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Disparity in Selmer ranks of quadratic
twists of elliptic curves

By Zev Klagsbrun, Barry Mazur, and Karl Rubin

Abstract

We study the parity of 2-Selmer ranks in the family of quadratic twists

of an arbitrary elliptic curve E over an arbitrary number field K. We prove

that the fraction of twists (of a given elliptic curve over a fixed number field)

having even 2-Selmer rank exists as a stable limit over the family of twists,

and we compute this fraction as an explicit product of local factors. We give

an example of an elliptic curve E such that as K varies, these fractions are

dense in [0, 1]. More generally, our results also apply to p-Selmer ranks of

twists of 2-dimensional self-dual Fp-representations of the absolute Galois

group of K by characters of order p.
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Introduction

The type of question that we consider in this paper has its roots in a

conjecture of Goldfeld [6, Conj. B] on the distribution of Mordell-Weil ranks

in the family of quadratic twists of an arbitrary elliptic curve over Q and a

result of Heath-Brown [7, Th. 2] on the distribution of 2-Selmer ranks in the

family of quadratic twists over Q of the elliptic curve y2 = x3 − x.

We study here the distribution of the parities of 2-Selmer ranks in the

family of quadratic twists of an arbitrary elliptic curve E over an arbitrary

number field K. For example, let ρ(E/K) be the fraction of quadratic twists

of E/K that have odd 2-Selmer rank. Precisely, for real numbers X > 0, let

C(K,X) :=
¶
χ : GK → {±1} : χ is ramified only at primes q with Nq ≤ X

©
and define

ρ(E/K) := lim
X→∞

|{χ ∈ C(K,X) : dimF2 Sel2(Eχ/K) is odd}|
|C(K,X)|

.

It follows from a result of Monsky [16, Th. 1.5] along with root number calcu-

lations that ρ(E/Q) = 1/2 for every elliptic curve E/Q. It had already been

noticed (see [4]) that this is not true when Q is replaced by an arbitrary num-

ber field K, because there are examples with K 6= Q for which ρ(E/K) = 0,

and others with ρ(E/K) = 1. Our main theorem (see Theorem 7.6) evaluates

ρ(E/K).

Theorem A. Suppose E is an elliptic curve defined over a number field K .

Then for all sufficiently large X , we have

ρ(E/K) =
|{χ ∈ C(K,X) : dimF2 Sel2(Eχ/K) is odd}|

|C(K,X)|
= (1− δ(E/K))/2,

where δ(E/K) ∈ [−1, 1] ∩ Z[1/2] is given by an explicit finite product of local

factors (see Definition 7.4).

We call δ(E/K) the “disparity” in the distribution of 2-Selmer ranks of

twists of E. If K has a real embedding, then δ(E/K) = 0 so ρ(E/K) = 1/2

(see Corollary 7.10). On the other hand, Example 7.11 exhibits a particular

elliptic curve E/Q such that as K varies, the set {δ(E/K)} is dense in [−1, 1],

so {(1− δ(E/K))/2} is dense in [0, 1].

The finiteness of the 2-part of the Shafarevich-Tate group would imply

that the parity of the 2-Selmer rank is the same as the parity of the Mordell-

Weil rank. Thus one would expect that Theorem A holds with 2-Selmer rank

replaced by Mordell-Weil rank. Further, Theorem A suggests a natural gener-

alization of Goldfeld’s conjecture (see Conjecture 7.12).
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In a forthcoming paper [10], we will use the methods of this paper to

make a finer study of the distribution of 2-Selmer ranks, inspired by the work

of Heath-Brown [7], Swinnerton-Dyer [23], and Kane [9].

Our methods begin with those of [12] and [13]. Namely, we view all of

the Selmer groups Sel2(Eχ/K) as subspaces of H1(K,E[2]), defined by local

conditions that vary with χ. In this way we can attach a Selmer group to a

collection of local quadratic characters. The question of which collections of

local characters arise from global characters is an exercise in class field theory

(see Section 6).

To prove Theorem A, we show that the parity of dimF2 Sel2(Eχ/K) de-

pends only on the restrictions of χ to the decomposition groups at places

dividing 2∆E∞, where ∆E is the discriminant of some model of E (see Propo-

sition 7.2). (This is consistent with the behavior of the global root num-

bers of twists of E.) In particular, the map that sends a character χ ∈
Hom(GK , {±1}) to the parity of dimF2 Sel2(Eχ/K) factors through the fi-

nite quotient
∏
v|2∆E∞Hom(GKv , {±1}). Using this fact we are able to deduce

Theorem A.

There is another important ingredient in the proof of Theorem A. We

make essential use of a recent observation of Poonen and Rains [17] that the

local conditions that define the 2-Selmer groups we are studying are maximal

isotropic subspaces for a natural quadratic form on the local cohomology groups

H1(Kv, E[2]). We use this in a crucial way in the proof of Theorem 3.9, which

extends a result from [12] to include the case p = 2. Theorem 3.9 is a key

ingredient in the proof of Theorem A.

Our methods apply much more generally than to 2-Selmer groups of ellip-

tic curves, and throughout this paper we work in this fuller generality. Namely,

suppose p is any prime and T is a 2-dimensional Fp-vector space with

• an action of the absolute Galois group GK ,

• a nondegenerate GK-equivariant alternating µp-valued pairing, and

• a “global metabolic structure” (see Definition 3.3).

We also assume we are given “twisting data” (Definition 4.4) that allows us

to define a family of Selmer groups Sel(T, χ) as χ runs through characters of

GK of order p. We have analogues of Theorem A describing the distribution

of dimFp Sel(T, χ) in this setting.

For example, if E is an elliptic curve over K, then T := E[p], the kernel

of multiplication by p on E, comes equipped with all the structure we require.

When p > 2, the Selmer groups Sel(E[p], χ) are not Selmer groups of elliptic

curves, but they are Selmer groups of (p−1)-dimensional abelian varieties over

K that are twists of E in the sense of [14]. See Section 5, and see Theorem 8.2

for the analogue of Theorem A in this setting.
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The layout of the paper is as follows. Let T be a Galois module as above.

In Section 2 we derive some elementary properties of Lagrangian subspaces in

quadratic vector spaces that we will need in the sequel. In Section 3 we define

metabolic structures and Selmer groups in the generality we will need them.

The key result is Theorem 3.9, which shows how the parity of the Selmer rank

changes when we change some of the defining local conditions. In Section 4 we

define the Selmer groups associated to twists of T , and in Section 5 we show

how these Selmer groups reduce to classical Selmer groups of twists when

T = E[p] for an elliptic curve E/K.

Section 6 uses class field theory to allow us to go back and forth between

global characters and collections of local characters. In Section 7 we study

“parity disparity” when p = 2 and prove Theorem A. In Section 8 we obtain

similar but not identical results when p > 2.

1. Notation

Fix a number field K and a rational prime p. Let K̄ denote a fixed

algebraic closure of K, and let GK := Gal(K̄/K). Let µp denote the group of

p-th roots of unity in K̄.

Throughout this paper T will denote a 2-dimensional Fp-vector space

with a continuous action of GK and with a nondegenerate GK-equivariant

alternating pairing corresponding to an isomorphism

(1.1) ∧2 T
∼−→ µp.

We will use v (resp., q) for a place (resp., nonarchimedean place, or prime

ideal) of K. If v is a place of K, we let Kv denote the completion of K at v, and

Kur
v denotes its maximal unramified extension. We say that T is unramified at

v if the inertia subgroup of GKv acts trivially on T , and in that case we define

the unramified subgroup H1
ur(Kv, T ) ⊂ H1(Kv, T ) by

H1
ur(Kv, T ) := H1(Kur

v /Kv, T ) = ker[H1(Kv, T )→ H1(Kur
v , T )].

If c ∈ H1(K,T ) and v is a place of K, we will often abbreviate cv := locv(c)

for the localization of c in H1(Kv, T ).

We also fix a finite set Σ of places of K, containing all places where T is

ramified, all primes above p, and all archimedean places.

2. Metabolic spaces

For this section, fix a finite dimensional Fp-vector space V .

Definition 2.1. A quadratic form on V is a function q : V → Fp such that

• q(av) = a2q(v) for every a ∈ Fp and v ∈ V ,

• the map (v, w)q := q(v + w)− q(v)− q(w) is a bilinear form.



SELMER RANKS OF TWISTS OF ELLIPTIC CURVES 291

If X ⊂ V , we denote by X⊥ the orthogonal complement of X in V under the

pairing ( , )q. We say that (V, q) is a metabolic space if ( , )q is nondegenerate

and V has a subspace X such that X = X⊥ and q(X) = 0. Such a subspace

X is called a Lagrangian subspace of V .

For this section, if W is an Fp-vector space, we let ‖W‖ := dimFp(W ).

Lemma 2.2. Suppose (V, q) is a metabolic space, X is a Lagrangian sub-

space, and W is a subspace of V such that q(W ) = 0. Then W⊥ ∩X + W is

a Lagrangian subspace of V .

Proof. Exercise. See, for example, [17, Remark 2.4]. �

Lemma 2.3. Suppose (V, q) is a metabolic space and X , Y , and Z are

Lagrangian subspaces of V . Then

‖(X + Y ) ∩ Z‖ ≡ ‖(X ∩ Z) + (Y ∩ Z)‖ (mod 2).

Proof. We adapt the proof of [12, Prop. 1.3] (see also [8, Lemma 1.5.7]).

We define an alternating nondegenerate pairing on

((X + Y ) ∩ Z)/(X ∩ Z + Y ∩ Z),

as follows.

Suppose z, z′ ∈ (X + Y ) ∩ Z. Write z = x + y and z′ = x′ + y′ with

x, x′ ∈ X and y ∈ Y , and define

(2.1) [z, z′] := (x, y′)q.

Note that x and y′ are well defined modulo X ∩ Y = (X + Y )⊥, so [z, z′] does

not depend on the choice of x or y′. Thus [ , ] is a well-defined bilinear pairing

on (X + Y ) ∩ Z.

By definition, we have

[z, z] = (x, y)q = q(x+ y)− q(x)− q(y).

Since X, Y , and Z are Lagrangian, and x+ y = z, we have q(x+ y) = q(x) =

q(y) = 0, so [z, z] = 0 for every z; i.e., [ , ] is alternating (and therefore also

skew-symmetric).

If z ∈ Y ∩ Z, then we can take x = 0 in (2.1), so [z, z′] = 0 for every

z′. Using the skew-symmetry we deduce that Y ∩ Z is in the (left and right)

kernel of the pairing [ , ]. Similarly X ∩ Z, and hence X ∩ Z + Y ∩ Z, is in

the kernel.

