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Limit theorems for translation flows
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To William Austin Veech

Abstract

The aim of this paper is to obtain an asymptotic expansion for ergodic
integrals of translation flows on flat surfaces of higher genus (Theorem 1)
and to give a limit theorem for these flows (Theorem 2).
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1. Introduction

1.1. Outline of the main results. A compact Riemann surface endowed
with an abelian differential admits two natural flows, called, respectively, hor-
izontal and vertical. One of the main objects of this paper is the space BT
of Hélder cocycles over the vertical flow, invariant under the holonomy by the
horizontal flow. Equivalently, cocycles in BT can be viewed, in the spirit of
R. Kenyon [29] and F. Bonahon [8], [9], as finitely-additive transverse invariant
measures for the horizontal foliation of our abelian differential. Cocycles in B
are closely connected to the invariant distributions for translation flows in the
sense of G. Forni [21].

The space B is finite-dimensional, and for a generic abelian differential,
the dimension of B is equal to the genus of the underlying surface. Theo-
rem 1, which extends earlier work of A. Zorich [46] and G. Forni [21], states
that the time integral of a Lipschitz function under the vertical flow can be
uniformly approximated by a suitably chosen cocycle from BT up to an error
that grows more slowly than any power of time. The renormalizing action of
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the Teichmiiller flow on the space of Hélder cocycles now allows one to obtain
limit theorems for translation flows on flat surfaces (Theorem 2).

The statement of Theorem 2 can be informally summarized as follows.
Taking the leading term in the asymptotic expansion of Theorem 1, to a generic
abelian differential one assigns a compactly supported probability measure on
the space of continuous functions on the unit interval. The normalized dis-
tribution of the time integral of a Lipschitz function converges, with respect
to weak topology, to the trajectory of the corresponding “asymptotic distribu-
tion” under the action of the Teichmiiller flow. Convergence is exponential with
respect to both the Lévy-Prohorov and the Kantorovich-Rubinstein metric.

1.2. Hélder cocycles over translation flows. Let p > 2 be an integer, let
M be a compact orientable surface of genus p, and let w be a holomorphic
one-form on M. Denote by v = i(w A @)/2 the area form induced by w, and
assume that v(M) = 1.

Let h;” be the vertical flow on M (i.e., the flow corresponding to R(w));
let h; be the horizontal flow on M (i.e., the flow corresponding to (w)). The
flows h;", h; preserve the area v.

Take z € M, t1,ts € Ry, and assume that the closure of the set

(1) {h+h_.%',0§7'1<t1,0§7'2<t2}

T1 T2
does not contain zeros of the form w. The set (1) is then called an admis-
sible rectangle and denoted II(z,t1,t2). Let € be the semi-ring of admissible
rectangles.
Consider the linear space BT of Holder cocycles ®T(x,t) over the verti-
cal flow h;” that are invariant under horizontal holonomy. More precisely, a
function ®T(x,t) : M x R — R belongs to the space BT if it satisfies

ASSUMPTION 1.1.

(1) OF(w,t+5) = BF (2,8) + D (b 2, 8);

(2) there emists tg > 0, 8 > 0 such that |®+(x,t)| < ¥ for all z € M and
all t € R satisfying [t| < to;

(3) if I(x, t1,t2) is an admissible rectangle, then ®F (z,t1) = O (hy,x, t1).

A cocycle @t € BT can equivalently be thought of as a finitely-additive
Holder measure defined on all arcs v = [x, h; x| of the vertical flow and in-
variant under the horizontal flow. It will often be convenient to identify the
cocycle with the corresponding finitely-additive measure. For example, let v+
be the Lebesgue measure on leaves of the vertical foliation; the corresponding
cocycle @ defined by ®{ (z,t) =t of course belongs to B+.

In the same way define the space B~ of Holder cocycles @~ (x,t) over
the horizontal flow h; that are invariant under vertical holonomy. A cocycle
®~ € B~ can equivalently be thought of as a finitely-additive Hélder measure
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defined on all arcs 4 = [z, h; 2| of the horizontal flow and invariant under
the vertical flow. Let v~ be the Lebesgue measure on leaves of the horizontal
foliation. The corresponding cocycle @7 is defined by the formula @ (z,t) = ¢;
of course, ®; € B~

Given @t € B+ &~ € B, a finitely additive measure & x &~ on the
semi-ring € of admissible rectangles is introduced by the formula

(2) Ot x @ (I(z,t1,t2)) = P (z,t1) - @~ (z,t2).

In particular, for ®~ € B, set mg- = v x d~:

(3) me- (I(x,t1,t2)) = 19 (x, t2).

For any ®~ € 9B, the measure mg- satisfies (h;").mg- = me- and is an

invariant distribution in the sense of G. Forni [20], [21]. For instance, Mg = V.
An R-linear pairing between B' and B~ is given, for ®+ € B+, &~ ¢ B,

by the formula

(4) (®F,87) = &+ x &~ (M).

1.3. Characterization of cocycles. For an abelian differential X = (M, w),
let B (X) be the space of continuous holonomy-invariant cocycles. More pre-
cisely, a function ®*(z,t) : M x R — R belongs to the space B} (X) if it
satisfies conditions 1 and 3 of Assumption 1.1, while condition 2 is replaced
by the following weaker version: For any € > 0, there exists § > 0 such that
|®(z,t)] < e for all z € M and all ¢ € R satisfying |t| < §. Given an abelian
differential X = (M, w), we now construct, following Katok [28], an explicit
mapping of BF (M,w) to H'(M,R). A continuous closed curve v on M is
called rectangular if

Y= U Uyt Uap U Uy,

where ~; are arcs of the flow hj", v, are arcs of the flow h; .
For &1 € B, define

k1
T (y) =) T (3");
i=1
similarly, for &~ € B, write
ko
() =) @ (v,)
i=1

Thus, a cocycle @ € B, assigns a number ®* () to every closed rectan-
gular curve . It is shown in Proposition 1.22 below that if « is homologous
to 7/, then ®*(y) = ®*(4/). For an abelian differential X = (M,w), we thus
obtain maps

(5) I% :BH(X) — HY(M,R), Ix : B, (X) — H'(M,R).
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For a generic abelian differential, the image of B+ under the map f;g is the
strictly unstable space of the Kontsevich-Zorich cocycle over the Teichmiiller
flow. More precisely, let k = (k1,...,ks) be a nonnegative integer vector such
that k1 + -+ + ks = 2p — 2. Denote by M, the moduli space of pairs (M, w),
where M is a Riemann surface of genus p and w is a holomorphic differential
of area 1 with singularities of orders k1, ..., k,. The space M, is often called
the stratum in the moduli space of abelian differentials.

The Teichmiiller flow g5 on M, sends the modulus of a pair (M, w) to the
modulus of the pair (M,w'), where w’ = e*R(w) + ie *F(w); the new complex
structure on M is uniquely determined by the requirement that the form w’ be
holomorphic. As shown by Veech, the space M, need not be connected; let H
be a connected component of M.

Let H'(#) be the fibre bundle over H whose fibre at a point (M,w) is
the cohomology group H'(M,R). The bundle H!(H) carries the Gauss-Manin
connection, which declares continuous integer-valued sections of our bundle to
be flat and is uniquely defined by that requirement. Parallel transport with
respect to the Gauss-Manin connection along the orbits of the Teichmiiller flow
yields a cocycle over the Teichmiiller flow, called the Kontsevich-Zorich cocycle
[31] and denoted A = Ak .

Let P be a gs-invariant ergodic probability measure on H. For X € H,
X = (M,w), let %;, B be the corresponding spaces of Holder cocycles.

Denote by E% C H'(M,R) the space spanned by vectors corresponding
to the positive Lyapunov exponents of the Kontsevich-Zorich cocycle and by
E% C HY(M,R) the space spanned by vectors corresponding to the negative
exponents of the Kontsevich-Zorich cocycle.

PROPOSITION 1.2. For P-almost all X € H, the map f; takes %;E 150-
morphically onto Ex and the map j—)_( takes By 1somorphically onto Ex.

The pairing (,) is nondegenerate and is taken by the isomorphisms Iy,
Tx to the cup-product in the cohomology H*(M,R).

Remark. In particular, if P is the Masur-Veech “smooth” measure [34],
[37], then dim B = dim By = p.

Remark. The isomorphisms f;, f;( are analogues of G. Forni’s isomor-
phism [21] between his space of invariant distributions and the unstable space
of the Kontsevich-Zorich cocycle; cf. also the invariants of Aranson and Grines
[2] in the fundamental group of the surface.

Now recall that to every cocycle ®~ € By we have assigned a finitely-
additive Holder measure mg- invariant under the flow h;". Considering these
measures as distributions in the sense of Sobolev and Schwartz, we arrive at
the following proposition.
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ProPOSITION 1.3. Let P be an ergodic gs-invariant probability measure
on H. Then for P-almost every abelian differential (M,w), the space {mg—, P~
€ B~ (M,w)} coincides with the space of hy -invariant distributions belonging
to the Sobolev space H™ 1.

Proof. By definition, for any ®* € 9B%, the distribution me+ is hy -
invariant and belongs to the Sobolev space H~!. G. Forni has shown that
for any gs-invariant ergodic measure P and P-almost every abelian differential
(M,w), the dimension of the space of h; -invariant distributions belonging to
the Sobolev space H~! does not exceed the dimension of the strictly expanding
Oseledets subspace of the Kontsevich-Zorich cocycle. (Under mild additional
assumption on the measure P G. Forni proved that these dimensions are in
fact equal; see Theorem 8.3 and Corollary 8.3 in [21]. Note, however, that
the proof of the upper bound in Forni’s Theorem only uses ergodicity of the
measure.) Since the dimension of the space {mg-, P~ € B~} equals that of
the strictly expanding space for the Kontsevich-Zorich cocycle for P-almost all
(M, w), the proposition is proved completely. O

Consider the inverse isomorphisms
+_ (7)) - _ (7=\"!
Iy = (%), Ix=(Ix) -
Let 1 =61 > 60 > --- > 60; > 0 be the distinct positive Lyapunov exponents of
the Kontsevich-Zorich cocycle Ak, and let

l
u U
E% = P Ex.,
=1

be the corresponding Oseledets decomposition at X.

PROPOSITION 1.4. Let v € E% 4, v # 0, and denote ® = T (v). Then
for any e > 0, the cocycle ®* satisfies the Holder condition with exponent 0; —e
and for any x € M(X) such that hi z is defined for all t € R, we have
lim sup log |®7(z, 1)) @7 (2, T) =0;, limsup log |#7(z, T)| (27, T)] =0;.
T—oo log T T—0 logT'
ProprosITION 1.5. If the Kontsevich-Zorich cocycle does not have zero
Lyapunov exponent with respect to P, then B} (X) = B1(X).

Remark. The condition of the absence of zero Lyapunov exponents can
be weakened: it suffices to require that the Kontsevich-Zorich cocycle act iso-
metrically on the neutral Oseledets subspace corresponding to the Lyapunov
exponent zero. Isometric action means here that there exists an inner product
that depends measurably on the point in the stratum and that is invariant
under the Kontsevich-Zorich cocycle. In all known examples (see, e.g., [24])
the action of the Kontsevich-Zorich cocycle on its neutral Lyapunov subspace
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is isometric; note, however, that the examples of [24] mainly concern measures
invariant under the action of the whole group SL(2,R).

Question. Does there exist a gs-invariant ergodic probability measure P’
on H such that the inclusion B+ C B[ is proper almost surely with respect
to P'?

Remark. G. Forni has made the following remark. To a cocycle ®T € B+
assign a 1l-current B¢+, defined, for a smooth 1-form 7 on the surface M, by
the formula

Bo+(n) = /M ®* A,

where the integral in the right-hand side is defined as the limit of Riemann
sums. The resulting current B¢+ is a basic current for the horizontal foliation.

The mapping of Holder cocycles into the cohomology H'(M,R) of the
surface corresponds to G. Forni’s map that to each basic current assigns its
cohomology class. (The latter is well defined by the de Rham Theorem.) In
particular, it follows that for any ergodic gs-invariant probability measure P
on ‘H and P-almost every abelian differential (M,w), every basic current from
the Sobolev space H~ ! is induced by a Hélder cocycle @+ € B+ (M, w).

1.4. Approximation of weakly Lipschitz functions.

1.4.1. The space of weakly Lipschitz functions. The space of Lipschitz
functions is not invariant under hzr , and a larger function space Lip.(M,w)
of weakly Lipschitz functions is introduced as follows. A bounded measurable
function f belongs to Lip;,(M,w) if there exists a constant C, depending only
on f, such that for any admissible rectangle II(x,t1,t2), we have

(6) /0 b ht )t — /0 " ft (| < .

Let C be the infimum of all C satisfying (6). We norm Lip. (M, w) by setting
[ fllipz = sup f + Cf.
M

By definition, the space Lip, (M,w) contains all Lipschitz functions on M
and is invariant under h;". If I is an admissible rectangle, then its characteristic
function xir is weakly Lipschitz. (I am grateful to C. Ulcigrai for this remark.)

We denote by Lip:;,O(M ,w) the subspace of Lip,; (M, w) of functions whose
integral with respect to v is 0. For any f € Lip}(M,w) and any ®~ € B,
the integral [;, fdme- can be defined as the limit of Riemann sums.

1.4.2. The cocycle corresponding to a weakly Lipschitz function. If the
pairing (,) induces an isomorphism between B and the dual (87 )*, then one
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can assign to a function f € Lip. (M, w) the functional CD;? by the formula

(7) <¢;¢—w=/}umywé—e%—.
M
By definition, <I>;[Oh+ = (ID;{. We now proceed to the formulation of the
t

first main result of this paper, the Approximation Theorem 1.

THEOREM 1. Let P be an ergodic probability gs-invariant measure on H.
For any € > 0, there exists a constant C. depending only on P such that for
P-almost every X € H, any f € Lip}(X), any x € M, and any T > 0, we
have

T
‘ | i @)t = 95 @, T)] < Cell Il (1+ T,
0 w

1.4.3. Invariant measures with simple Lyapunov spectrum. Consider the
case in which the Lyapunov spectrum of the Kontsevich-Zorich cocycle is simple
in restriction to the space E* (as, by the Avila-Viana theorem [4], is the case
with the Masur-Veech smooth measure). Let [y = dimE", and let

(8) 1:91>02>"'>910

be the corresponding simple expanding Lyapunov exponents.
Let ®] be given by the formula ®] (z,t) = ¢, and introduce a basis

(9) of,0F,.... 9}

in %;( in such a way that f;g(q)j) lies in the Lyapunov subspace with exponent
0;. By Proposition 1.4, for any ¢ > 0, the cocycle CD;F satisfies the Holder
condition with exponent 6; — ¢, and for any = € M (X), we have
e LG | P L]
T—00 logT' T—0 logT’
Let @1,...,®; be the dual basis in Bx. Clearly, ¢ (z,t) = t. By
definition, we have

=0;.

lo
(10) o7 = m, (£)o7.
=1

Noting that by definition we have
Mg =V,
we derive from Theorem 1 the following corollary.

COROLLARY 1.6. Let P be an invariant ergodic probability measure for
the Teichmaller flow such that with respect to P the Lyapunov spectrum of
the Kontsevich-Zorich cocycle is simple in restriction to its strictly expanding
subspace. Then for any € > 0, there exists a constant C. depending only on P
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such that for P-almost every X € H, any f € Lip}(X), any x € X, and any
T > 0, we have

T lo
| | ront@ar—1([ sav) = 3 ma (D7) < Colfllg (177

For horocycle flows a related asymptotic expansion has been obtained by
Flaminio and Forni [19].

Remark. If P is the Masur-Veech smooth measure on H, then it follows
from the work of G. Forni [20], [21], [23] and S. Marmi, P. Moussa, J.-C. Yoccoz
[32] that the left-hand side is bounded for any f € C'*¢(M) (in fact, for any f
in the Sobolev space H'*¢). In particular, if f € C'*¢(M) and <I>;{ = 0, then
f is a coboundary.

