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A sharp counterexample to local existence
of low regularity solutions to Einstein
equations in wave coordinates

By Boris ETTINGER and HANS LINDBLAD

Abstract

We give a sharp counterexample to local existence of low regularity
solutions to Einstein equations in wave coordinates. We show that there
are initial data in H? satisfying the wave coordinate condition such that
there is no solution in H? to Einstein equations in wave coordinates for
any positive time. This result is sharp since Klainerman-Rodnianski and
Smith-Tataru proved existence for the same equations with slightly more
regular initial data.

1. Introduction

The Einstein vacuum equations R,, = 0 in wave coordinates become a
system on nonlinear wave equations, called the reduced Einstein equations:

(1.0.1) 09 = Fiu(9)[0g,0g).
The metric, in addition, is assumed to satisfy the wave coordinate condition
(1.0.2) Oa(\/|g|g°‘5) =0, where |g| = |det (Og/8x>|,

which is preserved by the reduced equations if it is satisfied initially and if
the data satisfies the so-called constraint equations. Here F},,(g)[0g,0g| are
quadratic forms in d¢g with coefficients depending on g, and the reduced wave
operator is given by

(1.0.3) 0, = ¢*°9,05.

We are considering the initial value problem with low regularity data.
Given initial data in Sobolev spaces H?,

—_ 0 s _ 1 s—1
(1.0.4) 9,_,=9 € H? Org =9 € H ",
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we are asking for which s we can obtain a local solution in H?®, i.e.,
(1.0.5) g(t,-) € H?, og(t,)e HL, 0<t<T

for some T' > 0, given that initial data satisfy the constraint equations and the
wave coordinate condition. In 1952 Choquet-Bruhat proved that this is true
for large s. More recently Klainerman-Rodinianski [KRO05], respectively Smith-
Tataru [ST05], proved local existence in H®, for s > 2, for Einstein equations
in wave coordinates. The result in [ST05] is in fact for more general quasilin-
ear equations of the above form. (See also a recent work of Wang [Wanl14].)
Moreover, Klainerman-Rodnianski-Szeftel [KRS15] recently proved that one
has local existence of bounded curvature solutions to Einstein equations if the
curvature is bounded initially. However, that does not imply existence in wave
coordinates.

We in fact show that one does not in general have local existence in H?
for Einstein equations in wave coordinates:

THEOREM 1.1. For any € > 0, there is a domain of dependence D and
there is a smooth solution to Einstein equations in wave coordinates in D such
that

(1.0.6) 19€0, ) = mllg2(py) + 19:9(0, ) 11 (Do) < &

where m is the Minkowski metric, but for any t > 0,

(1.0.7) 19, M a2py) + 19e9(t, ) a1 (D)) = 00,

where Dy = {x; (t,x) € D}. Moreover, the curvature tensor satisfies
(1.0.8) 1B, ) 2D,y < Ce

for any t. (Here domain of dependence is an open subset of the upper half-space
such that the backward light cone from any point in it is also contained in it.)

Remark. By a recent result Czimek [Czil6], data as above can be ex-
tended to data on R? in H? satisfying the constraint equations and the wave
coordinate condition.

To put the result in the theorem in context we recall that in Lindblad
[Lin96], [Lin98], counterexamples to local existence in H? were given for the
semilinear equation

(1.0.9) O¢ = (L¢)?,
respectively, for the quasilinear equation
(1.0.10) O¢ = ¢ L3¢,

where L = 0y — 0;,. The counterexample for the semilinear equation is much
stronger, and the quasilinear counterexample is just due to concentration of
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characteristics. On the other hand, it was shown in Klainerman-Machedon
[KM95] that there is local existence H®, for any s > 3/2, for systems that
satisfy the null condition, in particular, for

(1.0.11) O¢ = (86)* — [Vl

Einstein equations in wave coordinates do not satisfy the null condition. How-
ever, as was shown in Lindblad-Rodnianski [LRO5], they satisfy a weak null
condition in a null frame, and the semilinear terms can be modeled by the
system

(1.0.12) Oge = —(L¢1)?,  Op1 =0

that satisfies the weak null condition. The same argument used to give a
counterexample for the systems (1.0.9) and (1.0.10) in H? also gives a counter-
example in H? for the model problem (1.0.12):

