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Small gaps between primes

By JAMES MAYNARD

Abstract

We introduce a refinement of the GPY sieve method for studying prime
k-tuples and small gaps between primes. This refinement avoids previous
limitations of the method and allows us to show that for each k, the prime
k-tuples conjecture holds for a positive proportion of admissible k-tuples.
In particular, liminf, (pnt+m — pn) < oo for every integer m. We also show
that liminf(pp+1 — pn) < 600 and, if we assume the Elliott-Halberstam
conjecture, that lim inf, (prt+1 — pn) < 12 and liminf, (pp+2 — prn) < 600.

1. Introduction

We say that a set H = {hy,...,hi} of distinct nonnegative integers is
‘admissible’ if, for every prime p, there is an integer a, such that a, # h
(mod p) for all h € H. We are interested in the following conjecture.

CONJECTURE (Prime k-tuples conjecture). Let H = {hy,...,hi} be ad-
missible. Then there are infinitely many integers n such that all of n+hy, ...,
n + hg are prime.

When k£ > 1, no case of the prime k-tuples conjecture is currently known.
Work on approximations to the prime k-tuples conjecture has been very suc-
cessful in showing the existence of small gaps between primes, however. In their
celebrated paper [5], Goldston, Pintz and Yildirim introduced a new method
for counting tuples of primes, and this allowed them to show that

(1.1) lim inf 21— Pn g

no logpn
The recent breakthrough of Zhang [9] managed to extend this work to prove
(1.2) limninf(an — pp) < 70000000,

thereby establishing for the first time the existence of infinitely many bounded
gaps between primes. Moreover, it follows from Zhang’s theorem that the
number of admissible sets of size 2 contained in [1, ] which satisfy the prime 2-
tuples conjecture is > z2 for large . Thus, in this sense, a positive proportion
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of admissible sets of size 2 satisfy the prime 2-tuples conjecture. The recent
polymath project [7] has succeeded in reducing the bound (1.2) to 4680, by
optimizing Zhang’s arguments and introducing several new refinements.

The above results have used the ‘GPY method’ to study prime tuples and
small gaps between primes, and this method relies heavily on the distribution
of primes in arithmetic progressions. Given 6§ > 0, we say the primes have
‘level of distribution 6! if, for every A > 0, we have

m(x) x

(1.3) Z max |7(z;q,a) — 2@ A loga)A°

qug (av(I):l

The Bombieri-Vinogradov theorem establishes that the primes have level of
distribution 6 for every 6 < 1/2, and Elliott and Halberstam [1] conjectured
that this could be extended to every 6 < 1. Friedlander and Granville [2] have
shown that (1.3) cannot hold with 2 replaced with z/(log «)? for any fixed B,
and so the Elliott-Halberstam conjecture is essentially the strongest possible
result of this type.

The original work of Goldston, Pintz and Yildirim showed the existence
of bounded gaps between primes if (1.3) holds for some § > 1/2. Moreover,
under the Elliott-Halberstam conjecture one had lim inf,, (pp+1—ppn) < 16. The
key breakthrough of Zhang’s work was in establishing that a slightly weakened
form of (1.3) holds for some 6 > 1/2.

If one looks for bounded length intervals containing two or more primes,
then the GPY method fails to prove such strong results. Unconditionally we are
only able to improve upon the trivial bound from the prime number theorem
by a constant factor [6], and even assuming the Elliott-Halberstam conjecture,
the best available result [5] is
(1.4) lim inf 222 =P g,

n log pr,
The aim of this paper is to introduce a refinement of the GPY method which

removes the barrier of # = 1/2 to establishing bounded gaps between primes
and allows us to show the existence of arbitrarily many primes in bounded
length intervals. This answers the second and third questions posed in [5] on
extensions of the GPY method (the first having been answered by Zhang’s
result). Our new method also has the benefit that it produces numerically
superior results to previous approaches.

THEOREM 1.1. Let m € N. We have

lim inf (Prtm — ) < m3et™.

1We note that different authors have given slightly different names or definitions to this
concept. For the purposes of this paper, (1.3) will be our definition of the primes having level
of distribution 6.
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Terence Tao (private communication) has independently proven Theo-
rem 1.1 (with a slightly weaker bound) at much the same time. He uses a
similar method; the steps are more-or-less the same but the calculations are
done differently. We will indicate some of the differences in our proofs as we
go along.

We see that the bound in Theorem 1.1 is quite far from the conjectural
bound of approximately m log m predicted by the prime m-tuples conjecture.

Our proof naturally generalizes (but with a weaker upper bound) to many
subsequences of the primes which have a level of distribution 6 > 0. For exam-
ple, we can show corresponding results where the primes are contained in short
intervals [N, N+ N7/12*€] for any € > 0 or in an arithmetic progression modulo
q < (log N )A. In particular, our method gives results for simultaneously prime
values of linear functions, which might have specific interest. Given k distinct
linear functions L;(n) = a;n + b; (1 < i < k) with positive integer coefficients
such that the product function II(n) = [J%, L;(n) has no fixed prime divisor,
the method presented here shows that there are infinitely many integers n such
that at least (1/4 + 0x—00(1))logk of the L;(n) are prime.

THEOREM 1.2. Let m € N. Let r € N be sufficiently large depending on
m, and let A= {a1,a9,...,a,} be a set of r distinct integers. Then we have

#{{h1,...,hm} C A: for infinitely many n, all
of n+ hy, ..., n+ hy, are prime}
#{{h1,..., b} C A}

Therefore a positive proportion of admissible m-tuples satisfy the prime

>m L.

m-~tuples conjecture for every m in an appropriate sense.

THEOREM 1.3. We have

limninf(an — pn) < 600.

We emphasize that the above result does not incorporate any of the tech-
nology used by Zhang to establish the existence of bounded gaps between
primes. The proof is essentially elementary, relying only on the Bombieri-
Vinogradov theorem. Naturally, if we assume that the primes have a higher
level of distribution, then we can obtain stronger results.

THEOREM 1.4. Assume that the primes have level of distribution 0 for
every 8 < 1. Then

lim inf(py+1 — pn) < 12,
n

limninf(pn+2 — pn) < 600.
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Although the constant 12 of Theorem 1.4 appears to be optimal with
our method in its current form, the constant 600 appearing in Theorem 1.3
and Theorem 1.4 is certainly not optimal. By performing further numerical
calculations our method could produce a better bound, and also most of the
ideas of Zhang’s work (and the refinements produced by the polymath project)
should be able to be combined with this method to reduce the constant further.
We comment that the assumption of the Elliott-Halberstam conjecture allows

us to improve the bound on Theorem 1.1 to O(m3e?™).

2. An improved GPY sieve method

We first give an explanation of the key idea behind our new approach. The
basic idea of the GPY method is, for a fixed admissible set H = {h1,..., i},
to consider the sum

k

(2.1) SNy = 3 (X xe(n+hi) = p)wn.

N<n<2N i=1
Here xp is the characteristic function of the primes, p > 0 and w,, are non-
negative weights. If we can show that S(N,p) > 0, then at least one term in
the sum over n must have a positive contribution. By the nonnegativity of
wy,, this means that there must be some integer n € [N, 2N] such that at least
|p+ 1] of the n+ h; are prime. (Here |x| denotes the largest integer less than
or equal to z.) Thus if S(N,p) > 0 for all large N, there are infinitely many
integers n for which at least |p+ 1] of the n+ h; are prime. (And so there are
infinitely many bounded length intervals containing |p + 1] primes.)

The weights w,, are typically chosen to mimic Selberg sieve weights. Es-
timating (2.1) can be interpreted as a ‘k-dimensional’ sieve problem. The
standard Selberg k-dimensional weights (which can be shown to be essentially
optimal in other contexts) are

(2.2) wo=( Y )\d)Q, Aa = p(d)(log R/d)*.

d| 5, (nthi)
d<R

With this choice we find that we just fail to prove the existence of bounded
gaps between primes if we assume the Elliott-Halberstam conjecture. The key
new idea in the paper of Goldston, Pintz and Yildirim [5] was to consider more
general sieve weights of the form

(2.3) Aa = p(d)F(log R/d)

for a suitable smooth function F'. Goldston, Pintz and Yildirim chose F(x) =
xF ! for suitable | € N, which has been shown to be essentially optimal when
k is large. This allows us to gain a factor of approximately 2 for large k over
the previous choice of sieve weights. As a result we just fail to prove bounded
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gaps using the fact that the primes have exponent of distribution 6 for any
6 < 1/2, but succeed in doing so if we assume they have level of distribution
6>1/2.

