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Anosov flows and dynamical zeta functions

By P. GiuLieTTi, C. LIVERANI, and M. POLLICOTT

Abstract

We study the Ruelle and Selberg zeta functions for C" Anosov flows,
r > 2, on a compact smooth manifold. We prove several results, the most
remarkable being (a) for C*° flows the zeta function is meromorphic on
the entire complex plane; (b) for contact flows satisfying a bunching con-
dition (e.g., geodesic flows on manifolds of negative curvature better than
é-pinched), the zeta function has a pole at the topological entropy and is
analytic in a strip to its left; (¢) under the same hypotheses as in (b) we
obtain sharp results on the number of periodic orbits. Our arguments are
based on the study of the spectral properties of a transfer operator acting
on suitable Banach spaces of anisotropic currents.

1. Introduction

In 1956, Selberg introduced a zeta function for a surface of constant cur-
vature kK = —1 formally defined to be the complex function

(1‘1) CSelberg H H (1 —e (z4m)Aly )) , z€C,

where A(y) denotes the length of a closed geodesic 7. This converges to a
nonzero analytic function on the half-plane Re(z) > 1 and Selberg showed
that Csemerg has an analytic extension to the entire complex plane by using the
trace formula that now bears his name [66]. Moreover, he also showed that the
zeros of (sepherg correspond to the eigenvalues of the Laplacian. In fact, the
trace formula connects the eigenvalues of —A with the information provided
by the geodesics, their lengths and their distribution.! The definition (1.1) was
subsequently adapted to more general settings, including surfaces of variable
curvature, thus giving birth to a new class of zeta functions, which we refer to

© 2013 Department of Mathematics, Princeton University.
1See [49], and references therein, for a precise, yet friendly, introduction to the Selberg trace
formula and its relationship with the Selberg zeta function.
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as dynamical zeta functions. However, due to the lack of a suitable general-
ized trace formula, few results are known on their meromorphic extension, the
location of their zeros or their relationships with appropriate operators.

In 1976, Ruelle [61] proposed generalizing the definition by replacing the
closed geodesics in (selberg by the closed orbits of an Anosov flow ¢; : M — M,
where M is a C°, d-dimensional Riemannian compact manifold. We recall
that an Anosov flow is a flow such that there exists a D¢;-invariant continuous
splitting TM = E° & E* & E°, where E° is the one-dimensional subspace
tangent to the flow, and constants Cy > 1 and A > 0, such that for all x € M,

(1.2) 1D (v)]| < ||v]|Coe™™ if ¢ >0,0€ E”,
1D (v)]| < ||v]|Coe™™ if t >0,0€ EY,
Co ol < IDsu(w)l| < Collof  if t € R,v € E-.

We will denote by d, = dim(E") and ds = dim(E®) the dimensions of the
bundles E* and E?, respectively. The geodesic flow on manifolds with negative
sectional curvatures are very special examples of mixing Anosov flows. (See
[67], [59] and references therein.)

In this context Ruelle defined a zeta function by

(1.3) Cruete(2) = [[ (1= )7 zec,

TETp

where 7, denotes the set of prime orbits and A(7) denotes the period of the
closed orbit 7.2 Since it is known that the number of periodic orbits grows at
most exponentially with their length [48], it is easy to see that the above zeta
functions are well defined for R(z) large enough. Also we can relate the Ruelle
and Selberg zeta functions by

_ CSelberg(z + 1)

CRUCHO(Z) - 5 CSclbcrg(Z) = H CRuollc(Z + Z')il

CSelberg (2) 0
when they are both defined. Here we study (Rruele-

It is known, for weak mixing Anosov flows, that (Ruene(2) is analytic and
nonzero for $(z) > hiop(¢1) apart for a single pole at z = hiop(¢1), where by
htop(¢1) we mean the topological entropy of the flow. (See [14], or [53, p. 143]
for more details.) Also it is long known that on the left of hop(¢1) there exists
a strip in which (ryele(2) is meromorphic ([53] and references therein). It is
interesting to notice that the poles of dynamical zeta functions (also called

2A periodic orbit 7, of period A\(7), is a closed curve parametrized by the flow, ie., 7 :
[0, \(T)) — M such that 7(t) = ¢+(7(0)). A periodic orbit 7 is prime if it is one-to-one with
its image. The range of 7 is indicated again by 7. If 7, is the prime orbit related to 7, then
wu(7) is the unique integer such that A(7) = p(7)A(7p).
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resonances) are often computationally accessible and of physical interest. (See
[18, Ch. 17] for a detailed discussion.)

In the very special case of analytic Anosov flows with real analytic stable
and unstable foliations, Ruelle already showed that his zeta function has a
meromorphic extension to C. This result was generalized first by Rugh [64], for
three-dimensional manifolds, and then by Fried [26], in arbitrary dimensions,
but still assuming an analyticity of the flow. Here we extend such results
to the C'*° setting. More precisely, for C™ flows we obtain a strip in which
CRuelle(2) is meromorphic of width unboundedly increasing with r. Note that
this is consistent with a previous example of Gallavotti [27], where (ryelle iS
not meromorphic in the entire complex plane.

An additional knowledge of the location of the zeroes of (Ruclle allows one
to gain information on the distribution of the periodic orbits. For example,
it is known that if a negatively curved Riemannian manifold has dimension 2
[20] or the sectional curvatures are f-pinched [70], then the number N (T') of
closed orbits of period less than T satisfies N(T') = li(eMor(#)T) 1 O(eT) where
¢ < hop(¢1), and li(z) = [ ﬁds. Note that either the assumption that M

is two-dimensional or that the sectional curvatures are %—pinched imply that
the horocycle foliation is C''. One might then conjecture that such a foliation
regularity is necessary in order to obtain the above estimate of the error term.
However, we show that this is not the case and, although we cannot prove
it in full generality, we conjecture that the above bound holds for all contact
Anosov flows. As is usual for number theoretic zeta functions, a key ingredient
in this analysis is showing that (ruele is analytic in a strip to the left of its first
pole. This result was stated in [21] for geodesic flows for which the sectional
curvatures are i—pinched, although the proof there was only sketched and is
incomplete. An earlier paper ([57]) addressing the same question contains a
more serious flaw in the approach.

The general plan of the proof is explained in the next section; here we an-
ticipate a few ideas and give a bit of their history. The basic idea goes back to
Ruelle [61] and consists of relating the properties of the zeta function to the dy-
namical determinant of some appropriate operator. Classically such a program
has been implemented by first coding the dynamics via Markov partitions and
then defining appropriate operators acting on functions of the resulting sub-
shift. As such a coding is, in general, only Holder, all the properties connected
to the smoothness of the dynamics are annihilated in the process. Yet, the
work of Ruelle in the case of expanding maps and the seminal work of Kitaev
[39] for Anosov diffeomorphisms showed that the smoothness properties of the
map are exactly the ones responsible for larger domain of analyticity of the
zeta function. The above cited works of Ruelle, Rugh and Fried for analytic
flows made this even clearer.
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The turning point in overcoming this problem was [11], where it is shown
how to construct Banach spaces in which the action of an Anosov map gives
rise to a quasi-compact operator (often called Ruelle Transfer operator) al-
lowing to completely bypass the need of a Markov coding. This opened the
door to the possibility of dispensing with the analyticity hypothesis while still
retaining the relevant smoothness properties of the dynamical systems. Since
then a considerable amount of work has been done to implement such a goal.
In particular, [29], [43], [9], [30] and especially [10] have clarified the relation
between the smoothness of the map and the essential spectral radii of trans-
fer operators as well as connected dynamical determinants to appropriate flat
traces® of transfer operators (see [6], [7], [10]). On the other hand, [42], [15]
illustrated how this approach can also be applied to flows by showing that the
resolvent of the generator of the flow is quasi-compact on such spaces. More
recently some beautiful work, although limited to the case of contact flows,
allows one to directly study the transfer operator associated to the time one
map of the flow [73], [74], [23], [24]. Note that, for such types of result, some
condition on the flow is necessary. Indeed, the quasi-compactness of the oper-
ator associated to the time one map plus mixing implies exponential mixing,
while there are known examples of Axiom A flows, constructed as piecewise
constant ceiling suspensions, that are mixing but enjoy arbitrarily slow rates
of decay correlations [62], [55].

Given such a state of the art, it looked like all the ingredients needed
to tackle the present problems were present even though quite a lot work
remained to be done. It remained to choose a precise line of attack. Given
the complexity of the task, we chose to follow the path of least resistance
at the cost of obtaining possibly suboptimal results. In particular, here we
extend the results of [29], [15] to study the action of the flow on the space of
exterior forms (similarly to the original Ruelle approach for expanding maps
[61]). Next, to study the relation between the spectra of such operators and
the dynamical determinants we extend to the case of flows a suboptimal, but
very efficient, trick introduced in [44] for the case of maps and inspired by the
work of Margulis (as explained to Liverani by Dolgopyat). It is likely that, at
the price of some more work, one could adapt alternative approaches to the
present case; for example, defining the operator on different Sobolev-like spaces
or replacing the tensor trick by a strategy based on kneading determinants,
as in Baladi-Tsujii [10]. Such alternatives might allow one to obtain sharper
estimates in the case of finite differentiability.

3Such terminology has also been adopted by the dynamical system community, following the
work of Atiyah and Bott [3], [5], since, as the reader will see, it is morally a regularization,
or a flattening, of the trace.
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Next, we show that the zeta function has a pole free strip at the left of the
topological entropy and we obtain bounds for the growth of the zeta function
on such a strip provided a Dolgopyat type estimate for the action of the flow
on ds-external forms holds true, ds being the dimension of the strong stable
manifold. To do so we use the simple strategy put forward in [43]. Finally, to
establish the Dolgopyat estimate in the present context, we follow the strat-
egy developed in [41], [42], [8] for the action on functions. Note that to look
at ds-forms corresponds, in the old Markov based strategy, to studying the
statistical properties of the flow with respect to the measure of maximal en-
tropy. The extension of the geometric part of the original Dolgopyat argument
to this situation presents two difficulties. Omne is well known, related to the
lack of regularity of the foliations that is solved, following [42], by restricting
the study to the contact flows. The second (here treated in Lemma 7.9) was
unexpected (at least to us) and is related to having (morally) the measure of
maximal entropy, rather than Lebesgue, as a reference measure. This we can
solve only partially, hence the presence of a bunching (or pinching) condition
in our results.

The structure of the paper is as follows. In Section 2 we present the
statements of the main results in this paper. We also explain the strategy
of the proofs assuming several lemmata and constructions detailed in later
sections. In Section 3 we construct the spaces on which our operators will
act. Sections 4, 5 and 6 contain estimates for transfer operators and their “flat
traces.” In Sections 7 and 8 we restrict ourselves to the case of contact flows.
In particular, in Section 7 we exclude the existence of zeroes in a vertical strip
to the left of the topological entropy by the means of a Dolgopyat-like estimate.
In Section 8 we obtain a bound on the growth of (Ryelle in this strip.

In Appendix A we collect together, for the reader’s convenience, several
facts from differential geometry, while in Appendix B we discuss the orientabil-
ity of the stable distribution. In Appendix C we relate the topological entropy
and the volume growth of manifolds. In Appendix D we detail some facts about
mollificators acting on the Banach spaces of interest. Finally, in Appendix E,
we recall some necessary facts concerning holonomies.
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2. Statement of results

2.1. Some notation. We use By(z, ) to designate the open d-dimensional
ball with center x and radius . We will use Cx to represent a generic constant
(depending only on the manifold, the flow, the choice of the charts and the
partition of unity made in Section 3) that could change from one occurrence
to the next, even within the same equation. We will write Cy, .. 4, for generic
constants depending on the parameters a1, ..., ax, which could still change at
every occurrence. Finally, numbered constants Cj,Cq,Co, ... are constants
with a fixed value throughout the paper.

2.2. Theorems and proofs. Our first result applies to all Anosov flows ¢;
on a connected, compact and orientable C*> Riemannian manifold M .4

THEOREM 2.1. For any C" Anosov flow ¢y with r > 2, Cruelle(2) s mero-
morphic in the region

R() > hop(n) ~ 5 |75

where X, is determined by the Anosov splitting and || denotes the integer
part of x. Moreover, Cruele(2) is analytic for R(z) > hiop(¢1) and nonzero

for R(z) > max{hop(¢1) — % {%J ,hiop(91) — A} If the flow is topologically
mizing, then (ruelle(2) has no poles on the line {hiop(P1) + iblper apart from
a single simple pole at z = hiop(é1).

COROLLARY 2.2. For any C* Anosov flow, the zeta function (ruene(2) is
meromorphic in the entire complex plane.’

Note that if the flow is not topologically mixing, then the flow can be
reduced to a constant ceiling suspension, and hence there exists b > 0 such
that Cruelle(z + 1) = CRuelle(2). (For more details, see [52].)

COROLLARY 2.3. (Ruelle(2) and (gelberg(2) are meromorphic in the en-
tire complex plane for smooth geodesic flows on any connected compact ori-
entable Riemannian manifold with variable strictly negative sectional curva-
tures. Moreover, the zeta functions (ruene(z) and Cgelbe,,g(z) have no zeroes

4One could easily extend the result to C" manifolds, but we avoid it to ease notation.
5This provides an answer to an old question of Smale: “Does (gelberg (2) have nice properties
for any general class of flows?” (cf. pp. 802-803 of [68]). Smale also specifically asked if for
suspension flows over Anosov diffeomorphisms close to constant height suspensions the zeta
function (seiberg(z) has a meromorphic extension to all of C. The above corollary answers
these questions in the affirmative for C* Anosov flows, despite Smale’s comment “I must
admit that a positive answer would be a little shocking.”
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or poles on the line {hiop(¢1) + ib}oer, except at z = hiop(¢1), where both
CRuente(2) ! and CSelberg(2) have a simple zero.

Next, we specialize to contact Anosov flows. Let Ay > 0 such that
| Dé—t]loo < Coer+t for all ¢ > 0.

THEOREM 2.4. For any C",r > 2, contact flow with % > %, there erists
T« > 0 such that the Ruelle zeta function is analytic in {z € C : R(z) >
hiop(¢1) — T} apart from a simple pole at z = hiop(é1).

Remark 2.5. Note that the bunching condition % > % implies that the

invariant foliations are at least %—Hélder continuous. Also remember that an

T\ 2
a-pinched geodesic flow is (2y/a + €)-bunched; that is, a < (ﬁ) +¢.5 (See
[32] for more details.)

The above facts have several important implications. We begin with some
low-hanging fruits. The proof will be obvious once the reader goes over the
construction explained later in this section and remembers that the dynam-
ical determinants for 0-forms and d-forms have their first zeros at R(z) = 0
(since they are exactly the dynamical determinants of the usual Ruelle transfer
operator).

COROLLARY 2.6. For a volume preserving three-dimensional Anosov flow,
we have that the zeta function (ruene(2) is meromorphic in C and, moreover,

® (Ruelle(2) is analytic for R(z) > hiop(¢1) — Tx, except for a pole at

ht0p(¢1);
® (Ruclle(2) is nonzero for R(z) > 0.

Theorem 2.4 has the following simple consequence for the rate of mixing
with respect to the measure of maximal entropy.

COROLLARY 2.7. The geodesic flow ¢ : T'M — T1M for a compact
manifold M with better than %—pinched negative sectional curvatures (or more
generally any contact Anosov flow satisfying the hypothesis of Theorem 2.4) is
exponentially mixing with respect to the Bowen-Margulis measure p; i.e., there
exists a > 0 such that for f,g € C®(T1 M), there exists C > 0 for which the

61t should be remarked that we use the bunching condition globally only to simplify notations.
Indeed, Lemma 7.9 and hence the present results (see Remark 7.6 for a discussion), obviously

holds also under the following much weaker local condition: there exists ¢ > 0 such that
In [[(Da bl pu ) 'I?
In[[Dgdt| gu(a)l

infren > %
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correlation function

p(t) = /foqbtgduf /fdu/gdu
satisfies |p(t)| < el for all t € R.

Proof. Consider the Fourier transform p(s) = [0 e"*!p(t)dt of the corre-
lation function p(t). By [56, Th. 2] and [63, Th. 4.1], the analytic extension
of CRuelle(2) in Theorem 2.4 implies that there exists 0 < n < 7, such that
p(s) has an analytic extension to a strip |J(s)| < . Moreover, adapting the
argument in [42, proof of Th. 2.4], we can use the smoothness of the test func-
tions to allow us to assume without loss of generality that for each fixed value
—n < t <1, we have that the function o — p(o +it) is in L'(R). Finally, we
apply the Paley-Wiener theorem [60, Th. IX.14] to deduce the result. O

Moreover, Theorem 2.4 allows us to extend results of Huber-Selberg (for
constant sectional curvatures), Pollicott-Sharp (for surfaces of negative curva-
ture) and Stoyanov (for %—pinched geodesic flows). By a prime closed geodesics
we mean an oriented closed geodesic that is a closed curve that traces out its
image exactly once.

THEOREM 2.8 (Prime Geodesic Theorem with exponential error). Let M
be a manifold better than %—pinched, with strictly negative sectional curvature.
Let w(T) denote the number of prime closed geodesics on M with length at
most T'. Then there exists § > 0 such that

7(T) = li(eor@)Ty 4 O(eeer(@)=0TY 4 T 5 400,

Remark 2.9. The above theorems are most likely not optimal. The %—
pinching might conceivably be improved with some extra work (one would
need to improve, or circumvent the use of, Lemma 7.9) but we do not see how
to remove such conditions completely, even though we believe it to be possible.

Let us start the discussion of the proofs. The basic objects we will study
are the dynamical determinants, following the approach introduced by Ruelle
[61], which arise naturally in the dynamical context and are formally of the
general form

Dy(z) = exp <_ tr (A (Dhypd—x(r))) €= ) |
o u(r)e(r) ‘det (1- Dhyp¢—>\(»r)>‘

where €(7) is 1 if the flow preserves the orientation of E* along 7 and —1
otherwise. The symbol Dyy,¢_; indicates the derivative of the map induced
by two local transverse sections to the orbit (one at x, the other at ¢_;(z)) and
can be represented as a (d — 1) x (d — 1)-dimensional matrix. By A‘A we mean
the matrix associated to the standard ¢-th exterior product of A. Note that

(2.1)
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given any 7 € 7, the quantities tr (/\K(Dhypgi)_)\m)), det (]l - Dhypgb_A(T)),
as well as det( Do_ ;)

that are independent of the specific choice of any point x € 7. (See comments
before equation 5.18 for more details.)
The sum in (2.1) is well defined provided R(z) is large enough.

Note that €(7) = sign (det(DqS_)\
conditions (1.2), we have

(2.2) sign (det (1 — Dyypd_x(r))) =(—1)%sign (det(ng_ )
~(-1)e(r).

Recall the linear algebra identity for a n x n matrix A (see, for example, [75,
§3.9] for more details),

Es)’ which will be introduced shortly, have definitions

)) Hence, from the hyperbolicity

o)

(7) Es

n

(2.3) det(1 — A) = (=) tr(A‘A).
=0
Note that
(2.4) Cruene(2) = ] (1- e‘z’\(T))fl = exp (Z i % —2mA(T )
T€Tp reT, m=1

1 Z)\(T))
= exp Z —e ,
<T€T H(T)

where p(7) is the multiplicity of the associated orbit 7 and 7 is the whole set of
periodic orbits on M. From equations (2.1), (2.2), (2.3) and (2.4) there follows
a product formula analogous to that of Atiyah-Bott for elliptic differential
operators [4]:

(2.5)

d—1
T ou) " = “(ZZ
=0

)“_dstr (/\Z(Dhyp¢ )\(T))) —#AT)
)

—orer  M(T ‘det (1 = Dyypd—xr)
:wpgﬁ—ww@—mww> a0

rer M(T ’det (1 = Drypd_»(- )‘
- eXp <7;— ,U(T) > - CRuelle(Z)-

Thus Theorem 2.1 follows by the analogous statement for the dynamical
determinants ®y(z). To study the region in which the ®,(z) are meromor-
phic we will proceed in the following roundabout manner. First we define the
following objects.
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Definition 2.10. Given 0 < £ <d—1, 7€ T, let
tr (Ae(Dhypgb—)\(T)))
T) ’det (]1 - Dhyp¢—)\(7)>‘

(2.6) xe(T) =
Moreover, for £,z € C, we let

(27) Bi(c.2) exp( LS ((7_)))\(7')"6”(7)>.

Worer B

=
Note that the series in (2.7) trivially converges for |£| sufficiently small
and R(z) sufficiently large.
LEMMA 2.11. Let 0 < ¢ < d— 1,z € C, R(z) sufficiently large and

|€ — z| sufficiently small. Then we can write

(2:8) DelE~2.8) = gﬁg

Proof. The proof is by a direct calculation

Do — 2.6) = exp <_ i — 2) Z Xe(T e 5)\(7))

~—

~—

n=1 ! TeT M
_ Xe(T) ¢ _a(r) _ —ex(n) ) _ D) 0
= exp e = )
( i )) =2

Hence Theorem 2.1 is implied by the following.

PROPOSITION 2.12. For any C" Anosov flow, withr > 2, £,2€C, ©,(§) is
analytic and nonzero in the region R(€) > hop(p1) — A|ds —£| and, for & in such
a region, the function D¢(§ — z,&) is analytic and nonzero for z in the region

’5 - Z| < %(5) - htop(¢1) + |ds - £|X
and analytic in z in the region

~ Alr—1
€= 21 < R(E) — op(@n) +1d, — 0%+ 5 | =] -

We can then freely move ¢ along the line {a + ib}beRl and we obtain that
Dy(& — 2,¢) is analytic for R(2) > heop(d1) — |ds — (X — 3 | 2]

Proof of Proposition 2.12. For all v,¢ € N, let Q°(M) be the space of
(-forms on M, i.e., the C¥ sections of A‘(T*M). Let Qéyv(M) c Q(M) be
the subspace of forms null in the flow direction (see (3.5)). In Section 3 we
construct a family of Banach spaces BP9 p € N,¢q € Ry, as the closure of
Qé,v (M) with respect to a suitable anisotropic norm so that the spaces BP:*
are an extension of the spaces in [29].” Such spaces are canonically embedded
in the space of currents (see Lemma 3.10).

"The indexes p, ¢ measure, respectively, the regularity in the unstable and stable direction.
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In Section 4 we define a family of operators indexed by positive real num-
bers t € R, as

(2.9) £O(h) = ¢* b

for h € Qé’v (M). Here we adopt the standard notation where f* denotes the
pullback and f, indicates the push-forward.

Remark 2.13. Note that by restricting the transfer operator L’Ez) to the
space Qé}U(M ) we mimic the action of the standard transfer operators on sec-
tions transverse to the flow; in fact, we morally project our forms on a Poincaré
section.

Remark 2.14. In order to simplify a rather involved argument we chose to
give full details only for the case in which the invariant foliations are orientable
(i.e., €(7) = 1 for all 7). Notably, this includes some of the most interesting
examples, such as geodesic flows on orientable manifolds with strictly negative
sectional curvature (see Lemma B.1). To treat the nonorientable case it is often
sufficient to slightly modify the definition of the operator (2.9) by introducing
an appropriate weight (see equation (B.1)) and then repeating almost verbatim
the following arguments. Unfortunately, as far as we can see, to treat the fully
general case one has to consider more general Banach spaces than the ones used
here. This changes very little in the arguments but makes the notation much
more cumbersome. The reader can find the essential details in Appendix B.