PROPOSITION 1.2. For any e > 0, there is a smooth solution ¢ = (¢1, P2)
to (1.0.12) in D = {(t,x); (z1 — 1)® + 23 + 23 < (1 — )} such that

(1.0.13) 160, M z2(po) + 10:0(0, )| 11 (D) < €

but for any t > 0,

(1.0.14) 16, ) g2y + 10:6(E, ) |1,y = 00,

where Dy = {x; (t,x) € D}. Moreover, the data can be extended so that
(1.0.15) 1600, )l z2ma)y + 10:6(0, )| w3y S €

The proof of this is accomplished by finding explicit solutions of the system
depending on (¢,z1) only inside the domain of dependence D that satisfy the
conditions. Its easy to check that for any function x1,

é1(t, ) = x1(21 — t), Pa(t,x) = —txa(zy — 1)
solves the system if
1
x2(z1) = 2/0 Xll(s)2 ds.
Let
1
xi(z) = / ellog|s/4||% ds, 1/4<a<1/2,
0
in which case
T
Yalz1) = 2/ [log /4] ds.
0
We have

(1.0.16) o1 (t, Ml m2(py) ~ X1 lL2(s) o2 (t, M m2(py) ~ tlixzllzz(o,)
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and a calculation shows that

(1.0.17)
2t <oo ifi=1,
(=P da e [C = O 0 doy "
Dy t = 00 if 1 =2,

from which the first part of the proposition follows. The second part of the
proposition is obtained by multiplying with a cutoff x((x% + x%)/:m)

Note that in the example, derivatives tangential to the characteristic sur-
faces t — x1 = ¢ are better behaved than transversal derivatives.

Modulo terms that satisfy the null condition or cubic terms that are
smaller because of the smallness in the construction above, we have

1 « 1 «
(1.0.18)  Oygw ~ P(8,9,0,9), where P(h,k)= Zhakg ~5h Blogs.

Expressing this in a null frame L = 0; + 03,, L = 0y — O0y,, A, B = 0y, Oy,

(1.0.19) Og9rv ~0, T e{L,A B}, Ue{L,L,A B},

(1.0.20) OygL ~ P(9L9,0L9).

The linearized version of the wave coordinate condition reads
1

(1.0.21) — m" 0,9,y + §m“” Oy gy ~ 0,

which expressed in a null frame becomes

1 1 1
(1.0.22) — iaggm - 5&9@ + 0292y + 0393y — 537( —gLL + g2 + 933> ~ 0.

Modulo tangential derivatives Jr,, 02, 03 that we expect to be better, the wave
coordinate condition reads

(1.0.23) Orgrr ~ 0, Opgr2 ~0, 0Orgrz~0, Or(g22 +g33) ~0,
which implies that

1 2 2 2
(1.0.24) P(0Lg,0Lg) ~ —§<(3;922) + (Op933)° + 2(9pg23)?).-
Consistent with this we choose
(1.0.25) g2 =14+ x1(x1—1t), g33=1—x1(x1—1)
and
(1.0.26) 923 = gr2 = gr3 = 0.

These components solve the homogeneous wave equations (1.0.19). In order
to also solve the remaining wave equation (1.0.20) we must have

(1.0.27) gL = —txa(z1 — t).
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In order to satisfy the remaining wave coordinate condition for gr; we must

have
(1.0.28) Orgrr — 20" dagpr = 0.
To satisfy this we finally define
1
(1.0.29) gBL = —Z$BX2($1 — ),

which also satisfies the wave equation (1.0.19).
Based on the above linearized approximation, we make the nonlinear
ansatz in the table below, with x9 a modification of ys:

gvz || L L 2 3

L 0 -2 0 0

L |-2 —tX2 —32(1+ x1)X2 | —5(1+ x1) "@sx2
2 0 —fo2(l+x1)xz 1+ x1 0

3 0| —3zs(1+x1)"'x2 0 (1+x1)~"

This modification is obtained by trying to modify the metric above in
order for it to satisfy the nonlinear wave coordinate condition. The reason
this can be done is that we first choose the metric so that det ¢ = 1, in which
the wave coordinate condition becomes a linear equation for the inverse of the
metric

Bug"” = 09" + Opg™ + 01g" + Bag® =0,

solved in the same way we solved the linearized equation.
As it turns out, with a metric of the form in the table, the only nonvan-
ishing component of the curvature tensor is Rarpr # 0. With xo satisfying

