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Disparity in Selmer ranks of quadratic
twists of elliptic curves

By ZEv KLAGSBRUN, BARRY MAZUR, and KARL RUBIN

Abstract

We study the parity of 2-Selmer ranks in the family of quadratic twists
of an arbitrary elliptic curve E over an arbitrary number field K. We prove
that the fraction of twists (of a given elliptic curve over a fixed number field)
having even 2-Selmer rank exists as a stable limit over the family of twists,
and we compute this fraction as an explicit product of local factors. We give
an example of an elliptic curve F such that as K varies, these fractions are
dense in [0, 1]. More generally, our results also apply to p-Selmer ranks of
twists of 2-dimensional self-dual Fp-representations of the absolute Galois
group of K by characters of order p.
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Introduction

The type of question that we consider in this paper has its roots in a
conjecture of Goldfeld [6, Conj. B] on the distribution of Mordell-Weil ranks
in the family of quadratic twists of an arbitrary elliptic curve over Q and a
result of Heath-Brown [7, Th. 2] on the distribution of 2-Selmer ranks in the
family of quadratic twists over Q of the elliptic curve 3% = 23 — .

We study here the distribution of the parities of 2-Selmer ranks in the
family of quadratic twists of an arbitrary elliptic curve F over an arbitrary
number field K. For example, let p(E/K) be the fraction of quadratic twists

of E/K that have odd 2-Selmer rank. Precisely, for real numbers X > 0, let
C(K,X):= {X : Gg — {£1} : x is ramified only at primes q with Nq < X}

and define

1 [ € CUK X)) - dimp, Sely(EY/K) is odd)|

P(E/E) = lim C(K, X)|

It follows from a result of Monsky [16, Th. 1.5] along with root number calcu-
lations that p(E/Q) = 1/2 for every elliptic curve £/Q. It had already been
noticed (see [4]) that this is not true when Q is replaced by an arbitrary num-
ber field K, because there are examples with K # Q for which p(E/K) = 0,
and others with p(E/K) = 1. Our main theorem (see Theorem 7.6) evaluates

p(E/K).
THEOREM A. Suppose E is an elliptic curve defined over a number field K.
Then for all sufficiently large X, we have

 [{x € C(K, X) : dimp, Sely(EX/K) is odd}|
p(B/K) = ‘C(;X)T = (1-40(E/K))/2,

where §(E/K) € [—1,1] N Z[1/2] is given by an explicit finite product of local
factors (see Definition 7.4).

We call 6(E/K) the “disparity” in the distribution of 2-Selmer ranks of
twists of E. If K has a real embedding, then §(E/K) = 0so p(E/K) =1/2
(see Corollary 7.10). On the other hand, Example 7.11 exhibits a particular
elliptic curve E//Q such that as K varies, the set {(£/K)} is dense in [—1, 1],
so {(1 -9(F/K))/2} is dense in [0, 1].

The finiteness of the 2-part of the Shafarevich-Tate group would imply
that the parity of the 2-Selmer rank is the same as the parity of the Mordell-
Weil rank. Thus one would expect that Theorem A holds with 2-Selmer rank
replaced by Mordell-Weil rank. Further, Theorem A suggests a natural gener-
alization of Goldfeld’s conjecture (see Conjecture 7.12).



SELMER RANKS OF TWISTS OF ELLIPTIC CURVES 289

In a forthcoming paper [10], we will use the methods of this paper to
make a finer study of the distribution of 2-Selmer ranks, inspired by the work
of Heath-Brown [7], Swinnerton-Dyer [23], and Kane [9].

Our methods begin with those of [12] and [13]. Namely, we view all of
the Selmer groups Sely(EX/K) as subspaces of H'(K, E[2]), defined by local
conditions that vary with y. In this way we can attach a Selmer group to a
collection of local quadratic characters. The question of which collections of
local characters arise from global characters is an exercise in class field theory
(see Section 6).

To prove Theorem A, we show that the parity of dimg, Selo(EX/K) de-
pends only on the restrictions of x to the decomposition groups at places
dividing 2A poo, where A is the discriminant of some model of E (see Propo-
sition 7.2). (This is consistent with the behavior of the global root num-
bers of twists of E.) In particular, the map that sends a character y €
Hom(Gg,{£1}) to the parity of dimp, Sela(EX/K) factors through the fi-
nite quotient [,j2a yoo Hom(Gk,, {£1}). Using this fact we are able to deduce
Theorem A.

There is another important ingredient in the proof of Theorem A. We
make essential use of a recent observation of Poonen and Rains [17] that the
local conditions that define the 2-Selmer groups we are studying are maximal
isotropic subspaces for a natural quadratic form on the local cohomology groups
H'(K,, E[2]). We use this in a crucial way in the proof of Theorem 3.9, which
extends a result from [12] to include the case p = 2. Theorem 3.9 is a key
ingredient in the proof of Theorem A.

Our methods apply much more generally than to 2-Selmer groups of ellip-
tic curves, and throughout this paper we work in this fuller generality. Namely,
suppose p is any prime and 7' is a 2-dimensional F,-vector space with

e an action of the absolute Galois group Gk,
e a nondegenerate G i-equivariant alternating p,-valued pairing, and
e a ‘“global metabolic structure” (see Definition 3.3).

We also assume we are given “twisting data” (Definition 4.4) that allows us
to define a family of Selmer groups Sel(7T’, x) as x runs through characters of
G of order p. We have analogues of Theorem A describing the distribution
of dimp, Sel(T’, x) in this setting.

For example, if F is an elliptic curve over K, then T := Elp|, the kernel
of multiplication by p on E, comes equipped with all the structure we require.
When p > 2, the Selmer groups Sel(E[p], x) are not Selmer groups of elliptic
curves, but they are Selmer groups of (p— 1)-dimensional abelian varieties over
K that are twists of E in the sense of [14]. See Section 5, and see Theorem 8.2
for the analogue of Theorem A in this setting.



290 ZEV KLAGSBRUN, BARRY MAZUR, and KARL RUBIN

The layout of the paper is as follows. Let T be a Galois module as above.
In Section 2 we derive some elementary properties of Lagrangian subspaces in
quadratic vector spaces that we will need in the sequel. In Section 3 we define
metabolic structures and Selmer groups in the generality we will need them.
The key result is Theorem 3.9, which shows how the parity of the Selmer rank
changes when we change some of the defining local conditions. In Section 4 we
define the Selmer groups associated to twists of 1", and in Section 5 we show
how these Selmer groups reduce to classical Selmer groups of twists when
T = E[p] for an elliptic curve E/K.

Section 6 uses class field theory to allow us to go back and forth between
global characters and collections of local characters. In Section 7 we study
“parity disparity” when p = 2 and prove Theorem A. In Section 8 we obtain
similar but not identical results when p > 2.

1. Notation

Fix a number field K and a rational prime p. Let K denote a fixed
algebraic closure of K, and let G := Gal(K/K). Let p, denote the group of
p-th roots of unity in K.

Throughout this paper T' will denote a 2-dimensional F,-vector space
with a continuous action of Gx and with a nondegenerate G g-equivariant
alternating pairing corresponding to an isomorphism

(1.1) NT =,

We will use v (resp., q) for a place (resp., nonarchimedean place, or prime
ideal) of K. If v is a place of K, we let K,, denote the completion of K at v, and
K" denotes its maximal unramified extension. We say that 7" is unramified at
v if the inertia subgroup of G, acts trivially on T, and in that case we define
the unramified subgroup H! (K,,T) c H'(K,,T) by

H! (K,,T):= HY(K"/K,,T) = ker[H (K,,T) — H' (K", T)].

If c€ HY(K,T) and v is a place of K, we will often abbreviate ¢, := loc,(c)
for the localization of ¢ in H'(K,,T).

We also fix a finite set X of places of K, containing all places where T is
ramified, all primes above p, and all archimedean places.

2. Metabolic spaces

For this section, fix a finite dimensional F-vector space V.

Definition 2.1. A quadratic form on V is a function ¢ : V' — F,, such that

e g(av) = a’q(v) for every a € Fp and v € V,
e the map (v, w)q = q(v + w) — ¢(v) — g(w) is a bilinear form.
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If X C V, we denote by X the orthogonal complement of X in V under the
pairing ( , ),. Wesay that (V, q) is a metabolic spaceif ( , ), is nondegenerate
and V has a subspace X such that X = X and q(X) = 0. Such a subspace
X is called a Lagrangian subspace of V.

For this section, if W is an F-vector space, we let ||[W|| := dimg, (W).

LEMMA 2.2. Suppose (V,q) is a metabolic space, X is a Lagrangian sub-
space, and W is a subspace of V such that g(W) = 0. Then Wt N X + W is
a Lagrangian subspace of V.

Proof. Exercise. See, for example, [17, Remark 2.4]. O

LEMMA 2.3. Suppose (V,q) is a metabolic space and X, Y, and Z are
Lagrangian subspaces of V.. Then

(X+Y)NnZ|=||(XNnZ)+ (Y NnZ)| (mod?2).

