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The c-function expansion of a basic
hypergeometric function
associated to root systems

By J. V. STOKMAN

Abstract

We derive an explicit c-function expansion of a basic hypergeometric
function associated to root systems. The basic hypergeometric function in
question was constructed as an explicit series expansion in symmetric Mac-
donald polynomials by Cherednik in case the associated twisted affine root
system is reduced. Its construction was extended to the nonreduced case
by the author. It is a meromorphic Weyl group invariant solution of the
spectral problem of the Macdonald g¢-difference operators. The c-function
expansion is its explicit expansion in terms of the basis of the space of
meromorphic solutions of the spectral problem consisting of g-analogs of
the Harish-Chandra series. We express the expansion coefficients in terms
of a g-analog of the Harish-Chandra c-function, which is explicitly given
as product of g-Gamma functions. The c-function expansion shows that
the basic hypergeometric function formally is a g-analog of the Heckman-
Opdam hypergeometric function, which in turn specializes to elementary
spherical functions on noncompact Riemannian symmetric spaces for spe-
cial values of the parameters.
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1. Introduction

In this paper we establish the c-function expansion of a basic hypergeo-
metric function £, associated to root systems. Besides the base ¢, the basic
hypergeometric function £; depends on a choice of a multiplicity function k on
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an affine root system naturally associated to the underlying based root system
data. It will become apparent from the c-function expansion that £, formally
is a g-analog of the Heckman-Opdam [14], [15], [33] hypergeometric function,
which in turn reduces to the elementary spherical functions on noncompact
Riemannian symmetric spaces for special parameter values. We distinguish
three important subclasses of the theory: the reduced case, the GL,, case and
the nonreduced case.

In the reduced case £, is Cherednik’s global spherical function from [5], [7],
[8], or a reductive extension thereof. It is a Weyl group invariant, meromorphic,
self-dual common eigenfunction of the Macdonald g-difference operators, con-
structed as an explicit convergent series in symmetric Macdonald polynomials.
In the rank one case £, can be explicitly related to the basic hypergeomet-
ric series solutions of Heine’s basic hypergeometric g-difference equation (see
Section 5.3).

The GL,, case is a special case of the reduced case with the underlying
root system of type A,,_1. It is of special interest since it relates to Ruijse-
naars’ [35] relativistic quantum trigonometric Calogero-Moser model. In fact,
the associated Macdonald ¢-difference operators were first written down by
Ruijsenaars [35] as the corresponding quantum Hamiltonians.

In the nonreduced case the associated affine root system is the nonreduced
affine root system of type CVC,. The multiplicity function k& now comprises
five degrees of freedom (four if the rank 7 is equal to one). The associated basic
hypergeometric function £; was constructed in [42]. Duality of £; now involves
a nontrivial transformation of the multiplicity £ to a dual multiplicity function
k?. (We use the convention that the dual multiplicity function k¢ equals k in
the reduced case.) The associated Macdonald g-difference operators include
Koornwinder’s [22] multivariable extension of the Askey-Wilson [1] second-
order g¢-difference operator. It is the nonreduced case that is expected to be
amenable to generalizations to the elliptic level; cf. [34].

The basic Harish-Chandra series $n(-, ) with base point given by a torus
element 1 is a meromorphic common eigenfunction of the Macdonald ¢-differ-
ence operators having a converging series expansion of the form

Dy(t,y) = Wy(t,7) D Tu(t™,  Toly) =1
HEQ+

deep in the appropriate asymptotic sector, where (Q consists of the elements
in the root lattice that can be written as sum of positive roots. The prefactor
Wn(t,’y) is an explicit quotient of theta functions satisfying the asymptotic
Macdonald g¢-difference equations (see Section 3.3). It is normalized such that
it reduces to the natural choice (3.7) of the prefactor when restricting ¢ to

the g-lattice containing 7o 4, Where -y’ é (respectively 1) denotes the torus
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element associated to the k%deformation (respectively k-deformation) of the
half sum of positive roots; cf. (2.3). For the construction of the basic Harish-
Chandra series 5,7 we closely follow [31], [30].

Let Wy be the Weyl group of the underlying finite root system. The space
of common meromorphic eigenfunctions of the Macdonald g-difference opera-
tors has, for generic v, the Wy-translates 677('7 wy) (w € Wy) as a linear basis
over the field of quasiconstants. (This follows from combining and extending
[31, Cor. 5.14], [30, Rem. 5.13] and [43, Thm. 5.16].) Hence, for generic v, we
have
(L1) Er(t:7) =(10) " D Elwy)Py(t, w)

weWp
for a unique coefficient ¢, (), which turns out to be independent of ¢ due to the
particular choice 17\/\77 of the prefactor. We will call (1.1) the (monic form of)
the c-function expansion of £;. We will prove the following explicit expression:

w -1
(12 aufo) = (0

for the expansion coefficient, where wg € Wy is the longest Weyl group element,
J(+) is the theta-function (2.8) associated to the given root system data, ¢ is
an explicit torus element depending on the multiplicity function k& (see Corol-
lary 4.7 for the explicit expression of &; in the reduced case it is the unit element
1 of the complex torus) and cya ,(7) (4.9) is “half” of the inverse of the dual
weight function of the associated symmetric Macdonald-Koornwinder polyno-
mials. The expression of ¢ 4(-) as product of g-shifted factorials (equivalently,
as product of ¢-Gamma functions) is given by (4.10) in the reduced case and
by (4.11) in the nonreduced case. It is the ¢g-analog of the Gindikin-Karpelevic
[12] type product formula [14, Def. 6.4] of the Harish-Chandra c-function for
the Heckman-Opdam hypergeometric function.

Note that for n = 1, the theta function factors in the expression for ¢, ()
cancel out. The c-function expansion (1.1) thus simplifies to

(1.3) Ex(t,7) = crag(10) ™" D2 Cpagwn)@u(t, wy).
weWy

Comparing this formula for ¢ on the g-lattice containing - 4 to the c-function
expansion [15, Part I, Def. 4.4.1] of the Heckman-Opdam hypergeometric func-
tion, it is apparent that £, is formally a g-analog of the Heckman-Opdam hy-
pergeometric function. The corresponding classical limit ¢ — 1 can be made
rigorous if the underlying finite root system is of type Aj; see [21]. In this
paper we will not touch upon making the limit rigorous in general; see [7,
Thm. 4.5] for further results in this direction.

It is important to consider the c-function expansion for arbitrary n. In the
rank one nonreduced case, a self-dual Fourier transform with Fourier kernel £



256 J. V. STOKMAN

and (Plancherel) density

0= s
T &m0
was defined and studied in [20], [19]. The extra theta function contributions
in pu,(vy) compared to the usual weight function pq(y) of the Macdonald-
Koornwinder polynomials (which, in the present nonreduced rank one setup,
are the Askey-Wilson [1] polynomials) give rise to an infinite sequence of dis-
crete mass points in the associated (Plancherel) measure. In the interpretation
as the inverse of a spherical Fourier transform on the quantum SU(1,1) group
these mass points account for the contributions of the strange series represen-
tations of the quantized universal enveloping algebra (see [20]).

The basic hypergeometric function £ (t,7) is self-dual,

Ex(t,y) = 5+,d(7_1»t_1),

where £, 4 is the basic hypergeometric function with respect to the dual ke
of the multiplicity function k. This implies that £, (¢,7) solves a bispectral
problem, in which dual Macdonald ¢-difference equations acting on v are added
to the original Macdonald ¢-difference equations acting on t. We show that
a suitable, explicit renormalization ®(-,-) = ®(-,-;k,q) of the basic Harish-
Chandra series EE, also becomes a self-dual solution of the bispectral problem.
We will derive the c-function expansion (1.1) as a consequence of the more
refined asymptotic expansion of £,

(1.4) Ex(t,y) = D e(t,wy)®(t, wy),
weWy

where ¢(t,7) now is an explicit meromorphic function, quasiconstant in both ¢
and 7.

To prove the existence of an expansion of the form (1.4) we make essential
use of Cherednik’s [6] double affine Hecke algebra and of the bispectral quantum
Knizhnik-Zamolodchikov (KZ) equations from [31], [30]. We show that £, is
the Hecke algebra symmetrization of a nonsymmetric analog £ of the basic hy-
pergeometric function, whose fundamental property is an explicit transforma-
tion rule relating the action of the double affine Hecke algebra on the first torus
variable to the action of the double affine Hecke algebra on the second torus
variable. (This goes back to [5] in the reduced case and [42] in the nonreduced
case.) The Hecke algebra symmetrizer acting on such functions factorizes as
¢o1p with 1) mapping into the space K0*Wo of Weyl group invariant meromor-
phic solutions of the bispectral quantum KZ equations. The map ¢ is the differ-
ence Cherednik-Matsuo map from [3]. This implies that the basic hypergeomet-
ric function &, is the image under ¢ of the Weyl group invariant meromorphic
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solution (&) € KWoxWo of the bispectral quantum KZ equations. This ob-
servation is essential because it allows us to use the asymptotic analysis of the
bispectral quantum KZ equations from [31], [30]. It implies that the space K
of meromorphic solutions of the bispectral quantum KZ equations has a basis
over the field of quasiconstants defined in terms of Wy-translates of a self-dual
asymptotically free solution F'. The image of F' under the difference Cherednik-
Matsuo map ¢ is the self-dual basic Harish-Chandra series ® in (1.4).

In Theorem 4.6 we give an explicit expression of the quasiconstant coeffi-
cient ¢(t,7) in the expansion (1.4) as product of theta functions. The higher
rank theta function ¥(-) (2.8) and Jacobi’s one-variable theta function (2.7)
are both involved. The coefficient ¢(¢,~) splits in two factors; the first fac-
tor is an explicit product of higher rank theta functions, the second factor
is cga o (7)Ska q(7)/Lq(7y) with Ly(7y) the leading term of the asymptotic se-
ries of ®(-,) and S ,(7) the holomorphic function capturing the singulari-
ties of ®(t,v) in v (see Theorem 3.6 and Definition 3.8). The appearance of
the higher rank theta functions and of cya ,(v) is due to the asymptotics of
a suitable renormalization of the basic hypergeometric function £4(-,7); see
Corollary 4.3 and Proposition 4.5. (In the reduced case the asymptotics of the
basic hypergeometric function was considered by Cherednik [7, §4.2].) Sim-
ilarly to cga ,(7v), the factor Spa ,(7)/L4(7) can be explicitly expressed as a
product of g-Gamma functions. By the Jacobi triple product identity their
product cga ,(7)Ska 4(7)/Ly(7y) admits an expression as a product of Jacobi
theta functions.

Recently [45] explicit connection coefficient formulas for the self-dual basic
Harish-Chandra series ® are derived. They do not lead to a new proof of the
c-function expansion though; see [45, §1.5] for a detailed discussion.

As an application of the c-function expansion we establish pointwise asymp-
totics of the Macdonald-Koornwinder polynomials in Section 5.1. (The L2
asymptotics was obtained by different methods in [36], [9], [10].) In addition,
in Sections 5.2 and 5.3 we relate and compare our results to the classical the-
ory of basic hypergeometric series [11] when the rank of the underlying root
system is one.

