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On Zaremba’s conjecture

By JEAN BOURGAIN and ALEX KONTOROVICH

Abstract

Zaremba’s 1971 conjecture predicts that every integer appears as the de-
nominator of a finite continued fraction whose partial quotients are bounded
by an absolute constant. We confirm this conjecture for a set of density one.
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1.1. Statements of the main theorems. For a fixed finite set A C N, which
we call an alphabet, let € 4 denote the collection of all z € (0, 1) whose continued

fraction expansion

x=la1,a2,...,0%,...] = ,
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has all partial quotients a; belonging to the alphabet A. Any x € €4 is
uniformly badly approximable, in the sense that its partial quotients a; are all
bounded by

A = max A.
When A is an absolute constant, we call such a number absolutely Diophantine
(of height A). That is, when we speak of numbers being absolutely Diophan-

tine, the height A is fixed in advance.
Let SR 4 denote the set of partial convergents to € 4, that is,

b
Ry = {a: lat,a2,...,a;] : 0 <b<d, (byd) =1, and Vj, a; EA},

and let ® 4 C N be the set of denominators of fractions in R 4,
Dp = {dGN:El(b,d): 1 with 2 69%,4}.

In 1971, S. K. Zaremba formulated the following assertion.

CONJECTURE 1.1 (Zaremba [Zar72, p. 76]). Every positive integer is the
denominator of a reduced absolutely Diophantine fraction.

That is, the conjecture predicts the existence of some integer A > 1 so
that

Dii2,..4 =N

In fact, Zaremba suggested that A = 5 may already be sufficient.

Zaremba’s conjecture has important applications to numerical integration
and pseudorandom number generation, producing collections of points of op-
timal discrepancy; see, e.g., the surveys [Nie78] and [Kon13]. Our main result
is the following

THEOREM 1.2. Almost every positive integer is the denominator of a re-
duced absolutely Diophantine fraction. That is, there exists an A > 1 so that

1
N#(Q{l,Q,...,A} N[, N]) =1,
as N — oco. In particular, A = 50 suffices.

A more refined conjecture was stated by Hensley in 1996. The set €4 C
(0,1) is a Cantor-like fractal; let

Oq = H.dim(Q:A) S [0, 1]

be its Hausdorff dimension. This dimension can be 0 only if |A| = 1; since we
assume A is finite, 4 < 1. Allowing a finite number of exceptions in Zaremba’s
conjecture, Hensley asserts the following
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CONJECTURE 1.3 (Hensley [Hen96, Conj. 3, p. 16]). The set of denomina-
tors © 4 contains every sufficiently large integer if and only if the corresponding
dimension § 4 exceeds 1/2.

As stated, Hensley’s conjecture is false. For example, consider the alpha-
bet A = {2,4,6,8,10}. By implementing an algorithm due to Jenkinson and
Pollicott [JP01],} we have estimated its dimension to be §4 ~ 0.517 > 1/2.
Nevertheless, arbitrarily large numbers are missing from © 4. Indeed, it is
elementary to verify that

(1.4) D 4(mod4) ={0,1,2};

see Remark 1.33.
We propose the following alternative to Hensley’s conjecture, borrowing

1*h problem on representations of numbers by qua-

language from Hilbert’s 1
dratic forms. We call an integer d admissible (for A) if it passes all finite local

obstructions:
(1.5) Vg > 1, d € ®4(modq).

Remark 1.6. Admissibility can be checked using only one modulus ¢ =
q(A); see Remark 1.33.

Let 2l 4 denote the set of all admissible numbers,
A4 = {d € Z: (1.5) holds}.

We say d is represented (by A) if d € © 4. The multiplicity of a denominator
d is the number of coprime numerators 0 < b < d with b/d € R 4. Clearly d is
represented if and only if its multiplicity is positive.

CONJECTURE 1.7. If the dimension §4 exceeds 1/2, then the set of de-
nominators D 4 contains every sufficiently large admissible integer.

We interpret this conjecture as a local-global principle, where the dimen-
sion condition and “sufficiently large” are local obstructions at infinity. The-
orem 1.2 follows from the following more refined approximation to Conjec-
ture 1.7.

THEOREM 1.8. There exists some 09 < 1 (see (1.21)) so that, if the di-
mension d 4 exceeds oy, then the set of denominators © 4 contains almost every
admissible integer. More precisely, there is a constant ¢ = ¢(A) > 0 so that

#(@AQ[N/ZN])_ —cy/lo
(1.9) #(mAm[N/Q’N])—l—kO(e VlgN),

! The program is available at http://math.yale.edu/~avk23/maths/HausdorffZaremba.nb.
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as N — oco. Furthermore, each d produced above appears with multiplicity
(1.10) multiplicity(d) > N4~ 1600

The constant ¢ in (1.9) is effectively computable, and the implied constants
above depend only on A.

Some remarks are in order.

Remark 1.11. There exist alphabets A with § 4 arbitrarily close to 1, so
Theorem 1.8 is not vacuous. Indeed, Hensley [Hen92| gives the asymptotic
expansion

6 72log A 1
(1.12) 0f1,2,.,4} =1 — 2A ghA2 0 (ﬁ) ’

Remark 1.13. The number 1/2 in Conjectures 1.3 and 1.7 cannot be re-
duced. Hensley [Hen89] showed that the truncated set of rationals

b
iﬁA(N)::{gGm_A:(b,d):L O<b<d<N}

has cardinality
(1.14) H#RA(N) = N2A,
whence it follows immediately that
#(D4N[1,N]) < N24,
Thus if 64 < 1/2, then certainly © 4 is too thin a subset of the integers to

contain even one admissible arithmetic progression.

Remark 1.15. The best previously known estimate,
(1.16) #(@aN[1,N]) > N4,

was proved by Hensley [Hen06, Th. 3.2] and follows easily from his estimate
(1.14). In particular, as long as | A| > 1, the set © 4 grows at least polynomially.
Moreover, taking A large so that d 4 > 1 — ¢, one can already produce at least
N'—¢ denominators in ® 4 up to N.

Remark 1.17. We explain in Remark 1.33 below that for any A > 2, the
alphabet {1,2,..., A} has no finite local obstructions; that is, %115 4} = Z.
This is why the statement of Theorem 1.2 needs no mention of admissibility.
Moreover, the dimension d¢; 9y is known [Goo41], [Bum85], [JPO1] to be

(1.18) 812y ~ 0531+,

which obviously exceeds 1/2. Conjecture 1.7 then implies that Dy o) al-
ready contains every sufficiently large number, as was conjectured by Hens-
ley [Hen96].
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Remark 1.19. An earlier version? of this paper also proved two weaker
results made obsolete by Theorem 1.2, namely that for sufficiently large § 4,

(i) D4 contains a positive proportion of numbers, and
(ii) that © 4 contains almost every admissible number, without giving the
rate in (1.9).
At the request of the referee to shorten the paper, we have removed these
intermediary results (and of course the methods used to obtain them). We
invite the interested reader to peruse the original arXiv posting for the details.
Note also that some results of this paper have been announced in [BK11].

Remark 1.20. The value of §p in Theorem 1.8 coming from our proof is
(1.21) dp = 307/312 =~ 0.984.

We have made no effort to optimize this quantity, as can surely be done with a
modicum of effort. In fact, Frolenkov and Kan [FK13] have since sharpened our
method to prove the weaker statement® that ® 4 contains a positive proportion
of numbers whenever d4 > 0y with the improved range dyp = 5/6 ~ 0.833. It
does not seem likely that these methods can achieve the full range dp = 1/2
without significant new ideas. We have estimated the dimension §4 corre-
sponding to the alphabet A = {1,2,...,49,50} to be about 0.986, exceeding
(1.21), whereas the alphabet A = {1,2,3,4,5} is known [Jen04] to have di-
mension 64 > 5/6.

Remark 1.22. The rate in (1.9) can be improved to a power savings, that

is, an error term of the form O(N~¢); see [Boul2].

Although our main result requires large dimension, we are also able to
sharpen the best previously known estimate (1.16) in the full range 64 > 1/2.

THEOREM 1.23. Write 6 for d 4. Then for any e > 0,
s 20=D0=8)
(1.24) BDAN[L,N]) . NO+ETE
as N — oo. This bound improves on (1.16), as long as § > 1/2.
Remark 1.25. The improvement here is quite modest: for A = {1,2}, the
exponent 04 ~ 0.531 in (1.18) and (1.16) is replaced in (1.24) by 0.537. We

have again made no attempt to optimize the exponent in (1.24), seeking just
any power gain.

We state the multiplicity bound (1.10) to give another application to pseu-
dorandom numbers. Specifically, in the (homogeneous) linear congruential

Zhttp://arxiv.org/abs/1107.3776v1
3Added in press: Huang [Hual3] has combined the methods of Frolenkov-Kan with ours
to obtain the full density one statement with do = 5/6.
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method, optimal conditions require a prime d and a primitive root b(mod d)
so that the fraction b/d is absolutely Diophantine (see [Konl3]). Then the
pseudorandom map with modulus d and multiplier b, that is,  — bx(mod d),
has asymptotically optimal serial correlation of pairs.

THEOREM 1.26. There exist infinitely many primes d with primitive roots
b(mod d) so that the fractions b/d are absolutely Diophantine.

The number of such prime d up to N provided by our proof is on the
order of N(log N)~72. Theorem 1.26 is an easy corollary of Theorem 1.8. In
fact, if A = {1,2,..., A} has dimension d4 exceeding dy as in Theorem 1.8,
then the fractions b/d produced in Theorem 1.26 can be taken to have all
partial quotients bounded by A 4 1.

1.2. Reformulation and admissibility. It is an old and trivial (but for our
purposes crucial) observation that

b
- =lay,...,ax

is equivalent to
x b 0 1 0 1 0 1
0 ()= (0 ) (e ) ()

This observation will allow us to explain all local obstructions, as follows. In
light of (1.27), let

Ga C GL(2,Z)

be the semigroup generated by the matrices

(1.28) < 0 )

for a € A. Then the orbit
(1.29) O4i=Ga-es

of ea = (0,1)! under G4 corresponds to R 4; that is, if v = (‘é 2), then v-eg =
(b, d)t. Moreover, taking the inner product of this orbit with es picks off the
value of d, that is (7 - eg, e2) = d, and

(1.30) (O4,e2) = (Ga - e€2,€2)

is precisely © 4 (with multiplicity). Zaremba’s conjecture can then be refor-
mulated as: For some finite alphabet A,

N C <gA . 62,€2> .
For convenience we pass from G 4 to its determinant one subsemigroup

(1.31) 'y =G4 NSLy C SLe(Z),
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which is (freely and finitely) generated by the matrix products

(1.32) (2 i) - <? i,)

for a,a’ € A. The orbit O 4 is recovered as a finite union of “coset” orbits

Op=T4 e U U Ty ( 01 )62.
acA 1 a

Remark 1.33. It now follows from Strong Approximation [MVW84] and
Goursat’s Lemma (see the discussion in [Konl3, §2.2]) that the reduction of
I' 4 mod q is all of SLy(q) for all ¢ coprime to a certain “bad” modulus B. Here
B is effectively computable and depends only on I" 4, that is, on A. Moreover,
B can be chosen so that for any ¢ = 0(*8), the reduction I' 4(mod ¢) is the full
pre-image of I' 4(mod B) under the projection map Z/q — Z/%. From the
mod B reductions of I' 4, it is elementary to read off the reductions of O 4, and
hence all finite local obstructions in ® 4; see Remark 1.6. Moreover, for the
alphabet A = {1,2}, it is easy to see that B = 1, that is, I" 4(mod q) is already
all of SLa(q), for all ¢ > 1; see Remark 1.17. Indeed, the group generated by
I'4 (that is, allowing inverses) is all of SL2(Z), and the two have the same
projections mod ¢q. Finally, we note that this is precisely the phenomenon
responsible for (1.4) in the failure of Hensley’s Conjecture 1.3.

1.3. An overview of the key ideas. An observation which we had made in
a slightly different context [BK10] is that there is a certain bilinear (in fact
multilinear) structure to (1.30), making the problem amenable to the Hardy-
Littlewood circle method via Vinogradov’s techniques for estimating bilinear
forms. We now outline the key steps.

