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The circle method and bounds
for L-functions - IV:
Subconvexity for twists of GL(3) L-functions

By RiTABRATA MUNSHI

To Soumyanetra and Sroutatwisha

Abstract

Let 7 be an SL(3,Z) Hecke-Maass cusp form satisfying the Ramanujan
conjecture and the Selberg-Ramanujan conjecture, and let x be a primitive
Dirichlet character modulo M, which we assume to be prime for simplicity.
We will prove that there is a computable absolute constant § > 0 such that

L(3m®x) <= Mi7°.

1. Introduction

Let 7 be a Hecke-Maass cusp form for SL(3,Z) of type (v1,v2) (see [2] and
[5]). Let A(m,n) be the normalized (i.e., A(1,1) = 1) Fourier coefficients of 7.
The Langlands parameters (a1, as, a3) for 7 are given by a; = —14 — 219 + 1,
ag = —v] + v and a3 = 2v; + 15 — 1. Let x be a primitive Dirichlet character
modulo M. The L-function associated with the twisted form 7 ® y is given by
the Dirichlet series

(1) L(s,m@x) = Y_ A1, n)x(n)n"*
n=1

in the domain ¢ = Re(s) > 1. The L-function extends to an entire function
and satisfies a functional equation with arithmetic conductor M3. Hence the
convexity bound is given by

L (%77{‘ ® X) <<Tr,€ M3/4+€.

The subconvexity problem for this L-function has been solved in several special
cases in [1], [13], [12], [14] and, more recently in [17]. In [1] Blomer established
a subconvex bound with exponent 5/8+¢ in the case where 7 is self dual and x
is a quadratic character. In [13], [14] we considered twists of symmetric square
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lifts by characters y with prime power modulus M = ¢ with £ > 1. In [13] it
was shown that for every ¢ > 1, there is a d;, > 0 such that

L(3,7m®x) e MY470FE,
and in [14] we proved that
I (%,W 2 X) S g MP/A112HE,

The later result, where the base prime g remains fixed and the power ¢ grows,
is a non-archimedean analogue of the t-aspect subconvexity (see [9] and [15]).
The main result of [17] generalizes that of the unpublished note [12]. In [17] we
consider twists of 7 (which need not be self dual) by characters x that factorize
as x = x1x2 with x; primitive modulo M; and (M;, M2) = 1. Suppose there
is a 6 > 0 such that M21/2+46 < My < M}, Then we show that

19 (%, TR X> Lo M3/475+5.

In [12] a similar result was proved for twists of the symmetric square lifts.
In this paper we will prove a very general statement. However we are
going to assume that the form 7 satisfies the following conditions:
(R) The Ramanujan conjecture A\(m,n) < (mn)¢;
(RS) The Ramanujan-Selberg conjecture Re(«;) = 0.

THEOREM 1. Let w be a Hecke-Maass cusp form for SL(3,7Z) satisfying
conjectures (R) and (RS). Let x be a primitive Dirichlet character modulo M.
Suppose M is a prime number. Then there is a computable absolute constant
0 > 0 such that

1 3.5
L(§,7r®x) Lz M37°.

The primality assumption on M is more a technical convenience than an
essential requirement. A more general statement without this assumption can
be proved using the technique introduced in this paper. Also the exponent
can be explicitly computed. In fact one can take § = 1/1612. Our primary
goal here is to present the ideas as clearly as possible without trying to prove
the most general statement or the best possible exponent. The conditions (R)
and (RS) are quite serious, and their removal is a technical challenge. Indeed
unlike the previous papers in this series [16], [17], we do not need to use Deligne
type bounds for exponential sums. Instead of estimating exponential sums, we
will be required to solve a counting problem, which we tackle in an elementary
manner (without recourse to exponential sums).

The subconvexity problem for L-functions twisted by a Dirichlet character
has been studied extensively in the literature. The first instance of such a result
is of course the pioneering work of Burgess [3], whose well-known bound

L(3,x) < Mt
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still remains unsurpassed. In the case of degree two L-functions the problem
was first tackled by Duke, Friedlander and Iwaniec [4] using the amplification
technique. Their result has been extended (e.g., to the case of general GL(2)
automorphic forms) and improved by several authors in the last two decades.
Our theorem provides a GL(3) analogue of the main result of [4].

The present work substantially differs from the previous papers in the se-
ries, and one may rightly argue that the way we detect the (diagonal) equation
n = r here can hardly be termed a circle method. We use the Petersson trace
formula, which gives an expansion of the Kronecker delta symbol in terms
of the Fourier coefficients of holomorphic forms and the Kloosterman sums.
However the basic set up for the proof of Theorem 1 coincides with that in
[16], [17] and [15]. In particular, we use an expansion of the Kronecker delta
symbol to separate the oscillation of the GL(3) Fourier coefficients from that
of the character. The idea of using the Petersson formula as a substitute of the
circle method is also exploited in [18] where we deal with the Rankin-Selberg
L-functions.

Remark 1. The approach in this paper gives an unconditional subconvex-
ity result for twists of the symmetric square lifts of SL(2, Z) holomorphic forms.
Indeed in this case (RS) is known and (R) follows from the work of Deligne.

Remark 2. The theorem in fact holds under the weaker assumptions that
A(m,n) < (mn)?*+¢ and |[Re(a;)| < o, with 6, and 7, sufficiently small.
Since we need these parameters to be very small, far from what one can hope
to achieve in near future, we refrain from writing it down explicitly. A case of
special interest corresponds to symmetric square lifts of SL(2,Z) Maass forms.
In this case, though not sufficient for our purpose, strong bounds are known
from the work of Kim and Sarnak (6, = 7/32).

Acknowledgements. The author wishes to thank Valentin Blomer, Philippe
Michel, Peter Sarnak and Matthew Young for their interest in this work. The
author also thanks the anonymous referees for many helpful suggestions that
substantially improved the quality of the paper.

2. The set up

2.1. Preliminaries. Throughout the paper we will adopt the usual e-con-
vention of analytic number theory. The presence of an ¢ in the statement of a
proposition or lemma will mean that the estimate is valid for any € > 0 and
the implicit implied constant is allowed to depend on that . Moreover the
value of the € may differ from one occurrence to another.

Though for the purpose of subconvexity one only needs to consider very
special weight functions, the bounds that we establish hold for a larger class
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of functions. In fact it is often convenient to prove the results in this more
general setting. As such we introduce the following class of functions. Given
a sequence of positive numbers 2 = {A;, Ay, ...}, a positive integer h and a
vector of positive numbers H = (Hy,..., Hp), we define a class of functions
W(H, ). This consists of smooth functions W : R" — C, which are supported
in the box [1,2]" and which satisfy

WO ()] < Ajy ooy

for any j € Z%,. (Here H} = H{l e H}]Z") The sequence 2 will not be of any
importance in our analysis, and we will drop it from the notation. In fact there
is an universal sequence 2(¢) depending only on the smallest ¢ that appears
in our analysis, such that all the weight functions considered below fall in the
class W(H) = W(H,(¢e)) for some h and H. If H = (H,...,H), then we
will, by abuse of notation, simply write W(H) (or Wy(H)). The subclass of
W(H) consisting of functions with image in R>(¢ will be denoted by W+ (H).
For notational convenience we will adopt the following convention regarding
the analytic weights. At any situation where more than one weights of the
same class are involved, the same notation may be used to denote different
weight functions (e.g., see Lemma 14).

Our first lemma is regarding the existence of a smooth partition of unity.

LEMMA 1. There exists a sequenced = {(U, R)} consisting of pairs (U, R)
with U € Wi (1), R € Rsg such that

Z)U(;) =1 for re(0,00).

(UR

Also the collection is such that the sum is locally finite in the sense that for
any given £ € Z, there are only finitely many (independent of £) pairs with
R € [2°, 2.

Once and for all we choose and fix such a smooth partition of unity. Then
by a smooth dyadic subdivision of a sum

> Ar)
r=1
we will mean
> > anv(5).
(U,R) r=1

(It is also possible to choose a single weight function U and vary only the range
R to obtain such a partition of unity. This is of course not necessary for our
purpose.)
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We conclude this section by noting some basic properties of the J-Bessel
function.

LEMMA 2. Let k > 2 and x > 0. Then the J-Bessel function splits as
Je(z) = Wi(x)e™ + W (z)e ™,

where Wy (x) is a smooth function defined on (0,00), and it satisfies the fol-
lowing bound:
WY (2) <, min{z"t, 2712}

2.2. Petersson formula to detect the equation n = r. Now we will explain
the expansion of the Kronecker symbol that we will use. Let p be a prime
number, and let £ = 3 mod 4 be a positive integer. Let ¢ be a character of
F) satisfying ¢(—1) = -1 = (—1)*. So, in particular, 1 is primitive modulo
p. The collection of Hecke cusp forms of level p, weight k and nebentypus 1 is
denoted by H(p, 1), and they form an orthogonal basis of the space of cusp
forms S (p, ). Let

i T
T (am)R £
be the spectral weights. The Petersson formula gives

> wr Ap(n)Ap(r) = d(n,r) + 2mi pPEAGL P (4”\/77) ,

FEHL (pb) =1 P K4

This gives an expansion of the Kronecker delta §(n,r) (which is the indicator
function of the diagonal n = r) in terms of the Kloosterman sums

(b 0) Z Wa (aa—i—ab)

a mod ¢

and the (Hecke normalized) Fourier coefficients A¢(n) of holomorphic forms f
if pk is taken to be sufficiently large (so that the space Sk(p, ) is nontrivial).
Let P be a parameter that shall be chosen optimally later as a power of

the modulus M. Let
P2
PPe Y Y G- = Y )=

P<p<2P 4 mod p P<p<2P
p prime p prime

LEMMA 3. For Pk > 1 (sufficiently large), we have
1

2 o) =5 > > (=v(=1) Wit Ap(n)As(r)
P<p<2P ¢ modp JE€HK(p )
p prime

2 47/
_ﬂ Z Z Z (1 —4p(=1)) Sy(r,n;cp)Jp— 1<7r m’)I
p<p<2P =1 P ymod p cp

p prime
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Proof. The lemma follows by taking an average of the Petersson formula
over all odd ¥ modulo p and all primes in the range P < p < 2P. O

2.3. Bounds for central values in terms of short smooth sums. Let W €
Wi (1), and define the sum

00 an
S(N,W)=S8(N) = ZZ)\(m,n)X(n)W (N) .

m,n=1
For notational simplicity, we will drop W and denote the sum simply by S(V),
with the understanding that when we have a sum of several S(N), then the
weight function involved may not be same in each occurrence. The Dirichlet
series associated with S(N) is given by

S5 A, n)x(n)(mm?)

m,n=1

and our first task is to relate this series with the twisted L-function L(s, 7® x).
LEMMA 4. We have
o
(3) L350 Y] S0 A(m.n)x(n) (nm?) " = L(s, & X)L (25, 7)
m,n=1
for o > 1, where 7 denotes the dual form.

Proof. The Dirichlet series, which appears on the left-hand side of (3), is
given by the Euler product

H ZooZ /\(pu7pv)x<p)vp—(2u+v)s'

p prime u,v=0

For u,v > 1, we have (the Hecke relations)
A", p%) = A", DAL p") = A" DAL p ).
Consequently we get

Z Z )\(pu7pv)x<p)vp7(2u+v)s

u,v=0
=A@ Dp 7 > AL )x(p) p 7 {1 = x(p)p ).
u=0 v=0
The lemma follows. O

Now we relate the sums S(N) with the twisted central values L(1/2, 7®x).

JEMMA 5. For any 0 > 0, we have
[ S(N)| _o
l? T & < M°* sup |7 + M3/4 /2+57
(2 X) N \/N

where the supremum is taken over N in the range M3/?=0 < N < M3/?t9 and
the weight functions W (appearing in the sum S(N)) belong to Wi(1).
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Before proving the lemma, we will make a couple of remarks regarding
the statement of the lemma. The weight functions W involved in S(N) is
allowed to change with N. In fact, as we will see below, the weight functions
are obtained by taking a smooth dyadic subdivision of a given weight function.
Also we will be using (RS) to prove this statement. Using any nontrivial bound
towards (RS) one can prove a weaker statement that will be still sufficient for
the purpose of the paper.