Proof. We adapt the proof of [12, Prop. 1.3] (see also [8, Lemma 1.5.7]).
We define an alternating nondegenerate pairing on

(X+Y)NZ)/(XNZ+YNZ),

as follows.
Suppose z,2' € (X +Y)NZ. Write 2 = x +y and 2/ = 2/ + 3/ with
z,7/ € X and y € Y, and define

(2.1) 2, 2] = (2,9)q-
Note that 2 and 3’ are well defined modulo X NY = (X +Y)*, so [z, 2] does
not depend on the choice of z or y'. Thus [ , |is a well-defined bilinear pairing

on (X+Y)NnZ.
By definition, we have

[z, 2] = (%, y)q = q(z + y) — q(x) — q(y).

Since X, Y, and Z are Lagrangian, and = + y = z, we have ¢(z +y) = q(z) =
q(y) =0, so [z, z] =0 for every z; i.e., [ , | is alternating (and therefore also
skew-symmetric).

If z € YNZ, then we can take x = 0 in (2.1), so [z,2'] = 0 for every
2. Using the skew-symmetry we deduce that Y N Z is in the (left and right)
kernel of the pairing [ , ]. Similarly X N Z, and hence XN Z+Y N Z, is in
the kernel.

Conversely, if z is in the kernel of this pairing, then (still writing z = x4y
with x € X and y € Y)

0= [Z’Z/] = (x’y/)q = (xvzl)q = (xvzl + $”)q
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for every 2/ € (X +Y)NZ and 2”7 € X NY. Applying Lemma 2.2 with
W=XnY, W+ =X+Y, we see that
re(X+Y)NZ+XNY) P =(X+Y)NZ+XnNY.
Thus, modifying z and y by an element of X NY, we may assume that « € Z,
andtheny=z—x € Zaswell,soze XNZ+YNZ.
This completes the proof that the pairing (2.1) is alternating and nonde-
generate on (X +Y)NZ)/(XNZ+YNZ). A standard argument now shows

that the dimension ||[(X +Y)NZ)/(XNZ+Y NZ)| is even, and the lemma
follows. 0

PROPOSITION 2.4. Suppose (V,q) is a metabolic space and X, Y, and Z
are Lagrangian subspaces of V. Then
XY+ Y nZ|+[XnZ|=3VI=XI=YI|=]Z] (mod2).
Proof. For subspaces U, W of V', we have
U+ W = U+ W]+ [[UNW].

This identity gives the two equalities below, and Lemma 2.3 gives the congru-
ence:

IXNY[+[Ynz|+|XxnZ|
= XNY||+||IXNZ+YNZ|+||XNnYNZ|
= XNY [+ |(X+Y)NZ|+ [ XNYNZ|| (mod2)
=|(X+Y)NZ+XNY||+2|XNnYNZ|.

By Lemma 2.2, the subspace (X +Y) N Z + X NY is Lagrangian, and all
Lagrangian subspaces have the same dimension 3| V||, so this completes the
proof. O

COROLLARY 2.5. Suppose (V,q) is a metabolic space and X, Y, and Z
are Lagrangian subspaces of V.. Then

[X/(X V) + Y/ n2)[[+ 12/ (XN 2Z)[[ =0 (mod 2).

Proof. This follows directly from Proposition 2.4. O

3. Metabolic structures and Selmer structures

In this section we define what we mean by a global metabolic structure
q on T and by a Selmer group for 7" and q. The main result is Theorem 3.9,
which shows how the parity of the Selmer rank changes when we change the
defining local conditions.

The cup product and the pairing (1.1) induce a pairing

HY(K,T)x H(K,T) % H*(K,T®T) — H*K,p,).
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If v is a place of K and K, is the completion of K at v, then applying the
same construction over the field K, gives local pairings

HY(K,,T) x H\(K,,T) — H*K,,T®T) — H*(K,,p,).

For every v, there is a canonical inclusion H?(K,, pt,,) < F, that is an isomor-
phism unless either K, = C, or K, = R and p > 2. The local Tate pairing is
the composition

(3.1) () )o:HYK,,T) x H(K,,T) — F,.
The Tate pairings satisfy the following well-known properties.

THEOREM 3.1.

(i) For every v, the pairing ( , ), is symmetric and nondegenerate.
(i) If v ¢ X then HL.(K,,T) C HY(K,,T) is equal to its own orthogonal
complement under ( , )y.
(iii) Ife,d € HY(K,T), then (cy,dy)y = 0 for almost all v and 3>, {cy, dy)y = 0.

Proof. For (i) and (ii) see, for example, [15, Cor. 1.2.3 and Th. 1.2.6]. The
first part of (iii) follows from (ii), and the second follows from the fact that
the sum of the local invariants of an element of the global Brauer group is
Z€ro. ]

Definition 3.2. Suppose v is a place of K. We say that ¢ is a Tate quadratic
form on H(K,, T) if the bilinear form induced by ¢ (Definition 2.1) is { , ).
If v ¢ ¥, then we say that g is unramified if g(z) = 0 for all x € HL (K, T).

Definition 3.3. Suppose T is as above. A global metabolic structure q on
T consists of a Tate quadratic form ¢, on H'(K,,T) for every place v such
that
(i) (HY(K,,T),q) is a metabolic space for every v;
(i) if v ¢ 3, then ¢, is unramified;
(iii) if c € HY(K,T), then 3, g»(c,) = 0.

Note that if ¢ € HY(K,T), then ¢, € H}.(K,,T) for almost all v, so the
sum in Definition 3.3(iii) is finite.

LEMMA 3.4. If p > 2, then there is a unique Tate quadratic form q, on
HY(K,,T) for every v, and a unique global metabolic structure on T.

Proof. Since p # 2, for every v there is a unique Tate quadratic form g,
on H'(K,,T); namely,
() = %(m,:@v.
If v ¢ ¥, then ¢, is unramified by Theorem 3.1(ii), and if ¢ € H'(K,T), then
S @ul(ew) = 3 3, {cu, cuv = 0 by Theorem 3.1(iii). O
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Remark 3.5. Suppose p =2 and q = {¢, : v of K} is a global metabolic
structure on T. If ¢ € HY(K,T) is such that ¢, € HL.(K,,T) for every v ¢ %,
then for every v we can define a new Tate quadratic form ¢/, on H(K,,T) by

q;(:c) = Qv(w) + <1‘, Cv>v-

It is straightforward to check (using Theorem 3.1) that q' := {¢}} is again a
global metabolic structure on T, and if ¢ # 0, then q' # q.

Definition 3.6. Suppose v is a place of K and ¢, is a quadratic form on
HY(K,,T). Let

H(q,) := {Lagrangian subspaces of (H'(K,,T), q,)}.
If v ¢ ¥, then
Heam(q0) == {X € H(q,) : X N H}(K,,T) =0}.
LEMMA 3.7. Supposev ¢ ¥ and q, is a Tate quadratic form on H'(K,,T).
Let d, := dimp, TCkv. Then
(i) dimp, H'(K,,T) = 2d,;

(ii) every X € H(qy) has dimension dy;

(iii) if dy > 0 and q, is unramified, then |Hram(qy)| = p% 1.

Proof. Since the pairing ( , ), is nondegenerate, every Lagrangian sub-
space of H'(K,,T) has dimension 3dimg, H'(K,,T). Since v ¢ ¥, The-
orem 3.1(ii) shows that H}.(K,,T) is Lagrangian. We have H.l (K,,T) =
T/(Frob, — 1)T (see, for example, [22, §XIII.1]), so the exact sequence

Frob,—1
_—

0— TGy — T T — T/(Frob, — 1)T — 0

shows that dimg, H},(K,,T) = d,. This proves (i) and (ii).
Assertion (iii) follows from a calculation [17, Prop. 2.6(b,e)] of Poonen
and Rains. g

Definition 3.8. Suppose T'is as above and q is a global metabolic structure
on T. A Selmer structure S for (T,q) (or simply for T, if q is understood)
consists of

e a finite set Y of places of K, containing 3;
e for every v € g, a Lagrangian subspace H}(K,,T) C H'(K,,T).

If S is a Selmer structure, we set H(K,,T) := HL.(K,,T) if v ¢ Xs, and we
define the Selmer group H5(K,T) C H'(K,T) by

HY(K,T) :=ker(H(K,T) — @H'(K,,T)/HL(K,,T)),

i.e., the subgroup of ¢ € H'(K,T) such that ¢, € Hé(KU,T) for every v.
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THEOREM 3.9. Suppose S and S’ are two Selmer structures for T. Then

dimp, H5(K,T) — dimg, H& (K, T)

= Y dimp, H§(K,,T)/(H§(K,, T) N Hg/(Ky,T)) (mod 2).
vEXsUX g/
Proof. When p > 2, this is [12, Th. 1.4]. We will prove this for all p using
Proposition 2.4.
Let ¥ := ¥sUXs. Define V = [Tyesy H' (K, T), so (V, 3, q) is a meta-
bolic space. Let locsy : H'(K,T) — V denote the product of the localization
maps. Define three subspaces of V:

o X = [[pesy H(K,, T),
o YV i=[yex HS (K, T),

e 7 is the image under locyy of ker(HY(K,T) — @ H'(K,,T)/HL.(K,,T)).
vg3’

The spaces X and Y are Lagrangian by definition of Selmer structure. That
Z is also Lagrangian can be seen as follows. We have Z1 = Z by Poitou-Tate
global duality (see, for example, [15, Th. 1.4.10], [24, Th. 3.1], or [19, Th. 1.7.3]).
If z € Z, then z = locyy(s) with s € HY(K, T) satisfying s, € H. (K,,T) for
every v ¢ ¥'. Then ¢,(s,) =0 if v ¢ ¥’ by Definition 3.3(ii), so

(3 @) () =3 auls) = 3 au(se) =0

veX/ ved/ all v
by Definition 3.3(iii). Thus Z is Lagrangian.
Note that from the definitions, we have exact sequences
1 locyy
00— A—— H(K,T) —=XNZ—0,

locyy

0—>A—>H§(K,T)—>YHZ—>O,
where the kernel A in both sequences is

A=ker(H'(K,T) — @ H'(K,,T)/H}\(K,,T) @ H'(K,,T)).
vgX! veX!