From now on, we treat A as fixed, dropping it from subscripts, writing
d =084, =T 4, etc. In light of (1.30), we would like to study the exponential
sum

(1.34) Sn(0) := Z e(f (yea,e2)),

yerl’

vl <NV
where 6 € [0,1] and || - || is the Frobenius matrix norm, H(‘é 2) 12 =a®+ 0%+
¢ + d?. Then the Fourier coefficient

~ 1
(1.35)  R(d) := Sn(d) = /0 Sn(@)e(=d0)d0 = 3" 1gperen—ar
er
vl <N

is just the “representation number” of d up to N, that is, its multiplicity. Of
course if Ry(d) > 0, then d € ®.
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Note that by (1.14),
(1.36) Sn(0)=>"Ry(d)= > 1 = N*,

d y€er
lIvll<N

so if almost every d € [N/2,N] is to be represented without much bias, it
should occur with multiplicity roughly N20—1,

Following the circle method, we decompose the integral in (1.35) into
“major arcs” and “minor arcs,” the former referring to frequencies 6 quite
near rationals with small denominators and the latter being the rest:

R (d) = ( /sm + /[0’1]\931) S (0)e(—dB)dd = M (d) + Ex(d).

Here My is thought of as a “main” term and £y is an “error” term, and the
major arcs M = My are given by

(1.37) mo=U U

q<Q (a,q)=1

Q
— + N ,

Qua
N'yq

a
q
where Q is roughly of size e ¢V &N

A key ingredient is to show that along the major arcs, 6 = % + 5 e M,
the function Sy essentially splits into two pieces,

(1.38) Sy (Z +5) ~ vyla) - (5).

Here v, is a purely modular term and w is an archimedean one, which has the
right order of magnitude on balls of certain size. It then follows that the main
term My (d) also splits as a “singular series” & times a “singular integral” II,

M (d) ~ S(d)Iy(d),
where II gives the expected archimedean contribution, roughly
Ty(d) > N?~1

for d < N, and the singular series & controls the local obstructions. In par-
ticular, if d ¢ 2 is not admissible, then &(d) = 0; otherwise, we have roughly

that ) 1 1
6(d)xH(1+ 5 )H(l— )>> .
ol p?—1 old p+1 loglog d
The main ingredient in proving this is the renewal method in the thermo-

dynamic formalism of Ruelle transfer operators (see Lalley [Lal89]), and the
extension to “congruence” such established by Bourgain-Gamburd-Sarnak in
[BGS11]. (We need here not just square-free but arbitrary moduli ¢, and we
must also use the work of Bourgain-Varji [BV12].)

With the major arcs controlled, if we could prove that the errors are
individually bounded, |Ex(d)| < N?~17¢, say, then we would conclude the full
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Conjecture 1.7. We are not able to establish control of this quality individually,
but do succeed on average, proving essentially that

(1.39) > En(d)? < N¥temevios N

d=<N
from which Theorem 1.8 follows by a standard argument.
Bounds of this type will follow from bounds on

(1.40) / 1S (6)[2d6,
WQ7K
where we have decomposed the minor arcs [0,1] \ 9 into the dyadic regions
a K
(141 Wou = {0=2+5:0=Q(aq) = 118/ = T}

By Dirichlet’s approximation theorem, the parameters ) and K vary in the
range Q < N'/2 and K < Néf.

Unfortunately, we do not know how to obtain such strong bounds for the
function Sy as defined in (1.34). But taking a cue from Vinogradov (as we did
in [BK10]), we work with a different function:

(1.42) Sv@) =Y Y. elfmmeez er)),

v1€l yo€l
71 IXN1/2 g =< N1/2

say. Since I is a semigroup, this modified function, or rather its Fourier trans-
form, continues to capture elements of . Moreover, the bilinear nature of
the problem, namely that (y17y2e2,e23) = <’}/2€2,t’)/162>, allows us to separate
variables.

It is here in the separation of variables and application of Cauchy-Schwarz
that we replace the thin semigroup I' with all of SLy(Z), a loss we can only
tolerate if the dimension ¢ is large, at least some dg. We are then lead to a
more classical setting, and in certain large ranges of the pair (@, K) in (1.41),
we can obtain the requisite cancelation. For slightly smaller values of (Q, K),
it is beneficial to decompose the sum further as

Sn(@)= > > > e(f (rvavsez, e2)).

y1 €T yo €l vy3€l
71 IXNY/2 flyg < N/4 |lyg <N 1/4
Continuing in this way, we handle every conceivable range of (@, K) by con-
sidering a sum of the form

(1.43) Sn(0) = Z Z Z e(l (yiva---vse2,€2)),

v1€el v2€l’ vJ€D
71 =N/ |yl <N t/4 llvy1=n1/27
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where J =< loglog N, so that ~; is of large but constant size (independent of
N ).4 Unfortunately, another problem has crept up: we can no longer con-
trol the size of the long product =1 - - - vs, which could have norm as large as
N(log N)¢.

To remedy this situation, we develop a bit of elementary linear algebra
for I', showing that if the expanding vectors of two matrices are close, then
their eigenvalues behave nearly multiplicatively. This forces us to concoct, for
each j =1,...,J, a certain special subset Z; C {y € I': ||| < NY2}, all the
elements of which have expanding eigenvectors pointing near a common direc-
tion (independent of j). We then simply use the pigeonhole principle to make
sure all elements of Z; have almost the same eigenvalues. Moreover, we need
to ensure that the representation v = 172 - - - in (1.43) is unique; that is, if

V2N = WYY
with v;,7; € Ej, then ; = 7 for all j. We do this by forcing each v; € Z; to
have the same size in the wordlength metric, again by pigeonhole.
Then the large product ensemble

IR
is a good substitute for {y € I": ||7]| < N} to handle the minor arcs. Unfortu-
nately, the concocted sets Z; are no longer amenable to the major arc methods!
We rectify this by constructing a certain tiny set X C I' with good modu-

lar /archimedean distribution properties and by prepending it to the product,
forming

(1.44) Oy =N E15y--- 2.

Here the size of =; has been cut down a bit to Z; to make room for the set .
The “correct” definition of Sy (#) is then to replace (1.34) by

(1.45) Sn(0) = Z e(0 (yez, e2)),

YEQN
from which the argument follows as described above. In the end, we prove
Theorem 1.8, and hence Theorem 1.2. As already mentioned, Theorem 1.26 is
an easy corollary to Theorem 1.8.

Remark 1.46. One may ponder the flexibility of our methods in appli-
cations to other problems. For one, in particular, McMullen [McMO09] has
formulated the problem of producing many closed geodesics in a compact sub-
set of the modular surface, defined over a fixed real quadratic number field
Q(V/f). This is the same as producing many elements v € G so that tr(y)? —4
has square-free part f. Specifically, McMullen asks whether there is a finite

4We could take J even a bit smaller, but choose not to for the sake of exposition.
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alphabet A so that the set of traces in G4 contains every sufficiently large
admissible integer. Our use of Vinogradov’s bilinear estimates relies crucially
on the structure in (1.30) and does not apply as it stands to the problem of
traces. We plan to return to this problem in the future.

The proof of Theorem 1.23 follows along completely different lines, and
is inspired by the recent advances in projection theorems [BoulO]. The ob-
servation here is that the set © has a certain “sum-set” structure. Namely, if
b/d € R is a reduced fraction and a € A, then clearly

1 d

= € 5R.
a+?% b+ad

(1.47)

This implies that b + ad € © whenever b/d € R and a € A; we exploit this
sum-set structure to produce the bound (1.24). We note further that the
Discretized Ring Theorem [Bou03] can be used to get an exponent gain over
the lower bound (1.16) even when § < 1/2.

1.4. Outline of the paper. In Section 2, we study the multiplicative proper-
ties of expanding eigen-values and -vectors for matrices in I'. We use Section 3
to construct the main ensemble Qy, reserving the construction of the leading
set N for Section 8. The major arc analysis is carried out in Section 4, while
the minor arc bounds are proved in Sections 5—6. Theorem 1.8 is then proved
in Section 7, as is its corollary, Theorem 1.26. Lastly, we prove Theorem 1.23
in Section 9.

Notation. Throughout we use the following standard notation. We write
f ~ g tomean f/g — 1. We use the Landau/Vinogradov notation f = O(g)
and f < g synonymously to mean there exists an implied constant C' > 0
such that for z sufficiently large, f(x) < Cg(x). Moreover, f < g denotes
f < g < f. We allow the implied constants to depend at most on the fixed
alphabet A, unless otherwise specified. We also use the shorthand e(z) = e27*,
The cardinality of a finite set S is denoted both as #S and |S|, and the
Lebesgue measure of an interval Z is also |Z|. Throughout there are some
constants ¢, C > 0 which may change from line to line.

Acknowledgements. We thank Curt McMullen for bringing this problem to
our attention, and Doug Hensley and Peter Sarnak for many helpful comments
and suggestions regarding this work.

2. Large matrix products

In this section, we develop some tools in large matrix products, reminiscent
of the avalanche principle; see, e.g., [Bou05, Ch. 6] or [GSO01, §2]. Recall that
I' =I'4 is the semigroup generated by even words in the matrices a € A. An
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easy induction shows that for v = (‘; 2) eI, v# I, we have
1 < a <min(b,c) < max(b,c) < d.

We use the Frobenius norm:

(2.1) 7l = Va2 + b2 4 ¢ + d2.

Note that the trace and norm are comparable up to constants:

1
(2.2) Sl = try < 2jvl,
as are the norm, sup-norm, and “second column” norm:

(2.3) [V]loo = d < |yea] = V02 +d? < ||7]| < 2|ve2| < 4[V/lco-

For v € T, let the expanding and contracting eigenvalues of v be A (7)
and A_(y) = 1/A4(v), with corresponding normalized eigenvectors v (y) and
v_(7). Write A = Ay for the expanding eigenvalue, so that

T T 2 _
A0 = Ay = TOEVHOE

Remark 2.4. Note that for all v € T', the eigenvalues are real, and A > 1
for v # I. In particular, I' has no parabolic elements.

The goal of this section is to prove the following elementary but very useful
observation.

PROPOSITION 2.5. The eigenvalues of two matrices v,y € T' with large
norms behave essentially multiplicatively, subject to their expanding eigenvec-
tors facing nearby directions. That is,

(2.6) AY) = A)AH) {1 + O (‘U+(’Y) - U+(7/)‘ + H’71H2 + H’Y%Pﬂ :

Moreover, the expanding eigenvector of the product vy faces a nearby

direction to that of the first v (and the same in reverse):
/ 1 / / 1
(2.7) Jor(y) —v+(V)| < BB and lo—(v) —v-(V) < E

The implied constants above are absolute.

Proof. For ~ large, we have

(28) A() = Ztr(7)+0< 1 )
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and

(b, Am) a) __(bd) 1
vy (y) = \/bQ +(,y) 0?2 VR +d o (HV” >
A= (),

; _ ) _ (=d,¢) 1
- ¢< oEiE vase © (7)
Note that for « large,

e be + d? 1 1
(2.9) \ <U+(’Y)7U—(7) > = VB2 + d2\/c2 + d2 o (H’YHQ) - 2’

meaning that the angle between expanding and contracting vectors does not

degenerate.
By (2.8), it is enough to show that the traces behave essentially multi-
plicatively. We compute

[ tr(y7') — tr(y) tr(v)| = |(ad’ + b + b +dd') — (a + d)(a’ + d')|

d|\bdd | d|cd
<l —a'd +E 7 —ad
d bd' d b'd
_d,(1+ ‘ ) d(1+ d,—bD
d ! b v
— cd +dd)|= ——|.
d,+d+( +c)‘d 7
We clearly have
bV , 1 1
= — = | L v () = v+ (V)| + 75 + 79
] < )= 1 i+
and hence
1 1
1) = 1) )] < (Jou0) = 02 () + s + o )
From this and (2.8), (2.6) follows easily. One proves (2.7) in a similar fashion.

O
3. Construction of Qy

3.1. The leading term X. In this subsection, we posit the existence and all
necessary properties of the leading set N used in our construction of the main
ensemble Q. The proof of its existence is arguably the most technical part of
the whole paper, so in the interest of exposition, we postpone it to Section 8.

Once and for all, we fix a density point z € € and let

(1)
it
be the corresponding unit vector. We will henceforth be largely concerned with
elements of I' whose expanding eigenvectors point in this direction.

(3.1) v =10, =
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For ease of exposition, we assume henceforth that for all ¢ > 1, the reduc-
tion of I' is full,
(3.2) I'(mod q) = SLa(q),

which is anyway the case for any alphabet A containing 1 and 2; see Re-
mark 1.33. Minor modifications are needed in the general case.
For N large and § exceeding dp in (1.21), let

(3.3) b= 1o (6 - 00) > 0.
and let ap > 0 be a parameter to be chosen later in (8.20). Then we set
(3.4) B:=N°
and
(3.5) Q := ec0Vlog N,

Let

1 99

(3.6) U |1558 1008

be an arithmetic progression of real numbers starting with ug = ﬁB having
common difference

(3.7) lu — | = 2B/Q°,
for u,u’ consecutive terms in U, and ending with u > (% - %)B . Then the

cardinality of U is
(3.8) Ul = Q°.

