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On the boundedness of Bernoulli processes

By WiToLD BEDNORZ and RAFAL LATALA

Abstract

We present a positive solution to the so-called Bernoulli Conjecture con-
cerning the characterization of sample boundedness of Bernoulli processes.
We also discuss some applications and related open problems.

1. Introduction and notation

One of the fundamental issues of probability theory is the investigation
of suprema of stochastic processes. Besides various practical motivations it
is closely related to such important theoretical problems as boundedness and
continuity of sample paths of stochastic processes, convergence of orthogonal
series, random series and stochastic integrals, estimates of norms of random
vectors and random matrices, limit theorems for random vectors and empirical
processes, combinatorial matching theorems and many others.

In particular, in many situations one needs to find lower and upper bounds
for the quantity E sup,;cr X¢, where (X;):er is a stochastic process. For a large
class of processes (including Gaussian and Bernoulli processes), finiteness of
this quantity is equivalent to the sample boundedness, i.e., to the condition
P(supser Xt < 00) = 1. To avoid measurability problems one may either
assume that 7' is countable or define Esup;cr X := supyp Esup;cp X¢, where
the supremum is taken over all finite sets F' C T". The modern approach to
this problem is based on chaining techniques, already present in the work of
A. N. Kolmogorov and successfully developed over the last forty years. (See
the monographs [22] and [25].)

The most important case of centered Gaussian processes (Gy)ier is well
understood. In this case the boundedness of the process is related to the geom-
etry of the metric space (T, d), where d(t, s) := (E(G; — G4)?)'/2. In the land-
mark paper [3], R. Dudley obtained an upper bound for g(T') := E sup,cr Gy
in terms of entropy numbers. Dudley’s bound may be reversed for stationary
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processes [5], but not in general. In 1974 X. Fernique [5] showed that for any
probability measure p on the metric space (7, d),

o0 1
7)< Loy [ 101/2()d,
9 < Lswp | los 2\ gy )

where L, here and in the sequel, denotes a universal constant and B(t,x)
is the ball in T centered at t with radius . This can easily be shown to
improve Dudley’s estimate. In the seminal paper [14] M. Talagrand showed
that Fernique’s bound may be reversed; i.e., for any centered Gaussian process
Gy, there exists a probability measure u (called a majorizing measure) on T

such that
o0 1
su lo 1/2<>d:v<L T).
), e Gamay ) 2o = o)

In general, finding a majorizing measure in a concrete situation is a highly
nontrivial task. In [21], M. Talagrand proposed a more combinatorial approach
to this problem and showed that constructing a majorizing measure is equiv-
alent to finding a suitable sequence of admissible partitions of the set T. An
increasing sequence (Ay)n>0 of partitions of the set T is called admissible if
Ao = {T} and | A,| < N,, := 2%". The Fernique-Talagrand estimate may then
be expressed as

1
(1) 7 12(Td) < g(T) < La(T d),
where
(T, d) == infsup > 2"/2A(A,(t))
teT 1,20

and where the infimum runs over all admissible sequences of partitions. Here
A, (t) is the unique set in A,, that contains ¢t and A(A) denotes the diameter
of the set A.

Any separable Gaussian process has a canonical Karhunen-Loeve type
representation (3272, t;gi)ter, where g1, go2, ... are independent and identically
distributed standard normal Gaussian A (0, 1) random variables (r.v’s) and T'
is a subset of £2. Another fundamental class of processes is obtained when in
such a sum one replaces the Gaussian r.v’s (g;) by independent random signs.
We detail this now.

Let I be a countable set and (¢;);e; be a Bernoulli sequence, i.e., a sequence
of independent and identically distributed symmetric r.v’s taking values +1.
For t € (2(I), the series X; := S ;¢ tie; converges almost surely, and for T' C
¢%(I), we may define a Bernoulli process (X;)ier and try to estimate b(T) :=
E sup;cr X¢. There are two easy ways to bound b(T"). The first is a consequence
of the uniform bound |X;| < |[|t|i = Yier|ti| so that b(T) < supyer [t
Another is based on the domination by the canonical Gaussian process G :=
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S ier tigi- Indeed, assuming independence of (g;) and (g;), Jensen’s inequality
implies

2
(2) g(T)=Esup) tigi=Esup) tigilgi| > Esup» tie;Elgi| = \/75(T)-

teT je1 teT 1 teT 1 7T
Obviously, also if T C Ty + Ty = {t! +t2: th e T1}, then b(T') < b(Th) + b(T>),
hence

. T
b(T) < inf { sup )1+ 59(T2): rch+ Tz}
1

< inf{ sup ||ty + Ly2(T2): T C Ty + Tg},
teT

where vo(T) = v2(T,dy) and dy is the ¢2-distance. It was open for about
twenty-five years (under the name of Bernoulli conjecture) whether the above
estimate may be reversed. (See, e.g., Problem 12 in [12] or Chapter 4 in [22].)
Our main result, announced in [2], provides an affirmative answer.

THEOREM 1.1. For any set T C ¢*(I) with b(T) < co we may find a
decomposition T C T1 4 To with sup,er, Yier |ti| < Lb(T) and g(Tz) < Lb(T).

Of course part of the difficulty is that the decomposition is neither unique
nor canonical. Let us briefly describe some crucial ideas behind the proof,
which uses a number of tools developed over the years by M. Talagrand. First
of all we must review the proof of the lower bound of (1) in the modern
approach as in, e.g., [22]. Every idea of this proof is used to its fullest in our
approach.

As was nicely explained in [16] two fundamental facts behind this proof
are Gaussian concentration and the Sudakov minoration principle. Gaussian
concentration asserts that the fluctuations of the supremum of a Gaussian
process are at worse like those of a single Gaussian r.v. with standard deviation
about the diameter of the space (T, d) (irrelevant of the average value of this
supremum). The Sudakov minoration says that the supremum of m Gaussian
r.v's with distances at least a of each other is at least of the order a+/logm.
These two principles can then be combined to obtain a “growth condition” as
follows. If the space (T, d) contains m pieces H;, which are at mutual distances
at least a, and if each of these pieces is of diameter at most a small fraction of
a, then the expected value of the supremum of the process over the whole index
set T is larger by about a+/log m than the minimum over [ of the expected value
of supremum of the process on the set H;. This brings the idea to measure the
“size” F'(A) of a subsets A of T' by the expected value of the supremum of the
process over A. One is then led to perform constructions in the abstract metric
space (T, d) using only the value of the “functional” F'(A) over the subsets A of
T'. (The concept of functionals and related “growth conditions” was introduced
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and developed by M. Talagrand [20], [22] to simplify proofs and give a unified
approach to various majorizing measure type results.) The basic ingredient to
the proof is then a “decomposition lemma,” which is a simple consequence of
the growth condition through a “greedy” construction. Roughly speaking this
decomposition lemma asserts that there exists a universal constant r with the
property that any subset A of T' can be partitioned into at most m pieces such
that each piece either has the diameter at most A(A)/r, or else it satisfies
the condition that its every subset B of diameter at most A(A)/r? satisfies
F(B) < F(A) — cA(A)y/logm for some positive universal constant c¢. (The
reader observes that the condition on B is not that its diameter is at most
A(A)/r but the much more stringent requirement that its diameter is at most
A(A)/r?. Tt is exactly this point that makes the proof delicate.) In words,
every piece is either small, or it has the property that the value of the functional
on its very small sub-pieces is quite smaller than on the whole of A. The
admissible sequence of partitions we look for is then obtained by a recursive
use of the decomposition lemma. Each set A belonging to A4, is partitioned
in at most N,, = 22" sets to produce the partition A,,;. It is not obvious,
but true, that the resulting sequence of partitions has the required properties.
(Proving this is the tricky part of the whole proof.)

When working with Bernoulli processes (and many others) the situation
is more complicated than in the Gaussian case, and one needs to use a family
of distances interpolating between the ¢? and the ¢! distances. Such distances
were introduced by M. Talagrand in [17], [19], [18] and will be of constant use.
An important concept in our proof is reducing the decomposition of the set
T to constructing a suitable admissible sequence of partitions. Theorem 3.1
below is a refinement of previous results of M. Talagrand in the same direction
[19], [18], [22]. In some sense this type of result amounts to organize chaining
in an efficient way. Indeed in [25], M. Talagrand used such a result to settle
the long standing problem of convergence of random Fourier series in a very
general case.

How, then, should one construct the required partitions?

M. Talagrand extended to Bernoulli processes both Gaussian concentra-
tion and the Sudakov minoration in [15] and [17] (see Theorems 2.5 and 2.7).
The Sudakov minoration result provides a lower bound on the expected value
of the supremum of variables X;, when the various points ¢; are far from each
other in the ¢? sense, but it requires a control in the supremum norm of the
elements ¢;. (The overall idea is simply that by the central limit theorem, a
sum Y, €;t;; looks more like a Gaussian r.v. if all the coefficients are small.)
In order to apply this minoration to increasingly larger families, one needs to
reduce the supremum norm. To do this M. Talagrand introduced in [17] the

9

fundamental idea of “chopping maps.” These replace the process of interest
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by a process where the control in the supremum norm is better, but which
is related to the original process through an equally crucial comparison theo-
rem (Theorem 2.2). This is essentially done by replacing each term t;e; by a
sum Y, ¢;(t;)e;,; for new independent Bernoulli r.v’s and certain functions ¢,
where we uniformly control sup [¢;(t;)|, and where |t;| = > |¢;(t;)|. In some
sense in this procedure we “add more Bernoulli r.v’s” to the process.

On the base of these tools M. Talagrand was able to prove in [18] a weaker
form of Bernoulli conjecture with ¢P-diameter bound on the set 71, p > 1
instead of ¢'-diameter. Although such a bound is not optimal, it was sufficient
to obtain deep results about Rademacher cotype constants of operators on
C(K) spaces.