Thus by Proposition 2.4, we have

dimp, Hs(K,T) — dimg, Hg (K, T) = dimp, (Y N Z) — dimg, (X N Z)
= dimp, (X/(X NY)) (mod 2).

Since X/(XNY) = [Tvesy H& (K, T)/(H5(K,, T)NHE (K,, T)), this completes
the proof of the theorem. O
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4. Twisted Selmer groups

Given T as above (and some additional “twisting data”; see Definition 4.4),
in this section we show how to attach to every character x € Hom(Gk,u,)
a Selmer group Sel(7, x). More generally, we attach a Selmer group Sel(T',~)
to every collection of local characters v = () with v, € Hom(Gk,, p,,) for
v in some finite set containing . Our main result is Theorem 4.11, which
uses Theorem 3.9 to show how the parity of the Selmer rank changes when we
change some of the 7,.

Definition 4.1. If L is a field, define
C(L) := Hom(Gp, p,)-

(Throughout this paper, “Hom” will always mean continuous homomorphisms.)
If L is a local field, we let Cram(L) C C(L) denote the subset of ramified char-
acters. In this case, local class field theory identifies C(L) with Hom(L*, p,p),
and Cram (L) is then the subset of characters nontrivial on the local units O[f.
Let 17, € C(L) denote the trivial character.

There is a natural action of Aut(u,) = F) on C(L), and we let F(L) :=
C(L)/Aut(p,,). Then F(L) is naturally identified with the set of cyclic exten-
sions of L of degree dividing p, via the correspondence that sends x € C(L) to
the fixed field L¥*00) of ker(x) in L. If L is a local field, then Fyam(L) denotes
the set of ramified extensions in F(L).

Definition 4.2. For 1 < i < 2, define
Pi={q:9¢3, p, C K, and dimp, 7% = i},
and Py := {q : q ¢ ¥ U Py UPz2}. Define the width w(q) € {0,1,2} of a prime
qof K, q¢ %, by w(q) :=iif q € P;.
Let K(T) denote the field of definition of the elements of T, i.e., the fixed
field in K of ker(Gx — Aut(T)).

LEMMA 4.3. Suppose q is a prime of K, q ¢ ¥. Let Frobq € Gal(K(T)/K)
be a Frobenius element for some choice of prime above q. Then
(i) q € P2 if and only if Frobg =1,
(i) g € Py if and only if Frobgq has order exactly p,
(iii) q € Po if and only if Frobl # 1.
In particular, Po has positive density in the set of all primes of K and Py has
positive density if and only if p | [K(T) : K].

Proof. Fix an F)-basis of T so that we can view Frob; € GL2(F)). Then
by (1.1),

u, C Kq <= Frobg acts trivially on p, <= det(Frob,) = 1.
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Since q ¢ X, T is unramified at q, so TGk = TFroba=1 " the subspace of T
fixed by Froby. We have dimp, TFroba=l — 9 if and only if Froby = 1, and if
det(Frobg) = 1, then dimp, T5°P1=! = 1 if and only if Froby has order p. This
proves the lemma. O

Definition 4.4. Suppose T', ¥ are as above and q is a global metabolic
structure on T'. By twisting data we mean
(i) for every v € X, a (set) map
Qy - C(Kv)/AUt(Np) = F(Ky) — H(q);
(ii) for every v € Py, a bijection
Oy . Cram(Kv)/Aut(Np) = fram(Kv) — Hram(qv>-

Remark 4.5. Note that if v € Py, then |Fram(Ky)| = p = |Hram(qv)|, the
first equality by local class field theory (since by definition v { p and p,, C K)Y)
and the second by Lemma 3.7(iii).

On the other hand, if v € Py, then Hram(gy) has exactly one element by
Lemma 3.7(iii), and if v € Py, then either H'(K,,T) = 0 by Lemma 3.7(i), or
K, & Ky so Cram (Ky) is empty. Thus if v € PyUP1, then there is a unique map
Cram (Ky) = Hram(qy). That is why these maps do not need to be specified as
part of the twisting data.

If x € C(K) and v is a place of K, we let x, € C(K,) denote the restriction
of x to G, .

Definition 4.6. Let
D := {squarefree products of primes q € P; U Py},

and if 0 € D let 9 (resp., 02) be the product of all primes dividing 0 that lie
in Pp (resp., P2), so 0 = 0102. For every 0 € D, define the width of 0 by

w(@©) =Y w(a)=[{a:q o} +2-[{q:q]v}].
al
Let ¥(0) ==X U{q:q |02} C XUP; UPs and

C(0) :={x € C(K) : x is ramified at all q dividing 0,
and unramified outside of X(2) U Py }.

Define a finite set

IZ = H C(Ku) X Hcram(Kq)v

veEX qlo2
and let np : C(0) = I'y and 1 : C(K) — I'1 denote the natural maps

M) == (s Xvs -+ Jvez@a)s MX) = (-5 Xus -+ Jwes-
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Note that C(K,) is a group and that Cyam (K) is not a group but it is closed
under multiplication by unramified characters. Since C() is the fiber over d
of the map C(K) — D that sends x to the part of its conductor supported on
P1 U P2, we have C(K) = [[oep C(0).

Definition 4.7. Given T, q, and twisting data as in Definition 4.4, we
define a Selmer structure S(vy) for every 0 € D and v = (), € I as follows.

o Let ES('y) = E(D).

o If v € X, then let Hé(v)(KU,T) =y ().
If v | 01, let Hé(w) (K,,T) be the unique element of Hyam (qy)-

o If v | 0, let Hé(v)(Kv,T) = (V) € Hram(qw)-
If v € Iy, we will also write Sel(T, ) := Hé(v)(K’ T), and if x € C(0), then we
define

Sel(T, x) := Sel(T, 1 (x)).

Remark 4.8. Tt is clear from the definition that Sel(7', x) depends only on
the extension of K cut out by x; i.e., Sel(T,x) = Sel(T, x") for all i € F.
However, when we later count the twists Sel(T,x) with certain properties,
it will be convenient to deal with C(K) rather than F(K) because C(K) is
a group. In any case the natural map C(K) — C(K)/Aut(u,) = F(K) is
(p — 1)-to-one except for the single fiber consisting of the trivial character,
so it is simple to go from counting results for C(K) to results for F(K). In
particular, when p = 2 the natural map C(K) — F(K) is a bijection.

Remark 4.9 (Remarks about twisting data). Our definition of twisting
data is designed to ensure that for v ¢ X, all subspaces V' € Hyam(qy) occur
with equal frequency as we run over characters x € C(K) that are ramified
at v. That fact is all we require to prove our results in Sections 7 and 8 about
the rank statistics of Sel(7, x). In particular, the conclusions of Theorems 7.6
and 8.2 below do not depend on the choice of twisting data for (7, q).

We will see in Section 5 that when E is an elliptic curve over K, p is
a rational prime, and T' = FI[p|, then there are a natural global metabolic
structure on F[p] and natural twisting data such that for every x € C(K),
Sel(E[p], x) is a classical Selmer group of a twist of E (an abelian variety
twist, when p > 2). An analogous statement should hold for more general
(self-dual) motives and their Bloch-Kato p-Selmer groups, so our results below
should also apply to Bloch-Kato Selmer groups in families of twists.

Definition 4.10. If v € ¥ and ¥, ¢’ € C(K,), define
ho (), T//) = dime (1) / (cw(2h) N O‘v(d},))-
THEOREM 4.11. Suppose ® € D, v € 'y, and ' € T,. Then

dimg, Sel(T', ) — dimg, Sel(T,~') = Z ho (Yo, 7,) +w(d)  (mod 2).
veEX
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Proof. We will deduce this from Theorem 3.9. Suppose q | 9. Then by
definition, Hé(y)(Kq,T) = H} (K4, T) since q ¢ Xg(,), and Hé(y,)(Kq,T) €
%ram(Qq)a S0

Hg . (Kq, T) N Hy (o (Kq, T) = 0.

v')
Also by definition, we have Hé(ﬁ/) (Ky, T) = ay(yy) if v € X, and similarly
for 4. Now applying Theorem 3.9 with § = S(y) and &’ = S(7') shows that

dimg, Sel(T,y) — dimy, Sel(T, ')
= Z dimp, (1) / () N Oév(%/;)) + Zdime (H&r(KCH 1))

vEX qlo
=Y (7)) + > w(a) (mod 2),
veL qld
using that if g € Py U Py, then dimp, H (Kq,T) = w(q) by Lemma 3.7(ii).
This proves the theorem. O

COROLLARY 4.12. Suppose @ € D and x € C(d). Then
dimg, Sel(T', x) = dimg, Sel(T,7(x)) + w(d) (mod 2).

