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A bounded linear extension operator
for L?P(R?)

By ARIE [SRAEL

Abstract

Let L*?(R?) be the Sobolev space of real-valued functions on the plane
whose Hessian belongs to LP. For any finite subset £ C R? and p > 2,
let L*?(R?)|g be the space of real-valued functions on E, equipped with
the trace seminorm. In this paper we construct a bounded linear extension
operator T : L*?(R?)|p — L*P(R?). We also provide an explicit formula
that approximates the L*?(R?)|g trace seminorm.

1. Introduction

Given an arbitrary subset £ C R"™ and function f : £ — R, how can
we tell whether there exists a smooth function F' : R®™ — R such that /' = f
on E?7 If a smooth extension exists, can we take it to depend linearly on f?
To investigate these questions in more detail we introduce some notation. We
work with the following spaces of smooth functions on R™:

e X = C™(R"™) (functions with continuous m’th derivatives), defined by
the norm

|| F||x := sup max |VkF(93)|,
rER™ kgm

e X = C™!(R") (functions with Lipschitz continuous m’th derivatives),
defined by the norm
V" E(x) = V" E(y)|

9

F||x := sup max |VFF(z)| + sup
£l Sup max [VEF (2)] Sup, =]

o X = L™P(R™) (functions with m’th derivatives belonging to LP) in the
range n < p < 0o, defined by the seminorm

Pl ([ [oerpar)
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For any of these spaces,' we define the trace space X|g:= {F!E :Fe X}.
This vector space carries the natural trace seminorm

£ lscp == inf{HFHX . FeX, Flg= f} for f € X|g.

An extension of f € X|g is a function F' € X such that F = f on E. A
bounded linear extension operator with norm A > 1 is a linear map 7" : X|g —
X such that

(1.1) Tf=fonE, and ||Tf|lx < Alfllx, forall feX|g.
We can now formulate the Whitney extension problem.

Problem 1. Let E C R™ (arbitrary) be given.

(a) Provide necessary and sufficient conditions for membership in the trace
space X|g.
(b) Construct a bounded linear extension operator T : X|g — X.

For spaces X with suitable compactness properties, Problem 1 reduces to
the finite, quantitative problem stated below.

Problem 2. Let E C R™ be finite.
(a) Find an expression M : X|g — R that satisfies

CT'M(f) < 1 fllxjs < CM(f) forall f:E—R.

(b) Construct a bounded linear extension operator 7" : X|g — X with norm C.
Here, the constant C' = C'(X) > 1 should not depend on E.

In this paper we answer Problem 2 for the Sobolev space X = L?P(R?)
through the following extension theorem.

THEOREM 1. Let 2 < p < oo. Suppose that E C R? has cardinality
#FE = N < oo. Then there exists a bounded linear extension operator T :
L?>P(R?)|g — L*P(R?) with norm C. Moreover, there exist linear functionals
A, ..y A, where K < CN?, such that

K 1/p
M(f) = (Z|Ak<f>|p) satisfies O M(f) < | Fllowgee s
k=1

< CM(f) forall f: E— R.

Here, the constant C > 1 depends only on p.

IThe Sobolev embedding L™P(R™) C C"7H(R™) holds, due to the assumption n <p< occ.
In particular, each F' € L™P(R"™) can be identified with a continuous function after modifi-
cation on a measure-zero subset. Due to this identification, we can meaningfully restrict an

L™P(R"™) function to an arbitrary subset of euclidean space.
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Remark 1.1. In future joint work [11] it is shown that the functionals
A1, ..., Ak can be taken to have an additional structural property called as-
sisted bounded depth and that one may take K < C'N. This improvement is
discussed later in the introduction.

Remark 1.2. A compactness argument involving Banach limits and Theo-
rem 1 proves the existence of a bounded linear extension operator T: L>P(R?)| g
— L?P(R?) for infinite subsets E C R?; this argument solves Problem 1 and is
presented in [11].

We now describe some related results in the literature. Whitney intro-
duced and studied the extension problem for the space X = C™(R"). In [26],
he solved Problems 1 and 2 for C™(R!) through the method of divided differ-
ence quotients. In addition, Whitney laid the groundwork for future progress
on the higher-dimensional case through introducing his classical extension op-
erator for polynomial jets; see [22], [25]. Next came the conjecture of Brudnyi
and Shvartsman termed the finiteness principle for C™!(R"); they proved
their conjecture for m = 1, thereby solving the Whitney extension problem for
CHL(R™); see [1], [2], [3], [4], [16], [17], [18]. The next breakthrough was the
proof by C. Fefferman of the finiteness principle and the solution to Problems
1 and 2 for the spaces C™1(R™) and C™(R") for all m,n > 1; see [7], [6], [8],
9], [10].

On the other hand, most cases of the extension problem for L™P(R™)
are open despite the progress for C™(R™). In [15], Luli constructs a bounded
linear extension operator for X = L"P(R) and finite F (solving Problem 2(b)),
while Shvartsman [20] treats the more general case when FE is infinite, solving
Problems 1 and 2 for L"™P(R). Recently, Shvartsman has shown that the
classical Whitney extension operator for (m — 1)-jets produces a function with
near-minimal L™P(R"™)-seminorm for p > n; see [20]. In particular, this work
resolves Problems 1 and 2 for the space L'?(R") when p > n; see [19].

The inherent gap in difficulty between L'P(R?) and L??(R?) comes from
the fact that pointwise evaluation of the gradient of an L!?(R?) function is not
well defined, while for FF € L*P(R?), p > 2, the Sobolev embedding theorem
provides a simple notion of consistency:

(1.2) IVF(z) — VF(y)| < Clz — y|'"2/?||F|| oz for z,y € R%

Thus, when choosing an extension we must ensure that its gradient vectors
are consistent enough so that (1.2) does not force it to have large seminorm;
making an intelligent choice for the gradient of our extension at certain points
of the plane is a key aspect of our solution.

We now provide a sketch of the proof of Theorem 1. For certain subsets
S C R? that appear “flat,” the extension problem can be reduced to an easier
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one-dimensional problem, and we construct a bounded linear extension opera-
tor T : L?>P(R?)|s — L?*P(R?) in this case. In this manner, given f : S — R
we obtain an extension F = Tgf having near-optimal seminorm. This near-
optimal extension may be far from unique. For instance, suppose that S is
contained in a line. Then F' + L extends f and has the same seminorm as
F for any affine function L that vanishes on S. An analogous phenomenon
occurs more generally for flat subsets S C R2. Indeed, there may exist two
near-optimal extensions Fy, F» € L?P(R?) of the given f : S — R? such that
I — F5 has nonnegligible size.

Now consider an arbitrary finite set £ C R?. Using a Calderén-Zygmund
decomposition we split E into an almost-disjoint partition {E,}% ;| formed by
intersecting E with a collection of CZ squares. The decomposition is defined
in such a way that each localized subset F, is flat. Given f : E — R we
may then construct a near-optimal local extension F), of each function f|g, by
previous remarks. As mentioned before, there may be considerable freedom in
the choice of each F,,. This complicates our approach since we cannot ensure
that the local extensions are related to one another. To resolve these issues,
we must place additional constraints on the local extensions that enforce their
mutual consistency. To this end, we introduce the keystone squares, which
are a subcollection of the CZ squares. We can accurately determine the first
order Taylor polynomial of the desired extension near each of the keystone
squares. Then, using this information we specify the Taylor polynomial of
every other local extension at an appropriately chosen basepoint, providing
the aforementioned constraints. These carefully chosen local extensions are
mutually consistent. Thanks to this consistency, the local extensions can be
patched together using a partition of unity to produce a near-optimal extension
of the function f.

Calderén-Zygmund decompositions were used in [7], [6] to solve the Whit-
ney extension problem for C™~1L1(R™). However, in that work the Calderén-
Zygmund squares are treated on equal footing (in some sense). This is in
contrast to our proof of Theorem 1, where the keystone squares play a special
role. This completes the overview of the proof of Theorem 1.

We switch settings for the moment and consider X = C™~b1(R™). Sup-
pose that £ C R”™ has cardinality N < oo.

In [13], Fefferman-Klartag construct linear functionals Aj,..., Az on the
trace space X|g such that

(1.3) I fllx)p = max{|Xe(f)| : £=1,...,L} forevery f € X|g.

This formula has several interesting properties. First, not many functionals
are used; in fact, L < C'N. Moreover, each functional \;(f) depends on the
restriction of f to a subset Sy C E with cardinality at most k& = k(m,n)



A BOUNDED LINEAR EXTENSION OPERATOR FOR. L?P(R?) 187

(independent of E). In [10], Fefferman constructs a bounded linear extension
operator T : X|p — X with the following structural property: there exists d =
d(m,n) such that, for each z € R™, there exist y1,...,y4 € F and ay,...,a0€R
such that

(1.4) Tf(x) = Zajf(yj) for every f € X|g.

The depth of an extension operator is defined to be the smallest d as above.
In [14], Luli constructs bounded depth extension operators in the case when
E CR” is an arbitrary closed subset. These results are essentially the best
possible. Motivated by them, we pose several open problems.

Open Problem 1. Does there exist d = d(p) such that for every finite subset
E C R? there exists a bounded linear extension operator T : L?P(R?)|p —
L*P(R?) with depth d?

Open Problem 2. Do there exist k = k(p) and C = C(p) such that for
every finite subset £ C R? of cardinality #F = N, there exist linear functionals
M : L2P(R?)|gp — R and subsets Sy C E such that #S;, < k and such that
Ae(f) depends only on f|g,, for each £ =1, ..., L, where L < CN, and

L 1/p 1/p
B (Z W(f)p) < fllp2om@e), < C - (Z W(f)l”) Vf:E —R?
/=1

=1

Unfortunately, the first open problem is answered negatively in the forth-
coming article [12]. Indeed, for each N € N, there exists Ey C R? such
that #(Fx) = N, and such that any sequence of linear extension operators
Ty : L*P(R?)|g, — L*P(R?) with uniformly bounded norm must have depth
approaching infinity. This shows that the Sobolev and C™! versions of the
extension problem have some fundamental differences.

In recent work, Shvartsman [21] has given an alternate proof of Theorem 1.
This paper also answers the second open problem in the affirmative, with
the constant £k = 6. The methods in [21] are somewhat different from those
presented here. It would be interesting to understand better the relationship
between these two seemingly different approaches.

We now mention some further results on the structure of linear extension
operators and formulas for the trace norm. In fact, certain (weaker) variants of
the above open problems have been answered positively in [11]. In this paper,
the more general extension problem for L™P(R") is solved, provided p > n.
We conclude the introduction by stating these improvements in the special
case m = n = 2 of current interest. Given linear functionals wq,...,wy :
LQ’p(RQ)\E — R, we say that X\ : L>?(R?)|g — R has assisted bounded depth
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with assists wq,...,wr provided that
L
Z(# of nonzero coefficients of wy) < CN
/=1
and

L
M) =D anf(x)+ Y B f),
/=1

zel

where
#{reE: ap A0} +#{1<(<L: g #0} <C

for some constant C' = C(p).
The improvement to Theorem 1 from [11] states the following:

e There exist a bounded linear extension operator T : L?>P(R?)|p — L*P(R?)

and linear functionals wy,...,wr : L?>?(R?)|g — R such that, for each
y € R?, the linear functional f — T f(y) has assisted bounded depth with
assists wy,...,wr.

e There exist linear functionals A1, ..., A/ that each have assisted bounded

depth with assists wq,...,wy, such that L' < CN and

r 1/p L
ol (z W(f)l”) < £l 2y < C- (Z IWNP)
=1 =1

This concludes the introduction. In the next section we start on the proof

1/p

of Theorem 1.
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2. Notation and definitions
Let 2 < p < 0o be fixed throughout.

