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Random walks in Euclidean space

By PETER PAL VARJU

Abstract

Fix a probability measure on the space of isometries of Euclidean space
R%. Let Yy = 0,Y1,Y2,... € R? be a sequence of random points such that
Yi+1 is the image of Y; under a random isometry of the previously fixed
probability law, which is independent of Y;. We prove a Local Limit The-
orem for Y; under necessary nondegeneracy conditions. Moreover, under
more restrictive but still general conditions we give a quantitative estimate

which describes the behavior of the law of Y; on scales 6_Cl1/4 <r<IV2
1. Introduction
Let Xi, Xo,... be independent identically distributed random isometries

of Euclidean space R%. Let 29 € R? be any point, and consider the sequence
of points

Yo = 20,..., Y1 = X)(Xi1(... . (20))), .. -

We call this sequence the random walk started from the point xg, and Y] is its
lth step.

The purpose of this paper is to understand the distribution of Y;. This
problem can be traced back to Arnold and Krylov [2] who studied the mixing
of the random walk on the sphere where the steps are rotations. They asked
if their results extend to isometries of Euclidean or hyperbolic space.

Existing results in the literature can be divided into two classes. Some
papers describe the behavior of the measure on scale O(1), and others do it on
scale O(v/1). We begin by discussing the first category.

Kazdan [16] and Guivarc’h [15] proved a Ratio Limit Theorem for d = 2.
This result describes the local behavior of the distribution of Y. It states that
the conditional distribution of ¥; on a fixed compact set is asymptotically uni-
form, i.e., Lebesgue. More precisely, for any two smooth compactly supported
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functions f and g, we have

i EFQD] [ f(w)de
o Elg(Y)] [ g(x)dx

provided that the denominator on the right do not vanish. The law of X; of
course needs to satisfy some natural nondegeneracy conditions for which we
refer the reader to the original articles. The proofs rely on the fact that SO(2)
is commutative.

In the papers [3], [17], [20] the Local Limit Theorem is generalized to
higher dimension, however the arguments require some restrictive assumption
on the law of X1, e.g., absolute continuity, which implies that the group gener-
ated by the support of X; contains translations. In the absence of translations
new ideas are required to obtain the Local Limit Theorem in full generality,
which is the main goal of our paper.

Very recently, Conze and Guivarc’h [9] proved a Ratio Limit Theorem
under a certain assumption on the associated random walk on SO(d). This
assumption may hold in full generality, but so far it has been verified only
under special circumstances. (We elaborate on this assumption in Section 4
after Theorem A.) Their approach also does not rely on translations but differs
from the methods of this paper.

Tutubalin [23] proved a Central Limit Theorem for dimension d = 2 and
d = 3, which was later generalized to higher dimension by Gorostiza [12]
and Roynette [22]. The Central Limit Theorem describes the behavior of the
distribution of ¥; on scale O(v/1). More precisely, it claims that Y;/v/1 converges
weakly to a Gaussian distribution if Y7 has finite second moments. The Central
Limit Theorem was revisited by many authors; see, e.g., [14], [21], [18] and [1].
In these works the Central Limit Theorem was even generalized to cases when
the distribution Y7 has infinite second moment and the limit distribution is
not Gaussian.

To formulate our results we need to make some nondegeneracy condition
on the law of X;. We say that the law of X; is degenerate if there is a proper
closed subset A of R? and an isometry v € Isom(R?) such that Y] is almost
surely contained in 7/(A). We say that the law of X; is nondegenerate if it
is not degenerate. Before we state the main result of the paper, we state two
simpler results that can be deduced from our method. The following version
of the Central Limit Theorem follows from our work.

THEOREM 1 (Central Limit Theorem). Let X;,Y; and zo be as above.
Suppose that Y1 has finite second moments and the law of X; is nondegenerate.
Then there is a vector vy € R such that the distribution of (Y;—Ivg) /1 weakly
converges to a Gaussian distribution.
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The limit distribution of course depends on the distributions of X;. We do
not describe this dependence explicitly, but the mean and covariance matrix
could be computed from the proof. Here we only mention that the covariance
matrix is invariant under the rotation parts of the elements in the support of Xj.

This result is not new; it is covered by some of the references mentioned
earlier. We revisit Tutubalin’s argument in the greater generality considered in
this paper. (Tutubalin assumes that supp (X;) generates a dense subgroup of
Isom(R%). Moreover, he discusses the cases d = 2, 3 only, although he does not
seem to use this restriction in an essential way.) Our main purpose is to obtain
quantitative bounds that will be necessary for proving the error estimates in
Theorem 3 below.

THEOREM 2 (Local Limit Theorem). Let X;,Y; and xo be as above. Sup-
pose that Yy has finite moments of order d* 4+ 3d+1 and X; are nondegenerate.
Let f be any continuous and compactly supported function. Then there is
vo € R? and ¢ > 0 depending only on the distribution of X; such that
lim 192E[f (Y] — lvy)] = c/f(a:)dx.

l—00

We remark that vy is the same as in the previous theorem and ¢ can be
computed from the covariance matrix of the limit distribution. Moreover, it
turns out from the proof that vg is almost surely fixed by the rotation part of
X1, hence it is 0, if the rotation part of the support of X is sufficiently rich.

When vy = 0, the Local Limit Theorem can be interpreted as follows. The
probability that Y; belongs to a fixed compact set with smooth boundary is
asymptotic to c/=%2 times the Lebesgue measure of the set.

In the Local Limit Theorem, we need the finiteness of high order moments
for technical reasons. However, if the group generated by the support of X; is
dense in Isom(R?), then our arguments imply the Local Limit Theorem under
the assumption of finite second moment only. In fact, this is true under much
weaker assumptions on the group generated by supp (X;) (see Theorem 3).

Now we formulate the main result of the paper, which gives a quantitative
description of the distribution of Y; on multiple scales. However, we need a
more restrictive assumption, which we call (SSR). We postpone the definition
to the next section, where we explain the notation used through the paper. For
now, we only mention that (SSR) holds, for example, if supp (X;) generates
a dense subgroup of Isom(R%) and d > 3. In addition, we can improve the
error terms under stronger conditions, i.e., symmetricity or (E). These will be
defined in the next section as well.

THEOREM 3. Let X;,Y; and xg be as above. Suppose that the law of X; is
nondegenerate, satisfies (SSR) and Y; has finite moments of order « for some
a > 2. Furthermore, let f be a smooth function of compact support. Then
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there is a point yo € R%, a quadratic form A(x,z) and constants Ca and ¢ > 0
that depend only on the law of X; such that

(1) E[f(Y))] =Cal™ d/2/f (z=yo,2=10)/1 1,

d+m1n{1 a—2}

_d+2 Y
+O(~ + 2?1 ) A+ 0 | sz

In addition, if u is symmetric or satisfies (E), we have

Bl ()] = Cal [ f(x)e‘A(w—yva—yo)/ldx

d+m1n{2 a—

dtmin{2,a=2} _l/4
+0(” o laoP )+ Ol e
The implied constants depend only on the law of X;.

A few remarks are in order about the conclusion of this theorem. The
norm || |1 is the L'-norm, and || - || jy2.ca+1)2 is an L? Sobolev norm defined by

112y = / FORA + 6™ de.

(The exponent d 4 1 could be replaced by any number greater than d and the
theorem would still hold.)

The first term on the right-hand sides is the main term — it is the integral
of f with respect to a Gaussian measure centered at yg, and with covariance
matrix A/l; Ca is simply a normalizing factor. It will follow from the proof
that A is invariant under the rotation parts of elements of the support of p.

The other two terms are error terms. The first is responsible for the large
scale, and the second is for the small scale behavior of the random walk. To
illustrate this, fix a smooth compactly supported function F', and consider the
family f;(z) = r;*F(z/r;) associated to a sequence of scales r;. (That is, the
diameter of the support of f; is proportional to r;.) It is easily seen that as long
asr < ﬂ , the order of magnitude of the main term is {~%2, the first error term
is l_% while the second error term is e_Cll/4rl_d_1/ % This shows that
the theorem gives a good approximation in the scale range v/1 > r; > e—d M,

The factor 0(6_0l1/4) is probably not optimal. In fact, our proofs lead to
better estimates in some cases. This is discussed in detail in Section 4 after
Theorem A, after the necessary background is explained.
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2. Notation and outline

We identify the isometry group of the d-dimensional Euclidean space with
the semi-direct product Isom(R?) = R? x O(d). For v = (v,6) € R? x O(d)
and a point z € RY, we write

v(z) = v+ Oz,
and we define the product of two isometries by
(v1,01)(v2, 02) = (v1 + 0102, 0102).

If v is an isometry, we write v(y) for the translation component and 6(vy) for
the rotation component of v in the above semi-direct decomposition.

Let i be a probability measure on Isom(R?). Define the convolution p * p
in the usual way by

[ tedwsa) = [ auedadues)
Isom(R4) Isom(R4) JIsom(R%)

for f € C(Isom(R%)), and write

—_——
1—fold
for the I-fold convolution. With this notation, p*(®) is the distribution of the
product of [ independent random element of Isom(R?) of law x. We define the

measure i by the formula

/ F()dfi(y) = / FOrYdu(y)
Isom(R4) Isom(R4)

for f € C(Isom(R%)) and say that u is symmetric if i = p. The measure u
also acts on measures on R? in the following way: If v is a measure on R?, we
can define another measure p.v on R? by

| t@duta) = [ /Ide 2))dp(7)dv ()

for f € C(RY).
We write d,, for the Dirac delta measure concentrated at the point xo.
With this notation, the law of Y;, the lth step of the random walk, is u*(l).éxo.
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Write 0(u) for the projection of p on O(d); i.e., for f € C(O(d)),

FE)G@) = [ FOG)du().
O(d) Isom(R4)

Denote by G C Isom(R?) the closure of the group generated by supp (fi* ).
Fix any element ¢ € supp . Then it is clear that supp p C G-

We can replace p by 1/ = p**) for some fixed integer k > 1 without loss
of generality, since Y;4;, the [k + jth step of the original random walk, is the
Ith step of the modified random walk started from the random point Yj. If we
do so, then we replagc;q by the group G’ as defined as the closure of the group

generated by supp (u*(*) x u*(k)). It can be seen easily that G’ is the closure of
the group generated by

GUA Gy U Ung FHlaabt,

In Lemma 5 we will see that if we choose k sufficiently large, then 0(G’) is
normalized by 0(7§). To keep this section compact, we postpone the statement
and proof of Lemma 5, as well as Lemmata 4 and 6, which we will mention in
the next pages.

Denote by K C O(d) the closure of the group generated supp 6(* ). By
the previous paragraph, we can (and will throughout the paper) assume with-
out loss of generality that K is normalized by 6y := 6(y9). Denote by K° the
connected component of K. Denote by px the Haar measure on the group K.

Now we list the various conditions that we will stipulate on u in various
parts of the paper. Some of these were already mentioned in Theorem 3.

(C) (“Centered”) The barycenter of the image of the origin in R¢ under p
is the origin; i.e.,

/ +(0)du() = 0.

(E) (“Even”) The action of K on R%is “even”, i.e., for every v € R?, there
is 8, € K such that 6,v = —v.
(SSR) (“Semi-simple rotations”) K° is semi-simple, and there is no nonzero
point in R? that is fixed by K°.

We also recall the conditions we already defined for convenient reference.
We say that ju is nondegenerate if there is no proper closed subset A C R?
and an isometry v € Isom(R?) such that u*(l).dwo is almost surely contained
in v/(A).

It will be useful for us in many places in the paper to symmetrize u by
replacing it with i * p. Unfortunately, the measure we obtain this way might
be degenerate. Consider the following example in R?: Let v and 73 be two
rotations about two different centers through the same angle that is not a
rational multiple of 7. We leave it to the reader to verify that v; and
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generate a dense subgroup in the orientation preserving isometries and hence

—

the measure y = (d,, +0,,)/2 is nondegenerate. However, for any k, p*(*) ()
is supported on pure translations. Moreover, we can choose 41 and ~» to have
matrices with rational entries, and then the translations in the support of

—

1 (F) s (%) will all be rational. Hence they preserve the lattice (1/q)Z?, where

¢ is the common denominator. This shows that p**) x *(%) is degenerate.

For the above reason, we introduce a different notion that is easily seen
to descend to i * . We say that u is almost nondegenerate if for every point
x € R?, the set {y(z) : v € supp u} does not lie in a proper affine subspace.
As we will see in Lemma 6, if 4 is nondegenerate, then p**) is almost nonde-
generate for some integer £ > 1, but it may happen that u itself is not almost
nondegenerate. The implication in the other direction is often true, as well.
In particular, almost nondegeneracy is sufficient for most of the paper, except
for Section 8.2.

We say that p have finite moments of order o > 0 if

/ o ()] dp() < oo.

A few remarks are in order regarding the role of these conditions. Non-
degeneracy is clearly necessary for the Local Limit Theorem. However, we
cannot impose it always for reasons discussed above. On the other hand, almost
nondegeneracy is required throughout the paper. Condition (SSR) is needed
to control the behavior of 1*() on very small scales (up to e_Cl1/4). Under this
assumption we can utilize some powerful results about random walks on semi-
simple compact Lie groups. We assume (SSR) throughout Section 4 and some
other parts of the paper. Symmetry or (E) allow us to improve the error terms
in Theorem 3. They will be assumed in certain parts of Section 5 to show
that the cubic terms in certain Taylor expansions cancel with each other. We
assume throughout the paper that u has finite moments of order 2. In Section 5
we assume finite moments of order « for 2 < a < 4, and the quality of our error
terms depend on «. To be able to conclude the Local Limit Theorem without
using (SSR) we assume the finiteness of higher order moments in Section 8.2.
Finally, (C) is an assumption that does not restrict generality, as we will see
in Lemma 4. Therefore we assume it throughout the paper to simplify our
arguments.

Now we introduce some further notation and indicate the general strategy
of the proof of Theorem 3. Recall that the distribution of the random walk
started at the point xg after [-steps is the measure ,u*(l).éxo. As a consequence
of the definitions, we see that

,u*(H_l) Oy = ,u'(:u*(l) Ozp)-

Hence our main goal is to understand the operation v +— p.v.
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This is achieved by studying the Fourier transform, which is given by the
formula

p(e) = / (€, 2))dv(z),

where e(x) := e 2™ For the Fourier transform of y.v, we get

2) (1)) = [ ell€r@))dutr)dv()
= [ elt€ v + 00) @)t dv(z)
- / (€, 0())P(O(1) " E)du(r).

This formula shows that the action of p on the Fourier transform of v
can be disintegrated with respect to spheres centered at the origin. For every
r > 0, we define a unitary representation of the group Isom(Rd) on the space
L2(S971). Let

(3) pr(Me(&) = e(ri&, v(v))e((7)'¢)
for v € Isom(RY), ¢ € L?(S9!) and ¢ € S9~1. We also define the operator

(4) Sp(p) = / pr(Y)(@)dpu(7)-

For a function ¢ € C(RY) and r > 0, we denote by Res,¢ its restriction to the
sphere of radius . That is, Res, : C(R%) — C(S971) is an operator defined
by [Res,¢](§) = ¢(r€) for |£| = 1. With this notation, we can write (2) as

Res, (1.0)(§) = Sr(Res,v)(E).