Yo — 2042 (1 +x1) "2 = %3/16 = 0,

we have that the Ricci curvature Ry is equal to gABRALBL = 0. In the
quasilinear case the domain has to be opened up slightly away from the char-
acteristic t = x1, 9 = x3 = 0, to make sure the boundary of the domain is
non-timelike and hence a domain of dependence. Since the metric is a small
perturbation of the Minkowski metric in L°°, the light cones are close to those
of Minkowski and we only have to insure that the boundary is non-timelike.
Let D be the domain

(1.0.30) D= {(t,x); (x1 — 1)2H(z; — 1) + 23/4 + 22 /4 < (1 — 1)},
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where H(z; — 1) = 1 when 1 < 1, and H(z; — 1) = 1/4 when z; > 1. The
boundary consists of two parts C' = Cy U C5, where

(1.0.31) Cr={(t,x);x1 <1, (1 —1)*+23/4+22/4=(01-1)?%
and
(1.0.32) Cy = {(t,x); o1 > 1, (x1 —1)*/4+23/4+2%/4=(1—1)*}.

(5 is clearly non-timelike as is C; when x% + a:% > ¢ > 0 since this is true for
the Minkowski metric with some room. In null coordinates u = (t — x1)/2,
v=(t+x1)/2, Cy is given by

4(1 —v)u + 23/4 +23/4 = 0.
The conormal is given by
n= 2(1 — t)dt — 2(1 — wl)d$1 + $2dx2/2 + acgda?3/2.

Now it is easy to see that the inverse of the metric takes the following
form:

g 7 L L 2 3
L gh b =5 —Raaxe | —sasne
L 1 0 0 0
2 —gzaX2 | 0 [ (1+x1)™! 0
3 —%%3X2 | O 0 1+ x1

It follows that
9% nang = m*Pnang| < (xal + [Rel) (23 + 28) + " [u?,
where |u| < 23 + 23 on C; and
m*Pnang = —(x3 + 23).
Hence if N is the normal to C, then
JasNN? <0,

so (' is non-timelike.
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2. The heuristic argument and illposedness for the model system

2.1. The reduced Einstein equations. Let g be a solution of Einstein equa-
tions

(211) R;w =0,
in harmonic coordinates

(2.1.2) 9a(\/1919*%) =0, B=0,...,3.

Denote the reduced wave operator by
0 = ¢*%8,85.

Let hag = gag—mMag, where m is the Minkowski metric. Then by [LRO05] we
have

(2.1.3) Oghyw = Flu(h)(0h, 9h),
where F' is a quadratic form in 0h with coefficients depending on h:
F,w(h)(Oh,0h) = P(0,h,0,h) + Quu(0h,0h) + G, (h)(Oh, Oh).
Here
P(h,k) = %hgk:g - %haﬂkag,

where the indices are raised with respect to the Minkowski metric, @, are lin-
ear combinations of the standard null forms and G, contains only cubic terms.

We want to construct a counterexample to local existence in H?2. First, by
[KM95], semilinear equations satisfying the classical null condition have local
existence in H?, so we can neglect these terms in a heuristic argument. The
counterexamples we construct below will be singular along a light ray in such
a way that h vanishes exactly at the light cone, and therefore |G| < || |Oh|?
will actually be more regular than |Oh|? so also this term can be neglected in the
heuristic argument. Inside a light cone, the counterexample we construct will
be a function of (¢, z1) only with a singularity along t—z; = 0, but more regular
in the t+x direction. We therefore expect the derivatives in the t—x; direction
to be worse than derivatives in other directions, so expanding the metric in a
null frame L = 0; + 01, L = 0; — 01, A, B = 02,03, we see that J,, is to leading
order %L”GL. We have ¢*# = m® — h# + O(h?), where h® = m®*mP’h,,,
and haﬁaaaﬁ is to leading order hp 0%, where h = hagLaLﬁ . Similarly,
P(d,h,d,h) is to leading order given by L, L, P(Oph,dph)/4. Hence expanding
h in a null frame hyy = h,, UFUY, the reduced Einstein equations become to
highest order

(2.1.4) (0= hrd}) hru ~ 0,
(2.1.5) (0= hprd}) hpp ~ P(OLh, dph),
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where T is any tangential frame component 7' € {L, A, B} and U is any frame
component U € {L, L, A, B}. By [LRO5],
1
P(p, k) = Z5AB <2pALkB£ +2parkBr — paBkLL — pLLkAB>

1

(2.1.6) - g(pLLk'@ +prrkrr)

1 'R/
- 15’435’4 B (2paakpp — paskas).