The new ingredient in our method is to consider a more general form of
the sieve weights

2

(2.4) o= Aayay) -
di|n+hVi

Using such weights with Ay, . g, is the key feature of our method. It allows
us to improve on the previous choice of sieve weights by an arbitrarily large
factor, provided that k is sufficiently large. It is the extra flexibility gained
by allowing the weights to depend on the divisors of each factor individually
which gives this improvement.

The idea to use such weights is not entirely new. Selberg [8, p. 245]
suggested the possible use of similar weights in his work on approximations
to the twin prime problem, and Goldston and Yildirim [4] considered similar
weights in earlier work on the GPY method, but with the support restricted
to d; < R'/* for all i.

We comment that our choice of Ay, 4, will look like

k

k
(2.5) Ndy,...dy R (H M(di)>f(d1, ooy dy)
=1

for a suitable smooth function f. For our precise choice of Ay, 4, (given
in Proposition 4.1), we find it convenient to give a slightly different form of
Ady,...d,, but weights of the form (2.5) should produce essentially the same
results.

3. Notation

We shall view k as a fixed integer and H = {h1,...,hi} as a fixed admis-
sible set. In particular, any constants implied by the asymptotic notation o,
O or < may depend on k and ‘H. We will let NV denote a large integer, and all
asymptotic notation should be interpreted as referring to the limit N — oo.

All sums, products and suprema will be assumed to be taken over variables
lying in the natural numbers N = {1,2,...} unless specified otherwise. The
exception to this is when sums or products are over a variable p, which instead
will be assumed to lie in the prime numbers P = {2,3,...}.

Throughout the paper, ¢ will denote the Euler totient function, 7,.(n) the
number of ways of writing n as a product of r natural numbers and p the
Moebius function. We will let € be a fixed positive real number, and we may
assume without further comment that ¢ is sufficiently small at various stages
of our argument. We let p,, denote the n'® prime and #.4 denote the number



388 JAMES MAYNARD

of elements of a finite set 4. We use |z] to denote the largest integer n < z
and [x] the smallest integer n > x. We let (a,b) be the greatest common
divisor of integers a and b. Finally, [a,b] will denote the closed interval on the
real line with endpoints a and b, except for in Section 5, where it will denote
the least common multiple of integers a and b instead.

4. Outline of the proof

We will find it convenient to choose our weights w,, to be zero unless n lies
in a fixed residue class vo (mod W), where W = [],<p, p. This is a technical
modification which removes some minor complications in dealing with the effect
of small prime factors. The precise choice of Dy is unimportant, but it will
suffice to choose

(4.1) Dy = logloglog N,
so certainly W < (loglog N)? by the prime number theorem. By the Chinese
remainder theorem, we can choose vy such that vg + h; is coprime to W for

each i since H is admissible. When n = vy (mod W), we choose our weights
wy, of the form (2.4). We now wish to estimate the sums

2
(42) S]_ Z Z )\dl ..... dk Y
N<n<2N di|n+hVi

n=vg (mod W)

% 2
(4.3) Sy = Z (Z XIP’(”"‘ hz)) ( Z )\d17---7dk> :

N<n<2N  i=1 di|n+hVi
n=vg (mod W)

We evaluate these sums using the following proposition.

PROPOSITION 4.1. Let the primes have exponent of distribution 6 > 0,
and let R = N9/2-90 for some small fized 6 > 0. Let A\g, . q, be defined in
terms of a fixed smooth function F by

Vi = ([Tatga) 3 Ay (fomm | sy
di,...,dp — plag)ag R )
! * =1 a Tl Tk Hf:l LAD(TZ) logR IOgR
d;|riVi
(ri,W)=1Vi
whenever ([[F_, d;, W) = 1, and let Xdy,...d, = 0 otherwise. Moreover, let F' be
supported on Ry = {(x1,...,x) € [0,1]* : ¢, 2; < 1}. Then we have

s, = (1+ o(l))ﬁ/I/IIC/;)I’“N(IogR)’“Ik(F)’
0 k o k+1 K -
5, - LN i

m=1
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provided I (F) # 0 and J,Em)(F) # 0 for each m, where

/ / F tl,..., dtl - dty,
2
/ / (/ Ftl,... dtm> dti- - dtpm—1dtmy1- - - ditg.

We recall that if Ss is large compared to S1, then using the GPY method
we can show that there are infinitely many integers n such that several of the
n + h; are prime. The following proposition makes this precise.

PROPOSITION 4.2. Let the primes have level of distribution 0 > 0. Let
0 >0 and H = {h1,...,hx} be an admissible set. Let I (F) and ka)(F) be
given as in Proposition 4.1, and let Sy denote the set of Riemann-integrable
functions F : [0,1]% — R supported on Ry, ={(21,...,21)€[0,1]F : Sk | 2, <1}
with I,(F) # 0 and J,gm)(F) # 0 for each m. Let

m)

Sy (F) O M,
M, = Lm=1"% =) = [Z22A 7
ETpes T L(F) =]

Then there are infinitely many integers n such that at least ry, of the n+h; (1 <
i < k) are prime. In particular, liminf, (pp1r,—1 — Pn) < maxi<; j<i(hi — hy).

Proof of Proposition 4.2. We let S = Sy — pS1, and we recall from Section
2 that if we can show S > 0 for all large N, then there are infinitely many
integers n such that at least |p + 1] of the n + h; are prime.

We put R = N%279 for a small § > 0. By the definition of M, we can
choose Fy € Sy, such that S°F _, J,gm)(Fo) > (M, — 0)Ix(Fp) > 0. Since Fy is
Riemann-integrable, there is a smooth function Fy such that Sk _ 7 ,Em) (F1) >
(M}, — 26)I(F1) > 0. Using Proposition 4.1, we can then choose A\g, 4, such
that

k o o
41 S= <W>W]Vk$1g3 (11051]32% — pIu(F) + o(1))
W)EN (log R)*I,(Fy) / /6
L eV ﬁﬂ) i 1)((2_5)(Mk—25)—p+0(1))-

If p = OM},/2 — € then, by choosing § suitably small (depending on ¢), we see
that S > 0 for all large N. Thus there are infinitely many integers n for which
at least | p+1] of the n+ h; are prime. Since |p+ 1] = [0M},/2] if € is suitably
small, we obtain Proposition 4.2. O

Thus, if the primes have a fixed level of distribution 6, to show the ex-
istence of many of the n + h; being prime for infinitely many n € N we only
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require a suitable lower bound for My. The following proposition establishes
such a bound for different values of k.

PRrOPOSITION 4.3. Let k € N, and let My be as given by Proposition 4.2.
Then

(1) We have Ms > 2.
(2) We have Myps > 4.
(3) If k is sufficiently large, we have My > logk — 2loglogk — 2.

We now prove Theorems 1.1, 1.2, 1.3 and 1.4 from Propositions 4.2 and 4.3.

First we consider Theorem 1.3. We take k = 105. By Proposition 4.3, we
have Myps > 4. By the Bombieri-Vinogradov theorem, the primes have level
of distribution #=1/2 — ¢ for every € > 0. Thus, if we take ¢ sufficiently small,
we have OMj05/2>1. Therefore, by Proposition 4.2, we have

o _ < e
lim inf (p+1 pn)‘lg%%)ios(hl h;)

for any admissible set H = {hi,...,hios}. By computations performed by
Thomas Engelsma (unpublished), we can choose? H such that 0 < hy <--- <
hios and higs — hy = 600. This gives Theorem 1.3.

If we assume the Elliott-Halberstam conjecture then the primes have level
of distribution # = 1 — . First we take k = 105 and see that §Mjp5/2 > 2
for e sufficiently small (since Mjgs > 4). Therefore, by Proposition 4.2,
liminf,, (pn2 — pn) < maxi<;j<ios(hs — hy). Thus, choosing the same ad-
missible set H as above, we see liminf,(pn+2 — pn) < 600 under the Elliott-
Halberstam conjecture.

