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Isolation, equidistribution,
and orbit closures for the
SL(2,R) action on moduli space

By ALEX ESKIN, MARYAM MIRZAKHANI, and AMIR MOHAMMADI

Abstract

We prove results about orbit closures and equidistribution for the
SL(2,R) action on the moduli space of compact Riemann surfaces, which
are analogous to the theory of unipotent flows. The proofs of the main the-
orems rely on the measure classification theorem of the first two authors
and a certain isolation property of closed SL(2,R) invariant manifolds de-
veloped in this paper.

1. Introduction

Suppose g > 1, let a = (a1, ..., ) be a partition of 2g — 2, and let H ()
be a stratum of Abelian differentials, i.e., the space of pairs (M,w) where M
is a Riemann surface and w is a holomorphic 1-form on M whose zeroes have
multiplicities a; ...ay,. The form w defines a canonical flat metric on M with
conical singularities at the zeros of w. Thus we refer to points of H(«a) as flat
surfaces or translation surfaces. For an introduction to this subject, see the
survey [Zor06].

The space H(«) admits an action of the group SL(2, R) which generalizes
the action of SL(2,RR) on the space GL(2,R)/SL(2,Z) of flat tori.

Affine measures and manifolds. The area of a translation surface is given
by

a(M,w) = ;/Mw/\w.
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A “unit hyperboloid” H;(«) is defined as a subset of translation surfaces in
H(«) of area one. For a subset N7 C Hi(«), we write

RN = {(M,tw) | (M,w) € N1, teR}CH(a).

Definition 1.1. An ergodic SL(2,R)-invariant probability measure v on
Hi(«) is called affine if the following hold:

(i) The support My of vy is an immersed submanifold of Hi(«); i.e., there
exist a manifold N and a proper continuous map f : N' — Hi(a) so that
My = f(N). The self-intersection set of My, i.e., the set of points of M
which do not have a unique preimage under f, is a closed subset of M;j
of vi-measure 0. Furthermore, each point in A/ has a neigborhood U such
that locally Rf(U) is given by a complex linear subspace defined over R
in the period coordinates.

(ii) Let v be the measure supported on M = RM; so that dv = dvida. Then
each point in N has a neighborhood U such that the restriction of v to
Rf(U) is an affine linear measure in the period coordinates on Rf(U); i.e.,
it is (up to normalization) the restriction of the Lebesgue measure A to
the subspace Rf(U).

Definition 1.2. We say that any suborbifold M for which there exists a
measure v; such that the pair (M, 1) satisfies (i) and (ii) an affine invariant
submanifold.

Note that, in particular, any affine invariant submanifold is a closed sub-
set of H1(«) which is invariant under the SL(2, R) action, and which in period
coordinates looks like an affine subspace. We also consider the entire stratum
Hi(a) to be an (improper) affine invariant submanifold. It follows from The-
orem 2.2 below that the self-intesection set of an affine invariant manifold is
itself a finite union of affine invariant manifolds of lower dimension.

Notational conventions. In case there is no confusion, we will often drop
the subscript 1 and denote an affine manifold by A. Also we will always denote
the affine probability measure supported on A/ by var. (This measure is unique
since it is ergodic for the SL(2,R) action on N.)

Let P C SL(2,R) denote the subgroup (). In this paper we prove
statements about the action of P and SL(2,R) on H;(«) which are analogous
to the statements proved in the theory of unipotent flows on homogeneous
spaces. For some additional results in this direction, see also [CE13].

The following theorem is the main result of [EM13]:

THEOREM 1.3. Let v be any P-invariant probability measure on Hi(a).
Then v is SL(2,R)-invariant and affine.
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Theorem 1.3 is a partial analogue of Ratner’s celebrated measure classifi-
cation theorem in the theory of unipotent flows; see [Rat91al.

2. The main theorems
2.1. Orbit closures.

THEOREM 2.1. Suppose x € H1(a). Then, the orbit closure Px=SL(2,R)x
is an affine invariant submanifold of Hi(«).

The analogue of Theorem 2.1 in the theory of unipotent flows is due in full
generality to M. Ratner [Rat91b]. See also the discusion in Section 2.8 below.

THEOREM 2.2. Any closed P-invariant subset of Hi(a) is a finite union
of affine invariant submanifolds.

2.2. The space of ergodic P-invariant measures.

THEOREM 2.3. Let N, be a sequence of affine manifolds, and suppose
vy, — v. Then v s a probability measure. Furthermore, v is the affine
measure vnr, where N is the smallest submanifold with the following property:
there exists some ng € N such that N,, C N for all n > ny.

In particular, the space of ergodic P-invariant probability measures on
Hi(a) is compact in the weak-x topology.

Remark 2.4. In the setting of unipotent flows, the analogue of Theorem 2.3
is due to Mozes and Shah [MS95].

We state a direct corollary of Theorem 2.3:

COROLLARY 2.5. Let M be an affine invariant submanifold, and let Ny,
be a sequence of affine invariant submanifolds of M such that no infinite sub-
sequence is contained in any proper affine invariant submanifold of M. Then
the sequence of affine measures vy, converges to vg.

cos 0 —sin9>
sinf cos6

2.3. Equidistribution for sectors. Let a; = (eot e[_)t ), Ty = (

THEOREM 2.6. Suppose © € Hi(a), and let M be an affine invariant
submanifold of minimum dimension which contains x. Then for any ¢ €
Ce(Hi(e)) and any interval I C [0,27),

1 (T 1
lim —/ —/ airex d9dt:/ dvpm.
T—oo T Jo |I| Igp( tro ) M(P M

Remark. It follows from Theorem 2.6 that for any « € H;(«), there exists
a unique affine invariant manifold of minimal dimension which contains x.

We also have the following uniform version (cf. [DM93, Th. 3]):



676 ALEX ESKIN, MARYAM MIRZAKHANI, and AMIR MOHAMMADI

THEOREM 2.7. Let M be an affine invariant submanifold. Then for
any ¢ € Ce.(Hi(a)) and any € > 0, there are affine invariant submani-
folds N7, ..., Ny properly contained in M such that for any compact subset
Fc M\ (ngl./\/’j), there exists Ty so that for all T > Ty and any x € F,

1
- 49 dt — d
'T/o yf|/“”""x) / P M

We remark that the analogue of Theorem 2.7 for unipotent flows, due to
Dani and Margulis [DM93], plays a key role in the applications of the theory.

2.4. FEquidistribution for random walks. Let p be a probability measure
on SL(2,R) which is compactly supported and is absolutely continuous with
respect to the Haar measure. Even though it is not necessary, for clarity of
presentation, we will also assume that z is SO(2)-bi-invariant. Let u*) denote
the k-fold convolution of u with itself.

We now state “random walk” analogues of Theorems 2.6 and 2.7.

THEOREM 2.8. Suppose x € Hi(a), and let M be the affine invari-
ant submanifold of minimum dimension which contains x. Then for any

¢ € Cc(Hi1(a)),
lim — / x)d (k / dv
Jim Z . o(gx) dp @ dupg.

We also have the following uniform version, similar in spirit to [DM93,
Th. 3]:

THEOREM 2.9. Let M be an affine invariant submanifold. Then for
any ¢ € Ce.(Hi(a)) and any € > 0, there are affine invariant submani-
folds N1, ..., Ny properly contained in M such that for any compact subset
Fc M\ (U§:1/\/j), there exists ng so that for all n > ng and any x € F,

Z/ o(gw du()()—/ p duny
SL(2,R) M

2.5. Equidistribution for some Folner sets. Let us = (§1).

<e.

THEOREM 2.10. Suppose x € Hi(«), and let M be the affine invariant
submanifold of minimum dimension which contains x. Then for any ¢ €
Ce(Hi(e)) and any r > 0

Tlgrolof /cpatus dsdt = /(pdl/M

We also have the following uniform version (cf. [DM93, Th. 3]):

THEOREM 2.11. Let M be an affine invariant submanifold. Then for
any ¢ € Cc(Hi1(a)) and any € > 0, there are affine invariant submanifolds
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Ni, ..., Ny properly contained in M such that for any compact subset F' C
M\ (nglj\fj), there exists Ty so that for all T > Ty, for all r > 0, and for

any x € F,
1 (T1 g
‘/ f/ o(atusr) dsdt—/ wdvpm
TJo rJo M

2.6. Counting periodic trajectories in rational billiards. Let ) be a ra-
tional polygon, and let N(Q,T) denote the number of cylinders of periodic
trajectories of length at most 1" for the billiard flow on ). By a theorem of
H. Masur [Mas90] [Mas88|, there exist ¢; > 0 and ¢z > 0 depending on ) such
that for all ¢ > 1,

<e.

cre?t < N(Q,e!) < coet.

As a consequence of Theorem 2.7, we get the following “weak asymptotic
formula” (cf. [AEZ12]):

THEOREM 2.12. For any rational polygon @, there exists a constant ¢ =

c(Q) > 0 such that
: 1 ! s\ ,—2s
tlgglog ON(Q,e)e ds = c.

The constant ¢ in Theorem 2.12 is the Siegel-Veech constant (see [Vee9§],
[EMZ03]) associated to the affine invariant submanifold M = SL(2,R)S, where
S is the flat surface obtained by unfolding Q).

It is natural to conjecture that the extra averaging on Theorem 2.12 is
not necessary, and one has lim; s N(Q,e')e™? = c. This can be shown
if one obtains a classification of the measures invariant under the subgroup
U = (}%) of SL(2,R). Such a result is in general beyond the reach of the
current methods. However, it is known in a few very special cases; see [EMS03],
[EMMO6], [CW10] and [Bail0].

2.7. The main proposition and countability. For a function f : Hi(a) —
R, let

(A)w) = 5 [ Flaraa)

Following the general idea of Margulis introduced in [EMM98], the strategy of
the proof is to define a function which will satisfy a certain inequality involving
A;. In fact, the main technical result of this paper is the following:

PROPOSITION 2.13. Let M C Hi(«a) be an affine invariant submanifold.
(In this proposition M = 0 is allowed). Then there exists an SO(2)-invariant
function faq : Hi(a) — [1,00] with the following properties:
(a) fm(x) = o0 if and only if x € M, and faq is bounded on compact subsets
of Hi(a) \ M. For any £ > 0, the set {x : fapr(x) < L} is a compact subset
of Hi(a) \ M.
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(b) There exists b > 0 (depending on M), and for every 0 < ¢ < 1, there exists
to > 0 (depending on M and c) such that for all x € Hi(a) \ M and all
t > to,

(Arfm) () < cfm(x) + 0.

(¢) There exists o > 1 such that for all g € SL(2,R) in some neighborhood of
the identity and all x € Hi(w),

o fm(@) < fulge) < ofa(a).

The proof of Proposition 2.13 consists of Sections 4-10. It is based on
the recurrence properties of the SL(2,R)-action proved by Athreya in [AthO06]
and also on the fundamental result of Forni on the uniform hyperbolicity in
compact sets of the Teichmiiller geodesic flow [For02, Cor. 2.1].

Remark 2.14. In the case M is empty, a function satisfying the conditions
of Proposition 2.13 has been constructed in [EMO01] and used in [Ath06].

Remark 2.15. In fact, we show that the constant b in Proposition 2.13(b)
depends only on the “complexity” of M (defined in Section 8). This is used
in Section 11 for the proof of the following:

PROPOSITION 2.16. There are at most countably many affine invariant
submanifolds in each stratum.

Another proof of Proposition 2.16 is given in [Wril4], where it is shown
that any affine invariant submanifold is defined over a number field.