The system simplifies further because, as we shall see next, the wave coordinate
condition implies that

(2.1.7) BLhLL ~ 0, 8LhL2 ~ 0, 8LhL3 ~ 0, 8L(h22 -+ h33) ~ 0,
which implies that

1
(2.1.8) P(Oph, Oph) ~ =5 ((0Lh22)* + (9phss)® + 2(0Lhas)?)

and that after a possible change of variables, we can also neglect the term
hLLa%.

2.2. Illposedness for the model problem. Consider the following semilinear
system:

(2.2.1) O¢o = —(Lé1)",  Oé1 =0,  where L= 08, — ;.

Our first result using the techniques from [Lin96] is illposedness for this
system:

LEMMA 2.1. Let € > 0, and set
xi(z1) = /Ox e|log |s/4||" ds, 0<a<1/2.
There is W1 € H*(R3) such that
Uy(z) = x(z1) in Bo={r € R (x1 —1)* +23 + 23 <1}
and
1]z < Cace,

supp ¥ C {z;|z| < 2} and singsupp ¥; = {0}.
Let

T 1
x2(x1) = 2/ Xy (5)%ds = 2/ e|log|s/4]**ds, 1/4<a<1/2.
0 0
There is Wy, € HY (R3) such that
Uor(z) = x2(x1 —t) in B={z¢€ R3; (x1 — 1)2 + 563 + :rg <(1-— t)2}.

For 0 <t <1, we have
H‘I’2t||1'{2(3t) = 0.
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Proof. We have

/ X1 (1) da —/ IXT(21) (/ dﬂfzd:vg) dzq
Bg x +a:3<2m1 :62

/ XY (1) > (221 — 2%) day

/2 2¢21a? r1dxy
o x7|log|zy/4]|2(1-2)

Thus [|W1]] 2,y < Cac, and it follows from extension theorems in Stein [Ste70]

< 00

(see page 181), that it can be extended to a function in H?(R?) with comparable
norm. Moreover, the extension can be chosen to satisfy the above support and
singular support properties.

Moreover, if 0 <t < 1, then

[ b -0 o
By

2—t
—/ |X2 1 —t) ! </ d.’EQdﬂS‘g) dxq
22+23<(2—(214t)) (w1 —1)

= [ b~ PR~ (@1 + )@~
1—t A(q _ 2
>2/ € (21 7 (2a)® x1dzy _ 0
o i|log |z /4202
The data we will choose for (2.2.1) are
¢1(0,x) = \Ill(x), 8tq§1(0,x) = —a$1\111($).

Note now that by a domain of dependency argument, the solution of (2.2.1)
inside the cone A = {(¢,x);|z — (1,0,0)] < 1 —t¢t,t > 0} only depends on the
data inside the ball By. Since data inside the ball By only depends on 1, the
solution ¢ inside A satisfies

(02, — 01)(Or + Oxy )1 (t, 1) = 0.
It follows that (0 + 0z,)¢1 = 0 in A and hence
o1t z1) =xa(z1 —1),  (t,z) €A

Hence

(00, — 0@+ 02, )2(t, 1) = (06, — D)1 (t.21)) = —4; (@1 — 1.
We now choose data
¢2(0,2) =0, Or2(0,x) = =Wy (x).
It then follows that in A,
¢a(t, ) = —txo(x — ).
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Hence by the estimate in the lemma,
lp2(t, ) || g2 = o0 it 0<t<1.
On the other hand, it easily follows from standard Strichartz estimates that

lp2(t, )| gro-s < o0 if §>0.