Proof. Let v = n(x) and 7" = no(x). If v € %, then n(x)s = xv = (X0,
80 hy (7w, 7,) = 0. Now the corollary follows from Theorem 4.11. O

5. Example: twists of elliptic curves

For this section, fix an elliptic curve E defined over K, a prime p, and let
T := E|p]. We will show that this T' comes equipped with the extra structure
that we require and that with an appropriate choice of twisting data, the
Selmer groups Sel(E|[p], x) are classical p-Selmer groups of twists of E.

The module T = E|[p] satisfies the hypotheses of Section 1, with the
pairing (1.1) given by the Weil pairing. Let ¥ be a finite set of places of K
containing all archimedean places, all places above p, and all primes where E
has bad reduction. Let O denote the ring of integers of the cyclotomic field of
p-th roots of unity, and let p denote the (unique) prime of O above p.

If p > 2, there is a unique global metabolic structure qr = (¢g,) on Ep)
(Lemma 3.4). For general p, there is a canonical global metabolic structure
qr on Elp| constructed from the Heisenberg group; see [17, §4]. In the proof
of Lemma 5.2(ii) we recall this construction when p = 2.

We next define twisting data for (E[p], ¥, qg) in the sense of Definition 4.4.

Definition 5.1. Suppose x € C(K) (or x € C(K,)) is nontrivial. If p = 2,
we let EX denote the quadratic twist of E' by x. For general p, let F' denote
the cyclic extension of K (resp., K,) of degree p corresponding to x, and let
EX denote the abelian variety denoted EF in [14, Def. 5.1].
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Concretely, if x € C(K) and x # 1k, then EX is an abelian variety of
dimension p — 1 over K, defined to be the kernel of the canonical map

Resk (E) — E,

where Resk (F) denotes the Weil restriction of scalars of E from F to K. The
character x induces an inclusion O C Endg (EX) (see [14, Th. 5.5(iv)]).

For x € C(K), let qgx = (¢Ex,v) be the unique global metabolic structure
on EX[p] if p > 2. If p = 2, we let ggx be the canonical global metabolic
structure on the elliptic curve EX.

If p = 2, then the two definitions above of EX agree, with O = Z, and
p=2

LEMMA 5.2. (i) There is a canonical G g-isomorphism EX[p] = E|[p].
(ii) The isomorphism of (i) identifies qpx with qg,, for every v and every
x € C(Ky).

Proof. Assertion (i) follows directly from the definition of quadratic twist
when p = 2 (or see the proof of (ii) below). For general p, see [14, Th. 2.2(iii)]
or [12, Prop. 4.1].

The isomorphism of (i) identifies the Weil pairings on EX[p] and E[p], and
hence it identifies the local Tate pairings on H'(K,, EX[p]) and H'(K,, E[p])
for every v. Thus when p > 2, assertion (ii) follows from the uniqueness of
the Tate quadratic form on 7' (Lemma 3.4). When p = 2, we use an explicit
construction of the quadratic form gg,. Let K,(E) denote the function field
of E over K,. Following [3, Prop. 1.32] we define the Heisenberg (or theta)

group
Op = {(f,P) € K,(E) x E[2] : the divisor of f is 2[P] —2[0O]}
with group law
(f, P)-(9,Q) := (1q(f)g. P + Q),

where 7 is translation by @ on E. The projection ©p — E[2]| induces an
exact sequence

(5.1) 1— K — 0 — E[2] — 0.

We view O as an extension of E[2] by Gy, functorial in the sense that if E’
is another elliptic curve over K, and A : E — E’ is an isomorphism over K,
then A induces an isomorphism A\* : O — O over K, (which commutes with
(5.1) in the obvious sense). It is easy to see that the map

Isom(E, E') — Isom(Og, Op)

defined by A — \* is a G, -equivariant homomorphism.
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With this notation, qg, : H(K,, E[2]) — H?*(K,,K)) C Q/Z is the
connecting map of the long exact sequence of (nonabelian) Galois cohomology
attached to (5.1).

Fix an isomorphism A : F — EX defined over the quadratic field cut out
by x. For every o € Gg,, we have A2 = X o [x(o)], where [x(0)] : E — E is
multiplication by x(¢) = £1. Thus the isomorphism A\* : ©gx — ©p induced
by A satisfies (A*)7 = (\7)* = [£1]* o A™.

Clearly [—1] acts trivially on E[2]. Suppose f € K,(E) has divisor 2[P] —
2[0] with P € E[2] — O. If we fix a Weierstrass model of E with coordinate
functions X,Y, then f is a constant multiple of X — X (P), so fo[-1] = f.
Hence [—1]* is the identity on Of so, in fact, (A*)7 = A\* for every o € Gk, .
Hence ©px and Op are isomorphic over K, as extensions of E[2], so by the
definition above, we have qpx v = qEv- O

Definition 5.3. Let m denote any generator of the ideal p of O. If v is a
place of K and x € C(K,), define a,(x) to be the image of the composition of
the Kummer “division by 7” map with the isomorphism of Lemma 5.2(i)

a(x) = image(EX(Ky) [pEX(Ky) < H' (Ky, B¥[p]) = H' (Ko, B[p])).
Note that oy (x) is independent of the choice of generator 7.

LEMMA 5.4. For every place v and x € C(K,), we have a,(x) € H(qpv)-

Proof. If p = 2, then [17, Prop. 4.10] shows for every v that the image
of EX(K,)/2EX(K,) in H'(K,, EX[2]) is a Lagrangian subspace for q, gpx. If
p > 2, then [12, Prop. A.7] (together with Lemma 3.4) shows that a,(y) is a
Lagrangian subspace for the (unique) Tate quadratic form on H'(K,, EX[p]),
and hence for ¢, gx. Now the lemma follows from Lemma 5.2(ii). O

As in Definition 4.10, let h,(x, x) := dimp, (o (X) /(0 (X) N aw(X)))-

LEMMA 5.5. Suppose that v is a place of K and that x € C(K,). Let
F/K, be the cyclic extension cut out by x. Then

Proof. When p = 2, this is due to Kramer [11, Prop. 7]. For general p,
this is [12, Corollary 5.3]. (That result is stated only for p > 2, but the proof
for p = 2 is the same.) O

LEMMA 5.6. Suppose p=2,v € X, and ¢ € C(K,). Let

O‘% : C(Kv) — /H(qu,v) = H(QE,@)
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and h¥(1,,x) = dimp,(a¥(1,)/(a¥(1,) N a¥(x))) be as defined in Defini-
tions 5.3 and 4.10, respectively, for E¥ instead of E. Then

hY (L, x) = ho(1h, X0) = hy(Lo, ¥) + hy(Ly, x¢b)  (mod 2).

Proof. Tt follows directly from Definition 5.3 that a¥(x) = ay(x3) for
every x € C(K,). This proves the equality, and the congruence follows from

Corollary 2.5 applied to the Lagrangian subspaces ay,(1,), ay(¥), and a,(¢x).
O

LEMMA 5.7. Suppose p > 2, v € Py, and x € C(K,) is nontrivial. If F is
the cyclic extension of K, corresponding to x, then

ay(x) = Hom(Gal(F/K,), E[p]) C Hom(G,, Blp]) = H' (Ko, B[p)).

Proof. Let G := Gal(F/K,). Fix a generator o of G, and let 7 = 1 —
x(0) € O,s0 1O = p. Let T := (0 — 1)Z|G] be the augmentation ideal of Z[G].
By [14, Th. 2.2(ii)], we have an isomorphism of O[G,]-modules

EX[p| = T ®z Elpl,

where v € Gk, acts by ! ® v on T ® E[p], and 7 acts as multiplication by
(1—0)®1onZ® E[p]. Since v € Py, Gk, acts trivially on E[p|, and G acts
trivially on both Z and E[p|. Hence

(5.2) BX(K,)[p] = EX[p)“% = (T @z E[p)*
= (Z®z Blp)"™" = (T @z Blp)™° = EX[p],
(5.3)  BX(F)p| = BX[p]°" = (T @z E[p)°" =T @z Elp] = EX[p].

Since p > 2, we have p? | p, so it follows from (5.2) that EX(K,)[p>] =
EX[p]. Therefore since v { poo, we have EX(K,) = EX[p] x B with a profinite
abelian group B such that pB = B, so we deduce from (5.3) that EX(K,) C
7EX(F). Identifying H'(K,, E[p]) with Hom(G,, E[p]), it follows from Def-
inition 5.3 that if ¢ € a,(x) € Hom(Gk,, E[p]), then ¢(Gr) = 0. Thus
ay(x) C Hom(Gal(F/Ky,), Elp]). By Lemma 3.7(ii), we have dimp, a,(x) =
2 = dimg, Hom(Gal(F'/Ky), E[p]), which completes the proof. O

PROPOSITION 5.8. The maps oy, of Definition 5.3, forv € ¥ and v € Po,
give twisting data as in Definition 4.4.

Proof. Tt follows from the definition that a,(x) depends only on the ex-
tension of K, cut out by Y.

By Lemma 5.4, o, (x) € H(qEg,») for every v and every x € C(K,). Thus
oy, satisfies Definition 4.4(i) for v € X.