Next we take k¥ = 5 and H = {0,2,6,8,12}, with § = 1 — ¢ again.
By Proposition 4.3 we have Mz > 2, and so OM;5/2 > 1 for e sufficiently
small. Thus, by Proposition 4.2, liminf, (pn+1 — pn) < 12 under the Elliott-
Halberstam conjecture. This completes the proof of Theorem 1.4.

Finally, we consider the case when k is large. For the rest of this sec-
tion, any constants implied by asymptotic notation will be independent of k.
By the Bombieri-Vinogradov theorem, we can take § = 1/2 — e. Thus, by

2EXplicitly, we can take H = {0, 10, 12, 24, 28, 30, 34, 42, 48, 52, 54, 64, 70, 72, 78, 82,
90, 94, 100, 112, 114, 118, 120, 124, 132, 138, 148, 154, 168, 174, 178, 180, 184, 190, 192,
202, 204, 208, 220, 222, 232, 234, 250, 252, 258, 262, 264, 268, 280, 288, 294, 300, 310, 322,
324, 328, 330, 334, 342, 352, 358, 360, 364, 372, 378, 384, 390, 394, 400, 402, 408, 412, 418,
420, 430, 432, 442, 444, 450, 454, 462, 468, AT2, ATS, 484, 490, 492, 498, 504, 510, 528, 532,
534, 538, 544, 558, 562, 570, 574, 580, 582, 588, 594, 598, 600}. This set was obtained from
the website http://math.mit.edu/~primegaps/ maintained by Andrew Sutherland.
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Proposition 4.3, we have for k sufficiently large

Lj\;k > (i — g)(logk—Qloglogk—Q).

We choose ¢ = 1/k and see that OMy /2 > m if k > Cm2e'™ for some ab-
solute constant C (independent of m and k). Thus, for any admissible set
H = {h1,...,ht} with k& > Cm2e*™, at least m + 1 of the n + h; must be
prime for infinitely many integers n. We can choose our set H to be the set

(4.5)

{Pr(k)+1> - - » Pr(i)+k ) of the first k primes which are greater than k. This
is admissible, since no element is a multiple of a prime less than k (and
there are k elements, so it cannot cover all residue classes modulo any prime
greater than k.) This set has diameter Pr(k)+k — Pr(k)+1 < klogk. Thus
lim inf,, (pprm — Pn) < klogk < m3et™ if we take k = [Cm?e*™]. This gives
Theorem 1.1.

We can now establish Theorem 1.2 by a simple counting argument. Given
m, we let k = [Cm?2e*™] as above. Therefore if {hy, ..., h;} is admissible, then
there exists a subset {hf,..., k!, } C{h1,...,h;} with the property that there
are infinitely many integers n for which all of the n+ A/ are prime (1 <1i < m).

We let Ay denote the set formed by starting with the given set A =
{a1,...,a,}, and for each prime p < k, in turn removing all elements of the
residue class modulo p which contains the fewest integers. We see that #.45 >
7 [Ip<k(1=1/p) >, r. Moreover, any subset of Az of size k must be admissible,
since it cannot cover all residue classes modulo p for any prime p < k. We let
s = #Ao, and since r is taken sufficiently large in terms of m, we may assume
that s > k.

We see there are (Z) sets H C A, of size k. Each of these is admissible,
and so contains at least one subset {h},...,hl,} C Ay which satisfies the prime

m-tuples conjecture. Any admissible set B C A of size m is contained in (; ")
: oy —1
sets H C Ay of size k. Thus there are at least (;) (i) =~ >m 8™ >p ™

admissible sets B C As of size m which satisfy the prime m-tuples conjecture.
Since there are () < 7™ sets {h1,...,hn} C A, Theorem 1.2 holds.
We are left to establish Propositions 4.1 and 4.3.

5. Selberg sieve manipulations

In this section we perform initial manipulations towards establishing Prop-
osition 4.1. These arguments are multidimensional generalizations of the sieve
arguments of [3]. In particular, our approach is based on the elementary com-
binatorial ideas of Selberg. The aim is to introduce a change of variables to
rewrite our sums S; and S, in a simpler form.

Throughout the rest of the paper we assume that the primes have a fixed
level of distribution #, and R = N?/279. We restrict the support of Adyo...dy
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to tuples for which the product d = [[¥_, d; is less than R and also satisfies
(d,W) =1 and u(d)? = 1. We note that the condition u(d)? = 1 implies that
(di,d;) =1 for all 7 # j.

LEMMA 5.1. Let

: Ndy,....d
i = (L ridetr) 37 ==k

i=1 di,....d [liz1 di

Let ymax = SUPr; ok ’yT17~~~:Tk|' Then

N y? Ymax?(W)FN (log R)*
S = 1557 O ( Zmax )
' w 7“1,2:,7% Hz 1 QO(TZ) " ( Wk+1D0 )

Proof. We expand out the square and swap the order of summation to

give
(5.1)
2
Si= ) ( > )\dl,...,dk) = D> Mididere > L.
N<n<2N d;|n+h;Vi di,...,dg N<n<2N
n=vg (mod W) €15--Ck n=vg (mod W)

[di ,ei] |n+hi‘v’i

We recall that here, and throughout this section, we are using [a, b] to denote
the least common multiple of a and b.

By the Chinese remainder theorem, the inner sum can be written as a
sum over a single residue class modulo ¢ = W [J%_,[d;, e;], provided that the
integers W, [dy, e1], ..., [d, ex] are pairwise coprime. In this case the inner sum
is N/q+ O(1). If the integers are not pairwise coprime, then the inner sum is
empty. This gives

A €1,...0€
(5'2) o Z’ ero( Z/ ’/\d1,...,dk/\€1,~~76k‘)’

W T, TTisaldi el di ..
€1,--,€k €1,...,6L
where Y is used to denote the restriction that we require W, [d1, e1], .. ., [dg, k]

to be pairwise coprime. To ease notation we will put Ayax =supg, 4, |Ad;,....d; |-
We now see that since Ag, . g, is nonzero only when Hle d; < R, the error
term contributes

(5.3) <X Tk(d))2 < A2, R*(log R)%*
d<R
which will be negligible.
In the main sum we wish to remove the dependencies between the d; and
the e; variables. We use the identity
1
(di, ez] €i

(5.4)

> o(ui)

uz|dz,ez
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to rewrite the main term as

(5.5) Z (nguz) 5 Ail,...,dmel,.‘.,ek

& .
m, Uk 4=1 di,....dy (Hi:l di)(Hi:l €i)
€1,..-,€L
ui|d;,e; Vi

We recall that A4, g4, is supported on integers di,...,d, with (d;, W) =
for each i and (d;,dj) = 1 for all i # j. Thus we may drop the requirement
that T is coprime to each of the [d;, e;] from the summation, since these terms
have no contribution. Similarly, we may drop the requirement that the d;
variables are all pairwise coprime and the requirement that the e; variables
are all pairwise coprime. Thus the only remaining restriction coming from the
pairwise coprimality of W, [dy,e1], ..., [d,ex] is that (d;,e;) =1 for all i # j.

We can remove the requirement that (d;,e;) = 1 by multiplying our ex-
pression by 37, 14, 14(8i,j). We do this for all 4, j with i # j. This transforms
the main term to

(5.6)
N b Ad17-~-7dkA€17-~-76k
_ o(u; p(sij .
w m;wc (zl_Il ( 2)> 51,2,.%,;@_1 (1§g§k ( ”)) dl;dk (Hi‘gzl di)(Hfﬂ ei)
7,75] €1,..,EL
w;|d;,e; Vi

si,jldie;ViFt]

We can restrict the s; ; to be coprime to u; and uj, because terms with s; ;
not coprime to u; or u; make no contribution to our sum. This is because
Ady,...d, = 0 unless (d;,d;) = 1. Similarly we can further restrict our sum so
that s;; is coprime to s;, and s;; for all a # j and b # ¢. We denote the
summation over si2,..., sk r—1 With these restrictions by >°*.