2.8. Analogy with unipotent flows and historical remarks. In the context
of unipotent flows, i.e., the left-multiplication action of a unipotent subgroup
U of a Lie group G on the space G/T" where I' is a lattice in G, the analogue of
Theorem 2.1 was conjectured by Raghunathan. In the literature the conjecture
was first stated in the paper [Dan81] and in a more general form in [Mar89a]
(when the subgroup U is not necessarily unipotent but generated by unipotent
elements). Raghunathan’s conjecture was eventually proved in full generality
by M. Ratner (see [Rat90b], [Rat90a], [Rat91a] and [Rat91b]). Earlier it was
known in the following cases: (a) G is reductive and U is horospherical (see
[Dan81]); (b) G = SL(3,R) and U = {u(t)} is a one-parameter unipotent
subgroup of G such that u(t) — I has rank 2 for all ¢ # 0, where I is the
identity matrix (see [DM90]); (c) G is solvable (see [Sta87] and [Sta89]). We
remark that the proof given in [Dan81] is restricted to horospherical U and the
proof given in [Sta87] and [Sta89] cannot be applied for nonsolvable G.

However, the proof in [DM90] together with the methods developed in
[Mar89b], [Mar90], [Mar91], [Mar04] and [DM89] suggest an approach for prov-
ing the Raghunathan conjecture in general by studying the minimal invariant
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sets and the limits of orbits of sequences of points tending to a minimal invari-
ant set. This program was being actively pursued at the time Ratner’s results
were announced (cf. [Sha94]).

3. Proofs of the main theorems

In this section we derive all the results of Sections 2.1-2.6 from Theo-
rem 1.3 and Propositions 2.13 and 2.16.

The proofs are much simpler than the proofs of the analogous results in the
theory of unipotent flows. This is related to Proposition 2.16. In the setting of
unipotent flows there may be continuous families of invariant manifolds (which
involve the centralizer and normalizer of the acting group).

3.1. Random walks. Many of the arguments work most naturally in the
random walk setting. But first we need to convert Theorem 1.3 and Proposi-
tion 2.13 to the random walk setup.

Stationary measures. Recall that p is a compactly supported probability
measure on SL(2,R) which is SO(2)-bi-invariant and is absolutely continuous
with respect to Haar measure. A measure v on H1(«) is called u-stationary if
u* v = v, where

kv = / (g+v) dp(g).-
SL(2,R)

Recall that by a theorem of Furstenberg [Fur63b], [Fur63a], restated as
[NZ99, Th. 1.4], u-stationary measures are in one-to-one correspondence with
P-invariant measures. Therefore, Theorem 1.3 can be reformulated as the
following;:

THEOREM 3.1. Any u-stationary measure on Hi(«) is SL(2,R) invariant
and affine.

The operator A,. Let A, : Co(Hi(a)) = Co(Hi(a)) denote the linear
operator

(@) = [ Fgw)dul).

SL(2,R)

LEMMA 3.2. Let faq be as in Proposition 2.13. Then there exists b > 0,
and for any ¢ > 0, there exists ng > 0 such that for n > ng and any x € Hq(a),

(Al fa) (@) < cfm(x) + 0.
Proof. Recall the K AK decomposition:
g = kiatko, g c SL(Q,R), ki,ky € 80(2), teRT.

We may think of ki,t, ks as coordinates on SL(2,R). Since u(™ is SO(2)-
bi-invariant and absolutely continuous with respect to the Haar measure on
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SL(2,R), we have
dp™(g) = K, (t) dm(k1) dm(ks) dt,

where m is the Haar measure on SO(2), and K,, : RT — R is a compactly
supported function satisfying K, (t) > 0, [5° Ky(t) dt = 1. Also, since the top
Lyapunov exponent of the random walk on SL(2,R) given by u is positive, for
any tg > 0 and any € > 0, there exists ng such that for n > ny,

(1) Oto K, (t)dt < e.

We have, since faq is SO(2)-invariant,

@ (1)@ = [ Ka®)(Aufa0) @)

Now let tp be as in Proposition 2.13(b) for ¢/2 instead of ¢. By Proposi-
tion 2.13(c), there exists R > 0 such that

(3) fmagrox) < Rfm(z)  when t < .
Then let ng be such that (1) holds with e = ¢/(2R). Then, for n > ny,

B0() = [ Kalt) (Afan) o)

+ [T K (A ) () dt by (2)

to
to

<, Kn(t)(Rfpm(x)) di

+ /too((c/z)fM(fE) +b) dt by (3) and 2.13(b)
< (¢/2R)Rfam(x) + ((¢/2) fm(z) +b) Dby (1)
=cfm(x) +b. ([l

Notational conventions. Let
n

For x € Hi(«), let 0, denote the Dirac measure at z, and let * denote convo-
lution of measures.
We have the following:

PROPOSITION 3.3. Let N be a (possibly empty) proper affine invariant
submanifold. Then for any € > 0, there exists an open set Q- containing N
with ()¢ compact such that for any compact F C Hi(a) \ N, there exists
ng € N so that for alln > ng and all x € F, we have

(/Z(") % 02)(Qne) < €.
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Proof. Let far be the function of Proposition 2.13. Let b > 0 be as in
Lemma 3.2, and let

Qne=1{p: fv(p) > (b+1)/e}’,

where EY denotes the interior of E.
Suppose F is a compact subset of H; () \N. Let mp=sup{fx(z) : € F}.
Let ng € N be as in Lemma 3.2 for ¢ = 0.5/mp. Then, by Lemma 3.2,

(AL ) () < anfj\/(x) +b<05+b for all n > ng and all z € F.
F

It follows that for ng sufficiently large, for all x € F' and all n > nyg,
(8™ % 85) (fa) < 1+,

Thus for any = € F and L > 0, we have
—(n b + 1
(4) (1" % 0)({p: fn(p) > L}) < ——.

Then (4) implies that (7™ % §,)(Quc) < €. Also, Proposition 2.13(a) implies
that Qur . is a neighborhood of N and

(Qve) ={p: fxvlp) < (b+1)/e}

is compact. O

Proof of Theorem 2.8. Let M be an affine manifold contaning = of mini-
mal dimension. (At this point we do not yet know that M is unique.) Suppose
the assertion of the theorem does not hold. Then there exist a ¢ € C.(Hi(a)),
e >0, x € M and a sequence n; — oo such that

(2 % 62) () — vm(p)| > e.

Recall that the space of measures on #;(«) of total mass at most 1 is compact
in the weak star topology. Therefore, after passing to a subsequence if neces-
sary, we may and will assume that (") % §, — v, where v is some measure on
Hi(a) (which could a priori be the zero measure). Below, we will show that
in fact v is the probability measure v, which leads to a contradiction.

First note that it follows from the definition that v is an p-stationary
measure. Therefore, by Theorem 3.1, v is SL(2, R)-invariant. Also since M is
SL(2,R)-invariant, we get supp(r) C M. The measure v need not be ergodic,
but by Theorem 1.3, all of its ergodic components are affine measures supported
on affine invariant submanifolds of M. By Proposition 2.16 there are only
countably many affine invariant submanifolds of M. Therefore, we have the
ergodic decomposition

(5) v= > anvp,

NCM
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where the sum is over all the affine invariant submanifolds N' C M and ax €
[0, 1]. To finish the proof we will show that v is a probability measure and that
ay =0 for all N/ C M.

Suppose N' C M. (Here we allow N' = ().) Note that x ¢ N (since
dimN < dimM and M is assumed to be an affine manifold containg x of
minimal dimension). We now apply Proposition 3.3 with N/ and the compact
set F' = {x}. We get that for any £ > 0, there exists some ng so that if n > ny,
then (2™ % 6,)((c)¢) > 1 — . Therefore, passing to the limit, we get

v(Qne)) >1—e.

Note that € > 0 is arbitrary. From the case N' = (), we get that v is a
probability measure. Also, for any N' C M, this implies that v(N) = 0.
Hence ay < v(N) =0. O

Proof of Theorem 2.3. Since the space of measures of mass at most 1 on
Hi(a) is compact in the weak-* topology, the statement about weak-* com-
pactness in Theorem 2.3 follows from the others.

Suppose that vy, — v. We first prove that v is a probability measure.
Let Qp . be as in Proposition 3.3 with M = ). By the random ergodic theorem
[Fur02, Th. 3.1}, for almost every x, € N,

(6) Tim (B % 60,)((0)) = vas, ((20,)%)-
Choose x,, such that (6) holds. By Proposition 3.3, for all m large enough
(depending on xy,),

(B % 62, ) () 2 1 — €.

Passing to the limit as n — oo, we get
v((Qpe)) 21 —e.

Since ¢ is arbitrary, this shows that v is a probability measure.

In view of the fact that the v, are invariant under SL(2,R), the same is
true of v. Asin (5), let

v= Z anUN
NCH1(a)

be the ergodic decomposition of v, where ap € [0,1]. By Theorem 1.3, all the
measures va are affine, and by Proposition 2.16, the number of terms in the
ergodic decomposition is countable.

For any affine invariant submanifold N, let

XWN) = U {N" C N : Nis an affine invariant submanifold} .

Let N' C Hi(«) be a submanifold such that v(X(AN)) = 0 and v(N) > 0. This
implies ay = v(N).
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Let K be a large compact set, such that v(K) > (1 — ap/4). Then,
v(KNN) > (3/4)ap. Let € = ap /4, and let Qpr . be as in Proposition 3.3.
Since K NN and ()¢ are both compact sets, we can choose a continuous
compactly supported function ¢ such that 0 < ¢ <1, 9y =1 on K NN and
@ =0o0n ()¢ Then,

v(p) 2 v(KNN) > (3/4)ay.
Since v, (@) — v(¢), there exists ng € N such that for n > nyg,

Un, (@) > an/2.

For each n, let 2, € N, be a generic point for vy, for the random ergodic
theorem [Fur02, Th. 3.1]; i.e.,

(7) Tim (20 %85, () = v, () for all @ € Co(Ha ().
Suppose n > ng. Then, by (7), we get
if m is large enough, then (7™ x &, )(¢) > an/4.
Therefore, since 0 < ¢ <1 and ¢ = 0 outside of /., we get
if m is large enough, then (7™ 3, )(Qe) > an/4.

Proposition 3.3, applied with € = ax//4 now implies that x,, € N which,
in view of the genericity of z,, implies that N,, C N for all n > ng. This
implies ¥(N) = 1, and since v(X(N)) = 0, we get v = vp. Also, since
v(X(N)) = 0, N is the minimal affine invariant manifold which eventually
contains the N,,. O

LEMMA 3.4. Given any ¢ € C.(H1(e)), any affine invariant submanifold
M, and any € > 0, there exists a finite collection C of proper affine invari-
ant submanifolds of M with the following property: if N' C M 1is such that
luar (@) — vaa(p)| > €, then there exists some N € C such that NV C N

Proof. Let ¢ and ¢ > 0 be given. We will prove this by inductively
choosing N’s as follows. Suppose k > 0, and put

Ar = {N C M : N has codimension k in M and |var(¢) — va(p)| > €}
Let B1 = Aj, and define
B, = {N € Ay, : such that N is not contained in any N’ € A, with £ < k}.
CLAIM. By is a finite set for each k.

We will show this inductively. Note that by Corollary 2.5, we have Aj,
and hence B, is a finite set. Suppose we have shown {B;:1<j<k—1}isa
finite set. Let {\;} be an infinite collection of elements in By. By Theorem 2.3,
we may pass to subsequence (which we continue to denote by ;) such that
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vn; — v. Theorem 2.3 also implies that v = vy for some affine invariant
submanifold N and that there exists some jo such that N; C N for all j > jo.
Note that N has codimension ¢ < k — 1.

Since vpn; — vy and Nj € By C Ag, we have |var(@) — vpm(p)] > €.
Therefore, N' € A,. But this is a contradiction to the definition of By, since
N; C N and Nj € By. This completes the proof of the claim.

