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Quasi-isolated blocks and
Brauer’s height zero conjecture

By RADHA KESSAR and GUNTER MALLE

Abstract

This paper has two main results. Firstly, we complete the parametri-
sation of all p-blocks of finite quasi-simple groups by finding the so-called
quasi-isolated blocks of exceptional groups of Lie type for bad primes. This
relies on the explicit decomposition of Lusztig induction from suitable Levi
subgroups. Our second major result is the proof of one direction of Brauer’s
long-standing height zero conjecture on blocks of finite groups, using the
reduction by Berger and Knorr to the quasi-simple situation. We also use
our result on blocks to verify a conjecture of Malle and Navarro on nilpotent
blocks for all quasi-simple groups.

1. Main results

Brauer’s famous height zero conjecture [10] from 1955 states that a p-block
B of a finite group has an abelian defect group if and only if every ordinary
irreducible character in B has height zero.

Here we are concerned with one direction of this conjecture.

(HZC1) If a p-block B of a finite group has abelian defect groups, then every

ordinary irreducible character of B has height zero.

One of the main aims of this paper is the proof of the following result.

THEOREM 1.1. The ‘if part’ (HZC1) of Brauer’s height zero conjecture
holds for all finite groups.

Our proof relies on the crucial paper of Berger and Knorr [3] where they
show that this direction of the conjecture holds for all groups, provided that
it holds for all quasi-simple groups. An alternative proof of this reduction was
later given by Murai [43].
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Many particular cases of (HZC1) have been handled before. For blocks
whose defect groups are cyclic or a Klein 4-group, the result follows from work
of Brauer [9], [11] and Dade [19]. Olsson [47] showed the claim for the covering
groups of alternating groups. The case of unipotent blocks of groups of Lie
type was treated by Broué-Malle-Michel [12] and Broué-Michel [13]. Cabanes—
Enguehard [14] then showed (HZC1) for most blocks of finite reductive groups.
In addition to these results we use the theorem of Blau-Ellers [4] that this
direction of the conjecture holds for all central quotients of special linear and
special unitary groups.

Let us mention a few other important partial results. Gluck—Wolf [27]
proved both directions of the height zero conjecture for p-solvable groups.
Fong—Harris showed (HZC1) for principal 2-blocks, Navarro—Tiep [46] recently
proved both directions for 2-blocks of maximal defect and Kessar—-Koshitani—
Linckelmann [33] proved (HZC1) for 2-blocks whose defect groups are elemen-
tary abelian of order 8. Our paper is independent of the latter results.

As our second main result and as a crucial ingredient to the proof of
Theorem 1.1 we complete the parametrisation of the ¢-blocks of finite quasi-
simple groups, where ¢ is a prime number. (See Remark 6.12 for historic
comments on this problem.) The only case that remains to be considered
is the one of quasi-isolated blocks of exceptional groups of Lie type when £
is bad; that is, nonunipotent blocks parametrised by nonidentity semisimple
elements whose centraliser in the dual group is not contained in any proper
Levi subgroup. This is the case we solve here.

Although our determination of quasi-isolated blocks proceeds in a case-by-
case manner, the result on blocks and their defect groups can be phrased in the
following general, generic form, which also appeared for the blocks considered
in the earlier work of Cabanes and Enguehard. Throughout this introduction,
G denotes a simple, simply-connected algebraic group over an algebraic closure
of a finite field IF,, with Steinberg endomorphism F': G — G. See Sections 2-6
for further notation and the proofs.

THEOREM 1.2 (Parametrisation of Blocks). Assume that G is simple, sim-
ply connected of exceptional Lie type in characteristic p and £ # p is a bad
prime for G. Let 1 # s € G*F be a quasi-isolated ¢'-element.

(a) There is a natural bijection
bgr(L,\) «— (L, \)
between £-blocks of GF in £(GF, s) and pairs (L, \) up to GF -conjugation,
where
(1) L is an e-split Levi subgroup of G, with e = e;(q);
(2) A€ E(LY,s) is e-cuspidal; and
(3) X is of quasi-central {-defect.



QUASI-ISOLATED BLOCKS 323

(b) There is a defect group P < Ng(L,\) of bor (L, \) with a normal series
Z(L)F <D :=cp(z(L)F) <P,

with quotients P/D isomorphic to a Sylow (-subgroup of Wear (L, \) and
D/Z(L)} isomorphic to a Sylow ¢-subgroup of L¥ /Z(L)¥[L, L]¥".
(c) Here, bar (L, \) has abelian defect if and only if Wgr (L, \) is an ¢'-group.
(d) Further, when € # 2, then D = Z(L)}" in (b) and P is a Sylow ¢-subgroup
of the extension of Z(L)} by Wer (L, \).

In [8], Bonnafé and Rouquier proved that every ¢-block of a finite reduc-
tive group in characteristic different from ¢ is Morita equivalent, via Lusztig
induction, to a quasi-isolated block of some Levi subgroup. This compari-
son theorem provides a crucial reduction in the proof of Theorem 1.1. But
note that it is not known in general whether Morita equivalences preserve
abelianess of defect groups. In our context, relying on previous results, mainly
of Cabanes—Enguehard, we prove the following result.

THEOREM 1.3 (Preservation of Abelian Defect Groups). Let G be simple,
simply connected in characteristic p, and let £ # p be a prime. Let M be an F-
stable Levi subgroup of G, and let b and ¢ be Bonnafé-Rouquier corresponding
¢-blocks of G¥ and MY respectively (see Definition 7.7). Let Z be a central
(-subgroup of G¥', and let b and € be the images of b and c in G¥'/Z and M* ) Z
respectively. If either b or ¢ has abelian defect groups, then the defect groups
of b and ¢ are isomorphic.

The above result should ideally follow from general properties of the bi-
modules inducing Bonnafé-Rouquier Morita equivalences, but our proof is dif-
ferent. In fact, one expects that if b and ¢ are Bonnafé-Rouquier correspon-
dents, then any defect group of c is a defect group of b — this is known to hold
in many cases.

In order to prove Theorem 1.2 we apply a criterion of Cabanes and En-
guehard (see Proposition 2.12 below) that allows one to determine the blocks
if Lusztig induction from suitable Levi subgroups can be shown to satisfy a
generalised Harish-Chandra theory. The following result is not only a crucial
ingredient for our proofs but of independent interest.

THEOREM 1.4 (e-Harish-Chandra Theory). Assume that G is simple, sim-
ply connected of exceptional Lie type in characteristic p and that £ # p is a bad
prime for G. Let s € G*F' be a quasi-isolated ¢'-element. Then with e = ey(q),
we have

(a) The sets E(GF, (L, \)), where (L,\) runs over a set of representatives of
the G¥ -conjugacy classes of e-cuspidal pairs of G below E(GT, s), partition
E(GT,s).
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(b) G¥ satisfies an e-Harish-Chandra theory above each e-cuspidal pair (L, \)
of GF below (G, s) (see Definition 2.9 below).

The case when s = 1, that is, the case of unipotent characters, was the
main result in [12, Thm. 3.2] (where there was no restriction on the type of G,
but ¢ was assumed to be large enough).

Finally, we use the previous results to characterise blocks of quasi-simple
groups all of whose height zero characters have the same degree, thus complet-
ing a programme begun by Malle-Navarro [39] and continued by Gramain [28]
for the case of spin-blocks of alternating groups.

THEOREM 1.5 (Characterisation of Nilpotent Blocks). Let S be a finite
quasi-simple group and p a prime. Assume that B is a p-block of S all of
whose height zero characters have the same degree. Then the defect group of
B is abelian, and (thus) B is nilpotent.

The paper is organised as follows. In Section 2 we collect various results
on groups of Lie type, Lusztig induction, blocks, and Brauer pairs and we state
our main criteria for block distribution and the structure of defect groups. In
Sections 3—-6 we determine the decomposition of Lusztig induction from suitable
Levi subgroups in the Lusztig series belonging to quasi-isolated elements of
exceptional groups of rank at least 4 and the block distribution in these series.
Section 7 is devoted to showing Theorem 1.3. The remaining steps of the proof
of (HZC1) are given in Section 8; see Theorem 8.9. Finally, in Section 9 we
prove Theorem 1.5.

Added in proof. After submission of this paper, Navarro and Spath have
completed a reduction of the other half of Brauer’s height zero conjecture to
some strong version of the Alperin—-McKay conjecture for quasi-simple group;
see [45].

2. Background results and methods
Throughout this paper, ¢ denotes a prime number.

2.1. Blocks and Brauer pairs. Let G be a finite group, and let (K, O, k)
be a splitting modular system for Gj; i.e., O is a complete discrete valuation
ring with residue field k£ of characteristic ¢ and field of fractions K such that
k and K are splitting fields for all groups involved in G. Let CF(G, K) denote
the set of K-valued class functions on G, and let Irr(G) denote the subset
of CF(G, K) consisting of irreducible characters of G. Let (, )g denote the
standard inner product on CF(G, K).

By an f-block of G we will mean a primitive idempotent of Z(kG). By
idempotent lifting, the canonical surjection of O onto k induces a bijection
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between the set of primitive idempotents of Z(OG) and primitive idempotents
of Z(kG), and this induces an orthogonal decomposition of the set of K-valued
class functions CF(G, K) on G with respect to the standard inner product. For
f € CF(G, K) and b an ¢-block of G, the projection of f onto the component
of b in CF(G, K) is denoted by b.f, and we write b = bg(f) if f = b.f. This
defines a partition Irr(G) = ], Irr(b), where Irr(b) = {x € Irr(G) | b.x = x}.
The term “block” will sometimes also be used to mean the corresponding set
of irreducible characters.

A Brauer pair of G (or G-Brauer pair) with respect to ¢ is a pair (Q,¢)
such that @ is an f-subgroup of G and c is an ¢-block of C(Q). The set of
G-Brauer pairs has a structure of a G-poset such that the following properties
hold: If (@, c) and (R, d) are Brauer pairs with (R,d) C (Q,c), then R < Q,
and for any Brauer pair (Q,c) and any subgroup R of @, there is a unique
Brauer pair (R, d) such that (R, d) C (Q, ¢). In particular, for each Brauer pair
(Q, ¢), there exists a unique ¢-block, say b of G such that ({1},b) C (@, c), and
in this case we say that (Q,c) is a b-Brauer pair or that (Q,c) is associated
to b. A Brauer pair (Q,c) is a b-Brauer pair if and only if Brg(b)c = ¢, if
and only if Brg(b)e # 0, where Brg : (kG)? — kCg(Q) denotes the Brauer
homomorphism.

For an ¢-block b of G, the subset of the set of Brauer pairs of G associated
to b is closed under inclusion and under the action of G. For any Brauer pair
(Q,c), Z(Q) is contained in every defect group of ¢ and (Q,c) is said to be
centric (or self-centralising) if Z(Q) is a defect group of ¢. A Brauer pair (Q, ¢)
is maximal if and only if (@, ¢) is centric and Ng(Q, ¢)/QCq(Q) is an ¢'-group,
where N¢(Q, ¢) denotes the stabiliser in G of (Q, ¢). Further, (Q, ¢) is maximal
if and only if @ is a defect group of the unique ¢-block of G to which (@, c) is
associated. G acts transitively on the subset of maximal b-Brauer pairs.

If (Q,c) and (R, d) are Brauer pairs with (R, d) C (Q, ¢), and such that R
is normal in @, then we write (R,d) <(Q,¢).

For a more detailed exposition on Brauer pairs, we refer the reader to the
monographs [50, §40], [2, Part IV], or to the original article of Alperin and
Broué [1] — in the latter reference Brauer pairs are referred to as subpairs.
Here we recall a few stray facts, which will be used in the sequel.

Let R be an f-subgroup of G, and let H be a subgroup of G such that
RCs(R) < H < Ng(R). Every central idempotent of kH is in kCg(R) =
ECH(R) (see [2, Part IV, Lemma 3.17]). Now let (R, d) be a G-Brauer pair and
suppose that RCg(R) < H < Ng(R,d). Then, d is an ¢-block of H. Further,
for any subgroup @ of H containing R, Cq(Q) = Cy(Q), the H-Brauer pairs
with first component ) are the G-Brauer pairs with first component @ and for
any block ¢ of C(Q) = Ca(Q), ({1},d) C (Q, ¢) as H-Brauer pairs if and only
if (R,d) C (Q, c) as H-Brauer pairs, if and only if (R, d) C (Q, ¢) as G-Brauer
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pairs (see [2, Part IV, Lemma 3.18]). We will use these facts without further
comment.

We will need a few facts about covering blocks. For G a finite group
containing G as normal subgroup, b an (-block of G and b an ¢-block of G, b
is said to cover b if bb # 0.

LEMMA 2.1. Let b be an ¢-block of G, and let (A,u) C (D,v) C (P,w) be
b-Brauer pairs such that D is mazimal with respect to D < ACg(A) and P s
mazimal with respect to P < Ng(A,u). Let G be a finite group with G < G.
Then

(a) D is a defect group of the block u of ACq(A), and P is a defect group of
the block u of Ng(A,u). Further, D = PNACg(A) and P/D is isomorphic
to a Sylow £-subgroup of Ni(A,u)/ACq(A).

(b) Let b be an -block of G, and let (A, ) be a b-Brauer pair. If i covers u,
then b covers b.

(¢) There exists an (-block b of G covering b, and b-Brauer pairs (A, u) < (P,y)
such that P < Ny (A u), @ covers u, PNG = P and P/P is isomorphic
to a Sylow (- subgroup of Na(A,u)/Na(A, u).

Proof. By [2, Part IV, Lemma 3.18], (D,v) is a maximal ACg(A)-Brauer
pair and is associated to u so D is a defect group of u. Similarly, P is a defect
group of u as a block of Ng(A,u). Consider the normal inclusion AC;(A) <
Ng(A,u). As u is the only block of kNg(A, u) covering the block u of kCq(A),
by covering block theory, D = PN ACg(A) and P/D is isomorphic to a Sylow
¢-subgroup of Ng(A,u)/ACG(A) (see [44, Ch. 5, Thm. 5.16]). This proves (a).

Let b and @ be as in (b), and suppose that @ covers u. Then, Br(b)a = i,
Bra(b)u = uw and uu # 0. Since Bry is an algebra homomorphism and @
is central in Ca(A), Bra(bb)iu = u # 0, and it follows that Bry(bb) # 0,
whence bb # 0, proving (b).

For (c), consider the normal inclusion Ng(A,u) INg&(A,u). By (a), uis a
block of Ng(A,u) with a defect group P. So, again by [44, Ch. 5, Thm. 5.16],
there exists a block u’ of N5(A,u) covering u such that u' has a defect group
P < Ng(A,u) with PNG = PN Ng(A,u) = P and P/P isomorphic to a
Sylow (-subgroup of Nz (A, u)/Ng(A,u). Now, P being a defect group of u’
implies that Brs(u') # 0. Also, u is the unique block of Ng(A,u) covered by
u/, hence v'u = u’. So,

whence Brz(u) # 0.
Now consider the normal inclusion Cg(A) S Cx(A). Let U be the set of
¢-blocks of C(A) covering u. Since P normalises Ci(A) and stabilises u, P

acts by conjugation on . In particular, Y- ¢y f € (ké)ﬁ. Also, u(Y e f)=
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So,
Brp(u)Brp( Y f) = Brp(u) #0.

feu
Since P permutes the elements of U, the above equation yields that there is
an element, say @, of U such that @ € (kG)¥ and Brp(u) # 0. Consequently,
there exists a G-Brauer pair (P,y) such that (A,4) < (P,y). Let b be the
unique ¢-block of G such that (A, @) is a b-Brauer pair. Since @ covers u, (b)
gives that b covers b. This proves (c). O

Let x € Irr(G), and let § be a linear character of G. Then 6 ® x is an
irreducible character of G and the map y — 6 ® x is a permutation on Irr(G)
which respects ¢-blocks; for any ¢-block b of G, the set {# ® x | x € Irr(b)} is
the set of irreducible characters of an ¢-block of G, which we will denote by
0 ® b. Denoting also by 6 the restriction of # to any subgroup of G, the map
(Q, f) = (Q,0® f) is a G-poset isomorphism between the set of b-Brauer pairs
and the set of § ® b-Brauer pairs.

LEMMA 2.2. Let G be a ﬁmt~e group such that G < G, let b be an {-block
of G, and let b be an (-block of G covering b. Suppose that G/G is abelian.
Then

(a) Any L-block of G covering b is of the form @b, where 0 is a linear character
of G/G.

(b) Assume that b has a defect group Z < Z(G). Suppose that the unique
character x € Irr(b) containing Z in its kernel extends to its stabiliser I
in G. Then, b is nilpotent, and if D is a defect group of b, then D <
I, DNG = Z and D/Z is isomorphic to the Sylow (-subgroup of 1/G.
Moreover, there are |I : G|y €-blocks of G covering b.

Proof. Let b be an (-block of G covering b, and let x € Irr(b). Then there
exists 7 € Irr(b) and 7/ € Irr(b') such that 5 and 7’ both cover b (see [44, Ch. 5,
Lemma 5.8(ii)]). But since G/G is abelian, ' = § @1 for some linear character
0 of G/G. This proves (a).

Suppose that the hypotheses of (b) hold. Then I is the stabiliser in G of b.
Induction induces a bijection between the set of /-blocks of I covering b and
the set of ¢-blocks of G covering b; corresponding blocks under this bijection
are source algebra equivalent (see, for instance, [32, §2]) and, in particular, the
correspondence preserves the nilpotency of blocks and corresponding blocks
have common defect groups. Hence, we may assume that I = G.

Since Z is a central subgroup of G, the canonical surjection of G onto G /Z
induces a bijection between the £-blocks of G and the £-blocks of G/Z (see [44,
Ch. 5, Thm. 8.11]) and also between the ¢-blocks of G and the ¢-blocks of G/Z;
for any block d of G (respectively G), denote by d the corresponding block of
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G/Z (respectively G/Z). Then a block b’ of G covers b if and only if b’ covers
b, V' is nilpotent if and only if b’ is nilpotent, and the defect groups of b’ are
of the form D/Z, where D is a defect group of b'. Further, x extends to an
irreducible character of G, so y considered as an element of G /Z extends to
an irreducible character of G/Z.

Thus, we may assume that Z = 1. If G /G is an {'-group, the claim is
immediate. Thus we may also assume that G/G has f-power order. Then
there is a unique block b lying above b. By assumption, y extends to G, so a
defect group D of b is isomorphic to G /G and satisfies DNG = 1. In particular,
b is nilpotent. O

2.2. Lusztig series and f-blocks. We set up the following notation. Let G
be a connected reductive algebraic group over an algebraic closure of a finite
field F,, with a Steinberg endomorphism F' : G — G, and let GF be the finite
group of fixed points. We are interested in the ¢-blocks of G, where ¢ is a
prime number different from the defining characteristic p of G. We first recall
several useful results.

Let T be an F-stable maximal torus of G, and let G* be a group in duality
with G with respect to T', with corresponding Steinberg endomorphism again
denoted by F (see [21, 13.10]). We denote by ¢ the absolute value of the
eigenvalues of I’ on the character group of T', an integral power of \/p. By
the fundamental results of Lusztig, the set of complex irreducible characters
of G¥' is a disjoint union of rational Lusztig series £(G¥', s), where s runs over
semisimple elements of G*f' up to conjugation. Lusztig series are compatible
with block theory in the following sense (see [17, Thm. 9.12]).

THEOREM 2.3 (Broué-Michel, Hiss). Let s € G*I be a semisimple £ -ele-
ment. Then

(a) The set
&G s) = |J EG",st)

tGCG* (5)5

is a union of £-blocks (where t runs over the (-elements in Cg+(s)" up to
conjugation).
(b) Any £-block in E(GF,s) contains a character from E(GF, s).

Thus, to parametrise the /-blocks of G¥', it suffices to decompose £(GT', s)
into ¢-blocks for all #-elements s € G*F'.

We will also use the following notation for the union of Lusztig series
corresponding to ¢'-elements:

EGE 1) = U E(GEs).

¢'-elements s€G*F
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2.3. Quasi-central defect and defect groups. In this subsection we develop
some results that will allow us to identify the defect groups of blocks.