Operators similar to S, were introduced by Kazdan [16] and Guivarc'h [15].
Guivarc’h proved in the d = 2 case, when K is Abelian, that ||S,.|| < 1 — cr?
for r < 1 and ||S;|| < 1 — ¢ for r > 1, where ¢ > 0 is a constant depending
only on u, while ¢, also depend on r. These estimates are sufficient for proving
a Ratio Limit Theorem and, as Breuillard [7] pointed out, combined with the
Central Limit Theorem, it is sufficient even for a Local Limit Theorem. We
are unable to prove such strong estimates, but we will prove in Section 4 a
weaker version: Proposition 7, which is still sufficient for our application. In
brief, we prove the estimate with constants ¢ and ¢, that (mildly) depend on
the oscillations of ¢. The proof is based on mixing properties of random walks
on semi-simple compact Lie groups (see Theorem A below).

Using the estimates given in Section 4, we can show that the Fourier trans-
form of the random walk after [ steps “lives in” the ball of radius [=1/2log!.
These estimates alone are sufficient for the Ratio Limit Theorem but not for
the Central or Local Limit Theorems. The frequency range r > [~/2logl is
responsible for the second error term in Theorem 3.
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We need a more precise understanding of the Fourier transform of z*() Oz
in the range r < [='/21logl. This frequency range contributes the main term
and the first error term in Theorem 3. In Section 5, we give Tutubalin’s [23]
argument for the Central Limit Theorem in the more general setting that we
consider and obtain error estimates. In brief, this argument is based on de-
composing L?(S%1) as the orthogonal sum of several subspaces and using the
Taylor expansion of the function e(z) showing that these subspaces are almost
invariant for S,.. We show that the contribution of only one of these subspaces
is significant and that on this subspace rotations act trivially. Hence the prob-
lem is reduced to the easy case of sums of independent random variables.

There is some interdependency between the arguments of Sections 4 and 5.
We explain this to demonstrate that our proof is not circular. The arguments
of Section 4 depend on the Central Limit Theorem, which in turn depends on
Section 5. However, Proposition 15 is sufficient for the Central Limit Theorem;
its refinement, Proposition 24, is not needed. Among the results of Section 4,
only Proposition 24 depends on the arguments of Section 4.

We will encounter L? spaces on various submanifolds of R%. We always
consider them with respect to the “natural” measure; i.e., which is invariant
under isometries. When the manifold is compact we normalize the measure to
be probability.

Throughout the paper the letters ¢,C' and various subscripted versions
refer to constants and parameters. The same symbol occurring in different
places need not have the same value unless the contrary is explicitly stated.
For convenience, we use lower case for constants that are best thought of to
be small and upper case for those that are best thought of to be large. In
addition, we occasionally use Landau’s O and o notation.

The organization of the rest of the paper that we have not explained yet is
as follows. In Section 6 we combine the estimates of Section 5 and 4 to conclude
Theorem 3. In Section 7 we derive Theorem 1 as a corollary of the results in
Section 5. Finally, in Section 8 we prove Theorem 2. When K is Abelian and
its action on R? has a trivial component, some additional difficulties arise that
prevent us from using the method of Guivarc’h [15]. To address these issues,
we use Taylor expansions in Section 8.2 motivated by Tutubalin’s paper. For
this argument, we need to assume the finiteness of high order moments.

3. Justifying the simplifying assumptions

We prove three technical lemmata in this section that we referred to in the
previous section. Their common feature is that they allow us to make certain
simplifying assumptions on the law p generating the random walk without loss
of generality.
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First we prove that there is a suitable choice of origin for the coordinate
system so that assumption (C) is satisfied. Then we prove that our assumption
that K is normalized by 6q is justified if we replace u by a convolution power
of itself. Finally we prove that the same replacement allows us to assume that
w1 is almost nondegenerate.

LEMMA 4. Assume that there is no point in R? except for the origin that
is fized by all elements of K. Then there is a unique point x € R% such that

/w(w)du(v) =z.

The conclusion implies that if we change our coordinate system, and set
x to be the origin, then (C) is satisfied.

Proof. Consider the map R — R%:

T(z) = /v(w)du(v) —/’Y(O)dﬂ(’Y) =/9(7)xdu(v).

It is clear that 7" is a linear transformation.

We show that = —T'(x) has trivial kernel. Suppose that x = T'(z) for some
r € RY. Since |0()z| = |z| for all 7, and T(z) is the average of these points,
we must have 0(vy)x = = for p-almost all 4. By our assumption, z = 0, and
hence the kernel of z — T'(x) is indeed trivial.

Therefore there is a unique point z such that © —T'(z) = [ +(0)du(y), and
this is exactly what we wanted to prove. ([

LEMMA 5. Let K < O(d) be a compact group, and let 6y € O(d). There
s a positive integer | such that 8y normalizes the group generated by

KU6y'KboU--- U6, VKoL

Proof. 1t is a well-known fact that if K is a compact Lie group, then there
is a chain of normal subgroups K° <t H < K such that H/K° is commutative
and [K : H] < Cy for a constant Cy depending on d. For a proof in the context
of algebraic groups that carries over to compact groups without any changes,
see [4, Th. J].

Write K for the closure of the group generated by

KU6'KfU--- U6, VKoL,

and write K} < K for its connected component.

Let lp > 1 be an integer such that K; = Kl% for I > lp. (The sequence K}
stabilizes since dim K} may grow at most finitely many times.) Denote by L
the closure of the union of the groups K;. Then K}’ < L since K is normal
in all K for [ > I.
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We show that LO/KZ‘ZJ is commutative. For any [ > [y and g,h € K;, we

have

[gC’d!’ th!] c ch;;
hence this property descends to L. Since all elements in a connected compact
Lie group are Cy! powers, we have [L°,L°] < K} ; thus L°/K} is indeed
commutative. Note that L and L° are both normalized by 6y, which is of
crucial importance for what follows.

Write H; = K; N L°. Then clearly K} < H; < K, [K; : Hj] < [L: L°] and
H;/K} is commutative for [ > ly. Let [; > Iy be such that [Kj, : H;,] = [L : L°],
and let g1, ..., gm be a system of representatives for H;, cosets in K, .

We show that exp(H;/Kj)) is constant for [ > [+ 1. The ezponent exp(G)
of a group G is the smallest integer n such that ¢" = 1 for all g € G. Since the
elements of H; approximate those of L°, this would imply that exp(L°/ Ky )
< oco. Then L° = K, as both of them are connected Lie groups. Thus
Hy = Kj, for all I > lp, and K; = {g1,...,gm} K, for I > l;. That is, the
sequence K stabilizes, which was to be proved.

Let I > I3 + 1. Then all elements of K;,1 are of the form

9= 117" GiaPi)vas
o
where h;, € H; and v, € {1,6y}. For each «, we can write
Yo (Gialia) Ve = Gjaltjava  PiaVas
where g;, is the appropriate coset representative and
hj, = gjjy;lgiaﬂya € Hj,+1 < H.

We bring all g;, to the left-hand side of the product and get that each
element of H;,q is of the form

h=T1[5"hss
5

where hg € Hyand v3 € {1,6p}-K;,. Thus all yglhgyﬁ are in L°; in particular,
they commute modulo K} . In addition, the degree of each hg - K}’ € Hl/Kl‘;
divides exp(H,/ K7}, ); hence so is the degree of h- K € H;11/Kj, . This implies
that exp(Hy1/K} ) = exp(H,;/Kj, ), which was to be proved. O

LEMMA 6. Suppose that p is nondegenerate. Then there is a positive
integer | such that p*\V) is almost nondegenerate.

Proof. By the nondegeneracy assumption, it follows that for each point
z € RY, there is I(z) such that the set {y(z) : v € supp p*®)} is not contained
in a proper affine subspace. Indeed, assume to the contrary that this fails,
and Iy and W are such that {y(z) : v € supp p*0)} spans W and W is of
largest possible dimension. Then v(z) is du*()(7)-almost surely contained in
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'y(l)flO(W), where vy € supp p is arbitrary. This contradicts the nondegeneracy
of u.

It is left to show that I(z) is bounded on R?. It is easy to see that
{z : l(x) < L} is a Zariski open set for every L € Z. As L — oo this is an
ascending chain that eventually covers R?. Therefore the claim follows from
the Noetherian property of Zariski open sets. O

4. Estimates for high frequencies

The goal of this section is to estimate the norm of the operator S, defined
in Section 2. We are not able to show that ||S;|| < 1, but we can give an
estimate for ||Sy¢||2 in terms of the following Lipschitz type norm of ¢:

[p(€) = (6(E))]

lellLipry = ll@lloo +  sup . ,
ip(K) o £e8d-1 ge K\ {1} dlSt(l,(g)

where dist(-,-) is a distance function on K that is induced by the invariant
Riemannian metric on K. Note that there is a constant C' depending on the
geometry of the embedding of K inside O(d) such that | —6(§)| < Cdist(1,0)
for every § and 6. Thus [|¢||Lipx) < Clle|lLip for any function, where || - [|Lip
is the ordinary Lipschitz norm on the sphere.

PROPOSITION 7. Suppose that p is almost nondegenerate, has finite mo-
ments of order 2 and satisfies (SSR). Then there is a constant ¢ > 0 depending
only on p such that the following hold. Let o € L*(S%1) with ||¢|l2 = 1. Then

<1—cmin{ r? ! .
©) 152 <1 ”m“{r Tog™((r + Dlplngr) + 2>}

This estimate allows us to control the Fourier transform of the random
walk in the frequency range AN s log .

Mixing properties of random walks on semi-simple compact Lie groups is
a crucial ingredient of our proof. We state the result that we use in the next
theorem. The proof is given in the paper [24, Cor. 7]. A quantitatively weaker
version, but essentially sufficient for our purpose, could be deduced from the
Solovay-Kitaev algorithm, at least in the case K = SU(d). The Solovay-Kitaev
algorithm was first described in an e-mail discussion list by Solovay in 1995.
Kitaev independently discovered it and published it in 1997 [19]. For a recent
exposition, see [10]. See also the paper of Dolgopyat [11, Ths. A.2 and A.3],
which provides similar estimates.

THEOREM A. Let K be a compact Lie group with semi-simple connected
component. Let p be a symmetric probability measure on K such that supp p
generates a dense subgroup in K. Then there is a constant ¢ > 0 depending
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only on p such that the following hold. Let ¢ € L*(K) be a function such that
lella =1 and [ pdmig =0. Then
<1

~1
(6) ’V“QﬂW@Q " 1082l 1 2)°

Recall that mg denotes the Haar measure on K.
As we mentioned in the introduction, Conze and Guivarc’h [9] proved the

C

Ratio Limit Theorem under a certain assumption. This assumption is that
K =S0(d), and 0(u) satisfies (6) with 1 — ¢ on the right independently of ¢.
We add that Bourgain and Gamburd [6], [5] proved (in the K = SU(d) case)
that if p satisfies some additional conditions (e.g., the support of u consists
of matrices with algebraic entries), then the stronger version of (6) needed by
Conze and Guivarc'h holds.

If one improves the estimate in Theorem A, then our argument presented
below provides better estimates in Proposition 7 and Theorem 3. In particular,
if one can replace the right-hand side of (6) with 1 — clog_A(HgoHLip +2), then
one can write 1 — cmin{r?, log_A_l((l + r)HapHLip(K) + 2)} on the right-hand
side of (5) and O(e*dl/(AH))HfHW instead of the second error term in (1). In
fact, Theorem A is proved with better bounds for most Lie groups — except
for those that project onto SO(3). For details, we refer to [24]. Moreover,
for certain generators (e.g., when they are given with algebraic entries), the
estimates are available even with A = 0, as we discussed above.

The rest of this section is devoted to the proof of Proposition 7. A simple
observation shows that it is enough to prove it for symmetric measures. Indeed,
we have

(7) 1Sr 0113 = (S, Sr) = (0, S7Srp) < 1IS7Srpll2,

and S)S, is the operator analogous to S, corresponding to the symmetric
measure i * f.
We check that the assumptions of Proposition 7 hold for pi* g if they hold

for . Since 1 € supp (6( * 1)), supp (7 * 1)) C supp (0((7 * p1)**)); hence
supp (0((fi* 11)*?))) generates a dense subgroup of K, so (SSR) holds for i .
We have

/Iv(%‘w)IZdﬁ(m)u(w) S/Iv('n)+v(72)!2d/7(71)u(72)

gz/me+wwm%MmmwgSw,

so [i % p also has finite second moments. Let v; € supp (&) be arbitrary. Then
for any point z € RY, the set

{y(z) v €supp (u*p)} D {n(v(x)): v €supp (1)}



256 PETER PAL VARJU

cannot be contained in a proper affine subspace. Thus g * p is also almost
nondegenerate. For the rest of the section, we write y for g+ p and S, for S¥.S,.
In addition, this argument shows that we can assume that S, is nonnegative.

By Lemma 4, we can change the origin in such a way that (C) holds for p.
Denote by u the new origin in the old coordinate system. Then the isometry
(v,0) becomes (v — u + Ou,d) in the new coordinates. Hence the operator S,
will be replaced by the operator

S10l6) = [ elr(vl) = ut 80w, €)p(00) " €)du)
= e(r{—u, &))S;(e(r(u,£))p(§))-
By setting ¢'(§) = e(r{u,§))p(§), we see that [|Sr¢|l2 = ||S.¢’||2. Note that

le(r(u, €)@ (E)lLipi) < C(r + Dllelloo + @llLipi)) < Cr + DlellLip),

where C' is a constant depending only on u. This shows that if Proposition 7
holds for S and ¢’, then it also holds for S, and ¢.

From now on, until the end of the section, we assume that u is symmetric,
almost nondegenerate, has finite second moments and satisfies (C) and (SSR).
Moreover, we assume that S, is selfadjoint and nonnegative. By the above
discussion, these assumptions are justified.

Until the end of the section, we fix r > 0 and a function ¢ € Lip(S¢~1)
and prove Proposition 7 for these. The strategy of the proof is the following.
We fix two integers

L= [Ci(r? +log’ (¢ luip) +2))], l2 = [Co(r™? +1og? (¢ llLip(x) +2))],

where C4, C5 are suitably chosen large constants depending on g but not on
@ or r. We will show that the set of isometries that almost fix ¢ in the p,
representation is of ,u*(l) measure at most 9/10 for [ = Iy or [ = l. This implies
Proposition 7 by a standard argument. More precisely, we prove the following
lemma.

LEMMA 8. Define the set

Ble) := {y € Isom(RY) : [|p,(7) — |2 < €}

If £ is sufficiently small depending on n, and Cy is sufficiently large depending
on € and u, and Cy is sufficiently large depending on Ci, € and u, then

(8) W (B(e)) < 9/10
holds for i =1 ori=2.

We show how to deduce Proposition 7 from Lemma 8.
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Proof of Proposition 7. Let l; be the one for which (8) holds, and assume
that [; is even for simplicity. Then we can write

I1S12(@)13 = (S7/%(¢), S/%()) = (S7 () )

- / (or (V) ) dp 1) () < % / (or (Ve + pr(7 D, @)1 ()
1

= 2 /Isom(Rd)\B(s)

< (1-¢%/2)/10 + 9/10.