Now let

C={N: N € By, for 0 < k < dim M}.

This is a finite set that satisfies the conclusion of the lemma. O

Proof of Theorem 2.9. Let ¢ and € > 0 be given, and let C be given by
Lemma 3.4. Write C = {M,...,N;}. We will show that the theorem holds
with this choice of the Nj.

Suppose not. Then there exists a compact subset F' C M\ U?zl/\fj such
that for all mg > 0,

{ e F:|(i™ % 6,)(¢) — vag(p)| > € for some m > mg} # 0.

Let m, — oo and {z,} C F be a sequence such that |(a(™») x &, )(¢) —
vm(p)| > e

Since the space of measures on H;(«a) of total mass at most 1 is compact
in the weak star topology, after passing to a subsequence if necessary, we may
and will assume that (™) % §, — v, where v is some measure on M (which
could a priori be the zero measure). We will also assume that =, — x for
some x € F.

Note that v is SL(2, R)-invariant. Let

v= Z anvN
NCM

be the ergodic decomposition of v, as in (5).

We claim that v is a probability measure and v(N) = 0 for all N € C.
To see this, suppose N € C or N' = () and apply Proposition 3.3 with A" and
F. We get that for any ¢/ > 0, there exists some ng so that if n > ng, then
(™ % 6,)((Qn.r)¢) > 1 — ¢ for all y € F. Therefore, passing to the limit, we
get

v((Qe)) >1-¢

Since ¢/ > 0 is arbitrary, this implies that v is a probability measure and
v(N) = 0. The claim now follows since C is a finite family.

The claim and Lemma 3.4 imply that |v(¢) — vam(p)| < e. This and the
definition of v imply that |(Z(™) %8, )(p) —vm(p)| < € for all large enough n.
This contradicts the choice of x,, and m,, and completes the proof. O
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The only properties of the measures (™) which were used in this subsection
were Proposition 3.3 and the fact that any limit of the measures (™ * d, is
SL(2,R) invariant. In fact, we proved the following theorem, which we will
record for future use:

THEOREM 3.5. Suppose {m; : t € R} is a family of probability measures
on SL(2,R) with the following properties:

(a) Proposition 3.3 holds for 1, instead of i\ (and t instead of n).
(b) Any weak-+ limit of measures of the form m, * 05, as t; — oo is SL(2,R)-
nvartant.

Then,

(i) (c¢f Theorem 2.8). Suppose x € Hi(c), and let M be the smallest affine
invariant submanifold containing x. Then for any ¢ € C.(H1(w)),

Jim (e + 02)(9) = vaa(p)-

(ii) (c¢f. Theorem 2.9). Let M be an affine invariant submanifold. Then for
any ¢ € C.(Hi()) and any € > 0, there are affine invariant submanifolds
Ni, ..., Ny properly contained in M such that for any compact subset F C
M\ (U§:1A/}), there exists Ty so that for all T > Ty and any x € F,

|(ne * 62) () —vm(p)] < e.

3.2. FEquidistribution for sectors. We define a sequence of probability mea-
sures ¥; on SL(2,R) by

1 t 1 27
(@) = t/o 27r/0 p(asrg) df ds.

More generally, if I C [0,27] is an interval, then we define

1 rt1
Ve1(p) = 7/ —/go(asr@)dads.
tJo |I|J1
We have the following:

PROPOSITION 3.6. Let N be a (possibly empty) proper affine invariant
submanifold. Then for any € > 0, there exists an open set Q- containing N
with (Qnr )¢ compact such that for any compact F C Hq(ca) \ N, there exists
to € R so that for all t > ty and all x € F', we have

(V0.1 % 6,) () < e

Proof. This proof is virtually identical to the proof of Proposition 3.3. It is
enough to prove the statement for the case I = [0, 27]. Let far be the function
of Proposition 2.13. Let b > 0 be as in Proposition 2.13(b), and let

Que=1{p: fv(p) > (b+1)/e}’,

where EY denotes the interior of E.
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Suppose F is a compact subset of H; () \N. Let mp=sup{fx(z) : € F}.
By Proposition 2.13(b) with ¢ = ﬁ, there exists ¢; > 0 such that

1
(Aefnv)(x) < — fn(z) +0<1+0b for allt > t; and all z € F.
mp

By Proposition 2.13(a) there exists R > 0 such that fy(aiz) < Rfa(x) for
0 <t <t;. Now choose ty so that t1 R/ty < mp/2. Then, for t > t,

) in) = 7 [ (Ao ds =1 [ (Apods+; [ An)was

%f/\/(x) + <%f/\/(9ﬁ) + b) <mpfn(x)+b<1+b.

Thus for any = € F, t > tg and L > 0, we have

(8) (Ut +02)({p : far(p) > L}) < (b+ 1)/ L.

Then (8) implies that (¢ * 0;)(Qne) < €. Also, Proposition 2.13(a) implies
that Q¢ is a neighborhood of A and

Q) =A{p: frv(p) < (b+1)/e}

is compact. ([l

IN

LEMMA 3.7. Suppose t; — 00, x; € Hi(a), and V¢, 1 %05, = v. Then v is
invariant under P (and then by Theorem 1.3 also invariant under SL(2,R)).

Proof. Let A denote the diagonal subgroup of SL(2,R), and let U = ({ 1).

From the definition it is clear that v is A-invariant. We will show it is also

U-invariant; indeed, it suffices to show this for u, = ({§) with 0 < s < 1.

First note that for any 0 < 6 < 7/2, we have

cos 6 0
(9) T9 = g9 Utang, Where gy = ( sinf 1/cosf ) '

Therefore, for all 7 > 0, we have a,gga ! = ( 6_5355?n9 1 /3089) . We have

(10) UrTg = QrGoltang = QrGo, Ue2r tanp Gr-

Fix some 0 < s < 1, and define s, by " tans, = s. Then, (10) becomes

(11) arrs. = (args, a7 Huga,.

For any ¢ € C.(Hi(e)) and all z, we have

(12)

(P(uSaTTt‘)x)_QO(aTTOx) = ((,O(US(J,TT’9$)—QD((ITT’9+ST.T))+(<,0(CL7—7’9+ST x)_SD(C"TTQx))'
We compute the contribution from the two parentheses separately. Note that
terms in the first parenthesis are close to each other thanks to (11) and the

definition of s,. The contribution from the second is controlled as the integral
over I and a “small” translate of I are close to each other.
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We carry out the computation here. First note that s, — 0 as 7 — oc.
Furthermore, this and (9) imply that a,gs.a-' tends to the identity matrix as
7 — o0o. Therefore, given ¢ > 0, thanks to (11) and the uniform continuity of
, we have

|o(usarroz) — p(arrpys x)| <&

for all large enough 7 and all € H;(«). Thus, for large enough n (depending
on ¢ and ¢), we get

1 [t 1
(13) —/ — / |p(usarron) — @(arross,. xn)|dfdr < 2e.
tnJo | J1

As for the second parentheses on the right side of (12), we have

1 tn 1
/0 = [ (plarrops, xn) — plarroxy)) d dr

tn I Jr
1 tn|1 1 C, [t
< [Tn [ larrpenan - o [ otarrgra) do|ar < $2 [T s ar
tn Jo \f\ I+s, W 1 tn Jo
C/
< Tﬂ"’ since s, = 0(6727), and thus the integral converges.
n

This, together with (13) and (12), implies |v(usp) — v(p)| < 2¢; the lemma
follows. g

Now in view of Proposition 3.6 and Lemma 3.7, Theorems 2.6 and 2.7
hold by Theorem 3.5.

3.3. Equidistribution for some Fglner sets. In this subsection, we prove
Theorems 2.10 and 2.11. These theorems can be easily derived from Theo-
rems 2.6 and 2.7, but we choose to derive them directly from Theorem 3.5.

Fix r > 0, and define a family of probability measures A, on SL(2,R) by

1 t T
Air(p) = 7’15/0 /0 o(arus)dsdr.

The supports of the measures ), form a Fglner family as ¢ — oo (and
r is fixed). Thus, any limit measure of the measures A, , * d,, is P-invariant
(and thus SL(2, R)-invariant by Theorem 1.3). Therefore, it remains to prove

PROPOSITION 3.8. Let N be a (possibly empty) proper affine invariant
submanifold. Then for any € > 0, there exists an open set Q. containing N
with (Qr )¢ compact such that for any compact F C Hi(co) \ N, there exists
to € R so that for all t >ty and all x € F', we have

(At x02) (v e) < €.
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Proof. 1t is enough to prove the statements for r = tan0.01. As in the
proof of Lemma 3.7, we may write

T = goUtan o
and thus
_ -1 _ -1 -1
QtUtang = AtGy To = (atgg ay )at?”e'

Let I = (0,0.01). Note that a;g, ‘a; ' remains bounded for § € I as t — ooc.
Also, the derivative of tan is bounded between two nonzero constants for
0 € I. Therefore, by Proposition 2.13(c), for all ¢ and =z,

(At * 02)(fn) < C(¢1 % 02)(f)s

where C' depends only on the constant o in Proposition 2.13(c). Therefore, for
all t and x,

(At 02) (far) < C' (0 % 02) (fv),
where C’ = C'/|I|. Now let

Qe ={p: fv(p) > C(b+1)/e}°.

The rest of the proof is exactly as in Proposition 3.6. ([

Now Theorems 2.10 and 2.11 follow from Theorem 3.5.
3.4. Proofs of Theorems 2.1, 2.2 and 2.12.

Proof of Theorem 2.1. This is an immediate consequence of Theorem 2.10.
O

Proof of Theorem 2.2. Suppose A C Hi(«) is a closed P-invariant subset.
Let Y denote the set of affine invariant manifolds contained in A, and let Z
consist of the set of maximal elements of Y (i.e., elements of Y which are not
properly contained in another element of Y'). By Theorem 2.1,

A= UN=UWN
Ney Nez

We now claim that Z is finite. Suppose not. Then there exists an infinite
sequence N, of distinct submanifolds in Z. Then by Theorem 2.3, there exists
a subsequence N, such that VN, = VA, Where N is another affine invariant
manifold which contains all but finitely many Nnj. Without loss of generality,

we may assume that N, C N for all j.
Since vy, — v/, the union of the NV,,; is dense in V. Since N,,; C A and
A is closed, /\/‘] C A. Therefore, N € Y. ButN C N, and thereforeN ¢ 7.
This is a contradiction. O
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Proof of Theorem 2.12. This is a consequence of Theorem 2.6; see [EMO1,
§83-5] for the details. See also [EMMOG6, §8] for an axiomatic formulation and
an outline of the argument.

We note that we do not have a convergence theorem for averages of the

form
1 27

tliglo% ; o(agrgz) do

and therefore we do not know that, e.g., assumption (C) of [EMMO06, Th. 8.2]
is satisfied. But by Theorem 2.6, we do have convergence for the averages

1 t 1 2w
lim — —/ p(asrgx) d ds.
t—oo t 0 2 0
Since we also have an extra average on the right-hand side of Theorem 2.12,
the proof goes through virtually without modifications. U

4. Recurrence properties

Recall that for a function f : H;(a) — R,
1 2T

(A f)(x) = flagroz).

=5/,
THEOREM 4.1 ([EMO1] and [Ath06]). There exists a continuous, proper,
SO(2)-invariant function u : Hi(a) — [2,00) such that
(i) there exists m € R such that for all x € Hq(a) and all t > 0,
(14) e Mu(z) < u(apr) < e™u(x);

(i) there exist constants to > 0, 77 > 0 and b > 0 such that for all t > to and
all z € Hi(a), we have

(15) Apu(z) < éu(x) +b, with &= e ™,

We state some consequences of Theorem 4.1, mostly from [Ath06]:

THEOREM 4.2. For any p > 0, there exists a compact K, C Hi(a) such
that for any SL(2, R)-invariant probability measure v,

v(K,) >1—p.

