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Anabelian geometry with
étale homotopy types

By Alexander Schmidt and Jakob Stix

Abstract

Anabelian geometry with étale homotopy types generalizes in a natural

way classical anabelian geometry with étale fundamental groups. We show

that, both in the classical and the generalized sense, any point of a smooth

variety over a field k that is finitely generated over Q has a fundamental

system of (affine) anabelian Zariski-neighborhoods. This was predicted by

Grothendieck in his letter to Faltings.

1. Introduction

1.1. Higher anabelian geometry. Grothendieck’s anabelian philosophy as

developed in [Gro97] predicts the existence of a class of anabelian varieties

X that are reconstructible from their étale fundamental group πet
1 (X, x̄). All

examples of anabelian varieties known so far are of type K(π, 1); i.e., their

higher étale homotopy groups vanish.

For general varieties X, the homotopy theoretic viewpoint suggests to

ask the modified question, whether they are reconstructible from their étale

homotopy type Xet instead of only πet
1 (X, x̄). For varieties X of type K(π, 1),

this makes no difference since then Xet is weakly equivalent to the classifying

space Bπet
1 (X, x̄).

Recall that the étale topological type Xet of a scheme X is an object

in pro-ss, the pro-category of simplicial sets. Any geometric point x̄ of X

defines a point x̄et on Xet. If X is locally noetherian, the fundamental group

π1(Xet, x̄et) is the usual (in the sense of [DG70, X §6]) étale fundamental

group πet
1 (X, x̄) and the higher homotopy groups of Xet are the higher étale

homotopy groups of X by definition; cf. [AM86], [Fri82]. Isaksen [Isa01] defined

a model structure on pro-ss, and we denote the associated homotopy category

by Ho(pro-ss). When considered as an object of Ho(pro-ss), we refer to Xet

as the étale homotopy type of X. For a pro-simplicial set B, we denote the

category of morphisms to B in Ho(pro-ss) by Ho(pro-ss) ↓ B.
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In the language of étale homotopy theory, the isomorphism form of Mochi-

zuki’s theorem on anabelian geometry of hyperbolic curves [Moc99] can be

reformulated as follows. (See Theorem 3.2 below for a more general version.)

Recall that a sub-p-adic field is a subfield of a finitely generated extension of

Qp.

Theorem 1.1. Let p be a prime number, k a sub-p-adic field and X and Y

smooth hyperbolic curves over k. Then the natural map

Isomk(X,Y ) −→ IsomHo(pro-ss)↓ket
(Xet, Yet)

is bijective.

1.2. Main results. The aim of this paper is to prove Theorem 1.2 below,

which constitutes a first step towards a generalization of Theorem 1.1 to higher

dimensional varieties.

Theorem 1.2. Let k be a finitely generated field extension of Q, and

let X and Y be smooth, geometrically connected varieties over k that can be

embedded as locally closed subschemes into a product of hyperbolic curves over

k. Then the natural map

(∗) Isomk(X,Y ) −→ IsomHo(pro-ss)↓ket
(Xet, Yet)

is a split injection with a functorial retraction

r : IsomHo(pro-ss)↓ket
(Xet, Yet) −→ Isomk(X,Y ).

Theorem 1.2 will be proven in its refined version Theorem 4.7, which

makes a more precise statement and, in particular, uniquely characterizes a

retraction r. It will be this retraction r that we discuss in Theorem 1.9 be-

low. Furthermore, Theorem 7.2 provides a version of Theorem 1.2 without the

assumption of (geometrically) connectedness.

We stress the following weakly anabelian statement obtained as a trivial

corollary.

Corollary 1.3. Let k be a finitely generated field extension of Q and let

X and Y be smooth, geometrically connected varieties over k that can be em-

bedded as locally closed subschemes into a product of hyperbolic curves over k.

If Xet
∼= Yet in Ho(pro-ss) ↓ ket, then X and Y are isomorphic as

k-varieties.

Remarks 1.4.

(i) The reason that Theorem 1.2 is formulated for varieties over a finitely

generated extension field of Q lies in the method of our proof, which

uses techniques of Tamagawa [Tam97] that we could not generalize to

the more general context of sub-p-adic fields.
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(ii) By [Isa04a], the functor X 7→ Xet from the category smooth k-schemes

to Ho(pro-ss) ↓ ket factors through the A1-homotopy category of Morel

and Voevodsky [MV99]. In particular, it is not faithful. However, this

does not affect Theorem 1.2 since the schemes occurring there are A1-

local.

For strongly hyperbolic Artin neighborhoods (see 6.1 for the definition), we

can show that (∗) is a bijection.

Theorem 1.5. Let X and Y be strongly hyperbolic Artin neighborhoods

over a finitely generated field extension k of Q. Then the natural map

Isomk(X,Y ) −→ IsomHo(pro-ss)↓ket
(Xet, Yet)

is bijective.

We denote by Gk = π1(ket, k̄et) the absolute Galois group of the field k

with respect to a fixed separable algebraic closure k̄. For a connected variety X

over k equipped with a geometric base point x̄ over k̄/k, there is a natural aug-

mentation map πet
1 (X, x̄) → Gk. We denote by HomGk

Ä
πet

1 (X, x̄), πet
1 (Y, ȳ)

ä
the set of those homomorphisms that are compatible with the augmentation.

Further, σ ∈ πet
1 (Yk̄, ȳ) acts by composition with the inner automorphism of

πet
1 (Y, ȳ) given by σ, and

Homout
Gk

Ä
πet

1 (X, x̄), πet
1 (Y, ȳ)

ä
:= HomGk

Ä
πet

1 (X, x̄), πet
1 (Y, ȳ)

ä
πet

1 (Yk̄,ȳ)

denotes the set of orbits. For geometrically connected and geometrically uni-

branch varieties, this set does not depend on the chosen base points (cf. Sec-

tion 2.2), and we omit them from the notation. Then there is a natural map

Homk(X,Y )→ Homout
Gk

Ä
πet

1 (X), πet
1 (Y )

ä
,

which factors through HomHo(pro-ss)↓ket
(Xet, Yet); see Corollary 2.5. Because

strongly hyperbolic Artin neighborhoods are of type K(π, 1), Theorem 1.5 can

be restated in terms of fundamental groups:

Corollary 1.6. Let X and Y be strongly hyperbolic Artin neighborhoods

over a finitely generated field extension k of Q. Then the natural map

Isomk(X,Y ) −→ Isomout
Gk

Ä
πet

1 (X), πet
1 (Y )

ä
is bijective.

We remark that by different techniques Hoshi proves in [Hos14, §3] a state-

ment similar to Corollary 1.6 but restricted to dimension ≤ 4. Corollary 1.6

implies the following statement predicted by Grothendieck in his letter to Falt-

ings [Gro97].

Corollary 1.7. Let X be a smooth, geometrically connected variety over

a finitely generated field extension k of Q. Then every point of X has a basis

of Zariski-neighborhoods consisting of anabelian varieties, in the sense that
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k-isomorphisms between any two of these are in bijection with outer Gk-iso-

morphisms of their respective étale fundamental groups.

The proof of Theorem 1.5, Corollary 1.6 and Corollary 1.7 will be com-

pleted in Section 6. Finally, in Theorem 7.1 we obtain the following absolute

version of Theorem 1.2.

Theorem 1.8. Let k and ` be finitely generated extension fields of Q,

and let X/k and Y/` be smooth geometrically connected varieties that can be

embedded as locally closed subschemes into a product of hyperbolic curves over

k and `, respectively.

Then the natural map

IsomSchemes(X,Y ) −→ IsomHo(pro-ss)(Xet, Yet)

is a split injection with a functorial retraction. If X and Y are strongly hy-

perbolic Artin neighborhoods, it is a bijection.

1.3. On the kernel. For general X, we have only partial information about

the kernel of the retraction r of Theorem 1.2. In order to state our result in

the general case, we need the following notation and terminology.

Let 1 → H → G → Γ → 1 be an exact sequence of groups. We say that

ϕ ∈ AutΓ(G) is class-preserving by elements of H if for every g ∈ G there is

an h ∈ H such that ϕ(g) = hgh−1. For a smooth, geometrically connected

k-variety X, the question whether some element ϕ ∈ Autout
Gk

(πet
1 (X)) is class

preserving by elements of πet
1 (Xk̄) does not depend on the chosen base point

or representative in AutGk
(πet

1 (X, x̄)).

Theorem 1.9. Let k be a finitely generated field extension of Q, and let

X be a smooth, geometrically connected variety over k that can be embedded

as a locally closed subscheme into a product of hyperbolic curves over k. Let γ

be in the kernel of the retraction map of Theorem 1.2:

r : AutHo(pro-ss)↓ket
(Xet) −→ Autk(X).

Then the induced automorphism π1(γ) ∈ Autout
Gk

(πet
1 (X)) is class-preserving by

elements of πet
1 (Xk̄).

Theorem 1.9 will be proven in the course of Section 5.

1.4. Outline. Our first goal is to reformulate the results on anabelian ge-

ometry of hyperbolic curves proven by Mochizuki and Tamagawa in terms of

the homotopy category. This change of perspective has a big technical advan-

tage: to formulate the result in terms of fundamental groups one has to choose

base points and then divide out the ambiguity introduced by this choice. The

formulation in the homotopy category is intrinsically base point free and more

natural.
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To reach this goal, we have to overcome quite a number of technical dif-

ficulties. In particular, the relation between pointed and unpointed homotopy

classes of maps, which is well understood for spaces, becomes quite subtle for

maps between pro-spaces. For example, there are connected pro-spaces whose

fundamental group depends on the chosen base point. We have to show that

such pathologies do not occur for étale homotopy types. Further technical

problems are related to the behaviour of étale homotopy types under base

change and to the existence of classifying spaces for pro-groups. We deal with

these problems in Section 2, developing the necessary theory of pro-spaces in

the appendix. Then we prove Theorem 1.1 in Section 3.

In Section 4 we prove Theorem 1.2, an anabelian principle for varieties

that can be embedded into a product of hyperbolic curves. Here Mochizuki’s

theorem in its homotopy theoretic formulation Theorem 1.1 constitutes the

first important step. We obtain a scheme morphism, however only to the

ambient product space. In order to show that the morphism factors through the

embedded subvariety, we use reductions over finite fields of the given varieties

in a systematic way. It is here where we have to strengthen the assumption on

the base field from sub-p-adic to finitely generated over Q.

Unfortunately, Theorem 1.2 does not provide a bijection, only an injection

with functorial retraction. In Section 5 we investigate the kernel of this retrac-

tion. Of course, we hope that it is trivial. What we can show is that elements

of the kernel induce class preserving automorphisms of the fundamental group.

For strongly hyperbolic Artin neighborhoods, this suffices to show triviality.

Since these are of type K(π, 1), we conclude an anabelian isomorphism result

for strongly hyperbolic Artin neighborhoods in terms of fundamental groups

in the classical style of formulation.

The final Section 7 provides an absolute version of Theorem 1.2, merging

our new result with the birational anabelian geometry of the base field.

Notation and conventions. The set of orbits for a group G acting on a set

M is denoted by MG.

All schemes considered are separated and locally noetherian. For an

S-scheme X, a base change X ×S T is denoted by XT . An immersion of

schemes is the composite of an open and a closed immersion, i.e., an embed-

ding as a locally closed subscheme. By the phrase étale covering we mean finite

étale morphism, i.e., revêtement étale in the sense of [Gro71].

We use the term variety (over k) for a scheme of finite type over the field k.

A hyperbolic curve over a field k is a geometrically connected curve C over k

with geometrically negative étale `-adic Euler characteristic χ(Ck̄,Q`) < 0 for

` ∈ k×. Here k̄ is an algebraic closure of k.
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A pro-object in a category C is a contravariant functor Iop → C from

some small filtering category I to C . One often writes a pro-object X in the

form X = (Xi)i∈I . The pro-objects in C form a category pro-C by setting

Hompro-C (X,Y ) = lim
j

colim
i

HomC (Xi, Yj).

We denote the category of simplicial sets by ss, and by pro-ss its pro-

category. Similarly, we use the notation ss∗ and pro-ss∗ for the category of

pointed simplicial sets and its pro-category. We consider the closed model

structure on pro-ss defined by Isaksen [Isa01] and its pointed variant. We use

the word space synonymous for simplicial set. For a pointed pro-space (X,x),

we have the homotopy groups πn(X,x), which are pro-groups.

For a given pro-simplicial set B, we denote by Ho(pro-ss) ↓ B the category

of morphisms to B in Ho(pro-ss). For a model category C , we sometimes denote

morphisms in Ho(C ) by

HomHo(C )(X,Y ) = [X,Y ]C .

The étale topological type Xet of a locally noetherian scheme X is the pro-space

obtained by applying the functor “connected component” to the filtered system

of rigid étale hypercovers of X; see [Fri82]. When considered as an object of

the homotopy category Ho(pro-ss), we refer to Xet as the étale homotopy type

of X. A geometric point x̄ : Spec(K̄) → X defines a point x̄et on Xet. The

étale homotopy groups of (X, x̄) are defined by

πet
n (X, x̄) = πn(Xet, x̄et).

These pro-groups are pro-finite groups if X is noetherian and geometrically

unibranch; see [AM86, Thm. 11.1]. For a field k and a separably closed exten-

sion field K/k (given, e.g., by a geometric point of a k-variety), we write

Gk = G(k̄/k) = πet
1 (k,K) = π1(ket,Ket),

where k̄ is the separable algebraic closure of k in K.

2. Basic properties of étale homotopy types

In this section we collect basic properties of étale homotopy types used in

this paper.

2.1. Étale base change.

Lemma 2.1. Assume that p : W ′ → W is a finite étale morphism of

schemes. Then pet : W ′et →Wet is a finite covering in pro-ss (cf. Section A.1).

For any morphism X →W , the natural map

(X ×W W ′)et −→ Xet ×Wet W
′
et

is an isomorphism in pro-ss.
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Proof. Since the functor étale topological type respects connected compo-

nents, we can assume that W and W ′ are connected and that p is surjective

of degree, say d. Since an étale covering of a strictly henselian scheme splits

completely, the pull-back to W ′ of a sufficiently small étale neighborhood of

a geometric point w̄ of W has d connected components. Furthermore, the

rigid covers of W ′ obtained by rigid pull-back from rigid covers of W are co-

final among all rigid covers of W ′. By recursion, the same is true for rigid

hypercovers. Moreover, among the rigid hypercovers U• of W those with the

property that for all n and every connected component Vn of Un the base

change Vn ×W W ′ has d connected components are cofinal. For those U•, the

map π0(U• ×W W ′) → π0(U•) has the lifting property of the definition of a

covering in ss (cf. Section A.1). This shows the first statement.

In order to show the second statement, let W ′′ →W be a connected étale

Galois covering with group G = G(W ′′/W ) dominating W ′ → W , and let

U ⊂ G be the subgroup associated with W ′. Then W ′′ is an étale G-torsor on

W and, in the obvious sense, W ′′et is a G-torsor on Wet. We conclude that the

natural map

(X ×W W ′′)et −→ Xet ×Wet W
′′
et

is a map of G-torsors on Xet, hence an isomorphism. The statement for W ′

instead of W ′′ is obtained by forming the orbits of the U -action on both sides.

