorphism €. Our main observation is that @N,h is already represented by
an affine scheme when h is large. To prove this, we need to introduce certain
affine schemes defined by matrix equations.

We assume that h > N. Via the Greenberg realization, the determinant
map det : M,, — A! induces a morphism

(deto, ..., dety_y) : LEM, = A™h — LhAT = A",
Define
(124) Vi, ={A€ LM, |detgA = =dety_1A=0,detyA € Gy},
VN = (Vﬂ/,h)pfw

Note that there is an L}’;GLTL X LZGLn—action on V](,’h by left and right multi-
plications. Passing to the perfection, we obtain an action of L*GL,, x L"GL,
on Vyp. Let J be the stabilizer group scheme over Vi ; with respect to the
right multiplication by L"GL,; i.e., J is defined by the Cartesian product

J —— Vnnx L'GL,

025 | |

VN,h ~é——> VN,h X VN,h-
Or explicitly,
J={(A,7) € Vs x L"GL,, | Ay = A}.

Likewise, let .J* denote the stabilizer group scheme over V;, with respect to
the right multiplication by LgGLn. Then J’ is an affine scheme of finite type
over k, which is a deperfection of J.

There is a natural map

Gryn = Vo,

given by (€, 8,€) — (5|Wh(R))€

The key lemma is the following.

LEMMA 1.10. Assume that h > N. There is an isomorphism
J ~ GN,h-

In particular, Gry j, is represented by a perfect affine scheme, perfectly of finite
type.
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Proof. Recall that J = (J')?"~. Therefore, the second statement follows
from the first, which we now prove.

Let R be a perfect k-algebra, and let A € Vi ,(R). Then Jg classifies
those v € L"GL,,(R) that make the following diagram commutative:

A
Eolw, —— &olw,

| |

A
50|Wh e gO’Wh-

On the other hand, (Gry )g classifies those (€, 3,€) such that the following
diagram is commutative:

e L, g

A4

A
50|Wh . €0|Wh7

1

-1
where the notation €' is understood as the composition & — E|w, (r) —

50|Wh( r)- Therefore, there is a natural action

@N,h XVN,h J — @N,hv ((57576)7’7) = (87676’7)

Note that the natural map LTVy — Vi, is surjective on R-points if h > N.
Indeed, if A € Vyu(R), then det A € pVW,(R)*. Regard A as a matrix in
M, (Wx(R)), and let A € M, (W (R)) denote a lifting. Then det A € pN W (R)*,
and there is a unique t € W(R)* such that tdet A = pV. Then (fl,t) €
LTVn(R) is a lifting of A.

As a consequence, the map @N,h — Vn admits a section. Indeed, if
(A,t) € LtVy is alifting of A, then (&, A,id) € Gry .

Let us fix such a section:

s:Vnp— Grnp, A (Ea,Ba,€4).
It induces a map
s:J— @N,ha 0 ins (SAHBA;EAPY)u

which is injective on R-points since the action of L"GL,, on @N,h is free. To
show that it is also surjective on R-points, let (£, 3,€) be a point of Gry j, such
that (8|, (r))e = A. Then there exists a unique isomorphism «a : £4 =~ & such
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that the following diagram is commutative:

0 Ex Pa & coker A —— 0
0 £ i & coker A —— 0.

Let v = EA(a\Wh(R))AE*l. Then (A,~) € J is the preimage of (£, 3, €) under
the above map s: J — @N,h. Therefore, the first claim of the lemma follows.
O

Remark 1.11. The above isomorphism depends on a choice of lifting of
the projection L™Vy — Vy . To fix the ambiguity, we will use the obvious
lifting given by

Wh(R) = W(R), ( Z p[ri] modph) — Z p'[ri].
0<i<h 0<i<h

As a corollary of the above lemma and Theorem A.29, we have

PROPOSITION 1.12. The functor Gry is represented by a separated per-
fect algebraic space, perfectly of finite type over k. In particular, Gr is repre-
sentable.

Proof. Let G = L"GL,,, which is the perfection of the smooth algebraic
group Gg = LZGL,L. To apply Theorem A.29, it remains to check that

G x @Nﬁ — @N,h X @N’h is a closed embedding. But this follows from
Corollary 1.7. O

1.3. Demazure resolution. The perfect algebraic space Gry is in general
“singular.” In this subsection, we construct a morphism éer — Gry, which
can be regarded as the “Demazure resolution” in the current setting. Using
it, we show that Gry is irreducible and perfectly proper. Therefore, Gr is
ind-perfectly proper.

1.3.1.  As before, let & = W(R)™ denote the rank n free W (R)-module.
Let pe = (p41, ..., ) be a sequence, where each p; € {wi,...,wn,wi,...,w'}.
We consider the following space Gr,, on Aﬂ"zf: for a perfect k-algebra R,
Gry, (R) classifies chains of quasi-isogenies

(1.3.1) v B en S e e

where all &;’s are rank n finite projective W (R)-modules and &; --» &1 is of
relative position p;.

ProprosITION 1.13. The space Gr,, is represented by a perfect k-scheme,
perfectly proper over k.
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Proof. We will prove the proposition by induction on N. First, we show
that Gr,, is represented by GrP ~ (i,n), the perfection of the usual Grassman-
nian variety that classifies i-dimensional quotients of k™. In fact, we will prove
a slightly more general statement.

We make use of the following notation. Let X be a perfect k-scheme, and
let £ be a rank n locally free crystal on X. Let R be a perfect k-algebra and
x € X(R) an R-point. We denote the value of £ at the universal PD thickening
W(R) — R by z*&, which is a finite projective W (R)-module of rank n, and we
denote the value at the trivial thickening R dp by x*€/p. By varying x, these
x*E/p glue together to form a vector bundle of rank n on X, denoted by &/p.

LEMMA 1.14. Let X be a perfect k-scheme and £ a locally free crystal
of rank n on X. LetY be the perfect space over X that assigns to every
x : Spec R — X the set of isogenies F, — x*E of finite projective W(R)-
modules such that x*E | Fy is a locally free W (R) /p-module of ranki. Then'Y is
represented by the perfect scheme GrP (i, € /p) introduced in Corollary A.23.

Proof. Themap Y — GrP " (4,&y/p) sends an R-point of Y represented by
Fr—2*E to an R-point of Gr?" (i, Ey/p) represented by 2*& /p— *E | F — 0.
Conversely, given an R-point of Gr? "~ (i, &y /p) represented by z*E/p— Q—0,
where Q is a finite projective R-module of rank i, we define F = ker(z*€ —
x*E/p — Q). We need to show that it is a finite projective W (R)-module of
rank n. Then F — z*€ is an isogeny and therefore defines a point of Y.

It is enough to show that F/p'F is a finite projective W (R)/p’-module of
rank n for every ¢. First by definition,

p(z*E) C F C x¥€,
and F/p(x*€) is a direct summand of z*&/p. Therefore, F/p(z*E) is a finite
projective R-module. Now, by tensoring the short exact sequence
0—>F—>2"8—>Q—0

with — ®y(g) R, we obtain an exact sequence

0 — Tor" B (Q W (R)/p) — F/p — 2*E/p — Q — 0.
In addition, there is a canonical isomorphism
(1.3.2) Q = Tor"" ™ (Q, W(R)/p).

Therefore, F/p, which is an extension of F/p(z*E) by Q, is a finite projective
R-module of rank n. From the exact sequence

0— p(x*E)/pF — F/p — F/p(x*E) — 0,

we conclude that p(z*€)/pF is a direct summand of F/p and therefore is a
finite projective R-module. Now by induction, we deduce that each p'F /p't!F
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is a finite projective R-module of rank n and that p'™!(z*€)/p1F is a direct
summand of p'F /p"*1 F. Finally, using the exact sequence

0= p'F/p ' F = F/p'F = FIp'F =0,

and by induction again, we conclude that each F/p'F is a finite projective
W (R)/p'-module. This finishes the proof of the lemma. O

Combining with Lemma 1.5, we see that Gr,, is represented by Gr?~ (i,7).
Now assume that Gr,,, is represented by a perfectly projective perfect k-scheme.
Let pun1 be an additional element in Xq(D,,)". Let U = Spec R be an affine
open of Gr,,. Then by definition, there is the tautological chain of isogenies
En = En—1 — -+ — & of finite projective W (R)-modules over U, and En/p
is a finite projective R-module of rank n. Clearly, by varying U, we obtain a
locally free crystal £y on Gr,,. By Lemmas 1.5 and 1.14 again,

Grpioc(ivgN/p)v UN+1 = Wi,
Grpioo (Zv (SN/p)*)v UN+1 = w;lk‘

By Corollary A.23, Gr,, is perfectly proper. ([

Gru.qu-Fl = {

Remark 1.15. One can show that

E}Vrl = ]mel’pioo, G\;g = ]P)pioo(Q]P)nfl & Opnq).
See Section B.3 for a sample calculation. On the other hand, one can define the

——b
equal characteristic Demazure variety Gry that assigns every (not necessarily
perfect) k-algebra R the set of chains

ENCEN_1C---C& = R[[t“n

of finite projective R[[t]]-modules of rank n such that each &;/&;4; is an invert-
ible R[[t]]/t-module. Then

—~ —~b | —co
Gry = (Gry)? ™, N=1,2.

We do not think this is true for general N.

Likewise, one can define the equal characteristic analogue @?\, of Gry as
the moduli space of pairs (€, 3), where £ is a finite projective R][[t]]-module
of rank n and 5 : € — & is a map of R|[[t]]-modules such that A" induces
A"E ~ tVR[[t]] € R[[t]]. From the example given in Section B.3, when n = 2
and N =2, Gry ~ (@;)pim. But we do not think this is true for general N.

Remark 1.16. There is a canonical deperfection of G}N, which can be
regarded as certain moduli space related to p-divisible groups; see Proposi-
tion B.8.



424 XINWEN ZHU

1.3.2. Let A\i= (my,...,my) and \o=(l1,...,1,). We define their sum as
A1+ Ay = (m1+l1,...,mn+ln).

If we identify Xq(D,,)" with the semi-group of dominant co-weights of GL,,
this coincides with the usual addition. Let pe = (u1,...,un) be a sequence
with u; € {wi,...,wp,wi,...,wy} as before, and let |ue| = 3 pi. There is a
natural map

(1.3.3) 7 Gr,, — Grg|u.|,
which sends (&, fe) € Gry, to (En, b1 BN).

LEMMA 1.17. The morphism 7 : Gr,, — Grg),,| s representable. It is
perfectly proper, and fibers are perfectly proper perfect schemes.

Proof. Let Spec R — Grc,,| be a morphism represented by (&,8: €&
--+ &p). Then the fiber product

(GI‘M.)R = SpecR XGrgm.‘ﬂT Gr,u-

classifies all possible chains of quasi-isogenies as in (1.3.1) such that Ex = &
and (1 --- By = B. We consider another moduli problem X over Spec R that
assigns to every homomorphism R — R’ of perfect k-algebras the set

X(R) ={Fn - Fn1 ¢ e Fo=E | Inv(F; - Fiq1) = i }-

By Lemma 1.14, X is represented by a perfect scheme over R, perfectly proper
over R. Over X we consider the quasi-isogeny Fy --+ Fyp = & --+ &. Then
(Grp, )R is represented by X,,,, which is closed in X by Lemma 1.6. This
finishes the proof of the lemma. O

Now we assume p; = wi for all i. We denote Gr,, by Gr ~, which classi-
fies those chains in (1.3.1) such that all 8;’s are isogenies and all &_1/&; are
invertible W (R)/p-modules. Then (1.4.2) specializes to a map 7 : Gry — Gry.

LEMMA 1.18. The restriction of the map m : G;N — Gry to 7 'Gry
— Gry is an isomorphism. The fiber of © over every point x € Gry — Gry is
nonempty, geometrically connected, and has positive dimension.

Proof. First, we show that 7 : 7~!(Gry) — Gry is an isomorphism by
exhibiting an inverse morphism. Indeed, given (£,5) € Gry(R), there is a
chain of finitely generated W (R)-modules

E=ENCENLC - CE=W(R)", &=CE+p&.

It is enough to show that each &; is a projective W (R)-module and &; /&4 is an
invertible W (R)/p-module. Indeed, at each point x € Spec R, the dimension
of the stalk of & /&1 is one. Then by the same argument as in the last part
of the proof of Lemma 1.5, & /&1 is invertible. In addition, by the same
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argument as in Lemma 1.14, and by induction on 4, each &; is a projective
W (R)-module.

Next, let K be a perfect field over k. Every isogeny £ — & = W(K)"
of finite projective W (K )-modules can be factored as a sequence of maps £ =
En = En—1 — -+ = & — & such that & /&1 is a one-dimensional vector
space over K. This proves that the fibers of m are nonempty.

Next, let z € Gry be a geometric point. We show that 7—1(x) is connected.
Let C1,...,C, denote its connected components. We factor @N —Gry as

(1.3.4) Gry B PP 7 (&/p) 33 Gry,

where £ — &y denotes the tautological isogeny over Gry_1 so PP~ (£/p) is
a P~ 1P~ "_bundle over Gry_1. Given (&, ) € @N, the first map forgets
EN_2,...,&1, and the second map further forgets Ex_1. By induction, the first
map has geometrically connected fibers. This implies that {m(C;)} are dis-
joint subsets of 7, ' (x). In addition, since by Lemma 1.17, 7~ !(x) is proper, so
each 71 (C;) is closed in 75 ' (z). Therefore, to show that 7—!(z) is connected,
it is enough to show that 75 ' (z) is connected. Let K be the residue field of x.
Let us regard K-points of Gr as lattices W (K)[1/p]" and switch the notation
to represent x by a lattice A. Then the fiber of my over this point is given by
PP~ ((p~'A N Ag)/A) (recall that Ag = W (K)"™ denotes the standard lattice),
which is the perfection of a projective space and therefore is connected.

Finally, we show that the fiber over every point in Gry — Gry has positive
dimension. First note that Gry — Gry is LT GLy-equivariant, where LtGL,
acts on both spaces via automorphisms of &. Let p* € Gr(k) be the point
defined by the lattice Ay as in (1.2.3). Then by Lemma 1.8, it is enough to
show that for A\ < Nwy, the fiber over p* € Gry(k) has positive dimension. If
A < Nwy, there exists some ¢ such that

dimk(A)\ ﬂpiAo/AA ﬁpi—HAo) > 1.

Therefore, the fiber 771(p}) contains at least a PP~ | corresponding to pos-
sible choices of a line in (Ay N p*Ag/Ax NpTAg). O

We have the following consequence.

COROLLARY 1.19. The separated pfp perfect algebraic space Gry is irre-
ducible and perfectly proper. In particular, Gr = Grgy, is ind-perfectly proper.

1.4. Affine Grassmannians and affine flag varieties.

1.4.1. Once the representability of Grgr,, is established, it is not hard
to show that the affine Grassmannian Grg = LG/LTG for a general smooth
affine group scheme G over O is representable.
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PRrROPOSITION 1.20. Let p : G — GL, be a linear representation such that
GL,/G is quasi-affine. Then Grg — Grgr,, s a locally closed embedding. In
addition, if GL,, /G is affine, this is a closed embedding.

Proof. The proof as in [BD, Th. 4.5.1] or [PRO8, Th. 1.4] extends verbatim
to the present situation. O

For a smooth affine group scheme G over a Dedekind domain, it is known
that there exists a linear representation p : G — GL, such that GL,/G is
quasi-affine (cf. [PR08, §1.b]). In addition, if G is reductive, one can choose p
such that GL,,/G is affine (cf. [Alpl4, Cor. 9.7.7]). Therefore, it follows from
the representability of Grgy,, and the above proposition that Theorem 1.4
holds for group schemes over Oy = W (k). To finish the proof for the general
case, it is enough to note that if O is a totally ramified extension of Qg and
G is an affine group scheme over O, then the affine Grassmannian Grg of G
is isomorphic to the affine Grassmannian Grges,, J0,G of the Weil restriction
Resp;0,G (which is a group scheme over Op).

1.4.2. Now we study affine Grassmannians for an important a class of
group schemes over O, namely, parahoric group schemes in the sense of Bruhat-
Tits. Following the standard terminology in the literature, we call the affine
Grassmannian of a parahoric group scheme a (partial) affine flag variety. As
the theory is completely parallel to the equal characteristic situation (after
passing to the perfection), we will be sketchy here and refer to [PRO8] for
details. We will assume that k is algebraically closed.

We temporarily use notation different from Section 0.5. Namely, we start
with a connected reductive group over F', denoted by G. Let B(G, F') denote
the Bruhat-Tits building of G. We fix an apartment A(G, F) C B(G, F') and
an alcove a C A(G, F'). They determine a maximal split torus A C G and an
Iwahori group scheme G, of G over O. Let T' = Zg(A) be the centralizer of
A in GG, which is a maximal torus of G. Its connected Néron model, denoted
by 7, is a closed subgroup scheme of G,. Let W denote the Iwahori-Weyl
group, which is the quotient of the normalizer N(F') of T'(F) by T (O), and let
W, C W denote the affine Weyl group. Let {si,1 € S} denote the set of simple
reflections, corresponding to the codimension one walls a; of the closure a of a
in A(G, F), and let “ <” denote the Bruhat order on W. We refer to [PROS]
(and, in particular, [HR]) for detailed discussions of the above notions.

For i € S, let G; denote the corresponding parahoric group scheme. There
is a natural map Goa — G;. Let [ = LYG, and P, = LTG;. Let us write
F¢ = LG/I and call it the affine flag variety of G. By Theorem 1.4, it is
representable. For w € W, let S, denote the closure of the I-orbit through
w, where w is a lifting of w to G(F). This is the “Schubert variety,” which in
the current setting is a separated pfp perfect algebraic space. As in the equal
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characteristic situation,

Sw= | | IoI/1

v<w

is a decomposition of S, into locally closed subsets and each [vI/I is isomor-
phic to the perfection of an affine space of dimension ¢(v). We show that S,,
is perfectly proper so that F¢ = @Sw is ind-perfectly proper. The idea is
similar to the proof of Corollary 1.19.

Note that I is a subgroup of P;. (However, L;; Go — L;‘ G; is not a closed
embedding.) It is easy to see that P;/I ~ PP~
W= (85,-+,5m ) J1,---+Jm €S (sometimes called a word), one can associate

Then to any sequence

the “Demazure” variety
(1.4.1) Dg = Pj, x! Py, xT ... x P, /I

Similar to Gr ~, this is an iterated P*?~ " -bundle. In particular, it is perfectly
proper. Now assume that @ is a reduced word, i.e., the length ¢(w) = m,
where w = s;, - -+ s5,,. Then as in [PROS8, §8], there is a surjective map

(1.4.2) T+ Dy — Sw,

with geometrically connected fibers. This shows that .S, is perfectly proper.
In addition, we have the following proposition as in the equal characteristic
situation.

PROPOSITION 1.21. There is a canonical isomorphism m(G)gai(p/p) =
mo(LG) =~ mo(Grg).

Proof. One can argue as in [PR08, §5]: By the standard argument (using
the z-extension), it reduces to consider the case when G = T is a torus or
when G = Gg. is semisimple and simply connected. Note that the functor
T — mo(LT) from the category of F-tori to the category of abelian groups
satisfies the condition of [Kot97, §2]. Therefore, it follows from loc. cit. that the
proposition holds for G = T'. Using the “Demazure resolution” and the Cartan
decomposition, one shows that LG is connected if G is simply-connected. [J

1.4.3. Now we switch back to the notation as in Section 0.5. So G denotes
an affine group scheme over O. In addition, we assume that G is split reductive.

We first discuss some generalizations of Section 1.2.1. Let & and & be
two G-torsors over O, and let 5 : & Dy &l D be an isomorphism between
them over F. One can generalize (1.2.1) to define the relative position Inv(f)
of B as an element in XJ. In addition, Lemma 1.6 also admits a natural
generalization.