(or(V)e + pr(v N, @) dp* 1) (7) + 1 (B(e))

To deduce the last inequality, we used the identity

(or(Me + pr(Y ), 0) =2 = |lpr(7) 0 — |3

We concluded that ||S£f/2(cp)|\2 < e~ ¢ for some ¢ > 0 depending on p. By
selfadjointness of S, we can deduce that ||S,(p)||2 < e2¢/%. We compare this
with the definition of /;, which finishes the proof. (|

The rest of the section is devoted to the proof of Lemma 8. We begin
with a simple lemma that shows that the length of the translation part of ~ is
proportional to v/I with p*(®) probability at least 9/10.

LEMMA 9.
/ fo(1)2dprO(y) =1 / [o(9)[2dp().

Proof. For | = 1, the statement is obvious; for [ larger the proof is by
induction:

1Pt 06) = [ tre)Pautrz)dn® o)
=/ (1) + 0(71)v(y2) | 2dp(ry2)dp* D (1)
- / 16 Yo(31) + () Pdpaly2)dur® ()

= // () + [o(2)* + 2(0(v Ho(n), v(32)) ) dua(y2)dp*® (1)

Integrating out 72, the third term in the last line vanishes by (C). This proves
the lemma by induction. O

For the rest of the section, we assume to the contrary that (8) fails, and
we proceed by various lemmata that show under the indirect hypothesis that
B(e') contains larger and larger families of isometries if ' becomes larger and
larger (but still small). We will reach contradiction when we show that we
can find translations of length comparable to ! in many directions. The
following simple property of the set B(e) will be used repeatedly.



258 PETER PAL VARJU

LEMMA 10. For any numbers €1,e2, we have B(e1)B(e2) C B(e1 + €2).
Proof. Let 1 € B(e1) and 2 € B(e2) be arbitrary. Then by the triangle
inequality, we have
@) ertmr2)e = ¢ll2 < ller(n2)e — pr()ell2 + llpr(v)e — ¢ll2-
Since p, is a unitary representation, the first term on the right is equal to
llor(72)e — ¢ll2 < €2. Thus (9) < &1 + 2, which proves the lemma. O
In the first lemma, we conclude that B(4¢) contains isometries with an

arbitrary prescribed rotation part and translation part proportional to v/1.

LEMMA 11. Suppose that (8) fails for i = 1 and some € > 0. Suppose
further that Cy is sufficiently large depending on u and €. Then there exist a
constant C' that depends only on u such that the following holds. There is a
set X C B(4¢) such that

0(X)=K and lv(y)| < CV1 for e X.

Proof. We deduce the lemma from Theorem A. Let B be the EHSDH};;( K)
neighborhood of the identity in K°. It follows from the definitions that

lpr(@)p — olloo < €

for every 6 € B. Thus we have B C B(e).
Take an approximate identity v on K, which has the following properties:

supp (v) € B [ wdmuc =1 and [iun < Clel RS
. (dim K)/2
Note that these imply that |||z < CHgoHLlp
depend only on K and . Now we apply Theorem A successively [y times
starting with the function (1 —)/||1 — ¢||2 and get

These constants again

<

1= v @) <5

provided C' is sufficiently large depending only on p and e. Recall that [; >
4 10g3(||<,0||Lip(K) +2). We note that taking the average of translates of 1) may
only decrease the Lipschitz norm.

Now let Y C B(e) be such that x*?)(Y) > 8/10, and

[(7)] < CVIi/2 for yeY.

For a sufficiently large C' depending on (the second moment of) p, this is
possible due to the assumption that (8) fails and Lemma 9. Denote by v the
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measure we obtain from G(M*(ll)) if we restrict it to the set Y, and normalize
it to get a probability measure. Then we have

H/‘Z)w—la)dV(@) <o+ Do

9 107 8
Thus
1
mic(OV)B) = muc (supp ([ 007 v(0))) > 5.
which proves the lemma with the choice X = YBYB. U

LEMMA 12. There are constants ¢, C > 0 that depend only on u such that
we have

w3 | (w(), u0)| > eV and [v(y)| < CVI) > 1/2
for any sufficiently large (depending only on ) integer I and any ug € ST

Proof. The lemma is an easy consequence of the Central Limit Theorem,
i.e., Theorem 1. O

We could, off course, replace 1/2 in the lemma with any number less
than 1. Now we can show that under our standing assumption that (8) fails,
B(5¢) contains a nontrivial translation.

LEMMA 13. Suppose that (8) fails with some 1/2 > ¢ > 0 for both i =1
and © = 2. Suppose further that C1 is sufficiently large so that Lemma 11 holds
and Cq is sufficiently large depending on p and C1. Then there are constants
¢,C > 0 depending only on p such that for any ug € S*1, there is an element
v1 € B(5e) with the following properties:

)| < CVa, (v(n)ouo) > el and 8(m) = L.

Proof. Denote by ¢y and Cy the constants from Lemma 12. Using that
lemma with [ = lo and the failure of (8) for i = 2, we find an element v2 € B(¢)
such that

[(v(72), u0)| > coVlz and  |v(y2)] < CoV/la.

On the other hand, applying to Lemma 11, we can find v3 € B(4¢) that
satisfies

0(v3) = 0(32)~" and  |v(vs)] < CoV/ia,

where C is the constant C' from that lemma.
We demand that lo/l; = Cy/C} is so large that

CO\/E > 206\/H

Then it is an easy calculation to verify that v; = ~9y3 has the claimed proper-
ties. U
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Recall the definition of Iy — in particular, that it implies v/Iy > /Cor~1.
The next lemma shows that we can find a translation v} with properties similar
to those of v; in the previous lemma, but which is shorter.

LEMMA 14. Under the same hypothesis as in Lemma 13, there is a con-
stant ¢ > 0 that depends only on u, and there is an element v € B(26¢) with
the following properties:

()l <r7H/2, (v(7)),u0) > er™t and  O(y}) =1.

Proof. Let v, € B(5¢) be an isometry with the properties stated in Lemma
13, and write v = v(y1). For simplicity, we assume that (v,ug) > 0; the other
case is similar. By the assumption (SSR), we have

/<9v,u0>deo(0) =0.

Thus, there is #; € K°, such that (01v,up) < 0.

There is a curve © : [0,1] — K° such that ©(0) = 1 and ©(1) = 61, and
the length of the curve [0,1] — O(t)v is less than C|v|, where C' depends only
on the embedding of K° to O(d) and hence on p. Then there is a sequence of
rotations

oo=1,01,09,...,0n =01 € K°
with N < 2Cr|v| + 1 such that for any 1 <i < N,
loiv — oo <1712
By the triangle inequality, there is an index 1 <+¢ < N such that
(oi—1v — oyv,up) > (v,up)/N > er 1,

with a suitably small constant ¢ > 0. (¢ depends on C' and the constants
appearing in the previous lemma.)

Now let g; € B(4e) be such that 6(g;) = oy; such elements can be found
by virtue of Lemma 11. The proof is finished by an easy verification of the
stated properties for the element

N = GimIMG 19 g -

Proof of Lemma 8. We assume to the contrary that (8) fails for both ¢ = 1
and ¢ = 2. Let ¢ > 0 be the constant from Lemma 14. Clearly, there is a point
ug € S9! such that

(10) / e > ¢,
|€—uo|<c/2

with a constant ¢ > 0 that depends only on ¢ and d.
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By Lemma 14, there is an element 7} € B(26¢) such that 6(7}) = 1 and
v = v(y)) satisfies [v/| < r71/2, and [(v/,ug)| > er~!. This leads to the
inequality

le = pr(m)ellz = / (1= e(r{g,v)p(&)PdE < (26¢)*.

gd—1
If |€ — up| < ¢/2, then ¢/2 < |r(&,v")| < 1/2. This and (10) give
11— e(c/2)]2¢ < (26¢)?,

which is a contradiction if we choose ¢ to be sufficiently small. Since ¢ and ¢/
depend only on p, it follows that € depends only on p. We chose C depending
on p and € in Lemma 11 and C5 depending on C; and p in Lemma 13. Thus
all these parameters depend only on pu. U

5. Estimates for low frequencies

We recall some of our notation: g is a fixed probability measure on
Isom(RY), K is the closure of the rotation group generated by supp 0(fi * p),
and we assume that supp@(u) C 0pK, where 6y € O(d) is a rotation that
normalizes K.

Fix a point zg € R¢, the starting point of the random walk, and fix a real
number r > 0. Define

Yo(§) = e(r(zo, &) = Resr(dg,)(§)

for ¢ € S9! which is the Fourier transform of the measure d,, restricted to the
sphere of radius . Our objective in this section is to estimate Sﬁwo = Res, (7).
The estimate will be useful in the range r < =2 1ogl, i.e., when the frequency
is sufficiently small.

The next proposition shows that Sl is approximated by the Fourier
transform of a Gaussian distribution with covariance matrix A that depends
on fi.

PROPOSITION 15. Assume that u is almost nondegenerate, has finite mo-
ments of order o for some o > 2 and satisfies (C). There is a constant C and
a symmetric positive definite quadratic form A(€,€) on R invariant under the
action of K and 0y such that the following holds:

(11) St — e 132 < COrmET g ).
Moreover, if u is symmetric or satisfies (E), then we have the better bound:
(12) IS0 — R g < Crmt2OT2 4 (g 22).

C and A depend only on . When o = 2, we can replace the right-hand sides
of (11) and (12) by o(1) + C(|zo|?*r?) as r — 0.
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The role of the last sentence is simply that we can conclude the Central
Limit Theorem even in the case @ = 2.

The rest of this section is devoted to the proof of this proposition. We will
give a slight improvement in Section 5.4 for the range r > {~/2. However, this
improvement requires the assumption (SSR), and it is based on the results of
Section 4.

Throughout this section we make the following assumptions. We assume
that r is small, i.e. » < emin{1, |xo|~'}, where c is a suitable small constant.
For r larger, the statement of the proposition is vacuous. We assume that p is
almost nondegenerate, has finite moments of order o > 2 and satisfies (C). In
addition, at certain parts we assume that p is symmetric or satisfies (E), but
we always mention these explicitly.

The argument is based on Tutubalin’s paper [23]. The most significant
difference is that we consider the following, more general, decomposition of
the space H := L2(S%"!). This is due to the fact that we do not assume
K =S0(d).

Let Hg be the subspace of functions ¢ € H that are fixed by the action
of K; ie., p(0f) = ¢(&) for every § € K. For later reference we note that if
© € H, then the orthogonal projection of ¢ to Hg is obtained by the formula

(13) / o(08)dmc (0).

Denote by P C H the space of functions that are restrictions of degree k
polynomials to S41. We define the spaces Hy, k > 1 recursively. Once Hj, is
defined, let Hy41 be the orthogonal complement of Hj in the space

span {y¢ : 1 € Pry1, ¢ € Hol,

where span {-} denotes the smallest closed subspace that contains the functions
inside the brackets. Since P C Ho @ - - - ® Hy, we indeed have

H=HoDH1D---.

Let Hoo = H4DH5®D- - -. Finally, let P; : H — H,; be the orthogonal projection
operator for each i € {0,1,...,00}.

In the special case K = SO(d), Hj is the familiar space of spherical
harmonics of degree k that was considered in Tutubalin’s paper.

Taking r = 0, it is easy to see that the above subspaces are invariant
for Sp. Below, we will show that they are “almost invariant” for small r;
more precisely, we will bound the norm of P;S,P; by a polynomial of r for
i # j. Additionally, we will see that the norm of P;S,.P; for all 1 < i < oo is
strictly less than 1. However, the dependence on ¢ would require a more careful
analysis. Fortunately, we do not need to do this here, since as we will see, the
contribution of the spaces H;, ¢ > 4 is negligible compared to other error terms.
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(This is why we introduced the notation for the space Hoo.) These estimates,
which are simply based on Taylor expansion, will be given in Section 5.1.

To simplify notation, we write ¢y = (PyS,Py)hy for I > 1. We will
use the almost invariance of S, mentioned in the previous paragraph to show
that 1, is a good approximation to Slty. This is done in two steps. We
set P = Py+ P + P> + P3, and we consider another sequence, defined by
P = (PS,P)pg for I > 0. The next two lemmata, which will be proved in
Section 5.2, claim that ¢; approximates S£¢0 and 1; approximates ;.

LEMMA 16. There is a constant C' > 0 such that the following holds:
17 = Sitbollz < CE™MOT22) 4 (|ao|r)).
When o = 2, we can replace the right-hand side by o(1) + C(|zo|r)* as 7 — 0.

LEMMA 17. There are constants C,c > 0 depending only on u such that
the following holds for I > Clog(r—t|zo| + 2):

1 = 9l < Cem!
If 1 is symmetric, then
[ = ill2 < Cem 2.
If u satisfies (E) (but not necessarily symmetric), then
[ = wfll < Cem e (™Mb 4 Jag|r?).

In light of these lemmata, it remains to understand the operator FyS, Fp.
This is essentially a multiplication operator as the next formula shows. For
¢ € Ho,

(14) RS Poglé // r (o€, 0()))(0(y) " o€)du(y)dmic (o)
901@

where

(15) () = // e(r (o€, v()))da(y)dmi (o).

Recall that supp 8(p) C oK and 6y normalizes K.
Based on this formula and the Taylor expansion of the function F', we will
prove the following lemma in Section 5.3.

LEMMA 18. There are constants C,c > 0 and a quadratic form A on R¢
depending only on p such that

qubl _ e—lr2A|’2 < Ce—clrz(rmin{l,a—Z} + ‘1'0’27“2)-

A is invariant under K and 0y. When o = 2, we can replace the right-hand
side by o(1) + C(|zo|?r?) as r — 0.
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If u is symmetric or satisfies (E), then we have the better estimate
le o eiszAHQ < Cefclr2 (rmin{Q,afZ} + ‘1,0’27,2)'
Proposition 15 immediately follows from Lemmata 16-18.

5.1. Taylor expansion and approximate invariance. We give some esti-
mates for the norm of the operators P; S, P; in this section. These will be de-
duced from the following lemma, which is based on the Taylor series expansion
of the function e(r(£,v(v))), which is the multiplier in the representation p;..

LEMMA 19. There is an absolute constant C > 0 such that for any ¢ € H
with |¢ll2 = 1 and v € Isom(R%) with 0(v) € 60K, we have

(16) | Pipr (V) Pip — po(7) Pipll2 < Crlv(v)],
(17) |2 (7) Pispll2 < min{1, C(rfu(v)))l 1}

Proof. For the proof, we can assume that ¢ € H;; that is, P, = p. By
Taylor’s theorem,

(18)  pr()p(§)

e(r (&, v(7)))(0(7) 7€)
M-1

= | D Car™E o)™ + O M ()M ] @(8(7) 7€),
m=0

where Cy = 1, and (), and the implied constant are absolute.
To deduce (16), take M =1 in (18), apply P; to both sides and subtract

po(7)2(€) = 9(0(7) 7€) = Pil(0(7)1€)).
To deduce (17) when j > i, take M = j — i. Write

j—i—1

9€) = Y Cnr™(Ev(y)™ € Pji1.
m=0

Since ¢ € H;, we have
o =p11+ -+ pr,
with some p1,...,pr € P; and ¥1,...,% € Hg. Then

j—i—1

3 Crr™ (€, (7)) p(0(7) 7 1E)
m=0

= q(©)[p1(0() ' OW1(0518) + -+ + pe(B(7) T E)vr (05 9],

where q(&)pn(0(y)~1¢) € Pj_1 for any 1 < n < k. Thus after applying P,
these terms vanish in (18). Then we get

Pipr()p = O o)) (0(7) '),
which proves (17) when j > .