Definition 2.4. Let ¢ € E(GF,¢). We say that ¢ is of central (-defect
if |G|, = ¢(1)¢|Z(G)F|; and that ¢ is of quasi-central {-defect if some (and
hence any) character of [G, G]¥" covered by ( is of central /-defect.

The above definition makes sense since if ¢ € £(GF, #'), then any character
of [G,G]¥ covered by ( is in £([G,G]¥, ¢'). The following are some properties
of characters of quasi-central and central ¢-defect. They rely on Lusztig’s
result [36, Prop. 10] on the restriction of irreducible characters under regular
embeddings being multiplicity free.

PROPOSITION 2.5. Let ( € E(GF,¢)), A= Z(G)f, and Ao = Z(|G, G))}.
Then
(a) ¢ is of quasi-central (-defect if and only if |[G, G|, = ¢(1)| Z (|G, G |e.
(b) If C is of central £-defect, then C is of quasi-central (-defect.
(c) ¢ is of central £-defect if and only if A is a defect group of bgr ().
Suppose that ¢ is of quasi-central £-defect. Then
(d) bgr(C) is nilpotent.
(e) Any defect group D of bgr(() contains A with D /A isomorphic to a Sylow
(-subgroup of GF' JA[G,G]F and DN [G,G]F = Aq.

(f) E(G",0) NTe(bgr(C)) = {¢}-
(g) ¢ is of central (-defect if and only if G¥'/A|G, G]¥ is an £'-group.

Proof. Let (y be an irreducible constituent of the restriction of ¢ to [G, G]¥,
and let I be the stabiliser in G of (y. Since (s € £([G,G]¥, ¢), the index of
I in G¥ is prime to £. On the other hand, by [36, Prop. 10], (y extends to an
irreducible character of I. Thus, (o(1); = ((1), proving (a) and (b). Since A
is a central f-subgroup of G' and ¢ € £(GF, '), A is in the kernel of ¢, from
which (c) is immediate.

Assume till the end of the proof that ¢ is of quasi-central ¢-defect. By (c),
big,cr (Co) has defect group Ag. Further, since G = Z(G)[G,G] and 4p <
Z([G,G))F, A is central in G¥. So the hypotheses of Lemma 2.2(b) are
satisfied for the normal subgroup [G, G]¥ of G and the blocks b,y (o) and
bar(€), proving (d) and (e). The index of I in G is prime to ¢, so again
by Lemma 2.2(b) there are |I : [G,G]¥|y ¢-blocks of GF' covering bia,cpr (Co)-
Also, there are |1 : [G, G|y elements of £(GF, ¢') covering (y. Now (f) follows
from Theorem 2.3 and (g) follows from (c) and (e). O

The next results will be our main tools for the identification of defect
groups. We first derive an easy upper bound for the orders of defect groups.
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LEMMA 2.6. Let s € G*F' be a semisimple V' -element.
(a) The defect groups of any £-block in E(GT', s) have order at most |Ceur (8)]g.
(b) There exists an £-block in (G, s) with defect groups of order |Cer (5)]s-

In particular, if £(GT, s) is a single £-block, then the defect groups of this block
have order |Cgur(s)|e.

Proof. Let t be an f-element of Cg.r(s), and let x € £(GF, st). By the
Jordan decomposition of characters, there exists an irreducible (unipotent)
character ¢ of Cgur(st) such that

GFle _ |Caer (st)le
D v

In particular,
G"e
x(1)e
This proves the first part. If y € £(GF, s) corresponds to the trivial character

of C+r(s), then by the above formula, the ¢-defect of x is |Cg«r(s)|e; hence
the block containing x has defect at least |Cg«r(s)|s. This proves (b). O

< [Canr(st)le < [Canr (3)]e-

PRrROPOSITION 2.7. Let L < G be an F-stable Levi subgroup, and set A =
Z(L)} and Ao = Z([L, L])f'. Suppose that

L=Ca(A), L' =Cgr(A).

For A\ € E(LY,¢') of quasi-central (-defect, let u = byr(\), and let b be the

block of G such that (A,u) is a b-Brauer pair. Then

(a) NGF(A) = ]VGF(_L)7 NGF(A,U) = NGF(L,)\), and NGF(A,U)/CGF(A) =
Wer (L, \), where Wer (L, M) := Ner (L, \) /LY.

Let (A,u) C (D,v) C (P,w) be b-Brauer pairs such that D is mazimal with

respect to D < Cgr(A) and P is mazimal with respect to P < Ngr(L,\).

Then

(b) D/A is isomorphic to a Sylow {-subgroup of L¥ JA[L,L)¥, PN LY = D,
and P/D s isomorphic to a Sylow £-subgroup of Wgr (L, \).

Let s € G*F' be an ('-element such that Trr(b) C E(GF,s). Then

(c) If
(Canr()le = 12°(L)] ] - | Ao] - [Wear (L, A)e,

then P is a defect group of b.
(d) If A is characteristic in P, then P is a defect group of b.
(e) If the defect groups of b are abelian, then £ does not divide |Wgr(L, N)|.
(f) If A= D and ¢ does not divide |Wgr(L, )|, then A is a defect group of b.
(g) If Z°(L)F N [L, L) is an ¢'-group, then A = D.
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Proof. Since L = C&(A), Ngr(A) < Ngr(L) and since A = Z(L)},
Ngr(L) < Ngr(A). Thus, Ngr(A) = Ngr(L). By Proposition 2.5(f), A is the
unique element of £(LY, ¢) NTrr(u). Since conjugation by elements of Ngr (L)
stabilises £(LY, '), we get that

NGF(A,’LL) = NGF(L,'LL) = NGF (L, A)

This proves (a). From this, (b) follows by Lemma 2.1 and Proposition 2.5(e).
By (b), we have

Al [L" g - [Wer (L, M)

Pl =
il AL,

Now, |L¥| = |Z°(L)¥| - |[L, L]¥| and as pointed out in the proof of Proposi-
tion 2.5, Ag = AN[L, L]F. Hence,

|P| =|2°(L)} | - |Ao| - |[Wer (L, Mo

and (c) follows from Lemma 2.6(a).

Suppose that A is characteristic in P. Let (P,w) C (R, f) C (S,7) be
b-Brauer pairs with (.5, j) maximal and R = Ng(P). Since R normalises A,
P < R < Ngr(A,u) = Ngr(L,\). So, by maximality of P, R = P, whence
S = P, proving (d).

Part (e) is immediate from part (b).

If A= D and Wgr(L,\) is an ¢'-group, then P = A, which means that
if (S,7) is any maximal Brauer pair containing (A, u), then Ng(A) = A. But
this implies that (A, ) is maximal, proving (f).

If Z°(L)¥' N[L, L]¥ is an ¢'-group, then from the equality |Lf'| = |Z°(L)F |-
|[L, L)F it follows that L¥ /Z°(L)F[L, L]¥, and thus L /A[L, L]¥ is an ¢'-group.
But by part (a), D/A is isomorphic to a Sylow ¢-subgroup of L' /A[L, L]¥'. This
proves (g). O

2.4. Lusztig induction and e-Harish-Chandra theory. It is known that the
¢-blocks of G are in close relation with Lusztig induction. For any F-stable
Levi subgroup L of a (not necessarily F-stable) parabolic subgroup P of G,
Lusztig defines linear maps

RS p: Zlir(LY) — ZIrr(GY),

*RS p: ZIrr(GF) — ZTrr(LY),

adjoint to each other with respect to the standard scalar product on complex
characters. This Lusztig induction enjoys the following important properties.

THEOREM 2.8. Let L be an F'-stable Levi subgroup of a parabolic subgroup
P of G.
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(a) If M < L is an F-stable Levi subgroup of a parabolic subgroup @ of P,
then
R]\G4CQ = Rch o R][\ZCQOL'
(b) Let L* be an F-stable Levi subgroup of G* in duality with L. For any
semisimple element s € L*, R%CP restricts to a linear map

RS p: ZE(LF,s) — ZE(GE ).
(¢c) If P is F-stable, then
RS p = Ind%, o Infily.

(d) The Mackey formula holds for Rch except possibly if GT has a simple
component *Eg(2), E7(2) or Es(2).

Proof. See [21, 11.5] for (a). Part (b) is immediate from this and the
definition of the Lusztig series. For (c), see [21, §11], and see the recent paper
of Bonnafé-Michel [7] for (d). O

Note that, as a formal consequence of the validity of the Mackey formula,
Lusztig induction is independent of the choice of parabolic subgroup P con-
taining L (except possibly in the groups excluded in Theorem 2.8(d)). We will
henceforth just write R¥.

An F-stable torus T of G is called an e-torus if it splits completely over
Fse but does not split over any smaller field. Equivalently, there is a > 0
such that [TF"| = ®.(¢*) for all k > 1, where ®, denotes the e-th cyclotomic
polynomial. The centralisers of e-tori of G are called e-split Levi subgroups.
(Note that these are indeed Levi subgroups, which are F-stable.) A character
x € Irr(GF) is called e-cuspidal if *RY(x) = 0 for every e-split proper Levi
subgroup L of G. A pair (L, \) consisting of an e-split Levi subgroup L and
an e-cuspidal character A € Irr(LF) is then called an e-cuspidal pair. Given an
e-cuspidal pair (L, \), we write

E(GT, (L, V) = {x € Ir(G") | ("RE(x), A) # 0}

for the set of constituents of RY (). This is called the e-Harish-Chandra series
of GF" above (L, \).

Definition 2.9. We say that RY satisfies an e-Harish-Chandra theory above
the e-cuspidal pair (L, \) if there exists a collection of isometries

I 5y ZIe(Waygr (L, N)) = ZE(M™, (L, X)),

where M runs over the set of all e-split Levi subgroups of G containing L, such
that
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(1) for all M, we have

WGF (L7>‘) .

G M ¢
Ryp o Iipn = Lz n o Indy 5y s

(2) the collection (I (J\g /\)> is stable under the conjugation action by Wgr;

and
(3) I(LL ») maps the trivial character of the trivial group Wir(L, ) to A.

M,(L,\)

The following is shown in [12, Prop. 3.15 and Thm. 3.11].

PROPOSITION 2.10. Assume that RS satisfies an e-Harish-Chandra the-
ory above (L,\). Then for any e-split Levi subgroup L < H < G and any
x € Irr(HF) with (RE(X), x) # 0, we have

(a) "RE (x) = ("R (), A) o~ > IA
QGNHF(L)/NHF(L,/\)

(b) Ewvery constituent ¥ of R%(X) s a constituent of Rg()\).

2.5. L-adapted Levi subgroups and Cabanes’ criterion. The results in this
section are adaptations and extensions of a powerful criterion of Cabanes, for-
mulated in [22, Prop. 3], which provides a strong relation between the explicit
decomposition of the Lusztig induction functor Rf for suitable Levi subgroups
L of G and the subdivision of &(G¥, s) into £-blocks through the inclusion of
Brauer pairs.

For an f-element z of G, we write d*C" for the generalised decomposition
map that sends a K-valued class function f of G¥ to the class function a=c" (f)
on Cyr(z) by the rule d=C" (f)(y) = f(zy) if y € Cyr(z) has order prime to
¢ and d>%" (f)(y) = 0 if the order of y € Cur(z) is divisible by £. The map
d“C" is the usual decomposition map. Note that if A is an abelian £-subgroup
of GF' contained in a maximal torus of G, then Cg(A)/C&(A) is an (-group
(see [40, Prop. 14.20], [15, Prop. 2.1(i)]). So, Cur(A)/C&(A)F is an (-group,
and hence, each ¢-block of C&(A)F is covered by a unique block of Cr(A).
We will use this fact without further comment.

LEMMA 2.11. Let L be an F-stable Levi subgroup of G, let A € E(L¥, ("),
and let x€E(GF "), Suppose that (x, RF¥(\))#0 and <*R€(X),d1’LF()\)> #0.
Then, for any z € Z(L)E, there exists an irreducible constituent ¢ of RH(N),
where H := C&(z), such that denoting by b the unique block of Car(2) covering
the block containing ¢, ((z),b) is a bgor(x)-Brauer pair.

Proof. We have

d"E" (*RE (v)) = &> ("RE (x)) = *RE (¢ (x)),



334 RADHA KESSAR and GUNTER MALLE

the first equality holding since z is a central f-element of L whereas y is in
an {'-series, and the second because of the commutation of Lusztig restriction
and generalised decomposition maps (see [17, Thm. 21.4]). It follows that

(@S (x), REE(\)) # 0.

Now the result follows by Brauer’s second main theorem and the fact that the
index of H = Cg(z) in Cg(z) is a power of . O

PROPOSITION 2.12. Let L be an F'-stable Levi subgroup of G, and let A €
E(LY 0. Let Z be a subgroup of Z(L)Y', and let {z1,...,2m} be a generating
set for Z. Set Hy = Cg(z1,...,%), 1 <i < m, and Hy = G. Suppose the
following:

(1) For anyi, 0<i<m—1, and any character x € Ter(HF) with (R (), x) gr

# 0, we have (dVE7(X), "R (x)) pr # 0.

(2) The irreducible constituents of Ry ™(\) lie in a single (-block of HL.

Then, for all i, 0 < i < m, there exists a unique block, say b;, of HZF such that

all constituents of Rfi()\) lie in b;. Further, letting b; be the unique block of

Ca(z1,...,2)F covering b; for 1 <i < m, we have inclusions of Brauer pairs
({1},00) € ((z1),51) € -+ C (Z, by).

Proof. Proceed by induction on m. Suppose first that m = 1, and let
b1 be the block of HY in which all constituents of Rfl()\) lie. By (1) and
Lemma 2.11, for any irreducible constituent x of R¥()), we have an inclusion
of Brauer pairs 3 3

({1}, b6r (X)) € ((21), b1) = (Z, b1).
Now by the uniqueness of inclusion of Brauer pairs, it follows that bgr(x) =
ber (') for any irreducible constituents x, x’ of RF ().

Now suppose m > 1. Since H,, = Cy _ (2m), by the previous argu-
ment there exists a unique block by, 1 of HE | such that all constituents of

Rfm‘l(/\) lie in by,—1 and there is an inclusion of HE _,-Brauer pairs

({1}, 0m-1) € ((2m), Uin),

where b), is the unique block of C HE (2m) covering the block by, of HE . (Note
that Cg,_,(zm) may be a proper subgroup of Cg(z1,. .., 2m).) This yields an
inclusion of Cg(z1,. .., 2m_1)"-Brauer pairs

({1}, bm—1) € ((zm), bin),
and hence we have the inclusion of G¥-Brauer pairs
(<Zlv sy Zm71>7 Bmfl) - (Z7 Em)

The result now follows by induction since we have shown above that all con-
stituents of Rf’"’l (A) lie in the same block. O
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The following gives sufficient criteria for condition (2) of Proposition 2.12
to hold.

PROPOSITION 2.13. In the notation of Proposition 2.12 condition (2) is
satisfied for any A\ € E(LY, 0') if one of the following holds:
(1) L =Cg(2); or
(2) £=2 and the simple components of C&(Z) are of classical type B, C or D.

Proof. The assertion is obvious in the first case since then H,, = L. In
the second case, the assertion follows by [23, Prop. 1.5(b)]. O

We will mostly make use of condition (1) above, which has been checked
in many cases by Enguehard [22] for the choice Z = Z(L)?{.

Now we develop sufficient criteria for condition (1) of Proposition 2.12 to
hold.

Definition 2.14. Let L < G be an e-split Levi subgroup. We say that
L is (e,f)-adapted if there exist generators Z(L)f' = (z1,...,2,) such that
Cé(z1,...,2) is an e-split Levi subgroup of G for all 1 <i < m.

PROPOSITION 2.15. Let e > 1, and let (L, \) be an e-cuspidal pair such
that X € E(LF,0'). Assume that RS satisfies an e-Harish-Chandra theory
above \. Then for any e-split Levi subgroup L < H < G and any x € Irr(HF)
such that (R¥(N),x) # 0, we have

(d"F (RY (). *RE (1)), » #0.

Further, if L is (e,f)-adapted in G with respect to the generating set
{21, ..., 2m} of Z(L)f, then condition (1) of Proposition 2.12 is satisfied with
respect to 21, ..., 2m.

Proof. Let L<H <@ be e-split and x € Irr(H*") such that (RH (\), x) # 0.
By Proposition 2.10, we have

"R (x) =a > A
with a := (\,*RE(x)) = (R¥()\), x) # 0, whence we see that *RH (x)(1) # 0,
and thus
(d"F (RY (), *RE (0)) , » #0.
But,
F oy * F *
(@ (“RE () "RE () =0 > (@ (0, " RE (X)) e

=a|Npr (L) : Nyge (L, V[ (d“2 (0, " RE (X)) -
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This proves the first assertion. The second part follows by repeatedly applying
the first assertion to the cases H = G, respectively H = Cg(z1,...,2;), 1 <
i < m. O

The next result contains further useful criteria for condition (1) of Propo-
sition 2.12.

PROPOSITION 2.16. Let L be an F-stable Levi subgroup of G, let A €
E(LF, 1), and let b be the (-block of L¥ containing X. Suppose that one of the
following holds:

(1) L is a torus,

(2) ¢ is good for L and the £-block of L containing X is nilpotent,
(3) X is of quasi-central (-defect, or

(4) Irre(b) NE(LE, ) = {\}.

Then for any character x € Irr(GF) with (RS (N), X)gr # 0, we have

F *
(" (0),"RE (1)) # 0.
Consequently, condition (1) of Proposition 2.12 holds for any subgroup Z of
Z(L)} and any generating set {z1,...,2m} of Z.

Proof. (1) is a special case of (2) and of (3), and by Proposition 2.5(f),
(3) is a special case of (4). Also, the second assertion follows by applying the
first part with G replaced by H;, 1 < i < m. For any irreducible character x
of G, we have that

<d1,LF ), *Rg(X»LF = <d1’LF (N\),b- *RE(X»LF
= (a2 (), d"E" (0. RE (X)), -

Hence, in order to prove the proposition, it suffices to show that if either (2)
or (4) of the statement hold, then

(dE (0, d" (0.7 RE(X))) » #0

for any y € Irr(GF') such that (R¥()), x)qr # 0. Indeed, for such y, we have
by adjunction
"RE(X) = aA+ > ago

oel

for suitable a # 0, agy € Z, where I is a subset of E(LF, )\ {\}. So,
b*RE(x) = a\ + Z ag,

pel’

where I' = I NIrr(b).
Suppose first that (2) holds. Since ¢ is good for L, by [16, Thm. 1.7] the

restriction of the right-hand side of the above equation to the ¢-elements of

L¥ is nonzero. On the other hand, since b is nilpotent, {d"2" (\)} is an (-basic
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set for b. Hence dVF" (b.*RE¥(x)) = md"L" () for some nonzero m. The result
follows since A(1) # 0.

Now suppose (4) holds. Then again since I’ C Irr(b) NE(LF, )\ {)\}, the
hypothesis implies that I’ = (). The result follows since A(1) # 0. O

The previous results combine to give the following criterion, which will be
crucial for the proof of Theorem 1.2. Here, (L, ) is said to lie below £(GF, s)
if the constituents of RY () lie in £(GF', s), or equivalently, if A € (LT, s).

PROPOSITION 2.17. Let e > 1, and let s € G*F' be a semisimple '-ele-
ment. Suppose the following:

(1) The assertions of Theorem 1.4 hold for the set of e-cuspidal pairs below
E(GT,s).

(2) For any e-cuspidal pair (L, \) below E(GF,s), we have L = C&(Z(L)}),
and LY = Cor (Z(L)F), and L is (e, £)-adapted.

Then for any e-split Levi subgroup H of G such that HY = Cor(Z(H)Y), the

following holds. For any {-block b of HY such that Trr(b) NE(HT, s) # (), there

exists a unique (-block ¢ of G¥ such that for any x € Trr(b) N E(HT,s), all

constituents of R%(x) lie in c. Moreover, (Z(H)¥ ,b) is a c-Brauer pair.

Proof. Let H be as in the statement, and let (L, \) be an e-cuspidal pair
of G such that L < H. We claim that L = Cy(Z(L)F), LT = Cyr(Z(L)]), L
is (e, ¢)-adapted in H, and R¥ satisfies an e-Harish-Chandra theory above .
The first two assertions of our claim follow from

L<Cy(Zz)f)y<cy(z(YnH=LnH=L.