The operators (2.9) generalize the action of the Ruelle transfer operator
on the spaces BP? of [29]. We prove in Lemma 4.5 that the operators EEZ)
satisfy a Lasota-Yorke type estimate for sufficiently large times. To take care
of short times we restrict ourselves to a new space Brat , which is the closure
e (see (4.6)). In this
we follow [8]. We easily obtain Lasota-Yorke type estimate for all times in the
new norm (Lemma 4.7).

of Qg’s (M) with respect to a slightly stronger norm ||-||

On BP%¢ the operators [,Eé) form a strongly continuous semigroup with
generators X () (see Lemma 4.7). We can then consider the resolvent R()(z) =
(z1 - X (z))_1. The cornerstone of our analysis is that, although the operator
X® is an unbounded closed operator on BP9t we can access its spectrum
thanks to the fact that its resolvent R()(z) is a quasi-compact operator on
the same space. More precisely, in Proposition 4.9 we show that for z € C,
R(2) > hiop(¢1)—|ds—£| X, the operator RO (z) € L(BP4! BPa) ptq < r—1,
has spectral radius

p(RO(2)) < (R(2) — huop(¢1) + |ds — €X)

and essential spectral radius

pess(R(é) (Z)) < (%(Z) — htop(¢1) + ‘ds - £|X+ Xmin{p, Q}>_1'

1
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We can then write the spectral decomposition R (z) = PO (z) + UW(z),
where P (z) is a finite rank operator and U®)(z) has spectral radius arbitrar-
ily close to pess(R)(2)). In Section 5 we define a flat trace denoted by tr’. In
Lemma 5.1 we show that for R(2) > htop(¢1) — |ds — £|X and n € N, we have
that tr’ (R(e)(z)”) < oo and

(2.10) tr’ (RO (2)") =

Z Xf ne—z)\(’r)‘

(n—1)! eT'u’

Furthermore, in Lemma 6.10 we prove that, for each A < X and n € N,
211)  |e’ RO -t (PO

A "
< Con (RUe) = hupln) + d = (1 + S min{pa) )

where “tr” is the standard trace.

Remark 2.15. The loss of a factor 2 in the formula (2.11) is due to an
artifact of the method of proof. We live with it since it does not substantially
change the result and to obtain a sharper result might entail considerably more
work.

Remark 2.16. Given the two previous formulae one can have a useful
heuristic explanation of the machinery we are using. Indeed, (2.11) shows
that tr° (R (z)) is essentially a real trace. Then substituting formula (2.10) in
(2.1) and performing obvious formal manipulations, we have that (¢, z) can
be interpreted as the “determinant” of (1 — ¢R(®)(2))~!, while D(2) can be
interpreted as the (appropriately renormalized) “determinant” of z1 — X,

Note that if v € o(P®(z)) \ {0}, then z — v~ ! € o(X®).® Thus, v =
(z—p)~ " where € o(X®). Let ¢ € C such that a = R(€) is sufficiently large
so that D,(€) is well defined. Let pp g < a— hiop($1) + |ds — £|A+ 5 min{p, ¢}
Let A; ¢ be the eigenvalues of X®_ For each z € Bs(&, pp.a.e)s

(212) Dylé — 2,6) = exp (— 3 E=D g (s)”))

n=1
0 — )" 1 n
= exp ( > (gn) ( > | T o (C&App,q,e))>

n=1 AiEBQ(gapp,q,é

8As usual, we denote by o the spectrum.
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= exp < Z log <1 — ;__)\';) + Z (6—712)0 (Cg,APp,Z,é))

Xi€B2(&,pp,q,0) n=1

— iy
=< 11 g_ )w@, 2),
Xi,e€B2(&,0p,q,¢)

where (¢, z) is analytic and nonzero for z € Ba(&, ppq.e). The results follows

by optimizing the choice of p, q. U

Once Theorem 2.1 is established we can use the above machinery to obtain
more information on the location of the zeros.

Proof of Theorem 2.4. Equation (2.12) and Lemma 2.11 show that the
poles of (ruelle are a subset of the eigenvalues of the X (&), Proposition 2.12
implies that ¢ = ds is the only term in (2.5) that can contribute a pole in the
relevant strip. Thus, it suffices to study the poles of ’)3351. In Lemma 7.8 we

prove that there exist 79, ap,C1 > 0 such that, for 0 < ¢ < min {%, %},
2a0 > R(2) — htop(P1) > ag and n > C1Cx In [J(2)],
R, < CoBR(z) = huop(é1) 1S ()] 7.
In Lemma 4.8 we have, for each R(2) > hiop(¢1) and n € N,
B, . < CaRE) ~ hop(@1) ™
Accordingly, the resolvent 1dent1ty R)(z —a) = 3222, a"R(@) (2)" yields

ol
IR) (2 — a)|| < Z |al™(R(2) = huop (1)) |Cel S(2)| 770 1% T
CylS(2)lg

P e
1 —|a|(R(z) — htop(1)) 71 Cy e “#

From the above we have the analytic extension in the statement of Theorem 2.4

provided (z) large enough. The theorem then follows by the spectral charac-
terization of Proposition 4.9 since smooth contact flows on connected manifolds
are mixing. ([l

Proof of Theorem 2.8. Since there is an obvious bijection between prime
closed geodesics and prime closed orbits for the geodesics flow, (T") is precisely
the number of prime closed orbits 7 for the geodesic flow whose period A(7)
is at most T'. The proof of the theorem is based on the following estimate,
established in Lemma 8.3. For each z € C, hiop(¢1) > R(2) > hiop(d1) — 5,
|$(z)| > 1, we have that

<%iuelle (Z )

(213) <Ruelle(z)

SC#‘Z|.
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In particular, on the line $(z) = 01 := hiop(¢1) — 75, say, we have the bound
(2.13). Moreover, on the line R(2) = 02 := hyop(¢1) +1, say, we have a uniform
bound

Cll%uelle (Z ) gl/%uelle (02 )
CRuelle (Z ) CRuelle (02 )

By the Phragmén-Lindel6f theorem ([71, §5.65]) the bound on the logarithmic
derivative on any intermediate vertical line is an interpolation of those from
(2.13) and (2.14). In particular, we have that

(2.14) <

< +o00.

CRuelle (%)
2.15 2nuele 2| < Culz|™
(2.15) CRuette(2) | #l
for R(z) > 03 := hiop(d1) — &, say, where 0 <y := 557 < L.
Starting from (2.15) we follow a classical approach in number theory. Let
Y(T) = Z ht0p(¢1))\(7)
e’”htop<¢1)>\<7)§T
T
w2 [CuEde = (@A) - ehene0))
1

e”htop(¢1)))‘(T)ST
mo(T) = Z 1 and m(T) = Z 1,
eMtop ($1)A(T) <T eltop (@1)A(7) <T

where the finite summation in each case is over prime closed orbits 7 € 7, for
the associated geodesic flow, and n > 1, subject to the bound in terms of T'.
Next we recall the following simple complex integral: For d, > 1, we have that

1 /d*—i-ioo yz+1 p {o if0<y <1,

(2.16) 270 Ja,—ico 2(z+ 1) y—1 ify>1.

If we denote (y(2) = CRuelle(Ptop(P1)2), then we can write
- 1 dx+ico C(,)(Z) Tz—i—l
(2.17) Di(T) = 27”/6!00 <_C0(Z)> %

for any d, > 1 sufficiently large. This comes by a term-by-term application of
(2.16) to

_C(/)(Z) _ - h A —2nhtop (1) (T)
= to 1 T)e .
CO(Z) nz_:l-,-;; p((z) ) ( )
(Note: The summation over the natural numbers in this identity comes from
the second expression in (2.4), not nonprimitive orbits, which are not being
included in the counting.) Moving the line of integration from R(z) = d, > 1
to R(z) = ¢ gives

TR 1 e G(z)) T
(2.18) vi(T) = 2+2m~/c_m (—<2<Z)) 2+ 1)
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provided o3/htop(¢p1) < ¢ < 1. In particular, we use (2.15) to guarantee
convergence of the integral in (2.18). Note that the term %2 comes from the
line of integration crossing the pole for (y(z) (now at z = 1). Moreover, the
integral yields a factor 7¢™1; i.e., 11 (T) = 372 + O(T™). Next we have the

following asymptotic estimates.
LEMMA 2.17. We can estimate, provided 1 > ¢1 > ¢ > 0, that

W(T) =T +0(T/?),

' T(c+1)/2
mo(T) = Li(T) + O (logT) ;

m(T) = li(T) + O(T(+1)/2),

Since the proof of the above lemma is completely analogous to the case of
prime numbers, we omit it and refer the reader to [22, Ch. 4, §4]. Finally, we
can write

m(T) = m (ehtop(¢>1)T) - 1i(€htop(¢1)T) + O(e[htop(¢1)(61+1)/2]T)

)

and the theorem follows with A¢op(f1)(c1 +1)/2 = hiop(P1) — 0. O

3. Cones and Banach spaces

We want to introduce appropriate Banach spaces of currents’ over a
d-dimensional smooth compact Riemannian manifold M. We present a general
construction of such spaces based only on an abstract cone structure. This is
very convenient since later on we will apply this construction twice: once on M
to treat certain operators, and once on M? to treat some related, but different,
operators.

The basic idea, going back to [11], is to consider “appropriate objects”
that are “smooth” in the unstable direction while being “distributions” in the
stable direction. This is obtained by defining norms in which such objects
are integrated, against smooth functions, along manifolds close to the stable
direction. Unfortunately, the realization of this program is fairly technical,
since we have to define first the class of manifolds on which to integrate, then
determine which are the relevant objects and, finally, explain what we mean
by “appropriate.”

3.1. Charts and notation. We start with some assumptions and notation.
More precisely, for any r € N, we assume that there exists dy > 0 such that,
for each ¢ € (0,dp) and p € (0,4), there exists an atlas {(Ua, ©q) }aca, where

9See Federer [25, §84.1.1-4.1.7] for a detailed presentation of currents.
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A is a finite set, such that!'?

Oa(Ua) = Bq(0, 305\/@),

Ua©51(B4(0,26)) = M,

B0 005! (T, 24 +1) = O 0 05 (F,24) + (0,1), tER,
1(©a)«lloo + 11O 4lloc <25 €0 0 O3 or < 2.

(3.1)

Note that the above is equivalent to the existence of a global C” vector field
V such that ©, are flow box charts for the flow generated by V; i.e., for all
ae A (O7)(5%) =V

8:l‘d
Let {ta }aca be a smooth partition of unity subordinate to our atlas such
that supp(¥a) C ©,1(B4(0,25)) C U, and '(/}a’@—l(Bd(O 5 = 1. In addition,

we assume dj + do = dim(M) are given, and we let

(3.2) Cp = {(s,u) € RY x R : [[ul] < plls]}.

Next, we assume that there exists 4 > py > p_ > 0 such that, for all a, 5 € A,
(3.3) Co C (Ba)x0 (©5"):C,_ CCp,,

when it is well defined. Note that, by compactness, there must exists p; > 0
such that C,, C (©q)« 0 (@El)*Cpf.

This concludes the hypotheses on the charts and the cones. For each
¢ €{0,...,d}, let A“(T*M) be the algebra of the exterior /-forms on M. We
write QF(M) for the space of C” sections of A(T*M). Let h = Y qen Vah =
S aed ha S0 that hy € Q4(U,).

Let {e1,...,eq} be the canonical basis of R%. For all @ € A and z € U,,
consider the basis of T, U, given by

1 Y 1 Y
{(@a )* xlﬂ"'a(@a )* T4 .

Let {éa1,...,€q,4} be the orthonormal basis of T,U, obtained from the first
one by applying the Gram-Schmidt procedure, setting as first element of the
algorithm é,,4 = (1), 72/ H(@—l) 0

o a J*9zy
of 1-forms such that wq i(éq,;) = 0;;. Thus we can define a scalar product on

‘. Let wa 1, ... ,Wa,q be the dual basis

T7U, by the expression (wa,i,wad) = 0;,j. Note that the above construction
“respects” the special direction V.

10T e relations are meant to be valid where the composition is defined. The || - [|¢r-norm is
precisely defined in (3.6). Note that the explicit numbers used (e.g., 2,30, ...) are largely ar-
bitrary provided they satisfy simple relations that are implicit in the following constructions.
HIndeed, the first, second and last relation can always be satisfied. (For example, consider
sufficiently small charts determined by the exponential map.) Given V, the third conditions
can be satisfied by applying the flow box theorem.
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Let Ty = {i = (i1,...,i¢) € {1,...,d}* : iy < iy < --- < iy} be the
set of /-multi-indices ordered by the standard lexicographic order. Let e; =
e A+ -Aej, in AY(RY) and d; = dai, A- - -Adx;, € ANY(R?)* so that dz;(e5) = 0; ;.
Let {e,7;} C A(TpUs) and {w,;} C AYT;U,) be defined in the same way
starting from £q ;, wa ;-

Given h € Q4(U,) and (©;1)*h € Q%(By(0,306+/1 + p?)), we will write

h=3 haiWai-
1€Zy,

As usual we define the scalar product

(3.4) (hoghar = [ (hig)awons(a),

where w)s is the Riemannian volume form on M and (h, g), is the usual scalar
product for forms.'? (See (A.1) for a precise definition.)

In the sequel we will often restrict ourselves to forms “transversal” to the
flow; that is,

(3.5) Qf, (M) = {heQl(M):h(V,...)=0}.
Remark 3.1. We use the convention Qf . = Q9. Note that QF . = {0} and,
more generally, if h € Qg}r, then h = EEGI[ hg 7we 7> where
I, ={i= (i1, i) € {1,...,d =1} iy <ig < ... <}
For f: By(0,0) — RJ, d € N, we use the following C"-norm:
sup, || ()] if r =0,
(3.6)  Ifllcr = < I fllco + 8uPs yep,0,6) 112 =r @] if0<r<1,

lz—yll”
S 2 k[0, - --yamkifHCT_m ifr > 1.

Remark 3.2. The reader can check, by induction, that for such a C"-
norm, for r € Ry and d = 1, we have ||fg|lcr < ||fllcrllgllcr and, for all d € N,
1 e gller < Cau Xico If ler I Dglicr— -+ - [ Dgll gr—s-

3.2. Banach spaces. Given the above setting, we are going to construct
several Banach spaces. The strategy is to first define appropriate norms and
then close the space of /-forms in the associated topology.

Fix Lo > 0. For each L > Ly, let us define
(3.7) Fr(p, L) = {F : B4, (0,60) = R% : F(0) = 0;

IDFllco(s,, 0.65) < 3 I1Fllor (s, 068 < L}-

1211 the following we will drop the subscript x in the scalar product and the subindex M in
the volume form whenever it does not create confusion.
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For each F € F.(p,L), = € R ¢ € RN, let G, p(€) : Bay(0,65) — R? be
defined by G, r(§) =« + (&, F(§)). Let us also define ¥(p,L) = {Gpp: x €
By, (0,20), F € Fu(p,L)}.

Remark 3.3. All the present constructions will depend on the parameters
p, L. We will often not make it explicit, to ease notation and since many
computations hold for any choice of the parameters, but we will state when a
particular choice of such parameters is made.

For each a € A and G € i we define the leaf!?

Waa=1{6;"0 G(&)}eeBy, (030)
and the enlarged leaf

Wig=1{6."0 G(&)}eeBa, (0.66)-

For each a € A, G € ¥, note that W, ¢ C Uy = 05(By(0,60y/1+ p2)) C Us.
Finally, we define ¥o = U 5 {Wa,c}. We will be interested in the set of
manifolds ¥ = UypeaX, (our sets of “stable” leaves).

Also, for each G € %,, we denote by fﬁ’s(a,G) the C*® sections of the
fiber bundle on T/VaJr o With fibers AY(T*M), that vanish in a neighborhood of
OWq,. We define the norm
(3.8) lgllze.s ) = P [[gai © 0, 0 Gllos (B4, 0.20))-

1€Ty
Consistent with this choice, we equip Q%(M) with the norms, for s < r,
(3.9) Ihllog = sup lhez o O oo (ray.
a€A€T,
Let V*(a, G) be the set of C*(Uq,) vector fields, where U, ¢ is any open set
such that U, D Uy g D W;G.

To allow enough flexibility in the previous construction (flexibility which
will be essential in Section 6) we introduce the possibility of further choices: we
choose sets T4#(a, G) that are dense in I (ar, G) in the C-norm for each s < 7.
Also we choose sets V3(a, @) C V*(a, G) that contain the push-forward of any
constant vector field under the coordinate map ©, ! and with the property that
there exists Cs > 0 such that, for each v, w € V*(a, G), Cs-[v,w] € VYo, Q).
Finally, we ask the following extension property: there exists Cs € (0,1) such
that for each

E‘UO{,G =v

VBe A, G €X,C e Vi(B,G),
where by V*(M) we mean the C* vector fields on M.

(3.10) v eV¥(a,G) = Fv € V(M): {

3 These Wa,a are not to be confused with stable manifolds.
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Remark 3.4. The norms and the Banach spaces that we are going to
define should have an index specifying their dependencies on the choices of
{I'%*(a, G)} and {V*(a, G)}. We choose to suppress them to ease notation
since this creates no confusion.

Let wyo be the dy volume form induced on W, ¢ by the push-forward of
Lebesgue measure via the chart ©,'. Write L, for the Lie derivative along a
vector field v. Finally, foralla € A, G € %, g € T2, G), 9P = (v1,...,vp) €
Vi (a, G)P and h € Q4(M), we define
(3'11) Ja,G,g,T)P(h) = / (g, Lm U vah> Wyol € R.

ch,G
Next, forallpe N, ge Ry, p+qg<r—1,0€{0,...,d}, let

ac€AGeX,(pL)gc¢€ Fﬁ’pﬂ,vj c YPta,

(3-12) UmL,p,q,@ = {Jaﬂyg,v”

loletotogay < Lloslovswo < 1)

where, for v € V*(a, G), [|[v]|lcs (v, ¢) = 5UPayi (v, €a,i) 0 O5 |-

Lastly, for all p € [p—,p4+], L > Lo, p€ N, g € Ry and h € Qf;ﬂ(M), we
define the following norms:
(313) Al pge= suwp J(h) and  hllprpqe=sup bl g0

J p,L,p,q,l n<p

Remark 3.5. Let Ly be such that W € X, (p—, Lg) and W N (Af@ # () imply
W € Za(ps, Ly).** We find it convenient to set 1= pge = -l Lo pge and
Il pge = Illpy £y pge- In the above norms and objects we will systemat-
ically suppress the indexes p, L, 4+, —, when it does not create confusion. In
particular, any statement about a norm without + is either meant for each
p € [p—,p+], L € [Lo,Ly] or for the — norm. The introduction of these an-
noying +-norms has the only purpose to allow a simple use of mollificators,
which in general are not bounded operators. (See Appendix D for details.)

Definition 3.6. For all p € N, ¢ € Ry, £ € {0,...,d — 1}, we define the

spaces BP% to be the closures of Q&T(M) with respect to the norm |||,

and the spaces BY?" to be the closures of Qf (M) with respect to the norm
Il p.q.e

Remark 3.7. Note that, by definition, the forms in BP®, B’J’r’q’é are zero
in the flow direction. This retains the relevant properties of Poincaré sections
while working directly with the flow.

14Gych an L, exists by the third equation of (3.1).
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Remark 3.8. For the norms just defined, the reader can easily check that

B.14)  |hllpge < Mhllprrge,  hllpgrre < [Ih

0,q,6>
Cogllhllpge < sup [Lvy == Loy hllg g < WA,
PETIAET  pevta lpg <ty T el
Hth,p,q,K < Hh‘ ’+,p,q,£’ Hth,q,f < C#HhHQ;;

Remark 3.9. The above spaces are the natural extensions of the spaces
BP? in [29] to the case of ¢-forms. There the Banach spaces BP? were defined

as the closure of C°°(M,R) with respect to the following norm:!?
|h||pq = sup sup sup sup / Ly, -+ Ly, (h) - pwyol.
0SkSPacA vy, o eVPH*(a,G) eCf (Wa,g R) " Wa.c
Gex [viler <1 Il oktq<1

In particular, we can construct an isomorphism between the Banach space BP*¢
in [29] and the present Banach space BP%4~1. 1In fact, let iy : Q1 (M) —
Q§,.(M) be the interior product defined by iy (h)(vy, ..., v¢) = h(V,v1, ..., vp).
If h € Qé’T(M), then (—1)%y(h A dV) = h, where dV is any one form such
that dV (V') = 1. That is, iy (1 (M) = Qf .(M). Since iy (QF} (M) = 0,
we can define iy : QfH(M)/ng;l(M) — Qf,.(M) and obtain by a standard
algebraic construction that iy is a natural isomorphism. Next, we define

(3.15) &= iyw,

where w is the Riemannian volume, and we define the map ¢ : C"(M) —
Qg;l(M) by i(f) = f-@. Note that ¢ is an isomorphism since QfF . = {0}. It is
easy to check that % extends to an isomorphism between BP? and BP%4~1 Tt
is even easier to construct an isomorphism between BP?¢ and B4, Yet, such
an isomorphism is not relevant here; indeed, the reader can check that the
transfer operators defined in Section 4.1 correspond to the transfer operators
studied in [29] only when acting on BP44-1,

We now prove some properties of the spaces BP4¢. To this end we will
use some estimates on how fast an element of the space can be approximated
by smooth forms. Such estimates are proven in Appendix D.

Given a form h € Qf, we can define a functional by

(3.16) (MI(g) = (h, g where g € Q((M).

The space of such functionals, equipped with the x-weak topology of Qﬁ(M ) 16
gives rise to the space £ of currents of regularity s.

151y [29] the coordinate charts are chosen with slightly different properties. However, for our
purposes, they are equivalent.
167 usual, given a Banach space B, by B’ we mean the dual space.
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The following extends [29, Prop. 4.1] and [29, Lemma 2.1].

LEMMA 3.10. For each ¢ € {0,...,d — 1}, there is a canonical injection
from the space BP%* to a subspace of 5£+q.