2. The basic hypergeometric function

In this section we give the definition of the basic hypergeometric function
associated to root systems. It was introduced by Cherednik in [5] for irreducible
reduced twisted affine root systems. In [42] it was defined for the nonreduced
case (sometimes called the Koornwinder case, or CVC case). We give a uniform
treatment in which we allow extra freedom in the choice of the associated
translation lattice. This enables us to include the GL,,-extension of the reduced
type A case in our treatment.
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2.1. Affine root systems and extended affine Weyl groups. In this subsec-
tion we recall well-known facts on affine root systems and affine Weyl groups.
(For further details see, e.g., [6], [28].) Let V' be an Euclidean space of dimen-
sion m with scalar product (-, ) and corresponding norm |- |. Let Ry C V be
a finite set of nonzero vectors, and let V; be its real span. We suppose that
Ry C Vy is a crystallographic, reduced irreducible root system. We write Ry s
(respectively Ry ;) for the subset of Ry of short (respectively long) roots. If all
roots of Ry have the same root length, then Ry s = Ry = Rg; by convention.
Let n = dim(Vp) < m be the rank of Ry. Let Ag = (a4, ..., ay) be an ordered
basis of Ry and Ry = Rar U R, the corresponding decomposition of Ry in pos-
itive and negative roots. We order the basis elements in such a way that «,
is a short root. We write ¢ € R (respectively § € Ry) for the corresponding
highest root (respectively highest short root). They coincide if Ry has only one
root length. Let @Q = @i, Za; be the root lattice, and set Q4 = @i Z>00y.

View V = V @ Rc as the space of real valued affine linear functions on V
by

v+re:v = (v,0) +r, (v, € V,r € R).
We extend the scalar product (-, ) to a semi-positive definite form on V such
that the constant functions Rc are in the radical. The canonical action of
the affine linear group GLg(V) x V on V gives rise to a linear action on 1%
by transposition. We denote the resulting translation actions by 7. Thus
T(v)v' =v+ v and

T() (V' +re) = + (r — (v,0'))e.

For 0 # a € V and r € R, let sqqrc be the orthogonal reflection in the affine
hyperplane {v € V | (a,v) = —r}. Then sqyrc € GLr(V) x V. In fact,
Saire = T(—ra¥)s, with oV = 2a/|al?.
The twisted reduced affine root system R® associated to Ry is
. o =

R* = a+r70\a€R0, reZ; CV.
The affine Weyl group W* of R*® is the subgroup of GLg (V') x V' generated by
Sq (@ € R®). It preserves R®. In addition, W* ~ Wy x Q with W, the Weyl
group of Ry. We extend the ordered basis Ay of Ry to an ordered basis
o1

2

of R®. It results in the decomposition R® = R*T U R*~ of R® in positive and
negative roots.

The Weyl group Wy and the affine Weyl group W* are Coxeter groups,
with Coxeter generators the simple reflections s; := so, (1 < ¢ < n) respectively

A:(ag,al,...,an)::< c—9,a1,...,an>

S0 = SagySly -+ Sn-
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Let QY be the coroot lattice of Ry; i.e., it is the integral span of the
coroots a¥ = 2a/|al? (a € Rp). Fix a full lattice A C V satisfying Q@ C A and

(A,QV) cZ.

Remark 2.1. In this remark we relate the triples (Rp, Ao, A) to the notion
of a based root datum (cf., e.g., [38, §1] for a survey on root data). Using the
notations from [38, §1], suppose that ¥y = (X, ®, A, XV, ®V, AV) is a nontoral
based root datum with associated perfect pairing (-,-) : X x XV — Z and
associated bijection o — a of ® onto ®V. Assume that the root system ® is
reduced and irreducible. Choose a Weyl group invariant scalar product (-, ) on
V := R®zX. Now we use the scalar product to embed XV as a full lattice in V.
Thus £ € XV, regarded as element of V, is characterized by the requirement
that (&, ) equals (z,&) for all z € X. The element o € ®" then corresponds
to the coroot 2a//|a|? in V. Tt follows that the triple (Rg, Ag, A) := (@, A, X)
in V satisfies the desired properties.

Let
P={MeVy|(\aY)€EZ Vac Ry}
be the weight lattice of Ry. Let @0; € P (1 < ¢ < n) be the fundamental weights
of P with respect to the ordered basis Ay of Ry. In other words, @; € V is
characterized by (@i, ) = d;; (Kronecker delta function) for 1 < 4,5 < n.
Since @ C P with finite index and @ C A, there exists for each i € {1,...,n}
a smallest natural number m; such that w; := m;ww; € A. Then {w;}}; is
a basis of a Wy-invariant, rank n sublattice of A N V) with the basis elements

satisfying (ww;, af) = 0 if j # i and (@i, @) = m; € Zso. Set
Ac:=ANVE-

Note that LA C A, & @}, Zw; for L := my---m,. In particular, A, is a full
sublattice of V.
We list here the three key examples of triples (Rg, Ag, A).

Ezample 2.2. (i) If Vo = V, then a natural choice for A is the weight
lattice P. Then w; = ;.

(ii) Let V' = R™ with orthonormal basis {g;},. Take as root system of
type Ap—1 the set {e; — €;}1<izj<m and take as ordered basis

Ao = (81 —E£92,82 —E&3y,.+.3,EM—-1 — e’;‘m).
Then Vy C V is of codimension one and n = m — 1. In this case we can take
A = @, Ze;. The corresponding elements w; € A (1 < i < m) are given by
w; = m;w;, with m; the smallest natural number such that im; € mZ and
with .
Bi=er+tei— —(e+ o +em).

The lattice A is generated by 1 + -+ - + &
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(iii) Let Ry C Vp = V = R" be the root system of type A; if n =1 and of
type B, if n > 2. In this case we can take A = ). The corresponding elements
w; (1 <1i<n)are given by w; = w; (1 <i<n) and w, = 2w,. They form a
basis of A.

We call W := W, x A the extended affine Weyl group associated to the
triple (Ro, Ap, A). It preserves R®, and it contains the affine Weyl group W*
as normal subgroup.

The length function on W is defined by

l(w) = #(R"+ N w_1R°’_), weW.
Let Q C W be the subgroup
Q={weW|l(w) =0}

It normalizes W*, and W ~ Q x W*. In particular, Q ~ W/W*® ~ A/Q as
abelian groups.

The action of €2 on R® restricts to an action on the unordered basis
{ag,...,an} of R®*. We also view it as action on the indexing set {0,...,n}
of the basis, so that ws;w™" = Sw(iy for w € Q@ and 0 <4 < n. By the same
formula, €2 acts on the affine braid group B associated to the Coxeter system
(W*, (s0,---,8,)) by group automorphisms.

The elements of the group {2 can alternatively be described as follows. For
A € A, write u(\) € W for the unique element in the coset Wyr(\) C W of
minimal length. We have u(\) = 7(\) if A € A~ where

Af:={AeA| £(\,a¥)>0 VYacR]}
is the set of dominant and antidominant weights in A respectively. Let

A+

min

={AeA|0<(\,aY)<1 VaceR{}

be the set of miniscule dominant weights in A. Then Q = {u(\)| A € Al 1.
Note that (A,a") = Z or = 2Z for a € R*, where a" = 2a/(a,a). Define
a subset S = S(Rp, Ao, A) of the index set {0, ...,n} of the simple affine roots
by
S:={ie{0,...,n} | (A q)) =27Z}.

Case-by-case verification shows that S = @) or #S = 2. If #S = 2 and
n =1 then Ry is of type Ay. If #5 = 2 and n > 2, then Ry is of type B,, and
S ={0,n} (recall that «, is short). We call S = () the reduced case and #S = 2
the nonreduced case. Thus the GL,, case (corresponding to Example 2.2(ii))
will be regarded as a special case of the reduced case.

We define a A-dependent extension of the reduced irreducible affine root
system R*® as follows.
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Definition 2.3. The irreducible affine root system R = R(Ry, Ag,A) C v

is defined by
R:=R"U | W*(2qy).
=

In the reduced case we simply have R = R®. In this case the W-orbits of
R are in one-to-one correspondence with the Wy-orbits of Ry. Concretely, the
affine root o + r%c € R lies in the same W-orbit as § + r’@c € R if and
only if o € W 5.

In the nonreduced case, we have

R = R* UW (2a0) UW (2a,,).

It is the nonreduced irreducible affine root system of type CVC,,; cf. [26]. The
basis A of R® is also a basis of R, and W is still the associated affine Weyl
group. Note that R now has five W-orbits:

W(a0)7 W(Qaﬂ)a W(SO), W(0)7 W(QG)
In the nonreduced case, AT. = A, and A = Q @ A.; hence W = A, x W°.

min
The reductive extension A. of the root lattice will always play a trivial role in
the nonreduced case. To simplify the presentation we will therefore assume in
the remainder of the paper that Vj = V, in particular A = @, A, = {0} and

1 = {1}, if we are dealing with the nonreduced case.

2.2. The double affine Hecke algebra. References for this subsection are
[6], [28], [39]. We call a function k : R — C*, denoted by a — k,, a multiplicity
function if ky, = k, for w € W and a € R. We will assume throughout the
paper that

(2.1) 0<kys<1l VaeR

We write £® for its restriction to R® and k; := kg, for 0 < i < n. We set
kog :=kq if a € R and 2a ¢ R.

Definition 2.4. (i) The affine Hecke algebra H®(k®) = H*(Ry, Ao; k®) is

the unique associative unital algebra over C with generators Ty, ..., 1T; satis-
fying the affine braid relations of B and satisfying the quadratic relations

(T; — k) (T; + k1) =0, 0<i<n.

(ii) The extended affine Hecke algebra H(k®) = H(Rp,Ao;k®) is the
crossed product algebra Q x H®(k®), where 2 acts by algebra automorphisms
on H*(k*) by w(T;) = T, for w € Q and 0 <7 < n.

Recall that the lattice A is Wjy-stable; hence Wy acts on the complex
algebraic torus T = Hom(A, C*) by transposition. Writing ¢* for the value of
t €T at A\ € A, we thus have (w™'t)* = ¥ for w € Wy.
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Fix 0 < ¢ < 1. The Wy-action on T extends to a g-dependent left W-action
(w,t) = wqt on T by
T(\) gt = ¢,

where ¢* € T is defined by v+ ¢,

Let C[T] be the space of regular functions on 7" with C-basis the monomials
t +— t* (A € A). Let C(T) be the corresponding quotient field. Let M(T) be
the field of meromorphic functions on 7. By transposition the g-dependent
W-action on T gives an action by field automorphisms on both C(7T") and
M(T). This action will also be denoted by (w,p) — wgp. Let C(T) xq W C
M(T) x4 W be the corresponding crossed product algebras. They canonically
act on M(T) by g-difference reflection operators.

2
Fort €T and a = « —i—r%c € R*®, write
tg = aot”,

lo? . .
where ¢, := ¢ 2 . Define for a € R*® the rational function ¢, = ¢4(-; k,q) €

C(T) by
(1 — kakaat®) (1 + kaky, t2)

(2.2) co(t) := 0 )1+ £2)

It satisfies cq(w, ') = cwa(t) for a € R* and w € W. The following funda-
mental result is due to Cherednik in the reduced case (see [6, Thm. 3.2.1] and
references therein) and due to Noumi [32] in the nonreduced case.

THEOREM 2.5. There exists a unique faithful algebra homomorphism
T =Tgq: H(E®*) = C(T) xg W
satisfying
Tkq(Ti) = ki + ki_lcai(si,q - 1), 0<i<n,
Th.q(w) = wg, w € Q.

Remark 2.6. In the reduced case 7y, 4 is a one-parameter family of algebra
embeddings of H(k®) (with ¢ being the free parameter). In the nonreduced
case, Ty 4 1S a three-parameter family of algebra embeddings of H(k®) (with
q, k2o, k2q, being the free parameters).

The double affine Hecke algebra H = H(k,q) is the subalgebra of the
crossed product algebra C(T") x4 W generated by C[T]| and 7 4(H(k®)). In
the remainder of the paper we will often identify H(k®) with its 7y, ;-image in
H(k,q). In addition, for A 4+ rc (A € A and r € R), we write

X(;\-l—rc — quA
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for the element in the double affine Hecke algebra corresponding to the regular
function t — ¢"t* on T.