Next, we show that L is (e, f)-adapted in H. Let Z(L)Y' = (21,...,2n) be a
system of generators such that L; := C&(z1,..., %) is e-split, and for 1 <i <
m, let T; be the Sylow e-torus of Z(L;) and T be the Sylow e-torus of Z(H),
so that L; = Cg(T;) and H = Cg(T). Since T is central in H, and L < H is
a Levi subgroup, we have T' < Z(L;), so T < T; and

O (21, 2i) < Co(Ty) N Cp(T) = Cy(Ty) = HN Ly = C (=1, . .., 21)

for 1 < ¢ < m. Finally, since any e-split Levi subgroup of H is an e-split
Levi subgroup of G, RY satisfies an e-Harish-Chandra theory over A by con-
dition (1), proving the claim.

Now let b be as in the statement, and let x € Irr(b) N E(HF,s). Let
(L, \) be an e-cuspidal pair of G such that L < H, and x is a constituent of
RH()). By Proposition 2.10(b), every constituent 1) of R%(x) is a constituent
of RY¥()\). As RY satisfies an e-Harish-Chandra theory above A, condition (1)
of Proposition 2.12 holds for {z1,...,z,} by Proposition 2.15. Further, con-
dition (2) holds by hypothesis and by Proposition 2.13. Hence we have an
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inclusion of GF-Brauer pairs

({1}, 0gr (v)) € (Z(L)] ,brp(V)).

On the other hand, by using the claim one sees that the arguments in the
preceding section all apply to H also. Hence we have an inclusion of H¥-Brauer
pairs

({1},0) € (Z(L)f ,brp (V).

Since by hypothesis HY' = Cqr(Z(H)E), this also yields an inclusion of
GF-Brauer pairs

(Z(H){',b) € (Z(L)] ,brp(N).

Let ¢ be the unique block of GF' such that we have an inclusion of G¥-Brauer
pairs
F
({1}.e) € (Z2(H){ D).
By transitivity and uniqueness of inclusion of Brauer pairs, we get that ¢ =
bor (). This proves the result. O

3. The quasi-isolated blocks in Fy(q)

In this section we prove Theorems 1.2 and 1.4 on quasi-isolated blocks of
simple groups of type Fj.

For this recall that a semisimple element s of a connected reductive group
G is called quasi-isolated if its centraliser C(s) is not contained in any proper
Levi subgroup of G. Correspondingly, a quasi-isolated £-block is a block lying
in the Lusztig series parametrised by a quasi-isolated ¢'-elements of the dual
group.

By earlier results on blocks (Remark 6.12), the decomposition of &(GF', s)
into ¢-blocks of G¥' is known except when / is a bad prime for G and s # 1
is a quasi-isolated ¢'-element of G*, an exceptional group of adjoint type. The
various (¢, s) will be treated case-by-case in Sections 3-6, so to start we need
to recall the classification of quasi-isolated elements in exceptional groups of
adjoint type from [5, Prop. 4.9 and Table 3].

PROPOSITION 3.1 (Bonnafé). Let G be a simple exceptional algebraic group
of adjoint type and of rank at least 4. Then the conjugacy classes of quasi-
isolated elements s whose order is not divisible by all bad primes for G, the root
system of their centraliser Cg(s), the group of components A(s) :=Cg(s)/Ca(s),
and the automiser A(C) := Ng(Cq(s))/Cg(s) are given in Table 1.

In Table 1, in the last two columns, n stands for a cyclic group of order n.
Furthermore, Ay, denotes a component of Cg(s) of type Ay, generated by short
root subgroups.
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~
b

—
»

~—

Ce(s)

Cs+ A1, Ba
Ag—f-leg

A3+ Ay

As+Aq
As+As+Ay, Dy
Dg+Aq

Az, Eg

A+ Ay
Ag+Az+ A1, Dy+A1+ A
Dg, Er+A;
D5+ Az, A7+ Ay
Ag, Eg+ Ao
Ay+Ay

Table 1. Quasi-isolated elements in exceptional groups.
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From now on let G be simple of type Fy, with Steinberg endomorphism
F:G — G, so GF = Fy(q), and let £ € {2,3} be one of the two bad primes
for G. According to Proposition 3.1, there exist four different types of cen-
tralisers of quasi-isolated elements 1 # s € G*f'. In Table 2 we have collected
various information on their centralisers and the corresponding Lusztig se-
ries in Irr(GY) as follows. Firstly, in the second column we list the possible
rational structures of centralisers of quasi-isolated elements. Here, a quasi-
isolated element of order 4 with centraliser structure Az(q)A;(q) exists when
¢ =1 (mod 4), while there is one with centraliser structure 243(q)A;(¢) when
g = 3 (mod 4). Similarly, a quasi-isolated 3-element with centraliser structure
As(q)As(q) exists when ¢ = 1 (mod 3), while there is one with centraliser
structure 245(¢)?A2(¢) when ¢ = 2 (mod 3).

In each case there is a unique bad prime ¢ not dividing o(s). The third
column contains one of the two possibilities for

if 0> 2

/
e=c¢e := order of ¢ modulo
@) 4 {4 if0=2.

More precisely, in order to avoid duplication of arguments, we assume that
e = 1; that is, ¢ = 1 (mod 4) when ¢ = 2 and ¢ = 1 (mod 3) when ¢ = 3,
respectively. The cases where e = 2, that is, where ¢ = 1 (mod 4) for ¢ = 2,
respectively ¢ = 2 (mod 3) for ¢ = 3, can be obtained from the former by
formally exchanging ¢ by —q in all arguments to come (the operation of Ennola
duality; see [12, (3A)]). Note that G¥" itself is its own Ennola dual.
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[ No. | Co-(s)F | (Le) | LT Cre(s)F A Wer (L)) |
1] As(q) As(g) | (2,1) | @1 L 1 Ay x Ay
2Az(q)*A2(q) | (2,1) | 7. 41(q)* @703 1 Ay x Ay
®1.B3(q) ‘1)1‘1)2-2{12(61) P21 Ay
01.C3(q)  21P2.%Az(q) ¢ A
G* Co(s)" ¢ @gar 1
3 By(q) | (3,1) | @F L*F 1 B,
4 97.By(q) L By[1] By
5| Cs(q) Ai(g) | (3,1) | &7 L+ 1 Cs x Ay
6 (I)%.Bg(q) L*F Bg[l] A1 X A1
7| As(g) Ai(g) | (3,1) | 7 L 1 A3 x Ay
8| #s(q) Ai(g) | (3,1) | 7. A1(q) @Iy 1 Cy x Ay
| 2] [(2,2) [ %] L*F 1 A; % A
Table 2. Quasi-isolated blocks in Fy(q).

For each type of centraliser occurring in the table we have also listed
in Table 2 all e-cuspidal pairs (L,)) in G (up to G¥-conjugacy) such that
A € E(LF,s), together with their relative Weyl groups. More precisely, we
denote A by the standard name of its unipotent correspondent under Lusztig’s
Jordan decomposition of characters; for example, ¢2; denotes the unipotent
character of SL3(q) parametrised by the partition 21 of 3. Thus, in particular,
if X\ € £(L, s) corresponds to p € £(Cr+(s), 1), then A\(1) = [L* : Cr«(s)|y p(1).

The relative Weyl groups Wer (L, \) = Ngr (L, \)/L¥ can be computed
using the GAP-package Chevie [41] (see also the paper of Howlett [30]); they
are Coxeter groups of the indicated type.

The last line 2b will be needed in one of the arguments below.

PROPOSITION 3.2. Let s # 1 be a quasi-isolated V' -element of G*F' =
Fy(q), and assume that e = ey(q) = 1. Then we have

(a) E(GT,s) is the disjoint union of the e-Harish-Chandra series listed in the
rows of Table 2.
(b) The assertion of Theorem 1.4 holds for G of type Fy.

Proof. We first determine the decomposition of R in the relevant cases.
If L is 1-split, this is given by the usual 1-Harish-Chandra theory. Secondly,
if L is a maximal torus, or if A is uniform, this was determined by Lusztig
[35, Thm. 4.23]. Thus, the decomposition of Rf is known in all cases listed
in Table 2, and also for their Ennola duals unless £ = 2, e = 2, and L is the
Ennola twist of lines 2 or 3 in Case 2, or £ = 3, ¢ = 2 and L = ®2.By(q) is the
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Ennola twist of Case 4 or 6. In the second situation, by the Mackey formula
in Theorem 2.8(d), Rf()\), with H > L an e-split Levi subgroup of type Bs or
Cs3 has norm 2, while R%(u), for u a constituent of R¥()), has norm 3. So in
both cases the decomposition can be recovered from the uniform projections,
for which the decomposition is known by Lusztig’s work. Similarly, in the case
that ¢ = 2, we use that R¥(\) has norm 3 to determine its decomposition.

It turns out that all decompositions are independent of . Both (a) and (b)
can now be checked from these decompositions. O

We now verify the assumptions for Proposition 2.17.

LEMMA 3.3. Let L and ¢ be as in Table 2, with e = e;(q) = 1. Then
(a) in Cases 1-8, L = Cq(Z(L)Y) and L is (e,)-adapted;
(b) X is of quasi-central (-defect precisely in the numbered lines of the table;

and
(c) in Case 2b, there is z € Z(L)% with Cg(2) of type By.

Proof. This is easy to check using Chevie or by hand calculations in the
root system of type Fj. O

In fact, in all numbered lines except 2, A is even of central ¢-defect.

COROLLARY 3.4. For each quasi-isolated ¢'-element 1 # s € G*F' the
e-Harish-Chandra series above any e-cuspidal pair (L, \) below E(GY,s) is
contained in a unique £-block of GF.

Proof. By Proposition 3.2(b) and Lemma 3.3 the assumptions of Propo-
sition 2.17 are satisfied, so each e-Harish-Chandra series in £(GF', s) lies in a
unique #-block. O

We are now ready to determine the quasi-isolated ¢-blocks and their defect
groups.

PROPOSITION 3.5. Assume that e;(q) = 1. For any quasi-isolated {'-ele-
ment 1 # s € G*I" = Fy(q) the block distribution of E(GY,s) is as indicated by
the horizontal lines in Table 2.

For each £-block corresponding to one of the cases 1-8 in the table, there
is a defect group P < Ngr(L,\) with the structure described in Theorem 1.2.
In particular, the defect groups are abelian precisely in Cases 4, 6, and 8.

Proof. In Cases 1, 7, and 8, in particular, £(G¥,s) is a single 1-Harish-
Chandra series. Then &(GF,s) must be an f-block by Theorem 2.3. In
Case 2b, by Lemma 3.3(c) there is z € Z(L)4 with centraliser C of type Bj.
But by [23, Prop. 1.5] each £2(C¥, s) is a single 2-block. So by Proposition 2.12
all constituents of R¥()) lie in a unique 2-block. Since this 2-Harish-Chandra
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series contains all four 1-Harish-Chandra series under line 2, they all must lie
in the same 2-block. In order to complete the proof of the first assertion, it
remains to show that the blocks in lines 3 and 4 correspond to distinct blocks
as well as the blocks in lines 5 and 6. We will do this after determining the
defect groups.

By Lemma 3.3, the assumptions on (L, \) of Proposition 2.7 are satisfied.
Let P be as in Proposition 2.7. We show that P is a defect group of the
corresponding block B. In lines 1, 2, 3, 5, 7, and 8 one checks the equality

(Ca(8)"e = 12°(L); | - 1Z([L, L)){ | - [Wer (L, Ve,

whence by Proposition 2.7(c), P is a defect group of B. Further, in Cases 1,
2,3,5,and 7, Wgr (L, \) is not an ¢'-group, so by Proposition 2.7(e), P is not
abelian.

In Cases 4, 6, and 8, Z°(L)F N [L, L] and Wr (L, \) are both ¢/-groups,
hence by Proposition 2.7(f) and (g), Z(L)}" = D = P is a defect group of B.

Finally, since the block corresponding to line 3 has non-abelian defect
groups whereas the one corresponding to line 4 has abelian defect groups,
these lines correspond to different blocks. Similarly, lines 5 and 6 correspond
to different blocks. O

This completes the proof of Theorem 1.2 for type Fj.

4. The quasi-isolated blocks in Eg(q) and ?Fg(q)

Here we prove Theorems 1.2 and 1.4 for G a simple, simply-connected
group of type Eg. Let us first assume that G¥ = Eg(q)s.. The situation here
is more complicated than for type Fj since the dual group G* of adjoint type
contains semisimple elements with disconnected centralisers. In Table 3 we
have collected the six possible types of quasi-isolated elements 1 # s € G*F
and their centralisers according to Proposition 3.1. Note that, whether ¢ = 2
or ¢ = 3, we may have e = ey(q) = 1 or 2, which explains the fact that each
centraliser occurs twice in the table.

Again, for each element s, we have listed all e-cuspidal pairs (L, \) below
E(GT,s) up to G¥-conjugation. (If L is a proper Levi subgroup of G, the
e-cuspidality of the given character A is known by induction; when L = G, it
will be a consequence of the explicit decomposition of Lusztig induction.) We
denote the characters \ as explained for Fj;. Moreover, ¢, ¢, ¢” denote the
three extensions of the unique 2-cuspidal unipotent character of Dy(q) to its
extension by the graph automorphism of order 3.

The column headed Wgr (L, A) describes the relative Weyl group for the
given e-cuspidal pairs as a Coxeter group, possibly extended by a cyclic group
of order 3 if Cg+(s) is disconnected.
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[ No. | Co-(8)F [ (6e) [ LT Cr(s)¥ A Wer (L, ) ]

1 Ax(@33 ] (2, 1) [ @8 L*F 1 A3

2 A3(®)3 ] (2,1) | 2. Az(g)? 2923 1 Ao

3 ®2.D4(q)-3 | (2,1) <1>ij L*F 1 Dy.3
$2.Dy(q) L*F Dy[1] 3

4] :192.%Dy(q) [ (2,1) [ 21.41(g)? DIP2 1 Bs

5 ®3.3D4(q).3 | (2,1) @iAg (q)2 7P2.3 1 Ga
G Co=(s)F 3D4[+1] 1

6 | A2(¢%)."A2(q) | (2,1) | 97.A1(q)® o0y 1 Ay X Ay
®7.D4(q) D292.245(q) ¢ Aa

7 A3(@)3.3 7 (2,2) <1>§<1>§.A1(q) @i«pg 1 A3
1®3.A3(q) DID3.Az(q) P21 Al x Ay
D2.A5(q) D195.42(9)?  ¢o1 ®pa1 Ar
GF Ca+(s)F 32 1

8 Aa(g®).3 ] (2,2) | @2.42(¢%)A1(q) P1D2P3P6.3 1 Ay
GF Ca=(s)F ¢21 1

9 ®2.D4(q)-3 | (2,2) <1>2%<1>§ L*F 1 Dy4.3
G Ca=(s)F 6.4, 4" 1

10 [ ®122.°Da(q) [ (2,2) | 2221 L*F 1 Bs

11 ©3.3D4(q).3 | (2,2) @%AQ (¢?) D2P3P6.3 1 Ga
G Cg(s)F $2,1,02,2 1

12 | A2(?)2A3(g) | (2,2) | @292 L*F 1 Ay x Ay

[B] A@A@) [ (.0 [ LT I A5 x A1
14 As(q)A1(q) | (3,2) | @221 L*F 1 Cs x Ay
15 2. A45(q) Lr $321 Ay

Table 3. Quasi-isolated blocks in Eg(q).

We now proceed as in the case of Fy and first discuss the decomposition
of RY for each line in Table 3.

PROPOSITION 4.1. Let 1 # s € G*F' = Eg(q)aa be a quasi-isolated ¢'-
element, and let e = e;(q). Then we have

(a) E(GT,s) is the disjoint union of the e-Harish-Chandra series listed in Ta-
ble 3.
(b) The assertion of Theorem 1.4 holds for G of type Eg.

Proof. The characters of all proper Levi subgroups in Cases 1, 4, 6, 7,
10, and 12-15 are uniform, so the decomposition of Lusztig induction can be
reduced to the known decomposition of R%(#) for suitable maximal tori 7.
The same is true for the first line in Cases 3 and 9. Whenever L = G, there
is nothing to do. For each of the two Levi subgroups L of type A3 (Cases 2,
5, and 11) there are three Ngr(L)-orbits of characters of degree $®1®3, their
sum being uniform. Since L only involves factors of type A, Lusztig induction
of this sum can be decomposed. In the second line in Case 3, R¥ (\) has norm 3
by Theorem 2.8(d), and from its known degree one concludes that it equals
the sum of the three remaining characters of £(G¥,s) not occurring in the
e-Harish-Chandra series in line 3 of the table. The same considerations apply
to Case 8.

It follows from the explicit decompositions that both (a) and (b) hold. O
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The following is easily checked by explicit computation.
LEMMA 4.2. Let L and £ be as in Table 3, with e = ey(q). Then

(a) L= Cg(Z(L)}) and L is (e, £)-adapted; and
(b) in the table, A is of quasi-central (-defect precisely in the numbered lines.

In fact, in all numbered lines except 6-8, A is even of central ¢-defect.

By Proposition 4.1(b) and Lemma 4.2, the assumptions of Proposition 2.17
are satisfied, so again each e-Harish-Chandra series in Table 3 is contained in
a unique ¢-block of GF.

PROPOSITION 4.3. Let e = ey(q). For any quasi-isolated ¢'-element 1 #
s € G*f' = Eg(q)aq, the block distribution of £(GF,s) is as indicated by the
horizontal lines in Table 3.

For each £-block corresponding to one of the Cases 1-15 in the table there
is a defect group P < Ngr (L, \) with the structure described in Theorem 1.2.
In particular, the defect groups are abelian precisely in Case 15.

Proof. In Cases 1, 2, 4, 10, 12, and 13, £(GF,s) is a single e-Harish-
Chandra series. Hence &(GF,s) is an f-block by Theorem 2.3. The Levi
subgroup in the second line of Case 3 contains the one in the first line of
Case 3. In the second line of Case 3, the irreducible characters in £(LF, s)
are products of a fixed linear character of Z(L)¥ of order 2 with unipotent
characters of the derived group [L, L]¥" of type Dy. Now by [23, Prop. 1.5] all
unipotent characters of this derived group are contained in a single 2-block.
Hence all elements of £(LY,s) are in the same 2-block, so the two Harish-
Chandra series of GI" lie above a single 2-block of L', and hence lie in a single
2-block of GF' by Proposition 2.17. The same argument applies to Case 6,
again using that & (LY, s) forms a single 2-block and that the Levi subgroup
corresponding to the second line contains the one corresponding to the first.

In Case 7 we also use 1-Harish-Chandra theory from the 1-cuspidal pair
(L,A) in line 1. It turns out that all assertions of Lemma 4.2(a) are also
satisfied there when g = 3 (mod 4). Then, by Proposition 2.17, all constituents
of RY()) lie in a single 2-block. Since this 1-Harish-Chandra series contains all
2-Harish-Chandra series below 7, the latter must form a single 2-block. The
same argument applies to line 9, using line 3.

For Case 8, we verify that the 1-cuspidal pair (L, \) in line 2, with ¢ =
3 (mod 4), satisfies L = C&(Z(L)F) and that A is of central (-defect. We
may conclude by Proposition 2.16 that the 1-Harish-Chandra series in 2 lies in
a unique 2-block. Since this contains both 2-Harish-Chandra series below 8§,
these lie in a single 2-block.

In Case 5 all character of £(G*', s) but three (corresponding to the cuspidal
unipotent character of Dy) lie in the same 1-Harish-Chandra series, hence in
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the same 2-block. Now we also consider Lusztig induction from the 2-split Levi
subgroup with fixed point group ®3.45(¢?) (line 11 with ¢ = 1 (mod 4)). Then
again all characters in £(G¥, s) but three different ones lie in the same 2-Harish-
Chandra series, hence in the same 2-block. The same argument applies to
Case 11, using line 5.

In order to complete the proof of the distribution of blocks, it remains
only to show that lines 14 and 15 correspond to different blocks, and this will
be done after the determination of defect groups.