Smooth function spaces. For a domain Q C R?, the Sobolev spaces L*P({2)
and W?2P(€) consist of functions F : Q — R with finite seminorm, as defined
below:

IF |l 20 () == IV2F | o)
IFlw2oi9) = I1F o) + IVFl o) + IV2F |l o (0)-
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These seminorms are extended to vector valued mappings ® : Q — R? in the
obvious way. As before, since p > 2, the Sobolev theorem states that we may
regard each F' € L*P(Q) as belonging to CLL ().

For an interval I C R (perhaps unbounded), the standard Besov spaces
32_%”)(1) and B2_%’p(l) are written B, (I) and B, (I) respectively; these spaces
consist of smooth functions ¢ : I — R with finite seminorm, as defined below:

_ /() — ¢ (y)IP e
lells, 1) = (/I e

el B,y = lelliLey + 1€ Loy + el s, -

For a domain Q C R?, d € {1,2}, and « € (0, 1], the Hélder space C1(Q)
consists of differentiable functions F' : Q — R with finite seminorm:
|VF(z) — VF(y)|
HFHCLa(Q) ‘= Sup — .
x,y€R |z —y|

Coordinates. To specify euclidean coordinates (u,v) means to choose zy €
R? and an orthonormal basis e1, ea € R? and set (s, 1)y, := sej +tea + 1z € R?
for s,t € R. We may drop the subscript uv when the coordinate system being
used is clear from the context.

Unless stated otherwise, coordinate expansions are taken with respect to
some base coordinate system that remains fixed throughout the paper.

Geometry. A square Q C R? takes the form Q = (cy1,c2) + [—h, h]?. The
sidelength and center of () are denoted ¢y := 2h and cq := (c1, ¢2), respectively.

Write |-| for the standard euclidean norm in R?, and denote the open ball
{y € R? : |z —y| < r} by B(z,r). For S,5 C R% we put dist(S,5’) :=
inf{lz—yl:z €8, ye s}

For any line { € R? and subset S C R2, the orthogonal projection of S
onto [ is denoted by proj;S.

Jets and Whitney fields. Let P denote the space of affine polynomials
{A-2+b: AeR? beR}. For F € CYR?) and y € R?, we define J,F € P
(the jet of F at y) by

(JyF)(x) = F(y) + VF(y) - (z —y).
Given a finite set S C R?, the space of Whitney fields on S is denoted by
Wh(S) :={(Ly)yes : Ly € P for each y € S}.

We define JgF € Wh(S) (the jet of F' on S) by JgF = (J,F)yes. Similarly,
for g € C1(R) and y € R, we set Jyg(z) = g(y) + ¢'(y) - (z — y). Denote the
order of a multi-index o = (a1, v2) € Zi by |a| := a1 + as.
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Trace space. Let X be a space of functions on a domain Q ¢ R%, d € {1,2},
with seminorm || - [[x. We assume that the functions in X are continuous.

For FF € X and C' > 1, we say that || F||x is C-optimal (rather, F' € X
is C-optimal) with respect to some properties pi,po,...,pr provided that F
satisfies p1,po, ..., pr, and

|IF|lx < C-inf{||G|x : G € X, G satisfies p1,pa,...,pk}

For E C Q, we define the trace space X|g := {F|g : F € X} and trace
seminorm

Ifllx, =inf{|Flx: FEX, F=f onE} for feX|p.

Flat subsets. We now define a geometric quantity that measures the flat-
ness of euclidean subsets; this concept was mentioned briefly in the introduc-
tion. The Besov seminorm of a subset S C R? is

HSHBP = inf{||goHBp(R) :dpe Bp(]R), 3 coordinates (u,v),

S C{(t,p(t))u : t € R}}.

Note that subsets of line segments have Besov seminorm zero and that finite
subsets have finite Besov seminorm.

Gamma. For a square @ C R?, finite subset S C @, function f: S — R,
point x € @, and M > 0, we set
(2.1)
To(f.x,M):={LeP: IF € L**(Q), Fls=f, JoF =L, ||F|j20(0) <M}.

Conventions. Unless stated otherwise, all constants are positive and may
depend only on p; they are called universal constants. We write A < B to
mean A < C'B for some universal constant C. Similarly, we write A ~ B to
mean C~'B < A < CB for some universal constant C.

Let c1,c2,c3,¢4 € (0,1) be small universal constants whose values remain
fixed throughout the paper. We use ¢, C, ¢, 5, C1,Cs, ... to denote other uni-
versal constants that may change value from one occurrence to the next.

Suppose that an object O has been constructed with designated proper-
ties, numbered, e.g., (1), (2), (3). These properties are referenced within the
body of text where O is defined (i.e., Section, Lemma, etc.) as (P1) of O, (P2)
of O, and (P3) of O.

3. Background

In this section we establish preliminary results. These results include an
implicit function theorem for the Sobolev space and an extension theorem for
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the one-dimensional Besov space. The reader may wish to start reading Sec-
tion 4, referencing this section as necessary. We now state the two important
embedding theorems; see [5], [24].

PROPOSITION 3.1 (Sobolev embedding theorem). Let Q C R? be a square.
For F € L?>?(Q) and z,y € Q, the following hold:

VF(z) = VF(y)| < Cle — y[* || F| 120 (q),
|F(z) = JyF(x)| < Clz = y[*">?|| Fl| 12(g),
IVE = VE@)lre@) < CoqllFllL2r(q):
IF — JyFl o) < COHIF || 120(q)-
Remark 3.1. The Sobolev theorem also holds for the space L*P(2), where
Q = Q1 U Q2 and the squares ()1, Q2 have nonempty intersection. Here, one
should replace dg with diam(€2) in the above inequalities. Indeed, if z and y
belong to the same square, the initial two inequalities extend directly. In the
alternate case, pick z € Q1 NQ2 such that |z —y| < |z —y| and |z —z| < [z —y].
Then deduce the inequality for the pair (z,y) by summing the corresponding

inequalities for (z,z) and (y, z). The third and fourth inequalities are derived
by integrating p’th powers of the initial inequalities over €.

PROPOSITION 3.2 (Besov embedding theorem). Let I C R be an interval.
For ¢ € By(I) and r,s € I, the following hold:

_2
) = )] < Clr =" lell g, 0
_2
lp(r) = Jup(r)] < Clr = s 7 ¢l 3, 1)

The Sobolev space and Besov space are related through the following
trace/extension theorem; see [22], [23].

PROPOSITION 3.3. For G : R* = R, let g := G|gyqoy- Then,

G c L2’p(R2) = g€ BP(R) and HQHBP(R) < CHGHLQVP(RQ)’
G e W*P(R?) = g € By(R) and ||g]l5,m) < Cl|Gllw2rz2)-

Conversely, there exists a linear extension operator Ty = By(R) — L>P(R?) that
satisfies

(1) Thg = g on R x {0},

@) T3l 20 < Cliglls, @) i 9 € Bp(®),

3) Mgllw2r@2) < Cliglis,®) i 9 € Bp(R).

Here, the constant C depends only on p.
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We now prove a technical lemma stating that, in an appropriate coordinate
system, a subset of R? with controlled Besov seminorm must lie on the graph
of a function with controlled Besov norm.

LEMMA 3.1. Let D > 1 be given. There exist constants a = a(D,p) > 0
and A = A(D,p) such that the following hold. Let (u,v) be euclidean coor-
dinates, and let S C R? be given. Suppose that for some ki, ke € (0,a), the
following hold:

(3.1) diam(S) <D and HS”B,, < Ki;
(3.2) if #S > 1, then there exists * = (Ug, Vg )uy € S with |vgy| < Ko;
(3.3) if #S > 2, then there exists y = (Uy, Vy)uo € S with y # x and

Vy — Uy

< Ka.

Uy — Uy

Then there ezists p € Bp(R) such that S C {(t, O(t))uw 1 t € ]R} and ¢l B, r) <
A- (F&l + /ig).

Proof. By rescaling, we may assume that D = 1. By adding points to S,
we may assume that S is closed and that diam(S) = 1 (in particular, #S > 2).
Applying (3.1), we produce euclidean coordinates (,7), a curve ¢(s) :=
(s,9(s))ww such that H(EHBP(R) < 2k1, and an interval I = [a,b] such that

é(a),d(b) € S and S C ¢(I). Note that
(3.4) [I|=b—a< ’q;(b) - &(a)\ < diam(S) = 1.

We change coordinates and write ¢(s) = (¢1(s), ¢2(s))uw. Notice that H‘WHBP(R)
< Ck; for £ = 1,2. Subsequently, we work with (u,v) coordinates and drop
the uv subscript for notational convenience.

Take z,y € S as in (3.2), (3.3). Choose s, s, € I with

T = (Uz, V) = (91(52), $2(s2)) and y = (uy,vy) = (h1(sy), P2(sy))-

Applying the mean-value theorem and Besov embedding theorem, for b=
Uy —Uy Vg—Vy

py— SFSy), we obtain

digi_;(s) - 5‘ < Cky for s € 21.
s

(Here, 21 denotes the interval with the same center and twice the length of I.)
Integrating (3.5)

Il < s)ds
N d

|- || > / ‘ )| ds — Crkq|I| > diam(S) — Cky.

(3.5)

+ CrilI| < |§la) — ¢(b)| + Cry < diam(S) + Ck,
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Thus, for small enough k1, we have
(3.6) clI|7' < |b| < C|I|7",  for some universal constants ¢, C' > 0.

The second coordinate of b is bounded by ko times the first coordinate
(see (3.3)). Thus, for sufficiently small x; and k2, by (3.4), (3.5), and (3.6) we
have

(3.7) It <|Pi(s)| < C|I|7t and Zzgsi < C- (k1 +ke) forse?2l
(s
We set @ := ¢y 0 ¢7 . Since S C (1),
(3.8) S CA{(t,®(t) -t € dr(D)}.

Note that |¢}| > ¢ on 21, thanks to (3.4) and (3.7). Thus, for I := ¢1(2I), we
have

O BIACTO)] Y
RO AGHGO) )
P 1
‘ t
(3.9) Hsoll s t|p g
@b Esg ‘p
# (s t o
/2[ /21 |p1(s) — ( )P "bl( )| - |9 (t)|dsdt
o P
< [ O BO [ ROF,,
21 J2r |s —t|p of Jor s — ¢

Seally o + 101l o) S A1
Invoking (3.7) provides the estimates
o dist(R\ ¢1(21),61(1)) > 51| - mingear|$7(s)| > §,
o |¢1(2])| < 21| - maxsear|¢) (s)] < 2C,
o [[& || oo (g1 20)) = 105/ D1 || oo 21y < C - (K1 + Ka2),

o [[@lloen) < [@(01(s2)) |+ D@l Lo (g1 20)) < 02l +C- (k1+k2) <
C" - (k1 + K2) (see (3.2)).

Thanks to the last three bullet points and (3.9), we have [|§]| By(T) S
k1 + k2. Thanks to the first bullet point, we may choose 6§ € C°(T) such that

(1) 6= 10n é1(1),
(@) [6]lc= < 1.