Proof. Since we can foliate M by manifolds in ¥, given the definitions
(3.16) and (3.4), we have

(3.17) N(9) < Cp g l9llae, cary

Thus 7 can be extended to a continuous immersion of BP%¢ in 5,5 +q-

To show injectivity consider a sequence {h,} C Qé’p +q that converges
to h in BP9 such that 5(h) = 0. Let Wa.g € Eo. In the following it is
convenient to introduce the operators Mma defined as in Definition D.1 with
U(2,9)i5 = $a(05(2))5;7, Yal) = Tif [l€]] < 3y/1+ p2 and $a(€) = 0 if
1€ > 64/1 4 p. Note that, for each k' € Qf .,

(318) [ (0 Moo = ) ),
Woz,G
where
9:(@) = 30 00i(2)10a(@) | wea(y) Da)r(Oa(@) = ©5(1) s g}y € .
i a,G
By Lemma D.2 and Remark D.4, we have that
/Wayg <g7 hn>wvol = gg% W o <g7 Ma,shn>wvol = ;li%[](hn)](gg),

Moreover, by equation (3.18), Lemma D.2 and Remark D.4 it follows that

()} (g2) = )] (5] = ‘ J IR S e

< C#Hgnrﬁvq(ajg)nhn - hm||0,q,€~

Thus, we can exchange the limits with respect to n and ¢ to obtain

/Wa,G <g> h>wvol = nh—{go /Wa,G <gu hn>wvol

— lim lim [(h,)](g2) = lim(y(h)](g2) = 0.

e—+0n—o0 e—0
which implies ||A]|o,4,¢ = 0. By similar computations, using equations (D.4) and
(D.7) to deal with the derivatives, we obtain ||h|/,,¢ = 0. Thus j is injective
and we obtain the statement of the theorem. (]

We conclude this section by proving a compactness result that is essential
in the implementation of the usual Lasota-Yorke strategy. The proof is exactly
as the proof of [29, Lemma 2.1].
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LEMMA 3.11. For each q,p > 0, p+q < r — 1, the unit ball of BP9t is
relatively compact in BP~H4H1L,

4. Transfer operators and resolvents

Let ¢, : M — M be a C" Anosov flow on a smooth Riemannian d-dimen-
sional compact manifold with » > 2. The flow canonically induces an action
¢ on {-forms. Such an action has nice spectral properties only when acting
on Banach spaces of the type described in Section 3. To apply Section 3 to the
present context it suffices to specify all the choices involved in the definition
of the norms ||-[|,, , ,-
First of all, the “special” direction is obviously given by the vector field

V generating the flow. In addition, we note the following.

Remark 4.1. Without loss of generality, we can assume
Dp©,{(0,u,0) : u € R™} = E*(©,1(0)),
(4.1) Dy0;{(5,0,0) : s € R%} = E5(0,1(0)),
0, ((s,u,t)) = 4105 ((s, 4, 0)).

Let dy = ds and dy = d, + 1. Given the continuity of the stable and
unstable distribution we can choose ¢ so that equations (3.2) and (3.3) are
satisfied with p_ =1, p; =2 and, forall « € Aand x € Uy, (04)+E®(x) C C%.
Choose Lg large enough so that all the stable manifolds belong locally to
¥(1, Lop/2). Note that there exists ty > 0 such that, for all ¢ > ¢,,"

(4.2) (@5 o¢p_to0 @;1)*(62) c Cy.

In addition, for each v € (©;1).Ca, t € Ry, we have ||(¢_¢)+(v)|| > C#eXtHvH.
Finally, we set V* = V* and I'0¢ = I'449,

LEMMA 4.2. With the above choices condition (3.10) is satisfied.

Proof. To prove the lemma it suffices to have a uniform estimate on the
norm of an extension of a vector field. This is, in general, a hard problem,
but here we can exploit the peculiarities of our situation that allows us to give
a simple proof based on the well-known reflection method that goes back, at
least, to [40], [34], [65].

First, notice that, given W, ¢, we can make a uniformly bounded C"
such that = o @a(WJ’G) = B(0,60) x {0}. Given

change of coordinates =
any vector field v € V*(a, G), the domain = o O (Ua,c) will always contain a

Mndeed, if 2 € Uy, v € R? and v = 0% 4+0°, v* € (Oa)+(E"(x) X E¢(z)), v° € (Oa)«(E*(x)),
then ||(¢—¢ 0 @71 (v*)|| € Co while ||[(¢—¢ 0 ©7H).(v%)|| > Coe™*, and the result follows by
the fourth line of (3.1).
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“cylinder” of the type Yz = B(0,60) x (x?il[—ai,ai]), for some @ € [0, 6]%,
while v will be mapped into the extension of a function f € C*(Y,, R?) with
Culvlliesae) < 1fllesva) < Cxllvllosw, o) Clearly it suffices that we extend
f to a fixed, sufficiently large, domain so that, after multiplying it by a function
equal one on Yo 25) and supported in the image, under Z, of the domain of
the chart, we obtain the wanted vector field by the push-forward (0, 0Z71),
and setting it to zero on the rest of M.

Let Iz g+ (x) = (x1,...,xi—1, —B(x; Fa;) £a;, Tiy1,...,2q). Then, given
g € C%(Y;), we can define, for i > dy,

g(x) for zeYs,
gz(x) = ZIES:J(] bkf o I&,Q’“,i,—i—(m) for =z € Yai,l'i > 0,
k‘io bfolgon; (x) for =€ VYa,r <O,

where a}, = ay, for k # i and a} = [1 + 2'77"l9]q; and E,ES:JO b2k =1 for all
n € {0,...,[s|}. Note that the previous condition determines the by uniquely
since the Vandermonde determinant det(2%) is well known to be nonzero. It is
easy to check that ¢g' € C%(Y;:) and Hgi”C‘S(Yai) < Csllglles(v,)- Proceeding in
such a way, we can extend g to the domain Y| 4.... 4) for any fixed A > 0. We are
left with the boundary of the domain determined by B(0, 69), which is smooth.
By localizing via a partition of unity and a smooth change of coordinates we
can reduce ourselves to the case of extending a function from the half space to
the all space, which can be handled as above [65]. This concludes the proof. [

Remark 4.3. By standard hyperbolicity, estimates ¢o in (4.2) can be chosen
so that, for all £ > tg, the image of a manifold in ¥ can be covered by a collection
of manifolds in ¥ with a uniformly bounded number of overlaps. The fact that
this may be false for small times is a little extra problem present in the study
of flows with respect to maps. We will handle such a problem by a further
modification of the Banach space; see (4.6).

This concludes the definition of the Banach spaces. Next we define the
action of the flow.

4.1. Properties of the transfer operator. Let h € Qé,rﬂ(M)- Then for all
t e R,

(4.3) G h(V,vg, ... ve) = h(V, (¢1)xv2, - .., (¢1)xve) = 0.

Thus gb’tk(Qéﬂ_l) = 96,7«71 for all t € R. In (2.9) we defined the operators
{4
ﬁg ) : Qé,r—l(M) - Qé,r—l(M)7 le R-H by

£Oh = ¢* .
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Following Remark 3.9, in the special case of a d—1 form, for h € Qg;l_l (Ua)
we have h = hi, where h € C*(M,R) and @ is defined in (3.15). Then'®

(4.4) L9V = hog_ydet(Do )i = (Loh)i.

Thus we recover the transfer operator acting on densities studied in [15].

We begin with a Lasota-Yorke type inequality for ﬁﬁf).

Definition 4.4. Let p€ N, geR,,0</<d—1and 0 < X <\, where A
is as in the Anosov splitting. Let us define

oy = htop(d)l) - )\‘ds - €|a
Op,q = min{p, g}A.

LEMMA 4.5. There exists tg > 0 such that, for each p € N,q € R,
prqg<r—1,0€{0,...,d—1}, A€ (0,)) and t > tqg, the linear operators ,/;EZ)
can be uniquely extended to a bounded operator'® L) € L(BP®", BEY). More
precisely,

|28, < Cae IRl g g

+707q’£
In addition, if 0 < q < r — 2, then

<)

-
+ome S Cane VR g o+ Cone™ I g 4110

and, if p,q > 0, then

4 _
[OR] 00 < oD MR Copan™ NIy 10

+ Cpgre” HX(z)h”_,p_l,quu '

The proof of this lemma is the content of Section 4.3. In particular, note
that from the first and last equations of the above lemma and equation (3.14),
we have

(4.5) |0, < Coge™ Il g0

Remark 4.6. Up to now we have extended, yet followed closely, the ar-
guments in [15]. Unfortunately, in Section 7 of [15], the authors did not take
into consideration that for ¢t < ¢, ¢+(Wy,¢) is not necessarily controlled by
the cones defined by (3.2) and thus could be an inadmissible manifold. Such
an issue can be easily fixed, in the present context, by introducing a dynam-
ical norm (similarly to [8]) as done below. This, however, is not suitable for

8Indeed, for w € Q4M), we have det(D¢)w = ¢jw. Hence by (3.15), we have
diw(vi,...,v4—1) = det(D¢i)w(vi, ..., va—1); that is, p;w = det(De)w.
19Which, by a harmless abuse of notation, we still designate by £§Z).
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studying perturbation theory; to this end, a more radical change of the Banach
space is required [16].

To take care of the ¢ < ¢y, we introduce the dynamical norm {|-|[, . ,. For
each h € QL(M), we set

(46) oll g = 500 03],

o = i
Thus we can define BP9! = Qf =" ¢ Brat.

LEMMA 4.7. For eachp € Nyge Ry, p+qg<r—1,£€{0,...,d—1},
A < A, foreacht € R, we have that ﬁge) € L(gp’q’g, gp,q,z) and, more precisely,

2], < Coae™ Nl -

Moreover, if p,q > 0, then

l _
[1£878] < Cpane@ = hll, 4 + Cpgre™ WAlly-1 41,0

p.q,

+ Cp g7 H‘X(Z)hmp—mﬂ,e '

In addition, {L4}ier, forms a strongly continuous semigroup.

Proof. For h € ngr, equations (4.5) and (4.6) imply, for ¢ < to,

[[<i0n]| |, < max {litll, g0 Cogel™ WAll, 0} < Cpg Al

D,q; D,q,¢ p,q,L

while for ¢ > tg, the required inequality holds trivially. The boundedness of
Egé) follows.

The second inequality follows directly from the above, for small times, and
from Lemma 4.5 for larger times.
To conclude, note that EEZ) is strongly continuous on QY(M) in the C"
topology. Let {h,} C Qap such that limy, e [|2n — R[, , , = 0. Then, by the
boundedness of Ey),

{4 l
llcin =], < Co = hally g0+ 1170 = Bl

which can be made arbitrarily small by choosing n large and ¢ small. (]

4.2. Properties of the resolvent. By standard results (see, for example,
[19]), the semigroups Ly) have generators X that are closed operators on
BP%¢ such that X(K)L'g) = %L@. Setting R (2) = (21 — X))~ we have,
for R(z) > oy, the following identity:

n 1 oo n—1_—=z L
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which can be easily verified by computing X ¥ R()(2)" and R (2)"X®). The
next lemma, the proof of which can be found at the end of Section 4.3, gives
an effective Lasota-Yorke inequality for the resolvent.

LEMMA 4.8. Let peN,geR, p+q<r—1, z € C such that a=R(z) > oy.
Then we have

RO, G- o

and, for p,q > 0,
|70

P,q,¢

_ (lz| + 1)
< Cgan { (0= 004 00) " Wy LD Wl g

The operator RY(2) has essential spectral radius bounded by (a—ap+0p4) "
We are now in the position to obtain the required spectral properties.

PROPOSITION 4.9. For p+q < r — 1, the spectrum of the generator X©
of the semigroup ci” acting on B2t lies on the left of the line {0y + ib}per
and, in the strip o, > R(z) > o4 — 0p 4, consists of isolated eigenvalues of
finite multiplicity. Moreover, for { = dg, hiop(¢1) is an eigenvalue of X. If
the flow is topologically transitive, then hiop(¢p1) is a simple eigenvalue. If the
flow is topologically mizing, then hiop(¢1) is the only eigenvalue on the line

{ht0p(¢1) + Z.b}be]R-

Proof. The first part of the lemma is proven exactly as in [42, Prop. 2.10,
Cor. 2.11]. Next, let us analyze the case { = ds;. As explained in Re-
mark 2.14, we restrict ourselves to the case in which E? is orientable. In-
deed, in the nonorientable case we must study a slightly different operator.
(See Section B for more details.) Then for each E*(z), we can choose a
volume form @; on E* normalized so that ||@s]| = 1 and it is globally con-
tinuous. Also let 7s(x) : T,M — E*(x) be the projections on E*(z) along
E'(x) ® E°(x). Remember that g is w-Holder (see Appendix E). Next, de-
fine ws(v1,...,vq,) = @s(msv1,...,Tsvq,), by construction wg € ngw. Note
that ¢* ,ws = Jsp_wws, where Jo¢_¢ is the Jacobian restricted to the sta-
ble manifold. Note that, setting ws. = M.ws, for € small enough, we have
(We,e, ws) > % Hence,

(4.8) / (Wees Litos) > / Tso-t 5 o, / Ty > Cyvol(é_iWa ).
Wa,G Wa,G 2 Wa,G

Taking the sup on the manifolds and integrating in time, Appendix C (see, in

particular, Remark C.4) implies that the spectral radius of R(%)(a) on B%®d

is exactly (a —og,)" L
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By Lemma 4.8, R(%)(a) is quasi-compact on BP4ds and its peripheral
spectrum does not contain Jordan blocks.?? In turn, this implies that

n—1 . _1 N ds
i L5 (0 - oq ) R @ — {1 (@ 0a) T E g (R @),
e n T 0  otherwise,

where II is the eigenprojector on the associated eigenspace and the convergence
takes place in the strong operator topology of L(gp’q’dS,gp’q’dS). Also by the
second inequality in the statement of Lemma 4.8, it follows that II extends
naturally to an operator in L(BP~1et1ds BPads)  Since, by (4.8),

/ (ws.e, wg) > 0,
w,

a,G
we have that II # 0 and (a — o4,)”" belongs to the spectrum. The other
claimed properties follow by arguing as in [30, §6.2]. O

4.3. Proof of the Lasota-Yorke inequality.

Proof of Lemma 4.5. For each a € (0, 1), we introduce the norms

P
12l p.L.p.q.00 = Z |l L 0.0
p=0

From now on we will suppress the indexes p, L as their values will be clear
from the context. As the above norms are equivalent to || - ||, 4.¢, it suffices to
prove the required inequality for some fixed a (to be chosen later).

For any p,qeN, o € A, GEX(py, Ly), v; € V9T (a, G), geThoH(a, G)
such that ”g”rﬁ"ﬁ”q(a,(}) < 1, we must estimate

(4.9) /W (0 Loy Loy £OR) wyay.

a,G
First of all, we consider the atlas introduced at the beginning of Section 3.
For 8 € A and for each t € Ry, let {Viglrek,, Kg C N, be the col-

lection of connected components of ©3(¢_i(Wac) NUg). Let f(lg = {k €
Kg : Vi g N B(0,25) # 0}. For all Vi g, let kag be the connected compo-
nent of @ﬂ((ﬁ—t(W;(;) N Ug) that contains Vj g. Next, for each k € Kg,
choose 3 € (Vi N B(0,20)). We choose ty as in Remark 4.3. Then,
for all t > tg, there exists Fj g3 € F.(1,Lg) (see definition (3.7)) such that
Gy g 15 (6) = zpp + (&, Frp(8)), &€ € B(0,60), and the graph of G, ; r, , is

contained in V;, 3. Next we consider the manifolds

(410) {W'B’sz,,B’Fk,ﬁ }k‘Ef{B - UB

n

20A Jordan block would imply that ||R(ds>(a)”||pq . grows at least as Cyn(a — 0a,)”
contrary to the first inequality in Lemma 4.8.
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From now on let us write W3 g, for Wg ¢ . By the above construction,

xk,BaFk,ﬁ
Wsa, € X—. Note that the above construction provides an explicit analogue
of Lemma 7.2 in [15]. In particular, Uge4 Ureit,s Wsa, DO ¢—tWaa with a
uniformly bounded number of overlaps.

In the following it will be convenient to use the Hodge operator “x”; see
Appendix A for details. Let us start with the case p = 0. By using formula

(A.4), changing variables we obtain?!

@) [ e fOhea= 3 [ (D00 (167 ), B

Wa,a BeA Wg,ck J(Z)t
kef’ig

where Jy ¢, is the Jacobian of the change of variable ¢; : Ws g, — Waa.
Note that

*¢r(*g) - Z <wﬂ,€7 *¢r*wa75>gj o ¢y - wgi
g,jGIg
= (=) g 3 (0 wpwag) 0 G950 bW,
EJEIZ
where we have used (A.4) again. Letting
g = (-1 g4, Z Z (PZiwp 7, Wa 3) © Gt~ g5 0 bt - wg i,
i€Z, j€L;
by Remark 3.1 if follows that (x¢}(xg), h) = (G, h). Accordingly, we have

(4.12) H[J(Zﬁt_ljw(ﬁt g - gi] o @El o Gillca < Cu sup Hg; o@0 @/gl o Ggl|ca
gii

X [Tw e (92wp 7 waj) © de 0 O5" 0 Gilloa.
Next, we estimate the factors of the above product. Note that there exist maps
= € C"(RY,RY) such that
(4.13) Oa 0 ¢r 005" 0 Gy =GoE,.
Moreover, by the contraction properties of the Anosov flow, [[DZ¢|cr-1 <
C'#e*)‘t.22 Thus, by the properties of r-norms (see Remark 3.2),

(4.14) lgj 0 ¢t 0 ©5" 0 Gillca < Cyllg o O, 0 Gllca.

Next, note that |[(¢p*,ws3,w, ;)| is bounded by the growth of ¢-volumes while
Jw ¢y gives the contraction of ds volumes in the stable direction. Clearly, the
latter is simply the inverse of the maximal growth of [(¢*;wg 7, w, 7)|, which

2lSince (g, h) can be seen as a function on M, we will often use the notation F*{g,h) for
(g, h) o F. Also, we will interchangeably use the notation det(D¢;) and J¢,, since, for all
t € R, det(D¢y¢) > 0.

228ee the Appendix in [15] for details.
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takes place for ds forms. By the Anosov property and Remark 3.1, it follows
that

(4.15) [[Jwér o O3 0 Gi - (6" wp5,waj) © b1 0 O51 0 Glleo < Ce I,

To compute the C'%-norm, for ¢ > 1, we begin by computing the Lie derivative
with respect to the vector fields Z; = 0O, i € {1,...,ds}. Let us set Ty =
¢ 0 @El o Gi. By (A.5) and (A.6), we have

(4.16) Lz [(¢=4v,w) o Ty] = T Lr,.z,(¢ v, w)
= T 1div(TeZi) {650, w)] + (1)L} (e Ly, 7, 5w, 670)
+ Y5 (w, L(eglon)*ZiU>.
Hence, again recalling (3.6) and its properties, for ¢ € N,
(o=, w) 0 Tellea < Cy sup |[ Lz [{9Z0, w) 0 Vil cams

+ 2 (9% 0, w) © Y| o
< Co{lldiv(Te Z:) {6 v, whllcat + (L0510, 2,0 W) 0w
+ (670, %Ly, 2, % w) a1 + (6T 0,w) oo }

which can be used inductively to show that the C%-norm is bounded by the C°-
norm. The case ¢ € (0,1) can be computed directly as well, but it also follows
by interpolation theory (e.g., see [72, (2), (4), p. 201]). The computation for
the case ¢ € Ry easily follows. Finally, by (4.15), (4.14) and (4.12), we have
that

(417) ”¢Bj¢t_1jw¢t * ¢t * gHFﬁ’q S C#efx‘ds*at.

This provides an estimate for each term in (4.11). We are left with the task
of estimating the number of manifolds. Note that such a number at time ¢ is
bounded by a constant times the volume of the manifold ¢_(W,,c). Moreover,
it turns out that such volumes grow proportionally to e’top(¢1)t (see Appen-
dix C). Thus,

Z _7 _ —
(418) H££ )hH < qu Alds f‘tehtop(‘f’l)t Hh“mq,g.

0,q,¢
To establish the second inequality note that, by analogy with [29, Lemma

6.6], for each ¢ > 0, there exists g. € Fg’r(Wa,G) such that, setting ¢ =
maX{O, q— 1}a

— / p—
lge =gl , , < Coe™ " s llgellpea < Cgs llgellpears < Coe™".

l,q" T
FC

Thus, writing g = (9—g:)+9- we can estimate to the two pieces separately. For
ge, we apply all the above computations using ¢ + 1 instead of ¢q. To estimate
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the equivalent of (4.14) for the first piece, set 1y, = ¢ o (9/;1 oGy. For q ¢ N,

we have?3

It = g:)j 0 rnllen < Coe™™ + sup HL (Ly, . Ly, (9= g2)j 0 V)

i1, »’LLqJ ! ZL .

< Cq(é‘min{l’Q} + e—Aqt)’
the case ¢ € N being easier. Choosing ¢ depending on t yields the inequality

(419)  ||ei%h]| < Cyeltmonlon N =I=3D ) 5 G (1B

0,q,¢

The second inequality of the lemma follows then by iterating (4.19) for time
steps t.« > to such that C'qe(‘”_x‘Z)t* < el@e=2)t and using (4.18).

We are left with the case p > 0. We can apply Lemma 7.4 in [15] to
decompose each v € Vg’+q(¢>t(Wg,sz’Fk)) as v = v® +v* + 0¥, where v* is
tangent to ¢«(Wsq,, r ), v" is “close” to the unstable direction and vV is the
component in the flow ‘direction. Let o € {s,u, V}¥. Then (4.9) reads

(4.20) 3 / (9. Lygs - Lygw £ R
oe{s,u,V}® Wa,c

Since LyLyh = LyLyh + Ly, b, we can reorder the derivatives so as to
first have those with respect to the stable components, then those with respect
to the unstable, and then finally those in the flow direction. By permuting
the Lie derivative in such a way, we introduce extra terms with less than
o derivatives, and these extra terms contribute only to weaker norms. For
each o € {s,u,V}%, let ps(0) = #{i|o; = s}, pu(oc) = #{i|o; = u} and
pv (o) = #{i|oi = V}. For each p = (ps,pu,pv) € N, ps + pu + pv = g, let
Yp = {0 : ps = ps(0), pu = pul0),pv = pv(o)}. Next, for each o € 35, we
define the permutation 7, by 7, (i) < 7 (i + 1) for i & {ps, ps + pu}, Or) = 5
for i € {1,...,ps}, ope) = u fori € {ps +1,...,ps + pu} and o) = V for
ie{p—pv+1,...,p}. We can then bound the absolute value of (4.20) by

4.21 oo Los L. e Lou
( ) Z Z , 0(1) UWU(PS) U7\’a(ps+1) UWU(PS‘H%L)
Pstputpv=p c€l; W, G
o) —p+1 )
x Ly Ly LYR)weg| +aoTC Hc h .
fra(ps+pu+1) Vro () ¢ > vol Pt p—1,q,4,a

I @=r @)

23By H"(f) we mean the Holder constant of f, i.e., sup,_,<s Te—yllm
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To simplify the notation, we define?*

s

vﬂg(i) fOI“ 2 S ps,
U; = v;a(i) for ps +1 < i < ps + pu,
Q)XG(Z.) for i > ps +py, + 1.

We will analyze the terms of (4.21) one by one. First of all, suppose py # 0;
then v; = vV for i > ps + p,. Using equation (A.7),

(422) ’/W <97 Lfn tee Lf)p[ﬁ(se)h>wvol
a,G

= '/ <gu Lfn e Lﬁp—l (Vp'cz(f[)X(g)h»wvol
Wa,G

< Co |[EOXON aotIC,, 0|

KJ*LQ+1:Z @*L%eaa .

