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Gromov-Hausdorff limits of
Kahler manifolds and the
finite generation conjecture

By Gana Liu

Abstract

We study the uniformization conjecture of Yau by using the Gromov-
Hausdorff convergence. As a consequence, we confirm Yau’s finite genera-
tion conjecture. More precisely, on a complete noncompact K&hler manifold
with nonnegative bisectional curvature, the ring of polynomial growth holo-
morphic functions is finitely generated. During the course of the proof, we
prove if M™ is a complete noncompact Kéhler manifold with nonnegative
bisectional curvature and maximal volume growth, then M is biholomor-
phic to an affine algebraic variety. We also confirm a conjecture of Ni on the
existence of polynomial growth holomorphic functions on Kéahler manifolds
with nonnegative bisectional curvature.

1. Introduction

In [34], Yau proposed to study the uniformization of complete Kéhler
manifolds with nonnegative curvature. In particular, one wishes to determine
whether or not a complete noncompact Kéahler manifold with positive bisec-
tional curvature is biholomorphic to a complex Euclidean space. For this sake,
Yau further asked in [34] (see also page 117 in [33]) whether or not the ring of
polynomial growth holomorphic functions is finitely generated and whether or
not dimension of the spaces of holomorphic functions of polynomial growth is
bounded from above by the dimension of the corresponding spaces of polyno-
mials on C". Let us summarize Yau’s questions in the three conjectures below:

CONJECTURE 1. Let M™ be a complete noncompact Kdhler manifold with
positive bisectional curvature. Then M is biholomorphic to C".

CONJECTURE 2. Let M™ be a complete noncompact Kahler manifold with
nonnegative bisectional curvature. Then the ring Op(M) is finitely generated.
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CONJECTURE 3. Let M™ be a complete noncompact Kdhler manifold with
nonnegative bisectional curvature. Then given any d > 0, dim(Oy(M)) <
dim(QOQ4(C™)).

On a complete Kéhler manifold M, we say a holomorphic function f has
polynomial growth, denoted by f € O4(M) if there exists some C' > 0 such
that |f(z)| < C(1 + d(z,x0))? for all z € M. Here xq is a fixed point on M.
Let OP(M) = Ud>00d(M).

Conjecture 1 is open so far. However, there has been much important
progress due to various authors. In earlier works, Mok-Siu-Yau [24] and
Mok [23] considered embedding by using holomorphic functions of polynomial
growth. Later, with the Kéahler-Ricci flow, results were improved significantly.
See, for example, [30], [31], [9], [27], [1], [8], [17].

Conjecture 3 was confirmed by Ni [26] with the assumption that M has
maximal volume growth. Later, by using Ni’s method, Chen-Fu-Le-Zhu [7]
removed the extra condition. See also [22] for a different proof. The key of
Ni’s method is a monotonicity formula for heat flow on Kahler manifold with
nonnegative bisectional curvature.

Despite great progress of Conjectures 1 and 3, not much was known about
Conjecture 2. In [23], Mok proved the following:

THEOREM 1.1 (Mok). Let M™ be a complete noncompact Kéihler manifold
with positive bisectional curvature such that for some fized point p € M,

e scalar curvature < d(pciox)g for some Cy > 0;

e Vol(B(p,r)) > C17®" for some Cy > 0.
Then M™ is biholomorphic to an affine algebraic variety.

In Mok’s proof, the biholomorphism was given by holomorphic functions
of polynomial growth. Therefore, Op(M) is finitely generated. In the general
case, it was proved by Ni [26] that the transcendental dimension of Op(M)
over C is at most n. However, this does not imply the finite generation of
Op(M). The main result in this paper is the confirmation of Conjecture 2 in
the general case:

THEOREM 1.2. Let M™ be a complete noncompact Kdahler manifold with
nonnegative bisectional curvature. Then the ring Op(M) is finitely generated.

During the course of the proof, we obtain a partial result for Conjecture 1:

THEOREM 1.3. Let M™ be a complete noncompact Kdhler manifold with
nonnegative bisectional curvature. Assume M is of maximal volume growth.
Then M is biholomorphic to an affine algebraic variety.

Here maximal volume growth means Vol(B(p,r)) > Cr?" for some C > 0.
This seems to be the first uniformization type result without assuming the
curvature upper bound.



THE FINITE GENERATION CONJECTURE T

If one wishes to prove Conjecture 1 by considering Op(M), it is important
to know when Op(M) # C. In [26], Ni proposed the following interesting
conjecture:

CONJECTURE 4. Let M™ be a complete noncompact Kdhler manifold with
nonnegative bisectional curvature. Assume M has positive bisectional curva-
ture at one point p. Then the following three conditions are equivalent:

(1) Op(M) # C:

(2) M has maximal volume growth;

(3) there exists a constant C' independent of r so that JCB(p,r) S < T% Here S
is the scalar curvature and £ means the average.

In the complex one-dimensional case, the conjecture is known to hold,
e.g., [19]. For higher dimensions, Ni proved (1) implies (3) in [26]. The proof
used the heat flow method. Then in [29], Ni and Tam proved that (3) also
implies (1). Their proof employs the Poincaré-Lelong equation and the heat
flow method. Thus, it remains to prove (1) and (2) are equivalent. Under some
extra conditions, Ni [27] and Ni-Tam [28] were able to prove the equivalence
of (1) and (2). In [21], the author proved that (1) implies (2). In fact, the con-
dition that M has positive bisectional curvature at one point could be relaxed
to that the universal cover of M is not a product of two Kéhler manifolds.

In this paper, we prove that (2) also implies (1). Thus Conjecture 4 is
solved in full generality. More precisely, we prove

THEOREM 1.4. Let (M™,g) be a complete Kdhler manifold with nonneg-
ative bisectional curvature and maximal volume growth. Then there exists a
nonconstant holomorphic function of polynomial growth on M.

The strategy of the proofs in this paper is very different from earlier works.
Here we make use of several different techniques:
e the Gromov-Hausdorff convergence theory developed by Cheeger-Colding
2], [3], [4], [5], Cheeger-Colding-Tian [6];
e the heat flow method by Ni [26] and Ni-Tam [28], [29];
e the Hormander L?-estimate of 0 [16], [11];
e the three circle theorem [22].

We point out that recently, the Gromov-Hausdorff convergence theory was
shown to be a very powerful tool to study Kéahler manifolds; see, e.g., [12], [32].

The first key point is to prove Theorem 1.4. By Hérmander’s L?-technique,
to produce holomorphic functions of polynomial growth, it suffices to construct
strictly plurisubharmonic function of logarithmic growth. However, it is not
obvious how to construct such functions by only assuming the maximal volume
growth condition. In [24], [23], Mok-Siu-Yau and Mok considered the Poincaré-
Lelong equation /—100u = Ric. When the curvature has pointwise quadratic
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decay, they were able to prove the existence of a solution with logarithmic
growth. Later, Ni and Tam [28], [29] were able to relax the condition to
that the curvature has average quadratic decay. Then it suffices to prove that
maximal volume growth implies the average curvature decay.

We prove Theorem 1.4 by a different strategy. We first blow down the
manifold. Then by using the Cheeger-Colding theory, heat flow technique
and Hérmander L?-theory, we construct holomorphic functions with controlled
growth in a sequence of exhaustion domains on M. Then the three circle theo-
rem ensures that we can take subsequence to obtain a nonconstant holomorphic
function with polynomial growth.

Once Theorem 1.4 is proved, Hérmander’s L?-technique produces a lot of
holomorphic functions of polynomial growth. It turns out Op(M) separates
points and tangent spaces on M. However, since the manifold is not compact, it
does not follow directly that M is affine algebraic. To overcome this difficulty,
we prove in Theorem 6.1 that the map given by O4(M) is proper. We will use
induction on the dimension of the splitting factor of a tangent cone.

Once we have proved the properness of the holomorphic map, it is straight-
forward to prove M is affine algebraic by using techniques from complex an-
alytic geometry. Here the argument resembles some part in [12]. Then we
conclude Conjecture 2 when the manifold has maximal volume growth. For
the general case, we apply the main result in [21]. It suffices to handle the
case when the universal cover of the manifold splits. Then we need to consider
group actions. The final result follows from an algebraic result of Nagata [25].

This paper is organized as follows. In Section 2, we collect some prelimi-
nary results necessary for this paper. In Section 3, we prove a result which con-
trols the size of a holomorphic chart when the manifold is Gromov-Hausdorff
close to a Euclidean ball. As the first application, in Section 4 we prove a gap
theorem for the complex structure of C". Section 5 deals with the proof of
Theorem 1.4. The proof of Theorem 6.1 is contained in Section 6. Finally, the
proof of Theorem 1.2 is given Section 7.

There are two appendices. In Appendix A, we present a result of Ni-Tam
in [28] which was not stated explicitly. (Here we are not claiming any credit.)
In Appendix B, we introduce some results of Nagata [25] to conclude the proof
of the main theorem.

Acknowledgments. The author would like to express his deep gratitude to
Professors John Lott, Lei Ni, and Jiaping Wang for many valuable discussions
during the work. He thanks Professor Xinyi Yuan for some discussions on al-
gebra. He also thanks Professors Richard Bamler, Peter Li, Luen-Fai Tam and
Shing-Tung Yau for their interest in this work. Finally, he thanks the anony-
mous referee for pointing out some inaccuracies and improving the exposition
of this paper.
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2. Preliminary results

First recall some convergence results for manifolds with Ricci curvature
lower bound. Let (M, yi, pi) be a sequence of pointed complete Riemannian
manifolds, where y; € M and p; is the metric on M;*. By Gromov’s compact-
ness theorem if (M, y;, p;) have a uniform lower bound of the Ricci curvature,
then a subsequence converges to some (Moo, Yoo, Poo) in the Gromov-Hausdorff
topology. See [14] for the definition and basic properties of Gromov-Hausdorff

convergence.