Under the canonical action of C(T') xg W on C(T'), the subspace C[T] is
H-stable. It is called the basic, or polynomial, representation of the double
affine Hecke algebra.

2.3. Nonsymmetric Macdonald-Koornwinder polynomials. The results on
nonsymmetric Macdonald and Koornwinder polynomials in this subsection are
well known. In the reduced case they are due to Cherednik (the definition of the
nonsymmetric Macdonald polynomial was independently given by Macdonald);
see, e.g., [6, §3.3] and [28] and references therein. In the nonreduced case
the results in this subsection are from [32], [37], [40]. The current uniform
presentation of these results follows [39].

For w € W with reduced expression w = u(\)s;, ...s;, (A € A, 0 <
ij <nandl=I(w)), we write

Ty = u(N)T}, -~ T, € H(k®).

The expression is independent of the choice of reduced expression. By unpub-
lished results of Bernstein and Zelevinsky (cf. [25]), there exists a unique in-
jective algebra homomorphism C[T'] < H(k®), which we denote by p — p(Y),
such that Y* = Tj(y) for A € AT. Its image in H(k®) is denoted by Cy|[T].
The center Z(H (k*)) of H(k®) is Cy [T]"0.

For € C* and a € Ry, define 2* € T by A — ") (X € A). Let
70 = vo(k) € T be the torus element

11 a
(23) Y0 ‘= H <ko2‘k;+\a|20/2) ) eT.

+
aERy

More generally, define for A € A the element vy := v (k,q) € T by

I = u(N)g70-
For A € A~, we thus have v\ = ¢*o.

THEOREM 2.7. Let A € A. There ezists a unique P\ = Py(-; k,q) € C[T]
such that

Teq((Y))Px=p(v, )Py Vp e C[T)
and such that the coefficient of t* in the expansion of Py(t) in monomials t¥
(v € A) is one.

P, is the monic nonsymmetric Macdonald polynomial of degree A in the
reduced case and the nonsymmetric monic Koornwinder polynomial in the
nonreduced case. We refer to P, in the remainder of the text as the monic
nonsymmetric Macdonald-Koornwinder polynomial. (Similar terminology will
be used later for the normalized and symmetrized versions of Py.)
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Write k=1 for the multiplicity function a — k;*. Similarly to Theorem 2.7,
there exists, for A € A, a unique P = P§(-; k,¢) € C[T] such that

T-1,4-1(p(Y))Py =p(w)Py  VpeC[T|

and such that the coefficient of t* in the expansion of P{(t) in monomials ¢
(v € A) is one.

Next we define the normalized versions of Py and Pj. For this we first
need to recall the evaluation formulas for Py and P.

The multiplicity function k¢ on R dual to k is defined as follows. In the
reduced case, k% := k. In the nonreduced case, k:g = ko, k:g@ := kg and the
values on the remaining W-orbits of R are unchanged. Set 4 = 71 (k%, q).
The evaluation formulas for the nonsymmetric Macdonald-Koornwinder poly-
nomials then read

(2.4) Pyx(v0,2) = 11 (k9 ea(v0: k%, q),
a€R®TNu(A)~ 1R~
P(1oq) = 11 kdea(g ' (KD a7,

a€R*+Nu(\)~1R®~

By the conditions on the parameters k, and ¢, we have Py(y0.4) # 0 # P (fy& é)
for all A € A. Hence the following definition makes sense.

Definition 2.8. Let A € A. The normalized nonsymmetric Macdonald-
Koornwinder polynomial E(vy;-) = E(7va; 5k, q) € C[T] of degree X is defined
by

Py(t)
E(vy\t) i = ———.
(3?) Pr(70,4)
Similarly, we define E'(vy ;) = E'(vy 'k, q) € C[T] by
_ Pi(t
E/('y)\l;t) = //\7(_)1
P(v0,a)

It is related to E(yx;t) by the formula

(2.5) El(7;1§ til) = k;g (ﬂ-k,q(Two)E(’y—woA; ))(t)v

where wg € Wy is the longest Weyl group element and ky, =[] RErw-1R; ko
for w € Wy. (See [6, (3.3.26)] for a proof of (2.5) in the reduced case; its proof
easily extends to the nonreduced case.)

An important property of the nonsymmetric Macdonald-Koornwinder poly-
nomials is duality,

E(vavwdi k@) = E(vua;va k% q), YA v €A,

A similar duality formula is valid for E'.
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Define N(\) = N(X;k,q) (A € A) by

Cfa(Vo; kda Q)
N()\) = LA ALEL
aGR‘,+ﬂ11L_(‘[)\)_1R°7— ca(v0: k%, q)

They appear as the quadratic norms of the nonsymmetric Macdonald-Koorn-
winder polynomials. Concretely, if the parameters satisfy the additional con-
ditions \k’ak;al] <1 for all a € R (this only gives additional constraints in the
nonreduced case), then

<E(7A; R k> Q), E(PYV_l; k_la q_1)>k,q = (17 1>k,qN(>\; ka Q)d)\,u

for all A\, v € A with respect to the sesquilinear pairing

(P1,P2)k g :—/T pl(ﬂW( I1 m)dt p1,p2 € C[T].

acRe+ ¢

Here T, := Hom(A, S') C T with S! the unit circle in the complex plane, and
dt is the normalized Haar measure on the compact torus 7y,.

2.4. Theta functions. The results in this section are from [6, §3.2] in the
reduced case and from [42] in the nonreduced case.
The g-shifted factorial is

r—1

(x; q)r = H(l — ¢'z), r € ZL>o U {oo}.
i=0

(By convention, empty products are equal to one.) The g-Gamma function is

q)l—x (q; q)oo .

see [11, §1.10]. Set
(2.7) 0(x;q) == (6:9)__(w:9) _(a/m:q) -

7‘2
It is the Jacobi theta function 702 q7(—q_%x)r, written in multiplicative

form via the Jacobi triple product identity. It satisfies the functional equations
r(r—1)
0(¢"z;q) = (—x) """~ 2 O(x;q) Vrel
The theta function associated to the lattice A is the holomorphic Wy-invariant
function ¥(-) = ¥ (:) on T defined by

(2.8) ()= qgtA.

AEA

Since the base for 9(-) will always be ¢, we do not specify it in the notation. The

2
theta function 1J(-) satisfies the functional equations ¥(q*t) = qf%t_’\ﬁ(t) for
all A € A.
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Remark 2.9. We will always specify the variable dependence, 6(+;¢) and
9(+), to avoid confusion with the highest short root 6 and the highest root
of R().

Definition 2.10. Define G = G, € M(T) by

in the reduced case and

1

o0

Gt) = (q5:05) . TI (—aokokyet™;a3)

a€Rp,s

o0

in the nonreduced case.
Note that G(-) is Wy-invariant, and that G(t) = G(t71).

Remark 2.11. In the nonreduced case the set R8’+ of positive short roots
is an orthogonal basis of V' and a Z-basis of A = @ (cf. Section 5.2). By the
Jacobi triple product identity it then follows that G(t) equals ¥(t)~! in the
nonreduced case if kg = kaq,-

We recall the most fundamental property of G(-) in the following propo-
sition. It implies that G(-) serves as the analog of the Gaussian in the context
of the double affine Hecke algebra. For proofs and more facts, we refer to [5],
[42].

PROPOSITION 2.12. (i) Given a multiplicity function k on R, the assign-
ment kg, = koag, k3o, = koo and kg, = ka;, k3, = kaq, for 1 < i < n
determines a multiplicity function k™ on R.

(ii) There erists a unique algebra isomorphism T : H(k,q) — H(kT,q)
satisfying

7(Tp) = Xq—“OTO—l,

(X)) = X*, A €A,
2
(V) = ¢~ 3 X (), AeAF. .

(iii) For all Z € H(k,q), we have
Gra(VZGrg( )™ =7(2)

in M(T) xqg W, where we view both H(k,q) and H(k?,q) as subalgebras of
M(T) g W.
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2.5. The nonsymmetric basic hypergeometric function. The nonsymmetric
Macdonald-Mehta weight Z(-) = Z(;k,q) : A — C is
G- r
2k, q) == krag(Mr) . 7
Gra o(70,7)N(A; k97, q)
where vy, = 1 (k7,q), k™ = (k7)? and k9 = (k%)". (See [5, §7] in the
reduced case and [40, §6.1] in the nonreduced case.) We have Z(0;k,q) = 1
and
(2.9) E(Ak,q) = E(X k% q),
E(—woAs k, q) = E(Aik, q)
for all A € A. Due to the factor Gyra ,(7-) in the weight Z()), the discrete
Macdonald-Metha integral M := M (k,q) defined by

M = G(0; k7, )G (r0,a: k™, q) D E(Ai k. q)
AEA

is convergent. It can be evaluated explicitly; see [5, Thm 1.1] in the reduced
case and [42, Prop. 6.1] in the nonreduced case. It will play the role of
normalization constant for the (nonsymmetric) basic hypergeometric function.

For i € {1,...,n}, we denote the simple root —wpa; by a;+. Write K for
the field of meromorphic functions on 7" x T.

THEOREM 2.13. (i) There exists a unique anti-isomorphism § : H(k, q) —
H((k®) ™, ") satisfying

§T) =T, 1<i<n,
E(YH) = X woA, €A,
E(XP) = Ty YT, L, A €A

(ii) There exists a unique E(-,-) = E(-, 1 k,q) € K satisfying

(1) (t,y) — ka7q(t)_1deT7q(*y)_15(t,7; k,q) is a holomorphic function on
TxT,

(2) 71,,(2)E = ﬂ?kd),l,q,l(g(Z))E for all Z € H(k,q), where ©'(Z) and
7(&(Z)) are the actions of n(Z) and w(§(Z)) on the first and second

torus variable respectively,
(3) €(v0,a,70) = 1.
Ezxplicitly,
E(t, vk, q)

= My, Gir o(8)Grar (1) Y Ok, ) E(Ywor 73 KT ) B (9 437 K77, 0),
AEA

with Y47 = YA(k?,q). The sum converges normally for (t,7) in compacta of
TxT.
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Proof. (i) Set (If)(t) := f(t7!) for f € C(T). There exists a unique
algebra isomorphism 7 : H(k,q) — H(k™1,¢71) such that m4(Z) ol = I o
Tr-1,4-1(n(Z)) for all Z € H(k, q) (both sides of the identity viewed as operators
on C(T')). Then

§(2) = Ty (S((2)) Tl
with § : H(k™, ¢7') = H((k%) ™', ¢~ !) the linear duality anti-isomorphism
mapping T; to T, * (1 <4 < n), X* to Y™ and Y* to X~ (A € A). See
[6, §3.3.2] in the reduced case and [37] in the nonreduced case for further details
on the duality anti-isomorphism 4, as well as [16], [13].

(ii) A nonsymmetric kernel function & € M(T x T) was defined and
studied by Cherednik [5, §5] in the reduced case (denoted in [5] as £,-1) and
by the author [42, §5] in the nonreduced case (denoted in [42] as &;). Its
transformation property with respect to the actions of the double affine Hecke
algebra is

T (2)E =7 Tty 1, ~10(2)E  VZeH®k g

Our kernel € can be expressed in terms of & by

E(t,y) = ( T (k)1 —1 Twy) g) t_l
up to normalization; cf. the proof of (1) O

Definition 2.14. We call £(-,-) = &(-,; k,q) the nonsymmetric basic hy-
pergeometric function associated to the triple (Rg, Ag, A).