Proof. Consider the integral

1 ds
I=— [ M3\ A1+ 25, 7) X5
2mi Jio (5 +s,m®@x)A(l+2s,7) .

The product of the completed L-functions appearing above is given by
M= (s, 7 @ X)A (28, 7) = M3/ (5) L(s, 7 @ X)L (25, 7),

where

3
L 9s/2 s—oj+0 25 + a;
Vs) = /jl;[lr( > )F( 2 J)’

with 6 =0 if x(—1) =1 and 6 =1 if xy(—1) = —1. (Note that the Langlands
parameters of the dual form 7 are (—as, —ag, —a1).) We only need the fact
that (under (RS)) there are no poles of v(s) in the region o > 0. We move the
contour, in the definition of I, to 0 = —1/2+¢. The residue at s = 0 is given by

7(1/2)L(3,7 @ x)L(1, 7).
For the integral at o = —1/2 + ¢, which is near the edge of the critical strip,
we use trivial bounds to get
1

—,/ M—3/4A(%+s,n@X)A(st,ﬁ)Xs@ = O (MPAX712(MX)).
271 J(~1/2+4¢) s

On the other hand, from Lemma 4 it follows that the initial integral [ is
given by
ds

3= A(m,n)x(n) 1 M32X\°
;nzlMM/@)V(I/2+S)L(§+3S,X)< — ) <

We set

1 _gds
VW) = 5 [, 7072+ 9L +30077

T omi
For y > M€, we see that V(y) < M ~2°13 by shifting the contour to the right.

For 0 < y < M¢®, we shift the contour to ¢ = . Differentiating within the
integral sign we get

YV (y) < 1.
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It follows that

nm2
v(1/2)L (277T®X ZZ (XM3/2>

m,n=1

+0 (M3/4X—1/2(MX)€) .

Since L(1,7) > 1, taking a smooth dyadic subdivision (as in Section 2.1) and
picking X = M?, we conclude the lemma. Note that for U as in Lemma 1 and
V as above, the function

W(z):=U(z)V (%)

belongs to the class W;j(1). O

One will notice a certain oddity in Lemma 5. The Dirichlet series expan-
sion of the L-function L(s,m ® x) is given by (1). In the usual approximate
functional equation, as given in Chapter 5 of [7], one gets an expression for
L(1/2,7 ® x) in terms of sums of the type

i A1, n)x(n)W(n/N).
n=1

In this usual form one only needs to take N < M3/2%¢  as the tail makes a
negligible contribution. In the above lemma we have given a bound for the
twisted central value in terms of a slightly different smooth sums, namely,
S(N). This is done at the cost of a larger error of size O(M3/4~9+¢). Moreover
we are required to consider longer sums N < M3/2t0+¢ One may wonder
what the advantage is of such an expression. The point is that after applying
the Petersson formula we will be led to consider the Rankin-Selberg L-function
L(s,m® f) that is given by the Dirichlet series

L(s,mr® f) = ZZ)\mn)\f )(m?n)~*

m,n=1

Hence, in hindsight, the introduction of the extra sum over m will turn out to
be beneficial.

In the sum S(N) we are going to separate the oscillation of the Fourier
coefficients A\(m,n) from that of the character y(n). Consequently we would
like to have a separate smooth weight function for n that will not depend on m.
To this end, let V be a smooth function supported in [M~4 4], with V(z) =
for z € [2M~* 2] and satisfying 4/ V) (y) < 1, and set

(4) SHN) = 375 A, m)x ()W <"X;2) V(%)

m,n=1
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LEMMA 6. For S*(N) as above, we have
(5) S*(N) = S(N) + O(NM %),
Moreover 5%(N)|

LA, 7@ x) < Mesup Zo=2 4 MB3/4-0/24e
& ) N VN

where the supremum is taken over N in the range M3/2=0 < N < M3/2H+0,

Proof. Using the definition of V' and the bound
(6) DD IAmyn))? < 2t

m2n<zx

which follows from the Rankin-Selberg theory, we get the first statement. Now

substituting (5) in Lemma 5 and using N < M3/2%% we get the second state-
ment. ([l

2.4. Conclusion. We will apply the formula from Lemma 3 directly to the
sum S*(N), which we first rewrite as

7 SN) = fjlzoozlj A, n)x (r)(n, 7) W (’”‘Z‘Q> % (%) .

We take N in the range M3/27¢ < N « M3/2t% with § > 0. The parameter
0 shall be taken sufficiently small at the end. Applying (2) from Lemma 3 to
(7) we get two terms, namely,

S*(N) = F — 2ri O,

where
® Fea XY - Y w
P<p<2P ¢ mod p feH(p,Y)
p prime
<SS Ama o (M) SR v (%)
m,n=1 N r=1 N
and
) O — 1 3 Y - 1/,(_1))2002 A(m, n)W <”m2>
P P<p<2P 4 mod p m,n=1 ’ N
S (v (L) S Selnmiep) - (Amy/nr
x;x( )V<N)CZ:; = Jk—l( . )

We pick the weight k& to be large, say of size e~'. The second sum, which

we call the off-diagonal, can be nicely bounded if P is taken sufficiently large.
On the other hand, to the first sum we will apply the functional equations
followed by the Petersson formula. The resulting diagonal term vanishes, and
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the off-diagonal term (which we will call dual off-diagonal) can be bounded
nicely if P is taken in a suitable range. We will show that there is a choice of
P for which both the terms can be bounded satisfactorily.

In the rest of the paper we will prove the following two propositions.

PROPOSITION 1. Let O be as defined in (9). Suppose P > NY/2te with
e>0 and 0 < 1/4. Then we have

3/2+40+¢
P

PROPOSITION 2. Let F be as defined in (8). Suppose 0 is sufficiently
small. Then we have 0y, > 0, such that for

P=M"%,

O < VN

we have
F < VEMYS,

Assuming the propositions, let us complete the proof of Theorem 1. From
the propositions we conclude that for § > 0 sufficiently small, we have a § > 0
such that
S*(N) < VNM3/4=3,

Substituting this into Lemma 6, we obtain the theorem.
3. Sketch of the proof

In this section we shall present a very rough sketch of the ideas involved
in the proof. We need strong bounds for @ and F. Choose P so that N/?t¢ <
P < M=,

3.1. Analysis of O. First consider O, which is defined in (9). Roughly
speaking it is given by

1
P<p<2P + mod p n~N re~N c¢c~N/P
p prime

Using the trivial bound (not the Weil bound) for the Kloosterman sum we get
that this sum is dominated by O(N?3/P). So after opening the Kloosterman
sum we need to make a saving of size N2/P. Since by our choice P >> VN,
we have (¢,p) = 1, and consequently the Kloosterman sum splits as

Sy(r,n;cp) = Sy (er, en; p)S(pr, pn; ).
Summing over ¥ we get

> (1= v-) Sutenenin) = o) (L) o (ALY )

9 mod p b p
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This gives us a saving of size P. (In other words, we are saving v/P in the
sum in addition to the Weil bound for the Kloosterman sums.) Now we are
required to save N2/P? in the sum

L c(r+mn
Y Y awn Y ) Y SErmic)e <()) .
P<p<2P n~N r~N c~N/P p

p prime

We wish to apply the Poisson summation formula on the sum over r. But before
that we shall reduce the ‘conductor’ of the sum by applying the reciprocity

6(6(7“;70) :e<_p(rjn)>e<r:pn).

The last factor can be absorbed in the weight function as cp ~ (r +n). So we

relation

consider the sum

o p(r +n
Y St XY xmserme (<A,
P<p<2P n~N c~N/P r~N ¢
p prime

We break the inner sum into congruence classes modulo ¢M and apply the
Poisson summation formula. The resulting character sums are given by

Z x(a)S(pa,pn;c) e (_p(ac—i—n) + Z&) .
a mod cM

Since c~N/P </ N< M and M is assumed to be prime, we have (¢, M)=1.
Hence the character sum splits into a product of two character sums. The
one with modulus M is just a Gauss sum. Consequently we find that the
contribution of the zero frequency vanishes. The character sum with modulus
¢ can be evaluated explicitly after opening the Kloosterman sum, and we have

> S(pa,pn;c) e <—p(a+n) + Mar) =ce <(M_m)m> .

a mod ¢ ¢ ¢ ¢

So it follows that using the Poisson summation formula we have a saving of
size N/ VM — in other words, saving N/ VeM beyond the Weil bound for the
Kloosterman sum modulo c. It remains to save Nv/M/P? = (M/P)%. This
is just at the threshold, as to get a satisfactory bound for F (as we will see
below), we need to take P to be just smaller than M. We wish to save (M /P)?
(and a little more) in the sum

XY Y X e (P

P<p<2P ¢~N/Pn~N |r|l«<M/P
p prime

This can be achieved in several ways. One may apply the Voronoi summation
formula on the sum over n or directly apply Miller’s bound from [10] to the
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n sum. However one may refrain from utilizing the fact that the coefficients
A(1,n) come from a SL(3,Z) Hecke-Maass form, and one can obtain a bound
that holds for any coefficients a(n) in place of A(1,n) satisfying the bound
a(n) < nf either point-wise or in the L? sense. To this end we apply the
Cauchy inequality and consider the sum

2

>N E T e ()

P<p<2P n~N'c~N/P |r|<M/P ¢
p prime

Now we open the absolute square and apply the Poisson summation on the
sum over n with modulus c¢¢/. Only the zero frequency survives as N > cc’ ~
N?/P2. We end up with the counting problem

LD DD D) DRSS

P<p<2P c¢,c/~N/P |r|,|r'|<M/P
p prime
(M —pr")yrc! —(M—pr)r'¢=0 mod cc’

In Section 4.3 we deal with this counting problem and obtain a sufficient bound.
One saves the length of the diagonal, i.e., M N/P?, which is larger than (M/P)*
if P> M3/%t<_ This is the content of Proposition 1.

3.2. Analysis of F. Next we turn to F, which is roughly of the form

1

B3 > 2 (=w=0) X wpt YU ALmAsm) 3 Ar(n)x(r).
P<p<2P ¢ modp fE€HK(p,) n~N re~N
p prime

The trivial bound for this sum is N2, and we need to save N. We use the
functional equations to the sums over n and r. The resulting size of the n sum
is P3/N, and that of the r sum is M2P/N. So we are able to save N2/M P?,
and it remains to save MP?/N = P2?/v/M. However major complications
arise due to the root numbers, which involve the Fourier coefficient Af(p) and
the Gauss sums g, (where g, denotes the Gauss sums associated with the
character ). Roughly speaking one is now left with the problem of saving
P2/y/M in a sum of the type

S X)) Y A-d(-1))d(-Mg Y Wi N

P<p<2P 1 mod p JE€HK(p )

xS AN Y XA,

n~P3/N rePvVM
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Applying Petersson’s formula one gets

Y. xp) Y (=v(=D))v(=M)g; > An1)

P<p<2P 1 mod p n~P3/N

p prime
x Y x(r) Yo Sy(mp?riep).
re~PvVM c~P2 /M

Note that the diagonal term is nonexistent. In this process we make a loss of
size P2/v/M (if one opens the Kloosterman sum). So now we need to save
P*/M (and a little more). There are two cases to consider. In the case where
ple, we get the required saving quite easily as it turns out that the Kloosterman
sum vanishes unless p|r. So we already make a saving of size P?. Summing
over 1) we save P more. This is enough for our purpose as P? > P*/M (or
M > P). In the other case where p 1t ¢, the Kloosterman sum splits as

Sy (np?,r5ep) = Sy(0,er;p)S(n, ;).

Observe the curious separation of variables. The first term on the right-hand
side does not involve n, and the second term is free of p. This plays a crucial
role in our analysis. The first term is just a Gauss sum, and it is given by
Y(er)gy. We are now required to save P*/M (taking the trivial bound for the
Gauss sum, i.e., after opening the Gauss sum) in the sum

> ox) X A1) Yo x()

P<p§2P n~P3/N r~PvVM
p prime plr
x Y Shre) Yo (L—=9(=1)p(Mcr)gy.
e~P2 /M % mod p
ple

The sum over 1 now yields

S w1 d(Mer)gy = 6(p) {e (BT ) e (1)}

¥ mod p p p

which gives us a saving of size P. Now we wish to save P3/M in the sum

Mcr
S o) Y AmD Y wr) Y Shree( ).
P<p<2P n~P3/N r~PvVM e~P2/NM b
p prime pr ple

Now we apply the Voronoi summation formula on the sum over n. Roughly
speaking this yields
P3 * ar
Z A(n,1)S(n,r;c) = 2N Z A(1,n) Z e (—) S(a,n;c).