Definition 2.1. Let K; C M - Ko C My in the Gromov-Hausdorff
topology. Assume that {f;}°; are functions on M and f is a function on

M. Assume that ®; are ¢;-Gromov-Hausdorff approximations and lim &; =0.
1—00

If f; 0 ®; converges to fo, uniformly, we say f; — foo uniformly over K; — K.

In many applications, f; are equicontinuous. The Arzela-Ascoli theorem
applies to the case when the spaces are different. When

(Minvyi?pi) - (Moovyooapoo)

in the Gromov-Hausdorff topology, any bounded, equicontinuous sequence of
functions f; has a subsequence converging uniformly to some fo, on M.

Let the complete pointed metric space (M2, y) be the Gromov-Hausdorff
limit of a sequence of connected pointed Riemannian manifolds, {(M;*,p;)},
with Ric(M;) > 0. Here MZ? has Hausdorff dimension m with m < n.
A tangent cone at y € M2} is a complete pointed Gromov-Hausdorff limit
(Mo)y, doos Yoo) of { (Moo, 7; *d, y)}, where d, do, are the metrics of Moo, (Moo)y
respectively, and {r;} is a positive sequence converging to 0.

Definition 2.2. A point y € My, is called regular, if there exists some k
so that every tangent cone at y is isometric to R¥. A point is called singular,
if it is not regular.

In [3], the following theorem was proved:

THEOREM 2.1. Regular points are dense in the Gromov-Hausdorff limits
of manifolds with Ricci curvature lower bound.

Below is a result of Ni-Tam [28] on the heat flow on Kéhler manifolds:

THEOREM 2.2. Let M™ be a complete noncompact Kdahler manifold with
nonnegative bisectional curvature. Let u be a smooth function on M with
compact support. Let

v(z,t) = /M H(z,y,t)u(y)dy.
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Here H(x,y,1) is the heat kernel of M. Let n(z,t),5 = v,5 and A(x) be the
minimum eigenvalue for n(x,0). Let

Aa,t) = /M H(z,y, )\(y)dy.

Then n(z,t) — Az, t)g,5 is a nonnegative (1,1) tensor fort € [0,T] for T > 0.
A detailed proof of this theorem is presented in Appendix A.
Recall the Hérmander L2-theory:

THEOREM 2.3. Let (X,w) be a connected but not necessarily complete
Kéhler manifold with Ric > 0. Assume X is Stein. Let ¢ be a C™ function on
X with /—100p > cw for some positive2 function ¢ on X. Let g be a smooth
(0,1) form satisfying Og = 0 and [y %e‘“’w” < +o0o. Then there exists a
smooth function f on X with Of = g and [ |f]?e W™ < [y @6_%}”.

The proof can be found in [11, pp. 38-39]. Also compare Lemma 4.4.1
in [16]. Note that the theorem also applies to singular metrics with positive
curvature in the current sense.

Recall the three circle theorem in [22]:

THEOREM 2.4. Let M be a complete noncompact Kdhler manifold with
nonnegative holomorphic sectional curvature, p € M. Let f be a holomorphic

function on M. Let M(r) = sup |f(z)|. Then log M (r) is a convex function
B(pyr)

of logr. Therefore, given any k > 1, ]\]/\[4((]{;,7”)) 18 monotonic increasing.

Theorem 2.4 has the following consequences:

COROLLARY 2.1. Given the same condition as in Theorem 2.4, if f €
Oq(M), then A{S") 18 mnonincreasing.

COROLLARY 2.2. Given the same condition as in Theorem 2.4, if f(p)=0,

M(r) . .
then # 18 nondecreasing.

Remark 2.1. The three circle theorem is still true for holomorphic sections
on nonpositive bundles. See page 17 of [22] for a proof.

Finally, we need the multiplicity estimate by by Ni [26] (see also [7]):

THEOREM 2.5. Let M™ be a complete noncompact Kdhler manifold with
nonnegative bisectional curvature. Then dim(Og(M)) < dim(O4(C")).

Note that this result also follows from Corollary 2.1.

In this paper, we will denote by ®(uq,...,u|...) any nonnegative func-
tions depending on u1, ..., u; and some additional parameters such that when
these parameters are fixed,

ulklgo---Jfgoq)(ul,...,uk\...) =0.
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Let C(n),C(n,v) be large positive constants depending only on n or n,v, and
let ¢(n),c(n,v) be small positive constants depending only on n or n,v. The
values might change from line to line.

3. Construct holomorphic charts with uniform size

In this section, we introduce the following proposition, which is crucial for
the construction of holomorphic functions.

PROPOSITION 3.1. Let M™ be a complete Kdhler manifold with nonnega-
tive bisectional curvature, x € M. There exist e(n) > 0,6 = d(n) > 0 so that
the following holds: For ¢ < e(n), if dgu(B(z,1r), Ben(0,1r)) < er, there
exists a holomorphic chart (w1, ...,wy) containing B(x,dr) so that

o wy(z) =0(1<s<n);

él 'ws|2(y) —72(y)| < ®(eln)r? in B(x,dr) — here r(y) = d(x,y);

o |dws(y)| < C(n) in B(x,or).

Proof. By scaling, we may assume r > 1, to be determined. Set R = {55
> 1. According to the assumptions and the Cheeger-Colding theory [2] (see
also equation (1.23) in [4]), there exist real harmonic functions by, ..., ba, on

B(z,4r) so that
81 f L SIS+ ST, Vh) — 6l < e
.2r) il

and
(3:2) bi(2) =0 <j<2m), Vb <Cn)

in B(xz,2r). Furthermore, the map F(y) = (b1(y),...,ban(y)) is a ®(g|n)r
Gromov-Hausdorff approximation from B(z,2r) to Bre.(0,2r). According to
the argument above Lemma 9.14 in [6] (see also (20) in [21]), after a suitable
orthogonal transformation, we may assume

(3.3) ][ |JVbas_1 — Vbay|? < ®(e|n, r)
B(z,r)
for 1 < s <n. Set w), = bas_1 + v/—1bas. Then
(3.4) ][ B2 < B(e|n, 7).
B(z,r)

The idea is to perturb w) so that they become a holomorphic chart. We
would like to apply the Hormander L?-estimate. First, we construct the weight
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function. Consider the function

2n
h(y) = b3 (y).
j=1
Then in B(x,r),
(3.5) |h(y) — 7 (y)] < @(eln)r.
By (3.2),
(3.6) [Vh(y)| < C(n)r(y)

in B(x,r). The real Hessian of h satisfies
(3.7) / Z |huv(y) - 2guv|2 < (I)(5|n7 R)
B(z,5R)

Now consider a smooth function ¢: Rt — R with ¢(t) = ¢ for 0 < ¢ < 1,
o(t) =0 for t > 2, and |pl,|¢'], |¢"| < C(n). Let H(z,y,t) be the heat kernel
on M, and set

B8 u) =5 (5 ) ) = [ Hemu)a

CLAM 3.1. wuy(2) satisfies that (u1),5(2) = c(n)g,z > 0 in B(m, 1%).

Proof. Let A(y) be the lowest eigenvalue of the complex Hessian u,5- By
(3.7),

][ h =—2g =|?> < ®(c|n, R).
(=5R) ’ B ga5| > ( ‘ )
Then there exists £ C B(x,5R) with

1
(3.9) vol(B(z,5R)\E) < ®(¢|n, R), hog = 3907

on E. By (3.5), we may assume h(y) < 5R” in B(z,2R). Then u = h in
B(z,2R). We have

1
1 3
2
N(y)ldy) < /‘ S |52
</B(ac,2R)\E| )l y) - ( B(x,AR)\E ol )

a7ﬁ

<4 / h =—2g =|?d
(3.10) = (B(MR)\ > Ihyg — 29,31 y)

Eap

1
2
+4 / 29 =|*d
( B(z,4R)\E§’ 2 y>

< @(eln, R)

N
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and
A < Ju,]
= |'hog + 5Z2h ho ’
(3.11) .,
< 1¢/ (s — 20,3)] + 20055 + Szl
< C(n)(Jhyg — 29,5] + 1)-
Therefore,
(3.12) /. oy POl < O

Let A(2,1) = [ H(z,y, D)A(y )dy Note that by definition (3.8), u is supported
in B(z,4R). By (3.9), A > § in E. For z € B(z, &),

/sz, y)dy = / H(z,y, 1)A(y)dy
B(z,AR)

> /B o HER DA

(3.13) (2R

+/ H(z,y,1)A(y)dy
z,4R)\B(z,2R)

+/ H(z,y,1)A(y)dy.
ENB(z,1)

By heat kernel estimates of Li-Yau [20], H(z,y,1) > ¢(n) > 0 for y € B(z,1).
Also, with volume comparison, we find H(z,y,1) < C(n) for y,z € B(z,4R).As
a consequence,

[ H G DM
B(z,2R)\E

<c) | A(W)ldy
(3'14) B(z,2R)\E

NI

NI

2
< O(n) ( [ <y>|dy) (vol(B(x, 2R)\E))
< d(en. R).

1
(313 [ HEpn AWz, H(z,y,1)dy > c(n) > 0.
ENB(z,1)

2 JENB(z,1)

Note that d(y,z) > R for y € B(z,4R)\B(x,2R). The heat kernel esti-
mate says H(y,z,1) < C(n)e” 5 . Therefore, by (3.12),
1
s16) [ [H(z, . DAW)dy < Cl)e ™5 R < (7).
B(z,4R)\B(z,2R) R
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Putting (3.14), (3.15), (3.16) in (3.13), we find
1
(3.17) /H (2,5, DA(y)dy > c(n) — @ (E\n) ~ B(c|n. R)

for z € B( T, 10) We first let R be large and then let € be very small. Then
A(z,1) > ¢(n). We conclude the proof of the claim from Theorem 2.2. O

Recall that u; is defined in (3.8). We claim that there exists g = eg(n) > 0
so that for large R,

(3.18) min = wui(y) >4  sup  ui(y).
yEIB (.55 yEB(z,c045)
This is a simple exercise by using the heat kernel estimate. One can also apply
Proposition A.1 to conclude the proof. From now on, we freeze the value of R.
That is to say, R = R(n) > 0 satisfies Claim 3.1, (3.18) and %50 > 100.
Let © be the connected component of

{ves(s)

containing B(x,so%). Then Q is relatively compact in B(z, %) and ) is a
Stein manifold by Claim 3.1.