By Lemma 4.2, the assumptions on (L, \) of Proposition 2.7 are satisfied.
Let P be as in Proposition 2.7. In lines 1-14 one checks the assumption of
Proposition 2.7(c), whence P is a defect group of B. Further, in all these
cases Wgr (L, A) is not an ¢/-group, so by Proposition 2.7(e), P is not abelian.
In Case 15, Z°(L)" N [L, L]¥ and Wgr(L,)\) are both ¢'-groups. Hence by
Proposition 2.7(f) and (g ), Z(L)F = D = P is a defect group of B.

Finally, since the block corresponding to line 14 has non-abelian defect
groups whereas the one corresponding to line 15 has abelian defect groups,
these lines correspond to different blocks. O

This completes the proof of Theorem 1.2 for G = Fs(q).

The Lusztig series to consider in 2Eg(q) are Ennola duals of those in Eg(q),
and thus precisely the same arguments as for the latter case apply. We obtain
¢-blocks as in Table 3, with the cases (¢,1) and (¢,2) interchanged, and the
Levi subgroups replaced by their Ennola-duals.

5. The quasi-isolated blocks in F7(q)

We now prove Theorems 1.2 and 1.4 for G a simple, simply-connected
group of type E7, so G = FE7(q)se. The relevant noncentral quasi-isolated
elements s € G*F' and their centralisers when ¢ = 1 (mod 4) (for the first
two entries) respectively ¢ = 1 (mod 3) (for the remaining entries) are given in
Table 4 according to Proposition 3.1. Thus, we have e = ey(¢q) = 1 for the cases
listed in the table, and hence £|(¢ — 1). The cases where ¢ = 3 (mod 4) and
¢ = 2 (respectively ¢ = 2 (mod 3) and ¢ = 3) are obtained from these by Ennola
duality. Note that Cases 12, 15, 16, and 19 only occur for ¢ = 1 (mod 4), and
Cases 13, 17, 18, and 20 only occur for ¢ = 3 (mod 4).

As for Fy and Eg, in each case we give all relevant 1-cuspidal pairs (L, \)
(up to G¥-conjugation) lying below characters from £(G¥, s) and their relative
Weyl groups. Case 2b, with e = 2, and Case 10b, with e = 3, will be used to
further investigate the £-blocks in Cases 2 and 10.

In order to fit the table on the page, we have adopted the following no-
tation for the Levi subgroups L, except in lines 2b and 10b: we just give the
Dynkin type of the derived subgroup [L, L], with the understanding that L
contains a maximally split torus (since e = 1).
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[ No. | Co- () [ (4e) [ LT Cr+(s)¥ A Wer (LX) ]
1 A5(q)A2(q) (2, ].) @ L*F 1 A5 X A2
2 2A5(q)%A2(q) | (2,1) | 43 <1>§q>§ 1 Cs x A1
Dy P3P5.245(q) $21 Cs
Dg D1P2.245(q)  P3n Ay
Er Cg+(s)F $321 ® P21 1
3 Da(q)Al(q) (37 1) @ L*F 1 D@ X A1
4 D4 L*F D4[1} B2 X Al
5 A7(¢)2 ] (3,1) | 0 L*F 1 A7.2
6 2A7(q)-2 | 3,1) | (A3Y oT03.2 1 Cy
7 Dg O133.245(9).2 @321 Ay
8 ®1.Es(q)2 ] (3,1) | 0 L*F 1 Fg.2
9 Dy L*F Dy[1] As.2
Es L*F Eg[0*!] 2
10 ©2.%E6(q)2 | (3,1) | (AF) P703.2 1 Fy
E; Co+(s)F 2Es[60F1),2E6[1] 1
11 D¢ O1D2.245(9).2 @321 Ay
12 A3(@)2A1 ()2 ] (3,1) | 0 L*F 1 A312 x Ay
13 2A5(9)%A1(g)2 [ (3,1) | A2 P P2 1 B2 x Ay
14 As(¢®)A1(g)-2 | 3,1) [ (AY) 7952 1 Az X Ay
15 | ®1.Da(q)A1(q)?2 | (3,1) | @ L*F 1 (D4 x A?).2
16 Dy *F Dy[1] A122
17 | ®2.Da(q)A1(¢)?2 | (3,1) | A3 @i% 1 (D4 x A3).2
18 Dy Ay <I>1<I>2D4(q) D4[1} A2
19 | @1.2D4(q)A1(¢D)2 | (3,1) | A% o7 P2 1 (B3 x A1).2
20 [ 22.2D4(q)A1(¢%) 2 [ (3,1) | (ATY PIP5.2 1 Bs x Ay
[ 2b] [ (2,2) [ 27 L*F 1 As x Ay ]
[ 106 [ (3,3) [ 22.41(¢°) 292062 1 Gs ]

Table 4. Quasi-isolated blocks in E7(q).

(We remark that the conjugacy class of parabolic subgroups of type A3
of W(FE7) with normaliser quotient Fj, denoted by (A$)" in the above table,
seems to have been overseen in [30].)

PROPOSITION 5.1. Let 1 # s € G*F' = E7(q)aq be a quasi-isolated ¢'-ele-
ment, and assume that e = ey(q) = 1. Then we have

(a) E(GF,s) is the disjoint union of the e-Harish-Chandra series listed in the
upper part of Table 4.
(b) The assertion of Theorem 1.4 holds for G of type Ex.

Proof. Whenever A is uniform, the decomposition of R% is obtained from
the known decomposition of R% for various maximal tori T' of G. Secondly,
whenever the relative Weyl group is of order 2, R¥()\) is of norm 2 by the
Mackey formula, and its constituents are easily determined from the uniform
projection. Furthermore, in all cases the induction to a Levi subgroup of
type Fg, respectively 2Eg, is known by the results of the previous section. The
norm of characters induced from these Levi subgroups is small enough to again
determine them uniquely from their uniform projections. O

The conditions on L and on A can be checked as in the previous cases.
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LEMMA 5.2. Let L and ¢ be as in Cases 1-20 in Table 4 (and recall that
e=-eiq) =1). Then

(a) L= Cg(Z(L)}), and L is (e, £)-adapted; and

(b) in the table, A is of quasi-central (-defect precisely in the numbered lines.
Additionally, in Cases 2b and 10b, we have L = C&(Z(L)F).
In fact, in all numbered lines except 2, A is even of central ¢-defect.

PROPOSITION 5.3. Assume that ey(q) = 1. For any quasi-isolated ¢'-
element 1 # s € G* = FE7(q)aa, the block distribution of £(GF,s) is as
indicated by the horizontal lines in Table 4.

For each £-block corresponding to one of the cases 1-20 in the table, there
is a defect group P < Ngr (L, \) with the structure described in Theorem 1.2.
In particular, the defect groups are abelian precisely in Cases 4, 7, 11, 13, 16,
and 18.

Proof. By Proposition 2.17, each e-Harish-Chandra series in Table 4 is
contained in a unique ¢-block of GF'. In Cases 1, 5, 12-14, 19, and 20, £(G*', s)
is a single ¢-block by Theorem 2.3. By [23, Tables for Es(g)] all unipotent
characters of positive 3-defect of the Levi subgroup of type Ejg lie in the same
3-block, so by Proposition 2.17 the Harish-Chandra series in line 9 and the
following line belong to the same 3-block. Here note that the Levi subgroup
in the second line in each case contains the one in the first line.

In Case 2, we claim that all four Harish-Chandra series lie in the same
2-block. For this note that the 2-split Levi subgroup L in Case 2b satisfies
L = Cg(Z(L)F), and then the claim follows from Proposition 2.16 applied to
the 2-Harish-Chandra series in Case 2b, which contains all Harish-Chandra
series from Case 2. By the same arguments, the 1-cuspidal characters A =
Eg[0*'] in the second line of Case 10 lie in the same block as line 10, since
these lie in the same 3-Harish-Chandra series as in Case 10b. We will show
that different numbered lines corresponding to the same quasi-isolated element
lie in different blocks after the determination of the defect groups.

Now let B be an ¢-block in &(GF, s), and let P be as in Proposition 2.7.
In all numbered lines that are in the first line of the part of the table corre-
sponding to s, we have that P is a defect group of B by Proposition 2.7(c).
Further, in all of these cases, except line 13, Wgr (L, \) is not an ¢'-group, so
by Proposition 2.7(e), P is not abelian.

For lines 4, 7, 11, 13, 16, and 18, Z°(L)F' N [L,L]F and Wgr(L, ) are
both ¢-groups. Hence by Proposition 2.7(f) and (g), Z(L)) = D = P is a
defect group of B.

For Case 9, we note that by Proposition 2.7(b) and (g) there is a subgroup
P of a defect group of B of the required type and with D = A = Z(L){.
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Further, Z(L)Y = E3, where E is a cyclic group of order (¢ — 1)3, Z(L)f has
index 3 in P, and if 0 € P\ Z(L)¥, then o acts on E? by cyclically permuting
the factors. Thus Cp (o) has order 3(q—1)3 whereas for any 7 € Z(L)L", Cp(7)
has order at least 3(¢ — 1)3. So, Z(L){ is characteristic in @Q, and it follows
from Proposition 2.7(d) that P is a defect group of B.

The defect groups in Cases 8 and 9 have different orders, hence they
correspond to different blocks. The defect groups in Cases 3, 6, 10, 15, and 17
are non-abelian whereas those in Cases 4, 7, 11, 16, and 18 are abelian and
hence correspond to different blocks. ([l

6. The quasi-isolated blocks in Eg(q)

Throughout this section, G is a simple group of type Eg, so GI" = Fg(q).
The situation is yet more complicated since now there are three bad primes
£ =2,3,5 to deal with, which we will do one at a time. Until Section 6.4 we
assume that g # 2.

6.1. Quasi-isolated 2-blocks of Eg(q). We begin by considering the case
when ¢ = 2. Table 5 contains the possible rational types of centralisers of
quasi-isolated 3- and 5-elements 1 # s € G*', all e-cuspidal pairs (L, \) with
s € L*F and their relative Weyl groups for the case ¢ = 1 (mod 4). Here, a
quasi-isolated 3-element as in Cases 1 and 3 occurs when ¢ = 1 (mod 3), as
in Cases 2 and 5 when ¢ = 2 (mod 3); and a quasi-isolated 5-element as in
Case 7 occurs when ¢ = 1 (mod 5), as in Case 8 when ¢ = 2,3 (mod 5) and as
in Case 9 when ¢ = —1 (mod 5). The notation for Levi subgroups and for the
cuspidal characters is as in Table 4 above. The cases where ¢ = 3 (mod 4) can
be obtained from the former by Ennola duality.

Let us point out one particularity here. Since E7 has two nonconjugate
Levi subgroups of type A} (see the remark before Proposition 5.1), the quasi-
isolated involution in Case 5 embeds in two different ways into a 1-split Levi
subgroup of type E7, with nonisomorphic centralizers. (See rows 4 and 5 in
Case 5.)

PROPOSITION 6.1. Let 1 # s € G*F' = Eg(q) be a quasi-isolated 2'-ele-
ment, and assume that e = ey(q) = 1. Then we have

(a) E(GF,5s) is the disjoint union of the e-Harish-Chandra series listed in the
upper part of Table 5.
(b) The assertion of Theorem 1.4 holds for G of type Eg with { = 2.

Proof. We determine the decomposition of R¥ () for the e-Harish-Chandra
series occurring in Table 5 as in the previous proofs, mainly using the Mackey
formula and transitivity. O
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’ No. ‘ Ce-(s)F ‘ e ‘ L¥ Cr-(s)F A Wear (L, A) ‘
1 Ag(q) (Z) L*F 1 Ag
5 Ms(q) | 1] AT o7} 1 B
Dy- Ay PD3.2A5(q) P21 Bs
3 E@(Q)AQ((]) 1 (Z) L*F 1 EG X A2
D4 L*F D4[1] G2 X A2
4 FEg L*F E6[9i1] As
5 | %Ee(q).242(q) | 1 | A3 D03 1 Fy x Ay
D4 @%@g%‘lg(q) ¢21 F4
Deg DID,.%45(q) $321 Ay x Ay
Er ®1.245(9)?A2(q) @321 ® P Ay
E7 (1)1@2.2E6(q) 2E6[].] A1
Eg Ca-(s)F *Es[1] ® ¢a1 1
6 E7 @1@2.2E5(q) ZEG[Gil} A1
Esg Cg-(s)" Bo[0-'] @ g1 1
7 Ag()? | 1] 0 L*F 1 A2
8 20,(¢%) [ 1] A2 2292 1 B,
D+ D1 PPy A5(¢%) P Ay
9 2A4(¢)% | 1| A T 1 B3
D4-A1 ®§@§2A2(q) (]521 (2><) B2 X A1
Deg P7P3.°A5(q)” P21 @ P21 A
5b 2E6(q)2142(q) 2 (I)g L*F 1 EG X A2
6b (I)%QE(;(q> L*F 2E6 [Hil] A2

Table 5. Quasi-isolated 2-blocks in Eg(q), ¢ =1 (mod 4).

LEMMA 6.2. Let L be as in Cases 1-9 of Table 5, and recall that q =
1 (mod 4). Then L = Cg(Z(L)Y) and L is (1,2)-adapted. In each numbered
line of the table, and no other, \ is of quasi-central 2-defect. It is of central
£-defect in the lines 1, 3, 4, 7, 5b, and 6b. Moreover, in Cases 5b and 6b, we
have L = C&(Z(L)L).

Note that for ¢ = 3 (mod 4), this is no longer true; there are many cases
for which L < C&(Z(L)¥).

Ezample 6.3. Assume that ¢=3 (mod 4), and let L’ be of type ®2.43(q)>.
Then C&(Z(L)E) is of type Dy(g)?. Similarly, for LT of type ®1.41(q)* we
have C&(Z(L)%) is of type A1(q)®.

But as explained above, for that congruence we choose the Ennola duals of
the above Levi subgroups, and for those the analogue of Lemma 6.2 continues
to hold.
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PROPOSITION 6.4. Suppose that ¢ = 1 (mod 4). For any quasi-isolated
2 -element 1 # s € G*F'| the block distribution of E(GF,s) is as indicated by
the horizontal lines in the upper part of Table 5.

For each 2-block corresponding to one of the cases 1-9 in the table, there
is a defect group P < Ngr(L,\) with the structure described in Theorem 1.2.
In particular, the defect groups are non-abelian.

Proof. We first prove part of the block distribution. Again, each e-Harish-
Chandra series in Table 5 is contained in a unique 2-block of G¥. The lines 1
and 7 in Table 5 both correspond to a unique block by Theorem 2.3. The
unnumbered Harish-Chandra series below Cases 2, 3, 8, and 9 lie in the same
2-block as the respective numbered line by Proposition 2.17 since all characters
of £(LY, ) lie in the same 2-block by [23, Prop. 1.5].

Similarly, all characters in each of the two Lusztig series £(L,s), for L
a Levi of type E7 in rows 4 and 5 of Case 5, lie in a single 2-block, except for
those denoted 2Eg[#*!], hence so do the characters in £(G¥', s) above them. To
see that the cuspidal character in the line before Case 6 belongs to the block
in Case 5, we use the alternative 2-Harish-Chandra series above (L, \) given
in Cases 5b, which by Lemma 6.2 still satisfies L = Cg(Z(L)%). Thus Propo-
sition 2.16 applies. The 1-Harish-Chandra series in line 6 and the subsequent
line are both contained in the 2-Harish-Chandra series above (L, A) in line 6b.
As )\ is of central defect, an application of Proposition 2.16 shows that both
1-Harish-Chandra series lie in the same 2-block.

Again, we defer the question of different numbered lines corresponding to
different blocks to after the discussion on defect groups.

For any ¢-block B in £(GF,s), let (D,v) < (P,w) be B-Brauer pairs as
in Proposition 2.7. In all numbered cases, Wgr (L, \) is not a 2’-group, so by
Proposition 2.7(e), P is not abelian. In all numbered lines that are at the
top of the part of the table corresponding to a particular s, we conclude by
Proposition 2.7(c) that P is a defect group of B.

In Case 4, by Proposition 2.7(g), D = A = Z(L)}'. Further, Z(L){ = E?,
where E is a cyclic group of order (¢ — 1)2. The Levi subgroup of type Eg is
contained in the maximal rank subgroup of type Fg+ Az, and Z (L)Y . Wr (L, \)
is contained in the normaliser of the maximal torus of the As-factor. Any
2-element o € P\ Z(L)} interchanges two cyclic subgroups of Z(L)4 of order
at least 4, so Z(L)L is the only abelian subgroup of P properly containing
Z(P)[P, P]. Further, since [P,P] ¢ Z(P) and Z(L)} is of index 2 in P,
Z(L)Y = Cp(|P, P]). Since any subgroup of index 2 of P contains [P, P],
it follows that Z(L)L" is the unique abelian subgroup of index 2 of P. In
particular, Z(L)¥ is characteristic in P and it follows from Proposition 2.7(d)
that P is a defect group of B.
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The Levi subgroup of type E7 in Case 6 lies in a maximal rank subgroup
of type F7 + A1, and L is a central product F7oT, where T is a split torus of
A7 and where the involution of the centre of E; is identified with the involution
of T. Thus Z(L)} = |TT|s is cyclic of order (¢—1)2 and by Proposition 2.7(b),
Z(L)¥ has index 2 in D. By considering the projection of D into T, one sees
that D is cyclic of order 2(¢ — 1)2. Further, if ¢ € P\ D, then o acts by
inversion on A. Since D is cyclic of order at least 8, and A is of index 2 in D,
it follows that D is the unique cyclic subgroup of index 2 in P. Thus, D and
hence A is characteristic in P. Hence by Proposition 2.7(d), P is a defect
group of B.

Since the defect groups in Cases 3 and 4 have different order as do the
defect groups in Cases 5 and 6, we see that these lines correspond to distinct
blocks. In Case 4, as shown above Z(L){ is the unique abelian subgroup of
P of index 2. So, if the Brauer pairs corresponding to the two choices of A in
Case 4 correspond to the same block, then they are G¥-conjugate, and hence
by Lemma 6.2 the corresponding e-cuspidal pairs are G¥-conjugate, which is
not the case. Thus, the two entries of Case 4 correspond to different blocks.
A similar argument applies in Case 6. The subgroup D is the unique cyclic
subgroup of P of index 2, and the group Z (L)} is the unique subgroup of index
2in D. (]

6.2. Quasi-isolated 3-blocks of Fs(q). Now let £ = 3. In Table 6 we present
the centralisers of quasi-isolated 2- and 5-elements together with data for the
relevant cuspidal pairs in the case where ¢ = 1 (mod 3). Again those for
g = 2 (mod 3) are obtained by Ennola duality. As in the case when ¢ = 2, there
occurs just one type of quasi-isolated 5-elements, depending on ¢ (mod 5). The
quasi-isolated 4-elements in Cases 6 and 9 occur when ¢ = 1 (mod 4). Those
in Cases 8 and 10 occur when ¢ = 3 (mod 4).

PROPOSITION 6.5. Let 1#s€G*' = Eg(q) be a quasi-isolated 3'-element,
and recall that e = e;(q) = 1. Then we have

(a) E(GT,s) is the disjoint union of the e-Harish-Chandra series listed in Ta-
ble 6.
(b) The assertion of Theorem 1.4 holds for G of type Eg, q # 2, and ¢ = 3.