�

We will frequently use the fact that isomorphisms in Ho(pro-ss) between

étale homotopy types can be base changed along finite étale morphisms. The

precise statement is the following lemma. Note that no uniqueness assertion

is made on the isomorphism γ′ below.

Lemma 2.2. Let W , X , Y be schemes, and let f : X → W , g : Y → W

be morphisms. Assume that there exists γ ∈ IsomHo(pro-ss)(Xet, Yet) such that

getγ = fet in Ho(pro-ss). Let W ′ → W be finite étale. Then there exists

γ′ ∈ IsomHo(pro-ss)

Ä
(X ×W W ′)et, (Y ×W W ′)et

ä
such that the diagram

Xet (X ×W W ′)et W ′et

Yet (Y ×W W ′)et W ′et

γ γ′

commutes in Ho(pro-ss).

Proof. By Lemma 2.1, a finite étale morphism W ′ → W induces a finite

covering W ′et → Wet of pro-spaces, and the natural map (X ×W W ′)et →
Xet×Wet W

′
et is an isomorphism. The same argument applies to Y , and there-

fore the assertion follows from Proposition A.6. �
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Varieties whose étale homotopy types are isomorphic in Ho(pro-ss) have

isomorphic étale cohomology groups. A subtle point (due to the noncanonicity

of the map γ′ in Lemma 2.2) is the question whether we obtain Gk-module

isomorphisms between the étale cohomology groups of the base changes to k̄.

The next proposition gives a positive answer.

Proposition 2.3. Let X and Y be varieties over a field k, and let k̄ be

a separable closure of k. Assume there exists an isomorphism Xet
∼= Yet in

Ho(pro-ss) ↓ ket. Then there exist Gk-isomorphisms

Hi
et(Xk̄, A) ∼= Hi

et(Yk̄, A)

for all i ≥ 0 and every abelian group A, which are moreover functorial in A.

Proof. Let k′ run through the finite subextensions of k in k̄. The projec-

tions X ×k k̄ → X ×k k′ induce maps in pro-ss

(X×k k̄)et
α−→
Ä
(X×k k′)et

ä
k′⊂k̄

β−→
Ä
Xet×ket k

′
et

ä
k′⊂k̄

γ−→ Xet×ket

Ä
k′et

ä
k′⊂k̄ .

Because X is of finite type over k, π0(X×k k̄)→ π0(X×kk′) is bijective for any

sufficiently large finite extension k′ of k in k̄. Hence the map α induces a bijec-

tion on π0. Because X is quasi-compact, any étale open cover of X ×k k̄ has a

finite refinement that is defined over some finite extension k′ of k. Hence, for

any group G, any G-torsor over X ×k k̄ comes by base change from a G-torsor

defined over some finite extension k′ of k. Moreover, this torsor is essentially

unique modulo passage to some finite extension k′′ of k′. Therefore, for any

choice of base point of X ×k k̄, the homomorphism on π1 induced by α is an

isomorphism. Compatibility of étale cohomology with inverse limits (for sys-

tems of quasi-compact schemes with affine transition maps) shows that α also

yields an isomorphism on the cohomology with values in local systems. Hence

α is a weak equivalence by the cohomological criterion for weak equivalences

[Isa01, Prop. 18.4].

The map β is an isomorphism by Lemma 2.1. Finally, the map γ is an

isomorphism for trivial reasons. Therefore we obtain Gk-isomorphisms

Hi(Xet ×ket

Ä
k′et

ä
k′⊂k̄, A) ∼= Hi

et(X ×k k̄, A)

for all i and every abelian group A, which moreover are functorial in A. The

same argument applies to Y , and hence the statement of the proposition follows

from Proposition A.6 applied to the covering (k′et)k′⊂k̄/ket. �

2.2. Pointed versus unpointed. We usually consider étale homotopy types

of k-varieties as objects in the category of morphisms to ket in the homotopy

category of pro-spaces. A subtle point is the relation between morphisms in the

pointed and unpointed setting. We deduce from the results of Appendix A.2

that under suitable assumptions on the varieties this relation is essentially the
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same as in the classical topological situation — at least if the base field k has

a strongly center-free absolute Galois group.

Recall that a pro-finite group is called strongly center-free if every open

subgroup has a trivial center. Important for our application is that sub-p-adic

fields have strongly center-free absolute Galois groups by [Moc99, Lemma 15.8].

Proposition 2.4. Let X and Y be connected varieties over a field k,

and assume that Y is geometrically unibranch and geometrically connected.

Let K/k be a separably closed extension field, and let x̄ : Spec(K) → X and

ȳ : Spec(K) → Y be geometric points (over k). Let k̄ denote the separable

closure of k in K .

(a) The map induced by forgetting the base points yields a surjection

(1) HomHo(pro-ss∗)↓(ket,k̄et)

Ä
(Xet, x̄et), (Yet, ȳet)

ä
� HomHo(pro-ss)↓ket

(Xet, Yet).

In particular, if Xet and Yet are isomorphic in Ho(pro-ss) ↓ ket, then

(Xet, x̄et) and (Yet, ȳet) are isomorphic in Ho(pro-ss∗) ↓ (ket, k̄et).

(b) The map (1) factors through the orbit space for the action of πet
1 (Yk̄, ȳ)

as defined in Sections A.2.3 and A.2.4 inducing a surjectionÄ
HomHo(pro-ss∗)↓(ket,k̄et)

Ä
(Xet, x̄et), (Yet, ȳet)

ää
πet

1 (Yk̄,ȳ)

� HomHo(pro-ss)↓ket
(Xet, Yet).

(2)

(c) If Gk is strongly center-free, then the map (2) is a bijection.

Proof. By Theorem A.8, Yet and ket are path-connected and their topolog-

ical fundamental groups are the underlying abstract groups of their pro-finite

étale fundamental groups. Since Y is geometrically connected, πet
1 (Y, ȳ) →

πet
1 (k,K) is surjective. Hence the assumptions of Theorem A.13 hold with

(B, b) = (ket,Ket). Let ∆X,Y be the group defined in Theorem A.13(a). Since

πet
1 (Yk̄, ȳ) = ker(πet

1 (Y, ȳ)→ πet
1 (k,K))

is a subgroup of ∆X,Y , assertions (a) and (b) follow from Theorem A.13. More-

over, in order to prove (c), it remains to show that πet
1 (Yk̄, ȳ) = ∆X,Y .

Let SX ⊂ Gk = πtop
1 (ket,Ket) be the stabilizer of the map (Xet, x̄et) →

(ket,Ket) in Ho(pro-ss∗) with respect to the Gk-action as defined in A.2.3. Since

by Lemma A.12 the induced action on πtop
1 (ket,Ket) = Gk is by conjugation,

it follows that any g ∈ SX centralizes the image U of πet
1 (X, x̄)→ Gk. But U

is open and thus g lies in the center of the open subgroup 〈U, g〉. Because Gk
is strongly center-free, we conclude g = 1, and thus SX = 1.

Since by definition ∆X,Y is the preimage of SX , the claim πet
1 (Yk̄, ȳ) =

∆X,Y follows. �

We keep the assumptions of Proposition 2.4; in particular, πet
1 (Y, ȳ) is pro-

finite. Therefore any homomorphism ϕ : πet
1 (X, x̄)→ πet

1 (Y, ȳ) factors through
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the pro-finite completion πet
1 (X, x̄)∧ of the pro-group πet

1 (X, x̄). The pro-finite

completion πet
1 (X, x̄)∧ is the étale fundamental group of X in x̄ in the sense of

[Gro71], the dependence of the base point of which is well understood. Hence

Homout
Gk

Ä
πet

1 (X, x̄), πet
1 (Y, ȳ)

ä
:= HomGk

Ä
πet

1 (X, x̄), πet
1 (Y, ȳ)

ä
πet

1 (Yk̄,ȳ)

is independent of the chosen base points (which we will omit from the notation).

There is a natural map

Homk(X,Y ) −→ Homout
Gk

(πet
1 (X), πet

1 (Y )).

If Gk is strongly center-free, this map factors through the unpointed homotopy

category:

Corollary 2.5. Let k be a field such that Gk is strongly center-free.

Then, under the assumptions of Proposition 2.4, the natural map

HomHo(pro-ss∗)↓(ket,k̄et)((Xet, x̄et), (Yet, ȳet)) −→ HomGk
(πet

1 (X, x̄), πet
1 (Y, ȳ))

induces a map

HomHo(pro-ss)↓ket
(Xet, Yet) −→ Homout

Gk
(πet

1 (X), πet
1 (Y )).

Proof. We form orbits for the natural πet
1 (Yk̄, ȳ)-action on both sides and

use Lemma A.12. �

Keeping the assumptions, we denote by

Homπ1-open
Ho(pro-ss)↓ket

(Xet, Yet)

the subset of those γ such that π1(γ) ∈ Homout
Gk

(πet
1 (X), πet

1 (Y )) has open

image. We use a similar notation in the pointed case. The bijection of Propo-

sition 2.4 respects π1-open maps, hence we deduce the following.

Corollary 2.6. Let k be a field such that Gk is strongly center-free.

Then, under the assumptions of Proposition 2.4, we obtain a bijection(
Homπ1-open

Ho(pro-ss∗)↓(ket,Ket)
((Xet, x̄et), (Yet, ȳet))

)
πet

1 (Yk̄,ȳ)

∼−→ Homπ1-open
Ho(pro-ss)↓ket

(Xet, Yet).

2.3. Varieties of type K(π, 1). We say that a geometrically pointed, con-

nected locally noetherian scheme (X, x̄) is of type K(π, 1) if πet
n (X, x̄) vanishes

for all n ≥ 2. This is equivalent to the statement that the classifying morphism

(Xet, x̄et) −→ Bπ1(Xet, x̄et)

is an isomorphism in Ho(pro-ss∗); cf. Appendix A.3. If X is geometrically

unibranch, then the question whether X is of type K(π, 1) does not depend

on the chosen base point by Corollary A.11.
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The following lemma provides basic examples of varieties of type K(π, 1).

Lemma 2.7.

(a) Let k be a field, and let C be a connected smooth curve over k. If C is

affine or if C has genus g(C) > 0, then C is of type K(π, 1).

(b) Assume that k has characteristic zero and let Xi, i = 1, . . . , n, be geo-

metrically connected and geometrically unibranch varieties over k. If all

Xi are of type K(π, 1), then so is their product.

Proof. For statement (a), see [Sch96, Prop. 15]. For the second statement,

let X be a connected and geometrically unibranch variety over k. Then the

cohomological criterion for weak equivalences ([AM86, Thm. 4.3]) shows that

X is of type K(π, 1) if and only if the following holds for any finite abelian

group A and any integer i ≥ 2:

For every étale covering X ′ → X and every α ∈ Hi
et(X

′, A), there

exists an étale covering X ′′ → X ′ such that the restriction of α to X ′′

vanishes.

In particular, X is of type K(π, 1) if and only if X ×k k̄ is, where k̄ is an

algebraic closure of k. Hence we may assume that k is algebraically closed

(and of characteristic zero). The stated fact that X1 ×k · · · ×k Xn is of type

K(π, 1), if all Xi are, now easily follows from the fact that (k algebraically

closed and characteristic zero)

πet
1 (X1 ×k · · · ×k Xn) ∼= πet

1 (X1)× · · · × πet
1 (Xn)

(see [Gro71, Exp. XIII, Prop. 4.6]) and from the Künneth-formula for étale

cohomology ([Del77, (Th. finitude), Cor. 1.11]). �

In characteristic zero, the K(π, 1)-property is preserved in elementary

fibrations. Recall that an elementary fibration X → Y is the complement in a

smooth proper curve X̄ → Y with geometrically connected fibres of a divisor

D ⊂ X̄ that is finite and étale over Y , and such that the fibres of X → Y are

affine curves.

Proposition 2.8. Let f : X → Y be an elementary fibration of smooth

varieties over a field k of characteristic zero. If Y is of type K(π, 1), then so

is X .

Proof. Choose geometric points x̄ and ȳ of X and Y with ȳ = f(x̄). By

assumption, the schemes X and Y and Xȳ are smooth, in particular, geometri-

cally unibranch. Therefore, by [AM86, Thm. 11.1], their étale homotopy types

are pro-finite. Let Y = (Y (i))i∈I be the inverse system of the pointed (finite)

étale Galois coverings Y (i)→ (Y, ȳ), and let X =
Ä
(X, x̄)×(Y,ȳ)Y (i)

ä
i∈I be its

pull-back to (X, x̄). Then, by [Fri82, Thm. 11.5] (with L the set of all prime
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numbers), we have a long exact sequence

· · · → πet
n (Xȳ, x̄)→ πet

n (X )→ πet
n (Y )→ πet

n−1(Xȳ, x̄)→ · · · .

By Lemma 2.1, the natural maps

πet
n (X )→ πet

n (X, x̄), πet
n (Y )→ πet

n (Y, ȳ)

are isomorphisms for n ≥ 2. For n = 1, we have πet
1 (Y ) = 1 and the short

exact sequence

1→ πet
1 (X )→ πet

1 (X, x̄)→ πet
1 (Y, ȳ)→ 1.

We therefore obtain the long exact homotopy sequence

· · · → πet
n (Xȳ, x̄)→ πet

n (X, x̄)→ πet
n (Y, ȳ)→ πet

n−1(Xȳ, x̄)→ · · · ,

showing the statement of the proposition in view of Lemma 2.7(a). �

The following lemma shows that morphisms in the homotopy category to

products of varieties of type K(π, 1) can be given component-wise. We will use

this fact in an essential way in the case of morphisms to products of hyperbolic

curves.

Lemma 2.9. Let k be a field of characteristic zero such that Gk is strongly

center-free. Let X be a variety over k, and let Y1, Y2 be geometrically con-

nected, geometrically unibranch varieties of type K(π, 1) over k. Then the

natural map

HomHo(pro-ss)↓ket
(Xet, (Y1 ×k Y2)et)

→ HomHo(pro-ss)↓ket
(Xet, Y1,et)×HomHo(pro-ss)↓ket

(Xet, Y2,et)

is bijective.

Proof. We may assume that X is connected. Let k̄/k be an algebraic

closure. Choose geometric points of x̄ ∈ X, ȳi ∈ Yi over k̄/k, and set ȳ =

(ȳ1, ȳ2) ∈ Y = Y1 ×k Y2. Since k has characteristic zero, we have πet
1 (Yk̄, ȳ) ∼=

πet
1 (Y1,k̄, ȳ1)× πet

1 (Y2,k̄, ȳ2) (see [Gro71, Exp. XIII Prop. 4.6]), hence

πet
1 (Y, ȳ) ∼= πet

1 (Y1, ȳ1)×Gk
πet

1 (Y2, ȳ2).