Now suppose that v € Pa. If X € Cram (Ky), then a,(x) NHL (K,, T) =0 by
[13, Lemma 2.11], so a,(X) € Hram(¢E,w). To complete the proof of the propo-
sition we need only show that the map oy : Cram(Ky)/Aut(p,) = Hram(qE,0)
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is a bijection. Since

‘Cram(Kv)/AUt(ﬂp)‘ =p = |Hram(qE0)|

by local class field theory and Lemma 3.7(iii), we only need to show the injec-
tivity of a, and when p > 2 this follows from Lemma 5.7.

Suppose p = 2. Let ¢, x € C(K,) be a ramified and nontrivial unramified
character, respectively. Then Cram (Ky) = {9, x¢}, so we need only show that
(1) # an(xt).

Let F be the unramified quadratic extension of K,. Since v € Py, we have
that v {2, F has good reduction at v, and Gk, acts trivially on E[2]. Since 1
is ramified over F, E¥ has additive reduction over F above v. Tate’s algorithm
[25] shows that EY(F)[2*°] = E¥(F)[2] = E¥(K,)[2] = E[2], and so E¥(K,)
and EY(F) are each isomorphic to the product of the Klein 4-group F[2] with
profinite abelian groups of odd order. Hence NF/KvEd’(F) = 2E%(K,), so by
Lemmas 5.5 and 5.6,

2= hi/(L,x) = (¥, x¥) = dimp, (0w (¥)/ (0w () N 0w (x¥)))
and, in particular, o, (1) # a,(x¥). O

PROPOSITION 5.9. With the twisting data of Definition 5.3, and any gen-
erator ™ of p, for x € C(K) we have that Sel(E[p|, x) = Sel,(EX/K), the
usual w-Selmer group of EX/K. In particular, when p = 2, Sel(E[2],x) =
Sela(EX/K) is the classical 2-Selmer group of EX/K.

Proof. Let 0 € D be such that x € C(?). By definition,
Sel, (EX/K) = {c € HY(K, E[p]) : ¢, € a(x) for every v}

with a,(x) as in Definition 5.3. Thus we need to show that Hé(v) (K,,T) =
ay(x) for every v, where v := my(x) € I'y.

IfveX orifv]|dand v € Py, then this is the definition of Hé(w)(KfU7 T).
If v € Py and x is ramified at v, then H*(K,,T) = 0 by Lemma 3.7(i), and if
v ¢ ¥ and y is unramified at v, then a,(x) = H} (K,,T) by [1, Lemma 4.1],
7)(vaT) = aw(x)-

It remains only to check those v such that v | 9 and v € P;. In that case
aw(x) N HE (K, T) = 0 by [13, Lemma 2.11], 50 ay(X) C Hram(gE). But in
this case |Hram(¢E,»)| = 1 by Lemma 3.7(iii), and Hé(,y)(KU,T) is the unique

so in those cases we also have H é(

element of Hyam(gE,») by definition, so Hé(v) (K, T) = ay(x) in this case also.
This completes the proof. [l

Remark 5.10. Definition 5.1 of EX shows that EX depends only on the
field cut out by x, not on the choice of character y itself. As mentioned in
Remark 4.8, it is easier to count characters of order p than cyclic extensions
of degree p, because the set of characters is a group.
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If F/K is the cyclic extension cut out by x # 1k, then the short exact
sequence 0 — EX — Rest(F) — E — 0 of Definition 5.1 gives an identity of
Mordell-Weil ranks

rank(E(F)) = rank(Resk (E)(K)) = rank(E(K)) + rank( EX(K)).

In particular, if Sel(E[p], x) = 0, then by Proposition 5.9 we have rank(E(F)) =
rank(F(K)).

6. Local and global characters

For the rest of this paper we fix T" and X as in Section 1, a global metabolic
structure q on 1" as in Definition 3.3, and twisting data as in Definition 4.4.
Recall that K(T) is the field of definition of the elements of T, i.e., the fixed

field in K of ker(Gx — Aut(T)).
For the rest of this paper we assume also that

(6.1) PiC(O[(;}) =0

and

(6.2) O/ Ok )P — [I KS/(KS)P s injective,
vEX

where Oy is the ring of ¥-integers of K, i.e., the elements that are integral
at all q ¢ .

LEMMA 6.1. Conditions (6.1) and (6.2) can always be satisfied by enlarg-
ing X if necessary.

Proof. First, enlarge 3. if necessary by adding primes q whose classes gen-
erate the ideal class group of Op. After this we will have (6.1). Further
increases will preserve this condition.

Let fs denote the natural map Ok /(O 5)P — [lves K /(K )P, and
suppose u € ker(fyx) is nontrivial. The kernel of

KX /(K%)= K ()™ /(K (1))

is H'(K(p,)/ K, p,) = 0, 50 u ¢ (K(p,))P and [K (p,, u'/?) : K(p,)] = p.
Let q be a prime of K whose Frobenius automorphism in Gal(K (g, u'/?)/K)
has order p. Then u ¢ (K;)?, so fsyqqy(u) # 1.

Let ¥’ := ¥ U {q}. Since Pic(Ox) = 0, there is a A € Ok sy such that
ordg(A) = 1. Thus Ok 5 = Of 5, x (A), where ()) is the infinite cyclic group
generated by A. The map (\)/(\P) — Kg*/(K )P is injective, so ker(fs) C
ker(fx) and the inclusion is strict because ker(fs;) contains u and ker( fs) does
not. Replacing ¥ by ¥, we can continue in this way until ker(fy) = 1, i.e.,

until (6.2) holds. O
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LEMMA 6.2. Define the subgroup A C K> /(K*)P by
A:=ker(K* /(KX — K(T)*/(K(T)*)P).
Then there is a canonical isomorphism
A % Hom(Gal(K (T)/K (1), 18,) CA KD/,
and A is cyclic, generated by an element A € OIX(’E.

Proof. The inflation-restriction sequence of Galois cohomology, together
with the fact that H*(F,p,) = F*/(F*)? for every field F of characteristic
different from p, shows that

A = ker(H'(K, ) — H'(K(T), ,)) = H'(K(T)/K, s,).

Since [K(u,) : K] is prime to p, the Hochschild-Serre spectral sequence gives
an isomorphism

A= BNE(T)/K, ) > BN (T)/K (), 1) SO
Gal(K(T)/K
= Hom(Gal(K(T)/K(m,)), i) (K(T)/K)
Since Gal(K(T)/K (n,)) is isomorphic to a subgroup of SLa(F,), we see that
Hom(Gal(K (T')/K(,)), ) has order 1 or p. Thus A is cyclic.

Let Ik s (vesp., I (r),x;) denote the group of fractional ideals of K (resp.,
K(T)) prime to ¥. We have a commutative diagram

1 — Ok »/(O 5)F —— K> /(K*)P Ixs/lgy —=1

|

K(T)* [(K(T) ) — Ixm) s/ gy 5

in which the top row is exact by (6.1). Since K(7')/K is unramified outside
of ¥, the right-hand vertical map is injective, so A (the kernel of the left-hand
vertical map) is contained in the image of of Oy y.. This completes the proof
of the lemma. 7 O

LEMMA 6.3. Suppose p < 3, E is an elliptic curve over K, and T = E|[p].
Then we can take the element A of Lemma 6.2 to be the discriminant Ag of
(any model of) E.

Proof. Since ¥ contains all primes where E has bad reduction, we have
Ap € Of5 - (K*)". By Lemma 6.2, A = {1} if p{ [K(E[p]) : K].

Suppose p = 2. Then Ap € (K(E[2])*)? and [K(E[2]) : K(V/AEg)] di-
vides 3. Thus Ag € (K*)?if and only if 2 [K(E[2]) : K], so Ag generates A.

Similarly, when p = 3, computing the discriminant of the universal ellip-
tic curve with full level 3 structure (see, for example, [20, §1.1]) shows that
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Ap € (K(E[3])*)? and that [K(E[3]) : K(us, V/Ag)] divides 8, so again Ag
generates A. O

Fix once and for all a A € OIX(,E as in Lemma 6.2. Recall (Definition 4.6)
that T'y := [[yex C(K,) and, more generally,

Ty =[] C(Ky) x ] Cram(Kq)

vEX q|o2
for 9 €D. For each v, local class field theory identifies C(K,) with Hom (K, p,,).
Definition 6.4. Define a “sign” homomorphism signa : I't = p,, by
signp (v vy Yoy - .) 1= H Yo (A).
veEX

Composing with the natural maps I'y — I'y and C(K) — I'y, we will extend
signa to I'y for every 0 € D, and to C(K).

LEMMA 6.5. Suppose A is nontrivial, i.e., A ¢ (K*)P.
(i) If 9 € Py and xq € C(Ky), then xq(A) = 1.
(ii) If g € Py and xq € C(Ky), then xq(A) =1 if and only if x4 is unramified.
(ili) If p =2, q € Po, and xq € C(Ky), then xq(A) = 1.

Proof. By Lemma 4.3(i), if q € P», then Frob, fixes K(T'), so Frobq fixes
AVP g0 A € (K;)P. This proves (i). Similarly, if p = 2 and q € Po, then
Lemma 4.3(iii) shows that Frob, € Gal(K(T)/K) has order 3. Thus again
Frob, fixes VA, so A € (K;)?. This proves (iii).