Proof. The decomposition of R¥ () for the e-Harish-Chandra series 12-17
has already been computed in the proof of Proposition 6.1. For the remaining
Harish-Chandra series, the usual arguments yield the claim. ([

LEMMA 6.6. Let L be as in Table 6, and recall that ¢ =1 (mod 3). Then
L =Cg(Z(L)Y), and L is (1,3)-adapted. Moreover, in each numbered line of
the table, and only in those, A is of central 3-defect.
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| No. | Co-(s)F' | L Cr+(s)F A Wer(L, M) |

1 Ds(q) | 0 L 1 Dy

2 Dy L*F Dyl1] By

3 E7(q)A1 (q) Q) L*F 1 E7 X A1

4 Dy L*F Dy[1] C3 x Ay
EG L*F Eﬁ[eil] Al X Al

5 E; L*F E7[+£] Ay

6 D5(q)A3(q) Q) L*F 1 D5 X A3

7 Dy L*F Dyl1] As x A4

8 | Ds(q)*As(q) | A PPy 1 By x Cy

9 A7(q)A1(q) Q) L*F 1 A7 X A1

10 | ?47(q)Ai(q) | A P03 1 Cy x Ay

11 D¢ P2d,.245(q) $321 A2

12 Ag(@)? |0 L 1 A2

13 244(¢%) | A3 P2P307 1 By

14 Dy 1Py %A5(q%) ¢ Ay

15 2A4(q)% | A} IS 1 B3

16 Dy-A; ®303.245(q) $21 (2x) Bg x A;

17 Deg P1P3.245(q)? 0 ®pn A}

Table 6. Quasi-isolated 3-blocks in Eg(gq), ¢ =1 (mod 3).
We obtain

PROPOSITION 6.7. Suppose that ¢ = 1 (mod 3). For any quasi-isolated
3-element 1 # s € G*F'| the block distribution of E(GF,s) is as indicated by
the horizontal lines in Table 6.

For each 3-block B corresponding to one of the cases 1-17 in the table,
there is a defect group P < Ngr(L,\) with the structure described in The-
orem 1.2. In particular, the defect groups of B are abelian precisely in the
Cases 5, 11, and 13-17, and then Z(L)f is a defect group of B.

Proof. Each e-Harish-Chandra series in Table 6 is contained in a unique
3-block of G¥'. Next, note that lines 8, 9, and 12 correspond to a single 3-block
each. The two 1-cuspidal unipotent characters Eg[§71] of the derived subgroup
of the Levi subgroup of type Eg below line 4 lie in the same 3-block of Fg(q) as
those above Dy[1] by [22], so by Proposition 2.17 their Harish-Chandra series
are contained in the 3-block from Case 4. All other separations of blocks will
be argued once we have determined defect groups.

Concerning the structure of the defect groups, in all numbered lines that
are at the top of the part of the table corresponding to a particular s, we con-
clude as usual by Proposition 2.7(c). Further, for all of these except Cases 13
and 15, Wgr (L, \) is not a 3'-group, so P is non-abelian by Proposition 2.7(e).
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In Cases 5, 11, and 13-17, Z°(L)" N [L,L)F and Wgr(L,\) are both
3'-groups. Hence by Proposition 2.7(f) and (g), Z(L){ = D = P is a defect
group of B.

In Cases 2, 4, and 7, by embedding L in a maximal rank subgroup of type
Dy + Dy, we see that L is a central product of D4 with a split maximal torus
T of type Dy and Z(L)} = (T)%. Since Z°(L)" N [L,L]¥ is a 3/-group, by
Proposition 2.7(g), D = Z(L)%". The action of 0 € P\ D on D = (T)% can be
determined through the action of the Weyl group of type D4 on T. We have
D = (21, 29, 23, z4) with o cyclically permuting the z1, 29, 23 and fixing z4. So,
Z(P)[P, P] = (212923, 24, 2125 ', 2923 ') is a subgroup of index 3 in D, and it fol-
lows that D is the only abelian subgroup of @) properly containing Z(P)[P, P].
Thus, D is characteristic in P, and it follows by Proposition 2.7(d) that P is
a defect group of B.

In all cases, except the two represented by Cases 5, respectively 16, one
sees that different numbered lines correspond to different blocks by compar-
ing orders of the defect group or noting that one of the lines corresponds to
abelian defect while the other does not. To see that the two blocks represented
by Case 16 are different, note that each has a maximal Brauer pair of the form
(Z(L){, ) and that by Lemma 6.6, L = Cg(Z(L)%). Since the pairs (L, \)
are not GF-conjugate, neither are the corresponding maximal Brauer pairs.
Similarly, the two blocks represented by Case 5 are different. (]

6.3. Quasi-isolated 5-blocks of Eg(q). Finally, let £ = 5. Here, we distin-
guish two cases according to whether ¢ = £1 (mod 5) or ¢ = £2 (mod 5). The
cuspidal pairs for the case e = 1 are collected in Table 7; here the decomposi-
tion of Rf was already determined in the previous two subsections. The case
e = 2 is obtained from this by Ennola duality. Table 8 contains the relevant in-
formation in the case e = 4. Here, the relative Weyl groups are, in general, no
longer true Weyl groups, but various types of complex reflection groups occur.

PROPOSITION 6.8. Let 1 # s € G*F' = FEs(q) be a quasi-isolated 5'-ele-
ment. Then we have

(a) E(GF,s) is the disjoint union of the e-Harish-Chandra series listed in Ta-
bles 7 and 8.
(b) The assertion of Theorem 1.4 holds for G of type Es, q # 2, and { = 5.

Proof. The decomposition of R¥()) for the e-cuspidal pairs (L, \) in Ta-
ble 7 was already determined in Propositions 6.1 and 6.5. As for Table 8, A is al-
ways uniform except in Case 2, or when L = G (in which case R (\) = \). O

LEMMA 6.9. Let L be as in Table 7 or 8. Then L = Cg(Z(L)Y) and L is
(e,5)-adapted. Moreover, each character X in the tables is of central 5-defect.
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| No. | Co-(s)F' | L Cr+(s)F A Wegr (L, ) |
1 Ds(q) | 0 L 1 Dy
2 Dy L Dy[1] By
3 E7(q)A1(q) @ L*F 1 E7 X A1
4 Dy L*F Dy[1] C3 x A;
) E6 L*F EG[Q:H] A1 X Al
6 Er L E7[+£] Ay
7 D5(q)A3(q) 0 L*F 1 Dy x A3
8 Dy L Dy[1] Ay x Az
9 | 2D5(q).*A3(q) | A3 POP3 1 By x Cy
10 A7(q)A1(q) @ L*F 1 A7 X Al
11 2A7(q)A1(q) A‘{’ (I)i’(l)% 1 04 X A1
12 Dg P299.245(q) $321 A?
13 As(q) | 0 L 1 Ag
14 “As(q) | AT D13 1 By
15 D4-A1 @%@%QAQ(Q) gf)gl B3
16 E6(q) Ag(q) 0 L*F 1 FEg x Ag
17 D, L Dy[1] Gy x Ay
18 Es L*F Eg[0*!] Ay
19 | %Es(q).?As2(q) | A3 P03 1 Fy x Ay
20 Dy P1®3.245(q) bo1 Fy
21 Dg D3P, %45(q) ¢321 Ay x Ay
22 Er ®199.%Fs(q) °Es[1],*E6[0F'] Ay
23 E; ®1.245(q)%A2(q)  P321 @ P Ay
24 Eg Cax (S)F 2E6[1] ® a1,
Bs[60] @ ¢o1 1

Table 7. Quasi-isolated 5-blocks in Fg(q), ¢ =1 (mod 5).

PROPOSITION 6.10. Suppose that 2 # q =1,2,3 (mod 5). For any quasi-
isolated 5'-element 1 # s € G*F'| the block distribution of E(GF,s) is as given
in Tables 7 and 8 for the respective congruences of ¢ (mod 5).

For each 5-block B corresponding to one of the cases in Table 7 or 8, there
is a defect group P < Ngr(L,\) with the structure described in Theorem 1.2.
In particular, B has abelian defect groups precisely when the order Wgr (L, X)
is not divisible by 5, in which case Z(L)Y is a defect group of B.

Proof. Again, each e-Harish-Chandra series in the tables is contained in a
unique 5-block of G¥'. In all numbered lines that are at the top of the part of
the table corresponding to a particular s, we conclude by Proposition 2.7(c). In
all cases, Z°(L)"' N[L, L]¥ is a 5'-group, so D = A, and in all lines that are not
at the top of the part of the table corresponding to a particular s, Wgr (L, \)
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[No.[  Co=(s)F [LF Cr(s)F A Wer (L, A) ]
25 Ds(q) | @3 L*F 1 G(4,2,4)
26 <I>%.D4(q) L*F 4 chars G(4,1,2)
27 G% Cg=(s)F 4 chars 1
28 | E7(q)A1(q) | ©2.D4(q) 2. A1(q)* 4 chars Gy
29 @?;.Dél(q) <I>j2:,41(q)‘1 4 chars G(4,1,2)
30 G Cg+(s)F 32 chars 1
31 D5(q)A3(q) <I>3.A1(q2) ‘13'1(1)2‘132 1 (;(47 1, 2) X Z4
32 ®2.D4(q) <I>1¢'§.A3(q) 22 G(4,1,2)
33 ®%.D4(q) ©1®7.245(q) 22 Zy X Zy
34 ®,.2Dg(q)  ®1.243(q)A3(q) P22 ® P22 Zy
35 GF Cg+(s)F 4 chars 1
36 | A7(q)A1(q) | ®5.Da(q)  ®19397.41(q) L1 G(4,1,2)
37 ®,.2D6(q)  P1P2P4.A3(q)A1(q) P22 ® 1,611 Z4
38 GF Cg=(s)F 8 chars 1
39 Ag(q) | 23.41(¢%)7 070207 1 G(4,1,2)
40 ®,.2De(q)  P1P2P4.As(q) 41, $311, 02111 Z4
41 el Cg+(s)F 4 chars 1
42 | Es(q).-A2(q) | ®%.Da(e)  ®7PF.A2(q) 3 chars Gs
43 ®,.2Ds(q)  P1P4.245(q)A2(q) 3 chars Zy4
44 ar Ca(s)F 30 chars 1

Table 8. Quasi-isolated 5-blocks in Eg(q), ¢ = £2 (mod 5).

is a 5'-group. The assertion on the defect groups follows by Proposition 2.7(f)
and (g). We see that different numbered lines correspond to different blocks by
comparing orders of defect groups, or differentiating on the basis of whether
the defect groups are abelian or not. For the cases where one numbered line

corresponds to several cuspidal pairs, e.g. Cases 5,60, ..., one notes that the
maximal Brauer pairs of the two blocks are not conjugate. (See the argument
for the two blocks represented by line 16 of Table 6.) U

6.4. The group E3(2). The general Mackey formula has not (yet) been
proved for Eg(2).
3-blocks for quasi-isolated 5-elements and the 5-blocks for quasi-isolated 3-ele-

Since this group has three bad primes 2, 3, and 5, the

ments are not covered by previous results.

PROPOSITION 6.11. The results on 3-blocks and 5-blocks of Eg(q), q > 2,
stated in Sections 6.2 and 6.3 above, continue to hold for ¢ = 2.

Proof. First let £ = 3, so we are in the situation of the Ennola dual of
Table 6. Here, only quasi-isolated 5-elements need to be considered; that is,
the Ennola duals of lines 12-17 in that table.
Cp+(s) are of type A, so their cuspidal characters A are uniform. In this case,

Now all relevant centralisers

the decomposition of R%()\) is known by the results of Lusztig, and the Mackey
formula is not needed. We thus obtain the same Harish-Chandra series as in
the case ¢ > 2, and the results there continue to hold.

Similarly for ¢ = 5, since ¢ = 2, we are in the situation of Table 8 and
we only need to consider Lusztig-series for quasi-isolated 3-elements. Thus,
only Cases 39-44 in that table matter. But note that again either A is uniform
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(Cases 39, 40, 42, and 43) in which case the Mackey formula is not needed for
the determination of R¥()\), or L = G and A is of 5-defect zero, and so lies in
a block of defect zero. O

Remark 6.12. This completes the parametrisation of ¢-blocks of the finite
quasi-simple groups. Indeed, the £-blocks of the covering groups of alternating
groups were found by Brauer and Robinson, and by Cabanes and John F.
Humphreys (see, e.g., [47]). The case of groups of Lie type in their defining
characteristic was solved a long time ago by James E. Humphreys; here, the
nontrivial block are in bijection with irreducible characters of the centre, and
they all have full defect.

This leaves the case of groups of Lie type where £ is different from the
defining characteristic. The first general results on block distribution for clas-
sical type groups were obtained in the landmark papers of Fong and Srinivasan
[24], [25], which also introduced some of the fundamental methods. For excep-
tional type groups, the case of unipotent blocks, that is, blocks containing some
unipotent character, was first considered by Schewe [49]; complete results for
some groups of low rank were obtained by Hiss, Deriziotis—Michler, and Malle
in [29], [20], and [37]. The parametrisation of all unipotent blocks for large
primes ¢ was obtained in [12] in terms of e-Harish-Chandra series. Cabanes and
Enguehard [16] determined all ¢-blocks whenever ¢ is a good prime. Bonnafé
and Rouquier [8] showed that ¢-blocks parametrised by semisimple elements
of the dual group whose centraliser lies in a proper Levi subgroup are Morita
equivalent via Lusztig induction to quasi-isolated blocks of smaller groups. The
unipotent blocks for small ¢ and the quasi-isolated blocks of classical groups
were found by Enguehard [22], [23].

6.5. Quasi-isolated blocks for G and *Dy,. For later use we also record the
following easy observations on quasi-isolated blocks for small exceptional type
groups.

LEMMA 6.13. Let GF' = Ga(q) or G = 3Dy(q), p # ¢ € {2,3} and
s € G*F' be a quasi-isolated ¢'-element. Then for e = ey(q), the e-Harish-
Chandra series in E(GY,s) satisfy Theorem 1.4 and £/(GF,s) is a single
£-block. Moreover, in each numbered line in Table 9, L = T is a torus with
T = C(T}). For each -block corresponding to one of the numbered lines in
the table, there is a defect group P < Ngr(L,\) with the structure described in

Theorem 1.2. In particular, the defect groups are abelian precisely in Case 3
when GF = Go(q) and in Case 1 when G¥ = 3Dy(q).

Proof. In Table 9 we give the information on the 1-Harish-Chandra series
in £(G¥,s) with the same conventions as earlier. The decomposition of RY
was determined by Lusztig, and from that it is easy to check Theorem 1.4 in
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this case. The situation for e = 2 is completely analogous. The assertion on
the block and defect group structure can be deduced as previously; it was also

already obtained in [29] for G2(q) and in [20] for 3Dy4(q). O
|GF' [No.|  Ce-(s)f [(Le) [LF X Wer(L,)) |
Ga 1 As(g) | (2,1) | @ 1 A
2 A2(q) | (2,1) | ©1P2 1 Ay

GF g 1
3| Ai(q)Ai(q) | (3,1) | ®% 1 A x A
1Dy | 1] (@A) [ (3,1) [@3Ps 1 Ay x Ay |

Table 9. Quasi-isolated blocks in Ga(q) and 2Dy(q).

This concludes and completes the proof of Theorem 1.2 on the parametri-
sation of quasi-isolated blocks for exceptional type groups and bad primes.

7. Defect groups and Bonnafé—Rouquier equivalences

The aim of this section is the proof of Theorem 1.3, which shows that
abelian defect groups are preserved under Bonnafé-Rouquier Morita equiva-
lences. Throughout, G will denote a connected reductive algebraic group over
the algebraic closure of a finite field, and F' : G — G will denote a Steinberg
endomorphism.

7.1. Miscellany. We start by proving some auxiliary statements.

LEMMA 7.1. Let G be connected reductive with derived subgroup of sim-
ply connected type, L an F'-stable Levi subgroup of G, and ¢ a prime. Let
G1,...,G, be a set of representatives for the F-orbits on the set of simple
components of |G, G|, and L; := G; N L. Suppose that

Co,(Z(L)E"y=Li  fori=1,...,r,
where d; denotes the length of the F-orbit of G;. Then Cq(Z(L)Y) = L.

Proof. Let Hy, Hs, ..., H; denote an F-orbit on the set of simple com-
ponents of [G,G|, H := Hy---Hg, and set M; := LN Hj; for 1 < j < d,
M :=M;---My = LNH. Then M¥ = MF" (see, e.g., [40, Ex. 30.2]) and,
similarly, Cy(Z(M)f) = C’Hl(Z(Ml)fd) = M; by assumption.

Now G’ = [G, G] is the direct product of F-orbits as before, and hence

Ca(Z(LNGHE) = Co, (Z(L)E™) - Ce (Z(L)EF" Y=Ly L, =LNG.

Finally, G = G'T for a central torus T', whence the claim follows. [l
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LEMMA 7.2. Suppose that G has a simply connected derived subgroup and
¢ is a good prime for G. For any finite abelian £-subgroup A of G, Cg(A) is a
Levi subgroup of G.

Proof. Let A = (z1,...,2,) be a generating system for A. Since [G,G]
is simply connected, C := Cg(z1) is connected, and it is a Levi subgroup of
G by [17, Prop. 13.16] since ¢ is a good prime for G. By [40, Prop. 12.14],
[C, C] is simply connected. We may now replace G by C' and apply induction
to conclude. (|

PROPOSITION 7.3. Assume that G has simply-connected derived subgroup
over a field of odd characteristic. Let T < G be an F-stable mazimal torus of
G containing a Sylow e-torus, where e = ea(q), and let A = T4 be the Sylow
2-subgroup of TY. Then
(a) Ng(T)¥ contains a Sylow 2-subgroup of G¥'.

(b) Ner(T)/TE acts faithfully on A.
(c) Ca(A) =T.

Proof. Since G = Z(G)|G, G], we may argue in |G, G], which is a direct
product of simple groups, with F' permuting the factors. So after possible
extension of scalars we are reduced to G being simple.

By [38, Prop. 5.20], for example, Ng(T')* contains a Sylow 2-subgroup of
GF. For G of exceptional type, or for GF of type Dy, the assertion in (b) can be
checked using [41]. Otherwise T is the centralizer of a Sylow 1- or 2-torus and
Wa(T)F is a Coxeter group of type A;, B, or D;, with [ suitable. Let us then
write W, := Wg(T)F. The cases where | < 4 can again be checked by computer,
so now assume [ > 5. Then it is easy to see that all nontrivial normal subgroups
N of W; have nontrivial intersection with its parabolic subgroup W;_;, and
thus act nontrivially on 77 by induction, except for N = (wg) generated by
the longest element wq in types B; and D;. But the longest element acts by
inversion on TF, hence, also nontrivially as T'F contains elements of order 4.
So W; acts faithfully in all cases.

For (c), let M := (19| g € G, A9 = A) be generated by the maximal tori
of G containing A. Then M is connected (see, e.g., [40, Prop. 1.16]), F-stable,
Wer (T)-invariant, and T'< M < Cg(A). Let X denote its unipotent radical.
If [M/X,M/X] # 1, then we obtain a nontrivial 2-element in the Weyl group
Ny (T), centralizing A but not lying in A, contradicting (b). Thus M is
solvable. Let B denote a Borel subgroup of G containing M, with unipotent
radical U, so B = U.T with X < U. Let wyg € Wgr(T) be the longest element.
If w € M is unipotent, then

u e XoNU =XNU"CUNU =1
(see [40, Cor. 11.18]),s0 X = 1 and M = T'. This show that Cg(A)
Na(T), but Wgr(T) acts faithfully on A by (b), whence C(A) =

c(A)

< N <
T. O
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LEMMA 7.4. Assume that G has simply-connected derived subgroup with
all simple factors of type A, over a field of odd characteristic. LetT < G denote
an F-stable mazimal torus such that Ng(T)¥ contains a Sylow 2-subgroup P of
GY and Cq(Tf) =T, and set A =TL. Let Z < Z(GT) be a central subgroup
of order 2. Then
(a) If P centralises A/Z, then either G is a torus and P = A or the components

of |G, G] are of type A1, form a single F'-orbit, and the index of A in P is 2.
(b) Suppose that Z = Z(P) and P/Z is abelian. Then P is quaternion of

order 8.

Proof. For (a), suppose that G is not a torus. Let I be the set of F-orbits
on the simple components of [G, G|, and for each i € I, let H; denote the
product of the simple components in i. So [G,G] is a direct product of the
H;’s and by the above, T is a product

ACIEE
1€l
where T; is an F-stable maximal torus of H; such that N HF (T;) contains a Sy-
low 2-subgroup, say P; of HI', Cy.((T;)}) = T;, and P contains [J;c; P;. Since
T is a maximal torus of G, TT covers GI'/[G, G and hence P = A([];c1 P;).