1.5. Holonomy invariant transverse finitely-additive measures for oriented
measured foliations. Holonomy-invariant cocycles assigned to an abelian dif-
ferential can be interpreted as transverse invariant measures for its foliations
in the spirit of Kenyon [29] and Bonahon [8], [9].

Let M be a compact oriented surface of genus at least two, and let F be
a minimal oriented measured foliation on M. Denote by mr the transverse
invariant measure of F. If v = ~(t),t € [0,7] is a smooth curve on M,
and s1, sz satisfy 0 < s1 < sy < T, then we denote by res,, 4,7 the curve
v(t),t € [s1, s2].

Let B.(F) be the space of uniformly continuous finitely-additive trans-
verse invariant measures for F. In other words, a map ® that to every smooth
arc vy transverse to F assigns a real number ®(+) belongs to the space B.(F)
if it satisfies the following

ASSUMPTION 1.7.

(1) (Finite additivity). For~y =~(t),t € [0,T] and any s € (0,T"), we have

D(y) = P(resp,s)7) + P(resisr1y)-

(2) (Uniform continuity). For any e > 0, there exists § > 0 such that for
any transverse arc vy satisfying mx(y) < 0, we have |®(v)| < e.

(3) (Holonomy invariance). The value ®(vy) does not change if v is de-
formed in such a way that it stays transverse to F while the endpoints
of v stay on their respective leaves.

A measure & € B.(F) is called Holder with exponent 6 if there exists
g0 > 0 such that for any transverse arc 7 satisfying mr(vy) < g9, we have

()] < (mr(7))’.
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Let B(F) C B.(F) be the subspace of Holder transverse measures. As
before, we have a natural map

Tr : B(F) — H' (M,R)

defined as follows. For a smooth closed curve v on M and a measure ® €
B.(F), the integral [ d® is well defined as the limit of Riemann sums; by
holonomy-invariance and continuity of @, this operation descends to homology
and assigns to ® an element of H'(M,R).

Now take an abelian differential X = (M,w), and let Fx be its hori-
zontal foliation. We have a “tautological” isomorphism between B.(Fx ) and
B (X): every transverse measure for the horizontal foliation induces a cocy-
cle for the vertical foliation and vice versa; to a Holder measure corresponds a
Hoélder cocycle. For brevity, write Zx = IJ_.;(. Denote by E% C H'(M,R) the
unstable subspace of the Kontsevich-Zorich cocycle of the abelian differential
X =(M,w).

Theorem 1 and Proposition 1.5 yield the following

COROLLARY 1.8. Let P be a Borel probability measure on H invariant and
ergodic under the action of the Teichmiller flow g¢. Then for almost every
abelian differential X € H the map Ix takes B(Fx ) isomorphically onto E¥.
If the Kontsevich-Zorich cocycle does not have zero Lyapunov exponents with
respect to P, then for almost all X € H, we have B (Fx) = B(Fx).

In other words, in the absence of zero Lyapunov exponents all continuous
transverse finitely-additive invariant measures are in fact Holder.

Remark. As before, the condition of the absence of zero Lyapunov expo-
nents can be weakened: it suffices to require that the Kontsevich-Zorich cocycle
act isometrically on the Oseledets subspace corresponding to the Lyapunov ex-
ponent zero.

By definition, the space B(Fx) only depends on the horizontal foliation
of our abelian differential; so does E.

1.6. Finitely-additive invariant measures for interval exchange transfor-
mations.

1.6.1. The space of invariant continuous finitely-additive measures. Let
m € N. Let A,,_1 be the standard unit simplex

Am—l: {)\GRT, )\_(>\17,)\m),AZ>O’Z)\Z—1}
i=1

Let 7 be a permutation of {1, ..., m} satisfying the irreducibility condition: we
have 7{1,...,k} ={1,...,k} if and only if k£ = m.
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On the half-open interval I = [0,1) consider the points
ﬁlzoa /BZ:Z)\jv BT:O’ /Biﬂ—zz)‘ﬂ_lja

7<i 7<i
and denote I; = [B;, Biv1), IJ = [B], B 1). The length of I; is \;, while the
length of I" is A\ —1;. Set

T(A,ﬂ') (SL‘) =+ B;rz — B; for xz € I;.

The map Ty ) is called an interval exchange transformation corresponding to
(A, m). By definition, the map T, 5 is invertible and preserves the Lebesgue
measure on /. By the theorem of Masur [34] and Veech [37], for any irreducible
permutation 7 and for Lebesgue-almost all A € A,,_1, the corresponding inter-
val exchange transformation Ty .y is uniquely ergodic: the Lebesgue measure
is the only invariant probability measure for Ty r).

Consider the space of complex-valued continuous finitely-additive invari-
ant measures for Ty ). More precisely, let B.(T () r)) be the space of all
continuous functions ® : [0, 1] — R satisfying

(1) @(0) = 0;
(2) if 0 < #; <tz < 1 and T, ) is continuous on [t1,t2], then ®(t1) —
D(t2) = O(T () ) (t1)) — D(T (5 1y (t2))-
Each function ® induces a finitely-additive measure on [0, 1] defined on the
semi-ring of subintervals. (For instance, the function ®;(t) = ¢ yields the
Lebesgue measure on [0, 1].)

Let B(T () ~)) be the subspace of Holder functions ® € B.(T() r)). The
classification of Holder cocycles over translation flows and the asymptotic for-
mula of Theorem 1 now yield the classification of the space B(T () )) and an
asymptotic expansion for time averages of almost all interval exchange maps.

1.6.2. The approzimation of ergodic sums. Let X = (M,w) be an abelian
differential, and let I C M be a closed interval lying on a leaf of a horizontal
foliation. The vertical flow h;" induces an interval exchange map T on I,
namely, the Poincaré first return map of the flow. By definition, there is a
natural tautological identification of the spaces B.(T;) and B_ (X) as well as
of the spaces B(T) and B~ (X).

For x € M, let 7/(z) = min {t >0:htxc I}. Note that the function
77 is uniformly bounded on M. Now take a Lipschitz function f on I, and
introduce a function f on M by the formula

7 f(hi—n(x)x)
0=

(setting f(z) = 0 for points at which 77 is not defined).
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By definition, the function f is weakly Lipschitz, and Theorem 1 is appli-
cable to f The ergodic integrals of f under h; are of course closely related
to ergodic sums of f under Ty, and for any N € N, x € I, there exists a time
t(z, N) € R such that

t(xz,N) N1
/ fo hi(z)ds = Z fo Tlf(l‘)
0 k=0
By the Birkhoff-Khintchine Ergodic Theorem we have
t(z, N 1
lim (. N) _

N—c N  Leb(I)’

where Leb(I) stands for the length of I. Furthermore, Theorem 1 yields the
existence of constants C(I) > 0, § € (0, 1), such that for all z € I, N € N, we
have
N
11 —
(11) Leb(I)

Indeed, the interval I induces a decomposition of our surface into weakly
admissible rectangles Iy, ..., IL,,; denote by h; the height of the rectangle II;,
and introduce a weakly Lipschitz function that assumes the constant value h%

t(x,N)

’ <CO(I)-NY.

on each rectangle II;. Applying Theorem 1 to this function we arrive at the
desired estimate.

In view of the estimate (11), Theorem 1 applied to the function f now
yields the following Corollary.

COROLLARY 1.9. Let P be a gs-invariant ergodic probability measure on
H. For any € > 0, there exists C: > 0 depending only on P such that the
following holds: For almost every abelian differential X € H,X = (M,w), any
horizontal closed interval I C M, any Lipschitz function f : I - R, any x € I,
and all n € N, we have

N-1
> foTi(@) = @%@, N)| < CellflluipN°.
k=0

Proof. Applying Theorem 1 to f, using the estimate (11), and noting that
the weakly Lipschitz norm of f is majorated by the Lipschitz norm of f, we
obtain the desired corollary. O

Let 61 > 62 > --- > 0, > 0 be the distinct positive Lyapunov exponents of
the measure P, and let di = 1,d>, ..., d;, be the dimensions of the correspond-
ing subspaces. The tautological identification of B(T) and B~ (X), together
with the results of the previous corollary, now implies Zorich-type estimates
for the growth of ergodic sums of T;. More precisely, we have the following



LIMIT THEOREMS FOR TRANSLATION FLOWS 443

COROLLARY 1.10. In the assumptions of the Corollary 1.9, the space
B(T) admits a flag of subspaces

O:%Oc%l:RLeb]C%QC“'C%[O:%(T[)

such that for any finitely-additive measure ® € B, in Holder with exponent
% —¢ for any € > 0 and that for any Lipschitz function f : I — R and for any
x € I, we have
) log | h-)! fTH@)| 0y
S =
Ngnoo P 10gN 91 ’
where i(f) =14+ max{j : [; fd® =0 for all ® € B;} and by convention we set

O1,+1 = 0. If with respect to the measure P the Kontsevich-Zorich cocycle acts

isometrically on its neutral subspaces, then we also have B.(Tr) = B(T).

Remark. Corollaries 1.9 and 1.10 thus yield the asymptotic expansion in
terms of Holder cocycles as well as Zorich-type logarithmic estimates for almost
all interval exchange transformations with respect to any conservative ergodic
measure p on the space of interval exchange transformations, invariant under
the Rauzy-Veech induction map and such that the Kontsevich-Zorich cocycle
is log-integrable with respect to u. In particular, for the Lebesgue measure, if
we let R be the Rauzy class of the permutation 7, then, using the simplicity
of the Lyapunov spectrum given by the Avila-Viana theorem [4], we obtain

COROLLARY 1.11. For any irreducible permutation © and for Lebesgue-
almost all A all continuous finitely-additive measures are Hélder, we have

B(T\m) = Be(Torm))-

For any irreducible permutation m, there exists a natural number p = p(R)
depending only on the Rauzy class of m and such that

(1) for Lebesgue-almost all A, we have dim B(\, ) = p;
(2) all the spaces B; are one-dimensional and ly = p.

In the case of the Lebesgue measure on the space of interval exchange
transformations, the second statement of Corollary 1.10 recovers the Zorich
logarithmic asymptotics for ergodic sums [46], [47].

Remark. Objects related to finitely-additive measures for interval exchange
transformations have been studied by X. Bressaud, P. Hubert and A. Maass
in [10] and by S. Marmi, P. Moussa and J.-C. Yoccoz in [33]. In particular,
the “limit shapes” of [33] can be viewed as graphs of the cocycles ®*(x,t)
considered as functions in t.

1.7. Limit theorems for translation flows.
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1.7.1. Time integrals as random variables. As before, (M, w) is an abelian
differential, and h;, h; are, respectively, its vertical and horizontal flows. Take
T €[0,1], s € R, a real-valued f € Lipqio(M,w), and introduce the function

12) Slp.simel= [ fonta

For fixed f, s, and z, the quantity &[f,s;7, x| is a continuous function of
7 € [0,1]; therefore, as = varies in the probability space (M,v), we obtain a
random element of C'[0,1]. In other words, we have a random variable

(13) S[f,s]: (M,v) — C0,1]

defined by the formula (12).
For any fixed 7 € [0,1], the formula (12) yields a real-valued random
variable

(14) S[f,s;7]: (M,v) = R,

whose expectation, by definition, is zero.
Our first aim is to estimate the growth of its variance as s — co. Without
losing generality, one may take 7 = 1.

1.7.2. The growth rate of the variance in the case of a simple second Lya-
punov exponent. Let P be an invariant ergodic probability measure for the
Teichmiiller flow such that with respect to PP, the second Lyapunov exponent
02 of the Kontsevich-Zorich cocycle is positive and simple. (Recall that, as
Veech and Forni showed, the first one, ¢; = 1, is always simple [41], [21] and
that, by the Avila-Viana theorem [4], the second one is simple for the Masur-
Veech smooth measure.)

For an abelian differential X = (M, w), denote by E;r x the one-dimensional
subspace in H'(M,R) corresponding to the second Lyapunov exponent s,
and let %;X = I;E(E; x)- Similarly, denote by E,x the one-dimensional
subspace in H'(M,R) corresponding to the Lyapunov exponent —fs, and let
B, x = Ix (Fix)-

Recall that the space H'(M,R) is endowed with the Hodge norm | - |;
the isomorphisms I)i( take the Hodge norm to a norm on %;*;; slightly abusing
notation, we denote the latter norm by the same symbol.

Introduce a multiplicative cocycle Ha(s,X) over the Teichmiiller flow g
by taking v € E;’X, v # 0, and setting

(15) Ha(s, X) = A8 X0l
lvlm

The Hodge norm is chosen only for concreteness in (15); any other norm can
be used instead.
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By definition, we have

(16) i 08 2(s,X) 0y,

5300 s
Now take @5 € %ZX ®, € B, x in such a way that (®F,®5) =1.
ProPOSITION 1.12. There exists a > 0 depending only on P and positive
measurable functions
CHXxH—-Ry, Vi:H-=-Ry, so:H— Ry

such that the following is true for P-almost all X € H: If [ € Lipi;’O(X)
satisfies m%_(f) # 0, then for all s > so(X), we have

Var, &(f, x, )

U0 IV @X e ()]0 [Hals, X2

— 1| < C(X,gsX) exp(—as).

Remark. Observe that the quantity (mq);(f)\q);\)Q does not depend on
the specific choice of ®3 € ‘B;X, ®, € B, x such that (®F,®5) = 1.

Remark. Note that by theorems of Egorov and Luzin, the estimate (17)
holds uniformly on compact subsets of H of probability arbitrarily close to 1.

Proposition 1.12 is based on

PROPOSITION 1.13. There exists a positive measurable function V : H —
Ry such that for P-almost all X € H, we have

(18) Var,x) @3 (2, ¢%) = V(g:X)[®3 [*(Ha(s, X))*.

In particular, Var,®3 (z,e%) # 0 for any s € R. The function V(X) is
given by
_ Var,x) 93 («, 1)
B |25 |2
Observe that the right-hand side does not depend on a particular choice of
B € Biy, B 0.

V(X)

1.7.3. The limit theorem in the case of a simple second Lyapunov exponent.
Go back to the C]0, 1]-valued random variable G[f, s|, and denote by m[f, s]
the distribution of the normalized random variable

S[f, 5]
\/Var, S|[f, s; 1]'

The measure m[f, s] is thus a probability distribution on the space C0,1] of
continuous functions on the unit interval.

(19)
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For 7 € R, 7 # 0, we also let m[f, s; 7] be the distribution of the R-valued
random variable

S[f, s;7]

\/Var,S|[f, s; 7] .

If f has zero average then, by definition, m[f, s; 7] is a measure on R of
expectation 0 and variance 1.

By definition, m[f, s] is a Borel probability measure on C[0,1]; further-
more, if & = £(7) € C[0,1], then the following natural normalization require-
ments hold for £ with respect to m[f, s]:

(20)

(1) £(0) = 0 almost surely with respect to m[f, s];

(2) Enif,6(7) = 0 for all 7 € [0, 1];

(3) Varm[ﬁs]f(l) =1.
We are interested in the weak accumulation points of m[f, s] as s — oo.

Consider the space H’ given by the formula

H = {X' = (M,w,v),v € Ef (M,w),|v|g = 1}.