We now introduce a change of variables to make the estimation of the sum
more straightforward. We let

k
(5.7) Yriry, = (H u(m)go(n)) Z w
i=1

This change is invertible. For dy,...,dy with [[¥_; d; square-free, we find that

69 X e 3 () X e

T1y.-0Tk T1,-Tk =1 €1,...,eL Hi:l €i
d;|riVi d;|riVi ri\eiVi
617 € )‘dh---,dk
= 2 > H ulrs) = = :
€1,--,€k HZ 1 eZ T1,--Tk =1 H'L:1 /’Lz(dl)dl
d;|riVi

rile;Vi
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Thus any choice of y,, ., supported on 71,...,7, with the product r =
15, 7 square-free and satisfying » < R and (r, W) = 1, will give a suitable
choice of Ag, .4, We let ymax = sup,, . [Ur,...r. |- Now, since d/p(d) =
> ela 1/¢(e) for square-free d, we find by taking ' = 15, 7i/d; that

k k 2
pi(rs)
(5.9) Amax < sup Ymax d;
e AN e (g l) n;rk (Z:Hl o(r:) )
1_[Z , di square-free di|r;Vi
H?:l ri<R
Hle r; square-free
k 2 /
d; w(r’) e (r
< Ymax sup II-%) > L,()
dl,‘..,dk i — Sp(dl) , k (p(r )
=1 r'<R/ d;
Hle d; square-free [Ti-1

(T/7Hf:1 di)=1
> 1u(d)? 3 (1)1 (1)
!
dI ], di v ' <R/TTE, ds (1)
(T/7Hf:1 di)=1

< Ymax Z Iu ) < ymax(log R)
u<R

< Ymax SUp
dy,...,dg

In the last line we have taken u = dr’ and used the fact 74 (dr’) > 71.(r’). Hence
the error term O(A\2 . R%(log N)%) is of size O(y2,.. R?(log N)**).

max ymax
Substituting our change of variables (5.7) into the main term (5.6), and

using the above estimate for the error term, we obtain

(5.10) 8 = Z (H‘P (ui))

ul» SUE 1=1

" b (i) p(bi)
Xy ( IT w(siy )(1_[1 m)yal,...,akybl,...,bk

51,2555k, k-1 1<4,j<k ®
i#j
+ O(y2axR2(log R)™),

where a; = u;[]iz; s and bj = wu;[[;; 8ij- In these expressions we have
used the fact that we have restricted s; ; to be coprime to the other terms in
the expression for a; and b;. For the same reason we may rewrite p(a;) as
p(ug) TTiz; u(si,j), and similarly for ¢(a;), p(bj) and ¢(b;). This gives us

(5.11) 51: 3 (H“ ) > als )al,...,akybl,...,bk

u17 SUE = 81,2555k, k-1 1<4,j<k (‘0

i#]

+ Oy B2 (log R)*™).
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We see that there is no contribution from s; ; with (s; j, W) # 1 because of the
restricted support of y. Thus we only need to consider s; ; = 1 or s; ; > Dy.
The contribution when s; ; > Dy is

1) <UR( y My Mol (st

( u<§% SO Sq J>DO 5ij s>1 SO 8
u,W

YmaxP(W)" N (log R)*
Wk+1D0
Thus we may restrict our attention to the case when s; ; = 1 for all 7 # j. This
gives
(5.13)

N Yarr,..u Y2 p(W)EN (log R)
MW ey o) ( - Ve R2(log R ) .
w mzuk H;C:l p(u;) Wk+1 Dy a

We recall that R2 = N?=20 < N1=20 and W <« N?, and so the first error term
dominates. This gives the result. O

<

We now consider Sp. We write So = S°F Sém), where

Gy S Y et Y M)

N<n<2N diromdi
n=vo (mod W) di|n+h;Vi

(m)

We now estimate S; ' in a similar way to our treatment of Si.

LEMMA 5.2. Let

A
( ) — i i d17"'7dk ,
i = (I utrgtr )) P )
ri|d;Vi
dm=

where g is the totally multiplicative function defined on primes by g(p) = p—2.
Let yr(n@( = Sup,, ]yq(nln)rk| Then for any fized A > 0, we have

gm _ N 3 (i) r)? N O((yEAZL)%(W)k—QN(logN)H)
P pW)log N, &= TIE, g(r) WDy
2
YmaxN
+O((logN)A)'

Proof. We first expand out the square and swap the order of summation
to give

(5.15) Sém) = Z Ady,.od Ner e Z Xp(n + ).
dy,...,dy N<n<2N
€15k n=vg (mod W)
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As with S, the inner sum can be written as a sum over a single residue class
modulo ¢ = W [[¥_,[d;, e;], provided that W, [dy,e1],..., [dk,ex] are pairwise
coprime. The integer n+ h,,, will lie in a residue class coprime to the modulus if
and only if d,,, = e, = 1. In this case the inner sum will contribute Xy /¢(q)+
O(E(N,q)), where

(5.16) E(N,q) =1+ sup

Yol - % XP(m',

(a.9)=1 N<p<on ¥ q>N§n<2N
n=a (mod q)
(5.17) Xy= )Y, xe(n).
N<n<2N

If either one pair of W, [d1,e1], ..., [dk, ex] share a common factor, or if either
dy, Or €5, are not 1, then the contribution of the inner sum is zero. Thus we
obtain

(5.18)

XN 1 Ndy s dg Aer e
Sy = S diZonet 4 Ay Nerer BN, ),
SO(W) dlgdk H?zl (P([div ei]) (dlgdk ' e * )

€1,e-r€k €1,eer€k
em=dm=1
where we have written ¢ = W [[%_,[d;, es).

We first deal with the contribution from the error terms. From the sup-
port of Mg,
q < R?W. Given a square-free integer r, there are at most 73;(r) choices
of di,...,dg,e1,..., e, for which W% [d;, e;] = r. We also recall from (5.9)
that Apax < Ymax(log R)*. Thus the error term contributes

(5.19) L Yo (1og R > ju(r)*r35,(r) E(N, 7).
r<R2ZW

dy,» we see that we only need to consider square-free ¢ with

By Cauchy-Schwarz, the trivial bound E(N,q) < N/¢(q), and our hypothesis
that the primes have level of distribution 6, this contributes for any fixed A > 0

(5.20)

1/2 1/2
< Paxllog R (S plr r)) (> n)EW,n)
r<R2W r<R2W
YimaxV
< {log )

We now concentrate on the main sum. As in the treatment of S; in the proof of
Lemma 5.1, we rewrite the conditions (d;, e;) = 1 by multiplying our expression
by 3, i|die; H(Sij). Again we may restrict s;; to be coprime to u;, uj, Siq
and s ; for all a # j and b # 7. We denote the summation subject to these
restrictions by > *. We also split the ¢([d;, e;]) terms by using the equation
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(valid for square-free d;, e;)

1
(5-21) (e~ o(d IO

uL‘dL7eZ

where g is the totally multiplicative function defined on primes by g(p) = p—2.
This gives us a main term of

(5.22) .
XN * Adi,oodp Aer,oen
T Z Hg(ui) Z H 1(sig) Z B N
p(W) Ulw--»“k(il )51,2,---75k,k—1(1<i,j<k: ) di sy [Ti=1 w(ds)(ed)
i£ 7 €1,...,€
Z¢J ujdl,el@z

si,5]di e Vi)
dm=em=1

We have now separated the dependencies between the e and d variables, so
again we make a substitution. We let

Ndy,...d
(5.25) ot = (I uCri)a(ri) e
P = ([ntrat) 32 i

ri|d;Vi

dm=1

We note yﬁ?f_),,,rk = 0 unless 7, = 1. Substituting this into (5.22), we obtain a

main term of

X 2

(W) 2 (1;[

ULy U

(5.24)

) > (H usz,g) )yal,),akyél,),

81,2598k, k—1 1<z]<kg(
i#]j

where a; = u; [Tizj 84 and b; = uj [[iz; Sij for each 1 < j < k. As before,
we have replaced p(aj) with p(u;) [T;z; #(s5:) (and similarly for g(a;), p(b;)
and g(b;)). This is valid since terms with a; or b; not square-free make no
contribution.

We see the contribution from s; ; # 1 is of size

(5.25)
(yime) 2N p(w)?\ 1 ()2 KG=1)-1 u(s
< 2 hi) (Shee) 2 glois)? .
(u,W)=1
(m) _ _
< (ymax)2o(W)F"2N (log R)F~!