428 XINWEN ZHU

LEMMA 1.22. Let & and & be two G-torsors over D r = Spec Wo(R),
and let 3 : 5’1\D?R ~ &y D% . be an isomorphism. Then the set

(Spec R)<;, = {z € Spec R | Inv, () < p}

1s a closed subset.

In equal characteristic, these facts are well known (e.g., see [Zhul6, § 2.1]),
and exactly the same arguments apply here.
Then we define Gr<,, C Gr as

Gre, = {(€.8) € Gr [ Inv(8) < i},

which is a closed subspace of Gr by Lemma 1.22. It contains

Gr, = {(£.8) € Cr | Inv(B) = )

as an open subspace. We call Gr<,, the (spherical) “Schubert variety” corre-
sponding to p and Gr,, the corresponding “Schubert cell.” The terminology is
justified by the following proposition.

PROPOSITION 1.23.

(1) Let p € X¢, and let w" € Gr be the corresponding point (see Section 0.5).
Then the map

(1.4.3) i, LTG/(LTGNwh'LTGw ") - LG/LTG, g+~ g

induces an isomorphism LT G/(LTG N w'LtGw ) ~ Gr,.

(2) Gr, is the perfection of a quasi-projective smooth variety of dimension
(2p, ).

(3) Gr<y, is the Zariski closure of Gry, in Gr and therefore is perfectly proper
of dimension (2p, ).

Proof. Note that for h > 0, the Greenberg realization LZG of G®O/wh
is a canonical model of L"G = LtG/LtG™, and there is a unique reduced
closed subgroup K C LG whose perfection is (LTG N o' LtGw )/ LTGM),
Then the quotient L;LG /K is represented by a smooth quasi-projective variety
Gr/, whose perfection is LTG /(LT GNw! LT Gw™#). In addition, similar to the
equal characteristic situation, it is not hard to show that dim Gr}, = (2p, ). By

Proposition A.32 and the Cartan decomposition, the inclusion Ger T Gr,
is a bijective locally closed embedding and therefore is an isomorphism. This
implies (1) and (2).

Finally (3) follows from Lemma 1.22 and (2) by the same argument as in
the equal characteristic situation; e.g., see [Zhul6, Prop. 2.1.4] for details. [

For a coweight p, let P, denote the parabolic subgroup of G' generated by
the root subgroups U, of G corresponding to those roots a satisfying (a, u) < 0.
Let G and ]—T’M be the special fibers of G and P. Let us denote the natural
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projection LTG — GP~ defined by reduction mod @ by ¢ — g. Then there
is a natural projection

7, LTG/(LTGNw' LT Gw ™) — (G/P,)P ™,
(gt* mod L*G) — (gmod ]35_00 )
The fibers are isomorphic to the perfection of affine spaces.
We have the following generalization of the isomorphism Gr,,, ~Gr?" " (i,n)

from Proposition 1.13. Recall that p is called minuscule if (u, a) < 1 for every
positive root.

(1.4.4)

COROLLARY 1.24. If p is minuscule, then Gr, = Gr<,,, and therefore m,
induces an isomorphism Gr, = (G/P,)P"".

In particular, for minuscule p, Gr<,, is isomorphic to the perfection of its
equal characteristic counterpart. But as mentioned in Remark 1.15, we do not
think this is true for general “Schubert varieties.”

There is a map Xo — Z/2, p — (—1)27#) which factors through X,(T') —
7m1(G) — Z/2 and therefore induces a map

(1.4.5) p: Grg — mo(Grg) — Z/2
by Proposition 1.21.

LEMMA 1.25. The Schubert cell Gr, is in the even (resp. odd) compo-
nents, i.e., p(Gr,) = 1 (resp. p(Gr,) = —1) if and only if dim Gr,, is even
(resp. odd).

To finish this section, we remark that although affine Grassmannians in
mixed and equal characteristic share many similar properties, there are some
essential difference. The first difference is that since there is no analogue of
the Birkhoff decomposition for p-adic groups, it is not clear whether one can
construct the “big open cell” in the mixed characteristic affine Grassmannian.
This is also related to the lack of a Beauville-Laszlo style description of the
mixed characteristic affine Grassmannian via a “global curve.” The second
difference is that there is no “rotation” torus acting on the mixed characteristic
affine Grassmannian. As a result, there is no natural section of the projection
7, defined in (1.4.4).

2. The geometric Satake

We establish the geometric Satake equivalence in this setting. We use
notation from Section 0.5. In addition, we assume that k is algebraically closed
and that G is a connected reductive group scheme over O in this section. As
explained in the introduction, one can define the category of L™ G-equivariant
perverse sheaves on Grg, denoted by Pr+4(Grg). As will be explained below,
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there is a convolution product that makes it a semisimple monoidal category.
In addition, the global cohomology functor is a natural monoidal functor. Then
we establish the commutativity constraints using some numerical results of the
affine Hecke algebra. In the course, we will also develop the Mirkovié-Vilonen’s
theory in this setting.

For simplicity, we will write Gr for Grg if the group G is clear. Proofs are
sketchy or omitted if they are similar to their equal characteristic counterparts.

2.1. The Satake category Satg. In this subsection, we define the Satake
category Satg as a monoidal category.

2.1.1. Recall that Gr can be written as an inductive limit of L™ G-invariant
closed subsets Gr<,, which are perfectly proper, and that the action of LG
on Gre, factors through some LG that is perfectly of finite type. Therefore,
it makes sense to talk about the category of L*TG-equivariant perverse sheaves
on Gr<,, (see Section A.3.5), denoted by Py +5(Gr<,). Then we denote by

Prig(Grg) =lim Pr+q(Grey)

the category of LT G-equivariant perverse sheaves on Grg. We denote by IC,,
the intersection cohomology sheaf on Gre,. Then IC,|ar, = Q/[(2p, 1)}, and
its restriction to each stratum Gr) is constant. As

Gr, = LTG/(LTGNw!'LTGw )

and LTG N wlLTGw™# is connected, the irreducible objects of Py+q(Grg)
are exactly these I1C,’s.

LEMMA 2.1. The category Pr+q(Grg) is semisimple.

Proof. The proof is literally the same as the equal characteristic situation
(see [Lus83] and [Gai0l, Prop. 1] for details): The existence of the “Demazure
resolution” (see (1.4.2)) whose fibers have pavings by (perfect) affine spaces
implies the parity property of the stalk cohomology of IC,’s. Together with
Lemma 1.25, one concludes that there is no extension between two irreducible
objects. O

2.1.2.  We refer to Section A.1.3 for the definition of the twisted product,
which will also be called the convolution product in the current setting. Note
that there are the LT G-torsor LG — Gr and the LT G-space Gr. Then one
can form the convolution affine Grassmannian

GrxCr:= LG xY"¢ Gr.
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As in the equal characteristic situation (e.g., [MV07]), one can interpret Grx Gr
as

~ &1, & are G-torsors on Dp g,
GrxGr(R)=1 (€1, &2, B1, B2)

Br:&lpy , ~&lpy, P2 : &alpy, ,~&i|Dy
Note that the convolution map
m: GrxGr — Gr, (&1, &, b1, B2) = (&2, 5152)
and the natural projection
pry : GrxGr — Gr, (&1, &, B1, B2) — (&1, 51)

induce (pry,m) : GrxGr ~ Gr x Gr. In particular, the convolution Grassman-
nian is representable as an ind-perfect algebraic space, ind-perfectly proper.
Given pi,pue € X of G, one can form the convolution product of Gr<,, and
GrSuw

Gr<, xGr<y, = {(&1,&2, 81, B2) € GrxGr | Inv(B1) < pr, Inv(B2) < pa.},

which is closed in GrxGr and therefore is representable. Similarly, one can
form the n-fold convolution Grassmannian Grx - -- xGr, classifying {(&;, 5;),
i =1,...,n} where & is a G-torsor on Dpr and f; : gi|D?,R ~ Z'*l‘va,R is
an isomorphism. By sending {(&;,5;), i = 1,...,n} to f1---5; : gi|D*F,R ~
50|D?,R’ we obtain a map m; : Grx --- xGr — Gr. They together induce an
isomorphism

(2.1.1) (mi,...,my): Grx - xGr ~ Gr".

We call m,, = m : Grx --- xGr — Gr the convolution map. Given a sequence
of dominant co-weights e = (i1, ..., u,) of G, one can define the closed sub-
space Gr<,, = Gr<,, X - -+ XGr<,,, that classifies those {(&;,3;), i = 1,...,n}
satisfying Inv(f;) < p;. Let |pe| = Y pi; then the convolution map m induces

(2.1.2) m: GI‘SM. — GI‘SW.‘, (5.,5.) — (gn,ﬁl"'ﬁn)-

There are variants of the above construction. Namely, one can replace Gr<,,
by Gr,, and define Gr,,, = Gry, X --- xGry,,. In particular,

(2.1.3) Grey, = |J Gry
He<fte

form a stratification of Gre,,, where u, < uo means u; < p; for each i.

Now, as in the equal characteristic situation, one can define a monoidal
structure on P+ (Gr), using Lusztig’s convolution of sheaves; e.g., see [MV07,
§4] for more details. For A;, Ay € Pr+q(Gr), we denote by A1X Ay the “ex-
ternal twisted product” of A; and A on GrxGr; i.e., the pullback of A;X.A,
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along LG x Gr — GrxQr is equal to the pullback the external product A; XA,
along LG x Gr — Gr x Gr. Define

./41 * .A2 = m[(AlgAQ)

to be their convolution product, which is an L*G-equivariant f-adic com-
plex on Gr. Similarly, one can define the n-fold convolution Ay x ---x A, =
my(A1X - KA,).

PROPOSITION 2.2. The convolution A1 x Ag is perverse.

This can be proved using the numerical results of the affine Hecke algebra
[Lus83]; see [Gin90] for details. We will outline a direct proof in the next
subsection (see Section 2.2.3) following [NPO01, §9], after we introduce the semi-
infinite orbits.

There is an equivalent formulation of this proposition.

ProPoOSITION 2.3. The convolution product m : Gr<,, — Gr is semis-
mall. That is, the dimension of Gr%‘#. :=m~Y(Grey) is at most (p, |1e] + A).

Proof. The direction from Proposition 2.3 to Proposition 2.2 is [MV07,
Lemma 4.3]. The inverse direction is mentioned in [MV07, Rem. 4.5]. As we
will make use of this statement in Proposition 3.3, we include a sketch of the
proof.

Let d = dim Gr,, N'm~*(w?). By Lemma 2.1 and Proposition 2.2, we can
write

IC,, :=1Cy, - xIC,, = P V) @1Cy,
A

where V“A. = Hom(IC),IC,,). The spectral sequence induced by the stratifi-
cation (2.1.3) implies that the degree 2d — (2p, |1e|) stalk cohomology of the
left-hand side at w? is given by

H2(Gryy nm ™ (@), Q).

The perversity of the right-hand side then implies that 2d — (2p,|pe|) <
—(2p, A). This implies that d < (p,|ue] — A). By induction on A, we con-
clude that

dimGr%u. < d+dimGry = (p, |ue| + A). O
Remark 2.4. This argument also gives a canonical isomorphism
Vie = HEP) Gy om™H (@), Q).

Together with Section A.3.3, we see that there is a canonical basis of VM)‘. given
by the set IB%;\L. of irreducible components of Gr,, N m~!(=) of dimension

(s el = A).
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By identifying (Al * AQ) * Az and A; (AQ * Ag) with A; % Ag x Az, one
equips Pr+o(Gr) with a natural monoidal structure. The monoidal category
(Pr+c(Gr), ) is sometimes also denoted by Satg for simplicity.

2.2. Semi-infinite orbits. In this subsection, we discuss the geometry of
semi-infinite orbits and establish the corresponding Mirkovié¢-Vilonen theory
in our setting. We will use the notation from Section 0.5.

2.2.1. The affine Grassmannian Gry of U is clearly represented by an
inductive limit of perfect affine spaces. Since U\G is quasi-affine, Propo-
sition 1.20 implies that Gry C Grg is a locally closed embedding. Write
Sy = Gry C Grg. For X € X,, let S\ = LUw" be the orbit through w’.
Then Sy equals w*Gry and therefore is locally closed in Grg. By the Iwasawa
decomposition,

GI‘G = U S,\.
AeXe
As in the equal characteristic situation, one can also regard semi-infinite orbits
as the attractor locus of certain torus-action on Grg. Namely, let 2pY denote
the sum of positive coroots of G (with respect to B), regarded as a cocharacter
of G. Note that the projection L; G,, — G,;, admits a unique section G,, —
L} Gy, (as the maximal torus of L} G,,). Then we have a cocharacter
v)

e +
Gr ™ 5 LG, © ¥ Lt c L.

The action of L*G on Gr induces a G, ~ -action on Grg. The set of fixed
points are {@? | A € X,} and the action contracts Sy to . On the other
hand, let B~ C G be the Borel opposite to B with U~ its unipotent radical,
and let {Sy = LU ~w?, A € X,} be the opposite semi-infinite orbits. These
orbits can be regarded as the repeller locus of the above GP, ~-action on Grg.

As in the equal characteristic situation, we have the following closure
relation for semi-infinite orbits.

PROPOSITION 2.5. The closure S\ = Ux<aSx. More precisely, Sy N Gre,,

= U)\/S)\S)\/ N GI‘S#. Similarly, S; = U,\/ZAS_/.

Proof. Tt is enough to prove the statement for Sy. The argument of [MV07,
Prop. 3.1] does not apply directly because in mix characteristic one cannot
attach to an affine root a map SLy — LG and (currently) there is no Kac-
Moody theory available. However, the alternative argument given in [Zhul6,
Prop. 5.3.6] applies to the current situation. O

Note that the restriction of the LTG-torsor LG — Grg over Sy has a
canonical reduction as an LT U-torsor given by

LU = Sy, n+— w'nmod LTG.
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Then it makes sense to talk about the twisted product of these semi-infinite
orbits. Let v be a sequence of (not necessarily dominant) co-weights of G.
One can define

Sy = Sy XSpy X -+ XS, C GrxGrx -+ XGr.
The formula
(2.2.1) (@"z1,...,@"x,) = (@2, @ T2 (w 2e1w?) 1, . . )
defines an isomorphism
(2.2.2) m Sy, 2 Sy X Spytug X 0 X Sy

as locally closed subsets of GrxGrx - - - x Gr ~ Gr"; see (2.1.1) for this isomor-
phism.

Note that each S,, N Gr<,, is LTU-invariant. So it also makes sense to
define the twisted product of these LTU-spaces S,, NGr<,,. In addition, there
is the canonical isomorphism

(223) (Slq N Grgm)i ce >~<(Syn N Grgun> ~ SV. N GI“S“..

Remark 2.6. (i) Note that S, N Gr<, is closed in S, and therefore is a
scheme. (ii) Unlike [NPO1, Lemma 9.1], it is not clear whether the twisted
product on the left-hand side of (2.2.3) splits as a product.

The Mirkovi¢-Vilonen theory exists in our situation. The key statement
is the following.

PROPOSITION 2.7. For any A € Py+q(Grg), HL(Sy, A) = 0 unless i =
(20, ).

The proof of this proposition will be sketched in Section 2.2.3. Note that
the proof in [MVO07, Th. 3.5] does not work in mixed characteristic. Following
[MVO07], we define the weight functor

(2.2.4) CTy : Satg — Vectg,, CTx(A) = HXPY(S), A).

COROLLARY 2.8. The perfect scheme Sy N Gre, is equidimensional, of
dimension (p, A + ). The number of its irreducible components equals the
dimension of the A\-weight space V,,(\) of the irreducible representation V, of
G of highest weight p.

Proof. First, we show that Sy N Gr<, is of dimension (p, A + 1), and the
number of irreducible components of maximal dimension equals the dimension
of V,,(X). The proof is a special case of [GHKRO06, Prop. 5.4.2]: first note that
the group G is in fact already defined over the ring of integers of a p-adic field
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so Gr is in fact defined over some finite field. Then it is enough to show that

. |(SxN Grey)(Fy)|
(225) qh%rgo q(Pa)\‘f'M)

= dim V,,(X).

To prove this, one can replace Gr<, in the above formula by the open cell Gr,,.
Now we regard U (F’) as a locally compact topological group, and we normalize
the measure on U(F') so that the volume of U(O) is one. Then one can express

(2.2.6) (S5 NG o) = | ) LGiO)ra(0) (@ )

Recall that the Satake isomorphism
Sat : C°(G(O)\G(F)/G(0)) = CX(T(F)/T(0)" = C[Xa(T)]"
is given by
Sat(£)(@) =q ¢V [ f(@u)du.
U(F)

Let H,, denote the function on C°(G(O)\G(F)/G(O)) such that

(2.2.7) Sat(H,)(w) = dim V,,(\).

The theory of Lusztig-Kato polynomials implies that

(2.2.8) ¢ "G oymrao) = Hu+ Y Pulq ) Hy,
v<p

where P, (v) is some polynomial of v without the constant coefficient. Com-
bining (2.2.6), (2.2.7) and (2.2.8),

|(Sx N Gr) ()|

=dimV,(\) + Z e (g ) dim V,, (M),

v<p

As ¢ — o0, the error term goes to zero and the dominant term becomes
dim V,(X).

Next, one can follow [GHKRO06, Lemma 2.17.4] to deduce the equidimen-
sionality of SyNGr<,, from the the upper bounds of the dimension of 5)NGr<,
and Proposition 2.7. (|

We have another two corollaries of Proposition 2.7. Let B, () denote the
set of irreducible components of Sy N Gr<,,. More generally, let B, (\) denote
the set of irreducible components of m™~1(Sy) N Gr<,, .

COROLLARY 2.9. There is a canonical isomorphism CTIC,,) ~Q,[B,(\)].

More precisely, the cycle classes of irreducible components of Sy N Gr<,, form
a basis of H.(Sy,IC,,).

Proof. One can use the same argument as in [MV07, Prop. 3.10]. Namely,
the stratification of Sy by {Sx\ N Gr, p € Xo(T) "} induces a spectral sequence
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with the Ei-term HJ(S) N Gry,, A) and the abutment H}(S),A). Combin-
ing Proposition 2.7 and Corollary 2.8, one obtains that Hz(p’)‘)(SA,ICM) ~
HY(S\ N Gr,,, Qy). The claim follows. 0

We define the total weight functor (which is the categorical analogue of
the Satake transform) as

(2.2.9) CT := @ CTx : PLig(Grg) — Vectg, .

COROLLARY 2.10. There is a canonical isomorphism
H*(Grg,—) ~CT : Pr+¢(Grg) — Vecty, -
The functor H*(Grg, —) is faithful.

Proof. The argument is the same as in [MV07, Th. 3.6]. Namely, according
to Proposition 2.5, there are two stratifications of Gr, one by semi-infinite orbits
{Sx, A € X,}, and the other by opposite semi-infinite orbits {S’;, A€ X.}. The
first stratification induces a spectral sequence with the Fj-term H (S, —) and
the abutment H*(—). It degenerates at the E;j-term for degree reasons by virtue
of Proposition 2.7. So there is a natural filtration on H* with the associated
graded being @) HZ(Sy, —). Explicitly, this is a filtration indexed by (X,, <)
defined as

Fil>, H*(A) = ker(H*(A) — H*(S<x, A)),
where S—y = Sy — S).

For A € Satg and Z C Gr a closed subset, let H;(.A) denote the coho-
mology of the !-restriction of A to Z. Applying Braden’s theorem for algebraic
spaces (see [DG14]) to some model, there is a canonical isomorphism

(2.2.10) HX(Sy, A) ~ Hg, (A).
A
Then the second stratification of Gr also induces a filtration of H* as

Fil'_, H*(A) = Im(H_ (A) = H*(A)),

where S_y = S5 — S5 . These two filtrations are complimentary to each other
by (2.2.10) and together define the decomposition H* = @, H} (S, —).

Since P+ (Grg) is semisimple and H*(Grg, IC,,) is nonzero for every p,
H* is faithful. O

2.2.2. We discuss the geometry of Gr<, when p is a (quasi-)minuscule
cocharacter, similar to [NP01, §56-8], but with a few justifications. Denote by
G = G ®o k the special fiber of G, which is a reductive group over k, with
UcBcCQaG.