Finally, we set ¢ := 6 - . Note that S C {(t,(t)) : t € R}, thanks to (3.8),
and that

lellB,@ < C-0lc> - @l g, @) S 51+ K2,
as desired. O

For a matrix M = (m;;), we define | M| := max|my;]|.
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LEMMA 3.2. Let @ : Q1 — Qo be a diffeomorphism. Suppose that ® €
L27P(Ql)7

[V®| peo() < A and \|(V<I>)_1||Loo(gl) < A for some A>1.
Then @1 ¢ L2’p(92) and H(p_IHLZP(Qz) <C- A3F2/p. ||(I)HL2,p(Q1).

Proof. We expand ® = (®1,®3) and &~ = ¥ = (¥, ¥s) in coordinates.
Let y = ®(x). Differentiating the identity ¥ (y) = x, we obtain

Vo (z)V2T,(y) )+ Za Uy (y)V2®;(z) =0 fork=1,2.
Thus, using the identity VU (y) = [V®(x)] 7!, we see that
V20U, (y) Za U (y) VU (y) V20 (T(y)) VI (y) fork =1,2.

Now, take p’th powers and integrate over y € o, apply the change of variables
2="U(y), and use the estimates [ V| 1o (0,) <A and || det(V®)|| oo () < 242
This completes the proof of Lemma 3.2. O

Now we present an implicit function theorem for Sobolev functions.
PRrOPOSITION 3.4. There exists ¢ > 0 such that the following hold. Let
Q C R? with 6g = 1, and let T € 0.9Q be given.

e Suppose that h € L*P(Q) satisfies [hllz2pq) < € and |[VA(Z)| > 1.
Then

v:={x€09Q: h(zx) =0} satisfies |vllg < Ihllr20Q)-

o Conversely, suppose that S C 0.9Q) satisfies HSHBP < ¢. Then there
ezists H € L*P(Q) with

H=00n8, |Hlrzsq) S IIS| g, and [VH(@)| > 1.

Proof. Let ¢ > 0 be some small constant, determined later in the proof.
We start by proving the first bullet point. Without loss of generality, we may
assume that

(1) A:=[[hllL20(q) <7,

(2) [Vh(z)| = 1.
Let’y—{er9Q h(x —O}.

Pick 0 € C(Q) such that

(1) =1 on 0.9Q,

(2) |0%0] <1 for |af < 2.
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Put
g:=Jzh+0-(h — Jzh).
We shall establish three properties of this function:

(1) llgllzerre) < A,

(2) Vg = Vg(T)| 1o R2) < %

(3)7:{x609Q g(z }

We obtain the estimate HgHLz,p(Q) S |h = Jzh|lw2.p(q) through the Leibniz
rule and (P2) of . Thus, we have [|g|| 7200y < [|h|lr2»(g) = A by the Sobolev
theorem. Moreover, the Sobolev theorem implies that

Vg = Vg(@)l| o) S Nl9llp2r ) S A

Note that g equals an affine function on R? \ @ since supp(f) C Q. Hence,
9l 2pm2y S A and [|[Vg — Vg(T)||pe(m2) S A < € This proves the first two
properties of g provided that ¢ is suﬂimently small. The third property of g
holds because g = h on 0.9Q).

We set e := Vg(Z) = VA(T). We choose e; € R? such that (eq, e) forms
an orthonormal basis. We work with euclidean coordinates (s,t) := T+se;+tea
until the first bullet point is proven.

Define the mapping ®(s,t) := (s, 9(s,t)). Thus,

|V®(z) —1d| = |[V®(z) — VO(T)| < |Vg(z) — Vg(T)| <1/10 for z € R?
1@l L2p®2) = lgll2p(m2) S A

From these properties we learn that ® : R* — R? is bijective, [|[V®| 100 (g2
<10, and [[(V®) 1| oo g2y < 10. Using Lemma 3.2, we thus have [|®7| 2. (ge)
< A

We define (s) to be (7 1)a(s,0); i.e., the t-coordinate function of ®~!(s, 0).
From (P3) of g, we have

’yg{(s,t)ER2:(I)(s } {<I> (s,0) SER} {sgo SE]R}.

Proposition 3.3 implies that HQDHBP(R) < H(I)_l||L2,p(R2) < A. Thus, ||'y||Bp <
|l 5, ~ A, which proves the first bullet point.

We now turn attention to the second bullet point. Suppose that S C 0.9Q
and B := ||S|| B, SC The second bullet-point clearly holds when #S < 1;
thus, we may assume that #S > 2.

Fix distinct points xg, yo € S and choose euclidean coordinates (u, v) such
that zp = (0,0) and yo = (q,0) for some ¢ € R. Lemma 3.1 implies that
S C{(u,p(u)) : u € R} for some ¢ € By(R) with [[¢| p,®) < B-

Invoking Proposition 3.3, we obtain G € W2P(R?) such that G = ¢ on
R x {0} and ||G|[y2.p®2) < B. The Sobolev theorem implies that

VG| Loome) S IGllw2r@e) S B <.
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Taking ¢ sufficiently small, we ensure that || VG| o r2) < 107!, Now define the
mapping ¥(u,v) = (u,v + G(u,v)). The following properties are immediate:
(1) SC {(u,cp(u)) tu € ]R} = {(u, G(u,0)) :u € R} = {\I/(u, 0):ue R};
(2) [V —1d|| oo (gz) < 107", and thus | V|| oo @z < 10 and [|(VE) | foo g2y
< 10;
(3) H‘I’Hmp(u@ = [|Gllz2n®2) S B;
(4) ||w-t lz2pm2) S B (see Lemma 3.2).
Define ¢(u,v) := (\P_l)g(u,v). Note that ¢ = 0 on S, |V¢(z)| > 1/2, and
|9llz20(q) S B, thanks to (P1), (P2) and (P4) of W, respectively. We take
H := 2¢ to complete the proof of the second bullet point.
The constant ¢ > 0 is chosen small enough so that the previous arguments
hold. This completes the proof of Proposition 3.4. O

LEMMA 3.3 (Straightening lemma). There exists ¢ > 0 such that the fol-
lowing hold. Let QQ C R? satisfy dg = 1, and suppose that S C 0.9Q satisfies
HS”Bp < C. Then there exists a diffeomorphism ® : R?> — R? such that

(1) ®(S) € R x {0},

(2) ®@llz2r@ey S IS5, and |27 |20 @2y S IS,

(3) [IV®] o2y < 10 and [|[VE ™| foo g2y < 10.

Proof. Take ¥ as in the proof of Proposition 3.4, and set ® := ¥~ [J

LEMMA 3.4. Let ® : R? — R? be a diffeomorphism. Suppose ||®|| 20w
S A, qu)HLoo(R2) S A and HV¢)—1HL00(R2) S A. Then

CYF lwewey < |F o @llwepmz) < ClF|weomsy for every F € WP(R?).
Here, the constant c depends only on A and p.
Proof. We expand ® = (®1, ®2) in coordinates. Then

(3.10) (%j(FO (I)) = Z Ck,l 0; ®y, - 8]'(1)[ cOpFo®+ Z 8ij¢)k O, Fo®
k,le{1,2} ke{1,2}

Note the estimate ||V F| oo®2) S | F[|w2p(r2) following from the Sobolev the-
orem. Thus, from (3.10) we obtain

IV3(F 0 @), g2) < C(A) - [II(V*F) © Bl gy + I1F [ymee) -
Since the coordinate change y = ®(z) has bounded Jacobian, we have
<

C(A,p) - | Fllwzr(r2)-

In the same fashion, we show that ||V (F o®)| 1p(r2)+ | F o ®||1pmz) < C(A,p)-
[ Fllyw2.p(m2); hence [|[F o @ly2p@ey < C'(A,p) - [|F[lw2pw2)-

IV2(F © ®)|| 1o (ge)
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Now observe that H<I>_1||L2,p(Rz) < (', thanks to Lemma 3.2. Thus, ap-
plying the above reasoning with ®~! instead of ®, we see that ||F ||y 2pg2) S
| £ 0 ®|yy2.p(r2)- This completes the proof of Lemma 3.4. O

We reduce the two-dimensional Sobolev extension problem on certain
“flat” subsets to a one-dimensional Besov extension problem, which we solve
in the next result. Our construction is closely related to Whitney’s extension
theorem for the space C%(R).

PROPOSITION 3.5. Let E1 C R satisfy diam(Ey) S 1. Then there ezist a
linear map Ty, : Bp(R)|p, — Bp(R) and linear functionals A1, ..., An,, where
No < C - (#F1)?, such that

e T}, is a bounded linear extension operator: Tyg = g on Ey and || Thgl g, r) <

CliglB,m)p, for any g: By — R.
o An approximate formula holds for the Besov trace norm:

No

No 1/p 1/p
0—1(2 \Mg)l”) < ol @ye, < c(z wg)w) Vg:Ei >R
=1 =1

Proof. If #F, < 1, then the proposition clearly holds; hence, we may
assume that #E; > 2. We write By = {x1,...,2n}, where 1 < -+ < zn. It
is convenient to set zg = —oo and xy4+1 = 0o. Let g : B4 — R be given. We
define the following objects:

e For 1 <k < N, let v(k) € {k—1,k+ 1} be chosen so that z,(,) € Ey is
nearest to x.
e For 1 <k < N, set
(3.11)
my = 9(@k) = 9@y w) and the affine function Li(x) := g(x) + my(x — ).
Tk — Ty (k)

e For 0 < k < N, set I}, := [zk, Trt1] \ {—00, 00} and Ay := |z — Tg41]-

By the classical Whitney extension theorem (see [22]), there exists Fj €
CH1(I;) such that

(1) fork=1,...,N —1, we have F, = Lj on [z, xf + %“] and Fy, = Lii1q
on [Tgy1 — %,xkﬂ];

(2) ”FkHC’lal(Ik) is C-optimal with respect to the above property;

(3) F) depends linearly on the polynomials Ly and Lj,1, and hence also
on g;

(4) F() = L1 and FN = LN.
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Moreover, the classical Whitney extension theorem provides certain expres-

sions:
(3.12)
M, = |mk+1 - mk|A,;1 + |Lk(l‘k+1) — 9($k+1)|Ai;2 fork=1,...,N —1,

My :=0 and My :=0,
which satisfy
(3.13) My ~ ||FkHc'1,1(Rn)-
We define F : R — R by F(z) = Fi(z) when x € Ij. Let

1 1/p
A = (/ d:L‘dy) for every k,l € {0,..., N} with k <,
1, 1, |z —ylP

and set
N—1 1/p
(3.14) M = (Z MpA + Z |mgs1 — ml|pA,€l) .
k=1 0<k,I<N
k+2<1

Note that Ayx41) = 0o, by definition.
We prove several claims before returning to the task of constructing Tj
and estimating the Besov trace norm.

Clatm 1. F' = g on E; and ||F||Bp(]R) S M.

