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Construction of Cauchy data of
vacuum Einstein field equations
evolving to black holes

By JunBIN LI and PN YU

Abstract

We show the existence of complete, asymptotically flat Cauchy initial
data for the vacuum Einstein field equations, free of trapped surfaces, whose
future development must admit a trapped surface. Moreover, the datum is
exactly a constant time slice in Minkowski space-time inside and exactly a
constant time slice in Kerr space-time outside.

The proof makes use of the full strength of Christodoulou’s work on
the dynamical formation of black holes and Corvino-Schoen’s work on the
construction of initial data sets.

1. Introduction

1.1. Earlier works. Black holes are the central objects of study in general
relativity. The presence of a black hole is usually detected through the exis-
tence of a trapped surface, namely, a two-dimensional space-like sphere whose
outgoing and incoming expansions are negative. The celebrated Penrose singu-
larity theorem states that under suitable assumptions, if the space-time has a
trapped surface, then the space-time is future causally geodesically incomplete;
i.e., it must be singular, at least in some weak sense. On the other hand, the
weak cosmic censorship conjecture (WCC) asserts that singularities have to be
hidden from an observer at infinity by the event horizon of a black hole. Thus,
assuming WCC, the theorem of Penrose predicts the existence of black holes,
via the exhibition of a trapped surface. This is precisely the reason why the
trapped surfaces are intimately related to the understanding of the mechanism
of gravitational collapse.
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In [2], Christodoulou discovered a remarkable mechanism responsible for
the dynamical formation of trapped surfaces He proved that a trapped sur-
face can form, even in vacuum space-time, from completely dispersed initial
configurations (i.e., free of any trapped surfaces) and purely by the focusing
effect of gravitational waves. Christodoulou described an open set of initial
data (so-called short pulse ansatz) on an outgoing null hypersurfaces with-
out any symmetry assumptions. Based on the techniques he and Klainerman
developed in [3] proving the global stability of the Minkowski space-time, he
managed to understand the cancellations among the different components of
connection and curvature. This eventually enabled him to obtain a complete
picture of how the various geometric quantities propagate along the evolution.
Christodoulou also proved a version of the above result for data prescribed at
the past null infinity. He showed that strongly focused gravitational waves,
coming in from past null infinity, lead to a trapped surface. More precisely, he
showed that if the incoming energy per unit solid angle in each direction in an
advanced time interval [0, ] at null infinity is sufficiently large (and yet suffi-
ciently dispersed so that no trapped surfaces are present), the focusing effect
will lead to gravitational collapses. Besides its important physical significance,
from the point of view of partial differential equations, it establishes the first
result on the long time dynamics in general relativity for general initial data
which are not necessarily close to the Minkowski space-time.

In [11], Klainerman and Rodnianski extended Christodoulou’s result. They
introduced a parabolic scaling and studied a broader class of initial data. The
new scaling allowed them to capture the hidden smallness of the nonlinear
interactions in Einstein equations. Another key observation in their paper is
that, if one enlarges the admissible set of initial conditions, the corresponding
propagation estimates are much easier to derive. Based on this idea, they gave
a significant simplification of Christodoulou’s result. At the same time, their
relaxation of the propagation estimates were just enough to guarantee the for-
mation of a trapped surface. Based on the geometric sharp trace theorems,
which they have introduced earlier in [6] and applied to local well posedness
for vacuum Einstein equations in [7],[8], [10] and [9], they were also able to
reduce the number of derivatives needed in the estimates from two derivatives
on curvature (in Christodoulou’s proof) to just one. The price for such a sim-
pler proof, with a larger set of data, is that the natural propagation estimates,
consistent with the new scaling, are weaker than those of Christodoulou’s. Nev-
ertheless, once the main existence results are obtained, improved propagation
estimates can be derived by assuming more conditions on the initial data, such
as those consistent with Christodoulou’s assumptions. This procedure allows
one to recover Christodoulou’s stronger results in a straightforward manner.
We remark that, from a purely analytic point of view, the main difficulty of all
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the aforementioned results on dynamical formation of black holes is the proof
of the long time existence results. The work [11] overcomes this difficulty in
an elegant way.'

When matter fields are present, some black-hole formation results have
been established much earlier, under additional symmetry assumptions. The
most important such work is by Christodoulou (see [1]). He studied the evolu-
tionary formation of singularities for the Einstein-scalar field equations, under
the assumption of spherical symmetry. (Notice that according to Birkhoff the-
orem, this assumption is not interesting in vacuum.) The incoming energy of
the scalar field was the main factor leading to the gravitational collapse. We
note also that the work [1] provides a much more precise picture for the large
scale structure of the space-time than that available in the general case.

In all the aforementioned works, the initial data are prescribed on null
hypersurfaces. It is however natural to study the question of formation of
trapped surfaces for Cauchy initial data. We first recall that Cauchy data,
i.e., the data defined on a space-like hypersurface, must satisfy a system of
partial differential equations, namely, the constraint equations (1.1). The main
advantage of using characteristic initial data is that one has complete freedom
in specifying data without any constraint. In [2], Christodoulou also proposed
an idea for initial data prescribed on the complete past null infinity. This
approach leads to asymptotically flat Cauchy data by a limiting argument.
We remark that, in such a way, the behavior of the data near the space-like is
not clear. It is natural to look for a constructive approach to this problem. In
this connection, we mention an interesting piece of work [15] by Schoen and
Yau. They showed that on a space-like hypersurface, there exists a trapped
surface when the matter field is condensed in a small region; see also [16] for an
improvement. Their proof analyzed the constraint equations and made use of
their earlier work on positive mass theorem (especially the resolution of Jang’s
equation). We remark that their work is not evolutionary and matter fields
are essential to the existence of trapped surfaces.

The goal of the current paper is to exhibit Cauchy initial data for vacuum
Einstein field equations with a precise asymptotic behavior at space-like infin-
ity, free of trapped surfaces, that lead to trapped surfaces along the evolution.
We give the precise statement of the result in next section. We remark that
the precise behavior of the data at infinity in this paper is also related to the
conjecture that the final state of a vacuum dynamical black hole is a Kerr black
hole.

'We remark that Klainerman and Rodnianski only considered the problem on a finite
region. We also note that the problem from past null infinity has also been studied by
Reiterer and Trubowitz [13], by a different approach.
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1.2. Main result. Let X be a three-dimensional differentiable manifold dif-
feomorphic to R? and (z1,z2,23) be the standard Cartesian coordinate sys-
tem. We also use |x| = (/2% 4+ 23 + 23 to denote the usual radius function.
Let 79 > 1 be a given number, § > 0 a small positive number and ¢y > 0
another small positive number. We divide ¥ into four concentric regions
Y=YnyUZcU2EsUZXk, where

Yu = A{z||z| <ol Yo ={z|ro < |z| <},
Yg={z|r <|z| <}, Xk ={z||r|>re}.

The numbers 71,72 will be fixed in the sequel such that r; — rg = O(J) and
To —T1 = O(é‘o).

A Cauchy initial datum for vacuum Einstein field equations on ¥ consists
of a Riemannian metric g and a symmetric two tensor k (as the second fun-
damental form of ¥ embedded in the space-time to be solved) subject to the
following constraint equations:

R(g) — |k]*+ h* =0,

(1.1) - _
divgk —dh =0,

where R(g) is the scalar curvature of the metric g and h £ trg k is the mean
curvature.

In order to state the main theorem, we also need to specify a mass param-
eter mgy > 0 that will be defined in an explicit way in the course of the proof.
Our main result is as follows:

MAIN THEOREM. For any sufficiently small € > 0, there is a Riemannian
metric g and a symmetric two tensor k on ¥ satisfying (1.1), such that

1. Xy is a constant time slice in Minkowski space-time; in fact, (g,k) =
(ge,0) where gg is the Euclidean metric.

2. Y is isometric to a constant time slice in Boyer-Lindquist coordinate® all
the way up to space-like infinity in a Kerr space-time with mass m and
angular momentum a. Moreover, |m — mg| + |a| < e.

3. X is free of trapped surfaces.

4. Trapped surfaces will form in the future domain of dependence of X.

2We recall the form of the Kerr metric in the Boyer-Lindquist coordinates:

2mr ) 2 2mrasin® 0 dtde + r?+a%cos?0 | ,
2 + a2 cos? 6 72 + a2 cos? 6 TR omr + a?
2mra? sin? 0 ) 9

r2 4+ a2 cos? 0 '

gk = (—1+

+ (r® + @ cos® 0)d#* + sin” 0 <r2 +a® +
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Remark 1. The mass parameter mg reflects the amount of incoming gravi-
tational energy that we inject into the Minkowski space-time through an outgo-
ing null hypersurface. It can be computed explicitly from the initial conditions
as follows (see Section 2 for definitions):

19 9
== X 0)[%du.
mo =7 | uolIR(a, w0, 0) e

Remark 2. The regions Y and ¥g do not appear in the theorem. In
the proof, we shall see that Xg will be e-close to a constant time slice in
a Schwarzschild space-time with mass mg and ¢ will be constructed from
Christodoulou’s short pulse ansatz.

ut+u=-1-9

Gluing Regio\n (close to a Schwarzschild slice)
A Kerr slice will be glued along this region.

Su (a Minkowski slice)

We now sketch the heuristics of the proof with the help the above picture.
We start by describing initial data on a truncated null cone (represented by
the outgoing segment between the bottom vertex of the cone and the point
u =1+ ¢ in the picture).

The part of the cone between the vertex and u = 0 will be a light cone
in Minkowski space-time; thus its future development, i.e., the region I in the
picture, is flat.

For data between u = 0 and uw = J, we use Christodoulou’s initial data
(from which a trapped surface will appear on the right-top vertex of the re-
gion II) with an additional condition. This condition requires that the incom-
ing energy through this part of the cone be spherically symmetric. The main
consequence of imposing this condition is that the incoming hypersurface from
u = 0 (represented by segment between the region I and the region III in the
picture) will be close to an incoming null cone in Schwarzschild space-time.
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For data between u = § and w = 1 + §, we require that its shear be
identically zero. Together with the data on u = 4, one can show that this part
of the data will be close to an outgoing null cone in Schwarzschild space-time.

We construct the region IIT (pictured above) by means of solving the vac-
uum Einstein equation using the initial data described in the previous two
paragraphs. Thanks to the consequences of our additional condition, this re-
gion is close to a region in Schwarzschild space-time.

We then can choose a smooth space-like hypersurface such that it coincides
with a constant time slice in Minkowski space-time in the region I (noted as
¥y in the picture) and it is also close to a constant time slice in Schwarzschild
space-time (noted as the gluing region in the picture). Due to the closeness to
Schwarzschild slice, we can do explicit computations to understand the obstruc-
tion space needed in Corvino-Schoen [5] construction, and we can eventually
attach a Kerr slice to this region. In particular, this Kerr slice contains the
spatial infinity i (which is not shown in the above picture). Compared to the
results of Christodoulou [2] or Klainerman-Rodnianski [11], this is precisely
the point of the current work: we construct Cauchy initial data for vacuum
Einstein equations with a precise asymptotic behavior at space-like infinity,
free of trapped surfaces, that lead to trapped surfaces along the evolution.

1.3. Comments on the proof. We would now like to address the motiva-
tions for and difficulties in the proof.

As we stated in the Main Theorem, the ultimate goal is to obtain a Kerr
slice Y. To this end, we would like to use a gluing construction for the
constraint equations due to Corvino and Schoen [5]. Roughly speaking, if two
initial data sets are close to each other, this construction allows us to patch one
to another along a gluing region without changing the data outside. In reality,
because the constraint equations (1.1) is a nonlinear elliptic system, in order
to realize the gluing construction, Corvino and Schoen used a sophisticated
type of implicit function theorem argument in such a way that the resulting
metric (and the resulting second fundamental form) also satisfies the constraint
equations in the gluing region. [5] extended an earlier work of Corvino [4]
which proved a parallel result for time symmetric data. Both constructions
in [4] and [5] relied on the study of local deformations of the constraint maps
(see Section 2.3). We will also have to make use of the deformation technique.
Morally speaking, three ingredients are required to implement this approach:

1. A reasonable amount of smoothness, say some C* control on the back-
ground geometry. This is necessary since the local deformation techniques
can only be proved for a relatively regular class of data; see Section 2.3 or
[5] for details.

2. Some precise information on the background metric. This is essential since
eventually we can only glue two data sets close to each other. A priori, one of
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them is a Kerr slice. Therefore, we expect to contract some space-time close
to some Kerr slice on a given region. We call this requirement the smallness
condition since it will be captured eventually by the smallness of ¢.

3. The gluing region must have a fixed size. This is important because the
local deformation techniques work only on a fixed open set. If the gluing
region shrinks to zero, it is not clear how one can proceed.

The first ingredient on the smoothness motivates us to derive the higher
order energy estimates in Section 3. In Christodoulou’s work [2], he obtained
energy estimates up to two derivatives on the curvature components. He also
had energy estimates for higher order derivatives, but the bounds were far from
sharp. For our purposes, we require not only differentiabilities but also better
bounds.

The second ingredient turns out to be the key of the entire proof. First of
all, we remark that the higher order energy estimates are also important for
the second ingredient. To clarify this connection, we review a technical part of
Christodoulou’s proof in [2]. One of the most difficult estimates is the control
on ||V ®nl|r~. He used two mass aspect functions p and p coupled with 7
and 7 in Hodge systems. The procedure allowed him to gain one derivative
from elliptic estimates to close the bootstrap argument. However, he had to
incur a loss of smallness on the third derivatives of 7. We remark that the loss
only happened to the top order derivatives. In fact, for lower order derivatives,
we can integrate some propagation equations to obtain smallness. (But this
integration loses one derivative instead!) In other words, we can afford one
more derivative in exchange for the smallness. From the above, it is clear that
once we have higher order energy estimates, we can expect better controls.

To obtain the second ingredient, we will show that a carefully designed
data will evolve to a region that is e-close to some Schwarzschild space-time;
it is in this sense that we have precise information on the background metric.
As a consequence, we will be able to explicitly write down a four-dimensional
space in the kernel of the formal adjoint of the linearized constraint maps.
This kernel is the obstruction space for the gluing construction, and we shall
use mass and angular momentum parameters (which is of four dimensions in
total) of the Kerr family to remove the obstruction. In this connection, we
want to point out that in the work of Reiterer and Trubowitz [13], they also
obtained such a near Schwarzschild space-time region (which to the best of our
knowledge may not satisfy the requirement in our third ingredient).

To obtain an almost Schwarzschild slab, one needs a careful choice of
initial data from amongst those prescribed using the short pulse ansatz of
Christodoulou. We shall impose the following condition:

5
/ |uol? IR (w, o, «9)|ng = constant,
0



706 JUNBIN LI and PIN YU

namely, independent of the 6 variable. Heuristically, this says that the total
incoming gravitational energy is the same for all the spherical directions. We
expect that through such a pulse of incoming gravitational wave, after an
advanced time interval [0,0], we can regain certain spherical symmetry. We
remark that the above condition is the main innovation of the paper and will
be crucial to almost all of our estimates.

Finally, we discuss our third ingredient. One may attempt to carry out
the gluing directly on the space-time constructed in Christodoulou’s work.
However, when the parameter § goes to zero, one runs the risk of shrinking
the gluing region to zero. To solve this difficulty, we will further extend the
short pulse ansatz beyond the the advanced time interval [0, d] to [0,1 + 4.
This extension allows us to further solve Einstein equations to construct a
space-time slab of a fixed size.

To close the section, we would like to discuss a way to prove the Main
Theorem based on the work of Klainerman and Rodnianski [11] instead of the
stronger result [2] of Christodoulou. Since we have to rely on higher order
derivative estimates, we can actually start with the existence result in [11],
which only has control up to first derivatives on curvature. We then can assume
more on the data, as we mentioned in the introduction, to derive more on the
solution. As we will do in sequel, we can do the same induction argument on
the number of derivatives on curvatures. This will yield the same higher order
energy estimates, and the rest of the proof remains the same.
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2. Preliminaries

2.1. Preliminaries on geometry. We follow the geometric setup in [2] and
use the double null foliations for most of the paper. We use D to denote the
underlying space-time and use g to denote the background 341-dimensional
Lorentzian metric. We also use V to denote the Levi-Civita connection of the
metric g.
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Recall that we have two optical functions » and u defined on D such that
g(Vu, Vu) = g(Vu, Vu) = 0.

The space-time D can be foliated by the level sets of uw and by the level sets
of u respectively. Since the gradients of u and u are null, we call these two
foliation together a double null foliation. We require the functions v and u
increase towards the future, and this indeed defines a time orientation on D.
We use (', to denote the outgoing null hypersurfaces generated by the level
surfaces of u and use C', to denote the incoming null hypersurfaces generated
by the level surfaces of u. We also use Suu = C, N Cy, which is a space-like
']

two-sphere. The notation QL“ "I refers to the part of the incoming cone C,

C[y’ ']

where v/ < u < u”, and the notation Cy refers to the part of the outgoing

We remark that topology of D is as the product of U and a two-sphere.
Here, U is an open set in R? and has (u,u) as coordinates. The space-time
D does not exist at the moment, since it will be the solution of the Einstein
equations that need to be solved. However, in this section, not only do we
assume D is given, but we also assume it has special geometric structures. The
main reason is that we will do a priori estimates for the solutions of Einstein
equations. Once we obtain the a priori estimates, in reality, the continuity
argument (or bootstrap argument) gives the construction of D together with
those geometric structures.

Following Christodoulou [2], for the initial null hypersurface C,, where
ug < —2 is a fixed constant, we require that C’L%O’O] be a flat light cone in
Minkowski space-time and Sy ,,, be the standard sphere with radius |ug|. Thus,
by solving the Einstein vacuum equations, we know the future domain of de-
pendence of Cuqéo’o] is flat. It is equivalent to saying that the past of C'j can be
isometrically embedded into Minkowski space-time. In particular, the incoming
null hypersurface Cy coincides with an incoming light cone of the Minkowski
space-time. In the sequel, on the initial hypersurface C,,, we shall only specify
initial data on C’Q[L%’JH].