Now we apply Theorem 2.3 to €2, with the Kéhler metric induced from M.
Take smooth (0, 1) forms g5 = Ow’, defined in (3.4), and take the weight func-
tion 1) = u;. We find smooth functions fy in Q with dfs = g5 and

2 5 12, n
(3.19) / |fs]Pe YW < / @e_ww” < Jg 0w [ < ®(gln).
Q Q ¢ c(n)

Here we used the fact that » = 100R = 100R(n). By Proposition A.1, we find
Y =u; < C(R,n) =C(n) in B(z, R). Therefore,

2 n 2 n
(3.20) /B N /Q o2 < B(eln).

)

yEB(ac,sg%

ui(y) <2  sup )m(y)}

Note that ws = w’, — f; is holomorphic, as dws = dw’, — gs = 0. Since w’,
is harmonic (complex), fs is also harmonic. By the mean value inequality [18]
and Cheng-Yau’s gradient estimate [10], we find that in B(x,5),

(3.21) [fs| < @(eln), [V < @(eln).
Therefore, equation (3.1) implies

(3.22) /B » ((w3)Tn)97 — 264] < D(e]n).

CLAIM 3.2. ws(s =1,...,n) is a holomorphic chart in B(x,1).
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Proof. Recall that (by,...,ba,) is a ®(e|n) Gromov-Hausdorff approxima-
tion to the image in R?". According to (3.21), on B(z,1), w = (w1, ..., wy)
is also a ®(¢|n) Gromov Hausdorff approximation to Bcn(0,1). Therefore,
w™(Ben(0,1)) is compact in B(x,1+ ®(¢|n)). First we prove that the degree
d of the map w is 1. By (3.22) and the fact that holomorphic maps preserves
the orientation, d > 1. We also have
(3.23)

1

< (14 ®(gn)) Vol(B(z, (1 + ®(e|n))) + ®(e|n)

by (3.21) and (3.22). This means that if ¢ is sufficiently small, then d = 1.
That is to say, (wi,...,wy) is generically one to one in B(z,1). Moreover,
(wy, ..., wy) must be a finite map: the preimage of a point must be a subvariety
which is compact in the Stein manifold €2, thus finitely many points. According
to Proposition 14.7 on page 87 of [13], this is an isomorphism. O

We can make a small perturbation so that ws(x) =0 for 1 < s < n. This
completes the proof of Proposition 3.1. O

4. A gap theorem for the complex structure of C”

As the first application of Proposition 3.1, we prove a gap theorem for the
complex structure of C". The conditions are rather restrictive. However, we
shall expand some of the ideas in later sections.

THEOREM 4.1. Let M™ be a complete noncompact Kdahler manifold with
nonnegative bisectional curvature and p € M. There exists e(n) > 0 so that if
e <e(n) and

vol(B(p,))

on > Wop — €

(4.1)

for all r > 0, then M 1is biholomorphic to C". Here way, is the volume of the
unit ball in C™. Furthermore, the ring Op(M) is finitely generated. In fact, it
s generated by n functions which form a coordinate in C™.

Proof. Consider the blow-down sequence (M;,p;,g;) = (M , D s% g) for
s; — 00. According to Proposition 3.1 and the Cheeger-Colding theoryL[Q], if e
is sufficiently small, there exists a holomorphic chart (wi,...,w?) on B(p;, 1).
Moreover, the map (wi,...,w!) is a ®(¢|n) Gromov-Hausdorff approximation
to Bcn(0,1). We may assume

(4.2) wy(pi) =0
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for s = 1,...,n. We can also regard w’ as holomorphic functions on B(p, s;)
C M. For each i, we can find a new basis v for span{w’} so that

(4.3) / vl = .
B(p1)
Set
(4.4) M(r)= sup |vg(@)|-
z€B(p,r)
Cram 4.1. Ms((l )) <24 ®(gln) for 1 <s<n.
2

Proof. Tt suffices to prove this for s = 1. Let v} = Z c w . Without loss of

generality, assume |c} | = max |cj|>0. Then Z—} = wt + Z ajjw; and |ag;| < 1.
_]Sn 1 ]:2

)

v) is a ®(g|n) Gromov-Hausdorff approximation to

Since on M;, (wi,...,w
Ben(0,1), we find

. n .
A sup |wi(x)+ ;W (x
M (s;) _ z€B(p,si) i) 322 Y ]( )
i(le) ) )
M;(3si) sup wi(z) + i aijw§(x)
z€B(p, %) J=2
. n .
(4.5) sup |wi(z) + ¥ ajwi(x)
. z€B(p;i,1) 1=2
o ) n )
sup |wi(z) + 3 oujwi(x)
Z‘EB(pi,%) =2
< 2+ ®(eln).
This concludes the proof. O

M{(2r)

According to the three circle Theorem 2.4, Mi(r) is monotonic increasing

for 0 <r < 531-. Then Claim 4.1 implies

ME(2r)
Mi(r)

for 0 < r < %s;. From (4.3), we find MZ(%) C(n). Equation (4.6) implies
)

(4.6)

(4.7) M(r) < C(n

for & = 1+®(g|n). As s; — oo, by taking subsequence, we can assume v’ — vy
uniformly on each compact set of M. Set

(48) M) = sup o)l
z€B(p,r)
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Then
(4.9) Ms(r) < C(n)(r* +1)

for « = 14+ ®(¢|n) and r > 0. We may assume vs € O3 (M). Note that vg also
2
satisfies

(4.10) vs(p) =0(1 < s < n), / V5T = st
B(p,1)
Our goal is to prove that (v1,...,v,) is a biholomorphism from M to C".

CLAIM 4.2. Let € in (4.1) be sufficiently small (depending only on n).

If we rescale each vs so that sup |vs| = 1, then in B(p,1), (vi,...,v,) is a
B(p,1)
ﬁ-Gmmov-H&usdarﬁ approximation to Ben(0,1).

Proof. We argue by contradiction. Assume there exists a positive sequence
eqa — 0(a€N), and let (M/,q,) be a sequence of n-dimensional complete non-

compact Kéhler manifolds with nonnegative bisectional curvature and
vol(B(qa, 7))

(4.11) S Z W — €a
for all » > 0. Assume there exist holomorphic functions u%(s = 1,...,n) on
M/ so that

(4.12) u%(qa) =0, u® € Os(M.), / W = 6y, sup |ul| = 1.
2 B(ga,1) B(ga,1)

Here cg, are constants. Assume in B(gq,1) that (uf,...,u?) is not a 1g5--
Gromov-Hausdorff approximation to Bcn(0,1). According to Cheeger-Colding
theory [2] and (4.11), (M, q,) converges to (R?",0) in the pointed Gromov-
Hausdorff sense. By the three circle theorem and (4.12), we have a uniform
bound for u¢ in B(qq,r) for any » > 0. Let a — oco. Then there is a subse-
quence so that u? — us uniformly on each compact set. Moreover, by Remark
9.3 of [6] (see also (21) in [21]), there is a natural linear complex structure on
R?". Thus we can identify the limit space with C". By Lemma 4 in [21], the
limits of holomorphic functions are still holomorphic. Moreover, {us} satisfy
(4.12), according to the three circle theorem. Thus u, are all linear functions
which form a standard complex coordinate in C"™. Therefore, (uq,...,u,) is
an isometry from Ben(0,1) to Ben (0, 1). This contradicts the assumption that

(uf,...,u?) is not a 1g5--Gromov-Hausdorff approximation to Bcn(0,1). O

According to Claim 4.2, (v1,...,v,)(0B(p,1)) N Ben (0, %) = (. Let U be
the connected component of (v1,...,v,) ' (Bcn(0,1)) containing p. Then U
is relatively compact in B(p,1). We claim that (vi,...,v,)(U) has complex
dimension n. Otherwise, for a generic point g in (vy,...,vy,)(U), let the preim-
age in B(p,1) be ¥,;. Then ¥, has complex dimension at least one. But X,
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is a compact analytic set in a Stein manifold. Thus it contains only finitely
many points. This is a contradiction.

Therefore, dv; A - - - A dv, is not identically zero. By (4.9) and Cheng-
Yau’s gradient estimate, |dv;| < C(n)(r®E™) +1). Thus |dv A - - - A dvy| <
C(n)(r®E™ 4+ 1), The canonical line bundle K, has nonpositive curvature.
Note that by the remark following Corollary 2.2, the three circle theorem also
holds for holomorphic sections of nonpositive bundles. Therefore, if the holo-
morphic n-form dvj A---Adv, vanishes at some point in M, then |dvi A---Advy)|
must be of at least linear growth, by Corollary 2.2. Therefore, dv; A - - - A dvy,
is vanishing identically on M. This is a contradiction.