The main difficulty in using chopping maps optimally is that there are
two ¢2-distances involved, the distance associated to the process before it is
chopped and the possibly much smaller distance associated to the process
after it is chopped. This makes it very difficult not to loose information during
the construction. For example, if we try to mimic the construction in the
Gaussian case, and if at a given stage of the construction, we have a set A
with the property that on every subset of very small diameter the process is
significantly smaller than on the whole of A, it is far from clear what this
implies after applying a chopping map since sets of small diameter for the
“smaller distance” need not be of small diameter for the larger distance. Maps
other than chopping maps were used in [10], where the Bernoulli conjecture
was verified for a very special class of subsets of 2. Proposition 2.10 is a
modification of the key new fact proved in that paper. It is the cornerstone of
our paper. While Talagrand’s chopping maps amount somehow to introduce
new Bernoulli r.v’s, a major new ingredient is that we find it convenient at
times to remove some of these variables (which can only decrease the size of
the process). In the situation of Proposition 2.10 we consider a subset J of I
and the process X = >7;c; tig;; that is, we remove the Bernoulli r.v’s that are
not indexed by J. We then have two ¢2-distances on the index set: a small
one /> es(ti — s;)? and a large one /> ;cr(t; — s;)2. Roughly speaking, the
content of Proposition 2.10 is that if the index set has a small diameter with
respect to the smaller distance, we may decompose it into not too many sets
that either have a small diameter with respect to the larger original distance
or else have the property that the size of the process over the whole piece has
decreased significantly when one drops the Bernoulli r.v’s that are not indexed
by J. The quantitative version of the result of course involves the ubiquitous
term +/log m, where m is the number of pieces permitted.

Even after this principle has been clarified, it is still a very nontrivial
technical problem to define an appropriate family of “functionals” to measure
the “size” of the pieces of our partition. These functionals at time “add”
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new Bernoulli r.v’s and at time “remove” some. Of course the difficulty is to
find an exact balance between these two operations to ensure that no essential
information is lost. Owur functionals, defined in Section 4, depend on four
parameters J,u, k,j. The parameter j € Z indicates “how much chopping we
have performed.” The other three parameters keep track of which Bernoulli
r.v’s we still use in the functional. A new feature of this construction is that
our functionals depend not only on which stage of the construction we are at,
but also on which piece we are trying to partition. At each step we use a
“decomposition lemma,” which we give in Corollary 5.3, somewhat similar in
spirit to that of the Gaussian case. Another new feature is that this lemma
is not obtained only through a growth condition. To prove it, we also apply
in an essential way Proposition 2.10, mentioned above. In contrast with the
Gaussian case, the decomposition lemma now produces three distinct types
of pieces. Two of the types of pieces behave as in the Gaussian case. The
new type of piece has the property that its size (as measured by the proper
functional) has decreased compared to the set we partitioned after ignoring a
suitable subset of the Bernoulli r.v’s.

Our proof also uses in an essential way the technique of “counters” intro-
duced by M. Talagrand to keep suitably track of the “past” of the construction;
cf. [22, Chap. 5].

Theorem 1.1 yields another striking characterization of boundedness for
Bernoulli processes. For a random variable X and p > 0, we set || X||, :=
(E|X[") /7.

COROLLARY 1.2. Suppose (X¢)ier is a Bernoulli process with b(T') < co.
Then there exist t',t%,... € ¢? such that T — T C conv{t": n > 1} and
||Xt"||log(n+2) S Lb(T) fOT' all n Z 1.

The converse statement easily follows from the union bound and Cheby-
shev’s inequality. Indeed, suppose that 7' — T C conv{t": n > 1} and
[ X lliog(n+2)y < M. Then for u > 1,

]P( sup XS 2 ’LLM) S P (Supth Z ’LLM) S Z P(th Z U||th‘|log(n+2))
seT-T n>1 n>1

< Z u= log(n+2)’

n>1

and integration by parts easily yields Esup,cr_r Xy < LM. Moreover, for any
toeT,

b(T) = Esup(X; — Xy,) = Esup(Xi—,) <E sup X, < LM.
teT tel seT-T
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One of the motivations to state the Bernoulli Conjecture was a question of
X. Fernique about vector-valued random Fourier series (which we solve in The-
orem 8.1). Another interesting application of Theorem 1.1 is a Levy-Ottaviani
type maximal inequality for VC-classes (Theorem 8.2).

To put Theorem 1.1 in a proper perspective, we will briefly explain that
it is just the first step towards a much more ambitious program outlined in
Talagrand’s book [25]. One way to describe (1) in words is that “chaining
explains the size of Gaussian processes.” The best chaining bound one can
obtain for the supremum of a Gaussian process is of the correct order. Now,
the bound Y7, t;ie; < 37 |ti] on a Bernoulli process is of a different nature, in
the sense that it makes no use of cancellation between the various terms. In
some sense, Theorem 1.1 can be reformulated as “chaining explains the part
of boundedness which is due to cancellation.” That is, chaining explains the
boundedness of the part T5 of the process, while the boundedness of the 77 part
owes nothing to cancellation. It is argued in [25] that the phenomenon that
“chaining explains the part of boundedness due to cancellation” could be true
in many more situations (empirical processes, infinitely divisible processes).
Here we just briefly discuss the case of empirical processes.

Let (X;)i<n be independent and identically distributed r.v’s with values
in a measurable space (5,S), and let F be a class of measurable functions on
S. It is a fundamental problem, strictly related to the investigation of uniform
laws of large numbers, uniform central limit theorems and various applications
in asymptotic statistics (cf. [4], [26]) to relate the quantity

(3) Esup > (f(Xi) — Ef(Xy))

JeFi<n

with the geometry of the class F. A first situation is when one already controls

Esup Y [f(X))],
fer i<N
a situation where there is no cancellation. A second situation is when one can
bound the quantity (3) using chaining. Since one then has to use Bernstein’s
inequality (36), this requires not only a control of the size of F with respect
to the ¢? norm but also with respect to the ¢* norm. M. Talagrand then
conjectures that the general situation is a mixture of these two cases. The
precise technical statement is given in Conjecture 9.2.

A discretized version of this problem concerning the “selector processes”
based on the independent and identically distributed sequence (;);c; will also
be discussed in Section 9.

In a somewhat different direction, we would like to mention a very beauti-
ful generalization of the Bernoulli Conjecture formulated by S. Kwapien (pri-
vate communication).
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PROBLEM 1.3. Let (F.|| ||) be a normed space and (u;) be a sequence of
vectors in F' such that the series ) ;>1 u;e; converges almost surely. Does there
exist a universal constant L and a decomposition u; = v; + w; such that

vai Zum Zwigi Z Wicy

i>1 i>1 i>1 i>1

sup < LE and E < LE ?

T]i::tl

Theorem 1.1 shows that the answer is positive for F' = ¢°°; in general,
however, we may only assume that F'is a subspace of £°°. The difficulty here is
that our proof gives very little additional information about the decomposition
given by Theorem 1.1; in particular, there is no reason for sets 77 and T» to
be contained in the linear space spanned by the index set T.

The paper is organized as follows. In Section 2 we gather general results
about Bernoulli processes. The main new ingredient there is Proposition 2.10.
In Section 3 we show how to reduce finding a required decomposition of the
index set to constructing a suitable admissible sequence of partitions. In Sec-
tion 4, on the base of chopping maps we define functionals, and in Section 5
we show that they satisfy a Talagrand-type decomposition condition stated
in Corollary 5.3. In Section 6 we inductively construct a required admissible
sequence of partitions and conclude proofs of the main results stated in Sec-
tion 7. In Section 8 we present two applications of our main result, and in
Section 9 we discuss the situation of “selector processes” in more details.

Acknowledgments. We would like to thank professors Stanistaw Kwapien
and Michel Talagrand for constant encouragement to work on the problem.
Upon seeing our original proof, Michel Talagrand was able to simplify a number
of technical details, and we are grateful to him for allowing us to freely use
some of his arguments as well as for multiple comments that improved the
presentation of the paper.

Notation. By (&)s, (€i,5)i,; and (€; k)i j,k We denote independent Bernoulli
sequences. We use the letter L to denote positive universal constants that may
change from line to line and L; for positive universal constants that are the
same at each occurrence.

By Ap ) (T) (or Az(T) if the set I is clear from the context) we denote
the diameter with respect to the ¢2-distance of the set T' C ¢2(I).

2. Estimates for Bernoulli processes

In the first part of this section we gather several well-known estimates for
suprema, of Bernoulli processes and discuss some of their consequences that
play a crucial role in the proof of the main result.

We start with the following simple bound on the diameter of the index
set.
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LEMMA 2.1. For any T C (%(I), we have Ao(T) < 4b(T).
Proof. Let X; := ", t;e; for t € T. Take any t,s € T'; then

1 1
b(T) > Emax{ X, X5} = Emax{X; — X;,0} = §E|Xt - X4 > ZHt —s|l2. O

Obviously, by Jensen’s inequality we have

(4) IEsuptheZ < Esupthsz for J C I.
teT joy teT jo7

Much deeper is the following Talagrand’s comparison theorem for Bernoulli
processes. (Cf. Theorem 2.1 in [17] or the proof of Theorem 4.12 in [12].)

THEOREM 2.2. Suppose that p;: R — R, i € I are contractions (i.e.,
loi(z) — @i(y)| < |z —y|) and ¢;(0) =0 for all i € I. Then for any T C £*(I),

IEsungol ei < EsupZt €.
teT jo1 teT 27

Remark 2.3. Since

Esupz% )Ei —Esupz wi(ti) — ¢i(0))es,
teT jer teT jer

we may replace the assumption that ;(0) = 0 with (¢;(0)) € £2(I) (which for
contractions is equivalent to (;(t;)) € £2(I) for some/all t € ¢*(I)).