Recall that a dominant coweight p of G is called (quasi-)minuscule if all
(nonzero weights) of the irreducible representation V), of G are in a single orbit
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under the Weyl group. Recall that if G is a simple group not of type A, then
the unique quasi-minuscule (but nonminuscule) coweight is the unique short
dominant coroot.

LEMMA 2.11. Proposition 2.7 holds for A = 1C, when p is (quasi-)minu-
scule.

If 1 is a minuscule coweight of G, then Gr<, = Gr, = (G/P,)?
Corollary 1.24. In this case,

sinar =30 Ag W,
A : (UwP,/P,)P"", A=wp

is irreducible, isomorphic to the perfection of an affine space. Then Lemma 2.11
is clear.

Next we assume that p is quasi-minuscule but nonminuscule. In this case
i = 0 is a coroot and we denote the corresponding root by V. In this case
Gr<,, = Gr, U Grg. Several discussions in [NPO1] need justification. We first
construct a “resolution” of Gr<,. The one given in loc. cit. does not work in
mixed characteristic. Our construction is different and arises as a discussion
with X. He.

Recall that we fix a maximal torus T' C G over O. For a root «, let U,
denote the corresponding root subgroup of G over O. We identify U, (F) = F'
such that U, (O) = O. For a real number r € [0, 1], we consider the parahoric
subgroup of G(F) generated by T(O) and the subgroups w! "0 ¢ F =
Uq(F') for all roots o . It determines the parahoric group scheme G, over O.
Let Q, = LG, denote the corresponding p-adic jet group. Note that
(1) Qo=L"TG and Q1 = w'LTGw™#;

(2) Q 1 is a maximal parahoric;
(

3) Q1 =GQoNQ1 and Qs = Q1 N Q.
LEMMA 2.12.
(i) The quotient Q1/Qs is isomorphic to PP~
2 4
(ii) The map
~ Q
m:Grey = Qo x 1 Q1/Qs — Greu,  (9,9) = gg'w"
restricts to an isomorphism
T QO XQ%
and to a contraction
B g Qy
mo 1 (G/P)P " ~ Qo x 1 Q15119Q2/Q3 — Gro = {1},

where s14¢ 1S the affine reflection corresponding to 1+ 6.

(Qng)/Qg ~ Gry
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Proof. For (i), it is enough to observe that the only affine root appearing
in Q1 but not in Q1 is —0 — 1. For (ii), note that Qo N Qs = Qo N Q1.
2 4 4
Therefore, the statement for 7 holds. The statement for 7 is clear. ([

Let us write

¢:Grey — Qo/Q1 = (G/B)P ™,
61 G, Qo x (Q1Q)/Qs — Qo/Q1,

where P, as before is the parabolic of G whose roots are those a with {c, 1) < 0.
Note that qﬁ is nothing but the projection 7, from (1.4.4). Let Ay denote the
subset of simple coroots that are conjugate to 6 under the action of the Weyl
group. If G is a simple group, then Ay is the set of short simple coroots.
Now we study Sy N Gre,. If A = wp for some w € W, then Sy N Gr<, =
LTUw?, from which one deduces: if A\ = wy is a positive coroot, then

SxNGrey = Sy NGr, = ¢~ ({UwP, /PP
if A = wyp is a negative coroot, then still Sy N Gr<, = S\ N Gr, and
¢ : Sy NGCrey ~ (TwP,/P,)P .

Finally,

SoNGre, =7 <d>1( U UwPM/PM)pOO> \ U (Swu N Gr<y).

wp<0 wp<0

There is a canonical bijection between Ay and the set of irreducible components
of Sp N Gre,, given as follows: o € Ay corresponds to the unique irreducible
component of Sp N Gr<,, given by

(22.11)  (SoN Grey)® == Gro| Jm(¢™ (UwPu/Pu)? ™)\ (Swu N Grep),

where wu = —a.

Now we prove Lemma 2.11 for ;4 = 6. This is clear for A = wpu. It remains
to consider the case Sy N Gr<,. Let d = (2p, ). We will ignore the Tate twist
in the sequel. By the decomposition theorem (applying to certain model of
T E}vrgﬂ — Gr<,,), we have

W*@g[d] == ICH D C,
where C is a certain complex of vector spaces supported at Grg. One has

H(G/P,), i>0,

(2.2.12) H'(C) = {Hi+d—2(G/pM), i <0.
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Indeed, the first equality follows from the fact that the stalk cohomology of
IC,, is concentrated in negative degrees, and the second equality follows from
the first by duality.

On the other hand, we have

RT (77 (S0 N Gre,), Qyld]) = RT.(Sp,1C,,) @ C.

Note that

71(So N Grey) = gb_l( U UwP#/Pu)p \7r_1( U (Swu N Grgu))
wp<0 wp<0
and that the map
o:67'( U UwPyB)" = (U UwBu/B)

wp<0 wp<0

')

P

is a PP~ -fibration. In addition, 7™ ((Juu<o(Swu N Gr<y)) can be regarded
as a section of this map. Therefore,

(2213)  RLe(n~'(So N Grey), Qeld]) = RUe( |J UwPu/ P, Qeld - 2)).
wp<0

To prove Lemma 2.11 for Sy N Gre,,, it remains to compare (2.2.12) and
(2.2.13). However, note that the right-hand sides of both equalities only involve
the group G, defined over k. Therefore, one can directly apply the computation
in [NP01, §8] to conclude that H'(C) = H.(71(Sp N Gr<y,)) for i # 0 and if
1 =0,

— |A
HO(S0,1C,,) ~ Q.

This finishes the proof of Lemma 2.11.

Remark 2.13. In fact, we also showed that Corollary 2.9 holds in these
cases.

2.2.3. Now combining the proof of Lemma 2.11 with (2.2.3), we have the
following corollaries, whose proofs are as in [NP01, 9.2-9.4]. Let M be the set
of minimal elements in XJ \ {0}. This is exactly the set of nonzero quasi-
minuscule co-weights.

COROLLARY 2.14. Let pe = (f1,.--,pm) C M. Then for any \e =
(A1, -5 Am), Sa, N Grey,, is equidimensional, and

dim(Sy, N Grey,) = (o, Al + [1a]).

COROLLARY 2.15. Let pe = (f1,.--,4m) C M. Then the map m :
Gr<,, — Grey,| is semi-small, and therefore 1C,, x ---x1C,,, s perverse.
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This corollary allows us to define a full additive subcategory of Satg,
spanned by objects isomorphic to IC,, x---x1C,,, for e C M. Let us denote
this subcategory by Satl. Note that Sat, is in fact a monoidal subcategory of
Satg under the convolution.

LEMMA 2.16. As a monoidal abelian category, Satg is the idempotent

completion of Sat%. Concretely, every 1C,, appears as a direct summand of
IC,, % ---*x1C,,, for pe € M.

This is a geometric version of the so-called PRV conjecture. The argument
as in [NPO1, Prop. 9.6] applies here. Note that this lemma and Corollary 2.15
together imply Proposition 2.2.

In addition, we have the following corollary. The argument is similar to
the proof of [NPO1, Th. 3.1] given at the beginning of Section 11 of ibid. But
due to Remark 2.6, one justification is needed.

COROLLARY 2.17. Let e C M. For any X\, RT'«(Sy,IC,, x---x1C,,,) is
concentrated in degree (2p, ).

Proof. Note that 7=1S, = Llve,jve|=A Sve- It is enough to show that
RT.(S,,,1C,, *---x1C,,,) is concentrated in degree (2p, A).

For an integer n, let Sl(,n) denote the pushout of the L*U-torsor LU — S,
along LTU — L"U, and let (S, N Gre,)™ denote the restriction of S5 o
S, N Gr<, C€ Sy This is an L"U-torsor over S, N Gre,. Note that the action
of LTU on every S,, N Gr,,, factors through some L":U. Now we can choose
{ri, i = 1,...,m} such that 7, = 0 and that the action of LU on (S,, N
Grgui)(”) factors through L"-1U. Let pr*IC,, denote the pullback the sheaf
along the projection (S, NGr<, )" — (S, NGr<y,). Then [[(S,, NGre,, )"
is an J] L™ U-torsor. Since L™U is isomorphic to the perfection of an affine
space of dimension r; dim U, we have
RT.((Sy, N Grey, )% -+ X(Sy,, N Grey,,),1C,, K- - KIC,,)

= RT.((Sy, N Greyy)™, pr*lC,,)
® -+ @ RL((Sy,, N Grgum)(rm), prrIC,,,) {2 dim U Zrl] .
The corollary now follows from (2.2.3) and Lemma 2.11. O

Note that this corollary and Lemma 2.16 together imply Proposition 2.7.
2.3. The monoidal structure on H*.
2.3.1. We endow the hypercohomology functor

H*(—) := H*(Gr, —) : Satg — Vectg,

with a monoidal structure. In equal characteristic, this is achieved by identi-
fying the convolution product with the fusion product defined using a global
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curve (cf. [MV07] and [BD, §5.3]). If in addition, & = C, one can endow H*
with another monoidal structure by identifying GrbG with the based loop space
of a maximal compact subgroup of G and identifying the convolution map of
the affine Grassmannian with the multiplication of the loop group (cf. [Gin90]).
Neither method applies directly in our setting so we need a third construction.
It is not hard to check that in equal characteristic, all three monoidal structures
coincide.

Recall that for A € Satg, it makes sense to consider its L G-equivariant
cohomology H7(A), which is an Rg ;-module (see Section A.3.5). But as
is well known, there is another Rg ,-module structure on Hj,,(A) so it is
an Rg -bimodule. In fact, let LTG™ ¢ LtG denote the m-th congruence
subgroup, and let

Gr'™ = LG/Lta™
denote the universal L™G-torsor on Gr. Then Gr(™ admits an action of
LtG x L™G and the projection mp, : Gr™ — Gr is LT G-equivariant. Then
by (A.3.5),
H7+q(A) 2 HE s gy pma (T A),
giving an Rg ,-bimodule structure on H7 ; (A). This structure is independent

of m, as soon as m > 0. Recall that the category of Rg ,-bimodules has a
natural monoidal structure.

LEMMA 2.18. There is a natural monoidal structure on Hy , o(—) : Satg —
(Rg®Rg)-mod. That is, for every A1, As, ..., An, there is a canonical
isomorphism of Rg ,-bimodules

Hyq(Ar % Ap) = Hy o (A1) ®Rg, " ®Rg, H 1 ¢ (An)
satisfying the natural compatibility conditions.

Proof. This is standard (in light of Soergel’s bimodules), and we sketch a
proof. In fact, the idea already appears in the proof of Corollary 2.17.

For a closed subset Z C Gr, let Z(™ denote its preimage in Gr(™.
We choose a sequence of positive integers (myq, ..., my), such that LTG acts
on Supp(A;)™) via LTG — L™-1'G. Then there is an LTG x [[; L™ G-
equivariant projection

[T Supp(A;)™) — Supp(A1)x - - % Supp(Ay),

where LTG acts by left multiplication, and L™ G acts on Supp(A;)(™) x
Supp(.AHl)(mi“) diagonally from the middle. It induces a canonical isomor-
phism
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On the other hand, the L*G x []; L™ G-equivariant projection
[T Supp(A4:) ™ — [ Supp(Ay),
i i

where LG acts on Supp(A;) and L™ G acts on Supp(A;+1) by left multipli-
cation, induces a map

(232) *L+G(A1) ®RG,Z T ®RG’,£ HE+G(An) — H2+GXHLmZG(®ZW;kn’LAZ)
The composition of (2.3.1) and (2.3.2) gives a map
1+6(A1D) ®Rg,  ®rg, Hivg(An) = Hpig(Ar % x Ay),

which is an isomorphism by an easy spectral sequence argument. Its inverse
then gives the desired isomorphism, which is clearly compatible with the asso-
ciativity constraints. ([l

2.3.2. To continue, we make the following observation. Recall that we
fix T € B C G, and denote by T C B C G their fibers over O/w. Let W=
Ng(T)(F)/T(O) denote the Iwahori-Weyl group of G(F'), where N¢(T) is the
normalizer of T in G. Let W = W /X denote the finite Weyl group, i.e., the
Weyl group of G. For (the p-adic jet group of) a parahoric P that contains T,
let Lp denote the reductive quotient of P. (We ignore the perfection.) Then
T C Lp. Let Wp C W denote the Weyl group of Lp, and let Wp denote its
image in W. Then

(2.3.3) Rp,o=Rpf.

In particular, we see that for every P, Rg, = RTVKZ CRr,¢C Rpy.
LEMMA 2.19. The two Rg y-structures on Hi 4 4(A) coincide.

Proof. According to Lemmas 2.16 and 2.18, it is enough to prove this for
A = 1C,, when p is quasi-minuscule. We first consider the case when p is quasi-
minuscule but nonminuscule. Recall the definition of Gr<, from Lemma 2.12,

~ Q Q
Gr<, = Qo X iQ% X1 Q1/Qr.
Then by the same argument as in Lemma 2.18,
* - — - —
HL+G’(GYSH) - RLQ1/4’€ ®RZ‘Q1/2*Z RLQ3/4,Z'

The first R ~structure comes from the inclusion Rg, = Rp ot © Ry G

and the second comes from the map Rg, = REQI,Z - RE% z But as Rg , is

a subring of Rp g these two Rg , structures coincide. It follows that the
1 21 K

two Reg g-structures on IHy+q(Grey) = H 4 o (IC,[—(2p, pn)]) also coincide, as

it is direct summand of Hj , »(Gr<,).
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Next we consider the case when p is minuscule. Note that the definition
of @, before Lemma 2.12 in fact makes sense for every . In particular, Qo =
LTG, Q1 = w*LT™Gw* and Q1 = Q1 N Qp. Then one can argue similarly to

2
conclude that
Hj(Gra) = Rp,, o
with the two Rg , structures given by Rgs, = REQO ¢ C R, o and Rg ) =
b Y Y 1 27 b
REQM - REQl/TE’ which clearly coincide. (]

Note that there is a canonical isomorphism H*(A) = Q, ®g 5.0 H} 1o (A),
where R, — Qy is via the augmentation map, again by an easy spectral
sequence argument. Then combining the above two lemmas, we obtain the
following statement.

PROPOSITION 2.20. The L*G-equivariant hypercohomology functor
1+a(—) =Hl+4(Grg, —) : Satg — Projg,,,
has a canonical monoidal structure, where ProjRG , denotes the tensor category

of finite projective R ,-modules. After base chdnge along the augmentation
map Re o — Qy, the usual hypercohomology functor

* — * —_—\ - __
H*(=) := H*(Grg, —) : Satg — Vectg,
is a natural monoidal functor.
2.4. The commutativity constraints.

2.4.1. In this subsection, we endow Satg with the commutativity con-
straints. The main statement is

PropoOSITION 2.21. For every A1, As € Satq, there exists a unique iso-
morphism ca, A, @ A1 x Ay >~ Ay x Ay such that the following diagram is
commutative:

H*(CAl,.Ag)
e

H* (.,41 * .,42) H* (Ag * ./41)

”J lN

HY (A1) @ H (A2)  ——  H*(Az) ® H*(Ay),

Cvect
where the vertical isomorphisms come from Proposition 2.20, and the isomor-
phism cCyect N the bottom row is the usual flip isomorphism between vector
spaces.

As H* : Satg — Vect@l is faithful, the uniqueness of c4,, 4, is clear. The
content is its existence. This proposition will be proved in the rest of the
subsection. We first give its consequence.
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COROLLARY 2.22. The monoidal category Satg, equipped with the above
constraints c 4, A,, form a symmetric monoidal category. The hypercohomology
functor H* is a tensor functor.

Proof. The proof of the first statement follows the idea of Ginzburg (cf.
[Gin90]). Namely, we need to check c4, 4,c4, 4, = id and the hexagon axiom.
Using the faithfulness of H*, it is enough to prove these statements after taking

the cohomology. Using Proposition 2.21, and the fact c2.., = id, we conclude
that H*(c4,,4,¢4,,4,) = id, and therefore c, 4,c4,.4, = id. The hexagon
axiom can be proved similarly. The second statement is clear. ([

2.4.2. In order to construct c4, 4,, we need some preparations. Define
Gry = LTG\LG,

on which LTG acts by right multiplication. As before, sometimes we denote
Gry by Gr°P for simplicity. Let P+ (Grey) denote the corresponding category
of equivariant perverse sheaves. Note that Py+g(Gry) also has a monoidal
structure: There is the convolution Grassmannian

GrPxGr := L*G\LG x""¢ LG

equipped with (m,pry) : GrPxGr°® — Gr°® x Gr°®. Then for Ay, Ay €
Pr+q(Grd), one forms the twisted product .A;X.As whose pullback along
Gr°? x LG — Gr°PxGr°P is the pullback of A; X Ay along Gr°P x LG —
Gr° x GrP, and forms the convolution product A; « Ay = m!(AlgAQ). For
simplicity, we sometimes denote (Pr+q(Grey), ) by Sat.

We have the following statements, Lemmas 2.23 and 2.24.

LEMMA 2.23. There is an equivalence of the monoidal categories
Id" : Saty ~ Satg,

sending the intersection cohomology sheaf IC;P of Gr%pﬂ to 1C,,, where Gr%pﬂ ]
the closure of Gr)P = LTG\L*Gw"L*G.

Let (LG)<, denote the preimage of Gr<,, under the projection LG — Gr.
Let m be an integer large enough such that the m-th congruence subgroup
LTG™ is contained in LTG N whLTGw . Then we obtain the following
diagram of surjective maps:

(24.1)  Gre, T ¥ = (LG)<, /LTG0 28 LTG\(LG)<, = GrP,.
LEMMA 2.24. There exists a unique isomorphism

id, : ¢y, ICOP ~ 7y 1C,,
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(m)

<po

SlCP Ly = Qel(2p, )] = 70 1Cu] o

(m)

of sheaves on Gr whose restriction to Gry, ’ is given by

In particular, ¢;,1CP[m dim G] is perverse.

Remark 2.25. (i) Informally, one can think of both categories as a certain
category of (LG x Lt G)-equivariant sheaves on LG. As we did not introduce
sheaves on infinite-dimensional spaces, we give a concrete approach here.

(ii) As mp, is an L™G-torsor, m;;, [m dim G| preserves perversity. However,
as we do not know whether ¢,, is perfectly smooth, a priori it is not obvious
that ¢7, IC7P [m dim G] is perverse. On the other hand, as soon as the perversity
of ¢7,IC{P[m dim G] is known, the existence and the uniqueness of idj, are clear.

Proof. We will prove these two lemmas simultaneously. First, if p is mi-
nuscule, then Gr<, and Grzpu are perfectly smooth so there is a unique iso-

morphism id), : ¢5, ICP = Qq[(2p, )] = 7;,IC,, as required by Lemma 2.24.
Next, if p is quasi-minuscule but nonminuscule, let Gr<,, — Gr<,, denote
the “resolution” as constructed in Lemma 2.12. We can define

——op
Gre,, = Qo\Qo X974 Qyjo x 94 Q1 = Q14\Q1y2 x¥/* Q1
and the map
——op
ﬂ'zp : Grgu — Gr%pw (gjg’) — gg' @,

which is a “resolution” of GrZ),. We define @gﬁ) by requiring that both
squares in the following diagram are Cartesian:

@?;IL om évrg) Tm, Gre,

sz l lﬂ'ﬁm) lﬂ—#

GrZ, I Grg? — s Grey.

Then we obtain the canonical isomorphisms

BLICP & 6,0 = ¢, (n99).Qyld]
~ (nlm),Qyld] = (1) Qeld] = T 1C, & .

where d = (2p, ), and C and C°P are as in the proof of Lemma 2.11. We
therefore obtain idj, as in Lemma 2.24.