ProproOSITION 3.9. For each u € U, there are nonempty sets 8, C I', all
of the same cardinality

(3.10) ’Nu’ = |Nu’|7

so that the following holds. For every a € N, its expanding eigenvector is
restricted by

(3.11) lvg(a) —v] < Q7

and its expanding eigenvalue A(a) is restricted by
B

(3.12) |A(a) —u| < o

In particular,

(3.13) —B<Aa)<B
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for N large. Moreover, for any q < Q, any w € SLa(q), and any u € U, we
have

(3.14) #{a e, :a=w(modq)} = |S|sz;(|q)|(1 +0(97%),

where the implied constant does not depend on q, w, or u.

With the sets N, as above, we define the main leading set X to be the
union of the sets N,

(3.15) Ni= | | R,

uel
Note that the sets R, are disjoint by (3.12) and (3.7). We repeat that the proof
of Proposition 3.9 will be postponed to Section 8.

3.2. Sector counting. In this section we give the following slight refine-
ment of Hensley’s estimate (1.14), which follows directly from Lalley’s methods
[Lal89] (see also Theorem 8.1 and Remark 8.6).

PROPOSITION 3.16. There is a constant ¢ = ¢(A) > 0 so that as long as
H< e“\/@, we have

T25

1
(3.17) #{y el <T and jor(n) vl < = | > —.

H
as T — oco.

Sketch of proof. Lalley [Lal89, Th. 9] proves the asymptotic formula
(3.18) Left-hand side of (3.17) ~ C - T® u(T)

under the assumption that I' is a nonelementary convex-cocompact subgroup
of SLy(R). Here Z is the interval of length 1/H about v, and p is the J-dimen-
sional Hausdorff measure supported on the limit set €, lifted (by abuse of
notation) to P! via
dp(x,y) = du(x/y),

y # 0. After setting up the symbolic dynamics, the requirement that I' not
contain parabolic elements is needed in the renewal method to make the distor-
tion function eventually positive; see [Lal89, pp. 33, 41]. Our semigroup I" has
no parabolic elements (see Remark 2.4), so the only difference here between
a group and (free) semigroup is that for the latter, the transition matrix (see
[Lal89, pp. 5, 32]) is trivial; that is, all sequences are allowed in the symbolic
dynamics. The rate in (3.18) can be determined directly from Lalley’s method
(see [BGS11, §12]), with the error crudely estimated as

(3.19) < T?e=evieeT
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Since v in (3.1) corresponds to a density point in €, we have, again crudely,
that

w(Z) >, H ¢ > H™
since & < 1. A sufficient condition for the main term, being bounded below by
CT?* /H, to dominate the error in (3.19), is that H < e‘V1eT with ¢ < ¢. O

Remark 3.20. The methods of Dolgopyat [Dol98] and Naud [Nau05] might
be used to prove (3.17) with H as large as T¢, but this is not needed in our
applications.

With this crude estimate in hand, we proceed in the next subsection to
detail our construction of the special sets = alluded to in Section 1.3.

3.3. The set =2(M,H; L, k).

PROPOSITION 3.21. Given M > 1 and H < eVI°8M there exists some
L in the range

1
(3.22) M=L=4aM,

an integer k < log M, and a set =2 = Z(M,H; L, k) C I' having the following
properties. For all v € 2, the expanding eigenvalues are controlled to within
1/log L:

1
2 L (1 — > A L,
(3:23) orp) <A<
the expanding eigenvectors are controlled to within 1/H:
1
.24 — —
(3:24) 0:(7) — o] <
and the wordlength metric £ (in the generators (1.32) of ') is controlled exactly:
(3.25) Uy) =k.
Moreover, the cardinality of Z is controlled by
05 L2§
2 L 2 .
(3.26) > H#HE > Hlog L2

Recall again the the implied constants depend at most on A, which is
thought of as fixed throughout.

Proof. We proceed by the following algorithm.

(1) Let S; C T be the set of v € I' of norm controlled by ||v|| < M and for
which the expanding vector vy () is within % of the fixed vector v:

M 1
Si={rer: 5 <l < MJos ()~ ol < =}
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By (3.17), we have that

26

#Sl > 7

(2) By (2.2) and (2.8), expanding eigenvalues A\(7y) of v € Sy satisfy
1
ZM < A(y) < 4M.

Hence we can find (by pigeonhole) an L in this range so that

1 20
Si1: L (1 — 7) A L .
#y €S ogL) <A< B> T
Call the above set Ss; its expanding eigenvalues are all nearly of the

same size.
(3) Lastly, note that the wordlength metric ¢ is commensurable with the
archimedean one,
€(y) = log |[7l,
with implied constant depending on A. So (again by pigeonhole) we
can find some k such that 5
2

(3.27) #H{y e S :l(y) =k} > m.
Call this set S3; then the elements of S3 all have the same wordlength,
in addition to the previous qualities.
We rename this last set S3 to = = =(M, H; L, k). O
3.4. Decomposing N and the ensemble Q. We return to our main param-
eter N and decompose it dyadically as follows. Recall that we have already
presupposed the construction of a set W in (3.15), all of whose expanding eigen-

vectors are within Q7% of v, and with eigenvalues of size B; see (3.13). Recall
from (3.4) that B = N and that Q is given by (3.5).

Setup: We start by taking
(3.28) M=+N/B=NY?"* =05

The exponent o in the definition (3.5) of Q is chosen in (8.20) to be sufficiently

small that H < eV!°8M  Run the algorithm of the previous subsection to
generate the set Z(M, H; L, k). By (3.22), the returned parameter L satisfies
L=oM = a N>,
with
ar € (1/4,4).

Write

Ni:=L=aoyNY** N :=oyN'/?>=B.Ny,
and rename the returned set to Z; = Z(M, H; L, k), also setting

ElizN'

[1]

1.
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Remark 3.29. Despite the wordlength in N being unrestricted, the word-
length in =; is fixed in (3.25). So the representation of an element in =; as a
product of ones in N and Z; is still unique.

We have crudely that
(3.30) 21| > 81| >, N2¢ » NO-200—¢
(The cardinality of X is quite deficient relative to its norm, so we lose little

from estimating trivially |X| > 1.)
Step 1: Next we set

N11/2 B N1/4

M= = :
aq O‘i/2

H =log M,

and we generate another set Z(M, H; L, k). Define

a2N1/4

NQtZLZOéQM: 12
o5

with ap € (1/4,4), and rename the returned set to Z3. We have

26
=1 Top o
Iterate: Start with j = 3 and iterate up to j = J — 1, where
(3.31) 2771 = clog N.

Here the constant ¢ > 0 is absolute (independent of N), determined by (3.45).
For each such j, set

N 1)1/2 N1/2
(3-32) M= A .1) T 12 1/ 1/26-1" H = log M,
and use Proposition 3.21 to generate the set Z(M, H; L, k). Define
N1/27
(3.33) Nji= L= oM = — 75— Ve
Qi 1Q g (1)
with o € (1/4,4), and call the returned set =;. Note that
26
3.34 il > —2
( ) | ]‘ > (1OgNJ)3
and
1 . .
(3.35) ENW < Nj < 16NY%,
FEnd: For the last step, j = J, we set
Nj_ N1/2UTY
M= (a ; 1)2 N 1/2 1/2(0=2)? H =log M,
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and we generate one last set Z; := Z(M, H; L, k). Define

1/2(7=1)
Ny:=L= asN = N2U™Y _ gl/e o 1,

1/2(7=2)
aJ_l e al

where we used (3.31). Since § < N;j/M = ay < 4, we have

1 NyNy---N;y BN;Ny---Ny
3.36 - < =
(3.36) 4 N N

We now define the main ensemble Q2 by concatenating the sets Z; devel-

oped above.

< 4.

(337) QN ::El'EQ"'EJ_l'EJ:N'él'EQ"'EJ_l'EJ.
3.5. Properties of Qn. For v € Qp, write
y=a-& & &y

according to the decomposition (3.37). Note that by the fixed wordlength
restriction (3.25), this decomposition is unique; see Remark 3.29. Recall that
the expanding vectors v all point nearly in the direction of v in (3.1).

LEMMA 3.38. For any 2 < j1 < jo < J, and §j, € E;,,---&j, € Ej,, and
any a € X, & € Ey, we have the following control on expanding eigen-vectors
and -values of large products:

(3.39) (& & Ey) —o| < Q77

(3.40) Lo M&Gi&nen&p18) o
2 leNjH—l ’ “Njg—le2
1 MNEEo- i 1E

(3.41) < ~(£1£2 &iz—1&s) <2
2 NiNz---Nj,1Nj,

and

—

(3.42) 1 Me&ale &) o
A@)Ny - Na -+ Njp 1Ny,

Proof. From (2.7), (3.24), and the choice of H in (3.28), we have that
o4 (§1-&a- - &g) — o] < Jug(&r-&o--€0) — v (&) + o1 (&) — o]

\V)

L —=—+ ==,
[SYEeA

whence (3.39) follows from (3.5).
Similarly, we have for j € [j1, j2] C [2,J] that

(3.43) [vg (§5&j41 -+ &) — 0] K g N,

where we used the choice of H in (3.32).



156 JEAN BOURGAIN and ALEX KONTOROVICH

We now prove by downward induction on j; that
(3.44)

X {1 +0 ( L ST )}
log Nj, — log Nj 1 logNj, J |~

If j1 = j2, then (3.44) follows immediately from (3.23) and (3.33). If j; = jo—1,
then from (2.6), (3.23), (3.24), and (3.33), we have

)‘(gjéflgjz) = )‘(£j2*1))‘(£j2)
1 1
1) ) ,
X{” <’“+(§” ) ”*“””*Hsm_1||2+||sj2\|2”

1 1
2= { " (logNj2—1 +10gNj2>}’
as desired.

In general, we have by (3.43) that
A &1 &) = A& )AEnr1 - &)

1 1
1+0 <'U+(£j1) — (G &)+ HfleQ " A&jr41 '&2)2)}

1 1
= N ME: R ) 1+0
A G o) { + (logle " 10gNj1+1>

X

from which (3.44) follows by induction.
The rate in (3.44) may be replaced crudely by

a5 1o(2)]

whence (3.40) follows on taking the constant ¢ in (3.31) sufficiently small (in-
dependent of N). Estimates (3.41) and (3.42) are proved in the same way. [

As a consequence of (3.42), (3.13), and (3.36), we have that for all v € Qy,
(3.46) 7]l < 2A(y) < 16N,

so indeed the norms are all controlled.
Moreover, the size of 2 is not too much smaller than (1.36). Indeed, we
have from (3.30), (3.34), and (3.31) that

(3.47) #ON = #E1-#Z2 - F#Ey

(N2)26 (NJ)Q(S
(log N2)?  (log N;)?
> N26—26h—e‘

>, N12575
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It also follows that for any j > 2,
(3.48) H#Ej - H#E 1 #E7 > (NjNjpq - - N;)% . e=elJ=3)loglog N;

for an absolute constant ¢ > 0.
With the set Qn constructed, we define our exponential sum Sy as in
(1.45) and proceed with the circle method.

4. Major arcs analysis

In this section we estimate the major arcs contribution. First we use the
set N described in Section 3.1 to prove that in the major arcs, our exponential
sum Sy in (1.45) splits as a product of modular and archimedean components,
as in (1.38). Then we prove that the major arcs contribution is of the correct
order of magnitude.

4.1. Splitting into modular and Archimedean aomponents. Let Q be as in
(3.5) and B as in (3.4). Recall from (1.37) that the major arcs of level Q are
given by

4<Q (a.g)=1 1
Let vy : Z/qZ — C record the mod ¢ distribution of ®. That is, for a € Z/qZ,

set

1 a
(4.1) ve(a) == ’SL2(€7)‘w€SZL2(q)e (q <w62,62>> .

THEOREM 4.2. There exists a function wy : R/Z — C, given explicitly
in (4.19), satisfying the following three conditions:

(1) The Fourier transform
1
SN :Z—Cins / n(0)e(—nb)db
0

1s real-valued and nonnegative, with

(4.3) wn(0) =) @n(n) < [Qn].
(2) For =N <n < %N, we have
_ Q
(4.4) @n(n) > ’NN’

(3) Moreover, we have on the major arcs 0 = ¢+ € Mg that

(4.5) Sn (Z +5) = vyla)ymn(8) (1+0(Q™).
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Proof. We use the decomposition (3.37) in the form
(4.6) Oy =N-¢
with )
Q=555
so that

Sn(0) = Z Z e(f (ayea, e2)).

aeRX yeY
For a € R, recall from (3.13) that we have A(a) < B and from (3.11) and
(3.39) that

(4.7) (@) =0 < Q7% Jur(y) o] < Q7.