A typical application of Theorem 2.2 is the following.

COROLLARY 2.4. Suppose that (f; ;) and (g;) are functions on R such that
foralliel, x,y € R,
Z |f’L,_] fz,j )’ < |gl(x) _gi(y)|'
jedJ

Let T be a set such that (g;(t;)) € (2(I) and (fi;(t:)) € £2(I x J) for allt € T
Then

E sup Z fz] 51]<Esungz i
te€T jer jeg teT 527

Proof. Without loss of generality we may assume that the sequences (&; ;)
and (g;) are independent. It is enough to observe that

E sup Z fij(ti 5Z]—Esupz<2fz,] E”)
€T et jeg Tier jeJ
and that for any values of ¢; ; € {£1} and z,y € R,

Z fz,] 527j Z fi,j(y)Ei,j

jeJ jeJ

< lgi(z) — gi(y)|.

The assertion follows by conditionally applying Theorem 2.2. O
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Next we state the concentration property of Bernoulli processes (cf. [15]
or [11, Cor. 4.10]).

THEOREM 2.5. Let (at)ier be a sequence of real numbers indezed by a set
T C 2(I), and let S = sup,ep(at + Yier tici) be such that |S| < oo almost
surely. Then

u2

P(|S — Med(S)| > u) < 4exp <_1602

) for u >0,

where o := supser ||t]]2. In particular, E|S| < oo, |ES — Med(S)| < Lo and

2

P(|S —E(S)| > u) < 2exp (_L“

10-2

) for u > 0.

Theorem 2.5 easily implies the following fact [10, Cor. 1].

PROPOSITION 2.6. Let (Y[F)ier, 1 < k < m be independent and identi-
cally distributed Bernoulli processes, and let o := sup,cp ||Y;'||2. Then for any
process (Zy)ier independent of (YF:t € T,k <m), we have

E max sup(Z; + V") < Esup(Z; + Y;!) + Lao/logm.
1<k<m teT teT

Another important property of Bernoulli processes is a Sudakov-type mi-
noration formulated and proved by M. Talagrand (cf. [17] or [22, Th. 4.2.4]).

THEOREM 2.7. Suppose that vectorsty,. .., t, € £*(I) and numbers a,b >0
satisfy
(5) Vigr, [ti—tvll2=a and VY, [[tiflc < 0.
Then

1 a’
E sup Z t1;€; > — min {a\/log m, } .
I<m e Ls b
The next proposition, also due to M. Talagrand, combines concentration
and minoration properties for Bernoulli processes [22, Proposition 4.2.2]. It
exactly parallels the Gaussian case.

PROPOSITION 2.8. Consider vectorsty, . .., tn, € £2(I) and numbers a,b> 0
such that (5) holds. Then for any o >0 and any sets Hy C Bp(p(t;,0),

1 2
b( U Hl) > L—min {a\/logm,a} —L5a\/logm+1lr<11nb(Hl).
4 <m

I<m b

Proposition 2.8 together with a simple greedy algorithm yields the fol-
lowing decomposition result for Bernoulli processes. This again parallels the
Gaussian case.
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COROLLARY 2.9. Suppose that ||t||cc < b for allt € T and by/logm < o.
Then there ewist sets C1,...,Cpm_1 C T such that AZZ(])(CZ‘) < Lgo and for
each nonempty set D C T'\ Up<m—1 Ck with Apy(D) <o,

b(D) <b(T) — o/logm.

Proof. Let Lg = max{2,2L4(L5 + 2)} and a = 3Lgo. Then

2
min {a\/logm, CZ} = av/logm > L4(Ls + 2)o+/logm.

If T C Ui<m—1B(ti,a) for some ty,...,t,,—1 € T, there is nothing to prove;
otherwise we choose inductively vectors ti,ta,...,t;m—1. To this end we set
T, :=T and Ty, := T\ Uj<r B(t;,a) for k > 1 and choose tj, € T}, in such a way
that

b(Tx N B(tg,0)) > sup b(Ty, N B(t,0)) — o+/logm.
teTy,

Let Cy := T N B(ty,a) for K < m — 1. Then obviously, Ap)(Cy) < Lgo.
Take any D C T = T'\ Ug<m Ck With Ap()(D) < o, and choose any t,, € D
so that D C B(tm,0) N T,,. By construction the condition (5) holds. Let
H; := B(t;,0) N1 for I < m, and let H,, := D. Then by the choice of ¢; it
follows that

min b(H;) > b(D) — o+/logm.

1<I<m

So by Proposition 2.8,

b(T) > b( U Hl) > L14min {a\/@, g } +b(D) — (Ls + 1)oy/logm

I<m b
> b(D) + o/logm. O

The last result of this section is a modification of Proposition 1 from [10]
and contains the crucial idea of “removing” some of Bernoulli r.v’s. Before we
state it, let us introduce a bit of notation. For ) £ J C I, t € £2(I), T C ¢3(I),
we define t; := (t;)ics € £?(J),

by(T) := Esup Z eiti,
teT e

dy(t,s) = ||t;—sjl2, t,s€ EZ(I)

N

and
Bjy(t,a) :={s € (*(I): d;(s,t) < a}, a > 0.

PropoSITION 2.10. Consider a positive integer m, numbers b,c,o > 0
and X > 1 that satisfy by/logm < Ao and T C ¢2(I) such that

(6) vt,s€T7 d](t,S) <c ”t - S”OO <b.
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Then there exist t1,. .. t,, €T such that either T C Jj<;, Br(t;,0) or

(7) bJ<T\ U Bf(tz,0)> <b/(T) - <4)\1L30 - L?C) Viogm.

I<m

Proposition 2.10 and Corollary 2.9 present two ways to decompose the
index set of a Bernoulli process. Combination of both statements will yield the
main decomposition result, Corollary 5.3. Observe that in Proposition 2.10 we
use two distances d;y and dy. What is fundamental here is that we assume that
the diameter of the set T is small only with respect to the smaller distance
dy and we show that it may be covered by a certain number of balls with
respect to the larger distance d; and a remaining set with a small value of b;.
The proof is based on concentration and minorization properties of Bernoulli
processes, but they are combined in a different way from in Proposition 2.8.

Proof. If T C Uj<m B1(ti,0) for some t1,...,t,, € T or m = 1, there is
nothing to prove, so we will assume that this is not the case. We may also
choose the universal constant L7 in such a way that LsL7 > 1, so it is enough
to consider the case o > 2¢ (since otherwise ﬁa — L7c <0).

Since by (T) = by (T —t) for any t € £*(I), we may and will assume that
0 € T so that

Ao
Viogm

ltsll2 <e, |Itlloo <b< fort € T.

We need to show that

(5 o <bi(T) - (4

ANLs

o— L7c> v/1ogm,
where

a:= inf bJ<T\UBI(tl,U)>.

t1,etm€T

I<m
Let agk), 1€ J, k=1,...,m be independent Bernoulli r.v’s, independent
of (&;)ier. Let
k k
Y;( ) = Ztisg ), Ly = Z ti€;-
ieJ iel\J

Then for any k,

br(T) = Eilele(Zt +v M),

and therefore Proposition 2.6 yields

9) E max sup(Z; + Yt(k)) < bi(T) + Lacy/log m.

1<k<m ¢eT
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We set 71 = T and define a random point t; € 17 that depends only on
(5(»1))ZEJ such that

(2
Y;(ll) > 5611713 Y}m — cy/logm.
1
We continue this construction and inductively define random points ¢ € T,

(0

k <m that depend only on (¢; ' )<k ic. If t1,...,ty_; are already defined, we set
T, =T\ |J Bit,0),
1<k—1

and we choose a random point ¢ € T}, such that

Y;im > 1tsequ Y;(k) — cy/logm.
k

The process (Y;(k)) is independent of the set T}, and for k < m,

Y;EP + cy/logm > sup Yt(k) and Esup Y;(k) > a.
teTy teTy

We have

) < -
(10) Elrsr}fgn?gzg(zt Yz E( (B et o Yy )

: (k)
> Elg}gagnZtk +o— c\/logm+E1g}€1§m (tseu%l)cﬁ - a)

: (k) (k)
> — — .
_Elg}ﬁaénZtk—i—a c\/logm—l—Elg}flélm(tseui}Q Etseujgl)th )
Observe that for 1 <l < k <m,
1
dpg(te,tt) = di(te, t) — dy(te, t;) 20 —c > 39

and hence Theorem 2.7 with a = ¢/2 (and using independence of Z; and of
the random points (¢x)) implies

11 E Z, >
(11) 12hem “t = ALy

o+/logm.
Since (Y;(k)) is independent of the set Tj, Theorem 2.5 gives that for u > 0,

2
P| sup Y;(k) — E sup Yt(k) <—u) <2exp| — “
teT, teT, Lic?
k k

so that

u2
P min [ sup AL ) sup Y(k)> < —u> < min {I,Qmexp ( — )} ,
<k§m <t€Tk ! teTy, ! L162

and integration by parts yields

(12) E min ( sup Yt(k) — E sup Yt(k)> > —Ley/log m.
k<m \ teTy, teTy,

Estimates (9)-(12) imply (8) and complete the proof. O
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3. Partitions

One of the main difficulties of the proof of Theorem 1.1 is that there is no
canonical way to decompose the index set of Bernoulli processes. M. Talagrand
connected finding this decomposition with constructing a suitable sequence of
partitions (cf. Theorem 2.6.3 in [22]). Theorem 3.1 and its proof are based
on Talagrand’ ideas. The main new ingredient here is the introduction of
the sets I,,(A) — they will enable us to “remove” some of Bernoulli r.v’s
from the process during the inductive partition construction and efficiently
use Proposition 2.10.