Next we prove that the map (vi,...,v,): M — C" is proper. Given
any R > 1, we can define a norm | - |g for the span of v1,...,v, induced by
fB(p R) UsUt- There exists a basis v{z, RN O B for the span of v1,...,v, so that
(4.13) / vf@ = Ost, / vf@ = ¢(R)st0st-

B(p,1) B(p,R)

That is, we diagonalize the two norms |-|; and |- |r simultaneously. Obviously
we have

(4.14) > lvs@)]? = (@)
s=1 s=1

n
for any x € M. To prove (vy,...,v,) is proper, it suffices to prove 3 |vf(z)|?
s=1

is large for x € 0B(p, R) and large R. Define
vt (z)

4.15 Bz) =2

(415) wlia) = 50,

R

where c.' are positive constants so that

(4.16) sup  wli(z) =1

z€B(p,R)
for s = 1,...,n. Note that [g, [vE|? = 1 and vF(p) = 0. According to
Corollary 2.2 and (4.13),

(4.17) > cR,
where ¢ = ¢(n) > 0, R > 1. We can apply Claim 4.2 to v® in B(p, R). Here
We have to rescale the radius to 1. Then we obtain that (Rwf, ..., RwF) is a

100 -Gromov-Hausdorff approximation from B(p, R) to Bcn (0, R). In partic-
ular, for any = € B(p, R), there exists some so with [wf (z)| > 5-. Then

1
vz ()] = eqp lwid (2)] = 25, ¢

S Jus(a) er (@) > c(n)R2.
s=1

The properness is proved.

(4.18)
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As dvy A - - - A duy, is not vanishing at any point on M and (vy,...,v,) is
a proper map to C", we conclude that (vy,...,v,) is a biholomorphism from
M to C".

Next we prove that Op(M) is generated by (vi,...,v,). We can regard
(v1,...,v,) as a global holomorphic coordinate system on M. If f € O4(M),
we can think f = f(vy,...,v,). It suffices to prove the right-hand side is a poly-
nomial. Indeed, |f(z)| < C(14d(x,p)?). Note that by (4.18), |f(vi,...,v,)| <

n 4
C<<SZI \v5\2> 4+ 1). This proves f is a polynomial of vy, ..., v,. O

5. Proof of Theorem 1.4

Proof. We only consider the case for n > 2. Otherwise, the result is
known. Pick p € M. Let

(B
(5.1) a= lim M > 0.
7—00 ran
Consider the blow-down sequence (M;,p;, gi) = (M,p, S%g) for s; — oco. By

the Cheeger-Colding theory [2], a subsequence converges to a metric cone
(X, Pso, dso). Define

(52) ’I“(.%‘) = doo(l’,poo), WS X7 7"1(1’) = dgi(fE’pi)a HANS M’L
Now pick two regular points yg, 20 € X with
(5.3) r(yo) = r(z0) = 1, doo (Y0, 20) > ¢(n,a) > 0.

Note that the latter inequality is guaranteed by Theorem 2.1. There exists
do > 0 satisfying
1

(5.4) B(yo,20) N B(z0,2d80) =0, o < T

and
1 1

dGH (B (y07 g50> 7B]R2" (07 g&))) S

1 1

dGH <B <Z(], *50) ,BR2n (0, *50)) < *6(50.

€ € 2

1

Here € = 3e(n), where e(n) is given by Proposition 3.1. Therefore, if i is
sufficiently large, we can find points y;, z; € M; with 7;(y;) = r;(z;) = 1 and

1 1
dGH (B (ylu E(SO) 7BR2" (07 g60)> < 8(507

(5.5)

(5.6) . .
dGH (B (Zi, g(s()) ,BR% (0, g(go)) < 850.

Let w! and v% be the local holomorphic charts around y; and z; constructed
in Proposition 3.1. Note that they have uniform size (independent of 7). By
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changing the value of §y, we may assume w’, v’ are holomorphic charts in
B(yi, 60) and B(z;,dp). Moreover,

(5.7 duil, |4vi] < O, wihlw) =0, () =0,
(5.3 > [0l ~ do (090 | < Blelm)éd
s=1

(5.9)

> 0(2) — dy (2,27 < @)}
s=1

for y € B(yi,00),2 € B(z,dp). We need to construct a weight function on
B(pi, R) for some large R to be determined later. The construction is similar
to Proposition 3.1. Set

1
(5.10) Ai = B(pi,5R)\B (pi, ﬁ) .

By the Cheeger-Colding theory [2, (4.43) and (4.82)], there exists a smooth
function p; on M; so that

1 1
(5.11) / Vo = Vgr2 + V201 — g < @ (gm) ,
A;
r? 1
. <o (hn)
(5.12) pi = S| <@ IR
in A;. According to (4.20)—(4.23) in [2],
1 2 1
and
(5.14) G =ri "
on J(B(p;, 10R)\ B(pi, ﬁ)). Now
(5.15) [Voi(y) = C)IGi =7 [V Gi() -
By (5.12)—(5.14) and the Cheng-Yau’s gradient estimate,
(5.16) IVpi(y)l < C(n)ri(y)

for y € A; and sufficiently large i. Now consider a smooth function : RT —R™
given by p(t) =t for t > 2, p(t) =0 for 0 < t < 1, and ||, [#|, [@"| < C(n).
Let

(5.17) ui(r) = 25 @(R2pi(a)).

We set u;(z) = 0 for € B(p;, 55). Then v; is smooth in B(p;, 4R).
CramM 5.1. For sufficiently large i, [5,. 1p) |Vu; = Vir 2 +|V2u;—gi|? <
®(%), < ®(%), and |Vu;| < C(n)r; in B(pi,AR).

2
r4
U; — 721
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Proof. We have
(5.18) Vui(z) = 7 (R?pi(x))Vpi(z),
(5.19) V?ui(z) = R*"(R?pi(x))Vpi @ Vpi + @ (R pi(x)) V2 pi.
The proof follows from a routine calculation, by (5.12), (5.13), and (5.16). O

As in Proposition 3.1, consider a smooth function ¢: RT — RT with
p(t)y=tfor 0 <t <1, p(t)=0fort>2 and |p|,|¢],|¢"| < C(n). Set

(5.20) 0i(2) = 3R% (3;;2)) via(z) = /MHi(z,y,t)vi(y)dy.

Here H;(x,y,t) is the heat kernel on M;. Then v; is supported in B(p;,4R).
By similar arguments as in Claim 3.1, we arrive at the following:

PROPOSITION 5.1. v;;1(2) satisfies that (v1),5(2) = c(n,a)g,5 > 0 for
z € B(p;, %). Here a > 0 is given by (5.1).

Now define
(5.21)

qi(az):4n<log<§:lwi|2> (4821‘w8| >+10g( > s|2) < 21;[;’2'2))'

Here ) is a standard cut-off function Rt — Rt with A(f) =1 for 0 < ¢ < 1 and
A(t) = 0 for ¢t > 2. Note that by (5.8) and (5.9), ¢;(z) has compact support in

B(yi, 50) U B(ZZ', (50) C B(pi, 2)

LEMMA 5.1. v/=109q; > —C(n,dy)w;. Moreover, e~%®) is not locally
integrable at y; and z;.

Proof. We have
(5.22) [V=100w,[*| = |ow, A dwi] < |dwi]* < C(n)

> wif?
in B(y;,8). When X (43—152) £0,
0

1
5.23 62 > 2> -
(5:23) ; Z\wsr 108
Also note that
(5.24) vV —1090log (Z |w;’\2> >0
s=1

in the current sense. Then the proof of the first part follows from routine
calculation.
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For the second part, when x € B(y;, %),
1

n ] an”
(3 fuil)
s=1

As w'(y;) = 0 for all s, a simple calculation shows e~%(®) is not locally inte-

e~ 4i(r) —

grable at y;. The same argument works for z;. ([

Putting Proposition 5.1 and Lemma 5.1 together, we find C(n, «, dg) > 0
so that

(5.25) V—=109(gi(z) + C(n, o, 6o)vi1 (7)) > w;
in B(pi, %) Set
(5.26) Yi(x) = qi(x) + C(n, o, do)vi (x).

By the same argument as in Proposition 3.1, we find gy = g¢(a,n) > 0 so
that for sufficiently large R,

(5.27) min via(y) >4 sup wia(y).
yEOB(pi,55) yeB(meQ%>

Of course, we can assume

€0R
5.28 — > 4.
From now on, we freeze the value of R. That is,
(5.29) R=R(n,a) >0

satisfies the all the conditions above. Let €2; be the connected component of

R
(. 35)
{yE Pis 55

containing B(pi, 502%). Then €; is relatively compact in B(pi, 2%) and €2; is a
Stein manifold, by Proposition 5.1. Also B(p;,3) C ;.

Now consider a function f;(z) = 1 for x € B (yi, %0); fi has compact
support in B(y;, do) C B(p;,2) and |V fi| < C(n,a,d). Then fi(z;) = 0. We
solve the equation Oh; = Jf; in Q; with

(5.30) / hafZe ¥ < / B2 < Cn, o, 5).
Ql‘ Qi

via(y) <2  sup )vm(y)}

y€B(pisco

By Lemma 5.1, we have that e~% is not locally integrable at y; and z;, h;(y;) =
h;i(z;) = 0. Define the holomorphic function p; = f; — h;. Recall that by the
construction, f;(y;) =1, fi(z;) = 0. Then

(5.31) pi(yi) = fily)) —hi(y)) =1, wi(z) = fi(zi) — hi(z;) = 0.
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Therefore, p; is not constant on ;. It is easy to see that ¢;(z) < C(n,«,do)
in B(pi,3). Then

1
5.32 7/ hizg/ hiQe_wiSCn,a,d .
(5.32) Clnyn50) Joins) [l o i ( 0)
Thus
63 [ P2 (hP AR < Clnado)
B(pi,3) B(p;,3)
Mean value inequality implies that
(5.34) |i(x)| < C(n,a,do)
for x € B(p;,2). Therefore, the holomorphic function
(5.35) vi (x) = pi(x) — pi(pi)
is uniformly bounded in B(p;,2). Set
(5.36) Mi(r) = sup |y} (z)|.
z€B(p;,r)
Then
(5.37) M](2) < C(n,a,d).
On the other hand, by (5.31), we find
1
(5.38) Mi(1) > 3.
Therefore,
M;(2)
‘ AN .