We conclude that for every pro-group π with augmentation π → Gk, the

natural map

HomGk

Ä
π, πet

1 (Y, ȳ)
ä
−→ HomGk

Ä
π, πet

1 (Y1, ȳ1)
ä
×HomGk

Ä
π, πet

1 (Y2, ȳ2)
ä



ANABELIAN GEOMETRY WITH ÉTALE HOMOTOPY TYPES 829

is bijective. Hence, because Y is also of type K(π, 1) by Lemma 2.7(b), Propo-

sition A.16 implies that

HomHo(pro-ss∗)↓(ket,k̄et)

Ä
(Xet, x̄et), (Yet, ȳet)

ä
−→ HomHo(pro-ss∗)↓(ket,k̄et)

Ä
(Xet, x̄et), (Y1,et, ȳ1,et)

ä
×HomHo(pro-ss∗)↓(ket,k̄et)

Ä
(Xet, x̄et), (Y2,et, ȳ2,et)

ä
is bijective. Considering sets of orbits for the πet

1 (Yk̄, ȳ) ∼= πet
1 (Y1,k̄, ȳ1) ×

πet
1 (Y2,k̄, ȳ2)-action on both sides, we obtain the result by Proposition 2.4. �

3. Homotopy theoretic formulation of Mochizuki’s theorem

For smooth, connected k-varieties X and Y , let

Homdom
k (X,Y )

denote the set of dominant k-morphisms from X to Y . Every dominant mor-

phism X → Y defines a morphism Xet → Yet that is π1-open. Similarly, for

Gk-augmented pro-finite groups Γ and ∆, we let

Homopen
Gk

(Γ,∆)

denote the set of continuous Gk-homomorphisms Γ → ∆ with open image.

Mochizuki proved the following.

Theorem 3.1 ([Moc99] Thm. A). Let p be a prime number, k a sub-p-adic

field, X a smooth, connected k-variety and Y a smooth hyperbolic curve over

k. Then, for any choice of geometric base points, the natural map

Homdom
k (X,Y ) −→ Homopen

Gk
(πet

1 (X, x̄), πet
1 (Y, ȳ))πet

1 (Yk̄,ȳ)

is bijective.

We reformulate Theorem 3.1 in the language of homotopy theory as fol-

lows.

Theorem 3.2. Let p be a prime number, k a sub-p-adic field, X a smooth,

connected k-variety and Y a smooth hyperbolic curve over k. Then the natural

map

Homdom
k (X,Y ) −→ Homπ1-open

Ho(pro-ss)↓ket
(Xet, Yet)

is bijective.

Proof. We choose an algebraic closure k̄ of k, and we further choose base
points x̄ ∈ X(k̄) and ȳ ∈ Y (k̄) compatible with the base point k̄et of ket. In
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the commutative diagram

Homdom
k (X,Y ) Homopen

Gk
(πet

1 (X, x̄), πet
1 (Y, ȳ))πet

1 (Yk̄,ȳ)

Homπ1-open
Ho(pro-ss)↓ket

(Xet, Yet) Homπ1-open

Ho(pro-ss∗)↓(ket,k̄et)

(
(Xet, x̄et), (Yet, ȳet)

)
πet

1 (Yk̄,ȳ)

π1(−)

the bottom arrow is the inverse to the bijection of Proposition 2.4. The arrow

marked π1(−) is a bijection because hyperbolic curves are of type K(π, 1) by

Lemma 2.7 (a), hence Proposition A.16 applies. The restrictions to (π1-)open

maps are compatible.

Now the claim of the theorem is equivalent to the bijectivity of the top

arrow, which is the statement of Theorem 3.1. �

4. The retraction

In this section we prove Theorem 1.2.

4.1. Counting points in closed fibres. We consider a normal noetherian

scheme S with geometric generic point η̄ over the generic point η. Let s ∈ S
be a closed point with finite residue field Fs = κ(s) of cardinality N(s) = |Fs|,
and let s̄ be a geometric point over s. A choice of an étale path between s̄

and η̄ leads to a homomorphism

Gκ(s) = πet
1 (s, s̄)→ πet

1 (S, s̄) ∼= πet
1 (S, η̄),

by means of which the arithmetic Frobenius ϕs ∈ Gκ(s) acts on πet
1 (S, η̄)-

modules.

Proposition 4.1. In the above situation, let ` be a prime number invert-

ible on S. Let f̄ : X̄ → S be a proper, smooth, equidimensional morphism of

relative dimension d, and let X ⊆ X̄ be the open complement of a strict normal

crossing divisor D =
⋃n
α=1Dα ↪→ X̄ relative to S with Dα/S smooth relative

divisors for all α = 1, . . . , n.

Then the Gκ(η)-action on Hi(Xη̄,Q`) factors through πet
1 (S, η̄) for all i ≥ 0,

and the resulting action of ϕs computes the number of Fs-rational points of

the fibre Xs by

|Xs(Fs)| = N(s)d ·
2d∑
i=0

(−1)i tr
Ä
ϕs|Hi

et(Xη̄,Q`)
ä
.

Proof. We denote by j : X ↪→ X̄ the open immersion. For a finite subset

J ⊆ {1, . . . , n}, we set

f̄J : DJ :=
⋂
α∈J Dα X̄ S

iJ f̄
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which is proper and smooth. By [ILO14, Exposé XVI, Cor. 3.1.3], there are

isomorphisms for all b ≥ 0:

Rbj∗Q` =
b∧ Ä

R1j∗Q`

ä ∼= ⊕
|J |=b

iJ,∗Q`(−b).

Therefore all sheaves occurring in the E2-page of the Leray spectral sequence

for f = f̄ j : X → S

Eab2 = Raf̄∗
Ä
Rbj∗Q`

ä ∼= ⊕
|J |=b

Raf̄J,∗Q`(−b) =⇒ Ra+bf∗(Q`)

are smooth étale sheaves on S by [Del77, (Arcata V) Thm. 3.1]. Hence also the

limit terms Eab∞ and, furthermore, all Rif∗Q` are smooth Q`-sheaves on S. Rel-

ative Poincaré duality shows that also the sheaves Rif!Q` are smooth sheaves

on S. Hence proper base change and cospecialization yield a Gκ(s) → πet
1 (S, η̄)-

equivariant isomorphism

Hi
c(Xs̄,Q`) =

Ä
Rif!Q`

ä
s̄

∼−→
Ä
Rif!Q`

ä
η̄

= Hi
c(Xη̄,Q`).

Poincaré-duality yields a Gκ(s)-equivariant perfect pairing

Hi
et(Xs̄,Q`)×H2d−i

c (Xs̄,Q`) −→ Q`(−d),

and similarly for Xη̄, which leads to Gκ(s)-module isomorphisms

Hi
et(Xs̄,Q`) ∼= Hom

Ä
H2d−i

c (Xs̄,Q`),Q`(−d)
ä

∼= Hom
Ä

H2d−i
c (Xη̄,Q`),Q`(−d)

ä ∼= Hi
et(Xη̄,Q`).

The arithmetic Frobenius ϕs acts by transport of structure on étale cohomology

(with compact support) as the inverse of the action by the geometric Frobenius

Frobs. The Lefschetz trace formula for the number of rational points on Xs

therefore implies

|Xs(Fs)| =
2d∑
i=0

(−1)i tr
Ä
Frobs|Hi

c(Xs̄,Q`)
ä

= N(s)d ·
2d∑
i=0

(−1)i tr
Ä
ϕs|Hi

et(Xs̄,Q`)
ä

= N(s)d ·
2d∑
i=0

(−1)i tr
Ä
ϕs|Hi

et(Xη̄,Q`)
ä
. �

4.2. Factor-dominant embeddings. Let Y be a locally closed subscheme in

a product of smooth, geometrically connected curves Ci over k

ι : Y ↪→W = C1 × · · · × Cn.

We denote the projections by pi : W → Ci.
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Definition 4.2. We say that ι is factor-dominant if piι is dominant for

all i = 1, . . . , n.

Assume that Y is geometrically connected and geometrically reduced

over k. Then the composition piι : Y → Ci is either dominant or constant.

If piι is constant, the image of Y in Ci is a k-rational point. Hence we can

remove all factors Ci with piι constant from W to obtain a factor-dominant

immersion.

Proposition 4.3. Let p be a prime number, and let k be a sub-p-adic

field. Let ι : Y ↪→ W = C1 × · · · × Cn be a factor-dominant immersion of

a geometrically connected and geometrically unibranch variety Y over k into

a product of hyperbolic curves Ci, and let X be a smooth connected variety

over k.

Then, for any π1-open morphism γ : Xet → Yet in Ho(pro-ss) ↓ ket, there is

a unique morphism of k-varieties f : X →W such that the following diagram

commutes in Ho(pro-ss) ↓ ket:

Xet

Yet Wet.

γ fet

ιet

Proof. In the degenerate case n = 0, we have Y = Spec(k) = W and

the structure map f : X → Spec(k) is the required morphism. Otherwise, by

Theorem 3.2, there are unique k-morphisms fi : X → Ci, for i = 1, . . . , n, with

(fi)et = (piι)etγ

in Ho(pro-ss) ↓ ket. These together define a k-morphism f = (fi) : X →W . An

inductive application of Lemma 2.9 shows that fet = ιetγ in Ho(pro-ss) ↓ ket.

The uniqueness of such an f is obvious. �

4.3. The key argument. Next we show that the morphism constructed in

Proposition 4.3 factors through the subvariety Y ↪→W if γ is an isomorphism

in Ho(pro-ss).

Proposition 4.4. Let k be a finitely generated extension field of Q. Let

ι : Y ↪→W = C1× · · · ×Cn be a smooth, locally closed subscheme in a product

of hyperbolic curves over k, X a smooth variety over k and f : X → W a

k-morphism.

Assume there exists γ ∈ IsomHo(pro-ss)(Xet, Yet) such that the diagram

Xet

Yet Wet

γ fet

ιet
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commutes in Ho(pro-ss). Then f factors through ι, i.e., there exists a unique

morphism g : X → Y such that the diagram

X

Y W

g f

ι

commutes.

Remark 4.5. The first diagram in Proposition 4.4 remains commutative

after replacing γ by get, however, we do not claim that γ = get in Ho(pro-ss).

Proof of Proposition 4.4. The question whether f factors through Y can

be checked after base change to an étale covering of W . Note that the as-

sumption on the existence of γ is preserved by such a base change due to

Lemma 2.2.

Since the Ci are hyperbolic, there are hyperbolic curves C ′i over a common

finite separable extension k′/k with smooth compactification of genus ≥ 2 and

étale coverings C ′i → Ci ×k k′ → Ci. With W ′ = C ′1 ×k′ · · · ×k′ C ′n we base

change by the natural product covering W ′ → W and replace k by k′. We

therefore may assume that all Ci have compactifications of genus ≥ 2 and then

replace the Ci by their smooth compactifications.

Since k has characteristic 0, we find smooth compactifications X̄ and Ȳ

of X and of Y such that the boundaries are simple normal crossing divisors

and f and ι extend to morphisms from X̄ and Ȳ to W . Now choose a regular

connected scheme S of finite type over Z with function field k such that the

whole situation extends over S. Then everything follows from Proposition 4.6

below. �

Proposition 4.6. Let S be a regular connected scheme of finite type over

Z with generic point η ∈ S, and let Ci → S, for i = 1, . . . , n, be proper smooth

relative curves with geometrically connected fibres of genus ≥ 1.

Let ι : Y ↪→ W = C1 ×S · · · ×S Cn be a locally closed subscheme that

is smooth as an S-scheme, and let f : X → W be an S-morphism with X/S

smooth. Furthermore, assume that X → S and Y → S have nice relative

compactifications as used in Proposition 4.1, which even map to W .

Assume there exists γ ∈ IsomHo(pro-ss)((Xη)et, (Yη)et) such that (fη)et =

(ιη)etγ in Ho(pro-ss). Then f factors through Y :

X

Y W.

g f

ι
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Proof. The assertion is trivial in the degenerate case n = 0, since then

Y = W = S. We therefore may assume n ≥ 1. The morphism f factors

through Y if and only if the immersion ιX : Y ×W X ↪→ X is an isomorphism.

Because X is reduced and ιX is an immersion, it suffices to show that ιX is

surjective (on points). Since X is of finite type over Z and therefore Jacobson

by [GD66, Cor. 10.4.6], the map ιX is surjective if all closed points are in the

image.

By [GD66, Lemma 10.4.11.1], every closed point of X has a finite residue

field. We therefore have to show that for every finite field F (more precisely

Spec(F)→ S) and every point x ∈ X(F), we have

f(x) ∈ im
Ä
ι : Y (F)→W (F)

ä
.

Let s ∈ S be the closed point of the base under x. The residue field κ(s) is a

subfield of F. Hence there exists an étale morphism S′ → S with S′ connected

and a point s′ ∈ S′ mapping to s and with κ(s′) = F. The question whether

f(x) lies in the image of ι : Y (F) → W (F) can be decided after base change

along S′ → S.

We denote by f ′ : X ′ → W ′ and ι′ : Y ′ ↪→ W ′ the base change of f

and ι along S′ → S. Since the function field k′ of S′ is a finite separable

extension of k = κ(η), the existence of γ : (Xη)et
∼→ (Yη)et in Ho(pro-ss) with

(fη)et = (ιη)etγ in Ho(pro-ss) implies the existence of an isomorphism

γ′ : (Xk′)et → (Yk′)et

in Ho(pro-ss) with (f ′η)et = (ι′η)etγ
′ in Ho(pro-ss) by Lemma 2.2. Hence the

base change along S′ → S preserves all assumptions and we may assume that

κ(s) = F without loss of generality.

Let f(x) = (w1, . . . , wn), wi ∈ Ci,s(F). Fix a decomposition group Hi

of wi in πet
1 (Ci,s), and let w′i be another rational point of Ci,s. By [Tam97,

Cor. 2.10], the decomposition subgroups in πet
1 (Ci,s) of different rational points

of Ci,s are not conjugate. Hence we find an open subgroup Ui(w
′
i) ⊂ πet

1 (Ci,s)

such that Ui(w
′
i) contains Hi but none of the (conjugate) decomposition groups

of w′i. Let Ui be the intersection of the groups Ui(w
′
i), where w′i runs through

the finitely many rational points of Ci,s different from wi. Then the connected

étale covering of Ci,s corresponding to Ui has a rational point over wi but no

rational point lying over any other rational point of Ci,s. Taking the product

of these coverings, we find an étale covering h : W ′s →Ws such that

h(W ′s(F)) = {f(x)}.

Hence, if the base change Y ′s = Ys ×Ws W
′
s has an F-rational point, then

f(x) ∈ Ys(F).

By [Art69, Thm. 3.1], we can find a Nisnevich neighborhood (T, t)→ (S, s)

and an étale covering hT : W ′ → WT extending h : W ′s → Ws. Then, by
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the same arguments as above, the base change along T → S preserves our

assumptions and we may assume that S = T .