To use the key property (3.12) in the construction of X, we need to convert
the expression (aves, e2) in Sy into one involving A(a).

We will make regular use of the following elementary formula: For any
two linearly independent vectors vy, v_ € R?, we can write any w € R? as

<w,v£> e+ <w,vi>
T R

Here (z,y)* = (—y, x). Recalling (2.9), it easily follows that for a unit vector
w and any large £ € T,

e @) —
(4.9) g0 =27 Ty © (1 o (H€||2>> |

(4.8) w =

v_.

whence

eg, vt
(4.10) (Eea,e0) = )\(f)m (v4-(§), e2) (1 + O <H51||2>) .

Applied to our present situation, we have by (4.7) that

(4.11) (yea, ea) = )\('y)<<602::j((3))>> (v, e2) (1 +0 (le)>

and

<€2, vf(a’y)>
vi(ay), v (ay

; (s (@), €) (1 +0 (%))
<€27 Uf(’)’)>

= )\(a))\(y)m (v0.02) (140 (le)) ,

where we also used (2.6) and (2.7).
Comparing (4.12) and (4.11), we have that

(4.13) (aves, e2) = A(a) (vez, e2) + O (N/Q°).

(4.12)  (aves, es) ZA(CW)<
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For 6 = 2 + 8 € Mg with |B] < Q/N, we insert (4.13) into Sy, giving

(4.14)
SN( ) > 6( 0762762>) (B (avez, e2))
aER yEQ
_gwg/e( 762,62))6(&\(@ <’}/€2,€2>> +O<Q‘4Q])
=Y Y e(fwree) X e(M@) henes)
YEQ weSLa(q) aex

a=w(mod q)

+ 0(9_4’91\7’)7

where we decomposed the a sum into residue classes w in SLa(q).
Next using (3.15), write the innermost sum above as

(4.15) Z e(Na)s (yea,e2))

aen
a=w(mod q)

=Y. Y e(M@B{yezea))

weU aENy,
a=w(mod q)

=Y e(Bulyes,e)) | Y. 1| (1+0(Q7Y),

ueU AENy,
a=w(mod q)

where we applied (3.12).
By (3.14) and (3.10) (that the cardinality of X,, is the same for all u), the
innermost sum is

o L
(4.16) N BETTA

aENy,
a=w(mod q)

where the implied constant does not depend on u, w, or q.
Returning to (4.14), inputting (4.16) and (4.15) gives

(4.17)
a 1 a
SN(*—l—B):SLi > 6( W62,62) > > e(Bulyes,e))
q ‘ Q(Q)|MGSL2@) WEQIUEU
x (1+0(2™)),
where we used the fact that the w sum runs over all of SLa(g), so is inde-

pendent of 4. Note that Sy has already split into modular and archimedean
components, with the first piece being v,(a) as in (4.1).
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We continue to massage the archimedean component. Fix v and u. For
any m € Z with

Im — u (yeq, e2) | < B (yea,e2) /Q°,

we clearly have
e (Bu (yes,e2)) = e (Bm) (1+ 0(QH).
and there are 2B (yeq, e2) /Q° + O(1) integers m in this range. Hence

5
(4.18) e (ﬁu <’Y62, 62>) - 2B<’YQ€2,€2> Z € (ﬁm) (1 + O(Q_4)) .

B
=95

m
— e —u
(veg,e2)

Reversing the u and m sums and inserting (4.18) into (4.17) gives

sv (8 +8) =u@=n(8) (1+0(27).

where
(4.19) wn(B) = ¥l Z Z (ﬁm)zl _
Ul e 284 762’62> ez o g
Hence (4.5) is satisfied. Also the Fourier transform
(4.20) ()= N 5~ Zl
Ul %5 2B¢ 762,€2> ey ’S§

is clearly real and nonnegative, so (1) is satisfied.
Now, combining (4.11), (2.9), (2.2), (2.3), (2.8), (3.41), and (3.36), we

have
1N N
(421) ZE < <’y€2, €2> < 45,
and hence for %N <n< %N , we have, crudely, that
1 n 99

—B<— < —B.

100 (vea,e2) 100

Hence by the spacing in (3.7) of v € U in this range, the innermost sum in
(4.20) is guaranteed to have at least one contribution, giving

] R[] _ Q]

) > — > = ,
‘u| %:‘2/ 2B ’762>62> N N

where we used (4.21), (3.8), and (4.6). So (4.4) is satisfied, and the proof of
Theorem 4.2 is complete. ([l
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4.2. The major arcs contribution. Equipped with (4.5), it is now straight-
forward to produce the necessary major arcs contribution. For technical rea-
sons, we need a smoothed cutoff, and we introduce the triangle function, 1,
given by

1+z, if-1<z<0,
(4.22) P(x):=<K1—z, f0<z<l1,

0, otherwise.
It is well known that the Fourier transform is nonnegative:

~ sin(7y) )
(42 I = (2
Y

Let 1 be the function localized at level Q/N near the origin:

Yy (z) =1 (gx) .

Periodize ¥ to ¥ on R/Z:
) = Z ¢N(9 +m),
meZ
and put each such spike at a major arc:
(4.24) Uon(0) =) Z Uy (9 - 7>
4<Q (a,q)=

Note that the support of W n is Mo.
As in (1.35), write the representation number

R(n) 1= 8 (m) = [ Sx(@)e(-nt)ab,
and decompose it into a (smoothed) major arcs contribution and an error
(4.25) Rn(n) = Mn(n) + En(n),
where
(4.26) Muy(n) i= /0 "G (8)Sw (B)e(—nb)db
and
(4.27) Ex(n) = /0 "1 = o w (6))Sw (0)e(—nd)db.

The ultimate goal of this section is to prove the following

THEOREM 4.28. For 20N <n<g N

1 Q]
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Proof. Fix o oV <n< N Starting with (4.26), insert (4.24) and (4.5)
(recall supp \IIQJV c Mo), and make the change of variables 5 =0 — a/q:

(4.30) Mym) =3 > vla ( ”g)

q<Q (a,q)=1 q

/\PN ) ww(8) e(—nB) df
O(QQN|QN|Q* ).
where we used (4.3).

Note that My has already split (up to acceptable error) into the product
of the singular series

(4.31) Go(n) =2 > vela)e (_”g)

4<Q (a.q)=1 7
and the singular integral
(4.32) Tix(n / Un () w(B) e(—nB) dB = 3 U (n —m)@n(m)
meZ

~ & 2P (Nom) o,

First we sketch an analysis of the singular series, which is standard. Insert
(4.1) into (4.31):

Z (q)\ Z Cq ((ve2,e2) —n),

q<Q ~v€SLa(q)

where ¢, is the classical Ramanujan sum

cq(m) = Z e(am/q).

(a,9)=1

Recall that ¢, is multiplicative in ¢ and that c¢,(m) = p(q) if (m,q) = 1. (Here
i is the Mobius function.) Hence we may extend the range of the sum ¢ < Q
to ¢ < oo with a negligible error, obtaining a sum which factors into an FEuler
product. At each place, the contribution from prime powers is negligible. We
are left to analyze

1
(4.33)  Soln) > S(n) > ];[ (1 BERDI Z( )cp ((vez, e2) — n))

~vE€SLa(p

1 1 1
T+ )T ) > e
pin p?—1 p+1 log logn

pln
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Returning to (4.32), we now analyze the singular integral. By positivity

and using (4.23) that ¢(y) > 2/5 for |y| < 1/2, we have
Q ~(Q ~ 20 .
Iy =~ Y d(Sm-m)avm2:x Y Svm).
meZ [m—n|<N/(2Q)

For N (and hence Q) sufficiently large, the ranges n/N € [55, 15] and [m—n| <
N/(2Q) force m/N € [5, 1], so (4.4) applies, giving
Q N [Qn| _ [Qn]
N@ N > N
Inserting (4.34) and (4.33) into (4.30) gives (4.29), as claimed. O

(4.34) Iy(n) >

5. Minor arcs analysis I

We keep all the notation from the previous section. Having dealt with the
main term (4.26), we are now tasked with estimating the error £y in (4.27).
As discussed in (1.39)—(1.41), the key goal is to estimate

1
>l = [ 11— von(®)PISx ().

nez
where we applied Parseval’s formula. For 6 outside the major arcs, Wg x
vanishes, and we decompose the above integral into regions

a 1 K K
=190 =— =@ < =1,—Z< —} .
Woui={0="+8:50<0< Q0 =Ly < I8l <5
Here the parameters Q and K range dyadically in
(5.1) Q< NY2 K< NY2qQ.

If K = O(1), we replace the condition £K/N < || < K/N in Wg k by just
|B] < K/N, and any appearances of K should be replaced by 1.

In this section, we give two bounds for Sy (6), similar to Theorems 5.1
and 6.1 of [BK10]. These will suffice as long as @ or K is large.

5.1. The bound for K large. We will first bound fWQ,K |Sn(0)[2df by
pulling out the largest value of the integrand and multiplying by the mea-
sure of the domain, which <« Q2%. To get the desired bound of N4—1 (see
(1.39)), we need to bound the sup norm of Sy on Wy g by a bit less than
N2 /(K'Y2Q). We will win by an extra K/2.

PROPOSITION 5.2. Let N, @, K be as above, and write § = %—Fﬁ € Wy k.
Then

_5
(5.3) Sn(60)] < N (JX{Q) ,

as N — oo.
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Proof. This is a simplified version of Theorem 5.1 in [BK10]; we repeat
the arguments. By (3.37), we decompose

(5.4) Oy =21 (E223---2y) =21 - .
Then by (2.3), (2.2), (2.8), Lemma 3.38, and (3.35), we have for v € E; and
w € Q' that
(5.5) tyesl, |wes| < 5ON/2,
Note also from (3.26) that
(5.6) 42, #0 < N°.
Then we can rewrite Sy () as
(5.7) Sn(0) =Y > ul@v(y)eld(z,y)),
r€Z2 yeZ?

where ;1 and v are image measures in Z? defined by

,U,(LE) = Z 1{m:t'y-eg}u

YEEL

and similarly

V(y) = Z 1{y:w-62}‘
we!

The projection w — w - ez in v is one-to-one, since it is well known that
the continued fraction of a rational number, if restricted to have even length, is
unique. The map p is also one-to-one, since G is preserved under transposition,
tg € G for g € G (since its generators (1.28) are fixed by transposition). Hence
we have

(5.8) e <1, oo < 1.

Note that for any y, 3’ € supp v, we have from (5.5) that |y—y’| < 100N/2.
Decompose v into 100000 blocks v = Y, (@ so that for each o and any
Y,y € supp (@),

1
(5.9) =yl < N2
Write [Sy(6)] < Sa |5 (6)], where
SE0) =323 nl@ O y)e(t z,m)).
z oy
We will bound each such SJ(\?) independently of o, so we drop the superscripts a.

Let T : R? — R, be a smooth test function which exceeds 1 on the square
[—1,1] x [-1, 1] and has Fourier transform supported in a ball of radius 1 about
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the origin. Apply Cauchy-Schwarz in the x variable, insert Y, and open the
squares:

12 1/2
|S’N(9)\<<<%:M2(x)> < T(50N1/2>zy:y ZU (z,y — y>9)> .

yl
The first parentheses contribute N%/2 by (5.6) and (5.8). To the last sum on
x apply Poisson summation, recalling the support of T:

1/2
(5.10)  |Sn(0)] < N%/? (Zu(y)z W) N Lyg—yon< N1/2}> :

Y y’
Here || - || is the distance to the nearest lattice point in Z2. For such y, v/, 0, we
have
na ' / 1 1 /QK 1
-y )| < —y')0 — < < =
Iy -y )qH <[ty =40l + v — y'l|B] 50}V1/2-+ N<Q

where we used (5.9) and (5.1). Then ¢ < @ forces [|(y —y )EH =0, or

y=1y'(q)

This being the case, we now have
1 , B .
stz > I =90l =1y —y)Bl;

that is,
1/2

7

ly =y <
In summary, we have
1/2

1S ()] < N©OFTD/2 Zv(wzl{ (@ } :
Y y’

1/2
\y—y’\<<%

where we used (5.8). Using @) < %/2 and the crudest bound on the y’ sum

gives
1/2
N2\ N+
Sn ()] < NO+D/2 v ( ) < ——,
|Sn(0)] Ey (y) Ok oK

as claimed. O

The bound (5.3) is already conclusive if K is a bit larger than N2(1=9),

THEOREM 5.11. Assume Q < NY/2 and K < N1/2/Q. Then

) (#QN)Q N2(1-6)+4b
(5.12) /WQ,K S0P < -
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Proof. We bound trivially using (5.3):

K N6+1 2 N2(1—5)
2 K 9 45-1
/WQYK\SN(O)] a0 < +Q (QK> <N {K }

and the claim follows from (3.47), on crudely using § < 1. O

5.2. Another bilinear forms estimate. Next we introduce the cross-section
of Wq i for given 3:

Pos={0=2+5:30<0<Q (0 =1},

We will bound using (5.3), giving essentially

[ sl < sup i sup 3 15wl < 2K G 7 s
Sy|© < sup |Sy|— sup Syl <« — sup Sn|.
Wa.x N s Po,s KQ N 4 Pg,s

The trivial bound on Y- p, , [Sn/| is of course N 292, so we need to save a little

more than a power of Q to get our target bound of less than N*—1. This is
achieved by exploiting the extra structure in the a and ¢ sums, as follows.