We are ready to define various geometric quantities. The positive func-
tion € is defined by the formula Q=2 = —2¢(Vu, Vu). We then define the
normalized null pair (e3,e4) by e3 = —2QVu and e = —2QVu. We also need
two more null vector fields L = Qe3 and L = Qey. We remark that the flows
generated by L and L preserve the double null foliation. On a given two sphere
Su.u we choose a local orthonormal frame (eg, e2). We call (e, e2, €3, e4) a null
frame. As a convention, throughout the paper, we use capital Latin letters
A,B,C,... to denote an index from 1 to 2, e.g., e4 denotes either e; or es;
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we use little Latin letters 4, j, k, ... to denote an index from 1 to 3. Repeated
indices should always be understood as summations.

Let ¢ be a tangential tensorfield on D. By definition, ¢ being tangential
means that ¢ is a priori a tensorfield defined on the space-time D and all
the possible contractions of ¢ with either es or e4 are zeros. We use D¢ and
D¢ to denote the projection to Sy, of usual Lie derivatives L1¢ and Lr¢.
The space-time metric g induces a Riemannian metric ¢ on Sy, and £ is the
volume form of ¢ on S, ,,. We use d and ¥ to denote the exterior differential
and covariant derivative (with respect to ¢) on Sy .

Let (HA)A:LQ be a local coordinate system on the two sphere Sp ,,,. We can
extend #4’s to the entire D by first setting L(#4)=0 on Cuy, and then setting
L(64)=0on D. Therefore, we obtain a local coordinate system (u, u, %) on D.
In such a coordinate system, the Lorentzian metric g takes the following form:

g=—20%(du ® du + du ® du) + ¢ , 5(d6* — b du) © (d§P — bPdu).

The null vectors L and L can be computed as L = 9,, and L = 0, + bAagA. By
construction, we have b (u, ug,#) = 0. In addition, we also require Q(u, ug, 8)
= Q(0,u,0) = 1, which implies that u restricted to Cy, and u restricted to C|
are affine parameters for the null generators of C,, and C respectively.

We recall the definitions of null connection coefficients. Roughly speaking,
the following quantities are Christoffel symbols of V according to the null frame

(617 €2, €3, 64):

1 1
xAB = 9(Vaeq,ep), na= —§g(v3€A,€4), w= §Qg(v4€3,€4)7

1 1
Xap = g(vAe3a€B)> Ny = —§Q(V4€A,63), W = §Qg(V3€4,€3).

They are all tangential tensorfields. (w and w are scalar fields, which can be
viewed as (0,0) type tensorfields.) We define ¥’ = Q7 'y, ¥’ = Q7'x and

¢ = %(n —n). The trace of x and x will play an important role in Einstein

field equations, and they are defined by try = ,szBXAB and try = ﬁABXAB.?’

We remark that the trace is taken with respect to the metric ¢ and the indices
are raised by ¢. By definition, we can directly check the following identities:
dlog Q) = %(77 +1n), DlogQ = w, DlogQ = w and Db = 402¢H. Here, ¢* is the
vector field dual to the 1-form (. In the sequel, we will suppress the sign § and
use the metric ¢ to identify ¢ and ¢F.

3Recall that the null expansion of a surface S related to a null normal is the mean curvature
of S related to the null normal. Therefore tr x and tr x are two null expansions of the surface

Su,u and Sy . is a trapped surface if and only if tr x < 0 and trx < 0.
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We can also decompose the curvature tensor R into null curvature com-
ponents:

1 1

(XAB:R(eA,64,€B,€4), /BA:§R(6A764763764)7 pzzR(€3,€4,€3,€4),

1 1
asp=R(ea,e3,¢p,¢3), B,= §R(€A, e3,e3,e4), 0= ZR(€3’ es,ea,ep)f b

In order to express the Einstein vacuum equations with respect to a
null frame, we have to introduce some operators. For a symmetric tangen-
tial 2-tensorfield 6, we use 6 and tr to denote the trace-free part and trace
of § (with respect to ¢). If 6 is trace-free, DO and DO refer to the trace-
free part of DO and Df. Let £ be a tangential 1-form. We define some
products and operators for later use. For the products, we define (01,02) =
1 4BP (0) ap(02)cp and  (&1,&) = §*P(&1)a(€)p. This also leads to the
following norms: |0|> = (6, 0) and |¢|> = (£,€&). We then define the contractions
(0-€)a = 045Ep, (01-02)ap = (0:1)4° (B2)cm, 01 A 02 = ¢4 47P(01) ap(02)cp
and §108& =& @& + & @& — (£1,8)g. The Hodge dual for £ is defined by
*¢4 = f£4%€c. For the operators, we define diff & = WAfA, cufléy = ﬁABV AEB
and (diZ0)4 = VP0,45. We finally define a traceless operator (V®¢)ap =
(VE)an + (VE)pa — ik € gy

For the sake of simplicity, we will use abbreviations I' and R to denote
an arbitrary connection coefficient and an arbitrary null curvature component.
We introduce a schematic way to write products. Let ¢ and ¢ be arbitrary
tangential tensorfields; we also use ¢ -1 to denote an arbitrary contraction of ¢
and v by ¢ and ¢. This schematic notation only captures the quadratic nature
of the product, and it will be good enough for most of the cases when we derive
estimates. As an example, the notation I'- R means a sum of products between
a connection coefficient and a curvature component.

We use a null frame (eq, e, €3, €4) to decompose the Einstein vacuum equa-
tions Ric(g) = 0 into components. This leads to the following null structure
equations (where K is the Gauss curvature of Sy ,,):!

/D\X\/ = —q,

1
Dy = — S0ty - QR

1
Qtrx' — —§QQ(tTX,)2 o Q2|X,|27

(2.1)
(2.2)
(2.3) DY = —a,
(2.4)
(2.5) Dn=Q(x-n-5),

4Readers may see Section 1.2 of [2] for the derivation of these equations.
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(2.6) Dn=Q(x-n+5),

(2.7) Dw = Q*(2(n,n) — [n|* — p),

(2.8) Do = Q*(2(n, 1) — [nf* = p),

(2.9) K:—itrxtrx%—%()?,@—p,

(2:10) QX' = gty = %+ g tr'n - 076,

(2.11) digy' = %dtrz—x’-m%trx’ﬁ—ﬂ‘lﬁ»

(2.12) cufln =0 — %X AX,

(2.13) cufln = —o + %A AX,

(2.14) b\(QX) =02 <Y7@ﬂ +Q®Q+ %tr XX — %trxi) )

(2.15) D(Qtry) = 0? <2di/<fg+ 2@\2 -(X,X) — %trxtr&—i— Qp) ,
(2.16) D(QR) = (775577 + n®n + %trﬁ - %tr XX) :

(217)  D@try) =2 (2 + 2 — (%) — 5 trxtrx+2p)

We also use the null frame to decompose the contracted second Bianchi

identity V*Rqgys = 0 into components. This leads the following null Bianchi

equations:®

(218) Do~ S0 trxa -+ 2ua + Q{36 — (4n+ BB + 3%+ 350} =0,
(2.19) Da— %Q trxa + 2wa+ QY+ (dn — BB + 3%p — 30} = 0,
(2.20) DB+gﬂtrxﬁ—ﬁiﬁ—wﬁ—ﬂ{diﬁa—k(g+2()-a}:(),
(2.21) Q@+%Qtrﬁ—@2~é—gﬁ+ﬂ{diﬁg+(T]—QC)'g}zo,

(2.22) Dj5+ %Q trxf —Qx - B+ wp

—dp +*do +3np+3*no +2x - B} =0,
(223) DB+ jQtrxf—OX B+ wh

+Q{dp —“do +3np — 3"no — 2x - f} =0,

5See Proposition 1.2 in [2).
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(2.24) Dp+ 20t xp— 0 {aikp + 20+ 0) — 5% 0)f =0
(2.25) Dp+ 30trxp+ Q{di + (20— ,B) + L (%)} =0,
(2.26) Do+ 20trxo +0 {aufif + 20+ (%)~ 5x Aa} =0,
(2.27) Do+ S0trxo + 9 {cwfip + (20— ¢,"B) + 31 Aaf =0.

To conclude this subsection, we recall how one prescribes characteristic
data for Einstein vacuum equations on two transversally intersecting null hy-
persurfaces, say CL%’(SH} U Cy in our current situation. In general, the initial
data given on C\, U, should consist of the full metric ﬁO,uo’ torsion (, outgo-
ing expansion tr x and incoming expansion tr x on the intersecting sphere Sp
together with the conformal geometry on C’z[%é“] and Cy. As we observed, the
incoming surface C is a fixed cone in the Minkowski space-time, and thus

g(wo, ¢, trx and tr x are already fixed on Sp,,. Therefore, to specify initial

data, we only need to specify the conformal geometry on CL%’MH. We will see

how the short pulse data of Christodoulou is prescribed in next subsection.

2.2. The work of Christodoulou. We first discuss Christodoulou’s short
pulse ansatz presented in [2]. As we mentioned earlier, we need to specify the
conformal geometry on CL%’H”. Let ®, be the one-parameter group gener-

ated by L. We can rewrite the induced metric ¢s, ,, uniquely as g[s, . =
(¢|527u0)254\5%u0, where ¢ls,,, is a positive function, such that the metric
®3415,., O0 Sou, has the same volume form as g|s,, . In this language,
we only need to specify ®;4ls, ., freely on So., since it yields the conformal

geometry on C’L%’Hl] .

Let {(U1, (67Y)), (Ua, (65)))} a=1.2 be the two stereographic charts on Sp -

Thus, the round metric g|s, , is expressed as (¢[s,,,)ap(0) = %&43
4

with 6 = 6; or 6 and |0]% = [0']>+]62[2. Since we require that §(u) £ ®44ls, ..
on Sou, has the same volume form as gl , that is,

~ B . ]u0|4
det(g(u)ap)(0) = det(¢(0)an)(0) = FEEEE
5@) is given by
§wan® = —"0 i) = e an(w6)
U)AB (1 I %|0|2)2 AB\U, (1 T %|0|2)2 PvaB(u,0),

where mp takes values in the set of positive definite symmetric matrices
with determinant one and ¥ 4p takes values in the set of symmetric trace-free
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matrices. After this reduction, to prescribe initial data, we only need to specify
a function

Y :]0,64+1] X Soug — S2,  (u,60) = Yap(u,b),

where S5 denotes the set of 2 x 2 symmetric trace-free matrices.

In Christodoulou’s work [2], he only provided data on Cz[%a], ie, u €
[0,6]. First he chose a smooth compactly supported Sy-valued function Wy €
C((0,1) x Sou,)- Then he called the following specific data,

(228) D 0) = 2 yo(%,0),

|uo|

the short pulse ansatz and he called vy the seed data.

Remark 3. A key ingredient for the current work is to give further restric-
tion on the seed data 1p; see (2.30) or (2.31). We shall further extend % to
the whole region [0,0 + 1] X Sp 4, by zero.

To state the main theorems in [2], especially the energy estimates, we
also need to define some norms. We first assign to every one of connection
coefficients and curvature components two numbers r and s. The number 7 is
assigned in the following way:

Jul
2 2u
i@ =g (o i o) =1 ) = =5, ) = 1,
3 1 3
T(Oé) - _57 T(B) = _57 T(p) - T(U) = 07 T(/B) = 17 T(Oé) - 5
The number s is assigned in the following way:
- 2
s(x)=—-1, s|trx— m = -2, s(n) = s(n) = -2,
2 2u
s(x) = -2, s (trx +— — > = -3, s(w) = -1, s(w) = -3,
. = ful o fuP

(@) = ~1, 5(8) = 2, () = s(0) = ~3, 5(8) = ~4, s(a) = .

Recall that we use I' or R to denote an arbitrary connection coefficient or
curvature component. Let k € Z>o be a nonnegative integer. Recall that I' or
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R denotes an arbitrary choice of connection coefficients or curvature compo-
nents. According the index associated to I' or R as above, we define

L - -r -5
Ru[R(w) = 672 u| |6~ u = (jul ¥ ) RI| o o)

B -5
Ri[R)(w) = [l[ul =26~ =B (ju| V) Rl 120, )

—2- -r —s
Ops1[F)(u) = 672 ful M6~ ful O (Jul 7 ) T Ly oo

We also define, with the same k,
R [R)(w,w) = [u] 2|6 u[ =) ([u] ¥ ) R s,
ol R] (1w w) = 167" || = ([u| W )52 R oo s,,.0)-
We also use the notation Ry(u), Ry (u), Oky1(u), Ri_;(u,u) and R ,(u,u)

to denote the sum over all possible R or I' of the corresponding norms. Finally,
we define total norms

Ry = sup Ri(u), Opq1 = sup Opy1(u), Rep = Y Ry, O<p= Y _ O;.
v “ i<k j<k

We state the main result in [2]. Roughly speaking, it asserts that up to two
derivatives on curvature, all the norms (k < 2) defined above can propagate
along the evolution of Einstein vacuum equations.

CHRISTODOULOU’S MAIN ESTIMATES ([2, Th. 16.1]). If § > 0 is suffi-
ciently small (depending on the C® bound of the seed data 1)), there exists a
unique solution for the Finstein field equations on a domain M corresponding
to0<u<4§ and ug <u < —1-—4. Moreover, the following total norms,

RSQ, BS2[@]7 Rélv RSO) O§37 0%27 %017
are bounded by a constant depending on the C® bound of the seed data 1.

The main consequence of this theorem is the dynamical formation of
trapped surfaces. In [2], Christodoulou showed that if

1 [0y
8/0 5(379)

uniformly in 6, then a trapped surface forms in the future of C,,.

2
ds > 1,

2.3. The work of Corvino-Schoen. We follow closely the notation used by
Corvino and Schoen in [5] unless there are conflicts with the current work. We
first recall some definitions on a given three-dimensional space-like slice 3 in
a vacuum space-time. The vacuum initial data on ¥ consist of a Riemannian
metric § and a symmetric 2-tensor k subject to the following constraints (to
distinguish from the notation in four dimensions, we shall always use barred
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notation in three dimensions, e.g., V denotes the Levi-Civita connection asso-
ciated to g):

R(g) — |k]*+ h* =0,
divgk —dh =0,

where h = trgk = gijl%ij denotes the mean curvature, div§l%,~ = ?jl;:ij, and all
quantities are computed with respect to g. One then rewrites the constraint
equations by introducing the momentum tensor m;; = Eij —h- gij- Let H and
® be the following maps:

1
H(g,ﬁ-) = Rg + 5(131'77')2 - |ﬁ-|2’
(P(g? 7_T) = (H(gv 7?)7 dngﬁ)-
The vacuum constraints then take the form ®(g,7) = 0.
We use MF(X), SH(¥) and X*(X) to denote the set of Riemannian

metrics, symmetric two tensors and vector fields on ¥ with C*® regularity
respectively. Thus, we have

D - Mk+2,a(z) % Sk+2,a(2) N C'“"(E) % Xk+1’a(2).
The formal L2-adjoint operator D®*_

(5.7 is then

) of the linearization Dq)(g,fr)
given by

(2.29) DM 2 (F) = ((Lpf)ij + (trg T - Tij — 277" 5) f, (trg 7 - Gig — 2755) f ),
(@:7)
1 _ _ _
Ddiv(; (X) = 3 (['Xﬁ'z‘j + VX P — (X (Vi + X; Vi)
— (Vi Xpm™™ 4+ XV ™™ ) 945, —Exgz'j),

where L2 f = —Agf + V2f — f-Ric(g) is the formal L?-adjoint of the lineariza-
tion of the scalar curvature operator.

Let €2 C X be a given bounded domain with smooth boundary and p be a
smooth positive function on €2 that near ) decays as a power of distance to the
boundary; i.e., p ~ dV where d is the distance to the boundary and N will be
fixed later. (See the theorem below.) The weighted Holder space C’SLO{(Q) is

defined by the norm [|f|| ke = pr_%HCk,a in the obvious way; similarly, we
1

P
can define those spaces for tensors. We are ready to state the local deformation
theorem, which will play a key role in our gluing construction.

LocAL DEFORMATION THEOREM (Theorem 2 in [5]). Let ¢ € C§°(Q2) be
a bump function and (go, 7o) € MF+H42(X) x Sk+3(X). Then for N suffi-
ciently large, there is an e > 0 such that for all pairs (v, W) € C*F*(Q) x
XFHLe(Q) with the support of (v, W) — ®(go, 7o) contained in Q and with
Il (v, W)—q)(go,wo)Hcs,_al (Q)XXfff’a(Q) < ¢, there is a pair (g,7) € MFT2(2) x
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Sk2.9(%), such that ®(g,7) — (v, W) € (- KerD®{, -y in Q and (g,7) =

(9o, m0) outside Q2. Moreover, (g,7) € MF+29(X) x Sk¥+2:2(X) depends contin-
wously on (v, W) — ®(go,m) € Cﬁﬁ(@) X Xffll’a(ﬁ).

In [5], Corvino and Schoen used this theorem to approximate asymptoti-
cally flat initial data for the vacuum Einstein field equations by solutions that
agree with the original data inside a given domain and are identical to that
of a suitable Kerr slice outside a compact set. We will use this theorem in a
similar manner in a different situation to prove our main theorem.

2.4. The structure of the proof. This section is devoted to an outline of
the proof. It consists of three steps.

Step 1: Higher order energy estimates.

As we mentioned in the introduction, since we would like to use the Corvino-
Schoen construction (see the Local Deformation Theorem in Section 2.3), which
requires certain regularity of the space-time, we are obliged to derive higher
order energy estimates. This is accomplished in Section 3.

We will derive the estimates on M where 0 < u < §. Christodoulou’s
work [2] already proved such estimates on the level of two derivatives on the
curvature. (See the Christodoulou Main Estimates in Section 2.2.) His esti-
mates are already good enough to construct the space-time. Thus, in our case,
we can use an induction (on the number of derivatives) argument instead of a
bootstrap argument.