2.3. The wave coordinate condition. We prefer to work with lower indices
since the nonlinearity is more transparent in this case. We collect two standard
linear algebra results about the derivative of the determinant of a matrix and
the inverse of a matrix:

LEMMA 2.2. Let |g| = |detg|. We have

(2.3.1) (9a|g| = \g| g’”’ aag/w»
(2.3.2) 80[9“” = _g,u,ul gwjl aGvipa -

We convert the constraint equations

aa(\/@gaﬁ) :07 /8:07'”737

using the lemma above. We get
1
—V/ 19| gaa1g,3ﬂ1aaga151 - igaﬂ 9 9" Oa gy = 0.
Apply gsy, divide by 1/|g| and relabel the indices (v — p, oy — v) to arrive at

1
(233) — g'uyap,gy'y + 59”1/ a’yguy = 05

which is the form that we will use.
Write down the linearization of the wave coordinate condition (2.3.3) that
for small h is good approximation of the wave coordinate condition:

(2.34) —m* O, by + %m‘“’ Oyhyu = 0.
Define the basis (null frame) by
(2.3.5) L=0y+ 0y, L=0—0y, 0a=0.,, A=23.
We use the basis from (2.3.5) in (2.3.4). For v = L, we have

%8ghLL + %aLhLL — 6B hpr, + %aL <_hL£ + 5ABhAB) =0.
For v =L,

1 1 AB 1 AB

5Ouhiy + 50rhiy — 6% 0ahpy + 501 (=hrr +6*Phag) = 0.
For v = C € {2, 3},

1 1 1
§8£h[,c + 58Lh£0 — 5AB8AhBC + 58@ (—hLé + (5ABhAB) = 0.
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In the first two equations, the hrp coefficient cancels and, therefore, we can
write the linearized wave coordinate condition as follows:

(2.3.6a) oLhrr — 20480 hpr, + 01, (5ABhAB) =0,
(2.3.6b) 8th — 2(5A38Ah3£ + 6£ (5ABhAB) =0,
(2.3.6¢) Orhrc + Orhre — 25A38Ah30 + dc <_hLL + (5ABhAB) =0.

Recall that our solution is

hap ~ ¢1,
hip ~ ¢2,

where ¢1 ~ x1(x1 — t) and ¢o ~ —tx2(z1 — t) inside the cone |z| < 1 —t with
¢1 € H? while ¢ € H>70\ H2.

2.3.1. Eliminating truly bad parts. We would like to eliminate the compo-
nents that are differentiated by L in (2.3.6a)—(2.3.6c) as they would not have
the same regularity as derivatives of L, A. Therefore, identifying these terms
in (2.3.6a)-(2.3.6¢), respectively, we set

(2.3.7) hrr =0,
(2.3.8) 64Phap = hyy + haz = 0,
(2.3.9) hpe = 0.

We cannot set hyp = 0, but it is enough to have

haa = —h3z = ¢1,

2.3.10
( ) hosg = 0.

2.3.2. Satisfying the first linearized wave coordinate condition (2.3.6a).
With (2.3.7), (2.3.8), and (2.3.9), the first constraint is satisfied automatically.

2.3.3. Satisfying the second linearized wave coordinate condition (2.3.6b).
With the choice hap as in (2.3.10), the constraint (2.3.6b) becomes

Orhrr — 264P0shpL = 0.

Since Or.hr = —tx2 inside the cone, this suggests we define
I B
(2.3.11) hpL = _Zx X2-

Observe that B¢y € H? since near the singular point z; = t of ¢9, inside
1

the cone, we have |28| < (t — x1)2, which makes the appropriate expression

integrable and prevents the singularity.
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2.3.4. Satisfying the third linearized wave coordinate condition (2.3.6c).
We have

dahpc =0
by (2.3.10). Also,

Orhpr =0
by (2.3.11). Combining this with (2.3.7) and (2.3.9), we see that the last
constraint (2.3.6¢) is reduced to

Ochrr =0,
which suggests
hLL =0.
To summarize, in the L, L, 02,03 basis and in that order, h,g is
0 0 0 0
0 —txa —iTaX2 —iT3X2
h = 1 1
¥ 2l{jel<1-1} 0 —lmys 0
0 —iz3X2 0 —Xx1

3. The solution inside the cone

The goal of this section is to build on the ideas of Section 2 to obtain a
solution of the Einstein equations inside the cone and wave coordinates for it,
such that the metric in these coordinates has a finite H? norm at time zero
and is infinite at all other times. For this end, let D be the domain

(3.0.1) D= {(t,2);(x1 — 1)*H(z; — 1) + 23/4 4+ 23/4 < (1 —1)?},

where H(x; —1) = 1 when ;1 < 1, and H(z; — 1) = 1/4 when x; > 1. Set
Dy = {z; (t,x) € D}. Our goal is to prove the following statement:

THEOREM 3.1. There exist a spacetime (D, g) and coordinates x,, : D—R,
a=0,1,2,3 such that

e the metric g satisfies the Finstein vacuum equation
Ric(g) =0 on D;

e the coordinates x, are wave coordinates

aa(\/@gaﬁ) =0 onD (=012 3;
e the metric g has finite initial data in H?(Dg) x H'(Dy):

196l 72(Do) + 10tgapll 1 (Dg) < 00, a, B €{0,1,2,3};
e the H%(D;) norm of goo at any other time t is infinite:
lgooll2(p,) = 00, Vt € (=1,1) \ {0}
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We prove the theorem by describing an explicit example for such a metric g
and coordinates z,. The coordinates z,, are the standard coordinates on R *3:

xa((yﬁaylv y273/3)) = 5gy,3

We will also write t = xp. We use the rest of this section to specify g and verify
that the hypotheses of Theorem 3.1 are satisfied. We define the following vector
fields:

L =0+ 0y,

3.0.2
(30.2) L=0,— 0.

We complete {L, L} to a basis by adding 04 = 9, ,, A = 2,3. In what follows
we will use A, B to denote an index from a set {2,3}. Since L, L are constant
coefficient vector fields, we will abuse the notation and treat L, L as fictitious
indices as well. For example, Orf = O.f + 0y, f or g, = (L, L),.

Remark. Since {L,L,04|A = 2,3} form a basis and have constant coeffi-
cients, we use this basis instead of the standard one in all subsequent deriva-
tions.

We can now specify the metric.

Definition 3.2. The nonzero coefficients of the metric g in the basis above
are as follows:

(3.0.3) gLL = —2,

(3.0.4) grr = —tx2(z1 — t),
(3.0.5) gaB = 0apx1a(z1 — 1),
and

(3.0.6) JAL = —iﬁAX2A(CUl —1),
where

1
xiz2=1+x1=—.
X13

Here x1 was defined in Lemma 2.1, Y9 is a slight modification of yo that will
be defined in Lemma 3.3 below and

X24 = X1AX2-
The rest of the coefficients are given by symmetry.

Remark. Unless we specify otherwise, the argument of the x-functions will
be x1 —t.
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The coefficients of g are summarized in Table 1.

gvz | L L 2 3

L 0 -2 0 0

L |-2 —tXo —tz2(1+ x1)Xz | — 11+ x1) asxe
2 0] —f22(1+x1)X2 1+x1 0
30—tz +x1) xe 0 (1+x1)™!

Table 1. The coefficients gy z of the metric.

Thus we reduce the proof of Theorem 3.1 to the following three lemmas:

LEMMA 3.3. Let xo satisfy

. _ 1 .
Yo —2(x1)*(1+x1) % - T6x§ =0.

Then the metric g defined in Definition 3.2 satisfies Ric(g) = 0.

LEMMA 3.4. Let g be the metric defined in Definition 3.2. Then the
standard coordinates satisfy the wave coordinate condition (2.1.2).

LEMMA 3.5. The metric g in Definition 3.2 satisfies
HQQBHHZ(DO) + HathéBHHl(Do) < 0, avﬁ S {07 17273}7
lgoollr2(py) = 00, V8" € (=6,6) \ {0}.

Lemmas 3.3 and 3.4 are given by direct computation for which we will
provide some intermediate steps. The following statement is a straightforward
observation:

CLAaM 3.6. We have the following equalities:

(1) /lgl = 2;

(2) the nonzero coefficients of the inverse metric g* % are as follows:

1 1 1\ ~
9" = 2txe+ — (#B(1+ x) + B3+ x) ) B

4 64
1 _
i _ngXQA(XlA) Y
rp_ 1
27

9P = 6ap(x1a) ™!

and their symmetric counterparts.
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g*? L L 2 3
L o+ &@30+x) +230+x) )33 | -5 | —fzexe | —iasve
L - 0 0 0
2 —2T2X2 0 [ (14+x1)7! 0
3 —£73X2 0 0 1+ x1

Table 2. The coefficients g¥'# of the metric.

We summarize g¥ Z in Table 2.