First, we have F' = g on Fj, by (3.11) and the fact that Fy(x) = Li(zk)
for each k. Next, we write

F'(z) — F'(y)|?
3.15 F P / ’ dxd
(3.15) | ” E . |:c—y|P Y
F/ p
+2 E / / | )| dxdy.
0<k<I<N \m -

By the Lipschitz bound on the derivative of F' = F}; on I (see (3.13)) and
since F’ is constant on Iy and on Iy, we have
N

(316) Z/I ’ ’F/( ) F/( Z MPAQ

k=0 @ —ylP
For 0 <k <1< N, we estimate

[ [ Eerr,,
I,

|z —ylP

F’ p
//! (Trt1) — F'(21)] dyds
./ |9C—y|p

o [ F@ Pl P w) - Fap

Iy /1 |$7y|p Iy /I |x*y|p

dydx
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P AP P AP $k+17% 1
S Ime1 — mulP Ay +MkAk ar _y|pdyd93
Tk l

Ti+1

+ MPAY / ———dzdy.
I, |z — y|p

:DH—TO

Here, in the second inequality we use that F' = myyq on [T — %‘,mkﬂ]
and F' = my on [z, 2 + %ﬂ. Our convention here is that 0 - oo = 0, which
arises when k£ + 1 = [ in the first term, when £ = 0 in the second term, or
when [ = N in the last term. After making the straightforward estimate on
the above integrals, we sum and obtain

(3.17)
IF’ )\p = 5
o e 5 s S
O<k<l<N Iy /4o 0<k,I<N k=1

k+2<1

At this time we can derive Claim 1 from (3.14)—(3.17).
Claim 2. Let F € B,(I) for some interval I = [a,b]. Then

‘F/ )’ < P
/ yp r 4 S I, o)

In proving the above claim, we may assume that I = [0, 1] through scale
invariance. For k > 0, we set Ik (27k-1 2 ]
Note that |F'(z) — F'(27*)|P < || F|%

Fp=2) for x € I, by the Besov

B (I’
embedding theorem. Therefore,
LIF'(x) — F'(0)[P
(3.18) / F(@) — (0) dx
0 P
F'(277) = F'(0)[? F'(z) = F'(27 M)
oy [PENFOr, s P@ P,
k>0 1k r k>0 Lk x
—k k(2—
SYIF@E™) — Fo)P2” p)+ZHFH” 1)
k>0 k>0
< lio—k\ 1 po—k(2—p) P
SEIPE )~ PO+ P )

By the Besov embedding theorem, F belongs to C([0, 1]); hence liH(l) F'(x)
T—
= F'(0). Thus,

F/( i { F/(Q_l 1)]

=k
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Now, fix 0 < e < pp%Q and apply Hélder’s inequality, using the above formula:

SOIF(2F) - P02t

k>0
p
_ Z Z F/(2—l 1))2l62—ls 2k(p—2)
k>0 |I>k
p/p
< Z2kp 2) Z ’F/ F/(Q -1 ‘p2lap {ZQ Ip’ E—I
k>0 1>k |j>k J
< Z 2k: p—2) Z ’F/ (2 — 1)‘p2l€p2 kpe
k>0 1>k
_Z|F1 F/(2—l 1 ‘p2l€p Z 2kp 2)—kpe
>0 0<k<l
SYIF @Y - PP S S FR, o <IFI o)
>0 >0

(Here, p’ denotes the dual exponent to p, and thus 1% + % = 1.) This estimate

and (3.18) complete the proof of Claim 2.
Claim 3. Let F B,(R) satisfy F=gonE;. Then M < HFHBP(R)

We now prove Claim 3. For 1 < k < N, let J; denote the interval
with endpoints zp and z,), and set 0y = |Jx| = |zx — 7,(;)|- Note that
Ok, 011 < Ay for 1 < k < N — 1 because J; equals the distance from zy, to its
nearest neighbor in Ey and Ay = |z, — Tg41]-

Recall that my = Flan) = Floy ) (since F = g on E; and by (3.11)). Pick

Tk—Ty(k)
z; € Jy such that my = F'(z}). Set a := 1 — 2/p. By the Besov embedding
theorem,

(3.19) |F(ox)—mil = | (o)~ (@i)] S 1Fl g, lon—2il® < 1F g, 50,08
We consider the first sum in (3.14). For k € {1,..., N}, we write
My, = |mysr — mi| A+ | Li(zpg) — g(epr) | AL
< mpgr — f’(xkﬂ)\A;:l
+ |F (2g) = Fllare)| AL+ Jmg — F ()AL
+ [ To F i) = 9(@en)[A% + [ Jo Flan) — Li(wrga)| A
(see (3.12)). Since |z — zp11| = A,

o F (1) = Dr(ae)| AL = [F (@x) — ma| AT
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(see (3.11)). From this equality, the Besov embedding theorem (to help esti-
mate the second and fourth terms above), and (3.19), we obtain

M S1Fl g, 0y 31 A5+ IF g, 1y AL+ IF L5, 5 08

Thus, because 6, k11 < Ag,

Mp S AR (IFE L IEI o+ IE
Summing over k£ and using that p(a — 1) = —2, we obtain
N-1 N
(3.20) S MEAT S Il

We consider the second sum in (3.14). For k,1 € {0,..., N} with k+2 <,
we write
misr = mul? S mis = F (@) + [F (1) — F'(@)P + |F' (x) = F'(y)]”
+|F(y) = F(@)|? + |F' (1) — mul”.

Now divide the previous inequality by |z — y|P, integrate over = € Iy, y € I,
and sum over k£ and [:

(3.21)

Tr
Yo mgp —muP A S Z/ “/ mier = P/ dydz

0<kI<N - k2 |z —ylP

F2<l
£y [ / Plaien) = PP 4,
k=0 Tk+2 |=T - y|p

Tk

Fl(z) — F'(y)P
+// ’ ( )’ dydx
R JR \iﬂ—y\p

N o o o |F’ F/(~Tl)|
dxd
+Z/ / IfB—ylp Y

N oz pa 1|F’ ml‘
————dzxdy.
+Z/ / |x— O

From (3.19), we have

Th+1
(3.22) / ’ / Im+1 = - ("Tpk“)‘ dydz
T+42 |x y|

p ap _ -p
SUEI o Oyl —maaP P < IFI
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The last inequality follows because dx11 < Agy1 = [Tp+1 — Tiao|, and o - p =
p — 2 > 0. Moreover, Claim 2 implies that

(3.23)

/l'k+1/ |F’ ) ﬁl(x)‘pdyd:c ) /warl |F/(g¢) - f’(xkﬂ)‘pdl:
o _— 2 — y|P - |z — zpqalPt

< C(p) /Jfk+1 ‘F/(x) - F,($k+1)| dx < HF”P
- ok |2 — 2pga [P p(lk)”

From (3.21), (3.22), (3.23), and the mirrored analogues of (3.22) and (3.23),
we obtain

> N2 N-2
0<k l<N‘mk+1 il k=0 I HBp(Jk+1) " kzz:o I HBp(Ik) + HBp(R)
k+2<1

N
+ 12; £ +Z W o S IFI o

The above inequality and (3.20) immediately imply Claim 3.
We return to the task of constructing the extension operator Tj, and esti-
mating the Besov trace norm. We have constructed F' € Bp(R) that satisfies
(1) F=gon Ej,
@) I1Fllg ) < M
(see Claim 1). Note that F' depends linearly on g.
Choose 6 € C2°(R) such that

(1) =1 on El,
(2) [10]lc2 S 1,
(3) supp(#) C [a1,b1] with |a; — b1| < 1.

This cutoff function exists because diam(F;) < 1.

We define F:=0F. Note that (P1) of F' and (P1) of 6 imply that F' =g
on Fj.

Let L(x) := g(z1) + %(m — x1). By the mean value theorem, the

Besov embedding theorem, and since F(z1) = L(x1) and F(x2) = L(x2), we
have

IF/(2) — L'(2)| S IFll 3, and |F(2) — L(@)| S |Fllg g for @ € [ar,b].

Since |a; — b1| < 1, we may integrate p-th powers in the above inequality and
obtain

IF N Eo(far ba)) + 1E N Lo ana)) S NN g, ) + 1L 2o a1y + L1 2o (far 1))

lg(w1) — g(x2)[P + |g(z1)|P.

< MP 4
~ |1 — w2|P
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Thus, by (P2)—-(P3) of §, we have

1FIS, gy < 10lc - [IF1 5, gy 1 Do)y + 1F zogar )]

l9(21) — g(2)|P
SMP—’— ‘.’171—.'132|p +‘g<x1)‘p

Using Claim 3, the mean value theorem and the Besov embedding theorem,
we bound each term on the right-hand side above by C/| gH%p(R)'E . Therefore,
1

1F|B,®) < l9llB,®)|g, - Since F' = g on Ey we have ||g|[p,®)z < I1FB,®)
In particular, the above inequalities are approximate equalities, and hence

~ MP + lg(w1) — g(x2)[P
|21 — 2o

1915, (=), + lg(z)lP.

By definition of M in (3.14), the desired estimate for ||g| 5, ()|, holds. Since

F depends linearly on g, so does F. We set Ty(g) :== F to complete the proof
of Proposition 3.5. g

4. The Calderén-Zygmund decomposition

4.1. CZ squares. Fix a finite set £ C R?. Choose some square Q° C R?,
centered at the origin, such that £ C %Q".

To bisect some given square @ C R? means to write Q = Q1 U --- U Qu,
where d¢g; = %5Q. We call Q1,...,Q4 the children of Q.

A dyadic square is one that arises from (° by repeated bisection. Every
dyadic square () C Q° is the child of another dyadic square called the dyadic
parent of @), which we denote by Q.

Two dyadic squares @, Q’ are called neighbors provided that Q N Q" #
and int(Q) Nint(Q’) = 0, or Q@ = Q’; we denote this property by Q < Q'.

Let ¢ > 0 be a small universal constant whose value is determined later.
We assume that c; is less than than other more explicit universal constants
that arise in our proof.

Definition 4.1. A dyadic square Q C Q° is OK provided that
2/p—1
300 B, < 16"

Remark 4.1. By the above definition, 3Q) N E lies on the graph of a Besov
function with controlled seminorm; we later use this property to construct an
extension operator for functions on 3Q N E.

We partition Q° into a collection of OK squares with pairwise disjoint
interiors using a Calderon-Zygmund decomposition.

Cutting procedure: Given a dyadic square Q C Q°, proceed as follows: If
@ is OK, then terminate and return the singleton collection Ag = {Q}.
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Otherwise, return the collection

Ag = J{Ag : Q' dyadic and (Q")" = Q}.
LEMMA 4.1. The collection Ageo contains finitely many squares.

Proof. We set ¢ := 100_1inf{|m —y| :x,y € E;x # y} If Q C Q°is
dyadic and d¢g < ¢, then #(3Q N E) < 1; hence [|3Q N E”Bp = 0. Thus, dyadic
squares with sidelength at most € are OK. Therefore, the cutting procedure
terminates after finitely many steps. The lemma now follows. O

Denote A := Ago. The squares in A are called CZ squares; we index them
by A = {Qu}ﬁ{:l'

Denote §, = d¢,. We write v <+ v/ whenever @, <+ Q,s. For any square
Q, we write @ = 1.3Q).

We say that a collection of sets Il has the bounded intersection property
provided that

#{S’ cll:SnNsS # (Z)} < C for each S € II, for some universal constant C.

LEMMA 4.2 (Good Geometry). For every Q,Q’ € A, the following prop-
erties hold:

(1) If Q <+ @', then %5Ql~§ dq < 20¢y-

(2) IfQNQ =0, then QN Q" = 0.

(3) fQNQ =0, then dist(Q, Q') = - max{dg, 5o }-

(4) The collection {Q, Y, satisfies the bounded intersection property (with
constant C' = 13).

Proof. The last three properties are easily deduced from the first property.
We now prove the first property. For the sake of contradiction, suppose that
there exist @, Q" € A such that Q +» Q" and §g < %549/. Therefore, §g+ < %5@
and 3Q1 C 3Q".