Proof. The fact that this follows from Theorem 4.1 is well known and can
be extracted, e.g., from the proof of [EM04, Lemma 2.2]. For a self-contained
argument, one may use Lemma 11.1 in the present paper with ¢ = e ™,

¢ = co(0) and tg sufficiently large so that e~ < ¢, to obtain the estimate

/ u(z)dv(z) < B,
Hi(c)
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where B depends only on the constants of Theorem 4.1. This implies that

v({z: u(z) > B/p}) < p,
as required. O

THEOREM 4.3. Let K, be as in Theorem 4.2. Then, if p > 0 is sufficiently
small, there exists a constant m” > 0 such that for all © € Hi(a), there exist
0 € [0,27] and 7 < m"logu(z) such that ' = a,rgx € K,,.

Proof. This follows from [Ath06, Th. 2.2], with § = 1/2. O

THEOREM 4.4. For z € Hi(a) and a compact set K, C Hi(a), define
Zi(t) ={0 € [0,2n] : [{7 € [0,1] : a;rgz € K.}| > t/2}

and
I(t) = [0, 2] \ T4 (1)

Then, there exist some 1 > 0, a compact subset K, and constants Ly > 0 and
no > 0 such that for any t > 0,

(16) if logu(x) < Lo + not, then |To(t)] < e~ ™,

Theorem 4.4 is not formally stated in [Ath06], but it is a combination of
[Ath06, Th. 2.2] and [Ath06, Th. 2.3]. (In the proof of [Ath06, Th. 2.3], one
should use [Ath06, Th. 2.2] to control the distribution of 7y.)

5. Period coordinates and the Kontsevich-Zorich cocycle

Let ¥ C M denote the set of zeroes of w. Let {y1,...,7} denote a Z-basis
for the relative homology group Hi(M,%,Z). (It is convenient to assume that
the basis is obtained by extending a symplectic basis for the absolute homology
group Hy(M,Z).) We can define a map ® : H(a) — C* by

@(M,w)z(/%w,...,/%w).

The map ® (which depends on a choice of the basis {v1,...,7}) is a local
coordinate system on (M, w). Alternatively, we may think of the cohomology
class [w] € HY(M,%,C) as a local coordinate on the stratum H(a). We will
call these coordinates period coordinates.

The SL(2, R)-action and the Kontsevich-Zorich cocycle. We write ®(M,w)
as a 2 x n matrix z. The action of g = (2Y) € SL(2,R) in these coordinates is
linear. Let Mod(M, ¥) be the mapping class group of M fixing each zero of w.
We choose some fundamental domain for the action of Mod(M, ), and we



ISOLATION, EQUIDISTRIBUTION AND ORBIT CLOSURES 691

think of the dynamics on the fundamental domain. Then, the SL(2,R) action
becomes

1 ... Xp a b 1 ... Ip
= — = A y L)y
’ <y1 yn> 7 (c d) (y1 yn> (9.2)

where A(g,x) € Sp(2g,Z) x R*! is the Kontsevich-Zorich cocycle. Thus,
A(g,z) is the change of basis one needs to perform to return the point gx
to the fundamental domain. It can be interpreted as the monodromy of the
Gauss-Manin connection (restricted to the orbit of SL(2,R)).

6. The Hodge norm

Let M be a Riemann surface. By definition, M has a complex structure.
Let Hps denote the set of holomorphic 1-forms on M. One can define Hodge
inner product on Hps by

{ _
<wﬂ7>=§/ w A1).
M

We have a natural map r : H'(M,R) — H,; which sends a cohomology class
A € HY(M,R) to the holomorphic 1-form 7()\) € Hj, such that the real part of
r(A) (which is a harmonic 1-form) represents A. We can thus define the Hodge
inner product on H*(M,R) by (A1, A2) = (r(\1),7(A2)). We have

(A1, A2) :/ A1 A *Ag,
M

where * denotes the Hodge star operator, and we choose harmonic represen-
tatives of A1 and *Ay to evaluate the integral. We denote the associated norm
by || - [[as. This is the Hodge norm; see [FK80].

If v = (M,w) € Hi(a), we will often write ||- || to denote the Hodge norm
| - |lar on H'(M,R). Since || - ||» depends only on M, we have ||A||lxe = |||l
for all A € HY(M,R) and all k € SO(2).

Let E(x) = span{R(w),J(w)}. (Many authors refer to E(x) as the “stan-
dard space”.) We let p: H(M, %, R) — H'(M,R) denote the natural projec-
tion; using this map, p(E(x)) C HY(M,R). For any v € E(z) and any point
y in the SL(2,R) orbit of =, the Hodge norm |jv||, of v at y can be explicitly
computed. In fact, the following elementary lemma holds:

LEMMA 6.1. Suppose x € Hi(a), g = (gl as2) € SL(2,R),

v =up(R(w)) + v2p(I(w)) € p(E(x)).

(17) (w ouz )=(w v )( an a )‘1.

a1  G22
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Then,
(18) [vllge = [luf + u3]|"/.
Proof. Tet
(19)  a=aupR(w)) +a12p(Iw)),  c2 =anp(R(w)) + azp(I(w)).

By the definition of the SL(2,R) action, ¢; + icg is holomorphic on gz. There-
fore, by the definition of the Hodge star operator, at gz,

*C1 = Co, *Cy = —C1.
Therefore,
||Cl||52]$ =c1 A*cp = c1 A ez = (det g)p(R(w)) Ap(J(w)) =1,
where for the last equality we used the fact that = € H;(«). Similarly, we get

(20) leillge =1, lleallge =1, (c1,2)ga = 0.
Write
v =v1p(R(w)) + v2p(J(w)) = urc1 + ugco.
Then, in view of (19), u; and ugy are given by (17). Equation (18) follows from
(20). O

On the complementary subspace to p(E(x)), there is no explicit formula
comparable to Lemma 6.1. However, we have the following fundamental result
due to Forni [For02, Cor. 2.1] (see also [FMZ14, Cor. 2.1]):

LEMMA 6.2. There ezists a continuous function A : Hi(a) — (0,1) such
that for any ¢ € HY(M,R) with cAp(E(x)) = 0, any x € Hi(a) and any t > 0,
we have

leloe™ ) < lellae < flellae™ ),

where Bi(z) = [3 A(arz)dr. .

Let Z;(t) and Zy(t) be as in Theorem 4.4. Now compactness of K, and
Lemma 6.2 imply that

(21) there exists 72 > 0 such that for all € H;(«),
if t > tg and 0 € Z;(t), then Bi(rox) < (1 —n2)t.

7. Expansion on average of the Hodge norm

Recall that p : H'(M,%,R) — H'(M,R) denotes the natural projection.
Let M; be an affine invariant suborbifold of H;(«), and let M = RM; be
as above. Then M is given by complex linear equations in period coordinates
and is GL(2, R)-invariant. We let L denote this subspace in H'(M, ¥, R).
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Recall that H' (M, R) is endowed with a natural symplectic structure given
by the wedge product on de Rham cohomology and also the Hodge inner
product. It is shown in [AEM15] that the wedge product restricted to p(L) is
nondegenerate. Therefore, there exists an SL(2, R)-invariant complement for
p(L) in H'(M,R), which we denote by p(L)*.

We will use the following elementary lemma with d = 2, 3:

LEMMA 7.1. Let V be a d-dimensional vector space on which SL(2,R)
acts irreducibly, and let || - || be any SO(2)-invariant norm on V. Then there
exists 0p(d) > 0 (depending on d) such that for any § < do(d), any t > 0 and

anyv €V,
1 /27 df e~ kat
7/ ) < 6’
2r Jo  lagrev|l® — [|v

Proof. This is essentially the case G = SL(2,R) of [EMM98, Lemma 5.1].
The exponential estimate in the right-hand side is not stated in [EMM98,
Lemma 5.1] but follows easily from the proof of the lemma. O

where kq = kq(5) > 0.

The space H'(x) and the function 1,. For x = (M, w), let
H'(z) ={ve H(M,C):vApw)+pw) AT =0}
We have, for any = = (M,w),
HY(M,C) = Rp(w) ® H'(z).

(Here and below, we are considering H'(M,C) as a real vector space.) For
v e HY(M,C), let

v
Y (v) = ”’v/w’z, where v = Ap(w) + v/, A € R, v € H'(x).

Then v, (v) > 1, and ¥, (v) is bounded if v is bounded away from R p(w).

7.1. Absolute cohomology. Fix some d < 0.1 min(ny,n2,00(2),00(3)). For
g= (%Y%) and v e HY(M,C), we write

(22) gv =aR(v) +bI(v) +i(cR(v) +dI(v)).

LEMMA 7.2. There exists Cy > 1 such that for all x = (M,w) € Hi(a),
allt >0 and all v € H' (M, C), we have

27 U(S/Qlil’
(29) 1/0 ( do Smin( Co  u(v) (,t)>7

o a9Vl ayrge )2/ [REE

where
(a) k(z,t) < Co for all x and all t; and
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(b) there exists n > 0 such that
k(z,t) < Coe ™, provided log u(x) < Lo + not,
where the constants Lo and ng are as in Theorem 4.4.
Proof. For x = (M,w) € Hi(a), we have an SL(2, R)-invariant and Hodge-
orthogonal decomposition
HI(M,R) = p(E(x)) & H (M, R)*,
where E(x) = span{R(w),J(w)} and
HYM,R)t(z) = {c € HY(M,R) : ¢ A p(E(z)) = 0}.

For a subspace V C H'(M,R), let Vo € H'(M, C) denote its complexification.
Then, we have

(24) H'(M,C) = p(E(x))c®H" (M,R)g ().
Note that H'(M,R)&(z) C H'(x). We can write
v =Aw+u+w,

where A € R, u € p(E(z))c N H'(z), w € HY(M,R){ (). Since u € p(E(z))c,
we may write

u = u11 p(Rw)) + w2 p(I(w)) + i(u21 p(R(w)) + u22 p(I(w))).
Since u € H'(x),
(25) u11 + ug2 = 0.

Recall that the Hilbert-Schmidt norm || - ||gs of a matrix is the square root of
the sum of the squares of the entries. Then,

(26)
(laere (p(w) + ) larrya)?

(airp) (A Fua ) (arrg) ™"

u91 A+ U

(o) (“ “) (arg) ™

U21  U22

2

by Lemma 6.1 and (22)

HS
2

=\ 4+ by (25).

HS

Since the decomposition (24) is Hodge orthogonal, it follows that for all ¢ and
all 0,

(27) (lasrovllasree)?® = X + (lasroullagrga)® + (larrowl|agryz)?.
By (26), (25) and Lemma 7.1,
1 [27 do
28 —/ < e kst||y 2/2,
3) 2w o (gl =€ 1
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where k3 > 0. We now claim that

1 2 de Ko(x,t)
29 - / < ,
29) 2w b Targul? = TulP?

where for some absolute constant C' > 0 and 1 > 0, and for Ly and 79 as in
Theorem 4.4, we have

(30) {Hz(x,t) <C for all z € Hi(a),t >0,
K2

(x,t) < Ce ™ provided logu(x) < Lo + not.
Assuming (29) and (30), we have

1 /27f dé
21 Jo  (llargv|largx)®/?