WkilDO lOg N
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Thus we find that

m XN (yl(jln) u )2
(5:26) %" = 07, 22 T g

)

(k) >0 (W)F2N (log R>H>

+0( DT

ym ax

(log N)4

Finally, by the prime number theorem, Xy = N/log N +O(N/(log N)?). This
error term contributes

(5.27)

< ()2 N ( 3 p(u ) <(y1(11722c> @(W)* 2N (log R)*—3

(W) (log N)? ik g(u Wkl ’
(u,W)=

which can be absorbed into the first error term of (5.26). This completes the
proof. O

Remark. In our proof of Lemma 5.2 we only really require Ay, . 4, to be
supported on dy, . .., dy satisfying [];+; d; < R for all j instead of 15, d; < R.
For k£ > 3, the numerical benefit of this extension is small, and so we do not
consider it further.

Remark. As our result relies on the Bombieri-Vinogradov theorem, the
implied constant in the error term is not effectively computable. However, if
we restrict the Ay, . 4, to be supported on d; which are coprime to the largest
prime factor of a possible exceptional modulus of a primitive character, then
we can make this error term (and all others in this paper) effective at the cost
of a negligible error.

We now relate our new variables yf{n)rk to the y,,,.. . variables from S;.

LEMMA 5.3. Ifr,, =1, then

(m) — yTl:--~77’m—1’am77"m+1:~~7rk O ymax@(W) IOgR
Yri,ory Z ©(am) T ( W Dy )

am
Proof. We assume throughout the proof that r,, = 1. We first substitute
our expression (5.8) into the definition (5.23). This gives

k
(1m) = r:)g(r; ’u(di)di _Yar,ap
G (‘HM( ot Z)) Z (H p(ds) )adl;@’? [Ty plai)
T‘i‘diVi 7| VT
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We swap the summation of the d and a variables to give

(5.29) yn (HN Tz Z ) Z ial,...,ak Z H /‘

ar,ak [Ti-1 ¢(as) di,.. i=1 o(d
rila;Vi d; \az,rz|d Vi
=
We can now evaluate the sum over dy, ..., d; explicitly. This gives

Yar,..., pu(ai)r;
(530) ym o (Hu rl T )alyz;ak HZ(HI(P az Zl;[ﬂ (p i z.

rila;Vi

We see that from the support of y,,. .. 4, that we may restrict the summation
over a; to (aj, W) = 1. Thus either a; = r; or a; > Dyr;. For j # m, the total
contribution from a; # r; is

(5.31)
k
<o [Toom) (& HE5)( > ey T (3 Lo
i=1 a;>Dor; aj am<R 1<i<k 7y |a
rjla; (am,W)=1 i#j,m
z) 7 max (W)l R max (W)l R
<<(11—IILZJDT)T)?J @WDOOg <<y SOWDOOg '

Thus we find that the main contribution is when a; = r; for all j # m. We
have

(5.32)
g Tz T Yr e Pn—1,Gm P41, 5Tk 0 ymaXSO(W) 10gR
v (ZHl o(r:) )Z p(am) +0( W Do )

We note that g(p)p/e(p)? = 1+ O(p~2). Thus, since the contribution is zero
unless Hle r; is coprime to W, we see that the product in the above expression
may be replaced by 1+ O(Dgy ). This gives the result. O

am

6. Smooth choice of y

We now choose suitable values for our y variables and complete the proof
of Proposition 4.1.

We first give some comments to motivate our choice of the y variables,
which we believe should be close to optimal. We wish to choose y so as to
maximize the ratio of the main terms of S and S;. If we use Lagrangian
multipliers to maximize this ratio (treating all error terms as zero), we arrive
at the condition that

o(ri) i 9(rm) (m
(61) )\ym,-uﬂ”k = (H )) Zl (p(,r,m)y'£1,2.,rm,1,1,rm+1,...,rk
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for some fixed constant A. The y terms are supported on integers free of small
prime factors, and for most integers r free of small prime factors we have
g(r) = ¢(r) = r, and so the above condition reduces to

k
~ (m)
(62) )\yrly"~7rk ~ Z ym,‘..,rm_l,l,rm_H,..‘,rk'
m=1

This condition looks smooth (it has no dependence on the prime factorization
of the r;) and should be able to be satisfied if y,, ., is a smooth function
of the r; variables. Motivated by the above, when the product r = []F_, 7;
satisfies (r, W) = 1 and u(r)? = 1, we choose

log log r.
6.3 =F e
( ) yrl;---ﬂ"k (IOgR’ ’ IOgR)’
for some smooth function F : R¥ — R, supported on Ry = {(z1,...,23) €

[0,1% : 2% | 2; < 1}. As previously required, we set y,, ., = 0 if the product
r is either not coprime to W or is not square-free. With this choice of y, we
can obtain suitable asymptotic estimates for S7 and Ss.

We will use the following lemma to estimate our sums S7 and S with this
choice of y.

LEMMA 6.1. Let Ay, As, L > 0. Let v be a multiplicative function satis-
fying
0< W 4
p

and
—-L < Z M—logz/w < A
w<p<z
for any 2 < w < z. Let g be the totally multiplicative function defined on
primes by g(p) = v(p)/(p — v(p)). Finally, let G : [0,1] — R be smooth, and
let Gmax = supye(o 1) (|G(t)| + |G'(t)]). Then

1

logd
2 _
dézu(d) g<d)G(logz> = GIng/O G(x)dz 4+ O, 4, (G LGmax),

where )
()t 1
e=TT(1-22) (1-=).
6 -6}
Here the constant implied by the ‘O’ term is independent of G and L.

Proof. This is [3, Lemma 4], with x = 1 and slight changes to the notation.
O

We now finish our estimations of S7 and Sém), completing the proof of

Proposition 4.1. We first estimate S;.
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LEMMA 6.2. Let yy,,.. . be given in terms of a smooth function F by
(6.3), with F supported on Ry, = {(x1,...,x1) € [0,1]F: S8 2; < 1}. Let

R Fltn ol + 51 )
max - Sup 1’ MR | k 1’ * k .
(t1,0,t5)E€[0,1]% oot
Then we have
©(W)*N (log R)* F2..p(W)FN (log R)*
51 = WhHl Iy(F) + O( Wh1D, )v

where

/ /Ftl,..., )2dty- - - dty,

Proof. We substitute our choice (6.3) of y into our expression of S in
terms of y,, .., given by Lemma 5.1. This gives

(6.4) Sy =

;) log u; log uy\ 2
uzu <Hl p(u;) ) (logR""’logR>
(wiuy)=1Vi#j
(u;,W)=1Vi
ano(W)kN(logR)k
Wk+1D0 )

==

+0(

We note that two integers a and b with (a, W) = (b,W) = 1 but (a,b) # 1
must have a common prime factor which is greater than Dy. Thus we can drop
the requirement that (u;, u;) = 1, at the cost of an error of size

(65) < max Z Z H M

p>Do u1,...,up<R i=1 SO

quug
(ui,W)—l‘v’i
F2. N () K anxw(W)’“N(logR)
S Tw Z(p (2 T ) WD,
p>Do (um</§%

Thus we are left to evaluate the sum

(6.6) > (H““ﬁ E(E ey
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We can now estimate this sum by k& applications of Lemma 6.1, dealing with
the sum over each u; in turn. For each application, we take

(67 90) = { AN

0, otherwise,

1
(6.8) L<1+Y 222 «i0g Dy,
pIW p

and A; and A, fixed constants of suitable size. This gives

() log u; log uy\ 2
6.9 .
(6.9) ulzuk <21_[1 o(u;) ) (logR’ ’ logR)
(u;,W)=1Vi
W)k(log R W)*(log Do)(log R)~1
_ ¢ )(Eg )I( )+0( max )(ogko)(og ) )
%4 W
We now combine (6.9) with (6.4) and (6.5) to obtain the result. O
LEMMA 6.3. Letyr,... r., F' and Fyyax be as described in Lemma 6.2. Then
we have
m) _ ¢(W)FN(log R)*! max (W) N (log R)*
Sé )= k41 J;E )( )+O< k+1 )’
Wrttlog N WrtiDg
where

/ / /Ftl,... dtm) dt1 - dtm1dtms - - dty.