- Cc
n~P3/N 1<n<c3N/P3 a mod ¢
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Let us pretend that the last sum over «a is a complete sum without the copri-
mality condition. Then the right-hand side reduces to

p3 &

v 2 awme(=7).

¢ 1<n<c3N/P3 ¢

which is approximately
P ™ P m
— Z A1, n)e (——) = — Z Z A1, n)e (——) .
M s ¢ M | Sadic nt. ¢
L<p3?

We are taking a smooth partition of the sum into dyadic blocks, as we intend
to apply the Voronoi summation again after an application of reciprocity. We
consider the L-th block, which is given by

_ ™m Mcr
E x(p) E x(r) E , § A(1,n)e <—?) e ( ) .
P<p<2P re P/ M e~P?/\/M n~L p
p prime pir ple

We need to save L/P. For L large, i.e., L ~ P3, we need to save P2, which is in
fact more than what we were required to save before the Voronoi summation.
But we have gained immense structural advantage in the process. In particular,
the Kloosterman sum has vanished and we are now able to reduce the conductor
by applying reciprocity. Note that the length of the n-sum is proportional to
the amount that we need to save. Here we are using the Ramanujan-Selberg
conjecture (RS). Applying reciprocity we reduce the above sum to

cn Mcp
> o Y k) Y Yamme(D)e(-2D).
P<p<2P  .upyM  c~P?/VHT 0L " "
p prime ptr ple

Note that ¢r ~ P3 > L and pr ~ P?>\/M ~ Mec. Next we apply the Poisson
summation on the sum over ¢ and the Voronoi summation on the sum over n.
First the Poisson summation gives us a saving of the size P3/2 /M 3/4 Then
the Voronoi summation saves L/P3/2M3/4. So in total we save L/M?/2. One
is now required to save M?3/2/P in the sum

> xp) Y x(r) Y. A1)

P<p<2P r~ PV M c~M/P n<P3M3/2/L

p prime pir
X Z S(a,n;r)e <_Map + %> :

T T
a mod 7

The last character sum is given by
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Next we apply the Cauchy inequality to get rid of the Fourier coefficients and
reduce the problem to that of saving M3/P? = (N/P)? in the sum

> Y T T ()

r
e~M/P n<P3M3/2)[ P<p<2P r~pv/M
p prime ptr

2

Opening the absolute square we apply the Poisson summation formula on the
sum over n. This leads us to a counting problem. ‘Ideally’ one should be able
to save P3M3/2 /L > M3/? = N. But there are few degenerate cases that make
large contribution in the count. However we get a satisfactory bound as long
as P is taken in a suitable range in [N1/2+¢ M1~¢]. One will also observe that
the present counting problem is same (with different variable sizes) as the one
we encountered while dealing with the off-diagonal O. However in the present
case we need to analyze the contribution of the nonzero frequencies as well.

In the above sketch we concentrated only on the transition range for the
c sum. Due to the rapid decay of the Bessel function, and our choice of large
weight k, the tail sum, where ¢ is larger than the transition range, makes a
negligible contribution. However for smaller ¢, we need a detailed analysis to
get a satisfactory bound. In this range we gain a little from the size of the
Bessel function, but there is an additional oscillation. We analyze these terms
in Section 6. The content of this section is summarized in Lemma 18, where
we show that by taking P between [N/27¢ M'~¢] we can obtain a satisfactory
bound. Similarly in our analysis of the contribution of the ‘wild terms’ in the
transition range, i.e., those with variables having large common factors with
each other, in Section 7 we again need to take P < M. The main output of
this section is Lemma 24. Also we stress that in our analysis of these sums
we make a very small saving compared to our savings in Proposition 1 or in
our treatment for ¢ in the transition range. With more work one expects to
get better bounds in Sections 6 and 7. Indeed one expects that the optimal
choice for P should be near v/N, rather than near M, as in the standard circle
method.

4. The off-diagonal

In this section we will analyze the off-diagonal contribution O as given in
(9). We will prove Proposition 1. Suppose we take P > N1/2te . Since we are
picking k very large, of the order e =%, and J;_1(7) < #F~! (see Lemma 2), the
contribution from the tail ¢ > N/27¢ is negligibly small. In particular, the
contributing ¢ are necessarily coprime with p. We make a dyadic subdivision
of the the c-sum (see Section 2.1) and extract the oscillation from the Bessel
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function as in Lemma 2. This leads us to the study of the sum

Om)= % > (1=¢(=1))> Am,n)Y x(r)
n=1 r=1

P<p<2P 1) mod p

p prime
i ‘ 2y/nr < r
X Cz:; S’Mr,n,cp)e( " ) N B
(e;p)=1

for any fixed m < v/N, where Wy € W3(1) and
No=N/m? NM % «R< N and C < /NyRM¢/P.
From a bound for O(m) we can conclude a bound for O via the inequality
Mce O(m)

(10) 0K —5 Z sSUp ———————,
P L<meVN VCP(NoR)Y/4

where the supremum is taken over all C' and R in the above ranges. (Technically
speaking one should also take supremum over a class of weight functions, but
that does not affect the bound. This feature will be present throughout this

paper.)

)

Qla

4.1. Sum over v and reciprocity. Our next step is a conductor lowering
mechanism. This is one of the most vital steps. Similar tricks were also used
in the series of papers [13], [12] and [14]. There a part of the Kloosterman sum
could be evaluated as the modulus was powerful. Here the extra average over
1 helps us to evaluate precisely the twisted average value of the Kloosterman
sum. This also makes way for the application of reciprocity, which lowers the
conductor. We set

(1) Wi (zy2) =

Ry + Nox 2/ RNyxy
e<i Cpz )< Cpz )Wo(acy,).

Note that the new factors are only mildly oscillating at the transition range
for c. Indeed we have Wi (z,y,2) € W(Hy, Ha, Hy + Hy) (see Section 2.1),
where

_( No . VRN (R VRN
H1—<CP+ CP +1> and HQ—(‘F +1].

CcP CcP
LEMMA 7. We have

Om) =3 (1) > > o Z
+ P<p<2P c=1 n=1
p prime ( 713) 1

x i::x(T)S(ﬁT,ﬁn; c)e (?M) Wi (]:L,O %» é) :

where W are as given in (11).
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Proof. Using the coprimality (c,p) = 1, we get

> (@ =(=1)) Sy(r,n;cp)

Y mod p

= S(pr, pn;c) Z (1 —4(=1)) Sy(er, en; p)

1 mod p

= ¢(p)S(pr, pn; ) <e (W) - (_c(r;n)» '

o0

O(m) Z Z o(p Z m,n Zx(r)
+ P<p§2P n=1 r=1
p prime

5 S () (3

Next we use the reciprocity relation

e <ic(rp+”)) = (;M) e (irjp”) :

We push the last oscillatory factor into the weight function. The lemma follows.
O

Hence

:oﬁ
Ql o
N—

Observe that before the application of the reciprocity relation the modulus
for the sum over r was ¢pM. Using the reciprocity relation we have brought
it down to cM.

4.2. First application of the Poisson summation. For notational simplicity
we will only focus on the contribution of the ‘4’ term in the expression given
in Lemma 7. We denote this by O;(m). We also set W; = W;". We start by
applying the Poisson summation formula on the sum over r. Let

H_( /NO) M1te
= R 7
LEMMA 8. We have O1(m) < |OF(m)| + M 2013 where

Or(m E o(p A(m,n)
v P<;2P c=1 Z
p prime (e,p)=1

_ (M — pr)rn *(n rR c)
X Z X(CT‘)G(C Wl ﬁo,m,a y
|r|<H
(pr—M,c)=1

with
(r,y,2 /W1 (x,u, z) e (—uy) du.
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Proof. Consider the sum over r in the expression in Lemma 7 (only the
‘+’ term). Splitting into congruence classes modulo ¢M we obtain

> X(G)S(ﬁa,ﬁn;C)e( Pla+tn) )zw (" +RM>C>

a mod cM rez

By the Poisson summation formula we now get

> xSt pmicpe (-4

a mod cM ¢
M
xz/m(”aﬁghgykmm

The change of variables (a + zcM)/R + y reduces the above sum to
1 Ba. D ﬁ(a + n) ar
=S x@Sa ;e (_C . CM>}

reZ a modcM
n c rRy
Wi (50 6)e (<)
X/R \NyY e\ em

Since C' <« NY/2M® < M, we have (¢, M) =1 (as we are assuming M to
be prime and 6 to be small, say § < 1/4). So the character sum splits into a
product of two character sums

S x@e(47) X st o (-2 ),

a mod M a mod ¢

Writing the first sum in terms of the Gauss sum and opening the Kloosterman
sum, we get

() ()

C C C
b mod ¢ a mod ¢

where ¢, is the sign of the Gauss sum for . Next we execute the sum over a
to arrive at

(12) 2xx(er) e e (“‘Mf”“ - ”ﬁ”)  coter) it e (W22,

C &

In particular, this means that the character sum vanishes unless (pr—»M, c¢) = 1.
Next we consider the integral. By repeated integration by parts we have

¢ rRy) R RN, oM’
/W1<N’y’c) ( ear )W KCP+ cp ) TR}

Hence the integral is negligibly small if

M M~/ Ny CM
> M*® + +
4 ( PVR )
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The second term ‘essentially’ dominates the last term as C' < /NoRM®/P.
Hence the tail |r| > H makes a negligible contribution, say of size O(M ~2013),
The lemma follows. O

We will conclude this subsection by noting a nontrivial bound for the
Fourier transform W7 for smaller values of 7. Using the explicit form of W as
given in (11) and the second derivative test for exponential integrals, we get

n c rRy) - VCeP
(13) /RW1 (No’y’ C)e( ear ) S R

A more elaborate analysis can be carried out using the stationary phase method.
It turns out that the contribution of the stationary point nullifies the oscilla-
tion coming from the additive character in (12), via the reciprocity relation.
This can be used if one wants a better exponent in the main result.

4.3. Cauchy inequality and second application of Poisson summation. Us-
ing Cauchy’s inequality we get

(14) O7(m) <« RP2ME VA VA
m — m su )
! v M P<p£2P P
p prime
where
Am= Y [Amn)f
n<10N/m?
and
> ~ (M — pr)rn *(n rR c>2
v, = — VW=, —, = ]| .
p nz::l lz<:c<20; X(CT)Q( c U\ Ny eM’ ©

|r|<H
(e,p(pr—M))=1

LEMMA 9. We have

O (m) < /A NYARS/APS/2, JOH(C + H)M /2,

Proof. The lemma will follow once we obtain a satisfactory bound for W,
Consider the expression for ¥, as given above. We open the absolute square
and apply the Poisson summation formula on the sum over n after splitting
the sum into congruence classes modulo cc’. This gives

v, =Ny Z ZZ Z Z x(cr'dr) U(n,r, v’ c,d),
1<e, ' <00 nez
Irl,|r|<H
(c.p(pr—M))=1
(c"sp(pr'—M))=1
(M —pr)c'r—(M—pr')er'=n mod cc/
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where

ed)= [wr (2, 2 )Wy TR (2or)
U(n,r,r,c,c)/Rwl (x, SYike wi (w, TN C e\ ~ou dz.