Since Q% is not OK and 2/p — 1 < 0,

’ ) + . 2/p—1 2/p—1
13Q ﬂEHBP > |13Q ﬂEHBp > 015Q+ > 01(5Q/ .

Therefore, Q" is not OK. This contradicts that Q' € A and completes the proof
of Lemma 4.2. O

4.2. Keystone squares. The keystone squares are simply the CZ squares
that have locally minimal sidelength.

Definition 4.2. The collection of keystone squares A* consists of all Qf € A
such that

QeA and QNI00Q* # 0 = Jg > b
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Remark 4.2. For Q* € AF, notice that 10Q" intersects a bounded number
of squares, ensuring that 10Q* N F has simple geometry; in fact, 10Qf N E is
contained in the union of several Besov curves that each have controlled norm.

We use the next definition momentarily.

Definition 4.3. Let a1, a2,a3 > 0 be given. Let Q C R? be a square, and
let S C R? be finite. We say that Q satisfies R(a1, az, a3) (rough with constants
a1, az,as) relative to S, provided that either of the following conditions hold:

(R1) There exist x1,x2,y1,y2 € Q NS with x1 # x4 and y; # yo such that

min{ } > a9.

2/p—1 2/p—1
(R2) a1y < QN Sllp < asdyy” .
We record the following small lemma concerning rough squares.

L1 — X2 Y1 — Y2
lz1 — 22| |y1 — y2l

T — X2 Y1 — Y2
lT1 — 22| Y1 — yo

Y

LEMMA 4.3. Suppose that Q satisfies R(ay,az,as) relative to S. Then
QN SHB,, >¢- 5622/27_1 for some constant ¢ = ¢é(ay, az,p) > 0.

Proof. If (R2) holds, then the conclusion follows immediately.

Suppose that (R1) holds. Take ¢ € B,(R) and euclidean coordinates (u,v)
such that QNS C {(u,¢(u)) : w € R}. From (R1) and the mean value theorem,
we find that |¢'(u1) — ¢'(u2)| 2 ag for some uj,ug € R with |u; — us| S dg.
Thus, by the Besov embedding theorem,

lells m = 1@ (1) — @ (u2)| - Jur — ua|P~1 > apd P2
Bp(R) o

Therefore, |21 S5, = inf{ll¢l5, sy : (1.v) and o as above} 2 azdg” ", as
desired. o

Let co,c3 > 0 be small universal constants, to be determined later in the
paper. We make the following assumption.

Order Remark (OR). We may assume inequalities ¢; < ¢-c3 and ¢p < c-c3,
where c is another universal constant arising in the paper.

A sequence of squares {Q}}F_ is called a path provided that Q} <» Q' ,
foreachi=1,...k — 1.

We now present the main result of the section.

PROPOSITION 4.1. The following properties hold:

(K1) For each Q € A, there exists QF € A* and there exists a path
Q=Q\ < Qye Q=0
such that Q) € A for 1 <k <m and such that
(5@;{2 <C- (1 — C)inkléle forl1 <k <k <m,

where C >0 and 0 < ¢ < 1 are universal constants.
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(K2) If A # {Q°}, then 9Q* satisfies R(c1,c2,c3) relative to E for every
Q' € AL
(K3) The collection {10Q" : Q* € A*} has the bounded intersection property.

Proof. We first construct the paths from (K1). Fix @ € A, and set
' = Qp = Q. The path is determined iteratively starting from Q, € A.
By definition of keystone squares, one of the following conditions holds:
Case 1: Q, € A%
Case 2: There exists @Q € A such that Q N 100Q, # 0 and 55 < %550.

In the first case, the trivial path Q < Qf := Q satisfies (K1). Alternatively,
suppose that the second case holds. Choose @ € A that satisfies

(1) @1 N 100@0 7’5 (Z) and (5@1 < %5@0,

(2) dist(Qq, Q) < dist(Q, Q) for every @ € A such that Q N 100Q, # 0
and 5§ < %(5@0.

Pick a line segment [ C R? that intersects both Qo and @Q; and that has
minimal length. Denote by {Q5,...,Q}, _;} the collection of CZ squares that

intersect [ on an interval with nonempty interior. We also set Q] := @, and
Q;ﬂ := ;. We assume that these squares are indexed to form a path:

QL& @y Q-

By definition of [ and since @) N[ has nonempty interior, we have
dist(Q},, Qp) < dist(Qy, Q) for each 2 < k < ki — 1. Also note that [ C 100Q),
thanks to (P1) of Q;, and thus @}, N100Q, # 0. Therefore, by (P2) of Q;, we
have

Since each @, intersects 100Q, by Good Geometry of the CZ squares we have
(5% < C‘SQO for 2 < k < k; — 1. Therefore, k; < C’ for some universal
constant C’.

We iterate the above procedure, starting next with @, instead of Q,. In
this manner we obtain a sequence of marker squares @j € A, 7 > 0 such that

(4.2) 05, < 27755 for j>i>0,
and a sequence of intermediate squares Q). € A, k > 1 such that
(4.3)
Q=|Q|=Q1 ¢ Q =|Q1|¢ Qi ¢ Qp,=|Qg|¢

(4.4)
kjt1—k; <C and 0*15@ < g, < Cog, forallj>0, kj <k <kji1.
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By (4.2) and the finiteness of A, the above path must terminate. Thus, the
iteration eventually enters Case 1; hence, @, € Af for some n. We set QF :=
Q,,- By (4.2) and (4.4), the path in (4.3) satisfies the conditions from (K1).
We now prove (K2). Let Q € A%, and set Ey := 9Q* N E. To prove that
9Q* is Rough relative to E, we may assume that (R1) fails. Thus for every
1, %2, %3, x4 € Fg with 21 # x9 and x3 # x4,
} < ca.

If A # {Q°}, then every CZ square has a parent. By definition of the CZ
squares, (Q*)* is not OK. Therefore, since p > 2, by definition of OK squares,
we have

Tr1 — T2 T3 — T4 r1 — T2 Tr3 — T4

(4.5) min {

lry —x2|  |ws —ayl| | |zr —x2| |23 — 24

1 2/p—1
(4.6) 19Q N E| 5, > 3(Q)* N Bll, > exdlfyl > exdy '

This proves one inequality from (R2). We now prove the second inequality:
19Q% N E|| B, < C36§é21;_1. To accomplish this task, we build an interpolating
curve through 9Qf N E. This will complete the proof of (K2).

Let Q € A with Q N9Q* # () be given. By definition of the keystone
squares, we have d¢g > 0.

Now we show that dg < 100d¢:. For the sake of contradiction, suppose
that dg > 100dg:. Since @ N 9Q% # ), we have QnQt # (. (Recall that
@ = 1.3Q.) Thus, by Good Geometry, we have dg < 20¢:, yielding the desired
contradiction.

Let {Q',...,Q™} be the collection of CZ squares that intersect £y. Hence,
Q' NIQH # () and dgi/dq: € [1,100] for each 4. Therefore, m < 200. Since Q"
is OK, we have

13Q" N Eoll 5, < 113Q" N B, <eaogl T <e 52“’ ' for 1<i<m.

We recall the current setup.

(A1) min{| |§1_§§\ — éi‘ii” “2 i§| ig:ﬁ: |} < eoforall xy,x9, 23,24 € Ey

with xl % X9, and x3 # T4,
(A2) Ey = UQZDEO and m < 200;
i=1
(A3) [3Q1 N Eollz, < 1oyl fori=1,...,m;
A4 5u§51§1005uf0rz—1,...,m
(Ad) dgr < dg Q

For any collection of squares Q%,Q',...,Q™ and any subset Ey C 9Q* that
satisfy (A1)—(A4), we now prove that

2/p—1
(4.7) |Eoll5, < eadors .
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By rescaling assumptions (A1)—(A4) and conclusion (4.7), we may assume that
6ot = 1; we drop this assumption after proving (4.7).
If #FEy < 1, then (4.7) holds trivially; thus, we may assume that #Ey > 2.
Fix distinct y1,y2 € Ey. We specify euclidean coordinates (u,v) such that
y1 = (0,0) and yo2 = (¢,0) for some ¢ € R. We continue working in these
coordinates throughout the proof of Proposition 4.1. For j =1,...,m, we set

E; :=3Q"NE, and E; = proj{vzo}(E;),
Ej = Q’ N Ey and Ej = proje,—oy £j,
Eq = projs,—oy Eo-
Since y1,y2 € Fy lie on the u-axis, (A1) and (A3) imply that the hypotheses

of Lemma 3.1 hold for E; and ko := 100c2. Thus, for small enough cy,co, there
exists ¢; € Bp(R) such that

(1) B} € {(u,05(w)) s u € RY,

(2) lejllB,m) S 1+ ca

Let I; be the convex hull of Ej. We consider I, Ej, and E as subsets of
the u-axis. Write I; = [a;,b;], and set I; := [a; — £605,b5 + 1560]-

The distance from I; to the endpoints of I; equals 005 = 15 (see (Ad)).
By taking projections in (A2), we have

o m o m
Eo=|JE;c L
j=1 j=1

Thus we may choose cutoff functions with the following properties:

(1) 05 € C=(I;),

(2) 6; =1 on I,

(3) |26, S 1for k < 2.
Notice that ¢ = Z;n:lgj satisfies [ S 1 on R and ¢ > 1 on |J;I;. Fix
n € C*°(R) with n(w) = w for w > 1 and n(w) > % for w < 1. We define
0; :==0; - (not)~t, which satisfies

(1) Z;nzl 9j =1on EQ,

(2) | L0, S 1for k <2,

(3)

m
Let ¢ := Z ;. From (P2) of §; and the bound m < 200, we estimate
j=1

48) llellg, @ < D 10595l 5, ) < D 19595l B, S D leillB,m) S citea
j=1 j=1 j=1

Given zg € Ey, we write g = (To,7y) (in (u,v) coordinates). We now prove
the following
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Claim. If T € I;, then xo € 3Q7.

Recall that I; = [a; — +60s,b5 + '1%5@]-] and that I; = [aj,b;] is the
convex hull of the projection of E; C @7 onto the u-axis. Thus, diam(/;) <
diam(Q7) = V26g;. Let T; € E; be an endpoint of I; that is closest to Zo.
Therefore,

Al SO
10 @ 2 @

1 1 2
|To — 75| < max{ diam(7;), ~—d¢ } < V2
Since Ej = projg,—oy Fj, there exists y; € R with z; = (7;,7;) € Ej = EqnQy.
For small enough ¢y, because two points of Ey lie on the u-axis, (A1) implies

that |7, — 7;| < |[To — 7;|; hence,
0 — z;|* = [To — T + 7o — 751 < 2/T0 — T51* < 65

Since z; € @7, the above inequality implies that zo € 3@Q7. This proves the
desired claim.
We now return to proving (K2). We have

m
29] Zo);(To);
J=1

moreover, the sum may be taken over j such that Zo € I; (see (P3) of ;). For
each such j, our claim implies that ¢ € 3Q’ N Ey = EJ’-; hence, ¢;(To) = T
by (P1) of ¢;. Consequently,

To) = Z 0;(Zo)To = Yo
J

where the last equality follows from (P1) of ;. Since x¢ € Ey was arbitrary,
we have shown that

Eo C {(u,o(u)) : u € R}.
Thus, (4.8) implies that ||Eo|| By < 1 + co. For small enough ¢; and ¢y de-

pending on c3, we then have HEOHBp < 92/P=1¢g. This proves (4.7) under
the assumption that dg: = 1. By rescaling, we may drop this assumption.
Together with (4.6), this completes the proof of (K2).