Although this part should be regarded as the routine proof of the per-
sistence of regularity for vacuum Einstein field equations, we would like to
emphasize that by affording more derivatives, we can gain smallness in § as
compared to Christodoulou’s work. For example, in [2] we have

1
IVl < W
while, in the current work, since we can control the third derivatives on the
curvature components, we actually have

1 1
< )2,

The gain in § will play a crucial role in Step 2. Here the notation A < B
should be understood as A < CB, where C' is a constant depending only on
the seed data.

Step 2: Construction of a transition region close to the Schwarzschild
space-time with mass my.

This step is the main innovation of the paper, and it is complete in Sec-
tion 4. Roughly speaking, this step builds a bridge from Christodoulou’s work
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to the Corvino-Schoen construction. By solving the vacuum Einstein field
equations, we can construct a region with a fixed size (independent of the
small parameter §) that is close (measured by 0) to a region in the domain
of outer communication in the Schwarzschild space-time with mass mg. It is
precisely on this region, or more precisely a space-like hypersurface inside this
region, where we can use the Corvino-Schoen construction.

As we mentioned in Remark 3, in addition to Christodoulou’s short pulse
ansatz described in Section 2.2, we need to impose one more condition on the

initial data defined on C'ol; that is, for all 0,

1 2
(2.30) / %o s o[ ds = 16mo.
0 | Os

This condition is the key ingredient to Step 2, and most of the estimates are
directly tied to it.

Remark 4. This condition is slightly different from the condition proposed
in Remark 1; namely,

d
(2.31) \uon/O R (1 10, 0) el = 4o,

The advantage of using condition (2.30) over (2.31) is that as § changes, (2.30)
is always valid, but (2.31) is not. However, under condition (2.30), (2.31) is
valid up to an error of size d to some power. (See Lemma 1 in the beginning
of Section 4 for a precise statement.) We emphasize that, mathematically, we
should impose condition (2.30) via the seed data 1)y in order to follow the short
pulse ansatz described in Section 2.2. On the other hand, though only valid up
to an error, condition (2.31) has a clear physical interpretation: it requires the
incoming gravitational energy per solid angle in the advanced time interval
[0,6] to be the same for all angles . Roughly speaking, we impose certain
spherical symmetry on the initial data.

In Section 4.1, we show that the sphere Ss,, is J-close to a given sphere
in the Schwarzschild space-time with mass mg; here, the closeness is measured
in C* norms. The proof is based on condition (2.30).

In Section 4.2, we show that the incoming cone Cj is d-close to a given
incoming cone in the Schwarzschild space-time with mass mg. This cone is
rooted on the given sphere Ss,,, from Section 4.1. The proof is based on con-
dition (2.30) as well as the higher order energy estimates derived in Section 3.

In Section 4.3, we further extend our data on CL‘;’(YH] smoothly by setting
(2.32) X=0, 0<u<di+1
We then show that the outgoing cone CL%(SH] is d-close to a given outgoing cone

in the Schwarzschild space-time with mass mg. This cone is also rooted on the
given sphere Ss,, from Section 4.1. The proof is based on condition (2.30).
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In Section 4.4, since the Sections 4.1, 4.2 and 4.3 provide a characteristic
data set for the vacuum Einstein field equations, we will solve the field equa-
tions to further extend Christodoulou’s solution. By virtue of the closeness
to the Schwarzschild data, we show that the resulting space-time is close to a
region in the domain of outer communication in the Schwarzschild space-time
with mass mg. Furthermore, we will also see that this region has a fixed size;
namely, it will not shrink to zero when we decrease the parameter 6.

Step 3: Gluing a Kerr slice.

This step is completed in Section 5. As a consequence of Section 4.4, we can
choose a three-dimensional space-like region for gluing. Then we follow the
procedure in [4] and [5]. Thanks to the closeness derived in Step 2, we can
almost explicitly write down the kernel of the adjoint of the linearized operator
of the constraint map. This allows one to use the Local Deformation Theorem
in Section 2.3. The kernel will have four dimensions. Combined with a fixed
point argument, we use a four-parameter family of Kerr space-times, varying
the mass m and the angular momentum a to kill the kernel. We also show
that the resulting initial data is free of trapped surfaces.

3. Higher order energy estimates

In this section, we derive energy estimates for higher order derivatives on
curvature components. At the same time, this also yields the control of higher
order derivatives on connection coefficients. More precisely, we shall prove

THEOREM 1. Let k € Z>3. For N € Zy sufficiently large, if 6 > 0 is
sufficiently small depending C*tN norm of the seed data 1, then the following
quantities

Rk, Repla), RE, 1, RS g, O<pyr, 044, O,

are bounded by a constant depending on C*tN bounds of the seed data.

The integer N is chosen such that for all k, Ri(uop) is bounded by a
constant depending on the C*™ bound of the seed data. We remark that for
k < 2, the theorem was proved in [2] with N = 6. In fact the precise value of
N is not important in the current work. Then we shall proceed by induction
on k. We then make the induction assumption as follows: for k > 3,

(3.1) Rek—1 +R§k71[@}+Rék—2+RO§Ok—3+OSk+O4§k—1 +0%—2 < F—14n,
where F; depends only on the C* bound of seed data.

3.1. Sobolev inequalities and elliptic estimates for Hodge systems. In this
section, we recall the elliptic estimates for Hodge systems on S, .. Together

with Sobolev inequalities, this will serve as the basic tool for us to control
the L> norms. We refer to [2] for the proof and we shall take 6 > 0 to be
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sufficiently small as in [2]. For the sake of simplicity, we use S to denote Sy,
C to denote C,, and C to denote Qy
We first collect all the Sobolev inequalities as follows: equation

1 _1
(3:2) l€llzacs) < € (lulZ N1Vl sy + lul 2 €]l z2(s) ) »
1 _1
(3.3) [€llzoe(sy < € (lul2 [V €llzacs) + el "2 1€l Lacs) )
1
(34)  sup(lulZ[€ll+(s)
“ 1 1 1 1
< C([1€llas) + IDEN sy (€] 2oy + ulZ IV EN 2 )
(3.5)  sup(ul?[|&]lacs)) < C(luol*l1€]l a5, )
v 1 1 1
([l DE | 2o oy (1l €l 2o oy + NV € 22 )

where C' is a universal constant. We remark that ¢ in the last inequality can
be any real number as long as the right-hand side is finite. The disparity of the
powers of |u| reflects the fact that the area of S, is of order |u|?. The proof of
the above inequalities is routine, we refer readers to Lemma 5.1, Lemma 5.2,
Proposition 10.1 and Proposition 10.2 in [2] for details.

For Hodge systems, we have the following two cases. First of all, if 8 is a
traceless symmetric two tensor, such that

dix 0 = f,

where f is a one-form on S, then
(36) V"2 < C(Hka”L2(S) + TV Sl as)
+ [ul YOl L2 sy + [ul IV 0 s
k—1
+ ;(HWiK”L?(S) + UI_IHWlKlle(S))Wk”@IILw)

Secondly, for a one-form £ that satisfies

divg=f, cuflg =y,

we have

(3.7) HVkaHB(S) < C(Hykf”LZ(S) + \u!‘lHW’“‘lfHsz)

HIV gl r2gsy + lul IV gl (s
Hul T IV €l r2gs) + [ul IV E e L2 gs))

k—1
+ D IV Kl p2s) + IUI_IIIWZlKlle(S))IIV’“MEIILw)

=1
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In both inequalities, C' is a universal constant. We refer readers to Lemmas
7.3 and 7.4 in [2] for the above estimates.

Finally, we also collect two Gronwall type estimates for later uses. They
can be found in Lemma 4.6 and Lemma 4.7 in [2]. If we have

Dl9=%ﬂtrx9+’y-9+£,

where 0, £ are r-covariant tangential tensorfields, « is (r,r) type tangential
tensorfield so that |y| < mQ|x|, v and m are constants, then for any p > 1,
there is a constant C' > 0 depending only on p, v and m such that

1611255 < € (Wllesisa + [ 1€1ris, o).
If we have

Db = SQtrxf+7-0+¢

where 6, { are r-covariant tangential tensorfields, v is (r,r) type tangential

tensorfield such that |y| < m|X|, v and m are constants, then for any p > 1,
there is a constant C' > 0 depending only on p, r, v, m such that

310015, < (ol ™ 3105+ [ 1T el s ),

uo

3.2. Estimates for connection coefficients.

3.2.1. Estimates for V'Y and Y ™ try/. We first consider ¥ g/
and WkH trx’. We will give all the details for these two terms. In the follow-
ing sections, when we estimate the other connection coefficients, i.e. WkHA’
VT ey, Wkﬂn, Vv 1y, WAy and V1w, since the proofs follow a similar
pattern,iwe will be sketcﬂy and only emphasize the key points.

In view of the terms on the right-hand side of (2.10), by induction hy-

pothesis (3.1), we compute

k- k ~
IVE(X 2.y SIVEX 22 Inll e
wk—1

IV s 9 s

~ D S . 1
X IV il zace) S 072 ul 27 62 ul.

We remark that the factor §2 lu| comes from the norms || - [|z2(¢,)- Throughout
this section, the notation A < B should be understood as A < C'B where C'is
a constant depending on induction hypothesis (3.1). Similarly, we have

k —_3— 1
IV 5 (te X' m)lr2(c) < Jul=7F - 62 ful.
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If one replaces k£ by k — 1, it is obvious that the above estimates also hold. We
denote I = —Y' -0+ 1trx'n — Q718, i.e., those terms in (2.10). In view of the
fact that Y dlogQ = 1V *(n+n), we have

. _ _llgp o1
(3:8) IV Il 2+l IV " 220y S IV Bllc2cy +67 2 ul =752 ul.
In view of (3.6) and (3.7), we turn to the estimates on the Gauss curvature K.
Fori=0,...,k—1, by (2.9),

IV Kl 2y S IV pll2ccny + 1V (R Dl 2 (e
% —24 1
F IV e xtr )l r2icn) S Jul 7" - 67 |ul.

Therefore,

k—1

S UV Kl 2, + [l Y T Kl 2o IV e s)
=1

<073 [ul 27 62 ful.

~

According to (2.10), (3.6) and the inequality [3*||- z2(s, ) < 52 |- lz2(cy)» We
obtain -

U
59 [ Rluses,

u
- k+1
du' < /0 175 X s

1 k _
+ 82|V B L2,y + 6
We turn to (2.2); by commuting derivatives, we have

(3.10)

u,u

ka—l-l tI‘X’ _ [D,Wk]dtrxl _ QtrXWk—‘rl tI'X/ _ 2Q5€® Wk+15(\,

- ki)l YVid(Qtrx) @ Y d ity
=0

k—1
DA AVED A ¢

- Y YVidlogQe (Y itrxe@ V' trx + 2V @ V%)
i+j+h=k
1,5,h>0

In fact, the commutator [D, YV’] can be written as

i—1
(D, Y10 =3 V'V (Qx) V',
7=0

k—1
D,V dtrx' =Y V'V Q) - V" ity
1=0
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Since V'dlog Q = %Wl(n + 1), we rewrite (3.10) as
DY 1 try = —Qtrx YVt — 208 @ YR + Lot

Remark 5. The notation l.o.t. here denotes the terms that contain at most
k-th order derivatives of connection coefficients and (k — 1)-st order derivatives
of curvature components. These terms can be estimated by induction hy-
pothesis (3.1). This notation has the same meaning in this subsection about
estimates for connection coefficients. We will also use this notation in other
parts of this paper with slightly different meaning, which will be mentioned if
necessary.

Therefore,
k i1 (M ekt 3
(BAD) 175 0¥ sy S 8 Hul™ [T 174 R a4l

Combining (3.9) and (3.11), we obtain

k O
N4 +1trX/HL2(Sg,u)§6 2 |ul 1/0 (b4 +1trX/HL2(S/ ydu!

! u

_ k _3_
+ TNV Bl L2 (e + lul 77 - .

Thus,

(3.12) IV b0 X 25, S [l > (RilB] + ©) - Jul.
Finally, according to (3.8), (2.10) and (3.6), we obtain

(3.13)

IV % 2 ey S IVt X N 2wy + IV 5Bl 2oy + 62 ul 727 - 62 [ul
<62 u 2R (R[] + C) - 62 [ul.

3.2.2. Smallness on ¥ " (1, 7). Inorder to estimate WkHX’ and ¥ tr X,
we must improve the estimates on HWk(n,ﬂ)H 12(c,)- We also mentioned this
in the introduction. We can actually afford one more derivative to gain this
smallness in powers of §. We also remark that at this stage, we can only prove
that ]|Y7k+1(77,ﬂ)|\L2(Cu) is bounded without any smallness. We commute Y *
with (2.5) to derive

k—1
(314)  DY*n=0x¥'n+ > (VIV Q7
=0
+YY () @ V) - vH08).

Therefore,
(3.15)

1 g (% 1 _3_
IV "0l r2(s,.) S 62 ul 1/0 ||Y7kﬂ”L2(S£/7 ydu/+52 ||V * B 2y +Olul =57 Jul.

u
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Similarly, according to (2.6), we have
(3.16)

k—1
DY =V '+ (V'Y ( )V T+ V'V (20 @ V) + 7 H(08),
=0

which implies
(3.17)

u
k k — k
ul* 1V *nll 200y S Tuol (¥ ﬂHLz(cuOﬁr/ o' [ ' |7Vl 2 A
uo

u u
[ WY Bl du+ [l ol -
uo Uy

0

We then substitute (3.17) into (3.15) and take supremum on u. As a result,
we have

kg b A g
sup [ul* ¥ 0l L2(sy.) < [uol™ul Yl 2 ey

LI 1)k
0t~ [ sup T s, e
ug “ -

+87 [ul H(RY[B]+C) - [ul +67 [u| 2Ry [B]+67[u| ~1C) - ul.

Thus,

_ o
[l "IV 0l 22,0y S Tuol*ul IV 0l 22y + 82 [l 2(Re + C) - Jul.

Recall that n = —7n on Cy,. In view of (3.15), we have

1 _ 1 _
oIV 0l 2 (8,) S 07 o] > (Ri[B] + 62 |uo| T C) - Juol.

Combining all the estimates above, we finally obtain

_1 19
1V *nll 2500y 62V 0l 2(cy S 021l > H(Ri + C) - [ul.

3.2.3. Estimates for WkHX’ and Y trx’. The estimates will be de-

rived in a similar way as for V*™¢’ and Y*™ tr y/. By (2.11) and the above
improved smallness on Wkg, we have

(318) IV X N2 SNV tr X2
1Y Bllzz(euy + 021ul > H(Re +C) - 63ul.
We then commute ¥*™ with (2.4) to derive
Dyt try’ = —QtrxV i try’ — 20y ® VR 4 (tr )2V log Q + Lot

Although ¥ 1 log O = %Wk(n + 1) is a lower order term (in derivative),

k+1

this naive estimate will not yield the expected smallness of V""" trx’. To

remedy this defect, we introduce an auxiliary bootstrap assumption as follows:
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AUXILIARY BOOTSTRAP ASSUMPTION. For some large constant Ay de-
pending on Ry,

1
(3.19) 195+ og Dl 2,y < Ol = Ay - 63 ul.
Therefore,
k+1 k+1
"2V o X 2y S ol ™Y T e X 2 ey

u
[ S R b e,
uo

u 1o, _ 1
+ W82 TR Y Bl e o,y du 4 Slul T2 (Re + Ay + C) - 52 .

uo

According to (2.15), we have |ug| 1|y ! trX/HL%Cuo) gé\uol_‘?C‘é% luol,
S0

(3.20) | A+ tr x| r2(cn) S Olul ™ F (R + Ap 4+ C) - 52 |ul.
Thanks to (3.18), we obtain

(3.21) IV 2y S 0% |ul >Ry + C + 6% |u| "' Ay) - 67 ul.

3.2.4. Estimates for ¥ k+177 and ¥ kHQ. The estimates in this section rely
on the bootstrap assumption (3.19) and the estimates established in previous
sections. In view of (2.12) and (2.13), we have two Hodge systems:

. 1, 1.
(3.22) dez—p+§(x,x)—u, Cufln=0—§xAg,
. 1, 1.
(3.23) dWﬁZ—eri(x,x)—g, cuﬂﬁz—anLQXAx,

where p, p are the mass aspect functions. (See [2] for definitions.) To justify
the names, we notice that the integrals of p or p on S, are the Hawking
masses of Sy 4. In reality, we just take the above equations as definitions of p
and p. They satisfy the following propagation equations:

1 1
(3.24) D= —Qtrxp — Qe xp — 2 Qtr x|x[?
1 R
+ 59 tr x|n|® + dif (225 - 7 — Qtr xn)
1 1
(3.25) Dy = —Qtrxp— SOt xpu — 1t x|x)

1 ~
+ 59 tr x|n|® + dif (2Q% - 1 — Qtr xn).
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We commute ¥ * with (3.24) to derive
DY p=—QtrxV*u— %QtrkagﬂL 2¥ *dif (2%) - + 20% - ¥ Fdifn
— YV dig (Qtry) - n— Qterkdi/(fg + lo.t.

Since we can control ¥ *dif (%) and ¥ *dif (Qtr x) by (3.12) and (3.13), and
we can control ¥ *difn and Wkdi/(fg by (3.7) and (3.22), we have

(3.26)
-1 [ _3- 1o
19"l Sl [ 17 s, g+l 70+ 5l )l
Similarly, we commute ¥ * with (3.25) to derive
1 ey - .
QWkH =— Qtrkaﬁ - iﬂtrKWku + QWde(Qx) -n 4 20K - Wkdl/(fﬂ
— Wkdiﬁ/(ﬂtrz) -n— Qtrzvkdi/(ln + lo.t.
In view of (3.7), (3.20), (3.21) and (3.23), we obtain
(3:27) [u* Y pll2(c S Tuol IV el (e +/ IV " el 2y A
uo
[l (C+ Ry + 62 [ul Ay) - 52 ul.
Since 1 = —2p 4 (X, X) — p on Cyg, (3.26) yields
1
IV * 1l £2(8,0g) S 10l ™75 (C + 62 o]~ Ri) - [uo-

Together with (3.26) and (3.27), we have

195 ll s,y S 1l 7H(C + 03 ful 7 R + 03 ful =) -

3 1
IV *ull 22y S Jul ™ 7H(C + R+ 62 u 2 Ay) - 62 u.