Let us denote by X ′ → X (resp. Y ′ → Y ) the induced étale coverings by

means of f (resp. ι) from W ′ →W . We still have an isomorphism γ′ : (X ′η)et →
(Y ′η)et in Ho(pro-ss) with (f ′η)et = (ι′η)etγ

′ in Ho(pro-ss) by Lemma 2.2, and

X ′ → S (resp. Y ′ → S) keep having a nice relative compactification, because

the respective étale coverings are induced by an étale covering of the proper

scheme W/S. Note that because of (f ′η)et = (ι′η)etγ
′ the morphism γ′ lies in

fact in Ho(pro-ss) ↓ k′et.

Let F have q elements, and let dX be the relative dimension of X/S, and

dY the relative dimension of Y/S. Propositions 4.1 and 2.3 show that

|Y ′s (F)| = qdY ·
∞∑
i=0

(−1)i tr
Ä
ϕs|Hi(Y ′η̄ ,Q`)

ä
= qdY ·

∞∑
i=0

(−1)i tr
Ä
ϕs|Hi(X ′η̄,Q`)

ä
= qdY −dX · |X ′s(F)|.

Since X ′s(F) = Xs(F)×Ws(F) W
′
s(F) is nonempty, we obtain Y ′s (F) 6= ∅. �

4.4. Independence, functoriality and retraction. We now complete the proof

of Theorem 1.2. We state a more precise version of it.

Theorem 4.7. Let k be a finitely generated field extension of Q, and let X

and Y be smooth geometrically connected varieties over k that can be embedded

as locally closed subschemes into a product of hyperbolic curves over k. Then

the natural map

(−)et : Isomk(X,Y ) −→ IsomHo(pro-ss)↓ket
(Xet, Yet)

admits a unique functorial retraction

r : IsomHo(pro-ss)↓ket
(Xet, Yet) −→ Isomk(X,Y ),

with the following properties :

(a) Retraction: for all k-isomorphisms g : X
∼→ Y , we have

r(get) = g.

(b) Functoriality: Let Z be a further geometrically connected variety over k

that can be embedded as a locally closed subscheme into a product of

hyperbolic curves over k. Then for isomorphisms γ1 : Xet
∼→ Yet and

γ2 : Yet
∼→ Zet in Ho(pro-ss) ↓ ket, we have

r(γ2γ1) = r(γ2)r(γ1).
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(c) Maps to hyperbolic curves: If γ : Xet
∼→ Yet is an isomorphism in

Ho(pro-ss) ↓ ket and h : Y → C is a dominant k-morphism to a hyper-

bolic curve C , then

hetr(γ)et = hetγ

in Ho(pro-ss) ↓ ket.

Proof. Let ι : Y ↪→ W = C1 × · · · × Cn be an embedding into a product

of hyperbolic curves. After removing factors, we can assume that ι is factor-

dominant. Starting from an isomorphism

γ : Xet
∼−→ Yet

in Ho(pro-ss) ↓ ket, Proposition 4.3 shows the existence of a unique k-morphism

f : X → W such that fet = ιetγ. By Proposition 4.4, the map f factors as

f = ιr(γ) for a unique k-morphism

r(γ) : X → Y.

This constructs the k-morphism r(γ) of which we will later show that it is an

isomorphism. Immediately from the construction we deduce

(3) (ιr(γ))et = fet = ιetγ.

Denoting the projections by pi : W → Ci, we obtain

(piιr(γ))et = (piι)etγ,

hence (piιr(γ))et is π1-open and piιr(γ) : X → Ci is dominant for i = 1, . . . , n.

We first prove property (a). Let us assume γ = get : Xet → Yet arises

from a k-isomorphism g : X
∼→ Y . By construction, the auxiliary map is

f = ιg : X → W , which factors through Y as g : X → Y . Uniqueness of the

auxiliary map and of the factorization shows

r(get) = g.

We secondly show that r(γ) is independent of the immersion ι. Let ι′ :

Y ↪→ W ′ =
∏
j C
′
j be another factor-dominant embedding into a product

of hyperbolic curves. We obtain from the construction above a unique map

f ′ : X → W ′ and a factorization g′ : X → Y . Applying the construction

a third time, namely to the product (ι, ι′) : Y ↪→ W × W ′, yields the map

(f, f ′) : X → W ×W ′ and a further factorization h : X → Y . Projecting to

both factors in (f, f ′) we deduce g = h = g′, and r(γ) is indeed independent

of the chosen immersion ι.

We next show property (b). We choose a factor-dominant embedding

ιZ : Z ↪→ V = D1 × · · · ×Dm into a product of hyperbolic curves. It suffices

to show that

ιZr(γ2γ1) = ιZr(γ2)r(γ1).
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Since V is a product of hyperbolic curves and piιZr(γ2γ1) : X → Di is dom-

inant for all i, Lemma 2.9 and Theorem 3.2 show that it suffices to prove

that

(ιZr(γ2γ1))et = (ιZr(γ2)r(γ1))et.

We modify a given factor-dominant immersion ι : Y ↪→W to

ιY = (ι, ιZr(γ2)) : Y ↪→W × V.

We set pr2 : W ×V → V for the second projection. Using (3) we can compute

(ιZr(γ2γ1))et = (ιZ)et(γ2γ1) = ((ιZ)etγ2)γ1 = (ιZr(γ2))etγ1

= (pr2ιY )etγ1 = (pr2)et(ιY )etγ1

= (pr2)et(ιY r(γ1))et = (pr2ιY r(γ1))et = (ιZr(γ2)r(γ1))et,

and this shows (a).

The established retract property (a) and functoriality (b) of r(γ) show

formally that r(γ) is an isomorphism: the inverse γ−1 gives rise to a map

r(γ−1) that is the inverse of r(γ).

In order to show property (c), put C1 = C and choose hyperbolic curves

C2, . . . , Cn together with a factor-dominant immersion ι : Y ↪→ W = C1 ×
· · · × Cn with h = p1ι. Then, by (3) we have ιetr(γ)et = ιetγ, and composing

with (p1)et yields the result.

To finish the proof we show the asserted uniqueness of r. Let ι : Y ↪→
W = C1×· · ·×Cn be a factor-dominant immersion into a product of hyperbolic

curves, denote the composite with the i-th projection by fi : Y → Ci, and let

γ : Xet → Yet be an isomorphism in Ho(pro-ss) ↓ ket. Clearly r(γ) is uniquely

determined by ιr(γ), and even by fir(γ) for i = 1, . . . , n. This is uniquely

determined by Theorem 3.2 by the map

(fir(γ))et = fi,etr(γ)et = fi,etγ,

where we used statement (c). This shows uniqueness of r(γ). �

Another functoriality property of the retraction r is the following.

Proposition 4.8. Let X , X ′, Y and Y ′ be smooth geometrically con-

nected varieties over k that can be embedded as locally closed subschemes into

a product of hyperbolic curves. Assume we are given dominant k-morphisms

f : X ′ → X , g : Y ′ → Y and isomorphisms γ′ : X ′et
∼→ Y ′et, γ : Xet

∼→ Yet in

Ho(pro-ss) ↓ ket such that γfet = getγ
′. Then the following diagram commutes :

X ′ Y ′

X Y.

r(γ′)
∼

f g

r(γ)

∼
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Proof. Since Y has an embedding into a product of hyperbolic curves, it

suffices to show that

hgr(γ′) = hr(γ)f

for every dominant morphism h : Y → C to a hyperbolic curve. By Theo-

rem 3.2, it suffices to show that

hetgetr(γ
′)et = hetr(γ)etfet.

This follows from Theorem 4.7(c):

hetgetr(γ
′)et = (hg)etr(γ

′)et = (hg)etγ
′ = hetgetγ

′ = hetγfet = hetr(γ)etfet. �

5. Class preservation

In this section we investigate the kernel of the retraction

r : IsomHo(pro-ss)↓ket
(Xet, Yet)→ Isomk(X,Y )

constructed in the proof of Theorem 4.7. Because the retraction is functorial,

we may pass by composing γ with (r(γ)−1)et to the situation where X = Y

and r(γ) = idX . Let ϕ = π1(γ) ∈ Autout
Gk

(πet
1 (X)). We are going to show that

ϕ is class preserving by elements of πet
1 (Xk̄).

5.1. Preservation of open normal subgroups. For this we first show that ϕ

is a normal automorphism, i.e., every open normal subgroup is mapped by ϕ to

itself. Note that the property of being normal is independent of the particular

representative of ϕ in AutGk

Ä
πet

1 (X, x̄)
ä
.

Proposition 5.1. Let k be a finitely generated field extension of Q, and

let X be a smooth geometrically connected variety over k with a factor dominant

embedding as a locally closed subscheme

ι : X ↪→W = C1 × · · · × Cn
of a product of hyperbolic curves over k. We assume that the following holds :

(NR): none of the Ci is rational.

Then, for γ ∈ AutHo(pro-ss)↓ket
(Xet) with r(γ) = idX , the induced map

ϕ = π1(γ) ∈ Autout
Gk

(π1(X)) is a normal automorphism.

Proof. Let N ⊂ πet
1 (X) be an open normal subgroup. Then also ϕ(N) is

an open normal subgroup and we want to show that ϕ(N) = N . We denote

the connected étale covering of X associated with N by XN . By Lemma 2.1,

(XN )et is the covering pro-space of Xet associated with N .

Since r(γ) = idX , we deduce from Theorem 4.7(c) and Lemma 2.9 that in

Ho(pro-ss),

(4) ιetγ = ιet.
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By Proposition A.2, there exists an isomorphism γN : (XN )et → (Xϕ(N))et

in Ho(pro-ss) such that

(5)

(XN )et Xet Wet

(Xϕ(N))et Xet Wet

γNo

ιet

γo

ιet

commutes in Ho(pro-ss). In order to show N = ϕ(N), it suffices to find an

arrow such that
XN X W

Xϕ(N) X W

ι

ι

commutes: indeed, this implies N ⊂ ϕ(N), hence N = ϕ(N) since both have

the same index in πet
1 (X).

Since none of the Ci are rational, we can replace the Ci by their smooth

compactifications. After this replacement, W is the product of smooth proper

curves of positive genus.

Now we choose a regular connected scheme S of finite type over Z with

function field k such that the whole situation extends over S; i.e., we obtain

the diagram

XN X W

Xϕ(N) X W .

ι

ι

By generalized Čebotarev density [Ser65, Thm. 7], the dotted arrow exists if

and only if the set of closed points of X that split completely in XN coincides

with the set of closed points of X that split completely in Xϕ(N). We thus

have to show that for any finite field F and every x ∈ X (F), there exists a

point in XN (F) over x if and only if there exists a point in Xϕ(N)(F) over x.

This will be deduced as in Proposition 4.6: Let s ∈ S(F) be the image of x

in S. We denote the fibre of W over s by Ws. As in the proof of Proposition 4.6,

we may first assume that k(s) = F, and secondly we can choose a connected

étale covering h : W ′s → Ws of ι(x) ∈ Ws such that h(W ′s(F)) = {ι(x)}. After

replacing S by a Nisnevich neighborhood of s ∈ S, we can lift h : W ′s →Ws to

an étale covering W ′ → W .

Denote the fibre products by

X ′ = X ×W W ′, X ′
N = XN ×W W ′, X ′

ϕ(N) = Xϕ(N) ×W W ′.

Applying Lemma 2.2 to the commutative diagram (5), we conclude that the

étale homotopy types of the generic fibres X ′N and X ′ϕ(N) of X ′
N and X ′

ϕ(N) are
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isomorphic in Ho(pro-ss) ↓ ket. As in the proof of Proposition 4.6 we deduce

that

X ′
N (F) 6= ∅ ⇔X ′

ϕ(N)(F) 6= ∅.

By the choice of W ′, any point of X ′
N (F) and of X ′

ϕ(N)(F) maps to x ∈X (F).

Summing up, we deduce that the following statements are equivalent:

(a) there is a point in XN (F) over x,

(b) there is a point in X ′
N (F) over x,

(c) X ′
N (F) 6= ∅,

(d) X ′
ϕ(N)(F) 6= ∅,

(e) there is a point in X ′
ϕ(N)(F) over x,

(f) there is a point in Xϕ(N)(F) over x. �

5.2. Preservation of decomposition groups in finite quotients. In order to

talk about open subgroups (and not only about open subgroups up to conju-

gation), we now rigidify the situation. Let k̄ be an algebraic closure of k, and

let x̄ : Spec(k̄) → X be a geometric point of X. Let γ0 be a preimage of γ

under the surjection of Proposition 2.4

AutHo(pro-ss∗)↓(ket,k̄et)(Xet, x̄et) AutHo(pro-ss)↓ket
(Xet);

i.e., γ0 is determined by γ up to the natural πet
1 (Xk̄, x̄)-action. Let ϕ = π1(γ0) ∈

AutGk
(πet

1 (X, x̄)). Then ϕ is determined by γ up to an inner automorphism of

πet
1 (X, x̄) given by an element of its subgroup πet

1 (Xk̄, x̄).

Lemma 5.2. Under the assumptions of Proposition 5.1, the automorphism

ϕ : πet
1 (X, x̄) → πet

1 (X, x̄) sends every element g ∈ π1(X, x̄) to a conjugate

element raised to a power:

ϕ(g) = hgg
m(g)h−1

g

with hg ∈ πet
1 (X, x̄) and m(g) ∈ Ẑ×.

Proof. Again let N ⊂ πet
1 (X, x̄) be an open normal subgroup. We have

shown that ϕ(N)=N , hence ϕ induces an automorphism ϕ̄ of G=πet
1 (X, x̄)/N .

Again we choose a regular connected scheme S of finite type over Z with

function field k such that the whole situation extends over S; i.e., we obtain a

Galois covering

XN →X

with Galois group G.

Let g ∈ G be an arbitrary element. Our next goal is to show that ϕ̄(g) is

some power of some conjugate of g. For this consider the subgroup H=〈g〉⊂G.

By Čebotarev density, we can find a closed point P ∈ X and a closed point

P ′ ∈XN above P such that g is the Frobenius of P ′ in G = Aut(XN/X ).
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Let PH be the image of P ′ in the subextension XH associated with H.

Then PH has the same residue field as P : k(PH) = k(P ). The same argu-

ment as above shows that there is some point QH ∈ Xϕ̄(H) above P with

k(QH) = k(P ). Hence ϕ̄(H) contains the decomposition group GQ′(XN/X )

of some (any) point Q′ ∈ XN over QH . Since both groups have the same

order, they agree.

The group GQ′(XN/X ) is generated by another Frobenius over P , i.e.,

for some h ∈ G by the conjugate hgh−1 of g. We obtain

〈ϕ̄(g)〉 = ϕ̄(H) = 〈hgh−1〉,

hence

ϕ̄(g) = hgmh−1

for some m ∈ Ẑ×.