By definition, the space H’ is a P-almost surely defined two-to-one cover of
the space H. The skew-product flow of the Kontsevich-Zorich cocycle over the
Teichmiiller flow yields a flow g/, on H’ given by the formula

, A(s, X)v
o) = (X, )
Given X' € H/, set
)y =T (v).
Take 0 € E; (M,w) such that (v,0) =1, and set
Pyx =1 (v), my xr = m;g’xl.
Let 91 be the space of all probability distributions on C'[0, 1], and introduce

a P-almost surely defined map Dy : H' — M by setting D (X’) to be the
distribution of the C10, 1]-valued normalized random variable

¢.3_,)(’('7}7 T)
\/Varl,q)é"x, (x, 1)7

By definition, Dy (X’) is a Borel probability measure on the space C[0, 1];
it is, besides, a compactly supported measure as its support consists of equi-

T € [0,1].

bounded Hélder functions with exponent 62 /601 — ¢.
Consider the set 9y of probability measures m on C]0, 1] satisfying, for
€ € C|0,1], £ = &(t), the following conditions:
(1) the equality £(0) = 0 holds m-almost surely;
(2) for all 7, we have En&(7) = 0;
(3) we have Vary£(1) =1 and for any 7 # 0, we have Vary&(7) # 0.
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It will be proved in what follows that Dy (H') C 901;.
Consider a semi-flow Jg on the space C[0, 1] defined by the formula
Js€(t) = &(e™7t), s = 0.
Introduce a semi-flow G5 on 2; by the formula
(J5)xm

(21) Gsm = Varm(ﬁ(exp(—s))’m € M.

By definition, the diagram
'D+
7‘[/ —2> ml

= Je.

Dt
Hl —2> ml
is commutative.
Let dpp be the Lévy-Prohorov metric, and let dxr be the Kantorovich-
Rubinstein metric on the space of probability measures on C[0, 1] (see [6], [7]
and the appendix).

We are now ready to formulate the main result of this subsection.

PrROPOSITION 1.14. Let P be a gs-invariant ergodic probability measure
on ‘H such that the second Lyapunov exponent of the Kontsevich-Zorich cocycle
1s positive and simple with respect to P.

There exist a positive measurable function C : H xH — R, and a positive
constant « depending only on P such that for P-almost every X' € H', X' =
(X,v), and any f € Lip:,;o(X) satisfying m;x,(f) > 0, we have

(22) dip(m[f, 5], D3 (g:X')) < C(X, g:X) exp(—as),
(23) dgr(mlf, 5], DF (gX")) < C(X, g.X) exp(—as).
Now fix 7 € R and let my(X/', 7) be the distribution of the R-valued random

variable .
5 %/ (2, 7)

\/Varl,cbgrx, (x,7) '
For brevity, write mg(X', 1) = ma(X’).

PROPOSITION 1.15. For P-almost any X' € H', the measure ma(X',7)
admits atoms for a dense set of times T € R.

A more general proposition on the existence of atoms will be formulated
in the following subsection.

Proposition 1.14 implies that the omega-limit set of the family m[f, s] can
generically assume at most two values. More precisely, the ergodic measure
P on H is naturally lifted to its “double cover” on the space H': each point
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in the fibre is assigned equal weight; the resulting measure is denoted P’. By
definition, the measure P’ has no more than two ergodic components. We
therefore arrive at the following

COROLLARY 1.16. Let P be a gs-invariant ergodic probability measure on
H such that the second Lyapunov exponent of the Kontsevich-Zorich cocycle is
positive and simple with respect to P.

There exist two closed sets My, Mo C M such that for P-almost every
X € H and any f € Lip$70(X) satisfying CID}" # 0, the omega-limit set of
the family m[f,s| either coincides with Ny or with Na. If, additionally, the
measure P’ is ergodic, then N1 = No.

Question. Do the sets 91; contain measures with noncompact support?

For horocycle flows on compact surfaces of constant negative curvature,
compactness of support for all weak accumulation points of ergodic integrals
has been obtained by Flaminio and Forni [19].

Question. Is the measure P’ ergodic when P is the Masur-Veech measure?

As we shall see in the next subsection, in general, the omega-limit sets
of the distributions of the R-valued random variables &[f,s; 1] contain the
delta-measure at zero. As a consequence, it will develop that, under certain
assumptions on the measure P, which are satisfied, in particular, for the Masur-
Veech smooth measure, for a generic abelian differential the random variables
S|[f, s; 1] do not converge in distribution, as s — oo, for any function f € Lip, o
such that <I>}“ # 0.

1.7.4. The general case. While, by the Avila-Viana Theorem [4], the Lya-
punov spectrum of the Masur-Veech measure is simple, there are also natural
examples of invariant measures with nonsimple positive second Lyapunov ex-
ponent due to Eskin-Kontsevich-Zorich [17], G. Forni [22], and C. Matheus
(see [22, App. A.1]). A slightly more elaborate, but similar, construction is
needed to obtain limit theorems in this general case.

Let P be an invariant ergodic probability measure for the Teichmiiller flow,
and let

91:1>92>”'>010>0

be the distinct positive Lyapunov exponents of the Kontsevich-Zorich cocycle
with respect to P. We assume [y > 2.

As before, for X € H and i = 2,...,lp, let E*(X) be the corresponding
Oseledets subspaces, and let ’B;r (X) be the corresponding spaces of cocycles.
To make notation lighter, we omit the symbol X when the abelian differential
is held fixed.
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For f € Lip}(X), we now write
+ + +
<I>f—<1>1f+(13 N +(I)lo,f7

with <I>;rf € %;r and, of course, with

a7, = /fdv e

where T is the Lebesgue measure on the vertical foliation.
For each i = 2,...,lp, introduce a measurable fibre bundle

SN = {(X,v): X e H,v € Ef,|v] = 1}.

The flow g, is naturally lifted to the space SOH by the formula

s(z) A(s, X)v
(X,0) = (ng’ |A<s,x>v|) |

The growth of the norm of vectors v € Ef is controlled by the multiplicative
cocycle H; over the flow g?m defined by the formula

A(s, X)v

[l

Hi(s,(X,v)) =

For X € H and f € Lip:;’O(X) satisfying QJ}F # 0, denote

i(f) = min{j : @;j # 0}.
Define vy € E;z P by the formula

‘P? i(f)

The growth of the variance of the ergodlc integral of a weakly Lipschitz
function f is also, similarly to the case of the simple second Lyapunov exponent,
described by the cocycle H( sy in the following way.

PRrOPOSITION 1.17. There exists a > 0 depending only on P and, for any
i=2,...,lg, positive measurable functions

VO 8Oy SR, CYD H xH — Ry

such that for P-almost every X € H, the following holds. Let f € Lip:;O(X)
satisfy <I>}r # 0. Then for all s > 0, we have

Var, (S[f, ;1))
VD) (g8 (@, vp)) (Hip) (s, (X, v7)))?
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We proceed to the formulation and the proof of the limit theorem in the
general case. For i = 2,..., 1y, introduce the map
Df - SO — oy
by setting D;" (X, v) to be the distribution of the C[0, 1]-valued random variable
O (z,7)
V/Var, @) (@ (2, 1))

As before, we have a commutative diagram

T € [0,1].

+

. D
SOy — 5 9y

lg?'(z) TGS

+

A D;
SOH —— M.
The measure m[f, s, as before, stands for the distribution of the C[0, 1]-valued
random variable
Texp(s)
/ Foht(z)dt

0 , T€][0,1].
exp(s)

Varl,( / foh;r(x)dt)

0

THEOREM 2. Let P be an invariant ergodic probability measure for the
Teichmiiller flow such that the Kontsevich-Zorich cocycle admits at least two
distinct positive Lyapunov exponents with respect to P. There exists a constant
a > 0 depending only on P and a positive measurable map C : H X H — Ry
such that for P-almost every X € H and any f € Lip},(X), we have

(i(£)) —as
dLP(m[f7 5]7 D:(—f) (gss (Xa Uf))) < C(Xa gSX)e ,

() —as
dir(m[f, 5], D 1 (63" (X, 04))) < O(X, g X)e ™.

1.7.5. Atoms of limit distributions. For ®+ € BT (X), let m[{®*, 7] be the
distribution of the R-valued random variable
>F (2,7)
Var, &+ (z, 7) '

ProprosITION 1.18. For P-almost every X € H, there exists a dense set
Totom C R such that if T € Tatom, then for any ®T € BH(X), T #£ 0, the
measure m(®*, 1) admits atoms.
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1.7.6. Nonconvergence in distribution of ergodic integrals. Our next aim
is to show that along certain subsequences of times the ergodic integrals of
translation flows converge in distribution to the measure g, the delta-mass
at zero. Weak convergence of probability measures will be denoted by the
symbol =-.

We need the following additional assumption on the measure P.

ASSUMPTION 1.19. For any € > 0, the set of abelian differentials X =
(M,w) such that there exists an admissible rectangle I1(z,t1,t2) C M with
t1 > 1—¢, ta > 1 — € has positive measure with respect to P.

Of course, this assumption holds for the Masur-Veech smooth measure.

PrOPOSITION 1.20. Let P be an ergodic gs-invariant measure on H sat-
isfying Assumption 1.19. Then for P-almost every X € H, there exists a
sequence T, € Ry such that for any ®+ € B+(X), ®T # 0, we have

m[®, 7,] = Jp in M(R) as n — co.
Theorem 2 now implies the following

COROLLARY 1.21. Let P be an ergodic gs-invariant measure on H satisfy-
ing Assumption 1.19. Then for P-almost every X € H, there exists a sequence
sn € Ry such that for any f € Lipz’O(X) satisfying @}“ # 0, we have

m[f, sp; 1] = dp in M(R) as n — oo.

Consequently, if f € Lip$70(X) satisfies (ID}r # 0, then the family of measures
m[f, ;1] does not converge in M(R) and the family of measures m[f, 7] does
not converge in M(C[0,1]) as T — oo.

1.8. The mapping into cohomology. In this subsection we show that for
an arbitrary abelian differential X = (M,w), the map

Ix : B (M,w) — H'(M,R)
given by (5) is indeed well defined.

PROPOSITION 1.22. Let~;, i =1,...,k, be rectangular closed curves such
that the cycle Zi-“:l i is homologous to 0. Then for any & € B, we have

cH
k

> () =0.

=1

Informally, Proposition 1.22 states that the relative homology of the sur-
face with respect to zeros of the form is not needed for the description of
cocycles. Arguments of this type for invariant measures of translation flows go
back to Katok’s work [28].
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We proceed to the formal proof. Take a fundamental polygon II for M
such that all its sides are simple closed rectangular curves on M. Let Ol be
the boundary of 1I, oriented counterclockwise. By definition,

(24) o (911) = 0,
since each curve of the boundary enters OII twice and with opposite signs.
We now deform the curves v; to the boundary OII of our fundamental

polygon.

PRrROPOSITION 1.23. Let~ C II be a simple rectangular closed curve. Then

F(y) =0.

Proof of Proposition 1.23. We may assume that -~ is oriented counter-
clockwise and does not contain zeros of the form w. By Jordan’s theorem,
v is the boundary of a domain N C II. Let py,...,p, be zeros of w lying inside
N; let k; be the order of p;. Choose an arbitrary ¢ > 0, take 4 > 0 such
that |®T ()] < e as soon as the length of v does not exceed 4, and consider a
partition of N given by

(25) N=1u...um® Ui ... uTe,
(e)

i
p; and no other zeros and satisfying the additional assumption that all its sides

(

7

where all Hgg) are admissible rectangles and I is a 4(k; 4+ 1)-gon containing

are no longer than §. Let 011

oriented counterclockwise.
We have

5), 0ﬁ§€) stand for the boundaries of our polygons

O (7) =S @+ (1Y) + 3 et (M),
In the first sum, each term is equal to 0 by definition of ®*, whereas the second
sum does not exceed, in absolute value, the quantity

C(K1,...,Kr)E,
where C(ky, ..., k) is a positive constant depending only on k1, ..., k,. Since
€ may be chosen arbitrarily small, we have
¥ () =0,
which is what we had to prove. O

For A, B € 011, let OII% be the part of A1l going counterclockwise from A
to B.

ProrosiTIiON 1.24. Let A, B € OII, and let v C I be an arbitrary rect-
angular curve going from A to B. Then

¢ (I1F) = ¥ (7).
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We may assume that ~ is simple in II since, by Proposition 1.23, self-
intersections of v (whose number is finite) do not change the value of @ ().
If ~ is simple, then ~ and @+(8H§) together form a simple closed curve, and
the proposition follows from Proposition 1.23.

COROLLARY 1.25. If v C II is a rectangular curve that yields a closed
curve in M homologous to zero in M, then ®T(v) = 0.

Indeed, by the previous proposition we need only consider the case when
~v C OII. Since 7 is homologous to 0 by assumption, the cycle v is in fact a
multiple of the cycle OII, for which the statement follows from (24).

1.9. Markovian sequences of partitions.

1.9.1. The Markov property. Let (M,w) be an abelian differential. A rec-
tangle II(x,t1,t2) = {hjfl hiz,0 <11 <t1,0 <7 < ta} is called weakly admis-
sible if for all sufficiently small € > 0 the rectangle II(hTh_z,t; —€,t2 —€) is
admissible. (In other words, the boundary of IT may contain zeros of w but
the interior does not.)

Assume we are given a natural number m and a sequence of partitions 7,
(26) T M =T U U, n ez,
(n)
TheZ sequence 7, of partitions of M into m weakly admissible rectangles
will be called a Markovian sequence of partitions if for any ni,ne € Z, i1,is €

where 11} are weakly admissible rectangles.

{1,...,m}, the rectangles Hg”) and HZ(;LQ) intersect in a Markov way in the
following precise sense.

Take a weakly admissible rectangle I1(x,t1,t2), and decompose its bound-
ary into four parts:

Op () = {hf hrx,0 < 1 < 1o},

(1)
N = {hnyz,0 < T < ty},
OL(I) = {h hfz,0 <71 < t1},
Oy(I) = {hz,0 <71 <1},

The sequence of partitions m, has the Markov property if for any n € Z and
i€ {1,...,m}, there exist i1,142,i3,i4 € {1,...,m} such that

o™y c oY,
o
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1.9.2. Adjacency matrices. To a Markovian sequence of partitions we as-
sign the sequence of m x m adjacency matrices A,, = A(mp, mnt1) defined as
follows: (Ay);; is the number of connected components of the intersection
A Markovian sequence of partitions 7, will be called an exact Markovian se-
quence of partitions if
(27) lim max V+(8UH£H)) =0, lim max V_(Bhl_[l(_n)) = 0.

n—oo i=1,....,m n—o0i=1,....m
For an abelian differential both whose vertical and horizontal flows are
minimal, there always exists m € N and a sequence of partitions (26) having
the Markov property and satisfying the exactness condition (27). A suitably
chosen Markovian sequence of partitions will be essential for the construction
of finitely-additive measures in the following section.

Remark. An exact Markovian sequence of partitions allows one to iden-
tify our surface M with the space of trajectories of a nonautonomous Markov
chain or, in other words, a Markov compactum. The horizontal and vertical
foliations then become the asymptotic foliations of the corresponding Markov
compactum; the finitely-additive measures become finitely-additive measures
on one of the asymptotic foliations invariant under holonomy with respect
to the complementary foliation; the vertical and horizontal flow also admit a
purely symbolic description as flows along the leaves of the asymptotic foli-
ations according to an order induced by a Vershik’s ordering (see, e.g., [43],
[44], [45]) on the edges of the graphs forming the Markov compactum. The
space of abelian differentials or, more precisely, the Veech space of zippered
rectangles, is then represented as a subspace of the space of Markov compacta.
The space of Markov compacta is a space of bi-infinite sequences of graphs
and is therefore endowed with a natural shift transformation. Using Rauzy-
Veech expansions of zippered rectangles, one represents the Teichmiiller flow
as a suspension flow over this shift. The Kontsevich-Zorich cocycle is then
a particular case of the cocycle over the shift given by consecutive adjacency
matrices of the graphs forming our Markov compactum. To an abelian dif-
ferential, random with respect to a probability measure invariant under the
Teichmiiller flow, one can thus assign a Markov compactum corresponding to
a sequence of graphs generated according to a stationary process. The relation
between Markov compacta and abelian differentials is summarized in Table 1.