We recall that an increasing sequence (A, )n>0 of partitions of T is called
admissible if Ag = {T'} and |A,| < N, := 2%". For such partitions and ¢ € T,
by A,(t) we denote the unique set in .4,, that contains ¢t. To each set A € A,
we will associate a point m,(A) and an integer j,(A). To simplify the notation
we set jn(t) = jn(An(t)) and m,(t) := m,(A,(t)). The main new feature in
the next theorem is the introduction of the sets I,,(A).

THEOREM 3.1. Suppose that M > 0, r > 2, (Ap)n>0 is an admissible
sequence of partitions of T C (%(I), and for each A € A,, there exists an
integer jn(A) and a point m,(A) € T satisfying the following assumptions:

() ||t = slla < VMr=oM) fort, s €T,

(ii) ifn>1, A, 2 AC A € A,_1, then either
(8) n(A) = ju-1(A") and mo(A) = T1(A"), or
(b) jn(A) > jn_1(A4"), m(A) € A" and for all t € A,
S min{(t; — ma(A))?, r 2} < pponpm2n (),
i€In(A)
where for any t € A,

In(A) = I(t) == {i € I+ |mpqr(t); — ma(t)il
< r k@) for0<k<n-— 1}.

Then there exist sets T1, Ty such thatT C T1 + 15 and

(13)
o0 ) 00 '
sup [|t']y < LM sup Z ) and  ~o(Ty) < LVM sup Z om—in(t).
tleTy teT o teT 15

Remark. Note that if t,s € A € A,, then for 0 < k < n, Ai(t) = Ar(s)
and as a consequence ji(t) = jr(s), mx(t) = mx(s) and I,,(t) = I, (s). Therefore
the definition of I,,(A) does not depend on the choice of ¢t € A.

Proof. Obviously, we may assume that sup;cr > ,>0 2 —in(t) < o0 which,
in particular, implies that lim,,_, jn(t) = 0o. Define

m(t,i) = inf {n > 0: |moi1(t); — mu(t)s| > v}, teTiel
so that I,(t) = {i: m(t,i) > n} for n > 0.
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Observe that
(14) M1 (8)i = T ()i <7 OIssjiy for 0 <n < m(t,i).

Since j,,(t) is nondecreasing sequence of integers, for i such that m(t,i) = oo
the limit oo (t); := limy, 00 7, (t); exists. Therefore we may define 7 (t) by the
formula
ﬂ(t)i = Wm(t,i)(t)ia teT, el
We set
Ty :={t—mn(t): teT} and Ty :={w(t): t€T}
so that obviously, T' C 17 + T5.
To estimate ||t — 7(t)||; we define

7(t,i) := inf {n >0: |mp(t)i — ti] > %r*jn“)} , teTiel
and
Jn(t) :={iel: 7(t,i) =n}.

Observe that 7(¢,7) < m(t,i) + 1 and if 7(¢,7) = oo, then 7(t); = Too(t)i = t;.
Therefore we have

Ht_ﬂ. Hl - Z Z — Tm(t,i) t) ‘

n= Ozejn( )
From (14) we get
m(ti)—1 o
T0()i = Ty il < Y g1 (®)i — ma(t)il < >0 77 < 2pd0®)
n=0 J=3jo(t)

and, moreover, for i € Jy(t), it holds that |t; — mo(t);| > 1r_j0(t). Thus
STt = Ty @il <53 [t — mo()i] < 10000 S [t — mo(t)]?
i€ Jo(t) i€Jo(t) el
< 10]\47,—3'0(107

where the last estimate follows by assumption (i).
If i € Jo(t), n > 1, then m(t,i) > n—1 and

m(t,i)—1
lti = Ty il < [t =1l + D Imrgr ()i — me(t)dl
k=n—1
1 . e iy
<o W 3T I OLG L s
k=n—1

IN

1 . ad .
57"_]”*1“) + Z rt < gpIin—1®)
l:Jnfl(t)
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Hence
o
[t —w()]1 < 10Mr=00 433 =m0 1, (2)].
n=1
To estimate |J,(¢)| for n > 1, we may assume that j,(¢) > jn—1(t), since
otherwise assumption (ii)(a) yields m,(t) = m,—1(t) and |J,(t)] = 0. For i €
Jn(t), we have either i € I,(t) or m(t,i) = n — 1. Since for any i € Jp(t),
| (t)i — ti] > %r‘jn(t), by assumption (ii)(b) we get
1 .. , ‘
1r*QJn“)an(t) NI < Y min {[t; — m(t)s]?,r 2O} < prony=2n(0),
1€ln(t)
If m(t,i) = n — 1, then |m,(t); — mp_1(t);] > 7911, Let
n':=inf{k <n—1: jr(t) = jn_1(t)}.
Then, since m,(t) € Ap_1(t) C Ap(t), jn-1(t) = Jur(t) > jw—1(t) and 7,1 (t)
= m,(t), assumption (ii)(b) used this time for n’ yields
POl m(ti) = =131 < S0 mindjr(t); = w0201 0)
i€l (t)

g M2n_17“_2j"71(t).
Thus
| Tn(t)] < | Jn(®) N L)+ |{i: m(t,i) =n—1}] <9M2"1
and

oo o
[t —7(t)| < 10Mr—90®) 4 270 Z on—1p=in—1() < 37M sup Z 9y —In(®),

n=1 teT p=0

To bound 2(T3) we will construct sets U,, C ¢2(I) such that |Up| = 1,
|Up| < N,, for n > 1 and use [22, Th. 1.3.5] to get

(15) ~v2(T2) < Lsup Z 2" 2dist(n(t), Up,).
teT =

To this end we define

Un = {Wm(t,i)/\n(t): te T}7

where 7,y an(t) = (Tm(tiyan(t)i)icr. Observe that for s € An(t), mx(s
7 (t) for k <nand {i: m(t,i) > n}={i: m(s,i) > n} so that m(t,i) A
m(s,i) An. Hence |Uy,| < |A,| < N, for n > 1 and Uy = {m(T)}.

To estimate dist(7(t), Uy,), first notice that

)

dist(7(t), Un) < [7(8) = Tomqripan(Dll2 < D (w1 (8) = m0(0) Lme,iysie1y ll2-
l=n
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The condition m(t,i) > I + 1 implies |m1(t); — m(t);| < r~ 3@ If g1 (t) =
Ji(t), then m 41 (t) = m(t); otherwise m41(t) € A;(t) and by assumption (ii)(b),

(1 (t) = M) syl <> min{|mp (8); — m(t)]*, r21®}

iEIlJrl(t)
< M2y,
Therefore
dist(m( ) < Z\/ M2Y2p=ant
l=n
and

) 00 1 00
S 2 2dist(n (1), Up) < VM S 2200 3 9n/2 < LAY 2lpit®
n=0 =0 n=0 =0

Hence the estimate for v2(7%) follows by (15). O

4. Chopping maps

In this section on the base of the so-called chopping maps we define func-
tionals that will play a key role in the proof of Theorem 1.1. Chopping maps
were introduced by M. Talagrand in [17]; he used them to prove a weak form
of the Bernoulli Conjecture ([18] and [22, Chap. 4]).

For u < v, we define the nonincreasing function ¢, , by the formula

Yy (x) := min{v, max{x,u}} — min{v, max{0,u}}.

In other words ¢, is the unique continuous function, which is constant on
half lines (—oo,u] and [v, 00), has slope 1 on the interval [u,v] and takes value
0 at 0. Observe that |py ()] < v—1u, |Puu(T) — pup(y)| < min{|z—y|, v —u}
and

(16) Gugug (T) = Z Ouy_y () for ug <up < -+ < ug.
Functions ¢y, 4, , are called chopping maps by M. Talagrand since the interval

[uo, ug) is “chopped” into smaller intervals [u;, u;+1] laying side to side, ¢,
changes only on intervals [u;,u;+1] and property (16) holds.

sUi+1
LEMMA 4.1. For any ug < up < --- < ug and x,y € R, we have

(17> Z |‘Puz_1,w (3:) — Pu_1,u (y)‘ - ’(puo,uk (x) — Puo,ug (yﬂ < “r - y"

In particular,

k
(18) Z w1 ()] < |2|  and Z@Ulflyul(l‘)2 <2’
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Proof. Without loss of generality we may assume that x > y. Then
Yuw(x) > puu(y) for any u,v and (17) follows by (16). The “in particular”
part easily follows taking y = 0. (]

Let G; = {uio < ujp < -+ < Uiy}, © € I be finite subsets of R and
G = (G;)ier- For t € *(I), we define “chopped” Bernoulli processes

k;

Xi(Giyi) = Z‘pui,lq,ui,l (ti)eiy
=1

and
k;
Xt(g) = Z Xt(Giv Z) = Z Z Puii—1,u4, (ti)gl}l'
iel iel =1
Note that for t € ¢2(I), by (18) we get

ki
ZZ |S0ui,l—17ui,l(ti)‘2 < Zt? < o0

i€l 1=1 i€l
and X(G) is well defined. We also consider the canonical distance dg associated
to the process X;(G) given by

k;
dg(S,t)Z = E|Xt(g) - Xs(g)’2 = ZZ ’@Ui,pl,Ui,l(t’i) - @ui’l,l,um(si)ﬁ-
i€l =1

PROPOSITION 4.2.
(i) For any family of finite sets G = (G;)ier and T C £*(I), we have
Esup X;(G) < b(T) = ]EsupZtiai.
teT teT 527
(ii) If G = (Gi)ier and G' = (GY)ier are two families of finite subsets of R
such that for all i € I,

(19) G; C G, maxG; = max G} and min G; = min G},
7 (2 (2 (2

then for any T C (*(I),

Esup X,(G") < Esup X,(G).
teT teT

Proof. Part (i) follows easily by Corollary 2.4 and (17).
To show part (i) let G; = {u;0 < w1 < - < wig, } and [u;;_1,u;)] NG =
{8600 <sig1 <. < 8@17@’1}. Then

ki ki
E sup Xt(g/) = Esup Z Z Z Psi1i—1:5i,0, (ti)si,lm
teT teT el 1=1 j=1

and the assertion follows by Corollary 2.4 and (17). O
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Inequality (17) yields
(20) dg(s,t) < ||s—tl|z for s,t € £2(I).