Now the assertion follows from the usual compactness argument as fol-

lows. Let g ∈ π1(X, x̄) be an arbitrary element. For an open normal subgroup

N ⊂ π1(X, x̄), we denote the image of g in G = π1(X, x̄)/N by gN . The

automorphism of G induced by ϕ will be denoted by ϕN . The closed subset

MN = {(h,m) ∈ π1(X, x̄)× Ẑ× | ϕN (gN ) = hN (gN )mh−1
N } ⊂ π1(X, x̄)× Ẑ×

is nonempty by the Čebotarev density argument above. If N1 ⊂ N2 are two

open normal subgroups, then MN1 ⊂MN2 . By compactness also the intersec-

tion of all MN is nonempty. Any

(hg,m(g)) ∈
⋂
N

MN ⊂ π1(X, x̄)× Ẑ×

serves as hg and m(g) as in the lemma. �

Since ϕ is a Gk-automorphism, we can show that the exponent m(g) is

always 1:

Proposition 5.3. Under the assumptions of Proposition 5.1, the auto-

morphism ϕ : πet
1 (X, x̄) → πet

1 (X, x̄) is class preserving : every element is

mapped to a conjugate element.

Proof. The cyclic cyclotomic extension of k induces a surjection

πet
1 (X, x̄)→ Gk → Ẑ

that is preserved by ϕ. Therefore m(g) = 1 holds for elements whose images

in Ẑ generate an open subgroup. This is a dense set of elements in πet
1 (X, x̄)

because it contains the preimage of Z.

This means that in every finite quotient we may choose the exponent equal

to 1. Applying the compactness argument again, we conclude the statement.

�
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5.3. Rational hyperbolic factors. We now want to drop the hypothesis

(NR) (one of the assumptions of Proposition 5.1) from Proposition 5.3.

We introduce the following notation: let k be a field, X a connected variety

over k and ` a prime number. We say a connected pointed étale covering

h : (X ′, x̄′)→ (X, x̄) is `-geometric if the action of πet
1 (Xk̄, x̄) on the geometric

fibre h−1(x̄) factors through a finite `-group.

If H = πet
1 (X ′, x̄′) ⊂ π1(X, x̄) is the corresponding open subgroup, H̄ =

H ∩πet
1 (Xk̄, x̄) and N̄ is the maximal normal subgroup of πet

1 (Xk̄, x̄) contained

in H̄, then being `-geometric is equivalent to πet
1 (Xk̄, x̄)/N̄ being an `-group.

Lemma 5.4. Let k be a field, ` a prime number 6= char(k), and let (C, c̄)

be a geometrically pointed hyperbolic curve over k. Then

πet
1 (C, c̄) =

⋃
H,

where H runs through the open subgroups of πet
1 (C, c̄) such that the associated

covering CH → C is `-geometric and CH has a smooth compactification of

genus ≥ 1.

Proof. Let σ ∈ πet
1 (C, c̄) be arbitrary. We have to find an open subgroup

H ⊂ πet
1 (C, c̄) with σ ∈ H such that CH is not rational and CH → C is

`-geometric. For this we may assume that k is perfect. (Replace k by its

perfect hull.) Furthermore, we can replace k by an algebraic extension field

such that 〈σ〉 surjects onto Gk. Then, for any H containing σ, the curve CH
is geometrically connected over k.

For any open subgroupH ⊂ πet
1 (C, c̄), we denote the boundary of a smooth

compactification of CH by SH ; for simplicity, we write S = Sπet
1 (C,c̄).

We denote the genus (of a smooth compactification of) C by g(C). If

g(C) > 0, we are done, so assume that C is rational. By the hyperbolicity

assumption, we have n := #S(k̄) ≥ 3, where k̄ denotes an algebraic closure

of k.

We set N = πet
1 (Ck̄, c̄). The group

G = N/[N,N ]N `

is the Galois group of the maximal elementary abelian `-covering of Ck̄. Since

Ck̄ is isomorphic to the complement of n closed points in P1
k̄
, this group is an

(n− 1)-dimensional F`-vector space and the inertia groups in G of the points

in S(k̄) are pairwise distinct. Now we consider

H = 〈[N,N ]N `, σ〉,

which is an open subgroup of πet
1 (C, c̄). The curve CH is geometrically con-

nected over k, and CH,k̄ → Ck̄ is the elementary abelian `-covering associated

to the quotient G� G/(〈σ〉 ∩N). In particular, CH → C is `-geometric.
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Let nH = #SH(k̄), and let d be the degree of CH,k̄→Ck̄, so d≥ `n−1/` ≥ `.
The structure of inertia groups in G implies, because 〈σ〉∩N is cyclic, that all

but at most one of the points in S(k̄) are ramified in CH,k̄ → Ck̄. This shows

(6) nH ≤
d

`
(n− 1) + d.

By the Riemann–Hurwitz formula, the Euler–Poincaré characteristic is multi-

plicative in étale coverings that are at most tamely ramified along the boundary

of a smooth compactification. Hence we obtain

(7) 2g(CH) + nH − 2 = d · (2g(C) + n− 2) = d · (n− 2).

If g(CH) > 0, we are done. Otherwise, (7) shows nH ≥ d(n−2)+2 ≥ `+2 ≥ 4.

Replacing C by CH , we thus can assume that n ≥ 4. Repeating this step, we

either obtain g(CH) > 0, or g(CH) = 0, and nH ≥ d(n− 2) + 2 ≥ 2`+ 2 ≥ 6.

We may therefore assume n ≥ 6, and in this case (6) and (7) imply

2g(CH)−2 = d(n−2)−nH ≥ d(n−2)−d
`

(n−1)−d =
d

`
·
Ä
(`−1)(n−3)−2

ä
≥ 1,

showing that CH is not rational. �

Proposition 5.5. Let k be a finitely generated field extension of Q, and

let X be a smooth geometrically connected variety over k that can be embedded

as a locally closed subscheme of a product of hyperbolic curves over k.

Then, for γ ∈ AutHo(pro-ss)↓ket
(Xet) with r(γ) = idX , the induced map

ϕ = π1(γ) ∈ Autout
Gk

(π1(X)) is class preserving.

Proof. Let ι : X ↪→W = C1×k · · ·×kCn be a factor-dominant embedding

into a product of hyperbolic curves over k. We choose a geometric point x̄ of

X and put w̄ = ι(x̄). Let σ ∈ π1(X, x̄) be arbitrary.

If none of the Ci is rational, everything follows from Proposition 5.3.

Assume that one of the Ci, say C1, is rational. Put c̄1 = p1(w̄), and let

N be the maximal normal subgroup of πet
1 (C1, c̄1) contained in the image

of πet
1 (X, x̄) (which is open by assumption). We choose a prime number

` > (πet
1 (C1, c̄1) : N). Lemma 5.4 provides an `-geometric connected étale

covering (C ′1, c̄
′
1) → (C1, c̄1) such that πet

1 (p1ι)(σ) ∈ πet
1 (C ′1, c̄

′
1) and C ′1 has

positive genus. Let k′ be the constant field of C ′1. Then

X ′ = X ×C1 C
′
1 = Xk′ ×C1,k′ C

′
1

= Xk′ ×(C1,k′×k′ ···×k′Cn,k′ )
(C ′1 ×k′ C2,k′ ×k′ · · · ×k′ Cn,k′)

is geometrically connected over k′. Proceeding recursively, we find a finite

connected étale covering (W ′, w̄′)→ (W, w̄) such that
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(a) W ′ = C ′1 ×k′ · · · ×k′ C ′n, where k′ is a finite extension field of k, and the

C ′i are smooth geometrically connected curves over k′ with compactifi-

cations of genus ≥ 1;

(b) X ′ = X ×W W ′ is geometrically connected over k′;

(c) σ ∈ πet
1 (X ′, x̄′), where x̄′ := (x̄, w̄′).

Let ι′ : X ′ ↪→ W ′ be the immersion induced by ι. By Lemma 2.2, there exists

γ′ ∈ AutHo(pro-ss)(X
′
et) such that the diagram

Xet X ′et W ′et

Xet X ′et W ′et

γ γ′

ι′et

ι′et

commutes in Ho(pro-ss). By Theorem A.10, we can lift γ to an element

γ0 ∈ AutHo(pro-ss∗)
(Xet, x̄et) and γ′ to γ′0 ∈ AutHo(pro-ss∗)

(X ′et, x̄
′
et), and there

exists an element τ ∈ πet
1 (X, x̄) with

πet
1 (γ0)(σ) = τπet

1 (γ′0)(σ)τ−1.

Furthermore, by Proposition 5.3, there exists τ ′ ∈ πet
1 (X ′, x̄′) with πet

1 (γ′0)(σ) =

τ ′στ ′−1. Hence πet
1 (γ0)(σ) is a conjugate of σ. This completes the proof. �

In order to complete the proof of Theorem 1.9, it remains to show that ϕ

is class preserving by elements of πet
1 (Xk̄). Since for every finite extension k′

of k in k̄, the arguments above also apply to the automorphism ϕ′ of πet
1 (Xk′)

induced by ϕ, this follows from the next lemma.

Lemma 5.6. Let

1 −→ Ḡ −→ G
p−→ Γ −→ 1

be an exact sequence of pro-finite groups, and let ϕ ∈ AutΓ(G). Assume that

for every open subgroup Γ′ ⊂ Γ, the induced automorphism ϕ′ ∈ AutΓ′(p
−1(Γ′))

is class preserving. Then ϕ is class preserving by elements of Ḡ.

Proof. Let x ∈ G be arbitrary. We consider the closed subgroup H =

Hx ⊂ G generated by x and Ḡ. Since Ḡ is normal, the image of H in Γ is the

cyclic group generated by the image of x.

For every open subgroup U ⊂ G with H ⊂ U , the set

CU,x = {u ∈ U | ϕ(x) = uxu−1}

is nonempty and compact. Hence also the set

CH,x = {h ∈ H | ϕ(x) = hxh−1} =
⋂
H⊂U

CU,x



ANABELIAN GEOMETRY WITH ÉTALE HOMOTOPY TYPES 845

is nonempty and therefore ϕ(x) = hxh−1 for some h ∈ H. The element h ∈ H
can be written as h = ḡxm with ḡ ∈ Ḡ and m ∈ Ẑ. We obtain

ϕ(x) = (ḡxm)x(ḡxm)−1 = ḡxḡ−1. �

6. Strongly hyperbolic Artin neighborhoods

In this section we prove Theorem 1.5.

Definition 6.1. A strongly hyperbolic Artin neighborhood is a smooth va-

riety X over k such that there exists a sequence of morphisms

X = Xn → Xn−1 → · · · → X1 → X0 = Spec(k)

such that for all i,

(i) the morphism Xi → Xi−1 is an elementary fibration into hyperbolic curves,

and

(ii) Xi admits an embedding Xi ↪→Wi into a product of hyperbolic curves.

Prominent examples of strongly hyperbolic Artin neighborhoods are the

moduli spaces M0,n of curves of genus 0 with n marked points for n ≥ 4. The

tower of elementary fibrations is the one by forgetting one marked point after

the other, and the embedding into a product of hyperbolic curves comes from

forgetting all marked points except for four in all possible ways.

A recursive application of Proposition 2.8 shows that strongly hyperbolic

Artin neighborhoods over fields of characteristic zero are of type K(π, 1).

Theorem 6.2. Let k be a finitely generated field extension of Q, and let

X be a strongly hyperbolic Artin neighborhood over k.

Let γ ∈ AutHo(pro-ss)↓ket
(Xet) be an automorphism with r(γ) = idX . Then

γ = idXet .

Proof. We choose a geometric point x̄ of X lying over the generic point.

By Proposition 2.4, there is a lift γ0 ∈ AutHo(pro-ss∗)↓(ket,k̄et)(Xet, x̄et) of γ. Let

ϕ0 = π1(γ0). Since Xet is of type K(π, 1), it suffices to show that ϕ0 is an

inner automorphism of πet
1 (X, x̄) induced by an element of πet

1 (Xk̄, x̄). By

Theorem 1.9, ϕ0 is class-preserving by elements of πet
1 (Xk̄, x̄).

We prove the theorem by induction on the dimension of X. The case

dimX = 0 is trivial, hence we may assume dimX ≥ 1. Let f : X → Y be the

final fibration step, i.e., an elementary fibration into hyperbolic curves with Y

again a strongly hyperbolic Artin neighborhood. By induction, the theorem

holds for Y . Let ȳ = f(x̄). Since the higher homotopy groups of Y vanish, the

long exact homotopy sequence [Fri82, Thm. 11.5] provides the exact sequence

1→ πet
1 (Xȳ, x̄)→ πet

1 (X, x̄)→ πet
1 (Y, ȳ)→ 1.
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Because ϕ0 is class preserving, it preserves the normal subgroup ∆ = πet
1 (Xȳ, x̄)

and induces a Gk-automorphism

ψ0 : πet
1 (Y, ȳ)→ πet

1 (Y, ȳ).

Since Y is of type K(π, 1), there is an element δ0∈AutHo(pro-ss∗)↓(ket,k̄et)(Yet, ȳet)

corresponding to ψ0. We denote by δ ∈ AutHo(pro-ss)↓ket
(Yet) the underlying

morphism of δ0 and by ϕ = πet
1 (γ) the outer group homomorphism lying un-

der ϕ0.

We have δfet = fetγ, and by Proposition 4.8, we obtain

fr(δ) = r(γ)f = f.

Hence r(δ) = idY and, by induction, δ = idYet . Therefore ψ0 = π1(δ0) is

an inner automorphism of πet
1 (Y, ȳ) given by an element of π1(Yk̄, ȳ). After

composing ϕ0 with a suitable inner automorphism given by an element of

πet
1 (Xk̄, x̄), we may assume that ψ0 = id.

Let η ∈ Y be the generic point with residue field K = κ(η), the function

field of Y . The base change XK = X ×Y η is a hyperbolic curve over K, and

we obtain the following diagram with exact rows:

1 ∆ πet
1 (XK , x̄) GK 1

1 ∆ πet
1 (X, x̄) πet

1 (Y, ȳ) 1.

In particular, the right square is a fibre square. Since we have arranged that

the automorphism ϕ0 induces the identity on πet
1 (Y, ȳ), we may lift it as

ϕη,0 = (ϕ0, id) : πet
1 (XK , x̄)→ πet

1 (XK , x̄).

Now we use anabelian geometry of hyperbolic curves [Moc99, Thm. A]. Since

with k also K is finitely generated over Q, the outer isomorphism ϕη underlying

ϕη,0 comes from geometry: there is a K-isomorphism

gη : XK → XK

with ϕη = πet
1 (gη). Since X → Y is an elementary fibration in hyperbolic

curves, the Isom-scheme

Isom(X/Y,X/Y )→ Y

is finite and unramified by [DM69, Thm. 1.11]. Therefore the point

gη ∈ Isom(X/Y,X/Y )(K)

extends uniquely to a point

g ∈ Isom(X/Y,X/Y )(Y ),
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in other words a Y -isomorphism g : X → X. Since πet
1 (XK , x̄) → πet

1 (X, x̄) is

surjective, it follows that πet
1 (g) = ϕ, hence

get = γ

in Ho(pro-ss) ↓ ket. This implies g = r(get) = r(γ) = idX , and therefore

γ = get = idXet . �

Proof of Theorem 1.5 and Corollary 1.6. Let X and Y be strongly hyper-

bolic Artin neighborhoods over a finitely generated field extension k of Q. In

order to prove Theorem 1.5, it suffices to show that the retraction r of Theo-

rem 1.2 is an inverse to the map f 7→ fet,

Isomk(X,Y )→ IsomHo(pro-ss)↓ket
(Xet, Yet).