Now, let e C M as in Section 2.2.3. Let (mq,...,m,) be a sequence of
positive integers, such that L™G acts on Grgﬁ,) via LTG — L™i-1G and that
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S, - G100 — Gr? s defined. Then from the diagram

o bm; m; Tmy
I1 GrgpM <H— I Gr(éui) L [1Gr<p,,

l

op v v S Cip(mn)
Grg,, —— Greyx---XGrey, xXGrg” —— Grey,.

J l l

op m (m) Tm
GrSWO‘ GTS|M.| Gr§|lh|

and the canonical isomorphism [T; id},, : (TT ¢m,)*(RICEP) ~ ([T 7m,;)*(RIC,,),

we obtain a canonical isomorphism
id),, : ¢y (ICOP - - - * ICP ) >~y (IC,,, % - - - IC,,).

By Lemma 2.16, we conclude that for every pu, the isomorphism id; as required
in Lemma 2.24 exists.

In addition, the isomorphism id;_ also provides us the desired monoidal
structure on Id’. Again, by Lemma 2.16, it is enough to exhibit the monoidal
structure of Id’" when restricted to the subcategories Id" : Sat%()p ~ Satl,
where Sat, is defined before Lemma 2.16 and Saty* is defined similarly. For
e tte C M, we write ICy, = ICy, x--- % IC,, , etc. Then there are canonical
isomorphisms

Hom(IC,,,1C,,) ~ Hom(n;,ICy,, 7, IC,,)
~ Hom(¢,,ICSY, ¢;,ICP) ~ Hom(ICYY, IC}?),

which are clearly independent of m (as soon as m large enough). This iso-
morphism provides the monoidal structure on Id’ as it is compatible with the
union of sequences of co-weights in M. ([

We have the following corollary of Lemma 2.24. For \ € X,, let 7—[{\./4
(resp. ’Hf\v!A) denote the degree j stalk (resp. costalk) cohomology of A at w”.

COROLLARY 2.26. There is a canonical isomorphism ”Hiid’ : 7-[{\.,4 o~
HIId' A for A € Pr+g(Gr®P), and similarly for 7-[;,

Proof. We prove the first statement, as the second is obtained by the
Verdier duality. It is enough to assume that A = IC;P. Then the isomorphism

HiidL is given by the composition

. . Hiid!, . .
HUICP = Hi ¢, ICP " Him; IC, = HIC,,

which is clearly independent of the choice of m. O
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2.4.3. Now, we construct c4, 4, as in Theorem 2.21. In the equal char-
acteristic situation, this is obtained from the fusion product interpretation of
the convolution product; see [MVO07] and [BD, §5.3]. Currently, the fusion
product does not exist in mixed characteristic. Our method is a kind of cate-
gorification of classical Gelfand’s trick. (See also [BD, §5.3.8], which modifies
the construction of [Gin90].)

Fix a pinning (G, B, T, X) of G, and let ' be the involution that sends a
dominant coweight A to its dual A* = —wg(\), where wy is the longest element
in the finite Weyl group W of G. We define the anti-involution 6 of G as
0(g) = &'(g)~!. It induces an anti-involution of LG preserving LG, which
are still denoted by @ (rather than L6 if no confusion will arise). Note that 6
induces an isomorphism

0:Gry = LTG\LG ~ LG/L*G = Gig
and therefore an equivalence of categories
0" : Pr+a(Grg) = Prig(Gry).
Now 6 also induces
0x0 : Gr®’xGr? — GrxGr, (g1,92) — (0(g2),0(q1)),
and there is a canonical isomorphism (6x6)*(A;XAz) ~ 0*A;X0* A,. Using
m(0x0) = Om, and the proper base change, we obtain a canonical isomorphism

o* (A1 * AQ) ~ 9*A2 * 9*./41.

Considering the 3-fold convolutions, we concludes that §* is an anti-equivalence
of monoidal categories.

Therefore, we obtain an anti-autoequivalence Id’06* of Sat as a monoidal
category. Now we define an isomorphism of (plain) functors

e:1d 06" — Id.

We will fix a square root v/—1 in @, in the sequel and define (—1)P#) .=

\/—1(2p ) for any coweight p. By Lemma 2.1, it is enough to give an isomor-
phism e, : Id" 0 §*IC,, — IC,, for every p. Note that #*IC,, is (noncanonically)
isomorphic to ICP. We define the isomorphism

(2.4.2) Ny : 071C, — 1CP
by requiring that its restriction to Gr,P is given by
0 IC, s = 1Cular, = Qul(20 1)) = Qul(20, 1)] = TCP| .

We define M,, = (—1)~(»* N, and let e, = Id'(M,). Let us emphasize that
the factor (—1)~(»#) is crucial.
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Now, we define the isomorphism 01417 A, 88

(2.4.3)
ayay + AL x As e 140" (A; * Az) =~ 1d' (6" Az x 6" Ay )
6A2*6A

~ Id'0* Ay x Id'0* A "2 Ay x Aj.

Note that 0141 4, 1s independent of the choice of Vv-1.

Finally, the isomorphism c4, 4, is obtained from 0141 A, by a Koszul sign
change. Namely, the category P;+5(Gr) admits a Z/2-grading induced by
(1.4.5). We say A has pure parity if p(Supp(A)) is 1 or —1, in which case we
define p(A) = p(Supp(A)). Then

(2.4.4) Cayag = (1P,

if A; and A have the pure parity p(A;) and p(Asz). See also [BD, §5.3.21] or
[MV07] after Remark 6.2 for a more elegant formulation.

2.4.4. We prove that cy, 4, constructed as above satisfies the require-
ment as in Proposition 2.21. From the definition, this will be the conse-
quence of the following three statements, Lemmas 2.27-2.29. Recall that we
set IHz+c(Gr<y,) = Hy 1 o(Gr, IC,[—(2p, 1)]).

To state the first lemma, note that Lemmas 2.18 and 2.19 hold for SatOGp,
and therefore H* : Sat°? — Vect@ has a natural monoidal structure.

LEMMA 2.27. There is a natural isomorphism of monoidal functors ~y :
H* ~ H* oId’ : Sat} — Vectg,
Proof. It is enough to construct the canonical isomorphism -y, : IH*(Gr%pM
~ IH*(Gr<,) for every pu. From the diagram (2.4.1), we obtain a canonical

isomorphism

TH] 1 (Gr®,) = I gy 6(Grly)) 2 TH] 2 (G,

as (Rg ¢ ® Rg )-bimodules. Note that this is independent of the choice of m
(as soon as it is large). As

IH*(GI‘SM) = @Z ®R@7£ IHE+G(Gr§M)7 IH*(GI‘OSP/,L) = IHE-FG(GI.%I)/J,) ®RG,£ @@7

we obtain the desired isomorphism <, by Lemma 2.19. It follows from the
construction of the monoidal structure of H* given by Lemmas 2.18 and 2.19
and the construction of the monoidal structure on Id" as in Section 2.4.2 that
~ is an isomorphism of monoidal functors. O

The second lemma is as follows.
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LEMMA 2.28. There is a canonical isomorphism of functors § : H* ~
H* 00*, such that for every Ay, Az € Pr+q(Gr), the following diagram is com-
mautative:

H* (A« Ay)  —2 HY (0% (A1 % Ay)) —=—  H (0" Ay 0" Ay)

l |

H*(Ap) @ H* (o) 2 H*(Ay) @ H* (A1) —225 H*(0* Ay) @ H* (0% Ay).
Proof. If f : X — Y is a morphism and F a complex of sheaves on Y, there
is a canonical map f* : H*(Y,F) — H*(Y, f.f*F) ~ H*(X, f*F). Applying
this construction to 6 : Gr°® ~ Gr gives the isomorphism J. It remains to
check the commutativity of the diagram.
We will use notation as in the proof of Lemma 2.18. So for a closed subset
Z C Gr°P, let Z(™) denote its preimage in LTG™\ LG — Gr°P. Note that the
following diagram is commutative:

Supp(6* A, ) ™) x - x Supp(6*.A; )" LN Supp(A)(™) x - .- x Supp(A,,) ")

! !

Supp(6* A4;) LN Supp(A;).

In addition, from the construction of the isomorphism in Lemma 2.18, the

following diagram is also commutative:

~

Hi (A *--x Ay) -y T+ (0 Ay %% 0" Ay)

:l lg

HY (A @ - @ HE o (An) —= H (05 Ap)P @ - @ HY (07 Ap)°P,

where the tensor products are taken over R ;, and where for an R ,-bimodule
M, M°P denotes the new R ,-bimodule structure on M by switching the two
actions. Specializing along Rg, — Qy shows that ¢ is an isomorphism of
monoidal functors. O

Now, for every A € Pr+c(Gr), we can define an automorphism of its
cohomology

0 H (A) L H (0" A) L H (10 0 0° 4) "~ 7 (A).

The above two lemmas imply that the following diagram is commutative:

H* (A« Ay) ——  H(A) @ H (Ay) 2 H*(Ay) @ H*(A)

o| ece

H (4, a,) N
H*(A; % Ag) —1 225 YAy« A;) —— H*(As) @ H*(Ay).
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Now it is easy to see that Proposition 2.21 is a consequence of the following
lemma.

LEMMA 2.29. For every j, © = V=T on H/(A).

Note that by the definition of e, and our normalization IH*(Gr<,) =
H*(IC,[—(2p, p)]), it is enough to show the following lemma.

LEMMA 2.30. The map

. H(N,)o . .
0, : IH¥ (Gr<,,) (:H) TH% (GrZ) 2 IH% (Gr<,,)

is given by the multiplication by (—1)7, where Ny 2 0*1C, — ICP is the canon-
ical isomorphism in (2.4.2).

We do not know a direct proof of this lemma. In [LY13], its equal charac-
teristic analogue was deduced from the equal characteristic geometric Satake.
They use this formula to deduce a numerical result for the affine Hecke algebra,
as conjectured by Lusztig [Lus12]. We will reverse their steps to deduce this
lemma from this numerical result. In the sequel, we follow the convention in
literature to write H(IV,)é as 6*. It should not be confused with the pullback
of sheaves. First note the following.

LEMMA 2.31. The map ©,, is an involution.

Proof. Choose some m,m’ such that the following diagram is commuta-
tive:
arl™) (% )om)
<w <w

l |

o m 0 m
(Grgpu)( ) —— Gr(gﬂ).

Then taking the (LTG x L*G)-equivariant intersection cohomology and spe-
cializing along Rg , — Qy, we obtain the following commutative diagram:

—1\*
(@) L0 1 (Gre,)

vl Tv
* 0* k O
IH*(Gr<,) —— IH (Grspu).
The lemma follows. O

To continue, let us understand a toy case. Note that € induces an iso-
morphism between LT G-orbits Gr)P ~ Gry,, and therefore we have a canonical
isomorphism

o o*
6, : H*(Gr,,) =~ H*(GrSP) & H*(Cr,),

where the isomorphisms v is constructed by the same way as in Lemma 2.27.
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LEMMA 2.32. For every j, (i)/L = (—1)7 on H¥(Gry,).

Proof. The argument is essentially the same as [LY13, Lemma 3.3], al-
though the set-up is different. (The authors of loc. cit. work over C and with
the based loop group of a compact Lie group rather that the affine Grassman-
nian.) Recall the projection 7, : Gr,, — (G/P,)P" " from (1.4.4). As the fibers
are the perfection of affine spaces of the same dimension, the pullback induces
a canonical ring isomorphism H*(G/P,) ~ H*(Gr,). Therefore, H*(Gr,) is
generated by H2. In addition, it is clear that (:)” is a ring homomorphism so
it is enough to prove that éu = —1on H2

On the other hand, GryP projects to (G/P_,)P"" given by

1

whg — ¢~ mod w.

A direct computation shows that the following diagram is commutative:

0
op
Gr9 4, G,

l l

=, = —o0 0/ { =, = —o0
(G/P- ™ O (G R
where 10y is a lifting of wg to G. Taking the equivariant cohomology, we obtain
the commutativity of the following diagram:

% — — 0* % — -
HL(G/P,) = R(P#)red,e E— R(P_H)red,z =H5(G/P-,)

| l

X=X
Ry, — Ry,

where x € X*(T'), regarded as elements in Ry, of degree two.

On the other hand, the isomorphism Hp(G/P-,) ~ H;(G/P,), given by
v i Hp 4 g(GryP) =~ Hz+GxL+G(Gr,3m)) ~ Hj,,(Gr,), is the restriction of the
identity map on Ry, by definition. Therefore, the equivariant version of ©,
acts as (—1) on degree two parts. Specializing gives the lemma. O

Remark 2.33. This lemma in particular proves Lemma 2.30 in the case
when p is minuscule. The difficulty to prove Lemma 2.30 for general p is that
the intersection cohomology ring is not generated by Chern classes, but we do
not know more cohomology classes in it.

To continue, it is convenient to set C,, = IC,[(2p, 1)], as in [LY13]. For
each A < p, let iy : Gry — Grc, denote the corresponding locally closed

1 Although there are MV basis in IH*(Gr<,,), it seems hard to understand the map 7 in
terms of them.
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embedding. For j, let ’HiC . denote the degree j-th sheaf cohomology of i3C,,,
which is constant along Gry. Then there is a canonical isomorphism

MW, HLC = HLO"Cp = HLCP ~ H{C,,

where the second isomorphism is N, : 6*1C,, ~ IC/P from (2.4.2), and the last
isomorphism is from Corollary 2.26. Clearly, Hilllu is an involution. Recall
that the existence of the Demazure “resolution” in our setting (see (1.4.2))
implies that all the stalk cohomology of C,, concentrate in even degrees.

LEMMA 2.34. For every j, Hij\llu = (—1).

Now, we prove Lemma 2.30, assuming Lemma 2.34. In [LY13, 3.4, 6.4],
it was shown that the equal characteristic analogue of Lemma 2.30 implies
the equal characteristic analogue of Lemma 2.34. But their argument can
be reversed. We sketch it here and refer to loc. cit. for details. (But note
that their set-up is different.) We extend the partial order “ < ” on XJ to a
total order, still denoted by <. We consider the stratlﬁcatlon of Gr<,, given
by {Gry, A < p}. Let Grey = Uy<aGry, and let i<y and i<y denote the
corresponding closed embeddings from Gr.y and Gr<y to Gr<,. Then there
is a long exact sequence of cohomology

- = H'(Grey,ib,Cp) — H(Grey, ik, Cp) — H(Gry,i3Cp) — -+ -,

which splits into short exact sequences as all the cohomology in odd degree
vanish. Therefore, we obtain a filtration on IH*(Gr<,), given by

m(H'(Grey, ik, Cy) — TH* (Grey)).
The associated graded is @<, H(Gry,i\C,). There is a similar picture on
Gr%pu.
The isomorphisms 6* : IH*(Gr<,) ~ IH*(GerM) and v : IH*(Gr<,) ~

IH*(Gr<,,) preserve the filtrations on IH*(Gr<,) and on IH*(GrZ),), and there-
fore give rise to isomorphisms

0*
gro : grIH*(Gr<,) o ngH*(Grip) = gr TH* (Grey,).

Note that i) C, = (iC,[2(2p, A — 1)])*. In addition, it is easy to identify gr ©
with the direct sum over A of the maps

O\ ® H}, ¥, : H'(Gr)) ® i\C, =~ H*(Gry) @ 4C,,

where H3 ¥, is the inverse of the dual of H3W¥,. So the action of gr© on the
degree 2j piece of H*(Gr)) ® H;C,, is given by (—1)/. But as © itself is an
involution, it acts on IH% (Gr<,) by (—1)/.
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2.4.5. It remains to prove Lemma 2.34. Let I be the (p-adic jet group
of) the standard Iwahori (i.e., whose reduction mod w is B C G). Let W
denote the Iwahori-Weyl group of G(F') as before, and let W, C W denote the
corresponding affine Weyl group, with the set of simple reflections {s;,i € S}
determined by I. We identify S with the set of vertices of the affine Dynkin di-
agram of G(F). Let 0 € S denote the vertex corresponding to the hyperspecial
parahoric G(O). Let J =S — {0}, and let W; C W, denote subgroup gener-
ated by {s;, i € J}. Let w; denote the longest element in W;. Then W; is
isomorphic to the finite Weyl group W = W /X, of G(F), and w; maps to the
longest element wq in W mentioned before. Let Q C W denote the subgroup
of length zero elements, i.e., those that fix I. It acts on W, by conjugation.
Then W = W x Q. Let x : W — W be the involution given by w* := wjww;
for w € Wy and A* = —wg()) for A € X,. This is an involution of W that
stabilizes {s;,7 € S} and fixes sg.

Let w € Q. Then by [LY13, Lemma 6.2] w* = w™!, and the map

oWy =Wy, we w®i=www !

is an involution of W,, which stabilizes {s;,7 € S}. Let
L={weW,|w =w"} and W$ = {w® | we W;} =wWw L

Then as argued in [Lusl2, Prop. 8.2] and [LY13, Th. 6.3 (1)], the longest
element in every (W; x W$)-double coset belongs to I,.

Applying the results of [LV12, Lus12] to (W, {s;,i € S}, ¢), one attaches
a polynomial P/0(q) € Z[g] to every pair (y,w) € I, with y < w. On the
other hand, there is the usual Kazhdan-Lusztig polynomial P, ,(q) attached
to (y,w) [KL79]. The following theorem was conjectured in [Lus12, Conj. 8.4],
and was proved in [LY13, Th. 6.3].

THEOREM 2.35. Let di and dy be longest elements of (W, W$)-double
cosets in W,. Then

P (@) = Pay ay(—q).

Let us note that this theorem was deduced in [LY13] from the equal char-
acteristic analogue of Lemma 2.32.

Finally, we explain why Lemma 2.34 follows from this theorem. Let
1 € X,, and let w denote the unique element in € such that w* € W,w.
Let d, be the longest element in WywtW w™t = Wy (whw 1)W$. Then for
A < p, @w ! € W,. Let dy denote the corresponding longest element in
W wrw™1W$. The usual Kazhdan-Lusztig theory [KL79], [KL80] works in
our situation. So Py ,(q) is the Poincare polynomial for the stalk cohomology
at y of the intersection cohomology sheaf IC,, of the Schubert variety S,, on
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the affine flag variety 7¢ = LG/I. Then, in particular, (see [Lus83]),
Paya,(q) = > (dimHY Cp)q’.

On the other hand, in [LV12, §3], similar interpretations were given to the
polynomials P77, Such interpretations in particular imply that

Py (@) =Y tr(HY W, | HYCL)’
Since H3 ¥, is an involution, Theorem 2.35 implies Lemma 2.34.

2.5. Identification with the dual group. We have endowed P+ (Gr) with
a symmetric monoidal category structure and the hypercohomology functor
H* : Pr+g(Gr) — Vecty, a tensor functor structure. It is clear that ICy is
a unit object in Py+5(Gr). Now we proceed as in [MVO07, §7] to conclude
that (Pp+q,*, H*) is a Tannakian category with the fiber functor H*. Let
G = Aut® H* denote the Tannakian group. It is a connected reductive group,
by the same argument as in [MV07, §7]. Our next goal is to identify G with
the dual group G of G.

First, if G = T is a torus, Grp is a discrete set of points canonically
isomorphic to Xe(7"). Then it is easy to see that Satr is equivalent to the
category of X,(T')-graded finite dimensional Q,-vector spaces and H* is just
the functor that forgets the grading. Therefore, T = T is the dual torus of T

Now consider the general case. We can regard the weight functor CT as
a functor from Satg — Satp, and the isomorphism in Corollary 2.10 as an
isomorphism H* o CT ~ H* : Satg — Vect@.

PROPOSITION 2.36. There is a unique monoidal structure on CT such
that the isomorphism H*oCT ~ H* : Satg — Vect@é in Corollary 2.10 is
monoidal.

In equal characteristic, this was proved in [MVO07, Prop. 6.4] using the
fusion product interpretation of the convolution product. However, there is
another purely local approach using equivariant cohomology, given in [Zhul6,
Prop. 5.3.14]. The latter approach works in mixed characteristic as well.
Namely, Sy is stable under the action of the torus 7P~ < LTT c L*G,
and therefore one can use the T-equivariant cohomology HY as in loc. cit. for
the arguments.