PROPOSITION 5.13. Let the notation be as above. Then for all € > 0,

1 1
Q3/2 + QNl/S ’

(5.14) > ISn(0)] <. NPQ*N'—0F=
GEPng

Proof. The proof is nearly identical to that of Theorem 6.1 in [BK10], but
we reproduce it for the reader’s convenience. We again use (3.37) to decompose
Q) into pieces, now grouping by

Oy =(5152) (E3---25) =0 - Q".
As before, we have for v € Q' and w € Q" that
(5.15) 'vea| < 300N3/4 and lwes| < 2000N/2.
Also from (3.26), we have
(5.16) #Q < N3/? and #Q" < NO/2,

Again we define the measures ;o and v on Z? by

:UJ(:C) = Z l{x:t'yeg}a

yeY

v(y) = Y Lymwess

weQ//
with p, v < 1. For any two elements y, ¢’ in the support of v, we have |y —¢/| <
4000N'/4, Hence we again decompose v into O(1) pieces, v = 3, (¥, so as
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to make the difference

L 1/4
(5.17) ly — 3| < 10000N

for y,’ in the support of (@), Writing
Z Z e e(0 (z,y)),

and dropping the superscripts a, we proceed to bound

S ISn@)=>" > ()Sn(8

0cPg 3 ¢=Q (a,q)=1
=Y. > < ZZM ,y)),
¢=<Q (a,9)=1 z

where ¢ has modulus 1. Recall the bump function T which is at least one on
[—1,1]?; assume now that its Fourier transform is supported in a ball of radius
1/40 about the origin. Apply Cauchy-Schwarz in the x sum and (5.16), insert
the function T, reverse orders, and apply Poisson summation:

2> 1/2
where

(5.18) Y |9n(0)]
(5.19) X =A% —ZZZZZZ {Hyﬁ y’9’||<m}'

GEPQ,B
Here ¢ = % + (3; note that 3 is the same for # and ¢'.

< N3/ 1 ( >
Z,L,: 300V 3/4
< N3GTD/4 p1/2

Write y = (y1,y2) and the same with 3. Consider the innermost condition
n (5.19):

2, 2, SO vyel

7=Q (a,9)=1

1
12000N3/4°
Recall that y = ey for some (nonidentity) v € T', and the same for y’; hence
we have

(5.20) 10 — y10'||, [|y20 — yo0'|| <

Y1291 # 0.
Also note using (5.20), (5.17), and || < K/N < 1/(N'/2Q) that
(5.21)

!/

a ,a 1 N1/A4
Vi——Yr1~
q q

12000V 3/4 * 10000N1/2Q)’

< lg10 — @'l + [(y1 — v1)B] <

and similarly with yo, v/5.
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/
Let YV := < a y,l >, so that
Y2 Y2

(5.22) Y :=det(Y) = 1195 — yiyo-
Observe then by (5.21), (5.15), and Q < N'/2 that

Ys (y ¢y al) Y (y' o y a)
1— — — — — Y2—
\"q¢ ¢ "\P¢ g

< 2000N'/4 ! + N X 2
12000N3/4 ~ 10000N1/2Q)

a
Hy < +
q

1
< —.

Q

Of course this forces ) = 0(mod g). The same argument gives Y = 0(mod ¢’),
and hence we have

(5.23) Y = 0(modq),
where %Q < q < @? is the least common multiple of ¢ and ¢’.
Decompose X in (5.19) as X = A} + A, according to whether ) = 0 or

not; we handle the two contributions separately. We will prove the following
two lemmata.

LEMMA 5.24. For any € > 0,
1

Xl <. N§/2+€Q4 |:N3/4

+ Q*ﬂ :
LEMMA 5.25. For any € > 0,
X2 <. N(H_EQ.

We momentarily postpone the proofs of these two lemmata, first using
them to finish the proof of Proposition 5.13. Returning to (5.18), we have

1 1/2
S 1S (0)] <. N3O+ A+ {NJ/QQ‘* (N3/4 +Q_2) +N5Q} ’
GEPQ”(;
from which the claim follows using Q < N/2. O

Now we establish the lemmata separately.
5.2.1. Bounding Xs: the case Y # 0.
Proof of Lemma 5.25. Note from (5.15), (5.17), and (5.22) that

1
V] < Jyr(yh —yo)| + (1 — y)we| < 2000N1/4mN1/4 x2 < NY2,

Since q | Y and Y # 0, we have
q < min(Q? N'/2) < QNY*.
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Then (5.21) and Q < N'/2 forces

/
(5.26) n e — yia—/ = 0(mod 1),
q q
and the same holds for y2,95. Let ¢ := (¢,¢') and ¢ = ¢1G, ¢ = ¢} so that

q = ¢14}¢- Then (5.26) becomes

y1aq) = y1d'qi(mod q),
and the same for yo,y5. Recall a and ¢ are coprime, as are o’ and ¢’. It then
follows that ¢ | y1, and similarly, ¢; | y2. But since the coordinates of y are
coprime, (y1,y2) = 1, this forces ¢; = 1. The same argument applies to ¢}, so
we have ¢ = ¢’ = q. Then (5.26) now reads
(5.27) y1a = yya' (mod q),
and similarly for yo, 3.

Hence, once we fix y,y’ € Q"ey, the value of ) is determined, and ¢q | Y
leaves at most IN¢ choices for q. Then there are at most @ choices for a, from
which a’ is determined by (5.27) (again using the coprimality of the coordinates
of y and ¢/').

Then using (5.16), &> is bounded by

(5.28) X<y vy)d vly) Y, > 1

y’ alyY  a(modgq)
1o<q<@

2
<. (N¥2)"N=Q,
as claimed. O

5.2.2. Bounding X1: the case Y = 0.

Proof of Lemma 5.24. The condition ) = 0 implies y1 /y2 = v} /5. Recall
that rationals have unique continued fraction expansions (of even length), and
thus y = /. The bottom line savings from this fact is at most N/4, whereas
we need to save a bit more than @, which can be as large as N1/2.

Let N/ := ﬁN?’/‘l. The condition (5.20) then becomes

a ad 1
Y1 <q - q,) < N
Let (y1,q) = v and (y1,q’) = v’ with ¢ = vr. Assume without loss of generality
that v < v/. Fix y (for which there are N%/2 choices) and v,v’ | 4, (at most
N¢ choices). There are < Q/v’ choices for ¢ = 0(modv’), and then < Q
choices for (a’,q¢') = 1. Write 1 for y1a’/¢'(mod 1), which is now fixed, and
write y; = vz with (z,7) = 1. Then (5.29) becomes
a 1

z; — Y| < N

Let U, be the set of possible fractions 2*(mod 1) as r varies in Q/(2v) < r <
Q@ /v, and a ranges up to @ subject to (a,vr) = 1. Note that distinct points

(5.29) ’
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u € U, are separated by a distance of at least v?/Q?. Hence the size of the
intersection of U, with the interval
1/} - ﬁa 1/} + N7
contains at most U?—]f,, + 1 points. Once u = f/r € U, is determined, so is its
denominator; that is, r is determined. Also a(modr) is determined (to be f),

hence a(mod q) has v possible values (recall ¢ = rv).
In summary, we use (5.16) again to bound X; by

X<y vly) Y, Y > > > 1

v;vgf\vyll ¢'=0(mod v') (a/,q")=1 f/rEZ/{zﬁ[;ZJ:—T?,w-FN,] e fa(;?)dr)
Q Q?
<X 3 G (my )
’U<’U1
5/2 Y%
€
<L NY“N®Q <N3/4 —i—l),
as claimed. O

With the lemmata established, we have completed the proof of Propos-
tion 5.13.

5.3. The bound for @) large. Lastly, we input this bound to get another
bound on the main integral, one which is favorable as long as @) is a bit bigger
than N4(1-9),

THEOREM 5.30. Assume that Q < NY2 and KQ < NY2. Then

2 (#N) 2(1-96) 4b<1 1)
(5.31) /WQ’K|SN(0)| dh < TXENAONS (b )

Proof. Write

/ |Sn(0)Pd0 < sup  [Sn(0) N sup > |Sn(9)
WQ’K QEWQ’K ‘BI’\N HEPQ 8

—0
<<£ N26 (Nl ) . 5 <N25Q2N1*5+E |: ]' + 1 :|>

KQ N Q3/2 QNI/S

1 1
451 Ar2(1-8)+
< N N )E<Q1/2+Nl/8)’
where we used (5.3) and (5.14). The claim follows from (3.47), again crudely
using ¢ < 1. O

It remains to handle the regions when both K and @ are very small, less
than N¢ for € near zero.
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6. Minor arcs analysis II

We now push the methods of the previous section down to the level of @
and K being of constant size. We again do this in two stages. But first we
record the following counting bound.

LEMMA 6.1. For (qK)13/5 <Y < X, and vectors n,n' € Z* having co-
prime coordinates with |n| < X/Y and |7/| XY

X Y \?
Vi and yn = n'(mod q)} < (qK) )
The implied constant is absolute, depending on the implied constants above.

Sketch of proof. Write G(Z) = SLa(Z), and let G,(q) be the stabilizer of
n mod ¢:

#{7€SLa(@) : Il =< Yl — | < 5

Gnlq) :=={v € G(Z): yn=n(a)}
Then G(Z) = (G(Z)/Gy(q)) < Gy(q). Let R = Ry,x denote the region

R:={g € SLy(R) : |lg|l < Y, |gn —n'| < X/(VK)}.
The methods in [Goo83] (see also [BKS10]) give an estimate of the form

Z LiveryLyn=n/(modq) = Z Lom=n'(mod q) Z Liwyery
~EG(Z) weG(Z)/Gr(q) 7' €Gy(q)
Y\ e
<e Z 1wn517/(m0dq) ((q[{) +Y +€>
w€EG(Z)/Gn(q)

Y )2 00
- y 20+
< (qK + ;

where © = 1/2 + 7/64 is the best known bound towards the Ramanujan con-
jectures [Kim03]. (We apply the argument to a smoothed sum.) The first
term dominates as long as (¢K)? < Y?2%/32=¢ and the claim follows using

64/25 + £ < 65/25 = 13/5. O

Remark 6.2. Recall that we are not interested here in optimizing the final
value of dy in Theorem 1.8, so we allow ourselves to be a bit crude in the above
for the sake of exposition.

6.1. The bound for K at least a small power of Q. We return to the ap-
proach of Section 5.1, that is just bounding the sup norm and needing to win
more than KY/2Q off the trivial bound. Now we use the fact that KQ is quite
small to improve on the trivial bound by (KQ)!~¢ with ¢ small (depending on
the distance from ¢ to 1). Then we will have, roughly

o WK [ #Ov \P (#W)? [ @f
/WQ’K|SN|<<QN<(KQ)1E)_ N (KH)’
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which is a savings as long as K is at least a small power of Q). Note now for
K and @) small that we must be careful with the loss in the size of Qy in the
lower bound (3.47). We make all of this precise below.

PROPOSITION 6.3. Assume 6 € Wq i with
(6.4) 1< KQ < N°/%2,
Then

c(loglog(KQ))?
(6.5) Sn ()] < # ( ° ) .