Once again, we use (3.7), (3.22) and (3.23) to derive the final estimates
(3.28) 195 0l 2y S ful 75O + R+ 03 ul Ag) - 6% ul,
(3.29) 195 0l 2y S ful =740 + R 4 02 [ul Ay - 572 ul.

3.2.5. Estimates for Wkﬂg and Wkﬂw. We now estimate the last two
connection coefficients. We will first establish the estimates for ¥*'!

close the auxiliary bootstrap argument based on (3.19) in this section. We
6

w and

first introduce two auxiliary quantities £ and k as follows:

(3.30) Aw=r+dix(Q8), Aw=r—dx(Qp).

6See Section 6.5 and 6.6 of [2] (but a different notation).
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They satisfy the following propagation equations:

(3.31) D+ Qtrxs = —2(9%, ¥ w) + m,
(3.32) Dk 4 Qtr xk = —2(Qx, Vw) +m,
where

m = —2(dif (2X), dw)
+ %diﬁ(ﬁ trx - Q8) — (d(Q%), dp) — (d(Q?), *do) — pA (Q7)
+AQ%(200,m) — nl*) + dig (Q*(X - B — 2K - B+ 3np — 3710))
and
m = —2(dif (QX), dw)
- %di/@(Q trx - Q8) — (d(Q%), dp) + (A(Q?), “do) — pA (27)
+AQ22(n,n) — nf*) — diF (Q*(X - B —2X - B — 3np — 3*n0)).
We commute ¥ 1 with (3.31) to derive
DY '+ QtryV 'k = —20% - V¥ 'w + V¥ 'm + Lot

V"™ w is controlled by the definition of & and elliptic estimates (3.7). For
YV *m, the highest order terms are ¥*™'m are ¥*3, Vkﬁ, YV*p, ¥¥o and
vFy, Wkﬂﬂ. They can be controlled either by (3.1), (3.28) or (3.29). There-
fore

175 8l 25, 0) S Slul ™ 7H(C + Ry + 6%u P A) - Jul.

By the definition of k and standard elliptic estimates (3.7), we obtain
(3.33) 175 wll (e S Olul (O + R + 6% u| P A) - 52 ul.

We now close the bootstrap assumption (3.19) using this bound. Recall

that w = Dlog 2, and by commuting with WkH, we have

k—1
ka-‘rl IOgQ _ Wk—i_lg_‘_ Z WzW(QX) . Wk_l_ldlogﬂ-
1=0

By integrating, we derive
[l Y5+ og Ql 2,y < C'8lul = (O + R + 8%[ul Ay - 62l

We then let Ag = 4C"(C' + Ry) in (3.19) and choose § sufficiently small such
that 4C"62 < 1, so that ||V *" ! log U2, < %6|u|_3_kAk : 5%|u| Hence, the
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bootstrap argument is closed. By the choice of A, we rewrite (3.20), (3.21),
(3.28), (3.29) and (3.33) as

(3.34)
_ _1 Ft 1 k
S HuP IV e )l 2oy + 0 2 [ulP IV R 2wy + PV ¥ 0l
k _ k ke 1
+ PNV "l ey + 6 PV wll 2y S TulTFHC + Ry) - 62 .

Similarly (we now have (3.34) at our disposal), we also obtain the estimates
for Y5 w: ) )

IV ¥ @l 2y S 6720ul > H(C + Ry,) - 52 [ul.

3.3. Estimates for deformation tensors. Following [2], we define the rota-
tion vector fields O; (i = 1,2,3) to satisfy DO; = 0 on C,, and DO; = 0 on
M, and let O;lg,,, be the standard rotation vector field on the round S2. For
the sake of simplicity, we will suppress the lower index ¢ in sequel. The defor-
mation tensor is defined by (O = Log. We also define its null components
(0)7?[,43 = Oryp, and Z4 = QgAB O 7r4p. In particular, Z = 0 on Cu, by
construction. For a tangential tensor field ¢, £,¢ is defined as the projection
of Lop to Sy . By definition, on Cy,,

Dtr O =20(Qtry), DOF —QtrxOF = —Qx tr O + 22, (%)

On D, we also have
Dtr O =20(0 trx),
DZ = —4£,(9%¢), D% — Qtr x(OF = —Qx tr Of + 2£,(0R).

The purpose of the section is to prove the following estimates:

(3.35) IV 10N < Jul75(C + 62 [ul Ry - 82 ul,
(3.36) PVt O] + 572 |ul [V HOH|

+ [V * 2 < Jul (€ + Ry) - 03 ul,
where all the norms are taken with respect to || - [|12(c,)-

We first prove by induction that, for ¢ < k — 1, the following quantities,
IV O0llcys 0 uP IV DRl 2c),
_1 i i i
02 ulllV Ol 2y 1V 2l r2cn),

are bounded by |u|~*C - 6%\11] where C' = C(Fi_14+n). The cases for i =0, 1,2
have been proved in [2]. We assume the case for all j < i —1 is true. We
commute V"' with the above equations to derive (the last three equations only

hold on C,,)
(3.37) DYoo =y (Qx) - O +lLo.t.,
(3.38) DY tr Ot =2V £,(Qtr x) + Lo.t.,
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(3.39) DY'O% —Qtrx V'O = — Qg @ V' tr Ot + 2V £,(O%) + Lo.t.,
(3.40) DY'Z = — 4V £(2*() + Lo.t.

(3.41) DY =y (Qx) - O +lo.t.,,

(3.42) DY tr O =2Y£,(Qtrx) + Lo.t.,

(343) DY O — Qtr V' Of = — Qg e V' tr Of + 272, (%) + Lo.t.
In the current situation, l.o.t. consists of the terms containing at most (i — 1)-st
order derivatives of deformation tensors that are bounded by induction hypoth-
esis and the i-th order derivatives of connection coefficients that are bounded by

(3.1). Hence, by (3.37) and (3.41), we conclude ”WiHOHB(Cu) < ]u\*’Cdélu\
For ¢ € {Qtrx, Qtrx, Qx, QX, 02¢}, we have

i—1
VLot = £oVio+ S VIVOF- Vg = £,Vi6+ V0 ¢+ Lo,
=0

Since |[£,V "¢| < 10|V | +|V O]V 4|, combined with (3.38), (3.42), (3.40),
the induction hypothesis (3.1) and the estimates for Y "0, we conclude

- i i —i 1
0 PV o O 2y [ulll Y Zll 2y S [ul7PC - 67 ul.
Combined with (3.39), (3.43), we also conclude
_1 7 - —i 1
672 ul| VO 2y S lulTIC - 57 ul.

For the case when i=Fk, we can proceed in a same way as to the case when
i<k — 1. The only difference is that ¢ € {Qtrx, Qtr x, Qx, QX, 0%¢, W’H'lqb}
is not bounded by (3.1) but by (3.12), (3.13), (3.34). Thus, we have completed
the proof of (3.35) and (3.36).

3.4. Estimates for curvature components. In this section, based on the in-
duction hypothesis (3.1), we derive energy estimates for curvature components.
Together with the estimates from previous sections, this will complete the in-
duction argument. Usually, the derivation of energy estimates is based on the
Bel-Robinson tensors, see [3] or [2]. We shall proceed directly by integration
by parts without Bel-Robinson tensors. This is similar to [12].

3.4.1. Energy inequalities. We commute ﬁg with (2.20)-(2.27) and com-
~k
mute £, with (2.18) and (2.19). From (2.18) and (2.22), we have

~~k 1 ~k —~
DLy — 5(2 tr x£oo — QY ®¢gﬁ = Eil,f(a),

DLES — Q% - 256 — Qdif Lo = EX(B),
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where FE%(a) and E¥(5) are error terms that will be expressed explicitly later.
Therefore,

D(Zooldpg) + D(|Lh 6 dug)
= (4dif (U~ £55) — 40%pa(d 1082, £65))dpg
+ (R, 2B4(0) + 2456, 2125 (5))di .
We can integrate this identity on M to derive

349) [ ol + [ 2282 < [ Lol
Cu . Cug

+ [ 1= 4980a(d1og 2. £68) + (Roa, 285(0)) + 20458, 2E5 ().
Similarly, from (2.22), (2.24) and (2.26), we have
DLHB — QX - £68 — UdHp + *d460) = E5(B),
Db+ S0tk — ik 26 = B (o),
Do + Lt xfbo + QenL £ = Bl (o),

which implies
(3.45)

L wlebsl+ [ 1gber + 1860 < [ uollebaP

[ 1P (- 2 o + 20 (o Lot + B 4o*)

+ (£665,2B5(8)) + (o0, 2B () + (L0, 2Eff(ff))> :

We remark that |u|? appears as a weight. We deal with the remaining equations
in a similar way. In fact, we have

1 .
DL + 5t xEop + Qdik £65 = B (p),
1
DfEo + St xLoo + Qewfl 5 8 = E¥ (o),

DSBS — QX - £68 + QdLop — *qho) = EF(B)

and

DEES — Q% - 58 + Qdif Lo = X (B),

~~k 1 ~k —~
Dfyo — 59 tr x£oa + QY ®¢I(c)é = Eff(g).
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Therefore, we have

(3.46)
B0 + 150+ [ a1 < [ ol (U0l + o)

uo
-

|¢oP|2+ [£601%) + 2Qdlog @, £6p4068 — £60 Lo B)

+ (£60, 2E5(p)) + (£60,2E5(0)) + (£6,8, 2E5(8))

and

Gan) [ ouliebsl+ | lullbal < [ 2pulleba?

uQ
+ / [ul®
M

+2(£5,8,2E5(B)) + (ﬁoa 2F5 ()|

3.4.2. Estimates for error terms. We turn to the bound of the error terms
that have appeared in the previous sections. We first recall various commutator
formulas from [2] that will be used to derive the exact expression of the error
terms. For a traceless symmetric two tensor 6, we have

Bordiv s = 37T s0sc — it n(OF “bac) — 5 tr O ),

[£0, D10 = £,0 — O#(9x,0) + Qx(97.0),
[£o. D)0 = —OF(0%,0) + Qx(F.0).

For a one-form &, we have
[£or difJe = ~dif (OF - €) — 3 tr )i
Lo enflle = — tr et
(B0, V&le = 2797 - ¢ — Ofdipe - (97,7 50),
(€0 DIE = £5€, [0, DI =

For a function ¢, we have

Lo dlo =0, Lo, *dlo = OF - *d(0i0),
[ﬁo,D]Cb:Zgb, [ﬁo,Q]Qb:O
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We turn to the estimates for E¥(a) and E¥(3). The above formulas allow
us to write

E5(a) = 3 S LoloQtr) Ly o
=0

+ ZoEY(0) + (D, Lnla — (QVBLEB — Lo (Y EB)),

where EY(a) is from (2.18). For a traceless symmetric two tensor 6§, we have

L= > ¥"0.¥R0.yiO-y.

i1+~~'+il+il+1=l

Then first term in E¥(a) can be written as

Z WilO-ViZO---WikO'Vi’““W(QtrX)'Vik“a.
i1t tigpa=k—1

We bound this term using the induction hypothesis. If ix11 =k — 1 or igi0 =
k—1, we bound the corresponding factors in L?(C,,) and the others in L>(C,,);
ifi; =k—1forj=1,...,k, ig41 = k —2 or 4342 = k — 2, we bound the
corresponding factors in L*(S,,) (note that when k = 3, the case ix,; =
ik+2 = k — 2 can happen) and the others in L>°(S,,,); for the other possible
cases, we simply bound all factors in L>(S, ).

For the second term in E%(a), notice that

Ed(a) = —2wa — Q(—(4n + )@ + 3Xp + 3*X0).

We use T' to be an arbitrary connection coefficient and R to be an arbitrary

~k

curvature component.” We can compute ¢OE§ (o) by the commutator formu-
las. All the terms can be bounded exactly in the same way as for the first term
E¥(a) except for

OF - (—2wV a4+ Qn+¢) - V*8 - 308 - V*p - 30% - Vo).

This term can only be bounded by Ry. In fact, this collection of terms contains
all the terms involving k-th derivatives of the curvature components while the
other terms are in the following form,

> AR AP AUCR AL W A
i1+"'+ik+2:k7’ik+2<k‘

which can be easily estimated by the induction hypothesis.

7Throughou‘u the paper, we shall use I' and R as schematic notation. The expression I'- R
denotes a sum of products of this form.
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~k—1—1 ~ i
For the third term in E§(a), since [D, Zoja = S50 2o (1D, Lolloa),

according to the commutator formulas, this term can be rewritten as
> Y0 YR0- Y0 YOGy (0F) - .
i1+t pa=k—1 a

The observation is that none of terms contains k-th derivative of the curvature
components. Therefore, [D, 20](1 can also be estimated by induction hypoth-
esis as above.

For the last term in E%(a), we can write it as

~k—1—1

AV ELE6 — LoV EB) = O Z 2o T (WBL LB — BV BLLB) + Lot

where l.o.t. denotes the terms with at most (k — 1)-st derivatives on the curva-
ture components. They can be estimated by induction hypothesis. The main
term, i.e., the first term on the right-hand side of the above equation, reads as

Z Wilo.yyléo...yﬂk—lo.Wik(O)%.yyikﬂﬁ

1t Figp1=k,ip g1 >1

Thus, all terms can be estimated by induction hypothesis except for

OF=1.(wk©)g. g4 Olg. ykg),

which should be bound by Ry according to the definition of Ry.
Putting the estimates together, we obtain

[ o2 (@)] < 67 Rulal(C + Ra).

We move on to E¥(B), which can be written as
Z LoLo(QXY) - 25778
+ ZoF(0) + D, £6)8 — (Qk Boo — Bo(ia))

Since the estimates can be derived almost in the same way as before, we only
emphasize the difference. In fact, the third term in Ef(3) is slightly different
from before because [D, £,)] # 0. This commutator term contains YV *Z, which
should be estimated by Ri. To be more precise, this term can be written as

(D, £5]8 = Zﬁk UID, Lol B) = Zﬁk 2% NG
= Z WilOmW“HO-W%Z'W“ﬁﬂ,@.

i1+t 1=k
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All the terms can be bounded by induction hypothesis expect for i, = k and
ix+1 = k. Finally, we obtain

[ 158 2B5(5)| £ 53 RUBIC + R + D ltr ).

We switch to the second group of error terms, E§(3)— ‘%'ﬁgﬂ and E¥(p, o).
We have

k—1
5B) = S Loko(OXF) - £577' 8 + L5 ES(B)
=0
+ (D, 2518 — (UdLEp + *dLE0) — £6(QUdp + *do)).

It is necessary to observe that we need the term —Wllﬁg B to cancel the term

—Str Xﬁ’éﬁ in ﬁgEg)f (B). The derivation of the estimates is almost the same
as before, and finally we obtain

,Z‘ﬁ‘éﬁ! < SERLIB)(C + Ry).

For Eéf(,o, o), we need to argue more carefully because it contains some
borderline terms (meaning that there is not positive power of  in the esti-
mates). First of all, we have

[ i, 2E5(3) -
M

Ef(p Z¢o¢o Qtrx)L6 ' p
+ ¢0E4( )+ [D, ¢O]P + (Qdi}(f¢]5ﬁ - 45]5(9(11/(75))7
E4 Z¢O¢O Qtr )L, 1=y

+ ¢OE4 (0) + [D, £5)o — (Qeufl £58 — £5(Qcupl B)).

The terms in [D,ﬁg] p and [D,ﬁ’é]a do not have the factor ¥*Z because p
and ¢ are functions. This is slightly different from previous cases, and the
estimates are even easier. The key different terms are those ﬁg (X - contained

in ﬁgEff (p) and ﬁgEff (0). They can be bounded by Ry[a] and without any
gain in §. Thus, they contribute to borderline terms. Finally, we obtain

[ b 2B 0)) + (b0, 285(0))

< Rielp, 0](C + Rya] + 63 (R + Dy [tr 1))
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For the remaining error terms, namely, E%(p, o), E¥ (B), E% (B) and Ef(a),
they can be expressed as

E5(p Z¢o¢o Qtrx)£5 e
+¢0E3<> 1D, £5)p — (Qif £6,8 — £6(Qdik B)),
E%(0) Z¢O¢O Qtrx) L, hol-iy

+ ¢0E3 () + (D, £6)0 — (QewfL£6,8 — £6(Qcuf1 B),
HE) =§¢6¢O<Qxﬁ>- o TIB+LGEL(B)
. [D 2618 + (UdLop — " Moo) — £6(2dp — do))),
Z Loko(ORF) - £6 '8
+ ¢OE3< )+ (D, 2518 + (it Lo — £o(Qdika)),

1—12

Zﬁoﬁo Q)L a

+ ZoEYa) + (D, Lyla + (QVBL58 — L (AW EB)).

We can proceed exactly as before to derive

4
[,
< P*Ralp,0](C + R+ Ry la]).
[ 868, 2E5(8)] < #RuBI(C + R,

I,

[ e, 225 (@)] £ 8 Rla)(C + Rulpyo] + 8 (Ri + Rela)

[l

(£, 2E5(p) — - 15p) + <¢’80a 2F5(0) — » |¢o )‘

0 (¢05 2E5(B) — m |¢05>' Ri[Bl(C + Ri + Ry[a]),

3.5. Completion of the induction argument. We first close the induction
argument on the L? level. In fact, based on the estimates derived in the
previous sections, we show that if § is sufficiently small depending on the
C*+N bounds of the seed data 1), then

Ries Ri[o, Op1 < Fign,
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where Fj,n is a constant depending only on the C**V bounds of the seed
data.