Applying Proposition 2.21, we see that the weight functor CT in fact is a
tensor functor between two Tannakian categories. It thus induces a homomor-
phism L

T~T—G.
This defines a subtorus of G. By the same argument as in [MVO07, § 7], this
is in fact a maximal torus. In addition, the filtration on H*(Grg, —) defines a
Borel subgroup B C G that contains 7". Then it follows by the same argument
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as the end of [MV07, § 7] that G is isomorphic to G. We refer to [Zhul6, § 5.3]
for more details.

Remark 2.37. Our methods can also be applied to establish the mixed
characteristic geometric Satake for ramified groups (cf. [Zhul5]).

3. Dimension of affine Deligne-Lusztig varieties

In this section, we give an application of mixed characteristic affine Grass-
mannians to the study of the Rapoport-Zink (RZ) spaces. More applications
will appear in [XZ].

3.1. Dimension of affine Deligne-Lusztig varieties.

3.1.1. We use the notation as in Section 0.5. So F' is a totally rami-
fied extension of Fy = W (k)[1/p] with O its ring of integers. Let L be the
completion of its maximal unramified extension, with O, its ring of integers.
Let 0 € Gal(L/F') denote the Frobenius element. Let G be a reductive group
scheme over 0. For b € G(L) and p € X{, we define the (closed) affine
Deligne-Lusztig “variety” as

(3.1.1) X<,u(b) = {gmod L*G € Grg | g 'bo(g) € LYGwHLTG}.

More precisely, one can interpret X<, (b) as the following moduli functor: let
&p be the trivial G-torsor on Dr = Spec O, with an isomorphism b : J*go‘D} —
&o
(3.1.2) X<, (b)(R) = {(£,8) € Grg(R) | Inv, (8~ bo(B)) < p1, Yz € Spec R}.
By Lemma 1.22, X<,,(b) is a closed subset of Grg. One can replace “<” in the

pz- Then for a perfect k-algebra R,

b

above definition by “=,” which defines an open subset of X<, (b), denoted by
X,,(b). If we denote ® = 37 1bo(B), then (£, @) is an F-crystal with G-structure
on Spec R, whose Hodge polygon is bounded by u (resp. equal to u).

It turns out that the dimension of X<, (b) is finite, and Rapoport gave a
conjectural formula of its dimension ([Rap05]) with a reformulation given by

Kottwitz ([GHKRO6]):
1
(3.1.3) dim X<, (b) = (p, pp — ) — 5 defi(b).

Here v is the Newton point of b and def(b) is the defect of b. We refer to
[GHKRO6] for the precise definitions. This dimension formula has been proved
in equal characteristic by combining the works [GHKRO6], [Vie06], [Ham15a],
but it remains open in general in mixed characteristic. In fact, before our work,
it was not clear how to define the dimension of X<, (b) in mixed characteristic
in general, and this formula only makes sense for some special triples (G, b, )
when (3.1.1) can be interpreted as the Fp—points of some moduli spaces of p-
divisible groups (also known as RZ spaces). In the case when the RZ spaces
are of PEL type, this dimension formula was proved recently by Hamacher
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([Ham15b]), and some special cases were proved earlier by Viehmann ([VieO8b],
[Vie08a)).

THEOREM 3.1. Rapoport’s conjecture (3.1.3) holds in general.

Not surprisingly, the machinery developed so far in the paper allows us
to imitate the the arguments in equal characteristic with only a few justifi-
cations. First, one can argue as in [GHKRO06], [Ham15a] to reduce the gen-
eral Rapoport conjecture to the case when b is superbasic. It was shown
in [GHKRO06], [CKV15] that if G is of adjoint type, superbasic o-conjugacy
classes exist only when G = PGL,, or Gr = Resg,r PGLy, where E//F is an
unramified extension. The PGL,, case was treated by Viehmann [Vie06] (in
equal characteristic, but the same arguments apply here). We will reduce the
Resg/p PGLy, case to the PGL;, case and then apply [Vie06]. This, in particu-
lar, gives a shorter proof of the main result of [Ham15a] (but it uses [Vie06]).
We sketch the arguments in the sequel.

Remark 3.2. This is a side remark arising as a comment by G. Pappas.
Although the algebro-geometric structure on X<, (b) was not known before,
the authors of [CKV15] defined a notion of the set of connected components
m0(X<u(b)) of X<u(b). One can check that if two points in X<, (b)(k) are
in the same connected component in the sense of loc. cit., they are in the
same connected component under the Zariski topology. The converse will also
hold if in their definition arbitrary test rings (rather than just smooth rings)
are allowed.!®> On the other hand, it seems that one can directly adapt their
arguments to our setting to prove that the structure of connected components
of X<,(b) in our sense is also given by the statement of [CKV15, Th. 1.1].
Then it would follow a posteriori that the two notions are the same. In any
case, when X<, (b) is the set of Fp—points of a Rapoport-Zink space, their mg
coincides with the 7y of the RZ space, and by Proposition 3.11 below, also
coincides with my of X<,(b) as the perfection of an algebraic space.

3.1.2. Now one can argue as in [GHKRO06, Prop. 5.6.1, Th. 5.8.1] to re-
duce the Rapoport conjecture for general (G, i, b) to the case when b is basic.
First, the Newton point v, is defined over F', whose centralizer in G is a ratio-
nal Levi M. One can find a representative in the o-conjugacy class of b that is
contained in M (L). We rename this representative by b. So b is basic in M (L).
Then their arguments reduce Rapoport’s conjecture for (G, b, u) to (M, b, )
(for various pps). These arguments rely on their Propositions 5.3.1 and 5.4.3.
The proof of Proposition 5.3.1 in loc. cit. applies to the current setting. Note
that the arguments involve an M-equivariant isomorphism N ~ n. In the equal

15Tn loc. cit. it was conjectured that these two definitions coincide.
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characteristic situation, this isomorphism makes sense either as F-schemes of
as k-ind-schemes. In our setting, it only makes sense as an isomorphism of
F-schemes. But it still makes sense to talk about the p-adic loop space of n
so the arguments in §4 of ibid. apply. The proof of Proposition 5.4.3 in ibid.
extends verbatim in mixed characteristic, by taking account of the Lefschetz
trace formula for separated pfp perfect algebraic spaces (see Section A.3.4).
A special case of this type of argument has appeared in the proof of Proposi-
tion 2.9 (where M =T).

As explained in loc. cit., even b is basic for G; it still might happen that b is
contained in a proper Levi subgroup of G. A basic og-conjugacy class that does
not meet in proper Levi subgroups of G defined over F' is called a superbasic
o-conjugacy class. Therefore, it is enough to prove Rapoport’s conjecture for
superbasic b. In addition, one can assume that G = G,q is simple of adjoint
type. Then it follows from [GHKRO6], [CKV15] that superbasic b exists only
when G'r = Resg/p PGL;, for some unramified extension £/F'.

3.1.3. It remains to prove the following.

PROPOSITION 3.3. Formula (3.1.3) holds for Gr = Resg/p GL, and b
superbasic.

Remark 3.4. This proposition was proved by Hamacher when I’ = Q, and
 is minuscule. Our method is different and is simpler, but it uses [Vie06].

Proof. We first reduce the Resp,/pGL;, case to GL, case. We start with
a generalization of affine Deligne-Lusztig varieties. Let H be a connected
reductive group over Op. First observe that X<,(b) can be defined as the
following Cartesian pullback:

Xgu(b) E— GI"H>~<GI‘§M

(3.1.4) l lpm

1xb
Gr —% Gry x Gry.

Now by replacing p by a sequence of dominant co-weights (e, we can define a
convolution version of the affine Deligne-Lusztig variety,

X<y, (b)) —— GrpxGrey,

(3.1.5) J Jprlm

1xb
Gr % GI‘H X GI“H.
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Concretely, X<,,, (b) classifies the following commutative diagram of maps such
that Inv,(®;) < p; for every x € Spec R:

0*81 5d 51
o) |
% b
g 50 50-

Note that in equal characteristic, this is the local version of the moduli space
of iterated Shtukas.

In the sequel, we write Xfu.(baE) for X<,,(b) if we want to emphasize
that the underlying group H is define over OF, and that the Frobenius op €
Gal(L/E).

Now we start our reduction step. Assume that E/F is unramified of
degree d. Let X denote the set of embeddings 7 : F — L over F. Then
Gal(L/F) acts transitively on ¥. We fix 79 € X, and let 7; = o'(), i =
0,1,2,...,d— 1. Let o := 0% € Gal(L/7o(E)).

Now assume that G = Resp, /0, H for some unramified group H over E.
The canonical isomorphism E @p L ~ [[s L, a ® b+~ (7;(a)b, 7; € X) induces
a canonical isomorphism

GoL~ ][] H®p, L.
TEY

Let u be a dominant coweight of Gr. Then under the above isomorphism, it
gives a sequence fig = (Urys .-, fbry_,), Where p- is a dominant coweight of
H ®g,, L. Similarly, b € G(L) gives (b;) € [[rex(H ®g+ L)(L).

Note that o? € Gal(L/F) induces an isomorphism H @p -, L ~ H Qg r, L.
By abuse of notation, the induced map on the cocharacters and on the L-
points are still denoted by o?. (This coincides with the standard notation if
H = (Hy)g for some group H defined over F'.)

For an Fp-algebra R, we identify (£, 8) € Grg with (£, ;) € [[rex Grp in
an obvious way. Then the condition (3.1.2) is equivalent to the commutativity
of the following diagram:

(0 &ry — (Ud_1>*5m_1 — - &y
(Ud)*BTOJ( (O'dl)*ﬁ-,-d_ll lﬁTD
O.dfl b-r O.d72 b-r .
(ad)*&) (brg_1) (Ud_l)*gg ( d_g)\ LI &o.

Let
Nmb = b0 (by,) -0 b, ) € (H g5, L)(L).

Then the above discussions imply the following lemma.
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LEMMA 3.5. If G = Resp, /0. H for some unramified group H over Op,
then

Xgﬂ(ba) ~ Xgm ((Nmb)og),
where fio = (frgy 0 (Hry)s -0 (ptry_ ).
Remark 3.6. The map b — Nm b defines a map from the o-conjugacy class

of G(L) to the og-conjugacy class H(L) (where E embeds into L via 7).

We also need the following purely group theoretical lemma, whose proof
is by chasing the definitions.
LEMMA 3.7. Let p and b be as above.

(1) Let pg be the half sum of positive roots of G ® L and let py be the half
sum of positive roots of H @, L. Then

(pa: 1) = (pr, 3 0" ().

(2) Let vy be the Newton point of b and let vxmp be the Newton point of Nmb.
Then
(PG, v) = (PH, VNmb)-
(3) Let JC be the o-twisted centralizer of b € G(L), i.e.,
J§(R) ={g € G(R@r L) | g'bo(g) = b}

for any F-algebra R. This is an F-group. Similarly, let Jl{ffmb be the op-
twisted centralizer of Nm b, which is an E-group. Then JbG = ResE/le{I{mb.
In particular,

def(b) = def(Nmb).

Now, assuming that the dimension formula for affine Deligne-Lusztig va-
rieties of H has been established, we calculate the dimension of Xgu(ba) =
Xgm((Nm b)og). Recall the convolution map of affine Grassmannians (2.2)
(for H),

m: GI‘S#. — Gr§|u.|.
By (3.1.4) and (3.1.5), the following diagram is Cartesian:

Xgu.((Nm b>UE) Em— GI’H%GI‘S“.

l l

XH ((Nmb)UE) e GI“H>~<GI‘§“L.|.

<|pe|

By (the proof of) Proposition 2.3, for A, the dimension of the fiber m~!(w?) is
< (pH, |ite]| = A). Therefore, by Lemma 3.7, the preimage of XgA((Nm blog) C
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XH

4, (Nmb)og) in X2, ((Nmb)og) has dimension

< (pH, A — UNmop) — 5 def g (Nmb) + (pm, |fte] — N)
= (p, |te| — vamp) — 5 def r(Nm b)
(pg, o — Vb) — %defg(b).

In addition, if A = |ue|, the equality achieves. It follows that
1
dim X€,(bo) = dim X2, (Nmb)og) = (pa, pt — 1) — 5 defa (b).

Therefore, it remains to prove the case when G = GL,, and b superbasic.
Now one can argue exactly the same as [Vie06] to complete the proof. (]

3.2. Affine Deligne-Lusztig varieties and Rapoport-Zink spaces. Let us re-
call the definition of Rapoport-Zink (RZ) spaces. In the PEL case, they were
defined by Rapoport-Zink in their original work [RZ96]. In a more general
situation but under the assumption that the group is unramified, they are re-
cently defined by Kim [Kim13] and Howard-Pappas [HP15]. We assume (for
simplicity) that k = [, is algebraically closed. To follow the standard notation,
we write W = W (k) (which was usually denoted by O in previous sections).
Let L = W ® Qp. We use F' to denote o-linear maps between vector spaces
over L (unlike the rest part of the paper where F' denotes a local field). Let
Nilpy, denote the category of W-algebras in which p is nilpotent.

First we recall the following fundamental result of Rapoport-Zink. Let X
be a p-divisible group over k. We consider the functor MXO that assigns to
every R € Nilpy, the groupoid of pairs (X, ), where X is a p-divisible group
over Spec R, and ¢ : Xo ®; R/p — X ®pr R/p is a quasi-isogeny. Rapoport-
Zink proved that MXO is represented by a separated formal scheme, formally
smooth and formally locally of finite type over W.

Now we start with a reductive group G over Z,, a geometric conjugacy
class of cocharacters p : G,, — G, and a o-conjugacy class b of G(L) with
a representative in G(W)p*G (W), still denoted by b. We assume that there
exists a free Zy-lattice A0 and a faithful representation

p: G — GL(A),

such that the cocharacter pu : G, — GL(A ® W) has weights 0,1. We fix a
representative of u, still denoted by the same notation. Let

AW =A@ Al

denote the decomposition of A ® W according to the weights of pu, which in
turn induces a filtration Fil’(A @ W) = A@ W D Fill(A @ W) = Al. We

Qur A corresponds to A*, and p corresponds to —pu in [Kim13].
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assume that rkA! = n and rk A = h. This is equivalent to assuming that pu
is the n-th fundamental coweight of GL(A ® W).

Let A® denote the tensor algebra of A & A*. Note that A® = (A*)®.
Elements in A® are called tensors. We choose a finite collection of tensors
{s; € A® i € I} such that G C GL(A) is the schematic stabilizer of this
collection. That is,

G = Aut(A, {s;,i € I}).
For example, if G = GLj,, we can choose {s;} to be the empty set. Note that
P, = Aut(A, {s;,i € I}, Fil"(A @ W))

is a parabolic subgroup of Gy determined by u.

Note that by our assumption and the classical Dieudonné theory, there
exists a p-divisible group Xy of dimension n and height h over ]?p, together
with an isomorphism

£:D(Xo) ~A®z, W,
where D(Xp) is the contravariant Dieudonné module of Xy, equipped with
(F,V), such that
(1) eF = p(b)(ids ® 0)e,
(2) e(LieXo)* = Fil' A @ .
The pair (Xp,¢) is unique up to a unique isomorphism, and we fix it in the
sequel.

Finally [Kim13], we define (crystalline)-Tate tensors for p-divisible groups.
Let R € Nilpyy,, and let X be a p-divisible group on Spec R. Let D(X) denote
its contravariant Dieudonné crystal. This is an F-crystal on Spec R, by which
we mean a locally free crystal £ on the big crystalline site CRIS(R/W), with
a map (the Frobenius map)

F:0"¢€ =€,
such that there exist an integer i > 0 and V : £ — 0*& satisfying VF = p'.
In addition, there is a decreasing filtration Fil®* D(X)g on D(X)g (the value of
D(X) at the trivial PD-thickening R < R) whose associated graded is locally
free over R. Namely,

Fi’D(X)p = D(X)g, Fil!D(X)g = (LieX)*, and Fil?D(X)g = 0.
Note that D(X)® is also an F-crystal with a filtration Fil* D(X)%. For example,
let

1:=D(Qp/Zp)
be the filtered F-crystal given by the Dieudonné module of the constant p-divis-
ible group Q,/Z,. Then 1p = R’ for every PD-thickening R" — R and F :

lpr — 1p sending F(1) = 1. In addition, Fil' 1z = 0. Then we call a
(crystalline-) Tate tensor of X a morphism ¢ : 1 — D(X)® of crystals, such that
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tr:1g — ]D)(X)% is compatible with the filtrations, and such that the induced
map t:1— ]D)(X)®[%] of isocrystals is Frobenius-invariant.

For example, we can interpret {s;,;i € I} C A® as Tate tensors of the
above fixed p-divisible group X as follows. First, via €, we can regard {s;} as
tensors in D(X()®. Since G fixes {s;}, bo fixes {s;}. So {s;} are F-invariant in
]D)(Xo)@)[%]. In addition, the cocharacter pp : G, — GL(A® W) also fixes {s;}.
Therefore, {s;} are in Fil’(D(Xo)% ). Then we can define s; : 1 — D(Xq)® by
sending 1 to s;. '

For a p-divisible group over a general base R, the notion of Tate tensors
may not be well behaved. Following [Kim13], let Nilpj;* denote the full sub-
category of Nilpy, consisting of formally smooth formally finitely generated

W /p™-algebras for some m > 0.

Definition 3.8. The Rapoport-Zink space associated to (G, b, u) is the
functor M(G, b, ;1) on Nilp$i? classifying, for every R € Nilp§i¥,
(1) a p-divisible group X on Spec R;
(2) a collection of cyrstalline-Tate tensors {t;},7 € I of X;
(3) a quasi-isogeny ¢ : Xo®; R/J — X®pg R/J that sends t; to s; ® 1 fori € I,
where J is some (and therefore any) ideal of definition of R that contains p
such that

(*) the R-scheme
ISOH]((]D(X)R, {ti}, Fil® (D(X)R)), (A ®Zp R, {Si X 1}, Fil* A ®Zp R))

that classifies the isomorphisms between locally free sheaves D(X)r and
A®z, R on Spec R preserving the tensors and the filtrations is a (P, ®w R)-
torsor. 17

Remark 3.9. (i) Our definition is slightly different from the original defi-
nition given in [Kim13]. But it is not hard to see that Condition () combines
items (2) and (3) in [Kim13, Def. 4.6].

v

(ii) As explained in [Kim13], M(G,b, ) is independent of the choice of
p: G — GL(A) up to isomorphism.

The main theorem of Kim [Kim13] (see also [HP15, Th. 3.2.1, §2.4]) is as
follows.

THEOREM 3.10. Assume that p > 2. Then

(1) M(G, b, i) is represented by a closed formal subscheme M(G, b, ) C /\;lxo,
formally smoothly over W;
(2) if G = GLy, p = wy, and p = id, then M(G,b, u) = Mx,;

'"Recall that P, is the automorphism group scheme of (A, {s;}, Fil® A).
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(3) there is a canonical bijection M(G,b,u)(k) =~ X, (b)(k) compatible with
the embeddings M(G,b, 1) — M(GLy, p(b),w,) and X,,(b) = X,.(p(b)).

We write M,,(b) for the special fiber of M(G, b, ).

PROPOSITION 3.11. Fiz (Xo,e) as above. There is a canonical isomor-
phism X, (b) ~ M, (b)P""". In particular, diim M, (b)yeq = dim X, (b).

Note that this proposition in particular describes the values of M(G, b, )
on a perfect ring R (which is not obvious from Definition 3.8).

Proof. We first prove the proposition for (G, b, u) = (GLp, b, wy,). The key
input is a theorem of Gabber (see also [Laul3, §6]) on p-divisible groups over
perfect rings. We write M instead of M, (b)P™ for simplicity.