By repeated integration by parts we have

N() RN() C2 J
/ /

U ; — + +1)— .
(n,rjr,c,c)<<] KCP op )nNg

Hence the integral is negligibly small if

C  CVR  C?
Me | = — ).
In| > <P+P ﬁNOJrNO)
Since C' < VNoRM¢®/P and Ny, R < N, we see that the right-hand side is
dominated by O(NM¢/P?). So if P > N/2%¢_ then the contribution of the

nonzero frequencies n # 0 is negligibly small. Hence

CcP
Uy < No o I 14+ M08,

1<e,d<C
1<|r],|r'|<H
(c.p(pr—M))=1
(c"p(pr'—M))=1
(M—pr)c'r—(M—pr’)er’=0 mod cc’/

The factor CP/+/NoR comes from the size of the weight function (see (13)).
We have reduced the problem to counting the number of solutions of the
above congruence. This we can estimate quite easily. Let d = (¢, ). We write

¢ =de and ¢ = de’, with (e, e’) = 1. The congruence condition now reduces to
(M —pr)e'r — (M — pr')er’ = 0 mod dee’.

The coprimality (e,e’) = 1 now forces e|r and €'|r'.

r =es and 7' = €'s’. We are now left with the congruence condition

(M — pe's")s — (M — pes)s’ = 0 mod d.

Accordingly we write

We will first study the case where the equality
(M —pe's'ys = (M — pes)s’

holds. This reduces to M(s — s') = pss’(¢/ — e). Hence p|s — s'. By size
consideration it now follows that s — s’ = 0. Consequently we also have ¢/ = e.
So the equality forces ¢ = ¢ and r = 7. Hence the contribution from this
equality to the count is given by

CcP
M*Ny —— CH.
" VNoR
Next we study the case where (M — pe's’)s # (M — pes)s’. Here for any
given vector (e, €’,s,s’), we have O(M¢) many d. So it turns out that the
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contribution of this part to the count is

P
M¢ Ny ¢ H?.
NoR
enee U, < M°N cP H(C+ H)
P O V/NoR '
The lemma follows. O

4.4. Conclusion. Substituting the bound from Lemma 9 into Lemma 8§,
we see that the bound of Lemma 9 holds for O;(m). The same bound in fact
holds for O(m) — O;1(m) as well. Substituting this bound in (10) we conclude
that

O <« M~Y2+e Z sup vV A,/ RH(C + H)

1<m<VN
~— (N2M  NM2\'? NS/
M—1/2+€ A __ _ —_—.
< Z m mP2 + P2 P
1<m<VN

The last inequality follows by employing the Cauchy inequality and using (6).
Note that to prove this bound, which is sufficient for the purpose of subcon-
vexity, we required neither of the conditions (R) or (RS). However under (R)
we have A,,, < M°N/m?, and consequently it follows that

N2M O NM2\Y?  N3/2ppe

n[—1/2+€ /A v v o

O< Z m mP2 + P2 P
1<m<vVN

Thus we have proved Proposition 1.
There are several ways in which the above estimate can be improved. For
example we also have

O1(m) < % A VT

where
> ~ (M —pr)rn n rR c\?
=Y XYY e wi (2, 28 23,
n=1P<p<aP  1<c<oo ¢ No cM™C

p prime |r|<H
(e,;p(pr—M))=1
Now we can obtain a bound for ¥ exactly in the same fashion as Lemma 9. As
the diagonal is now longer, but the modulus is same as before, we save more.
The counting problem turns out to be slightly more involved. This yields the

improved bound

MB/A+0/24e
O< VN

As our analysis of the dual term F is much weaker, this extra saving does not

lead us to an improved exponent at the end.
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5. Functional equations

In the rest of the paper we will analyze F, which is given by (8). We will
first take a smooth dyadic partition of unity to replace the weight function
V(r/N) by a bump function. To this end we apply Lemma 1 to get

DD > wyp

P<p<2P wmodp fer(p,w)
p prime
D) RURVE w( ) X e (5)v(z)
m,n=1 (U,R)r=1

The function
x+— U(z)V(zR/N)

belongs to the class W;(1). By abuse of notation we will again denote this
function by V(z). Moreover we only need to take R in the range NM 4% <«
R < N. Next we apply summation formulas to the sums over (m,n) and
r. The summation formulas will be derived from the respective functional
equations. (For the sum over r, one may also use the GL(2) Voronoi summation
formula directly.)

5.1. Functional equation for L(s, f ® x) and related summation formula.

M&f®x)=<A;@>H«F+k;1>ﬂxf®x)

be the completed L-function associated with the twisted form f ® y. Recall
that (M,p) = 1. We have the following functional equation ([7, Chap. 14]).

Let

LEMMA 10. We have

(15 AlsFox) = FHNX) j’}g}

where g, and gy are the Gauss sums associated with x and 1) respectively.

Ar(p) A1 = s, f ®X),

We will use this functional equation to derive a summation formula for
the sum

S RVENCIA ()

where V' € Wi(1). Let U = {(U,R)} be a smooth partition of unity as in
Lemma 1.
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LEMMA 11. We have

;Af(r)x(r)v (%) = " (M)x(P)g3 0 Ar(p ;ZZ (;)
1 - A72rR s+ AL
X 271_2,/(0) Vi(s) ( Ve ) (F(S +‘:512> )ds + O(M—2013),

where U* is the subset of U consisting of those pairs (U, R) that have R in the
range

MQ—EP _ M2+6P
R .
R <L K R
Proof. By Mellin inversion we get
1 . _
= — °L d
Using (15) we get
_ k7 gxgw M\/ﬁ
(16) 5= DNNP) F1 Ar) 5
1 - (4R (1 —s + ’“T)
— L(1 —

We move the contour to —e, expand the L-function into a series and then use
a smooth dyadic partition of unity U, as above, to get

S = i*P(M)x(p)g2 Gy As(p Z Z (;)

Uu r=1
1 - 4n2rR\°*T(1 — s + @)
X — 14 2 _~ds.
2mi /(—a> (S)< M?p ) M+ 50

The poles of the integrand are located at

E+1
§ = %—I—f where £ =0,1,2,.

For R > M?*t¢P/R, we shift the contour to the left, and for R < M?*¢P/R,
we shift the contour to k/2. Since k is large (of the size ¢71), we see that the
contribution from the above ranges is negligibly small. O

5.2. Functional equation for L(s,m ® f) and related summation formula.
Now we consider the Rankin-Selberg convolution L(s,m ® f), which is given
by the Dirichlet series

ZOOZ A(m, n)Ag(n)(m*n) =

m,n=1
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in the region of absolute convergences Re(s) > 1. The L-function extends to
an entire function. The completed L-function is given by

A(s,m® f) = p*/%y (s) L(s,m @ f),

where ~(s) is a product of six gamma factors of the type I'((s + x;)/2). Also
each k; satisfies Re(k;) > k/2 — 2 (see [6]). We have the following functional
equation.

LEMMA 12. We have

- 3
[(— L -
17 A(s,m® f :L<)\ p)Al—s,w@f,
(17) ( ) Y 1)) A( )
where ¢ is a root of unity that depends only on the weight k and the Langlands
parameters of .

The (global) e-factor in the above functional equation is given by the prod-
uct of the local epsilon factors. For any finite prime g, let ¢, be an unramified
additive character of Q,. The local component 7, (of m) is an unramified
principal series representation of GL(3,Q,) with trivial central character. In
other words, m; = Ind(¢1, ¢2,¢#3) with ¢; unramified character of Qy and

19203 = 1. So (see [8])

3

3

Eq(1/2,ﬂ' ® fa ¢q) = H 5(1(1/27 ¢Z X f7 wq) = H{gbl(*)eq(l/?v fa 7/1q)}
i=1 =1
eq(1/2, f,40q)".

Here x = 1 if ¢ # p and x = p otherwise. Hence the e-factor for L(s, 7 ® f), up
to the archimedean component (which depends only on the weight of f and the
Langlands parameters of ) turns out to be the cube of the e-factor for L(s, f).
It is well known (see [7]) that the e-factor for L(s, f) is given by gzAs(p)/\/p-
Consider the sum (which we will again temporarily denote by S)

S5 =35 A ) (m)W (”jf,") :

m,n=1

with W € W (1). We will prove the following summation formula.
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LEMMA 13. We have

;nzl:)\mn)\f W(m;”)
— DA T3y Ay ()

ut mn=1
1 T m?nN (1 —s) —2013
X — w ds+ O(M ,
2mi /(0) (s) ( P ) MO ( )

where U' is the subset of U consisting of those pairs (U, N) that have N in the
range
P3M—¢ ~ P3Me
<N KL
N
Proof. By Mellin inversion we get

1 -
S = —/ W(s)N°L(s, 7 ® f)ds
2711 J(2)

Using functional equation (17) we see that S is given by

3 S m(] — g _
o0 (5) Mo [, e () M e —ere fas

We move the contour to —e, expand the L-function into a series and then use
a partition of unity U, as above, to get

g Yy Ay ()

U mmn=1
1 - m*n N\’ v(1 — s)
— ds.
* omi /<_a> W(S)( P ) (s

As before, by moving contours we can show that for N outside the range given
in the statement of the lemma, the total contribution is negligible. O

5.3. Application of Petersson formula. We will conclude this section by
proving the following lemma. (Recall our conventions regarding weights from
Section 2.1.)

LEMMA 14. Suppose 0 < 0 < 1/24 and P > N1/2+¢ Then we have

| P
(18) F < Ms sup ’Oreddual| + M3/2+9+8 N’
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where
(19)
RN B )

Oreddnat = 3755 2. X(p) D (L=v(=1)¥(-M)g

P<p<2pP 1 mod p

p prime

00 0o ) 0 Sw(an,T;cp) 47’“/77 nm?2 r

DR D RTITERP R s (M Y (Yo ().

(e,p)=1

and the supremum is taken over all R, R, N in the range
N p3 5 P3ME 2p B M?2tep
20) — < RN, — <N d R
(20) s KRN, e KN —F— and 0 <R ——
Proof. We apply Lemmas 11 and 13 to (8). This reduces the analyzes of
the sum in (8) to that of sums of the type

RN - 2
AP Yooox) Y A—=g(=1))p(=M)g;, D> w;A(p)
P<p<2P 1 mod p feH(p,y)
p prime

S _ nm?
X ZZ)\(n,m))\f(n)W ( I

> r
) xonw ().

m,n=1 r=1
where R, R and N are in the range (20). The leading factor accounts for the
sizes of the denominators appearing on the right-hand side of the summation
formulas in Lemmas 11 and 13 and also the sizes of the Gauss sums associated
with x and 2.

We apply the Petersson formula. The diagonal term vanishes as the equal-
ity 7 = np? never holds in the above range, as

B 2446
r< R« MET < M1/2+50+5P < P2M7€ < pQMfa.

The fourth inequality follows from the condition on # and P. The off-diagonal

is given by
(21)
RN _ )
Oaual = 77155 Yo ox) Y. (A=9(=1)d(-M)g
P<p<2P ¥ mod p
p prime
) o0 ) oo Sw(np27r;cp) 47TW nm? r
X %’:n; ;X(T))\(n, m)czz:l Tjk—l < B > W( I ) W (R)

Since the weight k is large, the contribution of the tail ¢ > \/ RNyM?¢ is neg-
ligible. Here we are setting No = N /m?. It follows that the terms where p?|c
make a negligible contribution.
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Now let us consider the case where p||c. We write ¢ = pc’. In this case the
Kloosterman sum splits as

Sw(npz,r; cp) = Sw(O,gr;pz)S(n,ﬁzr; ).
The first term on the right-hand side vanishes unless p|r, and accordingly we
write r = pr’. It follows that

> (L=o(=1))(=M)g}8y(0,r;p?)

¥ mod p

=p> Y, (1—=v(=1))v(Mr)gy

1 mod p

- (52) (7))

So the contribution of those ¢ for which p||c is dominated by
RN M*® 1

S 2 XX Y Beeml ¥

P<p<2P pm?2«Nr<R/P e/ RNoM¢ /P
p prime

Trivially estimating the remaining sums (using (R)), we get that the above
sum is dominated by

(One may avoid (R) by employing the Cauchy inequality and applying (6).)
We conclude that

P
Odual = Ored dual + O <M3/2+9+E N) )
where the reduced dual off-diagonal O;eq qual is given by an expression similar
to (21) but with the extra coprimality restriction (¢, p) = 1. O

Observe that we have used the Weil bound for the Kloosterman sum mod-
ulo ¢. One may avoid the application of the Weil bound by employing the
Voronoi summation formula on the n-sum and then evaluating the remaining
sums trivially.