Next, suppose py = 0 but ps # 0. By (A.5),

’/ (g, Ly, --- Lﬁpﬁga h>wvol
Woz,G

<

/ Lf)l <g, Lf)z e Lﬁp’cg) h>wvol
Wa,G

+Cpyq Hﬁge)thqu,E '

Then, by intrinsic differential calculus in the manifold W, q,

(4-23) d(fivwvol) = Lv(fwvol) = (_1)ds+1(va)Wvol + fd(ivwvol)'

Thus, by Stokes theorem, the integral is bounded by Cj, 4 H‘Cg)hH Los and
p—1,q,

<Cyq [ £17n)

©
(4.24) ’ /WQ’G@, Lsy - Lo, £ B ptat’

Finally, suppose p, = p. Recalling (A.6) yields

l l
/ <g7 qul o Lﬁpﬁg )h>wV01 = /W<97 ﬁg )L¢—t*f)1 e L<f>—t*f’ph>wV01'
a,G

a,G

24We should write Uq,;. However, since the following arguments are done at fixed o, we drop
the subscripts to ease the notation.
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By construction we have ||¢_.0;l|cera < Cye .

(3.14) yields, for p < p, 2°

Hence, using (4.19) and

J4 _
(4-25) ‘/W@; Lﬁl T Lﬁpﬁg )h>wvol < Cp,q,tHLdut*ﬁl T L¢>—t*ﬁth0,q+p+1,z
a,G

+ C@7q€(htop(¢1)_X|ds_£|_qx)t”L¢7t*171 ce L¢7t*ﬁ@h”6q+p ¢

< G gelMeon @) NN ) 2t Clp gl g

Note that the last term can be estimated by the || - ||,—1,4+1,¢,a-10rm, except
in the case p = p. In such a case we use (4.18) instead, which yields, for each

P <D,

(4.26) ‘/ <97L1§1 .. 'Lﬁp£§z)h>wvol < C (hcop(¢1) Ads—€|—p)t ||h||50q
Wa,G ’

Collecting together (4.19), (4.22), (4.24), (4.25) and (4.26) we have, for ¢t > 1o,

e to - s—X|— 2\ -
||»C1(E)h||p,q,f,a < qu(h p(¢1)—Alds—{| q/\)t”hHoqz‘FCﬂ

hHa,qH,f

+ Cpqa | 7] + Z a“Coq | £17X O]

p—1,q,,a p—1,q+1,¢

+ZapC (htop (91)=Alds—£=Ala+p))t ||h||;qe+cpq,at”£ h”p Lg+1,ta

+apC e(htop(¢>1) Alds—€|—Ap)t HhH .
D,q;

Then

(427) ||£1(58)h||p,q,f,a < Cpge(htopwl)*mds*g‘*min{RQ}X)tHh”p’q’&a

(e)th—LtH-l,f,a
+ Cpaa [COXOR] L+ Cran | €70

+ pr%aatHhHP—LQ'f‘l:&u + Cp7Q7 )

Pl
While, if we do not use (4.19) and (4.25), we have, for a € (0, 1),
5 § Cp:qe(htop((bl)_Mds_eDtHth,q,E,a
(0) - (6) (0)
+ Cp’qa H£t X th—l,q+1,Z,a + Cp’q’a Hﬁt thfl,q,E,a ’

By induction, for which (4.18) is the initial step, it follows that, for all ¢t € R,

(4.28) 1€l g0 < Cpgeior@=NE=DY R0 0.

25By an abuse of notation we use ¥; also for the extensions of the vector fields.
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Next, we choose t, such that, for a given A < X, we have that?%

C, qe(hcop(%)—xlds—f\)t* < ehtop($1)=Alds —L])t
Finally, choosing a = e~ ™n{p.a}Ats from (4.27) and (4.28) we have
(4:29) 1L, hllpg e < elheor@IAETAmBANE Rl 0

+ CpgatalPllp-1,9+1,0 + Cpqo Hﬁtf)X(ﬁ)hH

p—la+lta’
Iterating (4.29), recalling (4.28) and using (4.27) for the remaining ¢ — |t /t, ]t
time interval, the lemma follows.

Proof of Lemma 4.8. By Lemma 4.7 and equation (4.7), we have?”

=], ,, < (Sp—’q’f)! pat /Oocolt e e = <a0_p’?}2>n

Thus, provided R(z) > oy , we have that R (z)" e L(BPt, BPat),
Let us introduce a truncated resolvent

- 1 o n—1_—zt p(f)
Rnyg(Z) = Mlo t e ‘Ct .

gL "

Then

I O I A

n

750
< Cpg < Cpq, aa—op+opg) ",

provided n > toe(a — oy + Up7q).28 To prove the second inequality of the lemma
it suffices to estimate R, ¢(z). To this end we follow the same computation
used to estimate the norm |||,  , in Lemma 4.5, the only difference being in

the treatment of (4.22). Indeed, since XL; = %Lt, integration by parts yields

ootn 1 —zt .
’/ . 1)' <7997Lﬁ1 . Lf)@ 1(,6( )X(@h))cdvol < Cp7q|z| ”hHKJ—Lt;H-LZ'

Hence,

CoagarPllpge  Cpaan(lz] +1)
4.31 R h ™ p,9q, p.q,a, )
(@431)  [Ru(e)hl,, < Lo e Coaed O
The first part of the lemma then follows as in Lemma 4.7.
To prove the bound on the essential spectral radius of R()(2)" we argue
by analogy with [42, Prop. 2.10, Cor. 2.11]. Nussbaum’s formula [51] asserts

261y this case Cp,q refers exactly to the first constant in (4.27).
k
2"Note that for each a > 0, > 0, we have f e dr =e Y o aﬂo‘i,@l

28Gince n! >nle .
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that if r,, is the infimum of the r such that {R(Z)(z)”h}”hugl can be covered
by a finite number of balls of radius r, then the essential spectral radius of
RO (z)™ is given by liminf, o {/r,. Let

Bl = {h € gpﬂ?f | “|h|”p7q,f S 1} C {h € Bpgj | Hth7q,£ S 1} = B2‘

By Lemma 3.11, B, is relatively compact in BP~1¢+1:¢, Thus, for each € > 0,
there are hy, ..., hy. € By such that By C \JNe, Uc(h;), where Uc(h;) = {h €
Br=hatlLl | ||h — hy| ¢ < €}. For h € By NUc(h;), computing as in
(4.31), we have

Cp7q7a’Aeat° |z

C RN DN
IR (2) (R = hi)ll,, g0 < @ £ 17 = hill g0 +

— 00+ Opg)" (a—aop)"

Choosing e appropriately and recalling (4.30), we conclude that for each n € N,
the set R (2)"(B;) can be covered by a finite number of I, 4.0 — balls of
radius Cp g q(a — 0¢ + 0pq) ", which implies the statement. O

5. Flat traces

In this section we define a flat trace and we prove some of its relevant
properties. Formally, for A € L(BP9¢, BP9*), we would like to define a trace by

(51) [ S 46,0

where, for © € Uy, 6,;(f) = (Wa7) [)awai(z), for each f € QL. For notational
convenience we suppress the index sets in the summations. Unfortunately, the
4,7 do not belong to the space BP4¢. We are thus forced to employ an indirect

strategy. For each x € M, i € Iy, a € A and € > 0 small enough, let?

_— . JO0(2)pa(2)ke (Oa(x) — @a<y))wa,€(y> ify € U,
]s,a,i,x(y)

(5.2) = _
0 if y ¢ Uy,

d(e71x). At this stage we choose a particular . (This refers

also to Definition D.1.) Let & be s(x1,...,2q) = &% Hx1,...,2q9-1)5" (zq).
Given an operator A € L(BP9! BP94), we define the flat trace by

where k() =€~

e—0

53) () =l [ s Aol (),

29Note that the definition is, given the freedom in the choice of x, quite arbitrary. We are
not interested in investigating the equivalence of the various possible definitions.
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provided the limit exists. To get a feeling for what we are doing, consider the
operator A acting on h € Qf defined by

(54) Ah(@) = [ ate,) k)

where a(z,y) € L(/\ZTy*M, AT*M) depends continuously on z,y. A direct
computation shows that

2 (A) = /M tr(alz, 2)).

Also, one can verify directly that for a finite rank operator A, we have trb(A) =
tr(A), although we will not require this fact.

LEMMA 5.1. For each s e Ry, 0 < ¢ <d—1, R(z) >0y and n € N, we
have that trb(R(Z)(z)”Eg)) is well defined. Moreover,

W) = L R
! TET( )

where T(s) = {1 €T ; A1) > s}, provided s & {\(T)}reT -
Proof. By definitions (4.7), (5.2) and (5.3), we have

)

' = 1 —zt . )
trb(R(z)"ﬁs) = ;1_1)1[1) P dtz 04757 (b—t—s]e,aﬁ,x)f
N ~
n— le—zt
=22 / “M“)dtm”a(””)%(”

X Ks(e)a(x) - 9a(¢—t—s($)))<wa,% (Zsitfswa,ﬁm‘

We find convenient to rewrite the above as

(5.5) tr’(R(z) = 2%2/ — ) Ké(ea(?@;g;{?—t(x»)’
"

Fa,g,z(mvt) = (n _ 1)| _Zt¢a( )< 04,17 (b*—t—swaﬁ)l"'

Note that the integrand is nonzero only for k. (04 (z) — On(Pp—_i(z))) # 0; that
is, for d(z,p_¢(x)) < e.

Our next step is to break up the domain of the above integral in a conve-
nient way. To this end for each closed orbit 7 € T and € > 0, we define

Q. ={(z,t) e M xRy | |t = A\(7)| < Cye,d(p—t,(x),7) < C3e Vi1 € (0,1)},

where Cs, Cy are constants to be specified shortly.
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SUBLEMMA 5.2. There exists eg > 0 such that, for all ¢ < &g, the support
of the integrand in (5.5) is contained in Urc7Q5. In addition, if Q2 NQZ, # 0,
then 7 = 7'.

Proof. Let us recall the shadowing theorem for flows (Bowen [13]), in the
formulation explicitly given by Pilyugin in [54, Th. 1.5.1], adapted to our case.
First of all we define the (e, T)-pseudo-orbits t(t) : R — M to be maps such
that for any ¢ € R, we have d(¢;(t(t')), t(t+1")) < ¢ if |t| < T.3° Then we have
the following theorem.

THEOREM 5.3 ([54]). Let M be a smooth manifold and ¢; a C? Anosov
flow. There exists g > 0,C3 > 1 such that given a (e, 1)-pseudo orbit t(t) with
e < g9 there exists an orbit T, a point p € T and a reparametrization o(t) such
that, for allt,s € R,

d(t(t), do()(p)) < Cse where |o(t) — o(s) —t + s| < Cselt — s|.

Now we can start our proof. Given z € M and ¢t € R such that d(z, ¢p_¢(x))
< g, we can construct a closed (g, 1)-pseudo orbit. Let S be a codimension-one
manifold containing x and transversal to the flow. Then, by Theorem 5.3,
there exists a p € SN 7 and a o such that d(¢g(,)(p), d—t;+ne(7)) < Cse for
all t1 € [nt,(n+ 1)t], n € Z. Next, let t, be the time of first return to S;
i.e., ¢g(,)(p) = q € S. Since, for all t; € R, ¢y, (p) and ¢, (q) are always Cse
close to the (g, 1)-pseudo orbit, then they must belong to each other’s weak
stable and unstable manifolds, which implies p = ¢. Accordingly, there exists
a prime periodic orbit 7, € 7, that shadows the pseudo orbit. Also, by the
same argument, such an orbit is unique. It follows that

(5.6) lo(t) — M(7,)| < 2Cse.

Moreover, for each t; € [0,¢], the trajectory of ¢_¢ (z) is Cse close to 7 for
a time at least min{t;,¢ — ¢1} both backward and forward in time. By the
hyperbolicity this implies that d(¢_, (z),7) < CoCzee Amin{tit=ti} If ¢ ¢ 7
is the closest point to z = gb_%(x), let £(t1) = ¢5(4,)(q) — ¢, (2), where & is
defined by?!

<§(t1)’ V(d)ﬁ(h)(Q)» =0,

where V is the vector field generating the flow. Differentiating, we have

11— 3|V (s @)I? < Cllét)]

30Note that we do not require £(t) to be continuous.
31Here we are really working in charts and using the euclidean structure. We do not write
this explicitly since it obvious (but a bit notationally unpleasant) how to proceed.
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which, by the integral Gronwald inequality, yields |6(t1) — t1| < Cye. Hence,
for each t; € [0,¢],

o (1) (P) = D24, (@] < |Po(t1)(P) = P52 1,) (@) + Cpe
< ‘d)%ftl (Z) - ¢&(%—t1)(Q)| + C#€ < C#E

Accordingly, there exists Cy > 0 such that |o(t) —t| < C4e whereby improving
the bound in Theorem 5.3. Recalling (5.6) it follows that (z,t) € Q2.

The above proves the first part of the sublemma. To prove the second,
suppose (z,t) € QN Q. Let z € 7 be the closest point to . Then,

d(z, ¢i(z)) < 2C5e +d(z, e(2)) < (203 + Cy)e.

We can then construct a closed ((2C3 + Cy)e, 1) pseudo orbit. If e is chosen
small enough, by the arguments above such a pseudo orbit can shadow a unique
prime orbit 7,. Hence both 7 and 7’ are multiples of the same orbit, but
IAN(T) = A(7")| < 2C4e. Hence if 2Cy¢ is smaller than the period of the shortest
periodic orbit, then 7 = 7’. O

We can then rewrite (5.5) as

67 X[ 5e(Ou®) — Ould-i(@)TOuw) Fi -t s)eons (),

a,i,7€T=(s) s
where we have introduced the notation 7:(s) = T (s — Cye). Next, it is conve-
nient to pass to charts, (&,1) = Ou(x,t) = (On(x),1), ¢%, = Oy 0 ¢_; 0 O,
Thus, part of the expression (5.7) can be rewritten as

(53) > L Ke(§ = 61(6) Fuie 0 8,16t = 9)

a,i,TET(s) (2-N(UaxR))

Note that ©4(Q, N (Uy x Ry)) is contained in the e-neighborhood of a finite
number of lines (the connected pieces of O, (T NU,)). Let us call {Q; o} the
collection of such connected components.

Let us set £ = (é, ¢q4) and the map Z; o ¢ Qram — R given by

(5.9) Eram(§t) = (61— 02(E)1s- -+ 6a—1 — 924(§)a—1,&as T)
= (Cla"'?gd—lagdv ) :(Cvgda )
Note that if £ € M belongs to a periodic orbit 7, then det(DZ; o m (&, A(7))) #0

by the hyperbolicity of the flow. Thus the map Z; .., is locally invertible.
What is not clear is if it is invertible on all Q; 4 .

SUBLEMMA 5.4. There exists eg > 0 such that, for all e < ¢ and a, m, T,
the map Z; o m 5 a diffeomorphism from ﬁmx,m onto its image.
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Proof. Suppose there exist (z,&,t), (y,n,t") € Qr o.m such that Z; 4 (2, €, )
=Zram(y,n,t'). Then t =/, £ =n and

(5.10) z—y=[f(z) = fy),

where f=¢% . is the return map to the zero section. Let W#(v), W (v)
be the local stable and unstable manifolds of f at v and E*(v), E*(v) be the
stable and unstable spaces. For v € R4~! let II(v) be the projector on E*(v)
along E*(v). Let ¢ = W*(2)NW"(y). Then w = f(x) = W*(f(z))NW*"(f(y)).
By hyperbolicity,

(5.11) [If(2) = f(@)]| < Coe ™|z =zl s |y — || < Coe™||f(y) — f(=)]-

By the uniform bounds on the curvature of the invariant manifolds (see Ap-
pendix E),

(5.12) ITI(2)(2 = 2) = (2 = 2)|| < Cgllz — =%,
(L = I(f(@))(f(2) = f(2)) = (f(2) = f@)]| < Cell f(2) = f@)]

and the analogous inequalities with y replacing x. Indeed, we can argue in the
plane containing the triangle of vertices x, z and ¢ = x +1II(z)(z — ). Let p be
the orthogonal projection of z on the z, ¢ line. Since the side z, g is tangent to
W#(x), and the stable and unstable manifolds are uniformly transversal, at z,
Iz = qll + Iz = pll < Cgllz — 2||*. Thus ||z — 2| - [lz — pl| < Cllz — 2> On
the other hand, ||p — ¢| < Cyxllz — z|*.

By the Holder continuity of the foliations we have, for some w € (0, 1],

(5.13) [MTI(z) (1 = TL(F ()| + | (1 = TI(Sf (2)IT(z) || < Cye™.
Accordingly, by (5.12), (5.10), (5.11) and (5.13),
Iz — 2| < |T(z)(z — 2)|| + Cgllz — ||

= [[(@)[(y — =) + (f(2) = f(2)) = (F(y) = @)l + Cpellz — «|

< Cple™ +e](lz — 2| + I/ (y) — F(@)])
If A(7) is large enough and e small, then ||z — z| < 1||f(y) — f(z)|. By a
similar argument we have ||f(y) — f(z)| < 3|z — z||. This proves the lemma
for all the periodic orbits with period larger than a fixed constant. For the

finitely many remaining orbits, the statement follows trivially from the local
invertibility of the map by choosing £¢ small enough. U

Having established that (5.9) is a good change of coordinates, we can
consider some more of its properties. For each «,m, there exists a unique
Dram € R4 such that (Pr.a;ms0) € Ou(TNUy) and (pr.a.m, 0, A(T)) € Qra.m;
note that Z o m(Pr,a,m,0,t) = (0,0,t). Next, define the (smooth) return time
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function 7, 4.m(€) by [¢2 @ (€£,0)]¢ = 0 such that 7;.a.m(Pr.am) = A(T).
Note that qﬁ’i)\(T) (Pr.a,m;0) — (Pr,a,m»0). Moreover, for t close to A(7), we have

(bgt(ga §a) = ¢i'f‘7,a,m(£~) (57 O) + (Oa =1+ TT,a,m(é) + ‘Ed)

Also 77 am © ET_,}x,m(Ca €d:t) = T'r.a,m(C). It is then natural to define the return
map to the zero section K; o = qﬁff @ (é ,0). Clearly such a map is hyper-

bolic. It is convenient to set Arq.m(¢) = [DKram] o =7k (¢, 0,7ram(C)). In

‘:“r,a,m
the sequel we will need several estimates on the regularity of the above object,
which we summarize in the next result.3?

SUBLEMMA 5.5. There exists €9 > 0 such that, for all e < o, 7 € T,
a€ A and m € N, we have
(1~ Aram) o < C
Hagfﬂoa,m”oo < C#,
19 det(E = Aran) oo < Cill det(L = Ar) 1

Proof. Note that

D¢ (6) _ (AT,a,m © Er,a,m(gv éd?t) 0)

—t 9r,a,m © Er,a,m(fa &d t) 1)’

where the left entries do not depend on &4,t. (Hence A; o m, gram depend
only on ¢.) The first inequality of the sublemma follows by hyperbolicity. In
addition, gra,m, by the existence of an invariant cone field, satisfies, for each
ne R4, [(gr,0;ms M| < CyllAramnll. That is,

(5.14) 1A am)*graml < Ci.

7,00,

Also, we have

1- AT,a,m(C) 00
(5.15) [DEram] © Eram(C at) = 0 10
0 01

Hence det([DZ7,0,m]|0E, 4 (¢, €art)) = det(1—Ar0.m(¢)) # 0 by hyperbolicity.

By applying the implicit function theorem, we then have

847:’7',0(,771 = [AT,a,m(]l - AT,a,m)il]* [A;é,m]*gﬂa,m-

The above formula and (5.14) imply the second inequality of the lemma. To
prove the last we adapt the arguments in [43, Sublemma 3.2] (see also [58]).

321y fact, Sublemma 5.5 contains much more than what is presently needed (a rough bound

CuA(r)

of the type e would suffice), yet its full force will be necessary in Lemma 8.2.
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We divide A(7) in [ time intervals long enough so that the Poincaré map
is hyperbolic. Let {tz}ii be the times at which we insert a Poincaré section
while the first and last are our zero section. In each new section we can choose
coordinates so that the periodic orbit is at (0,0) and, at such a point, {(£,0)}
corresponds to the stable manifold and {(0,7)} to the unstable one. Let A; be
the derivative of the map between the ¢ and i + 1 section. By hypothesis each
A; expands vectors close to the {(£,0)} subspace and contracts vectors close
to the {(0,7n)} subspace. Also,

TOZm HA

Given a point é in the zero section, let El be its image in the i-th section. With
this notation we can write

5] -1
8CmA7'04 m Z 8C P'P]}IJQJW
P=][A: Q5= HAZ-, Tjp= agAjAj—l.
i>j i<j
Note that
85] -1 _ -1 _ (-1 -1
a, =Qj(L1—Aram) =Q;(1—-FQ;) =(Q; —F)

and, by the hyperbolicity, it follows that || a(p | < Cyx. On the other hand,
¢, det(1 — Aram) = — 1 (9¢,, Aram(L = Aram) ") - det(L — Argm).

We can then compute

-1

[ tr (8, Arayn (L = Aragm) 1) | < Cp supz [t (PT5,Q;(1 = PQy) )|
7=0

=Cy sgp Z ‘tr (Fj’p(PJﬂQ;l _ ]1)—1)‘ < Cy,
§=0
where we have used the hyperbolicity again. The last inequality of the sub-

lemma, is thus proven. O

By first performing the change of variables Z; , ,, then using the prop-
erties of the chosen x, and finally using the change of coordinates n = ¢~1¢,
v=e"(t - Tram(()), we can write (5.8) as

(516) Z /]Rd+1 0472,2 1 0 E;,(lx,m(ena §d7 eV + ’Fna,m(é‘n) - S)

a,i,m,T€T=(s)

X md_l(n nl(v)] det(1 — AT@,m(gn))\_l.
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To continue we need to estimate the € dependence in the integrand. Remem-
bering the definition (5.5), we see that the derivative of F' is, in general, of
order Cye®#/!l. Then, setting a = R(2), Sublemma 5.5 yields

azzO@ 1OE’Tam(0 €d7 ( )_8)
(5.17) > / | det(1 — Aram(0))]

a,i,m,T€T:(s
[)\(7_) _ S]n—leC#)\(T)—a[A(T)—s}
+O<5|z| =1 .

Define Dyypgar) = Asom(0). If we compute this matrix in a different chart

or at another point in the orbit, we simply obtain a matrix conjugated to
Dryp®rcry- Thus |det(T — Dyypgairy)| depends only on 7. In addition, we

have?®?

(5.18)  tr(A'Dg% () = Y det(Dd%y())is = D det(Duypd_xir)ik
k€T, kez;

= tr(/\e(Dhyp¢—>\(T)))

which, again, depends only on the orbit 7. Accordingly,

Z@Ua,z, O ) Wai)pram = A (Dhypd_rir))-

i

To conclude, remember that the number of closed orbits with period between
t and t + 1 is bounded by Cyefor(®1)t (see [38, Th. 18.5.7]). In fact, there
exists an asymptotic formula (see [48]), which we are substantially improving
in Theorem 2.8. Hence the error term in (5.17) is bounded by

kE—s n—leC#k—a[k’—s] o s
Z*SIZ\[ ](n— 1)! < Cyelz|(a — Cy) e
k>s '

provided @ > Cyx. By summing over the connected components of Qr qm,
taking into account the multiplicity of orbits, resuming on « and recalling
(2.6), we finally obtain that there exist Ca, 09 > 0 such that, for all £ < gy and
a > Cy,

xe(m) () — s]" " A7)

(5.19)
(n— Dlp(r)e0@-+)

Wa 7,7 n/:(@) (]e oz,z7x)> -
TET(s)

< C#5|z|(a — Co) 2.