We first construct X,,(b) — M” " as follows. Let R be a perfect F-
algebra. We write o : R — R for the Frobenius automorphism. Let (£, 3) €
X, (b)(R). We obtain a crystal D := & x%? A over R (= a locally free sheaf on
W(R)), with F' = 871(bo)B. That is, the following diagram is commutative:

D]  —— D[}
(3.2.1) ﬁl Bl
W(R) @z, Al) —" W(R) @z, Al})

Note that wy, : G, — GL(A) is the n-th fundamental coweight of GL(A),
and therefore the condition in (3.1.2) together with Lemma 1.5 implies that
F : 0D — D is regular and the quotient is a locally free module of rank
n over W(R)/p = R. Applying Lemma 1.5 again to the quasi-isogeny (of
crystals) V = pF~1 : D — o*D, we see that V is regular. Therefore, there is
a o~ llinear map V : D — D such that FV = VF = p. By Gabber’s theorem
(see also [Laul3, §6]), there is a p-divisible group X on Spec R together with
a quasi-isogeny ¢ : X — (Xg)g such that D = D(X) and the induced map
D(¢) : D[%] — W(R)[%] ® A is .

Conversely, we construct M” s . (b) as follows. Let R be a perfect
Fp-algebra. Let (X,¢) be an object in M(R). Then we have the GL(A)-torsor

£ = Tsom(D(X), A ®z, W (R)).

The quasi-isogeny ¢ defines an isomorphism

D(X) m ~ A @z, W(R) m ,
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and therefore defines a quasi-isogeny (3 : £ --» &. The map (X,¢) — (&, )
defines a map M” RN Grgr,. It is clear that Inv,(F) < w, for every z €
Spec R, and therefore (€, 3) € X,(b). We thus define a map Mo X,u(b).

Now for general (G, b, i), we have M, (b)P " C M,,(p(b))P " and X, (b)
C X,u(p(b)). To prove that X, (b) ~ M,(b)P ™, it is enough to show that
the above isomorphism sends X,(b)(k) C X,.(p(b))(k) to M, (b)P " (k) C

M, (p(b))P ™ (k). But this follows from Theorem 3.10(3). O

COROLLARY 3.12. Rapoport’s conjecture of the dimension formula holds
for the reduced schemes of the Rapoport-Zink spaces.

Appendix A. Generalities on perfect schemes

This section can be regarded as a user’s guide to the algebraic geometry
of perfect schemes and perfect algebraic spaces, which is the setting we work
with in the paper. We include some discussions more general than needed in
the paper. The main result is Theorem A.29, which explains the construction
of the quotients in this setting.

A.1. Perfect schemes and perfect algebraic spaces.

A.1.1. We fix a field k. Let Affj, denote the category of affine k-schemes,
i.e., the category opposite to the category k-alg of k-algebras. Following
[LMBO00], [BL94], we call a sheaf on Aff;, with respect to the fpqc topology
a k-space. Explicitly, a space F is a covariant functor k-alg — Set that re-
spects finite products, and such that if R — R’ is faithfully flat, then the
sequence

(A.1.1) F(R) = F(R) = F(R @r R)

is an equalizer. Morphisms between two spaces are natural transformations of
functors. The category of k-spaces is denoted by Sp;,. It contains the category
Schy, of k-schemes as a full subcategory. Recall that a map f : 7 — G in Spy, is
called schematic if for every scheme 7', the fiber product F x¢g T is a scheme.

In this paper, we need to consider a subcategory of Sp;, larger than Schy.
Recall that an algebraic space is an étale sheaf X on Aff; such that

(i) X — X x X is schematic;
(ii) there exists an étale surjective map U — X, where U is a scheme.

We denote by AlgSp, the category of algebraic spaces. We have full
embeddings Schy C AlgSp;, C Spy, where the second inclusion follows from
a theorem of Gabber which says algebraic spaces are fpqc sheaves (see [St,
Tag03W8).
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Remark A.1. In literature such as [Knu71], [LMBO0O], it sometimes re-
quires that X is quasi-separated; i.e., the diagonal X — X x X is quasi-
compact. We prefer not to make this additional assumption.

A map f: F — G of k-spaces is called representable if for every affine
scheme T', F x¢g T is represented by an algebraic space. It is called fpgc if in
addition F xg T is faithfully flat over T', and there is a quasi-compact open
subset U of F x¢g T that maps surjectively to T. Recall that fpqc maps are
effective epimorphisms in Sp,. That is, if U — X is an fpqc map of spaces,
then for every space F, the following diagram is an equalizer:

(A.1.2) Homg,, (X, F) — Homs,, (U, F) = Homgy, (U xx U, F).

In particular, any fpqc sheaf on Aff; extends uniquely to an fpqc sheaf on Schy,
(although we do not use the latter in this paper).

A.1.2. From now on we assume that k is a perfect field of characteristic
p > 0. For a k-algebra R, let 0 : R — R, r +— rP denote the Frobenius map.
Recall that R is called perfect if o is an isomorphism. The forgetful functor
from the category of perfect k-algebras to the category of all k-algebras admits
a left adjoint

R+~ RP ™ = ling, R.

Sometime, RP™” is called the perfection (or the perfect closure) of R.

These facts admit the following globalization. A k-scheme (resp. algebraic
space) X is called perfect if its Frobenius endomorphism ox : X — X is
an isomorphism. We write ¢ for ox if no confusion will likely arise. The
category of perfect schemes (resp. perfect algebraic spaces) over k is denoted
by Schgf (resp. AlgSpgf). Then the embedding AlgSpgf — AlgSp;, admits a
right adjoint. To see this, first note that Frobenius endomorphisms commute
with étale localizations.

LEMMA A.2. For any étale morphism of algebraic spaces X — Y, the
relative Frobenius morphism X — X Xy 4, Y induced by ox is an isomorphism.

Proof. We first assume that X is a scheme. Then X — X Xy, Y
is a schematic radical étale surjective map and therefore is an isomorphism
by [Gro67, Th. 17.9.1]. For general X, choose an étale cover U — X by a
scheme U. Then we have U — U X x 5y X — U Xy, Y, with the first map
and the composition map being isomorphisms. Therefore, the second map is
an isomorphism as well. Note that U X x s, X — U Xy, Y is nothing but
the base change of X — X xy,, Y along the étale cover U Xy, ¥ — Y.
Therefore, X — X Xy, Y is also an isomorphism. U
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COROLLARY A.3. The embedding AlgSp}Zf — AlgSp;. admits a right ad-
joint functor, given by X — XP~ 7 = Jim, X

We call XP~~ the perfection of X.

Proof. Applying Lemma A.2 to the étale cover U — X, we see that o :

oo

X — X is an affine morphism. Then the diagonal of X? =~ = im, X is

representable, and UP™ "~ ~ U xx XP ° — XP ~ is an étale cover. Therefore,
XP™% is a perfect algebraic space.

It remains to show that the tautological map € : X?~° — X induces an
isomorphism

(A.1.3) Hom(Y, XP ™) = Hom(Y, X)

for every perfect k-algebraic space Y. But by Lemma A.2 and (A.1.2), we
reduce to the known case where X,Y are affine. O

Remark A.4. Recall that ox is a universal homeomorphism if X is a
scheme and therefore is a universal homeomorphism if X is an algebraic space
by Lemma A.2. Therefore, € : XP ~ — X is a universal homeomorphism. It
also follows that X is a scheme if and only if X is a scheme. See Lemma A.7
below.

The following statement is crucial for later applications. For an algebraic
space X, we denote by X its small étale site with objects being algebraic
spaces étale over X.

oo

PROPOSITION A.5. Let X be an algebraic space over k, and let XP
denote its perfection. Then the functor

(U—=X)—= (U™ ~Uxx XP 7 5 XPT)

induces an equivalence of étale sites Xg =~ Xg;oo and therefore the étale topos
£ Xg o~ ng Dy

Proof. First, assume that X is a scheme. Then X? °~ — X is a universal
homeomorphism. Therefore, (U — X) = (U~ ~ U xx XP'~ — XP°7)
induces an equivalence of subcategories of scheme objects in Xg; and thioo
(cf. [St, Tag04DZ]). Then an argument similar to [CLO12, Prop. A.1.3| shows
that it induces a full equivalence X¢g ~ X g;oo. Again, by a similar argument as

[CLO12, Prop. A.1.3], the case when X is an algebraic space also follows. [

Remark A.6. It follows from Remark A.4 that the equivalence preserves
the subcategories of scheme objects in X¢;, and X%, -,
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We list a few properties of morphisms that are preserved after passing to
the perfection.
LEMMA A.7. Let f : X — Y be a morphism of algebraic spaces over k,

and let fP~7 : XP™™ — YP 7 denote its perfection. The following properties
hold for f if and only if the same hold for fP " :

(1) quasi-compact;

(2) quasi-separated;

(3) (universally) homeomorphic;
(4) (universally) closed,;

(5) separated,;

(6) affine;

(7) integral.

In addition, if f is either:

(8) étale; or
(9) (faithfully) flat;
(10) fpgc, sois fP .

Proof. (1)—(4) are clear since ¢ : X?*~ — X is a universal homeomor-
phism.

For (5), first note that if X?*~ — X7~ Xy,- XP ~ is a closed em-
bedding, it is universally closed, and therefore Ay,y : X — X Xy X is also
universally closed. But Ax/y is always a separated, locally of finite type
monomorphism. Therefore, it is a closed embedding. The inverse direction is
clear.

For (6), we can assume that Y is an affine scheme by Lemma A.2. Then if
X is affine, so is XP~~. Conversely, if XP™~ is affine, then it is quasi-compact
and separated, and so is X. As XP = @UX, X is affine by [St, Tag07SE,
Lemma 5.8].

For (7), first note that if fP~ is integral, it is affine, and therefore f is
affine by (6). We reduce to show that if AP”~ — BP™~ is integral, sois A — B.
Given b € B, there is a monic polynomial g(x) € AP~ [z] such that g(b) = 0.
Then there is some n large enough such that all coefficients of h(z) := g(z)P"
are in A. Since h(b) = 0, b is integral over A. The inverse direction is clear.

(8) follows from Lemma A.2.

For (9), we may assume that f : X — Y is a morphism between affine
schemes and therefore is given by a ring homomorphism f : R — R/. In
addition, we may assume that R is perfect. As (R')P" " = @UR’ , it is enough

oo

to show that the composition R — R’ %% R is flat. But this map is the same
as R~ R — R’ and therefore is flat. Finally, (10) follows from (1) and (9). O
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We will also consider the perfection of certain pro-algebraic spaces. Let
{X;} be a projective system of algebraic spaces, with the transition maps
X;+1 — X, being affine. Then the pro-algebraic space X = l'&nXi is also an
algebraic space, and it is easy to show that

oo

(A.1.4) XV e im XY
i.e., “the perfection commute with inverse limits.”

A.1.3. Let H be an affine group scheme over k, regarded as a group object
in Sp,. An H-torsor over a space X is a space E with a free H-action and
an H-equivariant fpqc map 7 : E — X (where X is endowed with the trivial
H-action), such that the natural map £ x H — E xx E is an isomorphism.
If X is an algebraic space over k, then FE is represented by an algebraic space,
affine over X. In addition, we have the following lemma.

LEMMA A.8. If X and H are perfect, then E is perfect.

Proof. Note that EP"~ — XP ~ is also an fpqc map by Lemma A.7 and
therefore is an HP "~ -torsor over X? . In addition, EP ~ — E xx. X?  is
a morphism of HP ~-torsors, where HP ~ acts on E through the morphism
e: HP™ — H. Therefore, EP ~ ~ E xx XP ~ ~ E is an isomorphism. O

Now, let H' be a smooth affine group scheme over k, and let H = H'P -
denote its perfection. Then H is an affine group scheme.

LEMMA A.9. Let X be a perfect algebraic space. Then the functor E' —
EP " isan equivalence of categories between the groupoid of H'-torsors on X
and the groupoid of H-torsors on X. The quasi-inverse functor is given by
push-out of an H-torsor along € : H — H', denoted by E — E xH< H'.

Proof. Given an H-torsor E, the natural map E — E x™¢ H' gives a
morphism E — (E x¢ H')P™™ of H-torsors and therefore is an isomorphism.
Conversely, let E’ be an H'-torsor on X, and let E = EP"~ be the correspond-
ing H-torsor. We want to show that E x# H' ~ E’. As H' is smooth, we can
trivialize E’ by an étale cover U — X, and therefore £’ can be represented
by a cocycle ¢/ : U xx U — H'. As U xx U is perfect by Lemma A.2, the
cocycle ¢ gives a cocycle ¢ : U xx U — H by (A.1.3), which is nothing but
the cocycle representing E. Then E xH< H' is represented by the cocycle
Uxx U5 HS H', which is exactly ¢ O

For a space X with an action by an affine group scheme H, we denote by
[X/H] the quotient stack (in fpgc topology) whose R-points are the groupoid
of pairs (E,¢), where E is an H-torsor on SpecR, and ¢ : E — Y is an H-
equivariant morphism. Note that if the action is free, then [X/H] is a k-space
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and the natural morphism X — [X/H] is an H-torsor. In this case, we write
[X/H] by X/H for simplicity.

We also recall the construction of the twisted product. Let H be an affine
group scheme and £ — X an H-torsor, and let T" be a space with an H-action.
Then one can form the twisted product
(A.1.5) XXT:=Ex®T=ExT/H,
which is a space over k. Now assume that H is (the perfection of) an affine
group scheme of finite type over k. We claim that if X,T are (perfect) al-
gebraic spaces, so is X xT. Indeed, we can find an fppf cover U — X that
trivializes E.'® Then U x T is an fppf cover of X xT. Therefore, X xT is an
algebraic space by [St, Tag04S5].

A.1.4. In fact in the paper we will only consider presheaves on the cate-
gory of perfect k-algebras.

Definition A.10. Let Affgf be the opposite category of perfect k-algebras.
A perfect space is a sheaf on Aff}zf with respect to the fpqc topology. The
category of perfect k-spaces is denoted by szf.

There is a natural functor Sp;, — Sp’,zf by restricting a sheaf F on Affy
to a sheaf on Aff}zf. We denote the induced perfect space by FPf. Note that
if X is an algebraic space, then (XP™ 7 )Pf = XPf. More generally, we have the
following lemma.

LEMMA A.11. Let V =2 U be a flat groupoid of algebraic spaces over k,
and let VP = UP™™ denote its perfection. Let [U/V] and [UP ™ JVP™™]
denote the quotient stack (in fpgc topology). Then [UP™ ™ /VP” TPt ~ [U/VPE,
That is, [UP"" JVP""(R) ~ [U/V](R) for every perfect k-algebra R.

Proof. Clearly there is a morphism [U? " /VP " Pf — [U/V]PL. Con-
versely, let © be an R-point of [U/V] where R is perfect. Then there is a
faithfully flat map R — R’ and a lifting & : Spec R* — U of x. Passing to the
perfection gives Spec R — UP . Since R — R’ is faithfully flat by
Lemma A.7, it gives an R-point of [UP ™ /VP 7. O

The functor Sp;, — Spgf is far from being faithful. However, the following
statement is true.

LEMMA A.12. The the composition
AlgSpI/,;f C AlgSp;, C Spy, — szf
is a full embedding.

181f H is of finite type, this is clear. Otherwise, use Lemma A.27.
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Proof. Let X and Y be two perfect algebraic spaces. We need to show
that
(X7, YP1).

Hom (X,Y) =Hom

AlgSpgf Spif

Let {U; — X} be a family of étale covers of X by affine schemes, and let

{Vijn — Ui xx Uj;} be a family of étale covers of U; x x U; by affine schemes.

By Lemma A.2, all U; and Vj;;, are perfect schemes. Therefore, by definition
£

HOmAlgSpgf(Ui, Y) = HOmszf(Uip ,YPH) ete.

Note that (A.1.2) implies that the following sequence is an equalizer:

U, Y) — ][ Hom (Vijn, Y).

f
Atgsp .
ijh

Hom AlgSp?' (X,Y) — H Hom AlgSp?’
(A

Likewise, the sequence

f yrpf f v pf f v pf
Homg o (XPLYPh = ] HomSpEf(Uip P S T] HomSpEf(Vi?h, yPh
i ijh
is also an equalizer. (In fact, it is enough to use the injectivity of the first
map.) The lemma follows by comparing these two sequences. ([

Therefore, given a presheaf F on Affzf, it makes sense to ask whether
it is represented by a perfect algebraic space, and given a map f : F — G
of presheaves, it makes sense to ask whether it is representable by perfect
algebraic spaces. If a property (P) of morphisms between algebraic spaces is
stable under base change and is étale local on the source and target, then it
makes sense to ask whether a representable morphism f : F — G of perfect
spaces has Property (P). For example, we can define open/closed immersions,
étale morphisms, fpqc maps in Sp,lzf, etc.

We can also define the notion of torsors in Sp},zf7 just as Sp;. Let H be a
perfect affine group scheme. It gives an object HP! in Spif. If X is a perfect
space with a action of HP!, then we can define a stack [X/HP!] on Aﬂl,zf as
before. If the action is free, then [X/HPf] is also a perfect space and the
natural map X — [X/HPf] is an HP!-torsor. As before, in this case we write
[X/HP!] by X/HP for simplicity, Note that if X is a perfect algebraic space,
which gives XPf in Spif, then by Lemma A.12 giving an action of HPf on XP!
is the same as giving an action of H on X, and if the action is free, then
Xvf/ vt — (X/H)PE

We define an ind-perfect algebraic space as a perfect k-space that can be
represented as an inductive limit {X;} of perfect algebraic spaces, such that
every transition map X; — X, is a closed embedding.

In the sequel and the main body of the paper, the image of a perfect
algebraic space X in Spif is still denoted by X, as opposed to XPf as above.
However, for a general space F, its image in Spgf will be denoted by FPf.
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A.2. Perfect algebraic spaces perfectly of finite presentation.

A.2.1. Perfect schemes/algebraic spaces of positive dimension are never
of finite type over k. But as we shall see below, the “infinity” here is really mild.

Definition A.13. A perfect k-algebraic space X is said to be locally per-
fectly of finite type!? if there exist an étale affine cover {U;} of X such that
each U; is the perfection of an affine scheme of finite type over k. A perfect
k-algebraic space X is said perfectly of finite type if it is locally perfectly of
finite type and quasi-compact. A perfect k-algebraic space is said to be per-
fectly of finite presentation (pfp for short) if it is perfectly of finite type and
quasi-separated.

Remark A.14. In [Ser60], a separated and perfectly of finite type perfect
k-scheme is called a perfect variety.

Clearly, if there exists an algebraic space X' of finite presentation over k
such that X = X'"? 700, then X is perfectly of finite presentation. We call such
X’ a “model” or a “deperfection” of X. We will show a model of a pfp perfect
algebraic space always exists. In fact, we will prove a slightly stronger result.
For this purpose, we need some preparations.

For an algebraic space S, let |S| denote its underlying topological space.
Recall that for a quasi-compact and quasi-separated algebraic space S, there
is an open dense subspace U C S that is a scheme (e.g., [St, Tag03JG]). The
generic points of |S| are in |U| and are the generic points of U. So given a
generic point 7 of S, its residue field k(n) makes sense. Recall that a reduced
scheme X of finite type over k is called weakly normal if every finite birational
universal homeomorphism f : Y — X is an isomorphism. By [Man80], weak
normality is local under the étale topology (even under the fppf topology).
Therefore, this notion makes sense for algebraic spaces of finite presentation
over k. We have the following result, generalizing [Ser60, §1.4, Prop. 9].

PRrROPOSITION A.15. Let X be a pfp perfect algebraic space over k, with
{M,...,mn} the set of its generic points. For every i, let K; C k(n;) be a
subfield, which is finitely generated over k and whose perfection is k(n;). Then
there exists a unique weakly normal algebraic space X', of finite presentation
over k, such that X = X" and the residue fields of the generic points of X'
are these K;.

Proof. We first assume that X is a scheme. We define a sheaf of rings on
| X by

(A.2.1) Ox ={f €O0x | f(m) € Ki}.

19The terminology is suggested by B. Conrad.
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It is easy to check that the ringed space (|X|,Ox/) is a scheme, of finite type
over k, and X = X'? . In addition, X’ is weakly normal. In fact, let
U’ = Spec A be an affine open subscheme of X’. Then the ring A is p-closed
in the sense that for every a in its quotient ring, if a? € A, then a € A. By
the remark after Proposition 1 in [Ito83], this condition is equivalent to weak
normality of A, as proved by Yanagihara.