Finally, we prove (K3). Let Q%,Qg € Af satisfy 1OQ§ N 10Qg # 0 and

0 ¢ > ‘SQ“' Hence, nglOOQ% # (). Thus, by definition of the keystone squares,
2

Qi

‘SQ” > 5Qu. Because the CZ squares have disjoint interiors, for each Qﬁ there
2 1

can be at most C' distinct choices of Qg that satisfy the above conditions. This

proves (K3) and completes the proof of Proposition 4.1. O

In Section 7 we prove Theorem 1 in the easier case when A = {Q°}. Until
then, we suppose that A # {Q°}. Thus, the conclusion of (K2) holds.
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The keystone squares are indexed by Af = {Qﬁ cp=1,...,K*. Let
(% = (5Qn. Define the index map u : {1,..., K} — {1,..., K%} so that the
"
path from (K1) connects @, € A and Qi(y) € Af. Next we state an easy
corollary of (K1).

COROLLARY 4.1. For some universal constant C, we have dist(Q,, Qi(y))
< Cog, and 5Qﬁ < Cdq, for eachv=1,... K.

n(v)

4.3. Representative points. Recall that ||3Q, N EHBp < ¢162/"7! for each

CZ square @Q,. By definition this means that
3Q, NE C{(s,o,(s)) : s € R} (in some euclidean coordinate system (s, t)),
where ¢, € By(R), and [|¢, || ) < 216,77
The Besov embedding theorem implies 4 75w varies by at most Ccl52/ Pls 2/p
on the pI‘OJGCthIl of 3Q,, onto the s-axis. (Recall that §, = dg,.) We assume

that ¢; < 2000, hence, 4 75 v varies by at most W on this interval. This allows
us to choose z, € 2Q1, with dist(z,, E) > 1(5 These points are called the CZ
representative points, and we set B 1= {a:,, v=1,...,K}.

Foreach 1 < pu < Kﬁ, there exists v such that Qﬁ = (Q,. We set x&b =T,
for this v. These points are called the keystone representative points, and we
set BF := {xﬁ cp=1,..., K.

LEMMA 4.4. The CZ representative points satisfy E' C 0.99Q°.

Proof. Let 1 < v < K. Note that either
(A) @, C Q° and Q, intersects the boundary of Q°, or
(B) @, Cint(Q°).

If (A) holds, then we claim that 6, > éé@o. Suppose for the sake of
contradiction that d, < éQO. Since £ C %QO, we have 3Q}NE C 9Q,NE =
0; hence Q7 is OK. However, this contradicts the fact that @, is a CZ square.
This shows that ¢, > 3%5Qo. Consequently, x, € %Qy C 0.99Q° as desired.

Alternatively, suppose that (B) holds. By the above analysis, the distance
between 9Q° and @, is at least 3—125Qo. Therefore, z, € Q, C 0.99Q° as
desired. O

5. The modified extension problem

5.1. A Sobolev-type inequality. We start by proving an inequality related
to the Sobolev theorem and Proposition 4.1.

PROPOSITION 5.1 (Sobolev-type inequality). Let F' € L*P(R?). Then

K
Z[!VF(%)—VF(wﬁ(,,))\”(SE‘MIF(xV)—Jmi() (20) P02 2| SIIFIY o e
v=1 v

)’
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Proof. Recall (K1) from Proposition 4.1, where we defined the map u :
{1,...,K} — {1,..., K*} such that for each v € {1,2,..., K}, there exists a
sequence of CZ squares Qg ..., Qry  with
(51) Qu=Qu o Qug. = Q) and

00w S(1—¢)""0q,, for1<n<m< N, (herec=c(p)e€(0,1)).

Let € € (0,1 — 2/p) be fixed, and set

Tuw)

K
X 3 [IVF(@) = VP )PP 4+ 1F(@) — 1,0 Flaret™)].
v=1
Note that
F Js: F(z,)=(Jo,F~J, F)*
(20) =Tz Flow) = ( 2 F)@)

+ (VF(2,) = VF(f, ) - (@ —ab,).

Since xi(u) € Qi(u) and z, € @, we have ’l’,/—l'i(y)‘ < C0, (see Corollary 4.1).
Thus, through Hoélder’s inequality,

(5.2)
3 (o F = J s F)at )| 62-@lebr
,,Zuaq‘ " ) (x”(”))‘ v
K N, —1 . ﬁ . el o ool
v=1|a|<1l n=1
K N,—1 a i » —ep
<3 3 | S g Pt P ] 7

N, —1 P/
[€ e

n=1

(Here, p’ denotes the dual exponent to p; thus 1% + % =1,
From (5.1), we have

(5.3)  dist(Qu, Q) < Z diam(Qp, ) S S (1 — )™ 15Qky < 0Qu = 0.
m=1

Moreover, since zxx € Qpy and xu( ) € Qi( ) we have |zg, — :c )] < Céy.
Thus,

Z ‘OO‘P ) )| 92~ @lelp < Z ‘80‘ (xgy )' §2-=lehr for any P € P.
lor|<1 |a|<1
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Applying (5.1) and the previous estimate in (5.2), we obtain

Ny,—1

K
Z Z Z ‘aa JIkVF Jmk” F] (:Uky’{)p

v=1|a|<1 n=1

[(5ka] —ep 5%;(240“)17-"-817‘

For each v € {1,..., K} and n € {1,...,N,} , we have Q» C CQ, for some
universal constant C, thanks to (5.3). Note that the sequence kY,..., k%
repeats at most C' = C'(p) many times for each fixed v, thanks to (5.1). Note
also that &k <>k}, ;. Thus, by switching the order of summation in (5.4),

XY 3|0 [JaF = Ju F)(@n)| 160,)

kerk! |a|<1

< |0 aF ~ Ja, F (;uk)\p[chk]2—<2—|a|>p.

kk! |a|<1

(Since e < 1—2/p, the exponent in the dyadic sum above is negative.) Applying
the Sobolev theorem (see Remark 3.1) and the bounded intersection property
of the squares {Q,}, we see that

X3 k% 1F1E 2 G0y ZHFIIW < S IFI 2o gy

This completes the proof of Proposition 5.1. O

5.2. The constant-path property. We start by introducing some notation.
Given L € Wh(E') we denote L, = L, for v = 1,..., K. Similarly, given
Lf € Wh(E*) we denote LEL = Li“ for p=1,..., K"

N

Let L* € Wh(E*) be given. We denote the constant-path extension of LF
by ext(L*) € Wh(E’) which is defined by

ext(L*) = L, where L, = Li(y) for 1 <v<K.

(Recall that we defined the index map p at the end of Section 4.2.)

The main important idea in the proof of Theorem 1 is the manner in which
we place additional linear constraints on the sought extension of f, which help
eliminate undesirable degrees of freedom. These constraints form the constant-
path property defined below.

We say that F € L?P(R?) satisfies the constant-path property (CPP)
provided that J, F = J u F for v = 1,..., K. (Equivalently, this means

that Jp F = ext(Jg: F).) The constant-path property is natural because there
always exist C-optimal extensions that satisfy it, as we demonstrate in the
next result.
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LEMMA 5.1. Let f : E — R be given. Then there exists F € L*P(R?)
such that

(1) F=fonFE and HFHLZP(JR?) S HfHL‘AP(R?)
(2) F satisfies the constant-path property.

|E>

Proof. Choose any function F' € L?*P(R?) such that

(1) F=fonE,

(2) 1F[lL2r@2) < 2/ f 2 ®2)) -
We now modify this function near the representative points E’ yielding an
F € L?P(R?) that satisfies the constant-path property and extends f while
maintaining the near-minimal seminorm.

We set L := Jp:F € Wh(E?) and L := ext(Lf) € Wh(E’). Pick cutoff
functions 0, for v = 1,..., K that satisfy

(1) 6, =1 on a neighborhood of z,,

2) 19°6,| < €5, for |a| < 2,

(3) supp(8,) € B(zy, %051/)-

Because z, € %Q,, and dist(z,, E) > §,/5, we have

(5.5) 6,=0on E,
and
(5.6) supp(6,) € 0.9Q, for each v.

In particular, the cutoff functions 6, have disjoint supports. We now define

K
F:=F+Y 0, (L, ~ J,F).
v=1

By (5.5), (5.6), and the first property of 6, we see that
(5.7) F=fonE, and J, F = L, for each v.

In particular, F satisfies the constant-path property, thanks to the definition
L = ext(L!). Tt remains to estimate | F'[| L2.p(m2)- From (5.6), we obtain

(5.8)
B sqaey S IF aoimy + 3 100 (L = Ty S IF e

+ Z [[(Ly = Jo, F) (2) P62 + |V L, — VF(,)[P6277) .

The second inequality is a consequence of the following fact: If § € C2%(Q)
satisties [0°6] < C3,'! for [a] < 2, then |16+ P|l 200y S |P(x)]- 05 > +|VP|-

(522/ P~ for every P € P and ¢ € ). To prove this fact one may assume that

dg = 1 by scale-invariance, which reduces the problem to an easy computation.



214 ARIE ISRAEL

Since L, = Li(y) = Jf‘fﬁ(y)F’ from Proposition 5.1 and (5.8) we conclude
that
IF )| 2o @2) S NF N 2wy < 201 £ L2 @2)) -
This completes the proof of Lemma 5.1 g

5.3. The local extension problem. The problem of extending f : F — R
will be decomposed into numerous smaller extension problems, each localized
to some square ). The geometry of the local subsets £ N Q are quite simple
— in fact, each subset lies on a Besov curve with controlled norm — making
these problems easy to solve.

In this section we make the following

Geometric Assumptions. The following objects are given:

e a constant Kk > 0,
e a square Q C R? and a finite subset S C 0.9Q such that HSHBp <

H(Sé/p_l,
e apoint z € 3@ such that dist(z,5) > 1580

PROPOSITION 5.2. There exists a > 0 depending only on p such that if
k < @ in the Geometric Assumptions, then there exists a linear map Tg :

L?P(Q)|s x P — L*P(Q) such that
(1) To(f, P) = f on S, and J.Tq(f,P) = P for every f : S — R and

P e P;
2) 1TQ(f, P)llr2wq) ~ nf{||Fllt2n(q) : F = f on S and J.F = P}.
Moreover, there exist linear functionals \i,...,\;, where J < #(S)2, such

that

J 1/p
Mo(f, P) = (Z\w, P)\p) satisfies Mo(f.P) ~ |To(f, Pl sowa.
j=1

Remark 5.1. Note that Mg(f, P) is within a constant factor of the semi-
norm

I(f, P)|| == inf{|| F||;2(q) : F = f on S and J.F = P}.
Hence, Mg is essentially subadditive in the sense that

Mq(fo + f1, Po+ 1) < C-[Mq(fo, Po) + Mq(f1, P1)]
for every fo, f1 : S — R and Py, P, € P.

Proof. By a standard rescaling argument, we may assume that 6o = 1.
Let 0 < @ < 1 be some small universal constant, to be determined later. We
assume that x < a.
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Suppose we can find a linear map T : L?P(Q)|s — L?*P(Q) that sat-
isfies the conclusion of the proposition, but with P = 0. Then the map

Tg : L?P(Q)|s x P — L*P(Q) defined by
To(f,P):=T(f - Pls)+ P
satisfies the conclusion of the proposition. Thus, it suffices to construct a linear
map T : L*P(Q)|s — L*P(Q) such that Tf = f on S, J,[Tf] = 0 and
ITfll 200y < Cint{||F|lp20(q) : F = fon S and J.F =0}.