Set A; = (T;)Y = ANT,. For each i, P; centralises A;Z/Z. We claim
that |I| = 1. Otherwise, since Z is cyclic and the product of the H;’s is direct,
H;NZ =1 for some i € I, whence P; centralises A; & A;Z/Z. But this is
impossible as the Sylow 2-subgroups of H/ are non-abelian. So, |I| = 1, and
either [G,G]F = SL,(¢%) or [G,G]F = SU,(¢%). If n > 3, then P; does not
centralise A;/U for a central subgroup U of order 2 of [G,G]¥. So, n = 2 and
[P : A1] = 2. Since P = AP, it follows that [P : A] = 2.

We prove (b). Since P is a Sylow 2-subgroup of a special linear or unitary
group of degree 2, P is quaternion. Also, P;/Z is abelian, hence P; has order 8.

Since Z = Z(P), Z(G)Y < Z, and hence the natural surjection of G
onto G/Z(G) induces an injection of P/Z into (G/Z(G))F = PGLa(¢%) (or
PGUz(¢%)). The Sylow 2-subgroups of (G/Z(G))F are non-abelian of order 8,
hence |P/Z| < 4. So P = P; is quaternion of order 8. O

For M an F-stable Levi subgroup M of G and s be a semisimple element
of M*F'| we will be interested in the condition Cg+(s) < M*. The following
translates this into the corresponding condition on G and M.

LEMMA 7.5. Let M be an F-stable-Levi subgroup of G, and let s € M*F
be a semisimple element. The following are equivalent:

(i) Co-(s) < M*.

(ii) Fori=1,2, let T; < M be F-stable mazimal tori of M and 0; € Irr(TF)
such that the M -geometric conjugacy class of (T;,0;) both correspond via
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duality to the class of s. Then any g € G that geometrically conjugates
(T1,91) to (TQ,@Q) is 1 M.

Proof. The implication (i) = (ii) is in [21, Lemma 13.26(i)], and the re-
verse implication follows from reversing the argument of [21, Lemma 13.26(3)].
For this, note that for any F-stable torus 7% of M* containing s, if Ng=(T%)N
Cag+(s) € M*, then Cg+(s) € M* (since M* N Cg.(s) is a Levi-subgroup of
C&-(s)). See also [8, L. 11.6] O

LEMMA 7.6. With the notation of Lemma 7.5, suppose that Cg+(s) < M*.
Let L be an F-stable Levi subgroup of M and X\ € Irr(LY) such that all con-
stituents of RM(N) lie in E(MT,s). Let z € Z(L)¥, and set Gy = C&(z) and
My = C,(2). Let s' € Mg be a semisimple element such that all constituents
of RYO(\) lie in E(M{,s'). Then Cay(s') < Mg.

Proof. Let T be an F-stable maximal torus of L, and let 6 be an irreducible
character of T such that \ is a constituent of R%(6). Since Lusztig induction
preserves Lusztig series, the M-geometric conjugacy class of (T, §) corresponds
to the M*-class of s and the My-geometric conjugacy class of (7', 0) corresponds
to the G{-class of s’. The assertion follows from Lemma 7.5 — here, note that
My =GonN M. |

7.2. Bonnafé-Rouquier correspondents. In this subsection, M denotes an
F-stable Levi subgroup of G and s € M*¥ is a semisimple #-element. We let
¢ be an ¢-block of M contained in & (MF,s) and let b be an ¢-block of G
contained in &(GF, s).

Recall that if Cg+(s) < M*, then for any semisimple ¢-element ¢t € Cg+(s),
emeg RS, induces a bijection between £(M¥', st) and £(GF, st). This bijection
is independent of choice of parabolic containing M (see [21, Rem. 13.28]) and
it induces a bijection between f-blocks in &(M?T,s) and in &(GF,s). Fur-
ther, by [8, Thm. B’] there is a Morita equivalence over O between pairs of
corresponding blocks that induces the bijection x +— € MegR]\G4 (x) on ordinary
irreducible characters.

Definition 7.7. We say that blocks b and ¢ are Bonnafé—Rouquier corre-
spondents if Cg+(s) C M*, and for some (and hence any) x € £(M¥, s)NIrr(c),
we have epreq RS (x) € Trr(b).

LEMMA 7.8. Suppose that b and c are Bonnafé-Rouquier correspondents.
Let L be an F-stable Levi subgroup of M, let X € E(LY,0"), and suppose that
every constituent of RM()\) is contained in Irr(c). Then every constituent of
RE(\) is contained in Trr(b), and for every xo € Irr(c), (xo0, RM(\)) # 0
if and only if (x,RF(\)) # 0, where x = eceprRS;(x0) denotes the corre-
sponding element of Irr(b). Further, <*R%"(X0),d1’MF()\)> # 0 if and only if
(RE(x), d"E" (1)) #0.
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Proof. The first two assertions follow from transitivity of Lusztig induction

(see Theorem 2.8(a)). For the third claim, let xo € Irr(c) and write

M (x0) = 016 + - + udf
with a; nonzero for all i and the ¢ pairwise distinct irreducible characters
in ¢. So,

d"O(x) = 1 + -+ g
Then,

(@M (x0), RY' (X)) # 0

if and only if Q% = x4 for some i, j, if and only if ¢’ = x* for some i, j, if and
only if (d“¢" (y), R% (X)) # 0. Now the result follows since

(R (x0),d"M" (\)) = (&M (x0), RY (V)

and
(*RE(x),d"C" (\) = (d"C" (x), RE (V). O

PROPOSITION 7.9. Suppose that b and ¢ are Bonnafé—Rouquier correspon-
dents. Let L be an F-stable Levi subgroup of M, and let X € E(L¥  ¢') be such
that RM(X\) has a constituent in the block c. Let A = (z1,...,2y) be a sub-
group of Z(L)Y, and set M; = C$;(21, ..., 2i), Gi = C&(21,...,2), 1 <i<m,
My = M, Gy = G. Suppose the following:

(1) For anyi, 1 <i<m, and any character x € Irr(M}") with <Rﬁ/‘[i()\), X) MF

# 0, we have (dl’LF()\),*Rﬁ/fi(X»LF # 0.

(2) The irreducible constituents of Ry ™ () lie in a single block.

Then, (1) and (2) hold with M; replaced by G; for 1 <i < m. Consequently, for

any i there exists a unique block, say b; of GI', containing the constituents of

Rgi()\), and a unique block say c; of M}" containing all constituents of R%/[i(/\).

Further, the following holds:

(a) bp = b, co = ¢, and for all i, 0 < i < m, b; and ¢; are Bonnafé-Rouquier
correspondents.

(b) Let &, denote the unique £-block of Cysr(A) covering ¢y, and let by, denote
the unique £-block of Cor(A) covering by,. Then (A, én) is a c-Brauer pair
and (A,by,) is a b-Brauer pair. Moreover,

(¢) Nysr(A,ém) < Ngr(A,by), and hence

Nyr (A, E)/Cprr(A) < Ngr (A, by)/Car (A)

under the inclusion of M in G.

Proof. By Proposition 2.12, for all i, 0 < i < m, the irreducible con-
stituents of Ryi()\) lie in a unique block, ¢; of MZF . Further, by Lemma 7.6,
¢; has a Bonnafé—Rouquier correspondent, say b; in Gf . The first assertion
and (a) hold by Lemma 7.8, applied to ¢; and b;, 0 < i < m. (b) follows from
Proposition 2.12 applied to both M and G.
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For (c), let ¢ € Nyr(A,éy). Then, ¢, is covered by &,, whence
ey = "ey for some h € Cyr(A). Let xo € Irr(cy,). Then W9y is an
irreducible character of ¢,,. Since ¢, and b,, are Bonnafé—Rouquier correspon-
dents, Rfj;(h_lg Xo) and R]\Gj; (xo0) are irreducible characters in by,. So, noting
the independence from the choice of parabolic subgroup of G, containing M,,
as pointed out before Definition 7.7,

-1 -1
RG (" 9%0) = " IRGE (x0),

and hilgRAGjZl (x0) is in gy, Thus, 9b,, = "b,,, and it follows that 9b,,, = byy,.
|
7.3. Good pairs.

Definition 7.10. Let G be connected reductive with Steinberg endomor-
phism F : G — G. Let ¢ be a prime, and let b be an ¢-block of G¥'. A pair
(L, \) consisting of an F-stable Levi subgroup of G and A € (LY, ¢') is called
a good pair for b if the following hold:

(1) L=Ca(Z(L)]),

(2) A is of quasi-central ¢-defect,

(3) (Z(L)I',brr(N)) is a b-Brauer pair, and

(4) there is a maximal GF-Brauer pair (P, f) such that (Z(L){, by r())) <
(P.1)

Note that when (L, \) satisfies (1)—(3), then by Propositions 2.5, 2.16(4),
2.13, and 2.12 all irreducible constituents of RY()) lie in b.

The notion of good pairs is related to that of e-cuspidal pairs in that
many (-blocks of G have good pairs that are also e-cuspidal pairs of G where
e = ey(q) (see Theorem 7.12 below). However, the two notions are not identical,
and it will be easier to track the structure of defect groups through Bonnafé—
Rouquier Morita equivalences using good pairs (see Proposition 7.13 below).

LEMMA 7.11. Let G be connected reductive with Steinberg endomorphism
F:G— G, containing G as an F-stable closed subgroup with G, G <G, and
let Z = Z°(G). Letb be a block of GF, and let b be a block of GE covering b.
Let L be an F-stable Levi subgroup of G, and let L = ZL be a Levi subgroup
of G. Set A= Z(L)F and A = Z(L)}'. Suppose that X € E(L¥, ') is such that
(L, \) is a good pair for b, and let (P, f) be a mazimal b-Brauer pair such that
(A,bpr(N) S (P, f). Then
(a) There exists A € E(LT,0') covering \ and a mazimal b-Brauer pair (

such that (L, \) is a good pair for b, (A, bEF(S\)) < (P,d), and P <

Nar (A, bjr(N)). )

(b) Further, if b and b are unipotent and (L, \) is an e-cuspidal pair for G,

P.d)
P <

then (L, )\) is a unipotent e-cuspidal pair of G.
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(c) Suppose that Z NG contains no nontrivial l-element. If X is of central
{-defect, then so is .

Proof. We have L < C@(fl) < Ca(A) = ZL = L, hence L = Ca(A) =
C'é(;l) Also, note that the inclusion of L in G induces an isomorphism between
LF/LF and GF/GF.

By Lemma 2.1, there exists an ¢-block ¥ of G covering b and b'-Brauer
pairs (A, v) and (P, d) such that (A,v) < (P,d), P < Negr(A,bpr(X)), v cov-
ers byr(A\), PNGF = P, and P/P is isomorphic to a Sylow (-subgroup of

Negr(A,bpr(N))/Ngr(A,bpr(X)).  Since GF/GT is abelian, by Lemma 2.2,
b = 0@V for some linear character 6 of GF /GF. So, (A,0®v) and (P, ®d) are
b-Brauer pairs and since # contains L in its kernel, # ® v covers  ® by r(\) =
brr ()\) Thus, replacing # ® d by d and 6 ® v by v, we may assume that
Y =b. Since A is central in L, we also get that (A, v) is a b-Brauer pair and
(A,v) < (P,d).

We claim that P is a defect group of b. Indeed, since P is a defect group
of b, and b covers b, it suffices to prove that |P : P| > |G : GF|,. But,

|P: P| = [Ngr(A,bpr(N) : Ngr(A,bpr(N)le
> |Npr(Abpe(N) : Lo = |L7 : LF|, = |G" : G",.

Here, for the second equality, note that the index of Njp(A,byr(A)) in LF is
prime to £. This proves the claim.

Now let A € E(LF,¢') N Irr(v). Then A covers an element of E(LF, ¢') N
Irr(b,r())) (see [6, Prop. 11.7(b)]). Since Irr(byr(N) N E(LY, ¢') = {\} by
Proposition 2.5, A covers A. Further, A and A cover a common character of
[L,L)F = [L, L]¥, so X is of quasi-central (-defect. This proves (a).

(b) follows from (a) and the fact that restriction induces a bijection be-
tween £(GF, 1) and £(GF, 1) which commutes with Lusztig induction and re-
striction.

It remains to prove (c¢). Since L < G, Z N L contains no nontrivial
(-element. So, any Sylow /-subgroup of L is a direct product of the Sy-
low ¢-subgroup of Z and a Sylow ¢-subgroup of L¥, and similarly, the Sylow
£-subgroup of Z (EF ) is a direct product of the Sylow ¢-subgroup of ZF and
the Sylow f-subgroup of Z(L)¥. The result follows as |A(1)]; = [A(1)],. O

The next result shows, in particular, that all quasi-isolated blocks have
good pairs.

THEOREM 7.12. Suppose that [G,G] is simply connected. Let b be an
-block of G with Trr(b) C E(GF, 5), and let e = ey(q).

(a) Suppose that ¢ is odd, good for G and £ # 3 if 3Dy4(q) is involved in G¥.
Then b has a good pair (L,\) and a mazimal b-Brauer pair (P, f) with
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(Z(L)Y ,bpr(N) < (P, f) such that X is of central (-defect. If s is central,
then (L, \) can be chosen to be e-cuspidal.

(b) Suppose that £ = 2 and all components of G are of type A. Then b has a
good pair (L, \) and a mazimal b-Brauer pair (P, f) with (Z(L)Y b, r (X)) <
(P, f), such that Z(L)Y = T§', X is of central 2-defect, and Autp(TY) =
Autp(TY"). Here, T is an F-stable mazimal torus of G such that Cq, (TY)
=T for a Levi subgroup G1 of G in duality with Cg.(s) and such that
NGf (T) contains a Sylow 2-subgroup P' of G¥'.

(c) Suppose that ¢ = 2, G is simple, of classical type different from type A,
and s is quasi-isolated in G*. Then b has a good pair (L, \), where L is an
F-stable mazimal torus of G containing a Sylow e-torus of G.

(d) Suppose that s is quasi-isolated and either G is simple of exceptional type
and ( is bad for G, or G is of rational type *Dy and £ = 2,3. Then b has
a good pair (L, \) that is e-split cuspidal. Further, if £ is odd, then \ is of
central (-defect.

In particular, if b is quasi-isolated, then b has a good pair.

Proof. Suppose the assumptions of (a) hold. Then there exists a pair
(L, \) (denoted (M, (y) in [16]) such that C&(Z(L)I) = L ([16, Lemma 4.8]),
A is of central ¢-defect ([16, Lemma 4.11]), and letting @ denote the unique
(-block of Cur(Z(L)E) covering by r(N), (Z(L)F,4) is a b-Brauer pair ([16,
Lemma 4.10]). Further, there exists a maximal G¥-Brauer pair (P, f) with
(Z(L)Y,4) < (P, f) ([16, Lemma 4.16]). Note that the assumption ¢ # 3 in
[16] is not needed in the results cited above. Thus, in order to prove that
(L, \) is a good pair for b, we need only show that L = C(Z(L)!'). But since
C&(Z(L)I) = L, this follows from Lemma 7.2. Now suppose that, in addition,
s is central in G*. Then we may choose (L, \) to be an e-cuspidal pair by the
main theorem in [15]. Note that by [15, Lemma 4.5], any e-cuspidal pair is
good in this situation.

Suppose that the assumptions of (b) hold, and note that 7" as in the
statement exists by Proposition 7.4 applied to Gy. Let G — G be a regular
embedding. For G; an F-stable Levi subgroup of G with G; NG = Gy, we let
T be an F-stable maximal torus of G; with TNGy; = T. Set A = T and
A=TJ. By Lemma 7.2, L := Cg(A) is a Levi subgroup of G and L := C(A)
is a Levi subgroup of G.

Let 5 € G*I be an element of odd order lifting s such that Cgx. (s) = G3,
where G% is the dual of G in G*, and let 6 be the linear character of G’
in duality with 5 (see [21, Prop. 13.30]). By [23, Prop. 1.5], &(G¥,3) is a
single 2-block, say ¢, and &(GF,3) is a single 2-block, say b. In particular,
b covers b. Moreover, Rgl induces a Morita equivalence between ¢ and b.

Since Cg, (A) =T, Cg, (A) = T, and hence by Proposition 7.9, applied with
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M=0G,G=G, and L =T, R%(G) is (up to sign) an irreducible character,
say X of L' = Ca(A)F, and (A,b;r (X)) is a b-Brauer pair.

Let P’ < Ng, (T) be a Sylow 2-subgroup of GI". Then P’ < Ng, (A,0), so
by Proposition 7.9, P’ < Nz (A, b;r(X)). In particular, P’ acts on the blocks of
L covered by b; (X). There is an odd number of such blocks, so there exists a
block f of L covered by b; »(Y) which is P'-stable. Let x' € Irr(f)NE(LY, ')
be covered by ¥, and let b’ be the block of GF' such that (A4, f) is a b'-Brauer
pair. Then ¥’ is covered by b. Since :ERIL;(G) e Irr(L¥, 5), and 5 is an odd order
element,

_|LF) S |L¥]y  |LF],

/ ~
X (1)2=x(1)2 = = > = .
We=xM:2 = 752 177, = 4]

Since A is central in LY, A < ker(x/). From the above displayed equation it
follows that A = Z(L)" and ¥’ is of central 2-defect. Let (P,d) be a b/-Brauer
pair, maximal with respect to (4, f) < (P,d). Then PN LY = A and by
Lemma 2.1(a), P/A is a Sylow f-subgroup of Ngr(A, f)/LY. Since P’ <
Ngr (A, f)and PPNCgr(A) = A, it follows that |P| > |P’|. On the other hand,
since b’ being covered by b means that Irr(v') C &(GT,s), by [23, Prop. 1.5],
any Sylow 2-subgroup of G is a defect group of &'. Hence, (P,d) is a maximal
b'-pair. Since L is a Levi subgroup of G, (A, ') is a good pair for ¥’. Now b and
b’ are both covered by b. Hence replacing (L, x") by a suitable GF -conjugate
gives the desired result.

Now suppose that the assumptions of (c) hold. So G is simple of type B,
C or D. Then s = 1 is the only odd order quasi-isolated element of G*. By
[23, Prop. 1.5], G has a unique unipotent 2-block. Hence by Proposition 7.3,
(L,1) is a good pair for b for any F-stable maximal torus L of G containing a
Sylow e-torus of G.

Suppose the assumptions of (d) hold. If s is noncentral in G*, then
the result follows from Theorem 1.2 and its proof. If s is central in G*,
then (d) follows from [22]. Note that Enguehard does not state the equal-
ity L = Cq(Z(L)F) for all unipotent e-cuspidal pairs (L, ) but this can be
checked — the Levis occurring for central quasi-isolated elements also occur
in our tables, except for the 1-split Levis of type D4 in Eg, and of type Fg in
E~ and their Ennola duals, and these cases can be easily checked also.

Finally, suppose that b is a quasi-isolated block of G¥'. Then any block of
[G, G]¥ covered by b is quasi-isolated, so by Lemma 7.11, we may assume that
G = [G,G]. Since G is a direct product of simple, simply-connected groups
and the component of b in the fixed points of each F-orbit is quasi-isolated,
by Lemma 7.1 we may assume that G is simple. Now the result follows from
parts (a)—(d). O
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PROPOSITION 7.13. Suppose that b and ¢ are Bonnafé—Rouquier corre-
spondents and that ¢ has a good pair (L,\). Let A = Z(L)f, let u = byr(N),
and let (P, f) be a mazimal c-Brauer pair with (A,u) < (P, f). Then
(a) Let v be the (-block of C&(A)Y containing the constituents of ng(A)(A),

and let © be the block of Cq(A)Y covering v. Then there is a mazimal

GF -Brauer pair (Q,d) such that (A,7) < (Q,d), Co(A) = Cp(A), and

Autg(A) = Autp(A).

(b) b has abelian defect groups if and only if ¢ has abelian defect groups. If
this is the case, then the defect groups of b and c are isomorphic.

(c) Let Z be a central £-subgroup of G, and let € (respectively b) be the image
of ¢ (respectively b) in MY |Z (respectively G¥'/Z). If either b or & has
abelian defect groups, then P centralises A/Z and Q centralises A/Z.

(d) If A is of central £-defect and ¢ has abelian defect groups, then A is a defect
group of both b and c.

Proof. Let U be a subgroup of A. Since Cy(A) = L, Cg,, @ (A) = L.
So, since A is of quasi-central ¢-defect, by Proposition 2.16, the conditions of
Proposition 7.9 hold for any choice of generators (z1,...,z2y,) of A and the
statement of (a) makes sense. In particular, u and v are Bonnafé-Rouquier
correspondents.