Remark 2.15. As already noted in the proof of Theorem 2.13, the def-
inition of the nonsymmetric basic hypergeometric function £ differs slightly
from the definitions of the kernel functions in [5], [42], [7]. With our definition
of &£, the connection with meromorphic solutions of the bispectral quantum
Knizhnik-Zamolodchikov equations will be more transparent (see Section 3.1).
The difference between the definitions disappears upon symmetrization; cf.
Section 2.6.

Note that £(-,7) for v € T such that Gya- ,(7) # 0 is a meromorphic
solution of the spectral problem

Thg(P(Y))f = (wop)(v"")f  VpeC[T].

In view of Theorem 2.13 we actually have & € V =V}, 4, where

(210) Vg = {f €K | nb (D) =y 1 1 (€(2)] VZ eH]).
V is a vectorspace over FYoxXWo with F C K the subfield
(2.11) Fi={f €K | f(g",¢"7) = f(t7) VAN €A}

of quasiconstant meromorphic functions on 7" x T'.
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PRrROPOSITION 2.16. (i) The involution v of K, defined by (vf)(t,y) =
f(y=1t7Y), restricts to a complex linear isomorphism

L|Vk,q : Vk,q L> de,q'
(ii) The nonsymmetric basic hypergeometric function £ is self-dual:
L(g(" " k? Q)> = g(? ) kd> Q)
Proof. (i) Let f € Vi 4, and set g := ¢f. Recall the isomorphism 7 from

the proof of Theorem 2.13. Denote 1y for the isomorphism 7 with respect to
dual parameters (k% ¢). Then

T ()9 =T 41(E(2))g VY Z €H(K, q),

with anti-isomorphism € = 57! o & oy : H(k% q) — H(k™!,¢'). Since
n(T;) = T;7 ', n(XA) = X and n(Y?) = T, Y ML for 1 < i < n and
A € A (cf. [6, Prop. 3.2.2]), € is the anti-isomorphism ¢ with respect to dual
parameters (k¢,q). Hence g € Vid 4-

(ii) It follows from the explicit series expansion of £, (2.5) and (2.9) that

L(g('a 5k, Q)) = deg(Two)W]Z—l’q—l (Two)g('v i kd, Q)'
But this equals £(-,; k¢, q) since &(Ty,) = Ty O

2.6. The basic hypergeometric function. We first recall some well-known
facts about symmetric Macdonald-Koornwinder polynomials from, e.g., [6],
(28], [32], [37], [42]. For p € C[T]"°, we decompose the g-difference reflection
operator 7y, ,(p(Y')) associated to the central element p(Y') € Z(H (k*®)) as

Teq(@(Y)) = Y DEtw,, Dhi € C(T) xq T(A).
weWy

The Macdonald operator D, = D;f’q associated to p is defined by

k. ._ k,q
Dyt:= ) Dyi.
weWy

The Macdonald operators D,, (p € C[T]"0) are pairwise commuting, Wp-equi-
variant, scalar g-difference operators (see, e.g., [24, Lemma 2.7]). Explicit
expressions of D,, can be given for special choices of p € C[T]"?, in which case
they reduce to the original definitions of the Macdonald, Koornwinder and
Ruijsenaars g-difference operators from [27], [22] and [35] respectively (see [28,

§4.4]).
The idempotent

1 .
5 Y kT € H(E®)

Cpi= ——
ZweWo W weW,
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satisfies T;C4 = k;Cy = C,.T; for 1 < i < n. (We do not specify the k®*-depen-
dence of C', it will always be clear from the context.) It follows that 7 ,(C5) :
M(T) = M(T) is a projection operator with image M(T)"°. Consequently,
if f € M(T) satisfies the g-difference reflection equations

Thq(p(Y))f =p(v")f  VpeC[T]™

for some v € T, then fy = m; (C4)f € M(T)V0 satisfies

Dpfy =p(v )fy  Vpec™.

In particular, the normalized symmetric Macdonald-Koornwinder polynomial
Ei(yxi-) = mrg(Cy)E(ya;-) € CITTY0, A€ A™

satisfies
Dp(E+(va:7) =p(yy NE4+(1ai)  VpeC[T]™,
The monic symmetric Macdonald-Koornwinder polynomial
PY()=P{(5kq)eClTI™,  xeA”
is the renormalization of E (v,;-) having an expression
Pt = Y dutt
HEQ+

in monomials with leading coefficient dy = 1. Then
E.(yxi7) = PY (70.0) 7 Py ()

since E4 (7x;70,4) = 1. Self-duality and the evaluation formula for the symmet-
ric Macdonald-Koornwinder follow from the corresponding results for the non-
symmetric Macdonald-Koornwinder polynomials by standard symmetrization
arguments. Alternatively, they can be derived from the asymptotic analysis of
the bispectral quantum Knizhnik-Zamolodchikov equations; see Remark 3.11.

Before symmetrizing the nonsymmetric basic hypergeometric function &,
we first introduce and analyze the natural space it will be contained in; cf. [31,
Def. 6.13] for GL,, and [30, Def. 6.4] for the reduced case.

Definition 2.17. We set U := Uy, 4 for the F-vector space of meromorphic
functions f on T x T satisfying

(2.12) (DEF) () =p(y 1) f(E7),
(D) £)(t, ) = p(t)£(t.7)

W, = EH gt .1 ..

for all p € C[T)"°, where D, = D . The superindices ¢ and v indicate

that the g-difference operator is acting on the first and second torus component
respectively.
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Note that U is a Wy x Wy-invariant subspace of K.

View 7r,t€7q(C’+) and W(de),lﬁq,l(CjL) as projection operators on K. Their
images are KWox{1} and K{B*Wo regpectively.

LEMMA 2.18. (i) The restrictions of the projection operators 7r};7q(0+) and
W?kd)—l,q—l(CJr) to Vi,q coincide and map into Z/{mxwo.
(ii) The involution v of K restricts to a complex linear isomorphism

L‘uk’q : Ukﬂ ;> de,q'
(iii) For all f €V,
Wmi(cﬁ)ﬂf)—-Wﬂkq(C¥)f)

Proof. Since {(Cy) = C, the restrictions of ﬂqu(C’Jr) and W(Wkd),17q,l (Cy)
to Vi 4 coincide. Let f € Vj,, and set fy := 7T]t€7q(C+)f. Since &(p(Y)) =
p(X~Y) for all p € C[T]"0 and since the projection operator my,(Cy) on
K has range K"o*{1}  the meromorphic function f+ satisfies the first set of
equations from (2.12). For the second set of equations of (2. 12) note that f
is Wp-invariant in the second torus component since f, = W(kd) _1(C+) f.

Then for p € C[T]",

DZ()kd) 1 71f+ = W?kd)—lyq—l(Cer(Y))f
(

Il I
503

Il
3
2
=
<

since £(p(X)) = Twyp(Y)Ty,. Hence fy € U WOXWO , proving (i). Part (iii)
follows from (i) and the fact that

Lo (Cy) =y 1(Cy)

(which in turn follows from the fact that n(Cy) = C4). It remains to prove (ii).
It suffices to show that To DF9o] = D’;_l’q_l for p € C[T]"° as endomorphism
of M(T), where (Ig)(t) := g(t~'). This follows from n(p(Y)) = p(Y) for
p € C[T]™0; cf. the proof of Proposition 2.16 (see also [30, Lemma 6.2]). O

The nonsymmetric basic hypergeometric function £ associated to the
triple (Rp, Ao, A), being a distinguished element of V, thus gives rise to a dis-
tinguished Wy x Wy-symmetric meromorphic solution of the bispectral problem
(2.12).

Definition 2.19. We call E.(-,-) = E4(-, 1k, q) = W]i:’q(CJr)g(',‘;k,(I) €
UWoxWo the basic hypergeometric function associated to the triple (Rg, Ag, A).
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In the reduced case, & is Cherednik’s [5], [7] global spherical function. In
the nonreduced case, &4 was defined by the author in [42].

We list the key properties of the basic hypergeometric function in the
following theorem.

THEOREM 2.20. (i) Ezplicit series expansion:

5+(t77;k,Q)=M;§;GkT (t)Grar 4(7)

x> ETN k) By (s kT ) By (aar v R, q)
NEA-

with T (A k, q) == Y ,ewor E(v; k,q). The sum converges normally for (t,~)
in compacta of T x T.
(ii) Inversion symmetry:

Exlt,yik,q) = E(t7 77k, ).
(iii) Duality:
W& (k) = E4 (k% q).
(iv) Reduction to symmetric Macdonald-Koornwinder polynomials:
Er(t, ik, @) = BEv(nsitik,g)  VAEA,

with \_ € A~ the unique antidominant weight in the orbit WyA.

Proof. We only sketch the proof. For detailed proofs, see [5] in the reduced
case and [42] in the nonreduced case.

(i) This follows from rather standard symmetrization arguments, using
the fact that m(C4)E(7,;-) only depends on the orbit Wy of A and that

(2.13) EL (73 51) = B (Y-wonit™)

for A € A=, where E', (vy';") i= mp-1,4-1(C4)E' (73 ' +). Formula (2.13) is a
direct consequence of (2.5).

(ii) This follows from (i) and the formula Ey(yy;t™1) = Eq(v_woa;t) for
A € A™. The latter formula is a consequence of (2.13) and the fact that
E (7 't) = Ex (s t) for A € A~ (see, e.g., [28, (5.3.2)]).

(iii) This follows from (i) and the self-duality ZT(\; k, q) = Et(\; k%, q) of
the weight Z. Alternatively, use Proposition 2.16 and Lemma 2.18(iii).

(iv) This is Cherednik’s generalization of the Shintani-Casselman-Shalika
formula in the reduced case (see [5, (7.13)],[7, (3.11)]). For the nonreduced
case, see [42, Thm. 6.15(d)]. O
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3. Basic Harish-Chandra series

In this section we generalize and analyze the basic Harish-Chandra series
from [31] (GLy, case) and from [30] (reduced case). The basic Harish-Chandra
series is a g-analog of the Harish-Chandra series solution of the Heckman-
Opdam hypergeometric system associated to root systems (see [15, Part I,
Chap. 4] and references therein).

Our approach differs from the classical treatment in the sense that we
construct, following [31], [30], the basic Harish-Chandra series as matrix coef-
ficient of a power series solution of a bispectral extension of Cherednik’s [4],
[3] quantum affine Knizhnik-Zamolodchikov (KZ) equations associated to the
minimal principal series of H(k®) (the extension being given by a compatible
set of equations acting on the central character of the minimal principal series
representation). This is essential for two reasons:

(1) Convergence issues: formal power series solutions of the (bispectral) quan-
tum KZ equation are easily seen to converge deep in the asymptotic sector,
in contrast to formal power series solutions of the spectral problem for the
Macdonald ¢-difference operators.

(2) The formal power series solution of the bispectral quantum KZ equation
gives rise to a self-dual, globally meromorphic g-analog of the classical
Harish-Chandra series. The self-duality plays an important role in our
proof of the c-function expansion of the basic hypergeometric function in
Section 4.

Our approach also gives new proofs of the self-duality and the evalua-
tion formula for the symmetric Macdonald-Koornwinder polynomials (see Re-
mark 3.11).

3.1. Bispectral quantum Knizhnik-Zamolodchikov equations. In this sub-
section we show that the space V (see (2.10)) is isomorphic to the space of solu-
tions of a bispectral extension of the quantum affine Knizhnik-Zamolodchikov
(KZ) equations.