(KQ)L-(1-9)52/5

Proof. Recalling (3.35) that N; < NY? we can find a 1 < j < J so that
1
100

say. Here we used (6.4) that (QK)%6/5 < N1/2,
Define the sets

(6.6) (QK)™/5 < Nj < (QK)™/®,

(67) Q(l) = 3132 e E'j—la
9(2) = Ej,
Q(g) = Ej+15j+2 A=y

Hence for g; € QO

(6.8) A(g3) ~ Njt1Njto - Ny =: M,
N

1 = .
(6.10) Mo = 37y
Note that
(6.11) Ni < M < Njlog N,

' log N; J J
and that from (3.48) and (3.26) we have

M26 (N'>25
Ol — @) YL

(6.12) || > elloglog M7 || > (log N, )°"

In the above, we used that J — j < loglog M.
Estimate

(6.13) ISvOl< > S | DT e((gsea.'go"gnes) 0)|.
g1€Q(M) g3€QB) |g,€Q(2)
Fix g1 and set 7 = tg1es. Note that
N

6.14 = .
(6.14) = 37y
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Estimate as in (5.10):

(6.15)
ST 1Y e(gsea,gan) 0)
g3€Q) |gyeQ(®

1/2

g =gmen | < MH /
(g —gme) | <571

where we extended the sum over gz to gses € {z € Z? : |2| < M}. Write

((g—9gn,ei) g ={(g— g)n.ei) 0| +1{(g — g')n. e;) B,

< (#QO)V2 N {# {(g,g/) € '@ x 1@

(6.16) ‘

where N K
/
_ . Ni—— —
‘<(g 9)77,€1>ﬁ| < ‘]MNJ‘N

From (6.6) and (6.11) we clearly have & < %, so (6.16) forces

(6.17) (9 —9")n=0(q)
and
(6.18) (g — gl < le < %

Fix ¢', and enlarge g € *Q®) to {g € SLa(Z) : ||g|| < N,}. Applying Lemma 6.1
with ' = ¢'n, X = N/M, and Y = Nj, the g cardinality contributes

« (DY
Thus we have by (6.12) and (6.11) that
2 Nj
KQ
2 (MNj)l—éec(loglog M)? (log Nj)3

(6.15) < (#0B) . #0®)

< #Q(3) . #Q(

Hence by (6.6) and (6.11),
(KQ)(176)52/5ec(log log(KQ))?
KQ ’

as claimed. O

(6.13) < #Qn

Inserting this bound into the main integral and estimating trivially gives

THEOREM 6.19. Assuming (6.4),

) (#QN)2 Q(176)104/5ec(10g log(KQ))?
/WQ,K [Sv(6)[7df < N K1-(1-8)104/5
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This bound is sufficient for our purposes unless K is much less than
104/5(1—6)

(6.20) QT 101/50-5) ~ (QF.

6.2. The bound for K even smaller. In this last section, we give the final
bound for minor arcs, which we apply to the remaining range of K. Recall the
approach of Section 5.2: we bound fWQ,K |Sn|? by the sup norm times K/N
times > p, |Sn|. The sup norm has already gained almost K@, so we need to
gain more than a power of @ off of the last summation. We proceed as follows.

PROPOSITION 6.21. Recall the cross section Pg g for a given |3| < %:

Fop = {9=Z+B:QXQ,(a,q):1}.

Then assuming (6.4), we have

(6.22) > 1Sv(O)] < #oy @

< (KQ)(1—5)52/560(10g log(KQ))? )
GEPQ’[;

Q3/2
Proof. This argument is similar to Proposition 5.13, and we sketch the

proof. Using the same decomposition (6.7), we follow (5.18) and bound the
left-hand side of (6.22) by

(6.23)
< Y (#0) "y

g1€Q)

1/2
8 {# {(‘9’9'7979’) € Py x Py x "% x "0 1 (g0 — g'0")nl| < %H :

where 1 = {gres. The innermost condition guarantees ¢ = ¢’ and
a(gn) = a’(g'n)(mod q).
The number of choices for ¢’ given g, q, a, and d’ is

()

hence
1/2

(6.23) < #0O (#0@) 2 1 {QQQ#Q@) (gﬂﬂ

(KQ)(1—5)52/5ec(log log(KQ))?
<#Ov Q° ( ;

Q3/2

as claimed. O
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Using (6.22) and (6.5), we now have the bound

N K 0 C(loglog(KQ))2
(KQ) (1-96) 52/5€c(loglog(KQ))2>

X #y Q° < Q3/2

from which we immediately have

THEOREM 6.24. Assuming (6.4),

/ S (9)|2d9 < (#QN)2 (KQ)(1*5)104/560(1%10g(KQ))2
Wa,k N N Q1/2 )

7. Proofs of Theorems 1.8 and 1.25

Keeping all the notation of previous sections, we now prove the main minor
arcs estimate, analogous to (1.39), before completing a proof of Theorem 1.8.

THEOREM 7.1. Assume
(7.2) 0 > o,

with dy given by (1.21). Then for some ¢ > 0,

2 ‘NP —c
(7.3) > lEn(n)? < N9

nez

Proof. By Parseval, we have

1
S lexmlr = [ 11 won@)Psy@)Pao= [+ .
nez 0 Mo m
where we decomposed the integral into the major arcs 9o and the comple-

mentary minor arcs m = [0, 1] \ Mo.
On the major arcs, note from (4.22) that 1 — ¢ (z) = |z| on [—1,1]. Then

using (6.5) with K =< N|j| gives
1 2
(191 (gres)) #

/mtg<<z Z /<Q/N‘Q

q<Q (a,q)=
Qv* 1
N Q174C'
Here 0 < ¢ < (1 —0)52/5 < 1/4 by (7.2), so renaming the constant ¢ > 0, we
are done with the major arcs.
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Decompose the minor arcs m into dyadic regions

/ysN(e)|2d9<< S Y ok

Q<NY/2 . N1/2
dyadic
dyadic

where at least one of QQ or K exceeds Q, and

7(Q.K) = /W 1Sx (0) o

Q,K
Write Q = N®, K = N*, with the parameters («, k) ranging in
(7.4) 0<a<l/2and 0<k<1/2-—a.

It will be convenient to define
(7.5) n:=(1—-9)104/5.

Assume that 1 — ¢ < 5/208, so that 0 < n < 1/2. We break the summation
into the following four ranges:

Ri:={(a,k) : & >2(1—0)+4b},
Ro:={(a,k) : > 4(1 — ) + 8b},
Rs:={(o,k) :n(a+ k) < k and a + k < 5/52},

1
Ry ={(o,k) :n(a+k) < 3¢ and a + Kk < 5/52}.

We need to show that these four regions cover the entire range (7.4). Using
(3.3) and (7.2) with (1.21) guarantees that the regions R; and R certainly
cover the range o + k > 5/52. In the complimentary range, R3 and Ry give
two regions: the region below the line through the origin with slope n/(1 —n),
and the region above the line through the origin with slope (1/2 —n)/n. These
two regions overlap when the slopes overlap, that is, when n < 1/3. Then (7.5)
explains the value of §p in (1.21).

Since the four regions cover the full range (7.4), we now just collect the
results of the previous two sections. In the range R1, we apply Theorem 5.11,
getting

QO 2

(7.6) Q. K) < (#NN)K—C

for some ¢ > 0. In Ra, we apply Theorem 5.30, getting
9] 2

(7.7) I(Q,K) < (#NN)Q—C.

In the range Rz with K > Q, Theorem 6.19 gives (7.6), and in R4 with
@ > Q, Theorem 6.24 gives (7.7). Combining these estimates completes the
proof of (7.3). O

It is now standard to derive Theorem 1.8 from (4.29) and (7.3).
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Proof of Theorem 1.8, assuming Proposition 3.9. In light of (4.29), the
proof of which uses Proposition 3.9, we have for n =< N that

Mp(n)>[Qn]|/(Nloglog N)
S N26-1-1/1000

where we crudely used (3.47) and (3.3). Hence we expect the same for Ry (n).
If this is not the case, it means that

1 [y
loglogN N

Let &(N) denote the set of n < N which have a small representation
number Ry (n):

[En ()] = |BN(n) — My (n)] >

E(N) = {210N <n< iON Ra(n) < %MN(n)} |

Then assuming (7.2), we have
#EN)< D 1. x|

iy O )

N2(loglog N)? 5

w2 > [En(n)]

N? (IOgIOgN) ‘QNPQ ¢« Ne —c\/logN

Q[

using (7.3) and (3.5). O

This completes the proof of Theorem 1.8, modulo the construction of the
leading set N, which is taken up in the next section. First we give a quick

7.1. Proof of Theorem 1.25. Let P = Py be the set of primes p up to N
which are 3(mod 4), so that (p — 1)/2 is a 10-almost-prime; that is,

P:={p<N:p=3(mod4), and m | (p—1)/2 = m > N0},
A standard sieve argument shows that P has cardinality > ﬁ By (1.9),

the cardinality Ne ¢V1°8N of the exceptional set is much smaller, and so
D A(N) NP is unbounded in N for 4 > do.

By (1.10), each p = d in the intersection appears with multiplicity at least
N20-1001  A710/11 say. That is, there are distinct by,...,br, so that b;/d €
Rg,j=1,...,L,and L > N1/ Tet 7“ be any primitive root mod d. For
j=1,...,L, let k; be defined by b; = r*i(modd), and let K = {ki,...,kr}.
Of course b is a primitive root mod d if and only if (k;,d — 1) = 1.

Consider the subset K’ of k € K for which (k,d — 1) > 2. Since d € P,
each such k has a prime factor of size N'/10, and hence the cardinality of K’
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is <« N910_ This is less than the cardinality of K, so we may safely discard
K' from K, leaving a nonempty set K”.

Consider b = r*(mod d) with k € K”. If (k,d — 1) = 1, we are done, since
b is a root mod d and b/d € R 4. The only other possibility is (k,d — 1) = 2,
whence b is a square mod d. Set b := d — b, so ¥ = —r¥(modd); since
d = 3(mod4), v is now a primitive root. It is elementary to verify that

---------

quotients are still absolutely Diophantine, completing the proof.

8. Comnstruction of N

In this section, we arrange the special leading set N in the ensemble 2y as
described in Section 3.1. We need two pieces of background, using Section 8.1
to extract some modular/archimedean counting statements from [BGS11], and
spending Section 8.2 proving a certain “randomness extraction argument.” Fi-
nally, we proceed in Section 8.3 to construct X, thereby proving Proposition 3.9
and finalizing the proof of Theorem 1.8.

8.1. Congruence counting theorems. Recall from Section 3.2 that p is the
5-dimensional Hausdorff measure supported on the limit set €, lifted to P.
Extending the work of Lalley’s [Lal89] to the congruence setting, Bourgain-
Gamburd-Sarnak [BGS11, Th. 1.5] proved the following theorem, adapted to
our present context.

THEOREM 8.1 ([BGS11]). Let I' =T 4 be the semigroup in (1.31). There
exist an integer

(8.2) B =B(A) > 1

and a constant
(8.3) c=¢(A) >0

so that the following holds. For any (q,B) =1, any w € SLa(q), any v € T,

and parameters T, H — oo with H < e*V1°,T | there is a constant C(y) >0
so that

1
(8.4) # {’y el :y=w(modq),|vy(y) —v| < I and HWJO’” < T}
0

_ .20 H(I) ( 25 —c\/logT)
=C(y) T 7\SL2(q)|+O Te , asT — oo.

Here T is the interval of length 1/H about v, and the implied constant does not
depend on T, H, q, w, or v.
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With the same conditions as above, except for a modulus ¢ with B | q, we
have

(8.5)
# {'y el:y=w(modq),vi(vy) €Z, and ”W%”” < T}
70
| SL2(B)] { I7oll }
= -———— #vel:y=w(modB),vi(v) € Z, and <T
[SLa(g)| (modB), v+ (7) ol

+0 (T2667c«/logT> )

Remark 8.6. Recall that throughout, the appearance of constants ¢ and
C' may change from line to line. The special constant ¢ in (8.3) is in con-
tradistinction with this principle, being the same constant wherever it appears.
Moreover, Proposition 3.16 follows immediately from (8.4), so the constant ¢
appearing there can be taken to be the same as the one here.

Remark 8.7. In Theorem 8.1, we have stated the result only for the ex-
treme cases (B, q) = 1 and B | ¢q. Of course intermediate cases can be obtained
by summing over suitable arithmetic progressions. This introduces no extra er-
ror since the number of terms is < 1, and our implied constants may depend
on the fixed alphabet A (recall B depends only on A).