Conversely, if z is in the kernel of this pairing, then (still writing z = x+y

with x ∈ X and y ∈ Y )

0 = [z, z′] = (x, y′)q = (x, z′)q = (x, z′ + x′′)q
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for every z′ ∈ (X + Y ) ∩ Z and x′′ ∈ X ∩ Y . Applying Lemma 2.2 with

W = X ∩ Y , W⊥ = X + Y , we see that

x ∈ ((X + Y ) ∩ Z +X ∩ Y )⊥ = (X + Y ) ∩ Z +X ∩ Y.

Thus, modifying x and y by an element of X ∩ Y , we may assume that x ∈ Z,

and then y = z − x ∈ Z as well, so z ∈ X ∩ Z + Y ∩ Z.

This completes the proof that the pairing (2.1) is alternating and nonde-

generate on ((X +Y )∩Z)/(X ∩Z +Y ∩Z). A standard argument now shows

that the dimension ‖((X + Y )∩Z)/(X ∩Z + Y ∩Z)‖ is even, and the lemma

follows. �

Proposition 2.4. Suppose (V, q) is a metabolic space and X , Y , and Z

are Lagrangian subspaces of V . Then

‖X ∩ Y ‖+ ‖Y ∩ Z‖+ ‖X ∩ Z‖ ≡ 1
2‖V ‖ = ‖X‖ = ‖Y ‖ = ‖Z‖ (mod 2).

Proof. For subspaces U,W of V , we have

‖U‖+ ‖W‖ = ‖U +W‖+ ‖U ∩W‖.

This identity gives the two equalities below, and Lemma 2.3 gives the congru-

ence:

‖X ∩ Y ‖+ ‖Y ∩ Z‖+ ‖X ∩ Z‖
= ‖X ∩ Y ‖+ ‖X ∩ Z + Y ∩ Z‖+ ‖X ∩ Y ∩ Z‖
≡ ‖X ∩ Y ‖+ ‖(X + Y ) ∩ Z‖+ ‖X ∩ Y ∩ Z‖ (mod 2)

= ‖(X + Y ) ∩ Z +X ∩ Y ‖+ 2‖X ∩ Y ∩ Z‖.

By Lemma 2.2, the subspace (X + Y ) ∩ Z + X ∩ Y is Lagrangian, and all

Lagrangian subspaces have the same dimension 1
2‖V ‖, so this completes the

proof. �

Corollary 2.5. Suppose (V, q) is a metabolic space and X , Y , and Z

are Lagrangian subspaces of V . Then

‖X/(X ∩ Y )‖+ ‖Y/(Y ∩ Z)‖+ ‖Z/(X ∩ Z)‖ ≡ 0 (mod 2).

Proof. This follows directly from Proposition 2.4. �

3. Metabolic structures and Selmer structures

In this section we define what we mean by a global metabolic structure

q on T and by a Selmer group for T and q. The main result is Theorem 3.9,

which shows how the parity of the Selmer rank changes when we change the

defining local conditions.

The cup product and the pairing (1.1) induce a pairing

H1(K,T )×H1(K,T )
∪−→ H2(K,T ⊗ T ) −→ H2(K,µp).
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If v is a place of K and Kv is the completion of K at v, then applying the

same construction over the field Kv gives local pairings

H1(Kv, T )×H1(Kv, T )
∪−→ H2(Kv, T ⊗ T ) −→ H2(Kv,µp).

For every v, there is a canonical inclusion H2(Kv,µp) ↪→ Fp that is an isomor-

phism unless either Kv = C, or Kv = R and p > 2. The local Tate pairing is

the composition

(3.1) 〈 , 〉v : H1(Kv, T )×H1(Kv, T ) −→ Fp.

The Tate pairings satisfy the following well-known properties.

Theorem 3.1.

(i) For every v, the pairing 〈 , 〉v is symmetric and nondegenerate.

(ii) If v /∈ Σ then H1
ur(Kv, T ) ⊂ H1(Kv, T ) is equal to its own orthogonal

complement under 〈 , 〉v .
(iii) If c, d ∈ H1(K,T ), then 〈cv, dv〉v = 0 for almost all v and

∑
v 〈cv, dv〉v = 0.

Proof. For (i) and (ii) see, for example, [15, Cor. I.2.3 and Th. I.2.6]. The

first part of (iii) follows from (ii), and the second follows from the fact that

the sum of the local invariants of an element of the global Brauer group is

zero. �

Definition 3.2. Suppose v is a place of K. We say that q is a Tate quadratic

form on H1(Kv, T ) if the bilinear form induced by q (Definition 2.1) is 〈 , 〉v.
If v /∈ Σ, then we say that q is unramified if q(x) = 0 for all x ∈ H1

ur(Kv, T ).

Definition 3.3. Suppose T is as above. A global metabolic structure q on

T consists of a Tate quadratic form qv on H1(Kv, T ) for every place v such

that

(i) (H1(Kv, T ), qv) is a metabolic space for every v;

(ii) if v /∈ Σ, then qv is unramified;

(iii) if c ∈ H1(K,T ), then
∑
v qv(cv) = 0.

Note that if c ∈ H1(K,T ), then cv ∈ H1
ur(Kv, T ) for almost all v, so the

sum in Definition 3.3(iii) is finite.

Lemma 3.4. If p > 2, then there is a unique Tate quadratic form qv on

H1(Kv, T ) for every v, and a unique global metabolic structure on T .

Proof. Since p 6= 2, for every v there is a unique Tate quadratic form qv
on H1(Kv, T ); namely,

qv(x) := 1
2〈x, x〉v.

If v /∈ Σ, then qv is unramified by Theorem 3.1(ii), and if c ∈ H1(K,T ), then∑
v qv(cv) = 1

2

∑
v 〈cv, cv〉v = 0 by Theorem 3.1(iii). �
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Remark 3.5. Suppose p = 2 and q = {qv : v of K} is a global metabolic

structure on T . If c ∈ H1(K,T ) is such that cv ∈ H1
ur(Kv, T ) for every v /∈ Σ,

then for every v we can define a new Tate quadratic form q′v on H1(Kv, T ) by

q′v(x) := qv(x) + 〈x, cv〉v.

It is straightforward to check (using Theorem 3.1) that q′ := {q′v} is again a

global metabolic structure on T , and if c 6= 0, then q′ 6= q.

Definition 3.6. Suppose v is a place of K and qv is a quadratic form on

H1(Kv, T ). Let

H(qv) := {Lagrangian subspaces of (H1(Kv, T ), qv)}.

If v /∈ Σ, then

Hram(qv) := {X ∈ H(qv) : X ∩H1
ur(Kv, T ) = 0}.

Lemma 3.7. Suppose v /∈ Σ and qv is a Tate quadratic form on H1(Kv, T ).

Let dv := dimFp T
GKv . Then

(i) dimFp H
1(Kv, T ) = 2dv ;

(ii) every X ∈ H(qv) has dimension dv ;

(iii) if dv > 0 and qv is unramified, then |Hram(qv)| = pdv−1.

Proof. Since the pairing 〈 , 〉v is nondegenerate, every Lagrangian sub-

space of H1(Kv, T ) has dimension 1
2 dimFp H

1(Kv, T ). Since v /∈ Σ, The-

orem 3.1(ii) shows that H1
ur(Kv, T ) is Lagrangian. We have H1

ur(Kv, T ) =

T/(Frobv − 1)T (see, for example, [22, §XIII.1]), so the exact sequence

0 −→ TGKv −→ T
Frobv−1−−−−−→ T −→ T/(Frobv − 1)T −→ 0

shows that dimFp H
1
ur(Kv, T ) = dv. This proves (i) and (ii).

Assertion (iii) follows from a calculation [17, Prop. 2.6(b,e)] of Poonen

and Rains. �

Definition 3.8. Suppose T is as above and q is a global metabolic structure

on T . A Selmer structure S for (T,q) (or simply for T , if q is understood)

consists of

• a finite set ΣS of places of K, containing Σ;

• for every v ∈ ΣS , a Lagrangian subspace H1
S(Kv, T ) ⊂ H1(Kv, T ).

If S is a Selmer structure, we set H1
S(Kv, T ) := H1

ur(Kv, T ) if v /∈ ΣS , and we

define the Selmer group H1
S(K,T ) ⊂ H1(K,T ) by

H1
S(K,T ) := ker(H1(K,T ) −→⊕

v
H1(Kv, T )/H1

S(Kv, T )),

i.e., the subgroup of c ∈ H1(K,T ) such that cv ∈ H1
S(Kv, T ) for every v.
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Theorem 3.9. Suppose S and S ′ are two Selmer structures for T . Then

dimFp H
1
S(K,T )− dimFp H

1
S′(K,T )

≡
∑

v∈ΣS∪ΣS′

dimFp H
1
S(Kv, T )/(H1

S(Kv, T ) ∩H1
S′(Kv, T )) (mod 2).

Proof. When p > 2, this is [12, Th. 1.4]. We will prove this for all p using

Proposition 2.4.

Let Σ′ := ΣS ∪ΣS′ . Define V =
∏
v∈Σ′ H1(Kv, T ), so (V,

∑
v qv) is a meta-

bolic space. Let locΣ′ : H1(K,T ) → V denote the product of the localization

maps. Define three subspaces of V :

• X :=
∏
v∈Σ′ H1

S(Kv, T ),

• Y :=
∏
v∈Σ′ H1

S′(Kv, T ),

• Z is the image under locΣ′ of ker(H1(K,T )→ ⊕
v/∈Σ′

H1(Kv, T )/H1
ur(Kv, T )).

The spaces X and Y are Lagrangian by definition of Selmer structure. That

Z is also Lagrangian can be seen as follows. We have Z⊥ = Z by Poitou-Tate

global duality (see, for example, [15, Th. I.4.10], [24, Th. 3.1], or [19, Th. 1.7.3]).

If z ∈ Z, then z = locΣ′(s) with s ∈ H1(K,T ) satisfying sv ∈ H1
ur(Kv, T ) for

every v /∈ Σ′. Then qv(sv) = 0 if v /∈ Σ′ by Definition 3.3(ii), soÄ∑
v∈Σ′

qv
ä
(z) =

∑
v∈Σ′

qv(sv) =
∑
all v

qv(sv) = 0

by Definition 3.3(iii). Thus Z is Lagrangian.

Note that from the definitions, we have exact sequences

0 // A // H1
S(K,T )

locΣ′ // X ∩ Z // 0,

0 // A // H1
S′(K,T )

locΣ′ // Y ∩ Z // 0,

where the kernel A in both sequences is

A = ker
Ä
H1(K,T ) −→ ⊕

v/∈Σ′
H1(Kv, T )/H1

ur(Kv, T )
⊕
v∈Σ′

H1(Kv, T )
ä
.