We will first introduce the bispectral quantum KZ equations, following and
extending [31], [30]. Tensor products and endomorphism spaces will be over
C unless stated explicitly otherwise. Let x : Ry — {0, 1} be the characteristic
function of R . Set M := @, cw, Cvy. Define elements

Ck"aq

oy CH e K ® End(M)

(Lw)

for the generators w = s;, w = u(\) (0 <i<mnand A € Al ) of the extended
affine Weyl group W by
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—w19 =1y p—2x(wTle)
Ck,q (7577)%1 — Y Usgw +(Co(t7k‘ 7Q) ko >Uw7

(s0,1) ~ koco(t; k71, q) co(t; k=1, q)
—1
| (kY q) — kX
Ck,q t w S= Usiw Cz( ’ . o w
(si,l)( ) kici(t; k=1, q) i ( ci(t; k1, q) o
k, wtw
Clatymy )00 = 7" 0y 10y

for 1 <i<n, A€ Al and w € Wy, where v(\) € Wy is the element of

min

minimal length such that v(A\)A € A7, and

0

t, )y =
(s () k§eo(y ™15 (k4) 7L, q)

(R ey
co(v=1 (k)1 q) v
k,q L Vws;
Ol )00 = e )1

ci(y 1 (B q) — (k) —2x(wen)
+ ( Ci(’yfl;(kd)fl,q) )Uwa

wu(N)*

Clitioy (b Vvw = 7N

The following theorem is [31, Cor. 3.4, Lemma 4.3] in the GL,,-case and [30,
Cor. 3.8, Lemma 4.3] in the reduced case. The extension to the nonreduced
case is straightforward.

THEOREM 3.1. There exists a unique left W x W-action ((w1,ws),g)
VFa((wi,ws))g on K@ M satisfying
k
vk’q(wy g = C'(q}ffl)wég,
k
VI w)g = Oy

forge K, w=s; (0<j<n)and w=u(\) (A€ A, ), where

min
(w9)(t,7) = g(wg 7). (W) 1g)(t,7) = g(t,w 1)
We say that g € K® M satisfies the bispectral quantum Knizhnik-Zamolod-
chikov equations if g is a solution of the compatible system

(3.1) V(rA), 7\ ))g =g VLX) e AxA

of g-difference equations. Restricting the equations (3.1) to A x {0} and fix-
ing the second torus variable v € T gives, in the reduced case, Cherednik’s
[4], [3] quantum affine KZ equation associated to the minimal principal series
representation of H(k®) with central character ~.
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Definition 3.2. We write K = Ky, for the F-vector space consisting of
g € K® M satisfying the bispectral quantum KZ equations (3.1).

Note that K is a Wy x Wy-module, with action the restriction of V to
W() X WQ.
Let o be the complex linear automorphism of K ® M defined by

o(f @vy) == tf @vy-1.
Then
(3.2) oo VHI((w,w') = VF((w w) oo  Vw,w €W

In particular, o restricts to a complex linear isomorphism Ky, , = Kra 4
Define complex linear maps

Y=Y,  K—=K® M,
O =0¢pqe KoM — K

Y(f) = Z (Wli,q(Twwo)f) @ Vw,
weWy
kfl
¢>( Z Juw ®vw) = % Z ko' fu-
weWy Z'LUGWD W weWy
Note that ¢ o) = 7r};7q(0+). Recall from Lemma 2.18 that 7r,t€7q(0+) restricts
to a complex linear map 7r,f;7q(C’+) : YV — YWoxWo Tt factorizes through the

solutions space IC0*Wo of the bispectral quantum KZ equations:

THEOREM 3.3. (i) v restricts to a FVo*Wo_linear isomorphism 1) : V —
ICW() ><W0 .
(i) ¢ restricts to an injective WyxWy-equivariant F-linear map ¢ : K—U.

(iii) ’(/1]6d7q ] L|kaq =00 wk,q|Vk,q and (ﬁkd’q o O"KkWOXWO =110 ¢k7q|ICZVOXWO'
'q 'q

Proof. (i) The analogous statement in the reduced case for the usual quan-
tum affine KZ equations was proved in [43, Thm. 4.9]. Its extension to the
nonreduced case is straightforward. The bispectral extension follows by a rep-
etition of the arguments for the dual part of the quantum KZ equations (i.e.,
the part acting on the second torus component).

(ii) This is the bispectral extension of the difference Cherednik-Matsuo
correspondence [4, Thm. 3.4(a)]. See [31, Thm. 6.16, Cor. 6.21] for the GL,,-
case and [30, Thm. 6.6] for the reduced case. (The injectivity follows from the
asymptotic analysis of the bispectral quantum KZ equations, which we will also
recall in Section 3.2.) The extension to the nonreduced case is straightforward.
An alternative approach is to extend the techniques from [43, §5] to the present
bispectral (and nonreduced) setting.
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(iit) Using 7(Tww,) = T 1 _, for w € Wy, it follows that

wow =1
wkd,q(Lf) = U( Z 7'[-’(}/Iﬁd)—17(1—1(,Tq;olw)f ® vw)
weWp

for f € K. The first part then follows from the observation that
wk,q(f) = Z W?kd)717q71(T1;01w)f @ Vw

weWp

if f € Vig, since &(Typw,) = T for w € Wy. For the second equality, let

wow

f e KWoxWo and set g = ¢~ (f) € V. Then
¢(o(f)) =7 (C)p~ (a(f))

=" (C5)(eg)

= i(m"(C1)g)

= u(o(f)),
where we use the first part of (ii) for the second equality and Lemma 2.18(iii)
for the third equality. O

COROLLARY 3.4. £, € ¢(KWoxWo),
Proof. £, = m'(C.)E = ¢(¥(€)) and () € KWo*Wo since £ € V. O

3.2. Asymptotically free solutions of the bispectral quantum KZ equations.
We recall the results on asymptotically free solutions of the bispectral quantum
KZ equations from [31] (GL,, case) and [30] (reduced case). The extension to
the nonreduced case presented here follows from straightforward adjustments
of the arguments of [31], [30].

Define W(-,-) = W(-,-; k,q) € K by

O(t(woy)™")
D(y0t)0 (79 47)

There is some flexibility in the choice of W(-,-). The key properties we need

W(tv ’Y) =

it to satisfy are the functional equations
(33) W(gt,y) =%y " W(tr),  AeA
and the self-duality property
LWk, q)) = Wk g).
For € > 0, set
B.:={teT ||t <e Vie{l,...,n}}
and Bt :={t7! | t € B.}.
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THEOREM 3.5. There exists a unique F(-,-) = F(-,;k,q) € Kyq such
that F(t,v) = W(t,v)H(t,~v) with H(-,-) = H(-,-;k,q) € K® M satisfying,
for e > 0 sufficiently small,

Z Hy t7'y" (Hy, € M), Hoo = vu,
HVEQL

for (t,7) € B x Be, with the series converging normally for (t,¥) in compacta
of B-1 x B..

Proof. See [31, Thm. 5.3] (GL,, case) and [30, Thm. 5.4] (reduced case).
The proofs are based on the asymptotic analysis of compatible systems of ¢-
difference equations using classical methods that go back to Birkhoff [2] (see the
appendix of [31]). These results extend immediately to the present setup if one
restricts the bispectral quantum KZ equations (3.1) to A, \" in the sublattice
@i, Zw; of A. But the resulting function F(-,-) then automatically satisfies
(3.1) for all A\, \ € A due to the compatibility of the bispectral quantum KZ

equations (3.1) (cf. the proof of [45, Thm. 3.4]). O
For a € R®, let ny(-) = na(-; k, q) be the rational function
1—k;%ts if 2a ¢ R,
na(t) = 1
(1 kl@t%u+kfbﬁ@ if 2a € R.

Note that c,(t; k71, q) = na(t; k, q) /na(t; 1,q) for a € R®, with 1 the multiplic-
ity function identically equal to one. Let L£(-) = L4(:) and S(-) = Sk 4(-) be
the holomorphic functions on 7' defined by

Lt)= [ n_,. T (1), S =[] n lap2 JEFsq).
aeRrY, aeRY,
TEZ>0 T‘EZ>0

We give the key properties of F'(-,-) in the following theorem. The proof
follows from straightforward adjustments of the arguments in [31], [30] (which
corresponds to the GL,, case and reduced case respectively).

THEOREM 3.6. (i) F € K is self-dual: o(F(-,-k,q)) = F(-,-; k% q).

(i) {V(1,w)F }wew, is a F-basis of K.

(iii) T'x T > (t,y) — Sk7q(t_1)8kd7q("}/)H(t,’7; k,q) is holomorphic.

(iv) For e > 0 sufficiently small, there exist unique holomorphic M -valued
unctions ) on € such that
f T,() on T (u € Q) such th

Skd,q( ) t Vak q Z Y
HEQ+
for (t,v) € BZt x T, with the series converging normally for (t,) in compacta
of Bt x T.
(V) Yo(v) = Lq(7)Vw,-
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From the third part of the theorem, we conclude

COROLLARY 3.7. Let Zy, ; C T be the zero locus of Sk 4(-) and set Zk,_; =
{t71|t € Zxy}. Then H(-,-;k,q) is holomorphic on T\ Zk_; X T\ Zya 4

In the reduced case,
Zhg={teT |t* € k2q?° for some a € R}
In the nonreduced case,
Iy = {t eT |t*e {aq9_22>°, 13(19_2Z>07 (:(]9_2Z>°7 dq9_2Z>°} for some « € Rafs
or t¥ € k:?gq;Z” for some 3 € Rar’l} ,
where
(3.4) {a,b,c,d} == {kokag, —koksy' , aokokzay, —Gokokze, }-
3.3. Basic Harish-Chandra series. Following [31, §6.3] and [30, §7], we
have the following fundamental definition.
Definition 3.8. The self-dual basic Harish-Chandra series
() =D(,1k,q) € Upyg
is defined by
(3.5) D = 9(F) = Wo(H).

The properties of F' from Theorem 3.6 (singularities, self-duality, leading
term) can immediately be transferred to the self-dual basic Harish-Chandra
series ®. In particular, by Theorem 3.3(iii) the self-duality of F' gives the
self-duality of @,

L(@(-, g k7 Q)> = (I)(7 E kda Q)‘

In the derivation of the c-function expansion of the basic hypergeometric
function, we initially make use of the self-dual basic Harish-Chandra series. To
make the connection to the classical theory more transparent we will reformu-
late these results in terms of a renormalization of ®(¢,~) that is closer to the
standard normalization of the classical Harish-Chandra series (see the intro-
duction). It is a y-dependent renormalization of ®(t,~), which also depends
on a base point 7 € T (indicating the choice of normalization of the prefactor).
This renormalization of ® breaks the duality symmetry.

To define the renormalized version of the basic Harish-Chandra series,
consider first the renormalization ﬁ(, )= ﬁ(, k,q) e KoM of H(-,-) given
by

7 S ('7) > w k?u
H(t,v) = it Ve (fy)eWo
q

H(t,~).
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Note that for € > 0 sufficiently small,
H(t,y) = Y Yu(yt™*
HEQ+

for (t,7) € B! x {y € T | Ly(y) # 0}, and ¢(To) = L.
The monic basic Harish-Chandra series ®,(-,-) = ®,(-, -; k, ¢) with generic
reference point n € T' is now defined by

677 = quﬁ(ﬁ),
with prefactor )7\/\,7(-, )= Wn(-, -k, q) € K defined as follows. Let
1
py = 9 Z BY
ﬁeR({S

with Rar’s C Rg the subset of positive short roots. For z € Ry, let s eT
be the torus element A — z(?S)) (A € A). Then Wn is defined to be

o~

—~ W(t,
Wlt,7) = o b1)
W(ﬁVo,de)
with
_ Oy (ki Y ega, )75 t -1
Wit, ) = <’Yo (Ko k2a)"= t(wo7) )

(kg kza0)?t)

(Note that (kg'lkse,)?* = 1 in the reduced case.) The prefactor W\n(t,fy)
satisfies the same functional equations as function of t € T as the self-dual
prefactor W(t,~),

Wy(@*t,7) = %7 Wy(t,7)  YAEA.
COROLLARY 3.9. Lety € T such that L4(y) # 0. The monic basic Harish-
Chandra series ®,(-,7) satisfies the Macdonald q-difference equations
(3.6) Dy®y(-,7) = p(y )&y(-y)  VpeC[T]™

and has, for t € B-! with € > 0 sufficiently small, a convergent series expan-
sion

Dy (t, ) = Wyt,y) Y. Tuly)t™,
HEQ+

where T'(y) = qb(/'f“('y)). (In particular, To(y) = 1.) The series converges
normally for t in compacta of BZ'.