Remark 8.8. The proof of Theorem 8.1 is the same as that of [BGS11,
Th. 1.5], with the following caveats. The latter was proved under the fur-
ther assumptions that the modulus ¢ is square-free and that I' is a convex-
cocompact subgroup of SLa(Z). As discussed in Section 3.2, the proof also
works when the group is replaced by our free semigroup I" with no parabolic
elements. As for the level, taking ¢ square-free was enough for the sieving
purposes in [BGS11], but for the circle method used here, we must take arbi-
trary ¢. The main ingredient in analyzing the modular aspect (see [BGS11,
Lemma 7.2]) was the spectral gap (expansion property) proved using meth-
ods of additive combinatorics and an L?-flattening lemma in [BG08], [BGS10],
again for square-free q. The relevant results have since been established for
arbitrary modulus; see [BV12] and [GV12, Rem. 30]. With this input, [BGS11,
Prop. 12.1] holds for arbitrary ¢, from which one can derive Theorem 8.1.

Remark 8.9. A final caveat is that there is a minor inaccuracy in the
statement of [BGS11, Th. 1.5], in that one must “unsmoothe” the smoothed
estimate given in [BGS11, Prop. 12.1] to obtain [BGS11, Th. 1.5]. Applying
a Tauberian theorem, the removal of smooth weights results in a loss in the
stated error term where the smooth error term 7~¢/ 1081087 st be replaced

in the sharp cutoff by e “V1°8T; hence the error terms stated in Theorem 8.1.
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The condition ||[vyo]|/||70l| < T arises naturally in the above through the
renewal method; in fact, this condition is essentially equivalent to

dm(yy07, %) — dm (07, 7) < ClogT,

where dy(-,-) denotes hyperbolic distance in the upper half-plane H. As in
Section 3.2, one typically sets 79 = I, but we will use g for a different purpose.
Namely, we will need to control both the expanding direction v (), and its
expanding eigenvalue \(7y), but taking vy = I gives us control only on the norm
|v]| (which can be off by a constant from the eigenvalue). So we instead do
the following.

It is easy to see from (4.10) that

B A7) b
(8.10) = ot vtz ()

Assume now that both v and g lie in Z, the interval of length 1/H about v,
and assume |||, [|[70]| > H. Then applying (8.10) to o and vy gives

ol = 1y (0 (7))

and

B A(170) L
Iy ol = Tor o) o (o) (1 +0 (H“mH?))

oy (@)

where we used (2.6) and (2.7). On dividing, we obtain

|r|7%0|“ =0 (1+0(5)).

We can thus convert statements restricting norms into ones controlling eigen-

values, without losing constants.

The constant C() in (8.4) approaches a constant C(v) > 0 as ||| — oo
with v4(y9) — v; indeed, C(vy) is obtained by evaluating a certain Gibbs
measure. (See [BGS11, §10] or [Lal89, (2.5)], where his = plays the role of
our 7p.) Hence (8.4) can be replaced by

1
#{7eT vy =wmodg).lv.() ~v| < 2 and A7) < 7}

= C(v)- T2‘5,S‘£(f()(m (1+0(5)) + o (e e/sT)

and a similar expression analogous to (8.5).
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Finally, we can restrict A\(vy) to a smaller range, A(y) = T(1 4+ O(1/Hy)),
for a smaller parameter Hi; in applications we take H; = H'/2. In summary,
we have the following

COROLLARY 8.11. With notation as above, we have for any T, H, H] — 00
with Hy = o(H) and H < eV'°8T and any (q,B8) = 1, w € SLa(q), that
1 T
(612) #{yeT 7 =wmodg) lur(2) — vl < 3. ~TI < 7|

— o T D (10 (s ) o (e o).

The implied constants are independent of T, H, Hy, q, and w.
For a modulus ¢ = 0(mod B), we have

(8.13)
# {’Y el:v=wmodq),vi(v) € Z,|A(y) —T| < %}
SLa(B) - .
= |SLQW - F# {’Y el :v=wmodB),vi(vy) €L, | Ay) —T| < F}
X (1+0<;1+Z})> + O(T%—c\/@)_

8.2. A randomness extraction argument. Corollary 8.11 gives us good mod-
ular/achimedean control away from the modulus B, but we need R to have good
distribution properties for all moduli. So in the next subsection we will concoct
certain special sets engineered to have good equidistribution mod 5. But in
so doing, we will potentially ruin the distribution away from 8. To recover
this distribution, we apply a certain more-or-less standard “randomness ex-
traction” argument, which states roughly that if a large set has good modular
distribution, then so does a sufficiently large random subset of it. We will need
to have the flexibility to stay away from a modulus ¢g, which in applications
is either 1 or 8.

LEMMA 8.14. Let p = pug be the normalized (probability) measure of a
finite subset S C SL(2,Z),

1
/‘5(7) = m Z l{szw}a

seS
and fir n > 0. Let qo < Q be a fired modulus, let wy € SLa(qo) be a fized
element, and let Q = Q4 C [1,Q] be the set of moduli ¢ < Q with qo | q.
Assume that for all ¢ € Q and all w € SLa(q) with w = wp(modqo), the
projection

mlulw) = > ()

y=w(mod q)
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is near the uniform measure on SLa(q) conditioned on being = wp(mod qp),
(8.15)

| SLa(qo)| | SL2(qo)|
- Bty [ iy | <
=wq(mod qq) w=wolmoddo)
Then for any T with
(8.16) n2logQ < T = o]S]"?),

there exist T distinct points v1,...,yr € S = supp u such that the probability
Measure V = Ut ., ~p defined by

(8.17) = (L o 1)

7 (
has the same property. That is, for all ¢ € Q, projection my[v] is also nearly
uniform:

| SL2(qo0)|
(8.18) max | ||mq[v] — [STa(q)]

<.
qeN K

oo

=wq(mod qq)

The implied constant above is absolute.

Proof. This is a standard argument, so we give a sketch. Take v as in
(8.17). Let D be the expectation with respect to u of the left-hand side of
(8.18),

D= magc ma)(( )
c w€eSLg (g
’YESLQ(Z)T 1 w=wq(mod qq)

SL
Z {vj=w(@)} — ” SLQQ((QO))” | M(T) (’Y)a

where p(7) is the product measure on SLy(Z)” and v = (v1,...,7r). Using
(8.15), we have

w1 () (€),

M'ﬂ

D<n+ Z Z max max

fuo(75:65)
VeSLa(2)T gesiyzyr 167 WSkl |7

where
Jo (3, 65) = L=y — Hezwla)

and we extended the max over w to all of SLa(q).
Note that for fixed w, f,,(v;,&;) are independent, mean zero random vari-
ables and bounded by 1. Hence the contraction principle gives

(8.19) D<n+ >3 Dy, )uD (y)uD (),
o
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where
T

%Z&‘jfw(%»fj)

Jj=1

1
D(v,€) = —= max max
(%) T el q€9Q weSLa(q)

Replace the max by an LP norm with p to be chosen later:

T p\ 1/p
D(%E)SiT > <Z > ;Zgjfw(Vjafj)>

ce{+1)1T \geQuweSLy(q) |~ j=1

[\]

] | T p\ 1/p
< <Z Z 27 Z Tz:lgjfw(’yjﬂgj) )
j=

q€QweSLa(g) ~  ec{£1}7
2> p/2

where we applied Khintchine’s inequality [Haa81]. (The implied constant is
absolute.) Now we choose p = log @, so that

D(v,§) < (log Q)Y*T~1/2,

Inserting this into (8.19) and setting T' > n~2log Q gives

1/p

< Z Z pp/2<zT: fw(Vijfj)

q€9 weSLa(q) j=1

< Q4/pp1/2T—1/2’

D <.

The number of T-tuples v with distinct ; is [S|!/(|S|—T)!, which is asymptotic
to |S|T for T = o(|S|*/?). This completes the proof. O

Equipped with this randomness extraction argument, we proceed with the

8.3. Proof of Proposition 3.9. Recalling the parameters b in (3.3), ¢ from
(8.3), and B from (8.2), we set R :=|SLy(B)| and define o in (3.5) by

Be
2 =
(8.20) a0 = o
For a parameter
(8.21) T =N
with small ¢1 to be determined in (8.30), let H = Q'2, H; = QY and set
1 T
(822)  ST) = {y el o) —of < 1. A0 - T < -}
H Hy

By (8.12) with ¢ = 1, crudely using § < 1 we have that
(8.23) HS(T) > T Q% 4 O(TPe V18T,
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We have from (8.21), (8.20), and (3.5) that
e~ V1ogT _ —cy/ery/logN _ Q—\/CT4OR/B.

So as long as

36
8.24 > (—) ,
(8.24) “ - \4r
the estimate (8.23) is significant, with an error of size < T2°/Q%.
By the pigeonhole principle, there is some element s € S(T) so that

S(T):={s € 8(T) : s = sp(mod B)}

satisfies
1

25 18
2 TS0 D) > T/

(8.25) #S'(T)
(Recall our implied constants may depend implicitly on A, and 8B depends
only on A.)

For this set, the counting statement (8.23) remains significant even with
a modular restriction: for any ¢ < Q with 8 | ¢ and any w € SLy(q) with
w = sp(mod B), applying (8.13) gives

(8.26)

#{se€ S (T): s=w(modq)} = #{s € S(T) : s = w(mod q)}

CISLaB) g P —
= TSLa(0)] #{seS(T):s=w=sp(modB)} (1+0(Q7°)) +0(T*Q™")
_ [SLa(B)] , o 6 25 5-30

= TSLa(q)] #S'(T) (1+0(Q77)) +O(T= Q7).

From (8.25), the main term is > T%°/Q?', dominating the error.
We just need to play with S'(T') to get good distribution modulo 9B. Recall
R = |SL2(*B)|. Then every element of the “coset”

veS(T) 57

satisfies v = I(mod*B). Next write SL2(B) = {v1,72,...,7r}, and take
z1,...,x¢p € I' so that

(8.27) zr = ¥, (mod B), r=1,...,R.

(Recall we had assumed in Section 3.1 that I'(mod ¢) is all of SLa(g) for all ¢,
so such x, exist.) Such z, can be found of size <4 1.
Note that any element

yeS(T) s,



ON ZAREMBA’S CONJECTURE 185

has v = 7,(mod B). Unfortunately, this triple-product does not work since we
do not have control on the expanding vector of x,.. To remedy this, we take a
single fixed element fy € I' of size

(8.28) A(fo) =< B1/100,
say, with
(8:29) |04 (fo) — o] < Q7°.

Then from (2.7), v (fox,) = v(1 + O(Q~°)), and for any s € S'(T),

vils-sp ' -fozr) = 0(1+0(Q7%)).
Moreover, from (8.22) and (2.6), we have

s 57" fozr) = A(s)Ms1) ™ Afozr) (1+0(Q7%))
=T (fox,) (1+0(Q79)).
Now for each u € U, uw < B, and each r = 1,..., R, take T'= T, , so that
T\ (foxr) = u;
that is, let
(8.30) T, = (U)l/R — 99/(100R) _ Ar996/(100R)
’ A(fozr)

which, by (3.4), determines ¢; in (8.21). Note that (8.24) is easily satisfied.
Thus for each u and r, we have sets

Buy =8 Tur) - (s7,,)% ' fo- 2 CT,
so that for all a € B, ,, the expanding vector is controlled,
o4 (a) — o] < Q7°,
and the eigenvalue is controlled,
AMa) = u(1+0(Q7%).

Since we have saved an extra Q, we can use it to set the implied constant to 1,
getting (3.11) and (3.12).

Note that by (8.26), for all ¢ < Q with B | ¢, and all w € SLa(q) with
w = fox,(mod B), we have, crudely, that

| SL2(B)| -5
8.31 ac By,r:a=w(mod = ——#B,,(14+0(Q .
(831)  #{ , (mod q)} SLa(a)] 7 2w ( Q™)
Recall also from (8.23) that the cardinality of B, is
(8.32) > (To)? ) QM > N,

using (8.30).
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Hence for fixed u, we may apply the randomness extraction argument in
Lemma 8.14 to By, with n = Q7% and ¢y = B. This gives sets B;,r C Bu,
of size > N€, for which (8.31) continues to hold and, moreover, we can force
them all to have exactly the same cardinality independently of r,

|B:L,r’ = |B/u,r’|'
Set

B R
N, = |_| B,
r=1
and note that for B | ¢ < Q and w € SLa(q),

R = _ [SLa(B)[ , s
#{aeX, :a=w(modq)} = SLo(q)] #B, <1 +0(Q )) ;
where 7 is the index for which w = fox,(mod B). Since #8;,, = IN,|/R, and
R = | SLy(B)]|, we have that for each u, X, satisfies
S L N 5

(8.33) #{ae R, :a=w(modq)} = SEa(0) (1+0(27%)).
We can now also drop the condition 9B | ¢ in (8.33) by summing along certain
arithmetic progressions; since B < 4 1, the implied constant still depends only
on A (cf. Remark 8.7).