For that it suffices to show that r is injective. Let α,β∈ IsomHo(pro-ss)↓ket
(Xet,Yet)

with r(α) = r(β). Then r(γ) = idX for γ = β−1 ◦ α, which implies γ = idXet

by Theorem 6.2, hence α = β. This proves Theorem 1.5.

Next we choose any geometric base points x̄ of X and ȳ of Y . Since

(Yet, ȳet) and (ket, k̄et) are of type K(π, 1), Proposition A.16 shows that the

map

HomHo(pro-ss∗)↓(ket,k̄et)

Ä
(Xet, x̄et), (Yet, ȳet)

ä ∼−→ HomGk
(πet

1 (X, x̄), πet
1 (Y, ȳ))

is bijective. This map is equivariant with respect to the action by πet
1 (Yk̄, ȳ) ∼=

πtop
1 (Yk̄,et, ȳet) on the left-hand side and composition by conjugation on the

right-hand side; see Lemma A.12. By Proposition 2.4, the induced map on

orbits restricted to isomorphisms is the bijection

IsomHo(pro-ss)↓ket
(Xet, Yet)

∼−→ Isomout
Gk

Ä
πet

1 (X), πet
1 (Y )

ä
.

We conclude that Corollary 1.6 is equivalent to Theorem 1.5. �

Finally, Corollary 1.7 follows from the next lemma.

Lemma 6.3. Every point of a smooth, geometrically connected variety over

an infinite perfect field k has a fundamental system of Zariski-open strongly

hyperbolic Artin neighborhoods.

Proof. Since the assumptions of Lemma 6.3 carry over to open subschemes,

it suffices to show that every point has a strongly hyperbolic Artin neighbor-

hood. We proceed by induction on the dimension of X. Let a ∈ X be a point,

which we may assume to be closed. We shrink X to an affine open neighbor-

hood of a so that X becomes quasi-projective, say X ↪→ Pn is an immersion.

Let x0, . . . , xn be homogeneous linear coordinates on Pn. Since k is infinite,

we can move X via PGLn+1(k) such that a does not meet the union H of all
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the hyperplanes xi = 0, and xi = x0 for all i 6= 0. So X rH can be embedded

into a product of hyperbolic curves

X \H ↪→ Pn \H = (P1 \ {0, 1,∞})n.

We may replace X by X \H to simplify notation.

We now argue along the lines of [AGV73, XI 3.3], which is formulated

over an algebraically closed field and applies without changes to an infinite

perfect field and a rational point a ∈ X. As in loc. cit., we choose a projective

compactification X ⊆ X̄ ⊆ P(V ) such that X̄ is normal (hence geometrically

normal, since k is perfect), V is a vector space of dimension n + 1, and the

restriction O(1)|X̄ is the r-th multiple of an ample line bundle on X̄ for some

r ≥ 2.

Let d be the dimension of X. We consider for every linear subspace W ⊆ V
of dimension d the linear projection P(V ) 99K P(W ), which is defined outside

the linear subspace

∆W = {x ∈ P(V ) ; x(w) = 0 for all w ∈W}

of codimension d. Blowing-up ∆W as σW : PW → P(V ), we obtain a morphism

πW : PW → P(W ).

Now we vary W in the Grassmannian Grassd(V ) of d-dimensional sub-

spaces of V : Let

W ⊆ V ×Grassd(V )

be the universal subspace. We obtain the projection πW : PW → P(W ), where

P(W ) is the projective space relative Grassd(V ). Let ŪW be the closure of

UW := X ×Grassd(V ) \∆W

in PW , so that we obtain the diagram

UW ŪW

P(W ).

fW
f̄W

As is shown in [AGV73, XI 3.3], there is a nonempty Zariski-open SW ⊆
P(W ) such that the base change of this diagram to SW is an elementary

fibration. Since X embeds into the product of hyperbolic curves, it is moreover

an elementary fibration into hyperbolic curves. For every closed point W ∈
Grassd(V ), let SW ⊂ P(W ) be the preimage of P(W ) under the projection

SW → P(W ). Note that SW is nonempty and open in P(W ) for W in an open

and nonempty subscheme of Grassd(V ), namely, the image of SW under the

open map P(W )→ Grassd(V ). For those W , the base change to SW yields an
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elementary fibration

UW ŪW

SW .
fW

f̄W

It therefore remains to show that every closed point a of X is contained in

UW ⊂ X for some W defined over k. Indeed, by induction we find a strongly

hyperbolic Artin neighborhood Un−1 of fW (a) in SW . Replacing UW by Un =

f−1
W (Un−1), we are done.

The condition that a ∈ UW is an open condition on W ∈ Grassd(V ).

Choosing a geometric point ā above a ∈ X, we deduce from [AGV73, XI 3.3]

that there is a W0 ∈ Grassd(V )(k̄) defined over the algebraic closure k̄ of k,

such that ā ∈ UW0 . Hence there is an open Hā ⊂ Grassd(V )×k k̄ where ā ∈ UW
for all W ∈ Hā. Since Grassd(V ) is irreducible, the intersection of all Galois

conjugates of Hā is a nonempty open H ⊂ Grassd(V ) defined over k. Since k is

infinite and Grassd(V ) is a rational variety, we find a k-rational point W ∈ H.

For this particular choice, we have Wk̄ ∈ Hk̄ ⊂ Hā, hence ā ∈ UWk̄
. But since

Wk̄ is defined over k, we finally have UW ⊂ X an open that contains ā. But

then also a ∈ UW , and by the above that concludes the induction step of the

proof by induction on the dimension. �

7. An absolute version of the main result

Using the main theorem of birational anabelian geometry proven by F. Pop

[Pop94], [Pop00], we can derive the following absolute version of Theorem 1.2.

Theorem 7.1. Let k and ` be finitely generated extension fields of Q,

and let X/k and Y/` be smooth geometrically connected varieties that can be

embedded as locally closed subschemes into a product of hyperbolic curves over

k and `, respectively.

Then the natural map

IsomSchemes(X,Y ) −→ IsomHo(pro-ss)(Xet, Yet)

is a split injection with a functorial retraction r. If X and Y are strongly

hyperbolic Artin neighborhoods, it is a bijection.

Proof. For the geometrically connected variety X/k, the field k is uniquely

determined as the maximal subfield of H0(X,OX); see [Tam97, Lemma 4.2].

In particular, every isomorphism of schemes f : X → Y restricts to an iso-

morphism fc : Spec(k)→ Spec(`). The assignment f 7→ fc defines a functorial

map

IsomSchemes(X,Y )→ IsomSchemes(Spec(k), Spec(`)).
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Let γ : Xet → Yet be an isomorphism. We choose separable closures

k̄/k, ¯̀/`, a geometric k-point x̄ : Spec(k̄) → X and a geometric `-point ȳ :

Spec(¯̀)→ Y . By Theorem A.10, we conclude that γ lifts to an isomorphism

γ0 : (Xet, x̄et) −→ (Yet, ȳet)

in Ho(pro-ss∗) unique up to monodromy action by πtop
1 (Yet, ȳet) = πet

1 (Y, ȳ). In

particular, we obtain an isomorphism

π1(γ0) : πet
1 (X, x̄)

∼−→ πet
1 (Y, ȳ).

Because k is Hilbertian, Gk has no nontrivial finitely generated closed

normal subgroups by [FJ08, Prop. 16.11.6]. Since

πet
1 (Xk̄, x̄) = ker

Ä
πet

1 (X, x̄) −→ Gk
ä

is finitely generated by [Gro72, Exp. II Thm. 2.3.1], Gk is the quotient of

πet
1 (X, x̄) by its maximal finitely generated normal subgroup. The same is true

for G` as a quotient πet
1 (Y, ȳ) → G`. Hence π1(γ0) induces an isomorphism

ϕc : Gk → G` such that the following diagram commutes:

πet
1 (X, x̄) πet

1 (Y, ȳ)

Gk G`.

π1(γ0)

∼

ϕc

∼

The assignment γ 7→ ϕc induces a functorial map

IsomHo(pro-ss)(Xet, Yet) −→ Isomout(Gk, G`) ∼= IsomHo(pro-ss)(ket, `et),

where the right-hand isomorphism follows from Proposition A.16 and Theo-

rem A.10, and determines an isomorphism γc : ket → `et in Ho(pro-ss) with

ϕc = π1(γc) as outer isomorphisms.

These two constructions are compatible and yield the commutative dia-

gram (independent of the choices involved)

IsomSchemes(X,Y ) IsomHo(pro-ss)(Xet, Yet)

IsomSchemes(Spec(k),Spec(`)) IsomHo(pro-ss)(ket, `et).

(−)et

(−)et

∼

Moreover, by the main theorem of birational anabelian geometry [Pop94],

[Pop00], the bottom arrow is a bijection.

In order to prove the theorem, we may therefore fix an isomorphism g :

Spec(`) → Spec(k) and restrict to isomorphisms f and γ that induce fc = g

and γc = get. We denote these sets of isomorphisms by Isomg(X,Y ) and

Isomget(Xet, Yet). We set

Y ′ = Y ×gSpec(`) Spec(k).
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Then the statement of the theorem follows by applying Theorems 1.2 and 1.5

to the bottom arrow of the commutative diagram

Isomg(X,Y ) Isomget(Xet, Yet)

Isomk(X,Y
′) IsomHo(pro-ss)↓ket

(Xet, Y
′

et).

(−)et

(−)et

�

We are now able to relax the geometric connectivity assumptions in The-

orem 1.2.

Theorem 7.2. Let k be a finitely generated extension field of Q, and let

X and Y be smooth varieties over k such that each connected component can

be embedded as a locally closed subscheme into a product of hyperbolic curves

over the respective field of constants.

Then the natural map

Isomk(X,Y ) −→ IsomHo(pro-ss)↓ket
(Xet, Yet)

is a split injection with a functorial retraction r. If the connected components

of X and Y are strongly hyperbolic Artin neighborhoods over their respective

fields of constants, it is a bijection.

Proof. Since isomorphisms in Ho(pro-ss) respect connected components,

we can assume that X and Y are connected. Let K and L be the fields of

constants of X and Y , respectively.

For γ ∈ IsomHo(pro-ss)↓ket
(Xet, Yet), Theorem 7.1 yields an isomorphism

f = r(γ) : X → Y . As above, let fc : Spec(K) → Spec(L) be the induced

isomorphism. It remains to show that fc is k-linear.

The proof of Theorem 7.1 first constructs an isomorphism γc : Ket → Let

in Ho(pro-ss) compatible with γ, and such that γc = fc,et. We choose an

algebraic closure k̄ of k and a geometric point x̄ : Spec(k̄)→ X. Let ȳ = f(x̄),

and denote the induced geometric points of x̄∗ : K → k̄ and ȳ∗ : L → k̄ by x̄

and ȳ as well. We denote the given inclusions by iK : k ↪→ K and iL : k ↪→ L.

Because any two algebraic closures of k are k-isomorphic, we can further choose

an isomorphism ψ that makes the following diagram commutative:

k L k̄

k K k̄.

iL ȳ∗

ψ

iK x̄∗

Let δ : (Spec(k), x̄) → (Spec(k), ȳ) be the pointed scheme morphism induced

by ψ. Furthermore, by Theorem A.10 we may choose an isomorphism γ0 ∈
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IsomHo(pro-ss∗)

Ä
(Xet, x̄et), (Yet, ȳet)

ä
lifting γ. Consider the diagram of pro-

finite groups

πet
1 (X, x̄) πet

1 (Y, ȳ)

π1(Ket, x̄et) π1(Let, ȳet)

π1(ket, x̄et) π1(ket, ȳet).

π1(γ0)

πet
1 (fc)

πet
1 (δ)=ψ∗

Note that fc,et considered as a pointed map (Ket, x̄)→ (Let, ȳ) lifts γc. There-

fore the top square commutes up to conjugation, and after replacing γ0 by

another lift γ′0 of γ, it commutes.

Since γ : Xet → Yet commutes with the projections to ket in Ho(pro-ss), the

big square commutes up to conjugation by an element g ∈ π1(ket, ȳet). After

replacing ψ by ψg, it commutes. Since the upper vertical maps are surjections,

then also the lower square commutes.

The induced commutative diagram on Galois cohomology with coefficients

in µn is by Kummer theory

k×/n H1(k, µn) H1(L, µn) L×/n

k×/n H1(k, µn) H1(K,µn) K×/n.

id δ∗ f∗c f∗c

We obtain the congruences

f∗c (α) ≡ α mod (K×)n

for every α ∈ k× and any natural number n. Since finitely generated extension

fields of Q do not contain nontrivial divisible elements, we conclude that f∗c
restricts to the identity on k as claimed. �

Appendix: Geometry in pro-spaces

This appendix deals with various aspects of pro-spaces, in particular, the

existence of classifying spaces of pro-groups, the relation between pointed and

unpointed homotopy equivalences and the theory of covering spaces. The au-

thors thank J. Schmidt for helpful discussions on the subject.

We will make frequent use of the fact (see [EH76], 2.1.6) that, by re-

indexing, every object in a pro-category pro-C is isomorphic to a pro-object

whose index category I is a cofinite directed set. (Cofinite means that for any

i ∈ I, there are only finitely many j ∈ I with j < i.)
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We refer to [Isa01] for the definition of the simplicial model structure on

the category pro-ss of pro-spaces. The simplicial function complex is given by

Map(X,Y )n = Hompro-ss(X ×∆[n], Y ).

All objects X of pro-ss are cofibrant. If Y is fibrant, (cf. [Hir03, Prop. 9.5.24])

HomHo(pro-ss)(X,Y ) is given as the set of equivalence classes of elements of

Hompro-ss(X,Y ) modulo strict simplicial homotopy, i.e., deformations along

the (constant) 1-simplex ∆[1].

A.1. Coverings of pro-spaces. Recall (cf. [GZ67]) that a morphism of sim-

plicial sets p : Y → X is called a covering if any commutative diagram

∆[0] Y

∆[n] X

u

i p

v

s

of solid arrows u, v, i, p can be completed by a unique dotted arrow s. Coverings

have the unique lifting property with respect to all horns ∆[n, k] → ∆[n],

hence for all trivial cofibrations. In particular, they are fibrations in ss. A

covering Y → X with Y and X connected is called Galois covering with group

G(Y/X) = AutX(Y ) if the natural map from the quotient of Y by the action

of AutX(Y ) to X is an isomorphism.

If (X,x) is a pointed, connected simplicial set, then there exists the uni-

versal covering simplicial set (X̃, x̃) → (X,x). Its geometric realization is

the universal covering space of the geometric realization of (X,x); see [GZ67,

App. I, §3].

Definition A.1. A morphism Y → X in pro-ss is a covering if it is isomor-

phic to a level-wise covering. If Y and X are connected, Y → X is called a

Galois covering if it is isomorphic to a level-wise Galois covering.