Note that X’ is just the push out of the diagram | |Spec K; « | |n; = X
in the category of locally ringed spaces. In particular, for any scheme Y, the
natural map

(A.2.2) Hom (X', Y) — Hom(X,Y) X Hom (| |n:,Y) Hom(l_l Spec K;,Y)

is an isomorphism.

Now for an algebraic space X, we can choose a presentation V=U — X of
X where U,V are schemes. The collection {K; C k(n;)} determine a collection
of subfields in the residue fields of the generic points of |V| and |U|. Then
the above construction gives U’ and V'. Let pr; : V. — U be one of the two
projections, which descends to an étale map V;/ — U’ for some scheme V.
As U’ is weakly normal, so is V. Note that the quotient ring of V; and V'
are the same. By (A.2.2), there is a canonical map V' — V/, which is finite
birational, and bijective, and therefore is an isomorphism. In other words, the
étale equivalence relation V' = U descends to an étale equivalence relation
V' = U'. Then X' = U’/V" is the sought-after algebraic space. O

COROLLARY A.16. Let f : X — Y be a separated universal homeomor-
phism between two pfp perfect algebraic spaces over k. Then f is an isomor-
phism.

Proof. Let n be a generic point of X. Since f is a universal homeomor-
phism, k(n) is purely inseparable over k(f(n)) and therefore is an isomorphism
since both fields are perfect. Now, we can choose for each generic point 7; a
finitely generated subfield K; C k(n;) as above. Let X’ and Y’ be the cor-
responding weakly normal models. It follows from the construction that f
descends to a finite birational universal homeomorphism f’ : X’ — Y’ and
therefore is an isomorphism. The corollary then follows by passing to the
perfection. O

The following statement generalizes [Ser60, §1.4, Prop. 8|.

PROPOSITION A.17. Let f : X — Y be a morphism between pfp perfect
algebraic spaces over k. Then there exists a morphism f': X' — Y’ between

)

algebraic spaces of finite presentation over k such that f = 7

Proof. Let X', Y’ be models of X,Y. Then there is a canonical map
e:Y — Y’ Recall that 0 : X’ — X' is affine by Lemma A.2. Then by a
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criterion of locally of finite presentation morphisms ([Gro66, §8.14], generalized
in [CLO12, Prop. A.3.1]; see also [St, Tag0491]), the map ef factors as X —

X'™ 5 ¥’ where X'™ = X' with the k-structure given by X’ & X’ —
(

Spec k. Rename X'™) as X', and we are done. O

Definition A.18. Let f: X — Y be a morphism between two pfp perfect
algebraic spaces over k. We say f is perfectly proper if it is separated and is uni-
versally closed. We say X is perfectly proper if X — Spec k is perfectly proper.

LEMMA A.19. For a morphism f: X — Y between two pfp perfect alge-
braic spaces over k., f is perfectly proper if and only if for every f': X' — Y’
is as in Proposition A.17, f' is proper.

Proof. By Lemma A.7, f is separated and universally closed if and only
if so is f’. O

PropPOSITION A.20. Let f : X — Y be a morphism between two pfp
perfect algebraic spaces. Then f is perfectly proper if and only if the valuative
criterion holds for every perfect valuation ring R over k.

We note that the perfection of a valuation ring is a valuation ring.

Proof. In fact, if f is perfectly proper, then it is the perfection of a proper
morphism f' : X’ — Y’. Therefore, the map SpecR — Y — Y’ lifts to
Spec R — X'. As R is perfect, it factors through Spec R — X by (A.1.3). To
prove the converse, note that every perfect local ring A in a perfect field K is
dominated by a perfect valuation ring. In addition, to check that f: X — Y is
universally closed, it is enough to check that for every perfect ring R, the base
change Xrp — Yp is closed. Then the usual arguments of valuative criterion
for properness go through with obvious modifications. ([

The following lemma is not used in the paper.

LEMMA A.21. Let f : X — Y be a perfectly proper morphism between
two pfp perfect algebraic spaces, with geometrically connected fibers. Then the
natural map Oy — f.Ox is an isomorphism.

Proof. Let f' : X’ — Y’ be a model of f, and let Z’ be the relative
spectrum of f.Ox/ over Y’. Since f’ has geometrically connected fibers, 2/ —
Y’ is a universal homeomorphism. By Corollary A.16, Z'* T S5 Yis an

isomorphism. But since Z’* ~™ is the relative spectrum of f,Ox, the lemma
follows. O

LEMMA A.22. Let € be a locally free sheaf of finite rank on a pfp perfect
algebraic X over k. Then there exists a model (X', &) of (X, E), i.e., algebraic
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space X', of finite presentation over k, and a locally free sheaf E' of finite rank
such that (X,&) = (X'P " ,e*&'), where e : X — X' is the tautological map.

Proof. Let ¢ : X — X’ be a model. As X is quasi-compact, we can
find a finite étale cover {U;} of X such that €|y, ~ Of.. Then we obtain a
Cech cocycle fij + Uij == U; xx Uj — GL,. By Proposition A.5, the étale
cover {U;} descend to an étale cover {U} of X'. Let U], = U; xxs U}, and
U{jk = U/ xx U]‘ X x+ Uj. The map f;; factors as i’j : Ui’j(m) — GL, for
some m large enough, where as in Proposition A.17, U{j(m) = UZ-’]- with the
k-structure given by U, N Uj; — Speck. Let hiyx = fl;fipfri : Ui(ﬂ;”) —
GL,. Then €*hjjp = 1 : Ujj, — GL,. Then there is some n big enough such
that (¢")*hsjr = 1 for all 4, j, k. Therefore, we can define a locally free sheaf
£ on X' 1y the Cech cocycle (o™)* 1; (with respect to the étale cover
{U!™™1y By construction, (X' £7) is a desired model. O

COROLLARY A.23. Let X be a pfp perfect algebraic space over k. Let €
be a locally free sheaf of rank n over X. Then the perfect space that assigns
every f : Spec R — X the set of rank i quotients Q of f*E is represented by
a perfect algebraic space GrP™ (i, &) perfectly proper over X. In particular, if

X is perfectly proper, so is GrP” " (i, E).

Proof. Let (X’,£') be as in Lemma A.22. Then Gr? ~ (i, ) is the perfec-
tion of the usual Grassmannian Gr(i,&’) of rank i quotients of £’ O

In the sequel, we denote Gr? ~ (i,&) by Gr? " (i,n) if X = Speck and
& = k™ is the standard n-dimensional vector space. We denote GrP™ (1,€) by
PP~ (&) and GrP” "~ (1,n 4 1) by PP~

Remark A.24. On P™P"~ | there is the following tautological rank one
quotient:

1
O;Ip_oo — Opp - (1).

Therefore there is a distinguished element O(1) := Op, - (1) in Pic(P™ ™).
However, O(1) is not the generator of the Picard group. Namely there exists
the invertible sheaf O(1/p) = (6=1)*O(1), and the Picard group is isomorphic
to Z[1/p).

We will also need the following definition.

Definition A.25. Let f : X — Y be a map between two pfp perfect al-
gebraic spaces. We say that f is perfectly smooth at x € X if there exists
an étale atlas U — X at x and an étale atlas V' — Y at f(x), such that the

map U — Y factors as U MV - Y and h factors as h = pr o I/, where
R :U — V x (A")P"7 is étale and pr : V x (A")?"~ — V is the projection.
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We say that f is perfectly smooth if it is perfectly smooth at every point of X.
We say that X is perfectly smooth (at z) if X — Speck is perfectly smooth
(at x).

Note that every pfp perfect algebraic space X contains a perfectly smooth
open dense subspace.

A.2.2. We need to construct the quotient for an action of a perfect group
scheme on a perfect scheme in some cases. In [Ser60], a perfect group variety
is defined as a group object in the category of perfect varieties.

LEMMA A.26. Let H be a pfp perfect group scheme over k. Then there
exists a smooth algebraic group Hy over k such that H = H{ -

Proof. A priori, H is the perfection of a scheme of finite type over k. But
as was shown in [Ser60, §1.4, Prop. 10], H is the perfection of a group scheme
H' of finite type over k. Let Hy = H’,q be the reduced subscheme. As k is a
perfect field, Hy is closed subgroup scheme of H' and is smooth. In addition,
HY ™ =H. O

COROLLARY A.27. Let H be an affine pfp perfect group scheme over k.
Then every H-torsor on a perfect algebraic space X can be trivialized étale
locally on X.

Proof. This is the combination of Lemmas A.26 and A.9. (|

LEMMA A.28. Let H be a pfp perfect affine group scheme over k acting on
a pfp perfect affine scheme X over k. Then this action arises as the perfection
of an action of a smooth affine algebraic group H' over k on an affine scheme
X' of finite type over k.

Proof. Recall the following basic fact: let H be an affine group scheme
over k, with A its ring of functions. Let p : V — A ®; V be a representation
of H. Then V is a union of finite dimensional H-modules.

Now let B denote the ring of regular functions on X. Let By C B be a
finitely generated subalgebra whose perfection is B, and let V; C By be a finite
dimensional subspace containing a set of generators of By. Let V' be a finite
dimensional H-invariant subspace of B that contains V. Let B’ C B be the
subalgebra generated by V’. Then B’ is an H-invariant subalgebra of B and
B" " = B (since B? = > BY ~ = B). Let X’ = Spec B’. Then X' is of
finite type over k, and it admits an action of H, which induces the action of H
on X. In addition, as H = @Hg, the action of H on V’ is induced from some
action of H' on V'’ with H' being smooth. Then the action H x X’ — X' is
induced from some action H' x X’ — X’ as required. O

Now the main result of this appendix is as follows.
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THEOREM A.29. Let H, X be as above. Furthermore, we assume that the
action is free, i.e., the map (act,pry) : H x X — X x X, (g,z) — (gz,x) is
a monomorphism. Then X/H is represented by a pfp perfect algebraic space
over k. In addition, if (act,pry) is a closed embedding, then X/H is separated
as well.

Proof. First note that the diagonal X/H — X/H x X/H is always rep-
resentable. So it is enough to show that X/H admits an étale cover by a
scheme. Therefore, in order to prove the theorem, we are free to replace X by
an H-equivariant étale cover Y — X by a perfect affine scheme Y perfectly of
finite type. Indeed, if Y/H is representable by a perfect pfp algebraic space
over k, then by Lemma A.27, we can find an étale cover of Y/H by an affine
scheme that trivializes the H-torsor Y — Y/H. That is, after a further étale
localization, we can assume Y = H x U where U is a scheme. Then U — X/H
is an étale atlas of X/H.

By Lemma A.28, there is an action act’ : H x X’ — X' that induces
act : H x X — X. Now the action may not be free, but it is quasi-finite.
Therefore, the stack X’ = [X'/H'] is of finite presentation over k and has
quasi-finite diagonal. It follows that there is an étale cover )’ — X’ by an
Artin stack )’ that is separated and of finite presentation over k, such that
there exists a finite flat cover 3’ — )’ with 3’ being a quasi-projective scheme
over k (see [KM97, Lemma 3.3, Prop. 4.2] or [Con, Lemma 2.1, 2.2]). Let
Y' = X' x% Q). Then Y — X' is an H’-equivariant étale cover, and after
passing to the perfection, the action of H on Y = Y'? "7 s free. As explained
above, it is then enough to show that Y/ H is representable. Let V' = 3’ xqy 3'.
Then we have a finite flat groupoid V/ = 3’ such that 9’ = [3'/V']. Let V = 3
denote the perfection of this groupoid. It gives rise to an equivalence relation
of 3;ie., V — 3 x 3 is a monomorphism. By Lemma A.11, Y/H = 3/V. The
theorem then follows from the next statement. O

THEOREM A.30. Let V== U be an equivalence relation of pfp perfect
schemes. Assume that it is the perfection of a finite locally free groupoid
V' = U’ of quasi-projective schemes over k. Then U/V is represented by a
pfp perfect scheme.

Proof. By the standard reduction ([St, Tag03JE]), we can assume that
U’ = Spec A and V' = Spec B are affine. Let s,t : A == B be the source and
target map.

Let C be the equalizer of A = B. The theorem follows if we can show that
U/V ~ Spec C?" . Let us write X’ = SpecC and X = X"” . We claim that
V->UxxU
is an isomorphism. First it is a monomorphism since V' — U x U is an equiv-
alence relation. It is also an integral morphism since it is the perfection of
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a finite morphism (cf. Lemma A.7). In addition, it follows from the classical
theory on quotients by finite locally free groupoids that the map is surjective
(cf. [St, Tag03BL]). Therefore, V' — U x x U is a universal homeomorphism.
By Corollary A.16, it is an isomorphism.

Therefore, it remains to show that AP " is flat over CP . It follows
by applying the following lemma to the CP"~ -module AP " and the injective

—o0

integral map CP™~ — AP™ . O
LEMMA A.31. Let R — S be an injective integral map of perfect rings,

which is the perfection of a finite map. Let M be an R-module. If M ®pr S is
flat over S, then M is flat over R.

Proof. This is a perfect version of a result of Ferrand. For the complete-
ness, we repeat the argument as in [St, Tag0533]. Assume that R — S is the
perfection of a finite map R’ — S’. By [St, Tag0531], there is a finite free ring
extension R' — R’ such that S” = S’ ®p R” = R'[T1,...,T,]/J, where J
contains

(Py(TY),...,Pu(T}y)), P(T) = | Il (T —ay), aij € R".

Then R — R"P " is faithfully flat, and it is enough to prove the flatness of
M®grR" " . Therefore, we may replace R', S’ by R”,S” and rename them as
R and S'. Now for k = (k1,...,kn), 1 < k; < d;, we define the ideal J, C R’
as the image of J under the map R"[Ty,...,T,] — R", T; — a,. Then
the quotient map R — R'/J factors through R" — S — R'/Jj. Therefore,
M/JP " M is flat over R/JP

Since R — S is injective integral, Spec S — Spec R is surjective. There-
fore, Spec S” — Spec R’ is surjective. Then by [St, Tag0532], I = NJ C R’ is
in the nilradical. Passing to the perfection, ﬂJ,’jiw = (0). It then follows from
[St, Tag0522] that M is flat over R. - O

Finally, let us discuss the orbits for the group action.

PRrROPOSITION A.32. Let H be a connected pfp perfect affine group scheme
acting on a separated pfp perfect algebraic space X. Letx € X be a closed point,
and let H, be the stabilizer of x in H. Then the induced map i : H/H, — X
s a locally closed embedding.

One can regard H/H, as the H-orbit through z.

Proof. Let us denote H/H, by Y for simplicity. By definition, i : Y — X
is a monomorphism. In the classical theory, since the induced map of tangent
spaces is injective, it follows easily that i is a locally closed embedding. In our
setting, we need an alternative argument. First, as in the classical situation,
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li(Y)] C | X]| is locally closed. Namely, |i(Y")| contains an open subset of its clo-
sure in | X|. Then by the group action, |i(Y)| is open in its closure. Therefore,
we may replace X by a locally closed subspace and assume that ¢ : ¥ — X is
a bijective monomorphism. Let us choose some model 7' : Y’ — X’. Note that
i’ is quasi-finite, and therefore by Zariski’s main theorem ([St, Tag05W7]), it
factors as Y' 25 7/ 4y X', where j' : Y/ — Z'is open and ¢’ : Z' — X' is finite.
By replacing Z’ by the closure of Y in it, we can assume that Z’ is irreducible.
Then dim(Z"\Y’) < dim X', and therefore, there is an open subspace U’ C X'
such that ¢~*(U’) < j/(Y’). In other words, ¢ : i/ ' (U') — U’ is finite.
Finite morphisms are integral, and therefore, after passing to the perfection,
i:i"1(U) — U is integral by Lemma A.7. Since H acts transitively on points,
we see that ¢ : Y — X is integral. Then, ¢ is an integral, bijective monomor-
phism and therefore is a universal homeomorphism. By Corollary A.16, ¢ is an
isomorphism. 0

A.3. l-adic sheaves.

A.3.1. The notion of (constructible) étale sheaves makes sense for sepa-
rated pfp perfect algebraic spaces. Indeed, let X be such an algebraic space,
and let € : X — X’ be a model of X. Note that ¢ is a universal homeomor-
phism. Therefore, by Lemma A.5, for an étale sheaf F on X and an étale sheaf
F' on X', the natural maps

(A.3.1) e F = F, F —eF

are isomorphisms. In particular, for such X, one can define the corresponding
(-adic derived category D%(X,Q,) (¢ # p) as usual, with a pair of adjoint
functors that are equivalences

e DIC)(X/7©Z) = D2<X7@f) D Exe

One can define six operations between these categories, thanks to Propo-
sition A.17. The usual proper base change or smooth base change holds for
perfectly proper or perfectly smooth maps. The definition of perverse sheaves
works in this setting without change. In particular, we have the notion of the
Goresky-Macpherson intermediate extension, and for every X, the intersection
cohomology sheaf ICx. The restriction of ICx to any perfectly smooth open
subset U is canonically isomorphic to @,[2 dim X](dim X). We will denote by
P(X) the category of perverse sheaves on X.

A.3.2. Let X be a separated pfp perfect algebraic space over k. One can
define Chern classes for locally free sheaves on X as usual. For an invertible
sheaf £ on X, corresponding to a class [£] € HY(X,G,,), we define its Chern
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class ¢1(£) as the image of [£] under

HYX,Gp) = H' (X;, Gm) — H*(Xg, pem).
In general, for a locally free sheaf £ of rank n over X, let O(1) = (’)proo(g)(l)
denote the tautological line bundle on PP~ (€), and let

f = 61<O(1)) S HQ(]P)}f (8)]5,/1,@1).
Then there are unique cohomology classes ¢;(£) € H¥(Xp, ) such that
& —cl(E)E T + -+ (1) (€) = 0.

Passing to the inverse limit and inverting ¢, we obtain Q-coefficient Chern
classes. The usual properties of Chern classes hold in this setting.
One can also define characteristic classes for general principal homoge-

oo

neous spaces. Let G be a (connected) reductive group over k, and let G@Z be

the corresponding split group over Q. Let Rgy = Sym(gf@ (—1))G@é denote
£

the algebra of invariant polynomials on the Lie algebra g@e(l). Then given

a G-torsor E on X (equivalently a GP™~ -torsor on X by Section A.1.3), its
characteristic classes can be regarded as a ring homomorphism

(A.3.2) ¢(E): Rge — H* (X5, Qy),

which can be constructed as follows. Let B be a Borel subgroup of G, with
the unipotent radical U and T' = B/U. Let W be the Weyl group. Then
the T-torsor Ey/U — Ej/B induces a map c(Ej ;) + Rre — H*(E};/B, Q)
via the above construction of the Chern classes. Passing to some models, we
see that Rg /(= RIVE’/() maps to H* (X3, Q) € H*(E;/B,Qy), giving the desired
map (A.3.2). For a general connected algebraic group G, let G**¢ denote its
reductive quotient. Then a G-torsor E induces a G™%-torsor E*¢ and we
define ¢(E) as c¢(E™9).

Remark A.33. Alternatively, one can define the Chern classes (or general
characteristic classes) of E — X by first passing to some model E/ — X'
(Lemma A.22) and then set ¢(E) = ¢(E’) using the identification H* (X}, Q) =
H*(X7,Q,). Then one shows that this definition is independent of the choice
of the model.