33Given a vector space V% over R and a matrix representation of a linear operator A :
V¢ — V? we can construct, by the standard external product, a matrix representation of
AA NV — AY(V?) with elements a; ; = det(A; ;) (see definition (A.1) or [47]). By
det(A); z we mean the determinant of the matrlx (Ak;.k;)- Note that det(D¢2 ()5 =0
unless k¢ = d. See Remark 3.1 for the definition of Z, .
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Taking the limit ¢ — 0 yields the lemma for a > C3. On the other hand,
the above estimates show that both sides of the equation in the statement
of the lemma are well-defined analytic functions for a > oy. Indeed, equa-
tion (5.16) shows that the approximations to the flat trace, which are analytic,
are uniformly bounded in any region a > ag > oy; hence they have analytic ac-
cumulation points that must agree since they agree for large a. The statement
of the lemma follows. O

By a direct computation, using Lemma 5.1 we have the natural formula*

[e’e) Snfl
(5.20) /0 gy U (R()C) = (B,

6. Tensorial transfer operators

In this section we extend the methods of Liverani-Tsujii [44] to the case
of flows. The goal is to provide a setting in which a formula of the type (5.1)
makes sense and can be used to compute the trace. (See Lemma 6.8 for the
exact implementation.) The first step is to note that, by equation (A.4), the

(0)

adjoint (with respect to (-, -)qe¢) of Ctz is given by, for g € Qéﬂ,,

(6.1) L9 = (—1)"@0 4 (7 (xg))-

Next we would like to take the tensor product of £§€) times ZEE) and define

a Banach space, connected to the product space Q%Z(M 2),35 on which it acts
naturally. Note that, contrary to the discrete case, in the continuous setting
this procedure naturally yields a Ri action in the variables s,t > 0 (rather
than a flow). We start with the construction of the Banach space.

6.1. Spaces and operators. We use the construction developed in Section 3
applied to the manifold M?. First of all, consider the atlas {Uy, O }aca cho-
sen at the beginning of Section 4. We define the map I(u,s,t,u/,s',t') =
(s, u, 8,1, 1), uyu’ € R, 5,8 € RW) ¢ ¢ € R, the atlas {U, x Ug, I o
(Oq X ©8)}a,sea and the partition of unity {¥n g}a gea, Where ¢, g(z,y) =
Yo (z)15(y). We are thus in the situation of Section 3 with d; = d,,+ds = d—1
and dy = d + 1. Note that the conditions (3.1) are automatically satisfied.>®
We choose the cones given by the choice py = 2, p_ =1 and Ly as in Section 4
to define the set of “stable” leaves, which we denote by .

34Indeed,

oo n—1 A(T) n—1
yme 8 PR(NL — s Xe(T) § () =A()
/O CEEN (R(z)Ls) Z/O (n—1)! u(7) M) '

TET

35By M? we mean the Riemannian manifold with the product metric.
36Note that the third condition holds both for Tog and Tog_1.
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Remark 6.1. From now on we will ignore the map I since it is just a trivial
permutation of the coordinates.

By Appendix A we can consider the exterior forms Q2/(M?) and the re-
lated scalar product. We define the projections m; : M? — M, i € {1,2}, such
that 71 (z,y) = = and m(z,y) = y. For each pair of (-forms f, g in QL(M),
we have that 77 f A m3g € Q2/(M?). In addition, given a,b, f,g € QL(M), by
equation (A.1), we have

(62) <7TT(I A 7T)2kba qu A 77-;9) (z,y) — <CL, f>w<ba 9>y-
Moreover, by (A.2), it follows that
(6.3) x (m1 f Amsg) = (=D O (xf) A (xg).

Next we define the vector space Qgr(M) = span{njf Amsg: f,g € Qé’T(M)}
on which we intend to base our spaces. Note that locally the C* closure of
QQS(M) contains all the forms h such that i(y0)h =i )h = 0 and that can
be written as

(64)  h=>"hap= Y Pap(@yhi (@ y)wai(x) Aws5(y),
a,B o,B,1,]
where hq g = ¢ sh and h$¥ € C5(M?) for each 5 > 5.3
Lastly, we must choose an appropriate set of test functions and vector
fields. For the set of test functions we choose Fg”sc(oz, B,G), defined by the
restriction of span{nyfAn3g: f,g € Qg(M),FTf/\’JTéngaﬁ,G =0} to Wy s.6-

The set of vector fields have only the restriction that3®

(6.5) (71)4(v) = 0 = w € V¥(M?) and (m2).(w) =0 — [w,v] = 0,
(T9)w(w) = 0 = v € V¥(M?) and (m1)+(v) = 0 — [v,w] = 0.

Note that this implies

(6.6) [v, w] = ([(71)«v, (m1)sw], [(m2) v, (m2)<w]).

The reader can easily check that the above choices satisfy all the conditions
specified in Section 3. In particular, Lemma 4.2 holds also in the present
context, since the arguments in its proof respects the property (6.5). Thus we

can apply the construction in Section 3 and call ||-||, ;o the resulting norms

D,q,¢,

and Bye! = QQT(M)”.HP’(J’Z’2 the corresponding Banach spaces.

37 This follows since C* is dense in C° in the C* topology and smooth functions can be
approximated by tensor functions, e.g., by Fourier series, in any C*-norm. Note that if s € N,
then one can choose s = 5. (For a more refined description, not used here, see the theory of
little Holder spaces.)

38Let (z,y) € M?. Then we are requiring v(z,y) = (v1 (), v2(y)).
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Finally, we define the required operators EEQ. For each f,g € QL (M),

(6.7) LA Amsg) = (71 (L) A (w32 g)),

which extends by linearity to an operator £§Q : Qgﬂ, (M) — Qg’T(M ).
To avoid the problem of small times, for which the cone contraction might
fail, we apply the same strategy used in the previous section: we define

B (0
il = sup 28],

> r=vam N
and we define the spaces By4" = Qf, et c Byt

Following Remark 3.9, equatlon (A.4), setting wy = 7w A T30, yields
L4y (fun) = £ 0 (9t % G) T b—pon.

That is, we recover the same type of operators studied in [44].

6.2. Lasota-Yorke inequalities. We can now obtain several results parallel
to those in Sections 4.1 and 4.2. As the proofs are almost identical to those
in Section 4.3 we will not give full details. We will highlight only the changes
that need to be made.

LEMMA 6.2. For each0 <p+q<r—1,t s Ry, L() € L(que qu’ ).

More precisely, ﬁﬁQ is an R% action over Bt Moreover, ,C(g and L(()i

are strongly continuous semigroups with generators X1, Xs, respectively. In

addition, we have®

i8]l < Coae™ 2 Wil 0

(© —0p,qmi
MQMMM<@wWﬂ”Mﬂmem+%ﬁwﬂwmmw2

3 X,
j=1
Proof. As in Section 4, we first prove an analogue of Lemma 4.5, and then
we prove a stronger version of it, as in Lemma 4.7.
The proof contained in Section 4.3 can be followed almost verbatim. By
the same construction one obtains the equivalent of (4.11); that is,

/ <gv Et s wvol - Z Z / (_1)(d_z)£¢5,ﬁ’<]¢t_,ls
Waata B,B'EA 1.j,i,j' Wa.8'.61
kEKB B!

X Jw (e X ¢—s)gp 51 0 (r X d—s) - {wp 5, %Pt * Wa 7)(Wpirs PL sWa j1)Wrol-

39Here and in the sequel we suppress the A dependence in the constants to simplify the
notation.
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For the case p = 0, the argument is exactly the same as in Section 4.3,
apart from the estimate of the volume of ¢_; x ¢s(Wy o ) to which Ap-
pendix C cannot be applied directly. To estimate such a volume, after setting
(21,22) = (B4 X O4/)"H(G(0)), let us consider W (z) = Wgs(z1) x W(22) and
the holonomy from W, o ¢ to W (z) determined by the weak unstable foliation
in the first coordinate and the weak stable in the second. Clearly the distance
between the corresponding points in the images of W, o/ ¢ and W (z) is uni-
formly bounded; hence the required volume is proportional to the volume of
H_t X s(W(2)), which is bounded by eltop(@1)(t+s),

For the case p > 0, by equations (6.6), we can reorder the vector fields
so as to have first the vector fields tangent to Wg g ¢, , then the vector fields
in the unstable direction of ¢; X ¢_s and then the two neutral directions. We
can then proceed as in equation (4.21). All the following computations hold
verbatim apart from two issues.

First, in equation (4.23) the last term yields a multiplicative factor that
does not produce a new legitimate test function. Indeed, such a factor is the
sum of the divergence of the vector field (which gives no problems) and the
scalar product of the vector field time a C™~! vector; call it A. As A comes
from taking derivatives of G, if follows that it may not be of the required
product structure. The problem is easily solved: since r — 1 > p 4 ¢, we can
approximate A in the p—1+¢ topology by vectors 4,, € I‘g’,f_Hq(a, B, G) with
the appropriate tensor product structure. The required inequality follows.

Second, the weakest contraction is now given by the case in which all the
vector fields act on the component with the smallest time, hence the min{¢, s}
factor. O

LEMMA 6.3. For eachO<p+q<r—1,£€{0,...,d—1}, and for each
R(z) = a > oy, the operator

1 o0 o0

(6.8) Ré”(z)"zm / / (ts)"Le=*+9) £ gt
- Jo Jo

satisfies

IE @, . < Crata— a0,

©, \n 7ll, .02 (|z] +1)
|68l 0 < Crae { i, 22t + e Wbl s -

Hence R(e)(z) 1s a linear operator on gg,q,e with spectral radius bounded by
(R(z) — 0¢)~2 and essential spectral radius bounded by (R(z) — oy + T52) 2.

Proof. Again the proof closely follows Section 4.2 and, more precisely,
Lemma 4.8. The only difference rests in the need to decompose the domain
of integration of (6.8) into four pieces: A1 = {(t,s) € R% : t < tg,s < to},
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Ay = {(t,s) € RZ : t < tg,s > to}, A3 = {(t,s) € R2 : t > tg,s < to} and
Ay ={(t,s) eR2 1t > tg,s > to}.

The estimate of the integration over A4 follows verbatim the argument in
Lemma 4.8, except that one then obtains (instead of equation (4.31))

pQ(tS)n ! h dtd
(69) /to /to n—l 12¢la—o](t+s)+min{t,s}op,q ‘” |Hp7q7572 tds
Cpallzl+1)
(CL Z) H| ’Hp 1,q+1,4,2 "

The integral in (6.9) is estimated as follows:

0o ,—[a—o¢|(t+s)—min{t,s}op q t n—1 —la—oe](t+s)—top,q (1 5)n—1
[[e Uy i / (ts)
to Jto

(n—1)!12 (n—1)12
- 2 oo yntk—1 7(2(1720’[4’0’;;7(1)
T
par (n—1)k!Jo (a —op)”
n—1

n+k—1 1
=2
; ( n—1 )(a — o))" *(2a — 209 + 0p g)"HF

n—1 i

~ B n+k—1 (a—U@)
<2(2a—2 o "2
< 2(2a =200+ 0pq) "(a—00) k=0 < n—1 ) (2a = 200 + 0p )"

<(a—o+ 2 — o) "

2
Similarly, the integrals over Ay, A3 are bounded by
2/ " /to e—la—or](t+s)— sapq(ts)n 1 - prqton - Cp,q
(n—1)!12 (a—og)™n! = (a—op+ 752)20’
. (a—oe+ pq) . .
provided n > W’ by analogy with (4.30). The estimate of the
integral over A; is treated similarly. ]

6.3. Tensor representation of the trace. Following the scheme of [44], we
define a suitable delta-like functional acting on Bqu"’ and we construct an
approximation scheme for such a functional. For each f, g € Q%(M), we define

(6.10) hrif Ams) = [ (f.ghsno).

Such a definition extends by linearity and density to all sections in the closure
of Qg’T(M ) with respect to the C" topology. Thus we obtain

(611) =YY sl 2k (@, 2) wa(w) wp5 (@)war(a)

76 ’L,]

- /M Pal@) 2 (@, @) ().
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Given k. as in Definition D.1, we set J.(z,y) = 0 if d(x,y) > J; otherwise we
set

(6.12)  Je(w,y) = Z%(y) JOa(y) - Ke(Oa () — Oa(y))wei(®) Awyi(y)-

LEMMA 6.4. For each h € Qé,S(M), s < r, we have that
(6.13) lim (Je, h)gen = 8 (h).

Proof. For f,g € QY (M), let h = 7} f Ahg. Then
i (Ve Faeo = [ (TS A i) (@) Awn ()

= lim /M2 Y %a(y)JOa(y) - £ (Oa () — Ou(y)){f, g)awrr(x) Awir(y)-

e—0

The result follows, for h of the above form, by integrating with respect to y.
We can extend this result to a generic h by linearity of the scalar product and
by density (see footnote 37). O

Next we need the equivalent of Lemma 3.10. The proof is omitted since
it is exactly the same as before, starting from the space Qé’T(M ) and choosing
k appropriately.

LEMMA 6.5. There exists an injective immersion ja : gg,q,e — (QQT(M)),.
LEMMA 6.6. The current (55 extends uniquely to an element of (gg’q’e),.

Proof. Since Eg’q’” is defined by the closure of the sections in Qgr, it
suffices to prove that there exists ¢ > 0 such that 65(h) < c||h]|
heQ,.

Let Wp = {(z,y) € M? : 2 = y}, and recall that 64 corresponds to
integrating on such a manifold by (6.11). If x € U,, we can foliate Wp, in
the local chart V,,, with the manifolds W, g € X given by the graph of the
functions G¢(z°, y*) = (2%, y*, <, 2%, y*,<). Accordingly,

55(h) < Z/dg

a2 for each

/ (Va(T)wy 7 Awaz, )| < Cyllhllo,g.e2- U
Wa,Gg

At this point, we would like to make sense of the limit of J. in gg’q’é.
Unfortunately, this can be done only at a price.

LEMMA 6.7. For R(z) sufficiently large, the sequence Rée)(z)£t07t0J5 is a

Cauchy sequence in Bf’r’?f. We call gg(z) the limit of such a sequence.
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Proof. Let us start by showing that the sequence is bounded in Bo’q £ Let
Wapa € X2(2,L4) and g € F27C. Then by equations (A.4), (6.2) and (6.3), we
have that
(6.14) / (g, RS (2) Loy 10 / ds dt e+ / Jo_1_4,(x)

Wa,8,¢ Wa,8,¢

X Jbstto (Y) (¥ p e ><¢—s 1095 Je)) © D—t—15(T) X Pst1,(y)-

Note that, provided ¢y has been chosen large enough, the tangent spaces of the
manifold ¢_¢_s; X Psys,(Wa,p,c) can be covered by manifolds in ¥o(1, Lo).

Let p € C®(R,Ry), supp(p) C (—9,9), p(—t) = p(t), be such that
SnezD(t+mnd) =1 for all t € R. Let

Fn,m(x7 Y, t, 3) = J¢—t—to <¢n5+to (x)>']¢s+to (¢fm67to (y))
x det (D (65 to X Smstto)lriw, ) | © Gnsito X D-ms1o(2:1).

By the change of variable (z/,v) = ¢_n5_t, X Gmo+1,(2,y), (6.14) becomes
Z / ds dt p(—t 4 nd)p(s — md)e *(+s)

n,meN
X/ Fom - ((*¢t+to * XL t0)97 ) © P_tyns X Ps—ms-
¢—n5—t0 Xd)mzH—to (Wa B,G

Note that if (z,y) € ¢_ns—t; X Omotto,(Was,c) and y € supp),, then the
integrand is different from zero only if x € U,. Let {W, , x}r. ... C X2(1, Lo)
be a covering of ¢_p5_t, X Gmst+t,(Wag,c). Recalling equation (6.12), we can
then rewrite the previous formula® by setting ¢ = ¢t — nd, s’ = s — md. Thus
we obtain

615 S > ¥ / ds' dt! Bt )p(s')e—=E+ +Hntm)d)

n,mEN yeA i€l k€EKynm

X / Fn,m($7 Y, t/ + 77/57 8/ + mé) ’ w’y © ¢s’(y)‘]@’y © ¢s’(y)
w.

X ke(O4(9—v (7)) — O4(¢s (y)))
<(*¢t’+to+n5* X¢ s'—to— m6)97w /\w > ¢—t’ X ¢s’~

Recall that the manifolds ©,(W, k) are graphs of the typet!

Gr(a®,y") = (a° + 2°, H" (2%, y"), H*(2®, y"),y" + §*, H)(2°,y"), Hy (2°, y"))

40T be precise we should treat separately the terms with n = 0 or m = 0, but we leave this
as an exercise for the reader since it is quite simple to handle, although a bit cumbersome.
4lywe drop the subscript n,m, v,k from &,4, H*, H*, H*', H>? in the following equation
since it is clear that such graphs depend on all these choices. Moreover, we drop n, m,~y from
G, since it will always be clear which open set we are considering.
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where, since TO (W, 4x) € C%, max{ |0, H"|| + |0 H?||, |0, H"|| + |0y H*|| }

< % It is then natural to set G} = @_1 o (G, and

—~

F%n,m,kz( Y ) = By (Gr(2®,y™), ' 4+ nd, 8" + md)

x [JOy - 5] 0 O (G(z®, ") +(0,0,0,5))

X A($OY 419 4ms * XD g tg-ms) 9> Wy A wy ) 0 OFH(Gr(2®, ") +(0,0, —t', 8)).
We can then continue our computation and write

(6.16) Z Z Z /2 ds’ dt’ ﬁ(t/)ﬁ(sl)e—z(t’+s’+(n+m)5)
R

n,meN ~c AicT k€EKy nm
X/Rd 1dxsdyu 'ynmk’l(‘r y t S)
x e R e @t — Ho (2, ") + 2% H (2%, y") —y" = §"))
x k(e (HM (2%, y") — H“( Y )*t'*S))-
Note that we have ”ﬁ”co < Cy4|lgllco as in equation (4.15). In addition, the
map = defined by
(6.17) € =a® — H(a%,y") + 2°,
n=H""y") —y" - 9"
— _HO,l(xs’yU) + HO,Z(xsij) + tl + S/,
¢=Ss

is locally invertible; hence it can be used as a change of variables. Thus, setting
a = R(z), we can bound (6.16) by

SO Y G g < 0. Y ele@nmatmimi) g,

nmeN veA k€K, nm n,meN
< C.(a = hiop(61)) 2[lgllco

which, taking the sup on the manifolds and test forms, yields
|7 ) < Cala—hiop(91))

Next, given € > ¢’ > 0, by using equation (6.16), (6.17) and the intermediate
value theorem, we have, for R(z) large enough,

to,to "¢l q,¢,2

’ / (9, R ()£, J. — R (2)L2, 1)
Wa,8,G

<Cy Z Z Z d¢ dndr dg e 2+ H" —H"?|o=7 (&,0,7,6)+(n+m)5}

n,meN yeATeT K€Ky nm R
X [F'y,n,m,ki<§a m, t/’ 5/) - F’y,n,m,k,f(oa 07 07 S/)] ) [/‘@5«5, 7, t/)) — Kg/ ((fa 7, t/))]
< Cege™™M M lgllca (@ — huop (1)) %,
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— Fo=~1.J="!. Note that, as in (4.17), ||F
1q,¢

where F illca < Cq.

¥,k
. The extension to Bg’q’e is treated similarly

vom,mk,i &
This proves the lemma for Bg
after integrating by parts p times. ([l

We can finally present a description of the trace that does not involve any
limit (although, unfortunately, not yet for the operators we are interested in).

LEMMA 6.8. For each z € C, R(z) large enough, n € N and s,t € Ry, we
have that

(6.18) o8 (R (20087 (2)) = " (RO (2L -

Proof. Let R, (z,s,t) = 556 (Rg)(z)"ﬁgé)gg)). From Lemmata 6.6, 6.7

sS
and equation (6.11), we obtain

Rn(z,s,t) = hmZ/ wir () Yoz ( ( )"Eﬁ)to 8+to‘])*g (x,x)

e—0

=lim > [ ds'dt’ (¢ e / ot (2)a(@) [05TO5] 0 dyrpstig ()
PWER (-1 Ju R ERIEA E E e
X Fe(Op(P—tr—1-10 (%)) = Op(Psr 15110 (€)))
X (_1)£(d—£) <¢*—t'—t—towﬁj7Wa,%>m<wa,% *¢:’+s+to * W,B,j>r-
Next, we sum over 7, o and use (A.4) to obtain
t/ / n—1 fz(t+s)

R(z,s,t) = hmZ/ ds'dt' (CEEE /M [Y3JO8] 0 Gsrysyiy(T)

e—0

X %s(@ﬁ(¢s/+s+to( )) - @,8(¢—t/7t7t0 (fU)))
X J s pstto( Dy _1—s—s_2toWB G WBj) © Ps'+s+to(T)

. N A0 .
- 21_1}(1] 5; JRL dedt [(n —1)1]2 M<wﬁ,j’ Ly o rtsratode s i)

where, in the last line, we have changed variables and used (5.2). Next, after
the change of variables v = ¢/ +5', u = t/, we integrate in u (the integral is given
by the S-function) and recall (5.3) to obtain the statement of the lemma. [

At last we can start harvesting the benefits of the previous results. For
fixed p,q > 0, p+q < r—1, by Lemma 6.3 we have Rgz)(z) = Pz(g)( )—i—U(E)( ),
where P2(€) (z) is a finite rank operator and the spectral radius of U2( )( ) is
bounded by (R(z) — oy + 752)~2. Recall that by Lemma 4.8 we have R(Y)(z) =
PO (2)+U®(z) where PY)(z) is a finite rank operator and the spectral radius
of U (z) is bounded by (R(2) — o7 + 0p4) "', In addition,

POUO () =UD()PO(z) =0, PO (2) = U7 (2)R(2) = 0.
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LEMMA 6.9. There exists Cs > 0 such that, for eacht,s € Ry, n € N and
z € C, a=R(z) > Cs, we have that

(6.19) o8 (P (2)" 0657 (2)) = tr (PO L) ) -
Proof. Recalling (6.7) and (A.4), we can write, for $(z) sufficiently large,

l np * *
(6.20)  (RY(2)"L, i Jes TE(F) A T3(9)) 0o

as' ay — )"
R xMm2 (n —1)12e2(t'+s)

(Je, WT(*¢:/+t+t0 *f) Ny ((ﬁ*fsfs’ftgg»‘

By taking the limit € — 0, since the integrals are uniformly convergent with
respect to time (as in equation (5.7), by a rough bound on the growth of the
number of orbits), using Lemma 6.4 we obtain

n—1 * *
O \np@) 5l * . (t's") <*¢t’+t+t * 0% g oy g)

(621) RY (88 (1) A i) = [ TR e
= (-1)"40 | dsat

(tlsl)nflefz(tl+8l) / .
R?k (n _ 1)!2 M<f’ ¢—s—t—s’—t’—2tog>

1 2n—1,,n—1 1— )n—l
= (=1 @(d*f) / / T n ( n / i}
( ) B, dr 0 d?] (n _ 1)!2627 M<f’ ¢7T7t7872tog>

= (_1)£(d7£) dT T2n71<'f’ ¢**T*t7872tog>
Ry x M (2n — 1)le?™

_ n (L
— (=100, R(2)* LY, i )

since the dn integral in the third line is given by the S-function. By the von
Neumann expansion, for R(z) and R(§) large enough, we have

(€1 — R (2)) 1Ly )85 (m (f) A m3(9))
— (1) @O(f, (61 = (R(2) D)) 1L, e

Since both expression are meromorphic in the region {|¢| > (a —o¢ + 75¢) 72},
it follows that they must agree on such a region. Given a curve = surrounding
the region {|¢| < (a — op + 8%) 72}, we can use standard functional analytic
calculus (e.g., [36]) and recall Lemma 6.5 to obtain, for h = 7} f A 13 g,

{[t9=)]" 285} ) = o / e (61 - RY(2)) " 085 (h)de

E(d 0) m 1
- T/g §]l R ( ) ) £t+s+2t09>ﬂf~’d§

= (/,UO()?" LY, 01 9
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Hence, we have
(6.22) {[PO@)]" £8268} () = (£, PO?" £ 0y )

. . . . m
Since P(e)(z)2 is a finite rank operator, it follows that P(g)(z)2 ‘CIE-BS—F%O =
Egﬁ)P(Z) (z)2m£§ﬂ)s 114, 18 also finite rank on By, .. Thus there exist uy,x €

B, s Vmk € Bipge, k€{L,..., L} (see Lemma 4.5) such that

L

m (€
(PO L D = D vmad et (9)-
k=1

Next, we define the mollification of an element h € QQS by

(6.23)  Ma.(h =2 Yalz,y)s(@, y)wa () Awg ;(y)
75 ’L]

d/R e(Oa() = (O (y) — A7y (©71(£), O3 ())-

By duality, we can define the mollificator MI2,€ on the currents. Following the
same reasoning as in Lemma D.2, we have that M _, restricted to Bg’q’e, is a
bounded operator which converges, in the sense of Lemma D.2, to the identity
when € — 0.