If g € P1, then Lemma 4.3(ii) shows that Froby € Gal(K(T")/K) has order
exactly p and, in particular, Frob, € Gal(K(T)/K(u,)). But since A ¢ (K*)P,
the degree [K(T) : K(p,, A'/P)] is prime to p. Thus Frob, does not fix Al/?,
so A ¢ (K;)P. Therefore A generates O /(O )P = Z/pZ, where Oy is the
ring of integers of K. It follows that for x4 € C(K), we have xq(A) = 1 if
and only if xq(O4) = 1. This is (ii). O

LEMMA 6.6. Suppose G and H are abelian groups and J C G x H is a
subgroup. Let mq and wgy denote the projection maps from G x H to G and
H, respectively. Let Jy :=ker(J =% G/GP).

(i) The image of the natural map Hom((G x H)/J,p,) — Hom(H,u,) is

Hom(H/mg (Jo), 1y)-

(ii) If J/J? — G/GP is injective, then Hom((G x H)/J, u,,) — Hom(H, p,,) is
surjective.

Proof. We have an exact sequence of F,-vector spaces
0 — 7 (Jo)H?/HP — H/H? — (G x H)/J(G x H)P.

Assertion (i) follows by applying Hom( -, p,,), and (ii) follows directly from (i).
U
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LEMMA 6.7. (i) The natural map Ok 5 /(Ok 5)P — Tlags O /(OF)P is
1njective.
(ii) The kernel of the natural map Ok 5 /(Of )P = Tlqep, Of /(OF)F is A.

Proof. Suppose a € Of s, a & (O 5)P. Then a ¢ (K(u,)*)P. If q ¢ ¥
is any prime whose Frobenius in Gal(K(u,, al/P) /K (k,)) is nontrivial, then
a € Of but a ¢ (O )P. Thus « is not in the kernel of the map of (i), and (i)
follows.

Now suppose o ¢ A. Then a'/? ¢ K(T), so we can choose a nontrivial
automorphism ¢ € Gal(K (T, a!/?)/K(T)). Suppose q ¢ ¥ is a prime whose
Frobenius in Gal(K(T,a'/?)/K) is 0. Then q € P by Lemma 4.3(i), and
a € Of but a ¢ (OF)P. This shows that the kernel of the map of (i) is
contained in A, and A is contained in the kernel by Lemma 6.5(i). O

PROPOSITION 6.8. (i) The natural homomorphism C(K) — I'y is sur-
jective.

(ii) If 9 ¢ X and p, C K, then there is a x € C(K) ramified at q and
unramified outside of 3 and q.

(iii) There is a finite subgroup of C(K), containing only characters unramified

outside of ¥ and Pz, whose image in I'y is ker(signy ).

Proof. Let Ak denote the ideles of K. Global class field theory and (6.1)
show that

(6:3) C(K) = Hom(AJ/K*, p,) = Hom((Tves K7 X Tlags O5)/Of 5. )
For (i), we apply Lemma 6.6(ii) with
G=[Joy, H=]]KS, J:= Ok s
q¢x veR
Then J/JP? — G/GP is injective by Lemma 6.7(i), so Lemma 6.6(ii) and (6.3)
show that
C(K) — Hom(T]yes K5 pp) =T
is surjective.
For (ii), we apply Lemma 6.6(ii) with
G:= H K), H:= H oy, J:= (’);(’2.
vED vgs
Assumption (6.2) says the map J/JP —G/GP is injective, so by Lemma 6.6(ii)
and (6.3), we have that
(6.4) C(K) — Hom([[vgs O, 1)

is surjective. If p,, C K, then we can fix an element ¢ € Hom([],¢s O, i,))
such that (Og) # 1 but ¥(O;) = 1 if v # q, and let x € C(K) be a character
that maps to ¢ under (6.4). Then x satisfies (ii).
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For (iii), we apply Lemma 6.6(i) with

G=1[0o5, H=][Kx I 0OFf J:=0%s.
q€P2 vEY qePoUP1L

Lemma 6.7(ii) shows that ker(Ox y/(Ok )P — G/GP) is generated by A.
Now we deduce from (6.3) and Lemma 6.6(i) that the image of

C(K) — Hom( ITE < ]I 0;,,;,,)
veEY qePUP,
is Hom((TTyes K X [Tqepour, Of )/(A), 1,). Restricting to characters unram-
ified at Po U Py proves (iii), since ker(signy ) = Hom(([Tves K)/(A), p1p). O

7. Parity disparity (p = 2)

Fix T and ¥ as in Section 1, a global metabolic structure q on 7" as in
Definition 3.3, and twisting data as in Definition 4.4. In this section we let p = 2
and we study how the parity of dimp, Sel(7T’, x) varies as x varies. The main
result is Theorem 7.6. When T' = E[2] with an elliptic curve E/K, Theorem 7.6
specializes to Theorem A of the introduction, and we make Theorem A more
explicit in Proposition 7.9, Corollary 7.10, and Example 7.11.

Suppose throughout this section that p = 2 and that (6.1) and (6.2) are
satisfied. Let A € OIX{’E be as in Lemma 6.2.

If x € C(K), let r(x) := dimp, Sel(T, x), where Sel(T,x) is given by
Definition 4.7, the Selmer group for the twist of T by x. If T = E[2] with the
natural twisting data, then r(x) = dimg, Sela(EX/K) by Proposition 5.9.

Recall the function h,(x, x’) := dimp, a,(x)/(w(Xx) N ay(x’)) of Defini-
tion 4.10.

Definition 7.1. For every v € 3, define a map (of sets) w, : C(K,) — {£1}
by
wy(Xv) = (_th(lv’xv)Xv(A)-

PROPOSITION 7.2. Suppose x € C(K). Then

r(x) =r(lg) (mod 2) «— H wy(xw) = 1.
veED
Proof. We will deduce this from Theorem 4.11. Fix 9 € D such that
X € C(d). If g € Py UPa, then xq(A) =1 by Lemma 6.5(i) and (iii). If q € P,
then xq(A) = —1if q |0, and xq(A) =1 if q 10, by Lemma 6.5(ii). Therefore,

[T xa(8) = (-pffwa € Prandaloll — (1=,
¢
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so by Theorem 4.11,
r(x) =r(1x) (mod 2) <= ] (wolxo)xo(A)) ] xo(d) =1.
vEY vgD
Global class field theory shows that [, x»(A) = 1, and the proposition follows.
O

Definition 7.3. Define a (set) function C(K) — Z- measuring the “size”
of a character x by

|x]| := max{Ngq : x is ramified at q}.
If X >0, let C(K,X) C C(K) be the subgroup
C(K, X) :={x € C(K) : [[x|| < X}.
Definition 7.4. For every v € ¥ define

1
Oy 1= ——— Z wy(x) and 0 := (—1)T(1K) H Oy

‘C(KU” X€C(Ky) vEY
Note that —1 4 2/|C(K,)| < &, < 1 for every v (since wy,(1,) = 1) and
d e [-1,1].
LEMMA 7.5. We have
‘{’Y €It : Jlves wy () = 1}’ _ 1+ [Toes 0w
Ty 2

PTOOf' Let N = |{’Y el HUGE Wv(’yv) = 1}| Since I'y = HUEEC(KU)v
we have

No(ry - N) = Y [ wn) = H( 3 wvw),

~vel'y vex VEX N v, €C(Ky)

and dividing both sides by |I'1| = [[vesx, [C(Ky)]| yields 2N/|T'1| — 1 = [vex Ov-
The lemma follows. (]

THEOREM 7.6. For all sufficiently large X,
H{x € C(K, X) : dimp, Sel(T, x) is even}| 1+6
IC(K, X)) 2
Proof. Suppose X is large enough so that the natural group homomor-
phism 7 : C(K, X) — T'; is surjective. (This holds for all sufficiently large X
by Proposition 6.8(i).) By Proposition 7.2, the parity of r(x) depends only on
n(x). Since 7 is a homomorphism, all of its fibers have the same size, so by
Proposition 7.2,
{x e CE, X) :r(x) =r(lx) (mod 2)}| [y el :leswo(rw) =1}
IC(K, X)| T | '

Now the theorem follows from Lemma 7.5. |
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Remark 7.7. As the proof shows, the equality of Theorem 7.6 holds with
C(K, X) replaced by any subset B C C(K) having the property that there is
a subgroup A C C(K) such that the natural map A — I'y is surjective and
AB = B.

For the rest of this section, we fix an elliptic curve E/K and take T' = E[2]
with the natural twisting data of Definition 5.3. In this setting Proposition 5.9
shows that Theorem 7.6 specializes to Theorem A of the introduction. Propo-
sition 7.9 below computes the J, for F[2], in all cases when v 1 2, and in certain
cases when v | 2. We first need the following lemma.