Thus by Proposition 2.4, we have

dimFp H
1
S(K,T )− dimFp H

1
S′(K,T ) = dimFp(Y ∩ Z)− dimFp(X ∩ Z)

≡ dimFp(X/(X ∩ Y )) (mod 2).

SinceX/(X∩Y ) =
∏
v∈Σ′ H1

S(Kv, T )/(H1
S(Kv, T )∩H1

S′(Kv, T )), this completes

the proof of the theorem. �
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4. Twisted Selmer groups

Given T as above (and some additional “twisting data”; see Definition 4.4),

in this section we show how to attach to every character χ ∈ Hom(GK ,µp)

a Selmer group Sel(T, χ). More generally, we attach a Selmer group Sel(T, γ)

to every collection of local characters γ = (γv) with γv ∈ Hom(GKv ,µp) for

v in some finite set containing Σ. Our main result is Theorem 4.11, which

uses Theorem 3.9 to show how the parity of the Selmer rank changes when we

change some of the γv.

Definition 4.1. If L is a field, define

C(L) := Hom(GL,µp).

(Throughout this paper, “Hom” will always mean continuous homomorphisms.)

If L is a local field, we let Cram(L) ⊂ C(L) denote the subset of ramified char-

acters. In this case, local class field theory identifies C(L) with Hom(L×,µp),

and Cram(L) is then the subset of characters nontrivial on the local units O×L .

Let 1L ∈ C(L) denote the trivial character.

There is a natural action of Aut(µp) = F×p on C(L), and we let F(L) :=

C(L)/Aut(µp). Then F(L) is naturally identified with the set of cyclic exten-

sions of L of degree dividing p, via the correspondence that sends χ ∈ C(L) to

the fixed field L̄ker(χ) of ker(χ) in L̄. If L is a local field, then Fram(L) denotes

the set of ramified extensions in F(L).

Definition 4.2. For 1 ≤ i ≤ 2, define

Pi := {q : q /∈ Σ, µp ⊂ Kq and dimFp T
GKq = i},

and P0 := {q : q /∈ Σ ∪ P1 ∪ P2}. Define the width w(q) ∈ {0, 1, 2} of a prime

q of K, q /∈ Σ, by w(q) := i if q ∈ Pi.

Let K(T ) denote the field of definition of the elements of T , i.e., the fixed

field in K̄ of ker(GK → Aut(T )).

Lemma 4.3. Suppose q is a prime of K , q /∈ Σ. Let Frobq ∈ Gal(K(T )/K)

be a Frobenius element for some choice of prime above q. Then

(i) q ∈ P2 if and only if Frobq = 1,

(ii) q ∈ P1 if and only if Frobq has order exactly p,

(iii) q ∈ P0 if and only if Frobpq 6= 1.

In particular, P2 has positive density in the set of all primes of K and P1 has

positive density if and only if p | [K(T ) : K].

Proof. Fix an Fp-basis of T so that we can view Frobq ∈ GL2(Fp). Then

by (1.1),

µp ⊂ Kq ⇐⇒ Frobq acts trivially on µp ⇐⇒ det(Frobq) = 1.
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Since q /∈ Σ, T is unramified at q, so TGKq = TFrobq=1, the subspace of T

fixed by Frobq. We have dimFp T
Frobq=1 = 2 if and only if Frobq = 1, and if

det(Frobq) = 1, then dimFp T
Frobq=1 = 1 if and only if Frobq has order p. This

proves the lemma. �

Definition 4.4. Suppose T , Σ are as above and q is a global metabolic

structure on T . By twisting data we mean

(i) for every v ∈ Σ, a (set) map

αv : C(Kv)/Aut(µp) = F(Kv) −→ H(qv);

(ii) for every v ∈ P2, a bijection

αv : Cram(Kv)/Aut(µp) = Fram(Kv) −→ Hram(qv).

Remark 4.5. Note that if v ∈ P2, then |Fram(Kv)| = p = |Hram(qv)|, the

first equality by local class field theory (since by definition v - p and µp ⊂ K×v )

and the second by Lemma 3.7(iii).

On the other hand, if v ∈ P1, then Hram(qv) has exactly one element by

Lemma 3.7(iii), and if v ∈ P0, then either H1(Kv, T ) = 0 by Lemma 3.7(i), or

µp 6⊂ Kv so Cram(Kv) is empty. Thus if v ∈ P0∪P1, then there is a unique map

Cram(Kv)→ Hram(qv). That is why these maps do not need to be specified as

part of the twisting data.

If χ ∈ C(K) and v is a place of K, we let χv ∈ C(Kv) denote the restriction

of χ to GKv .

Definition 4.6. Let

D := {squarefree products of primes q ∈ P1 ∪ P2},

and if d ∈ D let d1 (resp., d2) be the product of all primes dividing d that lie

in P1 (resp., P2), so d = d1d2. For every d ∈ D, define the width of d by

w(d) :=
∑
q|d
w(q) = |{q : q | d1}|+ 2 · |{q : q | d2}|.

Let Σ(d) := Σ ∪ {q : q | d} ⊂ Σ ∪ P1 ∪ P2 and

C(d) := {χ ∈ C(K) : χ is ramified at all q dividing d,

and unramified outside of Σ(d) ∪ P0}.

Define a finite set

Γd :=
∏
v∈Σ

C(Kv) ×
∏
q|d2

Cram(Kq),

and let ηd : C(d)→ Γd and η : C(K)→ Γ1 denote the natural maps

ηd(χ) := (. . . , χv, . . .)v∈Σ(d2), η(χ) := (. . . , χv, . . .)v∈Σ.
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Note that C(Kv) is a group and that Cram(Kv) is not a group but it is closed

under multiplication by unramified characters. Since C(d) is the fiber over d

of the map C(K)→ D that sends χ to the part of its conductor supported on

P1 ∪ P2, we have C(K) =
∐

d∈D C(d).

Definition 4.7. Given T , q, and twisting data as in Definition 4.4, we

define a Selmer structure S(γ) for every d ∈ D and γ = (γv)v ∈ Γd as follows.

• Let ΣS(γ) := Σ(d).

• If v ∈ Σ, then let H1
S(γ)(Kv, T ) := αv(γv).

• If v | d1, let H1
S(γ)(Kv, T ) be the unique element of Hram(qv).

• If v | d2, let H1
S(γ)(Kv, T ) := αv(γv) ∈ Hram(qv).

If γ ∈ Γd, we will also write Sel(T, γ) := H1
S(γ)(K,T ), and if χ ∈ C(d), then we

define
Sel(T, χ) := Sel(T, ηd(χ)).

Remark 4.8. It is clear from the definition that Sel(T, χ) depends only on

the extension of K cut out by χ; i.e., Sel(T, χ) = Sel(T, χi) for all i ∈ F×p .

However, when we later count the twists Sel(T, χ) with certain properties,

it will be convenient to deal with C(K) rather than F(K) because C(K) is

a group. In any case the natural map C(K) � C(K)/Aut(µp) = F(K) is

(p − 1)-to-one except for the single fiber consisting of the trivial character,

so it is simple to go from counting results for C(K) to results for F(K). In

particular, when p = 2 the natural map C(K)→ F(K) is a bijection.

Remark 4.9 (Remarks about twisting data). Our definition of twisting

data is designed to ensure that for v /∈ Σ, all subspaces V ∈ Hram(qv) occur

with equal frequency as we run over characters χ ∈ C(K) that are ramified

at v. That fact is all we require to prove our results in Sections 7 and 8 about

the rank statistics of Sel(T, χ). In particular, the conclusions of Theorems 7.6

and 8.2 below do not depend on the choice of twisting data for (T,q).

We will see in Section 5 that when E is an elliptic curve over K, p is

a rational prime, and T = E[p], then there are a natural global metabolic

structure on E[p] and natural twisting data such that for every χ ∈ C(K),

Sel(E[p], χ) is a classical Selmer group of a twist of E (an abelian variety

twist, when p > 2). An analogous statement should hold for more general

(self-dual) motives and their Bloch-Kato p-Selmer groups, so our results below

should also apply to Bloch-Kato Selmer groups in families of twists.

Definition 4.10. If v ∈ Σ and ψ,ψ′ ∈ C(Kv), define

hv(ψ,ψ
′) := dimFp αv(ψ)/(αv(ψ) ∩ αv(ψ′)).

Theorem 4.11. Suppose d ∈ D, γ ∈ Γ1, and γ′ ∈ Γd. Then

dimFp Sel(T, γ)− dimFp Sel(T, γ′) ≡
∑
v∈Σ

hv(γv, γ
′
v) + w(d) (mod 2).
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Proof. We will deduce this from Theorem 3.9. Suppose q | d. Then by

definition, H1
S(γ)(Kq, T ) = H1

ur(Kq, T ) since q /∈ ΣS(γ), and H1
S(γ′)(Kq, T ) ∈

Hram(qq), so

H1
S(γ)(Kq, T ) ∩H1

S(γ′)(Kq, T ) = 0.

Also by definition, we have H1
S(γ)(Kv, T ) = αv(γv) if v ∈ Σ, and similarly

for γ′. Now applying Theorem 3.9 with S = S(γ) and S ′ = S(γ′) shows that

dimFp Sel(T,γ)− dimFp Sel(T, γ′)

≡
∑
v∈Σ

dimFp αv(γv)/(αv(γv) ∩ αv(γ′v)) +
∑
q|d

dimFp(H
1
ur(Kq, T ))

=
∑
v∈Σ

hv(γv, γ
′
v) +

∑
q|d
w(q) (mod 2),

using that if q ∈ P1 ∪ P2, then dimFp H
1
ur(Kq, T ) = w(q) by Lemma 3.7(ii).

This proves the theorem. �

Corollary 4.12. Suppose d ∈ D and χ ∈ C(d). Then

dimFp Sel(T, χ) ≡ dimFp Sel(T, η(χ)) + w(d) (mod 2).

Proof. Let γ = η(χ) and γ′ = ηd(χ). If v ∈ Σ, then η(χ)v = χv = ηd(χ)v,

so hv(γv, γ
′
v) = 0. Now the corollary follows from Theorem 4.11. �

5. Example: twists of elliptic curves

For this section, fix an elliptic curve E defined over K, a prime p, and let

T := E[p]. We will show that this T comes equipped with the extra structure

that we require and that with an appropriate choice of twisting data, the

Selmer groups Sel(E[p], χ) are classical p-Selmer groups of twists of E.