Since

(3.7) Wi(@m10.4,7) = W7D YA €A,
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the monic basic Harish-Chandra series Eﬁn(-, «) is the natural normalization of
the basic Harish-Chandra series when restricting the Macdonald ¢-difference
equations (3.6) to functions on the g-lattice n’yo,qu.

ProrosITION 3.10. Fiz A\ € A~. For generic values of the multiplicity
function k, we have

(38) Bt 1) = (10.0) " P (1):
Proof. Fix A € A~. Note that

—~ A2 _
W(t’ ,YA) — q ) k((]A7p;/)k2a(0>\7p‘\5/)tw0)\.
Hence for t € BZ! with € > 0 sufficiently small,
(3.9) pt) = D dutor e
HEQ+

as normally convergent series for ¢ in compacta of B!, with leading coefficient

(3.10) do = (ny0,4) "

(This requires L4(yx) # 0, which we impose as one of the genericity conditions
on the multiplicity function.) Since k is generic, this characterizes ®(-,7,)
within the class of formal power series f € C[[X ~%/]] X*0* satisfying the eigen-
value equations

(Dof)(t) =p(Hf(t)  VpecCr]™
(cf., e.g., 24, Thm. 4.6]). The result now follows since f(t) = doPy (t) satisfies
the same characterizing properties. ([l
Remark 3.11. The explicit evaluation formula [6, §3.3.2] for the symmet-
ric Macdonald-Koornwinder polynomial Py (v04) = Py (wov0a) = Py ("o, 5

(A € A7) can be derived from Proposition 3.10 and the fundamental proper-
ties of the self-dual basic Harish-Chandra series

W(t,7) Lq(v)
Wy (t, ) Skag(7) Zwews ki

as follows. By a direct computation using Proposition 3.10,

(3.11) O(t,y) = D, (t,7)

W(FY()_,;7 703 ka Q) ’)/7)\ [:q(’}/)\)
Swewo k2, Spa g ()

for A\, u € A~. By the self-duality of ® and of W(-,-), it is also equal to

(312)  @(v, g mik,q) = P (k5 q)

W(,‘Y{)—’;7 Y03 k7 Q) ’)/_N [:q(’)/u’d)
Swewo k20 Skq(Vua)

(313) @ skt q) = Py ik ).
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Setting A = u = 0, we get

ﬁq(%) _ ﬁq(%,d)‘
Sk ¢(70)  Skq(70,0)

Setting p = 0, we then get the evaluation formula

_ Lq4(v0) Ska ()
P+ 1 — )\ q ,q X
» (o) 04 Sa 4(70) Lq(12)

Returning to (3.12) and (3.13) it yields the well-known self-duality

Ey(iv, 0k @) = Bv (a3 k% q) VA pe A

of the symmetric Macdonald-Koornwinder polynomials. Using F(ya;t) =
By (7_wor;t™ 1) and 7;1 = WoY—wex for A € A7, the self-duality can be rewrit-
ten as

Ey(oiVudi %, 9) = BEx(vuas s k% q) YA pe A

4. The c-function expansion

The existence of an expansion of the basic hypergeometric function £; in
terms of basic Harish-Chandra series now follows readily.

PROPOSITION 4.1. {®(-, w-) bwew, is a F-basis of the subspace ¢(KC) of U.
Hence there exists a unique c(-,-) = ¢(-,; k,q) € F such that

(4.1) Er(ty) = Z c(t, wy)@(t, wy).
weWy

Proof. Since ¢ : KK — U is Wy x Wy-equivariant, we have
(VL w)F)=o(,w "), weW,.

The first statement then follows from Theorem 3.6(ii). By Corollary 3.4, we

have
Ex(t,n) = D cwlt, )t wy)
weWy
in ¢(K) C U for unique ¢, € F (w € Wy). Since &4 is Wy x Wy-invariant,
cw(t,y) = c1(t, wy) for w € W. O

We are now going to derive an explicit expression of the expansion co-
efficient ¢ € F in terms of theta functions. As a first step we will single out
the t-dependence. The following preliminary lemma is closely related to [7,
Thm. 4.1(i)] (reduced case).

Set

pi=wi+ - +wpeAt.
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LEMMA 4.2. Fiz generic v € T with |y~ < 1 for 1 < i < n. For
A€ A, define hy € M(T) b

1 —a.
( QGk0k2 i aQG') (nav)/2 5+(q)‘t,fy)
O‘GRS_,S <_QGk2ao ka t—Oé; q9> 7(}\,04\/)/2 GkTvq (t)deT,q (7)

ha(t) =g 0

(In the reduced case we have ko = kaga,, hence in this case the product over
Ry, is one; in the nonreduced case (X, ") is even for all o € R ,.) Then hy
1s holomorphic on T and

hm h_,~(t)

0
converges to a holomorphic functzon h_oo(t) inteT.
Proof. Observe that
1 ,—
(_qek0k2a0t Oé,q ) )\a\/ 2 Gk‘r-,q(q/\t)
—1,_
OCERE;S (_QGk2a0k0 t a7q9)_(>\’av)/2 GkTvq(t)

is a regular function in ¢ € T and Gjr (¢ t) ' Grar (7)1 E4+ (g™, ) is holo-
morphic in (¢,7) € T'x T. Hence h)(t) is holomorphic. It remains to show that
the hy(t) (A € A7) are uniformly bounded for ¢ in compacta of 7. Without
loss of generality it suffices to prove uniform boundedness for ¢ in compacta of
B! for sufficiently small € > 0.

Set
E(t,7)
Flt) = G q(t)Grar o(7)’

which is the holomorphic part of the nonsymmetric basic hypergeometric func-

tion £. For w € Wy, let v} be the K-linear functional on K ® M mapping v,
to 0y, - Recall from Theorem 3.3 that

£ =7 (C})E = B(vE)
and Y& € K. Hence
WE)(@t,7) = Crriny (@t V) (WE) (¢, 7),
so that
ZwEWo qu;2 aER+ (_qekzaoko 1t—a’ qe)—()\ av)/2
<Yk (T (Twrwe) F) (6905 (9627 Clrny 1y (@ Y)vw ).

w,w EWy

ha(t) =

It thus suffices to give bounds for v} (Dx(t)vy) (A € A7), uniform for ¢ in
compacta of B!, where

Di(t) == 7 M A Clr 1) (@, 7).
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Recall from Theorem 3.5 the asymptotically free solution F(-,-) = W(-,-)H(-,-)
of the bispectral quantum KZ equations. Then

yUOATWWOA D () Hyy (1) = Hu(g™t),  w € W,
with
Hy(t) == (V(e,w)H)(t,7) = C(1u)(t, V) H(t, w).
(Note that the C1 4,(t,7) (w € Wp) do not depend on t.) Furthermore, writing

Hy(t)= Y a¥ (t)ve,

weWy
the matrix A(¢ (a )w I We is invertible (cf. proof of [31, Lemma 5.12])
and both A(¢ ) nd A(t)~! are uniformly bounded for t € B!, Writing N (¢, \)
for the matrix (UfU(DA(t) ))w wewy Ve conclude that

N(t,A) = A M)A

. The matrix
w,w’ Wy
coefficients of M(A) are bounded as function of A € A~ since |[y~%| < 1
for all 4. This implies the required boundedness conditions for the matrix

coefficients of N(t, \). O

where M()) is the diagonal matrix <5w’wwy—“’0)‘+ww0A)

Set
(4.2)

9 9 (75 " (kg ko )P* t(woy) )Y (o) (v 4m) 9 (kg K2a0)?* Y0,0)
¢ty k,q) = :

I ((k2aokiag )% 7)9 (t(w0y) 1) 0((kg a7 1)
Observe that ¢V satisfies the functional equations

(¢, y) = ¢ (t,7),

¢’ (t, ") = viuc’ (t:7)

for A € A. Since 5 'y0.a = (kokg_el)psv, in addition we have

1
(4.3) LG ) e —
W(0,4:7)
COROLLARY 4.3. The expansion coefficient ¢ € F in (4.1) is of the form
(4.4) c(t,7) = " (t,7)"(7)

for a unique ¢(-) = ¢ (-1 k, q) € M(T) satisfying the functional equations

(4.5) (M) = () VAEA
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Proof. In view of the functional equations of cﬁ(t, «v) in it suffices to prove
the factorization for generic ¢,y € T satisfying |y~ %] < 1 for all 1 < i < n.
Since
—1li—a. 2
1 <—Q9k0k’2a0t av‘]@)oo
GkT»q(t) QGRS—S (_qekankO_lt_a; q‘%)oo

(4.6) = 9((kg "k2a0)" t)

(which is trivial in the reduced case and follows by a direct computation in the
nonreduced case), we have

(kg ' k2a0)*" 1)

4.7) h_(t) =

() hoaelt) = =525
X 3 et uwn)W(twy) Jim 3D (GH) (g wy)
weWy

_ D((kg " k2ag)P* t)e(t, YW(t,7)Lq(7)
Grar o(7V)Ska o (V) Xwew, k2

by Theorem 3.6, Proposition 4.1, (3.3), (3.5) and the assumption that [y~ <1
for all 1 <7 < n. It follows from this expression that the holomorphic function
h_oo satisfies

_ﬂ _ _ v 1N —A
heoo(@) = a7 2 (75 (kg "k2ae)”* t(woy) ') “hooo(t) VA EA.

Consequently,

h—oo(t) = cst 19(val(kaleao)psvt(wo’Y)_l>

for some cst € C independent of t € T'. Combined with the second line of (4.7)
one obtains the desired result. |

The factor ¢”(t,7) is highly dependent on our specific choice of (self-dual,
meromorphic) prefactor W in the self-dual basic Harish-Chandra series. We
will see later that this factor simplifies when considering the expansion of the
basic hypergeometric function in terms of the monic basic Harish-Chandra
series. In particular it will no longer depend on the first torus variable t € T'.

The next step is to compute ¢?(y) = ¢?(v; k, q) explicitly. We will obtain
an expression in terms of the Jacobi theta function 6(-;¢). Recall that

Slc,q H c o ‘042 t kL~ 1 )

T€Z>0

(4.8)

We define a closely related meromorphic function ¢(-) = ¢ 4(-) € M(T') by

(4.9) c(t H C_oir lof2, (t;k,q).

aERg

TEZZO
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An explicit computation yields expressions of both (4.8) and (4.9) in terms of
of ¢-shifted factorials. For ¢(t), it reads

kit’o‘; o
(4.10) ety =[] [CERETN

aERg <t—0¢; qa)oo

in the reduced case and

k24— B pt=B ct=B dt=P: 2
(4.11) ot) = H (ﬂt ’q“9>oo H (at ,ot™F et™P dt ’qf’)oo

a€Rg, W BERY, (20 43)

in the nonreduced case, where Rar’ ; C Rg is the subset of positive long roots and
{a,b,c,d} are given by (3.4). The product formula of cya () in the reduced
case is the g-analog of the Gindikin-Karpelevic [12] product formula of the
Harish-Chandra c-function as well as of its extension to the Heckman-Opdam
theory (see [15, Part I, Def. 3.4.2]).
Taking the product
Skq(t)cr,q(t)
Lq(t)

of (4.8) and (4.9), the g-shifted factorials can be combined pairwise to yield
the following explicit expression in terms of Jacobi’s theta function 6(+; q).