A.3.3. We can also define the cycle class map in the current setting.
First, if X is irreducible of dimension d, there is a canonical isomorphism

Cx : Hgd(Xl_ga@f(d)) = @K?

given as follows. Choose a model € : X — X', which induces the canonical
isomorphism

e* HE (X3, Qu(d)) = H(XG, Qu(d)).
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Then we define cx = cys o (¢*)~!. Note that if f : X’ — X” is a morphism
of two d-dimensional irreducible algebraic spaces of finite presentation, the
canonical isomorphism f* : H24(X? Q,(d)) ~ H2(X7,Q,(d)) is compatible
with cxs and cxn». Therefore, cx is well defined. Alternatively, one can build
cx directly, starting from the canonical isomorphism

oo

1pmoe P HEPEP™ i) = coker(Pic(BY? ™) & Pic(P1# ™)) ~ Z/6"

Cp

and then using the functoriality of the six operations.
Now let X be a separated pfp perfect algebraic space. Let wx = f'Q,
denote the dualizing sheaf. We define the Borel-Moore homology of X as

HPM(X5) = B (X, wx (—i/2))-
The usual properties of the Borel-Moore homology hold (by the functoriality
of the six operations). We list a few.

o If f: X — Y is a perfectly proper morphism, there is a canonical map
feor HOM(XE) — H2Y(YR).

e There is a canonical isomorphism HPM(X7) ~ H! (X5, Q,(i/2))*. There-
fore, if X is irreducible of dimension d, there exists the fundamental class

[X] := ex € HEM(X7).

In general, if X is d-dimensional, with X, ..., X, its irreducible compo-
nents of dimension d, then the natural map @; H3M((X;)z) ~ HEM(X3) is
an isomorphism. We set [X] = >7;[X;].

e If X is irreducible and perfectly smooth, the fundamental class [X], re-
garded as a map of sheaves Q; — wx[—2d](—d) is an isomorphism. There-
fore, HPM (X7) ~ HY=( X3, Q,(d — i/2)).

Finally, let Z be a closed subset of codimension . We define the cycle class
cl(Z) of Z as the image of [Z] in HE(%&T) (X7). If X is perfectly smooth and
perfectly proper, we can regard cl(Z) as a class in H?" (X, Qu(r)).

A.3.4. We have the Lefschetz trace formula in this setting. Let F be
an f-adic complex with constructible cohomology on a separated pfp perfect
algebraic space X over F,. As usual, one can attach a function

7 X(E) = Qi x e tr(00, F) = Y _(—1)'tr(00, (H'F)a),
i
where z € X (F,r),  a geometric point over z, (H'F)z the stalk cohomology
of F at =, and o, is the geometric Frobenius at x.
Let f: X — Y be a morphism of separated pfp perfect algebraic spaces
over F,. Let F be an f-adic complex with constructible cohomology on X.
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Then the usual trace formula holds in this setting. Namely,

frrw) = >, frla).

zef 1 (y)(Fy)

To prove this, one can replace f : X — Y by a model f’: X’ — Y’ and replace
F by e, F.

A.3.5. In the paper, we also need some basic facts about equivariant
category and equivariant cohomology. Let J be an affine pfp perfect group
scheme over k. Recall that by Lemma A.26, J is perfectly smooth. Let X be
a separated pfp perfect algebraic space over k with an action of J. Then it
makes sense to talk about the category of J-equivariant perverse sheaves on X,
denoted by P;(X).2° That is, an object in P;(X) is a perverse sheaf on X
together with an isomorphism of the pullbacks along the two maps J x X = X,
satisfying the usual compatibility conditions.

We have the following two properties of the equivariant category. Let
J1 C J be a closed normal subgroup.

(i) If the action of J; on X is free and [X/Ji] is represented by an algebraic
space X, then the pullback along ¢ : X — X induces an equivalence of
categories

(A.3.3) ¢*[dim Ji] : Py (X) ~ Py(X).

(ii) Assume that .J; is connected and that the action of J; on X is trivial.
Then the forgetful functor

(A.3.4) Pj(X) = Py (X)

is an equivalence of categories.

The proof is the same as the classical (i.e., nonperfect) situation (e.g., see
[Zhul6, Lemma A.1.4]).

For A € P;(X) (or more generally a J-equivariant complex), it makes
sense to talk about the J-equivariant cohomology H%(Xj,.A). Namely, let Jy
be a smooth model of J as in Lemma A.26. Let {E,, — By} denote a sequence
of Jo-torsors over { B, }, which approximate of the classifying space of .Jy in the
sense that B, C B, is a closed embedding, and H*(hgnan) = H*(BJy). For
example, we can embed Jy into some GL, such that GL,/Jy is quasi-affine.
Then for n large, let E, := S, , be the Stiefel variety, i.e., the tautological
GL,-torsor over Gr(r,n). Then B,, := E,/Jy is represented by a scheme, and
the ind-scheme ligan satisfies the required property. Then the sheaf Q, X A

on EP" ™ x X is J-equivariant with respect to the diagonal action, and therefore

200ne can also define the equivariant derived category.
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by (A.3.3), it descends to a sheaf Q,X.A on E, x X, which is a separated pfp
perfect algebraic space by the discussion in Section A.1.3. Then

HY (X, A) = B (lim (B~ %X, QRA).

From the construction H% (X}, A) is a module over H*(hgan) = H*(BJp).
Let us also recall the Lie theoretical description of H*(BJy) in the case when
Jo is connected: if we denote by G = Jéed the reductive quotient of Jy over k,
then H*(BJQ) = RG7[.

It is clear from the definition that if J; C J acts freely on X with X the
quotient as above, then

(A.3.5) H3 (X7, ¢"A) = Y, (X3, A).

On the other hand, if J; is the perfection of a unipotent group and acts trivially
on X, then

(A.3.6) H;(Xz, A) = Hj g, (X5, A).

Let J be a perfect affine group scheme acting on a php perfect algebraic
space X satisfying the following condition (which is always the case in the pa-
per). There exists a closed normal subgroup J; C J of finite codimension acting
trivially on X, and J; is the perfection of a pro-unipotent pro-algebraic group.
Then we can define P;(X) as P/, (X) and define H}(X, A) for A € P;(X)
as Hj,; (X, A). By (A.3.4) and (A.3.6), both definitions are independent of
the choice of J; C J.

Appendix B. More on mixed characteristic affine Grassmannians

In this section, we discuss some unsolved questions related to mixed char-
acteristic affine Grassmannians.?! We also give an example of our construction.
Proofs are generally omitted in this section.

B.1. The determinant line bundle. We continue to use the notation as in
Section 1. Recall that in equal characteristic, there is the important deter-
minant line bundle £%,, on Gr’. Its fiber at a point (£, ) € @5\[ (the equal
characteristic analogue of Gry) is AV (£ /€). (Recall that & /& is a projective
R-module of rank N.) In mixed characteristic, & /€ is not an R-module, and
therefore AN (£y/&) does not make sense a priori. Alternatively, one can try to
define this line bundle by choosing a filtration of £/&y such that the associated
graded is a projective R-module and then taking its top exterior power. This
idea leads to a line bundle on @N. Let us formulate it more generally for

2! Conjectures I and II have been recently proved by Bhatt-Scholze [BS]. Conjecture III is
still open.
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é?u,. Given a quasi-isogenies £ N &' with Inv(B) € {w1,...,wn,wi,...,w’},
we can define a line bundle

L; = {Ajff’/é‘, i = Wi

NEJE, pi=w}.

As Gr,, classifies all chains of quasi isogenies &, --» £,-1 --» -+ -——» & with
each step being of the above form, we can define line bundles £; as above and
set
(B.1.1) Laet = Q) Li.

i

CONJECT@/E 1. There is a unique line bundle Lqey on Gry such that its
pullback along Gry — Gry is Lqe in (B.1.1).

An evidence of Conjecture I is the following;we ignore the Tate twist:

PROPOSITION B.1. The map H*((Gry)z, Qp) — H*((é\;]\[)]},@g) is injec-
tive. There exists a class c € H2((Gry)z, Qp), whose image in H?((Gry)z, Qp)
is the Chern class ¢(Lget)-

We can reduce Conjecture I to Conjecture IV stated in the sequel. It is
based on the following assertion.

ProprosITION B.2. IfF(a;N, Laet) is base point free, i.e., for every closed
point x € Gry, there exists a section s € I'(Gry, Lqet) such that s(x) # 0, then
Conjecture 1 holds.

Indeed, if the assumption in the above proposition holds, then the push-
forward of Lget along Gry — Gry will give Lges.

Remark B.3. More generally, given a perfect ring R, one can define the
following category Cr of triples (&1,&2,3), where & and & are two finite
projective W(R)-modules and /3 : £; --» & is a quasi-isogeny. This is an exact
category. It is an interesting question to see whether the algebraic K-theory
of Cp is related to the K-theory of R.

CONJECTURE 1I. There exists a model of the line bundle Lyet (in the sense
of Lemma A.22) induces an embedding of a model of Gry into some projective
space. In particular, Gry is the perfection of a projective variety.

Note that assuming Conjecture I, Conjecture II holds if the space of global
sections of Lge separate points. That is, for every two different points z,y €
Gry, there exists s € I'(Gry, Lqet) such that s(z) = 0 and s(y) # 0. As
evidence, we see in Remark 1.15 and, in particular, in the sequel Section B.3,
that in some cases when p is (very) small, Gr<, is the perfection of some
projective variety.
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B.2. Deperfection. Recall that from the proof of Proposition 1.23, the
perfect scheme Gr, = LYG/LTG Nw"L*Gw™* has a canonical model Gr),,
which is a smooth quasi-projective variety. As Gr, is open dense in Gre,,, it
gives rise to a weakly normal model Gr’g u of Grey,, which is a proper algebraic
space over k, containing Grit as an open subset (see Proposition A.15).

CONJECTURE III. The proper algebraic space Gr’gu is normal and Cohen-
Macaulay.

Evidence of this conjecture is the following lemma.

LEMMA B.4. The affine scheme VY ), defined via (1.2.4) is normal and a
locally complete intersection.

We give a hint of the proof. First, note that VJ(’, », is defined by N-equations
in an affine space of dimension n?h. On the other hand, it is not hard to show
that dim V](f,h = dim Vy 5, = n*h — N (e.g., by calculating the dimension of the
fiber of J at diag{p™*,p™2,...,p™"}). So it is a complete intersection.

To show that it is normal, it is then enough to show the smoothness in codi-
mension one. First, one shows V](,’h is nonsingular at A = diag{p™,1,1,...,1}
by calculating the dimension of the tangent space at A. Next using the action
of L]};GLn X L]};GLn by left and right multiplication, V](,ﬂh is nonsingular at ev-
ery point of LzGLn -A- LZGLH. On the other hand, topologically, this double
coset is exactly the preimage of Gry under Vyj; — Gry. By Lemma 1.18,
Gry is of dimension N(n — 1), and the codimension of Gry — Gry is at least
two. Then V](,’h is nonsingular away from a codimension two closed subset and
therefore is normal.

Remark B.5. As mentioned in Remark 1.15, Gr/S . 18 probably not iso-
morphic to its equal characteristic counterpart Grb<u for general . However,
according to the geometric Satake, their intersection cohomology (or more
generally, their motives) are isomorphic.

Remark B.6. If A < u, we have the closed embedding i : Gr<) C Gre,,
which by Proposition A.17, is induced from some map 7’ : Gr’g\) — Gre,,
where Gr’ (j;\) = Gr, but with the k-structure given by Gr, & Grl, —
Spec k. However, i’ is not a closed embedding, and therefore we do not have a

deperfection of the whole affine Grassmannian.

A natural question is whether Gr’S ., has a natural moduli interpretation.
We have no idea how to answer this question. The following discussion provides
some hints that this might be an interesting question.

We consider G = GL,,. As mentioned above, we do not know a moduli
interpretation of Gry := Grl Nw;- On the other hand, recall that there is the
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“Demazure resolution” GrN — Gry. By Lemma 1.18, Gry C GrN is open
dense, so by Proposition A.15 we also have a canonlcal model Cr, N

We do have a moduli interpretation of Gr N, as suggested by L. Xiao. For
simplicity, we assume that k = F,. Fix h > N. Let F/Q, be an unramified
extension of degree 2h, with ring of integers Op = Z,2n. We fix an embedding
0 E — @p and let 7; = 0’1, where o : @p — @p is (a lift of) the Frobenius
automorphism. Then 7,49, = 7.

Let Xy be a p-divisible group of height 2hn and dimension hn over Fp,
with an action ¢ : Op — EndX,. We assume that the signature of (Xo,¢)
is (0,...,0,n,...,n). That is, rk(LieXg),, = 0 for ¢ = 0,...,h — 1, where
(LieXp)r, = LieXo ®0, 7, Fp-

We define a space My € Spﬁp as follows. For an Fp-algebra R, the
set My p(R) classifies chains of isogenies of p-divisible groups on R with an
Og-action,

(Xo)r B X1 = - & Xy
satisfying
(1) (X;,¢) has signature (1,...,1,0...,0,n,...,n,n—1...,n— 1), where the

first @ positions are 1’s and the last i positions are (n — 1)’s
(2) degp; = p* L fori=1,...,N;

(3) the differential (dg¢;); : (LieX;_1)7, — (LieX;),; is zero for j = 0,...,h—1;
and

(4) the dual of the differential (d¢;); : (LieX}),, — (LieX} ;). is zero for
j=h,...,2h—1.

Note that the first two conditions imply that ker ¢; C X;_1[p].

The first two conditions define a moduli scheme closely related to RZ
spaces. However, it is not irreducible in general (not even equidimensional),
and the last two conditions cut out My, inside it as an irreducible component.
More precisely, by induction we have

LEMMA B.7. The space M1, is a P~ _pundle over My, fori=1,... h.
Therefore, My, is represented by a smooth projective variety.

Indeed, let X'V denote the universal p-divisible group on M; 1, appear-
ing at the end of the chain. Let M (X)* denote the dual of the Lie alge-
bra of the universal extension of X!V by vector groups. Let M (X‘mi")’: =
M (X{)* @0, 7, Fp. Then we have a rank n vector bundle E; = M (X{™V)*
on Mi,h and MH—l,h = P(EZ)

70

—/
PRroOPOSITION B.8. There is an isomorphism Gry ~ My p.

Indeed, choosing a trivialization D(Xg) ~ W (k)" = &), and using the
argument as in Proposition 3.11, one shows that there is an isomorphism
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M]f;,:o ~ Cry given by sending Xg — -+ = Xy to D(Xn)r, — -+ = D(Xo)7,-
On the other hand, there exists an open subscheme M N,n C My, parametriz-
ing those chains such that the kernel of the map ¢n---¢1 : Xog — Xy is not
contained in X [pN ~1], and one can show that M ~N.h =~ Grly, compatible with

Gry ~ M]I\’,_ZO . Then by (A.2.2), we have a projective birational universal
—
homeomorphism Gry — Myp. As My is a smooth projective variety, we

have &/N ~ Mp p. Details are left to readers.
There is a line bundle on My} given by

N )
Al —p'
Laey = ®WXN7T—1"
i=1
where wy -, = A*P(LieXy )7, .

LEMMA B.9. Under the map Gry =~ Mﬁ{h 5 My p, there is a canonical
. - ~ ~l
isomorphism Laer ~ €% L, -

Now, in view of Proposition B.2, Conjecture I would be a consequence of
the following conjecture.

CONJECTURE IV. The line bundle E&et on My, is semi-ample.

B.3. Ezxample: @vrg — Gry. We assume that p > 2 so that the Teichmiiller
lifting of —1 is —1. The purpose here is to illustrate the construction of Sec-
tions 1.2 and 1.3 in the simplest but nontrivial case: G = GLg, and N = 2. We
hope to convince the readers that the bizarre-looking construction is indeed
reasonable. We follow the notation there. We will see that Gry is a scheme,
and a model of Gry — Gra can be regarded as a resolution of the singularities
of @2 .

First, f}vrl = PLP™% over which there is a sequence of maps of locally free
sheaves (notation from the proof of Proposition 1.13)

Elp— OF e = Opy o (1).
Then Gry = PP~ (€/p). From (1.3.2), we know that £ /p fits into the following
exact sequence:

0—-0(1)—E&/p—O(-1) —0.

Therefore, £/p ~ O(1) & O(—1) (but this isomorphism is noncanonical), and
Gry is isomorphic to PP~ ™ (O(1) @ O(-1)).
Next we consider Gra. According to Section 1.2.2,

Gry = Gra3/L*GLa.
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Consider the scheme U = Spec R where R = k[z,vy, z]/2% — yz. There is a
natural map UP"~ — Gry given by

(z,y,2) = (£, A), where A = (p Hx] p‘_%) € GLy(W(RP™)[1/p]).

LEMMA B.10. This is an open embedding.

Note that, in particular, Gro has an open cover by Gry and U? " and
therefore is a scheme.

Proof. We write G for L3GLsy for simplicity. We lift UP" " — Gy to a
map UP" " — Gra,3 by sending A — (€, A,id). Then we need to show that
the action map UP"~ x G — Gra3 is an open embedding.

We need the following lemma, whose proof is based some linear alge-
bra calculation. Recall that V53 is the scheme classifying pairs (X,\) €
My(W3(R)) x R* satisfying [A] det X = p?. We define a subfunctor W C Va3,
whose values at a perfect k-algebra R consist of those X € V5 3(R) such that
there exist a decomposition X = Ag with

p+zl  —[y] 2
gGGR, A:< € My(W3(R)), det A = p“.
(R) S R TR

LEMMA B.11. The functor W is represented by an open subscheme of V3 3.
In addition, given X € W(R), the matriz A is unique in the decomposition
X = Ag as above.

—C a

Proof. Let X = (9%) € Va3, and let X* = (
We write a = [ag] + p[a1] + p*[az] and similarly expand b, ¢,d. Note that det X
is divisible by p? if and only if

(B.3.1) apdy = boco, a b do —bo + a0 bo di —h =0.
C1 dl —Cp aq Co d() —C1 ay

In other words, V5 3 is represented by an open subscheme of the affine scheme
defined by equations in (B.3.1).

Let W C V2,3 be the open subscheme defined by the condition a1d; — b1c1
€ R*. We claim that every X € W admits a decomposition X = Ag with
(A4, g) as in the definition of W. In addition, such A is unique. Assuming
this claim, we first finish the proof of the lemma. Let WG be the minimal
G-invariant open subset of V5 3 containing W. Then it follows from the claim
that every X € WG admits such a decomposition X = Ag, i.e., WG c W.
Conversely, let X € w, with a decomposmon X = Ag as requlred Since
A€ W we have X € WG. Therefore, W = WG and in the decomposition
X = Ag, the matrix A is unique. The lemma follows.

) be its adjugate matrix.
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It remains to prove the above claim. Let X € W, and suppose that
X = Ay is a required decomposition. Multiplying this equation by X™* on the
left and ¢! on the right gives

PNy~ = <_dc ab> <p E][x] p_[y{%) '

It follows that the triple (z,y, z) must satisfy
(B.3.2)

do —b() r -y -0 d1 —bl r -y _ d() —bo
—co  ap z —x) 7 —c1 a1 z —x) —co ap /)

When X € W, it is easy to see that there is a unique triple (z,y, z) satisfying
these two equations. Namely,

r -y 1 ai bl do —bo
B.3.3 = — .
( ) (z —a:) bicy — aidy <01 d1> <—co ag
Therefore, such A in the decomposition X = Ag is unique.
Conversely, for X € W, let A = (p J[;Hx] P:[i{g])’ where (z,y, z) is given by
(B.3.3). Using the lifting Vo3 — L*V5 as in Remark 1.11, we regard X and A

as elements in LGLso, denoted by X and A. Then the determinant of
G:=XA'=p2XA* € LGL,

is an element in W (R)*. But since (B.3.2) holds, the entries of g are in fact in
W(R). Therefore, § € LY¥GLy. If we set g = (§mod p?), then X = Ag. The
claim follows. O

Now let V be the preimage of W under the projection Gra s — V2 3. Then
the action map UP" " x G — V is an isomorphism. In fact, the uniqueness of
A as in the above lemma implies that this map is a monomorphism. On the
other hand, the definition of W together with an argument as in Lemma 1.10
implies the surjectivity of R-points. Therefore, the lemma holds. ([

Finally, one can also verify Conjecture I in this case. Namely, let j :
Gra — Gro be the open inclusion. One can restrict Lge; to Gra C Gro. Then

Edet = ]* (Edet |Gr2 )
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