Proof of Lemma 3.3. We use the slightly nonstandard definition of Chris-
toffel symbols from [LRO5, (3.1)]:

1
FO/BW - 5966 (8ag6'y + 879604 - 35904«,) 5
(3.0.7) )
Tapy = gasla’y = 3 (Oagpy + 01980 — 089ar) -

The following Christoffel symbols are not zero:

X2
Vipp =Tore =—Trip=—",
X2 .
Trop =— X2 + X3,
1 /
I'pan =5%aX24>
Lrpa=Tapr =—0aBX1as

1
F'aLp =0aB <_1X2A + X/1A> ;

whereas FLLL = FLLL = FLLL =0 and

Parp =Tarr =Trpar =Tarr =Trap =Tare =TaprL =Tapc = 0.

With the convention (3.0.7), we have the following formula for the curvature
(see also [LRO5, 3.10]):

R;wwﬁ = aﬁruau - aVF;LaB + FVAaFuA,B - Fo&\ﬁru)\u-
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We will split the curvatures into two nontensors, which represent the linear
and the quadratic parts:

lin d
Ruauﬂ = Ruauﬁ + REZ?/ﬂv

Rutus = 08T o = 0T o,

d
R/(ilclv?/ﬁ = QMFW\QFHW - g)\vra/\ﬁruw-

We claim that the only nontrivial components of the nontensors Rm Rduad
are R - and Rqufg ;- In fact, this follows from the symmetries if we can
show that they vanish if at least one index is L or at least three indices are
A,B,C. For RE&B o the first follows since the only components of 03100
with at least one L are 8LFLLL, 8LF@L = 8LFL@ and 8LFM7 but they are
seen to cancel each other when appearing in R™. Secondly, T'apc = 0 and
0aAl'Bcr, = 0aATl'Lcp = 0 and 04T'grc = 0, which concludes the proof of the
statement for R, For R4 the first follows since the only combination of
g)‘VFl,)\aFwﬁ with one index L, say v = L, is gLLFL@FLLL, which will cancel
when appearing in R1"?d, Secondly, if three of the indices of g*T,\T uy 3 are
A,B,C,say v = A and o = B and § = C, then in fact gLLFALBFuLC =0,
which concludes the proof of the claim.

We have
Rlin =4 1 / _9 "
ALBL — 9AB 2X2A X14 ) »
unad -5 —1/.7 2 1~ _1 /
arsr = 0B |[X1a(X1a)” + pXe(=x2a + x14) |-
The last follows since
L
(3.0.8) RAT5L = Tporl 'y = Toenl ' p — Troeel i

= g“PTpcrlapL — 9" T Lol aLs.

With this we compute!

gABRLiln — %, —4 (x1)?
R )

q 2 1
QABR%EBL = (x1)? {(1+Xl)2} - EX%-

"'We assume the summation convention on A,B.
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We use this to compute the only nonzero component of the Ricci curva-
ture Ricpr:

Ricpr = g*P Ry py + QABR%fgL
71\2
1
g )1
RO 16

Proof of Lemma 3.4. Since 4/|g| is constant by item (1) of Claim 3.6, we
use some elementary linear algebra to rewrite the wave coordinate condition

(2.1.2) as
(309) g'wjaugy,y = 07 v = 0, e ,3.

Denote

O

dy = 9" OpGuy-
Our goal is to show dy = 0 for v =0, ..., 3. Instead, we will show d;, = dj =
dg =0 for A = 2,3, which is equivalent since L, L, A form a basis of constant
coefficient vector fields. The fact that d; = 0 is obvious, since the metric
coefficients of the form gx are constant. For dp, we write

dr, = 9" 0rgrr + g"E0rgrr + ¢*9rgar
+ g 0pgrL + 9 OagrL + 9" 0agnL.
Since coefficients gx, are constant, we drop their derivatives
dr, = 9"20rgrL + 9" 0rgar + 9*P0agnL.
Observe that dr,gar = %OL(xAng(xl —t)) = 0. Therefore,
dr = g"£0rg1L + 9*P0agnL
= g"0rgLL + 9% 02921 + 6203931

1 5 1 _ -
= —58,;(—15)(2) - 1(1 +x1) 92 (w2(1 + x1)X2)

_ 1(1 + x1)93(z3(1+ x1) "' X2)

4
=0,
since Jr,(tx2(x1 —t)) = x2(x1 — t). Lastly,
da =g""Orgra + 9"0rgpa + """ Or9aB
+ g 0L gra + gPF0BgrA + 950890 4.
We drop derivatives of the constant coefficients gx.:
da = g"0rg1a + g"P0r9a5 + 9% Opgca.