RANDOM WALKS IN EUCLIDEAN SPACE 265

Now let j < 4, and let ¢ € H; with ||| = 1 be such that

1Pipr(7)ell2 = {pr (M), ) = (0, pr(Y")¥) < | Pipr(vH]l2-

1

Then the claim follows from (17) applied for ¢ and v+ and the role of 7 and

7 reversed. ([l

LEMMA 20. There are constants ¢ < 1 and C depending only on p such
that the following hold:

|PS Pl <c¢ for r<c¢ and 1<i<3,

|P;S, P;|| < Cpmindli=ila},

When |i — j| > a, we can replace the second estimate by o(r™{li=ilaty,

Proof. To prove the first inequality, we integrate (16) with respect to
dp(v):

(19)  |P.SPip— SoPioll2 = H / Pipr(1)Pip — pol) Pepdu()

2

<cr [ pelduty.

This inequality shows that it is enough to estimate the norm of Sy on
Hi ® Ha ® Hsz. Denote by P’ the orthogonal complement of Hg NP3 in Ps.
For each ¢ € P/, ||S5So¢ll2 < |l¢ll2; because otherwise ¢ would be invariant
under K; i.e., we would have ¢ € Hy. Since P’ is finite dimensional, there is a
constant ¢ < 1 such that ||S§Sop|l2 < c|l¢ll2 for ¢ € P'.

Let ¢1, ..., @ be an orthonormal basis of P’ consisting of eigenfunctions
of S5So. Observe that the spaces ¢; - Ho are eigenspaces of S;Sy with the
same eigenvalues as ;. Note that any ¢ € H; @ Ho ® Hs is of the form
p11 + -+ + prby with p; € P and v¢; € Hy. Hence the eigenspaces ¢; - Ho
span Hi @ Ho @ Hs. Then we are able to conclude that

|PSoP;||* < ||PiS5SoP;|| < ¢

for i« = 1,2,3. This combined with (19) proves the first claim provided r is
sufficiently small.
For the second claim, we integrate (17):

1P,S, P < / min{1, C(rlo(1)))~ }du(r).

If |i — j| < o, we can simply write

|28, By < Crli / ()9 dp (),
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and the claim follows from the moment condition on p. If |i — j| > «a, we write

175 S Fil| < CTO‘/IU(’Y)IQ min{(r|v(y)]) %, (rlo(y) )7 Ydu(y).
Observe that
min{(r[o()))~%, (rlo(y))F 17} <1

and that it tends to 0 for all v as » — 0. Now the claim follows by the
dominated convergence theorem. ([

The bound on P, 5, Py in Lemma 20 is not optimal. Indeed, it is easy to see
that the linear terms in the Taylor expansions cancel thanks to condition (C).

LEMMA 21. There is a constant C such that
|1 P1S, Po|| < Cr?.
If 1 also satisfies (E), then we get the better bound
| P1S, Po|| < Cpmin{3el,

Proof. Take ¢ € Hp, and as in the proof of Lemma 19, write the Taylor
expansion

pr(Me(€) = [1+ Crr(€v(7)) + Cor?(€,0(7))* + Ol (n) )] (05 1)

Similarly to the proof of Lemma 20, we integrate this inequality. To get
the first claim, we only need to note that

[teodnt) = (¢, [ odut)) =0

because of assumption (C).
Assumption (E) implies that Ho consists of even functions, and hence H;
contains only odd ones. Since

/ (&0 2du() - o(05€)

is an even function of &, it is in the kernel of P;. This establishes the second
claim. ]

We also need a norm estimate for PyS,Fy. As we remarked in (14), this
operator is essentially a multiplication operator by the function F' defined in
(15). Hence what we need to understand is the behavior of F' near the origin.

LEMMA 22. There is a constant C such that

IF(€) — (1 —r2A(g,6))| < Ormin{3al)
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where A(§,€) is a positive definite quadratic form depending on . If o < 3,
then the above bound can be improved to o(r®). Furthermore, if p is symmetric
or satisfies (E), then we have the improved bound

IF(€) — (1 —r2A(g,6))| < Opmintdel,

As an immediate corollary, we get that ||PyS,Py|| < 1 — cr? for some
constant ¢ > 0.

Proof. We expand (15), the definition of F', in Taylor series the same way
as we did in the previous lemmata:

(200 F(e) = // 1+ Cyr(o€, v(7)) — Cor (o€, u(y))?

+ C’37"3<0£, 'U(")/)>3de(0')dlu(,y) + O(rmin{a,4})’

where Cq,Cy, (3 are absolute constants, Cy > 0, and the implied constant is
depends only on u.
First we note that as in the proof of Lemma 21, (C) implies that

/ (o€, 0(1))du(7) = 0

for all o and £. Hence the linear term vanishes in the Taylor expansion (20).
Second, the quadratic term in (20),

N // Cor? (o€, v(7))2dmic (o) du(),

is clearly a K invariant positive semi-definite quadratic form. We only need to
show that it is strictly positive definite. Denote by V' the maximal subspace
of R% on which A(&,€) vanishes. By the definition of A, all v(v) is orthogonal
to V, which would contradict almost nondegeneracy if V' # {0}.

If « > 3 and (E) is satisfied, then for all £, there is o € K such that
0¢§ = —§. Then

2/<0§,v(7)>3dm1{(0) = /(0«5,@(7»3 +(00¢€, v(v)) dmg (o) = 0;

hence the cubic term in (20) vanishes.
Finally, if p is symmetric and « > 3, then we also have

2 // (o€, v(7) *dmic (o) du()
_ // (& 0v())? + (€. 08(y (")) dm (0)dp(y) = 0.

The first equality follows since p is symmetric and myg is invariant under
multiplication by §(7) from the left. The second one follows from 8(y)v(y~!) =
—v(7y). The claim now follows from (20). O
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5.2. Approximating S, by PyS,FPy. The purpose of this section is to prove
Lemmata 16 and 17. For both of them, we need the next lemma, which provides
some estimates for the projections of 1] to the spaces ;.

LEMMA 23. There are constants ¢ and C' such that the following hold:
(21) 1Pz < C(r? + e~ aolr),
(22) 1Pilla < @ thed 4 e i)

forie {2,3} and 1> 0.
For 1 > Clog(r~!|xo| + 2), we have

% | Poilla < Cemer™",
(34 P12 < C’r%‘”zl,
(25) ||P”1Z)l,||2 < C’I“min{i’a}e_m"QZ

fori € {2,3}. Moreover, if i satisfies (E), then we can replace r? by r™n{3.a}

in (21) and (24).

The following proof is very technical, although the idea behind it is very
simple. The argument is based on induction on [, the norm estimates of the
previous section and triangle inequality.

We first give a brief sketch, which explains why the induction works. For
simplicity, take zg = 0 and suppose that the lemma holds for some

log(r o] +2) <1 <72

(For simplicity, we consider only this range in this informal discussion.) We
can write

3
Pappyy = > PSPy
=0

We use the induction hypothesis and the lemmata of the previous section to
bound the terms.
What we need for the argument to work are essentially the inequalities

(26) (1~ I1BS-BINX > Y I1PS Pyl Pyl
J#i

where X is the bound for || Pj¢)j||2 claimed in (23)-(25). Notice that if we plug
in the estimates that we obtained in the previous section, then all terms on the
right-hand side are of the same or smaller order of magnitude than the left-hand
side for any i and j. For example, take i = 2: Then (1— || P2S,P;||)X; > Cr? by
Lemma 20. For the terms on the right, we have || P,S,. P;| || P2 < Cr?=ilX;
by Lemma 20 again. We see that || P25, Pyl|||Po)]|2 < Cr? and all the other
terms are of lower order.
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In the following diagram we draw a directed edge from vertex j to ¢ if the
corresponding term on the right of (26) is of the same order as the left-hand
side:

(The dotted edge is present when (E) is assumed.) Since it does not have a
directed cycle, we can set the constants in (23)—(25) following the edges of the
diagram such that the induction will work.

Proof of Lemma 23. We do not give a separate proof for the last state-
ment, but it will be clear that using the improved estimates in Lemma 21
available under (E), we get the better error terms. Let 5y and By be constants
whose existence is guaranteed by Lemmata 20-22 such that

(27) | PoS, Pyl| < e,

(28) |BS,.Pi|| <e P forie{1,2 3},
(29) 1S, Py || < Bormintenli=ilt,

(30) |PLS, Pyl < Bor?.

The proof is by induction, and we begin with (21) and (22). We suppose
that |zg| > 1. In the opposite case the argument is identical; we only need to
replace |zo|? and |zo|® everywhere by |zo|. We show that

| Pyapy]e < CL(r% + e P12 z0|r),
1P}l < Cy(rmintiad 4 e=Bol/2| i)

for i € {2,3} and [ > 0, where C; > 1 are suitable constants to be specified
later. For [ = 0, the claim is verified easily by the Taylor expansion of .
Suppose that the claim holds for I; we prove it for [ + 1. To estimate

3
(31) [Pitisalle < Y I1BS-Byll - [Pl
=0

we use the induction hypothesis for || Pji;||2 and the norm estimates (27)-(30).
For i = 1, we write

IPiy)ll2 < Bor® + e 01 (r? + e P12 |zr)
+ Bong(r2 + eiﬁol/2\x0]2r2) + Borng(rmin{?”a} + eiﬁol/2|x0|3r3)
< ([Bo(1 +1Cy + r*Cs) + e P CyJe/2) - (12 4 e PUTD2 3 |).
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To obtain the last line, we use inequalities of type
(r2 + e P2z T ) < ePo/2(p2 4 Aol 2) 17

and also 7|zp| < 1 that we can suppose without loss of generality, as we men-
tioned at the beginning of Section 5. For i = 2,

HP21/};+1H2 < Bo’r’2 + Bor(Ch (7’2 + 67&)1/2‘1'0’7’),
+ e Py (r? + P2 |20 2r2) 4 BorCs(rmin{Bet 4 e=Pol/2|301313)
< ([Bo(l + C1 +1rC3) + 6_5002]650/2> - (r? 4 e PN 2 202y,

We derive the last line the same way as before, but we also use the in-
equality |xg| > 1. For i = 3,

1Pst1s1]l2 < Bor™™ ) 4 Bor®Cy (12 + e %! o)
+ BorCo(r? + e Pol/2|50|212) 4 e P0/20g (pminddat o o=B0l/2)401343)
< ([Bo(1+ C1 + Cp) + e PoCglefo/2) . (pmin{ded 4 o=Fo(H)/2| g 318)
Now the claim is satisfied if we take
Ct = 260/2 By /(1 — e 0P2)
Cy = 2eM2By(1 4 1) /(1 — e=H/?),
Cs = eP/2By(1+ Cy + Cy) /(1 — e /2
and 7 is so small that rCy + 2C3 < 1 and rC5 < 1.
The proof of (23)—(25) is very similar. We begin by choosing /o such that

e~ Polo/2|zo|r < 12, but Iy < 285" log(|zo|/r) + 1. We show by induction that
for [ > Iy the following holds:

_ 2
| Poyll2 < Cpe Borl/2.
Hle;HZ < Cir2e—ﬁorzl/2’
1Pl|la < Clpmintiate—Bor®l/2

for i € {2,3} and | > 0, where C} = ¢%0r*l0/2 and for i > 0, C! > C;ePor’lo/2
are suitable constants to be specified later. We note that

Bolo/2 < log(|xzo|/r) +1 < log(r_Q) +1<r?

since |zo|r < 1. Hence ePr*l0/2 < ¢ 50 the above bounds on the constants C!
are independent of zg and r.

From the first part of the proof it follows that the claim holds for [ = .
Now we suppose that it holds for a particular [ > [y and prove it for [ + 1. As
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above, we use (31) along with the induction hypothesis and (27)—(30). We get
IPotll < e Chem b2 4 BopCg2e=ior2
+ 307'2057“267’3072[/2 + Bormin{f&,a}cérmin{&a}efﬁor2l/2

< ([066_507"2 + Bo(r3C] + riCh + rmiﬂ{&?a}cé)]eﬂor?ﬂ) e Por?(+1)/2,

| Prfallz < Bor®Ghe P12 e Pogremfort/2
+ BOrC§r2e*,30T2l/2 + BoT,QC:/J'Tmin{E;,a}ef,BOrQZ/Z
< ([ePC] + Bo(Ch+rC + rmin{‘?”a}Cé)]eBOr?/Q) g2 Por?HD)/2,

||P2w2+1“2 < Bor20(l)e—ﬁor2l/2 +30T017‘2€_60T21/2
+ 6750057“2675“2[/2 + B()?”C':{;?”mm{3’a}ffﬁom/2
< ([e7hCh + Bo(Ch + rCf + rmnt2a=1l ogy]efor®/2) . p2e=for®(41)/2,

[Pyl < Bor™ 33 G2 1. Bor? O eort2
+ Bm“Cérze_ﬁom/z +e Mo C’érmin{g”a}6_507"2[/2
< ([e70C% + Bo(Ch + rC4 + Ch)leor™/?) . pmin{3ate=fr®(1+1)/2,
Now choose the constants in such a way that

2C630650T2/2 QC(/)BOeﬁng/Q

/ !
C12 (1-— e—ﬂo+ﬁor2/2)’ Cy = (1— 6—50-1—507"2/2)’
1 > 2Bo(Ch+ Cher)?
3= (1 — e—Pothor?/2)
and observe that the claim holds for [ + 1 if 7 is sufficiently small. O

Proof of Lemma 16. By the triangle inequality, we have
-1
7 = Sppollz < D 18751 (S, — PS,P)(PS-P) 2
k=0

-1

<> I(Sr — PSPy |2
k=0

To estimate the terms, we write

3
Sy Poctly, + Y _ (S Pj — PS, P;) Py,
j=0

(32)  [(Sy = PSPz =

2

3
< [Poctflellz + D 1P Sr Byl - | Pyt o
§=0
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Recall that P, is the projection to the complement of Ho @ --- & Hs. Note
that Pstp), = 0 for k > 1 since ¢, € Ho @ -+ - & Hs.

We use Lemmata 23 and 20. For 1 < k < C'log(r~t|xo| + 2), we have
(33) I(Sy = PS,P)dilla < Cr™™ o) 4 [P rte ),
while for k = 0, we have to add || Pst}|l2 < Clzo|*r? to the above estimate.
For k > Clog(r~!|zo| + 2), we have
(34) (S, — PS, P)g} ||z < Croin{date=erh,

Summing for k, we get the statement of the lemma.