Recall that for a one-form &, ¢g§—¥7%f =Y i<k V10 YV*O-Vik+ig,
so that

2k |k ¢)2 i |2 = 21 i ¢-12
A TS A ST 453

v =0

Similar inequalities hold for traceless symmetric two tensors and functions.

We suppose that Ry, Ry[a] < G for some large constant G to be fixed
later. In view of the above estimates, we multiply §2 to (3.44), §° to (3.45),
571 to (3.46) and 673 to (3.47), then substitute the above estimates into (3.44)-
(3.47) and choose 6 > 0 sufficiently small depending on G and Fj_1,n (3.1),
so that we obtain the following inequalities:

Rilal® < Ryla](ug)?® +1,
RilB” < Ri[B)(u0)? + CRy[p, o](1 + Refe]) + 1,
Rilp, o1* < Rylp, ol (uo)® + 1,
Ri[B)? + Ryla)® < Ri[B)(u0)® + CRi[](1 + Ri[p, 0]) +1

We substitute the first and the third to the second to derive

RilB)? < Ri[B](u0)? + C/Rulp, o] (u0)2 + 1(1 + /Rila] (ug)? + 1) + 1.

We then substitute the third to the fourth to derive

Rila] < C(1+ /Rilp, o)(u0)? + 1) + /R [B] (uo)? + 1.

Thus, we can choose G depending on Ry (up) and hence on C*¥*V bounds of
the seed data, such that Ry, Ri[a] < G/2. By continuity argument and the
estimates for connection coefficients in previous sections, we have obtained the
estimates for Ry, Ri[a], Og11.

We turn to the following estimates:

R 1, RS2, 04,0551 < C(Fryn).
We first commute ¥V *~! with (2.20), (2.24), (2.26) and (2.23) to derive

_1 — 1 — —
7 |ul 1(H52IU\2(5D)(IUIV)’“ "Bllz2 () + NulP(OD) ([ V) (p, o)l 2 ()
+ (167 ul* (D) ([ulV)* ' Bll 2(c,)) < C(Fpen)-
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~k—1 -~ ~k—1 -~
We then apply £, D to (2.18), £5 "D to (2.22), £,, "D to (2.19) and £5'D
0 (2.23) to derive

~~k—
DI, lDa—thrxﬁO Do — Qy &L 1D6 EF D),

DL DA — X - £ DB — Qdif £, Da = EF DY),

DLE' DB~ Q% - £57' DB + Qdif £y, Da = ESV3(3),

k1 ~ -
Dl Do Quxly Da+ YLl Ds= B a).
Therefore, we have

(3.48)

k=1~ k=1~ k=1~ _
[ 185 Dol < [ 18y Do+ [| |-1025 " Datiozn. 45 DA)

0

+ (L5 Da,2EE M (a)) + 20257 DB, 2B (8))

and

(3.49) / lul*| 25 Dal? < /C 2luo|®|£5 ' DB
= [,
This leads to

_1 3 _
5% |ul |52 ul (CD) (|l ¥ * ) 2
Hlful 2672

—*Iﬁ "'DS + 404, Dafdlog®, £5'DB)

+ 2257 DB, 2B 3(8)) + (L Do, 2B V().

9 —
[ul 2 ([ul D) ([ulV)* all 2 (c,) < C(Frsn).

The Sobolev inequalities (3.3), (3.4) and (3.5) yield R}, R

Similarly, we commute ¥ * with (2
to derive

i1 < C(Frtn)-
1), (2.2), (2.5), (2.7), (2.14) and (2.15)

_1 — 1 ~
072 ul 1(||52\UI(5D)(IUIV)'“><HL2(0“)+HIUI2(5D)(\UIV)'“UXIIL2(C)

_1 ~ _
+ 11672 [ul*(6D) (JulV)* Xl 2(,) + 16~ ul* (0D) (Jul V) *trx 12 (o)

+ [llu* (D) (Jul V) *nll L2(c) + H571|U\3(5D)(!U|V)k£||L2(cu))
< C(Fitn)-

According to the relation 7 + n = 2dlog (2, we can also derive

1
=2 ul "M [uP(0D) (Jul V) nll L2(c) < C(Fren).
Now (3.3) and (3.4) yield Of, O° < C(Fy4n) except for the component w.
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In order to bound w, we commute V* with (2.8). We also take YV* to
both sides of the equation and we hope to bound the L?(C,) norm for DY .

The commutator [D, ¥ *|w is easy to control thanks to the induction hypothesis
(3.1). Because we do have an L*(S,,,) bound for ¥ "1 and Wkg at the moment,

then we can bound [Jul % u2(|u ¥ )¥((n. 1) ~ [12) | 12(c,) < C(Fren). Tn view

3

of (3.45), we have |||u|™2 \u|5(]u\W)ka < C(Fi4n) and we can deduce that

_3
ul =2 u|(Ju[ D) (|u| V) *w|| < C(Fiyn)-
Finally, (3.3) and (3.5) yield Of[w], 0% | [w] < C(Fiin)-
We have completed the proof of Theorem 1. O

4. Construction of the transition region

We have already mentioned that, in addition to Christodoulou’s short
pulse ansatz described, we need to impose one more condition on the initial
data defined on C’L%’é], that is, (2.30) or (2.31). This condition is the key to the
construction in the sequel. We start from condition (2.30), which is imposed

on the seed data, that is,
9. (S’ 9)

(4.1) /0 1 ad

We show that this condition is equivalent to the more physical one (2.31) up
to an error of size § to some positive power. More precisely, we have

2

0o ds = 16my.

LEMMA 1. Assume (2.30) holds. Then on the sphere Sy s, for all k, we
have

1
Jugl” Sk 07 |uo|

4
Wk </0 ’U0|2W(u, uo)Pdﬂ - 4m0)

The notation A <; B means that A < CyB, where C} is a constant
depending on the C*+V norms of the seed data for sufficiently large N.

Proof. In stereographic coordinates, we have
I 6 ~AC~BD _~ ~
4/0 X (u, U0)|2duz/0 9 ¢ DgspDgcpdu
1)
:/ mACmBDOEmABangDdQ.
0

In view of the short pulse ansatz (2.28), we have |05 (mA8 —§4B)| <y, 53 lug| 1.
Now we can make use of the definition m = exp to derive

0 0
0F (14 ol )P [ o000 P

1
Sk 02 up| .
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In view of (2.28) and (2.30), we have fg |uo|2|Du|2du = [y |9stho|?ds = 16my,
and therefore

1
|uol¥ Sk 02 uo| 0

)
v ( [ ol ) Pt 4mo>

Thanks to the lemma, we shall not differentiate conditions (2.30) and
(2.31). We turn to the geometric consequences of these conditions.

4.1. Geometry on Ss,,. The purpose of this section is to prove the follow-
ing lemma which, roughly speaking, says the geometry of the two sphere S,
is close to the geometry of a given two sphere in the Schwarzschild space-time
with mass mg.

LEMMA 2. On the sphere Ss.,, we have a = 0 and for all k,
2 4m, 2m
k k 0 k 0
u try— [ — — L 200
([ (1= (- i) v (o 2a)

Remark 6. The connection coefficients and the curvature components ap-

>|Vkﬁ‘> |u0‘

Juol!W’“ol)

1
Sk 02 |ug| 2.

pearing in the lemma have improvement on “smallness,” which means that they
are controlled by 5% instead of § to some nonpositive power in [2]. This im-
provement comes from condition (2.31). The other connection coefficients and
the curvature components, which are not mentioned in the lemma, have already
been bounded by § to some positive power in [2]. This suggests that the geom-
etry of the sphere Ss,, is close to the geometry of a sphere in Schwarzschild
spacetime.

Proof. First of all, that o = 0 on Ss,, follows immediately from (2.1) and
o).

uo

the fact that ¥ has compact support in
For try, on Cy,, we can write (2.2) as

1 N
Dtry = —i(tlfx)2 — %

since this is where 2 = 1. We integrate this equation along [0, d] to derive

2 1 /9 1 N
trx(u0) = = = [ (e o) Pdu— [ IR (s uo) P
|uo| 2Jo 0

Since |uo|F|¥V ¥ (tr x — ﬁﬂ <k uo|~2 (see Chapter 2 of [2]), taking ¥* on the
above equation yields the desired estimates for tr x on the sphere S ,, .
For g, on C,,, we can write (2.10) as

! R 1
dl/‘fx=§¢trx—x-n+§trxn—ﬁ~
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Since |uo|*|V *n| <k 5%]u0|_2 (see Chapter 2 of [2]), X = 0 on S;,,, combined
with the estimates on tr y just derived, we can apply Wk on the above equation
to derived the desired estimates for 3 on Ss -

For o, on C,,, we recall (2.12):

cufln = o — 5)2/\2

Since |ug|*|V *n| < (5%|u0|_2 and X = 0 on Ss,,, we obtain the desired esti-
mates for o on S5, by simply applying Y7k to the above equation.
Finally, we consider p. On C,,, the Gauss equation (2.9) can be written
as
1 1,
K = —Ztrxtrx%— i(x,x) —p.
We rewrite this equation in the following renormalized form:

(= ) = 3 (o pg) == (o g (- )
- — —tr r — | == —— | trx — +— .
uol? ) T AN Ty P Bugl \" T Tl

. k 1 P k 2 -
Since |u0\k\W (K — |u0|2) <k 02 |ug| ™3 and \UOWW (tr x + W) <k 0lug|~2 on
Cy, (see again Chapter 2 of [2]), combined with the estimates for tr x derived
above, we obtain the desired estimates for p by applying Wk to the above

equation. This completes the proof of the lemma. O

4.2. Geometry on Cs. We shall study the geometry of Cs by integrating
the equations (2.16), (2.17), (2.25), (2.27), (2.22), (2.18) , (2.8) along Cs. These
equations can be viewed as ordinary differential equations for the connection
coefficients and curvature components that are not bounded by § to some
positive power in [2]. We will see that they are actually bounded by § to
some positive power under the additional condition (2.31). We will regain the
“smallness” from Theorem 1 and improved smallness from Lemma 2. More
precisely, we prove the following lemma:

LEMMA 3. Suppose that § > 0 has been chosen such that Theorem 1 is true
for some k. Then on the incoming cone Cs, we have the following estimates:

(a9 2 Q0w < 63l fori <k =3,

ol E Nl ¥ V2O s+ el 10l sy ) S 62l
iy (o 0.0)|

a2l )20, )l + [l 0V s 0) ags, 0y S 92l
Il ¥ )8l < 82Jul ™ fori < k4,

_1 _ — _ 1 _
w72 ([ (Jul ¥ ) 2Bl pacss o) + lul Ml W) 2Bl n2s; ) S 02 |ul ™

< 5%|u]*3 fori<k-—3,
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||(|UW7)ZO<||L°° S 5%|u|_2 fori < k-5,

[l =2 [l ¥ ) el agsy ) + lul = IV ) 2all s, ) S 921ul 2

. 2 4m0 B -3 .
(|u| )’(trx ( ),w )H 52|u| fori<k-—3,
(s ol ") Tl ol
_1 _
Jul =2 ([ (Jul W )* (b X, ) | s )
Ll 7 (W )R 3 (6 X, 0) 25 S 0% Jul 2.

Remark 7. The smallness gained in the lemma comes from Lemma 2 and
therefore from condition (2.31). Heuristically, the worst control for the geo-
metric quantities on C,, is propagated from the initial surface C,. This is a
very important technical feature of the work of Christodoulou [2]. Therefore,
condition (2.31) allows one to improve the geometry on Ss,, and hence the
geometry on C's.

Proof. We will derive the estimates for ¥, p, o, 8, a, w and tr x one-by-one.
The proof for each component is by induction on the number of derivatives.
The parameter 6 > 0 is chosen to be sufficiently small so that Theorem 1 holds
for k > 5.

For X, we rewrite (2.16) as

1 . PR ~ ~ 1 N
(4.2) D(Qx) = 59 tr x(2X) + 2(2X, QX)g + 0? (W ®n +n®n — 5 tr XX) ,

where the second term is the trace of D(£2X).

Remark 8. In Christodoulou’s work, one only obtains bounds for the sec-
ond derivatives of the curvature components that imply the L°° estimates
|V &n| < |u|~3. If we have estimates for the third derivatives of the curvature
components, as stated in Theorem 1, we have |V &n| < 6 %|u|*3. Therefore,
we can bound Q2(Y &n + n®@n — %tr XX) in L by § to some positive power.
So the right-hand side of the above equation can be treated as a small term.
This illustrates the idea of the proof and the importance of higher order energy
estimates.

We go back to the proof and integrate D(QY) along Cs. The first two
terms on the right-hand side can be absorbed by Gronwall’s inequality. In
view of the fact that X(,up) = 0, according to Theorem 1, we have

du’ < 5%|u|_1.

R w ~ ~ 1 N
[ul QX (6, u)| S / (77 ®n +nen — 5t xg)
uQ

We then use an induction argument to obtain control for higher order deriva-
. . 1
tives. Suppose that for all j < i <k —3, [ul[|[V?(QX)] oo (s5.0) S 07 |u|~%; then
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we apply V' to (4.2) to derive
DY'(0%) = 52ty (05) + 2%, V(1)
+y’ (QQ(W@?n +n®n — %tr Xg)) + Lo.t.
Therefore, the third term on the right-hand side is bounded by
v (92 (W@7 + 1@ — ;tw@))‘ s

thanks to Theorem 1. The l.o.t. is of the form

Jul’

i—1 i—1
VIV (Qtry) - VTTHRR) + Y VIV(QR) VI THRR)
J=0 j=0

We can bound Y’V (Q tr x) and VI (€2X) by Theorem 1, and we can bound
Wi_j _1(92) by the induction hypothesis. By integrating the above equation
and using the Gronwall’s inequality to absorb the first two terms, we obtain
that

(4.3) [l ¥ ) (%) | e S 6% fu] ™!

for i <k —3.

For i = k — 2, we only expect that the L*(Ss,) norm on ¥ is controlled
by & to some positive power, and for i = k — 1, only the L?(Ss,) norm is
small. This is because we only have information on ||(|u|V )*1n|| [4(S5.,) and
||(|u|Y7)k77HL2(55 ) from Theorem 1, but no information for higher derivatives.
By a similar argument and integrating along C's, we obtain
(4.4)

_1 k— N — k— ~ o
Jul =2 ([ (Jul V7 )* 2 (30 | sy, + Tl ~HIQul ¥ 10X 2255, S 02 [ul 72

It is easy to see that (4.3) and (4.4) also hold if we replace Qy by X.
We perform a similar argument for the other components. We now bound
p and 0. We recall (2.25) and (2.27):

S
3
—

Do+ S0trxp =0 {di B+ (20— ¢ 6) -
Do+ gQ trxo =~ {eufif + (20— ¢.*8)
Because k > 3, we have |¥V 8| < 6]u|~°. Thus,
o {aws+n-¢o - 3R}

—i—‘—Q {Cuﬂé—i- (20— ¢,*B) + ;2/\@}’ < $lul".
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We renormalize the first equation in the following form:

2m, 2m,
D(”r r§>+ ”“"X<"+r r§>

3m0

= (e 1) - ofaes+ - o) - o)

In view of the fact that [Qtry + ‘—Z|| < §lu|72? and the improved smallness for
initial data on Ss,, in Lemma 2, we integrate the above equations along C
and we obtain

2myg

Pt

e <ozlul and |o| < 62 |ul 3.

~

Similarly, we can also run an induction argument as above to obtain
~ 2

(45) ‘ (¥’ (p+ T ) < 3 ful P for i <k -3,

LOO

_1 _ _ — Lo
[ul 21l V)2 (0, 0) s 0 Ll ~HICd W) (0, 0) 255, S 82l 72

We now bound 5. We examine the terms in (2.22):

1 =~ * * -~
Q5+§QtrXB—Qx-B:fgﬁ+Q{¢p+ do + 3np + 3" no + 2x - B}

If k > 4, we have the bound |dp+*do| < 52 |u|~* thanks to (4.5) and the bound
| —wB+QBnp+ 3o +2x - P)| S 52 |u|=® from Theorem 1. We remark that
there is a loss of derivatives here because we control 3 in terms of derivatives of
p and o via Bianchi equations. We then integrate the equation along C, and
combined with the estimates on the initial data on S;,, obtained in Lemma 2,
for i < k — 4, we have

; 100
(4.6) (¥ ) Bl ooy, S 02 [ul 72,
_1 . _ . 10
[ul =2 (Jul ¥ )* 2 Bll s,y + lal =M ([l V)28l 125, < 07 [ul =
Notice that we only have L estimates on (k — 4)-th derivatives on § instead

of (k — 3)-rd derivatives due to the derivative loss we just mentioned.
We now bound a. We rewrite (2.18) as follows:

1 ~ ~ = - * o
Da — JQtrxa+2wa — 2(Qx, a)g= -~V &6 — (4n+)@F +3xp+3"Xo},

where 2(QX, ) is the trace of Da. If k > 5, by (4.6), we have |V 0| < 5%\u|_3.
We remark that at this point there is a loss of derivatives here because we use
the derivatives of 8. We must also use |x|+ 5] < 52 |u|=2 by (4.3) and (4.6) to
get | — QU-V®8 — (4n+ )®B + 3xp + 3*Xo}| < (5%]11\_3. Therefore, in view
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of the fact that a(d,up) = 0 on S;,,, by integrating the equation along C, for
i < k — 5, we obtain

i 1 _
(4.7) (ul¥ ) el oo sy ) S 82 ul =2,
_1 — — _ 1 _
[ul =2 (Jul W) all s, ). lul =Ml V) el s, ) < 0% [ul ™2

We remark that the terms —1Qtr ya + 2wa — 2(2Y, )¢ on the left-hand side
are absorbed by Gronwall’s inequality. We also want to point out that we will
not use the L?(Ss,) estimates on YV *3a in sequel. Notice also that we only
have L estimates on (k — 5)-th derivatives on « due to the derivative loss we
just mentioned.