LEMMA 4.4. (i) In the reduced case,

Skyq(t)crg(t) _ I O(k3t™"; 4a)
Eq(t) aGR(J{ H(t_a;Qa)

(ii) In the nonreduced case,

Sk,q(t)Chaq(t) _ I O(k5t ;1 q9)
L4(1) werr 7% a9)

0,1
" H G(at_ﬁ; qg)ﬂ(bt_ﬁ; qg)ﬁ(ct_ﬁ; qg)ﬂ(dt_ﬁ; qg)
s, (435 98)3.0(t=2%;43)

In Section 3.2 we have seen that

L4(7)
Sk (V) Cwew, ki
is the leading coefficient of the power series expansion of (¢H)(t,v) in the

variables ¢t~ (1 < i < m). On the other hand, it is closely related to the
evaluation formula for the symmetric Macdonald-Koornwinder polynomials,

see Remark 3.11. In the next proposition we show that the meromorphic func-
tion ¢(t) governs the asymptotics of the symmetric Macdonald-Koornwinder



286 J. V. STOKMAN

polynomial. In the reduced case it is due to Cherednik [7, Lemma 4.3]. (For
the rank one case see, e.g., [18].)

PRrROPOSITION 4.5. For e > 0 sufficiently small,

(4.12) lim 7”’ {rwor 7 +(v_.z

r—00

i) =

normally converging for t in compacta of BZ .

Proof. The proof in the reduced case (see [7]) consists of analyzing the
gauged Macdonald ¢-difference equations $rwop o D, o ¢=rwop (p € C[T]™0) in
the limit 7 — oo and observing that the left and right-hand side of (4.12) are
the (up to normalization) unique solution of the resulting residual g-difference
equations that have a series expansion in t~# (u € Q4 ), normally converging
for ¢ in compacta of B!, This proof can be straightforwardly extended to the
nonreduced case. U

THEOREM 4.6. We have
Ex(t,vik,q) = Y c(t,wyk, @)@t wys k, q),

weWy
with ¢(-,-) = ¢(-, 1 k,q) € F given by
(4.13) c(t,v;k,q) = ¢’ (t,7: %, )¢ (v k. q),

where ¢V (-,-) = (-, k,q) € K is given by (4.2) and ¢ (-) = (-1 k,q) € M(T)
s given by
Skd,q(FY)ckd,q(’Y) ZwEWO k%l)

Ly(7) de,q(%)

In view of Lemma 4.4, formula (4.14) provides an explicit expression of

(4.14) (v1k,q) =

¢ () as product of Jacobi theta functions.

Proof. Using Lemma 4.4 it is easy to check that the right-hand side of
(4.14) satisfies the functional equations (4.5). Hence it suffices to prove the
explicit expression (4.14) of ¢?(y) for generic v € T such that |y~ is suffi-
ciently small for all 1 < ¢ < n. We fix such v in the remainder of the proof.
Recall the associated holomorphic function hy(t) in ¢ € T from Lemma 4.2.
By Theorem 2.20, using (4.6) for the first equality and Proposition 4.5 for the
second equality,

9( (kg "k2ao )P Y0.4)

Grar 4(y

9 ( (kg F2a0)* Y0,0) Ca o (V)
de,q(%)deT,q(V)

h-co(Y0,0) = lim 70"y P B (v, 057 k4, )

~—

L
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On the other hand, by (4.7), Corollary 4.3 and (4.3),

ﬁ((kalkzao)psv’m )Ly(Y)
h_so = : C .
C0d) = G ()8 () Sy B8 )

Combining these two formulas yields the desired expression for ¢?(7). O

A direct computation using (3.11) now gives the following c-function ex-
pansion of the basic hypergeometric function £; in terms of the monic basic
Harish-Chandra series ®,,.

COROLLARY 4.7. For genericn € T, we have

(4.15) Ex(t, vk, @) = Ey(r05k,q) " Y Eylwyi k, @)@t wys b, q),
weWy

with ¢,(-) = ¢,(-1 k,q) € M(T) explicitly given by
9 ((wom) ™ (kaagkzg )P )
9((kaokigg )74 )

In the rank one case the c-function expansion of £, was established by
direct computations in [8] (GLg case) and in [19], [41] (nonreduced rank one

/C\T](’Y;kvq) = de,q(’}/)'

case). We return to the rank one case and establish the connections to basic
hypergeometric series in Section 5.
In the reduced case, by (4.10) the coefficient ¢, explicitly reads

9((won) ') (Kar 5 da)
TCTR Y N e

517(7) =

By (4.11) an explicit expression of the monic c-function ¢, can also be given
in the nonreduced case; see (5.3) for the resulting expression.
Note that the formula for ¢,(vy) simplifies, for n =1, to

c (’7; k, Q) = ckd,q(V)'

As remarked in the introduction this shows that £, formally is a g-analog of
the Heckman-Opdam [14], [15], [33] hypergeometric function.

The n-dependence is expected to be of importance in the applications
to harmonic analysis on noncompact quantum groups. In [20], [19] a self-
dual spherical Fourier transform on the quantum SU(1, 1) quantum group was
defined and studied, whose Fourier kernel is given by the nonreduced rank one
basic hypergeometric function £, , which is the Askey-Wilson function from
[19] (see Section 5.2). The Fourier transform and the Plancherel measure were
defined in terms of the Plancherel density function

1
(4.16) tin () = W
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The extra theta-factors compared to the familiar Macdonald density

1
Ckd q (V)de,q (7_1)

p(y) =

lead to an infinite set of discrete mass points in the associated (inverse of the)
Fourier transform. In its interpretation as spherical Fourier transform, these
mass points account for the contributions of the strange series representations
to the Plancherel measure. (The strange series is a series of irreducible unitary
representations of the quantized universal enveloping algebra that vanishes in
the limit ¢ — 1; see [29].) Crucial ingredients for obtaining the Plancherel and
inversion formulas are the explicit c-function expansion and the self-duality of
the Askey-Wilson function £;. The generalization of these results to arbitrary
root systems is not known.

5. Special cases and applications

5.1. Asymptotics of symmetric Macdonald-Koornwinder polynomials. As
a consequence of the c-function expansion we can establish pointwise asymp-
totics of the symmetric Macdonald-Koornwinder polynomials when the degree
tends to infinity. The L?-asymptotics was established in [36] for GLyy, [9] for
the reduced case and [10] for the nonreduced case. (For the rank one cases see,
e.g., [18], [11, §7.4 & §7.5] and references therein.)

For A € A™, set

m(A) :=max((\, ;) | 1 <i<n)eRc.

COROLLARY 5.1. Fizt € T such that Sy q(wt) # 0 for all w € Wy. Then

cr o (wt — —m
(5.1) Ei(yitik,g) = Mv@,dtw fwod 0 (g

weWy Ck’q(fyo’d)
as m(\) — —oo.

Proof. By the c-function expansion in self-dual form, Theorem 2.20(ii)—
(iv), (3.11) and the expression ®, = Wy,¢(H ), we have for A € A~

Ey(mitik,q) = Ex (i k%, q)

Ly (wt)
= c(a, wts k% QW (. wts k%, g a
w;/(, ( ) ( )Sk,q(U)t) > _veWs k%

(6H) (7, wt; k4, q).

The corollary now follows easily from the asymptotic series expansion in v,
(a € Qy) of (pH)(vx,wt, k% q), together with (3.3), (4.3) and the explicit
expression (4.13) of ¢ € F. O



THE ¢-FUNCTION EXPANSION OF A BASIC HYPERGEOMETRIC FUNCTION 289

5.2. The nonreduced case. We realize the root system Ry C Vy = V of type
B,, as Ry = {:l:z’:‘i}?zl U {i(&“i + 5j)}1§i<j§n; with {8,‘}?:1 a fixed orthonormal
basis of V. We take as ordered basis

AO = (El —&€2,-..,&n-1— 8717871)

so that R(T,s = {Ei}?:]j Ré):l = {Ei + 5j}1§i<j§n and 0 = e1, ¥ = &1 + 3. We
include n = 1 as Ry = {%e1}, the root system of type A;. (It amounts to
omitting the factors involving the long roots {#(e; £ ¢;)}i<; in the formulas
below.) We have A =Q =@} Ze;. We identify T~ ((C*)", taking t; :=t% as

the coordinates. Note that gg = q% and gy = gq.
The g-difference operator D,, with respect to

n

p(t) =Y (ti+ )

i=1
was identified with Koornwinder’s [22] multivariable extension of the Askey-
Wilson second order g¢-difference operator by Noumi [32]. It can most conve-
niently be expressed in terms of the Askey-Wilson parameters

{CL, bv C, d} = {k0k26‘7 _k9k2_917 q%kOkQa(w _q%kOkQ_alO}
and the dual Askey-Wilson parameters
I g1 1 _
{@,b,¢,d} = {koko, —koky ', 4% kaphsay, — > kaokz }

(which are the Askey-Wilson parameters associated to the multiplicity function
k? dual to k) as

D, =a 12" (D +3 (@ + kﬁ“‘”))
i=1

with

b= i@f(%(—% — 1)+ A (T - 1),

(1 — kjtit;) (1 — K3tt; ')
(1—tity) (1 —tit; ')

. (1 — ati)(l — bti)(l — Cti)(l — dtl)
At = (=)0 =) 11

If follows that P{" (A € A7) are the monic symmetric Koornwinder [22] polyno-
mials and E(vy;-) (A € A7) are Sahi’s [37] normalized symmetric Koornwinder
polynomials.

We now make the (monic version of) the c-function expansion of the as-
sociated basic hypergeometric function £, more explicit (see Corollary 4.7).
First note that p/ = >, &; and that

vl = (aky" Y, akd,a),

n—1)

- 2
707611 = (akﬁ( v, akd a).
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In the present nonreduced setup, the higher rank theta function ¥(t) (2.8) can
be written in terms of Jacobi’s theta function,

(5.2) He( a3t q).

This allows us to rewrite the theta functlon factor of ¢, () (see Corollary 4.7)

as ~
I((won) " (kzapkzg )7 7) _ ﬁ 0(qnivi/d)

ﬁ((khokz_el)psv'” =1 0(qvi/d)

The normalized c-function ¢,(y) thus becomes

_ (b e dy T e ani/ di )
(5.3) o =11
=1 (%- % qnifdq)
-1 —1_-1,
(K3 " k3 )
—1 11
1<i<j<n (% Vi Yi Y ;CI)OO
where we use the shorthand notation

J
(al,. . -,Olj§Q),r = H(ai;q)r'

i=1

In the remainder of this subsection we set n = 1. Then D is the Askey-
Wilson [1] second-order g-difference operator. In this case the c-function ex-
pansion (Corollary 4.7) was proved in [19], [41] using the theory of one-variable
basic hypergeometric series. Important ingredients are the explicit basic hy-
pergeometric series expressions for £, and 577, which we now recall.

The ,4+1¢, basic hypergeometric series [11] is the convergent series
(5.4)

+1¢ (a1>a27" a/'l’-i-l 1q, 2 ) > <a17a2’”"ar+1;q>‘j
r T 3 g, =
b1,ba,..., by = (q,bl,...,br;q>j

The very-well-poised g¢7 basic hypergeometric series is given by

2, |z| < 1.

il—aoqzr g (ajHJ)T
= lma (qag/aj;q)r
Very-well-poised g¢7 basic hypergeometric series solutions of the eigenvalue
equation

(5.5) Df=(aly+~ ") —a*-1)f
were obtained in [17]. On the other hand, we already observed that Ei(v_,;-)
(r € Z>p) is the inversion invariant, Laurent polynomial solution of (5.5) with

spectral point v = v_, and that both £;(-,v) and ®,(-,~) satisfy (5.5). These
solutions are related as follows.