The module T = E[p] satisfies the hypotheses of Section 1, with the

pairing (1.1) given by the Weil pairing. Let Σ be a finite set of places of K

containing all archimedean places, all places above p, and all primes where E

has bad reduction. Let O denote the ring of integers of the cyclotomic field of

p-th roots of unity, and let p denote the (unique) prime of O above p.

If p > 2, there is a unique global metabolic structure qE = (qE,v) on E[p]

(Lemma 3.4). For general p, there is a canonical global metabolic structure

qE on E[p] constructed from the Heisenberg group; see [17, §4]. In the proof

of Lemma 5.2(ii) we recall this construction when p = 2.

We next define twisting data for (E[p],Σ,qE) in the sense of Definition 4.4.

Definition 5.1. Suppose χ ∈ C(K) (or χ ∈ C(Kv)) is nontrivial. If p = 2,

we let Eχ denote the quadratic twist of E by χ. For general p, let F denote

the cyclic extension of K (resp., Kv) of degree p corresponding to χ, and let

Eχ denote the abelian variety denoted EF in [14, Def. 5.1].
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Concretely, if χ ∈ C(K) and χ 6= 1K , then Eχ is an abelian variety of

dimension p− 1 over K, defined to be the kernel of the canonical map

ResFK(E) −→ E,

where ResFK(E) denotes the Weil restriction of scalars of E from F to K. The

character χ induces an inclusion O ⊂ EndK(Eχ) (see [14, Th. 5.5(iv)]).

For χ ∈ C(K), let qEχ = (qEχ,v) be the unique global metabolic structure

on Eχ[p] if p > 2. If p = 2, we let qEχ be the canonical global metabolic

structure on the elliptic curve Eχ.

If p = 2, then the two definitions above of Eχ agree, with O = Z, and

p = 2.

Lemma 5.2. (i) There is a canonical GK-isomorphism Eχ[p] ∼= E[p].

(ii) The isomorphism of (i) identifies qEχ,v with qE,v for every v and every

χ ∈ C(Kv).

Proof. Assertion (i) follows directly from the definition of quadratic twist

when p = 2 (or see the proof of (ii) below). For general p, see [14, Th. 2.2(iii)]

or [12, Prop. 4.1].

The isomorphism of (i) identifies the Weil pairings on Eχ[p] and E[p], and

hence it identifies the local Tate pairings on H1(Kv, E
χ[p]) and H1(Kv, E[p])

for every v. Thus when p > 2, assertion (ii) follows from the uniqueness of

the Tate quadratic form on T (Lemma 3.4). When p = 2, we use an explicit

construction of the quadratic form qE,v. Let K̄v(E) denote the function field

of E over K̄v. Following [3, Prop. 1.32] we define the Heisenberg (or theta)

group

ΘE := {(f, P ) ∈ K̄v(E)× E[2] : the divisor of f is 2[P ]− 2[O]}

with group law

(f, P ) · (g,Q) := (τ∗Q(f)g, P +Q),

where τQ is translation by Q on E. The projection ΘE → E[2] induces an

exact sequence

(5.1) 1 −→ K̄×v −→ ΘE −→ E[2] −→ 0.

We view ΘE as an extension of E[2] by Gm, functorial in the sense that if E′

is another elliptic curve over Kv and λ : E → E′ is an isomorphism over K̄v,

then λ induces an isomorphism λ∗ : ΘE′ → ΘE over K̄v (which commutes with

(5.1) in the obvious sense). It is easy to see that the map

Isom(E,E′) −→ Isom(ΘE′ ,ΘE)

defined by λ 7→ λ∗ is a GKv -equivariant homomorphism.
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With this notation, qE,v : H1(Kv, E[2]) → H2(Kv, K̄
×
v ) ⊂ Q/Z is the

connecting map of the long exact sequence of (nonabelian) Galois cohomology

attached to (5.1).

Fix an isomorphism λ : E → Eχ defined over the quadratic field cut out

by χ. For every σ ∈ GKv , we have λσ = λ ◦ [χ(σ)], where [χ(σ)] : E → E is

multiplication by χ(σ) = ±1. Thus the isomorphism λ∗ : ΘEχ → ΘE induced

by λ satisfies (λ∗)σ = (λσ)∗ = [±1]∗ ◦ λ∗.
Clearly [−1] acts trivially on E[2]. Suppose f ∈ K̄v(E) has divisor 2[P ]−

2[O] with P ∈ E[2] − O. If we fix a Weierstrass model of E with coordinate

functions X,Y , then f is a constant multiple of X − X(P ), so f ◦ [−1] = f .

Hence [−1]∗ is the identity on ΘE so, in fact, (λ∗)σ = λ∗ for every σ ∈ GKv .
Hence ΘEχ and ΘE are isomorphic over Kv as extensions of E[2], so by the

definition above, we have qEχ,v = qE,v. �

Definition 5.3. Let π denote any generator of the ideal p of O. If v is a

place of K and χ ∈ C(Kv), define αv(χ) to be the image of the composition of

the Kummer “division by π” map with the isomorphism of Lemma 5.2(i)

αv(χ) := image
Ä
Eχ(Kv)/pE

χ(Kv) ↪→ H1(Kv, E
χ[p])

∼−→ H1(Kv, E[p])
ä
.

Note that αv(χ) is independent of the choice of generator π.

Lemma 5.4. For every place v and χ ∈ C(Kv), we have αv(χ) ∈ H(qE,v).

Proof. If p = 2, then [17, Prop. 4.10] shows for every v that the image

of Eχ(Kv)/2E
χ(Kv) in H1(Kv, E

χ[2]) is a Lagrangian subspace for qv,Eχ . If

p > 2, then [12, Prop. A.7] (together with Lemma 3.4) shows that αv(χ) is a

Lagrangian subspace for the (unique) Tate quadratic form on H1(Kv, E
χ[p]),

and hence for qv,Eχ . Now the lemma follows from Lemma 5.2(ii). �

As in Definition 4.10, let hv(χ, χ
′) := dimFp(αv(χ)/(αv(χ) ∩ αv(χ′))).

Lemma 5.5. Suppose that v is a place of K and that χ ∈ C(Kv). Let

F/Kv be the cyclic extension cut out by χ. Then

hv(1v, χ) = dimFp E(Kv)/NF/KvE(F ).

Proof. When p = 2, this is due to Kramer [11, Prop. 7]. For general p,

this is [12, Corollary 5.3]. (That result is stated only for p > 2, but the proof

for p = 2 is the same.) �

Lemma 5.6. Suppose p = 2, v ∈ Σ, and ψ ∈ C(Kv). Let

αψv : C(Kv) −→ H(qEψ ,v) = H(qE,v)
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and hψv (1v, χ) := dimF2(αψv (1v)/(α
ψ
v (1v) ∩ αψv (χ))) be as defined in Defini-

tions 5.3 and 4.10, respectively, for Eψ instead of E. Then

hψv (1v, χ) = hv(ψ, χψ) ≡ hv(1v, ψ) + hv(1v, χψ) (mod 2).

Proof. It follows directly from Definition 5.3 that αψv (χ) = αv(χψ) for

every χ ∈ C(Kv). This proves the equality, and the congruence follows from

Corollary 2.5 applied to the Lagrangian subspaces αv(1v), αv(ψ), and αv(ψχ).

�

Lemma 5.7. Suppose p > 2, v ∈ P2, and χ ∈ C(Kv) is nontrivial. If F is

the cyclic extension of Kv corresponding to χ, then

αv(χ) = Hom(Gal(F/Kv), E[p]) ⊂ Hom(GKv , E[p]) = H1(Kv, E[p]).

Proof. Let G := Gal(F/Kv). Fix a generator σ of G, and let π = 1 −
χ(σ) ∈ O, so πO = p. Let I := (σ−1)Z[G] be the augmentation ideal of Z[G].

By [14, Th. 2.2(ii)], we have an isomorphism of O[GKv ]-modules

Eχ[p] = I ⊗Z E[p],

where γ ∈ GKv acts by γ−1 ⊗ γ on I ⊗ E[p], and π acts as multiplication by

(1− σ)⊗ 1 on I ⊗E[p]. Since v ∈ P2, GKv acts trivially on E[p], and GF acts

trivially on both I and E[p]. Hence

Eχ(Kv)[p] = Eχ[p]GKv = (I ⊗Z E[p])GKv(5.2)

= (I ⊗Z E[p])σ=1 = (I ⊗Z E[p])π=0 = Eχ[p],

Eχ(F )[p] = Eχ[p]GF = (I ⊗Z E[p])GF = I ⊗Z E[p] = Eχ[p].(5.3)

Since p > 2, we have p2 | p, so it follows from (5.2) that Eχ(Kv)[p
∞] =

Eχ[p]. Therefore since v - p∞, we have Eχ(Kv) ∼= Eχ[p] × B with a profinite

abelian group B such that pB = B, so we deduce from (5.3) that Eχ(Kv) ⊂
πEχ(F ). Identifying H1(Kv, E[p]) with Hom(GKv , E[p]), it follows from Def-

inition 5.3 that if c ∈ αv(χ) ⊂ Hom(GKv , E[p]), then c(GF ) = 0. Thus

αv(χ) ⊂ Hom(Gal(F/Kv), E[p]). By Lemma 3.7(ii), we have dimFp αv(χ) =

2 = dimFp Hom(Gal(F/Kv), E[p]), which completes the proof. �

Proposition 5.8. The maps αv of Definition 5.3, for v ∈ Σ and v ∈ P2,

give twisting data as in Definition 4.4.

Proof. It follows from the definition that αv(χ) depends only on the ex-

tension of Kv cut out by χ.

By Lemma 5.4, αv(χ) ∈ H(qE,v) for every v and every χ ∈ C(Kv). Thus

αv satisfies Definition 4.4(i) for v ∈ Σ.

Now suppose that v ∈P2. If χ∈Cram(Kv), then αv(χ)∩H1
ur(Kv, T ) = 0 by

[13, Lemma 2.11], so αv(χ)∈Hram(qE,v). To complete the proof of the propo-

sition we need only show that the map αv : Cram(Kv)/Aut(µp)→Hram(qE,v)



SELMER RANKS OF TWISTS OF ELLIPTIC CURVES 303

is a bijection. Since

|Cram(Kv)/Aut(µp)| = p = |Hram(qE,v)|

by local class field theory and Lemma 3.7(iii), we only need to show the injec-

tivity of αv, and when p > 2 this follows from Lemma 5.7.

Suppose p = 2. Let ψ, χ ∈ C(Kv) be a ramified and nontrivial unramified

character, respectively. Then Cram(Kv) = {ψ, χψ}, so we need only show that

αv(ψ) 6= αv(χψ).