A direct computation shows that My . (7] (f)A73(g)) =77 (M f) A5 (Mcg),

hence (6.22) implies
b {[P(2)] " 005} () = (MLF, PO (2L, Megho

Note that M { {Péﬁ)(z)]mﬁgs)gé} c €% for s < p+ q. Thus its value on the
product sections determines it uniquely as a Egﬁq
cordingly, since Mé}E[PQ(K)(z)]mE,gQ 65 and YoF ;5 (MLvy, i) A5 (MLu,y, i) agree
on each element of the type 7} (f) A 75(g), they agree as currents. Thus, by

current (see footnote 37). Ac-

Lemma 6.5, they are the same element of B ot Accordingly, by Lemmata D.2,
6.6 and equation (6.10), we finally obtain that

o2 (P(x >ma§ﬁzss) = i, ( , PO E0%)

(7] (MLvp, k) A 75 (MLt 1))

:; MvmkaMumk Zumkvmk U

Thus we have reduced the computation of a certain “flat trace” to that
of a trace of a matrix. This suffices to obtain the same type of result for the
operators we are interested in, at last.
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LEMMA 6.10. For each p+q < r—1, z = a+ b € C with a > Cs,
w>(a—op+ %)*1, we have, for each n € N, that
(6.24) [0 (RO (2)") =t (PO (2)")| < Cpgeun”™

Proof. Lemma 6.8 yields, for all n,m,k € N, |m — k| < Cy, the following
ugly, but useful, formula:

0o gm— ltk 1 —z(t-l—s) 0 0 e (0) (0
625 /t _1 1) 52 (R ( ) ﬁt to,s—t052 )

t— to sm 1 S)kflefzt by (e
_ ) 2n p(€)
ﬁﬂ’ _1<k_nz“*R (2 ei?)

—t b(R(é)( )2n+m+k) _ 22375 gkl —zt g b(R(Z)( )2n£(€))
=tr z A (m n k: — 1)!6 r z :

to om— 1 k 1
o [T / 5 L (RO ()20,
2to - 1)

On the other hand, by the spectral decomposition of Ry, as in Lemma 6.3, and
Lemma 6.9, it follows that, for each >y > (a — o¢ + 754) 71,

oo gm—1k—1,—z(t+s) y y (e »y
[ [ 59 (RO 20, 50)

— DIk —1)!
oo gm— 1tk Lo—2(t+s) © () () © Cpqz,ul,u%n
-J ] ds( St (0 o) 40 (2250 )
oo gMm— ltk,‘ 1 —z(t+s) C om
O ()2 2O Spazmti
/dt/t ot (PO L,) o <(a_o_€)m+k>_

Finally, recall again that the number of periodic orbits of length ¢ grows at
most exponentially. Hence, by Lemma 5.1, there exists A > o, such that
\trb(R(Z)(z)%Eg))] < Oy(a — A)~2meAt while

| tr (P( )(z )Ly © ) | < Cy(a—ap) e

We can use such estimates to evaluate the integrals in (6.25) and obtain

b (€) [ N\2n+m+k PO () 2ntmtk)| < Cpgzm N%n Cyto™
‘tr (R(2) ) —tr (PO(2) >‘ = (a— o)™tk " (a— A2tk
N C# (2t0)m+k’

(a— A)?"(m+ k)’

To conclude we choose m = ¢n, |m — k| < 1. Note that the last two terms are

smaller than p2"t™** provided n > %, while the first term on the
C(CZ*A)H—?#Z_‘—?
-1
left is bounded by C#u2"+m+k provided we choose ¢ = gy ]

ntHa—o, Y
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7. Contact flows

The results of the previous sections suffice to prove that the (ruele iS
meromorphic, yet they provide very little information on the location of its
zeroes and poles. Such knowledge is fundamental to extract information from
the ¢ functions (e.g., counting results or statistical properties of the flow). In
Section 8 we provide an approach to gain such information, partially inspired
by [43], based on a Dolgopyat type estimate on the norm of the resolvent. We
are not aware of a general approach to gain such estimates apart for the case of
C! or Lipschitz foliations [20], [70], [69] and the case of contact flows [41], [73].
In the following we will restrict to the latter since it covers the geometrically
relevant case of geodesic flows in negative curvature. Our approach follows
roughly [41, §6] but employs several simplifying ideas, some from [8], some new.

In the case of contact flows d must be odd, d,, = d; and we can, and will,
assume that the contact form @ in coordinates reads (see [8, §3.2, App. A] for
details)

(951)*6 =dzrg — (2%, dz") = ay,
where (2%, 2%, xq) € R(4) x R(@s) x R = R? is a point in the chart.

Remark 7.1. The extra information that we need, and that can be gained
in the contact flow case, are bounds on the size of the resolvent R(%)(z) for
$(z) large. See Lemma 8.3 for an explanation of why ¢ # ds need not be
studied. Since in the rest of this section we discuss only the case £ = dg, we
will often drop the scripts ds in the relevant objects.

7.1. Dolgopyat’s estimate. Let a = R(z) > o4, be fixed once and for all.
For a fixed Cg € (0,e*), define ¢, = Cg(a — 04,) e~ ! and

Ru(h= [ dte=
(2) /n “ -1

Then, bounding e 74" || L], q.d4, Py one, integrating and using Stirling formula,

ey,

we have, for each ¢ > 0,

(7.1) [|(B 4@ = Ra)h]|, |, < Cpla—04)"CE 1hllgga,
Moreover, for ¢,n > to, by Lemma 4.5 it follows that
(7.2) [Bn)n]] .. < Cla =) 1Al g,

0,q,ds
Thus, it is natural to start estimating the latter norm.

In the following arguments it turns out to be convenient to introduce
norms similar to the one used in [41]. We did not use them in the previous sec-
tions since they do not allow us to keep track of the higher regularity of the flow.

Definition 7.2. We define norms |[|-||7 as with the norms ||-[|, , 4. With the
only difference that the set X is replaced by the set ¥°, defined as the elements
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of ¥ that are subsets of a strong stable manifold. Also, let V* be the set of
continuous vector fields tangent to the strong unstable direction, of C°-norm
one, and O when restricted to any unstable manifold.*> We then define ||h||" =
sup,cyu || Lohllgg,q,- To conclude, we define the norm ||-[|7 = [|-||7 + [|-[|*.

Note that the unstable foliation can be trivialized by a Holder continuous
change of variables that is C' when restricted to any leaf. In such coordinates
one can easily verify that (3.10) holds also in the present case by arguing as in
Lemma 4.2.

Before starting the real work let us fix some notation and recall some
facts. Let w be the Holder regularity of the strong foliations and w™® the
Holder regularity of the Jacobian of the associated holonomy. Then, in the
contact flow case, w > 2/\ and @* > ¥-. (See Appendix E for more details.)

For a manifold W € E, let W = U\ﬂg(ggbtW, W+ = Ujyj<260t W For each

two sufficiently nearby manifolds W, W' € X, let Hy - : W, — II/IV/J’r be the

strong unstable holonomy. Then ||JHw w'| e + [|[Hww |lc= < Cx. We set

W= i)‘ @' = min{l, &} and @, = min{\/\,, &%}

LEMMA 7.3. For eachq>1, a € A, W,W' € X, such that HWW/(W) C
W, g € T39(W'), there exists g€ === (W), Hngds»W*(ﬁ//) SC#HgHFdS’q(VT/)
such that for all h € Q% we have

’/ g h <g, h)

Proof. Let {W} }76[0,1] be a smooth foliation interpolating between W and

W'. Also let H, be the strong unstable holonomy from W to WZ. Note that,
by performing the interpolation in the chart ©,, one can ensure that there

< Coyud(W, W 1A N9l a7

exists W, € X, such that W* C WT’J,_. Next, let ¢, be a one-parameter family
of forms. Then

Jyslonth = [ ot o HoaH: =3 [ prstiso Hr
where ©.; = ¢, ;0 H-JH;. By the implicit function theorem it follows that
Orh; 0 Hy = (Lyh;) o Hy for some v € V¥, |[v]|o0 < Cyed(W, W'). In addition,
(Lvh); = Lvhj + Z(wa’g, vaa5>h5.

J

42Note that such vector fields determine a unique flow on each unstable manifold, hence a
unique global flow, even if they are only continuous on the manifold. Thus the corresponding
Lie derivative is well defined.
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Let A;5(7) = (Wa7 Low, ;) © Hr, and note that A is C” in 7. Then

a,l)

87/ (pr h) =) fv {3T<Pm -> Aj,i‘)o'r,j} h; o Hr + @, ;(Lyh); o Hr.
W = w =

We can then choose p, ; as the solution of the ordinary differential equation

(the variables on W are treated as parameters)

dr Sp‘rz ZA ‘pT,jv

%i:%-

)

By the dependence on the parameters of the solution of an ODE we have, for
each 7 € [0,1], [[@rillo=r < Cyllgllrg. Hence, [[orllrz-wz) < Cxllgllpa gy
Then

@ | [ en - [on|< [ar
:/OldT

LEMMA 7.4. For eachn € (0,w,), t € (tp,00) and h € Q% we have

1Bllo,g.a, = 12115

~ C
HR"(Z)h‘ 0,14n,ds — a — #

B.:(Lyh); o H,
Xy pralatic

. (o 2on)

< Cyd(W, W) [0 |9l oy O

HhH

Proof. The first inequality is obvious since the sup in the definition of the
norm is taken on a larger set. To prove the second note that

-1 —zt
dt / L
L, wem=[Ca | et

@,

which, by introducing a partition of unity in time as in (6.15) and changing
variables as in (4.11), can be seen as an integral on ds+1-dimensional manifolds
close to the weak stable foliation. If we consider the integral on a strong stable
leaf close to W, ¢, we can split it similarly and apply Lemma 7.3 to compare
the integral on each manifold. The lemma readily follows. U

We can now state the main estimate of this section. As the proof is a bit
involved, we postpone it to the end of the section so as not to break the flow
of the argument.

ProposITION 7.5 (Dolgopyat type estimate). Let ¢; be a contact flow
such that @' > % Then for each n€ (0, w), there exist constants C1,ag,bo>1,
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AC1Cg > 2eaq and vo € (0,1) such that, for each h € ngl(M), z = a+1ib with
2a0 + 04, > a > ag + 04, |b| > by and n > Cy1n |b|, we have

C

2], < =

menrd U AOR I 7 _Cn

O'ds)?m

Remark 7.6. The bunching condition in the statement of Proposition 7.5

—3 *
o[~ Ry, -

arises as follows. In the Dolgopyat estimate one reduces the problem to com-
paring certain integrals over a multitude of nearby manifolds. They are usually
broken into two sets. One set contains manifolds that are sufficiently far apart
to allow for cancellations due to the nonintegrability of the foliations. (This is
the basic Dolgopyat cancellation mechanism.) The second set contains mani-
folds that are too close for the cancellation mechanism to be effective. The lat-
ter are shown to be too few to contribute to the total estimate. In Lemma 7.10
we give explicit meaning to “sufficiently far apart”; we believe this to be op-
timal. The remaining “too close” manifolds are handled in Lemma 7.9. The
estimate is reduced to the growth rate of certain unstable disks that we can
handle only if “too close” is small enough. This is due to the possibility for a
disk to grow in an extremely elongated ellipses because of different expansion
rates in the unstable directions. The two different meanings of “too close” are
consistent only under the above mentioned bunching conditions. This is the
only place where such a condition is used. It might be possible to improve
Lemma 7.9, and hence remove the bunching condition, by cleverly using some
distortion estimate, but at the moment we do not see how.

Remark 7.7. The choice of stating the lemma in terms of the norm ||H;';
is a bit arbitrary but very convenient in the present context. The estimate is
largely norm-independent as better shown in [§].

The goal of this section easily follows.
LEMMA 7.8. If ¢; is a contact Anosov flow with @’ > %, then for each
n € (0,w.), there exist constants C1,ap,bgp > 1, AC1Cs > 2eaq, such that for
each h € B » = a +ib with 2ag + 0q, > a > ag + oq,, |b| > by, and
n > CuCq1n |b|, we have that
=) Al .4, < Crla—0a,)"" b7 Bl 4, -

Proof. By Lemma 4.8 we have, for m = [C11n|b|| where Cy is given by
Proposition 7.5,

e, < o W
Culb m
el O] N
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The first term is already small enough. By equations (7 1) and (7.2),

C#kCé“ ’”h|“0,1+n,ds
014nds =  (a— og,)k+Dm a— ogq,

It o |z

0,14n,ds -

The first term is small enough provided 79 < C7 In CG_ — 111%’“ Accordingly,

to establish the lemma it suffices to prove, for some k € N,

%) k . —kmyp—1—o
(74) |Bn(2) h!\omds < Cyla—0a,) "7 0 Ay, -
Note that Hﬁm(z)hH o, S Al - 1,.q,- Hence, by Lemmata D.2, 7.4
and Proposition 7.5, we have
—~ Cue||h]| —
k # 1,ds yE=1
HRm(z) hHO,lJrn,ds (a — 0g, )k +Cy HR MERm(z)h‘ 0,1+n,ds
Cye ||y .4, VMR .
(a_o-ds)km + a— o4, HR Man(Z)th
Cye |[hll1 p.a - ‘
Z# Wnds _ —(k=1)ym|p|—(k—=1)v0
< e oy T O#la=oa) o] HMERm(z)th
Cye ||h||1ndg —k —(k=1)y0 .—1—n—d
< 4 Cyla = 0BT
which, after choosing ¢ = [b| 7177 and k = Cy~, !, proves equation (7.4) and
hence the lemma. Indeed, the condition vy < CiInCy L - % can be
satisfied by choosing by large enough. O

We conclude with the missing proof.

Proof of Proposition 7.5. First note that, for each v € )i", L,¢*h =

¢ L .vh and, by the Anosov property, ||(¢—¢).v|co < C’#e_)‘t||v||co. Then
<7.5> Hﬁthu“ < Cype sup [Lu(Luh)log, < Cpetor @I )"

Thus

(7.6) [Rate)]" < Cyta—ou, + %)~ "

To continue note that the proof of Lemma 4.5 holds for the set of manifolds
3%, indeed the only required property of the set of manifolds is the fact that
the image under the flow can be covered by manifolds in the set. Thus the
first two inequalities of Lemma 4.5 hold for the norms |[|-||;. By the first,

[Baon]]) < Cata—a) "l

which suffices to prove the first inequality of the lemma. To prove the sec-
ond is much harder. The second inequality in Lemma 4.5 can be used, as in
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Lemma 4.8, to yield
s C’77

Cy
<
n = (a—oq, +An)"

[R5 + (a—og )" 1[l74, -

(7.7) H]/%Z\n(z)h

It is then sufficient to consider the case h € ngr, g € T4 In the following

we will set hy = ﬁg)h. It is convenient to proceed by small time steps of
size 7 > 0, to be fixed later. Let p(t) = p(dt), where p is as in the proof of
Lemma 6.7. For n € N large enough, we must estimate (see (4.11))

g1 fzt i} 0o nle=2y(k —tr71)
(78) / dt /W o (n— 1 9:9%ihs) = Z i (—1)4d=H(n —1)!

keN v Calt

X/ <*¢t * g, h > ¢ t+erW¢kr<]¢ t O Qpr-

Next, it is convenient to localize in space as well. To this end we need to
define a sequence of smooth partitions of unity.

For each i € Z¢, let us define z* = rd~%i. We then introduce the partition
of unity @, ;(z) = [[L, p(d%r_lmil —1;) (limited to the set B4(0,309)). Note
that it enjoys the following properties:

(i) ®,,i(z) =0 for all z & By(x;,7);
(ii) the collection {Bd(xi,r)}ieBd(mo(;) covers B;(0,300) with a uniformly
bounded number of overlaps;
(iii) for each r, %, we have |[V®, ;|| < Cur~!
Note that the collection in (ii) has a number of elements bounded by Cyr~¢

For each k € N, let W, ¢ gk be the family of manifolds defined in (4.10),
with ¢ = kr, and set Wo.q 8kri = {W € Wa,c8.kr @g(W) N Bd(xi,r) %+ @}
For simplicity, let us adopt the notation Wy, g ; = Wa,a 8,kri- For W € Wy 5,
let Ty : W = Use[_ay.2,10¢W — R be defined by ¢, () € W. Also set

(7.9) rpi(2) = Pp(2) @ri(Op(2))p(r~ 1w () IV ()| 7
Letting

(kr + 7w)" L Jw Gper © bryy e ‘g
—1)€(d—i)e—2(kr+rw)J¢kr+TW (n—1)! kr+mw * 9

(7.10)  Grpi= @k,ﬂ,i(

we can rewrite (7.8)

(7.11) /dt/ tne:t = > /gm,z,

k,Bi WeWy g4

43Fhrs,t, for each k € N, perform the change change of variables Ly : R x W — W defined
by Li(t,y) = ¢—t+kr(y) and then introduce the partition of unity in space. Note that this
implies t = kr — 7w (z). Also, note that the same manifold W appears several times. Yet,
given the support of the functions, the value of the integral is the correct one.
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Recalling (4.17) and since the derivative of g g4 in the flow direction is uni-
formly bounded, we have

(7'12) HJW¢I€7" o ¢’TW (J¢kr+‘rw)_1 * ¢Zr—7’w * g’

For each 3,1, we choose the reference manifold Wf(@gl(ﬂ)) = Ws,; € B°

and define Wg; = Wps,; N @gl(Bd(x", 2r)) and f/TV/M = Use[—ararn®t(Wpi). Let

us set HWB v = Hpiw. We can then rewrite the right-hand side of (7.11)

multiplied by (—1)44=0 as

(713) > > /~ <§k,ﬂ,i,w,hs)+0<

kB WeWy 557 Waii

ren < O

rl—n(kT)n—le(ods—A)s HhHu

(n — 1)lela—oa,)kr ’
where . 5.4 w is given by Lemma 7.3 and we have used (7.5).% Then Lemma 7.3
and equations (7.9), (7.10) and (7.12) imply

(k,r.)n—le—akr

. O . ~ < -nm -
(7.14) Hgk,ﬂ,z,W”pg(WB’i) < Cyr (n—1)!
It is then natural to define
(7.15) Ok,8,i = Z kB0 W -
WeWy 5.4

To conclude we need a sharp estimate for the sup norm of gy, g ;; this will follow
from an L? estimate and the inequality®®

9 2+d5+1 _ds+1
/~ lgkill” = Cxllorsillo " lokpillpn ” -
W,@,’i c c

Hence,

p 1—p
(7.16) l9k,8,illro < C#Hgk,/a,iHLQ(Wéd)||9k,ﬁ,i\|pg :
where we have set p = %. To compute the L?-norm it is convenient to

proceed as follows. Given W € Wy, g5, let
{aw}=Wn 951({$i + (0,m) ey, (0.))

be its “central” point. Also, for each p > 0, consider the disks INDg(W) =
{©s(zw) + (0,u,0) }ues,, (0,0)- Then, for a fixed ¢ € (0,7) to be chosen later,

U\ ore precisely, rather than Lemma 7.3, we have used equation (7.3) and the fact that, in
the present case, the support of ¢, in the flow direction, is contained in a strip of size Cur,
which provides the extra factor r.

4570 prove the inequality note that if f : RY — Ry is a n-Hdolder function and xo satisfies
f(zo) = lIfllco, then f(z) > [[fllco — I fllenlzo — 2|". Thus f(z) > 3l|flle for all z €

B, (0, p), where p = [|| fllco (Il fllon) Y] 7.
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let Aggi(W) = (W' € Wig; : ©5(W') N DUW) # 0} and By (W) =
Wi, \ Ak.pi(W) and set

SR SEND S )
WeWk 5,i W/ eAL 5,:(W)
& p,i,B = Z Z (Th,8,5,W I, i, )-

WeWr, g,s WEBy 5,i(W)

Note that (gr. 5.4, 0k,8,4) = Orp,4 + Ok 4.5. We will estimate the two terms
by separate arguments, the first being similar to [42, Lemma 6.2], the second
being the equivalent of [42, Lemma 6.3].

k’T‘)n71 —ark

To simplify the notation, we set Dy g; = ((nfle)!#Wk7ﬁ7i, where by
#A we mean the cardinality of the set A. Also, we assume

(7.17) n > Cilnlb,

where C] is a constant to be chosen large enough.
_ACiCg 2
LEMMA 7.9. If Cy|b| 2c%0 < p < orIH9IZ | for some ¢ > 0, then there
exists g > 0 such that

(7.18) 16 k,8:,4ll00 <CuDZ 57

Proof. Note that the number of elements in Ay, g ;(W') must correspond to
the number of intersections between U;c(_3535Wa,c and ¢p.(Dy(W)). Since
each intersection has a §-neighborhood in ¢y (Dj (W)) that cannot contain any
other intersection, we have # Ay (W) < Cyvol(¢x-(D3,(W))), provided that
each point in ¢, (Dy(W)) has a § neighbourhood contained in ¢, (D3,(W)).