The main theorems of this paper, Theorems 1 and 2, are particular cases of
general theorems on the asymptotic behaviour of ergodic averages of symbolic
flows along asymptotic foliations of random Markov compacta; these general-
izations, which will be published in the sequel to this paper, are proved in the
preprint [14].
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Markov compacta Abelian differentials

Asymptotic foliations of a Markov com- | Horizontal and vertical foliations of an

pactum abelian differential

Finitely-additive measures on asymp- The spaces B+ and B~ of Holder

totic foliations of a Markov compactum | cocycles

Vershik’s automorphisms Interval exchange transformations

Suspension flows over Vershik’s Translation flows on flat surfaces

automorphisms

The space of Markov compacta The moduli space of abelian differentials

The shift on the space of Markov The Teichmiiller flow

compacta

The cocycle of adjacency matrices The Kontsevich-Zorich cocycle
Table 1.

For further results and background on Vershik’s automorphisms, substi-
tutions and symbolic dynamics for interval exchange transformations see, e.g.,
(1], 3], [12], [13], [18], [25], [35], [36], [38], [39], [40], [43], [44], [45].
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2. Construction of finitely-additive measures

2.1. Equivariant sequences of vectors. Let 2 be a bi-invariant sequence of
invertible m x m-matrices with nonnegative entries

A= (A4,), neZ.

To a vector v € R™ we assign the corresponding 2-equivariant sequence v =
(v™), n € Z, given by the formula

Ap_q1---Agv, n >0,
o™ = { o, n =0,
AT} ATlv, n<O.

We now consider subspaces in R™ consisting of vectors v such that the
corresponding equivariant subsequence v = v(™ decays as n tends to —oo.
More formally,we write

BF(A) ={veR™: 07| =0 as n — 400},
BT (A) = {v € R™: there exists C > 0,a >0

such that |o(=™| < Ce™" for all n > 0}.

It will sometimes be convenient to identify a vector with the corresponding
equivariant sequence and, slightly abusing notation, we shall sometimes say
that a given equivariant sequence belongs to the space B} () or B+ ().

2.2. A canonical system of arcs corresponding to a Markovian sequence of
partitions. As before, let (M,w) be an abelian differential. By an arc of the
vertical flow we mean a set of the form {h;"x,0 <t < to}. Such a set will also
sometimes be denoted [z,2/], where 2’ = hf z.

Let m,, n € Z, be an exact Markovian sequence of partitions

T M=T" 0. U, nez,
(n)

into weakly admissible rectangles. Take a rectangle II;

(n)

7

n€E€Zie{l,...,m},
and choose an arbitrary arc «; ’ of the vertical foliation going all the way
from the lower boundary of Hgn) to the upper boundary. More formally, take
T € 8,(10)115”), take ¢ such that hz € 8,(11)1_[1(-”), and let %-(n) be the vertical arc

[z, hz]. An arc 'y-(n)

; ~ of this form will be called a Markovian arc.
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The family of arcs

(n)

v ,meZie{l,...,m},

will be called a canonical system of arcs assigned to the Markov sequence of
partitions m,. Of course, there is freedom in the choice of specific arcs fyi("), but
our constructions will not depend on the specific choice of a canonical system.

Given a finitely-additive measure ®* € B} (M, w), introduce a sequence
of vectors v(™ € R™ n € Z, by setting
(28) o™ = &t (™).

Now let A = (A,,),n € Z, A,, = A(my, Tpt1) be the sequence of adjacency

matrices of the sequence of partitions 7,, and assume all A, to be invertible.
(n)

By the horizontal holonomy invariance, the value v; "’ does not depend on the

specific choice of the arc ’yi(n) inside the rectangle HE"). Finite additivity of the
measure T implies that the sequence v(™ . n € Z, is Y-equivariant. Exact-
ness of the sequence of partitions m,,n € Z, implies that that the equivariant
sequence v(™ corresponding to a finitely-additive measure ®+ € B (X, w)

satisfies v(9) € B} (2). We have therefore obtained a map
evalf : BF (X, w) — B ().

It will develop that under certain natural additional assumptions this map is
indeed an isomorphism.

We now take an abelian differential (M, w) whose vertical flow is uniquely
ergodic and show that if the heights of the rectangles Hgn) decay exponentially
as n — —oo, then the map eval{ sends B (X,w) to BT (A). We proceed to
precise formulations.

Introduce a sequence k(™ = (hﬁ”), el hS,?)) by setting hgn) to be the height
of the rectangle Hgn)
is QA-equivariant; unique ergodicity of the vertical flow and exactness of the

,i=1,...,m. By the Markov property, the sequence h("")

sequence m,,n € Z, imply that a positive 2-equivariant sequence is unique up
to scalar multiplication. By definition and, again, by exactness, we have

hO) e BF ().
PROPOSITION 2.1. If h(®) € BH(A), then

evald (BT (X,w)) C BT).
(n)
7
Markovian sequence of partitions m, be chosen as above. The condition h(®) e
B+ (A) precisely means the existence of constants C' > 0, > 0 such that for

alln e N,i=1,...,m, we have 1/+(74(n)) < Ce 9,

)

Proof. Let a canonical family of vertical arcs -, corresponding to the



458 ALEXANDER I. BUFETOV

Now if @1 € BT (M, w), then there exists # > 0 such that for all sufficiently
large n and all ¢ = 1,...,m, we have

3+ (7)) < (@t (v{™))’

)

Consequently, ]<I>+(’yi(n))| < Ce 9 for some C' > 0,a > 0 and all n € N,i =
1,...,m, which is what we had to prove. O

The scheme of the proof of the reverse inclusion can informally be sum-
marized as follows. We start with an equivariant sequence v(™ € BH(A),
and we wish to recover a measure ®+ € B (X,w). The equivariant sequence
itself determines the values of the finitely-additive measure ®* on all Markov-
tan arcs, that is, arcs going from the lower horizontal to the upper horizontal
boundary of a rectangle of one of the proposition m,. To extend the measure
®T from Markovian arcs to all vertical arcs, we approximate an arbitrary arc
by Markovian ones. (Similar approximation lemmas were used by Forni [21]
and Zorich [46].) The approximating series will be seen to converge because
the number of terms at each stage of the approximation grows at most sub-
exponentially, while the contribution of each term decays exponentially. For
this argument to work, we assume that the norms of the matrices A, grow
sub-exponentially.

The measure ®T is thus extended to all vertical arcs. To check the Hélder
property for ®T, one needs additionally to assume that the heights of the
Markovian rectangles Hgn)
Oseledets-type assumptions on the sequence 2 of adjacency matrices are used

decay not faster than exponentially. More precise

in order to obtain lower bounds on the Hélder exponent for ®* and to derive
the logarithmic asymptotics of the growth of ®* at infinity. All our assump-
tions are verified for Markov sequences of partitions induced by Rauzy-Veech
expansions of zippered rectangles as soon as one uses the Veech method of
considering expansions corresponding to occurrences of a fixed renormaliza-
tion matrix with positive entries.

2.3. Strongly biregular sequences of matrices. A sequence A= (A,),n€Z,
of m x m-matrices will be called balanced if all entries of all matrices A,, are
positive and, furthermore, there exists a positive constant C such that for any
n € Z and any i1, j1,12,j2 € {1,...,m}, we have

(An)hjl <C.
(An)izjz

A sequence A = (A,,),n € Z, of m x m-matrices with nonnegative entries
will be said to have sub-exponential growth if for any € > 0 there exists C; such
that for all n € Z, we have

m

Z (An)m < Cee‘E'"'.

1,j=1
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In order to formulate our next group of assumptions, we need to consider
A-reverse equivariant sequences of vectors. To a vector v€ R we assign the
sequence v = (17(”)), n € 7, given by the formula

(A%)il e (A)i)ilﬁ(n)a n >0,
5 = g, n=0,

At AL AR n<o.

By definition, if 7™ is an A-equivariant sequence, while (™ is an A-reverse
equivariant sequence, then the inner product

(o 5 = 3 W)
=1

does not depend on n € Z. In analogy to the spaces BT () and B (), we
introduce the spaces

S

B (A) = {0: [6™] = 0 as n — oo},
B

{
{v: there exists C >0, a >0

such that [3] < Ce™®" as n — oo}

The unique ergodicity of the vertical and the horizontal flow admits the

following reformulation in terms of the spaces B (%), B ().

ASSUMPTION 2.2. The space B} (1) contains an equivariant sequence
(R™),n € Z, such that hz(n) >0 foralln € Z and all i € {1,...,m}. The
space B (A) contains a reverse equivariant sequence (\™),n € Z, such that
)\gn) >0 for alln € Z and all i € {1,...,m}. The sequences (™) and (A\(™)
are unique up to scalar multiplication.

A convenient normalization for us will be:

Our next assumption is the requirement of Lyapunov regularity for the
sequence of matrices 24 = (A,),n € Z. For renormalization matrices of Rauzy-
Veech expansions this assumption will be seen to hold by the Oseledets The-
orem applied to the Kontsevich-Zorich cocycle. In fact, we will assume the
validity of all the statements of the Oseledets-Pesin Reduction Theorem (5,
Th. 3.3.5, p. 77]). We proceed to the precise formulation.

AsSUMPTION 2.3. There exists lg € N, positive numbers

01 >0>--->0,>0
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and, for any n € Z, direct-sum decompositions
R"=FE.® - ®EY o EZ,
R™=E'®.-.-®EY @ E
such that the following holds:
(1) For all n € Z, we have
E} =Rr™ E! = RA™,
(2) Forallme€Z and alli=1,...,ly, we have
AnEfm = 7iz+17 A; ~Z+1 = Evfz
(3) For allm € Z, everyi=1,....,ly, and any v € E \ {0}, we have

lim log [Apyk—1-- Anv| = lim —log|A L, - ALl =0,

and the convergence is uniform on the sphere {v € E : |v| = 1}.
(4) For allm € Z, every i =1,...,ly, and any v € E \ {0}, we have

-1 -1
log AL+ Al vl —log|(Al )t AL

= 9’i7
and the convergence is uniform on the sphere {v € Ei : [v| = 1}.
(5) For alln € Z, we have
ALES = By, ALE, = B

(6) For any € > 0, there exists C- such that for any n € Z and k € N, we
have

[Apik—1- Anl|ges|
1AL A eI
A5k An e

|
(A k1) ™ (AR) T g 71 < CoetEHiD,

e=(ketinl)

NN A
2R

es(k-Hinl)

(7) For alln € Z, we have dim ES* = dimEff and, for any i =1,...,l9,
we also have dim B, = dim E. If v, € R™ satisfy (v,?) # 0, then
v € B! implies © € E' while v € ES® implies © € ES*

=5, and vice versa.

A balanced sequence 2 of m X m-matrices with positive entries, having
sub-exponential growth and satisfying the unique ergodicity assumption as
well as the Lyapunov regularity assumption, will be called a strongly biregu-
lar sequence or, for brevity, an SB-sequence. Using Markovian sequences of
partitions induced by Rauzy-Veech expansions of zippered rectangles corre-
sponding to consecutive occurrences of a fixed renormalization matrix with
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positive entries and applying the Oseledets Multiplicative Ergodic Theorem
and the Oseledets-Pesin Reduction Theorem (see [5, Th. 3.5, p. 77]) to the
Kontsevich-Zorich cocycle, we will establish in the next section the following
simple

PROPOSITION 2.4. Let P be an ergodic probability measure on a connected
component H of the moduli space M, of abelian differentials. Then P-almost
every abelian differential (M,w) € H admits an exact Markov sequence of
partitions whose sequence of adjacency matrices belongs to the class SB.

Let (M,w) be an abelian differential whose horizontal and vertical folia-
tions are both uniquely ergodic. Assume that (M, w) is endowed with an exact
Markov sequence m,,n € Z, of partitions into weakly admissible rectangles
such that the corresponding sequence 2 of adjacency matrices belongs to the
class SB.

Note that if 2 is an SB-sequence, then

BHA)=Ela - @ EY,
B (A)=FEl®---aED.

Note also that there exists a constant C' > 0 such that the positive equivariant
sequence h(™ satisfies

for all n € Z,i,j € {1,...,n}. It follows that for any € > 0, there exists a
constant C. such that for all n > 0, we have

min hl(-fn) > Ce~(iten,
7
2.4. Characterization of finitely-additive measures.

2.4.1. The semi-rings of Markovian arcs. Given a partition 7 of our sur-
face M into weakly admissible rectangles 114, . .., Il,,, we consider the semi-ring
¢F () of arcs of the form [z, 2'], where z € O\11;, 2’ € OLIL; for some i. (Recall
here that x € 321'[1' stands for the lower horizontal boundary of II;, 8,11'[2- for
the upper horizontal boundary.)

Our Markov sequence 7, thus induces a sequence of semi-rings € =
Ct(my,); we write ;P for the ring generated by the semi-ring €. Elements of
R, are finite unions of arcs from €. For an arc v of the vertical flow, let ¥,
be the largest by inclusion arc from the ring 937, contained in +, and let 4,
be the smallest by inclusion arc from the ring &1, containing 7.
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2.4.2. Extension of finitely-additive measures. The following lemma is im-
mediate from the definitions. (Note that similar arc approximation lemmas
were used by Forni in [21] and Zorich in [46].)

LEMMA 2.5. Let m, be an exact Markovian sequence of partitions such
that the corresponding sequence U of adjacency matrices has sub-exponential
growth. Then for any € > 0, there exists C. > 0 such that for any arc v of the
vertical flow and any n € N, the set 4,\Vn consists of at most C.e™ arcs from
the semi-ring €%, .

Informally, Lemma 2.5 says that any arc of our symbolic flow is approx-
imable by Markovian arcs with sub-exponential error; we illustrate this by
Figure 1.

Figure 1. The number of small arcs grows at most subexponentially

We are now ready to identify BT () and B1(X,w).

LEMMA 2.6. Let m,,n € Z, be a Markov sequence of partitions such
that the corresponding sequence A of adjacency matrices belongs to the class
SB. Then for every equivariant sequence v™ € BT (A), there exists a unique
finitely-additive measure ® € BT (X,w) such that

evalf (1) = 0.

Proof. Indeed, the sequence v(™ itself prescribes the values of the 1 on
all Markovian arcs v € € n € Z. For a general arc v of the vertical flow, set

+ _ . + A~ _ . + v
(29) 7 (y) = lim 7 (5,) = lim ©7(5,),
where the existence of both limits and the equality of their values immedi-
ately follow from Lemma 2.5. Finite-additivity of ®* is again a corollary of
Lemma 2.5. We have thus obtained a finitely-additive measure ®* defined

on all vertical arcs. The uniqueness of such a measure is clear by (29). The
invariance of the resulting measure under horizontal holonomy is also clear by
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definition. To conclude the proof of Lemma 2.6, it remains to check that the
obtained finitely-additive measure ®* satisfies the Holder property.

For Markovian arcs the Holder upper bound is clear from the upper expo-
nential bound

|U(—n)| < Ce—on

and the lower exponential bound

min pm > Crelmam),

i
(2
For general arcs, the Holder property follows by Lemma 2.5. Lemma 2.6
is proved completely, and we have thus shown that under its assumptions the
map
eval : BT(X,w) — BT (A)
is indeed an isomorphism. O

Remark. Under stronger assumptions of Lyapunov regularity we will also
give a Holder lower bound for the cocycles T € BT: see Proposition 2.9.

2.5. Duality. Let v(™ € BH(2A), 5 € B=(A). Let o+ € BH(X,w),d~ €
B+ (X,w) be the corresponding finitely-additive measures. The definitions
directly imply

/ o x &~ =3 v = (v,).
M i=1

Duality between the spaces B (X,w) and B~ (X, w) follows now from the
duality between the spaces BT (2() and B~ (2A), which holds by the Lyapunov
regularity assumption for the sequence 2.