6. Dual off-diagonal away from transition

It remains to study (19). We will take a smooth dyadic subdivision of
the c-sum in Oyeq quai- In this section we will show that the contribution of
any such subdivision that is away from the transition range, which is marked
by C ~ \/NoR, is satisfactory. For larger values of C, the trivial estimation
suffices as the size of the Bessel function is small due to the large weight k.
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We will see that for smaller size of C', one can get away with a relatively easy
estimate.

6.1. Sum over ¢b. We fix C;m > 1 and consider sums of the type

(22)
RN — W -
O4(Cym) = 77 P%;n?f ¢(p)x(p);(r;lx(r)k(mm)
X(ci:; S(n,CT;C) ( MC?)Jk—l (47?;/% W(n}r;2> (;)W(é)
ep)=1

For notational simplicity we are using the same notation W for the new smooth
weight function on the ¢ sum.

LEMMA 15. We have

10V~
Ored dual < M >~ sup |0+(C,m)| M2,

m=1
where the supremum is taken over all C' < Ma\/m.
Proof. The Kloosterman sum in (19) factorizes as
Sy(np?,r5cp) = Sy (0,er;p)S(prp®, pri c) = Sy(0,er; p)S(n, 73 ¢).
Moreover we have

Yo (== Y(=M)gSy(0,erip) =p Y (1 —(=1))$(Mer)gy

¥ mod p ¥ mod p - B
- e () o (7))

(The sum vanishes unless (r,p) = 1.) The lemma follows by taking a smooth
dyadic subdivision of the ¢ sum. ([l

Observe the curious separation of the variables n and p, which is a con-
sequence of the fact that we are studying a GL(d;) x GL(d2) Rankin-Selberg
convolution with d; — ds = 2. (In our case d; = 3 and dy = 1.) This inbuilt
separation of variables will play an important structural role in our analysis of
Odual'

We set O(C,m) = O4(C,m), and in the rest of the paper we will only
deal with this sum. The other sum with — sign behaves exactly in the same
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fashion. Taking absolute values we get

RN Mcr
|O(C,m)| < >y W( > sb(p)x(p)e( )‘
CMP5 €7 C<e<2C P<p<2P p
p prime
(er,p)=1

S(n,7;¢)Jp1 (477\6/%) W (”;LQ) ’

This is the point where we use the separation of the variables noted above.
Now applying the Cauchy inequality (and exploiting positivity) we get

(23) OC,m) < CMP5 VCIRVEEYY
where
(24) o=YYu(L5)| ¥ <Z>(p)x(p)6(MC?) 2
c,r€Z C R P<P§2P p

p prime

(er,p)=1
and

2
(25)  ©=> > W(ﬁ)l > a(n)S(n,r;c)Jk_1<47r\C/7W>
r€Z C<cL2C 1<n<2N

Here

a(n) = A, m)W (”]”V”“) ,

and U is a suitable compactly supported weight function on (0, c0)2.

6.2. Bound for ©1. We will consider a slightly general sum

M
=Y 3 (57| p) Be o,
eret pprlme
(er,p)=1

with |B(p)| < p. Taking 5(p) = ¢(p)x(p), the above sum O7 reduces to O;.
LEMMA 16. Suppose P > +/N. Then we have
(26) 0F < P3R(C + P)M*
Proof. Opening the absolute square we arrive at
Mcr Mc?) < cr )
Ul=,=].
Y 8mEe) XY e (= 5%

P
P<p,p’<2P c,r€Z
p,p’ prime (cr,pp) 1

The diagonal p = p’ contribution is dominated by P2CR. Also the coprimality
condition (¢, pp’) = 1 can be removed at a cost of an error term of size P3CR,
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which is dominated by the diagonal contribution. We will now apply the
Poisson summation formula on the off-diagonal. Breaking into congruence
classes modulo pp’, we arrive at

)IETERID ) W Gy

P<pp'<2P ~,p mod pp’ P
p#p’ prime (p,pp")=1
y+cpp’ p+rpp’
X U — .
Sy (e e
c,r€Z

Then by the Poisson summation (and standard rescaling) we get

ch 3y PUESS Yy (TR0 A

P<p,p’<2P pp ¢,r€Z ~,p mod pp’ p p pp
p#p’ prime (pspp')=1
Cec Rr
X U(z,y)e (—/:r — /y> dxdy.
R2 bp pp

The complete character sum over v now yields the relation
Mp(p' —p) + ¢ =0mod pp'.

Hence the above sum reduces to

e cr Yy MOy (- ) )

P<p,p'<2P c,reZ p
p#p prime (e,pp’)=1
C R
X U(z,y)e (—Cm — Ty> dxdy.
R2 pp’ pp

The integral is negligibly small if || > P2M¢/R or if |c| > P?M¢/C.

Let V(z) be a smooth bump function with support contained in [—10, 10]
and such that V() < 1. Set R* = PQME/R, take 1 < ¢« PQME/C with
(¢,pp’) =1 and consider the sum

o (-IMED) (B Y ().

Here y is a fixed positive number. (The negative values of ¢ are treated in the
same fashion.) Applying reciprocity we reduce the above sum to

() (0 B )

reZ
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We break the sum into congruence classes modulo ¢ and then apply the Poisson
summation formula. This gives (after standard rescaling)

72 5 (ppMp —p)p+1“p>

r€Z pmod c ¢

* o D Px *
></ V(z)e <—R M(p/ p)z— RR,yz>e<—R rz) dz,
R cpp pp ¢

which reduces to

o D D% *
R* Z /V ( M(p, p)z—RR/yz>e(—R Tz) dz.
= cpp Pp
c|rpp’+M(p'—p)

By repeated integration by parts we see that the integral is bounded by

- ((HW) M)
’ cR / R*|r|

o (L dmyaey (R M=y’
T\\R* " RR*/ |r| J c P) )

Hence the integral is negligibly small if
R M
M*® .
|r] > ( c + P)

It follows that (27) is dominated by

CRR* > %" > > 14+ M

P<p,p'<2P ‘C‘<<P2ME/C|T|<<M5(g+%)
p7p’ prime c|rpp’+M(p'—p)

Since rpp’ + M(p’ — p) never vanishes, the sum is seen to be bounded by
M'CPRR* + M*P?R*R* < M'™*CP3 + M°P'R.

Since P > /N and 6 is sufficiently small, we find that R > M. So the first

term is dominated by the diagonal contribution. The lemma follows. ([

6.3. Bound for ©3. In this subsection we prove the following bound for
©3. To this end we will use the Ramanujan conjecture (R), which implies that
|a(n)] < ME.

LEMMA 17. For P < M'~¢ and 6 sufficiently small, we have

Oy < C?’RNyME.
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Proof. Opening the absolute square in the sum (25) we arrive at

(28) O = Z Z Z a(n)a(n’) z S(n,r;c)S(n',r;c)

C<e<2C 1<n,n/<2Ny reZ

X Jp 1 (“gﬁ) Ji1 (‘”iﬂ) W (;) .

We only need to consider the case where C < MV RN /m, as the Bessel
function is negligibly small otherwise due to the large weight. For C in this
range, we apply the Poisson summation formula on r with modulus ¢. Now

the Fourier transform

/]RJk_l <4W\Zﬁx> Jk—1 (@x) W (zx)e (—Raf;> dz

Cc

is bounded by

© mC ) fr
by repeated integration by parts j times. Since C' < M*®V ]:ZN/m, it follows
that the integral is negligibly small if

N Me
7| >/ —= .
R m

Since we are going to choose P < M'~¢, we have R> NME, and hence the
nonzero frequencies r # 0 make a negligible contribution. The main contribu-

(s

tion comes from the zero frequency that is given by

Z ZZ a(n)a(n') Z S(n,a;c)S(n',a;c)

C<c<20 1<n,n’<2Ng a mod ¢

dnvVnRz 47V n! Rx
></RJ;€_1 — Jr—1 e

W (z)dex.

The integral is bounded by
47V nRx 47V n' Rz C
/Jk,l — | g | —— | W()dr €« —=—.
R c ¢ \/E(nn’)l/4
The character sum is given by

Z S(n,a;c)S(n',a;¢) = cce(n —n'),
a mod ¢

where ¢, (v) is the Ramanujan sum modulo u. We obtain the bound

<ok Y Yy el oy

1/4
nn
C<eL2C 1<n,n/<2Ny ( )
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The Ramanujan sum can be bounded by the greatest common divisor, i.e.,
ce(n—n') < (¢,n —n'). Consequently

CMe if !
Z\cc<n—n’>|<<{ o

e~C

So it follows (using (R)) that

C2M¢ otherwise.

2

- 1 1
o< CVRMISC? Y ool Y

n~N /m?2 n~N /m?2
< C*V RNy {C + No} M=

Since by our choice P < M, it follows that C' + Ny < VRNoMe, and we
conclude the lemma. O

6.4. Estimate for O(C,m) for C away from transition range. Recall that
we have already noted that the Bessel function in (22) is negligibly small,

because of the large weight k, if C' > \/ RNyM¢. So we need to analyze, for
any given m, the contribution of C' in the range C' < \/ RNoM®.

LEMMA 18. For N'/2t¢ < P < M=% and 0 sufficiently small, we have

3" sup |O(C,m)| < VNMPAT02E

m> M40

where the supremum is taken over all C < M¢\/RNy. Also we have

10V~
sup |O(C,m)| < VNM3/A=0/2+¢,
m—1 C<P?/M1/2+0

Proof. Plugging the bounds for ©; from Lemmas 16 and 17 into (23), we
conclude

(29)
RN M¢ = e MvNC  M+vN
- 3 2 €
O(C.m) < G355 VP3(C + PYRVC2RNy < M ( o=+ m\/ﬁ)
In the range C' < M*\/ RNy, we get
MV/NC MVN - - M3/4+39/2+£
T <« MFT (RNt < VN
mP mP m3/2

Summing over m we now conclude the first statement. The second statement
also follows from (29). The lemma follows. (To manage the last term in (29)
one only needs 6 < 1/6.) O
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Substituting the bound from Lemma 18 into Lemma 15, we derive the
following corollary.

COROLLARY 1. For NY/2t¢ < P < M=% and 0 sufficiently small, we
have

Ored dual < M* Z sup |O(C,m)| + VN M3/A=0/2+

m§M49

where the supremum is taken over all C in the range

P2 1 P2M1+6 P2
30 - M39+5.
(30) iz ae << AINE S mM2

Later we will be applying Poisson summation on the sum over c. To this
end we wish to get rid of the coprimality condition (¢,p) = 1 in (22). Consider
the sum in (22) but with the condition p|c in place of (¢,p) =1, i.e.,

@) 01Cm) = §iEs T o)X 3 A m
Zififrif =i
XZ nrcp 1(4770\;%)”/(”;;2)”/(;)”/(?)
We set

O*(C,m) = O(C,m) + OT(C,m),

which is exactly the sum in (22) (for a + sign) without the coprimality (¢,p) = 1
condition.

COROLLARY 2. For NY/2t¢ < P < M=% and 0 sufficiently small, we
have

Ored dual < M* Z sup |O*(C7 m)’ 4 \/NM3/47€/2+57

m§M40
where the supremum is taken over all C in the range (30).

Proof. We need to show that the term O can be absorbed in the error
term in Corollary 1. Taking absolute value we get

olCm < gim X X%

P<p<2P T‘NR CNC/p
p prime

X :1 N, m)S(n, 75 cp) Jos (“f) % <”X;2> '
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Using positivity we glue ¢ and p to arrive at

T DPY

T’NR C<C<4C

S(n,r;¢)Jp_1 <4W\C/ﬁ> W ("Z;Q) ‘

Applying Cauchy inequality we get

€ 2
CMP4 VOR O, < M C’MP5 VP2CR /6,

This can be absorbed in the bound given in Lemma 18 or in Corollary 1. [J

o'(C,m) < M®

O (C,m) <« M®————

7. Wild dual off-diagonal in transition

In the rest of the paper we will analyze the contribution of those C' that
lie in the range (30) for any given m < M*?. The Voronoi summation formula
now comes into play, and we will be using it more than once. As such the
notation starts to become a little messy. At this point we abandon keeping
track of the exponent and use the notation

M* to mean a power of M?