The next proposition shows how to compare dg with dg .

PROPOSITION 4.3. Let G = (G;)ier and G' = (G})icr be two families of
finite subsets of R such that G; C G and G; = {uio < uiq < -+ < ujp,} for
allv € 1.

(i) If max; G; = max; G and min; G; = min; G}, then dg < dg.

(1) If |G N (wig—1,uig)| < q foralli e I, 1 <1< k;, then dg < \/qdg:.

Proof. Part (i) follows by (17) and the inequality 7 |a;|* < (3 |a])?. To
show (ii) we also use (17) and the bound (3F, |a)? < kS8, |a?. O

We are now ready to define functionals and related distances. Let r > 4
be an integer to be chosen later. For z € R and k € Z, we set
Gz, k) :={pr " peZ}njz—4r " o4+ 47F).
In other words if py(z) = [rFz] € Z, i.e., (pp(z) — 1)r~F < 2 < pp(z)r~F, then

Gz, k) = {pr F: pp(x) —4 < p < pp(z) + 3}.
For an integer j > k, we set

G(z,k,j) := {pr_j: (pr(x) — 4)7“_k <prl < (pr(x) + 3)r_k}
={pr7: wp;(z) <p<opyl,

where wy, ;(7) = (pr(x) — 4% and vgj(z) := (pe(z) + 3)r*. Then
G(x,k, k) = G(x, k) and

(21) ' >ji>k = G(x,k,j) C Gz, k,j"), minG(z,k,j) = minG(z, k,j)
and max G (z,k,j) = maxG(x, k, j').
For u€(?(I), integers j >k and J C I, we define the process X;(.J,u, k,5) by

Vg, (ui)
Xt(‘]auvkaj) = Xt((G<ulak7]))l€J> - Z Z Pp—1)r—3pr—i (ti)givp'
i€J p=wy, j(u;)+1
For T C (2(I), we set
F(T,J,u,k,j) = Esup Xy(J,u, k, 7).
teT
Increasing the parameter j corresponds to “adding” new Bernoulli r.v’s,
while increasing the parameter k results in “removing” some of Bernoulli r.v’s
from the process X¢(J,u,k,j).
Let us denote by d(J, u, k, 7) the canonical distance associated to the pro-
cess (X¢(J,u,k, 7)), ie.,

d(J, u, k,j)(t, S) = (E(Xt(Jaua k?]) - XS(‘Lu? k’j))Q)l/Q’
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and let A(T, J,u,k,j) denote the diameter of the set T C ¢2(I) with respect
to d(J,u, k, 7).
Proposition 4.2(i) and (20) easily yield the following.

PROPOSITION 4.4. For any J C I, u € (?(I), integers j > k and T C
?%(I), we have
F(T, J,u,k,j) <b(T)
and
A(T, J,’LL, k‘,]) < Agz(l)(T)

We also have the following comparison of distinct functionals and related
distances.

PROPOSITION 4.5. If J' C J C I, integers j > k and j' > k' satisfy j' > j
and k' > k, then for any u € £2(I) and T C ¢*(I), we have

F(T,J' u,k,j") < F(T, J,u,k, j)

and

A(T7 Jl’ u? kl?j/) S A(T7 J? u7 k?j)'

Proof. The monotonicity of F(T,J,u,k,j) with respect to the set J and
the variable k easily follows by the definition of Xy(J,u,k,j) and (4). The
monotonicity with respect to j is a consequence of Proposition 4.2(ii) and (21).

Monotonicity of distances d(T', J, u, k,j) with respect to J and k is quite
obvious and, with respect to j, follows by Proposition 4.3(i). O

We conclude this section with a lemma that gives a lower bound for the
constructed distances.

LEMMA 4.6. For s,t,u € (*(I), J C I and j >k,

AT,k )15 > 2 S mind]si — 1, 7 M ot
1€J
Proof. Tt is easy to reduce to the case when |s; — u;| < 2r=" and |s; — t;]
<r~Jforalli € J. Thenforanyi € J, min G(u;, k,j) < s;,t; < max G (u;, k, j)
and for at most two integers p, Y1) pr—i(ti) # Pp—1)r—ipr—i(s:). The
estimate follows by (16) since (a + b)? < 2a? + 2b%. O

5. Decomposition lemmas

In this section we derive several decomposition results for our functionals
F(T,J,u,k,j). The first two propositions are based on results of Section 2.
We combine them to get Corollary 5.3, on which we will base our inductive
construction of suitable partitions.

The first proposition immediately follows from Corollary 2.9.
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PROPOSITION 5.1. Let T C 2(I), w € (*(I), J C I and j > k. If
r~7y/logm < o, then there exist sets C1,...,Cp_1 C T such that

A(C, Jouk,j) < Lgo 1<1<m-—1,
and for any 0 # D C T\ Uicm C1 with A(D, J,u,k,j) < o, it holds that
F(D, J,u,k,j) < F(T,J,u,k,j) — o\/logm.
The next result is a consequence of Proposition 2.10.

PROPOSITION 5.2. Letu,u’ € (2(I), J C I, j >k and J' C J be such that
|u; — | <2r=F for alli € J'. LetT be a subset of (*(I) with A(T, J,u, k,j+2)
< c. Ifr7771/logm < o and Lgc < o, then there exist sets A1,..., Ay, C T
such that

A(AL Juk,j+1) <o for1<I<m
and either T C i<, A1 or

" 1
(22> F(T\UAlajlaul7j+2a.j+2)SF(T7J7u7kaj+1)_fUV10gm'
=1 9

Proof. Let G = (G;)icg, ' = (G})ic, where
G; :G(ui,k,j—i-l), 1ed
and

o Gi forie J\J,
’ GiUG(u,,j+2,j+2) forielJ.

Since r > 4 and j > k, we have
G(uf,j +2,5+2) C [uj —4r77 72 uf + 4r7772) C (uf —r ™" uf +r7").

Moreover, |u; —u}| < 2r=F for i € J', and therefore the sets G; and G/, satisfy
condition (19) and Proposition 4.2(ii) yields

Esup X4(G") < Esup X4(G) = F(T, J,u, k,j +1).
teT teT

Since |G(ul,j + 2,7 + 2)| = 8, Proposition 4.3(ii) with ¢ = 9 yields dg < 3dg.
For i € J', we have |u; — u}| < 2r* so that

|pr7j*2 —uf| < 472 = |p?”7j*2 —u| < 2R gpTiT2 < 3pk
and therefore G(u}, j + 2,7 +2) C G(u;, k,j + 2). Thus

A(T’ J/7u,’j +27j+2) S A(T7 J’u7k7j +2) S C.
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We apply Proposition 2.10 with b = »=7~' A\ = 6 and o*, I*, J*, T* instead
of 0,1,J and T, where o* := 0 /6,

I*:=={(i,z): i€ J, z € G;\ {minG;}},
J={(,2): ieJ, xe€Gul,j+2,5+2)\{minG(u},j+2,5+2)}}
and for A C T,
A" = A{(pa—n(ti))in): t €A, (1,x) €T},

where for (i,2) € I, x— denotes the largest element of G} smaller than z.
Observe that with the notation of Proposition 2.10, for A C T" we have

by« (A*) =Esup X4 (G') and by«(A%) = F(A,J ', j+2,5+2).
teA
It is not hard to check that all the assumptions of the proposition are satisfied.

Hence there exist sets Ay,..., A, C T such that A7 C By«(tf,0*) for some
t; € T* and

F(T\ U AbJ/’u/’j + 2,7 —|—2> < Eingt(gl) N (
=1 €

o — L7c> Vd1ogm

14415

1
— Lrc )1 .
144L30 7c> ogm

Hence condition (22) holds if we take Lg = 288L3L; and L9 = 288L3. We
conclude by observing that the condition A; C By« (t}, c*) implies that for s, ¢ €
A, we have dg(s,t) < 3dg/(s,t) < 60* = o, and hence A(A;, J,u, k,j+1) <o,
1<l <m. O

SF(T7J7UJ7]€>]+1)_<

We finish this section with a crucial corollary, which states that our func-
tionals satisfy a Talagrand-type decomposition condition. Talagrand’s con-
structions of admissible partitions for various classes of stochastic processes
were based on conditions of similar nature, which roughly state that each set
may be partitioned into a number of pieces with either a small diameter or a
small value of a suitable functional on subsets of small diameter.

In our case each set may be decomposed into pieces of three types. Pieces
of type (C3) have small diameters, and pieces of type (C1) have small value of a
functional on subsets with sufficiently small diameters; in both cases we do not
change values of parameters k, J and u. Pieces satisfying conditions (C2) are of
different type — they have both small diameters and small value of functionals;
however we increase the parameter k£ and allow changes in parameters u and J.