Proof. The estimation of Sém) is similar to the estimation of S;. We first
estimate yﬁl) . We recall that yﬁ?f_)__,rk = 0 unless r,, = 1 and r = [[F;r;
satisfies (r, W) = 1 and u(r)? = 1, in which case y&ln)an is given in terms of
Yr1,..m, Dy Lemma 5.3. We first concentrate on this case when y,({n)rk # 0.
We substitute our choice (6.3) of y into our expression from Lemma 5.3. This

gives

(6.10)
Fraxe(W)log R
(m) b
yrl, Tk _O( WD() >
N Z w(u)? (logr1 log rm—1 logu logrmi1 logrk)
e(u) \logR’ 7 logR ’'logR’ logR '~ logR/

(u,W Hf:l Ti):l
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We can see from this that yr(nn;i <K (W) Fpax(log R)/W. We now estimate the
sum over u in (6.10). We apply Lemma 6.1 with

(6.11)
v(p) = N
0, otherwise,
(6.12)
logp log p loglog R
L<1+ ) < > + Y = <loglogN,

P P log R
k k
pIW iz, p<log R p|W ll_[i:ér

p>log

and with Ap, Ay suitable fixed constants. This gives us

o s PO 2 P

where

L logr log 71 log 71 log 7,
6.14) F™ :/ F = At mel dtmm.
(6-14) il <logR logR >™ logR "’ logR) "

Thus we have shown that if 7, = 1 and r = [[%_, r; satisfies (r, W) = 1 and
u(r)? =1, then yfff”‘)rk is given by (6.13), and otherwise yxﬂ)rk = 0. We now
substitute this into our expression from Lemma 5.2; namely,

m N (yﬁm) T )2
(6.15) 2 p(W)logN m;rk ITi=y g(rs)

) 20(W)F=2N (log N )k—2 max IV
+O((y )2 (W) (log V) )+O((y )

Wk=1D log N)A
We obtain
m W)N (log R)* b (i) o(ri)?
6.16) i) = £ wra)eri)7N (pm) 2
( ) 2 W210gN 7‘1;1”1@ (Zl_[l g(n)rlg )( r1,..,rk)
(T‘i,W)Zlvi
(rs,ry)=1Vi#j
rm=1
Fax(W)EN (log R)*
+0( D, ).
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We remove the condition that (r;,7;) = 1 in the same way we did when con-
sidering S7. Instead of (6.5), this introduces an error which is of size

(6.17) < $W)N(log R)* max( 90(p)4)( 5 pu(r)e (T)) ~1

W2log N (p)?p* =y g(r)r?
(r,W)=
< Fhaxp(W)*N (log N)*
Wk+1D0

Thus we are left to evaluate the sum

2
p(ri)®o(ri)?
(6.18) > (11 o) T; JET )2
Tl sTm=1,Tm41,-- Tk 1<i<k v
(ri, W)=1Vi i#£]

We estimate this by applying Lemma 6.1 to each summation variable in turn.
In each case we take

2
]- - ?,I)_Qﬁv p T W)
6.19 p) = PPt =2ptl
( ) ") {0, otherwise,
(6.20) L<1+ Z 8P 1og Dy,
pw P

and Ap, Ay suitable fixed constants. This gives

(m) _ p(W)FN(log R)* () F2 . p(W)FN(log N)
621) S =Sy +0( AT, ).
where
(6.22) / / /Ftl,... dtm) dty- - dty1dtmir - - diy,

as required.

Remark. If F(ty,...,t;) = G(XF_, t;) for some function G, then Iy (F
and J,gm)(F) simplify to [(F) = fol G(t)*t*='dt/(k — 1)! and ka)(F)
fol(ftl G(v)dv)?tF=2dt/(k — 2)! for each m, which is equivalent to the results
obtained using the original GPY method using weights given by (2.3).

= 0O

Remark. Tao gives an alternative approach to arrive at his equivalent
of Proposition 4.1. His approach is to define Ay, . 4, in terms of a suitable
smooth function f(t1,...,tx) as in (2.5). He then estimates the corresponding
sums directly using Fourier integrals. This is somewhat similar to the original
paper of Goldston, Pintz and Yildirim [5]. Our function F' corresponds to
f(t1,...,tg) differentiated with respect to each coordinate.
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7. Choice of smooth weight for large k

In this section we establish part (3) of Proposition 4.3. Our argument
here is closely related to that of Tao, who uses a probability theory proof.

We let Sj, denote the set of Riemann-integrable functions F : [0,1]F — R
supported on Ry, = {(x1,...,21) € [0,1]% : S5, 2; < 1} with I(F) # 0 and
J,gm)(F ) # 0 for each m. We would like to obtain a lower bound for

m)
Y=t Jy (F)
7.1 My = sup ="=——"———=
Remark. Let Lj, denote the linear operator defined by
(7.2)

k I_Zi#nLui
EkF(ul, PN ,uk) = Z /0 F(ul, PN ,umfl,tm, Um~+1y .- ,uk)dtm
m=1

whenever (ui,...,ux) € R, and zero otherwise. We expect that if F' maxi-

mizes the ratio S°F_; ka) (F)/1;(F), then F is an eigenfunction for Ly, and
the corresponding eigenvalue is the value of ratio at F. Unfortunately the
author has not been able to solve the eigenvalue equation for £, when k > 2.

We obtain a lower bound for M}, by constructing a function F' = Fj which
makes the ratio ¢ _; ka) (F)/I;(F) large provided k is large. We choose F'
to be of the form

[Tz g(kts), if Sh i <1,
0, otherwise,

(7.3) F(t1,... ty) = {

for some smooth function ¢ : [0,00] — R, supported on [0,7]. We see that
with this choice F' is symmetric, and so J,gm) (F) is independent of m. Thus
we only need to consider Jj = J,El)(F). Similarly we write I, = I (F).

The key observation is that if the center of mass [;° ug(u)?du/ [5° g(u)*du
of g? is strictly less than 1, then for large k we expect that the constraints
Sk 1 t; < 1 to be able to be dropped at the cost of only a small error. This
is because (by concentration of measure) the main contribution to the unre-
stricted integrals

o0 (o) k
I,;:/ / [T o(kti)?dty-- - dty,
0 0 =1
and

0 oo ~ k
J;Q 2/ / (/ Hg(kti)dtl)2dt2"-dtk
0 00

should come primarily from when S°¥_, #; is close to the center of mass. There-
fore we would expect the contribution when S°F | #; > 1 to be small if the center



406 JAMES MAYNARD

of mass is less than 1, and so I}, and Jj, are well approximated by I; and J} in
this case.

To ease notation we let v = [, -, g(u)?du, and we restrict our attention to
g such that v > 0. We have

0o k
(74) Iy = /---/F(tl,...,tk)2dt1---dtk < (/ g(kt)dt) = k~FqF.
0
R

We now consider Ji. Since squares are nonnegative, we obtain a lower bound
for Jj if we restrict the outer integral to S°¥ ,#; < 1 — T'/k. This has the
advantage that, by the support of g, there are no further restrictions on the
inner integral. Thus

k

(7.5) T > // (/OT/k(Hg(kti))dtl)thg--~dtk.

£25000yt >0 =1
k
S ti<1-T/k

We write the right-hand side of (7.5) as J;, — Ej, where

(7.6) J} :/---/(/()T/k(ﬁg(kti)>dtl)2dt2---dtk
i=1

ta,...,tx >0
= ([ gthean) ([ gtkerar) =k ([T )’
T/k , k 9
(7.7) Bp= t!.;t'k;{ (/0 (,1_[1 g(k‘ti))dtl) dty- - - dty,

k
21:2 t;i>1-T/k

=k F1 (/OOO g(u)du)2 / / (@g(Ui)Q)dUQ‘ - dug.