(e.g., m < M*), which will vary from one occurrence to other.
We consider the sum

(2)  O(Cm = o Y ) Y )

P<p<2P c,r=1
p prime (por)=1
e Mcr c n r
X An,mSn,r;ce( )W<,~,~>,
3 A m)S(aricle (= & F

where

Cx

W(z,9,2) = Jys (4” VN“Ry> T IW (@)W () W (2).

The single variable function W on the right-hand side is as given in (22). In
particular, W (z,y, z) € Ws(M?) where § = 46. Moreover the weight W (z, y, 2)
is independent of p.

7.1. Voronoi summation formula. The next step involves an application
of the Voronoi summation formula (see [11, Th. 1.18] or [9, Prop. 2.1]) on the
sum over n. Let

W(x,s,Z)Z/O W (z,y,2)y* dy,
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and for £ = 0, 1, define

1 3T (1+s—5ai+€)

= 2ﬂ_3(5+%) 121_[1 T (—s—2cvi+é>

(33) Ve(s)
and set v+ (s) = vo(s) Fiv1(s). We define the integral transforms
* 1 —s I
(34> Wi(xa Y, Z) - 27 / Yy fY:I:(S)W(xa -5, Z)dS,
T J(o)

where 0 > —1 + max{—Re(a1), —Re(az), —Re(as)}. The following lemma
gives the Voronoi summation formula.

LEMMA 19. For W and WX as above, we have

> an c nor
2 Amme (T <0 No R)
= A(n,m) ¢ m"nNy r

= czi: Z z; WS(méz,:l:n;mc/m')Wj*E <C’ Qe R) )

Since the function W (z, y, 2) is smooth and supported in [1, 2]3, the Mellin
transform W(x,s, z) is entire in the s variable. Using the bounds for the
derivatives of W and using integration by parts, we get

W MY
(z,8,2) < s5+1)...(s+j—1)

We can now obtain a bound for the integral transform in (34) by shifting the
contour to the right and using the Stirling approximation. It follows that
Wi (z,y, 2) is negligibly small if y > M39%¢. For 0 < y < M>%+¢ we shift the
contour to the left up to 0 = —1+¢. Since we are assuming (RS), there are no
poles of the gamma factor in this domain. Differentiating under the integral

sign we get

i i
(35) yﬂa—wW;(x, y,2) < MOU—1Dtey

for j > 1. Also Wi(z,y,2) < M®y. It is crucial to assume the (RS) to get
tight bounds for Wi(z,y,z) for small values of y. This plays an important
role in our derivation of Lemma 23 below. (The —1/2 in (35) comes from
applying the Stirling’s approximation to the gamma functions in (33) at the
line 0 = —1 4+ ¢. The size of the gamma functions partly compensates the loss
of powers of s when we differentiate (34) under the integral sign.)

Next we will apply the Voronoi summation to establish the following.

LEMMA 20. We have
O*(C,m) < M®sup |O(C,m; L,m’,0)|,
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where
(36)
RN X X [(Mcr
OCm L', 0) = oo 3 o) Y. xn)Yoe( 2T
P<p<2P r=1 =1 p
p prime (p,r)=1
No m' — p(d) * > , Bn (c n r)

m/~m’ d~d r-+pm’=0 mod c/d

Here the smooth weight function V' belongs to the class Wg(Mé). The supre-
mum is taken over all triplets (L,m’,0) satisfying
C3M*
(37) 1<L<«——,
m2N
m < Cm and 0 < C.

Proof. We apply Lemma 19 to the sum over n in (32) after opening the
Kloosterman sum. (More precisely, one applies the Voronoi summation for-
mula for the dual form 7. The (m,n)-th Fourier coefficient of 7 is given by
Az(m,n) = A(n,m). The Langlands parameters are given by (—as, —ag, —ay).)
As we observed above, the tail m’2n > C3*m3M3%+¢ /N makes a negligible con-
tribution as the integral transform is negligibly small. For smaller values of
m'?n, we take a smooth dyadic subdivision of the n-sum, and a dyadic sub-
division of the sum over m’ to arrive at (consider only the term with a +

sign)

N, ) oo
(38) 720 mz|:m % nz::l A(m', n)S(ma, n; me/m')V (é % ;) .
m/Nm/

Here L needs to be taken in the range
C3m3 M30+e
m2N

which in our short-hand notation boils down to (37). Also V(z,y, 2) is of the
shape

I1<L< L=

)

(yL/L*) "W (z,yL/L*, 2)U(y),

where U € W;(1) comes from the partition of unity. From (35) it follows that
V(z,y,z) € Ws(M?).

We have applied the Voronoi summation after opening the Kloosterman
sum in the initial expression (32). So we eventually get the Fourier transform
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of the Kloosterman sum in (38), which is given by

a;od*ce <%> S(ma, n;me/m’)
gl €<m57m/> e (M)

B8 mod mc/m’ amod ¢ ¢

The last sum is a Ramanujan sum. Substituting explicit formula for this sum

we obtain @ B
w(d * bBn
D (i
dle d B mod mc/m’ mc/m
r+m/=0 mod c/d
The lemma follows. O

Note that the function V', which appears in Lemma 20, involves the (la-
tent) variables m and m’ but does not depend on p.

7.2. Repeating Voronoi summation. In the rest of this section we will ob-
tain a bound for (36), which will be satisfactory for our purpose when either
m’ or 0 is suitably large. We call these terms ‘wild.” Consider the expression
in the second line of (36). Suppose we again apply the Voronoi summation
formula on the sum over n. (This is the standard reversal process to get rid of
the ‘wild’ terms.) Then we arrive at

- Ad) — A(n,m")
(39) No %c: 4 ;m/’gcm n; m'n
d~0 m/~m’

12,112
* , ) o[ € MM nL 1
X Z / S(mﬁ,:l:n,mc/m )Vﬂ: (C’M’R)
B mod mc/m
r+Bm’=0 mod c/d
The integral transform is negligibly small if
C3M*
(m/m//)QL'

Let us consider only the + term. We set

1
(1) e =smp Y Yo Y ZW(;)
Y C<e<2C dlc m/;m''|em TEZL
d~d m/~m’

A(n,m') * - (¢ m?m"nL
ZW Z S(m//B,n, mC/m//)VI a,w,lu
n<N B mod mc/m/’

r+Bm’=0 mod c/d

(40) n>MN=

2
X

Here the supremum is taken over the range |u| < M 0+ and Wis a nonnegative
compactly supported smooth function on (0, c0) with W(z) =1 for z € [1,2].
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Also V7 (x,y,s) is the Mellin transform of V(z,y,2) in the z variable. The
contribution of the + term to (36) will be denoted by O*(C,m; L,w’,0).

LEMMA 21. We have

(42)  OY(C,m;L,m',0) < MO+e U

RN PR B nl0)

Proof. Substituting the expression in (39) (only the term with the + sign)
in the second line of (36) we get

= o= Mcr w(d
iyl SERCOND SIS DRl D i
P<p<2P c:1 r=1 e
p prime (p,r)=1 dwa o
)‘(nv m//) * c m2mnl r
2 T X §(m' 8, n;me/m") Vi e R
n<N B mod mc/m’

r+pm’=0 mod c/d

Here the sum over n is truncated at 91 at a cost of a negligible error term.
Taking inverse Mellin transform to free the variable r from the weight function
and then taking absolute values, we bound the above sum by

n%/mf SIS SIS SIS Sl 1D SRR N s

MO+e C<ce<2C d|c m/ m”\cm R<r<2R P<p<2P p
d~0 m/ ~m’ p prime
(pr)=1
An,m” * ¢ m2m"nL
X Z # Z S(m/B,n;me/m’ )V*( sz u | |du.
m''n C mJc
n<N B mod mc/m/

r+Bm’=0 mod c/d

Recall that the weight function V} does not depend on p.
Applying the Cauchy inequality we get that the above sum is dominated
by

. RNN
M VB By ),

where O is as given in (24). Using (26) the lemma follows. O

We have considered only the + term from (39). The contribution of the
— term can be analyzed in a similar fashion. The bound that we obtain is not
sensitive to this sign.

7.3. Bound for ©3. Now we consider O3 = O3(m’,0). We will see that
the estimation of this sum is related with that of the character sum

¢y = Z* Z* S(m/B,n;me/m”)S(m/ B, n';me/m”).
8,8 mod mc/m’
Bm/=p'm’ mod c¢/d
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We first prove the following estimate.

LEMMA 22. We have

cmm!”

m/

(43) ¢ < ((cm/m”, n) + (em/m”, n')) (em/m" ;n—n').

Proof. Let p be a prime with v,(c) = v, vp(d) = 6, vp(m) = p, vp(m') = 1/
and vp(m”) = p”. We consider the character sum
SN SO Banbsp ) S(p Bla, /b pr T,
8,8 mod prru—u’
Bp* =p'p mod pr—°

where p { ab. If y/ > v — 6, then the sum splits into a product of two sums
Z* S(p" Ba, nb; p ") Z* S(p" Bla, n'b; pr i,
Bmod prv! B’ mod pr+u—r

which can be written as a product of Ramanujan sums

"
prﬂtfu” (n) prﬂhu” (n/)ciw-&-u—u’ (pll )

< (prrr n) (pv+u—u”’ n')(prtHH pu”)2.

The last term can be bounded by
PR ((pvﬂhu”, n) + (prer’, n’)) (Pt — ).

On the other hand, if 4/ < 7 — §, then we have congruence restriction
B =’ mod p’V*‘S*“/, and the above sum boils down to

> S S B+ B Va,nbpr )

B mod p¥—9—#' B1 mod pr+?

xS B BT anbp ),

B; mod pr+9

Opening the Kloosterman sums we observe that the sums over ; and (]
vanishes unless 1/ = p + 8. In this case we also need p* |n and n’, otherwise
the average of the Kloosterman sum vanishes. Set n = p*'n and n’ = pH'7’.
The character sum now reduces to

* - 85— ~ —5—u’
p2(u+6) Z S(ﬁa,nb;]ﬂ S—p )S(ﬁa,n/b;pw S—p )
B mod pv—6—#
As p 1 ab, we can change variables to arrive at

PPt S S8t ) (8,7,

B mod py—9—#
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which is given by
~ ~/
—u ~ ~ o n n
py Ao p Cpy—s—u (L — i) — pyH2to—n lcpw_a_“/_1 ( - ) .
p p
This is bounded by
4 Ly ’
Iy (e )

With this we conclude the lemma. O

Next we will use the above bound for the character sum €3 to obtain a

bound for O3.
LEMMA 23. We have

M*R (C?
w’ N

Proof. Consider the expression (41). Opening the absolute square we
perform Poisson summation on the r sum with modulus ¢/d. We get

(44) O3 = sup R Z Z Z

C<e<2C d\c m/ m”\cm

d~0  m/~m’
XZZ m”n p—" V()ff_ﬁ()ZjQ

"y X(n!, m')
n,n' <N r€Z

where the character sum is given by

/

C= > > Sm'Bmme/m")S(m' ' n’yme/m")e (JW;L)

B,8" mod mc/m/’ C/
Bm/=p'm’ mod c¢/d

and the integral is given by

3= [wee (- /d>dz

By repeated integration by parts it follows that the integral is negligibly small
if

Ir| >

R

Given the restriction on the sizes of C and R, we see that the nonzero frequen-
cies r # 0 make a negligible contribution. For r = 0, we use the trivial bound
for the integral J < 1.
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From (43) it follows that

O3 <<supR Z Z

C<e2C ¢ dle
d~d

<y oy PO g i
m’ m”|cm n,n/<N

cmm

X (em/m” ,n)(em/m" ,n —n') + M~2013,

Here it is not clear whether one can estimate this sum without taking a point-
wise bound for the Fourier coefficients. Direct application of the Cauchy in-
equality is not helpful as the function (u,v) — ged(u, v) has a large dispersion.
Using (R) and (RS) we get

A(n,m"”) X(n/,m"") ~ 1 m?mnL m™?m"n'L
(45> " " V ( )V+( )<< o 112 3.3 303 M.
m''n m''n/ nn'm mJc mJc
Substituting this in the above expression, we get
~ mAmB L2 m
O3 <K MR Z Z Z o ZZ (em/m" ;n)(c/m" , n—n').
C<ce<2C dle m/,m/ |em 1<n n/<N

m/~m’
Next we sum over n and n’. The contribution from the diagonal n = n/
is dominated by ¢91/m”, and the off-diagonal is dominated by 2. Hence

M* RL "

o< 1 S Y Y %(mmm?)