The latter condition is satisfied provided C#\b]/\%g > §, which is implied
by the first hypothesis in the lemma. On the other hand, by the mixing
property,’® a disk in ¢, (D¥(W)) with diameter larger than C'y must intersect
Use[-35,35)Wa,G; thus #Wy 54 > C#Vol(gbkr(D;‘ﬂ(W))). We are thus reduced
to estimating the ratio of two volumes.

The simplest possible estimate is as follows. Let ¢ € R, be such that
CoeMr = r=<; now assume that 2e*%p < §. It follows that at time ¢ the
image of D3, (W) is contained in a disk of radius ¢ while the image of D} /Q(W)
contains at least C’#r_gd“ such disks. By Lemmata C.1 and C.3 such a ratio
will persist at later times. Note that the above assumptions are verified only
if o < 5r+9Z, O

46Recall that a contact flow on a connected manifold is mixing [37].
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LEMMA 7.10. Setting |b| = 02t =2 and r = o' ~®'*S, for ¢ > 0, there
exists v > 0 such that

/~ &1.8,4,B
Wg,i

The proof of the above lemma is postponed to Section 7.2.

(7.19) < Cpb % HIDE 55

Remark 7.11. Note that the conditions of the two lemmata can be simul-

. . : ! 2
taneously satisfied, by choosing C large and ¢ small enough, only if @’ > 3.

In addition, since @’ < 1, ¢ must always be smaller than %

Substituting in (7.16) the estimates given by (7.14), (7.18) and (7.19), we
obtain that there exists vy € (0, ] such that

(7.20) lgk,.illro < Cou Dy g 30| =27

Next, we assume s > ¢,n. Then, by (7.14) and (7.20) and arguing as in the
proof of (4.19),4” we can write the integral in (7.13) as'®

1:7h8
> /Wﬁ‘i@k,ﬂ, )

k.Bi

Note that 7, #Wk’57i|¢_sf/[7g,i\ < Cyr S weW, ¢ s [0—sW 1. Therefore, by
Lemma C.3 and Remark C.4,

> /~ (Ok,8,i» Is)
W,(g’i

k7ﬁ7i

< Cy > Dipa(b™0 + e M=) vol (¢_Way) A5 -
k,B,1

()™= (B[~ + e=151)

< C# Xk: (TL _ 1)!ea7’k—0'ds (kr+s)

< Cpla—aq,) (b0 + e or™M)ed: | h|; .
Thus, by (7.11), (7.13) and (7.21),
Cy {T” [12]* (@ — 04,)

(7.21)

S
bl

(7.22)  ||Ra(2)?h|, <

40 = (a—0gq,)%"

+ 16730 |A2 ]
e =0y o g

Next, by (7.7), (7.22) and Lemma 7.10,

C HEH(Z)QhHS
) 31 01° " n Cy o) 27 |1°
(7.23) HRn(z) n < CErRS P HRn(z) 2
C (a —oq,)"[b]? _
< n £l b 3’y0 h * .
_(a_wg%[m_a%+Amn+|| 1]

47Namely7 we use the first line of the equation before (4.19) with g — g- = gr,8,4, € = 1 and
q=n. .

48Note that, since gi,g,; is supported in Wp ;, the integral can also be seen as an integral on
Wﬁﬂ' € X’



ANOSOV FLOWS AND DYNAMICAL ZETA FUNCTIONS 749

The above, (7.6) and (7.17) imply the lemma provided 7y has been chosen
smaller than 40n. O

7.2. A key (but technical) inequality. We are left with the task of proving
equation (7.19).

Proof of Lemma 7.10. This is the heart of Dolgopyat’s estimate. Given
W € Wy 3 and W' € By, 3;(W), we must estimate

(7.24) /~ (Ok.8..Ws Ok,piw) = /~ JHpiw - JHgiw - Grpsi © Hpiw
WB,'IZ Wﬁx’i
>< gk7ﬁ’i»z © H67i7Wl .

It turns out to be convenient to write the above as an integral over W. More
precisely, let Jy : B4(0,6) — R? be a flow box coordinate change preserving
the contact form ag and such that, setting dy = @El o Yy, has the property

that Jw ({(&;0)}een,, (0,04r) C W and, moreover, W contains the support
(projected on via the unstable Holonomy) of the integrand.*® We can then
rewrite (7.24) as®

(7.25) /~ (G,iws G i) = | dee 2w elw ©=Ldg, oo 2(€),
Wi Bag+1(0,2r)

where ¢ = (€,£&,), Hyr = Hy 50 Yw, and

: (kr + 1w )"~ e Jw ¢pr 0 b1y
gk757i7mw/az = (pkuﬂ (n _ 1)'

(*¢ZT+TW * g)Z} © 19W

quk:r—&—’rw
(kr 4+ mw )" te k" Jwidprodr,, ~
=50 Hyy
- {wkﬂ (n—1)! JOkr 7y A

X Jﬁgmw/ .

Let us define

(7.26) AX(€) = Ty 0 Hy s (€) — Ea

and note that A*({+() —A*(¢) is exactly the so called temporal function.”! We
let w(é) = (w(§), w™(€), wa(€)) = Iy 0 Hy(€) — (£,0). Then by Lemma E.2,

498uch a coordinate change always exists; see [8, Lemma A.4].

50By Appendix E it follows that the image of W’ on w by the unstable holonomy is strictly
contained in a ball of radius 2r, provided r is small enough.

519y the language of [42] (in which the role of the stable and unstable manifolds are reversed),
A*(§+¢) — A™(§) = Aly,y'), where z = Jw (§), y = Hy/(€) and y' = dw (€ + (C,0)) with
¢= (¢ Ca)-
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we have®?

(7.27) |A*(E+ Q) — A%(€) — dag(w(&), Q)| < Cyllw]PII<I™" + Coellew]|= (1117
+ Cy [l ¢ )"

We are left with the task of performing the integral in the left-hand side of

(7.25). The basic idea (introduced in [42]) is to integrate first in the direction

yi = [Jw*(0)]| 7! (w*(0),0). Note that dag(w(0),y;) = ||w*(0)|| and, by the cone

condition, ||w®| < Cxllw"||. Hence, by the Hélder continuity of the unstable

foliation (detailed in Appendix E), for £ € By, +1(0,7),

(7.28) dag(w(§),yi) > Cyllw(§)]| > Cyo.
Next, we impose the condition
(7.29) P ="t

for some, very small, ¢ > 0. By Lemma E.1, we have that

(7.30) (&) = w(E + Ol < CoUlw@IICIT + @ <N < Ce.

For each £ € By, +1(0,7), ({,y;) = 0, we define I;(§) = {s € R: £ + sy; €
Bgi.+1(0,7)} and consider the integral

(7.31)

/1~(£) ds e UG, sy 3 (€ + syi)]

It is then natural to divide the interval I;(§) in subintervals {s;, s;1+1}iez such
that

(5141 — 51)dao(w(€ + sy;), ys) = 2m|b| L.
Let us set §; = s;11 — s; and w; = w(§ + s;y;). Then, recalling (7.28), we have

5l||wz||

(7.32) Cylb|™ < < COylb| ™t

Next, we must assume

(7.33) b7t < ro

to insure that I; (&) contains at least one interval. Note that Lemma E.1 implies
that | Hy (€ + yisip1) — Hw (€ + yisi)|| < Cy max{8y, ||wi]|57}. Hence®

2
‘ SU|P<5 Gk giww 1€+ 5Yi) — Gy giww i(§+s1y:)| < CuDy i
S§—S81|504

x (1~  max{oy, [wi |67} + 67 |lwi]),

524 may be possible to improve this estimate by going forward or backward in time to the
situation in which the two lengths are equal, but some nonobvious distortion estimate would
have to play a role to ensure that the following “preferred” direction does not changes too
wildly.

53We remark that |JHg iw: (&) — JHg 4w (§+ Q)| < Cullwi]|||C]|*; see Appendix E.



ANOSOV FLOWS AND DYNAMICAL ZETA FUNCTIONS 751

where D, j, = (k)" Te " \We can then bound (7.31) by

(n—1)!
2

/SHe-l_z[A* (§+syi)—A*(§+Slyi)]gk
i S

l

Baww i€+ s1yi)

Cu D2 b1 -1 = 1w, '
+ Cy Dy o | 16wl = + (6] [ ] +7yb1m :

Next, equations (7.27) and (7.32) yield

_ /
][~

|A™(€ + syi) = A™(§ + s1i) — (s — si)dao(wy, )| < C#W

oo | =2

—l-C# |b‘2 +C#|b|l+w"

Recalling (7.29) and (7.30), we can continue our estimate of (7.31) as

Cy >
l

Si41 d 7z(sfsz)da0(wl,yi)g ) . ‘
5e kogya,ww i€+ s1ys)
51

Tl—w* T?—w’ Qw’—Q r—w’
+ CuD? kr<|b|_lg_1r_1 + + — + + ,)
#5m, o= T ol

We remark that the integrals in the first line are all bounded by Cy|b|~1§;. By
the above equation, integrating in the remaining directions and letting®*

Dinpi= Den#Wipiand [b]7! = @ T2,

equation (7.25) yields

s R
B C#D%,n,g,ilbl‘#@mdsﬂ,
which gives the required inequality. 0

8. Growth of (-functions

We start by showing that the estimates in Section 7.1 imply a bound on
the growth of the traces. To this end note that the previous results show that
tr”(R(4) (2)™), which is well defined for R(z) large enough, equals a function
meromorphic in R(z) > o4, — 5% for each 0 < p+¢ < r—1. Since tr’(R(4) (2)™)
is independent on p, g, it can be extended as much as the condition p+q < r—1
allows. Tt is then natural to use tr’(R(4)(2)") to also denote such an extension.

54The choice for g satisfies the constraints (7.33).
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Before getting to the point we need a refinement of equation (5.19), which holds
only for ¢ = d,.

LEMMA 8.1. For each a = R(2) > hiop(¢1) and n € N,

Z o RO () Y, Xa. (TA(T)"IA(7)
o, €,0,0,% = (n _ 1)!/1,(7')62)‘(7—)

Cyelzln Cylzn
- (CL*O’ds)n+1 (G*Uds +)\)n+1'

Proof. We start by equation (5.16) with s = 0 and ¢ = ds, and then we
look more in depth at the derivative of F, By formulae (5.5) and (5.18),

a,t,z”

we have
tnfl

2 Faialt) = (o Ti¢ Ya@t(A" (Dhypé-xr) @))-

To compute the trace is it convenient to do a linear change of variables in the
zero section such that the periodic orbit is at zero and its stable and unstable
substances are spanned by eq,...,eq, and eg 41, ...,€e4—1. Then, calling w; the
dual base, we have that (w1 A« Awg,, Duyp®_zr)w1 A+ Awg,) gives exactly
the stable Jacobian J; of the map, while all the other terms in the trace are
smaller than CyJie . Note that this implies that sup, xq4,(7) < Cgx. By the
usual distortion estimates it follows that

10¢ ¢ ]lo0 < Cgllflloo < Cgl det(T — Az om(0))],

where we are using the coordinates defined in (5.9). By the above inequality
and Sublemma 5.5 we can obtain from equation (5.16) the improved estimated
(with respect to equation (5.17))

oczzo@ ! E;l (0 fd,)\('r))
R S =

A(r)nt
(n—1)!

Using [38, Th. 18.5.7] we can bound the total error term in the above equation
by

a,i,m,7€T:

+ o) <€’Z‘€fa/\(7') + ’Z‘ef(a+5\))\(~r)) _

Cyelzln(a — hiop(¢1) ™" + Cylzln(a + X — hiop(¢1)) ™"

The lemma is then proven arguing exactly as at the end of Lemma 5.1. ([

LEMMA 8.2. There exist ag > 1 and 7 > 0 such that, for each n € N,
S (Cu htop(¢1) + 2@0 >a= §R(Z) > htop(¢1) + ao, b= %(Z) € [_17 1]7

| " (R (2)")] < Cylbl(a — oq, +7) 7"
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Proof. Choose n € (0,w,), and consider R(%)(z) e L(B'“nds Blmds),
Next, we establish the analogue of [43, Lemma 3.1]. By Lemmata 5.1 and 8.1
it follows, for each ¢ < g, that

. Cylzlen
b n(ds) n (ds) n - #
o < R, e i+ S
N Cylzln
(a+A—og,)"t!
_ Cyulzlen Cylzln
C, (ds) (. \n # #
< C#E 1 ‘R (Z) ‘ 1,0,ds (a — Uds)n+1 (a FA— Uds)n—H

where, in the first line, we have used the usual trick of seeing, locally, the
integral over M as an integral over a foliation made of elements of ¥. Next,
given b € R, |b| > B, where B is specified below, let z = a+ib, a = ag+04, and
¢ > 0. Also, let np = [C1C4In |b|] and write, for any n € N, n = k,np + 7y,
rnp < np. Lemmata 7.8 and 4.8 imply

Cf;n—i-l ’b|_70kn Ib]oe clc; mm7er (10 Cn =0 In [b])

62 aery,,, <

(a—oq,)" ~ (a—oq,)"
__nvg
Cn’b"yoe ZCIC#

(a—oa)"

2

where we have assumed |b] > C’,? Y =: B. Choosing ¢ depending on n by
nYo

requiring e~“ne 2°#°1 = ¢ yields
™o
(R (2)")] < Cpla — 00,) " [ble” PR 4 Colbln(a+ A — 7q,) ™

implying the result for |b| > B. On the over hand, by Proposition 4.9, in the
region {z € C : |J(2)| < B, hiop(¢1) — 1 < R(2) < hiop(¢1)} there are only
finitely many eigenvalues of X (@) and hiop (1) is the only eigenvalue on the
line R(2) = htop(¢p1). Accordingly, there exists 79 > 0 such that

o(X))N{z € C:|3(2)| < B, hiop(d1) — 70 < R(2) < hiop(d1)} = 0.

By standard spectral theory it follows that, for 71 < min{m, ﬁ},

Jrrer

< — -,
Lnde = C#(a + 7 Uds)

Using the above instead of (8.2) yields the results in the remaining region. [

LEMMA 8.3. In the region {z € C : R(2) € [htop(¢1) — Tx,0)}, CRuelle
is nonzero and has only a simple pole at z = hiop(¢p1). Moreover, setting
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D ={z € C:R(2) € [htop(d1) — 7, A] ; [S(2)| > 1}, we have

’CRueHe(zﬂ < C#eC’#|z| fO’/’ all z € D,

d
7 In CRuette(2)| < Cxlz] for all z € D.

Proof. If 7, is chosen small enough, then Proposition 2.12 implies that
the determinants Dy, ¢ # dg, are analytic, bounded and nonzero in the regions
considered. Hence, recalling equation (2.5), it suffices to study D4, (z). In view
of Lemma 2.11 we start by studying 5d5 (& — 2,€). Fix zp € D, and consider
€ = ap + hiop(¢1) + i3 (20). Then, recalling Lemma 5.1,

~ 0 —Z n
D,,(2) = D, (D, (€ — 2,6) = D (€ exp (— y &2 trb<R<s>“>) .
n=1
Note that ©g4,(§) is uniformly bounded in zp. By Lemma 8.2 it follows that

i S (20) (a0 + htop(¢1) — Wm))”) ,

n(ao + 7)"

D4, (20)] < Cpexp (

n=1
which is convergent provided R(z9) > hiop(P1) — Tx.
Next, by the same argument as above, the logarithmic derivative

d > n— n
Dy, () = D (€~ )" e (RO
n=1
is bounded as claimed in the required domain. O

Appendix A. External forms: a toolbox

In this appendix we collect, for the reader’s convenience, some useful for-
mulae. More details can be found in [35, §2].

Given a Riemannian d-dimensional manifold M, for each x € M, ¢ €
{0,...,d} and vy, ..., v, w1, ..., wy € TXM, we define®

(A.1) (Vi A Avg,wy A -+ ANwg) = det((v;, wy)).

Assuming bilinearity, the above formula defines uniquely a scalar product
among ¢-forms.

Let wps be the Riemannian volume form on M. We define a duality from
¢ to d — (¢ forms via (see [35, (2.1.6)])

(A.2) (w,whwyr = (=1 Dy A sw = (=)D A xv = %0 A w.

Since such a formula must hold for all ¢-forms, the (d — ¢)-forms xw, v are

Wy

uniquely defined. The operator “x” is the so-called Hodge operator.

55By duality, the scalar product in T M induces a canonical scalar product in 7% M.
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Note that if {dz;} is an orthogonal base of T;M, then {dx; = dx; A
-++ Adz;,} is an orthonormal base of A“T*M, where i = (i1,...,4;) is an
ordered multi-index (i.e., ix < ix4+1). Then

xdx; = e(i°)dx;

[AR]

where i is the ordered (d — ¢)-multiindex such that dx; A dxje = e(i)wps and
e(i) is the sign of the permutation m(1,...,d) = (i1,...,ip,,...,i5_,).
The above definitions and considerations imply the following equalities:

(A.3) (v, %w) = (=)D (v, w), sxv= (=1 (xv,%w) = (v,w).

Note also that, for any smooth function f, *(fw) = f*w. It is also natural to
define the scalar product

e = [ (o) o)

Next, consider a smooth diffeomorphism F' : M — N for M, N Riemannian
manifolds. Let det(DF') be determined by F*wy = det(DF)wys. Then

(A.4) (F*v,w) = (—=1)@ D det(DF) - F*(v, *(F~1)* % w).
To prove this, we just compute
(F*v,wwpr = * % F*o Asw = F*(v A s (F71)* xw)
= (=D MO F* (0, +(F71)* x w)wy)
= (=)D det(DF) - (v, *(F~1)* xw) o F - wyy.
In particular, letting (F™*)" be defined by (F* f, g)q¢ = (f, (F*)'g)q¢, we have
«(F*) = (F71)* «.
The above formulae yield a formula for the Lie derivative: let Z be a vector

field and F; the flow generated by Z. Then, by differentiating, F}(v,w) =
det(DF)~Y{F} % v, *F}w) with respect to t at t = 0. It follows that

(A.5) Lz(v,w) = —(v,w)divZ + (Lz(*v),*w) + (v, Lzw)

= —(v,w) div Z + (=1)U D (x L, (xv), w) + (v, Lzw).
We will also be using the relation (see [1, Prop. 2.2.19] for the details)
(A.6) LyF*w = F*Lp, zw.

Let vV be a rescaling of the vector field V. Recall that, by definition,
XOp = %q&*_th’tzo = —Lyh for h € Q. Hence for all t € R and h € Q2 ,, by
the properties of Lie derivatives (for 7y as in Remark 3.9),

(A7) Loy (£89h) = yLy (£9h) + dy A iy (£91)

d * *k
1 9T (0 )| =l (X ).
S s=0
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Appendix B. Orientability

Here we prove some simple facts about orientability of the invariant dis-
tributions for Anosov flows and discuss how to modify the arguments of this
paper in the nonorientable case. We believe some of the following results to
be well known but we could not locate a simple reference, so we add them for
the reader’s convenience.

LEMMA B.1. For each geodesic flow on an orientable compact Riemannian
manifold My of negative sectional curvature, the unstable and stable distribu-
tion are orientable.

Proof. We present the proof for the unstable distribution, the proof for
the stable distribution being exactly the same by reversing time. Remember
that the geodesic flow takes place in M = T7 My, the unitary tangent bundle.
If we assume that M is d-dimensional, then M is 2d — 1-dimensional and the
unstable space is d — 1-dimensional.

Given a geodesic v, let (J,J') € T(T'M) be a Jacobi fields along it. We
then have [17, Ch. 5.2]

D?J
D+ R0, T (1) = 0,
where % is the covariant derivative and R is the curvature tensor. Recall that

BJ = J" and that we can assume that both J(t) and J'(t) are perpendicular
to %'y(tgé If we then define the quadratic form Q(J, J") = (J, J'), we have [17,
Ch. 3.3]

LT = (I Ty — (RO (1), T (1))

dt
= (J,J") = K(Y (1), J () I/ (t) A T (@)]* > 0.

This means that the cone {(J,J') € T(TM) : Q(J,J") > 0} is invariant under
the flow; thus the unstable vectors must belong to such a cone. Given a point
q € Mo and (g, p) € M, let us consider the tangent space T(, ,) M. Let (dq,dp) €
E*(q,p) C Tp,qM. By the above discussion, we have (g, p) = (dp,p) = 0 and
that (0,dp) € E" implies ép = 0. Finally, let E“(q,p) = span{E“(q,p),V},
where V' = (p,0) is the vector field generating the geodesic flow. Accordingly,
if we denote the canonical projection m : M — M defined by 7(q,p) = ¢, we
have that 7, : E“(q,p) — Ty M is an isomorphism. Indeed, if (g, dp) € E,
then we can write d¢ = Bp + £ and dp = 7, where § € R and (§,n) € E™.
Accordingly, if d¢ = 7. (dg,0p) = 0, then f = 0 and £ = 0, which in turn
implies n = 0.

56\We let K denote the sectional curvature.
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To conclude, note that since My is orientable, then there exists a volume
form w on My. But then @ = iy (7*w) is a volume form on each E“; therefore
the bundle is orientable. ([

The above arguments remain true for more general flows (see [46], [45]
for a discussion of appropriate invariant cones associated to contact flows or
[76] for a slightly more general setting), but the result is false for some Anosov
flows.?” Yet, it is often possible to keep track of the orientation of an orbit by
a simple multiplicative factor as follows.

LEMMA B.2. If the torsion of the first homology group of M does not
contain factors of the type Zom, then there exists a smooth function A : M X
R4+ — R such that, for each closed orbit T and x € T,

67riA(z,)\(T)) _ E(T).
Moreover, Ai(-) = A(-,t) is a cocycle.

Proof. Consider the line bundle 7 : F — M such that the fiber at x € M
consists of the volume forms on E"(z). Let Fo = F \ {(x,0)}zen; ie., we
have taken out the zero section. Hence, for each z € M, 7~ !(z) has two
connected component. Thus, for each z € M, there exists a neighborhood
Fo D U > 7 'z and a continuous map F : U — m(U) x Zy such that, for
each & € U, po F(z) = n(Z), where p(z,i) = x, and q(F(U)) = Zs, where
q(z,i) = 4. This construction defines a double covering M,, of M. Given
a cycle v : [0,1] — M we can then consider any lift 4 to M,,. Locally, ¥
will have the form A(t) = (v(¢),i(t)), i € Zs. We define then the degree
map d(y) = i(0) + i(1), which is well known to be a homotopy invariant.
Accordingly, d depends only on the homology class of 7. In other words,
d € H'(M,Zs). We would like to show that d € H'(M,R).