Finally, we bound tr x and w. We renormalize (2.17) and (2.8) as follows:

2 4m0 1 2 4m0
Ot —Qt Ot
< e (ru\ \ul2>>+2 “‘( e (ru\ \u|2>)
1 2 2
:—<1—mo><9trx+)
[l [l XH ]

4m I
(292p+ » |3) +Q2(2dikn + 2[n|* - (X, X)),

D(w - ‘um') _ (sz% T””() £ 0220, m) — 0.

We have already obtained the following estimates: [€2try + |u‘| Slul 2,
9%p+] \u|°| S 62 [u] =2, Q1] S 8lul =2, |Q2(2dik n+2Jn[2— (%, X)|+]Q(2(,7) -
In*)| < 53 lu| =3 and |Qtrx(J,ug) — (‘—3| - ‘llu%ﬂ < 5§\u|_2. In view of the fact

that w(d, ug) = 0, by integrating the equation along C's, we obtain

¢ 2 4m0
(2 Am
X\ Jul T e

where Q tr x has been replaced by try thanks again to |Q — 1| < 6|u|~2. Simi-
larly, we can derive estimates for higher order derivatives. Finally, for i < k—3,
< 02ful ™,

i 2 4m0 mo mo
(7Y <t”“ <|u| TP ) © R g
0 L>(S5.)

_1 _ _ _ 1 _
[l =2 |l W) 72 (e X, )l s 0 Ll =Ml V)7 e x, w)lln2s; ) S 02 ful ™.

This completes the proof of the lemma. O

+llw— 20 p O < sl

oo ‘U|2 |u0|2 L

we have

(4.8)

4.3. Geometry on 0[6 1 We extend the initial data on C’Q[L0 o C[O o+1]
by setting X = 0 for u € [0,6 + 1], and we will derive estimates on C'[(S o+1]
for all the connection coefficients and curvature components. For the sake of

simplicity, we denote C,,, = 1{2,5+1} in this subsection.
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We first give another initial data on C,, U Cj, and it is in fact an initial
data set for the Schwarzschild space-time with mass mg. To distinguish this
new data from the old one, we shall use a lower index mg for its connection
coefficients and curvature components. The new initial data set consists of the
following quantities: a metric ¢, (6, uo) on S, that is the round metric of the
sphere with radius |ug|, the torsion (0, u9) = 0 on S;,,, two null expansions

T Xy (0, up) = ﬁ — ﬁ;’:‘% and tr Xong (6,up) = —ﬁ on Ss.u,, the lapse function

Qp, =1 on Cy, UCjs and two shears X, =0 on C,, and Xmo =0 on Cs.
We also impose the the condition |ug| > 2mg. This condition guarantees

that the future development of the data is in the domain of outer communi-

cation of the Schwarzschild space-time. We remark that the only nonzero null

components for the new data on C,, are trx,, tr Xpny? & and pp,, with

mo
tr Xm, > 0, and the only nonzero null components for the new data on Cy are

tT X s trxmo, Wine AN Prg -

We now restate the estimates on the sphere Ss,,, derived in Lemma 2 as
well as the estimates given in Chapter 2 of [2]: we have Y =0, a =0, w =0,
and for all k&,

(4.9)
ki~ 1
|Y7 (K?U?Qag_gmwtrx _teroatrX_trxm()vB?p_pmo’O-vg?Q” Sk’ 62.

Notice that we have dropped the weight |ug|. We will not use the weight in
the sequel since we can fix a |ug| > 2mg now, and it is not relevant from now
on. We shall prove that the above estimates actually hold on C,,:

C16.0+1]

LEMMA 4. On the incoming cone Cy, , we have Y =0, a =0, w =0,

and for all k, we have

k(i 1
|y7 (K?r'%ﬂvg_gmovtrx _terovtrK_teroaﬁvp_ pmmo-aéagﬂ Sk 02.

Proof. By construction, we also have ¥ = 0, @ = 0 and w = 0 on Cy,.
The idea to prove the estimate is to use null structure equations in a correct
order.

We first control tr x. According to (4.9) and choosing ¢ sufficiently small,
we have try(d,ug) > 0 so that try can be solved® for u € [5,0 + 1] and
0 < trx(u,up) < trx(d,up). We then rewrite (2.2) as

1
(4.10) D(trx — tr Xm,) = —§(trx + T Xomg ) (b X — T Xomyg )-

8 Since X = 0, tr x satisfies the following ordinary differential equation: Dtry = f%(trx)Q.
A positive initial value for this equation leads to global solution. In particular, the solution
exists on [4, 4 + 1].
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Because (tr x +tr Xm,) is bounded pointwisely, thanks to Gronwall’s inequality

and (4.9), we have
2 4
tI'X(57 UO) - <|U0| - |u0’2)‘ S 1)

N

| tr X — tT Xomo | S

We can also apply Vk to the above argument and use an induction argument
as before to derive

Wk(tl“x—trxmo)S‘Vk<tfx(5auo)—< >t ))’gkaé.

[uol [0l

We now bound 7 = —7. We eliminate 3 in (2.5) and (2.10) to derive

1
Dn+trxn = —§gltr X-
Therefore, by Gronwall’s inequality and an induction argument, we obtain

IV (1) (u, wo) | S 62

Before going to the next component, we have to digress to the estimates
for the Gauss curvature K on S,,,. Recall that K satisfies the following
propagation equations (see Chapter 5 of [2]):

1
DK + Qtr xK = dif dif (2x) — §4A(Qtrx).
We rewrite the equation on C,, as
1
D(K — Kpy) + tr x(K — Kppy) = — (1 X =t Xomg ) Kmo — 54& try,

which yields |V * (K (w, u0) — Kmg(u, u0))| <p 62.
To bound x and X, we eliminate p in (2.15) and (2.9) to derive the following
propagation equation for tr x — tr X'
D(trx = trx,, ) +trx(try —trx,, ) =2(Km, = K) = difn + |nf*,

and we rewrite (2.14) as

1 N —~ e
Dx — QUXX: -V &n + n&n.

These equations yield |Y7k(trx(g, up) _tero(% up))| + ]sz(g, wo)| <k 53.
We then use (2.10), (2.11) and the estimates above to derive ]Wk(ﬂ,g) (u, up)]
<p 02

We rewrite (2.9) as

1
K- Ky, = —Z(trxtrx—trxmo trxmo) —(p— Pmg)s

which implies that |V *(p(w, w0) — pmo (1, u0))| Sk 53.
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We rewrite (2.7) as

D(w = wpny) = =31* = (p = pmo),
which implies |¥ " (w(u, ug) — Wine (1, 10))| Sk 53.

Finally, (2.19) implies |V *a(u, uo)| <g 5%. This completes the proof of
the lemma. 0
4.4. Construction of the transition region. We consider a characteristic
initial data problem on C’L%Ml] U Q[Juo’flﬂﬂ where the data are given by X =0

on C’i[fi;a“] and the data on Q[&uo’flﬂﬂ is induced by the solution constructed

by Christodoulou in [2] under condition (2.30) with |ug| > 2my. We continue
to use the space-time metric g to denote the solution of this problem.
Adapted to this problem, we introduce the following norms:

%]%(u) = HVk(Oé’BaP - pmmU?ﬁ)HL?(C%)v
K (u) = HVk(ﬁ,P— Pmoaa,ﬁ,g)Hm(gz),

k/~ ~
Ok(u,u) = HW (O X 1505 00 X = 0 Xmo tT X — b X

w_wmoag_g

mo)‘ L2(Suu)

We use short-hand notation Ci referring to Cq[f’@ and QZ referring to QL} O’u}.

We take a small parameter € to be proportional to 5%, then the results in
Section 4.1, Section 4.2 and Section 4.3 can be summarized in the following
proposition:

PRrROPOSITION 1. Fiz k> 5. For any € > 0, there exists §g > 0 depending
only on the C*N bounds of the seed data for some sufficient large N and on e,
such that for all 6 < &y and for all (u,w) € [0, + 1] X [ug, —1 — ¢], we have,

R (o) + B 75(8) + Oin(u, uo) + Oci—a(0,u) < e,
||Y7Sk_4OéHL4(SJ,u) + HWSkQHLm(S%uo) S e

Based on this proposition, we will prove the following theorem in this
section:

THEOREM 2. Let k> 5 and € > 0. If § > 0 is sufficiently small depend-
ing on C*N bounds of the seed data for sufficient large N and on € > 0, then
there is a unique smooth solution (M,,g) of vacuum FEinstein field equations
to the characteristic initial data problem described above. The space-time My,
corresponds to the region 6 < u < d+¢y and ug < u < ug+ €9. The parameter
€o > 0 depends only on mqg and uy and it is independent of 6 when 0 is suffi-
ciently small. Moreover, the space-time (Me,, g) is e-close to the Schwarzschild
space-time with mass mq in C*~3 norms, namely,

19 = gmollcr—s (11 gmy) S €
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Remark 9. We would like to emphasize that once mg and wug are fixed,
the size of ¢ is also fixed. In the introduction, we mentioned that in order to
use the Corvino-Schoen construction, the gluing region must have a fixed size
when § goes to zero. The size of ¢y meets this requirement.

Remark 10. It is not hard to see that g,,, is isometric to the Schwarzschild
space-time with mass mg. In fact, the initial data for g,,, on C’q[g;“eo] Uy is
spherically symmetric; then g,,, is also spherically symmetric. The orbits of
the isometry group SO(3) are simply Sy . Therefore by Birkhoff’s Theorem,
9m, 1s isometric to the Schwarzschild space-time. The mass parameter mg can

be figured out by computing the Hawking mass of Ss ., in gm,-

Proof. The existence of local solutions is due to the classical result [14]
of Rendall. We make use of a recent improvement [12] due to Luk. Rendall’s
original proof only gave the local existence around the intersection of two initial
null hypersurface, and Luk showed that the existence region can be enlarged to
a full neighborhood of initial hypersurfaces in their future development. The
main advantage of [12] is that it also gives the estimates on the solution that
depend only on the initial data. We now rephrase the results of [12] in our
situation: there exists ¢y that depends only on mg and ug and is independent of
d hence €, such that we can solve the metric g for (u, u) € [9, d+€o] X [ug, uo+eo.
Moreover, we have the following bounds:

ProprosITION 2. With assumptions as in Theorem 2, we have a smooth
solution (Me,,g) where the M, corresponds to (u,u) € 6,0 + 1] X [ug, —1 — 9].
Moreover, we have the following estimates:

RO (u) + BT (u) + O(u,ug) + O(5,u) < C(mo, uo, €)-
We also have the Sobolev inequalities
9l 4(s,..) < C(mo,uo, €0)([|V bl L2(5,.) T 10l 22(5,.0))5
2
9l oo (5,..) < C(mo,uo, €0) 2_:0 IV ¢l 25,0

For the sake of simplicity, we will suppress the lower index < 3 in the
norms, e.g., Z = #<3. In the remaining part of the current section, C' refers
to various constants depending only on mg, ug and ¢y and A < B refers to
A< CB.

Since we expect the solution is close to some Schwarzschild space-time, we
have to derive more precise energy estimates on M,,. Combined with Rendall’s
result [14] and usual bootstrap arguments, our estimates will be good enough
to prove existence. We remark that Luk’s result [12] is extremely convenient
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to use at this stage: we can avoid a long bootstrap argument, and we can take
the existence for granted.

We start to prove Theorem 2 by deriving the estimates only for %Z;, #Z; and
O; for i =0,1,2,3. We remark that in this case k = 5 (k is as in Proposition 1)
is sufficient. The estimates for higher order derivatives can be obtained by a
routine induction argument. Since it is similar to the higher order energy
estimates derived in Section 3, we will omit the proof.

We first prove the following lemma, which claims that the connection
coefficients can be controlled by the initial data and the curvature components.

LEMMA 5. We have the following estimate:

O(uwu) S sup (O, uo) +2"(W))+ sup (0(6,u') +2%(u')).

0<u/'<u uo<u'<u

Proof. The proof is once again by integrating the null structure equa-
tions (2.1)—(2.8). At the beginning, we remark that for a tensor ¢, we have

3 3 3
CT IV (Q)lrz(s,) < DIV 0llras,.) < C DIV (Q0)ll12(5,,0)-
=0 =0 1=0

This can be derived by the bounds for € and dlogQ = (n +n)/2. Similar
inequalities also hold for L*(S, ) and L>(S,,) norms.
We start with the bounds on . In view of (2.1), we have

DIY'|* + 20 tr x|X'|* < 2/ ||al.

We then use the L* bounds for € and try in Proposition 2 as well as the
Sobolev inequalities to derive

u
IR (0) S I eoe (s + [ e

2

S (I R eaisin + [ 1¥7allzzgs,,,) S 006.0) + 22w,
=0 -

We now turn to the derivatives of Y. We first rewrite (2.1) as DY’ = Q?|x'|*¢—a
and then commute with ¥ to derive

DYX' =Y (Qx) X' + V(@) XPg+ K, VX)d - Ve

The last term ¥ « can be bounded by #*%(u). For the remaining terms, each of
them contains a factor |Y’|. We can bound the other factors by C' and bound
IX'(u, u)| by O(5,u) + Z“(u). Thus, we obtain

IV X 2o (8y,0) S 00 1) + Z(w).
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The estimates on higher order derivatives are similar. For second and third
derivatives of X, we have

k
DY 277 V() VTR VIR VR - Ve
1=0

When k = 2, for the first and the second terms, we can use Holder’s inequality
by placing the factors with highest order derivatives in L* (Suu) and the others
in L. In this way, for each product, one factor is bounded by &(§, u) +Z2%(u)
and the other one is bounded by C. The last term Wka is also bounded by
H#*(u). When k = 3, there are two cases: if there are factors containing third
order derivatives, we can bound it in L?(S,,) and bound the other factors
in L*; if not, we bound the factors containing second order derivatives in
L*(Sy.) and bound the other in L>. Therefore, we obtain

1V 2% N t(s00) T 1V PR N 22(500) S 6, 0) + %% (w).

For X, in a similar manner, we can use (2.3) to derive

XNz + [V XL + HW2XHL4(SE,U) + 1V Rz Suu) S O(u,uo) + 2% (u).

For n and 7, we consider (2.5) and (2.6) as a coupled system and we derive

Il s S Inllmess + [ Inlocsy ode + [ 1Bllegs, pd

U

I 5 5 ey [ s, ot + [ s,

We substitute the second inequality to the first one and take sups<,/ <, on both
sides, and we then have

Sup_lioe(s,) S Ilioe(ss + S llims,
Susu N

0<u'<u

!/

u
+ sup ||77||L°° S /) /)du
ug 0<u/<u

[ sup Bllzee(sy ode’ + [ 1Bleecs,,

0 6<u/<u u’u

By the Gronwall and Sobolev inequalities, we have

sup [[nllze<(s,,

’LL ’LL

< oo + su oo
) Sl zos(ss.0) 63@22HQHL (Suug)

’u.

u

[ sup Blleis, pde' + [ 1Bl1oeis, e

ug 0<u/<u i

SO0,u)+ sup O(u,u) + sup Z"(u) + %*(u).

0<u/<u 0<u/<u
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We then define & (u,u) and rewrite the above estimates as

sup HQHLO"(Q’M) 5 9(@7 u)
o<u/<

= sup (O(u' uo) + 2" (W) + sup (O(6,u) +ZH(W)).

0<u'<u uo<u/<u
We turn to the derivatives of 7 and 7. Recall that we can commute derivatives
with (2.5) and (2.6) to derive (3.14) and (3.16). When k = 1, we have
IV 1l oo (Su) S NV 0l 2o (55.0)

IVl g+ [T Bl el + Pl ),

u’ u

IV 0l 2o (80) S NV 1l 200 (S0 0g)
1Tl @t + [ 1T Blliss, oded + P w)
ug = uQ =

By a similar argument as above, we obtain

IVl oo (805 1V 0l Lo (5,0) S & (w5 ).

Similar arguments also apply to the cases when k£ = 2,3. We finally obtain

172 (0, ) (5 192 (0 D 22(5,,) S (1, 0)-
For w and w, the estimates rely on (2.7) and (2.8). We rewrite (2.7) as

(4.11) D(w—wmy) = (2=, )(2(n, )~ [0l —p)+20, (200, 1) = |n|*+p—pimo)-
In view of the facts that DlogQ = w, |Q| + |Q7} < C, we have

192 = Qo ll oo (5,.0) S [110g 2 —log Qg [l oo (s,,.00)
u
S lw = wmgllpes, ,ndv’
uo =

S sup lw = wingllLes(s, -

ug<u/<u =
We can integrate (4.11) to derive
@ = Wing 100 (8y.0) S 1w = Wing [l 200 (55...)

19— Qg e, + P 0)

U
S sl sy e + P w)

ug<u/<u

Therefore, Gronwall’s inequality yields

sup  ||w — Wy llLoo(s, ) S P(w, ).
uo<u'<u =
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As a byproduct, we also have
192 = Qoo 500y S 20, 0).
We then rewrite (2.8) as
D(w = wmg) = (92 = Q) 2(n, 1) — 0> = p) + Qg (200, 1) — 0> + p = Py )-
We can integrate this equation and use the bounds for [ — Q,,,| to derive
lw — Wmo||Loo(sﬂ,u) S P(u,u).