C<c<2C dlc m! m”|

m/~m’
Substituting the size of M from (40), we get
M*RL2 m/4m//3 C4 06
O e i i ’ ( T 1 2)
C<c<2C dlc m' m//|cm & 2mML - (m/m!)AL

m~m

Now applying the upper bound for L from (37) we arrive at

M* R Z Z ml4m//3 < 04 03 N 06 )
6 1200113 212 N AYS S
C<ce<2C m m”|cm ¢ mEmT mEN (m m )

m/~m’

Trivially estimating the remaining sums, the lemma follows. (]

7.4. Conclusion. The following lemma summarizes the main content of
this section.

LEMMA 24. Suppose NV/?t¢ < P < M= and w'd > M* (which is a
suitable large power of M?). Then we have

O(C,m; L', ) < VN M3/A100%,
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Remark 3. By keeping track of the powers of M? in the above calculations
one can show that the above statement holds for m'd > M40,

Proof. Substituting the bound for O3 (Lemma 23) in (42) we get

NN M* 2
OF(Com: Lol 0) & Me L 1/2\/@\/ E(< +C)

C’]WP5

M* RNVR \/P3R C+N)< M3/2< )1/4.
S Vmn MP R

The lemma follows as the same bound holds for the ‘—’ term as well. O

Combining the above lemma with Lemma 20 we draw the following con-
clusion.

COROLLARY 3. We have
O*(C,m) < M sup |O(C,m; L,m’,0)| + vV NM3/4-100+=
where the supremum is taken over all L in the range (37), m'd < M*.
Combining with Corollary 2 and Lemma 14, we conclude the following.

COROLLARY 4. Suppose NY/2t¢ < P < MY and 0 > 0 sufficiently
small. Then we have

F<M Y sup |O(C,m; Lm',0)| + VNMPA=0/2te

mSM‘w

where the supremum is taken over all L in the range (37), m'd < M*, and C
in the range (30).

8. Tamed dual off-diagonal in transition

We now return to (36) the expression we obtained after the first appli-
cation of the Voronoi summation and dyadic segmentation. In the light of
Corollary 4, to complete the proof of Proposition 2 we just need to consider
O(C,m; L,m’',0) for small values of the parameters m, m’ and ? as given in
Corollary 4. Note that for m = m’ =0 = 1, we have already given a sketch of
the proof in Section 3.2. In the rest of the paper we will show that the argument
holds even if the parameters are allowed to range over short intervals. A

We take C' in the transition range (30) and m in the range 1 < m < M?.
We write cd in place of ¢ and change the order of summations. It follows that

RNN,
46 sup O(C,m;L,m',0) < M® sup
( ) mo<M* ( ) CMP dm’ <M*

O(-+)

)
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where
= > M edr
@) o¢-)= 3 o) S xr e ( )
P<p<2P r=1 —1 p
p prime (p,r)=1
m’ * - Bn cd n r
X )\(m’7n)€ ()V(77~>'
m%m cdm B moc%cd/m’ ngl mCd/m/ C’'L R
m/~m/ r+Am’=0 mod c

Here the weight function V' is as given in (38).

8.1. Fwaluation of character sum and reciprocity. Consider the character
sum (which we again temporarily denote by €)
Bn
¢ = Z* e <fi /) ,
B mod med/m/ me /m
r+Bm’=0 mod ¢
which appears in (47). If m = m’ = d = 1, then the character sum can be
explicitly evaluated, and it is given by e(—7n/c). However in general it is not
easy to evaluate the character sum due to the presence of factors m, m’ and d.
But we have now obtained a good control on the sizes of these factors, and
consequently we can evaluate explicitly a large ‘portion’ of the character sum.
To this end, let h = (m/, ¢). We observe that € = 0 unless h|r. Accordingly
we write m' = hm/, ¢ = hey and r = hrq. Let hy = (m/,r1), and let us write
r1 = hire and m} = hymg. Hence (rg,ms) = 1. We get
Bn
¢ = Z* e (Zl) .
B mod meid/m/| mey /ml
B=—roma2 mod ¢
It follows that

!/ e¢]

m
()= 2> = 3 Xh) > x(2) > @)X
h1,msa m h~m! /m) ro=1 P<p<2P
himo=m/ |dm (pma,r2)=1 p prime
> Mcidhar 1 &
X Z e (112> — Z A(m/,n)
c1=1 p €1 n=1

(rom/,c1)=1

y Z* e( Bdn ,)V(clgd,z,m}fhl),
B8 mod meyd/m] mey /ml R

B=—rom2 mod c;

where m' = hm/.
Let g = (¢1,dm). We write ¢; = gco and dm = gog’, where go|g™ and
(¢,9) = 1. Let f = ¢’/m/), which is an integer as m/|gog’ but (¢1,m}) = 1.
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Then 8 = —Fams + f1c1 with 51 mod fg0. We have

e=c(-T) T e

p1 mod fgo

where T implies that (B1,f) = 1. In particular, € = 0 if (ro,c1fg0) > 1.
Applying the reciprocity relation to the outer exponential and pulling out the
greatest common divisor of 51 and gg, we get

¢:e<61fgomzn>e(_ M) S g Y (T
) c1fgora 9192=90  1<B1<fgo 192
(B1,fg2)=1

We introduce the convention that for a, b, c € Z and ¢ # 0, we have e(ab/c) = 0
for (b,c) # 1.

LEMMA 25. There exists h; € Z, i = 1,...,6, and m' with h;,m’' =
O(M*), (hs,hg) = 1, such that

RNN
L./ M* Q
woehr O(C,m; Lyav, 0)) < M s €2,
where
% _ Mcrhih 1
(48) Q= > opx D> X(T)e(”>
P<p<2P er—1 p ¢
p prime (r,chghs)=1

— / enhshs  hsn <c n r>
anl)‘(man)e( r +h6>W 6737? 3
with W € Ws(M*) and C/M* < C' < C, R/M* < R' < R.

Proof. The lemma follows by plugging in the expression for the character
sum € into O(---) and rearranging the sums. Some of the coprimality con-
ditions are then removed using M&bius inversion, which only involves small
factors. Here the new weight function is given by

"moh?hy L
mymah?hy N?J)V(x,y,z),
m CRxz

which is clearly in the class Ws(M™). O

Wz, y,2) =e (—

8.2. The last application of Voronoi summation. In the rest of the paper
we will obtain a sufficient bound for €2 as defined in (48). We will apply the
Voronoi summation formula. The modulus of the additive character is now
rhg. Notice that the application of the reciprocity relation has changed the
modulus and so the Voronoi summation here is not a reversal process.
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LEMMA 26. There exists h; € Z, i = 1,...,6, and m' (not necessarily
same as in Lemma 25) with h;,m' = O(M*), and t € [—M*, M*], such that

Q< M*L|A| + M 2013,

where
S~ Mcihihs \ 1
1) A= Y o) LY e () !
P<p<2P cr—=1 p ¢
p prime (r chs h5)—
’I’TL m TL T
X Z Z 75+2t (m 5) n; hg?"/m) Ut (Cla _R/) ’
m|r 1<n<N
with & = ¢hyhs + her, C/M* < C' < C, R/M* < R' < R and
M*R3
(50) =5

Here the weight function U; belongs to the class Wa(M™).

Proof. Applying the Voronoi summation, i.e., Lemma 19, on the sum over
n in , we get

(51)

% B Mcrhiho \ hgr
Y Y o) X x(r)e(”) for
+ P<p<2P c,r=1 p ¢

p prime (7" ch3h5):1

c m"™nL r
X Z Z 5 :I:n m hﬁ'l"/m )W:I: <CV’ W, R/) s

m/'|hgrm/ n=1

with € as in the statement of the lemma. Recall that (see Lemma 19)

[ c m"nL r 1 m"nL \° - (¢ r
Wi (C” (her)3m’’ R’) "~ 2mi /(a) ((hgr)?’m’) (W (6’ - ]:2/) ds.

This is negligibly small if
RBM*

n > Py
For smaller values of n, we shift the contour in the definition of the integral
transform to 0 = —1 + ¢, using (RS). The integrand decays rapidly for ¢ =
Im(s) > M™* (as the Mellin transform decays beyond this range), and this part
makes a negligible contribution. We now interchange the order of summations
and the integral over ¢t. Taking absolute value inside the integral, the lemma
follows. Note that

c T r\3Etit) e LT
Ut(oq@):(g/) W<(J"1_E_”’R')‘ -



SUBCONVEXITY FOR TWISTS OF GL(3) L-FUNCTIONS

663

In the rest of the paper we will obtain sufficient bounds for the expression

n (49), which is uniform with respect to ¢ in the desired range.

8.3. Reciprocity and Poisson summation. Next we wish to apply the Pois-
son summation formula on the sum over c. Recall that c is essentially the mod-
ulus of the ‘circle method’ (Petersson formula) that we applied at the initial
stage. After a sequence of applications of summation formulas and reciprocity

relations we are finally at the stage where we are able to sum over the modulus

again. The variable ¢ appears in the Kloosterman sum in (51). This Klooster-

man sum has modulus hsgr/m. Also ¢ appears in the additive character that

has modulus p. So apparently the total modulus is too large compared to the
length of the sum. However we can now apply the reciprocity again to bring

down the modulus.

LEMMA 27. There exists h; € Z, i = 1,...,6, and m’' with h;,m’

O(M™), such that
A< |E|+ M2

where
— > (m'm,n)
== Y s > Y % > AU s e,
P<p<2P r=1 m\r 1<n<N le|<C
p prime (hshs,r)=1
and -
R
C=M"—.
C
The character sum is given by
Mhip -
¢ = Z e <— hlPV + hC; ) S(m'&, n; har/m),
~ mod hahsr 2r 23T
(777):1

with & = Fhyhs + her, and the integral transform is given by
r C'cx \ dz
j == V ( y T) — —,
/R A R’ ¢ ( hghg?“) X

Proof. In (49) we first use the reciprocity relation

Mcfhlilz ( MChH?) <Mch1)
el — =e\| — e .
p har hopr

The last term can be absorbed in the weight function. Accordingly we let
th’M .’L’)
Vi(x,y) =€ —— | U(z,y).
o) = (HEE ) o)
Observe that we (still) have Vi(x,y) € Wa(M*).

with V; € Wa(M¥).
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We now study the sum over ¢ in (49), which is given by

[e%¢) Mch1]3)1 ' (C ’l“)
CZ:‘; 6<_ hor ES(mg’n7h3T/m)V;§ @’ﬁ )

(r,e)=1

We break the sum into congruence classes modulo hohsr and apply the Poisson
summation formula. We get

=Y Y (T ) S nihar/m)

h2h37“ c€Z~ mod hahar hQT hghgT

(T’7)21
r Clez \ dx
. /th (x 1:3/) ¢ (_h2h3r> N

where & = Fhyhs + her. From repeated integration by parts it follows that the

integral is negligibly small if |¢| > C, and the lemma follows. O

8.4. Ewvaluation of character sums. Now we write r = rirq, with (r1, hahsg)
= 1 and r3|(hah3)>°. Accordingly we split m = myma, with m;|r;. We set
¢ = hsra/ma. The character sum € splits as a product of two character sums
¢ = €1 €,. The one with modulus hohsrs is given by

(52) &= ) S(m’frl/ml,nrl/ml;o@(

v mod hah3zra
(7'2 77):1

_ Mhyypry | ey )
hara hahgry/’

where £ is as given in Lemma 27. The other sum with modulus r; is given by

_Mhlfyphgrg n ychahsry
& & ’

¢ = Z* S(m'7, n;r1/ma)e

v mod 71

where 1 = £¢? = Fhshs¢? mod r;. For the former sum, we will establish the
following bound.