Let (X,x) be a pointed, connected pro-simplicial set. The inverse system

of the pointed universal coverings of the different levels defines the pointed

universal covering (X̃, x̃) of (X,x). The covering X̃ → X is Galois and the

fundamental group π1(X,x) is naturally isomorphic to the group G(X̃/X).

We denote the full subcategory of Ho(pro-ss) containing all connected pro-

spaces by

Ho(pro-ss∗)c.

For a connected pointed pro-space (X,x) and a sub pro-group U ⊂ π1(X,x),

the pointed pro-covering of (X,x) associated with U

(X,x)U → (X,x)
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is well defined up to natural isomorphism in Ho(pro-ss∗)c. This follows from

the following proposition, which is proved in an analogous way as [AM86, §2,

(2.7), (2.8)].

Proposition A.2. Let (X,x) ∈ Ho(pro-ss∗)c, and let U ↪→ π1(X,x) be

a monomorphism of pro-groups. Then there is an (X,x)U in Ho(pro-ss∗)c
together with a morphism h : (X,x)U → (X,x) characterized by the property

that for each connected (W,w), we have a bijection

[(W,w), (X,x)U ]pro-ss∗
∼−→{f ∈ [(W,w), (X,x)]pro-ss∗ ; π1(f) factors through U}

sending f ′ : (W,w)→ (X,x)U to f = hf ′.

In the unpointed case, the situation is more involved. We start with the

following observations.

Lemma A.3. If f : Y → X is a weak equivalence of connected pro-spaces,

then the pull-back

(X ′ → X) 7→ (X ′ ×X Y → Y )

induces an equivalence between the categories of connected coverings of X and

of Y .

Proof. This follows straightforwardly from the definition of weak equiva-

lences in pro-ss and standard covering theory in ss. �

By definition, coverings in pro-ss have the unique lifting property with

respect to level-maps that are level-wise trivial cofibrations.

Lemma A.4. Coverings are fibrations in pro-ss.

Proof. Let I be a cofinite directed index set and (Yi)I → (Xi)I a level-wise

covering. For any t ∈ I, the uniqueness in the defining lifting property of a

covering shows that

Yt → Xt ×lims<tXs lim
s<t

Ys

is a covering, hence a fibration and a co-1-equivalence (in the sense of [Isa01,

Def. 3.1]) in ss. We conclude that Y → X is a strong fibration in the sense of

[Isa01, Def. 6.5], hence a fibration by [Isa01, Prop. 14.5]. �

Since the model structure on pro-ss is proper (see [Isa01, Prop. 17.1] and

the correction [Isa04b, Rmk. 4.14]), [Hir03, Lemma 13.3.2] yields the following.

Lemma A.5. Let W ′ → W be a fibration in pro-ss. Assume f : X →W

and g : Y → W are maps in pro-ss and h : Y → X is a weak equivalence with

g = fh. Then the natural map

h× id : Y ×W W ′ → X ×W W ′

is a weak equivalence.
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We will frequently use the fact that homotopy equivalences between pro-

spaces over a common base can be base changed along coverings of the base:

Proposition A.6. Let W , X , Y be pro-spaces, and let f : X → W , g :

Y →W be maps of pro-spaces. Assume that there exists γ ∈ IsomHo(pro-ss)(X,Y )

such that gγ = f in Ho(pro-ss). Let p : W ′ →W be a covering.

Then there exists γ′ ∈ IsomHo(pro-ss)(X ×W W ′, Y ×W W ′) such that the

diagram

X X ×W W ′ W ′

Y Y ×W W ′ W ′

γ γ′

commutes in Ho(pro-ss). The construction can be made functorial in W ′ with

respect to morphisms of coverings of W in pro-ss. In particular, if W ′ →W is

a Galois covering of connected pro-spaces, then, for all i ≥ 0 and every abelian

group A, the induced isomorphisms

Hi(Y ×W W ′, A)
(γ′)∗−→ Hi(X ×W W ′, A)

are G(W ′/W )-equivariant.

Proof. By Lemmas A.3 and A.5, we can replace W and then X and Y

by fibrant approximations. Hence we may assume that γ : X → Y is a weak

equivalence in pro-ss such that gγ = f in Ho(pro-ss) and that p : W ′ →W is a

level-wise covering.

We choose a homotopy F : X ×∆[1]→W between f and gγ and denote

the vertices of ∆[1] by 0 and 1. The outer square in the following diagram

commutes because F restricts to f on X × {0}:Ä
X ×fW W ′

ä
× {0} W ′Ä

X ×fW W ′
ä
×∆[1] W.

prW ′

p
F ′

FprX×∆[1]

The unique lifting property of a covering induces a unique map F ′. Hence the

assignment

(x,w′) 7→ (x, F ′(x,w′, 1))

defines a map

ϕ : X ×fW W ′ −→ X ×gγW W ′

that commutes in Ho(pro-ss) with the respective projections to W ′ and is an

isomorphism in pro-ss. (The inverse homotopy to F gives the inverse to ϕ.)

Another application of Lemma A.5 shows that

γ × id : X ×gγW W ′ −→ Y ×gW W ′
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is a weak equivalence. We obtain the required weak equivalence as the com-

posite γ′ = (γ × id)ϕ. Indeed, γ′ is compatible with γ, and prW ′γ
′ = prW ′ in

Ho(pro-ss) holds, because F ′ provides a homotopy.

The construction is obviously functorial in W ′, and all other assertions

follow immediately. �

A.2. Pointed versus unpointed. In this section we consider the question

under which conditions two connected pointed pro-spaces that are isomorphic

in the unpointed homotopy category are also isomorphic in the pointed homo-

topy category. In general, this is not true: there are examples of connected

pro-spaces whose fundamental group depends on the base point. However we

will show that the problem disappears under some finiteness assumptions.

A.2.1. Some homological algebra of limits. For an abelian pro-group G,

we have the derived inverse limit groups limiG, i ≥ 0. If G is non-abelian,

we have the limit group limG = lim0G and, following [BK72, XI, 6.5], the

first derived inverse limit lim1G, which is a pointed set. If G is abelian, the

Bousfield–Kan lim1G carries the structure of an abelian group in a natural

way and coincides with the usual lim1G.

For a pointed pro-space (X,x) and 0 ≤ i ≤ j, we thus can consider

limi πj(X,x),

which is a pointed set for i = j = 0 and i = j = 1, a group for i = 0, j = 1

and an abelian group in all other cases. We could not find the reference for

the following.

Lemma A.7. Let G = (Gi)i∈I be a pro-finite (resp. a pro-finite abelian)

group. Then
limsG = ∗

for s = 1 (resp. for all s ≥ 1).

Proof. We may assume that the index category I is a cofinite directed set.

We have a natural injection G ↪→ G∗, where G∗ = (G∗i )i∈I is the pro-group

defined by
G∗i =

∏
j≤i

Gj

with the projection maps as transition maps. The cokernel G∗/G is a pointed

pro-finite set. We obtain an exact sequence of pointed sets (cf. [BK72, XI 6.5]):

∗ → limG→ limG∗ → limG∗/G→ lim1G→ lim1G∗.

The pro-group G∗ is strongly Mittag-Leffler in the sense of [EH76, (4.8.3)],

because the natural maps

G∗i =
∏
j≤i

Gj −→
∏
j<i

Gj = lim
k<i

G∗k
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are surjective. Therefore we have lim1G∗ = ∗ by [EH76, (4.8.5)]. Since G is

pro-finite, the usual compactness argument shows that limG∗ → limG∗/G is

surjective. We conclude that lim1G = ∗.
If G is abelian, then so is G∗ and again by [EH76, (4.8.5)], we have

limsG∗ = ∗ for all s ≥ 1. We obtain limsG = lims−1G∗/G for s ≥ 2, and

the result follows by induction. �

A.2.2. Topological homotopy groups. Let (Sn, sn) be the pointed constant

pro-space given by the simplicial n-sphere. For a pointed pro-space (X,x) =

(Xi, xi)i∈I , we put

πtop
n (X,x) := πn(holim(X,x)) = HomHo(pro-ss∗)

((Sn, sn), (X,x))

(see [Isa01, Prop. 8.2] for the second equality) and call these the topological

homotopy groups of (X,x). We call (X,x) path-connected if πtop
0 (X,x) = ∗.

The projections (X,x)→ (Xi, xi) induce a natural homomorphism

πtop
n (X,x)→ πn(X,x)

from the constant group πtop
n (X,x) to the pro-group πn(X,x) for all n.

Theorem A.8. Let (X,x) be a pointed pro-space such that π0(X,x) = ∗
and πn(X,x) is pro-finite for all n ≥ 1. Then the natural homomorphism

πtop
n (X,x) −→ limπn(X,x)

is an isomorphism for all n ≥ 0.

Proof. We drop the base point x from the notation. By [BK72, XI, 5.2],

holimX is the total space of some cosimplicial space Π∗X, i.e.,

holimX = lim
n

Totn Π∗X,

where

Totn Π∗X =
∏
u∈In

Xi0 , u = (Xin
αn→ · · · α1→ Xi0),

and the differentials Totn Π∗X → Totn−1 Π∗X are defined in the usual manner.

Associated with the tower of fibrations Totn Π∗X we have the Bousfield–Kan

spectral sequence

Eij2 = πiπjΠ
∗X ⇒ πj−i holimX (0 ≤ i ≤ j).

(Here πi are the cohomotopy groups; see [BK72, X, §7.2] for the description of

the E2-terms.) By [BK72, XI, §7.1], we have

πiπjΠ
∗X = limiπjX (0 ≤ i ≤ j).

Lemma A.7 implies Eij2 = 0 for 1 ≤ i ≤ j, hence the inverse systems (Eijr )r are

constant and

lim
r

1Eijr = 0 (0 ≤ i ≤ j).
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By [BK72] IX, 5.1 (connectivity lemma), we conclude that holimX is connected

and [BK72, IX, §5.4] (complete convergence lemma) implies that limπn(X) ∼=
πn holimX for all n ≥ 1. �

A.2.3. Monodromy action on pointed homotopy classes of maps. Let {0,1}
be the constant pro-simplicial set consisting of two points. We consider the

under category {0, 1}↓ pro-ss of pro-simplicial sets with two distinguished points

together with its induced model structure; cf. [DS95, Rmk. 3.10]. Let

I = (∆[1], 0, 1)

be the simplicial unit interval considered as a constant pro-simplicial set with

the two distinguished points 0 and 1. For (Y, y0, y1) ∈ {0, 1}↓ pro-ss, we define

the set

πtop
1 (Y, y0, y1) = HomHo({0,1}↓ pro-ss)((∆[1], 0, 1), (Y, y0, y1)).

For (X,x0, x1) in {0, 1}↓ pro-ss, consider the object (X,x0, x1) ∧ I of

{0, 1}↓ pro-ss

obtained from the product X × I by collapsing {x0} × I and {x1} × I to

distinguished points. Then X ∧ I is a cylinder object for X such that i0, i1 :

X → X∧I are cofibrations and the projection X∧I → X is a trivial fibration.

Hence, if Y is fibrant, then πtop
1 (Y, y0, y1) is the set of maps u : I → Y with

u(0) = y0, u(1) = y1, modulo start and endpoint preserving homotopies.

For another point y2 of Y , composition of paths induces a natural map

πtop
1 (Y, y1, y2)× πtop

1 (Y, y0, y1) −→ πtop
1 (Y, y0, y2).

The simplicial 1-sphere S1 is obtained by identifying the vertices of ∆[1].

Therefore the special case y0 = y1 is consistent with the definition of the

topological fundamental group:

πtop
1 (Y, y, y) = πtop

1 (Y, y).

Let (X,x) be a pointed pro-space and (Y, y0, y1) ∈ {0, 1}↓ pro-ss. Let

ε : Y → Z be a fibrant approximation and zi = ε(yi), i = 1, 2. For a path

u : I → Z from z0 to z1 and a map f : (X,x) → (Z, z0), we define a map

u(f) : (X,x0)→ (Z, z1) by

u(f)(x) = F (x, 1),

where F : X × I → Z is an extension

(X,x) ∨ (I, 0) Z

X × I ∗

u∨f

F

that exists since Z is fibrant. Formally in the same way as in the classical case

of well-pointed topological spaces (cf. [Whi78, Chap. III, §1]) one shows
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Lemma A.9. The above constructions yields a well-defined composition

πtop
1 (Y, y0, y1)× [(X,x), (Y, y0)]pro-ss∗ −→ [(X,x), (Y, y1)]pro-ss∗ .

For another point y2 of Y , the composition

πtop
1 (Y, y1, y2)× πtop

1 (Y, y0, y1)× [(X,x), (Y, y0)]pro-ss∗ −→ [(X,x), (Y, y2)]pro-ss∗

is associative. In the special case y0 = y1, we obtain a natural πtop
1 (Y, y)-action

on [(X,x), (Y, y)]pro-ss∗ .

Again, formally in the same way as in the classical case of well-pointed

topological spaces (cf. [Whi78, Chap. III, §1]) one obtains the following.

Theorem A.10. Let (X,x) and (Y, y) be pointed pro-spaces, and assume

that Y is path-connected. Then the map induced by forgetting the base points

induces a natural bijection of the orbit spaceÄ
[(X,x), (Y, y)]pro-ss∗

ä
πtop

1 (Y,y)

∼−→ [X,Y ]pro-ss

with the set of morphisms of X to Y in the unpointed homotopy category

Ho(pro-ss).

Corollary A.11. Let (X,x) and (Y, y) be pointed connected pro-spaces.

Assume that

(a) X and Y are isomorphic in Ho(pro-ss);

(b) πi(Y, y) is pro-finite for all i ≥ 1.

Then (X,x) and (Y, y) are isomorphic in Ho(pro-ss∗).

Proof. Let f : X → Y be an isomorphism in Ho(pro-ss). Theorem A.8

implies that πtop
0 (Y, y) is trivial, i.e., Y is path-connected. Hence, by Theo-

rem A.10 there exists a morphism f∗ : (X,x) → (Y, y) in Ho(pro-ss∗) over f .

By the definition of the model structure on pro-ss∗, f∗ is a isomorphism. �

For f ∈ [(X,x), (Y, y)]pro-ss∗ and α ∈ πtop
1 (Y, y), the definition of the

πtop
1 (Y, y)-action implies that

(8) α(f) = α(idY ) ◦ f.

By Lemma A.9, the map

πtop
1 (Y, y)→ AutHo(pro-ss∗)

Ä
(Y, y)

ä
, α 7→ α(idY ),

is a group homomorphism. Hence, for any functor F on Ho(pro-ss∗), there is

an induced πtop
1 (Y, y)-action on F((Y, y)). In particular, πtop

1 (Y, y) acts on the

set of group homomorphisms ϕ : πtop
1 (X,x)→ πtop

1 (Y, y) by

α(ϕ)=πtop
1 (α(idY )) ◦ ϕ.
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Lemma A.12. Let (X,x) and (Y, y) be pointed connected pro-spaces. Then

the πtop
1 (Y, y)-action on Hom

Ä
πtop

1 (X,x), πtop
1 (Y, y)

ä
is by composition with

conjugation : for α ∈ πtop
1 (Y, y) and ϕ : πtop

1 (X,x)→ πtop
1 (Y, y), we have

α(ϕ)(γ) = αϕ(γ)α−1.