We momentarily consider the spaces X = W?P and X = L?*P. For each
F € X(Q), we claim that there exists Fy € X(R?) such that Fy = F on
0.9Q and || Fo|xm®2) < C||F||x(q)- This follows from a standard cutoff function
argument. Thus, since S C 0.9Q), we have

(5.9) 1 fllz2rys = I fllz2e@2)s and | fllwzeqys = Il fllw2e@2)s-

Recall that S C 0.9Q satisfies ||.5]| B, < @. For small enough @, Lemma 3.3
provides a diffeomorphism ® : R? — R? such that

(1) @(S) € R x {0},
(2) |l p2pm2) < C,
(3) [V 1= ey < € and [VE | ey < C.

Let S := ®(S), and define f: S — R by f = f o ® !|5. We subsequently
identify S C R x {0} with a subset of R through the natural projection. Now,
from Lemma 3.4 we obtain
(5.10)  [Ifllw2r@2)s = E{||Fllw2oe) : F = fon S}

= inf {||F o ®||yy2p(rz) : Fo® = f on S}

~ inf{HFHWQvP(RQ) :F=fon §} = HT”WQ’P(R?)\?
Moreover, Proposition 3.3 implies that
(5.11) || fllwza (g2, = inf {||Fllw2r(ge) : F € W»P(R?), F = f on S}

~ inf{|lglls,m) : 9 € Bp(R), g = f on S} = || F|l5,@m)

We invoke Proposition 3.5 to choose g € B,(R) depending linearly on f
such that

(1) g= fonS,
(2) lgllz,@) < 1B, @)

We invoke Proposition 3.3 to choose G € W?P(R?) depending linearly on g
such that

(1) G =g on R x {0},
(2) [1Gllwer®e) < l9llB,®)-
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Therefore, G = f on S and
(5.12) G lw2e@2) S 1fllB, @) = 1 lwee @),

We define F' := G o ®. Firstly, note that F' = fo® = f on S. Secondly,
we have [|F|ly2pr2) = [|Gllw2.p@2); hence, (5.10) and (5.12) imply that

(5.13) | Elw2rmey S I fllw2rmeys-

Pick 6 € C°(B(z, 1x5))
(1) =1 on B(z, 555),
(2) [16llc2 S 1.
Note that § = 0 on S, because dist(z, S) > 1.
We set F = (F — 0 - J.F)|g. Note that F=F-0=fonsS, and
J.F = J.F—J,F = 0. From the Sobolev theorem, (P2) of 6, (5.13), and (5.9),
we obtain

such that

| Ellw2r@)=1F =0 JFllwzr) SIF lw2emz) S| llwzeme)s = fllw2r@)s-
Because F = f on S, the previous inequality implies that
(5.14) 1Flw2rq) = | fllw2r@)s
We also have
IF lwer(gy < inf {|| Hllwen(gy : H = fonS, J.H=0}
Sinf{||H| r2n(q) : H=fonS, J.H=0}.

In the last inequality above we applied the Sobolev theorem to show that
| H|lw2rq) = | HI L20(q) whenever J.H = 0. In particular, we have

(5.15) Il = 1F |20

We define To(f) = F, which satisfies the desired extension/optimality
properties from the proposition (with P = 0). Applying (5.14), (5.15), (5.10),
(5.11), and (5.9), we see that

I1F N r20(0) = | Flwe2e@) = I fllweome)s = I lw2r ) = 1 Fll, @)
Proposition 3.5 yields the formula

J
715, ey = SN ()P
j=1

for certain linear functionals \; : By(R)|g — R, where J < (#E1)? = (#5)%.
Since f = f o ®~! depends linearly on f, the last two equations complete the
proof of Proposition 5.2. O
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5.4. Patching the local extensions. For each f : E — Randve{l,..., K},
we set By, :=1.1Q, N E and f, := f|g,. Recall that @, is OK. That is,

1B 5, <13QuNE|p <cd/?™! and B, C1.1Q,.

We have already determined xz, € %QV such that dist(x,, E,) > dist(x,, F)
> %5,,. Recall that @V = 1.3Q,. Thus, for small enough ¢;, by Proposition 5.2
we obtain a linear map T, : L*P(Q,)|g, x P — L*P(Q,) such that F, =
T,(fv, L) satisfies

(1) F, = f, on E, and J, F, =L, for each f : E - R and L, € P;

2) 1Fl 25, = inf{||F||L2’p(§u) :F=f,onE,, and J,, F=0L,}.
Moreover, there exist linear functionals AY,..., A% with N, < (#E,)? such
that

1/p
M, (f,, L) (Zp\” fo, L) ) satisfies My(fllel/)%||FIIHL2,p(§U)‘

Using these extension operators and functionals, we prove the next result.

PROPOSITION 5.3. There exists a linear map T : L*P(R?)|p x Wh(E*) —
L?*P(R2) such that the following holds. Given f : E — R and L* € Wh(E?),
set L :=ext(L!) and F := T(f, L!). Then

(1) F=f on E and JF = L.

(2) | Fllp2o(mey = inf {| Fl 2wy : F = f on B, JpF =L}

(3) |IF )| p2w(zy ~ M(f, L), where

K
M(f7 Lﬂ)p = Z MV(fV’ LV)p

v=1
+ Z [|VLV - VLV/V’(SB*?’ + |(L,, - Lu’)(xi(u)”pégi%} .

v/

Proof. Let f: E — R and L € Wh(E?) be given. We set L := ext(L!).
We define F), :=T,(f,,L,) and M, := M, (f,,L,) forv=1,..., K. By defini-
tion,

( ) v = f,on E,,

(2) Ju, By = Ly,

(3) M, HFVHLQ,p(éV) ~ inf{”FHLQ,p(éju) F=f,onkE,, J,F= Ll/}‘

Pick a partltion of unity:

K
(1) ZGV =1onQ°,
v=1
where
(2) 0<6, <1,
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(4) supp(6,) C 1.1Q,,
(5) [926,| < €5, for |a| < 2.
We set
F:=>0,F, € L*”(Q°).
Applying (P1)—(P4) of 6, (P1)—(P2) of F,, E, C 1.1Q,, and z, € 0.9Q,, we
see that
(5.16) F=fonkE, and JgF = L.

Moreover, F depends linearly on (f, Lf).
Now we estimate || F||;2.(ge). Note that

> 0%, (x) = <Ze) —8—1_0
for x € Q° and any nonzero multi-index «.
Let v/ € {1,..., K}. By the previous identity,
(5.17) V*F = Z V2F,-0,+2 Z V(F,—F,)® Ve, + Z(Fy —F,)-V?%,,

where (v! ® v?);; := (vjv} +vjv})/2 denotes the symmetrized tensor product.

If x € supp( y) N Q,,/, then z € Q,NQ,, due to (P4) of 6,, and thus
v+ V' by Good Geometry; moreover, this may occur for at most C(p) distinct
indices v. Thus, from (5.17),

(5.13) IV F 0y S S IV2ENID )
v/
+ 2 VIR =E)@ V@),
vivev!
+ > ME = BNV,
vivev!

Let v be such that v <> /. From (P4), (P5) of 6, and (P3) of F,,, we have

(5.19) IV2(E)0u | e, < CIVZ(E s,y = Mo
From the Sobolev theorem, (P2), (P3) of F, and (P4), (P5) of ,,, we estimate
(5.20) [|V(F, — F) @ Vo, |}, o) S IV(Ly = Ly) @ V9V|]’£p(QV/)

+ ||V(F,, - L,,) ® VQVHLZD(QV,) + HV( v F,,/) Y VGVHZ/;p(QV,)
<627 P|IVL, — VL, P

5, P||IVF, —VL,|?
+6,7IVE, ~ VLI?, o

< 62 P|IVL, — VL,|P + ||F,|°

5P|V L, — VE | ~
+6,7) [

S

~ 62 P|VL, — VL[P + ME+ M?,.

L2p /)
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As in (5.20), we estimate

(5:21) (B = BV (0100,

S0, Ly = Lollfpg ) + 1B Ly T IEI

L22(Q) L22(Q,)
S 057 Ly () = L ()P + 05 pIVLu = VL[ + My + M;

v

where the second inequality is a consequence of the estimate

L, — L% ) S < 0%|Ly () — Ly (x,)[P + 02TP|V L, — VL, P.

P(Qy)
Combining (5.18), (5.19), (5.20) and (5.21) yields

IV TN, S S M2

vivev!
+ Y (VL — VLo P27 4L (2) — Ly (2,) P53

v/

We now sum the above inequality over v/ € {1,2,..., K} and use that {Q,/}

partitions Q°. Thus, HFHLZP(QO) < =, where

~

(5. 22)
=DM+ 3 (VL = VL PO L) = L) 5]

v/

Here, we use that for each fixed v/ € {1,..., K}, there are at most C' indices
v e {l,..., K} such that v <> v/. Thus, each pair (v,r) with v <+ // is counted
at most 2C' times in the sum Z Z .
v viwer
Now we extend F € L2P(Q°) to a function F' € L2P(R?) without changing
the function values on 0.99Q° or increasing the seminorm by more than a
constant factor.
We pick 6 € C°(Q°) that satisfies

(1) # =1 on 0.99Q°,
(2) 10°6] < 651! for Ja < 2.

Fix an arbitrary point xg € %QO, and set Lo := J,, F. We define
F:=0F + (1—0)Lo = 6(F — Lo) + Lo.

Clearly, F depends linearly on (f, L¥). Since E C 0.99Q° and E' C 0.99Q°
(recall Lemma 4.4), from (5.16) and (P1) of § we have

(5.23) F=fonE and JgF = L.
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Since supp(f) C Q°, from (P2) of # and the Sobolev theorem, we see that
(5:24)  ||Fllz20(e2) = 10(F = Lo)ll20(qe) S I(F = Lo) V7| o(ge)
+IV(F = Lo) ® V0| ooy + IVA(F — Lo)8| Lo (e
SIF| 2p(gey S E.
Take an arbitrary F' € L?>P(R?) such that ' = f on E and JgF = L. By

applying (P3) of F), and then the bounded intersection property of {CNQV}, we
see that

DRLED ST DI L4 et Ly et

In additlon, the Sobolev theorem (see Remark 3.1) implies that
S IVLy = VL P62 + |Ly(2y) — Ly (2,)[P0272]

v
SO L D D1 L L e

v

Here, the second and third “<” follow from the bounded intersection property
of {Q,}. Thus we have shown that = < ||F| 2, (r2). Therefore, in conjunction
with (5.23) and (5.24), we have that

(5.25) IF || p2n(ey ~ inf {|| Fll2o@2) : F = fon B, JpF =L}~z
Notice that |z, — l‘i(y)‘ < 0y, thanks to Corollary 4.1. Thus, for each v €
{1,..., K}, we have
Ly = L)(@)| ~ |[Ly = Ly}, )| + [V Ly = VL] -6,

Inserting this equation in the definition for = in (5.22) completes the proof of
Proposition 5.3. 0

COROLLARY 5.1. The functional M from the conclusion of Proposition 5.3
satisfies

£l 202y, ~ inf{M(f,L*) : L* € Wh(E*)} for any f: E — R.

Proof. Note that

1 £l L2p(R2)[ 5

~ inf{inf{HF]Lz,p(Rz) :F=fonE, JpF =ext(L})}: L} € Wh(Eﬂ)}.