LEMMA 28. We have
¢ < M2
ma
Proof. Suppose p’||ry with ¢ > 1, and suppose p*||hohs, p?||hsra/msa (so
j < {4+ k). Then we take A, B,C € Z with pt A and study the sum

Z* S(m'AE, B;p')e (%) .
~ mod p¢tk p

O+k—j

The sum vanishes unless p |C, in which case it reduces to

plthi Z* S(m’Ang;pj)e (Cp’j’y)

~ mod pJ
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First consider the case where ¢ > k, so that 2¢ > j. Then & = ~yhghs —
(vhahs)?her. Now if £ > j, the character sum reduces to

plHh=i Z S(m' Ayhyhs, B; p’ e (i])

~ mod pJ

Opening the Kloosterman sum we execute the sum over 7, which yields a
Ramanujan sum. Using standard bounds for the Ramanujan sum we now
get the bound O(p*™*(m’,p?)) for the character sum. On the other hand, if
j > € >k, then we write v = v, 4+ vy9op’ ¢ with 1 modulo p’~*, (y1,p) = 1,
and 7o modulo p. Then the character sum reduces to

P NN S A((n + e’ hahs — (hahs) her), BspY)
Y1 mod pjfe

~2 mod p?
X e (% + %) .
po P
Opening the Kloosterman sum, executing the sum over 7o, and trivially esti-
mating the remaining sums we get the bound O(p?*(m/, p*)). In the case £ < k
(including when ¢ = 0) we trivially bound the sum by O(ptF+7) = O(p?*+7),
Putting the above bounds together we get the lemma. U

LEMMA 29. There exists h; € Z, i =1,...,5, with h; = O(M™*), such that

_ M*R?’
=< MPy S > Yy My 2

u,w|h$e mi1=1 5152<<M3/4 U(SQ
(61h,02)=

where h = hi1hohgshs and

(53) v=> >

le|<C 1<n<Nt

>3 vl €l )|

P<p<2P |r\vRT
p prime

The b indicates the coprimality condition (61h,r) = 1, the factors v(---) < 1,
and do not depend on n, and 1, vanishes unless mi|(Mhy — cp), and in this
case we have

* an
I (]
o mod daor
Epa=(Mha—cp)/m1 mod r
where §& = §1vhguhy. The factor €1 (n) is of the form (52), with modulus
¢ = hsu. Also
M*R M*R3
R and NT= d

Rl= —— — .
(51(52m1uv ((51777,11))2[/
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Proof. Consider the expression for = as given in Lemma 27. We need to
explicitly evaluate the character sum €,. Opening the Kloosterman sum we
get

¢y — Z* e( an)

T1/Mm
a mod r1/mq 1/ 1

y Z* . (mlm’a7h4h5g2 B Mhyvyphaors N ’76h2h37‘2> ‘

T T T
v mod 71 1 1 1

The sum over 7 is a Ramanujan sum. So we get
) * an
1 Z ME;) Z e ( ) .

dlr1 a mod r1/mq Tl/ml
mim’ahahs(2=(Mhihs—cp)hahspre mod r1 /8§

Now we write rm; in place of r1, and we split 6 = §1d2 with d1|mq, (61,7) =1
and d2|r. The above sum now becomes

GO Ty > (7)

d1|ma amod r
da|r mlm’ah4h5C2E(Mh1h3—Cp)hghgp’rz mod rm1 /6102
(61,m)=1

We substitute this in the expression for Z as given in Lemma 27. Then inter-
change the order of summations and rename variables (e.g., we write J;m; in
place of m; and dor in place of r). Finally taking absolute value and using
(R), we arrive at the inequality

— M*P o 3 mimes
S S S S 3 -
7"2|(h2h3)°° ma|ra m1=1 61,02=1

(h2hg,m1)=1 (61hah3,62)=1

«Y Y ’ T S )G ()

le]<C 1<n<NT 'P<p<2P r=1
pprime (d1h2hs,r)=1

I

where v(---) = ¢(p)x(pr)J/P and

* an
i) = > (&)
a mod a7 2
mim’ahahs(2=(Mh1h3z—cp)hahgprs mod rma

Note that v(---) is free of n and is bounded by O(1). Moreover this factor
vanishes outside the given range for r.
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Finally we show that we only need to consider small values of §;. By trivial
estimation we get ¥, (--+) < M*(d2,n). Consequently

M*P > mimsa
R S S 3B 3 S
T2|(h2h3)°° mi1=1 mz"rz 5;:3;

«Y Y ’ S w(e) € ()

lc]<C 1<n<N'T "P<p<2P |r|<Rf

p prime
is dominated by
M*P? > m1CRT M*R?CP?
e 2 2 2 X Y () < ep—
ral(hah3)>® mi1=1 malry 61~D1 2 1<n<N1 172

d2~Do

The lemma follows after renaming the ‘small variables.” Lengths of the r and
the n sum are derived from those given in Lemma 26. For example, note that
m in Lemma 26 has been factorized here as m = §ym1ms, and we have changed
msg to v in the statement of the lemma. O

8.5. Application of Cauchy’s inequality and Poisson summation. Let h;,
i=1,...,5 be as in the statement of Lemma 29. Let 41,92 € N. Set

p=(Mhy —cp)/m1, p = (Mhy—cp')/my.

Let ¢ = hsu, 1 = pdihgv, ' = p'd1hgv, p = haup and ' = haup'. Note that
(n,7) = (h3,r) = O(M*). Set

N * *
(54) ¢= ) o,
a mod dor o’ mod do7’
na=p mod r
n'o’=p’ mod r’
ar’—a’r=n mod darr’

and define

(55) w=Y"YIYY Y

P<p,p'<2P |r||r'| <Rt |n|<N*

p,p’ prime
where B
M*R M* L
Rf=—"—" and N*= =.
6100muv dou R

Here the * on the p sum indicates the restriction m;|(Mhg — cp).

LEMMA 30. We have

uM* R 1/2 —2013
U < oL S ow2e M .
le|<C
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Proof. Applying the Cauchy inequality to the expression on the right-hand
side of (53), we get

(56) U= VN /Oy,
lc|<C
where
2

0= Y

1<n<NT

Sy n) Yn ()

P<p<2P r=<Rt
p prime

Using positivity we now smooth out the n-sum and then apply the Poisson
summation formula after opening the absolute square. The modulus is (dorr’.
(Recall that €;(n) is periodic in n with modulus ¢.) We get

RS D 3D M) S DE-TIEREESD o=

P<P7P <2P |r|,|r'|< Rt nez
p7p prlme

where the new character sum is given by

> @B e ().

B mod (darr’ €62TT

Now using the coprimality (¢, darr’) = 1, we split the character sum into a
product of two character sums. The one with modulus ( is estimated trivially
using Lemma 28. The other character sum modulo dor7’ is given by

Z* Z* Z <Oéﬂ a’ﬁ>6(5nﬁ>
a mod d2r o’ mod dar’ B mod Sarr’ (527" (527’/ (527‘7’/

Epa=(Mha—cp)/m1 mod r
Epa/=(Mha—cp’)/m1 mod r’

This reduces to dor7’€. The integral J is the Fourier transform of a smooth
bump function with compact support. By repeated integration by parts we
see that the integral is negligibly small if

U(SQRTQ
NT

In| > M* = N™*.
We conclude that
O4(-++) < u2M*NT 2 + M08,

where 20 is as given in (55). Substituting the above bound into (56) and
substituting the size of N, we conclude the lemma. O
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8.6. A counting problem. It remains to estimate 20 for §162 < M3/4,

LEMMA 31. For NY?t¢ <« P < M™%, 616y < M3/4, and 0 sufficiently
small, we have

20 < M*v M7/4p2,

Proof. First consider the contribution of the zero frequency n = 0. In this
case the last congruence in (54) implies that r = " and a = o/. The other
two congruences now imply that »’u = nu’ mod r. For any (p,p’,r) satisfying
the above congruence, we have € < M*8,, as the second congruence in (54)
restricts the number of o modulo r by (n,r) < M*. If p = p/, then there
are O(R") many choice for 7. On the other hand, if p # p’ (which implies
1w # nu'), there are O(M¢) many choice for r. It follows that the contribution
of this case, n = 0, to (55) is dominated by

(57) O (M*5y (PR + P?)) .

Let d = (r,7'), and set r = ds and r' = ds’ (so ss’ # 0). Then d|n and we
write n = dk with k& # 0. The first two congruences in (54) imply that there
are O(M*) many « (resp. o) satisfying the congruence modulo r (resp. 77).
Also the third congruence condition in (54) implies that as’ —a’s = k mod 5.
Since (s,s’) = 1, we see that modulo 0y there are O(d2) many pairs (o, o).
Consequently ¢ < M*5,.

From (54) we conclude that n's = —kp’ mod s’ and ns’ = kp mod s. We
write the last congruence as an equation:

(58) ns' = ku + es.
We will now consider the generic case where
e#0, nu#ey and nu's' —1'us # k.

Comparing the sizes of the terms we get |e| < djvM*P. Multiplying the
equation with 1’ and using the first congruence, we arrive at k(n'p — ey)
= 0 mod s'. Since (s',k) = 1, it follows that s'|(n’u — ep’). Suppose (p,p',e)
is given with 7'y # ey/. Then there are O(M¢) many possible s’. Once s’ is
obtained, then to find the number of k£ one looks at the congruence

ns' = kp mod |e]

if e # 0. The number of k is given by

e 1+ 37)
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If nu's" — 0’ us # pp'k, then there are O(M¢€) many d. The total contribution
of the generic case is given by

M85 Y 3" (e ) (1 + ﬁ'*) < M*5y (610P® + N*P?).

P p e#0

Now we are left with three degenerate cases. First suppose e = 0, but
nu's' — n'pus # pp'k (so that the number of d still remains O(M¢)). Then
ns' = ku. Consequently plk, and once a p and such a k are given, we can
solve for s’. Then once p’ is given we determine s from the congruence n's =
—kp/ mod s’. The number of such s is O(M*) if p' t k and O(pM™*) if p'|k.
From size consideration we get that p|k and p’|k imply p = p’. So the total
contribution of this case to (55) is dominated by

M*6, ZZ N s, > p? < M*8y N*P.
p

This is absorbed by the generic count.

Next suppose ' = ey, but nu's’ — n'us # pp'k. Then p'le, and once p’
and such an e are given, we can then solve for p. Then from (58) we get the
congruence ki = —es mod 7. Given s, there are O(1 + N*/P) many choices
for k. Then s’ is solved from equation (58). So the total contribution of this
case is dominated by

M*6y ZZ ( ) 51;’13 < M*61620 (P + N*)R'.

Now it remains to count the number of solutions of the equation nu's’ —
n'us = pp'k. Suppose we are given (s,p). Then there are O(M¢) many choice
for p’ as p/|n’us (and (1/,p’) = 1). Suppose we are given (s,p,p’). Let (s, k)
and (5, k) be two possible pairs. Then from the equation we get u|n(s’ — ).
Hence the number of possible pairs (s', k) is bounded by

(v ()

The contribution of this case is dominated by
M*5, Z ZZ (1 - d||> < M*5, (PRY+ R™?).

Comparing the bounds obtained above, and using 616y < M3/%, we are now
able to conclude the lemma. O
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9. Conclusion

The counting function 20 vanishes for uvm, large, say for uvm; > M?2013,
Substituting the bound from Lemma 31 into Lemma 30 we get
uM*R3CM"/*P
(0ymq)203/2L
Substituting into Lemma 29 it follows that
M*P?RCM"™®  M*R?
L * LM%
From Lemma 27 we see that the same bound holds for A. Substituting in
Lemma 26 we conclude that

¥ K

—_
—
—

- M*R?
* D2 7/8
Q<K< M*P°RCM"® + A
Then from Lemma 25 it follows that for N1/2t¢ < P < M'~¢ and 6 sufficiently
small, we have

< M*MY9/8p2?,

M*MZI/S
sup |O(C,m;L,m')0)| < \/N72
ma<M* P
for m in the range of Corollary 4 (at the end of Section 7). From Corollary 4
it now follows that

M*M21/8
F<M*VN <P2 + M3/49/2> .
We can now conclude Proposition 2 by picking P = M=% with 6y > 0 suffi-
ciently small.
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