In particular, the set of πtop
1 (Y, y)-orbits is the set of outer homomorphisms :(

Hom
Ä
πtop

1 (X,x), πtop
1 (Y, y)

ä)
πtop

1 (Y,y)
= Homout

Ä
πtop

1 (X,x), πtop
1 (Y, y)

ä
.

Proof. By functoriality, we may assume that ϕ = id. We may assume that

Y is fibrant and that γ is represented by g : I → Y , g(0) = y = g(1) and α

is represented by a : I → Y , a(0) = y = a(1). Then a(g) represents α(id)(γ)

by (8).

The definition of a(g) uses a map G : I × I → Y whose restriction to the

boundaries is as follows:

g

a(g)

a a
.

Hence the map G provides a homotopy between a(g) and aga−1. �

A.2.4. Pointed versus unpointed in the relative case. In Theorem A.10 we

analysed the effect of forgetting the base point in Ho(pro-ss∗). Now we turn

our attention to the same problem in Ho(pro-ss∗) ↓ (B, b).

Theorem A.13. Let (B, b) be a pointed pro-space, and let (X,x) and

(Y, y) be pointed pro-spaces over (B, b). Assume that Y and B are path-

connected and that πtop
1 (Y, y)→ πtop

1 (B, b) is surjective.

(a) The map induced by forgetting the base points yields a surjection

HomHo(pro-ss∗)↓(B,b)((X,x), (Y, y))� HomHo(pro-ss)↓B(X,Y ).

In particular, if X and Y are isomorphic in Ho(pro-ss) ↓ B, then (X,x)

and (Y, y) are isomorphic in Ho(pro-ss∗) ↓ (B, b).

(b) Let SX ⊆ πtop
1 (B, b) be the stabilizer of the structure map (X,x)→ (B, b)

in Ho(pro-ss∗) and

∆X,Y ⊂ πtop
1 (Y, y)

the preimage of SX under πtop
1 (Y, y)→ πtop

1 (B, b).

Then ∆X,Y acts on HomHo(pro-ss∗)↓(B,b)((X,x), (Y, y)) and the map

forgetting the base points induces a natural bijectionÄ
HomHo(pro-ss∗)↓(B,b)((X,x), (Y, y))

ä
∆X,Y

∼−→ HomHo(pro-ss)↓B(X,Y ).
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Proof. We show (a) and (b) simultaneously. Let pX and pY be the given

maps from (X,x) and (Y, y) to (B, b). For the moment, we consider (X,x) as an

absolute object, forgetting about pX . There is a disjoint union decomposition

(9)

[(X,x), (Y, y)]pro-ss∗ =
∐

p∈[(X,x),(B,b)]pro-ss∗

HomHo(pro-ss∗)(B,b)
((X,x, p), (Y, y, pY )),

where a morphism f0 : (X,x)→ (Y, y) in Ho(pro-ss∗) maps to itself, considered

as a morphism over (B, b) in the p = pY f0-component on the right-hand side.

We have a similar decomposition in the unpointed case

(10) [X,Y ]pro-ss =
∐

p∈[X,B]pro-ss

HomHo(pro-ss)((X, p), (Y, pY )).

By Theorem A.10, we have a natural πtop
1 (Y, y)-action on the left-hand side of

(9) whose orbits identify with the left-hand side of (10).

We first show surjectivity. Let f ∈ HomHo(pro-ss)↓B(X,Y ) be given; i.e., f

lies in the pX -component of (10). Let f0 ∈ [(X,x), (Y, y)]pro-ss∗ be a pre-image

of f . By definition, f0 lies in the pY f0-component of (9). Since pY f0 and pX
agree as morphisms in Ho(pro-ss), Theorem A.10 provides a σ ∈ πtop

1 (B, b)

with σ(pY f0) = pX in HomHo(pro-ss∗)
((X,x), (B, b)). Let τ ∈ πtop

1 (Y, y) be

a pre-image of σ. Then τ(f0) lies in the pX -component of (9). This shows

surjectivity of

HomHo(pro-ss∗)↓(B,b)((X,x), (Y, y)) −→ HomHo(pro-ss)↓B(X,Y ).

To finish the proof, note that f0 and f ′0 have the same image if and only if f ′0 =

τ(f0) for some τ ∈ πtop
1 (Y, x), which moreover must map to SX ⊂ πtop

1 (B, b).

Note that in (a), if f : X → Y is an isomorphism in Ho(pro-ss) ↓ B
that lifts to a morphism f∗ : (X,x) → (Y, y) in Ho(pro-ss∗) ↓ (B, b), then

by definition of the model structure on pro-ss∗, the morphism f∗ is also an

isomorphism. �

A.3. Eilenberg–MacLane spaces in degree 1. In this part of the appendix,

our main goal is Proposition A.16, which shows the existence of classifying

spaces of pro-groups in Ho(pro-ss∗).

A.3.1. Pro-classifying spaces. For a (discrete) group G, we consider the

category with one object and automorphism group G and we denote the nerve

of this category by BG. The space BG is connected and pointed by its unique

0-cell. As is well known, we have

(11) πn(BG) =

G for n = 1,

0 for n ≥ 2,
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hence, BG is a functorial model for a K(G, 1)-space. If f : G′ → G is a

surjective group homomorphism, then the induced map B(f) : BG′ → BG is

a fibration in ss∗; in particular, BG is fibrant for every group G.

By functoriality, this construction extends to the pro-category: for a pro-

group G, we obtain the connected pointed pro-space BG for which (11) holds

in pro-groups. In contrast to the case of discrete groups however, the pro-space

BG is not a fibrant object in pro-ss∗ in general. Nonetheless, Proposition A.16

below shows that BG represents the functor Hompro-groups(π1(−), G) on the

pointed homotopy category. In particular, any connected pointed pro-space

(X,x) with π1(X,x) = G and πn(X,x) = 0 for n ≥ 2 is canonically isomorphic

to BG in Ho(pro-ss∗).

A.3.2. A fibrant model. Our first goal is to construct a good fibrant re-

placement of BG. For the moment, let G be discrete. Consider the category

with one object for every element g ∈ G and all objects uniquely isomorphic.

We denote its nerve by EG. It comes along with a free right G-action by

g ∈ G permuting the objects h; hg. The functor that maps the isomorphism

h → gh to the automorphism g induces a G-covering map EG → BG. The

space EG comes along with a natural pointing by the 0-cell attached to the

neutral element of G. Moreover, EG is contractible. Again, all constructions

are functorial so that we obtain a contractible pointed pro-space EG associ-

ated to every pro-group G. For every i ∈ I, the projection EGi → BGi is a

Gi-covering map.

In the following we assume without loss of generality that all occurring

index categories are cofinite directed sets. For a pro-group G, consider the

pro-group G∗ = (G∗i )i∈I given by

G∗i =
∏
j≤i

Gj

with the obvious transition maps. We have a natural injection G ↪→ G∗ and

consider the pointed pro-space

B∗G := EG∗/G.

Lemma A.14. B∗G is fibrant in pro-ss∗, and the natural map BG→ B∗G

is a weak equivalence.

Proof. For all i, the map BGi = EGi/Gi → B∗Gi = EG∗i /Gi is a weak

equivalence in ss∗, hence BG → B∗G is a level-wise weak equivalence, in

particular, a weak equivalence in pro-ss∗. The pro-group G∗ has the property

that ∏
j≤i

Gj = G∗i −→
∏
j<i

Gj = lim
j<i

G∗j
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is surjective, hence λi : EG∗i → E(limj<iG
∗
j ) = limj<iEG

∗
j is a fibration. In

the commutative diagram

EG∗i lim
j<i

EG∗j

(B∗G)i EG∗i /Gi lim
j<i

EG∗j/Gj limj<i(B
∗G)j

λi

µi

the vertical maps are surjective coverings in particular fibrations. Hence also

µi is a fibration.

Furthermore, the spaces (B∗G)i and limj<i(B
∗G)j , admitting contractible

coverings, have trivial homotopy groups in degrees greater or equal to two.

Therefore B∗G is strongly fibrant in the sense of [Isa01, Def. 6.5], hence fibrant

in pro-ss by [Isa01, Prop. 14.5] and, in particular, also fibrant in pro-ss∗. �

A.3.3. Morphisms to pro-classifying spaces. For a pro-group G, we are

going to show that the functor

Ho(pro-ss∗) −→ (sets), (X,x) 7−→ Hompro-groups(π1(X,x), G)

is represented by BG. The space BG has exactly one 0-cell on every level, and

the natural map

(12) G = BG1 −→ π1(BG) = G

is the identity of G. This identification is used to define the bottom map in

diagram (13) below.

Lemma A.15. For pro-groups G and G′, all maps in the commutative

diagram

(13)

Hompro-groups(G
′, G) Hompro-ss∗(BG

′, BG)

Hompro-groups(G
′, G) HomHo(pro-ss∗)

(BG′, BG).

B(−)

π1(−)

are isomorphisms.

Proof. The diagram in the lemma commutes by its definition based on

(12); in particular,

(14) Hompro-ss∗(BG
′, BG)→ Hompro-groups(G

′, G)

is surjective. By induction on n and using the face maps ∂0, ∂n : BGn →
BGn−1, we see that an n-simplex in BG is uniquely determined by its edges,

i.e., its faces of dimension 1 in BG1 = G. Therefore a map ϕ : BG′ → BG
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is uniquely determined by ϕ1 : BG′1 → BG1, and hence the commutative

diagram

BG′1 = G′ BG1 = G

π1(BG′) π1(BG)

o

ϕ1

o
π1(ϕ)

shows that (14) is also injective. It therefore remains to show that

Hompro-ss∗(BG
′, BG)→ HomHo(pro-ss∗)

(BG′, BG)

is surjective. This is obvious if BG is fibrant. Hence,

π1(−) : HomHo(pro-ss∗)
(BG′, BG)→ Hompro-groups(G

′, G)

is always split surjective and, moreover, an isomorphism if BG is fibrant. It

remains to show that π1(−) is injective for arbitrary G.

We again assume without loss of generality that all occurring index cate-

gories are cofinite directed sets. The map

BG −→ B∗G

of Lemma A.14 is a natural fibrant replacement. The same argument as for

B∗G in Lemma A.14 shows that BG∗ is fibrant in pro-ss∗. Since B∗G→ BG∗

is a level-wise covering map, the induced map

Hompro-ss∗(BG
′, B∗G) −→ Hompro-ss∗(BG

′, BG∗)

is injective. Hence the left vertical map π1(−) in the commutative diagram

Hompro-ss∗(BG
′, B∗G) Hompro-ss∗(BG

′, BG∗)

HomHo(pro-ss∗)
(BG′, B∗G) HomHo(pro-ss∗)

(BG′, BG∗)

HomHo(pro-ss∗)
(BG′, BG) HomHo(pro-ss∗)

(BG′, BG∗)

Hompro-groups(G
′, G) Hompro-groups(G

′, G∗).

o

o

π1(−) π1(−)o

is injective. This completes the proof. �

Proposition A.16. For a connected pointed pro-space (X,x) and a pro-

group G, we have a functorial isomorphism

π1(−) : HomHo(pro-ss∗)
((X,x), BG)

∼−→ Hompro-groups(π1(X,x), G).
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Proof. For an unpointed simplicial set X, we denote by BΠX the nerve

of its fundamental groupoid ΠX. If x is a point of X, the category with one

object and automorphism group π1(X,x) is naturally a full subcategory of

ΠX. Hence we have an induced map of nerves Bπ1(X,x)→ BΠX. Moreover,

there is a natural map X → BΠX.

The construction is functorial, and thus we can speak about BΠX for a

pro-simplicial set X. If x is a point of X, we obtain the natural map

iX,x : Bπ1(X,x) −→ (BΠX,x).

If X is connected, the map iX,x is a weak equivalence in pro-ss∗. Composing

(X,x)→ (BΠX,x) with the inverse of iX,x defines a natural morphism

p1,X : (X,x) −→ Bπ1(X,x)

in Ho(pro-ss∗). In the special case of X = BG there is only one point. Then

BG = Bπ1(BG, ∗) ∼−→ (BΠBG, ∗)

is an isomorphism, and p1,BG : BG→ BG is the identity.

Let f : (X,x) → BG be a morphism in Ho(pro-ss∗), and consider the

induced map

Bπ1(f) : Bπ1(X,x) −→ B(π1(BG)) = BG.

Since the morphism p1,X is natural, the diagram

(X,x) BG

Bπ1(X,x) BG

f

p1,X p1,BG

Bπ1(f)

commutes, hence f = Bπ1(f) ◦ p1,X and precomposition with p1,X yields a

surjection

p∗1,X : HomHo(pro-ss∗)
(Bπ1(X,x), BG) −→ HomHo(pro-ss∗)

((X,x), BG).

Next we consider the commutative diagram

HomHo(pro-ss∗)
(Bπ1(X,x), BG) Hompro-groups(π1(X,x), G)

HomHo(pro-ss∗)
((X,x), BG) Hompro-groups(π1(X,x), G).

π1(−)

p∗1,X

π1(−)

Since the map π1(−) in the top row is a bijection by Lemma A.15, the surjec-

tivity of p∗1,X shows that all maps in the diagram are bijective. �
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Definition A.17. Let (X,x) be a pointed connected pro-space. We call

the morphism

(X,x)→ Bπ1(X,x)

in Ho(pro-ss∗) associated via Proposition A.16 with the identity of π1(X,x)

the classifying morphism of (X,x).

We say that (X,x) is of type K(π, 1) if πi(X,x) = 0 for all i ≥ 2.

Corollary A.18. A pointed connected pro-space (X,x) is of type K(π, 1)

if and only if its classifying morphism is an isomorphism in Ho(pro-ss∗).

Proof. By [Isa01, Cor. 7.5], the classifying morphism (X,x)→ Bπ1(X,x)

is an isomorphism if and only if it induces isomorphisms on πn for all n ≥ 1.

By definition, the induced map on π1 is the identity of π1(X,x). Since the

higher homotopy groups of Bπ1(X,x) vanish, the result follows. �
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de Géométrie Algébrique du Bois-Marie 1967–1969 (SGA 7 I); avec la col-

laboration de M. Raynaud et D. S. Rim. MR 0354656. Zbl 0237.00013.

http://dx.doi.org/10.1007/BFb0068688.

[Gro97] A. Grothendieck, Brief an G. Faltings (27.6.1983), in Geometric Galois

Actions, 1, London Math. Soc. Lecture Note Ser. 242, Cambridge Univ.

Press, Cambridge, 1997, pp. 49–58. MR 1483108. Zbl 0901.14002. http:

//dx.doi.org/10.1017/CBO9780511758874.

[GD66] A. Grothendieck and J. Dieudonné, Étude Locale des Schémas et des
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