2.6. Proof of Theorem 1.

2.6.1. Approximation of almost equivariant sequences. We start with a
sequence of matrices Ay, n > 0 satisfying the following

ASSUMPTION 2.7. There exists o > 0 and, for every n > 1, a direct-sum

decomposition
R™ =E)® E_,

satisfying the following:

(1) ApEy = E .y and Ay|gs is injective;

(2) AnER C ERiy;

(3) for any e > 0, there exists C. > 0 such that for anyn > 1, k > 0, we

have
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LEMMA 2.8. Let A, be a sequence of matrices satisfying Assumption 2.7.
Let vi,...,vp,... be a sequence of vectors such that for any € > 0, a constant
Ce can be chosen in such a way that for all n, we have
|Apvn — vnp1| < Coexp(en).
Then there exists a unique vector v € E}' such that

| Ay - Ao — v | < Clexp(en).

Proof Denote up4+1 = vpt1 — Apvn, and decompose uy 1 = urfﬂ + Uy g,
where ut,, € EY,, u, 4 € ES. Let
U,J{H = un+1 + Anun + AnAn,luZ_l +o+ A, Aluf,
Uy = Upyq + Ay, + ApApqu, + -+ Ay Arug
We have vpq1 € EY,q, vq € B, vny1 = vl 4 + v,41. Now introduce a
vector
v=uf + AT Ul A (A AT
By our assumptions, the series defining v converges exponentially fast and,
moreover, we have
/
|Ap - Ajo — v 4| < CLexp(en)

for some constant C.
Since by our assumptions we also have |v,_ ;| < C: exp(en), the lemma is
proved completely. O

Uniqueness of the vector v follows from the fact that, by our assumptions,
for any v # 0, v € Ej we have

|Ay, -+ - A19] > C" exp(an).

2.6.2. Approzimation of weakly Lipschitz functions. Let f : M — R be
a weakly Lipschitz function and, as before, introduce a canonical family of
Markovian curves 7j',n € Z,i = 1,...,m, corresponding to the Markovian
sequence of partitions m,,n € Z.

Introduce a family of vectors v(n) € R™, n € Z, by setting

z—/fdl/ 1=1,...,m.

By definition of the adjacency matrices A, = A(mp, Tni1), using the weak
Lipschitz property of the function f and sub-exponential growth of the se-
quence A = (A,), we arrive for all n € N at the estimate

[Anv(n) —o(n + 1) < G| flluip - €
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By Lemma 2.8, there exists a unique vector v}" € BT (2A) such that for all
n € N we have

(U(n) Ay AOU;( < C\f|uip - €™

We let <I>}“ € BT (X,w) be the finitely-additive measure corresponding
to the vector U;[ or, in other words, the unique finitely additive measure in
BT (X,w) satisfying

evalg(q)}f) = v}r.

The inequality
T

(30 | £oni @it - @ (. ifal)| < CL1ISluip(1 +T9)
0

now holds for all x € M, T € R..

Indeed, if [z, h; 7] is a Markovian arc, then (30) is clear by definition of
the vector v}r and the weak Lipschitz property of the function f, while for
general arcs of the vertical flow, the inequality (30) follows by Lemma 2.5.

2.6.3. Characterization of the cocycle <I>;{. Our next step is to check that
for every @~ € B~ (X,w), we have

(@ x &) = /fqusf,
M

where we recall that mg = vt x &7,

As before, let 4" be a canonical system of Markovian arcs of the vertical
flow, corresponding to the Markov sequence of partitions m,,n € Z, and let ;"
be a canonical system of Markovian arcs of the horizontal flow corresponding
to the Markov sequence of partitions m,,n € Z. By definition, for any n € Z,
we have

m
[ xam =3 e e ().
M =1

We now write the Riemann sum

S, £,07) =Y [ favt o)
i=1"n

i

for the measure mg-, and let n tend to +00. By definition, we have

lim S(n,f,®")= [ fdmeg-.
/

n—-+o00
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Now for alln € N;i =1,...,m, we have
/deJr — CIJ;[(%") < Cee™

while, by Lyapunov regularity, the quantity max |®~(%]")| decays exponen-
i=1,...m

tially as n — oo. It follows that

/@Jf X ®~ :/fqur,
M M

which is what we had to prove.

2.7. The asymptotics at infinity for Holder cocycles. As was noted above,
we identify a finitely-additive measure ®* € B} (X,w) with a continuous co-
cycle over the vertical flow for which, slightly abusing notation, we keep the
same symbol ®T; the identification is given by the formula

Ot (x,t) = & ([z, hf z]).

The Holder property of a finitely-additive measure is equivalent to the Holder

property of the cocycle, that is, to the requirement that the function ®(x,1t)

be Holder in ¢ uniformly in . Our next aim is to give Holder lower bounds

for the cocycles ®* and to investigate the growth of ®*(x,T) as T — +oo.
Consider the direct-sum decomposition

s =E"® - 0B

and the corresponding direct-sum decomposition

%+(X7W) = %T(Xaw) ©® %;—(X,OJ) SRR %Z—E(X7w)
with
B (X,w) = (evald) HED), i=1,...,1;
of course, we have
BT (X,w) =RrvT.
Take & € BT (X,w), and write
O =of +.- 4+

with <I>;~F € BH(X,w). Take the smallest i such that <I>ZTF = 0; the exponent
0; will then be called the top Lyapunov exponent of ®*; similarly, if j is the
largest number such that (ID;F # 0, then 0; will be called the lower Lyapunov
exponent of ®+. We shall now see that the top Lyapunov exponent controls

the growth of ®*(x,t) as t — oo, while the lower Lyapunov exponent describes
the local Holder behaviour of ®(x,t).
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PROPOSITION 2.9. Let r € {1,...,lp}, let @+ € BF , & £ 0, and let
x € M be such that hz is defined for all t € R. Then

: log |®* (2, )] _ . log | @ (2, t)]
limsup ———— = limsup ———— =0,..
t|ooo  loglt] 1t -0 log |¢|
Proof. We first let ¢ tend to 4o0o. Let v(® € BT (A) be the equivariant

sequence corresponding to ®T; we have v e Eﬁn) and, consequently, for
every € > 0 there exists a constant C; > 0 and, for every n € N, there exists
i(n) € {1,...,m} such that

(31)

o] = Ceel®=en n e N,
Now let

ty = min{t -t > A hfz € QLTI Y.
Informally, ¢, is the first such moment that the are [z, by z] contains a Mar-
kovian arc going all the way through the rectangle ng). It is clear from

the SB-property of the sequence 2 that for any ¢ > 0, there exist constants
CL,C! > 0 such that

(32) Cée(elfs)" <t, < Cé’e(oﬁs)”, n € N.

Now denote

/ _ 3+ " 1+
x'(n) = htn—h(") z, x'(n)=h;
i(n)
Since

F ([, 2" (n)]) = @7 ([z,2(n)]) + T ([ (n), 2" (n)])
and
O ([a (n), 2" (n)]) = v},
it follows from (32) and (31) that we have
max{log |®F ([z,2(n)])|,log | 2™ ([x, 2" (n)])[} _ Or

lim sup = —,
n—-+00 n 91

whence also

log [® ([, 2" (n)])| log|®* ([a'(n), 2" (n)])

“m“m<mwMﬂww mwwﬁmb>_”

n—-+00

and finally
log | @ (z,t
lim sup 122127 @ O _ o
t—+00 logt
The desired lower bound is established. We illustrate the argument in Figure 2.
The proof for ¢t — —oo is completely similar, while the case t — 0 is

obtained by taking n — —oo and repeating the same argument. O
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Figure 2. Proof of the lower bound in Proposition 2.9: v =
[z(n),z'(n)], v2 = [2/(n), 2" (n)]. Either v; or ~3 satisfies the
lower bound.

2.8. Hyberbolic SB-sequences. An SB-sequence 2 will be called hyperbolic
if BF(A) = BT (A). It is clear from the definitions that if an abelian differ-
ential (X,w) admits an exact Markovian sequence of partitions such that the
corresponding sequence 2l is hyperbolic, then B (X,w) = B1(X,w).

In what follows, we shall check that if IP is probability measure on H, in-
variant under the Teichmiiller flow and ergodic, and such that the Kontsevich-
Zorich cocycle acts isometrically on its neutral Oseledets subspace, then P-
almost every abelian differential (X,w) admits a Markovian sequence of par-
titions m, such that the corresponding sequence 2 of adjacency matrices is
a hyperbolic SB-sequence. It will follow that for P-almost all w, we have
BH(X,w) =B (X,w).

Remark. TIf BT (21) is strictly larger than BT (), it does not follow that
B+ (X,w) is strictly larger than BT (X,w). Our constructions do not allow us
to assign a finitely additive measure defined on all arcs of the vertical flow to
a general equivariant sequence v(™ e BT(A).

2.9. Expectation and variance of Hélder cocycles.

PROPOSITION 2.10. For any ®* € B' and any ty € R, we have

E,(®F(z,t0)) = (T, 07) - to.

Proof. Since the proposition is clearly valid for ®* = vT, it suffices to
prove it in the case (®T,v~) = 0. But indeed, if E,(®(z,t)) # 0, then the
Ergodic Theorem implies

log |®F (xz, T
lim sup —og| (z,T)] =1,
T—o00 log T

and then (&1, v7) # 0.

PROPOSITION 2.11. For any ®* € B not proportional to v and any
to # 0, we have

Var, ®* (z,ty) # 0.
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Taking @ —(®*, v )-vT instead of T, we may assume E, (®T(z,y)) = 0.
If Var, ®* (z,tg) = 0, then ®*(x,%y) = 0 identically, but then

log |t (xz, T
lim sup - S Rl &% (z, T)] =0,
T—o00 log T

whence & = 0, and the proposition is proved. O

Remark. In the context of substitutions, cocycles related to the Holder
cocycles from BT have been studied by P. Dumont, T. Kamae and S. Takahashi
in [16] as well as by T. Kamae in [27].

3. The Teichmiiller flow on the Veech space of zippered rectangles
3.1. Veech’s space of zippered rectangles.

3.1.1. Rauzy-Veech induction. The renormalization action of the Teich-
miiller flow on the spaces B+ and B~ of Holder cocycles will play a main
role in the proof of limit theorems for translation flows. We will use Veech’s
representation of abelian differentials by zippered rectangles, and in this section
we recall Veech’s construction using the notation of [11], [15]. For a different
presentation of the Rauzy-Veech formalism, see Marmi-Moussa-Yoccoz [32].

We start by recalling the definition of the Rauzy-Veech induction. Let 7
be a permutation of m symbols, which will always be assumed irreducible in
the sense that 7{1,...,k} ={1,...,k} implies K = m. The Rauzy operations
a and b are defined by the formulas

] if j <7 lm,

ar(j) = ¢ ™m if j =7"tm+1,
7(j—1) ifrim+1<ji<m,
T if mj < m,

br(j)=qmj+1 ifmm<7wj<m,

mm+1 if 75 =m.

These operations preserve irreducibility. The Rauzy class R(r) is defined
as the set of all permutations that can be obtained from 7 by application of
the transformation group generated by a and b. From now on we fix a Rauzy
class R and assume that it consists of irreducible permutations.

For i,7 =1,...,m, denote by E¥ the m x m matrix whose (i, 7)-th entry
is 1, while all others are zeros. Let F be the identity m X m-matrix. Following
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Veech [37], introduce the unimodular matrices

7 im B . m—1 B
(33) .A(CL, 7_[_) — Z EY _|_Em,7r m+1 + Z Ez,z—l—l’
=1 i=n—lm
(34) A(b,7) = E + E™™ '™,
For a vector A = (A1,..., A\p) € R™, we write

A= N
=1

Let
Ap1={AeR": |\ =1, ;>0fori=1,...,m}.

One can identify each pair (A, 7), A € A,,,_1, with the interval exchange

map of the interval I := [0,1) as follows. Divide I into the sub-intervals
Iy, == [Br_1, Br), where By = 0, B = S5, \i; 1 < k < m, and then place the
intervals Ij in I in the following order (from left to write): I .-1q,..., I —1,,.
We obtain a piecewise linear transformation of I that preserves the Lebesgue
measure.

The space A(R) of interval exchange maps corresponding to R is defined
by

A(R) = Am—l X R.

Denote

At ={INE€Am 1| Apoipy > A}, A7 ={NEAn_1] A > Ap-1n ),

AT(R) = UA(m N Ae AT},
TER

AT(R)= U (N xe AT},
TER

AT(R)=AT(R)UA™(R).

The Rauzy-Veech induction map 7 : A*(R) — A(R) is defined as follows:

Ala,m) I . N
(35) T\ ) = {(A(a,w)l)\|7a77> if \e AT,

7r_1 . _
(%, b7r) if e A

One can check that .7 (A, ) is the interval exchange map induced by (A, )
on the interval J = [0, 1 —~], where v = min(A,, Ar-1,,); the interval J is then

stretched to unit length.
Denote

(36) A®(R) = (| 7 "A%(R).

n>0



LIMIT THEOREMS FOR TRANSLATION FLOWS 471

Every .Z-invariant probability measure is concentrated on A*°(R). On the
other hand, a natural Lebesgue measure defined on A(R), which is finite, but
noninvariant, is also concentrated on A*(R). Veech [37] showed that .7 has an
absolutely continuous ergodic invariant measure on A(R), which is, however,
infinite.

We have two matrix cocycles A', A~ 'over .7 defined by

Aln, (1) = AT ) - A ),
AN, (N 7)) = AN T "\ 7)) - AT O ).
We introduce the corresponding skew-product transformations 74" : A(R)
x R™ — A(R) x R™, A7 . A(R) x R™ — A(R) x R™,
TA((\7),0) = (T (A7), AL, ),
T4 (), 0) = (Z (A m), A7 (A, m).

3.1.2. The construction of zippered rectangles. Here we briefly recall the
construction of the Veech space of zippered rectangles. We use the notation
of [11].

Zippered rectangles associated to the Rauzy class R are triples (\, 7, d),

where A = (A\,...,An) ER™ N\, >0, T €R, d = (d1,...,0m) € R™, and the
vector ¢ satisfies the following inequalities:

(37) o1+ +6<0, i=1,....,m—1,
(38) Op-11+ 401,20, i=1,...,m—1.
The set of all vectors 0 satisfying (37) and (38) is a cone in R™; we denote it
by K (7).
For any ¢ =1,...,m, set
m(j)-1
(39)  aj =a;(6) =301 —---—d;, hj = hj(m,0) Za+ Z I

3.1.3. Zippered rectangles and abelian differentials. Given a zippered rec-
tangle 2 = (\,7,0), Veech [37] takes m rectangles II; = II;(\, 7, d) of girth
A; and height h;, i = 1,...,m, and glues them together according to a rule
determined by the permutation 7. This procedure yields a Riemann surface
M endowed with a holomorphic 1-form w which, in restriction to each II;, is
simply the form dz = dx + ¢dy. The union of the bases of the rectangles is
an interval I(O(\, 7, 8) of length |\| on M; the first return map of the vertical
flow of the form w is precisely the interval exchange Ty r).

A zippered rectangle 2" by definition carries a partition mp = mo(Z") of
the underlying surface M = M (2Z") into m weakly admissible rectangles II;:

oM =1I; U-.--UIl,,.
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The area of a zippered rectangle (A, 7, 0) is given by the expression

(40) Area(A, , ) Z)\ hT—ZA ( Z(s +ﬂ§:157r 1Z>.

(Our convention is >°¢_, --- =0 when u > v.)

Furthermore, to each rectangle II; Veech [38] assigns a cycle 7; (A, 7, d) in
the homology group Hi(M,Z): namely, if P; is the left bottom corner of II;
and @); the left top corner, then the cycle is the union of the vertical interval
P;@Q; and the horizontal subinterval of I(O)()\, m,0) joining @Q; to P;. It is clear
that the cycles v;(A, 7, d) span Hy(M,Z).