When o = 2, the constants in Lemma 20 are arbitrarily small as r — 0.
If we plug these in (32), we see that the constants in (33) and (34) are also
arbitrarily small. O

Proof of Lemma 17. By the triangle inequality,

[ — ¥]ll2 = [|(PoSrPo)'bo — (P Sy P)abol|2
-1
<> (RS, Ro)' (P S, Py — PS, P)(PS, P)Fao 2
k=0
-2
< PSPl [(PoSePo — PoSy P)l2
k=0

+ [(PoSy Py — PS P)dy_y 2.
As in the previous proof, we write
3
1(PoS:Po — PoSy P)tgllz < > 1 PoSe Byl - | Pyl
j=1

Again, we use Lemmata 23, 20, 21 and the estimate || PyS, Py < 1—cr?, which
follows from Lemma 22. For k < log(r~!|zo| + 2), we can write

1Py, Poll' %=1+ [[(PoSyPo — PoSy P)tipll2 < Ce™(|aglr2e™F + %),
while for k > log(r—!|zo| + 2), we get
1PoS, Pol| =571 [[(PoSy Po — PoSy P)dill2 < Crdemer (=D
and
1(PoS»Po — PSyP)Yi_1ll2 < |(PoSyPo — PoSy P)Y_1ll2
4 [(PyS, P — PS, PY)_1|la < Crde=<*(=1) 4 op2e=er®(=1),

Summing up for k, we get the first statement of the lemma.
If i is symmetric, then S, is selfadjoint; hence

1PoS, Pyl = |PLS Po| < Cr2.
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Using this instead of Lemma 20, we get
PyS, Py I=h=1. PyS, Py — PSP 1// 9 < 6'7,46707"2(1—1)7
k

and the better estimate follows after summation.
If u satisfies (E) instead, then the better estimate in Lemma 23 gives

||P()STP0||Z_k_1 . H(PUST‘PO _ POSTP)w2;||2 < Cr,rmin{4,a+1}e—cr2(l—1). H

5.3. Proof of Lemma 18. Again, we only show the first inequality in the
lemma; the second follows along the same lines by applying the improved
estimate in Lemma 22.

Using the Taylor series expansion of ¢y together with (C) and finite second
moments, we see that

(35) ¥o(§) = 1+ O(lwol*r?),

where the implied constant only depends on p. Furthermore, we have by (14)
that

-1

11 F(Go_jﬁ)} Yo (05€)

J=0

(36) i) =

where F' is given by (15).
Let A be the quadratic form appearing in Lemma 22. Define Ag to be its
symmetrization by the group generated by 6yp; i.e.,

n—1

Dol€,€) = Tim © 3" A(B5E,057).
=0

In light of (35) and (36) it is enough to show that
-1

(37) [] F(657€) — e7r*20(6)| < gemelr?pmin{1a—2}
5=0
for all €.
The rest of the proof is devoted to this inequality. By Lemma 22, we have
=1 -1
(38) Z log F(@ajﬁ) = —p2 Z A(@ajg’ 96]5) + O(lT‘mm{B’a}),
Jj=0 §j=0

Denote by W the space of quadratic forms on R?, and denote by ©¢ € End(W)
the linear transformation induced by 6y. It is easily seen that ©g is diagonal-
izable and all its eigenvalues are on the unit circle of C. Denote by Wy the
1-eigenspace of ©y. Hence Ag is the projection of A to Wy. Then on the
orthogonal complement of Wy, we have

-1 -1

> 6p' = i
0 9—1 _ 1
j=0 0



274 PETER PAL VARJU
Thus it follows that

-1 -1
> A076,007€) = 3007 A€,) = 1A0(&,€) + O(1),
§=0 §=0
The implied constant depends on the distance of the nontrivial eigenvalues of
@0 to 1.
If we combine our inequalities, we get
-1
S log F(0,7€) = —1r?Ag(€,€) + O(r? + lrmin{3ed),
§=0

This immediately implies that there is a constant ¢ > 0 such that
-1 ' ,
[IF(657¢) < e
j=0
If we use the inequality |e? — eB| < (A — B) max{e?, eP}, then we get
-1
(39) [] F(657€) — e 20 &8| < Cemelr? (2 4 gpmin{3aty,
j=0
To obtain (37) and hence the lemma, we only need to note that

2 2 2
e—clr 1< 2. e—clr /27,—2‘

c

If @ = 2, the term O(lr™™{32}) in (38) can be improved to o(ir?) by
Lemma 22. Hence the right-hand side of (39) can be improved to o(1) as
claimed.

5.4. Some improvements using (SSR). The purpose of this section is to
give the following slight improvement of the bounds in Proposition 15. The
proof depends on the results of Section 4, so it is important to note that
Proposition 15 itself is enough for the arguments of Section 4. In fact, we can
even get Theorem 3 without the results of this section at the modest expense
of multiplying the first error term by log!.

PROPOSITION 24. Assume that u is almost nondegenerate, has finite mo-
ments of order a > 2 and satisfies (C) and (SSR). Then there are constants
C, ¢ and a symmetric positive definite quadratic form A(E,€) on R? invariant
under the action of K and 0g such that the following holds:

(40) HS7Z"¢O _ €7r21AH2 < C(rmin{l,an} + |IE0‘27’2) ) (e,drz n TlOd)

forr <1713, The constants C, ¢ and the form A depend only on . Moreover,
if 1 is symmetric or satisfies (E), then we have the better bound:

Hsquo - 67T2IA”2 < C(Tmin{Q,afZ} + ’1‘0|2T2) . (efclr2 + TlOd).
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The quantities [~Y/3 and 104 appearing in the proposition could be re-
placed by other powers of [ and r. Notice that the estimate differs only by the
factor (e‘dr2 + r104) compared to Proposition 15. We indicate how to modify
the argument in the previous sections to obtain this improvement. We only
need to sharpen Lemma 16 by the same factor.

First we note that Proposition 24 gives an improvement only if { > 72,
and we recall that [ < 773 is assumed in the proposition. Hence, we only
consider the range r—2 < [ < r73.

Similarly to the proof of Lemma 16, we write

-1
Sk — (PS,PYaiolls < 3 [1SE971(S, = PS,PYY o
§=0
To obtain the improvement of Lemma 16, we need to show the following im-
proved estimates for the terms in the above sum:

(41) ||ISL77N(S, — PS, P)|l2 < C(rmintdel g0 2r2e=¢) . (e7Cr* 4 p20d),

We have already seen that
1Sy — PS, P)i||2 < C(rmim{edt 4 |ag 22 )e o™,
We utilize Proposition 7 to estimate the norm of this function when S, is
applied.
If we have

||S77~n(sr _ PSTP)lZJ;HQ < C(T‘min{4’a} + |$0|2T26_Cj) . 7“20d

for any m <[ —j — 1, then (41) immediately follows. In the opposite case, we
have ||S;" (S, — PS, P){l|l2 > 744204 We will show below that in this case we
have

< Cyp~20d=4,,
Lip(K)

) ’ SIS, — PS, P)V,

1S5 (Sr — PSrP)j|2

Since 2 < log3((r 4+ 1)Cr~=2%%m 4+ 2), we have
ISTH(S, — PS,PY |2 < e~ ||ST (S, — PS, P)y|l2

by Proposition 7. Repeated application of this inequality gives the claim (41).
We turn to the proof of (42), which finishes the proof of Proposition 24.
We introduce some notation. Let ¢ € C(S% 1) and ¢ € S4 1, and write

0 (0) == p(6¢) € C(K).
We note that

(43) sup [|0*[lip < lelluip) < llelloo + sup 16 [lLip-
£€Sd_1 §€Sd_1
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Write

73§ = {p*: p e Pl
This is the space of polynomials of degree at most 3 restricted to the K-orbit of
¢ pulled back to the group K. Denote by P¢ the orthogonal projection to the
space 73§ in L?(K). We note that a function ¢ € C(S% 1) is in Ho @ --- ® H3
if and only if we have ¢ € 73§ for all ¢ € S?~1. Moreover, (Pp)¢ = Py for
every p € C(S%1),

We first estimate ||¢; |Lip(x)- Note that any function in 73§ is a polynomial
of degree at most Cy in the entries of the matrices representing the elements of
K < O(d). Here Cy is a number depending only on d. Then the space spanned
by all P for ¢ € S%71 is finite dimensional; hence we can write ||¢||Lip < C|l¢|l2
for any function ¢ € 73§ with a number C independent of £&. This follows from
the fact that any two norms on a finite-dimensional space are equivalent.

We show that || (1/13)5 ll2 < 1 forevery £ € S9!, By the previous paragraph,
this implies that H(lﬁ;)gHLip < C and also [[¢[|Lip(x) < C by (43). Clearly
(Yh)& = 1/13 is of L? norm 1. The claim will follow by induction if we show that
[(Pp)éllz2 < 1 and [|(Sy0)¢|l2 < 1 for all functions ¢ € C(S%™1) that satisfy
S]]z < 1 for all € € S?~1. The first inequality holds since P¢ is a projection.
For the second inequality, we observe

(44) (Sr)f(0) = /6(T<0€7v(v)>)¢9°_1£(9('7)‘1090)@(7)-

Recall that suppf(p) C 0gK, and 6y normalizes K so (7)) lofy € K for
v € supp p. The right-hand side of (44) is simply the average of functions of
norm 1, so the inequality we need holds.

The proof of (42) will be completed by the following lemma.

LEMMA 25. We have
[Srelloc < @l and  [[Srl|Lipr) < CTllelloo + l@l|Lip(x

for any function p € C(S41), where C is a number depending only on .

Proof. The first claim is trivial. For the second one, we write

lor (V) () — pr(7)(8)]
= le(r(v(),0€)p(0(y ")) — e(r(v(7),£)e(0(y1)E)]
< le(r(v(y),08)) — e(r(v(), ENle(O(v1)E)|
+lp0(vH)a€) — ey HE)|-

The first term is estimated by C'r|v(’y)| |€ — a§| l¢]|co- For the second term
we observe that 8(y~1)o¢ = [0(y~1)ab(7)]0(y~1)&; hence

p(0(v™)€) = p(0(v HE < llllLip(x) - dist(L, o).
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We integrate v and use the moment condition

1Srp(0€) = Srp(€)] < (Crllellco + l@lLipx)) - dist(L, 0).

This proves the lemma. U

6. The main theorem

We turn to the proof of the main result of this paper, Theorem 3. As
usual, we denote by g the common law of X;. By assumption, p has finite
moments of order o > 2 and satisfies (SSR). Without loss of generality, we
can replace p by p*(0) for some fixed integer l; hence by Lemmata 6 and 5,
we can assume that y is almost nondegenerate and that K is normalized by
6p. Furthermore, we assume that p also satisfies (C) and prove the estimates
with yg = 0. Lemma 4 in the previous section shows that we can reduce the
general case of the theorem to this one by changing the coordinate system.

Denote by v; = ,u*(l)ﬁxo the distribution of the random walk after [ steps
starting from the point zy. To evaluate the left-hand sides of the formulae in
the statement in Theorem 3, we use Plancherel’s formula:

B[/ (V)] = / f(@)dvy = / F©)m(e)de.

We break the latter integral into two regions. First we consider |¢| < [71/3
and use Proposition 24 in this region.

Recall from Section 2 that Res, : C(R%) — C(S971) is the restriction to
the sphere of radius r and that

/ 0(€)2de = r-1Vol(S% ) | Res, o 3.
|&]=r

(The factor Vol(S%~1) is due to our normalization convention for the L? norm
on S971.) Recall also that

Yo (€) = o, (€) = e(r{zo,£)) = Res, (35, )(€)

and
Res, v = SiT/)o,r-
For r < [71/3 we write
/ F©)ni(€)de = rit / [Res, 71(€) - [Slabo ] (€)de
l=r 5i-1
(45) = [ Fe)etaE9ge 1yt / Res, 71(6) U (€)de,
fgl=r 51

where A(E,€) is the quadratic form that appears in Proposition 24 and ¥ =
Skapo — e~TA, By Proposition 24,

W]y < C(pmintlo=2t 4 |x0‘2r2)(6—clr2 L pl0dy,
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Using | f(€)] < ||If|l1 and the Cauchy-Schwartz inequality, we can bound the
second term in (45) by

Crdfl(rmin{l,a72} + |x0‘27¢2)(670lr2 + rlOd) Hf”l

Integrating for 0 < r < [71/3, we can write

/ Fleme)de

|g|<1—1/3

(46) = / F(©)e2EOde 4 0= 4 (g 25| ]
(eRA

It is well known that e ‘A€ is the Fourier transform of a Gaussian
measure; i.e., there is a quadratic form A’ and a constant Cas such that

/f —ZAfﬁ df CA/Z d/2/f mx/ldﬂf

We recognize the first term on the right of (46) as the main term in
Theorem 3, while the second one is the first error term. It is also clear that if u
is symmetric or satisfies (E) and we use the improved bounds of Proposition 24,
then we get the improved error term claimed in the theorem.

It is left to show that

< el Y,

/ Feme)de| <
|§‘Zl—1/3

and the proof will be finished.
To this end, we prove a lemma using Proposition 7.

(47)

LEMMA 26. Let | be an integer, and suppose that s > 173 and

lzo| < e As above, write o, (&) = e(r(xo,&)) for |§| = 1. There is a
constant ¢ depending only on p such that

IS0, l2 < e

Proof. Choose 1 > ¢ > 0 to be sufficiently small, to be specified below.
Assume to the contrary that the statement is false for some r,l and xy. Then
for each j <, we have

—cll/4

S0 ll2 > e

otherwise we get a contradiction from [|S,|| < 1. (Recall that ¢ < 1.)
To use Proposition 7, we need to estimate the Lipschitz norm of the func-
tion Sy, < Cr|zp| and Lemma 25 repeatedly, we get
91/4
HS ¢0T||L1p < CT(] + |x0|) < Ce 2

for all j < 1. Now define ¢; = Sivg./||Sitbo | 2-
Then we have

/
(r 4+ Dllgjllup < Ce
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We can apply Proposition 7 for ¢; and get

_1—3/4

HSTSOjH2 <e s

where ¢’ is a number depending only on the constant ¢ from Proposition 7.
Note that r2 > [72/3 > [=3/4,
If we multiply these inequalities together for 1 < j <[, we get

1S 1 ||o < e,

a contradiction if we choose ¢ to be less than ¢'. O

Similarly as above, we use the Cauchy-Schwartz inequality:

F©m(€)de = rt-1 / Res, F(€) - Stbo. (€)de

lg|=r gd-1

R 1/2
= (/|5_ !f<5>12d€> Vol(STH) 218k r 2.

We integrate for r > [~1/3 and then use the Cauchy-Schwartz inequality again:

R 0o R 1/2
/ fOv©ds < C (rd“/ |f(§)|2d£> (r S0 rll2) dr
lg|>1-1/3 |€|=r

1—1/3

1/2 . 12
~ 2 d+1d . 1 . 9 —2d '
< C</£|2l‘1/3 F©FIel E) </l_1/3 15 o 0 137 r)

The first integral on the right-hand side is bounded by | f|yy2.a+1)/2. By

Lemma 26, we have

_ —cll/4
1554b0,r 13712 < e

_1/4

, and simply || Sj4o,r[2 <1

for larger r. This implies (47), and Theorem 3 is proved.

for all . Indeed, one can use the lemma for r <e

7. The Central Limit Theorem

The purpose of this section is to prove Theorem 1. Recall the notation
from Sections 1 and 2. We will deduce the theorem from Proposition 15 very
similarly to the methods of the previous section.