Let F be the unramified quadratic extension of Kv. Since v ∈ P2, we have

that v - 2, E has good reduction at v, and GKv acts trivially on E[2]. Since ψ

is ramified over F , Eψ has additive reduction over F above v. Tate’s algorithm

[25] shows that Eψ(F )[2∞] = Eψ(F )[2] = Eψ(Kv)[2] = E[2], and so Eψ(Kv)

and Eψ(F ) are each isomorphic to the product of the Klein 4-group E[2] with

profinite abelian groups of odd order. Hence NF/KvE
ψ(F ) = 2Eψ(Kv), so by

Lemmas 5.5 and 5.6,

2 = hψv (1v, χ) = hv(ψ, χψ) = dimF2(αv(ψ)/(αv(ψ) ∩ αv(χψ)))

and, in particular, αv(ψ) 6= αv(χψ). �

Proposition 5.9. With the twisting data of Definition 5.3, and any gen-

erator π of p, for χ ∈ C(K) we have that Sel(E[p], χ) ∼= Selπ(Eχ/K), the

usual π-Selmer group of Eχ/K . In particular, when p = 2, Sel(E[2], χ) =

Sel2(Eχ/K) is the classical 2-Selmer group of Eχ/K .

Proof. Let d ∈ D be such that χ ∈ C(d). By definition,

Selπ(Eχ/K) ∼= {c ∈ H1(K,E[p]) : cv ∈ αv(χ) for every v}

with αv(χ) as in Definition 5.3. Thus we need to show that H1
S(γ)(Kv, T ) =

αv(χ) for every v, where γ := ηd(χ) ∈ Γd.

If v ∈ Σ, or if v | d and v ∈ P2, then this is the definition of H1
S(γ)(Kv, T ).

If v ∈ P0 and χ is ramified at v, then H1(Kv, T ) = 0 by Lemma 3.7(i), and if

v /∈ Σ and χ is unramified at v, then αv(χ) = H1
ur(Kv, T ) by [1, Lemma 4.1],

so in those cases we also have H1
S(γ)(Kv, T ) = αv(χ).

It remains only to check those v such that v | d and v ∈ P1. In that case

αv(χ) ∩H1
ur(Kv, T ) = 0 by [13, Lemma 2.11], so αv(χ) ⊂ Hram(qE,v). But in

this case |Hram(qE,v)| = 1 by Lemma 3.7(iii), and H1
S(γ)(Kv, T ) is the unique

element of Hram(qE,v) by definition, so H1
S(γ)(Kv, T ) = αv(χ) in this case also.

This completes the proof. �

Remark 5.10. Definition 5.1 of Eχ shows that Eχ depends only on the

field cut out by χ, not on the choice of character χ itself. As mentioned in

Remark 4.8, it is easier to count characters of order p than cyclic extensions

of degree p, because the set of characters is a group.
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If F/K is the cyclic extension cut out by χ 6= 1K , then the short exact

sequence 0 → Eχ → ResFK(E) → E → 0 of Definition 5.1 gives an identity of

Mordell-Weil ranks

rank(E(F )) = rank(ResFK(E)(K)) = rank(E(K)) + rank(Eχ(K)).

In particular, if Sel(E[p], χ) = 0, then by Proposition 5.9 we have rank(E(F )) =

rank(E(K)).

6. Local and global characters

For the rest of this paper we fix T and Σ as in Section 1, a global metabolic

structure q on T as in Definition 3.3, and twisting data as in Definition 4.4.

Recall that K(T ) is the field of definition of the elements of T , i.e., the fixed

field in K̄ of ker(GK → Aut(T )).

For the rest of this paper we assume also that

(6.1) Pic(OK,Σ) = 0

and

(6.2) O×K,Σ/(O
×
K,Σ)p −→

∏
v∈Σ

K×v /(K
×
v )p is injective,

where OK,Σ is the ring of Σ-integers of K, i.e., the elements that are integral

at all q /∈ Σ.

Lemma 6.1. Conditions (6.1) and (6.2) can always be satisfied by enlarg-

ing Σ if necessary.

Proof. First, enlarge Σ if necessary by adding primes q whose classes gen-

erate the ideal class group of OK . After this we will have (6.1). Further

increases will preserve this condition.

Let fΣ denote the natural map O×K,Σ/(O
×
K,Σ)p → ∏

v∈ΣK
×
v /(K

×
v )p, and

suppose u ∈ ker(fΣ) is nontrivial. The kernel of

K×/(K×)p → K(µp)
×/(K(µp)

×)p

is H1(K(µp)/K,µp) = 0, so u /∈ (K(µp)
×)p and [K(µp, u

1/p) : K(µp)] = p.

Let q be a prime of K whose Frobenius automorphism in Gal(K(µp, u
1/p)/K)

has order p. Then u /∈ (K×q )p, so fΣ∪{q}(u) 6= 1.

Let Σ′ := Σ ∪ {q}. Since Pic(OΣ) = 0, there is a λ ∈ OK,Σ′ such that

ordq(λ) = 1. Thus O×K,Σ′ = O×K,Σ × 〈λ〉, where 〈λ〉 is the infinite cyclic group

generated by λ. The map 〈λ〉/〈λp〉 → K×q /(K
×
q )p is injective, so ker(fΣ′) (

ker(fΣ) and the inclusion is strict because ker(fΣ) contains u and ker(fΣ′) does

not. Replacing Σ by Σ′, we can continue in this way until ker(fΣ) = 1, i.e.,

until (6.2) holds. �
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Lemma 6.2. Define the subgroup A ⊂ K×/(K×)p by

A := ker(K×/(K×)p → K(T )×/(K(T )×)p).

Then there is a canonical isomorphism

A ∼−→ Hom(Gal(K(T )/K(µp)),µp)
Gal(K(T )/K),

and A is cyclic, generated by an element ∆ ∈ O×K,Σ.

Proof. The inflation-restriction sequence of Galois cohomology, together

with the fact that H1(F,µp) = F×/(F×)p for every field F of characteristic

different from p, shows that

A = ker(H1(K,µp)→ H1(K(T ),µp)) = H1(K(T )/K,µp).

Since [K(µp) : K] is prime to p, the Hochschild-Serre spectral sequence gives

an isomorphism

A = H1(K(T )/K,µp)
∼−→ H1(K(T )/K(µp),µp)

Gal(K(T )/K)

= Hom(Gal(K(T )/K(µp)),µp)
Gal(K(T )/K).

Since Gal(K(T )/K(µp)) is isomorphic to a subgroup of SL2(Fp), we see that

Hom(Gal(K(T )/K(µp)),µp) has order 1 or p. Thus A is cyclic.

Let IK,Σ (resp., IK(T ),Σ) denote the group of fractional ideals of K (resp.,

K(T )) prime to Σ. We have a commutative diagram

1 // O×K,Σ/(O
×
K,Σ)p // K×/(K×)p //

��

IK,Σ/I
p
K,Σ

//

��

1

K(T )×/(K(T )×)p // IK(T ),Σ/I
p
K(T ),Σ

in which the top row is exact by (6.1). Since K(T )/K is unramified outside

of Σ, the right-hand vertical map is injective, so A (the kernel of the left-hand

vertical map) is contained in the image of of O×K,Σ. This completes the proof

of the lemma. �

Lemma 6.3. Suppose p ≤ 3, E is an elliptic curve over K , and T = E[p].

Then we can take the element ∆ of Lemma 6.2 to be the discriminant ∆E of

(any model of ) E.

Proof. Since Σ contains all primes where E has bad reduction, we have

∆E ∈ O×K,Σ · (K×)12. By Lemma 6.2, A = {1} if p - [K(E[p]) : K].

Suppose p = 2. Then ∆E ∈ (K(E[2])×)2 and [K(E[2]) : K(
√

∆E)] di-

vides 3. Thus ∆E ∈ (K×)2 if and only if 2 - [K(E[2]) : K], so ∆E generates A.

Similarly, when p = 3, computing the discriminant of the universal ellip-

tic curve with full level 3 structure (see, for example, [20, §1.1]) shows that
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∆E ∈ (K(E[3])×)3 and that [K(E[3]) : K(µ3,
3
√

∆E)] divides 8, so again ∆E

generates A. �

Fix once and for all a ∆ ∈ O×K,Σ as in Lemma 6.2. Recall (Definition 4.6)

that Γ1 :=
∏
v∈Σ C(Kv) and, more generally,

Γd :=
∏
v∈Σ

C(Kv) ×
∏
q|d2

Cram(Kq)

for d∈D. For each v, local class field theory identifies C(Kv) with Hom(K×v ,µp).

Definition 6.4. Define a “sign” homomorphism sign∆ : Γ1 → µp by

sign∆(. . . , γv, . . .) :=
∏
v∈Σ

γv(∆).

Composing with the natural maps Γd → Γ1 and C(K) → Γ1, we will extend

sign∆ to Γd for every d ∈ D, and to C(K).

Lemma 6.5. Suppose A is nontrivial, i.e., ∆ /∈ (K×)p.

(i) If q ∈ P2 and χq ∈ C(Kq), then χq(∆) = 1.

(ii) If q ∈ P1 and χq ∈ C(Kq), then χq(∆) = 1 if and only if χq is unramified.

(iii) If p = 2, q ∈ P0, and χq ∈ C(Kq), then χq(∆) = 1.

Proof. By Lemma 4.3(i), if q ∈ P2, then Frobq fixes K(T ), so Frobq fixes

∆1/p, so ∆ ∈ (K×q )p. This proves (i). Similarly, if p = 2 and q ∈ P0, then

Lemma 4.3(iii) shows that Frobq ∈ Gal(K(T )/K) has order 3. Thus again

Frobq fixes
√

∆, so ∆ ∈ (K×q )2. This proves (iii).

If q ∈ P1, then Lemma 4.3(ii) shows that Frobq ∈ Gal(K(T )/K) has order

exactly p and, in particular, Frobq ∈ Gal(K(T )/K(µp)). But since ∆ /∈ (K×)p,

the degree [K(T ) : K(µp,∆
1/p)] is prime to p. Thus Frobq does not fix ∆1/p,

so ∆ /∈ (K×q )p. Therefore ∆ generates O×q /(O×q )p ∼= Z/pZ, where Oq is the

ring of integers of Kq. It follows that for χq ∈ C(Kq), we have χq(∆) = 1 if

and only if χq(O×q ) = 1. This is (ii). �

Lemma 6.6. Suppose G and H are abelian groups and J ⊂ G × H is a

subgroup. Let πG and πH denote the projection maps from G × H to G and

H , respectively. Let J0 := ker(J
πG−−→ G/Gp).