Now we are ready to apply the three circle theorem. More precisely, we consider
the rescale functions 77 = S in B(p,2s;) C M. Here (; are constants so
that

(5.40) / 7P =1
B(p,2)
This implies
(5.41) 7il < C(n, )
in B(p,1). Set M;(r) = sup |v}]. The three circle theorem says ]\]\4/}1_((273) is

z€B(p,r)
monotonic increasing for 0 < r < s;. By (5.39) and similar arguments as in

(4.9), we obtain that
(5.42) M;(r) < C(n, o, ) (TC’(n,a,éo) n 1)

for all 7+ and s; > r. Let i — co. A subsequence of 7} converges uniformly on
each compact set to a holomorphic function v of polynomial growth. v cannot
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be constant, as v satisfies v(p) = 0 and fB(p ) |v|? = 1. Moreover, the degree
at infinity is bounded by C(n, «, dp). O

Remark 5.1. By the Gromov compactness theorem, we can find §y =
do(n, ), yo, zo satisfying (5.3), (5.4) and (5.5). Therefore, the degree of the
holomorphic function at infinity is bounded by C(n,«). The dependence on «
is obvious necessary if we look at the complex one-dimensional case.

COROLLARY 5.1. Let M™ be a complete Kdhler manifold with nonnegative
bisectional curvature and mazimal volume growth. Then the transcendental
dimension of polynomial growth holomorphic functions is n. Moreover, Op(M)
separates points and tangents on M.

Proof. From Theorem 1.4, there exists a nonconstant holomorphic func-
tion f of polynomial growth. First we assume that the universal cover of M
does not split as products. Then by Theorem 3.1 in [28], if we run the heat
flow for log(|f|> + 1), the function becomes strictly plurisubharmonic of log-
arithmic growth. Then we can apply Hormander’s L2-estimate (for example,
Theorem 5.2 in [26]) to conclude that Op(M) separates points and tangents
on M. Together with the multiplicity estimate Theorem 2.5, we proved that
the transcendental dimension of holomorphic functions of polynomial growth
over C is n. If the universal covering splits, we work on the universal covering
space. FEach factor must be of maximal volume growth. Then we can find
nonconstant holomorphic functions of polynomial growth. Then we run the
heat flow for each factor to obtain strictly plurisubharmonic functions of log-
arithmic growth. Then we add these function together, which is still strictly
plurisubharmonic. Finally, to put these functions back to M, just observe
that 71 (M) is finite. Then we can symmetrize the function. Then it projects
to M, still with logarithmic growth. Then the argument is the same for the
nonsplitting case. O

Remark 5.2. In this case, one can actually prove M™ is biholomorphic to
a quasi-affine variety. This follows from Mok’s deep work in [23]. However, this
is not enough to prove that Op(M) is finitely generated. By using Theorem 6.1
below, we shall prove M is affine algebraic.

6. A properness theorem

PROPOSITION 6.1. There exists e(n,v) > 0 so that the following holds:
Let (Y™, q) be a complete Kahler manifold with nonnegative bisectional curva-
ture and % > v >0 forallr > 0. Assume that for some 0 < € < g(n,v),

(6.1) dar <B <q, %R) ,Bx (0, éR)) <eR
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for some metric cone (X,0) (o is the vertex) and R > 0. Then there exist
N = N(v,n) € N;1 > 61 > 502 > 6 = d(v,n) > 0 and holomorphic functions
g',...,g" on B(q,51R) with ¢’(q) = 0 and

N N
(6.2) mag}&lm; g’ (@)[* > 2;66385%2}2); g7 ().
Furthermore, for all j,
meB?:I;alR) g7 (x)]?
(6.3) s PP < C = C(n,v).

Remark 6.1. This proposition is a generalization of Proposition 3.1. Es-
sentially it deals with the separation of points.

Proof. By rescaling, we see that if the proposition holds for some R > 0,
then it holds for all R > 0 with the same parameter constants. Therefore, with-
out loss of generality, we may assume R is sufficiently large, to be determined.
Assume

(6.4) X=RFx_Z

We will do induction on k. For the case k& = 2n, the proposition reduces
to Proposition 3.1. Assume the proposition holds for & = 2s, but fails for
k = 2s — 2. Then there exist complete Kéhler manifolds (Y;", ¢;)(i € N) with
nonnegative bisectional curvature and %W > v > 0 for all » > 0, metric
cones (Xj,0;), and a sequence R; > 0 with

(6.5) (Xi,Oi) = (R2S_2,0) X (Zi,z;‘), dGH(B(qi,Z'Ri),BXi(Oi,iRi)) S Ri.

S|

Furthermore, Proposition 6.1 does not hold uniformly for any subsequence
(Yi..q,). That is to say, there do not exist positive constants §,C, N, 1 >
6117“ > 553’“ > § and holomorphic functions ggk on B(qik,éi’“Ri) (gfk (gi,) = 0),
satisfying (6.2) and (6.3) (replace R by R;) for all k.

By rescaling (Y;,¢;), we may assume that R; = R for all i. For nota-
tional simplicity, we still denote the rescaled manifolds by (Y7, ¢;). By Gromov
compactness, after passing to a subsequence, we may assume (Y, ¢;) converges
in the pointed Gromov-Hausdorfl sense to a metric space (Xo,00). By (6.5),

(Xo,00) is a metric cone. Also there exists a sequence s; — oo with
(6.6)

- X 1
(X0, 00) = (B*2,0) x (Z0,%0),  dan(Blai,siR), Bxy (00, 5:R)) < ® () R.
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Observe that Zy does not split off the R? factor, by the induction hypothesis.
Our goal is to show that Proposition 6.1 holds uniformly for (Y;,¢;) when i is
sufficiently large. Of course, this would complete the induction.

The idea is this. For some d3 > 0, we shall consider the set dB(oo, &*’TR) N
(Xo\(R2572 x 2¢)). Then each tangent cone splits off R?. Thus a small neigh-
borhood is Gromov-HausdorfF close to a ball in R?® times a metric cone. This
is still true for Y;, when 7 is sufficiently large. Then we can apply induction
around these points. The Hérmander L?-estimate of O can be applied to sepa-
rate these points from ¢;. For points near the slice R**72 x 2§, we can construct
holomorphic coordinate functions as in Proposition 3.1 to separate from g;.

For the reader’s convenience, we break the proof of Proposition 6.1 into
three parts.

Part 1: Basic setup. As in (5.20), we have a nonnegative function v; 1 so
that in B(q;, 10R),

(6.7) V—190v; 1 > ¢(n,v)w; > 0,
1imf ) vii(y) >4  sup  wvia(y),
YyEB(4i,5 R)\B(4i,3 R) y€B(g:,03R)
(6.9) ,nf vi1(y) >4  sup  vii(y).
y€B(g:, % R)\B(¢;, 2 R) YE€B(gi,04 )

Here 65 = d5(n,v) > 0(s = 3,4). By Proposition A.1, we may also assume

(6.10) 4 sup  wvii(y) > 1, d3R > 100.
yeB(gi,04R) 2

Now we freeze the value of R. That is to say,

(6.11) R = R(n,v) > 0.

Then

(6.12) lvia(y)|l < C(R,n,v) = C(n,v), y € Blgi, ).

Let €; be the connected component of {z|vi71(z) < sup Ui,l} containing
B(qi,03R)
B(q;,d3R). As before, we see ); is Stein.
According to (6.6) and (2.4)—(2.11) in [6], there exist harmonic functions

bi(1 <1< 2s—2)in B(g;,2R) with
. . . 1
613) [ S Vb V)~ + 3 IV < @ (o)
B4 R) 1<), 15<25—2 ! ¢

and

(6.14) bi(a:) =0, |V < C(n)
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in B(g;, R). Moreover, in B(g;, R), (b%,...,b, o) approximates (y1, ..., ¥y2s_2)
with error ®(3|n). Here (y1,...,y2s—2) is the Euclidean coordinate of (X, 0p)
= (R?*72,0) x (Zo, 2¢). By similar arguments as before, we may assume that

A A 1
(6.15) / [Ty — Vb > < @ (Z|n)
B(ai,R) t
for 1 <m <s—1. Set @, = b, | ++/—1b5,,. Then

o 1
(6.16) / G, <@ (S|n).
B(gi,R) t

By solving the 9 problem as before, we find holomorphic functions w?, (1 <
m < s—1) with

. , : 1
(6.17) winla) =0, [uwfy — iy <@ (n)
1

in B(g;, &). Recall that &5 in (6.9). For sufficiently large 7, define
SR\ 2 _ (&:R)
.1 Ez == B ( 79 7) 9 Y
(6.18) {a:|x € 0B | ¢ mZ: lwy,|* < o

SR\ %22 (6 R
(6.19) E:{a:|xEGBR252XzO ((0.2). % ) Zm\? 310)” }

Then the limit of F; is contained in F under the Gromov-Hausdorff approxi-
mation. Observe from the definition and (6.10), if x € 0B(g;, 6?3,)R)\EZ-, then

(6.20) i lw! (z)]* > (532]?2 > 1.

Part I1: The induction step. For x € E, let C,, be a tangent cone. Then C,
must split off a factor R?*~1, by Cheeger-Colding [2]. Since C, is the Gromov-
Hausdorff limit of Kéahler manifolds with noncollapsed volume and nonnegative
Ricci curvature, C,, splits off a factor R?*, by [6]. According to the induction
hypothesis, let e(n,v,s) > 0 be the constant £(n,v) in Proposition 6.1 when

X splits off R?. There exists
03R
(6.21) ST) > 1y >0

with
1 1
(6.22) dau (B (a:, grx) , Bw (w, grx>> <ery, (W,w)=(R*,0)x(H,h*").

Here ¢ = 3e(n, v, s) and (H,h*) is a metric cone with vertex at h*. Note that

when y € F is sufficiently close to z,

1 1
(6.23) daon <B <y, gm) , By (w, grm)) < ery.
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By compactness, we can find a uniform positive lower bound of r,, say

(6.24) Ty 2> Ro(Xo) > 0.
By Gromov compactness, we actually have
(6.25) ry > Ry = Ro(n,v) > 0.