Notice that the limiting distribution of ¥;/I'/? does not depend on the
starting point zo. Indeed, let Y/ be the random walk obtained from the same
X, but from a different point xj,. Since isometries preserve distance, we have

Yi/VI=Y/ V1| = |20 — 5] /1> — 0.

For the rest of this section, take x¢y = 0.
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Denote by W C R the linear subspace of vectors fixed by K. By
Lemma 4, we can choose the origin in such a way that

w0 = E(Y;) = / +(0)du(y) € W

Define the random isometries X| by X/(z) = X;(z) — vo. Since vg € W, we
have
(48) V= X(X[ (... (0)) = Y1 — lwo.

Denote by p’ the law of the random isometry X]. Then p’ satisfies (C). In
what follows, we assume that p = p/, and we prove the theorem with vg = 0.
In light of (48), this implies the theorem without the assumption u = u' as
well.

Let v, = p*®) .5y be the law of Y;. Denote by ) € L?(S%1) the constant
function ¢y (§) = 1. Similarly to Section 6, we can write

Res, (&) = S,lﬂﬁo(f)-

Fix an arbitrary constant R > 0. Let A be the quadratic form from
Proposition 15. Let A be the Gaussian measure with Fourier transform

Proposition 15 implies

HResr/\ﬂﬁl — ReSTXHQ —0

~

as | — oo, uniformly for » < R. Let f be a function such that f(£) = 0 for
|€| > R. Then by Plancherel’s formula and the Cauchy-Schwartz inequality,

| / F (VD) du ()~ / f(2)dA(z) / Fle) @it/ Vi) - X€)dg
<Iflh - / 2(E/VT) — M) |de
lEI<R

R
Il Cna [ Res, g1~ Res M0,
0

where Cr 4 is a constant depending on R and d.
Since we can approximate any continuous function by those that have
compactly supported Fourier transform, the proof is complete.

8. The Local Limit Theorem

We finish the paper with the proof of Theorem 2. The proof is again based
on Plancherel’s formula and estimates on 7;, the Fourier transform of the law of
the random walk. For the frequency range |£| <1 —1/2+¢ e again use Proposi-
tion 15. However, we do not assume that p satisfies (SSR), so we need to find
a suitable replacement for Proposition 7 in estimating 7;(§) in the frequency



RANDOM WALKS IN EUCLIDEAN SPACE 281

range [~1/2*¢ < |¢| < R, where R is an arbitrary fixed number. Our bounds
will depend on R in an uncontrolled fashion, so we will be able to conclude the
Local Limit Theorem only on scales O(1) in contrast to Theorem 3.

We introduce some notation. Recall that G is the closure of the group
generated by supp iz * p and supp p is contained in the coset v9G. We denote
by K the closure of §(G) and by K° its connected component. By Lemma 5,
we can assume that K is normalized by 6(vo).

It is easy to see that we can decompose R? as an orthogonal sum of
subspaces Vis @ V, @ V, such that the action of K° is semi-simple on Vi,
Abelian on V, and trivial on V,. Since K° is invariant under conjugation by
elements of K and 6(yo), it follows that these subspaces are invariant under
K and 6(v), as well. We denote by S° the unit sphere in V;, where i is
either ss, a or o. We denote by m; the orthogonal projection R% — V;. We
write 60;(vy) for the restriction of 6() to V; for v € G, and we also write
vi(y) = m(v(y)). In addition, by abuse of notation, we write m;(y) for the
isometry x — v;(y) 4+ 0;(7)z on V;. In addition, we will denote by m;(u) the
probability measure on Isom(V;) that is the pushforward of p under ;.

We give an estimate on 7;(€) in the region |mes(€)]+|ma(€)] > 1712 10g" /21
in Section 8.1. The methods will be similar to Section 4. We define unitary
representations p;., », r, of G and consider operators similar to S,. We show
that if a function is almost fixed by such an operator, then it must be almost
fixed by p, () for pure translations 7 pointing in any direction in Vi@ V,. The
results of Section 4 can be reused to find translations in Vs, and the method
of Guivarc’'h [15] can be used to produce translations in V;. The essence of the
latter method is taking commutators of isometries with commuting rotation
part.

We estimate 7;(€) in the region |mg(€)] + |ma(€)] < 17Y210g"/?1 in Sec-
tion 8.2. We need to use different methods since it may happen that all pure
translations in G are orthogonal to V,. For example, consider the group gen-
erated by a one-parameter family of screw rotations and all translations per-
pendicular to their axes. If G is this group, then u will be nondegenerate. So
instead of finding translations, we will approximate 7;(£) by polynomials of a
suitably large but fixed degree in the m5(€) and 7, (&) variables using Taylor
expansion. This allows us to work with operators on finite-dimensional spaces
and use continuity arguments.

We combine the above mentioned estimates to conclude Theorem 2 in
Section 8.3.

8.1. Estimates using translations. The purpose of this section is to prove
the following estimate on the L? average of 7 on the direct product of spheres
in Vg, V, and V.
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ProposiTION 27. With the assumptions of Theorem 2 and the notation
explained at the beginning of Section 8 the following holds. There are constants
C,c > 0 depending only on p and R such that

plodim Vs, 1=dim Vo, 1—dim Vo GRS

SS

s ()| =ss,|ma(§)|=ras|mo(§)|=ro
< Ce—cmin{(r55+ra)2l,ll/4}

holds for all 0 < rgs, 74,70 < R.

We fix three nonnegative real parameters rgs, 7, and r,. Analogously to
pr, we introduce the unitary representation p;., ,, », of the group generated by
G and 7 on the space L*(S* x S x §°) via the following formula:

Presiraro(7)P(Essy Eas €o) = €(Tss(Ess, Vss (7)) + Tal6as Va(7)) + 70(0s vo(7)))
) @(055(’}071{55, 9@(7)71&17 00(7)7150)

Here p € L?(S%x 8% 5°), &5 € 5%, &, € 8% and &, € S°. This representation
corresponds to the action of v on the Fourier transform of a measure restricted
to the product of the spheres of radii rgs, 74,7, (resp.) in Vsg, Vo, V, (resp.).
For a measure 7 on the group generated by G and =y, we define the operators

(49> p"'ssﬂ"aa"’o (77) = /pT337T(l7TO (’Y)dn(’Y)

acting on L?(S% x §% x S§°). These are analogues of S,, and similarly as in
Proposition 7, we prove the following estimate for them.

PROPOSITION 28. Suppose that p is almost nondegenerate and has finite
moments of order 2. Then for every R > 0, there is a constant ¢ > 0 depending
only on p and R such that the following hold.

Let R > rgs,7q,70 > 0. Let ¢ € Lip(S*® x % x §°) with ||p|l2 = 1. Then

1Prwirare ()l < 1 — emin{rd, + g, log™* (l@llLip +2)}-

Proposition 27 can be deduced from Proposition 28 exactly the same way
as the proof of Lemma 26. The rest of the section is devoted to the proof
of Proposition 28. We fix 74,74,7, and write p instead of p,,, r,r,, saving a
considerable amount of ink. The hypothesis of Proposition 28 on p is assumed
throughout the section.

Our first goal is to replace p with a symmetric measure p; such that
supp 0(p1) C K°.

LEMMA 29. We can write (fi * u)*(L) = pu1 + quo, with 1 > p > 0,

where py and po are probability measures on Isom(RY) and L > 1 is an integer
depending on . Furthermore, py is almost nondegenerate, symmetric, has
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finite moments of order 2, and the closure of the group generated by supp 0(j1)
1s K°.

Proof. We fix an integer L and write

G°={yeG:0(y) € K°},

let p = (% ,u)*(L)(GO) and let 1 be 1/p times the restriction of (f * p)*(%)

to G°. The only nontrivial property to check is that almost nondegeneracy
holds if L is sufficiently large. It is enough to check for an arbitrary point x
the condition that the points y(x) for v € supp 1 do not lie in a proper affine
subspace if L is sufficiently large possibly depending on z. Then the claim
follows from the same Noetherian property argument as in Lemma 6.

Denote by o the order of K/K°. Using the Central Limit Theorem for the
measure [ * i, we can find an integer Ly and a finite set

A C {y(z) v € supp (i p)* L0}

that approximates an (0 4+ 1) x --- x (0 + 1) grid. The approximation can be
arbitrarily good if Ly is sufficiently large. All that we need is that a proper
affine subspace intersects A in at most |A|/(o + 1) points.

Then by the pigeon hole principle, there is §; € K such that

B = {vy(z) : v € supp (i * p)* ) 0(v) € 6, K°}

is not contained in a proper affine subspace. Now the claim follows for L = 2Lj.
Indeed, take any v, € supp (fi * p)*(L0) with 6(y,) € 6;K° and observe that
v 1(B) is in the set of images of & under elements of supp (u1). O

For the rest of the proof we work with p1, and assume that it satisfies the
properties claimed in Lemma 29. Moreover, we assume that p; has property
(C), which is justified by Lemma 4 after changing the origin. Then we also
need to multiply the function ¢ appearing in Proposition 28 with a character,
possibly increasing its Lipschitz norm by a factor depending on p and R.
(Compare with the discussion on page 256 in Section 4.) We set out to prove
an inequality analogous to the one claimed in Proposition 28 for the operator
pp1).

We fix ¢ € C1(S*% x S% x $°). As in Section 5, the heart of the proof is
the study of the set

B(e) == {y € Isom(RY) : [|lp(7)¢ — ¢ll2 < €}.

The next two lemmata are obtained by a simple variation on the arguments in
Section 5.

LEMMA 30. Lete >0, and let Iy = C1(r3.2 +log®(||¢||Lip + 2)), where Cy
is a suitably large constant depending on p and . Suppose that M{(ll)(B(e)) >
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9/10. Then there is a set X C B(64e) such that

Ous(X) = s (K°)  and  ma(X) = {1} = mo(X).

Proof. Following the proof of Lemma 11, it is easy to find a subset Xy C
B(4e) such that ms5(6(Xo)) = mss(K°). Consider X; = [Xo, Xo] and X =
[X1, X1]. Clearly mo(X1) = {1}, and 7, (X1) consists of translations. Therefore
ma(X) = {1} = m(X), and X C B(64¢) follows from the triangle inequality.
Since every element is a commutator in a connected semi-simple compact Lie
group (see [13]), we have mss(X) = m5(K°), which finishes the proof. O

LEMMA 31. Let e > 0 be arbitrary and l1, and let C1 be as in the previous
lemma. Let ly = Co(r;.2 + log®(|l¢llLip + 2)), where Co is a suitably large
constant depending on 1 and Cy. Suppose that ,u;(li)(B(s)) > 9/10 fori=1,2.
Then there is a constant ¢ > 0 depending on p1 such that the following hold.
For any unit vector ug € S*°, there is an element v; € B(386¢) such that

st(%) =1, |USS('Y£)| < 7“5_51/27
(vss(71),u0) > erill,  wa(yi) =1 =mo(7)).

Proof. Consider the projection to Vs, and repeat the argument in Lem-
mata 12—-14, except instead of the set X constructed in Lemma 11, use the one
constructed in Lemma 30. We need to use six elements of X, and since now they
are in B(64¢) instead of B(4¢), the resulting element 4 will be in B(386¢). Re-
call from the proof of Lemma 14 that ~] is of the form g1y19; ! 921 ! 9o ! where
91,92 € X. Since m,(g1) = 7a(g2) = 1, we have 7,(7}) = ma(y1)7a(77 ") = 1,
and a similar calculation applies to the projection to V,. This finishes the
proof. O

In the above lemma we constructed a translation in Vg,. The next goal
will be to construct a translation in V. This is done in the next two lemmata
by adapting the method of Guivarc’h [15]. Denote by G; the closure of the
group generated by supp (p1).

LEMMA 32. 7,([G1,G1)) is the additive group of the vector space V.

Here [G1,G1] denotes the derived subgroup of Gj, not just the set of
commutators.

Proof. Clearly H := 7,([G1, G1]) is a subgroup of the additive group of V,
and it is invariant under the action of 7, (K°). Since 7,(K°) is connected, every
connected component of H is invariant under m,(K°). Every such component
is an affine subspace of V. The point of such an affine subspace that is closest
to the origin is a fixed point of m,(K°). By the definition of V,, the only
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fixed point is the origin. Therefore it follows that H is a linear subspace of V
invariant under the action of m,(K°).

Assume to the contrary that H is a proper subspace of V,. Let W be
a two-dimensional subspace of V; that is invariant under m,(K’) and orthogo-
nal to H. By projecting the translation part to W, G1 naturally embeds to
Isom(W); denote by Gy the image. Then Gy is commutative (since it has a
trivial commutator) but has a nontrivial rotation part (since m,(K°) acts on W
nontrivially); hence it consists of rotations around the same point x € W. This
means that pi-almost every image of x is orthogonal to W, a contradiction to
almost nondegeneracy. O

LEMMA 33. Lete, Iy and Cq be as in Lemma 30. Suppose that /f{(ll)(B(s))
> 9/10. Then for every ug € V,, there are ¢ > 0, v € Vg with |[v—ug| < |up|/10
and an integer L such that the following holds. Let M be an arbitrary positive
integer, and assume that /f{@) (B(e/M)) > 1 —c. Then there is v} € B(Le)
such that

Ua(%) = Mw, 9@(71) =1, 785(71) =1= WO(’YE)‘

The vector v may depend on o, but ¢ and L depend only on u and ug.

This lemma allows us to find pure translations in B(Le) approximating an
arbitrary direction in V,. This (or Lemma 31) leads to contradiction if we set
the parameters in such a manner that M |ug| ~ 1/r, and Le is sufficiently small,
so one of the assumptions of Lemma 33 must fail. We can derive the claim of
Proposition 28 from either ,u;(ll)(B(s)) < 9/10 or MT@)(B(e/M)) <l—c In
the second case, for example, we can get ||p(u1)¢ll2 < 1 — ce?/M?. This will
imply the claim if we set M ~ max{1,7,'}.

Observe that the numbers ¢ and L depend on ug in an uncontrolled way.
Hence it is important to note that we will apply the lemma with choosing ug
from a fixed finite collection depending on the parameter R.

Proof. There is 72 € G such that 6,(7y2) does not have any fixed vectors
in V, except for 0. This is an open condition, so we can assume that v €
supp 11}
gi € Supp fi1.

There is a vector u; € V, such that ug = u; — 0,(7y2)u;1. (Since 0,(72) has
no fixed vectors, 1 — 6,(2) has trivial kernel.) We can find a small ball U;
around each g; such that |u; — 0,(g] - - - gh,)u1 — uo| < |up|/20 for any choice
of g/ € U;. We set the constant ¢ in the lemma so that u’{(Q)(Ui) > c for all 7.
This allows us to find an element

™) for some integer m depending on u. Thus v9 = ¢1 - - - g, for some

= gh gl € Blme/M)
such that |uy — 04 (v5)u1 — ug| < |ug|/20.
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For reasons that will be clear at the end of the proof, we now search
for an element v4 € B(Le/M) such that v,(v3) approximates u; instead of
ug, which is the objective in the lemma. By Lemma 32, we have elements
4,75 € G such that u; = 74 ([y4,75]). Using an argument very similar to the
one above, we can approximate y4 and 75 by elements in B(me/M) (by taking
m larger and ¢ smaller perhaps). Then we can find a vector v; and an element
v € B(4me /M) such that va(v4) = v1, |v1 — u1| < |up|/40 and 6,(v5) = 1.