Now we apply Lemma 8.14 again to X, with n= Q7% and qy = 1, giving
sets B

N, C N,

for which (8.33) still holds, that is (3.14) holds, and which all have the same
cardinality, giving (3.10).

This completes the proof of Proposition 3.9.

9. Proof of Theorem 1.22

Recall that R 4 (V) is the set of rationals b/d with partial quotients bounded
in the alphabet A with d < N, D 4(N) is the set of continuants up to N, and
€ 4 is the limit set of R 4 with Hausdorff dimension § = § 4. Recall the sum-set
structure (1.47), that if a € A and b/d € R4, then d and b + ad are in D 4.
The same holds for another a’ € A; that is, all three of d, b + ad, and b + a'd
are in © 4.

We wish to show (1.24) that for any e > 0,

#(@A N [LND >, N6+(25—1)(1—6)/(5—6)—5‘

For ease of notation, we lose no generality by specializing from now on to the
case 1,2 € A; whence b/d € R 4(N) implies that

(9.1) d,b+d,b+2d € D4(3N).
And again, we can drop the subscript A from ®, R, and €.
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Our new ensemble of focus is the collection 2 = Qy of intervals given by

d d+1
9.2 Q.= [— 7} 1/2
92) U e cnea

N/2<d<3N

so that

DN[1,3N
(9.3) 1] <« M.

N

Hensley’s conjecture implies, assuming 6 > 1/2, that we should have
(9.4) Q] =< 1.

A priori, we do not even know that [©2| > 1, and the bound (1.16) follows from
(9.5) Q> N9,

so this is what we must improve upon.
Note from (9.1) that

(9.6) Lo(@) o) lat +y)1x (L 1) =1

ifx =d/N and y = (b+d)/N with b/d € R. Just as we thickened 19 to some
intervals 1q in (9.2), we wish to thicken 1g to some intervals.

By Frostman’s theorem [Fro35], there is a probability measure u supported
on the Cantor set €, so that for any interval Z C [0, 1], we have

(9.7) W) << |7~

The most naive thickening of SR we could take is at the scale of 1/N?; namely,
for each x € €, there is (by Dirichlet’s approximation theorem and properties
of continued fractions) some b/d € R(N) with

So we can find a collection of < N? intervals of length =< 1/N? which cover
¢, each of which has a point in 2R(/N). Note also that the spacing between
consecutive points in R(N) is > 1/N2. Instead it will be more fruitful to
collect points at square-root this scale, 1/N, as follows.

By (9.7), there is a collection {Z;},<, of L < N disjoint intervals Z, C
[1/2,1], each of length 1/N, so that

(9.8) (Te) >e N7O7°.

Denote their union by

(9.9) R = |i|ze.
/=1
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Subdividing each Z; into intervals Zy ,, of length 1/N 2_ it follows that there are
at least > N°¢ of them intersecting €. For each such ¢,n, the intersection
Ty NR(N) is also nonempty, possibly after replacing Zy, with a doubling.
Hence the cardinality of

R(N) := {g ERNR:(bd)=1,N/2<b<d< N}
is of the right order
(9.10) #R(N) >, N¥7¢,
We thicken these intervals just a little further, setting

L 2 2
(9.11) R:= ] <Ig+ {_N’ND'
=1
Note that since L < N?, we have

(9.12) IR| < N~(1=9),

Note further that €, and hence R, is contained strictly inside [0, 1]; that is, for
some v = vy > 0, we have

(9.13) R Cv,1—v].
Consider now our main integral 7, motivated by (9.6), defined by

(9.14) T = //R lo(@)1o(y)lo(z + y)1z (% 1) dydz.

By (9.2), the domain of integration above is supported in the box [1/2,3] X
[1/2,3].
For each b/d € R(N), the intervals

d+1/2 b+d§y§b+d]\;r1/2

4 <z < ,
N~ — N N
belong to €2, by (9.1), as does the interval
b+ 2d b+2d+1
STTYS —

Moreover, the interval
b 2 b—1 b+1 b 2
< Y 1<t

is in R by the thickening in (9.11). That is, these intervals contribute 1/N? to
J for each b/d, and hence by (9.10), we have established the following lower
bound.

PRrRoOPOSITION 9.15.

(9.16) I >, N 2(0-0)—¢
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The trivial bound J < |Q|? from (9.14) recovers (9.5), which is what we
must improve. The rest of the appendix is devoted to establishing the following
ProposITION 9.17.
_1s 9 3(1=9)
(9.18) J <. N~z T5|Q| 2@,
Then Theorem 1.23 follows immediately from (9.16), (9.18), and (9.3).

9.1. Proof of Proposition 9.17. Let M > 0 be a parameter to be chosen
later (it will be a little less than N _(1_5)), and decompose

(9.19) J =N+ T

where

(9.20) 7= .- dudy,
(1ol _g)(—z)<M

and

(9.21) Jo = // -+ dxdy.
(1a*l_g)(—z)>M

Then writing 1z < 1, we have
9.22) i< / Lo(@)la(y)l_a(—z — y)dzdy

(Lo*1_g)(—z)<M

< / 1o(z) (19 * 19(—3:)>dx
(1o*1_q)(—z)<M
< M|9.

It is clear already that to get a gain on |{2|, we must take M a power less than
N—(-9),

We are left to analyze J>. Note that in the domain of J5, we have
1
]_Q(x + y) <1< M(]_Q * 1_9)(—1}).

Hence we can write
1 y )
< ar - —_— —
J2 < Vi //R2 n(z) lao*1_g)(—z) lo(y) 1z (x 1) dydz,

where we have bounded 1q(z) by a smooth bump function 7(x) with support
in [1/4,4], say, and n > 1 on [1/2, 3] to recall (9.2) that = € [1/2, 3].
For a smooth, nonnegative, even function T with compact support and
J Y =1,1let Tn(y) := I0NT(10Ny), and dominate 1g(y), up to constant, by
the smooth function
Soi=1g*Tn.



190 JEAN BOURGAIN and ALEX KONTOROVICH

4 2 -1 _-; LR 2 4

Figure 1. The Fourier multiplier Ag.

So we have
1 4
(923) jQ << M . jQ,
where
(9.24) T = // 1) (1o« 1_0)(~2) Sa(y) 1x (£ ~1) dydz.
R2 x

Note that, by the smoothness of T, the Fourier spectrum of Sq is con-
tained, up to negligible error, in [-N'T¢ N1*¢]. So we can decompose Sq(y)
by the technique of “slicing.” That is, introduce a certain dyadic partition of
unity via the Fourier multipliers A\;(€), defined as follows. Let Ag(§) be even,
= 1 on [1,2], and decaying piecewise-linearly to 0 at £ = 1/2 and £ = 4; see
Figure 1. For integers k ranging in

(9.25) 0 <22 < N'*e,
define
A(€) = Xo(€ - 27%).
Let Aj be the Fourier inverse of A\, so
Akly) = 2% A0(2%%y) = Dy Ao) (v),
where
sin? (%ﬂ'y)
Ao(y) = ——5—| 2cos (2my) — cos (my) + cos (5ry) |,
)
and D,, is the dilation representation:

(Duf)(y) == uf(uy).

We also introduce 7, the translation representation,

Tuf (y) = f(y +w).
Of course m = A f, so we have
Sq = Z (A x Sq) + Err,
22kt<Nl+E

where Err is bounded by an arbitrarily large power of 1/N, and will henceforth
be ignored.
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Then we can bound (9.24) as

9

(9.26) 73] < > |7"
k

where
021 = [[n@) Qo 1-o)a) (e Sa)w) e (L-1) dyda.

Since the Fourier spectrum of Sg is now controlled, so is that of 1, as
follows. Write 1z (£ — 1) = 1,% (y — 2) = (T—21+%)(y). Then the y integral
can be written as

(9.28) /R (Ax % S0) () (T-21ar) (y)dy

= /\k )Sa(€) (T- 1xR)(§)d§

- Rms)&)(o X (26) (Ts L) (€)de,

where we inserted another bump function Xj which is smooth in addition to
other properties of \;. Namely, let A\ be even, = 1 on +[1/16, 16], and decay
smoothly to 0 outside of 4[1/32,32]; then set A} (£) := \j(£€272%F). The point
is that A} (z€) = 1 on the support of A\, since x € [1/4, 4] by the support of 7,
so the above equality holds.

Then writing A} for the inverse transform of A, we have

(9.29) //17 ) (1ox1_q)(—x) (Ap*Sq)(y) { ;*IR} (% - 1) dy dx.

Now we handle two ranges of k separately. We introduce a cutoff param-
eter K to be chosen later, see (9.41).

9.1.1. The range k < K. We wish to prove
LEMMA 9.30. For k <K,

(9.31) ‘jQ(k)‘ <. QP 22K(1-8) p—(1=)+e

This is a gain of a power of |2]. (Recall we are assuming |Q] < 1.)

Proof. Estimate (9.29) by

(9.32) ‘jz(k)‘ < 1o * 1 qfl; - [|[Ax * Sall; - ‘Az*ln

o0
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The first factor contributes |22, and the second is < |§2|, since Ag is integrable.
For the last term, write

(9.33) ‘ s lg

< sup/ 2%% AL (u2%) 1R (2 — u)du
z JR

< Z 22k=m) qup  |RNU,

m>0 || =2m+1-2k

where the supremum is taken over intervals ¢/. Here we used that Aj, has rapid
decay, so certainly

, 1 1 1
Ao(y) < Lpyjcr + galpyice + aliyi<a T galpls +
Note by (9.25) that
—2k+1
Uuf > 2 > Nite:
We have yet to exploit the structure of R and do so now. This requires
the following

LEMMA 9.34. For any interval U of length at least 1/N1*¢. we have

(9.35) IRNU| < N~0=0Fe 0+,
Postponing the proof of this lemma, we see that applying (9.35) in (9.33)
gives
(9.36) ’ P lp| <. 220070 N—(=0)te,
Putting (9.36) into (9.32) gives (9.31), as claimed. O

It remains to establish (9.35).

Proof of Lemma 9.34. From the structure of R in (9.11), we have that

RNUl <>
l

< %# {e <L:Un (I@ +[-2/N, 2/N}> ” @}

1 p(U+10,1/NJ)
°*N N«
<. N_(1_6)+6|Z/f|5+6,

un (Ig +[-2/N, 2/N]>‘

where we used (9.8) and (9.7) in the penultimate and final lines, respectively.
U
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9.1.2. The range k > K. In this range, we will establish
LEMMA 9.37. For k > K and any € > 0,
(9.38) ‘jZ(k)’ <. |Q’3/2 9—ké p—(1=0)+e

Proof. Changing variables y — yz in (9.29), we have

73| <

I

[ oo soan) nto) (Mo 1) (0= 1) dy o

where we set

(9.39) f(z) ==z n(2)(1o * 1-0)(—2).

By the rapid decay of A}, and (9.13), we may restrict the integral to y < 1
with a negligible error. Now reverse orders, apply Parseval in x, reverse orders
again, use the definition of the Fourier multipliers A, apply Cauchy-Schwarz
in y, change variables y — £/y, and estimate

/yxl (/§|/yx22ﬁ(§) gﬂ(f/y);d§> (A % 1R) (y — 1) dy

R R 1/2
< Fol (& [18aw)Pdy) A, * 1r]s de
€| =22k €]
<o (2t [ [lde) o/ 2=t
£eR

where we estimated the last piece by

749 <

1AL * 1z, < [[Af * 1|22 AL * 1x]f}2

<. 2k(1—6)N—(1—6)/2+5’R’1/2

<. 2k(1=0) N—(1=0)+<
using the £ bound in (9.36) and (9.12). We easily estimate from (9.39) that
Ifll1 < ||, giving (9.38), as claimed. O

9.1.3. Completion of Proof. 1t is now a simple matter to establish Propo-
sition 9.17. Putting (9.31), (9.38), and (9.26) into (9.23) gives

(9.40) Jo <z %N‘(H)*e (J0P 22000 1 |qp3/2 9=K3 )
1
< MN*“*‘;)*E Q[3/(2=0)
on setting
(9.41) K .= 51082 9]

22-106)
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Combining (9.40) with (9.22) and choosing
M = Nf(lfJ)/Zﬂ-:|Q‘(1+6)/(4726)

gives (9.18), as claimed. This competes the proof of Theorem 1.23.
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