1 /2” . ( 1 1 1 >
< — min , , do by (27
=2 Jy N7 Marroularge)" (larrowlamse) 72 v (27)
< i ( 1 1 /% do 1 /QW do )
mn | ——, — y —
= 2221 Jo (largullase)? 27 Jo - (arrow]lagree)?/?
1 emt ky(x t))
< min , , ’ by (28) and (29).
<W2 lull?? [Jw]) 2

Since we must have either A > ||v||5/3, or |[ullz > ||v||z/3 or |Jw|lz > ||v]+/3,
we have for all z, t,

'n( 1 ekt /ig(ﬂt,i)) < 39/2 max(1, e ¥t ko(z, 1)) < Co

NPl wl]|y 52 )

o]l

where for the last estimate, we used the fact that both k3 and ko are bounded
functions. Also, we have |lu + w|; = ¥.(v)7|lv|ls, hence either |jul, >
Ve (V) Hv||le/2 or [|w||e > e (v) "t v||le/2, and therefore, for all z, t,

m< L Hz(mﬂf))swzw)é/?max(e-kgf,mg<x,t>>

6/2’ 6/2’ g g
NPl ol

_ $a(v)"?h(x,t)
RES
Therefore, (23) holds. This completes the proof of the lemma, assuming (29)
and (30).
It remains to prove (29) and (30). Let Lo and 79 be as in Theorem 4.4, and

suppose log u(x) < Lo+ not. Recall that Z;(¢) and Z»(t) are defined relative to
the compact set K, in Theorem 4.4. We have

|w|

/% df B / do . do
0 (larowllame=)’"  Jri) (larowllarge)®? ~ Jra(t) (larrowllagye)®?
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Using (16) and Lemma 6.2, we get

/ df e~mtedt/2

< .
Ta(t) (Hatr@w||atrem)5/2 = |wl|o/?
Also,

/ do
i (t) (”atr@w||at7’ez)6/2

do
< since ]| > [|9(2)]
i (t) (H%(aﬁ@w)naﬁe»’f?)éﬂ
df
= by (22)
/Il(t) (le'R(row)lasres)®/?
e—(l—ﬁt(’r‘gx))dt/Q
< / 573 by Lemma 6.2
i) ||R(rew)||z
2w
< 6—772515/2/ diem by (21)
0 [[R(row)|
_ o2t/ / do
0 | cos @R (w) + sin 0 I(w)|| Y
026—7725t/2
< = since the integral converges.
lwl]®/2

These estimates imply (29) and (30) for the case when logu(z) < Lo + not. If
x is arbitrary, we need to show (29) holds with ka(x,t) < C. Note that
larrowllairoz > [ R(arrow)l|acrya since ||z]| > [R(2)]
= |le*(cos O R(w) + sin 0 J(w))||aprpz by (22)
= €| cos 0 R(w) + sin 0 T(w) || ayrpz
> || cos 0 R(w) + sin b I (w)||» by Lemma 6.2.

Therefore,

1/271' do <1/27r do
2m Jo  (llarowllasres)®? ~ 27 Jo ||cos€9‘{(w)+sin93(w)\|g/2

C
725/2 since § < 0.1 and the integral converges.
[[w][
This completes the proof of (29) and (30) for arbitrary x. O

7.2. The modified Hodge norm. For the application in Section 7.3, we will
need to consider a modification of the Hodge norm in the thin part of moduli
space.
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The classes cq, *Cq. Let a be a homology class in Hi(M,R). We can
define the cohomology class *c, € H'(M,R) so that for all w € H'(M,R),

/w:/ w A *Cq.
a M

/ xcq N xcg = I(a, B),
M

where I(-,-) denotes algebraic intersection number. Let * denote the Hodge
star operator, and let

Then,

Ca = ¥ H(xcqa).

Then, for any w € H'(M,R), we have

<w,ca>:/ w/\*ca:/w,
M a

where (-, -) is the Hodge inner product. We note that xc, is a purely topological
construction which depends only on «, but ¢, depends also on the complex
structure of M.

Fix e, > 0 (the Margulis constant) so that any two curves of hyperbolic
length less than e, must be disjoint.

Let o denote the hyperbolic metric in the conformal class of M. For a
closed curve o on M, ¢, (o) denotes the length of the geodesic representative
of a in the metric o.

We recall the following:

THEOREM 7.3 ([ABEM12, Th. 3.1]). For any constant D > 1, there exists
a constant ¢ > 1 such that for any simple closed curve a with £, (o) < D,

(31) L0a0)2 < lleall < cla(0)'".

Furthermore, if £, (0) < e« and 3 is the shortest simple closed curve crossing «,
then

1 _ _
~a(0) 2 < g < clalo) M2,

Short bases. Suppose (M,w) € Hi(a). Fix 1 < e, and let oy, ..., ax be
the curves with hyperbolic length less than €y on M. For 1 <1i¢ < k, let 5; be
the shortest curve in the flat metric defined by w with i(ay, 5;) = 1. We can
pick simple closed curves v,, 1 < r < 29 — 2k on M so that the hyperbolic
length of each ~, is bounded by a constant L depending only on the genus,
and so that the o, 3; and 7; are a symplectic basis S for Hy(M,R). We will
call such a basis short. A short basis is not unique, and in the following we fix
some measurable choice of a short basis at each point of H;(«).

We now define a modification of the Hodge norm, which is similar to
the one used in [ABEM12]. The modified norm is defined on the tangent
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space to the space of pairs (M,w), where M is a Riemann surface and w is a
holomorphic 1-form on M. Unlike the Hodge norm, the modified Hodge norm
will depend not only on the complex structure on M but also on the choice of
a holomorphic 1-form w on M. Let {as, B, Vr b1<i<k,1<r<24—2k be a short basis
for z = (M, w).

We can write any 6 € H'(M,R) as

k k 29—2k
(32) 0= ai(vca,) + 3 bila,(0) P (xcg) + D wilxey,).
=1 =1 r=1

We then define

k k 2g—2k
(33) 10115 = 1161l + (Z lail + > [bil + > \wl) :
i=1 i=1 r=1

We note that || - || depends on the choice of short basis; however, switching
to a different short basis can change || - ||”
constant depending only on the genus. To manage this, we use the notation
A =~ B to denote the fact that A/B is bounded from above and below by
constants depending on the genus.

From (33), for 1 < i < k, we have

by at most a fixed multiplicative

(34) a7 ~ 1.

Similarly, we have

1
lo; ()12
In addition, in view of Theorem 7.3, if v is any other moderate length curve on
M, then || xcy ||} = || *¢y||z = O(1). Thus, if B is a short basis at z = (M,w),
then for any v € B,

(35) I xegllz = || x|z =

(36) Bxty ()2 & [|xcy ]| < xey]".
y BExt,(x) we mean the extremal length of v in M, where z = ,Ww).
By Ext., h I length of v in M, wh M

Remark. From the construction, we see that the modified Hodge norm is
greater than the Hodge norm. Also, if the flat length of shortest curve in the
flat metric defined by w is greater than €1, then for any cohomology class A,
for some C' depending on ¢ and the genus,

(37) IAI" < ClIAI;

i.e., the modified Hodge norm is within a multiplicative constant of the Hodge
norm.
From the definition, we have the following:



ISOLATION, EQUIDISTRIBUTION AND ORBIT CLOSURES 699

LEMMA 7.4. There exists a constant C' > 1 depending only on the genus
such that for any t >0, any x € Hi(a) and any A € H'(M,R),
Cle M7 < IMlg,e < Ce* (A5

atr =

Proof. From the definition of || - ||”, for any = € H1(«),
(38) CTHAe < M < Crlngp ()™M,

where C' depends only on the genus and #,y,(x) is the hyperbolic length of
the shortest closed curve on z. It is well known that for very short curves,
the hyperbolic length is comparable to the extremal length; see, e.g., [Mas85].
It follows immediately from Kerckhoff’s formula for the Teichmiiller distance
that

e 2 Ext, (z) < Ext,(a2) < * Ext,(z).
Therefore,
(39) 026_2t€hyp(x) < lhyp(agz) < CZ@QtEhyp(x)a

where (5 depends only on the genus. Now the lemma follows immediately
from (38), (39) and Lemma 6.2. O

One annoying feature of our definition is that for a fixed absolute cohomol-
ogy class A, ||A||” is not a continuous function of z, as z varies in a Teichmiiller
disk, due to the dependence on the choice of short basis. To remedy this,
we pick a positive continuous SO(2)-bi-invariant function ¢ on SL(2,R) sup-
ported on a neighborhood of the identity e such that fSL(ZR) #(g)dg =1, and
we define

AL =N+ [ Xl 6(9) do.
SL(2,R)

Then, it follows from Lemma 7.4 that for a fixed A, log|[A||} is uniformly
continuous as x varies in a Teichmiiller disk. In fact, there is a constant myg
such that for all x € Hi(a), all A € HY(M,R) and all ¢ > 0,

(40) e A < 1M la,e < €™ IA

Remark. Even though || - ||%. is uniformly continuous as long as x varies in
a Teichmiiller disk, it may be only measurable in general (because of the choice
of short basis). In the end, this causes our function fus of Proposition 2.13 to
be discontinuous.

7.3. Relative cohomology. For c € HY(M,%,R) and = = (M, w) € Hi(a),
let p,(c) denote the harmonic representative of p(c), where p : H'(M, %, R) —
H'(M,R) is the natural map. We view p,(c) as an element of H*(M, %, R).
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Then, (similarly to [EMR12]) we define the Hodge norm on H!'(M, X, R) as

lell = llp(e)lz + >

(2,2/)€XXE

(¢ = pz(c))

Vz,2!

)

where 7, . is any path connecting the zeroes z and 2z’ of w. Since ¢ — p(c)
represents the zero class in absolute cohomology, the integral does not depend
on the choice of v, ,». Note that the || - ||’ norm on H'(M, ¥, R) is invariant
under the action of SO(2).

As above, we pick a positive continuous SO(2)-bi-invariant function ¢ on
SL(2,R) supported on a neighborhood of the identity e such that fSL(Q,R) #(g) dg
=1, and we define

(41) e = [ T 0(0) do

5

Then, the ||| norm on H!(M, ¥, R) is also invariant under the action of SO(2).

Notational warning. If X is an absolute cohomology class, then ||\l de-
notes the Hodge norm of X at x defined in Section 6. If, however, A is a relative
cohomology class, then ||A||, is defined in (41). We hope the meaning will be
clear from the context.

We will use the following crude version of Lemma 6.2. (Much more accu-
rate versions are possible, especially in compact sets; see, e.g., [EMR12].)

LEMMA 7.5. There exists a constant m’ > mqg > 0 such that for any
r € Hi(a), any A € HY(M, %, R) and any t > 0,

M e < [Mlare < €™ A -

Proof. We remark that this proof fails if we use the standard Hodge norm
on absolute homology. It is enough to prove the statement assuming 0 < ¢ < 1,
since the statement for arbitrary ¢ then follows by iteration. It is also enough
to check this for the case when p(\) = *c,, where v is an element of a short
basis.

Let ai,...,a, be the curves with hyperbolic length less than ;. For
1 < k <, let Bk be the shortest curve with i(ag, 8x) = 1, where i(-,-) denotes
the geometric intersection number. Let v,, 1 < r < 2g—2k be moderate length
curves on M so that the o, 5; and 7; are a symplectic basis S for Hy(M,R).
Then § is a short basis for x = (M, w).

We now claim that for any curve v € S and any 1, 7,

*C
[ =

]

(42) < Ol * 4l7

where C' is a universal constant and (;; is the path connecting the zeroes z;
and z; of w and minimizing the hyperbolic distance. (Of course since *7 is
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harmonic, only the homotopy class of (;; matters in the integral on the left-
hand side of (42)).