8W7(Oé[)§0(1,0(2,0(3,0(4,0(5;q, Z) = ; |Z’ <1l
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PROPOSITION 5.2. For the nonreduced case with n =1, we have

—r r 1
,q" " tabed, at,a/t
1 / ,q,Q> r € ZL>0,

ab, ac, ad

(5.6) Ef(v-r;t) = 4¢3 (

gaty gay ga g
Pk dtadaadvq

(5.7)  Ex(t,y) = =g Wr

abc a __ ~ _ g
(abc’y, ’d’dt’q) ( =t7a%b%c%q7%)

for |q/dv| < 1, and

0(2:q)0(20; ) (42, %2, 9 40 diq)

(58)  Byt.) =
0L )0(%ia) (& 8 & & Ssa)
ay 97y 97 7~ 4 d
Wil —; =, = =q, —
X8 7(dt,avda ’776’7’dt7q’t)
for |d/t] < 1.
Proof. Formula (5.6) follows from [41, Thm. 4.2], (5.7) from [41, Thm. 4.2]
and (5.8) from [19, §4]. O

The proposition shows that E4 (y—;-) is the normalized symmetric Askey-
Wilson [1] polynomials of degree r € Z>( and that £, coincides up to a constant
multiple with the Askey-Wilson function from [19].

In the present nonreduced, rank one setting, the c-function expansion

(5.9) Ex(t,7) = E)(70) " (GNP (t,7) + S (v )Py (t, 7))
with
~ (@ Loyt ey dy i any/dia)

en(y) = ~
(v av/dia)_

is a special case of Bailey’s three-term recurrence relation for very-well-poised

spr-series (see [11, (II1.37)]). This follows by repeating the proof of [19, Prop.

1]. (Formula (5.9) is more general since it does not involve restriction to a

g-interval.) See also [44] for a detailed discussion.

Remark 5.3. The explicit expressions of £ and ?{;n as meromorphic func-
tions on C* x C* can be obtained from the above explicit expressions by writing
the g W7 series as the sum of two balanced 4¢3 series using Bailey’s formula [11,
(IT1.36)]; see, for instance, formula [19, (3.3)] for £;. (The basic ,4+1¢, series
(5.4) is called balanced if z = ¢ and gajas - - a1 = bibg -+ - by.)
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5.3. The GL,, case. In this subsection we use the notations from Ex-
ample 2.2(ii). We identify T ~ ((C*)m, taking t; := t° as the coordinates
(1 < i < m). Note that the multiplicity function k is constant (its constant
value will also be denoted by k). The g-difference operators D, . associated to
the elementary symmetric functions

er(t) = Z Htj, 1<r<m

I1C{1,..., m} g€l
#I1=r

are Ruijsenaars’ [35] quantum Hamiltonians of the relativistic quantum trigono-
metric Calogero-Moser-Sutherland model,

k=1t — Kt
(5.10) D, = Z ( H tltl—tt]> T(Zsi)q, 1<r<m.
Ig#j“:'}m} i€l j&J J i€l

The monic version of the c-function (Corollary 4.7) becomes

V() 1<i<j<m (7j/’7i;q>oo '

Also in the present GL,, case, the higher rank theta functions appearing in
(5.11) can be expressed as product of Jacobi theta functions by (5.2).
Our results for GLo can be matched with the extensive literature on

(5.11) en(y) =

Heine’s g-analog of the hypergeometric differential equation (see, e.g., [11,
Chap. 1], [23, Chap. 3, §1.7] and [28, §6.3]). It leads to explicit expressions
of Ef(vx;+), ® and 6,7 in terms of Heine’s g-analog of the hypergeometric
function. For completeness, we detail this link here.

Heine’s basic hypergeometric g-difference equation is
(5.12)
1-— 1—a)(1—=0)—(1—ab
z(c — aqu)(ﬁgu)(z) + ( c n ( a)( ) — ( abq)

1—gq 1—g¢q

z) (Oqu)(2)

(1—a)(1—-0)
—————u(z) =0,
(1—-g)? (2)
with
u(z) — u(qz)
ou)(z) i = —0—-—"2
the g-derivative. Note that (5.12) formally reduces to the hypergeometric
differential equation

2(1—2)u"(2) + (c— (a+ b+ 1)2)u'(2) — abu(z) =0

by replacing in (5.12) the parameters a, b, c by ¢%, ¢, ¢¢ and taking the limit
g — 1. A distinguished solution of (5.12) is Heine’s basic hypergeometric
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function
b
(5.13) o) =201 (“0.2)
for 2] < 1.
Note that for GLo,
1 1
— O(—q2kt1/v2;9)0(—q2t2/k1;q
W(t, ) = ( ) )

0(—q2t1;0)0(—q3t2; q)

LEMMA 5.4. Fix v € T ~ ((C*)Z. If u € M(C*) satisfies Heine’s basic
hypergeometric q-difference equation (5.12) with the parameters a, b, c given by

(5.14) a=k, b=kn/v c=qn/yp
then the meromorphic function f(t) := Wn(t,y)u(qtg/kztl) satisfies
(515) Derf:er(ly_l)f; r= 1727

where the D, are the GLy Macdonald-Ruijsenaars q-difference operators. Con-
versely, if f is a meromorphic solution of (5.15) of the form f(t1,t2) =
W\n(t,'y)u(qtg/k%l) for some u € M(C*), then u satisfies (5.12) with param-
eters a,b,c given by (5.14).

Proof. Direct computation. ([

COROLLARY 5.5 (GLg case). (i) The normalized symmetric Macdonald
polynomial E4(yx;t) (A= Ae1 + Aeeg with \; € Z and Ay < \2) is given by
(5.16)

Ei(mpit) = kM7

1+A1—A2 2. B

(q /k 7q))\2*>\1 t)\gt>q2¢1 ( k?2, qu A2 > qtz
1+A1—X2 /4. L2 I+h=X2 /20D 75~ |-

(a2 /ktq), q /K2 D k2

(ii) The monic basic Harish-Chandra series is explicitly given by

= r KKy /v, qta )
5.17 B, (t,7) = W, (1, ’ g, 22
617 o(6:2) = Wyt oo (001, 2
for |qt2 /K| < 1.

Proof. (i) Consider the solution
k,2’ q>\1—)\2
¢H(Z) = 2¢1 (ql"’)‘l_/\?/kQ; q,z

of the basic hypergeometric g-difference equation (5.12) with parameters a, b, ¢
given by (5.14) and with v = vy = (¢"k~!,¢*k). It is a polynomial in z of
degree Ay — A1. (It is essentially the continuous g-ultraspherical polynomial.)

e TS 2 :
In addition, W(t,vy) = ¢ 2 ti‘zté\l. By the previous lemma we conclude
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that Py (t) = 12265 (qta/Kt1); see also [28, §6.3] and [6, Chap. 2]. The
normalization factor turning Py (¢) into the normalized symmetric Macdonald
polynomial F (yy;t) can, for instance, be computed using the ¢-Vandermonde
formula [11, (IL.6)].

(ii) Wn (t,v)pu (qta/k*t1) with the parameters a, b, ¢ in ¢ given by (5.14)
and ?{;n(t,v) both satisfy (5.15) and have the same asymptotic expansion for
small |ta/t1|. This forces them to be equal (cf., e.g., [23, Chap. 3, §1.7] and [8,
Thm. 2.3]). O

The monic GLs c-function expansion

(5.18) E(t,) = Ey(70) (N Py (t,7) + G (wom) Py (t, w0)),

where wgy = (72,71) and

& (7) = 0(—a1/m2 DO~ @2 12/ms @) (F*12/m10)
! 0~ )0(—a2r2q)  (v2/msa)

thus yields an explicit expression of the GLo basic hypergeometric function
E4(t,v) as the sum of two 2¢; basic hypergeometric series.

Another solution of Heine’s basic hypergeometric ¢-difference equation
(5.12) is

__O(ax;q) a,qa/c_ gc
v(@) = 0(x;q) 201 ( qa/b s ab:z:)

0(az;q) (a,qQ/bx;q)oo (q/b7 qc/abx )
= 201 2 1g,a )
0(x;q)(ga/b, qc/abx;q) q/bx

see, e.g., [23, Chap. 3, §1.7]. (The second formula follows from Heine’s trans-
formation formula [11, (III.1)].) By Lemma 5.4 it yields yet another solution,

— O(qta/t1; qtiy2/t2v1;q 2 2
£(E) = W (%) (q 2/21,?) (at172/ )002 1(q'yg/k Y1, qt1/k t, 7k2>7
0(qta/k*t1;q) (qtl/k:%z;q)oo qtiy2/tam

of the system (5.15) of GLy Macdonald g-difference equations. The various 2¢;
basic hypergeometric series solutions of (5.15) are related by explicit connec-
tion coefficient formulas; see, e.g., [44].

We finish this subsection by relating the monic GLo basic Harish-Chandra
series 6,1 (5.17) to the monic nonreduced rank one basic Harish-Chandra se-
ries (5.8), which we will denote here by 52“ Recall that in the nonreduced
rank one setting the associated multiplicity function is determined by the four
values k™ = (ky", kg, ko', kg, ). We write 0(z1, ..., 2,5q) = [[j=1 0(z;;q) for
products of Jacobi theta functions.
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PROPOSITION 5.6. Let n = (n1,m2) € ((C*)2 and & € C*. Let k™ be the
multiplicity function k™ = (k,k,0,0) with 0 < k < 1. For v = (71,72) €
((C*)2, set 42 = (’yfﬂ,'@tz). Then

= “n(t1 M
5.19 ,(t, 7% k,q) = Cp e(t,7)P¥ (=, = k™,
(5.19) n(t: 775k, q) = Cpe(t, ) P2 (tz - q)
with 677 the GLa monic basic Harish-Chandra series (5.17) and

Che(t, )
0(—q2m [k, —q2nak, —q2kya /1, —q2 kt1 /73, —q7ta/kVR, —q7 1 [t2; q)
9(—q%m/’y§,—q%ng/’y%,—q%kQ/ﬁ,—q%tl,—q%t2,—q%kt1'yl/t2’yg;q) .
Proof. If the meromorphic function f(x, z) in (x, z) € C* x C* satisfies the
Askey-Wilson second-order g-difference equation

Df(2) = (a(z+2"") —a = 1)f(,2)
with respect to the multiplicity function k™ = (k, k,0,0), then

g(t) = Cn,s(tﬁ)f(tl l)

ta 72
satisfies the GLo Macdonald-Ruijsenaars g-difference equations
(5.20) (De,9)(t) = ex(v2)g(t),  r=1,%

cf. [44]. Here we use that the prefactor C, ¢(t,7) satisfies

Che(T(=er)gt, ) =71 '3 ' Cre(t, )

for r = 1,2. Hence both sides of (5.19) satisfy (5.20). In addition, both sides
of (5.19) have an expansion of the form

o0

—~ toN\T
2 = (2 = —
Wﬂ(t77)TZ:O‘—'7"<t1) ) Zo=1
for |ta/t1] sufficiently small. This forces the identity (5.19); cf. the proof of
(5.17). O

A similar statement is not true if the role of the basic Harish-Chandra
series in Proposition 5.6 is replaced by the associated basic hypergeometric
functions. This follows from a comparison of the associated c-function expan-
sions.

Remark 5.7. By (5.17) and (5.8), formula (5.19) is an identity expressing a
very-well-poised g¢7 basic hypergeometric series as a 2¢; basic hypergeometric
series. After application of the transformation formula [11, (II1.23)] to the
very-well-poised g¢7 series, this identity becomes a special case of [11, (3.4.7)].
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