U2, Uk 20

Sk k=T
First we wish to show the error integral Ej is small. We do this by comparison
with a second moment. We expect the bound (7.13) for Ej to be small if the
center of mass of g2 is strictly less than (k—T)/(k—1). Therefore we introduce
the restriction on g that
Iy ug(u)?du 1 T
B fooo g(u)?du ke
To simplify notation, we put n = (k —T)/(k—1) —pu > 0. If K s u; > k—T,
then S°F_, u; > (k — 1)(u 4+ 1), and so we have

(7.8)

1 & 2
1=2
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Since the right-hand side of (7.9) is nonnegative for all u;, we obtain an upper
bound for Ej, if we multiply the integrand by 77 2(>%_y u;/(k — 1) — p)? and
then drop the requirement that Y% ; u; > k — T. This gives us

(7.10)

k
Ek‘<n Qk, k— 1 /0 du / / Zz 2“1 —M>2(Hg(u1)2)du2duk
=2

We expand out the inner square. All the terms which are not of the form u?

we can calculate explicitly as an expression in p and . We find
(7.11)

222<z<]<kulu] 2#2?:2“@' 2 i 2
o R oo

M2,yk: 1

k—1
For the uf terms, we see that u?g(uj)2 < Twu;g(u;)? from the support of g.
Thus

(7.12)
/ / )du2 cdug, < T’ykz/o ujg(uj)Qduj = pT~* 1
This gives
00 2,y T~k1 2, k-1
—27.—k—1 HLY By
(7.13) E, <n %k (/0 g(u)du) ( T —] )

~2 —k—1, k-1

n “uTk v /OO 2
< .
< y— ( ; g(U)dU)

Since (k — 1)n? > k(1 — T/k — p)? and p < 1, we find that putting together
(7.4), (7.5), (7.6) and (7.13), we obtain

ka o (o~ g(u)du)® T
7.14 1-— .
(7149 e T e ),
To maximize our lower bound (7.14), we wish to maximize foT g(u)du subject

to the constraints that fOT g(u)?du = ~v and fOT ug(u)?du = py. Thus we wish
to maximize the expression

(7.15) /OTg(U)du - oz(/OTg(U)2du = ’7) - B(/OT ug(u)’du — m)

with respect to «, 8 and the function g. By the Euler-Lagrange equation, this
occurs when a%(g(t) —ag(t)? — Btg(t)?) = 0 for all t € [0, T]. Thus we see that
1

7.16 1) = ———— for0<t<T.
(7.16) o0 = 555 Pr0<is
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Since the ratio we wish to maximize is unaffected if we multiply g by a positive
constant, we restrict our attention to functions g of the form 1/(1 + At) for
t € [0, 7] and for some constant A > 0. With this choice of g we find that

(7.17) /OTg(u)du — log(leT), /OTg(u)Qdu = (- 1+1AT)

(7.18) /T (u)?d —i(l (1+AT)—1+;)
. Ougu u-A2 og T+ AT/

We choose T such that 1 + AT = e? (which is close to optimal). With this
choice we find that 4 =1/(1—e 4)— A"l and T < e4/A. Thus 1 —T/k—p >
A1 — A/(e? — 1) — e?/k). Substituting (7.17) into (7.14), and then using
these expressions, we find that

(7.19)
keJy A T Ae?

— > —(1- > Al -
Iy — 1—e—A( k(l—T/k—u)2) - ( k(l—A/(eA—l)—eA/k)2)’
provided the right-hand side is positive. Finally, we choose A = logk —

2loglog k > 0. For k sufficiently large, we have

T _ (log k)3 1
7.20 l———pu>A1(1- - 0
(7.20) Foeza( K (1ogk;)2) -
and so u < 1—T/k, as required by our constraint (7.8). This choice of A gives
(7.21)

kJy, log k
My > — > (logk —2loglogk)(1l — —————
b= Iy, = (log 08708 )( (logk)? + O(1)

when k is sufficiently large.

) >logk —2loglogk — 2

8. Choice of weight for small &

In this section we establish parts (1) and (2) of Proposition 4.3. In or-
der to get a suitable lower bound for My when k is small, we will consider
approximations to the optimal function F' of the form

P(tl,...,tk), if (tl,...,tk) € Ry,

0, otherwise

(8.1) F(ty,...,tg) = {

for polynomials P. By the symmetry of 3% _; J,gm)(F ) and I (F'), we restrict
our attention to polynomials which are symmetric functions of ¢y, ..., t;. (If F
satisfies L, F' = AF, then F, = F(o(t1),...,0(tx)) also satisfies this for every
permutation o of t1,...,tx. Thus the symmetric function which is the average
of F, over all such permutations would satisfy this eigenfunction equation,
and so we expect there to be an optimal function which is symmetric.) Any
such polynomial can be written as a polynomial expression in the power sum
polynomials P; = Y°F tg .
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LEMMA 8.1. Let P; = Zle tg denote the j*" symmetric power sum poly-
nomial. Then we have

|
(= PPt dt — —— (ke
/ /( 1) g %t k (k+jb—|—a)!Gb’]( )v
R

where

Gy j(z) = bl i (f)

r=1

18 a polynomial of degree b which depends only on b and j.
Proof. We first show by induction on k that

kooak AT
(8.2) //(1—2152) Ht?dtl'“dtkz z,1kz
Ri i=1 i=1 (

k+a+YF a)

We consider the integration with respect to ¢;. The limits of integration are 0
and 1 — S°F , t; for (to,...,t;) € Rp_1. By substituting v = t;/(1 — S5 ;)
we find

(8.3) /0125‘2 ti(l - Xk:tl)a(ﬁ 1) dty
=1 =1
k k ata
_ (gtgz)(u;ti) ot /01(1 )% dy
laq! k ) k a+ai1+1
" +aa61L1+ 1) (Hﬁz)(l _gti) -

Here we used the beta function identity fol t%(1 — t)’dt = a!b!/(a + b+ 1)! in
the last line. We now see (8.2) follows by induction.
By the binomial theorem,

b __ b;
(8.4) P =) = HtJ
b1,...,bg HZ 1% =1
Zf:l bi=b

Thus, applying (8.2), we obtain

blal
. 1—P)"P} ¢
(8:5) / / V) Fdt---db = (k+a+jb)! Z H b'

bly 7
Z’L: bl_b
For computations, b will be small, and so we find it convenient to split the
summation depending on how many of the b; are nonzero. Given an integer r,
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there are (f) ways of choosing r of b1,...,br to be nonzero. Thus

50 > n9-x() £ 14

b17 b bi,....br>1 i=1 bi!
ZZ: b b Ei b;=b
This gives the result. 0

It is straightforward to extend Lemma 8.1 to more general combinations
of the symmetric power polynomials. In this paper we will concentrate on the
case when P is a polynomial expression in only P; and P» for simplicity. We
comment the polynomials G, ; are not problematic to calculate numerically for
small values of b. We now use Lemma 8.1 to obtain a manageable expression
for I;(F') and Jlim) (F) with this choice of P.

LEMMA 8.2. Let F' be given in terms of a polynomial P by (8.1). Let P be
given in terms of a polynomial expression in the symmetric power polynomials
Pr=YF tiand P, = Sk 112 by P = 2%, a;(1 — P)YP5 for constants
a; € R and nonnegative integers b;, c;. Then for each 1 < m < k, we have

Z Qs b +b> GCZ+C]7 (k)
Tk + b+ by + 2¢; + 2¢5)!

1<i,5<d
Ci CZ Cj Vbi,b]-,ci,cj-,cl cl, G ch+ch 2( 1)
Z alajzz ch) (k+b;+bj+2¢+2c;+ 1)
1<i,5<d =0c,=0 2 v J v J :
where
_bilh!(2¢; — 2¢7)!(2¢; — 2¢5)!(b; + by + 2¢; + 2¢; — 2¢) — 2¢h + 2)!
Tbusbscies ey = (b; + 2¢; — 2¢, + 1)I(b; + 2¢; — 2c, + 1)1

and where G is the polynomial given by Lemma 8.1.

Proof. We first consider I, (F'). We have, using Lemma 8.1,

(8.7) I.(F) :/---/Pthl---dt

1<i,j<d Ry

_ Z Qi (b+b)Gcz+cJ72(k)
: Tk + b+ by + 26 + 2¢5)!