(i) The image of the natural map Hom((G × H)/J,µp) → Hom(H,µp) is

Hom(H/πH(J0),µp).

(ii) If J/Jp → G/Gp is injective, then Hom((G×H)/J,µp)→ Hom(H,µp) is

surjective.

Proof. We have an exact sequence of Fp-vector spaces

0 −→ πH(J0)Hp/Hp −→ H/Hp −→ (G×H)/J(G×H)p.

Assertion (i) follows by applying Hom( · ,µp), and (ii) follows directly from (i).

�
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Lemma 6.7. (i) The natural map O×K,Σ/(O
×
K,Σ)p → ∏

q/∈ΣO×q /(O×q )p is

injective.

(ii) The kernel of the natural map O×K,Σ/(O
×
K,Σ)p → ∏

q∈P2
O×q /(O×q )p is A.

Proof. Suppose α ∈ O×K,Σ, α /∈ (O×K,Σ)p. Then α /∈ (K(µp)
×)p. If q /∈ Σ

is any prime whose Frobenius in Gal(K(µp, α
1/p)/K(µp)) is nontrivial, then

α ∈ O×q but α /∈ (O×q )p. Thus α is not in the kernel of the map of (i), and (i)

follows.

Now suppose α /∈ A. Then α1/p /∈ K(T ), so we can choose a nontrivial

automorphism σ ∈ Gal(K(T, α1/p)/K(T )). Suppose q /∈ Σ is a prime whose

Frobenius in Gal(K(T, α1/p)/K) is σ. Then q ∈ P2 by Lemma 4.3(i), and

α ∈ O×q but α /∈ (O×q )p. This shows that the kernel of the map of (ii) is

contained in A, and A is contained in the kernel by Lemma 6.5(i). �

Proposition 6.8. (i) The natural homomorphism C(K) → Γ1 is sur-

jective.

(ii) If q /∈ Σ and µp ⊂ K×q , then there is a χ ∈ C(K) ramified at q and

unramified outside of Σ and q.

(iii) There is a finite subgroup of C(K), containing only characters unramified

outside of Σ and P2, whose image in Γ1 is ker(sign∆).

Proof. Let A×K denote the ideles of K. Global class field theory and (6.1)

show that

(6.3) C(K) = Hom(A×K/K
×,µp) = Hom((

∏
v∈ΣK

×
v ×

∏
q/∈ΣO×q )/O×K,Σ,µp).

For (i), we apply Lemma 6.6(ii) with

G :=
∏
q/∈Σ

O×q , H :=
∏
v∈Σ

K×v , J := O×K,Σ.

Then J/Jp → G/Gp is injective by Lemma 6.7(i), so Lemma 6.6(ii) and (6.3)

show that

C(K) � Hom(
∏
v∈ΣK

×
v ,µp) = Γ1

is surjective.

For (ii), we apply Lemma 6.6(ii) with

G :=
∏
v∈Σ

K×v , H :=
∏
v/∈Σ

O×v , J := O×K,Σ.

Assumption (6.2) says the map J/Jp→G/Gp is injective, so by Lemma 6.6(ii)

and (6.3), we have that

(6.4) C(K) � Hom(
∏
v/∈ΣO×v ,µp)

is surjective. If µp ⊂ K×q , then we can fix an element ψ ∈ Hom(
∏
v/∈ΣO×v ,µp)

such that ψ(O×q ) 6= 1 but ψ(O×v ) = 1 if v 6= q, and let χ ∈ C(K) be a character

that maps to ψ under (6.4). Then χ satisfies (ii).
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For (iii), we apply Lemma 6.6(i) with

G :=
∏
q∈P2

O×q , H :=
∏
v∈Σ

K×v ×
∏

q∈P0∪P1

O×q , J := O×K,Σ.

Lemma 6.7(ii) shows that ker(O×K,Σ/(O
×
K,Σ)p → G/Gp) is generated by ∆.

Now we deduce from (6.3) and Lemma 6.6(i) that the image of

C(K)→ Hom

Ç∏
v∈Σ

K×v ×
∏

q∈P0∪P1

O×q ,µp
å

is Hom((
∏
v∈ΣK

×
v ×

∏
q∈P0∪P1

O×q )/〈∆〉,µp). Restricting to characters unram-

ified at P0 ∪P1 proves (iii), since ker(sign∆) = Hom((
∏
v∈ΣK

×
v )/〈∆〉,µp). �

7. Parity disparity (p = 2)

Fix T and Σ as in Section 1, a global metabolic structure q on T as in

Definition 3.3, and twisting data as in Definition 4.4. In this section we let p = 2

and we study how the parity of dimF2 Sel(T, χ) varies as χ varies. The main

result is Theorem 7.6. When T = E[2] with an elliptic curve E/K, Theorem 7.6

specializes to Theorem A of the introduction, and we make Theorem A more

explicit in Proposition 7.9, Corollary 7.10, and Example 7.11.

Suppose throughout this section that p = 2 and that (6.1) and (6.2) are

satisfied. Let ∆ ∈ O×K,Σ be as in Lemma 6.2.

If χ ∈ C(K), let r(χ) := dimF2 Sel(T, χ), where Sel(T, χ) is given by

Definition 4.7, the Selmer group for the twist of T by χ. If T = E[2] with the

natural twisting data, then r(χ) = dimF2 Sel2(Eχ/K) by Proposition 5.9.

Recall the function hv(χ, χ
′) := dimF2 αv(χ)/(αv(χ) ∩ αv(χ′)) of Defini-

tion 4.10.

Definition 7.1. For every v ∈ Σ, define a map (of sets) ωv : C(Kv)→ {±1}
by

ωv(χv) := (−1)hv(1v ,χv)χv(∆).

Proposition 7.2. Suppose χ ∈ C(K). Then

r(χ) ≡ r(1K) (mod 2) ⇐⇒
∏
v∈Σ

ωv(χv) = 1.

Proof. We will deduce this from Theorem 4.11. Fix d ∈ D such that

χ ∈ C(d). If q ∈ P0 ∪P2, then χq(∆) = 1 by Lemma 6.5(i) and (iii). If q ∈ P1,

then χq(∆) = −1 if q | d, and χq(∆) = 1 if q - d, by Lemma 6.5(ii). Therefore,∏
q/∈Σ

χq(∆) = (−1)|{q:q ∈ P1 and q | d}| = (−1)w(d),
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so by Theorem 4.11,

r(χ) ≡ r(1K) (mod 2) ⇐⇒
∏
v∈Σ

(ωv(χv)χv(∆))
∏
v/∈Σ

χv(∆) = 1.

Global class field theory shows that
∏
v χv(∆) = 1, and the proposition follows.

�

Definition 7.3. Define a (set) function C(K)→ Z>0 measuring the “size”

of a character χ by

||χ|| := max{Nq : χ is ramified at q}.

If X > 0, let C(K,X) ⊂ C(K) be the subgroup

C(K,X) := {χ ∈ C(K) : ||χ|| < X}.

Definition 7.4. For every v ∈ Σ define

δv :=
1

|C(Kv)|
∑

χ∈C(Kv)

ωv(χ) and δ := (−1)r(1K)
∏
v∈Σ

δv.

Note that −1 + 2/|C(Kv)| ≤ δv ≤ 1 for every v (since ωv(1v) = 1) and

δ ∈ [−1, 1].

Lemma 7.5. We have

|{γ ∈ Γ1 :
∏
v∈Σ ωv(γv) = 1}|
|Γ1|

=
1 +

∏
v∈Σ δv
2

.

Proof. Let N = |{γ ∈ Γ1 :
∏
v∈Σ ωv(γv) = 1}|. Since Γ1 =

∏
v∈Σ C(Kv),

we have

N − (|Γ1| −N) =
∑
γ∈Γ1

∏
v∈Σ

ωv(γv) =
∏
v∈Σ

Ç ∑
γv∈C(Kv)

ωv(γv)

å
,

and dividing both sides by |Γ1| =
∏
v∈Σ |C(Kv)| yields 2N/|Γ1| − 1 =

∏
v∈Σ δv.

The lemma follows. �

Theorem 7.6. For all sufficiently large X ,

|{χ ∈ C(K,X) : dimF2 Sel(T, χ) is even}|
|C(K,X)|

=
1 + δ

2
.

Proof. Suppose X is large enough so that the natural group homomor-

phism η : C(K,X) → Γ1 is surjective. (This holds for all sufficiently large X

by Proposition 6.8(i).) By Proposition 7.2, the parity of r(χ) depends only on

η(χ). Since η is a homomorphism, all of its fibers have the same size, so by

Proposition 7.2,

|{χ ∈ C(K,X) : r(χ) ≡ r(1K) (mod 2)}|
|C(K,X)|

=
|{γ ∈ Γ1 :

∏
v∈Σ ωv(γv) = 1}|
|Γ1|

.

Now the theorem follows from Lemma 7.5. �
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Remark 7.7. As the proof shows, the equality of Theorem 7.6 holds with

C(K,X) replaced by any subset B ⊂ C(K) having the property that there is

a subgroup A ⊂ C(K) such that the natural map A → Γ1 is surjective and

AB = B.

For the rest of this section, we fix an elliptic curve E/K and take T = E[2]

with the natural twisting data of Definition 5.3. In this setting Proposition 5.9

shows that Theorem 7.6 specializes to Theorem A of the introduction. Propo-

sition 7.9 below computes the δv for E[2], in all cases when v - 2, and in certain

cases when v | 2. We first need the following lemma.

Lemma 7.8. Suppose v ∈ Σ and ψ ∈ C(Kv). Let ωv be as in Defini-

tion 7.1, and let ωψv be the corresponding quantity defined with the elliptic

curve Eψ over Kv in place of E. Then for every χ ∈ C(Kv), we have

ωψv (χ)ωψv (ψ) = ωv(χψ).

Proof. Let hψv (1v, χ) be as given by Definition 4.10 for Eψ in place of E.