It is enough to prove (42) for the oy and the ;. (The estimate for other
v € S follows from a compactness argument. )

We can find a collar region around «y, as follows: take two annuli

{20 1> 2] > [tV2} and {wy : 1> wy > [t]'/?},

and identify the inner boundaries via the map wy = t/z. (This coordinate
system on the neighborhood of a boundary point in the Deligne-Mumford
compactification of the moduli space of curves is used in, e.g., [Mas76], [Wol03,
§3], also [Fay73, Chap. 3], [For02], and elsewhere. For a self-contained modern
treatment, see [HK14, §8].) The hyperbolic metric ¢ in the collar region is
approximately |dz|/(|z||1log|z||). Then ¢4, (c) ~ 1/|logt| where, as above,
A =~ B means that A/B is bounded above and below by a constant depending
only on the genus. (In fact, we choose the parameters t; so that ¢y, (0) =
1/[logt|.)

By [Fay73, Chap. 3], any holomorphic 1-form w can be written in the
collar region as

(aO(Zk +ti/ 2k, th) + a2 +;k/zk’tk)) dzy,
k

where ag and a; are holomorphic in both variables. (We assume here that the

limit surface on the boundary of Teichmiiller space is fixed; this is justified by

the fact that the Deligne-Mumford compactification is indeed compact, and

if we normalize w by fixing its periods along ¢ disjoint curves, then in this

coordinate system, the dependence of w on the limit surface in the boundary

is continuous.) This implies that as ¢ — 0,

w = (Z@ + h(zk) + O(tk/zl%)) dzy,

where h is a holomorphic function which remains bounded as t; — 0, and
the implied constant is bounded as t; — 0. (Note that when |zx| > [tx|'/?,
|tr/z2] < 1.) Now from the condition Ja, *¢s, = 1, we see that on the collar of
Ctj,

43 vcpe = (5 () + O(t5/22) ) dz;

(43) e+ = Gz, ki(25) +O(t;/27) | dzj,

where the hy; are holomorphic and bounded as t; — 0. (We use the notation
dk; = 1if k = j and zero otherwise.) Also from the condition [; *cq, =1, we
have

. i Okj
(44) Cop %oy = o <Z] + skj(z5) + O(tj/z;f)) dzj,
J J

where sj; also remains holomorphic and is bounded as t; — 0.
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Then, on the collar of «;,

5
*Coyp = |lo;;ktj|dlog |2j|*> + bounded 1-form

’ [ e

and thus,

= 0(1).

3

Also, on the collar of o,

5
*Cg, = ﬁd arg |z;| + bounded 1-form

‘/ *Cgk
Gij

J

and so

= 0(1).

By Theorem 7.3,

”//

I capll” ~O1)  and | xep|” ~ || * el = ba,(0)'* > 1.

Thus, (42) holds for xcg, and *c,,, and therefore for any v € S. By the
definition of || - ||”, (42) holds for any A € H*(M,%,R). For 0 <t < 1, let 6;
denote the harmonic representative of p(A) on gix. Then, for 0 <t < 1,

IAlgea = lP(M) 15, + Z

< Cllp(A +Z | +Z | by (40)
< CIAlL+ 3 / (60 — o)
i |77
< CIAG + S (el + IIp()I12) by (42)
Y]
< C"|AG by (40).

In the above computation we have identified the basis at time 0 and time

€ [0,1]. This is justified since the change of basis from z to a;x for t €
[0,1] only involve Dehn twists along the short curves c;’s. This only effects
the above computations for xcg,. However, the number of twists needed is at
most £q, (0)~Y/2, which in view of Theorem 7.3 is controlled by the Hodge
norm of *cg,. Therefore, there exists m’ such that for 0 < ¢ < 1 and any
A€ HY(M, X, R),

Mlgee < €™z

This implies the lemma for all £. O
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In the sequel we will need to have a control of the matrix coefficients of
the cocycle. Let € Hi(a) and t € R. We let A(x,t) = A(z,a;) denote the
cocycle. Using the map p above, we may write

(45) Al 1) = ( é g((if)) )

(Note that since we are labelling the zeroes of w, the action of the cocycle on
ker p is trivial.)
The following is an immediate corollary of Lemma 7.5:

LEMMA 7.6. There is some m’ € N such that for all x € Hi(a) and all
t € R, we have
U (. )| < e,
where

[pz(c) = paz(c)]
46 Uz, t)]| = sup .
46) 1z o)l ceH(M,5R) Ip(e)l

Note that since pg(c) — Pa,z(c) € kerp, ||pz(c) — Paz(c)l|y is independent of y.

Suppose L C H'(M,X,R) is a subspace such that p(L) C H'(M,R) is
symplectic (in the sense that the intersection form restricted to p(L) is nonde-
generate). Let p(L)* denote the symplectic complement of p(L) in H'(M,R).
Suppose = € Hi(a). For any c € H'(M, X, R), we may write

c=h+cd+w,
where h is harmonic with p(h) € p(L)*, v € L and ¢’ € kerp. This decompo-
sition is not unique since for u € L Nker p, we can replace ¢’ by ¢ +u and v

by v —u. We denote the ¢ with smallest possible || - ||, norm by ¢} . Thus, we
have the decomposition

(47) c=pgr(c)+cp+v,

where p, 1(c) is the harmonic representative at = of pr(c) = n1(p(c)), ¢}, €
kerp, v € L, and ¢} has minimal norm.
Define v, 1, : HY(M,%,R) — R by

Ve () = max{|c} ||z, (IpL()IZ) Y2} if max{||c) ||z, IpLlc)]l} < 1,
i 1 otherwise.

We record (without proof) some simple properties of v ..

LEMMA 7.7. We have
(a) vgr(c) =0 if and only if c € L;
(b) forv e L, vy r(c+v) = vy (v);
(c) forv' €kerp, vy r(c) — ||V |le Sver(c+ ) <vgr(e)+ ||V
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In view of Lemma 7.7, for an affine subspace £ = vg + L of H'(M, X, R),
we can define v, £(c) to be vy 1,(c — vp).
Extend v, » to HY(M,X,C) by

Ve, (c1 +ica) = max{uy (1), vac(e2)}.

For an affine subspace £ ¢ H'(M,%,R), let Lc € H'(M,%,C) denote
the complexification C® L. We use the notation (here we are working in period
coordinates)

d,($, E) = Vm,£($ - U)a
where v is any vector in L¢. (The choice of v does not matter by Lemma 7.7(b).)
Note that d'(-, £) is defined only if £ = vy + L where p(L) is symplectic. We
think of d’(x, £) as measuring the distance between x and Lc C HY(M,C). In
view of Lemma 7.5, for all ¢ > 0, we have

(48) e (x, L) < d(apx, a L) < €™ (z, L).
Recall that § > 0 is defined in the beginning of Section 7.1.

LEMMA 7.8. Let the notation be as above. Then, there exist constants
Co >0, Ly >0, n >0 n >0,t >0 and continuous functions k; :
Hi(a) x RT - RT and b: RT — R such that
o ki(z,t) < Coe™ for all x € Hi(a) and all t > 0;
o ki(z,t) < e for all x € Hi(a) and t >t} with logu(x) < Lo + njt,
so that for any affine subspace L C H'(M,X,R) such that the projection of
the linear part of L to H'(M,R) is symplectic, we have
1 2 db k1(z,t)
o Jo  d(agrow, airelL) = d'(z, £)0
Proof. Suppose d'(x,L) > 1, or d'(ayrex, arrgL) > 1 for some 0 € [0, 27].
Then, (49) with b(t) = e*™'% follows immediately from (48). Therefore, we
may assume that

(49)

+b(2).

(50) d(x,£) <1 and d(azrgx,arel) < 1 for all 6.
Therefore, in particular,

(51) d'(x, L) = vy £(v) = max(|[v/ .4, ([p() ) "/?),
where

(52)

v=p;(v)+, pl)e p(Le)™t, L is the linear part of £, and v’ € kerp.

We remark that the main difficulty of the proof of this lemma is to control the
interaction between absolute and pure relative cohomology. The strategy is
roughly as follows: we quickly reduce to the case where v is extremely small.
Then, if the size of the absolute part ||p(v)||’. is comparable to the size of
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pure relative part ||v'||, then the quantities d(z, £) and d(a;rgz, arreL) are all
controlled by the absolute part (because of the square root in (51)). In fact, the
only situation in which the pure relative part v’ has an effect is when ||p(v)]||Z,
is essentially smaller than [[v’[|? (so it is tiny). In this regime, the influence of
the absolute part on the relative part is very small, in view of Lemma 7.6. This
allows us to separate the contribution of absolute and pure relative cohomology
in all cases; for a precise statement, see (56) below. We now give the detailed
implementation of this strategy.

Suppose d'(z,L) = vy (v) > %efgm/t. Then, using (48), we have the
crude estimate

d (agrez, atrgﬁ)*‘s < d'(aryx, atrgll)*l < 2€5mlt,

and thus (49) holds with b(t) = 2™, Hence, we may assume that v, £ (v) <
le=3m"t Then
2 : ’

(53)

! (p(arrgv)llagmg) ' < PO (Ip(0)[[,ge)* by (22)

[#
atryx

< eGmHOSTOSmOL (| p() 1)1/ by (40)

< e3mlt1/xyg(v) since m’ > mg > 1
1

<3

Let us introduce the notation, for u € ker p,

|lullz = inf{|ju — w|| : w € L Nkerp}.
Then, by (50),
(54)

' (arox, arro L) = max((|[p(arrev) [y, rpe) >, ae70V — Pasrea(760)l|arec)-
But,
(55)
HatTOU - patrgx(atre'v)“atrgﬁ
= llaro(v" + 9z (v)) = Pargz(@r9v)|layree by (52)
= |lairov” + pa(aerov) — Pasrga (aerov)|agrec
> ||airov' || agrec
— |Ipz(atrov) — pa,ryz(arev)|] by the reverse triangle inequality
> ||agrovlaprge — U (roz, t)||Ip(asrov)|l;, by (46)

> |larov || ayroc — eQm/th(atrgv)Hgtrex by Lemma 7.6.
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Therefore,
(56)

d (ayrex, ayrgL)

= max (([[p(arrgv)[[o,rpa) /2 llairov = Pasrge(@irgv)llagrec) by (54)

\%

1
> 5 (lasrov = pacrya(airov) ey + ([p(arrov)llg,ry0)''?)

v

1 /
5 (lasrov ooz — ™ l1p(arrov)lly,rye + (Ip(atr90)lloyr,2)'7?) - by (55)

1 :
= 5 (larov'llasroe + (IP(arrev)la,rge) /> (1 = €™ (IIp(airov)|im,e)/?))

2
1
2

\Y

1
(laerstlacroc + 5 Ip(arrso)ogrye)72) by (53)

| \/

1 1 .
5 (oot laumye + 5 p(@rgo)llarse) V2)  since |-V > - .

However, since the action of the cocycle on ker p is trivial, ' € kerp and L is
invariant,

lairgvllaroc = llacrov’l.
Then, (with v and v" as in (51) and (52)),
1 2 de
2r Jo  d'(agrex, a;reLl)d
2m 1 1
< — 4 min , do
~2mJo (||at7“ev’)|5 Hatrep(v)HW)

S Ry
2r Jo Narev'||*" 27 Jo  [larrop(v)]|*/?

ko (8)t s 5/2,(
< 4 min (6 e min(Co, Y {plv 35)/2 1)
lv7llz Ip(v)|2
Let 1 > 0 be a constant to be chosen later. Suppose logu(z) < Lo + nt.

By Theorem 4.3 there exist 6 € [0,27] and 7 < m”logu(z) such that 2’ =
arrgx € K,. Then,

) by Lemmas 7.1 and 7.2.

T <m'"Ly+ m”776t
Then, for any v,
()]l < €™ [[p()ll < Coe™||p(v) lar < Coe™ )7 ||p(v) |
Therefore, by Lemma 7.2(b),
K,(IE t) _ " " / _
<e ntC 6(5/2)(m0+2)( Lo+m/'n, (Hp( )H;) 6/2

lp(o) ]2~
< e 2(|p(w)|[L) 07,
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provided (§/2)m"n < n/2 and ¢ is sufficiently large.