Note that W is not necessarily equal or close to a tangent cone of x.
Then for sufficiently large ¢ and any point z; € E;,

1 1
(6.26) dan (B (l’i, grzz) , Bw, (wi, grxz)> < Ery,,

53R
(6.27) ;’—0 >r, >Ry >0,  (Wi,w) = (R*,0) x (Hj, h).

Here ¢ is the same as in (6.22) and (H;, h}) is a metric cone with vertex at h.

We can apply the induction to B(xz;, %rm) and the metric cone (W;,w;). By
the induction hypothesis, there exist

(6.28) 1> 61 > 5dg > d(n,v), N =N(v,n) €N
and holomorphic functions gg(l < j < N)in B(z;,0175,) with
. N - N .
(6.29) gl (xi) =0, mi][}S Z lg] (z)]? > 2 sup lg] (z)]%,
xeaB(mi, 1;“”) i=1 2€B(xi,0273;) =1

sup  |g](2)[?
$€B(337,’,%61T1i)

(6.30) < C(n, ).

sup  |gf(x)]*
mGB(wi,%&rli)

By normalization, we can also assume

(6.31) sup  sup  |gl(y)] =2
J yEB(z4,027¢;)

Note that by the three circle theorem,

(6.32) sup g} (y)| < C(n,v).
y€B(z;, Tz§61 )
Set
N .
(6.33) Fi(x) =" lg!I*
7j=1

Let A be a standard cut-off function R — R given by A(t) = 1 for 0 <t < 1,
A(t) =0 for t > 2, and |N|,|\’| < C(n). Consider

(6.34) hi(z) = 4nlog F;(z) A (F;(x)).

By (6.29) and (6.31), h;(x) is supported in B(a:i, 51;9” ) Similar to Lemma 5.1,
it is easy to check that

(6.35) V—=190h;(x) > —C(n,v)w;.
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By (6.7), there exists £ = {(n,v) > 0 with

(6.36) V—=190(¢vi 1 + hi) > w;
in ;. We will assume such € is large, to be determined later. Set
(6.37) () = Evia(x) + hi(z).
Now consider a function
d(x,z;)
.38 i(x) = )
(6.38) pile) = (25220

Here o(t) = 1 for t < %, o(t) =0 for ¢t > 1, and |¢/| < C(n). Then it is clear
w; is supported in B(z;, d17y,). Also, by (6.27),

(6.39) Vil < C(n,wv).
We solve the @ problem 9s; = du; on Q; satisfying

/e*¢|si|2§/ e*¢|5ui]2
Q; Q;

7

_ ~0 19,2
— e
(6.40) B(zi,alrmi)\B(m,‘gl%) |Opi

3

<exp| —¢ inf vi1(y) | C(n,v).
( yEB(ai, 5\ B(ai, *47)

6lrzi

Here we used that h; is supported in B(azi, ) We also used that

| R\ (4, )
(6.41) Blas o) < B (0257 ) \B (4,27

by (6.27). Observe that by (6.9), u; vanishes on B(qi, %(54R). Hence s; is
holomorphic in B(qi, %54]%). The mean value inequality implies that for x €
Eg(qiué%gi)v

(6.42)

|S($)‘ fB(Qi,MR) |Si|2
! ~ ¢(n,v)(64R)?"

fQiew‘Sz‘\Q
exp (€ swp wa)) 2T

y€B(¢i,04R) (n7 U)(54R)2n

IN

1
exp | — 5( inf via(y) —  sup Ui,l(?/))) v
( veB (4,237 )\B(:,257) yEB(gi,04R) c(n,v) (04 R)?

4

IN

£

e 4

S o) GaR)P
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Here we used (6.9) and (6.10). If ¢ is large (depending only on n,v), then we
can make

1
(6.43) |si(@)] < 0
for x € B(qi, ‘MTR). Now we freeze the value of £ = £(n,v). Note that the local
integrability of s; forces s;(x;) = 0. Set
(6.44) wi (z) = pi(w) — si(z).

Then w! is holomorphic in ; and

(6.45) wia)=1,  |w}l< g

in B(qi, ‘MTR). Set

(6.46) () = wl(e) — w} @)

Then

(6.47 ) =0, 1w > o

By (6.40) and mean value inequality, we find

648)  [F@I<Cv), V@) < Om0)xeB (g, 220,

Therefore, there exists d5(n,v) > 0 so that

1
(6.49) 1H@) = 5

in B(l’i, 55R)

Part TIT: Completion of the proof. By a standard covering argument, we
can take 2/ € E (j =1,2,..., K, K = K(v,n)) with

- 65R 53R
(6.50) U; B (xﬂ, 5—) S E, ;’—O > 1,5 > Ro(n,v) > 0,
and
(6.51)

1 1 o S
den (B (7, grwj) By grﬂ-)) <ery, (WW,wl)=(R?,0)x (H7, (h)").

Here (H7, (h/)*) is a metric cone with vertex at (hj)* and ¢ is the same as in
(6.21). Then for sufficiently large i, we can find ) € F;, j =1,..., K with

2] 1
(6.52) dGH ((B(:z:i, g?’xj) ,BWj (wj, g?‘ﬁ)) < ETgj
and

(6.53) U; B (xj 557]%) > E;.

R
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Now we can apply the induction argument as in Part II for each geodesic ball
B(x],1r,;). We obtain holomorphic functions f/ on B(g;, d3R) satisfying

(6.54) £ ()] >

N =

for x € B(:cg, d5R) and

203R
3

655  |F@I<Cow), veB(m o), fla)=0

K . s—1 .
Put Gi(z) = > |f1>? + X [wi,®>. Then by (6.17), (6.20), (6.53) and
Jj=1 m=1
(6.55),

(6.56) VGi(a)| < C(n.v), =€ B(a 5373> L Gilg) =0,
and
(6.57) 1Gi(2)] > i v c 0B (g 5331%) .
Therefore, there exists dg = dg(n,v) > 0 with
(6.58) sup  |Gi(x)] < i

2€B(q;,06 R) 10

Take gf = fik for k=1,...,K and g,f“ :w,i_K for K+1< k< K+s—1
Then we can find parameters 6, C, N so that (6.2) and (6.3) hold for (Y3, ¢;)
when ¢ is sufficiently large. This contradicts the assumption in the paragraph
right below (6.4). The proof of Proposition 6.1 is complete. O

The following is the main theorem in this section:

THEOREM 6.1. Let M™ be a complete noncompact Kdhler manifold with
nonnegative bisectional curvature and mazximal volume growth. Then there
exist finitely many polynomial growth holomorphic functions f1,..., fr so that
(f1,---, fr) is a proper holomorphic map from M to CF.

Proof. Pick a point p € M. Put
(6.59) v = lim YABP:T)

T—00 r2n

> 0.

For any sequence r; — oo, set (M;,p;) = (M, p, 7“2-_2g). (We shall make r;
explicit in Proposition 6.2 below.) Then there exist R} — oo and metric cones
(X, x}) with

(660) dGH(B(pi7 R;/)7 BXi (x;ka R;/)) < ﬁ
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Let di(z) = di(z,p;) for x € M;. Following the construction in (5.11) and
Claim 5.1, we find a sequence R] — oo and functions p; on M; satisfying

2 1
+ V% —gil> < @ (;) -

1
(6.61) / ’Vpi —V=d?
B(pi,ARY) 2

Also, in B(p;,4R)),
d?
ey

As before, consider a smooth function p: RT — RT with ¢(¢) =t for0 <t <1,
o(t) =0 for t > 2, and |p|,|¢'],|¢"| < C(n). Set

(6.63) vi(z) = 3(R)%p (;225))2) -

Then v; is supported in B(p;,4R}). Let H;(z,y,t) be the heat kernel of M;.
Consider the function 7;(x) = log(1 + v;(z)), and define

(6.64) nu@) = [ HiCzy Omu)d.

By (6.62), we have

(6.62) <® (%) L Vil < C(n)ds.

(6.65) inf 17— sup 7 >2¢(n,v) > 0.
B(pi,3)\B(pi,59) B(pi, Z)

Here 7; is of logarithmic growth uniform for all 7. By heat kernel estimates,
there exists typ = to(n,v) > 0 so that

(6.66) inf Tity — SUP Tty > c(n,v) > 0.
BridNB@E)  BpnZ)

On a smooth Kahler metric cone, let r be the distance function to the
vertex. Then v/—1901og(1+ 3r?) is a positive (1, 1) form away from the vertex.
Since 7; resembles log(1 + %7“2), by similar arguments as in Proposition 5.1, we
find that on B(p;,5),

(6.67) V—=1007; 4, > c(n,v) > 0.

By Proposition A.1, for any fixed R and sufficiently large i, on B(p;, R),
(6.68)  c(n,v)log(di(z) +2) — C(n,v) < 7i4o(x) < C(n,v) log(di(x) +2),
(6.69) V—=1007i4,(z) > 0, x € B(p;, R).

Therefore, there exist sequences R; — oo, R; — oo, and ¢; — 00 so that
Ti}é({c|c < ¢i}) N B(pi, R;) is relatively compact in B(p;, R;). Also

(6.70) T (ele < ei}) N B(pi, Ri) D B(pi, Ry),
(6.71) V—=1007; 4, > 0
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in Ti_tl({C|C < ¢;})NB(pi, R;). Let Q; be the connected component of the open
set T; to({c|c < ¢;}) containing B(p;, R;). Then ; is a Stein manifold.

Let 61 = 61(n,v) be given by Proposition 6.1. According to Proposi-
tion 6.1, there exist holomorphic functions wi(1 < j < K = K(n,v)) on
B(pi,3) (here we take R = 5— in Proposition 6.1) so that

(6.72) wi(p) =0, max sup [uwf = 1,
7 B(pi1)
K .
(6.73) min Z |w sup Z ]w}(x)ﬁ,
2€dB(p;1 xEB(pi,%) i=1

sup |wj(z)[?