Now we make use of the set X constructed in Lemma 30 to cancel the
rotation parts of +5 and ’yé in the Vs component. Let ho, hg € X be such that
Oss(h2) = Oss(v4) ™ and Ogs(h3) = Oss(74) ™. Then hy - 44 and hs - (7)™ act
on Vi, ® V, by translation; hence

"= lhs - ()M has)
acts trivially on Vs and V. On the other hand, an easy calculation shows that
Ta(71) = (M(v1 — Oa(73)v1), 1)
and
[v1 = Oa(V2)v1 — uo| < [ur — ba(7)ur — uol + 2Juol /40 < Jug|/10
and 1 € B((10m + 256)¢), which was to be proved. O

Proof of Proposition 28. Without any significant changes to the argument
in the proof of Proposition 7, we can deduce from Lemma 31 the estimate

(50) lp(p1)ellz < 1= ¢ min{rZ,, log™*(||¢lLip + 2)}-

We suppress the details but carry out a similar argument that proves

(51) lp(u)ell2 < 1 — ¢ min{rg, log > (lelLip + 2)}.

There is a unit vector u € S® such that
(52) / |0(rsséss, Tabas Tofo) [P d€ssdéads > €3
gssEsssvgoesoa‘fa_u‘<1/10

for a constant ¢y that depends only on the dimension of V,. Moreover, we
can choose u from a fixed finite sufficiently dense subset of S¢. If r, < 1,
let M = [107; 1], and let M = 1 otherwise. If r, < 1, then let uy = u/20,
otherwise let ug = 5u/[10r,]. Let Cy, ¢ and L be the constants from Lemma 33
with this choice of ug. (Note that the possible values for ug are in a finite set
that depends only on the dimension of V, and R.) Set e = ¢¢/L.

Assume to the contrary that ;f{(ll)(B(s)) > 9/10 and ,LLT(Q)(B@/M)) >
1 — ¢. Then we can apply Lemma 33. Let v € V, and ] be as in the lemma.
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Then
eg = L% > |lp(v)e — o3

> / ‘1_6(<MvaTa§a>)|2‘80(rss€557ragaarofo”zdgssdfadga
§ss€SSS7EOESO,\§a—u\<1/10

With the above definitions, Muy and Mv approximate 7, 'u/2. Hence
e((Mwv,&,)) is close to —1; in particular, |1 — e((Mwv,&,))| > 1 in the domain of
integration. This is in contradiction to (52). (This somewhat vague discussion
can be made precise by a straightforward calculation.)

Now there are two possibilities. Either /[{(l)(B (€)) <9/10, which implies
(51) as we have seen in the proof of Proposition 7, or else ,uT(Q) (B(e/M)) < 1—c.
£ 5 ¢ B(e/M), then

Re((p(12)¢, p(m)9)) = Re((p(n " - 12)e,9)) <1-e%/2M7.
Hence (51) follows:

()l = / Re({p(v2) e, p(n)e))dpis (1)djan (1) < 1 — 2 [202.

Note that 1/M > min{r,, 1}.
If p and g are as in Lemma 29 and L’ is the number L from that lemma,
then we can conclude from (50) and (51) that

() p()) " ll2 = [[pp(11)e + ap(p2)ell2
<1 —pd min{rZ, +r2,log (| ¢llLip +2)},

which in turn implies the proposition. U

8.2. FEstimates using continuity arguments. We continue to use the nota-
tion, Vss, Vi, Vo, etc. introduced in the beginning of Section 8. Our goal is to
prove the following estimate, which complements the results of the previous
section.

PRrROPOSITION 34. Assume that p is mondegenerate and has finite mo-
ments of order a for some a > 2, and let R > 0 be a number. Then there
is a number C depending on p,xo, R and o such that the following holds. Let
0 < rgs,7q < R be numbers, I a positive integer and 0 < s,6 < 1 numbers such
that | > C'log(s™1)672, s > rgs+ 14 and C71 > § > C(rgs +14). Then

g A Ve T e #(€)[dé

71'55(6)21”55,Wa(f)zra,6§|ﬂo(f)|§R
< Clog(s_1)1/285dimv" + Clog(s_l)a/28a5_a_2.
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We indicate the approximate values of the parameters that we will set in
the next section. We take s ~ (logl/2 l)l*1/2 and § ~ [7#, where f is slightly
smaller than 1/2.

To outline the idea of the proof, we temporarily assume that 6,(G) is
trivial and vy = 1. (We will reduce the problem to this situation by defining a
measure /1 similar to the one we had in the previous section.) We can restrict
the action of G' on Fourier space to sets of the form { : |mgs(£)| = rss, |7a()]| =
Ta,To(§) = &} This gives rise to a unitary representation

Prss,ra,éo (V)@ (Ess, §a) = e((Tss€ss + Taéa + o, 'U('Y)>)(P(95_sl (7)Ess> 9;1(7)§a)

of G for each 74,7, > 0 and &, € V,, acting on the space L?(S% x S%).

We will study the operators p,,, r, ¢, (1) defined analogously to (49). We
consider the finite-dimensional subspace P,—1 C L?(5%° x S?), which we define
as the restriction of polynomials of degree at most o — 1 to S% x S This
space is invariant for pg ¢, (1), and we will show that there are only finitely
many “bad” points in the ball {&, : || < R} such that ||poo.e, (1)|p.| = 1.
We will also understand the behavior of the function ||pg ¢, (1), || in small
neighborhoods of those “bad” points. We then combine this with a continuity
argument (essentially using that the above norm function is continuous and
attains its extrema on compact sets) to obtain bounds for ||poo.e,(1)|p,| for
&, not too close to the “bad” points.

We also show that p,, r, ¢, (1) is a small perturbation of pg o.¢, (1) and the
norm bounds are valid for the former operator as well. Then we show that
we can approximate 7; by polynomials of degree a — 1 in the mgs(§) + m4(§)
coordinates, and using the norm bounds of p,_, ,, ¢ (1) iteratively, we get the
desired bound on 7.

We need to give a separate argument in the neighborhood of “bad” points.
The bounds in this case will be substantially weaker. We will show that the
only “bad” point for o = 0 is the origin, and we can do a similar argument as
above.

We note that there are examples when “bad” points do occur. We recom-
mend to the reader to analyze the instructive example mentioned earlier: when
G is generated by a one-parameter family of skew rotations and all translations
perpendicular to the axes.

Some of the above ideas are related to the arguments of Section 5 and
hence motivated by Tutubalin’s paper [23].

We give a lemma similar to Lemma 29, which introduces the measure p;
mentioned above.

LEMMA 35. Let p1 be as in Proposition 34. Then we can write i*(5) %
) = puy + quo, with 1 > p > 0, where py and py are probability measures
on Isom(R%) and L > 1 is an integer depending on p, R and xo. In addition,
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the set

(53) {vo(v) : v € supp pu, [vo(7)| < 1/(2R)}

is not contained in a proper affine subspace of V,. Furthermore, u is symmet-
ric, has finite moments of order o, 1 € supp u1 and the closure of the group
generated by supp 0(uq) is K°.

Proof. The proof is very similar to that of Lemma 29. The main difference
is that we use nondegeneracy instead of the Central Limit Theorem. We fix a
sufficiently large integer L. We write

G°={yeG:0(y) € K°}.

Let p = ") % *(1)(G°), and let g be 1/p times the restriction of (%) x y*(F)
to G° The only nontrivial property to check is that (53) is not contained in a
proper affine subspace if L is sufficiently large.

Denote by o the order of K/K°. Fix an arbitrary vy € supp u, and let
xo be the starting point of the random walk. We show that if L is sufficiently
large, then we can find a set

A C {mo(y(x0)) : v € supp P}

that approximates an (o + 1) x --- x (o + 1) grid contained in a 1/(4R) neigh-
borhood of 7, (Y& (20)). The approximation can be arbitrarily good, and what
we need below is that no proper affine subspace contains more than |A|/(0+1)
points of A.

To this end, we consider an (0 + 1) x -+ x (0 + 1) grid A’ contained in
the 1/(4R) neighborhood of 7,(zg), and for each point z € A’ let D, be the
complement of a small open neighborhood of z. By nondegeneracy, we know
that if L is sufficiently large, then for any x € A’, we have

{mo(7(20)) : v € supp WP} & 7, (7§ ) (D).

This implies the claim on the existence of the set A.
By the pigeon hole principle, there is #; € K such that

B = {mo(7(z0)) : v € supp "D, 0(7) € 8(70)01 K°} N A

is not contained in a proper affine subspace. We choose an arbitrary element
v1 € supp p*F) with 0(y1) € 0(70)01 K° and 7,(v1(20)) € B. We observe that

To(v1 ) (B) C {mo(v(20)) : 7 € supp pua}.

We also note that the set m,(y;')(B) contains zo by construction and its
diameter is at most 1/(2R). Since m,(7) is a translation for all v € supp p1, we
have v,(7y) = To(y(20)) — o for those v. Therefore (7,(v; *)(B) — x0) C (53),
which is not contained in a proper affine subspace. This finishes the proof. [
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We start the program described above by giving a few lemmata on the
properties of the operators p,, ;. ¢, (111). Throughout the section, we assume
that py satisfies the properties stated in Lemma 35 and, in addition, that it
satisfies (C). By changing the origin, 7; gets multiplied by a character, and this
does not change the statement of Proposition 34. Hence the assumption (C) is
justified by Lemma 4. We first show that p, . ¢ (1) is a small perturbation

of po,0,¢,(H1)-

LEMMA 36. There is a constant C depending only on 1 such that

||p7"5577"a7£o(lu1) - p0707§o(lu’1)” < C(Tss + ra)'
Proof. Let ¢ € L?(S%¥ x S§%). Then by Taylor’s theorem,

Pros (1) (EnnrEa) = / (1+ O(ras vss()] + alta())e((Eor to()))
: 80(935 (7)_15557 Ha(’Y)_lga)dﬂl (7)

Then

125 s ra,co (111)© = P0,0.6, (1) |2 < 0/(7“ss|vss(7)| + ralva (VD ell2dp (v),
which proves the claim. O

The next lemma is about the behavior of p;, ,, ¢ (1) in a neighborhood
of a “bad” point.

LEMMA 37. There are constants ¢ and C' that depend only on p1 and R
such that the following holds. Suppose that ¢ € L*(S% x S%) and || < R are
such that pooe,(m1)p = ¢. Then

1ras e () plla < 1= cléo — E° + C(ris +72)
for every rss,mq > 0 and & € V,, with |)| < R.

Proof. Since pg ¢, (1) is an average of unitary operators, we must have
£0,0,¢, (7)p = ¢ for all v € supp (u1). Then

Prosrar, (1) = / Prosraict (MP00.c, (v Dpdpa ()
—p / (s {€ar 055(1) + alar va(1)) + (€ — E0r 10(1)))dpis (7)
(54) =g / (1 = 201 e (€asn vaa(7)) — 2miralbar va(1)})

ce((€) = o, vo(M)))dpr () + O(r2 + ).
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For every positive ¢y, we can find C’ such that the following estimate holds
for the linear term in (54):

(55)
| / (2755 (Eass V33(7)) + 2700 (Ear va(N))e((E) — Eo, v0(1) )i (7)

< / it ss(Ess vss(1)) + 2iraléar va(1))dpn(7)] + Clras + 12)IEL — &0l

< C,(rss + Ta)g + CO|£(/) - £o|2-

For the second inequality, we used (C) to show that the first term vanishes,
and we used the inequality between the geometric and arithmetic means to
estimate the second term.

Consider the function

2(©) = | el(& vslr))dm (1)
on V,. Note that ® depends only on p;. Combining (54) and (55) we get

1Prcray (1) 0ll2 < @€ — &) -0+ C' (12, +72) + colé — &I

If (&) = 1 for some & # 0, then (£, v,(7y)) is an integer for all v €
supp (u1). This is impossible because it contradicts the property that (53) is
not contained in a proper affine subspace. Using Taylor series expansion, (C)
and the moment condition, we can show that ®(£) < 1 —¢1|¢|? for some ¢; > 0
and || < R. These estimates prove the lemma if we set ¢y < ¢1. O

Let X, C V, be the set of those &, for which there is ¢ € Py_1 such
that pooe,(111)¢ = . This is the set whose elements we called “bad” points
above. We note that ||po e, (11)ell2 = ||¢ll2 implies pooe, (1) = ¢ since
1 € supp pu1. If pooe,(11)p = ¢ and poog, (1)@’ = ¢ for & # &, then ¢ and
¢’ are both eigenfunctions of pg ¢, (1) with different eigenvalues; hence they
are orthogonal. Indeed, pg e, (11)¢ = ¢ - [e((€o — &, v0(7)))dp1(7), as the
previous proof shows. Since P,_; is finite dimensional, X, is finite.

We now combine Lemma 37 with a continuity argument to obtain norm
estimates for p, , ,, ¢, on Po_1.

LEMMA 38. There are numbers ¢,C > 0 depending only on u1, R and «
such that the following holds. Let rss, T4 be numbers and &, € V, such that
€| < R and dist(&,, Xo) > C(rss +14). Then

1Pr s rai (1) ell2 < (1 = edist(éo, Xa)?) [l #]l2
for any @ € Py—1.

Proof. We assume that ||¢|l2 = 1. For each point & € X, we choose a
compact set D¢z C V,, such that their union cover the R-ball and &) is the only
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element of X,, in Dg/. Denote by Dgr one of the regions that contain £,. Write
W for the 1-eigenspace of pgger (1) in Po—1, and write U for the orthogonal
complement. Write 7y and 7y for the orthogonal projections respectively. Set
a = [lmwellz and b = |7y |2

Since W and U are invariant under pg g ¢, (f11), we have

U P0,0.6, (1) Twe = 0 = Tw po.o.e, (1) TUP.

The function ||po,0.,|v|| is continuous in D¢r. Denote by 1 — ¢; its maxi-
mum. Observe that ¢; > 0 and it depends only on R, «, py and £/, and that
there are a finite number of possibilities for £/, so ¢; can be bounded below by
a positive number depending only on R, «, p1. Then

1£0,0,6, (k1) TEell2 < (1 — c1)b.

Combining the above inequalities with Lemma 36, we get

(56) 170 Presrago ()T oll2 < C(rss + 1a)a,
(57) [TW Prosrarto (1)TURl2 < C(rss + 1a)b,
(58) 170 Prasrato (1) TUPll2 < (1 —€1/2)b
if rgs and r, are sufficiently small (depending on ¢q).

We get
(59) 17w P (1) T 2|2 < (1 = e dist(&o, Xa)*)a

from Lemma 37.
Combining estimates (56— 59) we can write

1910 (2)ll3 < [(1 = edist(&, Xa)?)a + C(rss + r4)b]
+[(1 = €1/2)b + O(rss + 74)al?
< (1 — edist(&,, Xo)?)a® + (1 — ¢1/2)b?
4+ 4C(1rgs + 1g)ab 4+ C%(res + 14)?
< (1 - CdlSt(%’X“)2> a? + <1 —c1/2+ gfs(&gt;j))j) b
+ C(res +71a)>.
We used the inequality between the geometric and the arithmetic means in the

last line. We can assume 1003 (rss + r4)% < ¢ dist(&,, Xo)?, and the lemma
follows. g

The following lemma allows us to approximate 7; by polynomials in the
&ss and &, variables using Taylor expansion.