We turn to the derivatives of w and w. Since wp,, and w,,, are constants on
Su,u, applying V" on (2.7) and (2.8) will kill those terms. We also notice that
Pmg 1s constant on Sy, and dlog Q = (n +1)/2 has already been bounded by
. We then take derivatives

k—2
DY*w =3 V'V () V7w + VRO 200,m) — Inl* - p)),
=0

k—2
DY w =3 V'V(2x) - Vo + V2200, m) — n* = p)).
i=0
For kK =1,2,3, we can integrate as before to derive

(e, @) oo (5 ) + 172 (@, @)l (8.0 + 1V 2 (@, @)l 22(5,.0) S P, w).
Finally, we consider tr x’ and tr x’. We rewrite (2.2) as

1 ~
D(tr " =18 Xypng) = =5 (6 + 65 Xono ) (@t X" — Qomg b1 X0, ) — X%

We can bound [Qtrx — Qg tr X7, | S 12 = Q| + [trx” — tr X, [ We then
integrate the above equation to derive

160X = 7 X | o0 (5.0) S 18X = 0 Xgg 1200 (S50

[l = X w5,
+ sup (O, u) +Z24)).

uo<u/<u

Thanks to Gronwall’s inequality, we have

[trX" =t X, Lo (s, S sup (000, u) + Z4(u)).

uo<u'<u
In a similar manner, we have the following bound for tr x:

Itrx" = trx) ree(s,.) S 0w uo) + 2%(w) +  sup (O(6,u') + Z4(u)).

up<u'<u

We turn to the derivatives of tr x" and tr x’. We apply d to (2.2) to derive

Ditry' = —trxd(Qtrx’) — d(X1*) = ~Qtr xdtrx’ — trx trx'dQ — d([x]).
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The last two terms can be bounded by Z(u,u), and the first term can be
absorbed by Gronwall’s inequality. Thus, we obtain

H(]Itl‘ X/HLoo(g,u) S ’-@(@7 ’U,)
For higher order derivatives, we have
DWk try = —Qtr ka trx’ + Lo.t.,

where l.o.t. can be bounded directly by #(u,u). Thanks to Gronwall’s in-
equality, we obtain

2 3
IV =t X 2y + 1V 0 X N2y S 2w, 0).
Similarly, we have the following estimates for trx’:
16t 62 X ooty + 11V 2 00 X Ny + 177 b0 X N 22 () S 2 ().

Finally, using the bound of W’(Q — Q) in terms of P(u,u) for i =0,1,2,3,
the above estimates for W’(‘Fr X' — trx;,,) and W?(trx’ - tr&no) also hold
for W' (tr x — tr xm,) and ¥V '(trx — trx,, ), or V' (2tr x — Qg tr Xm,) and
ViQ tr X — Qg trxmo) fori=0,1,2,3.

Therefore, we have completed the proof of Lemma 5. U

So far, we have obtained the bounds for connection coefficients in terms
of initial data and the curvature components. In what follows, we will use the
null Bianchi equations to bound the curvature components. This is similar to
what has been done in Section 3.4.

We rewrite (2.24) and (2.25) in terms of the renormalized quantities such
as p — Pm,- Recall that p,,, satisfies the following equations:

Dppm, + ngo T XmoPmo = 0, Dppmg + ngo teropmo =0.
We can subtract these two equations from (2.24) and (2.25) to derive
(4.12)  D(p— pm,) + ;(Q tr X — Qg £ Xmg )P + ngo tr Xmo (0 = Pmo)
~afaw s+ @ut e B - & a)) =0,
(413)  D(p— pmo) + g(ﬂ trx — Qg trx, )p+ %Qmo tr X, (P = Pmo)

r o fais+2n-¢.8) - (e} =0



752 JUNBIN LI and PIN YU
Because pp,, is constant on each S, we can also rewrite (2.22) and (2.23) as
(4.14) Q/?Jr%mrxﬁ_ﬁg-/ﬂgﬁ

— Q{d(p — pmo) + *do + 3np+ 3*no + 2% - B} =0,
(4.15) Dﬁ—i—%@trxﬁ—ﬁ)?-ﬁ—i-wﬁ

+Q{d(p — pm,) — *do + 3np — 3*no — 23 - B} = 0.

We call (4.12), (4.13), (4.14) and (4.15) together with the following six
original Bianchi equations (2.18), (2.19), (2.20), (2.21), (2.26) and (2.27) the
renormalized Bianchi equations. In a similar manner as we derived energy
inequalities (3.44), (3.45), (3.46) and (3.47), we have the following energy
inequalities:

)OI T SR N

Re{a7ﬁ7p_pm07ové} Cu Ee{ﬁvp_pm070'7§7g} -
2 2
S SR D DR
Re{a767p7pm07a’é} “o EE{ﬁJ)ime’ovﬁ:g} =8

+ ) / QT - %, - %)
Re{a,B,p—pmg,0,8} Muy,u
Re{B,p—pmg,0,8,a}

R1,%2€{,B,p—pmg,0,8,a}

+ ‘pH(QtI‘X - Qmo tero)(p - pm0)|
+[X-a+n-f+X-a+n-pl

“ﬁ
o
A
:\
A
IS
=

where M, ,, refers to the region corresponding to § < u <u
also have

> [.vEE+ > [ vRP

Re{a,ﬁ,p—pmoﬂ,ﬁ} w Ee{ﬁvp_pﬂlovo'aévg} QE
Re{avﬁvp_pmoﬂ—?é} “o Ee{ﬁ,l)_pm070’7ﬁ7g} Q(S
i—1
" > [ Y wveo vy R viR
Re{a,B,p—pmg 0,8} Mu,u Jj=0

Re{B,p—pmg,0,8,a}
Z1,Z2€{a,B,p—pmq,0,B,a}

i—1
+Y_ VY (@)Y TR VR
7=0

7—1
+Y VK- YT'IR-V'R+ VK-V R VR
j=0
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+ V(L) - %) - V' o] + |pl| V(2T X — Qng 1 Xmo) - V1
+pllV'R-YVia+ V- VB+Y'x -Via+Vn V5

for i = 1,2,3. We remark that in terms % - %5, the term « - @ do not appear.
Thus, we can regard #; - %> as either Ry - Ry or R; - Ry. We then have the
following estimates:

! .
;}/MMWJ(QF).V R1‘2<// ZW Ry2du’ for i <3,

/jO

[ wEen) v e s [ 1 Rt
uo

u,u

w 1

5/ / ZHWRlHLgu ' dut
uQ
H—l )
N/ / STIVIRPdd for i <1,
uQ

/] 0
/M ’W?)(QF) . Rl‘Q S / A‘|R1‘|%w(u’7u’)du/dul
u,u o
u pu 2 )
5/ /(5 Z ||W‘7R1||%2(2/7u/)d@/du/

N//'ZW%Pm

/]0

Therefore, by Cauchy-Schwartz inequality, we have

Z/ mwmvmwz//|wmuwwm
Similarly, we have
Z/ swa,zw<z//'W%FHWRm

We turn to the following terms

Z;%%MW%WQM-M-WR+W%WQM.M_VR

+|VY(KR-YR+ KR - R)|.
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They are treated in the same way as above by virtue of the bounds on K.
They are eventually bounded by

Z(/ L. vRRa s [ |W1R|2du’>-
=\ o S, 5 Je,

Finally, we consider the following terms:

3 ' |
3) BRCLACTSETISNE SO
PV Yt Uiy VBT Vit Vin- V8

According to Lemma 5, they are bounded by

SUP§<u<é+eo ﬁ(ﬂ> u0)2 + <Sgp1 ﬁ(& u)2
ugsus—1l—u

3 u . u )
+> / sup / ]W’R\Qdu'—i—/ sup / |V'R|2du’ | .
e ug up<u <u’ Ci” 5 s<w’'<w JCv,

K3

We define
3

gw= > swp > [ iR

/ .
Re{avﬁzpfpmo 707é} UAOSU/ SU/ 1=0
3

Fw= X s > [ viRR

/ )
RE{,B,p—pme o} IS S8 i=0
Therefore, the above estimates can be summarized as

E(u) + F(u) < E(uo) + F(9)

+ sup  O(wup)’+  sup  O(6,u)
5<u<bren w<ug—1-u

4 ( /u :g(u')du' + /5 uf(u’)du’) .

Thanks to Gronwall’s inequality, we have proved
ProposITION 3. If we have the following smallness on initial data
B (uo), 27 70(8), O(u, u0), O(6,u) < e,
then for (u,u) € [d,0 + €o] X [uo, up + €], we have
HH(u), 2" (w), O(u, u), O(u,u) S €

The smallness of the data is of course guaranteed by Proposition 1.
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Equipped with Proposition 3, we are able to control C* norms. More
precisely, we shall prove that

(416) ”g - ng ”02(M50797n0) S €.

We start with the C° norms. We write g in canonical double null coordi-
nates as follows:

g=—20%(du ® du + du ® du) + ¢ , 5(d6* — b du) ® (d§P — bPdu).

Since D(Q?) = 20%w, D¢ = 2Qx and Db = 402%¢, by virtue of the L™ bounds
of W— Wy X — Xomo and (¢ in Proposition 3 as well as the Sobolev inequalities,
we have

”g - gmo”CO(Meo,gmo) S €.

For C' norms of g — gy, wWe use Vi (g — gmg) = (V — Ving)g. We also
need the L* bounds on V — V,,,, which can be obtained by I' — I';,,, and
L =TI, where I' refers to the null connection coefficients and I' refers to the
Christoffel symbols of ¢g. We have already derived

’F_Fmo‘ Se

thanks to Proposition 3 and the Sobolev inequalities. To estimate I' — I
we need the following propagation equation:

D(I —l“mo)ﬁB = %gCD(WA(QX)BD + ¥ () ap = ¥ p(Qx)ap)-

Since we have already obtained the L* bounds on Y (), by directly inte-

mo’

grating the above equation, we obtain [I' — ', | < e. Finally, we have

”g - ngHCq(Ms()vgmo) S €

For C? bounds on g — g, we write
V%no(g = Gmo) = (VQ - ano)g =V((V =Vin)g) +(V = Ving) Vi, g.

The last term (V — V) Vi, g has already been controlled. Thus, we need the
L bounds of the following quantities:

D(F - Fmo)ﬂ D(r _rm0)7 Q(F - Fmo)7

DI’ =T )y V(I =Timg), VIO =T )
The estimates for the first four quantities can be obtained using the null struc-
ture equations (2.1)—(2.8) and (2.14)—(2.17), and provided we have L* bounds

of all first derivatives of null curvature components, but we do not have control
on

D(w — Wmg), D(W — W)
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The estimates for the fifth quantity are obtained directly by Proposition 3. The
bounds for the last quantity are obtained also by the propagation equation of
L —I,, provided we have an L* bound of

2
¥ (20)-
The strategy is clear now: we have to control

I(D(w = wmo)llz2,  1D(w = @ing)llz= and |7 *(20)) 1.

For this purpose, we first claim that

o, B, p — Pmgs T é’QHL‘X’ Se
This can be obtained by using a variation of (3.4) and (3.5) by setting
the constants depending on my, €y, ug and the fact that ||Y7§1a||L4(sM) <,
which is stated in Proposition 1. To apply (3.4) and (3.5), besides %2, Z5 < €,
we also need ||V Dal|2(c,) S € and [V D(B,p — pmg, 0. B, @) r2(c,) S € For
B, p— Pmy, o and J this is done by simply taking ¥ to both sides of the renor-

9

malized Bianchi equations.” Estimates on ||V Do 12c,) and |V Dal[r2c,)

are obtained using a variation of (3.48) and (3.49) by replacing Lie derivatives
by V.
We then claim
IV (8, B)llLe= < e.
The proof is similar to the above; we first apply V2 to (2.22) and (2.21) and
then apply (3.5) and Sobolev inequalities on Sy, ,,. This yields ||V (8, )| Se.
As a consequence, we have - B

[1D(w = wmg ), D@ = Wi )| L S €

In fact, we can apply D to(2.8) to derive a propagation equation for D(w—wiy,,)
that looks like

DD(w — wmy) = D(p — pmy) +Lot. =V 5+ Lo.t.

Here, l.o.t. denotes the terms without derivatives acting on connection coeffi-
cients or curvature components in (4.12) and (4.13). We then integrate this
equation to conclude. Similarly, we have estimates for D(w — w,,,)-

To prove Hyﬂ(QK)HLW < ¢, using bounds of ||Y73§”L2(Cu) given by Propo-

sition 3, we couple (2.11) with (2.4) to derive bounds of ||W4X||L2(Qu) and

|V tr Xllz2(s,..)- Therefore, we have proved
19 = gmollc2 (Mg gmy) S €
9Recall that the renormalized Bianchi equations refer to (4.12), (4.13), (4.14), (4.15),

(2.18), (2.19), (2.20), (2.21), (2.26) and (2.27). Here we take ¥ to both sides of (4.13),
(4.14), (2.21), (2.27).
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For higher order estimates on C* norms, as we remarked before, we can
simply use a routine induction argument and we omit the proof. Therefore,
we have completed the proof of Theorem 2. O

5. Gluing construction

5.1. Preparation. We summarize some key properties of the metric g con-
structed in the previous sections:

(1) In the region (u,u) € [ug, 0] % [ug,0], g coincides with the standard Minkowski
metric.

(2) In the region where u € [0,d] and u € [ug,—1 — u], the metric g is con-
structed by Christodoulou in his work [2]. In addition, we have imposed
condition (2.30) with |ug| > 2mg, so that on the incoming cone Cjs, the
estimates in Section 4.2 hold. For a sufficiently small 6, tr x(d,u¢) > 0 and
hence S; ., is not a trapped surface, and if 2mgy > 1, according to Theorem
17.1 in [2], S5_1_5 is a trapped surface.

We remark that, for 0 < mg < %, it is straightforward from the proof
(Theorem 16.1 for the existence and Theorem 17.1 for the formation of
trapped surfaces) of [2] that g actually exists up to u + u = —2mg and
Ss,—2mo—s 1s a trapped surface, once we choose a sufficiently small 4.

(3) In the region (u,u) € [d,0 + €o] X [ug, ug + €p], the metric g is e-close (in
C*=3 norms) to the Schwarzschild metric gy,

We fix a sphere S7 = Ss,, near Ss,, by choosing u; close to ug in such
a way that trx(d,u1) > 0 and trxm,(d,u1) > 0. We emphasize that the
choice of S; does not depend on ¢ if § is sufficiently small. Because g, is
the Schwarzschild metric with mass mg, we can choose the time function ¢ of
gmy in the Boyer-Lindquist coordinates (we regard the Schwarzschild metric
as a member in the Kerr family) such that ¢(,u1) = 0. We also regard ¢ as a
smooth function in the u-u plane (u,w) € [d,d + €o] X [ug, up + €o]-

Now in the region (u,u) € [d,0 + €o] X [ug,up + €], we choose a three-
dimensional hypersurface

H= ) Suu
t(u,u)=0

and we use Sz to denote the intersection of H with Cy, UC5, . . We define the
following two radii, r = r|g, and ro = r|s,, where r(u,u) = 7y, (u, u) is the
radius of Sy, in Schwarzschild metric g,,,. By construction, 2mg < r; < 7o
and H is space-like with respect to gm,. Thus, if € is sufficiently small, H is
also space-like with respect to the metric g.

Let (Gmyg, kmo) be the induced metric and the second fundamental form of
H as a submanifold in the Schwarzschild space-time with mass mg. Therefore,
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for r1 <r < ry, we have

Jmo = <1 — 27;10)_1 dr? + 7“2da?gz
and

kmo = 0.

Let (g, k) be the metric and the second fundamental form of H induced by g;
since g is e-close to the Schwarzschild metric g, in C*3 norms, we have

19— Gmollcsagmy) S €

and
IFlloe—sgir gy S €

We recall the form of the Kerr metric in the Boyer-Lindquist coordinates

2mr ) 2 2mra sin? 6 dtdp+ 72+ a2 cos? 0 2
r2+a? cos? 0 r2+a? cos? 0 r2 — 2mr + a?
2mra? sin® 6

oyl K (o

r?4a?cos? 0

9m,(0,0,a) = <_1+
+ (r* 4 a? cos? 0)d6? +sin? 6 (7"2 +a’+

where m > a > 0. The lower index (0,0,a) specifies the angular momen-
tum vector: if we use the spherical polar coordinates z! = rcossinf, 2% =
rsinpsinf and 2® = rcosf, then the vector (0,0, a) is the same as the axis
(of the rotation of the Kerr black hole) and the norm of (0,0, a) is the angular
momentum a. For an arbitrary vector a = (ay,az,a3) € R? with |a| = a and an
isometry Q, € SO(3) mapping a to (0,0,a), we can also define a Kerr metric
Ima = (idr X Qa)* g (0,0,a), Where idg is the identity map of the ¢ axis. We
remark that this definition does not depend on the choice of §25,.

We choose the slice H to be the t = 0 slice in the above Kerr space-time.
We use (z!, 22, 23) and (7,0, ) as coordinates on H. Let (§m7(0,07a),l}m7(0707a))
be the induced metric and the second fundamental form of H; thus, we have

2 4+ a? cos® 0

Im,(0,0,0) = mdr2 + (r? 4 a® cos® #)de*
2mra? sin 0
2 2 . 2
+ (7“ +a +7"2—|-CL2COS20> Sin 9d<p
and
3 _ 2 ma 9 2 4rd
m(0.00) = + 2 4 2mra?sin®0 \ p2 4 GQCOSQG(T —a)drdg

r2+4a2 cos? 0
2m2r2a3 sin 20 sin? 6
(r2 + a? cos? 6)2

dﬂdgo) .
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For an arbitrary vector a = (ay, as, a3) € R? with |a| = a, we can also define the
corresponding initial data set by gma = Q30m,(0,0,a) and km.a = Qakm,(0,0,0)-
They also correspond to the ¢ = 0 slices.
We now recall the definition for the constraint map &, that is,
®(g,7) = (H(g, @), divn),
where 7 = k — trkg and H(g,7) = R(g) + 5(tr7)? — |7|>. Let D7, - be
When (g,7) =

7).
(Gmg,0), we use K to denote the null space KerD<I>(_ 0)" We will explicitly
1,2

gm
write down K. In (z', 22, 2%) coordinates, we use ; (i = 1,2, 3) to denote the

following vectors fields:
0 0 0 0
i el R e e
81‘2 &vl

the formal L2-adjoint of the linearized operator of ® at (

and in (7,0, ¢) coordinates, they can be written as
(5.1) Q1 = —sinpdy — cos pcot §0,, Qo = cos pdy — sin cot B0, Q3 = 0.
Then we have the following description of K:

LEMMA 6. K is a four-dimensional real vector space. In fact, K is
spanned by the following four elements: ((1 — 2m°) ,0), (0,9), (0,9Q2) and
(0) 93)

Proof. We first recall the form of the linear operator D<I>f_ 7) (see also Sec-
tion 2.3). For a smooth function f and a vector field X, we have Doy, ( £, X)

= D’HE‘@ )(f) + Dle(% )(X) where

DH{; o (f) = (L3 f)ij + (trg 7 - iy — 27 7"5) f, (b7 7 - Gij — 2745) f),
1 _ _ _
Ddiv(g 2 (X) = 5 (LxTij + Vi XFmi; — (Xi(Vpr®; + X, Ven®y)
— (Vi X + Xy V™) gi5, —Lxgij),

and L (f) = —(Agf)g+Hessz(f)— fRicg. In the current case, (g, 7) = (gim,,0),
and thus,

(5:2) D, o (1 X) = (13, fi =3 LxTma).