Then by Lemma 5.6,

ωψv (χ)ωψv (ψ) = (−1)h
ψ
v (1v ,χ)χ(∆)(−1)h

ψ
v (1v ,ψ)ψ(∆)

= (−1)hv(1v ,ψ)+hv(1v ,χψ)+hv(1v ,ψ)χψ(∆) = ωv(χψ). �

Proposition 7.9. Suppose that E is an elliptic curve over K and that

T = E[2] with the natural twisting data. For every v ∈ Σ, let

m±v := |{γ ∈ C(Kv) : ωv(γ) = ±1}|,

and let cv := |K×v /(K×v )2|, so cv = 4 if v - 2∞. Then we have the following

table, where if v -∞, then “type” denotes the Kodaira type of the Néron model.

type of v m+
v m−v δv

real 1 1 0

complex 1 0 1

split multiplicative 1 cv − 1 2/cv − 1

type Iν or I∗ν , ν > 0, not split multiplicative cv − 1 1 1− 2/cv

good reduction or type I∗0, v - 2 4 0 1

type II, IV, II∗, IV∗, ∆ ∈ (K×v )2, v - 2 4 0 1

type II, IV, II∗, IV∗, ∆ /∈ (K×v )2, v - 2 2 2 0

type III, III∗, −1 ∈ (K×v )2, v - 2 4 0 1

type III, III∗, −1 /∈ (K×v )2, v - 2 2 2 0
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Proof. Most of the entries in the table follow directly from calculations

of Kramer [11], using Lemma 5.5. For every v, we have ωv(1v) = 1, and by

definition δv = (m+
v −m−v )/cv.

Case 1: v archimedean. If v is complex, then there is nothing to check.

Suppose v is real, and let χ : K×v → ±1 be the sign character, the nontrivial

element of C(Kv). By Lemma 5.5 and [11, Prop. 6], we have

(7.1) (−1)hv(1v ,χ) = −χ(∆),

so ωv(χ) = −1. Thus m+
v = m−v = 1.

Case 2: v split multiplicative. In this case Lemma 5.5 and [11, Prop. 1]

show that if χ ∈ C(Kv) is nontrivial, then (7.1) holds, so ωv(χ) = −1. Thus

m+
v = 1 and m−v = cv − 1.

Case 3: v type Iν or I∗ν , ν > 0, not split multiplicative. In this case there

is a ψ ∈ C(Kv), ψ 6= 1v, such that Eψ is split multiplicative (see, for example,

[21, §1.12]). Case 2 showed that ωψv (ψ) = −1, and so by Case 2 and Lemma 7.8

we have m+
v = cv − 1, m−v = 1.

Case 4: v good reduction or type I∗0, v - 2. If E has good reduction at v,

then Lemma 5.5 and [11, Prop. 3] show that (−1)hv(1v ,χ) = χ(∆) for every

χ ∈ C(Kv), so ωv(χ) = 1. If E has reduction type I∗0, then E has a quadratic

twist with good reduction, so by Lemma 7.8 we again have ωv(χ) = 1 for

every χ. In either case m+
v = cv = 4, m−v = 0.

Case 5: v type II, IV, II∗, or IV∗, v - 2. In this case the number of

connected components of the Néron model is odd, and E has additive reduction

at v, so E(Kv) is 2-divisible. Hence αv(χ) is zero for every χ, so hv(1v, χ) = 0,

so ωv(χ) = χ(∆). Thus if ∆ ∈ (K×v )2, then m+
v = cv = 4 and m−v = 0, and if

∆ /∈ (K×v )2, then m+
v = m−v = 2.

Case 6: v type III or III∗, v - 2. Suppose χ ∈ C(Kv), χ 6= 1v, and let F

be the corresponding quadratic extension of Kv. In this case Tate’s algorithm

[25] shows that

E(Kv)[2] ∼= Z/2Z, E(Kv) = E(Kv)[2]×B, E(F ) = E(F )[2]×B′

with profinite abelian groups B,B′ of odd order, and ordv(∆) is odd. If

F 6= Kv(
√

∆), then E(F )[2] = E(Kv)[2], so NF/KvE(F ) = 2E(Kv) = B,

so hv(1v, χ) = 1 by Lemma 5.5. If F = Kv(
√

∆), then E(F )[2] = E[2] and

NF/KvE(F ) = E(Kv), so hv(1v, χ) = 0 by Lemma 5.5.

Fix u ∈ O×v , u /∈ (O×v )2. We have C(Kv) = {1v, χ∆, χu, χ∆u}, where χa
is the quadratic character corresponding to Kv(

√
a). The discussion above

showed that hv(1v,1v) = hv(1v, χ∆) = 0 and hv(1v, χu) = hv(1v, χ∆u) = 1.

We have χu(∆) = −1, since Kv(
√
u)/Kv is unramified and ordv(∆) is odd.
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With F = Kv(
√

∆), we have

χ∆(∆) = 1 ⇐⇒ ∆ ∈ NF/KvF
× ⇐⇒ −1 ∈ NF/KvF

× ⇐⇒ −1 ∈ (K×v )2,

and with F = Kv(
√

∆u), we have

χ∆u(∆) = 1 ⇐⇒ ∆ ∈ NF/KvF
× ⇐⇒ −u ∈ NF/KvF

×

⇐⇒ −u ∈ (K×v )2 ⇐⇒ −1 /∈ (K×v )2.

Combining these facts gives the entries in the last two rows of the table. �

Corollary 7.10. (i) If K has a real embedding, then for all sufficiently

large X , we have

|{χ ∈ C(K,X) : r(χ) is odd}| = |{χ ∈ C(K,X) : r(χ) is even}| = |C(K,X)|
2

.

(ii) If K has no real embeddings, E/K is semistable, and E has multiplicative

reduction at all primes above 2, then for all sufficiently large X ,

|{χ ∈ C(K,X) : r(χ) is even}|
|C(K,X)|

=
1 + δ

2
/∈ {0, 1

2 , 1}.

Proof. If K has a real place v, then Proposition 7.9 shows that δv = 0, so

(i) follows from Theorem 7.6.

Under the hypotheses of (ii), Proposition 7.9 shows that

• δv = 1 for every archimedean place and every place of good reduction;

• |δv| = 1
2 for every place v - 2 of bad reduction, since cv = 4;

• |δv| = 1− 2−[Kv :Qp]−1 ∈ [3
4 , 1) if v | 2, since cv = [Kv : Qp] + 2.

Thus δ /∈ {0,±1}, so (ii) follows from Theorem 7.6 as well. �

Example 7.11. Let E be the elliptic curve labelled 50B1 in [2]:

y2 + xy + y = x3 + x2 − 3x− 1.

LetK be a finite extension of Q(
√
−2), unramified at 5. Then for all sufficiently

large X,

|{χ ∈ C(K,X) : r(χ) is even}|
|C(K,X)|

=
1

2
+

(−1)[K:Q(
√
−2)]

2

∏
v|2

(1− 2−[Kv :Q2]−1).

As K varies, these values are dense in the interval [0, 1].

Proof. The discriminant of E is −25 ·52, which is a square in K, so ∆ = 1

in K×/(K×)2. Over Q2, E has split multiplicative reduction, so E has split

multiplicative reduction at every prime of K above 2. Over Q5, E has Kodaira

type II, and since K/Q is unramified at 5, E has Kodaira type II at all primes

of K above 5. Further, since K is unramified at 5, we have E(K)[2] = 0.

Let w(E/Kv) denote the local root number of E over Kv. We have

w(E/Kv) = 1 if v - 2 · 5 · ∞. By [18, Th. 2], we have w(E/Kv) = −1 if
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v | 2 or v | ∞, and w(E/Kv) = 1 if v | 5. Thus the global root number

w(E/K) is given by

w(E/K) =
∏
v

w(E/Kv) = (−1)n∞+n2 ,

where n2 (resp., n∞ = [K : Q(
√
−2)]) is the number of places of K above 2

(resp., above∞). By [5, Th. 1.3] (the “2-Selmer parity conjecture”), combined

with the Cassels pairing (see, for example, [12, Prop. 2.1]), it follows that

dimF2 Sel2(E/K) ≡ n∞ + n2 (mod 2).

The field K has no real embeddings, and E has good reduction at all

primes of K not dividing 10. Hence Proposition 7.9 shows that the δ of Def-

inition 7.4 is given by δ = (−1)n∞+n2
∏
v|2(2/|K×v /(K×v )2| − 1). For each v

dividing 2, we have

|K×v /(K×v )2| = 2[Kv :Q2]+2,

so the desired formula follows from Theorem 7.6.

To prove the final assertion, suppose L is a finite extension of Q, unrami-

fied at 5, in which 2 splits completely, and let t := [L : Q]. Let K := L( 2m
√
−2)

with m ≥ 1. Then K is unramified at 5, [K : Q(
√
−2)] = tm, n2 = [L : Q] = t,

and [Kv : Q2] = 2m if v | 2. In this case the quantity in the formula of the

theorem is
1

2
+

(−1)tm

2
(1− 2−2m−1)t.

As m and t vary, the sets

{log((1− 2−2m−1)t) : tm even}, {log((1− 2−2m−1)t) : tm odd}

are both dense in R≤0. It follows from the continuity of the exponential func-

tion that the set {(−1)tm(1−2−2m−1)t} is dense in [−1, 1]. This completes the

proof. �

Note that the Selmer rank and Mordell-Weil rank of Eχ are related by

rank(Eχ(K)) ≥ r(χ)− dimF2 E(K)[2]

and if the 2-part of the Shafarevich-Tate group X(E/K) is finite, then

rank(Eχ(K)) ≡ r(χ)− dimF2 E(K)[2] (mod 2).

Thus by Theorem 7.6 we expect that rank(Eχ(K)) is odd (and therefore at

least one) for exactly (1− (−1)dimF2
E(K)[2]δ)/2 of the twists Eχ. This leads to

the following generalization of Goldfeld’s conjecture [6, Conj. B], which follows

from Theorem 7.6 if we assume

• the 2-parts of the Shafarevich-Tate groups of twists of E are all finite,

• twists of rank at least 2 are rare enough that they do not affect the

average rank.
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Conjecture 7.12. The average rank of the quadratic twists of E/K is

given by

lim
X→∞

∑
χ∈C(K,X) rank(Eχ(K))

|C(K,X)|
=

1− (−1)dimF2
E(K)[2]δ

2
.

Example 7.13. This example shows that the fraction of even ranks given

by Theorem 7.6 does depend on the way we have chosen to order the twists.

Let C(K,X) be as above, and consider also another natural ordering

C′(K,X) := {χd : d ∈ OK , |Nd| < X} ⊂ C(K)

where χd is the character of K(
√
d)/K. Let E be the elliptic curve 38B1 in

[2],

y2 + xy + y = x3 + x2 + 1,

and let K = Q(i). Then r(1K) = 0, and E has split multiplicative reduction

at the primes (1 + i) and (19), and good reduction everywhere else. We have

|C(K1+i)| = 24 and |C(K19)| = 22. According to Proposition 7.9 we have

ωv(χv) = 1 if and only if χv = 1v for v = (1 + i) or (19) and χv ∈ C(Kv).