B 7:7;
(6.74) ) < Oy,
sup [wj(z)|
z€B(p;,1)
Then of course, on B(pl-, %),
(6.75) |w§($)| < C(n,v).
Also, by the three circle theorem, we have
(6.76) max sup |w;] > ¢(n,v) > 0.
7 B 52)
Thus
6.77 i 2> > 0.
(6.77) xe(%l(gu Z\ c(n,v)

Now consider a cut off function \;(z) = A(d;(z)) with A; = 1in B(p;, 39), where
Ai has compact support in B(p;, 33) and [VA;| < C(n,v). Let ﬁ}; = )\iw;». Then
5121; is supported in B(p;, 24)\B(pz, gg) We solve the O-problem 5]“:} = 5@;
in Q; with the weight function v¢; = 974, where n = n(n,v) is a very large
number, to be determined. Then by (6.67),

_ Dt | 2e s
12, < fQL| J
(6.78) /Q AflPe < S

This implies that

—i
(6.19) e < om0 0T
A c(n.0)

Let
(6.80) (@) = dl(x) — fix) — (@ (pi) = F}(pi))-
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By (6.66), (6.72), (6.73), (6.75), (6.77) and similar arguments as in (6.42), if
n = n(n,v) is large enough, we can make |f2| so small in B(p;, 1) that

(6.81) C(n,v)> min Z |fJ Z ]f] z)]? > ¢(n,v).

z€0B( pl,l) zEB(

Now we freeze the value n = n(n,v). (6.68) says wi is of logarithmic growth
uniform for all i. By (6.78) and the mean value inequality, we find C' =
C(n,v) > 0 so that for any R > 0, if i is sufficiently large,

(6.82) |fi(z)] < C(di(x)C +1)

for x € B(p;, R). By passing to a subsequence, we can assume (M;,p;) —
(M, poo) in the pointed Gromov-Hausdorff sense. Also, f; converges to f7°,
which is of polynomial growth of order C' on M.

For C in (6.82), let V' = span{g € Ozc(M)|g(p) = 0} and let k = dim(V').
Take a basis g5 of V satisfying

(6.83) | g =
B(p,1)
To prove Theorem 6.1, it suffices to prove the following:

PROPOSITION 6.2. There exist constants R > 0 and ¢ > 0 with 3" |gs(z)|?
S
> cd(z,p)? for d(z,p) > R.

Proof. Assume the proposition is not true. There exist r; — oo and points
x; with

2
(6.84) d(p,w;) = 14, Z lgs(z)|" < 71

We follow the notation from (6.60) to (6.82). For each i, there exists a basis
g of V with

(6:85) | dgi=e [ gigi=Niba
B(p,l) B(pivl)

Then (6.83) and (6.85) imply

(6.86) D lgsl* =" 19l

Note that by the three circle theorem and the mean value inequality,

(6.87) M > e(n,v)r?.

Then h = 9 satisfies

VAL

(6.88) / hihi = bg.
B(pi,1)
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The three circle theorem and the mean value inequality imply

(6.89) 0 < c(n,v) < sup |hi(z)| < C(n,v).
B(ps,1)
After passing to subsequence, we may assume that M; — My, and h%, f; all

converge. Say h! — h® and f]’f — f;° uniformly on each compact set. Clearly
h(s =1,...,k) are linearly independent on M.

Cram 6.1. span{f°} C span{h°} on M.

Proof. Assume the claim is not true. Set V' = span{f°,hg°}. Then
dim(V’) > k. By the three circle theorem, [, he® are of polynomial growth of
order 2C. Take a basis u1, ..., uy of V!, m > k+ 1. Therefore, u;(1 <1 < m)
are of polynomial growth of order 2C. For any f € V', f satisfies the three

circle theorem. That is, if M(f,r) = sup |f(x)|, then log M(f,r) is convex
B(pooﬂ")
in terms of logr. The reason is that f is a limit of holomorphic functions of

k K . .
polynomial growth on M;. Write u; = S;I ajh® + ];1 b] f7°. Here aj, by are

) k ) K .. .
constants. Define u} = Y afh’ + Y b f;- Then uj; — w uniformly on each
s=1 1=1

compact set. As w; is a basis for V', for sufficiently large i, u} are linearly
independent on B(p;,1). We can also regard u} as holomorphic functions on
B(p,3r;) on M. Let v} be a basis of span{u}} with Jemn vivi = 8. Let us

write v; = >~ Cluj. Here C}, are constants. We are interested in
=1

m

sup |v] sup Chul
B(pi,2) B(pi,2) 1t=1
(6.90) Fi= "ot = .
1 0,0
B | 2 Gl

In the quotient, we can normalize the coefficients Cj, so that sup |C},| = 1.
1<t<m

As u; are linearly independent on M., by a simple compactness argument

and the three circle theorem for V' on M., we see that for ¢ sufficiently large,

1<l <m,
(6.91) Fi < (2+¢)%

for any given € > 0. As before, we can apply the three circle theorem to find a
subsequence of vli converging to linearly independent holomorphic functions v;
on M, satisfying v;(p) = 0 and deg(v;) < 2C. As [ is from 1 to m and m > k,
this contradicts that dim(V') = k. O
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Given Claim 6.1, we find f? is almost in the span{h’}. More precisely,

(6.92) lim sup ]f’ chshy =0

1—00 B(pl, )

for ¢, = I f;ing In particular, |} | < C(n,v). By (6.81),

(6.93) min Z]f’ — sup Z]f’ )2 > e(n,v) > 0.
0B(pi,1 23 35,
Pirgs
Hence
6.94 C(n,v) min hi|? > ¢(n,v) > 0.
(6.9 (n.0)  in, SR > cln,0)
y (6.87),
2 2
. hz 2 |gs’ ‘gs|
(6.95) P = Bt <

7

Then from (6.86),
6.96) s)* = 2 2> > 0.
096 min S la = min Sla = min, SJalf > cln.o)?

This contradicts (6.84). O

The proof of Theorem 6.1 is complete. ([

7. Completion of the proof of Theorem 1.2

First, we prove Theorem 1.2 under the assumption that the manifold has
maximal volume growth.

THEOREM 7.1. Let M be a complete noncompact Kahler manifold with
nonnegative bisectional curvature and maximal volume growth. Then M is
biholomorphic to an affine algebraic variety. Also the ring of holomorphic
functions of polynomial growth is finitely generated.

Proof. Given any k € N, let n;, = dimc(Og(M)). Define a holomorphic
map from M to C™ by Fi(x) = (g1(z),...,gn,(x)). Here g1,..., gn, is a basis
for Op(M). When £k is getting larger, we only add new functions to the basis.
That is, we do not change the previous functions. Our goal is to prove that
for sufficiently large k, F} is a biholomorphism to an affine algebraic variety.

Below, the value of k might change from line to line; basically we shall in-
crease its value in finite steps. First assume k is so large that the holomorphic
functions constructed in Theorem 6.1 are in Ok (M) and they separate the tan-
gent space at a point p € M. Let ¥; be the affine algebraic variety defined the
integral ring generated by g1, ..., gn,. Then dim(3;) = n, as the transcenden-
tal dimension of (g1, ..., gn,) over C is n. Moreover, dim(Fj(M)) = n, as the



THE FINITE GENERATION CONJECTURE 807

tangent space at p is separated. By Theorem 6.1, F}, is a proper holomorphic
map from M to C™. Hence the image of F} is closed. By the proper mapping
theorem, the image of Fj is an analytic subvariety of dimension n. As ¥ is
irreducible, Fj (M) = ¥.

Our argument below is very similar to some parts of [12]. Given any
point in Y, the preimage of F}, is a compact subvariety of M, as F}, is proper.
As M is exhausted by Stein manifolds €);, the preimages contain only finitely
many points. Given a generic point y € ¥, we can find polynomial growth
holomorphic functions separating F~ L(y). Therefore, by increasing k, we may
assume F}, is generically one to one. Note that if x € ¥ and the preimages of
x contain more than one point, then x is in the singular set of Xy, say S(Xy).
Write S(3) as a finite union of irreducible algebraic subvarieties ¥/ (1 < s <
tr). Set h = dim(S(Xg)). Let us assume dim(X)) = dim(S(3x)) for 1 < s <
ri < tg. For a generic point = € ¥, the preimages under Fj, contain finitely
many points. Therefore, we can increase the value of k so that the preimages
of x and their tangent spaces are separated. In this way, the dimension of
S(X) is decreased. After finitely many steps, Fj becomes a biholomorphism
from M to X which is affine algebraic.

CLAamM 7.1. We can identify polynomial growth holomorphic functions on
M with regular functions on X via Fy. Thus Op(M) is finitely generated.

Proof. First, by Theorem 3.2 in [15], regular functions on ¥ are iden-
tified with the affine coordinate ring of ¥;. Thus, any regular function is of
polynomial growth. Recall that the transcendental dimension of Op(M) is n
over C. By increasing k if necessary, we may assume the affine coordinate func-
tions generate the field of Op(M). Then every polynomial growth holomorphic
function is rational on ¥; and hence a regular function on . (]

The proof of Theorem 7.1 is complete. U

Next, we come to the finite generation in the general case. Let us rewrite
Theorem 1.2 as follows:

COROLLARY 7.1. Let M be a complete noncompact Kdahler manifold with
nonnegative bisectional curvature. Then the ring of holomorphic functions of
polynomial growth is finitely generated.

Proof. We first consider the case when the universal cover does not split.
By Theorem 2 in [21], if there exists a nonconstant holomorphic function of
polynomial growth on M, then M is of maximal volume growth. Then then
the result follows from the theorem above.