3.1.4. The space of zippered rectangles. Denote by V(R) the space of all
zippered rectangles corresponding to the Rauzy class R, i.e.,

V(R)={(\m6): AeR}, TR, € K(m)}.
Let also

VHR) ={(\,m3) €EV(R): Ap—1mm > Am }s
VI(R)={(A7,08) € V(R) : Ar-1sp < Am},
VER) =VH(R) UV (R).
Veech [37] introduced the flow {P5} acting on V(R) by the formula
P3(\,m,08) = (e, m,e”%6),
and the map U : V¥(R) — V(R), where

) =
(A(m,a) "N\ am, A(m,a)716) if A-1,, > A,
(

U7,
.m0 = {A( )N b, AT, B)18) A A, < A

(The inclusion UV*(R) C V(R) is proved in [37].) The map U and the flow
{P*} commute on V*(R). They also preserve the area of a zippered rectangle
(see (40)) and hence can be restricted to the set

VEE(R) = {(\, 7,0) € VE(R) : Area(\, 7,6) = 1}.
For (A, m) € A(R), denote
(41) 7O\, 1) =: —log(|A| — min( A, Ap—1,,))-
From (33), (34) it follows that if A € Af UA_, then
(42) O\, ) = —log | A (¢, 7)),

where ¢ = a when A € AT and ¢ =b when A € A,
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Next denote
(43) Vi(R) :={x=(A\m0d) € V(R): |\ =1, Area(\,m,0) =1},
T(z) = TO()\, m) for x = (A, m,60) € V1(R),
Vi+(R):= U Pz,
2€V1(R), 0<s< ()
Let

VIE(R) == {(\7,8) € VEE(R) : am () # 0},
Vao(R) = [ U"VLE(R).

neZ
Clearly U™ is well defined on Vo (R) for all n € Z.
We now set
V(R):=V1(R)NVe(R), V(R):=V1,(R)NVs(R).

The above identification enables us to define on V(R) a natural flow, for which
we retain the notation P%. (Although the bounded positive function 7 is not
separated from zero, the flow P* is well defined.)

Note that for any s € R, we have a natural “tautological” map

(44) ts : M(Z) > M(P°Z)
which on each rectangle I1; is simply expansion by e® in the horizontal direction
and contraction by e® in the vertical direction. By definition, the map t; sends

the vertical and the horizontal foliations of 2" to those of P*.%Z".
Introduce the space

XVR)={(Z,2): Z €V(R), z € M(Z)},
and endow the space .'{17(7%) with the flow P** given by the formula
P x) = (P°2 , tex).
The flow P* induces on the transversal J;(R) the first-return map 7
given by the formula
(45) T\ 7,8) =UPT P\, 7, 6).
Observe that, by definition, if T\, m,0) = (N,n,d8), then (N, 7') = T (\, 7).
For (A\,m,0) € V(R), s € R, let (A, , 4, s) be defined by the formula
UTOT9) (5 X 1 e7*8) € Vi 1 (R).

Endow the space 17(73) with a matrix cocycle A" over the flow P given by the
formula

A(s,(\,7,08)) = AR\, 7,6, 8), (A, 7)),

and introduce the corresponding skew-product flow

pA V(R) x R™ — V(R) x R™
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by the formula
P (2 o) = (P2, A2, 8)v).
We also have a natural cocycle A over the inverse flow P~* given by the formula
AL, s) = (AP ,5))
and the natural skew-product flow
PA L P(R) x R™ = P(R) x R™
defined by the formula
PA(L v) = (P2, A2, s)v).

The strongly unstable Oseledets bundle of the cocycle A will be seen to describe
all the measures &~ € B~ in the same way in which the strongly unstable
Oseledets bundle of the cocycle A’ describes all the measures &+ € B+.

Remark. The Kontsevich-Zorich cocycle is isomorphic to the inverse of its
dual. (See, e.g., Statement 2 in Proposition 3.1 below.) This “self-duality” is,
however, not used in the construction and characterization of finitely-additive
invariant measures. The duality between the spaces B and B~ corresponds
to the duality between the cocycle and its transpose, that is, in our notation,
between A" and A. Such duality takes place for any invertible matrix-valued
cocycle over any measure-preserving flow.

3.1.5. The correspondence between cocycles. To a connected component
‘H of the space M, one can assign a Rauzy class R in such a way that the
following is true [37], [30].

THEOREM 3 (Veech). There exists a finite-to-one measurable map mg :
V(R) — H such that mr o Pt = g; o . The image of mx contains all abelian
differentials whose vertical and horizontal foliations are both minimal.

As before, let H!(#) be the fibre bundle over H whose fibre at a point
(M,w) is the cohomology group H'(M,R). The Kontsevich-Zorich cocycle
A 7 induces a skew-product flow g?K Z on H'(H) given by the formula

ghe7(X,0) = (gsX, Axzv), X € H,ve H (M,R).

Following Veech [37], we now explain the connection between the Kont-
sevich-Zorich cocycle A iz and the cocycle A'. For any irreducible permutation
m, Veech [38] defines an alternating matrix L™ by setting LT, = 0 if i = j or
if i < jomi < mj, L = 1ifi < j,mi >nj, LT, = —1if i > j,mi < nj and
denotes by N () the kernel of L™ and by H(7) = L™(R™) the image of L™. The
dimensions of N (7) and H (7) do not change as 7 varies in R and, furthermore,
Veech [38] establishes the following properties of the spaces N (7), H(m).
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PROPOSITION 3.1. Let ¢ =a orb. Then
(1) H(cm) = A'(c,m)H (), N(em) = A7 (e, )N (m);
(2) the diagram

R™/N(r) —2— H(n)

lA‘l (m,c) lAt(ﬂ,c)
R™/N(cr) —2 H(cr)

is commutative and each arrow is an isomorphism;
(3) for each , there exists a basis v in N () such that the map A~'(r,c)
sends every element of v to an element of vr.

Each space H™ is thus endowed with a natural anti-symmetric bilinear
form £, defined, for v1,vy € H(r), by the formula

(46) ﬁﬂ-(’Ul, ’U2) = <U1, (LW)_1U2>.
(The vector (L™)~tvy lies in R™ /N (7); since by definition we have (v1, ve) = 0
for all v; € H(w), va € N (), the right-hand side is well defined.)

Consider the 74" -invariant subbundle J#(A(R)) C A(R) x R™ given by
the formula

H(A(R)) ={((A,7m),v), (A7) € A(R),v € H(m)}
as well as a quotient bundle
A (AR)) = {((A;7),v), (A, ) € A(R),v € R™/N(m)}.

The bundle map Zg : #(A(R)) — A (A(R)) given by Lr((A\,7),v) =
((A, ), L™v) induces a bundle isomorphism between #’(A(R)) and A (A(R)).

Both bundles can be naturally lifted to bundles s (V(R)), A4 (V(R)) over

the space ]N/(R) of zippered rectangles; they are naturally invariant under the
corresponding skew-product flows Ps’zt, P‘S’Z, and the map %R lifts to a
bundle isomorphism between .22 (V(R)) and A4 (V(R)).

Take 2" € V(R), and write nr(2) = (M(2),w(Z’)). Veech [39] has

shown that the map 7r lifts to a bundle epimorphism 7z from 2 (V(R))

onto H!(#) that intertwines the cocycle A" and the Kontsevich-Zorich cocycle
AKzi

PROPOSITION 3.2 (Veech). For almost every 2 € V(R), 2 = (\,x,6),
there exists an isomorphism Ty : H(m) — H*(M(Z),R) such that
(1) the map 7r : A (V(R)) — HY(H) given by
TR(Z ,v) = (mr(Z), Ixv)

induces a measurable bundle epimorphism from 7 (V(R)) onto H*(H),
which is an isomorphic on each fibre;
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(2) the diagram
AV(R)) " H'(H)

lps,At J{g?KZ
HV(R)) —Eo H(H)
18 commutative;
(3) for & = (A, m,0), the isomorphism Ix takes the bilinear form L; on
H(7), defined by (46), to the cup-product on H'(M(Z),R).

Proof. Recall that to each rectangle IT; Veech [38] assigns a cycle v, (A, 7, d)
in the homology group H;(M,Z). If P; is the left bottom corner of II; and
Q; the left top corner, then the cycle is the union of the vertical interval
P;Q; and the horizontal subinterval of I (0)()\, m,0) joining @Q; to P;. It is clear
that the cycles ~;(\, 7, 0) span Hi(M,Z); furthermore, Veech shows that the
cycle t1y1 + - -+ + tmYm is homologous to 0 if and only if (¢1,...,t,) € N(x).
We thus obtain an identification of R™/N(w) and H;(M,R). Similarly, the
subspace of R™ spanned by the vectors (f(71),. .., f(vm)), f € H*(M,R), is
precisely H (7). The identification of the bilinear form £, with the cup-product
is established in [42, Prop. 4.19]. O

Let Py be an ergodic P*-invariant probability measure for the flow P?*
on V(R), and let Py = (7mr)+Py be the corresponding gs-invariant measure
on H. Let &p (V(R)) be the strongly unstable bundle of the cocycle A'. By

Proposition 3.1, the bundle & | (V(R)) is a subbundle of s (V(R)). It therefore
follows from Proposition 3.2 that the map 7z isomorphically identifies the
strongly unstable bundles of the cocycles A and A i z; this identification is

—t
equivariant with respect to the natural actions of the skew-product flows P54
and g2%Z on the corresponding bundles.

3.1.6. The correspondence between measures.

PrROPOSITION 3.3. Let P be an ergodic gs—invariant probability measure
on H. Then there exists an ergodic P®-invariant probability measure Py on
V(R) such that

P = (R ).Py.
This proposition is a corollary of the following general statement.

PROPOSITION 3.4. Let Z1,Zy be standard Borel spaces, let gt : Z1 — Z1,
gg : Zy — Zo be measurable flows, and let w9 : Z1 — Zy be a Borel measurable
map such that

1) for any zo € Zs, the preimage T z9)} of zo 1s finite;
Y p g 12 )
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(2) the map 12 intertwines the flows gl, g2 in the sense that the diagram

21%22

lgi lgf

T
Zl i} ZQ
15 commutative.

Then for any Borel g2-invariant ergodic probability measure Py on Zs, there
exists a Borel gl-invariant ergodic probability measure Py on Z1 such that

(m12)«(P1) = Py.

The proof of Proposition 3.4 is routine. First, note that by ergodicity,
for Py-almost every z, € Zs, the cardinality of the preimage {771_21 (z2)} of 2o
is constant; now consider the normalized product P; of Py and the counting
measure in the preimage; the measure P, is by definition gl-invariant, and
for the measure P; one may take an ergodic component (in fact, almost every
ergodic component) of the measure P,.

3.2. A strongly bireqular sequence of partitions corresponding to a zippered
rectangle. Given a zippered rectangle Z°, we shall speak of its vertical and
horizontal foliations, Holder cocycles, and so on, meaning the corresponding
objects for the underlying abelian differential, and we shall use the notation
BH(Z), B (L), BIHZ), B.(Z) for the corresponding spaces of finitely-

additive measures.
Recall that, by construction, a zippered rectangle carries the partition

mo(2) =1V U LT

into weakly admissible rectangles. The Rauzy—Veech expansion of a zippered
rectangle now yields a Markovian sequence of partitions m,, n € Z. To con-
struct it, first take 2~ € Y(R) and recall that we have a natural “tautological”
identification map

t7: M(2) - M(TX).
Now set

(47) () = () w0 (7"Z).

By definition, the sequence m,(Z2"), n € Z, is Markovian. Minimality of
the horizontal and vertical flows implies exactness of the sequence m,(2"). For
a general zippered rectangle 2”7 € V; ,(R), write

%IZPSO%,%Gyl(R),()gSO<T(%)

and set

T () = tsy (m(Z)).
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(Informally, carry over sequence 7, from the “closest” zippered rectangle lying
on the transversal Y;(R).)

LEMMA 3.5. For Py-almost every zippered rectangle Z°, there exists a
sequence ng € Z, ng = 0, ng < ng+1, k € Z, such that the sequence A =
(A (Wnk,ﬂ'nkﬂ)) of adjacency matrices of the exact Markovian subsequence
2, k € Z satisfies the following:

1

) 2 is an SB-sequence,

T,

(

(2) the space BT (A) coincides with the strongly unstable space of the co-
cycle A at the point Z.

The proof of the lemma is routine. One chooses a Rauzy-Veech matrix @

of the form
Q= Q1Q2,

where Q1 and Q)2 are Rauzy-Veech matrices all whose entries are positive and
such that Py-almost all zippered rectangles 2" contain infinitely many occur-
rences of the matrix ) both in the past and in the future. The sequence ny is
then the sequence of consecutive occurrences of the matrix Q). Each adjacency
matrix A (ﬂnk,ﬂnk+1> now has the form QQZQl, where A is an integer matrix
with nonnegative entries. It follows from the Oseledets Multiplicative Ergodic
Theorem and the Oseledets-Pesin Reduction Theorem ([5, Th. 3.5.5, p. 77])
that 2l is an SB-sequence and that B (2() coincides with the strongly unstable
space of the cocycle A" at the zippered rectangle 2. The proof of the lemma
is complete.

3.3. The renormalization action of the Teichmiller flow on the space of
finitely-additive measures. We have the evaluation map

eval}: BH(2) —» R™,
which to a finitely-additive measure ® € B assigns the vector of its values

on vertical arcs of the rectangles HZ(»O), 1 =1,...,m. We must now check that
the map eval;%- is indeed an isomorphism between the space B (2") and the

strongly unstable space of the cocycle A B
Introduce a measurable fibre bundle B+V(R) over the Veech space V(R)
by setting

BIV(R) = {(£,9"7): 2 e V(R), o € BT(2)}.
Extend the map eval} to a bundle morphism
eval™: BHY(R) = V(R) x R™,
given by the formula

eval+<<%”, <I>+> = (%,eval%(@*‘)).
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By definition, the map eval® intertwines the action of the flow P>% on the

bundle B+V(R) with that of the flow P52 on the trivial bundle V(R) x R™.
Recall that for any s € R, we have a natural “tautological” map

ty: M(2) = M(P*Z)

given by (44). The bundle BTV(R) is now endowed with a natural renormal-
ization flow P$%" given by the formula

PR (2 &) = (P52, (t,),@7T).
We furthermore have a bundle morphism
evalt : BYY(R) = V(R) x R™
given by the formula
evalt (27, 0%1) = (27, evall-(T).
The identification of cocycles now gives us the following

PROPOSITION 3.6. Let Py be an ergodic P*®-invariant probability measure
for the flow P* on V(R). We have a commutative diagram

BHY(R) 5 P(R) x R™

J/Ps,%+ JVPS,.At

BHYR) 2 PR) x R™,

The map eval™ is injective in restriction each fibre. For Py-almost every 2 €
BFTV(R), the map eval™ induces an isomorphism between the space BT (Z)
and the strongly unstable Oseledets subspace of the cocycle A at the point 2.

Proof. Let m,, be the sequence of partitions given by Lemma 3.5, and let
2l be the corresponding SB-sequence of matrices. Since 2 is an SB-sequence,
the map evall, induces an isomorphism between B7(2") and B (A). (Recall
here that ng = 0.) Since BT (A) coincides with the unstable space of the
cocycle ﬁt, the proposition is proved completely. ([l

Using Proposition 3.6, we will identify the action of P2 on BT(V(R)
with the action of P*A on the strongly unstable Oseledets subbundle of V(R) x
R™ and speak of the action of the cocycle A’ on the space of finitely-additive
measures in this sense.