COROLLARY 5.3. There exists a positive integer ro with the following
property. Consider T C (*(I), J C I, u € *(I), ' € T, ¢ > 0 and inte-
gers j >k, n>1,r>ry, and set

Jo={ieJ: u —ul] <2r 7).
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Then we can find p < Ny, and a partition (A;)i<p of T such that each set A;
satisfies one of the following properties:

1 .
(C1) for any D C A; with A(D, Ju,k,j+2) < L—2”/2T_]_1,
10
1 .
F(D,J,u,k,j+2) < F(T,J,u,k,j+2)— Ligﬂrfjfl
11
or
(Cza’) A(Alﬂ Jl7u/7j + 27] + 2) S A(Ala J,’LL, k?.] + 2) S 2n/2707j717

1 .
(C2b) F(AL,J ' j+2,5+2) < F(T, Juk,j+1) — TQ"T*J*1
12

1 )
< F(T,J,u,k,j) — —2"r 71
Lo
or

(CB) A(Al, Jou, k,j+ 1) < 2n/2r—j_1'

Proof. Let m := v/N,, so that v/logm = 2("=1/2,/log2. Without loss of
generality we may also assume Lg > 1 (where Lg is the absolute constant given
by Proposition 5.2).

We first apply Proposition 5.1 with j + 2 and ¢ = ﬁ?ﬂr_j_l. Ob-
serve that 77 2\/logm < r972200=1/2 < 4 if ry > LgLg. This way we
obtain the decomposition T' = (Jj<,—1 C; U A1, where A(Cy, J,u, k,j + 2) <
c = %82”/27"*3'*1 and A satisfies condition (C1) with Lig := LgLg, L11 :=
(2/1og(2))/2LsLs.

Now for I < m —1, we apply Proposition 5.2 with T' = C}, o = 2%/2p—3—1,
and we decompose Cj into at most m + 1 sets that satisfy either (C2b) with
Ly := (2/10g(2))"/?Lg or (C3). Since G(u},j +2,j +2) C G(ui, k,j + 2) for
i€ J and Lg > 1, we get A(C}, J',u/,7+2,5+2) < A(C, J,u, k,j+2) <c<
27/2p=3=1 and (C2a) follows.

This way we decompose the set T" into at most 1 + (m — 1)(m+ 1) = N,
sets A; satisfying one of the conditions (C1)—(C3). O

6. Partition construction

To prove Theorem 1.1 with the use of Theorem 3.1 we need to construct a
suitable admissible sequence of partitions (A ),>0 of the index set 7. In this
section we present such a construction.

We use the following notation. For A € A,, n > 1, by A’ we will denote
the unique set in A,_; such that A C A’. For t € T and n > 0, A,(¢) is
the unique element of A, that contains ¢t. Moreover, if to each set A € A, is
assigned a certain quantity (which may be a point, a number or a set) a,(A),
then to shorten the notation we write a,(t) for ay,(Ap(t)).
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The following simple lemma will be very useful. It was proven in [25]; we
rewrite its proof for the sake of completeness.

LEMMA 6.1 ([25, Lemma 2.6.3]). Let o > 1 and (an)n>0 be a sequence of
positive numbers such that sup,, a, < co. Define

Vi={m>0: a, < apalm—ml for alln > 0,n # m}.

Then
2

Zanﬁafl Zam‘

n>0 mev
Proof. We define a partial order on N by n < m if and only if a, >
ana!® ™l Then V is just the set of maximal elements of <; i.e., if m € V,
m < m/, then m’ = m. Moreover, since a,, is bounded, there cannot exist an
infinite sequence of integers increasing with respect to <. Therefore for each
n € N, there exists m € V such that n < m. Thus

2cy

Zang ZamZofl”_m'ﬁi Zam. O

n>0 meV >0 a—1"=

We are now ready to describe the partition construction. It is based on the
iterative application of Corollary 5.3. Unfortunately we will need to control
several parameters. The integers k, < j,, the points u, € T and the sets
Jn C I are related to the functionals studied in the previous sections. The
parameter p, = 0 means that we will use Corollary 5.3 to decompose the set,
and p, > 0 means that we will wait 2k — p,, steps before doing it.

Let us first summarize the main dependencies between these quantities.
The first condition gives initial values of parameters

(P1) po(T) =0, jo(T) = ko(T) = jo, Jo(T) = 1.

The next requirement is a mild regularity condition (in all conditions below
we assume that A € A, for some n > 1)

(P2) Jn-1(A") < ju(A) < Jn-1(A) + 2, kn1(A) < ka(A).

Observe that we do not bound the difference k,(A) — k,—1(A’) from above.
Now we state a crucial estimate for the diameter of the set A:

(P3)  pa(A) =0 = A(A, Jn(A), un(A), kn(A), jn(A)) < 27/2p=in(A)

and its version for a positive value of the counter p,(A):
(P4)
pa(A) >0 = A(A, Jo(A), un(A), kn(A), ju(4)) < 2007 P A)2pmin(AFL,

We require that “parameters k, J, v do not change unless p,(A4) = 1"

(P5) pn(A)#l = un(A):unfl(A,)a kn(A):knfl(A/)vJn(A):Jnfl(A/)-
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The next condition describes how parameters change if p,,(A) = 1:
(P6) pn(4) =1=uy(A) € A, ju(A) = jn—1(A") + 2 and
Tn(A) = {i € Jn_1(A): [un(A)i — tp_y(A);] < 2r Pt (A0}

For p,—1(A’) # 0, parameter j, does not change

(P7) Pr-1(A) #0 = jn(A) = jn_1(4).

The last two conditions describe the behavior of the counter p,:

(P8) pn(A) >0 = pp(A) =p,_1(4A) +1

and

(P9) Pn(A) = 0= pp1(A) € {0,26 — 1}, jn(A) < jn-1(4") + 1.

PROPOSITION 6.2. Suppose that v = 2%, where k is a sufficiently large
positive integer and T C (%(I) satisfies Ao(T) < r=9. Then there exist an
admissible sequence of partitions (Ap)n>0 of T', points u,(A) € T, sets Jp(A) C
I and integers ky,(A) < jn(A4), 0 < pp(A) < 2k — 1, A € A, that salisfy
conditions (P1)—(P9). Moreover, for allt € T,

(23) f: 27 =in ) < K (r) (r=0T) 4 p(T)),

n=0
where K (1) is a constant that depends only on .
Proof. Define F,,(A) := F(A, Jo(A),un(A), kn(A), jn(A)). We will addi-

tionally require the following two conditions, which will help us to prove (23):
first

(P10) pu(A) =1 = F,(A) < F,_1(A) - Lign—lr—jn(A)—H
12

and second, if n > 2, pp(A) = pp—1(A4") = 0 and j,(A)
any D C A with A(D, J,(A), un(A), kn(A4), jn(A) +2) <
we have

(P11) F(D, Jo(A),un(A), kn(A), ju(A) + 2)

Jn—1(A"), then for

1 2(;—1)/274—]‘”(/;)—17

Lo

< F(A, Jn(A), un(A), kn(A), jn(A) +2) — gty

1 .
< F(A Jna (A, 1 (A), Bia ('), o (A1) = 2007,
11
We assume that & is large enough so that r > max{rg,4L3,}, where rq is
given by Corollary 5.3.
We start the construction with Ay = A; = {T'}, ki(T') = j1(T) = ko(T') =
jo(T) = jo, pl(T) = po(T) = O, Jl(T) = Jo(T) =TI and ul(T) = UO(T) == to,
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where t( is a point in 7. Since
AT, Tu(A), un(A), kn(A), jn(A)) < Ao(T) < 770,

conditions (P1)—(P11) are satisfied for n < 1.

Assume now that A,,, n > 1 is already constructed, and fix the set B € A,,.
We will split this set into at most N, sets in A, 1; this way |A,11] < Np| Ay, <
N,% = Np41, as required.

If 1 < pp(B) < 2k—2, we do not split B. That is, we decide that B € A, +1
and we set anrl(B) = pn(B) + 1, knJrl(B) = kn(B)a jn+1(B) = ]n(B)v
Jn+1(B) = Jp(B) and un41(B) := u,(B). It is easy to see that all required
conditions holds for B and n + 1.

If p,(B) = 2k—1, we do not split B either, but this time we set p,+1(B) :=
0, kns1(B) = kn(B), jni1(B) i= jn(B), Juy1(B) = Ju(B) and upi1(B) =
un(B). The condition (P3) for A = B and n + 1 follows by (P4) for A = B.

Finally assume that p,(B) = 0. Then we will split B using Corollary 5.3
with T' = B, u = u,(B), v/ any point in B, J = J,(B), k = k,(B) and
J = jn(B). We obtain a partition B = (J;<,, A;, m < N, and each of the sets
A; satisfies one of the conditions (C1)—(C3). Let A = A; be one of these sets.

If A satisfies (C1), we set ppy1(A) := 0, jnt1(4) = jn(B), knt1(4) =
kn(B), Jnt1(A) := Jp(B) and up11(A) := u,(B). The first inequality in (P11)
for A and n + 1 follows now by (C1) and the second one by Proposition 4.5.

If A satisfies (C2a)—(C2b), we define pp,11(A) :=1, jnit1(A) := kn41(4) =
Jn(B) + 2, upt1(A) :== o and

Jni1(A) = J = {i € Ju(B): |un(B); —uj| < 2r B}

Property (P4) for A and n+ 1 follows by (C2a) and property (P10) by (C2b).

Finally if A satisfies (C3), we define pp4+1(A) := 0, jn+1(A4) = jn(B) + 1,
knt1(A) = kn(B), Jp+1(A) := Jo(B) and up4+1(A) = u,(B). Condition (P3)
for A and n + 1 now follows by (C3).

This way we constructed an admissible partition that satisfies (P1)—(P11).
To finish the proof we need to show (23).