In the general case, let M be the universal cover. Let G be the funda-
mental group of M. Let E be the set of G-invariant holomorphic functions of
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polynomial growth on M. We can identify E with O p(M). Given any f € E,
consider

(1) uf (@) = [ Hiwy.0)log(1 1) + Dy,

where H(z,y,1) is the heat kernel of M. By Theorem 3.1 in [28], v/—180u]

>0 for ¢t > 0. Let D; be the null space of v—l@gu{. Theorem 3.1 in [28] says
D} is a parallel distribution.

CLAM 7.2. D} is invariant for t > 0. Then we define Dy = D%, ¢t > 0.

Proof. By Theorem 2.1, part (ii) in [28] (see also the second sentence in
the proof of Corollary 2.1 in [28]), if ¢; > t3 > 0, then

(7.2) dim(D}) < dim(D).
The de Rham theorem says we can write M = N1 x Ny where Dj? is the tangent
space of Ns. ui; is of logarithmic growth by Proposition A.1. Moreover,

ui; is pluriharmonic on each slice Noand hence harmonic on Ns. As No has

nonnegative bisectional curvature, the Ricci curvature of Ny is nonnegative.
By a theorem of Cheng-Yau [10], u{z is constant on each slice No. That is to
say, ui; is a function on N;. By uniqueness of the heat flow, u{ , is also constant
on each slice of No. Combining this with (7.2), we obtain that D% = D?. O

Hence, u{ is constant on Ns for ¢ > 0. This implies f is constant on the

factor No. Now define the parallel distribution
(7.3) D = mfeEDf-

By the de Rham theorem, we can assume M = M x My where D is the tangent
space of Ms. Then, for any f € E, f is constant on the factor Ms. Note that D
is invariant under G-action. Fix an inclusion ¢ of a slice: M7 — M7 x Ms. Now
for any g € G, ¢g(i(M7)) must be another slice of M;. Let 7 be the projection
from M7 x M3 to M;. For x € M7 and g € G, define a holomorphic isometry u,
of My by ug(xz) = m(g(i(z))). Of course, u, is a subgroup of the holomorphic
isometry group of M;. Let G’ be the closure of u,. Then we can identify E
with polynomial growth holomorphic functions on M invariant under G'.

CramM 7.3. G’ is a compact group.

Proof. It suffices to prove that for x € M, ug(x) is bounded for g € G.
Assume this is not true. Then there exists a sequence g; € G’ with z; = g;(z)
— oo on M. Let (U, z1,...,2y) be a holomorphic chart on M; around x with
z(z) = 0. Let (U; = gi(U), 2 = 250 g; ') be the holomorphic chart on U;. By
taking a subsequence if necessary, we may assume U; are mutually disjoint.
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We will use some construction in [26]. First, pick finitely many f; € E so that
V=100 uy’ > 0on My. Let u = Y uy’. Then u is a strictly plurisubharmonic
J J

function on M; with logarithmic growth. Moreover, u is invariant under G’
action. Let U2 cC U' cC U be open sets containing x. Consider a smooth
cut-off function ¢ with ¢ = 11in U2 and ¢ = 0 in M;\U'. Define ¢; = <pogi_1.
Then ¢; is supported in U;. Let

(7.4) U(x) = 4m Y gi(w)log (i |Z§($)I2) + Cu(z).
) s=1

Here C is a positive constant so that /=109 > w on U;. w is the Kihler form
on Mi. Then v/=100¢ > 0 on M;. Now we solve the O-problem 0h; = dyp;
with

(7.5) / \hﬂ?ﬂg/ Bil2e .
M1 Ml

One sees that \; = h; — ; are holomorphic functions of polynomial growth.
The growth orders are uniformly bounded. Moreover, h;(zx) = 0 for all k € N.
Thus \; are linearly independent, as \;(z;) = hi(xj) — pi(x;) = —d;5. This
contradicts Theorem 2.5. ([l

CrLam 7.4. My is of maximal volume growth.

Proof. As M is simply connected, write M; as a product of irreducible
Kaéahler manifolds. For each factor, there exists a polynomial growth holomor-
phic function on M; which is not constant. Then it must be of maximal volume
growth by Theorem 2 in [21]. O

By Claim 7.4 and Theorem 7.1, Op(M;) is finitely generated. Op(M) is
just the subring of Op(M;) invariant under G’. Since G’ is compact, the finite
generation of Op(M) follows from a theorem of Nagata [25]. The detailed

argument is in Appendix B.
O

Appendix A. Proof of Theorem 2.2

Proof. This part basically follows from [28]. For any a > 0, n(z, t) satisfies

o 1
(A1) <§ — A) 5 = Ragysilap — 5 (Bopllys + By51p)

(A.2) /M 7(z,0)|| exp(—ar?(z))dz < cc.
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For the moment, we will assume

T
(A.3) lim inf / / 0|2 (2, £) exp(—ar?(z))dwdt < .
0 B(p,r)

=00

The proof is given at the end of this section.

Recall Corollary 1.1 in [28] with simplified the assumptions:

PROPOSITION A.1. Let (M"™,p) be a complete noncompact Kihler mani-
fold with nonnegative bisectional curvature. r(x) = d(z,p). Let u be a nonneg-
ative function on M satisfying

(A.4) u(z) < exp(a+ br(x))

for some constants a,b > 0. Let

(A.5) v(x,t) = /M H(z,y,t)u(y)dy.

Here H s the heat kernel on M. Then given any € > 0, T > 0, there exists
C(n,e,a,b) > 0 such that for any x satisfying r = r(x) > /T,

(A.6) Ci(n,e) inf w<w(z,t)<C(n,ea,b)+ sup u
B(x,er) B(w.er)

for 0 <t <T. Here Ci(n,e) > 0.
Fix a point p € M. Let r(z) = d(z,p). Let ¢(x) = exp(r(z)). Define

(A7) oa,t) = e [ Hizp00()dy
Then
0
(A8) (5:-4)s=0
and
(A.9) o(z,t) > cet”

for 0 <t < T, by Proposition A.1. Here ¢, ¢; are positive constants. Let

(A.10) ha,t) = [ H(z,p, 0y, 0)d.

The proposition below is just Lemma 2.2 in [28]. Note that we used that u has
compact support on M.

PROPOSITION A.2. There exists a positive function 7(R) so that for 0 <
t<T, h(z,t) <7(R) for x € B(p, 2R)\B(p, g) Moreover, Rlim T(R) =0.
—00

The next proposition is Lemma 2.1 in [28]. Note that (A.1), (A.2) and
(A.3) are used.
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PROPOSITION A.3. ||n||(z,t) is a subsolution of the heat equation. More-
over, ||n||(x,t) < h(x,t).

Given ¢ > 0, define

(A.11) (7)o5 = Nz + (26— Az, D)9,

At t=0,7 > 0. Also, for 0 <t < T, if R is sufficiently large, by Propo-
sition A.2, we have 7 > 0 on 0B(p,R). Suppose that at some to € [0,77],
N(zo, to) < 0 for xg € B(p, R). Then there exists 0 < t; < T with 7(z,t) > 0
for z € B(p, R) and 0 < t < t1. Moreover, the minimum eigenvalue of 7(x1, t1)
is zero for some z1 € B(p, R). (Note that 1 cannot be on the boundary.) Now

we apply the maximal principle. Let us assume
(A12) 77($1, tl)'yﬁ =0

for v € T}OM, |y| = 1. We may diagonalize 7] at (z1,?1). Of course, we can
assume 7 is one of the basis of the holomorphic tangent space. Then at (z1,t1),

(A.13) (ﬁ - A) Ty < 0.
On the other hand, by (A.1),

0
(a - A) My = Z R’yia&naa - Z Rrﬁo@nﬁﬁ

(A.14) = Z R7aa(Taa — )
> 0.
Note that
0
(A.15) (5 = 2) (€6 =A@ 0)g7) = 20,5 > 0.

Hence at (x1,t1),

(A.16) (f?t - A) iy > 0.
This is a contradiction. Now let R — oo and then ¢ — 0. We proved that
n— )\(m,t)gag >0for0<t<T.

Next we verify (A.3). Basically we follow pages 487-488 in [28]. Note that
our condition is more special. First, we have that |v(x,t)| < C for all z,t, as
u has compact support. Note that

(A.17) <A - %) 2 = 2|Vl
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Multiplying (A.17) by suitable cut-off functions, using integration by parts, we
find

T 2T

(A.18) / ][ |Vo|]? < (7"_2/ ][ v? —1—][ u2) < Co(T+1)
0 JB(p,r) 0 B(p,2r) B(p,r)

for r > 1. The Bochner formula gives

(A.19) (a- %) Vol > 2|V,

Multiplying (A.19) by suitable cut-off functions, using integration by parts, we
find

(A.20)
T 27
[ 1 vk (rQ/ foovep+of yw?) < Cy(T +1)
0 JB(p,r) 0 B(p,2r) B(p,r)
for r > 1. From this, (A.3) follows easily. O

Appendix B. Some algebraic results of Nagata

We continue the proof of Theorem 1.2. The ring R = Op(M;) is finitely
generated. We may assume the generators are in F' = O4(M7) for some d > 0.
Let g1,...,q be a basis for F. Obviously F is an invariant space of G’. Then
we may think Op(M;) is Clg1,...,q]/a. Here « is an ideal. Then the G’
action on R is induced by the representation G’ — GL(I,C). Let Ig/(R) be
the subring of R fixed by G'. In [25, p. 370], the following definition was made:

Definition B.1. A group G is reductive if every rational representation is
completely reducible.

It was pointed out on page 370 of [25] that all rational representations of
G in [25] are given by some specific finite-dimensional representations of G. In
our case, as G’ is compact, every finite-dimensional representation (complex)
is completely reducible. Therefore, according to the definition above, G’ is
reductive. In [25], the following was proved:

THEOREM B.1 (Nagata). Ig(R) is finitely generated if G is semi-reductive.

It was pointed out in the first sentence of part 5, page 373 of [25] that a
reductive group is obviously semi-reductive. Putting all these things together,
we proved the finite generation of I/ (R) = Op(M).
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