This renormalization action of the flow P? on the space of finitely-additive
measures will play a key role in the proof of the limit theorems in the next

section. We close this section by giving a sufficient condition for the equality
BH(X,w) =B (X,w).
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3.4. A sufficient condition for the equality BT (X,w) = BF(X,w). Let
(X, 1) be a probability space endowed with a u-preserving transformation T
or flow g5 and an integrable linear cocycle A over gs with values in GL(m, R).
For p € &, let Ey; be the the neutral subspace of A at p, i.e., the Lyapunov
subspace of the cocycle A corresponding to the Lyapunov exponent 0. We say
that A acts isometrically on its neutral subspaces if for almost any p, there
exists an inner product (-), on R™ that depends on p measurably and satisfies

<A(1,p)v, A(lvp)v>gsp = <U7 U)p’ vE EOﬁD

for all s € R. (Again, in the case of a transformation, g5 should be replaced
by T in this formula.)
The third statement of Proposition 3.1 has the following immediate

COROLLARY 3.7. Let Py be a Borel ergodic P?®-invariant probability mea-
sure on V(R), and let P = (wR)«Py be the corresponding gs-invariant measure
on H. If the Kontsevich-Zorich cocycle acts isometrically on its neutral sub-
space with respect to P, then the cocycle A’ also acts isometrically on its neutral
subspace with respect to Py.

Note that the hypothesis of Corollary 3.7 is satisfied, in particular, for the
Masur-Veech smooth measure on the moduli space of abelian differentials.
The following proposition is clear from the definitions.

PROPOSITION 3.8. Let Py be a Borel ergodic P®-invariant probability mea-
sure on V(R) such that the cocycle A acts tsometrically on its neutral subspace
with respect to Py. Let P = (wr).«Py be the corresponding gs-invariant ergodic
measure on H. Then for P-almost every abelian differential (M,w), we have
the equality

B (M, w) = B (M, w).

In other words, if the cocycle A" acts isometrically on its neutral subspace
with respect to Py, then any continuous finitely-additive measure must in
fact be Holder. Note that the assumptions of the proposition are verified,
in particular, for the Masur-Veech smooth measure on the moduli space of
abelian differentials. To prove Proposition 3.8 we use Proposition 3.1, which
implies that if the cocycle A acts isometrically on its neutral subspace with
respect to Py, then P-almost every abelian differential (M, w) admits an exact
Markovian sequence of partitions whose sequence of adjacency matrices is a
hyperbolic SB-sequence which, in turn, is sufficient for the equality

B (M, w) = B (M, w).
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4. Proof of the limit theorems

4.1. Qutline of the proof. The main element in the proof of the limit the-
orem is the renormalization action of the Teichmiiller flow P® on the bundle
BTY(R).

Start with the case when the second Lyapunov exponent of the cocycle
A s positive and simple with respect to a P?®-invariant ergodic probability
measure Py on ]7(7?,) Then, by Theorem 1, for Py-almost every zippered
rectangle 2" and a generic weakly Lipschitz function f of zero average, the
ergodic integral

exp(s)
/ Foht(z)dt
0
is approximated by an expression of the form
const - ®5 ,-(z,€*),

where the constant depends on f and @; 4 € BH(Z) is a cocycle belonging to

the second Lyapunov subspace of the cocycle A'. Note that the cocycle @; 7
is defined up to multiplication by a scalar; the double cover H' over the space
‘H in the formulation of the limit theorem is considered precisely in order to
distinguish between positive and negative scalars.

Now, Proposition 3.6 implies that the normalized distribution of the ran-
dom variable <1>2+’ 4 (x,e%) (considered as a function of x with fixed s) coincides
with the normalized distribution of the random variable @; psg(2,1). As-
signing to a zippered rectangle 2~ the normalized distribution of the random
variable CIDQ: 4 (x,e®) (considered as a function of 2 with fixed s) now yields the
desired map D; from the space of zippered rectangles (more precisely, from its
double cover) to the space of distributions. The fact that the normalized distri-
butions of the ergodic integrals are approximated by the image under the map
Dy of the orbit of our zippered rectangle under the action of the Teichmiiller
flow P? follows now from the asymptotic expansion of Theorem 1.

4.2. The case of the simple second Lyapunov exponent.

4.2.1. The leading term in the asymptotic for the ergodic integral. We fix
a P*-invariant ergodic probability measure Py on ]7(73) and start with the
case in which the second Lyapunov exponent of the cocycle A s positive
and simple with respect to the measure Py. Consider the Oseledets subspace
E{‘gr = Rh g corresponding to the top Lyapunov exponent 1 and the one-
dimensional Oseledets subspace Eg 4~ corresponding to the second Lyapunov
exponent. Furthermore, let EY; ,- be the subspace corresponding to the re-
maining Lyapunov exponents.
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We have then the decomposition
o =El g ®Ey 9 ©ES3 o
Denote by %I% = Rut, ’B;%, ’3;3’% the corresponding spaces of Holder

cocycles. A similar decomposition holds for the dual space E“, the strongly
unstable space of the cocycle A:

EY = El 9 ® EY 9 © E%3 4.

Again, denote by B] ,- = Rv™, B, ,, B, , the corresponding spaces of
Hoélder cocycles.
Choose 5 € B ,-, , € B, , in such a way that

(@, ®y) = 1.
Take f € Lip/(2), x € 27, T € R, and observe that the expression
(48) mq);(f)@;(x,T)

does not depend on the precise choice of <I>§t. (We have the freedom of multi-
plying @; by an arbitrary scalar, but then ®; is divided by the same scalar.)
Now for f € Lip}(2"), write

oF (2,T) = (/g fdy) T g (1) (@,T) + 8 (2. T),

where @; ;€ z y(Egg,y) In particular, there exist two positive constants C
and a depending only on P such that for any function f satisfying

fetipg(2), [ fav=o,
K
we have the estimate
T
| font @it —m (105 @.1)
0

(49) < C||fluipT? .

4.2.2. The growth of the variance. In order to estimate the variance of
the random variable fOT f o hf (z)dt, we start by studying the growth of the
variance of the random variable @; (@, T)as T — oo.

Recall that EVQ);%(Q:,T) = 0 for all T, while Varl,@;%(x,T) # 0 for
T # 0. Recall that for a cocycle ®F € B%,., ®F = T7.(v), we have defined

its norm |®*| by the formula |[®*| = |v|. Introduce a multiplicative cocycle
Hy (s, Z") over the flow P* by the formula
—t
Z
(50) Hg(s,%):w, veEEyy, v#0.

|v]

Observe that the right-hand side does not depend on the specific choice of

v # 0.
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By definition, we now have

(51) lim 108 H2(5, 2)

5—+00 S

= 0.

PROPOSITION 4.1. There exists a positive measurable function V' : 9(7@)
— Ry such that the following equality holds for Py-almost all 2~ € V(R):
(52) Var, @5 (z,T) = V(P*2)|®5 |*(Ha(s, Z))>.

Indeed, the function V' (2") is given by
_ Var, @] (z,1)
- egr

and the proposition is an immediate corollary of Proposition 3.6. Observe

(53) V(Z)

that the right-hand side does not depend on a particular choice of ®3 € EB; 2
dF #0.

Using (49), we now proceed to estimating the growth of the variance of
the ergodic integral

T
/ fohf(x)dt.
0

We use the same notation as in the introduction. For 7 € [0,1], s € R, a
real-valued f € Lipjgyo(% ), we write

(54) slp.simal= [ ronta

As before, let v be the Lebesgue measure on the surface M(Z2") corresponding
to the zippered rectangle 2 . As before, as = varies in the probability space
(M(Z),v), we obtain a random element of C[0,1]. In other words, we have a
random variable

(55) Slf,s]: (M(2),v) = C[0,1]
defined by the formula (54).
For any fixed 7 € [0,1], the formula (54) yields a real-valued random
variable
(56) Slf,s;r]: (M(Z),v) — R,

whose expectation, by definition, is zero.

PROPOSITION 4.2. There exist a« > 0 depending only on Py and a positive
measurable function C : V(R) x V(R) — Ry such that the following holds for
Py-almost all 2 € V(R) and all s > 0. Let ®F ,- € B ,, &, , € By, be
chosen in such a way that <<I>;r’%, Dy p)=1. Let f € Lipt(27) be such that

[ gar=0.my (5)#0,
M(Z) 2%
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Then

Var, &[f, ;1]
V(P2) (mg ()| @5 | Ha(s, 27))?

(57) —1| < C(Z,P°Z ) exp(—as).

Remark. Observe that the quantity (771(1327(f)\®;\)2 does not depend on
the specific choice of 5 € B, ®; € B, such that (], P, ) = 1. Indeed,
the proposition is immediate from Theorem 1, the inequality

IE(&]) — E(&3)] < suplé + & - Elé — &,

which holds for any two bounded random variables £1,& on any probabil-
ity space, and the following clear proposition which, again, is an immediate
corollary of Theorem 1.

PROPOSITION 4.3. There exist a constant a > 0 depending only on Py, a
positive measurable function C' : V(R)xV(R) — Ry, and a positive measurable
function V' : V(R) — Ry such that for all s >0 ,we have

(58) max |®F (z,e)| = V(P2 )Ha(s, Z°),
zeM

gée}g@[f, s;1](x)

V(P 2) (mg ()| @[ Ha(s, 27))?

(59) —1| < C(Z,P°Z ) exp(—as).
4.2.3. Conclusion of the proof. We now turn to the asymptotic behaviour

of the distribution of the random variable &[f,s] as s — co. Again, we will

use the notation m[f, s| for the distribution of the normalized random variable

Sl sl

\/ Var,8[f, s; 1] .

The measure m[f, s] is thus a probability distribution on the space C[0, 1] of
continuous functions on the unit interval.

For 7 € R, 7 # 0, we again let m[f, s; 7] be the distribution of the R-valued
random variable

(60)

S[f, s;7]

\/ Var, 8[f, s; 7] .

If f has zero average then, by definition, m[f, s; 7] is a measure on R of ex-
pectation 0 and variance 1. Again, as in the introduction, we take the space

(61)

(0, 1] of continuous functions on the unit interval endowed with the Tcheby-

shev topology, and we let 91 be the space of Borel probability measures on the

space C|0, 1] endowed with the weak topology (see [7] or the appendix).
Consider the space ]7(72)/ given by the formula

V(R) = {2 = (2 ,v),v € Bf 5, Jv| = 1}.
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The flow P* is lifted to ]7(72)/ by the formula
jt(s, CAL )

V=t
|

P2 ) = <PS%
A (s, Z )|

Given 27 € 17(72)/, 2 = (Z,v), write
(b;'_"%,/ - IV”X('U)
As before, write
V(Z') = Varl,@;%, (x,1).
Now introduce the map
D :V(R) — M
by setting Dy (2') to be the distribution of the C[0, 1]-valued normalized

random variable

ot . (x,
2200 (@ T), T € [0,1].
V(Z)

Note here that by Proposition 2.11, for any 79 # 0, we have Varyq);%(:n,m)
# 0 so, by definition, we have DJ (2”) € M.
Now, as before, we take a function f € Lipg 4 such that

/ fdv =0, mg- (f) #0.
M(Z) 2.2

As before, dp stands for the Lévy-Prohorov metric on 91, dkxr for the Kantor-
ovich-Rubinstein metric on 9.

PROPOSITION 4.4. Let Py, be a P*-invariant ergodic Borel probability mea-
sure on ]7(7?,) such that the second Lyapunov exponent of the cocycle A s poSs-
itive and simple with respect to Py. There exist a positive measurable function
C:V(R) x V(R) = Ry and a positive constant a depending only on Py such
that for Py-almost every 2" € 17(72)/, 2" = (Z,v), and any f € Lip,, ((2")
satisfying mz_Q/,(f) > 0, we have

(62) dup(m[f, s], Dy (P 27))
(63) dxr(m(f, s], Dy (P 27))

<C(Z,P°Z) exp(—as),
< C(Z,P°Z)exp(—as).
Proof. We start with the simple inequality

a c|

@ _°
b d

valid for any real numbers a, b, c,d. For any pair of random variables &1, &9

b—d| |a-—
<ol |2 ‘+ -

taking values in an arbitrary Banach space and any positive real numbers
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M, M, we consequently have

(64) sup | SL _ &2 My — M| sup|é — &f

My, M, M,y My Mo
We apply the inequality (64) to the C]0, 1]-valued random variables

51 = G[fa S]a 52 = (I);:PS,%”(‘T?T : 65)7

letting M7, My be the corresponding normalizing variances: M;=Var,&[f, s; 1],
My = Var,m|[f, s; 1].

Now take € > 0, and let 51,52 be two random variables on an arbitrary
probability space (£2,P) taking values in a complete metric space and such that
the distance between their values does not exceed . In this case both the Lévy-
Prohorov and the Kantorovich-Rubinstein distance between their distributions
(€1)4P, (£2)4P also does not exceed ¢ (see Lemma A.1). Proposition 4.4 is now

+

Ssuplﬁl"

immediate from equation (49) and Proposition 4.2.

It remains to derive Proposition 1.14 from Proposition 4.4. To do so, note
that the map Dy, originally defined on the double cover f}(R)/ of the space of
zippered rectangles, naturally descends to a map, for which we keep the same
symbol Dy, defined on the double cover H' of the connected component H
of the moduli space of abelian differentials. Indeed, it is immediate from the
definitions that the image Dy (2') of an element 2~ € ]7(72)/, 2= (2, v)
only depends on the underlying element (M (2"),w(Z"),v) of the space H'.
Proposition 4.4 is now proved completely. O

4.3. Proof of Corollary 1.16. For 2" € 9(72),, ot € B, let m[®T, 7] be
the distribution of the normalized R-valued random variable

o+ (x,7)
Var, 7 (z, T).

PROPOSITION 4.5. Let Py be a P*-invariant ergodic Borel probability mea-
sure on V(R). For Py-almost every 2" and any &+ € %}, O £ 0, the
correspondence

7 — m[® 7]
yields a continuous map from R\ 0 to M(R).

Proof. This is immediate from the Holder property of the cocycle ®* and
the nonvanishing of the variance Var,®* (z,7) for 7 # 0, which is guaranteed
by Proposition 2.11. O

As usual, by the omega-limit set of a parametrized curve p(s), s € R,
taking values in a metric space, we mean the set of all accumulation points of
our curve as § — oQ.

We now use the following general statement.
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PROPOSITION 4.6. Let (2, B) be a standard Borel space, and let gs be a
measurable flow on ) preserving an ergodic Borel probability measure u. Let
Z be a separable metric space, and let ¢ : Q — Z be a measurable map such
that for p-almost every w € § the curve p(gsw) is continuous in s € R. Then
there exists a closed set N1 C Z, such that for p-almost every w € Q, the set N
is the omega-limit set of the curve ¢(gsw), s € R.

The proof of Proposition 4.6 is routine. We choose a countable base
U = {Up}nen of open sets in Z. By ergodicity of gs, continuity of the curves
©(gsw), and countability of the family %, there exists a subset of full measure
O cCQ, u() =1, such that for any U € % and any w € ', the following
conditions are satisfied:

(1) if u(U) > 0, then there exists an infinite sequence s, — oo such that

¢ (9s.w) € U;
(2) if u(U) = 0, then there exists sp > 0 such that ¢(gsw) ¢ U for all
s > 5.

Now let 9t be the set of all points z € Z such that u(U) > 0 for any open
set U € % containing the point z. By construction, for any w € €/, the set 0N
is precisely the omega-limit set of the curve p(gsw). The proposition is proved.

Proposition 4.6 with Q@ = H', ¢ = DS’ and p an ergodic component
of P together with the Limit Theorem given by Propositions 1.14 and 4.4
immediately implies Corollary 1.16.