Let v be as defined in (51). Note that  +v € L¢ (in period coordinates),
and p(v) is (symplectically) orthogonal to p(Lc). Let w = a;rpv. Then,
since L is invariant, p(w) is symplectically orthogonal to p(Lc). Therefore,
Y 1w(p(w)) = 1. Also, by definition, the subspace E(x’) varies continuously
with z/, hence for any y € Lc,

lim e (p(w)) = 1.

' —y
Since we are assuming that d'(2',£) is small (in fact, d'(z,£) < 2e™™* and
T < t), we conclude that ¢,/ (p(w)) is uniformly bounded. Therefore,

Yo (p(v))*/2 < eCM06/D27 < /)t

provided 7y, is small enough. Thus, we get, for ¢t > t{, and z € H;(«) so that
logu(x) < Lo + ngt,

1 27 do <t (e—kg(é)t e—(n/4)t )
min , .
11137 (lp(v)ll5)%/2

27 Jo d'(agrgx, arrgL)® —
The estimate (49) now follows. O

8. The sets Ji aq

Let H1(a) denote the space of markings of translation surfaces in #;(c)
with the zeroes labeled. Then #;(«) is a bundle over (a finite cover of) the
Teichmiiller space of Riemann surfaces, or alternatively a stratum of the Te-
ichmiiller space of holomoporphic 1-forms.

Fix 0 < p < 1/2 so that Theorems 4.2 and 4.3 hold. Let K, be as
in Theorem 4.2, and let K’ := {z : d(z, Koo1) < 1} where d denotes the
Teichmiiller distance. Then, K’ is a compact subset of H;(«). We lift K’ to a
compact subset of the Teichmiiller space H; (), which we also denote by K'.

Definition 8.1 (Complexity). For an affine invariant submanifold M C
Hi(a), let n(M) denote the smallest integer such that M N K’ is contained
in a union of at most n(M) affine subspaces. We call n(M) the “complexity”

of M.

Since M is closed and K’ is compact, n(M) is always finite. Clearly n(M)
depends also on the choice of K’, but since K’ is fixed once and for all, we
drop this dependence from the notation.

LEMMA 8.2. Let M be an affine manifold, and let M be a lift of M to
the Teichmiiller space Hi(c). For x € Hi(a), let

Jeam(@) ={L:d(L,x) <ulz)™, L is an affine subspace tangent to M }.
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Then, there exists k > 0, depending only on o such that for any affine manifold
M C Hy (Oc),

[ Tkpm()] < n(M),
where |Jy pm(2)| denotes the cardinality of Ji pm(x) and n(M) is as in Defini-
tion 8.1.

Proof. We lift « to the Teichmiiller space H;(c). Working in period coor-
dinates, let

B'(z,7) = {x + h+ v : h harmonic, v € ker p, max(||h||}/?, ||v]|+) < 7}

For every « € Hi(«), there exists r(z) > 0 such that B'(z,r(z)) is embedded
(in the sense that the projection from the Teichmiiller space Hi(a) to the
moduli space H(«), restricted to B’(z,r(x)), is injective). Furthermore, we
may choose 7(z) > 0 small enough so that the periods on B'(z,r(x)) are a
coordinate system (both on the Teichmiiller space H;(c) and on the moduli
space Hi(a)). Let ro = infyex, 7(x). By compactness of K, ro > 0. Then,
choose kg so that

" ’

(57) 2R <,

where m” is as in Theorem 4.3 and m’ is as in (48).

We now claim that for any k > ko and any = € Hi(«a), B'(x,u(x)~0) is
embedded. Suppose not. Then there exist z € H;(a) and 1, 2o € B (x, u(z)~*0)
such that zo = a1 for some ~ in the mapping class group. Write

xi = + hi +v;, h; harmonic, v; € ker p, max(||hs]|/2, ||vill2) < u(z)~".

By Theorem 4.3, there exist 6§ € [0,27] and 7 < m”logu(z) such that '’ =
arrgr € K.
Let #; = artgx;. Then, by Lemma 7.5, we have

max(||hz||i{2, ||'U@||g;’) S e—m’Tu(x)—ko S ’I,L(l')m/m”_ko S 2mm’_k‘0 S 0,
where for the last estimate we used (57) and the fact that u(x) > 2. Thus,
both 2} and 24 belong to B'(2/, 1), which is embedded by construction, con-
tradicting the fact that o, = ya}. Thus, B'(x,u(z)™*) is embedded.

Now suppose L € Ji pm(x), so that

d'(z, L) < u(z)™k
Write L = a,rpL. Then, by (48),
d'(2, L) < e Tu(z)™F < ulz)™ ™ u(z)F < 1.

Hence, £ intersects B(x/, 7). Furthermore, since B'(z',79) and B'(z, u(z)™%)
are embedded, there is a one-to-one map between subspaces contained in
Jp.m(x) and subspaces intersecting B'(z',r9).
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Since 2/ € K,, and r9 < 1, B'(2/,r9) C K'. Hence, there are at most
n(M) possibilities for £, and hence at most n(M) possibilities for L. O

9. Standard recurrence lemmas

LEMMA 9.1. For every o > 1, there exists a constant ¢y = co(o) > 0
such that the following holds: Suppose X is a space on which SL(2,R) acts,
and suppose f: X — [2,00] is an SO(2)-invariant function with the following
properties:

(a) for all0 <t <1 and allx € X,

(58) o~ f(2) < flaw) < o f(x);

(b) there exist T > 0 and by > 0 such that for all x € X,
Az f(z) < cof(z) + bo.

Then,

(i) for all ¢ < 1, there exist to > 0 (depending on o, and ¢) and b > 0
(depending only on by, ¢ and o) such that for allt > to and all x € X,

(Acf)(z) < cf (x) + b;

(ii) there exists B > 0 (depending only on cg, by and o) such that for all
x € X, there exists Ty = To(x, co, by, o) such that for all t > Ty,

(Acf)(z) < B.

For completeness, we include the proof of this lemma. It is essentially
taken from [EMMO98, §5.3], specialized to the case G = SL(2,R). The basic
observation is the following standard fact from hyperbolic geometry:

LEMMA 9.2. There exist absolute constants 0 < ' < 1 and 6 > 0 such that
for any t >0, any s > 0 and any z € H, for at least §'-fraction of ¢ € [0, 27],
(59) t+s—0 <d(areasz, z) <t+s,
where d(-,-) is the hyperbolic distance in H, normalized so that d(airgz, z) = t.
COROLLARY 9.3. Suppose f : X — [1,00] satisfies (58). Then, there
exists o' > 1 depending only on o such that for any t > 0, s > 0 and any
ze X,
(60) (Atrsf)(2) < o' (AAsf) (@)

Outline of proof. Fix x € Hi(«). For g € SL(2,R), let f.(g9) = f(gz), and

let
27

fulg) = | Flgrox)do.
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Then, f, : H — [2,00] is a spherically symmetric function, i.e., f;(g) depends
only on d(g - 0,0), where o is the point fixed by SO(2).
2m

We have
60 (AA N = o [ [ farsasrayasar = o [ F(airga,
( (A Asf)(z =55 ) om /) WTHasTYT =0 Jy I QT Has).

By Lemma 9.2, for at least §'-fraction of ¢ € [0, 27|, (59) holds. Then, by (58),
for at least ¢'-fraction of ¢ € [0, 27],

fx(atr¢a8) > Ul_lfx(at-i-s)v
where o1 = 01(0,d) > 1. Plugging into (61), we get
(A Asf)(@) = (007 Y) Falasys) = (807 ) (Ao f) (@),
as required. O

Proof of Lemma 9.1. Let ¢o(c) be such that k = cpo’ < 1, where o’ is as
in Corollary 9.3. Then, for any s € R and for all z,

(Asirf)(z) < 0" As(Arf)(x) by (60)
< o' Ag(cof(x) + bo) by condition (b)
= k(Asf)(z) + o'by since o’cy = k.

Iterating this, for n € N, we get
(A f)(@) < K"f(x) + 0'bg + Kko'by + -+ + k" Lo'by < K" f(x) + B,

where B = 2% Since k < 1, k" f(x) — 0 as n — oo. Therefore both (i) and

1-k
(ii) follow for t € TN. The general case of both (i) and (ii) then follows by
applying again condition (a). O

10. Construction of the function

Note that by Jensen’s inequality, for 0 < e < 1,

(62) A(fF) < (Af)".
Also, we will repeatedly use the inequality
(63) (a+0b)° <a® + b7,

valid fore < 1,a >0, b > 0.
Fix an affine invariant submanifold M, and let k£ be as in Lemma 8.2. For
e >0, let
d'(z, L)~ if Jem(x) # 0,
Sme(x) = £€dkm(@)
0 otherwise,

where 6 > 0 is as in Lemma 7.8.
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PRrROPOSITION 10.1. Suppose M C Hi(«) is an affine manifold and 0 <
c<1. Fore >0 and A > 0, let

fm(@) = spae(@u(@)? + hu(w).
Then, fam is SO(2)-invariant, and f(x) = oo if and only if x € M. Also, if
e is sufficiently small (depending on «) and X is sufficiently large (depending
on a, ¢ and n(M)), there exists t; > 0 (depending on n(M) and c¢) such that
for all t > t1, we have

(64) Arfm(z) < cfm(@) +b,
where b = b(a, n(M)).
For the proof of Proposition 10.1, will use Lemma 9.1. Thus, in order to

prove Proposition 10.1, it is enough to show that f satisfies conditions (a)
and (b) of Lemma 9.1. We start with the following:

CLAIM 10.2. For e > 0 sufficiently small and X > 0 sufficiently large, faq
satisfies condition (a) of Lemma 9.1, with o = o(k, m,m’).

Proof of Claim 10.2. We will choose ¢ < 1/(2kd). Suppose = € Hi(a)
and 0 <t < 1. We consider three sets of subspaces:

Ay ={L € Jym(x): atL € Jppm(arx)},

Ag ={L € Jpm(z) : atL & Ty pm(arw)},

Ag ={L & Jem(z) : L € Jp pm(ar)}.
We remark that the rest of the proof is a routine verification. Note that the
cardinality of all A; is bounded by n(M), which is fixed. For any 0 < ¢ < 1,
in view of (48), the contribution of each £ in A; at a;x is within a fixed
multimplicative factor of the contribution at x. Furthermore, if £ € As U Ag,
then in view of (48), d'(x, L) is bounded from below by a negative power of
u(z), and then (with the proper choice of parameters), its contribution to both
fm(x) and faq(arx) is negligible. We now give the details.

Let
Si(z) = > d(z,L)7.
LEA;

Then,

sme(x) = S1(x) + %2(z),  smelar) = Si(aw) + S3(arz).
For £ € Ay, by (48) with 0 < ¢ < 1,
e_mlaéd,(l‘,ﬁ)_ad < d’(at$,atﬁ)_€5 < €m/5§d,(:€,£)_€6,

and thus
™8 (2) < Sy () < ™08 (a).
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Then, using (14),
677””/":57""/251(1‘)u($)1/2 < Sl(atx)u(atx)1/2 < em/€5+m/251(x)u(a:)1/2.
Suppose L € Ay U As. Then, by (14) and (48),
d'(x, L) > Cu(z)~,

where C' = O(1) (depending only on k, m and m'), and thus, for i = 2,3, and
using Lemma 8.2,

Si(azz) < Cn(M)u(z)™%% and  Si(z) < Cn(M)u(ax) =k, i=2,3.