Next, observe that gr4 depends only on 1 — ¢ and x4, thus Orgra = 0.
Similarly, gap depends only on x1; — ¢, therefore dpgap = 0. Similarly, goa
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depends only on t — x1, and therefore dpgoa = 0. Thus we arrive at the
conclusion

which completes the proof. O

Proof of Lemma 3.5. The function x; has been analyzed in Lemma 2.1.
Thus, to prove the lemma, it is enough to establish the following:
XQGHI(Dt)\H2(Dt)a tE[O,l],
2%y € H*(Dy), A=2,3.

Recall that xo satisfies

d . _ 1 .
(3.0.10) X2 = 2(x1(2))*(1 + xa () 7> + T6X2(x)2'
We choose x2(0) = 0. Then by integrating (3.0.10), we can show that yo
is bounded by 2 for |y| < 1 if we adjust € in the definition of yi, so that
fol (x})? < 1, and apply the bootstrap assumption Yo < 4 for the integral
Jo X3. The same argument works to show that x5 € L?(Dy). To show that
X4 ¢ L?, we differentiate (3.0.10). We will have

(3.0.11) X5 =201 () (14 x3) 72 + Fxa, X1, X2, Xa),
where F' will have a smooth dependance on X1, Y2 and a polynomial in /), x5.
Since x}, x4 € LP for any p < oo, we conclude that

”F(X17X/17)~(27>~</2)HL2 <C <.

Also since i is bounded, we can bound (1 + x1(y))~2 > ¢ > 0. Therefore,
applying the same logic as in Lemma 2.1, we will arrive at

=t (1 — )m(20)2 wpdey 1
~I ¢ 2 > / € o 702 — .
Jo ¥ =0 2 | g 30 =

Thus it remains to show that x X2 € H?(Bg). Without loss of generality, put
A = 2. The only estimate that is not addressed above is xoY5 € L?, since we
have already shown 6%2(.@2)22) € H'. We use (3.0.11) to obtain the following
estimate, which concludes the proof of the lemma:

| 14 - o da
Dy

2—t
< [ -or( [ dradas)
t 23+23<(2—(z1+t)) (z1—1)

2—1
S [ 19— 0Er@ — @+ )2~ 0P de

1-t 401 _ £\2 2
oo [ nn -
0 [loglay /4202
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4. Taking into account the bending of the light cones

To take into account the bending of the light cones in the metric we need to
open up our domain slightly to ensure it is spacelike or null. We will therefore
replace our domain. Let D be the domain

(4.0.1) D ={(t,z);(xy — 1)?H(zy — 1) + 23/4 4+ 23/4 < (1 — 1)?},

where H(z; —1) = 1 when z; < 1, and H(z; —1) = 1/4 when z; > 1. The
boundary consist of two parts C' = C; U Cy, where

(4.0.2) Cr={(t,x);x1 <1, (1 —1)*+x3/4+23/4=(1—-1)?}
and
(4.0.3) Co={(t,x); 21 > 1, (21 —1)?/4+23/4+23/4=(1 1)}
A conormal to C7 is given by
n=2(1—t)dt — 2(1 — x1)dxy + xodro/2 + x3d23/2,
or expressed in the L, L, A, B coordinates u = (t — z1)/2 and v = (t + x1)/2,
n=4(1 — v)du — dudv + xodx2/2 + x3dx3/2.

Hence,
gagNaN’B = gaﬂnang

= g"“nuny, + "'y + 26" nuny + 29" nyna + g Pnang

— 16(1 — v)u + (l(u +o)+ é(w%(l +x1) + 231+ x1) ™) X2 ) X216u?

4

1 1
"23— + (1+ Xl)x?q

— (23 +23)(1 = 0)X2 + (1 +x1)"'237

1 _ -
a3 - @) ad) - (34 - )

(231 + x1) + 231+ x1) ™) X2 ) X2 16u2.

1
=16(1 —v)u + Z(xg +22) +

1
4 64

The surface is in the uv coordinates given by

+(1(u+v)+

4(1 —v)u +23/4 +23/4 = 0.
Therefore it is clear that if NV is the normal to C7, then
gap NN’ <0,

with equality only if w = 0. This proves that C; is spacelike apart from when
u = 0, where it is null.
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