4.4. The general case.

4.4.1. The fibre bundles S(i)f)(R) and the flows pssS? corresponding to
the strongly unstable Oseledets subspaces. Let Py be an ergodic P*-invariant
probability measure on V(R), and let

0r=1>0>--->0,>0

be the distinct positive Lyapunov exponents of A" with respect to P. We
assume [y > 2.
For ' € V(R), let
0
v =R + By g @ - @ By o

be the corresponding direct-sum decomposition into Oseledets subspaces, and
let

B, =Rvy ©B] , & ©B ,

be the corresponding direct sum decomposition of the space %}.
For f € Lip}(27), we now write

+_ pt + +
Oy =@ p+ Qb+ g,
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+ +
where (I)i,f € %i,% and, of course,

+ _ +
Oy = (/M(%) fdu) -V,

For each i = 2,...,lp, introduce a measurable fibre bundle
SUV(R) = {(Z,v) : Z € V(R),v € Efy, |v| = 1}.
The flow P* is naturally lifted to the space SWV(R) by the formula
jt(s, 2
A, %M) |

4.4.2. Growth of the variance. The growth of the norm of vectors v € E;"

PSS (2 v) = <P53{

is controlled by the multiplicative cocycle H; over the flow P>SY defined by
the formula
[(A'(s, 2 )]

I
The growth of the variance of ergodic integrals is also, similarly to the previous
case, described by the cocycle H;.

For 2 € V(R) and f € Lip;, o(2), we write

(65) i(f) = min{j : ®F, # 0}.
We now define a vector vy € Ef( Y by the formula

Hi(s,(Z ,v)) =

gy
(66) Th(vy) = —LUL
i
PROPOSITION 4.7. There exists o > 0 depending only on Py and, for any
i=2,...,lg, positive measurable functions

VO SOPR) 5 Ry, D P(R) x V(R) — Ry

such that for Py-almost every 2" € V(R), any f € Lipg’o(%), and all s > 0,
we have

Var, (&[f, e*; 1])
VED) (PSS (D vp)) (Hy(s, (2, v5)))?

—1| < CO(Z, P2 )e .

Indeed, similarly to the case of a simple Lyapunov exponent, for v € E"%,
we write @ = Z5-(v) and set

V(2 v) = Var, ®] (z,1).

The proposition follows now in the same way as in the case of the simple
second Lyapunov exponent. The pointwise approximation of the ergodic in-
tegral by the corresponding Holder cocycle implies also that the variances of
these random variables are exponentially close.
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4.5. Proof of Theorem 2. For i = 2,..., [y, introduce a map
D :SOY(R) — M

by setting D;f (2", v) to be the distribution of the C[0, 1]-valued random vari-
able
7 (z,7)
VVar, (@ (2,1))
As before, by definition we have D} (2",v) € M. The measure m[f, s] €
9N is, as before, the distribution of the C]0, 1]-valued random variable

Jg P £ o hf (x)dt
JVar, (J £ o b (a)ar)

As before, let Iy = lp(Py) be the number of distinct positive Lyapunov expo-
nents of the measure Py,. For f € Liplto((%”), we define the number i(f) by
(65) and the vector vy by (66).

T € [0,1].

7€ [0,1].

THEOREM 4. Let Py, be a Borel P?-invariant ergodic probability measure
on V(R) satisfying lo(Py) > 2. There exist a constant o > 0 depending only
on P and a positive measurable map C' : V(R) x V(R) — R, such that for
Py-almost every 2 € V(R) and any f € Lipao(%), we have

dup(m[f, 5], D, (P*S"" (2 0p))) < C(2, P*2)e™™",
dir(m[f, 5], D (P> (2 0p))) < O(2, PP 2 )e.

The proof is similar to the proof of Proposition 4.4. Again, the er-
godic integral is uniformly approximated by the corresponding cocycle; the
uniform bound on the difference yields the uniform bound on the difference
and the ratio of variances of the ergodic integral and the cocycle considered
as random variables; we proceed, as before, by using the inequality (64) with
& = mlf,s], & = @}rﬂ.(f)(xm), and My, My the corresponding normalizing
variances. We conclude, again, by noting that a uniform bound on the dif-
ference between two random variables implies the same bound on the Lévy-
Prohorov or Kantorovich-Rubinstein distance between the distributions of the
random variables (using Lemma A.1 in the appendix ).

Theorem 4 now implies Theorem 2 in the same way in which Proposi-
tion 4.4 implies Proposition 1.14.

4.6. Atoms of limit distributions. Let 2 be a zippered rectangle, and
let (M,w) = (M(Z),w(Z)) be the underlying abelian differential. For x €
M(Z), let v (z) stand for the leaf of the vertical foliation containing z, and
let v (x) stand for the leaf of the horizontal foliation containing x. Our next
aim is to show that atoms of limit distributions occur at all “homoclinic times,”
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that is, moments of time tg such that there exists a point £ € M satisfying
hiy (z) € 75(2).

PROPOSITION 4.8. Let 2 be a zippered rectangle, and let

(M, w) = (M(Z),w(Z))

be the underlying abelian differential. Let & € M, and assume that T does lies
neither on a horizontal nor on a vertical leaf passing through a singularity of
the abelian differential w(Z). Let ty € R be such that hi & € v5,(2). Then
there exists a rectangle 11 of positive area such that for any r € Il and any
Ot € BH(Z'), we have
(67) q)+(x’ tO) = (b+(i‘a tO)

Proof. Let & = hf (), and write & = hy, (). Start with the case o > 0,
t1 > 0. By our assumptions, for sufficiently small positive t9, t3, the rectangles

II; = H(i‘,tg,tl —|—t3), II, = H(i,to —}—tg,tg)

are both admissible.
The desired rectangle II can now be taken of the form

I = TI(Z, tg, t3).

Indeed, take z € II. Our aim is to check the equality (67). Write x = hi z,
where 71 € 99(IT). We first check the equality

(68) O (z,t9) = T (21, 0).
But indeed, " (z1,t) = ®T(h; _,x,t) since II; is admissible, whence
ot (z,t0) = @ (x,tg — t) + O (b _y, t)
= ®T(z1,t) + T (hf 21,0 — t) = T (21, t0),
as desired. The equality
(69) T (w1,10) = DT (Z, o)

is a direct corollary of admissibility of IIo. Combining (68) with (69), we arrive
at the desired equality (68), and Proposition 4.8 is proved. O

For a fixed zippered rectangle 2" both whose vertical and horizontal flows
are minimal, the set of “homoclinic times” ty for which there exist z,z € X
satisfying & € v (%), # € 7 (), & = h;;:i, is countable and dense in R.
Proposition 4.8 now implies the following

COROLLARY 4.9. Let Py be a Borel P®-invariant ergodic probability mea-
sure on V(R). For Py-almost every 2 € V(R), there exists a dense set of
times tg € R such that for any ®* € BT, the distribution of the random
variable ®T (x,ty) has an atom.
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Our next step is to show that atoms of weight arbitrarily close to 1 occur
for limit distributions of our Holder cocycles. Informally, such atoms exist
when one admissible rectangle occupies most of our surface. More precisely,
we have the following

PROPOSITION 4.10. Let 2~ € V(R) satisfy Ago,%) > 1/2. Then there
exists a set I1 C M(Z") such that

(1) vo (IT) > (2/\30735) _ 1)h(10’%)

(2) for any @+ € BT(Z), the function & (z, hgo”%)) is constant on II.

)

Proof. We consider 2" fixed and omit it from notation. Consider the
partition
mo(2) =19 U uTI©
of the zippered rectangle 2. Let I be the interval forming lower horizontal
boundaries of the rectangles H,go), k=1,...,m, and set

I=5LHU. Ul

The flow transversal I carries the Lebesgue measure vy invariant under
the first-return map of the flow h on I. We recall that the first return map
is simply the interval exchange transformation (A, ) of the zippered rectangle

2 = (\,7,0). We recall that )\,(CO) is the length of I}, and that h;,o) is the height
of H,(CO). For brevity, denote ¢; = h(lo). By definition, h;g I; C I and we have

vi (LKD) 222 —1>0.
Introduce the set
II = {hix,O <7 <t,xr€Il,hyx €1}

The first statement of the proposition is clear, and we proceed to the proof of
the second. Note first that for any &+ € B7(2") and any 7,0 < 7 < ¢4, the
quantity ®*(x,7) is constant as long as z varies in I.

Fix &+ € B1(27), and take an arbitrary & € II. Write 7 = hj‘lxl, where
z1 € I, 0 < 1 <t;. We have hit

t1—T
o (h}

t1—T1

& € I, whence
z,m) =0T (z1,m)
and

Ot (7, 1) = T (&, 01 — 1) + T (A,

= <I>+(h:f1x1,t1 — 7'1) + ‘I’+(.%'1,7'1) = ¢’+($1,t1),

'i‘v’rl)

which concludes the proof of the proposition. We illustrate the proof by Fig-
ure 3. [l
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+ ~
hii T a1

Figure 3. Atoms of limit distributions

4.7. Accumulation at zero for limit distributions. Recall that for 27 €
9(7%)/, ot € B, @7 #£ 0, and 7 € R, 7 # 0, the measure m[®T, 7] is the
distribution of the normalized R-valued random variable

Ot (x,7)
Var, &+ (x, T)‘

As before, let MM(R) be the space of probability measures on R endowed with
the weak topology, and let 6y € 9M(R) stand for the delta-measure at zero.
Similarly to the introduction, we need the following additional assumption on
our P*-invariant ergodic probability measure Py on 9(7%)

ASSUMPTION 4.11. For any € > 0, we have
Py({2 A >1-e ) s 1-2h >0

By Proposition 4.10, in view of the ergodicity of Py, for almost every
2 € V(R) and every & € B, & # 0, the sequence of measures m[®+, 7]
admits atoms of weight arbitrarily close to 1. The next simple proposition
shows that the corresponding measures must then accumulate at zero (rather
than at another point of the real line).

PROPOSITION 4.12. Let pg be a probability measure on R such that

/le,ug(x) =0, /R:U2duo(x) =1

Let xp € R, and assume that

to({zo}) = B.
Then
-

1
52

|ol? <
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Proof. If xy = 0, then there is nothing to prove, so assume xy > 0. (The
remaining case zo < 0 follows by symmetry.) We have

—+00
| wduo(a) > Bao
and, consequently,

0
/ xduo(z) < —pxo.

Using the Cauchy-Bunyakovsky-Schwarz inequality, write

2
M/—Om a?dpio(z) > (M /_OOO fﬂduo(ﬂb‘))

whence, recalling that the variance of ug is equal to 1, we obtain

pol(=00.0) > [ xduo<x>)2

—0
and, finally,

1— 8> a3,
which is what we had to prove. O

As before, the symbol = denotes weak convergence of probability mea-
sures.

ProrosiTION 4.13. Let Py be a Borel ergodic P?-invariant probability
measure on 17(72) satisfying Assumption 4.11. Then for Py-almost every 2~ €
V(R) there exists a sequence 7, € Ry such that for any ®T € BH (L), we
have

m[®T, 7] = dp as n — oo.

This is immediate from Proposition 4.10 and Proposition 4.12.

COROLLARY 4.14. Let Py be a Borel ergodic P?-invariant probability mea-
sure on 17(7%) satisfying Assumption 4.11. Then for Py-almost every 2 €
17(7?,) there exists a sequence s, € Ry such that for any f € Lip$,0(%) satis-
fying q)}r # 0, we have

m[f, sp; 1] = do as n — oo.

Consequently, if f € Lipi’o(%) satisfies <I>}r # 0, then the family of measures
m[f, s; 1] does not converge in the weak topology on M(R) as s — oo and the
family of measures m[f, s| does not converge in the weak topology on M(CI0,1])
as § — 00.

Proof. The first claim is clear from Proposition 4.13 and the Limit Theo-
rem 4. The second claim is obtained from the Limit Theorem 4 in the following
way.
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First note that the set
(70) {m[@",1],0" € BH(Z),|0F| =1}

is compact in the weak topology. (Indeed, it is clear from the uniform con-
vergence on spheres in the Oseledets Multiplicative Ergodic Theorem that the
map T — m[®T, 7] is continuous in restriction to the set {®* : |[®F]| = 1}
whose image is therefore compact.) In particular, the set (70) is bounded away
from dg, and the function
K(Z)= inf dpp(m[®T, 1],
(Z) = . inf | dip(m{27,1],0)

is a positive measurable function on 17(73) Consequently, there exists kg > 0
such that

Py({% : R(%) > Iio}) > 0.

From ergodicity of the measure Py, and the Limit Theorem 4 it follows that the
family m[f, s;1], s € R, does not converge to dg. On the other hand, as we have
seen, the measure dg is an accumulation point for the family. It follows that
the measures m[f, s; 1] do not converge in M(R) as s — oo and, a fortiori, that
the measures m[f, s] do not converge in M(CI0, 1]) as s — oo. Corollary 4.14
is proved completely. O

Appendix A. Metrics on the space of probability measures

A.1. The weak topology. In this appendix, we collect some standard facts
about the weak topology on the space of probability measures. For a detailed
treatment, see, e.g., [7].

Let (X, d) be a complete separable metric space, and let 9t(X) be the space
of Borel probability measures on X. The weak topology on M(X) is defined as
follows. Let ¢ > 0, vy € M(X), and let fi,...,fr : X — R be bounded
continuous functions. Introduce the set

<5,i:1,...,k}.

The basis of neighbourhoods for the weak topology is given precisely by
sets of the form U(wy, e, f1,..., fx) for all € > 0, vy € M(X), f1,..., fr con-
tinuous and bounded. The weak topology is metrizable and there are several
natural metrics on 9(X) inducing the weak topology.

Uwo, e, fi,.-oy fr) = {VGW(X):‘/fidu—/fidyo
X X

A.2. The Kantorovich-Rubinstein metric. Let

Lipi = {f X —>R: s§p|f] <1, [f(z1)—f(z2)| < d(x1,x2) for all 21, 29 € X}.



LIMIT THEOREMS FOR TRANSLATION FLOWS 495

The Kantorovich-Rubinstein metric is defined, for 14,19 € 9(X), by the for-
mula

diw(vivs) = sup | [ i~ [ fan
feLipy(X) 1 %

The Kantorovich-Rubinstein metric induces the weak topology on Mt(X).
By the Kantorovich-Rubinstein Theorem, the Kantorovich-Rubinstein metric
admits the following equivalent dual description for bounded metric spaces.
Given vi,v9 € M(X), let Join(vy,ve) € M(X x X) be the set of probability
measures 7 on X X X such that projection of  on the first coordinate is equal to
v1, the projection of 7 on the second coordinate is equal to 5. The Kantorovich-
Rubinstein Theorem claims that

dKR(Z/la VQ) = inf / d(l’l, l‘g)d?].

n€Join(vy,v2)
XxX

A.3. The Lévy-Prohorov metric. Let By be the o-algebra of Borel subsets
of X. For B € Bx,e > 0, set

B ={ze X: inf d(z,y) <e}.
yeB

Given vy, v € IM(X), introduce the Lévy-Prohorov distance between them
by the formula
dip(vi,v2)=inf{e > 0: v1(B) < 1v2(B°) +¢,12(B) <11 (B°)+¢ for any B € B}.
The Lévy-Prohorov metric also induces the weak topology on IMt(X).
A.4. An estimate on the distance between images of measures. Consider
a probability space (Q2,Bq,P), and let &,& : @ — X be two measurable
maps. In the proof of the limit theorems, we use the following simple estimate

on the Lévy-Prohorov and the Kantorovich-Rubinstein distance between the
push-forwards (£1)«P, (£2)«P of the measure P under the mappings &1, &o.

LEMMA A.1. Let € > 0, and assume that for P-almost all w € Q, we have
d(&1(w),&2(w)) < e. Then we have

dKR((gl)*]P)y (52)*1[») < ¢,
dip((&)+P, (€2)P) <e.
The proof of Lemma A.1 is immediate from the definitions of the Kantor-
ovich-Rubinstein and the Lévy-Prohorov metric.
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