Let (A4,7) < (Q,d), where @ is maximal with respect to the property
that Q@ < Ngr(A,7). Then QCgr(A)/Cqr(A) is a Sylow f-subgroup of
Ngr(A,0)/Cqr(A) (see Lemma 2.1). So by Proposition 7.9(c), and by replac-
ing if necessary (Q, d) by an Ngr (A, v)-conjugate, QCqr (A)/Cqr(A) contains
PCyr(A)/Cyr(A). In particular, P/Cp(A) is isomorphic to a subgroup of
Q/CalA).

Now Cp(A) is a defect group of the block u; w is nilpotent and is Morita
equivalent to v (over ©O). By a result of Puig, a Morita equivalence over O
between a nilpotent block and a block preserves nilpotency and isomorphism
type of defect groups (see [48, Thm. 8.4 and Cor. 7.3]), so v is nilpotent and
a defect group of v is isomorphic to Cp(A). Since Cg(A) contains a defect
group of 0, Cg(A) contains a defect group of v, and hence |Cg(A)| > |Cp(A)|.
We have shown above that P/Cp(A) is isomorphic to a subgroup of QQ/Cq(A),
hence |@| > |P|. On the other hand, |Q| < |P| as @ is contained in a defect
group of b, and P is a defect group of ¢, and b and ¢ are Morita equivalent.
Thus Q is a defect group of b, Cq(A) = Cp(A) is a defect group of v, and
PCGF (A)/CGF (A) = QCGF (A)/CGz? (A) This proves (a)

Part (b) follows from (a) as @ is abelian if and only if @ = Cg(A) and
Cg(A) is abelian. Similarly, P is abelian if and only if P = Cp(A) and Cp(A)
is abelian. Part (c) follows from (a) and (b) on observing that P/Z is a defect
group of ¢ and Q/Z is a defect group of b. Finally, suppose that ) is of central
{-defect and ¢ has abelian defect groups. Then P = A = Q. O
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7.4. Proof of Theorem 1.3. In this subsection, M will denote an F-stable
Levi subgroup of G, and b and ¢ will be ¢-blocks of G¥' and M respectively.
For large ¢, Theorem 1.3 follows from the work of Cabanes—Enguehard and
Enguehard.

PROPOSITION 7.14. Suppose that b and ¢ are Bonnafé—Rouquier corre-
spondents. Let Z be a central £-subgroup of G, and let b and ¢ be the images
of b and c in G¥' /Z and MY |Z respectively.

(a) If [G,G] is simply connected, £ is odd, good for G, and £ # 3 if 3D4(q) is
involved in GT' or if 3 divides |Z(G)/Z°(G)|, then b and & have isomorphic
defect groups.

(b) If¢ =2, and all components of G are classical, then b and ¢ have a common
defect group.

Proof. In the situation of (a), ¢ has a good pair (L, \) by Theorem 7.12(a),
and Cp(A) = A, with (P, f) a maximal c-Brauer pair with (4,u) < (P, f). If
(Q,d) is a maximal b-Brauer pair as in Proposition 7.13(a), then Cg(A) = A,
whence A is a maximal normal abelian subgroup of (). But by the structure
of the defect groups of b as given in [16, Lemma 4.16 and 5.2], @ has a unique
maximal normal abelian subgroup and this subgroup has a complement in Q.
So, A has a complement in (), and similarly for P. The result follows from
Proposition 7.13(a).

In (b), let G1 < M be a Levi subgroup of G in duality with Cg«(s) < M*.
Then, by [23, Prop. 1.5], any Sylow 2-subgroup of G is a defect group of both
b and c. (]

In fact, as pointed out to us by Marc Cabanes, it can be deduced from
[16, Lemma 4.16] that the two blocks in the situation of Proposition 7.14(a)
have a common defect group. The next result will be needed to deal with Eg
at ¢ = 3.

LEMMA 7.15. Suppose that G is simply connected in characteristic not 3
and all components of G are of type A. Let b be a unipotent 3-block of G,
(L, \) be an e3(q)-cuspidal unipotent pair that is a good pair for b as in The-
orem 7.12(a), A = Z(L)Y, and let (P,u) be a mazimal b-Brauer pair with
(A,b.r(N)) < (P,u). Let Z be a central subgroup of order 3 of G¥. Suppose
that P is non-abelian and that P acts trivially on A/Z. Then

(a) There is an F-orbit of irreducible components of [G, G| of type As whose
group of F-fixed points contains Z, and this is the only F-orbit of irre-
ducible components of [G, G] whose fixed points contain a central subgroup
of order 3. Further, P/A is cyclic.

(b) Moreover, if Z(P) = Z and P/Z is abelian, then P is extra-special of
order 33.
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Proof. Since restriction induces a bijection between the unipotent charac-
ters of G and [G, G]¥', there is a unique block, say by of [G, G]¥', covered by b
and it is unipotent. Let I be the set of F-orbits on the simple components of
[G, G], and for each i € I, let H; denote the product of the simple components
in 4. So [G,G] is a direct product of the H;’s and [G, G]¥" is a direct product
of the H!’s. For i € I, let b; be the block of HY covered by by, let (L;, \;) be
an e-cuspidal unipotent good pair for b;, and let (Lo, Ao) = ([Ties Li, [Tscr i)
be the corresponding pair for by. Further, let P; be the first component of a
maximal b;-Brauer pair normalising (A, bﬂ()‘l)) Then, up to replacing (L, \)
and then (P,u) by a GF-conjugate, (L,)) is an extension of (Lg,\o) as in
Lemma 7.11, AN Lf = Z(L;)} and P, = PN LE for alli € I.

For each i € I, [P;, A;] < [P,A] < Z, and Z is cyclic, hence there exists
at most one ¢ € I with [P;, A;] # 1, say ¢ = j. Since, by Theorem 7.12(a), A;
is of central 3-defect, we have A; = P; for all i # j.

Let 4 € I, and suppose that the rational type of H} is (A,,eq™). The
group HY contains a central element of order 3 if and only if 3|d; := ged(¢™ —
e,n + 1). Further, if 3|d;, then by [15, Prop. 3.3], b; is the principal block of
HY and P; is a Sylow 3-subgroup of HY. Consequently, if 3|d;, then P; is
non-abelian. So for all j # i € I, 3 Jd; and, in particular, HZF does not contain
a central element of order 3.

By Theorem 7.12(a), A is of central defect, hence Cp(A) = A. Since P is
non-abelian, Z < [P, P] < [G, G]¥. Hence, HJF contains a central element of
order 3; thus 3|d;. Suppose the rational type of H]F is (Ap,€eq™). If n > 5, or
32|(¢™ — €), then [Pj, A;] < Z has order at least 9. Thus, n = 2, 3|[(¢"™ — )
and P; is extra-special of order 33.

Let H' = Z(G)Hj, let V' be the (unique) block of H'F" covered by b and
P'= PN H'F, a defect group of ¥’. Then P’ is a Sylow 3-subgroup of H'Y" and
P = P' x [lier,j2i Ai- Since Z(G)N HJF has order at most 3, Z(G)Y < A, and
Aj; has index 3 in P}, it follows that A has index 3 in P. This proves (a).

Now suppose that the hypothesis of (b) holds. We have shown above that
P; has order 33. Since Z = Z(P), P = P’ and Z(H')}’ < Z. Thus the surjec-
tion of H' onto (H'/Z(H')) induces an injection of P/Z into (H'/Z(H')).
But (H'/Z(H'))¥ has non-abelian Sylow 3-subgroups of order |Pj|, hence
|P/Z| < |P;|, which means that P = P; is extra-special of order 33. O

THEOREM 7.16. Suppose that G is simple, simply connected and that b
and ¢ are Bonnafé-Rouquier correspondents. Let Z be a central {-subgroup of
GF, and let b and ¢ be the images of b and c in G¥'/Z and M¥ | Z respectively.
If either b or € has abelian defect groups, then the defect groups of b and ¢ are
isomorphic.
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Proof. By Proposition 7.14, we may assume that either G is of exceptional
type and £ is a bad prime for G, or £ = 3 and either G¥ = 3Dy(q) or 3 divides
|Z(G)/Z°(G)|. It Z = 1, the statement is immediate from Proposition 7.13(b).
So, we may assume that Z # 1, whence either ¢ = 3 and G is of type Fg or
A, with n =2 (mod 3), or £ =2 and G is of type E7.

We first consider the case that G is of type Eg or E7 and ¢ is quasi-
isolated. By Theorem 7.12, ¢ has a good pair, say (L,\). Set A = Z(L)F,
let (P, f) be a maximal c-Brauer pair with (A,b;r(\)) < (P, f), and let (@, d)
be a maximal b-Brauer pair as in Proposition 7.13(b). By Proposition 7.13(c),
[P,A] < Z.

We make some reductions. Suppose that A is of central defect. Then
Cp(A) = A. Hence either P = A or [P,A] = Z and Z(P) < A. If P = A, then
P/Z = Q/Z = A/Z and there is nothing to prove. Also, [P, P] is contained
in [Cq(z1),Ca(z1)] and in [Car(z1),Crp(21)] for 21 € Z(P). Thus, we may
assume the following. If X is of central defect, then Z = [P, A], Z(P) < A and
for any z1 € Z(P), [Cq(z1),Cq(z1)] and [Cpr(z1), Car(z1)] contain nontrivial
central {-elements.

Next, let z1 € A, My = Cpr(z1), G1 = Cg(z1). By Proposition 7.9, there
exist blocks ¢; and by of M{" and G respectively, which are Bonnafé-Rouquier
correspondents, and such that ((z1),¢;) is a c-Brauer pair, and ((z1),b1) is a
b-Brauer pair. Note that since G and M are simply connected, G; and M;
are connected. If z; € Z(P), then P < M{ is a defect group of ¢, and also
Q < G is a defect group of by. Thus, by Proposition 7.14, applied to the
blocks b; and ¢; we may assume the following. If G is of type Eg, £ = 3 and
z1 € (Z(P)NA)\ Z, then Cg(z1) contains a component of type Dy and if G is
of type E7, ¢ =2 and z; € (Z(P)NA)\ Z, then Cg(z1) contains a component
of type Fj.

Suppose that G is of type Eg and £ = 3. Then M is classical, so 3 is good
for M and by Theorem 7.12, )\ is of central 3-defect. Suppose first that [M, M]
has a component of type Dy or Ds. By rank considerations [M, M] does not
contain a central element of order 3, so A is of central defect by Lemma 7.11(c),
whence by the first reduction above, Z < [P, P]. But [P,P] < [M,M], a
contradiction.

So, we may assume that all components of M are of type A. By Theo-
rem 7.12, X is of central 3-defect. By rank consideration, if z € P is such that
[Ca(z),Cqe(2)] contains a component of type Dy or Ds, then [Cq(z), Ca(z)]
does not contain a central element of order 3. Hence by the first reduction,
z ¢ Z(P). By the second reduction, we may assume that Z(P) = Z.

Now Cr+(s)/Cyy+(s) is isomorphic to a subgroup of Z(M)/Z°(M), hence
to a subgroup of Z(G)/Z°(G), the latter being of order 3. On the other hand,
the exponent of Cyr+(s)/Cyy«(s) divides the order of s, which is prime to 3.
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Thus, C+(s) is connected, whence s is isolated in M*. But all components
of M* are of type A; hence, M* has no noncentral isolated elements. Thus s
is central in M* and ¢ = # ® ¢, where ¢ is a unipotent block of M and @ is a
linear character of M in duality with s. In particular, P is a defect group of a
unipotent block of M*". By Lemma 7.15(a), P/A (and hence Q/A) is cyclic of
order 3, thus P/Z is abelian if and only if Q/Z is abelian. So, we may assume
that P/Z is abelian. We have shown above that Z = Z(P). By Lemma 7.15(b),
P is extra-special of order 32. Thus, @ is extra-special of order 3, so P/Z and
Q/Z are elementary abelian of order 32 and, in particular, isomorphic.

Suppose that G is of type Ey and £ = 2. Let Z be the centre of G of
order 2. Suppose first that M has a component of type Eg. Then [M, M] is
simple of type Eg. Consequently [M, M] does not contain a central element
of order 2, and it follows that P is abelian. By Proposition 4.3, [M, M]¥" does
not contain a nonunipotent, quasi-isolated 2-block with abelian defect groups,
so ¢ covers a unipotent block of [M, M]¥. By the tables for Eg(q) and *Eg(q)
in [22], cg is of defect 0. Since M /[M, M]F has cyclic Sylow 2-subgroups, P
and hence @ are cyclic and so are P/Z and Q/Z.

Thus, we may assume that M is classical. Suppose that M has a simple
component, say Hi of type D,, n > 4. The principal 2-block of H{" is the
only quasi-isolated 2-block of H{. Hence P contains a Sylow 2-subgroup of
HF and by Theorem 7.12(c), we may assume that this Sylow 2-subgroup nor-
malises 74" where T is an F-stable maximal torus containing a Sylow e-torus
and such that the commutator of the Sylow subgroup with 74" is contained in
a cyclic group of order 2. But this is not the case.

So, we may assume that all components of M are of type A. Then by The-
orem 7.12, A is of central 2-defect. By the same argument as in the Fjg-case
above, we conclude that z ¢ Z(P) and Z(P) = Z.

Let G1 < M be a Levi subgroup of G in duality with Cg.(s) = C§;«(s).
Let P’ < Ng,(A) be a Sylow 2-subgroup of GI" as in Theorem 7.12(b). Since
[P,A] < Z,[P',A] < Z. So, by Lemma 7.4(b), the index of A in P’ is 2. Hence
the index of A in P and @ is also 2 and P/Z is abelian if and only if Q/Z
is abelian. So, we may assume that P/Z is abelian, and hence that P'/Z is
abelian.

Since Z(P) = Z, Z(P') = Z, and by Lemma 7.4(c), P’ is quaternion of
order 8. Hence both P and @ are non-abelian of order 8, and P/Z and Q/Z
are elementary abelian of order 4.

Now suppose that c¢ is not quasi-isolated in M. Then, replacing M by an
F-stable Levi subgroup whose dual contains Cjs+(s) and in which s is quasi-
isolated, and G by M, the above argument again gives the desired result. (Note
that above we do not use that G is of type Eg or E7, but only that Z has order
2 or 3 and that the rank of G is at most 7.)
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If GF = SL,(q), then since Z # 1, by the description of blocks of GLy,(q)
in [24] it follows that the defect group of any block covering b is a Sylow
3-subgroup of a 1-split Levi subgroup. A direct calculation shows that the
assumptions on @ and A then force |Q| = |P| = 33, from which the claim
follows. The same argument applies when G = SU,,(q). O

8. Brauer’s height zero conjecture

In this section we give the arguments that are necessary to combine our
results and those obtained previously by various authors to prove (HZC1), that
is, Theorem 1.1.

8.1. Groups not of Lie type.

PROPOSITION 8.1. Let S be a perfect central extension of a sporadic sim-
ple group or the Tits simple group 2Fy(2)". Then (HZC1) holds for S.

Proof. 1t is well known that a Sylow p-subgroup of a covering group of
a sporadic simple group of order at least p is non-abelian unless S = J;
and p =2, or S = ON and p = 3. Since the block distribution of ordinary
characters as well as the size of the respective defect groups can easily be
obtained using GAP, this deals with most blocks in question. For the remaining
blocks (i.e., nonprincipal blocks with defect group of order at least p®) which
are only in characteristic 2 or 3, either the structure of the defect group is
given by Landrock [34], or it can easily be shown to be of extra-special type
(see Miiller [42]). O

PROPOSITION 8.2. Let S be an exceptional covering group of a finite sim-
ple group of Lie type, or of A7. Then (HZC1) holds for S.

Proof. From the ordinary character tables in [18] it follows that all p-blocks
of the groups in question fall into three categories: either all characters in the
block are of height zero, or the block is principal and the Sylow p-subgroups
are non-abelian, or p = 2, .S = 3.07(3) or 6.07(3).

Let S = 6.07(3), let b be a 2-block of S, and denote by b the corresponding
2-block of S := 3.07(3). By the modular atlas [52], the defect groups of b have
order 219 16, 4, or 2. In the first case, the defect groups of b (respectively b)
are Sylow 2-subgroups of S (respectively S) and hence non-abelian. If the
defect groups of b are cyclic or Klein 4-groups, then all characters in b and b
are of height zero. So assume that the defect groups of b have order 16 and,
hence, that the defect groups of b have order 8. From ordinary character tables
it follows that there exists an irreducible character in b that does not vanish
on an element of S of order 4. Thus, the defect groups of b are not elementary
abelian. On the other hand, by [52], b has two modular irreducible characters.
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Since blocks with defect groups isomorphic to C4 x Cy or to Cg have a unique
modular irreducible character and since blocks with defect groups isomorphic
to Qg have either one or three modular irreducible characters, it follows that
the defect groups of b are dihedral. In particular, the defect groups of b and of
b are non-abelian. O

8.2. Bad primes for exceptional type groups. We will need the following
result of Enguehard [22, §3.2], respectively Ward [51] and Malle [37]. Let G
be connected reductive with a Steinberg endomorphism F' : G — G, and let
¢ be a prime number different from the defining characteristic of G. By [22,
Thm. A], the assertions of Theorem 1.2 hold for G and ¢ for the case s = 1,
and with the “quasi-central /-defect” condition in (a3) of Theorem 1.2 replaced
by “central ¢-defect.” For a unipotent e-cuspidal pair (L, A) of G such that A
is of central (-defect and S = G*'/Z for some central subgroup Z of G¥', we
denote by bg(L,A) the ¢-block of S corresponding to (L, \), respectively its
image in G¥'/Z, and by Wr (L, \) the relative Weyl group Ngr (L, \)/LE.

PROPOSITION 8.3. Suppose that G is simple, simply connected of excep-
tional type and that ¢ is a bad prime for G. Let S = G¥'/Z for some central
subgroup Z of G, and let B = bs(L, \) be a unipotent £-block of S with non-
trivial abelian defect groups. Then B is as in Table 10 or Ennola dual to an
entry there. Moreover, Wear (L, X) is an {'-group, except for the listed entries
for E¢(q) and E7(q) and their Ennola duals.

’ S ‘ (4 e) ‘ J A conditions ‘
2Ga(q?) | (2,1) | 1Do 1
Fi(q) | (3,1) | ®1.B2(q) Boll]
Eo(q) | (3,1) | @7.D4(q) Da[1] 3llg—1, Z(8) =1
2E6(Q) (3,1) ¢1-2A5(Q) $321
E:z(q) | (2,1) | ®1.E6(q) Ee[0*']  4ll¢g—1, Z(S) =1
Es(q) | (3,1) | ®1.E7(q) Er[£¢]
(5,1) | ®1.Ds(q) Da[1]
(5,1) | 91.E6(q) Es[6F]
(5,1) | @1.E7(q) Er[£E]
(5,4) | ®3.Da(q) &1,...,&

Table 10. Unipotent £-blocks of quasi-simple exceptional groups
with nontrivial abelian defect group, ¢ bad.

For a prime ¢, by a minimal counterexample to (HZC1) we will mean a
pair (x,S) consisting of a finite group S and an irreducible character y of S
such that x lies in an ¢-block of S with abelian defect, x has positive height,
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and (x(1),]S]) is minimal with respect to the lexicographical ordering on such
pairs.

PROPOSITION 8.4. Suppose that G is simple, simply connected of excep-
tional type and that £ is a bad prime for G. Let S = G¥'/Z for some central

subgroup Z of GY', and let B = bg(L,\) be a unipotent {-block of S. Then
(x,S) is not a minimal counterexample to (HZC1) for any x € Irr(B).

Proof. For 2G5(q?), the validity of (HZC1) follows from the results in [51].
Note that by [19] it is also known to hold for blocks with cyclic defect group. So
now let B = bg(L,\) for (L, \) a unipotent e-cuspidal pair of central ¢-defect,
and suppose that B has noncyclic abelian defect groups.