If X > N(19) = 192, then the images of the characters χ in the group

C(K,X) are uniformly distributed in C(K1+i)×C(K19). Hence under the map

C(K,X) −→ C(K1+i)× C(K19)
ω1+i×ω19−−−−−−→ {±1} × {±1},

exactly 1
16 ·

1
4 = 1

64 of them map to (1, 1) and 15
16 ·

3
4 = 45

64 of them map to

(−1,−1). Hence by Proposition 7.2, r(χ) is even for exactly 23
32 = 1

2 + 7
32 of

the χ ∈ C(K,X). This is the content of Theorem 7.6 in this case.

Now consider the density using C′(K,X) instead of C(K,X). The qua-

dratic characters of K correspond bijectively to squarefree integers d ∈ Z[i]

modulo ±1, and C′(K,X) corresponds to d with Nd < X. These characters

no longer map uniformly to C(K1+i) × C(K19); for example, the fraction of

characters unramified at (19) (i.e., the fraction of squarefree d’s that are not

divisible by 19) is 192/(192 + 1), not 1/2. Of those that are unramified, half

of the d’s are squares modulo 19. Reasoning in this way we see that under the

map

C′(K,X) −→ C(K1+i)× C(K19)
ω1+i×ω19−−−−−−→ {±1} × {±1},

the fraction mapping to (1, 1) isÇ
1

8
· 2

2 + 1

å
·
Ç

1

2
· 192

192 + 1

å
=

1

12
· 361

724
=

361

8688
,

and the fraction mapping to (−1,−1) is 11
12 ·

363
724 = 1331

2896 . We conclude by

Proposition 7.2 that

lim
X→∞

|{χ ∈ C′(K,X) : r(χ) is even}|
|C′(K,X)|

=
361

8688
+

1331

2896
=

2177

4344
=

1

2
+

5

4344
.
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8. Parity (p > 2)

In this section suppose that p > 2 and that (6.1), (6.2) are satisfied. We

will study how the parity of dimFp Sel(T, χ) varies as χ varies.

Recall that C(K) =
∐

d∈D C(d). If χ ∈ C(d), let

w(χ) := w(d), r(χ) := dimFp Sel(T, χ),

where Sel(T, χ) is given by Definition 4.7 and the Selmer group for the twist

of T by χ. Similarly, if γ ∈ Γd, we let r(γ) := dimFp Sel(T, γ).

Let η : C(K)→ Γ1 be the natural homomorphism.

Definition 8.1. Define

ρ :=
|{γ ∈ Γ1 : r(γ) is odd}|

|Γ1|
.

Note that ρ cannot be 1/2, since |Γ1| is odd. The main result of this

section is the following.

Theorem 8.2. (i) If p - [K(T ) : K], then for all sufficiently large X ,

|{χ ∈ C(K,X) : r(χ) is odd}|
|C(K,X)|

= ρ.

(ii) If p | [K(T ) : K], then

lim
X→∞

|{χ ∈ C(K,X) : r(χ) is odd}|
|C(K,X)|

=
1

2
.

Proof of Theorem 8.2(i). By Corollary 4.12,

r(χ) ≡ r(η(χ)) + w(χ) (mod 2)

for every χ. Since p - [K(T ) : K], Lemma 4.3(ii) shows that w(χ) is even for

every χ, so r(χ) is odd if and only if r(η(χ)) is odd. By Proposition 6.8(i),

for all X sufficiently large, η restricts to a surjective homomorphism of finite

groups C(K,X) → Γ1. In particular, all fibers have the same size, so for

large X,

|{χ ∈ C(K,X) : r(χ) is odd}| = |{γ ∈ Γ1 : r(γ) is odd}|, C(K,X)

|Γ1|

which proves assertion (i) of the theorem. �

The rest of this section is devoted to the proof of Theorem 8.2(ii). Order

the primes of K not in Σ by norm, Nq1 ≤ Nq2 ≤ · · · . For every n, let

Cn ⊂ C(K) be the subgroup

Cn := {χ ∈ C(K) : χ is unramified outside of Σ ∪ {q1, . . . , qn}}.
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For every γ ∈ Γ1, define

sn(γ) :=
|{χ ∈ Cn : η(χ) = γ and w(χ) is even}|

|{χ ∈ Cn : η(χ) = γ}|
− 1

2
.

We will show that limn→∞ sn(γ) = 0 for every γ ∈ Γ1.

Lemma 8.3. (i) If µp 6⊂ K×qn , then Cn = Cn−1.

(ii) If µp ⊂ K×qn , then there is a ψ ∈ Cn, ramified at qn and unramified at

q1, . . . , qn−1, such that Cn =
∐p−1
i=0 ψ

iCn−1. If χ ∈ Cn−1, then

w(ψiχ) =

w(χ) if p | i,
w(χ) + k if p - i and qn ∈ Pk.

Proof. If µp 6⊂ K×qn , then by local class field theory no character of order

p can ramify at qn, so Cn = Cn−1. If µp ⊂ K×qn , then by Proposition 6.8(ii)

there is a character ψ ∈ Cn ramified at qn and unramified at q1, . . . , qn−1. The

restriction of ψ generates Hom(O×qn ,µp), so ψ generates Cn/Cn−1. If qn ∈ Pk
and p - i, then w(ψiχ) = w(ψi)+w(χ) = k+w(χ). This proves the lemma. �

Let ∆ ∈ O×K,Σ be as in Lemma 6.2, and let sign∆ : Γ1 → µp be the

homomorphism γ 7→ ∏
v∈Σ γv(∆) of Definition 6.4.

Lemma 8.4. There is an N ∈ Z>0 such that if n ≥ N , then sn(γ) depends

only on n and sign∆(γ).

Proof. By Proposition 6.8(iii), if n is large enough, then for every γ ∈ Γ1

with sign∆(γ) = 1, there is a character ψγ ∈ Cn ramified only at primes in

Σ ∪ P2, such that η(ψγ) = γ.

Suppose γ1, γ2 ∈ Γ1 and sign∆(γ1) = sign∆(γ2). Let γ := γ−1
1 γ2. Then

multiplication by ψγ gives a bijection

{χ ∈ Cn : η(χ) = γ1} −→ {χ ∈ Cn : η(χ) = γ2}.

Further, since ψγ is unramified at primes in P1, we have w(χ) ≡ w(ψγχ)

(mod 2) for every χ ∈ Cn. Thus sn(γ1) = sn(γ2), which proves the lemma. �

Define Sn = 1
|Γ1|

∑
γ∈Γ1

sn(γ), the average of the sn(γ).

Lemma 8.5. Suppose n > N with N as in Lemma 8.4. If µp 6⊂ K×qn , let

ψ := 1K ∈ Cn, and if µp ⊂ K×qn , let ψ ∈ Cn be as in Lemma 8.3(ii). In either

case let ε := (−1)k where qn ∈ Pk, and ψ̄ := η(ψ) ∈ Γ1. Then

sn(γ) =


1+ε(p−1)

p sn−1(γ) if sign∆(ψ̄) = 1,
1−ε
p sn−1(γ) + εSn−1 if sign∆(ψ̄) 6= 1.
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Proof. If µp 6⊂ K×qn , then ψ̄ = 1, Cn = Cn−1 by Lemma 8.3(i), and qn ∈ P0

by definition, so ε = 1 and sn(γ) = sn−1(γ) for every γ. Thus the formula of

the lemma holds in this case.

Suppose now that µp ⊂ K×qn , so ψ is ramified at qn. Then for every γ ∈ Γ1,

χ ∈ Cn−1, and 0 ≤ i < p, Lemma 8.3(ii) shows that

η(ψiχ)=γ and w(ψiχ) is even ⇐⇒

i =0, η(χ) = γ, and w(χ) is even, or

i 6= 0, η(χ)= ψ̄−iγ, and (−1)w(χ) = ε.

Thus, using that Cn =
∐p−1
i=0 ψ

iCn−1 by Lemma 8.3(ii), we have

1/2 + sn(γ) =
(1/2 + sn−1(γ)) +

∑p−1
i=1 (1/2 + εsn−1(ψ̄iγ))

p

or, equivalently,

(8.1) sn(γ) =
(1− ε)sn−1(γ) + ε

∑p−1
i=0 sn−1(ψ̄iγ)

p
.

If sign∆(ψ̄) = 1, then sn(ψ̄iγ) = sn−1(γ) for every i by Lemma 8.4, and (8.1)

becomes sn(γ) = 1+(p−1)ε
p sn−1(γ). If sign∆(ψ̄) 6= 1, then sign∆(ψ̄) generates

µp, so (using Lemma 8.4)

p−1∑
i=0

sn−1(ψ̄iγ) =
p

|Γ1|
∑
ϕ∈Γ1

sn−1(ϕ) = pSn−1.

Now the final equality of the lemma follows from (8.1). �

Corollary 8.6. If p | [K(T ) : K] and γ ∈ Γ1, then limn→∞ sn(γ) = 0.

Proof. Averaging over γ ∈ Γ1 in Lemma 8.5 shows that

Sn =

Sn−1 if ε = 1,
2−p
p Sn−1 if ε = −1.

If p | [K(T ) : K], then P1 is infinite by Lemma 4.3, and ε = −1 whenever

qn ∈ P1, so we deduce that limn→∞ Sn = 0. Applying Lemma 8.5 again proves

the corollary. �

Proof of Theorem 8.2(ii). By Corollary 4.12, r(χ)≡r(η(χ))+w(χ) (mod 2)

for every χ, so

(8.2) r(χ) is odd ⇐⇒ w(χ) 6≡ r(η(χ)) (mod 2).

We may assume (Proposition 6.8(i)) that n is large enough so that the

map η : Cn → Γ1 is surjective. Using (8.2), for every γ ∈ Γ1 we have

|{χ ∈ Cn : η(χ) = γ and r(χ) is odd}|
|{χ ∈ Cn : η(χ) = γ}|

= 1/2− (−1)r(γ)sn(γ).
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Since p | [K(T ) : K], Corollary 8.6 shows that limn→∞ sn(γ) = 0, so

lim
n→∞

|{χ ∈ Cn : η(χ) = γ and r(χ) is odd}|
|{χ ∈ Cn : η(χ) = γ}|

= 1/2.

This holds for every γ ∈ Γ1, so

lim
X→∞

|{χ ∈ C(K,X) : r(χ) is odd}|
|C(K,X)|

= lim
n→∞

|{χ ∈ Cn : r(χ) is odd}|
|Cn|

= 1/2.

This completes the proof of Theorem 8.2 �

Remark 8.7. Fix an elliptic curve E/K, and let p vary. If E does not have

complex multiplication, then Serre’s theorem [21] shows that p | [K(T ) : K]

for all but finitely many p, so Theorem 8.2(ii) shows that for all but finitely

many p, half of the twists by characters of order p have even p-Selmer rank

and half have odd p-Selmer rank.
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