Now choose € > 0 so that ked < 1/2 and A > 0 so that A > 10Ce"n(M).
Then,

Silaz)u(ax)/? < (0.1)Au(z) and Si(@)u(z)"? < (0.1)Mu(aw), @=2,3.
Then,
fm(az) = St (apz)u(az)/? + Ss(apr)u(asz)/? + Au(asx)
< emEtmI2G, (p)u(2) 2 + (0.1)Au(z) + e™Mu(z) by (14) and (48)
(e™'E0H™/2 L (0.1) + ™) (Sy(x)u(z)/? + Iu(z))
(™2 4 (0.1) + ™) fru ().

IN

IN

In the same way,
fml@) = Si(@)u(@)? + Sy(x)u(@) '/ + du(x)
< emIE‘Hm/QSl(at:v)u(atx)l/Q
+ (0.1)Au(arx) + e™Au(arz) by (14) and (48)
< (M2 4 (0.1) + €™)(S) (arz)u(a)? + Au(ax))
< (emEHMIZ 4L (0.1) 4 ™) faq(ag). O
We now begin the verification of condition (b) of Lemma 9.1. The first
step is the following:

Cram 10.3. Suppose e 1is sufficiently small (depending on k, 0). Then
there exist ta > 0 and b > 0 such that for all x € Hi(a) and all t > ta,

(65) Ay(speut’?) () < rr (2, )73 s 0 2 () ()

+ k(2,050 25 pq o () + b3 (t)n(M)u(z),

where ¢ = e~ and k1 (z,t) is as in Lemma 7.8.
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Remark. The proof of Claim 10.3 is a straighforward verification, where
we again have to show that contribution of the subspaces which contribute
at x but not at a;rgx (or vice versa) is negligible (or, more precisely, can
be absorbed into the right-hand side of (65)). The main feature of (65) is
the appearance of the “cross term” rq(x,t)b"/?spq-(z). In order to proceed
further, we will need to show (for a properly chosen t), that for all z € H;(«),
k1, )ebY? < (0.1)cou(z)'/?, where cp is in Lemma 9.1(b). This will be done,
on a case by case basis, in the proof of Proposition 10.1 below.

Proof of Claim 10.3. In this proof, the b;(t) denote constants depending
on t. Choose € > 0 so that 2ked < 1. Suppose ¢t > 0 is fixed. Let J'(z) C
Ji,m(x) be the subset

J'(z) ={L: airgL € Jxm(arroz) for all 0 < 6 < 27}
Suppose £ C J'(z). For 0 <7 <t and 0 <6 < 27, let

Ue(arrgz) = d'(arreL, aTréwU)_‘S

Then,
(66)  Au(lF)(x) < (Ahe)*(2) by (62)
< (ry(z, t)le(x) + b(t))* by Lemma 7.8
< ki(z, 6)%le(2)% + b(t)*= by (63).
Recall that
(67) u(z) > 2 for all z.

We have, at the point x,
(68)
Ay (5u?) < (Al%) 2 (Au)'/? by Cauchy-Schwartz
< (k1 (@, )L (2)* + bi(D)u(@)]*(Eu(@) +5)'* by (66), (15), (67)
< a0 (@) + bi (0 Pul) )@ @) 4 5) by (63)
= o1 )7 e (@) (@ 2u() V2 + BV2)
F b (Y2 2u(x) + bl(t)l/le/Zu(x)lﬂ
< ke, )L (2)" (@ Pu(@)/? + 572
+ o1 (1)@ + 5V u(x) since u(z) > 1
= w1 (2, )78 20 (2)*u(x) 2 + ky (2, )50 2 (2)°
+ ba(t)u(z).



714 ALEX ESKIN, MARYAM MIRZAKHANI, and AMIR MOHAMMADI

For 0 <7 <tand 0<6<2m, let

h(arroz) = Z d (arrgL,arroz) —€0 Z lr(arrox)®
LeJ (x) LeJ'(x)

Then, h(a;ror) < sme(arror). Summing (68) over £ € J'(x) and using
Lemma 8.2, we get

(69)

Ay (hu'’?)(z) < Ky (z, )53 2h(@)u(2)? + k12, )02 h(x) + ba(t)n(M)u(z).

We now need to estimate the contribution of subspaces not in J'(x). Suppose
0 <0 < 2w, and suppose

arrgL € Jg m(agrgx),  but L & J'(z).

Then, either £ & Jy pm(x) or for some 0 < ¢ < 27w, ayrg L & Jp m(aere ).
Then in either case, for some 7 € {0,t} and some 0 < ¢ < 27, argL &
Je,m(aprgx). Hence

d'(aprgz, amrg L) > u(apregz)F
Then, by (48) and (14),
d'(x, L) > bo(r") tu(z)™F > bo(t) tu(z)*
and thus, for all § € [0, 27], by (14) and (48),
d' (ayrgz, agroL) > bo(t) 2u(z) ™",
Hence, using (14) again,
(70)  d'(arom, argL) u(arez)t/? < by (tyu(a)k T2 < by (t)u(z),
where for the last estimate we used ked < 1/2. Thus, for all 0 < 6 < 27,
sme(arror)u(arer)? < h(arex)u(asror)'/?
+ [J(arrgx)|bi(t)u(zx) using (70)
)
)

< h(aprox)u(arox 1/2

+ by (t)n(M)u(z using Lemma 8.2.
Hence,
Ai(speu'?)(x) < Ay(ha'?) (@) + b (t)n(M)u()

(
< k()7 2h(@)u(z) 2
)

+ k1 (@, )2 () + bs(t)n(M)u(z) using (69)
< ki (x, 1)%E 25 g o () u(a) /2
+ k1 (2, 1)° b1/25 Me (@) + ba(t)n(M)u(z) since h < spe.

]
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Proof of Proposition 10.1. Let ¢ be as in Claim 10.2, and let ¢y = co(0)
be as in Lemma 9.1. Let Ly, ng, 13, m/, § be as in Lemma 7.8. Suppose € > 0
is small enough so that
1
(71) em’d < 577,

where 7 is as in Theorem 4.1. We also assume that € > 0 is small enough so
that

1
(72) em/d < §min(773,776),

where 73 is as in Lemma 7.8. Choose tg > 0 so that Theorem 4.1 holds for
t > to and so that e~ < (0.1)co. Since k1 (z,t) < ™%, we can also, in view
of (71), make sure that for ¢ > ¢,

(73) k1 (2, 1)%e12 < (0.1)co.

Let t2 > 0 be such that Claim 10.3 holds. By (72), there exists t3 > 0 so that
for t > t3,

(74) k1 (2, 1)1/ < ™2 < (0.1) oMo 2.
By Lemma 7.8 there exists 7 > max(to, t2, t3) such that for all x with logu(z) <
LO + 7767—7 5
k1 (z, 7)°DY? < (0.1)co < (0.1)cou(z) /2.
If log u(x) > Lo + nj7, then u(x)'/? > e/27 and therefore, since 7 > t3, by
(74),
ko (2, 7)5bY% < ™0 THY2 < (0.1)cpeT/? < (0.1)cou(x) 2.
Thus, for all z € Hi(a),
(75) k1 (2, 7)56Y2 < (0.1)cou(x) /2.
Thus, substituting (73) and (75) into (65), for all x € H;(«), we get
(76)  Ar(sameu'’?) (@) < (0.2)c0 spre(@)u(z)? + by(r)n(M)u(z).
Choose
A > 10b3(1)n(M)/co.
Then, in view of (76), we have
(77) Ar(speu?) () < (0.2)c spe(@)ul’? + (0.1)coMu(z).
Finally, since ¢ < (0.1)cp, we have
A (fm) (@) = Ar(spaeu'?) (@) + Ar (M) (2)
< [(0.2)cospme(x)u'/?
+ (0.1)coAu(z)] + (0.1)cohu(z) + Ab by (77) and (15)
< (0.2)eo fm(x) + b where by = Ab.
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Thus, condition (b) of Lemma 9.1 holds for fas. In view of Lemma 9.1 this
completes the proof of Proposition 10.1. O

11. Countability
The following lemma is standard:

LEMMA 11.1. Suppose SL(2,R) acts on a space X, and suppose there
exists a proper function f : X — [1,00] such that for someo >1all0 <t <1
and all x € X,

o~ f(2) < flaz) < o f(2),
and also there exist 0 < ¢ < co(o) (where co(o) is as in Lemma 9.1), tg > 0
and b > 0 such that for allt >ty and all x € X,

Af(z) <cf(z) +0.

Suppose that v is an ergodic SL(2,R)-invariant measure on X, such that

v({f < oo}) > 0. Then,
(78) /X fdv< B,

where B depends only on b, ¢ and o.

Proof. For n € N, let f,, = min(f,n). By the Moore ergodicity theorem,
the action of A = {a; : t € R} on X is ergodic. Then, by the Birkhoff ergodic
theorem, there exists a point zy € X such that for almost all 6 € [0, 27| and
all n € N,

T
(79) lim 1/0 fn(atrgxg)dt:/andy.

Therefore, for each n, there exists a subset E,, C [0,27] of measure at least 7
such that the convergence in (79) is uniform over # € E,. Then there exists
T, > 0 such that for all T" > T,,,

1 /T 1
(80) 7/ fn(asroze) dt > f/ fandv for 6 c E,.
T 0 2 Jx
We integrate (80) over 6 € [0,27]. Then for all T > T,,,
1 T 21 1
(81) */ < fnlagroxo) d@) dt > f/ fndv.
T 0 0 4 Jx

But, by Lemma 9.1(ii), for sufficiently large 7', the integral in parenthesis on
the left-hand side of (81) is bounded above by B’ = B’(¢, b, o). Therefore, for
all n,

/ fandv < 4B’
X
Taking the limit as n — oo, we get that f € L}(X,v) and (78) holds. O
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Proof of Proposition 2.16. Let X4(«) denote the set of affine manifolds of
dimension d. It enough to show that each X («) is countable.

For an affine subspace £ C H'(M, X, R) whose linear part is L, let Hf :
p(L) — kerp/(L Nkerp) denote the linear map such that for v € p(L), v +
Hr(v) € Lmod L Nker p. For an affine manifold M, let

HM) = sup [[Hm,e,
reMNK’
where we use the notation M, for the affine subspace tangent to M at z.
For an integer R > 0, let

Xar(a) ={M € X4(a) : n(M) < R and H(M) < R}.

Since Xg(a) = UFoq Xa,r(), it is enough to show that each X4 p(«) is finite.

Let K’ be as in Definition 8.1 of n(-), and let Lr(K’) denote the set of
(unordered) < R-tuples of d dimensional affine subspaces intersecting K’. Then
Lr(K') is compact, and we have the map ¢ : X4 p — Lg(K’) which takes the
affine manifold M to the (minimal) set of affine subspaces containing M N K.

Suppose M € X4 r() is an infinite sequence, with M; # My, for j # k.
Then, M; N K' # M N K’ for j # k. (It M; N K' = M, N K’, then by the
ergodicity of the SL(2,R) action, M; = My.)

Since Li(K') is compact, after passing to a subsequence, we may assume
that ¢(M,) converges. Therefore,

(82) hdM; NK' M;11NK') =0 asj— oo,

where hd(-,-) denotes the Hausdorff distance. (We use any metric on Hj(«)
for which the period coordinates are continuous.) Then, because of (82) and
the bound on H(M), for all z € M1 N K', d'(x,M;) — 0. From the
definition of faq, we have fa(z) — oo as d'(x, M) — 0. Therefore, there
exists a sequence T; — oo such that we have

(83) I () > T for allz € M; NK'.

Let v; be the affine SL(2, R)-invariant probability measure whose support is
M. Then, by Proposition 10.1 and Lemma 11.1, we have for all j,

L dvy < B,

/Hl(a) fM]+1 7

where B is independent of j. But, by the definition of K’ and Theorem 4.2,
viM;NK')>1—p>1/2.

This is a contradiction to (83). Therefore, Xg r(c) is finite. O
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