Observe that F,(A4) < F,_1(A4"): for p,(A) = 1, this obviously follows
from (P10), while for p,(A4) # 1, we have up—1(A") = un(A), Jp-1(4") =
Jn(A), jn-1(A") < jn(A) and k,—1(A") = k,(A) and we may use Proposi-
tion 4.5.

Fixt € T, and define a,, = a,(t) := 2"~/ If p,(t) = 0 and n > 2, then
either j,—1(t) < jn(t) and ap—1 > ay or jp—1(t) = jn(t), pn—1(t) = 0, which by
(P11) gives a,, < 2L117Fp—1(t) < 2L1176(T') or pp—1(t) = 2k — 1, which yields
Prn—2k(t) = 0, jn—ox(t) = jn(t) — 2 and ap—2x = ayn. If py(t) > 0, then taking
n' = 1inf{m > n: pn(t) = 0} we get j,v(t) = jn(t), p(t) = 0 and a, < a, .
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This shows that
sup a, < max{ag,ay,2Ly170(T)} < K(r)(r7° 4+ b(T)) < .
n

Let
Voi={n>0: a, < olm=nlg  for all m > 0, m #n}.
If n € Vo, then anq = 2" r—int1() < 2q,, = 27F1p=7n(t) 5o that
Vo C Vii={n > 0: jiu(t) < jusr ()}
By Lemma 6.1 with @ = 2 we have
Zan§42an§4z Q.-
n>0 neVy neVy
Let us enumerate the elements of V3 as 1 <ng <nj; <ng < --- and set
Vo i={ng: an,, < 2|m_q‘anq for all m > 0, m # q}.
Applied once again, Lemma 6.1 implies
Zan§42an§16 Zan.
n>0 nevi neva

Fix n =ng € Va. If jp—1(t) < jn(t), then n — 1 = ny_; and (since r > 4)
T
Qng_1 = An-—1 > ian > 20,

which contradicts the definition of V5. Hence j,—1(t) = jn(t) < jnt+1(t). We
have the following four possibilities:

1. Jnt1(t) = jn(t) +2. Then p,11(t) = 1 and by (P10) applied with
A= An-i-l(t)a

an = 2" I OFL < Lor(FL (1) — Fuyl(2)).
2. gnt1(t) = jn(t) + 1 and jn, o 41(t) = jngiy (8) +2. Then py, 41 (2) = 1,
Jngea+1(t) = jn(t) + 3 and by (P10) applied with A = A, 11(t),

1 1
an < 17‘3anq+1+1 < §L12T2(an+1(t) — Fga41(1)).
3. pn—l(t) = 2x — 1. Then pn—2/@+1(t) = 17 jn—QH(t) < j’l’b—zf{-‘rl(t) = jn(t)7
so n — 2k = ny_1, and by (P10) applied with A = A,,__,+1(1),
an = 22&71@71471—1—1 < 22KL12T71(an71(t) - anf1+1(t))
= Lior(Fp,_, (t) = Fo,_11 (1))
4. pn—l(t) =0, jn-‘rl(t) = jn(t) + 1 and jnq+1+1(t) - jnq+1 (t) + 1. Then
Pngs1+1(t) = 0; moreover, by the definition of V3,

n —In(t)—1 __ _ on+1,.—jn(t
na+1y—In(t) = Qngyy < 2ap, =2"""1 an(t),
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which yields ng+1 —n < k. In particular, this implies p,,(t) = 0 for all n <
m < ngy1 + 1. Hence ky,,41(t) = kn(t), janH(t) = jn(t) + 2, uanH(t) =
up(t) and Jp,,+1(t) = Ju(t). Therefore (P3) used for n = ng11 + 1 and
A= Ap,,,+1(t) implies
A(Angy41(8), Ta(t), un(t), n(t), jin(t) + 2) < 20art F0/2p=in(t)=2
< L o=1)/2,=jn(-1
— Lo
where the last estimate follows since ngy1 —n < sk and r = 2% > (2L10)2%.
Then either ¢ = 0 or n > 2, and then we may apply (P11) to D = A, 41,
A = A,(t) and get
(079 S 2L11T(Fn,1(t) — an+1+1(t)).
This shows that for n = n, € V3, either ¢ = 0 or

an < K(r)(Fo,_y (t) = Fnyps ()
By monotonicity of the map [ — Fy, (t), this gives (with a value of K (r) which
may change at each occurrence)

Z an <16 Z an < 16ap, + K(r)Fo(T) < K(r)(r77° + b(T)). O
n>0 neVa

7. Proofs of the main results

We are now ready to present proofs of the main Theorem 1.1 and Corol-
lary 1.2. By Theorem 3.1, in order to decompose the index set 1" it is enough
to find a suitable admissible sequence of partitions. To construct such a se-
quence, in Section 4 we defined a family of functionals and showed with the
help of results gathered in Section 2 that they satisfy the Talagrand-type de-
composition condition presented in Corollary 5.3. Then iterative application
of the latest result enabled us to inductively construct a sequence of partitions.
To conclude we need to verify that our sequence satisfies conditions from The-
orem 3.1. In particular, we need to construct (on the base of points uy(A))
points m,(A) and show that sets I,,(A) defined in Theorem 3.1 are related to
sets J,(A) from Proposition 6.2.

Proof of Theorem 1.1. By homogeneity we may assume that b(T) = %;
then A9(T) < 1 by Lemma 2.1. We apply Proposition 6.2 with jo = 0 and get
an admissible sequence of partitions (A,,),>0, numbers py,(A), kn(A), jn(A) and
points u,(A). First we inductively define points 7, (A). We set mo(T") = uo(T)
and for A € A,, n > 1, we define m,(A) = mp—1(A4") if jn(A) = jn_1(4)),
Tn(A) = up(A) if p,(A) = 1 and choose for 7,(A) an arbitrary point in A if
pu(A) = 0 and ju(A) > ju_1(A').

As in Theorem 3.1 we set

I,(t) :== {z €l |mgp1(t)i — mg(t)i] < r9a® for 0< g < — 1}.
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First we show that
(24) [Ty 1(8)s — un(t);] < 20 5O for i e I,11(t).

To this aim we define J" = {0} U{n > 1: p,(t) = 1}. Then 7, (t) = u,(t) for
n € J'. Fix n, and let n’ be the largest element of J’ such that n’ < n. Then
by (P5), un(t) = wy (t) = mp(t) and ky,(t) = ks (t). Therefore for i € Ip,41(t),

g1 (8)i — un(8)i] = [Tng1 (£)i — T (£)i] <Y Imgaa (t)s — mq(£)d]

< Z ' < 27.*]'”/(15) < QT*kn/(t) — QT*kn(t)_
32 (t)

Now we inductively show that I,,(t) C J,(¢). For n = 0, both sets equals I.
If ppyi1(t) # 1, then I, 11 (t) C I,(t) C Jp(t) = Jpt1(t), and if pyy1(t) = 1, then
T 1(t) = tny1(t), 50 by (24), [tni1(t)i — un(t);] < 2r 5@ for i € I,,1(t).
Hence by (P6) and the induction assumption I,,41(t) C Jy41(t).

Finally assume that A € A,, jn(4) > jn—1(4") and ¢ € A. Then
pn-1(A") = 0, t,m,(4) € A, L,(A) C Jpo(A) C Jp—1(A") and |mp(A); —
U1 (A < 2rFn1(A) for i € I,(A). Hence Lemma 4.6 (applied with
J = IL(A), u = up—1(A), s = m(A), j = jn—1(A") and k = k,_1(4")),
(P3) and (P2) yield

S° min{(t; — ma(A))%,r 2}
1€l (A)

< Y min{(ti - m(A))? e )
1€, (A)
< 2A(A,a Jnfl(A/)a unfl(A,)v knfl(A/)ajnfl(A/))Q

Therefore all the assumptions of Theorem 3.1 are satisfied with M = r,
and Theorem 1.1 follows by (13) and (23) (since r—70 = 1 = 4b(T)). O

Proof of Corollary 1.2. By Theorem 1.1 we know that T' C 11 + 15 with
supser, Il < LH(T) and g(T3) < Lb(T). Then

T-TC (Tl — Tl) + (TQ — Tg) C COIlV{Q(Tl — Tl), 2(T2 — Tg)}.

Obviously, T} — T} C Lconv{e;: i € I}, where (e;);es is the canonical basis
of £2(I). The majorizing measure theorem for Gaussian processes implies (cf.
[22, Th. 2.1.8]) that we can find vectors (s"),>1 in ¢? such that Ty — Tb C
conv{s": n > 1} and \/log(n + 1)||snll2 < Lg(T2) < Lb(T). To finish the
proof it is enough to notice that || X, |, = |lei||[, = 1 for any p > 0 and that by
Khinthine’s inequality, || X¢||, < L./pl|t||2 for p > 1. O
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8. Selected applications

The Bernoulli Conjecture was motivated by the following question of
X. Fernique concerning random Fourier series. Let G be a compact Abelian
group and (F,|| ||) be a complex Banach space. Consider (finitely many) vec-
tors v; € F' and characters x; on G. X. Fernique [6] showed that

Zv@gzxz h)H <L ( szgz Zaz vi gzxz(h)D

and asked Whether similar bound holds if one replaces Gaussmn r.v’s by random

E sup
heG

+ sup Esup
le*|[<1  heG

signs. Theorem 1.1 yields an affirmative answer.

THEOREM 8.1. For any compact Abelian group G, any finite collection of
vectors v; in a complex Banach space (F, | ||) and characters x; on G, we have

€ixi(h H <L (EH > v
i
Remark. Since y;(e) = 1, where e is the neutral element of G we have

max{ ' )eixi(h '}<EsupHsz€1xz H

heG
Therefore Theorem 8.1 gives a tW0-81ded bound on Esupy,cq || Y2; vicixi(h)]].