Assume that G is of type Fy or Eg. Then S = G¥. Further, by Proposi-
tion 8.3, Wgr(L,A) is an £-group. We claim that Z(L){" is a Sylow ¢-sub-
group of C&([L,L])"". Indeed, since L = Cg(Z°(L)s,) and since by [15,
Prop. 1.7(ii)], Z°(L)s, is a Sylow e-torus of Cg([L, L]), by the argument before
[15, Lemma 4.5], Ngr (L) contains a Sylow ¢-subgroup, say D of C&([L, L]).
Since D centralises [L, L], and X is determined by its restriction to [L, L]
D < Ngr(L,\). But Wer(L, \) being an #/-group means that D < L, and
hence D < Z(L).

Since G is self-dual, we may and will identify G* with GG in such a way that
the resulting correspondence between unipotent e-cuspidal pairs of G and G*
is the correspondence of [22, Prop. 15]. Let ¢ € G* be an (-element such that
x € E(GFt). Let H = Cg(t) and v € E(H,1) be the Jordan correspondent
of x in Cg+(t). Since G has trivial centre, by [22, Thm. B, Prop. 17], there
is a unipotent e-cuspidal pair (L, \;) for H, with central ¢-defect such that
(L, L], ReS[L;L]F)\) and ([Ly, L], ReS[LLti Lt]F)\t) are GF'-conjugate, and such that
¥ is in the block byr (L, \t). Furthel’r, (L¢, M) is uniquely determined up to
HF-conjugacy.

Since ¢ commutes with [L;, L;], some G¥-conjugate of ¢ commutes with
[L, L], and so by the claim above, we may assume that ¢t € Z(L)I', and hence
that (L, \t) = (L, \). By [22, Prop. 8, 8.bis|, L = C&(Z(L)}') and LT =
Car(Z(L)E) (in fact, L = Ce(Z(L)l"), hence, also L = C%(Z(L)!') and
LT = Cyr(Z(L)F). Since Wyr(L,\) < Wgr(L, \) are ¢'-groups, Z(L){ is a
defect group of byr (L, A\t) and of B by Proposition 2.7.

Now by the degree formula for Jordan decomposition, 1 and x have the
same defect and thus the same height, whence (1, HF ) is a counterexample to
(HZC1). Since ¥(1) < x(1), (x,S) is a minimal counterexample only if ¢ is
central, so 1, and hence only if x is a unipotent character. But it is easy to
check from the decomposition of Lusztig induction of the relevant unipotent
e-cuspidal pairs that all unipotent characters in B are of zero height.
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Now suppose that G is of type Fg. If S is as in line 4 of the table, then
the defect groups of B are cyclic. So, we assume that S is as in line 5 of
the table. By Proposition 8.3, ¢ = 3, 3|[/(¢ — 1), Z # 1, and S may be as-
sumed to be the commutator subgroup of GF , where G = (Eg)aq- Denote
by B the unipotent block of G covering B. Let { € Irr(B) cover x, and
let t € G*F be such that § € S(éF,t). Since (@ has connected centre, again
by [22, Thm. B, Prop. 17], (and using the canonical correspondences between
unipotent e-cuspidal pairs for groups of the same type), CG‘ (t) contains a
unipotent e-cuspidal pair (L¢, A¢) such that [Ly, Li] = [L, L]. There are only
three classes of centralisers of semisimple elements of G*F = Ej (q)sc containing
Levi subgroups of type Dy4: one of type ®2.Dy(q), one of type ®1.D5(q), and
G* itself. For t € Z(G*), the elements of £(GF ) have the same restrictions
to S as the unipotent characters. Since 3 divides ¢ — 1 precisely once, there are
no 3-elements with centraliser ®;.D5(q). Finally, there is exactly one class of
elements of order 3 with centraliser H = ®2.D,(q). The Jordan correspondent
of x is therefore the unique (cuspidal) character Dy[1] in £(H, 1), X is the only
possible nonunipotent character in B , and it has height 1. Since the image of
¢ in the adjoint type group G*/Z(G*) has disconnected centraliser, the restric-
tion of ¥ to S has three irreducible constituents, which are thus of height zero.
In particular, (HZC1) is satisfied for B. Exactly the same reasoning applies to
the Ennola dual case, and a slight variation is valid for G of type F7. (]

Next we show that no other quasi-isolated block provides a minimal coun-
terexample to (HCZ1).

LEMMA 8.5. Let G be connected reductive such that G and G* have con-
nected centre. Let s € G*F' be a semisimple ¢ -element such that G and s satisfy

the assertions of Theorem 1.4 and that all e-cuspidal pairs (L, \) of G below
E(GT, s) satisfy

C&(Z(L){) =L, Cgr(Z(L);)=L",

and X is of central {-defect. Let t € G*F' be an (-element commuting with s,
and suppose that there exists a proper F-stable Levi subgroup M of G such that
the following hold:
(1) Cg*(st) S M*.
(2) M is e-split.
(3) One of the following holds:
(a) For all e-cuspidal pairs (L,\) of G below E(GY,s), Wer(L,\) is an
V' -group and there exists an F-stable Levi subgroup My of M such that
Cr+(s) < My and such that ¢ is good for M.
(b) £>5 and ¢ is good for M.

Then (x, GF) is not a minimal counterezample to (HZC1) for any x € £(GF, st).
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Proof. The hypotheses on G (and our results in Section 2) imply that
for any e-split Levi subgroup H of G and for any H-conjugacy class of
e-cuspidal pairs (L, \) of G below E(HT s) there is an ¢-block by r (L, \) of HF
in &(HY, s) such that all constituents of R (X) lie in Trr(byr (L, \)NE(HE, 5),
and such that (Z(L)¥,b.r()\)) is a centric byr (L, \)-Brauer pair. Moreover,
any f-block of HY in &(HT,s) is of the form byr(L,\) for some e-cuspidal
pair (L, \) of G below £(HF,s).

Let x € £(GF,st). By (1), there exists ¢ € £(MF, st) such that y =
+ RS (¢). Let b:= byr(L,\) be the ¢-block of M ¥ containing ¢ and set ¢ :=
bgr (L, \). Since Wy, r(L, ) is a subgroup of Wgr (L, A), by Proposition 2.7(e)
and (f) if ¢ has abelian defect groups, then b has abelian defect groups, and
Z(L)F is a defect group of both b and c. So, since ¢(1) < x(1) and ¢ and x
have the same /-defect, it suffices to prove that c¢ contains x, or equivalently
that d“¢" (y) € c.

We claim that for any ¢ € Irr(b) N E(MF s), all constituents of R§, (1))
lie in c. Indeed, note that by Proposition 2.10 in order to prove the claim,
it suffices to prove that Irr(b) N E(MF, s) is precisely the set of constituents
of RM(X). If (3b) holds, then this follows from the main theorem of [16].
Suppose that (3a) holds. Then for any e-split Levi subgroup H of G and
any e-cuspidal pair (L, A) of G below E(HF | s), (Z(LF), bZF(S\)) is a maximal
byr (L, \)-Brauer pair. Consequently, the map

(L,A) = byr(L, )

induces a bijection between the H¥-conjugacy classes of e-cuspidal pairs of
G below £(HY,s) and the set of ¢-blocks in E(HT,s), and Irr(byr (L, \)) N
E(HY, s) is precisely the set of constituents of R¥ ().

Now,

d"¢" (x) = £d“°" (R§;(¢)) = R§p (M (9)).

Hence, by the claim above, it suffices to prove that Irr(b) N E(MF,s) is an
¢-basic set for b. Suppose first that (3b) holds. Since G has connected centre,
so does M and by hypothesis, ¢ is good for M. So, by [26, Thm. A], Irr(b) N
E(MF | 5) is an f-basic set for b. In Case (3a), let by be the Bonnafé-Rouquier
correspondent of b in M{ . By the previous argument, applied to My instead
of M, Trr(bg) N E(M{E, s) is an f-basic set for by. The result follows as the
Bonnafé-Rouquier Morita equivalence preserves basic sets. ([

The next two results will allow us to verify the conditions of the previous
lemma for certain situations in FEj.

PROPOSITION 8.6. Let H be connected reductive with Steinberg endomor-
phism F. Let £ be a prime different from the defining characteristic of H, good
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for H, not dividing |Z(H)/Z°(H)|, and not a torsion prime, and set e = ey(q).
Assume that one of the following holds:

(1) e is the unique integer such that £|®.(q) and <I>e(q)’|HF\; or
(2) e € {1,2} and a Sylow e-torus of H is a mazimal torus.

Then the centraliser of any (-element 1 # t € HY lies in the centraliser of a
nontrivial e-torus.

Proof. Clearly it suffices to prove the assertion for t of order ¢. Let t
be of order ¢, and set C' := C¥%(t). Then C is a Levi subgroup of H, and
t € C (see [40, Prop. 14.1]). Moreover, t € Z(C), and as |Z(C)/Z°(C)| divides
|Z(H)/Z°(H)| by [23, Prop. 1.1.2(b)], we even have t € Z°(C'). Thus Z°(C) is
a torus with |Z°(C)¥| divisible by £. Under assumption (1) this implies that
Z°(C) contains a nontrivial e-torus 7, and thus C' < Cy(T).

In Case (2), let T denote a Sylow e-torus of H. Then t¢ is H-conjugate
to some element of 7', by [40, Cor. 6.11]. As ¢|®.(q), we see that all elements
of order ¢ of T are F-stable, and so they lie in TF. But the centraliser of ¢
is connected by [40, Ex. 20.16], hence t is even H'-conjugate to an element
of T by [40, Thm. 26.7]. We may assume that actually ¢ € TF. Then, in
particular, C' contains the maximal torus 7', whence Z°(C') < T is a nontrivial
e-torus. ([

LEMMA 8.7. Assume that GF' = Es(q) with ¢ = 1 (mod 3). Let s € GF
be a quasi-isolated 5-element such that F' induces a nonsplit Steinberg endo-
morphism on H := Cg(s). Then for any nontrivial 3-element t € HY | Cq(st)
is contained in a Levi subgroup My of G of classical type, which itself lies in a
proper 1-split Levi subgroup M of G.

Proof. According to Table 1 (or Table 6), we have H of type either
2A4(¢?) or 2A4(q)?. Tt is easy (using Jordan normal forms) to work out the
types of 3-elements in H and the isomorphism types of their centralisers; the
result is given in Table 11.

HF :2A4(q)2 HF :2A4(q2)
Cyr(t) 2°(Cyr(t)) | Cyr(t) Z°(Cyr (1))
GL2(q?)? O2P3 GLa(q%) D1 P,D,y
®1.GL2(¢*)GUs(q) ®2®3 ®1P9.GU3(¢%) @1P29,4
®1.GUs(q)? 1P
GL2(¢*)SUs(q) o7
©1.GU3(q)SUs(q) @199

Table 11. Centralisers of 3-elements in HY .
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Clearly, My := C(Z°(Cg(t))) and M := C(Z°(Cu(t))s,) are Levi sub-
groups of G containing C¢(st), My < M, and M is 1-split and proper. Further,
My has semisimple rank at most 8 — dim(Z°(Cy(t))). Hence it is of classical
type unless dim(Z°(Cy(t)) < 2, which happens precisely for the last two cen-
tralisers for H = 244(q)?. But there, Cp(t) is of type Ay + A, Ay + 24,
respectively, and these do not embed into a group of type Eg, by the Borel-de
Siebenthal algorithm (see [40, Thm. 13.12]). Hence in these cases as well, M
is of classical type. O

PROPOSITION 8.8. Suppose that G is simple, simply connected of excep-
tional type Fy, Eg, E7, or Eg and that £ is a bad prime for G. Let S = GF'/Z
for Z a central subgroup of G, and let B be an (-block of S such that the block
of G¥' lifting B is a quasi-isolated, nonunipotent block of abelian defect as in
Tables 2-8 or their Ennola duals. Then (x,S) is not a minimal counterexample
to (HZC1) for any x € Irr(B).

Proof. For Fy(q), by Proposition 3.5, B is one of the blocks numbered 3,
5, or 7 or their Ennola duals. Now note that in all three cases, the ¢-power in
the degrees of characters in Irr(B) N E(GY, s) is maximal among all elements
of &(GF,s), while on the other hand, they are of height zero in B. Hence, no
character in Irr(B) C &(G¥, s) can have positive height.

If S is of type Eg(q), then we note by Table 3 that B has abelian defect
groups only if the block of GI" lifting B has abelian defect groups. (Note that
in Lines 13 and 14 of the table the action of the relative Weyl group does not
become trivial on passing to G¥'/Z(G¥').) Hence, only the block numbered 15
has to be considered. Here, either we can apply the same argument as for Fy(q),
or alternatively observe that the defect groups are cyclic. The same arguments
apply to the unique quasi-isolated block with abelian defect group of 2Fg(q).

According to Proposition 5.3 and Table 4, for E;(g), again the defect
groups of B are abelian if and only if the defect groups of the block of G
lifting B are abelian. This occurs only for the blocks 4, 7, 11, 13, 16, and 18.
In all cases, the characters in Irr(B) N &(GT, s) have the maximal possible
£-part in their degree, so we conclude as before.

For FEs(q), the blocks with abelian defect were described in Proposi-
tions 6.4, 6.7, and 6.10. In particular, there are no cases when ¢ = 2. For
¢ = 3, we need to treat blocks 5, 11, and 13-17. Here, Cases 5 and 11 follow by
the standard argument on maximal ¢-power in the degrees. In the remaining
cases, that is, when s is a quasi-isolated 5-element with nonsplit centraliser,
conditions (1)-(3a) of Lemma 8.5 were shown to hold in Lemma 8.7, whence
the claim.

Finally assume that £ = 5. We conclude as before when &5 (GT,s) is a
single 5-block. It is straightforward to check that all other centralisers H of
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quasi-isolated elements s in Table 8 satisfy condition (1) of Proposition 8.6,
and those in Table 7 satisfy either (1) or (2). Thus there is a nontrivial e-
torus T' contained in the centre of Cg«r(st), and we let M < G be a Levi
subgroup in duality with Cg«r(T"). So M is proper in G and (1), (2), and (3b)
of Lemma 8.5 hold, which gives the claim. This completes the proof. O

8.3. Proof of (HZC1).

THEOREM 8.9. The ‘if part’ (HCZ1) of Brauer’s height zero conjecture
holds.

Proof. We investigate minimal counterexamples to the assertion. For this
let S be a finite group, p a prime, B a p-block of S with abelian defect group
D, and x € Irr(B) an irreducible character of B of positive height, such that
(x(1),|S]) is minimal with respect to the lexicographic ordering on such pairs.

Then by the principal result of [3], S is quasi-simple, with simple central
factor group X, say. We may assume that X is not alternating, by Olsson’s
result [47], respectively by Proposition 8.2 for the exceptional covering groups
of As and A;. (Note that for the double cover of 2, Olsson only treats the
odd primes, but the abelian defect groups of 2-blocks of the double covers of
the alternating groups are of order at most 4, and (HCZ1) is known for such
blocks by [19], [11].) Furthermore, X is not sporadic by Proposition 8.1, nor a
special linear or unitary group by the theorem of Blau and Ellers [4, Thm. 5],
respectively by Proposition 8.2 for their exceptional covering groups. Thus by
the classification of finite simple groups, X is a simple group of Lie type not
of type A,, or 24,,.

There is a simple algebraic group GG of simply-connected type with a Stein-
berg endomorphism F : G — G such that X = G¥/Z(G)F. (Recall that we
consider 2Fy(2)’ as a sporadic group.) Moreover, by Proposition 8.2 we may
assume that S = G¥'/Z for some central subgroup Z < Z(G)¥. Now first as-
sume that p is the defining prime for X. Then ged(p,|Z|) = 1, so any p-block
of S is also a p-block of G¥', with the same defect group. By the theorem of
Humphreys [31] the p-blocks of GI' are either of defect zero or of full defect.
But the Sylow p-subgroup of G is non-abelian unless G' = SLo, for which all
characters are either of height or of defect zero.

Thus, p is not the defining prime for G. Let G* be a group in duality with
G, thus of adjoint type, with compatible Steinberg morphism F : G* — G*.
Let By be the p-block of G containing the lift, say xo, of x to GF', and let
s € G*F be a semisimple p’-element such that By C &,(G, s).

Now assume first that p is a good prime for G and that p # 3 if ' is a
triality automorphism. Since G is not of type A, and p is good for G, p does
not divide | Z(G*")|. Hence By and B have isomorphic defect groups. So, x and
xo have equal degree and equal height. In particular, x¢ is not of zero height.
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Again since p is good for G and p # 3 if F is a triality automorphism, by
the theorem of Enguehard [23, Thm. 1.6], there is a reductive algebraic group
G(s) with a Steinberg endomorphism F' : G(s) — G(s) such that G(s)° is in
duality with Cg.(s), a p-block b of G(s)!" with isomorphic defect group D,
and a height preserving bijection Z : Irr(By) — Irr(b). Moreover, Z()(1)[1(1)
for all ¢ € Trr(Bp). Thus, if |G(s)!'| < |S|, then (Z(x),G(s)F) cannot be
a counterexample, so neither can (y,S). Hence, in this case we must have
|G(5)F| > |S|, so s € Z(G*) =1 (since G* is adjoint). So By is unipotent.
Since G is not of type A,, p is good and p # 3 when F' induces triality,
p is even (G, F)-excellent in the sense of Broué-Michel [13, Def. 1.11]. Thus,
by [13, Thm. 3.1] there is an isotypie between the unipotent block By and a
block b of the normaliser of some nontrivial p-subgroup; in particular, Brauer’s
height zero conjecture holds for By and hence for B, contradicting our choice.
Thus, either p is a bad prime for G, or p = 3 and F' induces triality.
Let M be an F-stable Levi-subgroup of G such that Cg«(s) < M* and s
is quasi-isolated in M*. Let Cy be the Bonnafé-Rouquier correspondent of
Bo in M¥. Then, ¢ > egepr RS/ (1) is a height preserving bijection between
Irr(Cp) and Irr(Bg). For ¢ € Irr(Cp) and 2z € GF, z € ker(v) if and only if
z € ker(egerr R, (1)). Hence, the character of Cy corresponding to xo via the
above bijection is the lift of a character, say 7, of M /Z to M¥. Let C be the
¢-block of M¥ /Z containing 7. By Theorem 7.16 the defect groups of C are
abelian and of the same size as the defect groups of B. (Note that Theorem 7.16
applies to the Sylow p-subgroup of Z and defect groups remain unchanged on
passing to quotients by p’-groups.) Now 7 and y have equal heights, and
7(1) < x(1). So, MY )Z=G¥ /Z, M =G and s is quasi-isolated in G*.
Assume first that p = 2 and G¥ is of classical type different from A,, or
2A,,. The quasi-isolated elements of G* are 2-elements, hence s = 1. But then
by [23, Prop. 1.5], B is the principal block of S and, in particular, has non-
abelian defect groups. Thus, S is of exceptional type. For the groups 2Bs(q?),
the only bad prime is the defining one, so this case does not occur here. The
height zero conjecture for the groups 2Ga(q?), Ga(q), *D4(q), and 2Fy(¢?) has
been checked by Ward [51], Hif§ [29], Deriziotis—Michler [20], and Malle [37]
respectively. So s is quasi-isolated in a quasi-simple exceptional group of Lie
type of rank at least 4 and p is a bad prime. In this case the claim is contained
in Propositions 8.4 and 8.8. This completes the proof of Theorem 8.9. O

9. Blocks with equal height zero degrees

Here, we complete the proof of Theorem 1.5. According to the result in
[39, Thm. 6.1] the only blocks left to consider are spin blocks (i.e., faithful
blocks) of the double cover of alternating groups and quasi-isolated blocks of
exceptional groups of Lie type of rank at least 4. The validity of Theorem 1.5
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for spin blocks of alternating groups has recently been shown by Gramain [28,
Thm. 4.1 and Cor. 4.2].

So we may assume that S is quasi-simple of exceptional Lie type in char-
acteristic p and that B is a quasi-isolated ¢-block of S with ¢ # p. It is
immediate from our explicit description of such blocks in Sections 3-6 and
the degree formula resulting from Lusztig’s Jordan decomposition of charac-
ters that the only quasi-isolated ¢-blocks with all height zero characters of the
same degree are those consisting of a single cuspidal character. In those cases,
the defect groups are central and, in particular, abelian. Together with the
criterion in [39, Thm. 4.1], the claim follows.
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