LEMMA 7.8. Suppose v € ¥ and 7p € C(K,). Let w, be as in Defini-
tion 7.1, and let w}f’ be the corresponding quantity defined with the elliptic
curve EY over K, in place of E. Then for every x € C(K,), we have

Wl (Wl () = we (x¥)-

Proof. Let h¥(1,,x) be as given by Definition 4.10 for E¥ in place of E.
Then by Lemma 5.6,

» P
W (0 () = (~ 1) A0y (A) (1) )
(e he (Lot (o) (A) = (). O

PROPOSITION 7.9. Suppose that E is an elliptic curve over K and that
T = E[2]| with the natural twisting data. For every v € X, let

my = {7y € C(Ky) : wy(7) = £1},

and let ¢, := |K)/(K})?|, so c, = 4 if v { 200. Then we have the following
table, where if v { 0o, then “type” denotes the Kodaira type of the Néron model.

type of v H my ‘ my ‘ Oy ‘

real 1 1 0
complex 1 0 1

split multiplicative 1 cow—1|2/c, —1

type I, or I, v > 0, not split multiplicative || ¢, — 1 1 1-2/¢c,
good reduction or type Ifj, v{2 4 0 1
type I, IV, IT*, IV*, A € (K))?, v {2 4 0 1
type I, TV, IT*, IV*, A ¢ (K})?, v {2 2 2 0
type IIL, TIT*, —1 € (K))%, vt2 4 0 1
type TIL, 1IT*, —1 ¢ (K)%, vt2 2 2 0




SELMER RANKS OF TWISTS OF ELLIPTIC CURVES 311

Proof. Most of the entries in the table follow directly from calculations
of Kramer [11], using Lemma 5.5. For every v, we have w,(1,) = 1, and by
definition 6, = (m} — m;)/cy.

Case 1: v archimedean. If v is complex, then there is nothing to check.

Suppose v is real, and let x : K — £1 be the sign character, the nontrivial
element of C(K,). By Lemma 5.5 and [11, Prop. 6], we have

(7.1) (~1) 0 = —x(A),

s0 wy(x) = —1. Thus m;y =m, = 1.

Case 2: v split multiplicative. In this case Lemma 5.5 and [11, Prop. 1]
show that if x € C(K,) is nontrivial, then (7.1) holds, so w,(x) = —1. Thus
m} =1and m, =c¢, — 1.

Case 3: v type I, or I,, v > 0, not split multiplicative. In this case there
is a ¢ € C(K,), ¥ # 1,, such that E¥ is split multiplicative (see, for example,
[21, §1.12]). Case 2 showed that w¥ (1)) = —1, and so by Case 2 and Lemma 7.8
we have m = ¢, — 1, m; = 1.

Case 4: v good reduction or type Ifj, v 1 2. If E has good reduction at v,
then Lemma 5.5 and [11, Prop. 3] show that (—1)(1eX) = y(A) for every
X € C(Ky), so wy(x) = 1. If E has reduction type If, then E has a quadratic
twist with good reduction, so by Lemma 7.8 we again have w,(x) = 1 for
every x. In either case m; = ¢, =4, m; = 0.

Case 5: v type 11, IV, II*) or IV*, v t 2. In this case the number of
connected components of the Néron model is odd, and E has additive reduction
at v, so F(K,) is 2-divisible. Hence () is zero for every x, so hy,(1,,x) =0,
50 wy(x) = x(A). Thus if A € (K})?, then m;" = ¢, = 4 and m; = 0, and if
A ¢ (K)X)?, then m} =m, = 2.

Case 6: v type III or IIT*, v 1 2. Suppose x € C(K,), x # 1y, and let F
be the corresponding quadratic extension of K,. In this case Tate’s algorithm
[25] shows that

E(K,)[2| 2Z/2Z, E(K,)=E(K,)[2]x B, E(F)=E(F)22]xB

with profinite abelian groups B, B’ of odd order, and ord,(A) is odd. If
F #+ K,(VA), then E(F)[2] = E(K,)[2], so Np/ g, E(F) = 2E(K,) = B,
0 hy(1y,X) = 1 by Lemma 5.5. If F = K,(v/A), then E(F)[2] = E[2] and
Np g, E(F) = E(Ky), 50 hy(1,,x) = 0 by Lemma 5.5.

Fix u € OF, u ¢ (0X)?. We have C(K,) = {14, XA, Xu, XAu}, Where Xq
is the quadratic character corresponding to K,(y/a). The discussion above
showed that h,(1,,1,) = hy(1y, xa) = 0 and hy(1y, xu) = ho(Le, Xaw) = 1.
We have x,(A) = —1, since K,(y/u)/K, is unramified and ord,(A) is odd.
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With F' = K,(v/A), we have
Xa(A) =1 < A€ Np, F* < —1€Np) F* < —1€(K})?
and with F = K,(v/Au), we have
Xau(A) =1 <= A€ Np/g F* <= —uecNgyg F*
= —uc(K))? <= —1¢ (K))>
Combining these facts gives the entries in the last two rows of the table. [

COROLLARY 7.10. (i) If K has a real embedding, then for all sufficiently
large X, we have
IC(K, X))

5 :
(ii) If K has no real embeddings, E/K is semistable, and E has multiplicative

H{x € C(K,X) :r(x) is odd}| = |{x € C(K, X) : r(x) is even}| =

reduction at all primes above 2, then for all sufficiently large X,
H{x € C(K,gg{. TX(;<|) is even}| _ 1 —;— 5 ¢ {0,1,1).
Proof. If K has a real place v, then Proposition 7.9 shows that J, = 0, so
(i) follows from Theorem 7.6.
Under the hypotheses of (ii), Proposition 7.9 shows that

e §, = 1 for every archimedean place and every place of good reduction;
o |0, = % for every place v {2 of bad reduction, since ¢, = 4;
o |6, =1 — 27K Ql=1 ¢ [3 1) if v | 2, since ¢, = [K, : Qp] + 2.
Thus 6 ¢ {0,£1}, so (ii) follows from Theorem 7.6 as well. O

Ezample 7.11. Let E be the elliptic curve labelled 50B1 in [2]:
y2+:cy+y::v3+:v2—3x—l.

Let K be a finite extension of Q(v/—2), unramified at 5. Then for all sufficiently
large X,
H{x € C(K,X):r(x)is even}| 1 (—DIEQWV-2)

- A 1— 27[KW:Q2]71 ]
C(K, X)| 2" 2 g( )

As K varies, these values are dense in the interval [0, 1].

Proof. The discriminant of F is —2°-52, which is a square in K, so A =1
in K*/(K*)% Over Qg, E has split multiplicative reduction, so E has split
multiplicative reduction at every prime of K above 2. Over Qs, F has Kodaira
type I, and since K/Q is unramified at 5, F has Kodaira type II at all primes
of K above 5. Further, since K is unramified at 5, we have F(K)[2] = 0.

Let w(E/K,) denote the local root number of E over K,. We have
w(E/K,) =1ifv{2-5-00. By [18, Th. 2|, we have w(E/K,) = —1 if
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v|2orwv| oo, and w(E/K,) = 1if v | 5. Thus the global root number
w(E/K) is given by

w(B/K) = [Jw(BE/K,) = (-1)"=*"2,

where ngy (resp., noo = [K : Q(v/=2)]) is the number of places of K above 2
(resp., above 00). By [5, Th. 1.3] (the “2-Selmer parity conjecture”), combined
with the Cassels pairing (see, for example, [12, Prop. 2.1]), it follows that
dimp, Selp(E/K) = neo + n2 (mod 2).

The field K has no real embeddings, and E has good reduction at all
primes of K not dividing 10. Hence Proposition 7.9 shows that the ¢ of Def-
inition 7.4 is given by § = (—1)"1"2 HU|2(2/|KUX/(K5<)2| —1). For each v
dividing 2, we have

KK )?| = 2l Qa2
so the desired formula follows from Theorem 7.6.

To prove the final assertion, suppose L is a finite extension of Q, unrami-
fied at 5, in which 2 splits completely, and let ¢ := [L : Q]. Let K := L( *{/—2)
with m > 1. Then K is unramified at 5, [K : Q(v/=2)] =tm, na = [L: Q] =,
and [K, : Q2] = 2m if v | 2. In this case the quantity in the formula of the

theorem is .
L (=)™ —om—1nt
— 4 (1 =2 .

As m and t vary, the sets
{log((1 —272™"HY) s tm even}, {log((1 — 272" 1)) : tm odd}

are both dense in R<q. It follows from the continuity of the exponential func-
tion that the set {(—1)(1—272m=1)} is dense in [~1, 1]. This completes the
proof. O

Note that the Selmer rank and Mordell-Weil rank of EX are related by
rank(EX(K)) > r(x) — dimg, F(K)[2]
and if the 2-part of the Shafarevich-Tate group III(E/K) is finite, then
rank(EX(K)) = r(x) — dimp, F(K)[2] (mod 2).

Thus by Theorem 7.6 we expect that rank(EX(K)) is odd (and therefore at
least one) for exactly (1 — (—1)dmr2 EUIRlg) /2 of the twists EX. This leads to
the following generalization of Goldfeld’s conjecture [6, Conj. B], which follows
from Theorem 7.6 if we assume

e the 2-parts of the Shafarevich-Tate groups of twists of E are all finite,

e twists of rank at least 2 are rare enough that they do not affect the
average rank.
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CONJECTURE 7.12. The average rank of the quadratic twists of E/K is
given by

i Yovec(x,x) rank(EX(K)) 1 — (—1)dimrs BEOR]5
X300 C(K, X)| - 2 ‘

Ezxample 7.13. This example shows that the fraction of even ranks given

by Theorem 7.6 does depend on the way we have chosen to order the twists.