(

We now consider ka)(F). Since F' is symmetric in tq,...,t;, we see that

J,gm)(F ) is independent of m, and so it suffices to only consider J,El)(F ). We
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have
)
(8.8) /0 © (1 - PPyt
c k o 1,2’_@_ ti k b
c - o
- () [ e
/=0 =2 0 i=1
c ) ) 1 /
=3 (S) - [T
=0 0
~(c ' oy b!(2¢ — 2¢)!
— Ph(1 - P! b+2c—2c"+1
dg(](c’)( 2)" ( ) (b+2c—2c + 1)
where P| = 2% . ¢; and Pj = Y"F ,#?. Thus
(8.9)

1 2 d 1_2’?: t . . 9
(/ Fdt) = (;a/o - Pt psdn)
Z ;a4 Z Z <Cz>< ) P/)cl+c2(1 . Pl/)bi+bj+2ci+20j_20/1_2‘3/2""2

1<4,5<d cj=0c5,=0
9 bilb;!(2¢; — 2¢1)!1(2¢; — 2¢5)!
(b + 2¢; — 2¢) + 1)I(b; + 2¢j — 2¢5 + 1)1
Applying Lemma 8.1 again, we see that

/ b!
8.10 e [ (1= PP dtye - dty, = Gea(k—1).
©10) [ [0 PP bt = o Gealh - 1)
Ri—1
Combining (8.9) and (8.10) gives the result. O

We see from Lemma 8.2 that I (F) and 3% _, ka) (F) can both be ex-
pressed as quadratic forms in the coefficients a = (aq, ..., aq) of P. Moreover,
these will be positive definite real quadratic forms. Thus, in particular, we find
that

Sk J(F)  alAza
Ik(F) - aTAla’

for two rational symmetric positive definite matrices A, A2, which can be

(8.11)

calculated explicitly in terms of k for any choice of the exponents b;, ¢;. Maxi-
mizing expressions of this form has a known solution.

LEMMA 8.3. Let Ay, As be real, symmetric positive definite matrices. Then

al Asa
alAja
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is mazximized when a is an eigenvector of Al_lAg corresponding to the largest
eigenvalue of Al_lAg. The value of the ratio at its maximum is this largest
etgenvalue.

Proof. We see that multiplying a by a nonzero scalar does not change the
ratio, so we may assume without loss of generality that a’ Aja = 1. By the
theory of Lagrangian multipliers, a’ Asa is maximized subject to a’ Aja = 1
when
(8.12) L(a,\) = al Asa — A\(aT Aja — 1)
is stationary. This occurs when (using the symmetricity of Aj, As)

oL
(813) 0= = ((2A2 - 2)\A1)a)z
8@1‘

for each . This implies that (recalling that A; is positive definite so invertible)
(8.14) AT Asa = Ja.
It then is clear that al’ Aja = A\ 'a” Asa. O

Proof of parts (1) and (2) of Proposition 4.3.To establish Proposition 4.3
we rely on some computer calculation to calculate a lower bound for Mj. We let
F be given in terms of a polynomial P by (8.1). We let P be given by a polyno-
mial expression in Py = Y°¥_, t; and P, = Y%, #? which is a linear combination
of all monomials (1 — P;)?P§ with b+ 2¢ < 11. There are 42 such monomials,
and with & = 105 we can calculate the 42 x 42 rational symmetric matrices
A; and Ay corresponding to the coefficients of the quadratic forms I (F') and

Sk J,gm) (F). We then find® that the largest eigenvalue of A7 Ay is
(8.15) A ~ 4.0020607 - - > 4.

Thus Mjps > 4. This verifies part (2) of Proposition 4.3. We comment that
by taking a rational approximation to the corresponding eigenvector, we can
verify this lower bound by calculating the ratio S°F _, J,gm)(F) /I (F') using
only exact arithmetic.

For part (1) of Proposition 4.3, we take k = 5 and

7 , 1 3
(8.16) P—(l—Pl)Pg—i-ﬁ(l—Pl) +ﬁpz_ﬁ(1_P1)'
With this choice we find that
Sk JUM(F) 1417255
I.(F) 708216

This completes the proof of Proposition 4.3. ([l

(8.17) M; > > 2.

3An ancillary Mathematica® file detailing these computations is available alongside this
paper at www.arxiv.org.


www.arxiv.org

SMALL GAPS BETWEEN PRIMES 413

9. Acknowledgements

The author would like to thank Andrew Granville, Roger Heath-Brown,

Dimitris Koukoulopoulos and Terence Tao for many useful conversations and
suggestions.

The work leading to this paper was started whilst the author was a

D.Phil student at Oxford and funded by the EPSRC (Doctoral Training Grant
EP/P505216/1), and it was finished when the author was a CRM-ISM post-
doctoral fellow at the Université de Montréal.

[1]

References

P.D. T. A. ELLioTrT and H. HALBERSTAM, A conjecture in prime number theory,
in Symposia Mathematica, Vol. IV (INDAM, Rome, 1968/69), Academic Press,
London, 1970, pp. 59-72. MR 0276195. Zbl 0238.10030.

J. FRIEDLANDER and A. GRANVILLE, Limitations to the equi-distribution of
primes. I, Ann. of Math. 129 (1989), 363-382. MR 0986796. Zbl 0671.10041.
http://dx.doi.org/10.2307,/1971450.

D. A. GoLpsToN, S. W. GrRAHAM, J. PINTZ, and C. Y. YILDIRIM, Small gaps
between products of two primes, Proc. Lond. Math. Soc. 98 (2009), 741-774.
MR 2500871. Zbl 1213.11171. http://dx.doi.org/10.1112/plms/pdn046.

D. A. GoLpsToN and C. Y. YILDIRIM, Higher correlations of divisor sums related
to primes. ITI. Small gaps between primes, Proc. Lond. Math. Soc. 95 (2007), 653—
686. MR 2368279. Zbl 1118.11040. http://dx.doi.org/10.1112/plms/pdm021.

D. A. GoLDSTON, J. PINTZ, and C. Y. YILDIRIM, Primes in tuples. I, Ann. of
Math. 170 (2009), 819-862. MR 2552109. Zbl 1207.11096. http://dx.doi.org/10.
4007 /annals.2009.170.819.

D. A. GoLpsTON, J. PiNTZ, and C. Y. YILDIRIM, Primes in tuples. III. On
the difference ppny, — pn, Funct. Approx. Comment. Math. 35 (2006), 79-89.
MR 2271608. Zbl 1196.11123. http://dx.doi.org/10.7169/facm/1229442618.

D. H. J. POLYMATH, New equidistribution estimates of Zhang type, and bounded
gaps between primes, preprint. arXiv 1402.0811.

A. SELBERG, Collected Papers. Vol. II, Springer-Verlag, New York, 1991, with a
foreword by K. Chandrasekharan. MR 1295844. Zbl 0729.11001.

Y. ZHANG, Bounded gaps between primes, Ann. of Math. 179 (2014), 1121-1174.
MR 3171761. Zbl 06302171. http://dx.doi.org/10.4007 /annals.2014.179.3.7.

(Received: January 3, 2014)
(Revised: March 11, 2014)

MAGDALEN COLLEGE, OXFORD, UNITED KINGDOM
E-mail: james.alexander.maynard@gmail.com


http://www.ams.org/mathscinet-getitem?mr=0276195
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0238.10030
http://www.ams.org/mathscinet-getitem?mr=0986796
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0671.10041
http://dx.doi.org/10.2307/1971450
http://www.ams.org/mathscinet-getitem?mr=2500871
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1213.11171
http://dx.doi.org/10.1112/plms/pdn046
http://www.ams.org/mathscinet-getitem?mr=2368279
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1118.11040
http://dx.doi.org/10.1112/plms/pdm021
http://www.ams.org/mathscinet-getitem?mr=2552109
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1207.11096
http://dx.doi.org/10.4007/annals.2009.170.819
http://dx.doi.org/10.4007/annals.2009.170.819
http://www.ams.org/mathscinet-getitem?mr=2271608
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1196.11123
http://dx.doi.org/10.7169/facm/1229442618
http://www.arxiv.org/abs/1402.0811
http://www.ams.org/mathscinet-getitem?mr=1295844
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0729.11001
http://www.ams.org/mathscinet-getitem?mr=3171761
http://www.zentralblatt-math.org/zmath/en/search/?q=an:06302171
http://dx.doi.org/10.4007/annals.2014.179.3.7
mailto:james.alexander.maynard@gmail.com

	1. Introduction
	2. An improved GPY sieve method
	3. Notation
	4. Outline of the proof
	5. Selberg sieve manipulations
	6. Smooth choice of y
	7. Choice of smooth weight for large k
	8. Choice of weight for small k
	9. Acknowledgements
	References