E sup ‘
heG

+ sup Esup‘z;v*(vi)eixi(h)D.
z*|<1 heG 17

, sup Esup
lz*][<1  heG

2

Proof of Theorem 8.1. We need to show that for any bounded set T' C C",
n < 0o,
(25)

sup
heG teT

+ sup E sup
teT heG

Z:tez

=1

teT

Ztazxz '<L<Esup ZthXz )D

Let M := Esup,cp | Y1 tici]. Theorem 1.1 implies that we can find a decom-
position T C Ty + T, with sup,icp [[t1]]1 < LM and

(26) E sup Zt gil < LM.
t2eTh | ;1
Obviously
27 sup tieixi( ‘
27) hEGteT ; e
n n
<E sup thlEiXi(h)‘ +E sup Zt?EiXi(h)"
heG,tleTy i=1 heG, t2eTy i=1

Since | 31y tieixi(h)| < Sy [t xi(R)] = (1t 1, we get

n

(28) E sup
heGtteTy

t%sixxh)] < sup |4 < LM.
i=1 teT!
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Estimate (2) and Fernique’s theorem imply

n T n
(29) E sup Zt?eixl'(h)‘ < §E sup Zt%gix,;(h)’
heG,12eTy | ;=1 heGt2eTs | ;1
n n
<L <IE sup thgi + sup Esup Zt?gixl-(h)D .
t2e€T, i=1 t2eTy hed i=1

The Marcus-Pisier estimate [13] yields for any 2 € T,

thzgiXi(h)"

=1

(30) E sup

n
> t?giXi(h)‘ < LEsup
heG

i=1 heG

Since we may assume that 7o C T — 17, we get

> tzinXi(h)‘

(31) sup E sup
t2eTy heG

i=1
n n
< sup Esup ZtigiXi(h)‘ + sup Esup Ztil%?ixz‘(h)’
teT heG i=1 tlely, heG@ i=1
n
< sup E sup Zti&'x@‘(h)‘ + LM.
teT helG i=1
Estimate (25) follows by (26)—(31). O

Another consequence of Theorem 1.1 is a Levy-Ottaviani type maximal
inequality for VC-classes. (See [9] for details.) Recall that a class C of subsets of
I is called a Vapnik-Chervonenkis class (or in short a VC-class) of order at most
d if for any set A C I of cardinality d + 1, we have |{C N A: C € C}| < 2%+

THEOREM 8.2. Let (X;)icr be independent random variables in a separa-
ble Banach space (F,|| ||) such that [{i: X; # 0}| < oo almost surely, and C
be a countable VC-class of subsets of I of order d. Then

U
P ( su X; X;|| > —— or u > 0,
<c£ 2 2 K(d)) f

ieC i€C
where K(d) is a constant that depends only on d. Moreover, if the variables
X, are symmetric, then
u

P(glé[c)’ > X, Zu>§K(d)IP>< 2K(d)> for u > 0.

ieC
Remark. Analysis of the proof shows that K(d) < Lvd.

2u> < K(d) sup IP’(

Cecu{l}

> Xi

il

It is easy to see (taking F' =R, X; = g;v for i € Iy and X; = 0 otherwise,
where I is a finite subset of I and v is any nonzero vector in F') that being a
VC-class is a necessary assumption even in the scalar case.
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Maximal inequalities of this type may be used to derive It6-Nisio type
theorems reducing almost sure statements to statements in probability and
as a consequence obtain various limit type theorems for VC-classes. As an
example of application we present a uniform Strong Law of Large Numbers.

COROLLARY 8.3. Let (X;)i>1 be independent symmetric r.v’s with values
in a separable Banach space (F\,|| ||) such that i S Xi — 0 almost surely.
Then for any VC-class C of subsets of N, we have

1 T X

lim — max = 0 almost surely.
n—oo
an C€ ieCn{1,....,n}

Proof. Let ng be a fixed positive integer. Then for any A C N,
1
X Y
€A

where Y; are random variables in ¢*°(F) given by Y;(n) =0forn <ngori >n

and Y;(n) = 1n X, for i < n > ngy. Applying Theorem 8.2 to random variables

an
Y; we get for any u > 0,
U
> = )
> )
where K is a constant that depends only on C and the assertion easily follows.
(]

)

n

> Xi

=1

2. X

1€Cn{l,...,n}

1
P | max — max
n>ng A, CeC

>u gK]P’<max1

n>ng Ay

Sketch of the proof of Theorem 8.2. It is rather a standard exercise (cf.
[9]) to reduce to the case when [ is finite and X; = wv;g; for some vectors
v; € F. Using concentration properties of Bernoulli processes it is enough to
show that for any bounded symmetric set T C R! and any VC-class of order d,

Z ti€i Ztigi

i€C el

(32) E sup sup
CeC teT

< K(d)Esup
tel

— K(d)b(T).

Let T'C T1 + 15 be a decomposition given by Theorem 1.1. We may also

assume that T; and Ty are symmetric. Obviously, | Yectiei| < Slicc |t} <

[[t]l1, hence
(33) E sup sup Ztilsi < sup ||tY1 < Lb(T).
CGCtleTl icC tleTl
Inequality (2) gives
(34) E sup sup tle;] < g sup sup Zt?gi.
CeCt2eTy ieC 2 CeCt2eTy ieC
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The result of Krawczyk [7] and the choice of Ty yield

(35) Esup sup < K(d)g(Tz) < K(d)b(T).

CeCt2eT,

Z tzzgz’
iceC
Estimates (33)—(35) imply (32). O

Remark. Alternatively one may prove (32) using Corollary 1.2 and the
fact that maximal inequalities hold for F' = R.

9. Further questions

It is natural to ask for bounds on suprema for another classes of stochas-
tic processes. The majorizing measure upper bound works in quite general
situations; cf. [1]. Two-sided estimates are known, however, only in very few
cases. For “canonical processes” of the form X; = 7,5, %,X;, where X; are
independent centered r.v’s, results in the spirit of Corollary 1.2 were obtained
for certain symmetric variables with log-concave tails [19], [8].

A basic important class of canonical processes worth investigation is a
class of “selector processes” of the form

thzti(éi_é)v t€£2,

i>1
where (0;);>1 are independent random variables such that P(6; = 1) = 6 =
1 —P(6; = 0). We may bound the quantity
5(T) :=Esup | t;(6; —6)|, T C
teT

i>1

in two ways.
The first bound for 6(7") follows by a pointwise estimate. Namely, let
(0!)i>1 be an independent copy of (d;);>1; then by Jensen’s inequality,

> (6 — &) > tid;

i>1 i>1

5(T) < Esup
teT

< 2Esup

< 2Esupz |ti]0;.
teT

The second estimate is based on chaining. To introduce it we define for
a > 0 and a metric space (7, d),
oo
Ya(T,d) :=infsup > 2"/*A(Ay(t)),
teT 7—0
where as in the definition of 5, the infimum runs over all admissible sequences
of partitions (Ap)p>0 of the set T. Bernstein’s inequality implies that for
Xi =Y i>1ti(0; —0) and 6 € (0,1/2], we have
2

. u u
P(|X; — Xs| > u) <2exp (_mm{L(Sdg(s 12 T (s t)}> for s,t € (2,
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where dj(t, s) := ||t—s]|, denotes the ¢P-distance. This together with a chaining
argument [22, Th. 1.2.7] yields

8(T) < L(Vora(T, d2) + 71 (T, duo)).-

The next conjecture, formulated by M. Talagrand [24], states that there
are no other ways to bound §(7") as the combination of the above two estimates
and the fact that 6(Th + Ta) < 6(T1) + 6(T%).

CONJECTURE 9.1. Let 0 < ¢ < 1/2, 0; be independent random variables
such that P(6; =1) =6 =1 —-P(6; = 0) and 6(T') := Esupyer | >i>1 ti(d; — 6)|
for T C 2. Then for any set T with §(T) < oo, one may find a decomposition
T C Ty + 15 such that

Esup Y |t:6 < LO(T), Vb7a(Ta,d2) < LS(T) and 7 (Ts, doo) < L3(T).
teT i>1
It may be shown that for 6 = 1/2, the above conjecture follows from
Theorem 1.1.

Since any mean zero random variable is a mixture of mean zero two-points
random variables, selector processes are strictly related to empirical processes

1
Zp=—= ) (f(Xi) —Ef(X:)), [feF,
AP
where (X;);<n are independent and identically distributed random variables
and F is a class of measurable functions. Let

1
——[E sup

VN fer

As for selector processes, there are two distinct ways to bound Sy (F). The
first one is to use the trivial pointwise bound | Y, <n f(X;)| < Yi<n | F(X5)].
The second is based on chaining and Bernstein’s inequality

(36)

D (f(Xi) —Ef(Xy)))|.

SN(F) :=Esup |Z¢| =
feF i<N

P

2
( S (7(X) ~Bf(x0)| 2 t) < 2o (-min { g pe aprr)

i<N

where ||f||, denotes the L,-norm of f(X;). Similar chaining arguments as in
the case of selector processes give

Sn(F) <L (72(}—2, d2) + \/IN%(}E,doo)) ;

where dy(f, 9) == [|f — gllp-
The following conjecture asserts that there are no other ways to bound

suprema of empirical processes.
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CONJECTURE 9.2. Suppose that F is a countable class of measurable func-

tions. Then one can find a decomposition F C Fi + Fo such that

E sup > [f1(X5)] < VNSN(F),

J1€F1 <N

’}/2(.7:2,612) S LSN(f) (md ’yl(fg,doo) S L\/NSN(]:)

Related conjectures with a much more detailed discussion may be found

in [23] and [22, Chap. 12].
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