Let C(K, X) be as above, and consider also another natural ordering
C'(K,X):={xa:d € Ok,|Nd| < X} CC(K)

where ygq is the character of K(v/d)/K. Let E be the elliptic curve 38B1 in
[2],
v+ oy +y=a®+a%+1,

and let K = Q(7). Then r(1x) = 0, and E has split multiplicative reduction
at the primes (1 +14) and (19), and good reduction everywhere else. We have
IC(K1.:)| = 2* and |C(K19)| = 22. According to Proposition 7.9 we have
wy(xv) = 1 if and only if x, = 1, for v = (1 +14) or (19) and x, € C(Ky).

If X > N(19) = 192, then the images of the characters x in the group
C(K, X) are uniformly distributed in C(K;4;) x C(K19). Hence under the map

C(K, X) — C(Ki4) x C(Kg) T (41} x {1},

exactly % . i = é of them map to (1,1) and % . % = % of them map to

(=1,—1). Hence by Proposition 7.2, r(x) is even for exactly g—g =i+ 3—72 of
the x € C(K, X). This is the content of Theorem 7.6 in this case.

Now consider the density using C'(K, X) instead of C(K, X). The qua-
dratic characters of K correspond bijectively to squarefree integers d € Z[i
modulo £1, and C'(K, X) corresponds to d with Nd < X. These characters
no longer map uniformly to C(Kj4;) x C(Kj9); for example, the fraction of
characters unramified at (19) (i.e., the fraction of squarefree d’s that are not
divisible by 19) is 192/(192 4+ 1), not 1/2. Of those that are unramified, half
of the d’s are squares modulo 19. Reasoning in this way we see that under the
map

C'(K, X) — C(K14i) x C(K19) 20 (41} x {1},
the fraction mapping to (1,1) is

12 1192 \ 1 361 361
8 2+1 2 192+1) 12 724 8688’
1) is 11 363 __ 1331

13 ° 791 = as95- We conclude by

and the fraction mapping to (—1, — 5896 -

Proposition 7.2 that

i {x € C'(K,X) :r(x) is even}| 361 n 1331 2177 1 N 5
X 00 IC'(K, X)| 8688 2896 4344 2 4344
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8. Parity (p > 2)

In this section suppose that p > 2 and that (6.1), (6.2) are satisfied. We
will study how the parity of dimg, Sel(T), x) varies as x varies.
Recall that C(K) = [[oep C(0). If x € C(d), let

w(x) = w(d), r(x) := dimg, Sel(T) x),

where Sel(T, x) is given by Definition 4.7 and the Selmer group for the twist
of T' by x. Similarly, if v € I'y, we let r(v) := dimg, Sel(T', 7).
Let n : C(K) — I'1 be the natural homomorphism.

Definition 8.1. Define

 {y €Ty :r(y) is odd}|
p = .
T

Note that p cannot be 1/2; since |I'1| is odd. The main result of this
section is the following.

THEOREM 8.2. (i) If p1[K(T) : K], then for all sufficiently large X,

Hx € C(K, X) :r(x) is odd}|
C(K, X)] -7

(i) If p| [K(T): K], then

lim {x € C(K,X) :r(x) is odd}| 1
X—00 ‘C(K,X)’ 2

Proof of Theorem 8.2(i). By Corollary 4.12,

r(x) =r(n(x)) + w(x) (mod 2)

for every x. Since p { [K(T') : K|, Lemma 4.3(ii) shows that w(y) is even for
every x, so 7(x) is odd if and only if 7(n(x)) is odd. By Proposition 6.8(i),
for all X sufficiently large, n restricts to a surjective homomorphism of finite
groups C(K,X) — TI'y. In particular, all fibers have the same size, so for
large X,

C(K,X)

H{x € C(K,X) :r(x) isodd}| = [{y € Ty : r(v) is odd}|, ﬁ

which proves assertion (i) of the theorem. O

The rest of this section is devoted to the proof of Theorem 8.2(ii). Order
the primes of K not in ¥ by norm, Ngq; < Ngg < ---. For every n, let
Cp, C C(K) be the subgroup

Cp = {x € C(K) : x is unramified outside of ¥ U {q1,...,q,}}.
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For every v € I'y, define

{x € Cn:n(x) =} 2
We will show that lim, 0 s, () = 0 for every v € T'y.

LeMMA 8.3. (i) If p, & K, then Cp, = Cy—1.
(ii) If m, C K, then there is a i € Cy, ramified at qn, and unramified at

1, - Gn_1, such that Cy, = [T2g ¥'Cr1. If X € Cn_1, then

w(x)+k ifptiandq, € Pk.

sn(y) = {x € Cn:n(x) =7 and w(x) is even}| 1

Proof. If p, ¢ K, then by local class field theory no character of order
p can ramify at qn, so Cy, = Cp—1. If p, C K, then by Proposition 6.8(ii)
there is a character ¢ € (), ramified at q,, and unramified at qi,...,q,—1. The
restriction of ¢ generates Hom(Og' , p,), so ¢ generates Cy,/Cr—1. If gy, € Py
and p 1 ¢, then w(y'x) = w(y¥")+w(x) = k+w(x). This proves the lemma. O

Let A € Ofy, be as in Lemma 6.2, and let signy : 1 — p, be the
homomorphism 7 — [[,ex 7 (A) of Definition 6.4.

LEMMA 8.4. Thereis an N € Z~g such that if n > N, then s, () depends
only on n and signa (7).

Proof. By Proposition 6.8(iii), if n is large enough, then for every v € T’y
with signa(vy) = 1, there is a character 1, € C,, ramified only at primes in
¥ U Pa, such that 7(1,) = ~.

Suppose 71,72 € T'; and signa(71) = signa(72). Let v := 77 '72. Then
multiplication by 1, gives a bijection

{x€Cn:nlx) =7} — {x € Cn:nlx) =12}

Further, since 1, is unramified at primes in P;, we have w(x) = w(yyX)
(mod 2) for every x € Cy,. Thus s,,(71) = sn(72), which proves the lemma. O

Define S,, = ﬁ > ver, $a(7), the average of the s,(7).

LEMMA 8.5. Suppose n > N with N as in Lemma 8.4. If p, & K¢, let
Y =1k € Cp, and if p, C K, let ¢ € Cy, be as in Lemma 8.3(ii). In either
case let € := (—1)* where q,, € Py, and ¢ :=n(y)) € 1. Then

oy [Een0) s @) =1
Sn = )y
v Lfsn-1(7) +eSu-1 if signa () #1
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Proof. 1f p,, ¢ K , then ¢ =1,C, = Cp,_1 by Lemma 8.3(i), and q,, € Py
by definition, so ¢ = 1 and s,(y) = sp—1(7) for every 4. Thus the formula of
the lemma holds in this case.

Suppose now that p,, C K, an, so ¢ is ramified at q,,. Then for every v € I'y,
X € Cp—1, and 0 < i < p, Lemma 8.3(ii) shows that

i =0, n(x) =, and w(y) is even, or
i # 0, n(x)=19 "y, and (-1)*®) =¢.
Thus, using that C,, = ]_[f;ol Y'Cp—1 by Lemma 8.3(ii), we have

(1/2 + s501(7)) + 3071 (1/2 + es5-1(d1))
p

n(1ix)=~ and w(¥'y) is even <= {

1/2 + Sn(V) =

or, equivalently,

.1 sn(y) = L= Dont D 220 ot ()

If signa (¥) = 1, then s, ('y) = s,_1(7) for every i by Lemma 8.4, and (8.1)

becomes s, (y) = W%,l(y). If signa (1) # 1, then signa (1)) generates

My, S0 (using Lemma 8.4)

p—1 .
D sna (W) = |%| > sno1(e) = pSn-1.
i=0

pely

Now the final equality of the lemma follows from (8.1). O
COROLLARY 8.6. Ifp | [K(T) : K| and y € T'1, then lim,,_,o sn(y) = 0.

Proof. Averaging over v € I'1 in Lemma 8.5 shows that

S, ife—1,
Sn = 9— ! 1 c
TpS’nfl if e =—1.

If p | [K(T) : K], then P; is infinite by Lemma 4.3, and ¢ = —1 whenever
qn € P1, so we deduce that lim;,,_,., S, = 0. Applying Lemma 8.5 again proves
the corollary. O

Proof of Theorem 8.2(ii). By Corollary 4.12, r(x) =r(n(x))+w(x) (mod 2)
for every x, so

(8.2) r(x) is odd <= w(x) Zr(n(x)) (mod 2).

We may assume (Proposition 6.8(i)) that n is large enough so that the
map 7 : Cp, — I'1 is surjective. Using (8.2), for every v € I'y we have

{x € Cn :n(x) = and r(x) is odd}| 1y,
{x € Cn:n(x) =7} =1/2 = (=1)""sn(7).
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Since p | [K(T) : K], Corollary 8.6 shows that lim,_, sp(7) = 0, so

lim [{x € Cn : n(x) = v and r(x) is odd}|

S T e Co i) = )] =12

This holds for every v € I'1, so

. HxeCHK, X):r(x)isodd}|

H{x € Cpn : 7(x) is odd}|

1 = i =1/2.
e (K. )| 5 O] /
This completes the proof of Theorem 8.2 U

Remark 8.7. Fix an elliptic curve E/K, and let p vary. If E' does not have

complex multiplication, then Serre’s theorem [21] shows that p | [K(T) : K]
for all but finitely many p, so Theorem 8.2(ii) shows that for all but finitely
many p, half of the twists by characters of order p have even p-Selmer rank
and half have odd p-Selmer rank.
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