First of all, we consider the second equation L£xgm, = 0 of (5.2), which
amounts to saying that X is a Killing vector field on constant ¢ slice for gy, .
Thus, X is spanned by 21, Q9 and (3, i.e., the infinitesimal rotations of the
Schwarzschild space-time. We remark that mg # 0 in this case, otherwise we
may also have the spatial translations of the Minkowski space-time.

Secondly, we consider the first equation in (5.2):

gmof = (A%o £)Gmo + Hessg,,, (f) — fRicg,,, = 0.
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Taking the trace, we obtain Agmo f = 0. So the above equation is equivalent
to

(5.3) Hessg,,, (f) = fRicg,,, -
We show that f depends only on r. We consider the (9., dy)-component of
(5.3), that is, 0,09 f — %t%f = 0. Thus, dypf = ar for some a € R. We then
turn to the (9, d,)-component of (5.3); it can be written as
2mg\ ! 2 2mgo\ !
o2y M0 (12 2m0) g g <_”;o(1_mo) >f_
r r r r
We can take derivative 0y on both sides and then substitute dypf = ar to the
above equation. Those operations yield 3% = —20;#. Therefore, o = 0 since
mg # 0. We conclude that dpf = 0. We then proceed in the same manner to
show O, f = 0. Hence, f depends only on r. To obtain the exact form of f, we
consider the (0, Jgp)-component of (5.3), that is,

Gf+r (1 - %) O f = ?f-

T

Since f is simply a function of r, we have % =1 - 2%)_1. Therefore,

flr) = a(l — m)% for some o € R. It is straightforward to verify that

T
flr)y = a( - 2%)% is indeed a solution of (5.3) for all @« € R. Hence, we
complete the proof of the lemma. O

5.2. Gluing construction. We choose a sufficiently large k in Theorem 1
so that we can use the Local Deformation Lemma in Section 2.3. To run the
gluing construction, we take ¢ = ¢(r) a smooth cut-off function on the three
slice H such that ¢ = 1 near S; and ¢ = 0 near S5. We define an approximation
to the final initial data set as follows:

(3.%) = (69 + (1 — ¢)Gm,a: ok + (1 — $)km.a)-
At this stage, (§, k) may not satisfy the constraint equations (1.1) and we will

use the techniques introduced in Section 2.3 to deform (§, k) to be a solution
of the constraint equations.

We choose two free parameters m € R+ and a € R?, so that
‘m - m0| + |a‘ < 0067

where (Y is large positive constant to be determined later. The constant Cy is
independent of the choice of €, m and a.
By the construction, it is easy to see that

g — ng”Ci:f"" Se HkHCS:f@ Se

for some 0 < a < 1 and p is a weight function decays near 0H = S1 U Sy. (See
Section 2.3 for definitions.) We remark that the above norms are computed
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with respect to gm,. Since both (g, k) and (Gm.a, km.a) solve the constraint
equations, it is easy to see that

1, )l pi-se S €.
-

where 7 = g — trg kg.

We now follow the procedure in [4] and [5] to deform (g, 7). Let ¢ be
a bump function on H that is compactly supported between S; and S;. We
define (K to be the following set vector space:

CK ={(¢f,¢X)I(f, X) € K}.

It is the obstruction space for the gluing for data close to the Schwarzschild
data. We remark that if ¢ is sufficiently close to constant 1 and if the data
(g, ) is sufficiently close to those of the Schwarzschild data (gm,,0), then the

*
(9,m)
still injective. In this case, we can still apply the Local Deformation Theorem

(Theorem 2 of [5] or Section 2.3) to deform the image into (K instead of
K. We also notice that, in this case, if we use V = L*(S(H)) x L*(S(H))
to denote the pair of square integrable symmetric two tensors on H, then
V = K @ (CK)*. After applying the Local Deformation Lemma, there will
be no component in ((K)* . We also fix a weight function p that behaves

restriction of the operator D® on the orthogonal complement of (K is

as p ~ d(-,0H)N for sufficiently large N near the boundary. According to
the Local Deformation Theorem, if € is sufficiently small, there exists a pair
(h,w) € Sk=42(H) x Sk=5(H) such that ®(§ + h, 7 +w) € CK, (h,w) =0
near JH = S1 U Sy. Moreover, (h,w) satisfies the following estimates:

1y 0) | gr-s0 S e
p—1

We also remark that, instead of the polynomial weight p defined above, we can
also use an exponential weight p, namely, p ~ e~ near the boundary, to solve
(h,w) in the smooth class instead of Holder classes (because ®(g,7) is strictly
supported in the interior of H). One can refer to [4] and [5] for more details.

We are going to argue that we can choose suitable parameters (m,a) so
that ®(g+ h, T+ w) = 0. According to the above discussion, in order to show
this, it suffices to show the projection of ®(g§ + h, 7 + w) to K vanishes; i.e.,
the following projection map Z hits zero:

T:Beye —» R, (m,a) = (Ty, Ty, T2, I3),
where Beye = {(m,a) € R* : [m — mg| + |a] < Cye},

1
o\ 3
@—ATQQH@+Mﬁ+wM%%,

r

zmm@:/

H
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and
Z;(m,a) = / divgn (T + w)jﬂgd,ugmo
H

fori=1,2,3.
We first analyze Zy. For k > 7, we recall that

H: MFTPO(H) x SF5(H) — ¢ (H).

We consider the Taylor expansion of H at the point (§,7) € M*5%(H) x
Sk=5(H); thus, we have
277’L0

(1- T)i (H(3, 7)+ DHg ) (0 ) + O(| () [E-5.0)) g g

To(m,a) = /

H
We observe that the second and the last terms in the above integral are of
size O(e?) with respect to our small parameter e. This is obvious for the last
term. For the second term, recall that (1 — @)% € KerDHEkng,o) and (h,w)
vanishes near 0H ; therefore,

1
2mp 2
/I{ (1 — 771 ) DH(ng’O) (h,b.))d,U,ng = 0

We then subtract the above quantity from the second term to retrieve one
more € as follows:

1
2mg )\ 2
/H (1 - 70) DH (5,7)(h, w)dpg,,,

r
1

2mo ) 2
N -/H (1 - T) (DH(g.7) = DH (G, 0) (h, w)dug,,

S G = Gmo M2l (B, w)lle = O(e?).

Finally, we consider the first term in Zy. Because |a] < Cye, we will make use
of the following key observation:

2 -1
Gm,a = (1 - 7m) dr? + r?dozs + O(é?).
r
This is obvious according to the formula for g, » in last section. We also write
2 -1
g= <1 — —m()) dr? + r2do?s + he,
r

where h, is a two tensor and |h¢| < €. Therefore, we have

1

(5.4) /H (1-2) 405, 7, = /H R(f(r)dr? + r?do%a)dyg,

2mg\ 2
+ A (1 o TO> DH(§77L070) (¢h€7 O)d,ugmo + 0(62)’
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where f(r) = ¢(1— 2m0) L+(1—¢)(1—22)~1. To compute the first term on the
right-hand side, we have to compute the scalar curvature R(f(r)dr? + r2do?).
By direct computation,

R(f(r)dr® +r2d0®) = 2r=2(rf2(r) f'(r) = [ (r) + 1)
= 2720, (r(f 1 (r) = 1)).
By virtue of this formula, we can easily derive

/ R(f(r)dr® + r*doge)dpg, = —8m(r(f~'(r) = D))[}2 = 16m(m — mo).

For the second term on the right—hand side of (5.4), we denote

=~ 2m0
o2, (1- 7) DH(5,0,.0) (Phe: 0)dpig, -

Recall that (1 — @)% € KerDHE‘g 0y ¢ = 1 near S1 and ¢ = 0 near Ss.
777.07

Therefore, €y can be written as an integral on S, which only depends on h,

on Sy, and |&| < e. Finally, we summarize the above calculations for Zj as

(5.5) To(m,a) = 167 (m — mg) — & + O(€?).

For each ¢ = 1, 2,3, we analyze Z; as follows:
Ti(m,a) = / divg,, (7 +w); ¥ dug,, + / (divgep — divg,, ) (7 +w);Qdug,,
H H

= / dngmO (7~T + W)ngd,U,ng + 0(62).
H

Recall that divgm0 (€;) =0, (g, 7) coincides with (g,7) on S; and (g,7) coin-
cides with (gm,a, Tm,.a) on S2. We can apply Stokes Theorem to derive

Zim,a) = [ (a0, dpry — [ By @00 dpr, +0(E),
2 1

where dp, is the volume form on the round sphere with radius r. Let € =
s, Eleg (0,)!dpi,,, which is a constant coming from the integral on the inner
sphere S;. Since g is close to gm,, we know that |€| < e. We emphasize that
€r is independent of (m,a) and the constant Cp. Thus,

L-(m,a)z/s (Fm)i % (0,) djiry — & + O(E2).

To understand the local behavior of Z;, we study the differential of the map

Jiac (L2<kma>,ja (O e, [ (o) s 2(00) i,

/Sz(l_ﬁm a)l]Q (8 ) de)

at a = 0, where m is viewed as a fixed parameter.
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We first compute

d _ .
A7 a0 0.0 = 5 o ([, Gonione)i @) )
Sa i=1,2,3

When 7 = 1, we have

/S(km,(o,o,t))le{(ar)ldﬂrz

2

g 2w B
= —/ d9/ cos ¢ cot Ok, 0.0.4)(Fps Or)lr=ry - 73 sin fdp = 0
0 0

since k. (0,0,¢) (O, Or) does not depend on ¢ and fo% cos pdp = 0. When i = 2,
similarly, we have

/S (R (0,017 %0y = 0.
2

When ¢ = 3, in view of the exact formula for k,, (9 ,q) in the previous section,
the drdyp component of I;:m7(070’t) is of the form % + O(t?) for sufficiently
small ¢. Thus,

_ . T 2T
/ (o (0.0, )10 (0, = / 46 [ 2mt sin6de + O(#2)
0 0

2

= 8mmt + O(t?).

Therefore, we finally have

d _ .
a |t:0 </S (km,(0,0,t)> Q%(ar)ldum) = 8mm,
2

lj
or equivalently, d.J |a=o (0,0,1) = (0,0, 87m).
To compute dJ |a=o (0,1,0), we use the SO(3) symmetry on a. We
take R = (é § %1), which maps (0,1,0) to (0,0,1), and use dR to denote its
differential. Apparently, we have

dR : (Ql,Qg,Qg) — (Ql,ﬂg,—QQ).

Therefore, we have

d _ )
dJ |a=0 (0,1,0) = X |t=0 (/s (R*k?m,(o,o,t)> QL (0r) dptry)im1,2,3
2 1j

d

~ar =0 (AZ(Em,(o,o,t)>lj (AR(2:))7(9,) Ay,

= (0,87m, 0).
Similarly, we take R = (% _81>, which maps (1,0,0) to (0,0, 1), and we have

0
1
0
dR : (Ql,QQ,Qg) — (Qg,QQ,—Ql).
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As a result, we obtain
dJ |a=o (1,0,0) = (87m,0,0).

Combining all those computations on dJ |a=o and the fact that J(0) = 0, for
(m,a) € Bgye, we have

1 0
J(@)=8mm | 0 0 | a+O(e?)
0 1

o = O

= 8mmy

o O =
o = O

0
0 | a+0O(e).
1

We now understand the local behavior of Z near (mg,0):
(5.6)  I(m,a) = (16m(mg —m),8wmg(ay, as,as)) — (€, €1, &2, &3) + O(€?),

where || S e fori=1,2,3.

We now carry out a degree argument as in [4] and [5] to show that
Z(m,a) = 0 for some (m,a) € B¢, provided Cp is sufficiently large. We
define

ZW (m,a) = (16m(m — mg), 8wmo(a1, ag, as)) — (o, €1, €2, €3),

and we then choose Cy such that 167Cy > 2|&| and 8mmoCy > 2|¢]| for
1 =1,2,3. Therefore, we have
I(l) <m0 + gio L(gl €9 53)) =0
167" 8tmg =
é 1
and (mg+ 1%’ S
Bc,e to another box containing 0 in R* centered at (&, &,). We then define

(€1,€2,€3)) € Beye. Therefore, Z; is a homomorphism from

Z(t,m,a) = (16m(m — mq), 8mmo(a1, az,az)) — (o, €1, €2, €3) + tO(e?)

on [0, 1] x Be,. to be a homotopy between Z; and Z, where the error term tO(?)
is coming the O(€?) term of (5.6). For sufficiently small €, 0 ¢ Z([0, 1] x B¢, ),
so the degree of 7 at the value 0 is equal to the degree of Z; at the value 0,
which is 1. This implies that Z(m,a) = 0 for some (m,a) € Bgy..

Therefore, by a suitable choice of (m,a) € B¢, we finally deform (g, k)
to be (gs,lég) where g = g+ h and ks = 7+ w + %trgs(fr + w)gs, so that
(s, ks) satisfies the constraint equations on H, (§s, ks) = (g, k) near Sy and
(gs, 12:5)) = (Gm,a; léma) near Sy. This completes the gluing construction.
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5.3. Proof of the Main Theorem. Recall the choice of H; it is only defined
for u > 4 and it has an inner boundary at H NCs. We would like to extend H
to the interior to complete it as a three manifold without boundary. This can
be done by choosing a smooth function v = f(u) such that

fu)=-1 for u <0,
f(u) <0 for 0 < u <6,

t(u, f(u)) =0 for u>34.

In addition, f can be chosen such that tryx(u, f(u)) > 0 for all 0 < u < 4.
The space-like piece in the picture in Section 1.2 can be viewed as the graph
of f in w-u plane. Suppose that the curve u = f(u) intersects the “central”
line u = u at (Ueens f(Ucen) = Ucen)- Let Ho = Uu=r(u)u,,, <u<s Suus Which is

smooth space-like hypersurface of M with (g, k) as the induced metric and the

second fundamental form. It is clear from the construction that (g, k) = (8;;,0)
for Ucen

is the radius of Sy y(g) computed in g. It is also clear that 0 < 7o < 7.
We divide ¥ = R? with Cartesian coordinate (2!, 22, z%) into four concen-

< u <0, where ¢ is the Euclidean metric on the ball of radius ry that

tric regions X, Yo, Xg and X as

Eu = Az || <o}, Yo ={x:r < x| <},
Yg={x:r <|x| <ry}, Ex={x:l|z|>r}.

By construction, we have ry — rg = O(J) and ro — r; = O(ey). Thus, Hy is
diffeomorphic to ¥ U X and H is diffeomorphic to ¥g. These diffeomor-
phisms are realized through the Cartesian coordinates in an obvious way. We
now define (gx, kx) on X as follows:

(3, k) on Xy UXc,
(g5, ks) =3 (3s, ks) on Xg,
(gm,aa km,a) on Xk.

By construction, (gs,ks) is smooth on ¥. It is Minkowski inside, namely,
(gs, ks) = (6,0) on Xyy; similarly, it is Kerr on the outer region Yy with
|m —mo|+ |a] < e. Moreover, according to Christodoulou’s work [2], there will
be a trapped surface in the future domain of dependence of ¥, U X¢.

To complete the proof of the Main Theorem, we also have to show the
nonexistence of trapped surfaces on ¥. For any two-sphere S embedded in
Y, we let S;g = {z : |z| = rg} be the sphere that is the innermost one of
the spheres in the form S, = {x : |z| = r} containing S. Then S and S,
are tangent at some point p. The outer null expansion fg of .S, which is the
mean curvature of S related to the outer null normal vector, can be computed
as 0y = trgks + Hg, where trg ks, is the trace of ks, computed on S and
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Hg is the mean curvature of S in X with respect to the outer normal. By
construction, fg, > 0 for all . In fact, it is obvious that 65, > 0 for » < ry and
r > 19 because in these cases S, C X U Xk, where ¥, and Y are exactly
constant time slices of Minkowski and Kerr space-times. For rg < r < rq,
that fg, > 0 is ensured by our choice of f that satisfies tr x(u, f(u)) > 0 for
0 <u <9, and for r; <17 < rg, that 6g. > 0 is ensured by the choice of inner
boundary S; = Ss,, of the gluing region H, such that trx(6,u;) > 0 and
the closeness of H to the constant time slice of Schwarzschild space-time in
Boyer-Lindquist coordinate. Then at the point p, trg ks (p) = trg, . ks (p) since
S and S, tangent at p, and Hg(p) > Hg, (p) by the maximum principle. So

0s(p) = trs ks(p) + Hs(p) > trs,, ks(p) + Hs, (p) = 0s,,(p) > 0.

Now assume that S is a trapped surface; then by the definition of trapped
surfaces, both null expansions are negative on S. In particular, the outer
null expansion fg should be negative on S, which contradicts that 6s(p) > 0.
Therefore, there are no trapped surfaces embedded in ¥, and this completes
the proof of the Main Theorem.
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