Since H1(M,Z) is finitely generated, it is isomorphic to Z™ @ Tor. By the
universal coefficient theorem, H;(M,R) is isomorphic to R"™ while H; (M, Zs)
is isomorphic to Zj ™™, where m is the number of Z.x that are present in
the torsion part. Thus, by hypothesis, m = 0. Next, it is known that the
closed orbits of an Anosov map generate all Hy(M,Z), [2]. Consider a set of
closed periodic orbits I' = {~; };en that generate Hy (M, Z); hence they generate
H{(M,Z3). We can thus consider a base I'g C I" of H1(M,Z3). By the above
discussion it is a base in H;(M,R) as well. We can then consider the dual

5TFor example, consider the map f : T? — T? defined by f(z,y) = —A(x,y) mod 1, where

a=( 2

One can then define a ceiling function 7 and the associated suspension, and clearly the
resulting flow is Anosov but the invariant distributions are nonorientable.
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base in H!(M,R). By de Rham cohomology such a base can be represented
in terms of 1-forms. In conclusion, there exist closed 1-forms {w}er, such

that, for each v,~" € Ty, fo)‘(y) ¢fw(V) is one if v = 4/ and zero otherwise.
Finally, let

t
Ale,t) = 3 d(y) [ otwy(V(@)ds.
~v€lo 0
Note that A is an additive cocycle with respect to the flow ¢;. Moreover, if 7
is a closed orbit and « € 7, then A(z, A(t)) mod 2 = d(7). The lemma follows
since €(7) = e™d(7), O

In the hypothesis of the above lemma we can define, instead of (2.9), the
operator

(B.1) £9(n) = em4e 47 .

The study of such an operator can be carried out in complete analogy with
what we have done in Sections 4, 5 and 6 (at the price of slightly heavier
notation).?®

If the hypothesis of Lemma B.2 does not apply, then one can still introduce
an appropriate weight, but this creates some difficulties that can be solved
only by introducing a more sophisticated Banach space. The basic idea is to
consider the action of ¢ also on an orientation bundle. This would be simple
enough, but in so doing the action of the flows on such a bundle produces a
multiplicative factor proportional to the stable Jacobian. To eliminate such
an unwanted multiplicative factor it is then necessary to consider a transfer
operator with a weight given exactly by the inverse of the stable Jacobian.>
Yet, this solution produces another problem: in general, such a weight is only
Holder; hence the resulting operator does not act properly on spaces of smooth
functions, a property essential to obtain large domains of analyticity for the
zeta function. To overcome this last obstacle in the present setting one has to
change the Banach space. This can be done as in [30].

Let G be the Grassmannian of ds-dimensional subspaces of the tangent
bundle. Next, consider the fiber bundle £ := {(x, E,h,w) : (z,E) € G, h €
N TIM, w e \= E'}, 7 : £ — G given by 7(z, E, h,w) = (x, E). The fibers
consist of an /-form times a volume form (hence an orientation) on the sub-
space. We can then consider the vector space S of the C"~! sections of the
bundle €. This generalizes the space Q. Given (h,w) € S, g € Q) and

58The computations are essentially the same. In Sections 4, 6 and 7 one obtains the same
bounds for the spectrum, while in Section 5 keeping track of the cocycle yields the required
factor €(7).

59The interested reader can consult Fried [26, §6] for a thorough explanation.
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Wa,a € 3, we can then define the integral

[ oo = [ (0Gal€),h(Gal), Fa,)) Gos
Wa,G R(ds)
where Gy = ©,' 0 G and Eg, = DG,(R(%)). We can then use the above

to define the analogue of the functional Jo G g v;,...0, i equation (3.11) and

then construct the norms in the same way. The trarfsfer operator is then the
canonical action of the flow on § with a weight given by the Jacobian of the
flow restricted to the element of the Grassmanian. Note that one obtains an
operator of the type considered in [30, eq. (3.1)]. Accordingly, all the present
arguments can be repeated in complete analogy, although one must compute
in the more sophisticated way explained in [30].%°

As the present paper is already quite technical, we decided not to go
into such a more sophisticated construction because, on the one hand, it does
not add any new idea and on the other, it would make the presentation much
harder to follow. Nevertheless, all the results presented here can be generalized
by using such an approach.

Appendix C. Topological entropy and volume growth

It is well known that there is a relation between asymptotic volume growth
of manifolds and the topological entropy. (See [77], [28], [50] and references
therein.) Unfortunately, here we need a uniform upper and lower bound for all
times. We are not aware of such bounds for flows in the literature. For Axiom A
diffeomorphisms, they can be obtained in great generality from the results in
[30].°" Tt is clear that applying the same strategy to the present setting of
flows, similar results can be obtained. Yet, since we are interested only in
the topological entropy and not in an arbitrary potential, a more elementary
approach is available.

Let us proceed in slightly greater generality than needed since it can be
done at no extra cost. Let M be a Riemannian manifold and (M, f) a par-
tially hyperbolic diffeomorphism. Call £, E* and E° the stable, unstable and
central distribution respectively. Let ds be the dimension of E*.

Assume that, for each n € N, || Df"|ge| + |Df~"|ge|| < Cx.

60T be precise, in [30] there are no ¢-forms, but the point of the present paper is exactly
that functions and ¢-forms can be handled by essentially the same computations once the
proper machinery has been set up.

1Tndeed, in [30] it is shown, in particular, that given a mixing Axiom A diffeomorphism

(M, f), the spectral radius of a transfer operator with potential ¢ satisfies, for each manifold
- n—1 + k - —
W ey, Cyeln < ‘fW e2ur=0 P21 < Cuel @ where P(@) is the pressure associated to

the potential; see [30, egs. (3.3) and (4.10), Lemma 4.7, Th. 5.1.].
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A set S C M is called (e,n)-separated if for each x,y € S we have that
dyn(z,y) > €, awhere ds,(z,y) = maxo<p<n d(f*(2), f¥(y)). Let S(f,e,n) be

the set of all (¢,n)-separated sets. We then define N(f,e,n) = sup #S.
SeS(f.en)
It is well known [38] that
.. InN(fen)

) = i Jiy 5

Moreover if ¢’ > ¢, then N(f,e,n) > N(f,&’,n). Thus, for each § > 0,
. InN(f,é,n

(1) o) = Jim 01,

Fix 4 > 0, and let Y be the set of all C', dy-dimensional manifolds of
radius 0 and tangent space close to E®. Let us define

p: = sup VOl(an), p;L = ian VOl(an)
Wes wex

LemMma C.1. For all n,m € N,

Prvm = Ctbp P P < Cpf pi.

In addition, if f is topologically transitive, then
pn < Cypy.

Proof. To prove the first equation consider f™(W) and choose a set W,, =
{W;} € ¥ such that W; C f*(W), W; N W, = 0 and the cardinality of W, is
maximal. Then #W,, > Cx vol(f"(W)). Thus

vol(f™ ™M (W) = Y vol(f™(W')) = Cypr pr
W'eWn,
and the result follows taking the inf on W. The second inequality is proven
similarly by taking a minimal cover of f™(W).

Let us prove the last inequality. By topological transitivity, for each € > 0,
there exists n. € N such that given any two ball B, B’ of radius ¢, there exists
n < ne such that f*(B) N B’ # 0.2 Let 7 = n;.

Next, for each n € N there exists W,, € % such that vol(f""(W,)) >
%p:_ﬁ. Let x € W,, and let B be an open ball centered at x and of radius
¢§ for some fixed ¢ € (0,1) to be chosen later. Given any W € ¥, let z € W
and let B’ be a ball of radius ¢d centered at z. By the above arguments there
exists m < 7, such that f™(B’) N B # (). Given that the stable and unstable

62Take S € S(f,0,e/4) with maximal cardinality. Then UyesB(z,£) D M, where B(z,¢) is
a ball (in the Riemannian metric) or radius € and center x. Then for each x,y € S, there
exists ng,y € N such that f*v(B(z,e/4)) N B(y,e/4) # 0. The claim follows since any ball
B of radius € must contain a point « € S such that B(z,e/4) C B.
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manifolds are uniformly transversal, it is possible to choose ¢ such that, for
each point in y € W,,, W (y) N fmW # (.9 By the hypothesis on the central
bundle it follows that the point related by the holonomy will never have a
distance larger than & in the future. Then vol(f¥(W,,)) < Cy vol(f¥+m(W)).
Accordingly

vol(f"(W)) = Cygvol(f" ™™ (W) = Cppy_ = Cpy.
and the result follows again by taking the inf on the W. (]

LEmMMA C.2. If (M, f) is topologically transitive, then, for each n € N,
e >0,
Csp;t < N(f,6,n) < CEp;t'

Proof. Let W € /23, and consider a ¢ separated set S, on f"(W).%* Since
the manifold contracts backward, points that are far away in f™(W) but
close in M will separate backward. Thus f~"S,, € S(f,e,n). Since #S, >
Cyvol(f™(W)), it follows that N(f,e,n) > Cep}.

To prove the second inequality we use the notation introduced in the
proof of Lemma C.1. Fix W € &. Let S € S(f,¢,n) be a set with maximal
cardinality. Cover M with balls of radius ce. By transitivity, for each ball
B, there exists a time np < 7 such that f"BW N B # (. Let Wi C f*8W,
Wpg € ¥ be a manifold that intersects the ball B, and project all the points
in SN B to Wg via the weak unstable holonomy. If we consider the images
of such points we note that two points can be (e,n) separated only if their
corresponding points on Wp are (Cye,n) separated. Finally, note again that
the (Cye,n) separated points on Wp must have a distance larger than Cye in
the manifold f™(Wp). Thus there can be at most C; vol(f™(Wg)) such points.
Accordingly,

N(f,e,n) < ZCgvol(f"Jr”B(W)) < C.p. O
B

Using the above results, the required bound follows.

LeEMMA C.3. If (M, f) is topologically transitive, then for all n € N, we
have
ehtop(f)n S pz S C#ehtop(f)n'
Proof. By Lemmata C.2 and C.1,

InN(f, e, kn) < InC.p;l, < InC; N lnp:{.
kn kn kn n

63By Wg"(y) we mean a disk of radius § in the weak unstable manifold.
64That is, the distance among the points is larger than € when measured on the manifold

frw).



762 P. GIULIETTI, C. LIVERANI, and M. POLLICOTT

Taking first the limit for K — oo and then the limit ¢ — 0, the first inequality
of the lemma follows.

By Lemma C.1, it follows that p;r,,, > Cyp;pt. Then pi > CL(pf)*
and

+
In p;, <n lim In N(f,9, kn)

ln[C#p:]Smkli—{go m T k—oo kn

S nhtop(¢1)7

where we have used Lemma C.2 and equation (C.1). O

Remark C.4. Note that if f is the time one map of a hyperbolic flow,
then by the spectral decomposition Theorem [12, §1.1], the manifold can be
decomposed into finitely many isolated topologically transitive sets. Hence
applying Lemma C.3 to each isolating neighborhood, we obtain C#ehmp(m)” <
pi < Cyelor(@)n for each Anosov flow.

Appendix D. Averaging operators
The following operators are used extensively in this paper.

Definition D.1. Let k € C®(RY R, ) such that [ k(z)dz = 1, supp k C
{z € R : ||z|| < 1} and let x.(z) = e 9k(e7'z). For each a € A, £ €
{0,...,d}, let ¥ € C°(R??, GL((9),R)) with supp ¥ C B,(0,25)2. We define®
the operator M, g : Qf — Qf, by

0 if 2 ¢ Uy,

Ma,\II,S(h)(x) = ZMGIZ {fRd ‘y(@a(x),y)gjﬁg(@a(x) - 9)
><<wa75, h>@;1(y)dy] Wa i if x € U,.

Given the particular choice W(z,y);; = wa(@a_l(x))égj, we define

M. =) Mg, = ZM%@.
(0% «

Lastly, given the duality induced by (3.4), we define the operators My, ., ML,
as those such that for all h, g € Qf, we have®®

(M, By g)ae = (h,Macg)qe and  (MLh,g)ge = (h,Meg)qe.

65Obviously our definition depends on the choice of the function x, and in the future some

special choice of xk will be made. However, we choose not to explicitly show the dependence

as a subscript to simplify the notation.

66By the duality relation M is then also defined on currents. In addition, note that MaﬁQé’TU
! 4 '3

Ma,sQO,r C QO,’I"
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LEMMA D.2. There exists €9 > 0 such that, for each ¢ € (0,e0), £ €
{1,....d}, ¢>0,peN* and h e O,

IMehll - pg.e + IMZR] - pge < Cpgrllbllspaes
IMchllco@an) + IMLRcrnr) < Cpane™ P A= pa.ts
”h - Meh”—,p—l,q—i-l,ﬁ + ||h - Mlah|

we can bound

—p—lg+1,e < Cp,q,f”»5||h||+7p7q,€'

Proof. We will give a proof only for the operator M., the proof for M.
being similar. To prove the first inequality we begin by estimating the integral
in (3.11) for the case p = 0. First of all note that, for each o, € A, Wp g €
Ya(p Lo) and ¥, if

(D.1) [ (0 Mayehhon £0
W/3 el

then W3 g N Uy # (). Thus there exists Wy ¢ € Xo(p4, L) such that W o N
Uy C Wy, (see Remark 3.5). On the other hand, by Definition D.1, the
integrand is supported in U,; thus,

/ <97 Ma,\lf,ah>wvol = / (g, Ma,\lf,ah>wvol-
Ws.c W,

a,G’
Thus, it suffices to compute
/ <9, Ma w e wvol = Z / dy \I/<G1:,F (g)v y)i,j
Wa,c, i€, By, (0 25) Rd
X 9o © 05" 0 Gu ()50 05  (y)ke(Gar(€) — y),

where h, ;(2) = (h,w, 7). and g, ;(2) = (g9,w, 7)~ for each z € U,.

Next, we keep £ € By, (0,20) fixed and we consider the change of variables
¢ = G4,r(§) —y. By Fubini-Tonelli theorem and the definition of G, r we can
exchange the integrals and obtain

02) [, oMol = 3 [ 4Cl0) [ de B(Ger(e) Cocrl€is

ijes +(0,29)

a,

X Ga,i © @;1 o G%F(g) hoa,j o @(;1 o Gmfg“,F(f)

Now given our admissible test function g and a leaf Wy g, , we can define

admissible elements g; ¢ and W, g as follows. Let ¢ =2 —(, gcwjo

z¢ ,F

al(2) =3 (Z +¢,2)ij90,i © Oa (Z +¢) and g¢,w = 35 9cw;iWa > SO that
Z‘I’ 2,7 (€), Gom,r(€))7 3907 © Oa' © Gup(€) = gewj © 05" © Gue r(€).
Then
O3 [ e Mawehon =[O [ Gocw b

x,F Wa’GzC,F
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Note that, since the cones are constant in the charts, G, r € X(py, Ly) for
each ¢ small enough. Since ”gC"I’HFﬁ’q(a,GIC,F) < CqH\IIchHgHrﬁ,pJ,q(a’Gz’F), we
have
Mo,w,ehll- 0.4 < Coll¥llcallpll+0,q-

The first inequality of the lemma, for p = 0, follows.

Next we treat the case p > 0. Let v € CPT. We need to compute
LyMy, g . To do so note that Ly(w,;) = > 5 p75(v)w
tion (A.6) there exists W/ such that we have

Ly(¥(Oa(),9))ij = ¥ (Oa(x),9))i -

Next, we deal with L,(k:(O4(x) — y)) using integration by parts with respect
to y. Lastly, we apply (A.5) to Ly(w, ;, h>@;1(

j- Moreover by equa-

Y)
By using all the remarks above, we obtain that there exist vectors wj (v),

—.,w(v) € CP* and functions Uy, ¥y 1,..., ¥, ; such that ||Uy||cpre—1 +
Sy illorra < Cxl|¥]|cp+a and for which we have

(D.4) LMo,y ch = Maw, ch + Z Ma,‘lfv,z,E(szh)-
l

By iterating the above equality, using the previous bound for p = 0 and equa-
tion (3.14), we obtain the first inequality of the lemma.
To prove the second inequality, given definition (3.9), we must evaluate

(D.5)
(ot Maeh) gt () = Y0 0 0,7 (2) { /R el = ) (Wi W1 ) dy

= dydﬁ—l cee dyd/ <g£,z,y7 h>wv01’
Rdu+1 ”a G
77(0,yg g4 100-Yd):0

where §. .70 0,'(6) = Yo 0 O (2)ke(2 — (& Ydus1s---5va)) and ge .y =
e 2yi%ai- Then, differentiating (D.5) with respect to z and integrating by
parts yields the desired result since || gg,z,yHFﬁ,pﬂ < Cye™P74,

Finally, note that by construction,

lim Mo,y ch) () = ¥(Oa (), Oa(2))h() = Va(2)h(2).

Thus, by (D.4), we have that lim._,o L,Mq, v ch exists. On the other hand, for
all g € C", we have (see (4.23))

lim [ gL,Mgy.ch wy=lim(—1)¢ / Ma,w hd(iy(gwar)) = / gwn Lo [Uoh).
M e—0 M M

e—0

Thus,
(D.6) lim L,Mgpch = Ly[Uah).
e—0
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Hence, by (D.3) and the explicit representation of (D.2), we can write

(D?) / Wyol [(g,/\l\’ h> < Malllshﬂ

aGF

_/dC/{E / dt*/ Wvyol gt{ \Ifah>
aG

= /dcﬁs / dt/ Wyol gtC v, Ly h> Z(gtC \I/,h ngwa,ﬁa
Wa Gy

where ve = —(0,1).(. The last 1nequahty, for p = 0, follows since |[v¢||op+a <

o

Cye. To obtain the result for p > 0, one can use (D.4) and (D.6) repeatedly.
U

The above lemma has a useful corollary.

COROLLARY D.3. Both M. and M. extend to operators in L(Bﬁ’q’z, B:‘i’q’é)
and L((B"%YY (Bﬁ’r’q’e)’). In addition, if h € Bﬁ’r’q’e, then

(D.8) ;1_13% [ = Mehl— pge + [|h = Mh||— p g0 = 0.
Proof. By definition, there exists a sequence {h,,} C Q% that converges to
h in B’fr’q’e. Hence,
b = Mch—pge < [|h = nll—pge + lhn = Mchnll— pge + [Me(hn — h)| - pqe
< C#Hh - hn|

+pa.f T C#EthHﬁpH,qfl,Z

implies the result. O

Remark D.4. The loss related to the 4 norms is due to the need of viewing
a manifold of ¥, in a different chart. If we were to consider a ¥ supported
in U, and were interested only in the semi-norms arising from ¥, such a loss
would disappear.

Appendix E. Holonomies

Here we recall some known facts concerning the invariant foliations of
an Anosov flow and prove some useful estimates. Concerning the issue of
regularity, more details can be found in [31], [32], [33].

The strong unstable foliation can be locally trivialized by a change of co-
ordinates of the form H(&,n) = (H(&,n),n), n € Bqg,(0,9), & € Bg,+1(0,9),
such that for each &, {H(&,n)}yen,, (0,5) is a strong unstable manifold. In
addition, without loss of generality, we can require that H(0,7) = 0 and

H(£,0) = & The results on the regularity of the foliation can be summa-
rized by considering the map H : Bi,+1(0,6) = C°(Bg,(0,6),R%*!) de-
fined by [H(€)](-) = H(,-). Then H has range in C"(Bg,(0,6), R%*1) and
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||.F~I||Cw(3ds+1(0,5)7@(3%(075)’Rds+1)) < Cy. Moreover for each 7, the function
H(, 77)~is absolutely continuous and has Jacobian JH (&,m). Again, we can de-
fine JH : By,41(0,8) = C%(By,(0,8),R) by [JH(€)]() = JH(E,-). Then JH
has range in C"(By, (0,0),R) and || JHllc=* (5, (0.8).c7 (B4, (0.0)2)) < C#-*
In this paper the holonomies are often used as follows: given Wi, Wy € X

and x,y € W1, estimate d(HVT/l,VT/Q (x), HVT/l,VT/Q (y)).% Although it is clear how

to proceed, we give the details for the benefit of the lazy reader.

Note that, without loss of generality, we can assume that x = 0, y = (a,0)
and HVNVMW/Q(O) = (0,2), W; = {(€,0)}¢cpas+1- Then W, will have the form
{(&,z+G(£)), G(0) =0, and || D¢G|| < 2. Also let HWLVT@(CL,O) = (&,1).

LeEMMA E.1. For @’ as in Section 7, we have that

(E.1) 1€, m) = (a, 2)[| < C [llal™ |12l + 19G o lal] -

Proof. The intersection point (&, n) satisfies (£,1) = (H(a,n),z + G(£)).
Thus

§—a=H(a,n) — H(a,0)
=H(a,z+G()) — H(a,z+ G(a)) + H(a,z + G(a)) — H(a,0)
=A( —a)+ H(a,z+ G(a)) — H(a,0),

where the last line is an application of the intermediate value theorem and
A < |0y H a, -)llco 19:Gllco < Cyllal[* [|0¢G ]| co. Then

lé=all < [(1—A)""(H(a, 2+G(a)) = H(a,0))|| < Cyllal|™ (|l2]+]0Cl|collal])-
Analogously,
n—z=G(H(a,n) - G(H(a,2)) + G(H(a, 2)) = A1(n — 2) + G(H(a, 2)),
where || A1(n)|| < [|0¢Glloo |05 H (a,-)llco < Cgllal|™ [9¢G | co. Thus
In =zl < II(1 = A1) "' G(H{(a, 2))|| < Cyll9Cllco(llall + lal™||=ll). O

Next, we need a small improvement of [42, Lemma B.7]. We use the same
notation established before (7.27), apart from the fact that the points &, ( are
fixed to some value &, (.

LEMMA E.2. For &, (. € Bg,+1(0,0) and A* as in (7.26), we have that

A (& + ) = A"(&0) — dao(2(6), 6| < C(ll21P NN + 112117 11¢)1%)
+ Cllzl Gl

67See [33] and references therein for the proofs of these statements.
68Remember that W = Ute1¢+ W for some appropriate interval I.
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Proof. We use the same coordinates defined before Lemma E.1 with W =
Wy, W' =Wy, so that &, =0, (, = (CN, 0).99 Thus W is a flat manifold and W’
is the graph of (&, G(€)), where € = (&1, ...£4,), 4,41 being the flow direction.
Also W = {(£,0)} while W’ is the graph of (£,G(£), L(£)) with L(0) = 0,
G(0) = 7 = 24(€.). Let H(¢,n) = (H,(€,n), Ho(&,m)), Hq s RY — R, Hy :
R 5 R and {(2(), L.(C), 1o(C))} = {H(C,)yesan }N(E: G(E)) e }. Then
A* (€, + &) — A (&) = Tn(¢) — L(I(C)). Define Z : [0,1]> — R? by

E(tv 5) = (SHS(§7 tIu(é))v tG(SIs(é))v S[HO(& tIu(é)) - tIO(g)] + tL(SIS(g)))a

and set Z([0, 112) = ¥. From [42, egs. (B.4), (B.5)] it follows that In(¢) —
L(I5(¢)) equals the integral of the symplectic form over X; hence

A" (& + C) — AT (&) = / dogy = / Zrdag = / do(0s2, 0, 2) dtds
b [0,1]2 [0

]2

= (Hy(C, t1u(0)), G(sLs(C))) — ts(0gG(sIs(O) I(C), 0y Hi (G, t1u(C)) 1u(0))

[0,1]2
= (&2 + O (I 2T + SN I+ = N2 NI -

Since, by Lemma E.1, |1, — 2| + | I, — || < Cx(1ZIZ Il + I ZIICI[F"), the
lemma follows. O
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