LEMMA 39. Let i be a probability measure on Isom(RY) with finite mo-
ments of order o, and suppose that there are no points but the origin that is
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fizxed by all 6(v) for v € supp u. Then there is a constant C' depending on o
and p such that

/ () |*du® () < C192.

Proof. Changing the origin changes the ath order moments by an additive
constant at most, so for the purposes of this proof, we can assume that u sat-
isfies (C) due to Lemma 4. Let X1,...,X; be independent random isometries
with law u. Consider the sequence of random vectors

Y, = U(Xl cee Xl) = U(Xl) + G(Xl)U(XQ) + -+ Q(Xl) cee Q(Xl_l)U(Xl).

By (C), these form a martingale, and its conditional moments of order « are
uniformly bounded. Thus the lemma follows from Burkholder’s inequality; see
[8, Th. 3.2]. O

Note that if we apply the above lemma for the measures m,5(1) and 7, (1),
then we get

(60) / |0ss (V)] + [va(y)]*dp* P (v) < C1o72,

We denote by Y, the largest subset of X, invariant under 6,(supp ),
and we write Z, = X,\Ya. Let 6 be a number that satisfies the inequalities
C~ 1> 6§ > C(rss +74) as in Proposition 34, where C is a number that may
depend on u, xg, R and a. We write

Dy = {1 |mss(§)] = 7ss, [Ta(§)| = 7a, dist(75(£), Ya\{0}) < 6},
Dy = {€ 1 |mss(§)] = 7555 [Ta(§)| = 70, dist(m6(£), Ya) > 6, |m0(§)| < R},
D3 = {& 1 |mss (&) = 7ss, [Ma(§)] = ra, dist(mo(£), Xa) = 6, [m0(£)| < R}

Observe that D U Dy is the domain of integration in Proposition 34. We also
note that D and Dj are invariant under 6(supp u), while D3 is invariant under
O(supp p1). These features will be important in what follows. We denote by
| [l2(p,) the L? norm with respect to the natural volume measure on these
manifolds normalized to have total mass 1. That is, we have ||1||z2(p,) = 1 by
our convention.

We now estimate the Fourier transform of ui.1; on D3 using Lemma 38
and approximating v; by polynomials in 7ss(&) @ m4(§).

LEMMA 40. There are numbers c,C' depending only on pi,xo, R and «
such that for any integer [, we either have

[ et nmen) )| |

< (1= cd)Dll 2y
Ds)

or

HalHL2(D3) < C(S_z(rss + Ta)ala/Q_
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Proof. Note that

(61) 2(6) = / e((0(7) + 0(7)0, €))du* (7),

where z¢ is the starting point of the random walk. We fix a point &, € V, such
that dist(&,, Xo) > 0. We take the Taylor expansion of (61) around §,. Using
Lemma 39 and its corollary (60), we find a polynomial ¢, € P_1 such that

(62) I Péo (m55(8) /758, Ta(§)/Ta)] < C(rss + Ta)ala/Q

for all & satisfying m,(§) = &o, mss(§) = 755 and 74 (§) = rq.
By Lemma 38, we have

(63) 191 oo (1) e, ll2 < (1= €0%) g, |2
We integrate (62) and (63) for &,:

| [ ettwon. pmo) dun )

L2(D3)
<| / €)Prae) (Bss(1) ™ 0s (€)/7s+ 0a (1) 7a(€) /ra)dpn (7)
L2(D3)
+ C(rgs +1a)1%% < (1= ¢82)||01]| p2(py) + Crss +1a)* 12,
This finishes the proof. ([

We give a similar estimate on D;. The argument is essentially the same,
but for a = 1.

LEMMA 41. There are numbers c,C depending only on pui,zo, R and «
such that for any integer I, we either have

| [ etton. 0 dun ()

< (1 =9IlTllr2py)

L2(Dy)
or

1Pl 2,y < Clrss + ra)IY2.

Proof. First we prove that X; = {0}. Indeed, let {, € X;. Then for
every 7 € supp fi1, we have ¢ = pg ¢, (7)¢ for a constant function ¢. Hence
e((vo(77),&0)) = 1 for all such ~. Since the set (53) is not contained in a proper
affine subspace, this implies that £, = 0, proving the claim.

We now fix a point &, € V, such that dist(§,, Xo) < §. Similarly to (62),
we can find a constant function g, such that |(€) — pe,| < O(rss + 1r4)11/?
for all £ satisfying m,(§) = &5, 7ss(&) = 1ss and w4 (&) = rq.

Note that there is a number ¢; > 0 depending only on p1, R and « such
that dist(&,, X1) = || > ¢1. Then by Lemma 38, we have

17 s ra o (1) P, 2 < (1 =€) [0, [|2-
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As in the proof of Lemma 40, we can deduce

| [ etton. pmoe) pdun ()

which proves the claim. O

<(1- C)HﬁlHLZ(Dl) + C(rss + 7“a)ll/27
L*(Dy)

We turn Lemma 40 into an estimate on ;4 1, where L is the number from
Lemma 35. We use a trick similar to (7). Notice that the estimate is useful
only if a large proportion of the L? mass of 7 is on Dj.

LEMMA 42. There are numbers c¢,C depending only on w,zo, R and «
such that for any integer I, we either have

1P+l 22 (D) < 1Pl L2(D) — 021171l 12(Ds)
or
H/V\ZHLQ(Dg) S 05_2(rss + Ta)ala/2.

Proof. We suppose that the second alternative of the conclusion does not
hold. Then it follows from Lemma 40 that

| [ et )m0) )

We use here that both Dy and Ds are invariant under §(supp p1) and their
volumes are bounded by a constant multiple of each other.
Recall that 7*(5) % u*(1) = puy + quo; hence

| < |7l p2(pyy — 8% 1Dl 22 () -
2

L2(D

(64) | / e((0(7), €07 (0(7) )P 5 * @) ()
L2(D3)
< 17l 220y — POI12tll 20
We can write
2
s 225 = f (7). )((y) ) ()| de

][D 2 // 31(6() 1)

L END(O(72) L) dp* B (y2) dpe*E) (1) d€

]{DQ// 0(v2) " to(y2) + 0(72) tu(m), €))

D1(0(71) " 10(12)€), ()du*(L)(’VQ)dM*(L)(’Yl)df
]fj [ ettwin.enmioe) e)da® « w® ()Erde

< Iolacon - | / (1), )P0 "B 5 D)

L2(D2)
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< 1%l r2(py) (1Pl £2(Dy) — ePO* 1Pl £2(Ds))

cpd? 2
< (192000~ -2 )

which proves the lemma. We used the symbol { to denote integration with
respect to the normalized volume measure of total mass 1. O

The same proof using Lemma 41 instead of Lemma 40 gives the following.

LEMMA 43. There are numbers c¢,C depending only on w,xq, R and «
such that for any integer [, we either have

1Ll 2pyy < (=Tl L2(py)
or

1Dl 2(pyy < Crss + ra)IY2.

Now we use rotations 6,(7) for v € supp i to move the L? mass away from
Zq. This allows us to prove that there is a number 0 < k < |Z,| such that the
L? mass of Uirr on Ds is not concentrated near the points in Z,, and we can
upgrade Lemma 42 into the following lemma.

LEMMA 44. There are numbers c,C depending only on u,zo, R and «
such that for any integer I, we either have

191702 l20) < (1= D)2 22
or
H’//\ZHLQ(DQ) < 06_2(7"35 + ra)ala/Q‘

Proof. Tt is clear that ||7]| .2 (p,) decreases as [ grows, so it will be sufficient
to prove the inequality for Dy 4, for some 0 < k < |Z,|.

We show that there is some ¢ > 0 depending only on R, p and « such
that there is 0 < k < |Z,| such that

(65)  NPklle(py) = cllPillzpyy o 1Pkllz(pyy < (1= O)l[Bill2(py)-

This combined with Lemma 42 finishes the proof.
Suppose that the first inequality in (65) does not hold for k& = 0, say with
¢ = 1/2. Then there is &, € Z, such that

122172

~ 112 L2(Do2)
INeimo(©)col<aillzzwy = 57 :

Here 1ie.jx,(6)—¢,|<s} denotes the indicator function of the set {£ : |m,(&) — &l
< 0}. It is clear that there is some ¢y > 0 depending only on p, R and « such

that there is k < | Z,| and v € supp (u**)) with dist(6,(70) &0, Xa) > co. We
can assume that & < cp/10. Hence there is a neighborhood of 7p in Isom(R%),
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which we denote by U, such that dist(6,(7) "¢, Xo) > 26 for each v € U.
Thus for each v € U, we have

11 {edist(mo (), Xa) <8} (E) PO T ) 72(py) < (1= 1/ Q21 Zal )11 Z2(py)-
Recall that

Pren(€) = / (€, 0(1)P(6(7) " E)d™ ) ().

Since p**)(U) > ¢; > 0 for some number ¢; depending only on p, R and a,
we have

H1{gzdist(m(O,Xa)gé}ﬁHk”2L2(DQ) <(1- Cl/(2|ZaD)||’71H%2(D2)'
This implies (65) if the number ¢ there is sufficiently small. O

Proof of Proposition 34. We apply Lemma 43 iteratively for [ = 0, L,
2L,...,[Alogs~' L. If the first alternative of the lemma holds always, then
we have ||V 4108 s-112l 22(D1) < s¢4. In the opposite case, we get

1714108 s~ 11221 (Dy) < 1P at0gs—11LllL2(D1)
< C(rs +1a)([Alog sTHL)Y2 < CAY?10g!/?(s71)s.

If we choose A sufficiently large depending on R, i1 and «, the last expression
will be larger than s4/¢.

We also apply Lemma 44 iteratively for [ = 0, L + |Z,|,2(L + | Z4|), - - -,
[A62log s ](L + | Z4|). If the first alternative of the lemma holds always,
then we have [|T7 45210 s~ 11142 ) | L2(D2) < s¢4. In the opposite case, we get

171462 10g s 11 (L4 Za ) | 21(D2) < 1PTA5-2 108 s~ 11 (14| Za ) | L2(D2)
< OO0 2 (rgs +14)*([A6 2 log s 71 (L 4 | Za|)) 7
< CAa/Q(S—Oc—Q 1Oga/2(8_1)8a.

If we choose A sufficiently large depending on R, and «, the last expres-
sion will be larger than s4/¢. Summing the above two estimates and tak-
ing into account that Vol(Dp) < CrdimVss—lpdimVa—lgdimVo anq Vol(Dy) <
CrdimVss=lpdimVa=1 e got the claim. ]

8.3. Proof of the Local Limit Theorem. Recall from the statement of the
theorem that X7, X5 ... are independent identically distributed random isome-
tries. By the assumptions of the theorem, the common law of X; is nondegen-
erate and has finite moments of order o > d? + 3d.

By Lemma 4 we can choose the origin in such a way that v:=E[X (z¢) — 0]
is fixed by K. Now let 7, € Isom(R%) be translation by —v. Consider the ran-
dom isometries X;-7,, and denote by u their common law. Then p also satisfies
(C) besides nondegeneracy and the above moment condition, and clearly it is
enough to prove the theorem for these modified random isometries.
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We can approximate any compactly supported continuous function in
L norm by functions that have smooth (say C°°) and compactly supported
Fourier transform. Therefore we consider an arbitrary function f such that f
is smooth and compactly supported, and we prove the conclusion of Theorem 2
for it. Then this will prove the theorem by approximation. Let R > 0 be a
number such that the support of fis contained in the ball of radius R around
the origin.

We again write v; = p*().6,, and use Plancherel’s formula

/f )in(z) = [ Fem(

Let A be the quadratic form from Proposition 15. It is easily seen that
i 142 [ Fe)e 269 ¢ = (o),

l—00

where c¢ is a constant depending on A. Since f = [ f(z)dz, it is enough to

show that
Jim 142 [ F()(2(6) - 12469 de ~0.

The rest of the proof is devoted to estimating the above integral. We
break it up into several regions. Let § = =7 with 8 > d/(2d 4 2) and also

o d

9) - = « =

Bla+2) -5 <-3,
which is possible since o > d? + 3d. (This will also be the § that we set in
Proposition 34.) The first region is defined as €y := {£ : |{| < 0}. Proposi-

tion 15 implies that
ot / 71(8) — e A& 2de < .
|€l=r
By the Cauchy-Schwartz inequality, we have

Pt / Dy(&) — e 1A |de < O,
gl=r

After integrating for 0 < r < § = 1~# and using |f(€)| < ||f]|1, we get

FO@(E) — e BC)de| < | flla= D,

951
Since 8 > d/(2d + 2), the right side is o(I~%/?2).
Recall the notation from the beginning of Section 8, where we decomposed
R? as an orthogonal sum Vs &V, @ V,. To simplify the notation, we write £ =
(€ssy €as &), where &; is the component of £ in the corresponding subspace V.
The second region we consider is

Qg i= {€ = (55,0, &0)  |Ess| + |€a| > Col™210g' /21, |¢] < R},
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where Cj is a suitable constant depending on p. (This region has an overlap
with the first one.) We integrate the bound in Proposition 27 for Cpl~1/2 logl/2 l
<res+71, < Rand 0<r, <R and obtain

71(&)Pde < CVol(§)eelC0l 2o D < (o)1~ (@4
Qo
if we take Cp sufficiently large. The number d 41 in the exponent is arbitrary.

~

Using the Cauchy-Schwartz inequality as above and |f(£)| < || f]]1, we get

FO@(€) — e D&Y deg| < OVOl(Qy)|| fI11H+D/2,
Q2

Note that e ‘24 is negligible in the region of integration. The right-hand
side is again o(1=%/2).
The third region we consider is given by the inequalities

Q3 = {€: |€es] + |€a] < Col™V210gY21, 6 < |€,| < R}.

Note that Col~*/21og'/? I is much smaller than 6, so if £ ¢ Qy, that is |€] > 26,
then & € Q,UQ3. We use Proposition 34 with s = Cl~1/2 logl/2 [ and integrate
the bound for 0 < rgs+ 7, < s and § < r, < R and get
(66)
|7/)l (f)|df < Csdim Vss+dim Vg (10g1/2(8_1)55dim Vo + 10ga/2(8_1)5a5_a_2).
Q3
For the first term on the right, we write

Csdim Vss+dim V, logl/Q(Sfl)Sédim Vo

_ Cld/Ql(l/Zf,B) dim Volfl/Q loglJr(dim Viss+dim Vy,) L.

Since 5 > d/(2d + 2), we have dim V,(1/2 — ) < 1/2, so the right-hand side
is o(I=%?). For the second term in (66), we write

Csdim Vss+dim V, loga/Q(s—l)saé—a—2

< Cl—(dim Vss+dim Va)/2lﬁ(a+2)—a/2 a+(dim Vis+dim V4,) /2 L

log

Since B(a + 2) — a/2 < —d/2, the right-hand side is again o(I~%/?2).

~

Using |f(§)] < [[f]l1 again, we get

~

FE@(&) — e 2ED)dg] < o172 f]I1.

Q3

Combining the estimates for the three regions above, we get the theorem.
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