Indeed, the < direction is trivial. To verify the 2 direction, we take F' = F
from Lemma 5.1 and L¥ = JgyF. Then JgF = ext(L¥) because F satisfies
the constant-path property.

Thanks to the conditions satisfied by M in Proposition 5.3, the result
follows immediately. O
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6. Determining the optimal Whitney field

Let f : E — R be given. In this section we solve for L! € Wh(E¥)
that depends linearly on f and nearly minimizes the expression M(f, L¥) from
Proposition 5.3. This minimization problem relates to the trace seminorm
through Corollary 5.1.

LEMMA 6.1. There ezists @ = a(p) > 0 such that the following holds.
Let S C 0.9Q and z € %Q be given with dist(z,S) > 1—(1)05@ Suppose that Q
satisfies R(c, ', ") relative to S for some constants ¢, > 0 and 0 < " < a@.
Then there exists a linear map T : L*>P(Q)|s — P such that

Ti(f) € To(F.2,C - [Fllr2w)s) forall F:S =R,

where C depends only on ¢ and p.

Proof. By rescaling we may assume that dg = 1. We choose the universal
constant @ > 0 later in the proof. Let f : S — R be given. Since Q satisfies
R(c,d, ") relative to S, there are two cases to consider.

Case 1. There exist 1,22 € S and y1,y2 € S, with x1 # x2 and y1 # yo,

such that the vectors v = ‘E:ﬁ; and vy = ii:g; satisfy

min{\vl — ’1)2’, ’1}1 +UQ‘} > c.

In this case, take the matrix M; € R?*? whose columns are v; and vs.
The above condition implies that the entries of My := M| L are bounded by
some constant C' = C(c/) > 1.
_ fle1)=f(z2)

|1 —w2|

Fy)—f(y2)

T and we define the vector

We set my : and my :=
A= (ml,MQ)MQ. - B

Define the affine polynomial L;(z):=A-(x—x1 +f(x1). Weset T1(f):=L;.
We now show that L; belongs to the appropriate I'g(---).

Pick some function F € L?P(Q) with
(1) F=fonS,
(2) 1F[l2r@) < 2[1fllL2r@)s-

By the mean value theorem, there exist z*, y* € @ such that v - VF(2*) = my
and vy - VF(y*) = ma. Since z € @ and g = 1, the Sobolev theorem implies
that

[v1 - VF(2) =m| S [Fllp2rq) and [v2- VF(z) —ma| S [Fll120(q)-

In other terms, |VF(2) - My — (m1,ma)| < ||F|l2»(g)- Multiplying by the
matrix Mo, we obtain

IVF(2) = VLi| = [VF(2) = A| = |VF(2) — (m1,m2) Ma| S C||F || p2(q)-
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Thus, since F(z1) = f(x1), the Sobolev theorem implies that
1L1(2) = F(2)| = [F(z1) + A- (2 — 1) = F(2)|
<JA-(z—a1) = VF(2) - (z — 1) + [ F(21) = Fa1))|
S ONF | r2r(g)
Therefore,
IJ.F — Lillwes(g) ~ [(J.F — L1)(2)] - 87> + |VF(2) — VL - 657"
S CllFl 20 ()
Now choose 6y € C°(B(z, 155)) such that
(1) 61 =1 on B(z, ﬁ),
(2) [[1llc= < 1.

Note that §; = 0 on S (because dist(z, 5) > 155)-
Define G := F' + 6, - (L1 — J.F'), which satisfies

(1) G=f+0=fon S, J,G=J,F+ (L — J,F)=Ly;
(2) IGll2r(@) S IFlL2w(q) + ITF = Lillw2s @) S ClIF |l r2r(q)
< 20| fll p2e()s-
Thus,
Ly € To(f, 2, 5\\?\|L2,p(@|3) for some C = a(c',p).
This completes the proof of the lemma in the first case.
Case 2: ”SHBP < ", where 0 < ¢ < a.

We take @ = @, where a comes from Proposition 5.2. Therefore, @), S and
z satisfy the hypotheses of Proposition 5.2; hence, there exist linear functionals
Ayenoay AJ such that

(6.1) ZM fP|p~1nf{||FHL2p(Q F=fonS, J.F=P}

for any f : S — R and P € P. We now consider the problem of minimizing
the expression from (6.1) with respect to P € P for fixed f: S — R.

Expand P € P in coordinates as P(u,v) = qu + rv + s for q,r,s € R.
We abuse notation and write \;(f,q,r,s) for \;(f,P). Let K(f,q,r,5) :=
Z}J:lp‘j(fa q,7, S)|p'

We apply the following claim, which is an elementary consequence of
Holder’s inequality.

MAIN CLAIM. Let 3 = (51‘)3]:1 € R’. Define the linear functional w :
R = R by
1 Iﬁyl

Z; when B # 0,
HBHZP] 1

w(z) =
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and w(z) := 0 when 3 = 0. Then
(6 2)

Z|ZJ Biw(z)|P < C- 1nf{Z|zJ —pjal? :a € R} for some constant C = C(p).

We apply the Main Claim to compute 5 € R (depending linear on (f,q,7))
such that Ki(f,q,7) := K(f,q,7,3) is near-minimal for fixed (f,q,r). Then
we apply the Main Claim twice again, to compute 7 € R such that Ky(f,q) :=
Ki(f,q,7) is near-minimal for fixed (f,q) and to compute g € R such that
K>(f,q) is near-minimal for fixed f.

Thus, the polynomial Py (u,v) := qu + Tv + 5 satisfies

J
Z\)\ (f, P1) \p~mf{z (f, PP - PGP}

7j=1

Moreover, P; depends linearly on f. Inserting (6.1) on both sides above, we
see that

inf{||F|| 2000y : F=fonS and J.F =P} ~ ||| r20q)s
In other terms,
Py eTq (f,2 Collfllr2r(q)s) for some Co = Co(p).
This completes the proof of Lemma 6.1. g

LEMMA 6.2. Let @ CR?, S C0.9Q and z € %Q satisfy the hypotheses of
Proposition 5.2. Then

Mq(0, L) < C - (|L(2)[P65,  + |[VL[PS5 ") for any L € P.
Moreover, for any a > 0, if HSHBp > a(%—?/P, then

\L(z)\%é_gp + |VL\p5é_p < Cp-Mg(0,L)?  forany L e P.
Here, the constant C depends only on p, while Cy depends only on a and p.

Proof. By rescaling, we may assume that g = 1. Fix L € P for the
remainder of the proof. Recall that

(6.3) Mq(0,L) ~ inf{||hl|f2n) :h=00n S, J.h=L} (see Remark 5.1).

Choose § € C°(B(z, 1&5)) such that § = 1 on B(z, 555) and [|0]|c2 < 1.
Note that § = 0 on S, because dist(z, S) > 1.

We set h:= 6 - L. Note that J,h =L and h =0 on S. A straightforward
computation shows that ||h||L2p < |L(2)|P + |VLIP. Thus, from (6.3) we
obtain

(6.4) Mq(0, L)P < |L(2)[P + [V L.
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This proves the first inequality.
For the second conclusion, let @ > 0 be given and suppose that ||.S]| B, = @

Applying (6.3), we find h € L*P(Q) such that

(1) J.h =L,

(2) h=0o0n S,

(3) IAllz2n@) S Mq(0,L).

We now show that Mg (0, L) # 0. For the sake of contradiction, suppose
that Mg(0, L) = 0. Thus, h is affine (thanks to (P3) of h); hence, S is contained
in a line (thanks to (P2) of h). However, this contradicts that HSHBp > 0.

Pick an arbitrary point Z € S. The Sobolev theorem implies that

IL(Z)| = [-h(Z) = h(Z)| S bl L2e @) S MQ(0, L).
Thus, since z,Z € Q and dg = 1,
(6.5) IL(2)| S |L(Z)| + [VL] S Mq(0, L) + VL.

Next, we prove that |VL| < Z(a,p)Mg(0,L). Assume for the sake of
contradiction that
(6.6) \VL| > Z - Mg(0,L) for some large parameter Z.

By the Sobolev theorem and (P1), (P3) of h, we see that

IVA(Z)| > |VA(2)| — Cl[hll o) > [VL| = CiMg(0, L) > (Z — Cy) - Mg(0, L).

Here, Cy is some universal constant. Therefore, the function h(x) := h(z) -
[(Z — Cy) - Mg(0,L)] " satisfies
(1) h=0o0n S,

(2) [VA(Z)| 2 1,

3) [Pllp2r@) S (2 = C1)7!

Applying Proposition 3.4 for some large enough choice of Z, we see that
the curve v := {:B € 0.9Q : h(z) = 0} satisfies |’7”Bp < a/2. Since S C 7,
we have HSHBP < H’yHBP < a/2. This contradicts HS”B,, > a, proving that
(6.6) cannot hold. Together with (6.5), this proves the second conclusion of
the lemma. O

We denote Eﬁ = QQ/’{ N E for each keystone square QEL. By (K2) from
Proposition 4.1, we see that 9Q§L satisfies R(cq, co, c3) relative to the subset
Eﬁ Therefore,

(6.7) IOQfL satisfies R (01 - (9/10)2/P71 ¢y, c5 - (9/10)2/;;—1) relative to Eﬁ

The keystone representative point xi defined in Section 4.3 satisfies

1

—5
5%Q% = 100

1 . .
xfi € §Q§L and dlst(azi,EfL) > dlst(gc’;,E) > 5 100}
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We apply Lemma 6.1 (for small enough ¢3), which provides a linear map Tﬁ :
L27p(10Qfl)|Eﬂ — P such that Lﬁ = Tﬁ(f|Eﬁ) satisfies

Lﬁ € PlOQﬁ (f]Eﬁ,xi, C- ”f|Eﬁ”L2’p(10Qﬁ)lEu) for some constant C' = C(cg, p).

Finally, we set L! = (Lﬁ) “and L = ext(LY).
LEMMA 6.3. There exists C = C(cy,c2,c3,p) such that
M(f,L¥) <C-M(f,L*) for every L* € Wh(E").

Proof. For an arbitrary L* € Wh(FE"), we set L := ext(Lf). We manip-
ulate the expression for M(f, Eﬁ) from Proposition 5.3. We first apply the
approximate subadditivity of M, = M a, (see Remark 5.1) and the triangle
inequality to obtain

M(f, L) 3 My(fy Lo)?

+ 3 [V, = VL8277 + (L — L)y, ) P62

v

+ Z MV(O, Ll/ - zlf)p

+ 3 [\VL — VL PO +|(Ly — L) () P27

v

I @)

v
Next, substitute the expression for M(f, L*) and apply Lemma 6.2. Thus,
(6.8)
M(f, D) S M(f, P+ Y [[VLy = VL P02 P+ |(Ly — L)ty ) P62
v/

+ 3 01(Ly = L)@ )PE + 3 (L — L) (k) ) IP027.
v vev!
Note that the last two sums in (6.8) are bounded by the first sum. This
follows because |z, — \ < C6, and |x W)~ xi(y)| < 04, whenever v <> 1/
(thankNS to Corollary 4 1 and the Good Geometry of the CZ squares). Thus,
M(f, B S M(f, L) + X, where

X 1= 3" [[VLy = VL [PO27 + (L, — L), )02 72]
Since L = ext(LF),

69) X =N IVE-VEP ¥ b -y ¥ 6
o

vip(v)=p vip(v)=p
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From (5.1), we have Qﬁ C CQ, for p = p(v). Thus, for any ¢ > 0,

S 6,7 <Y {6571 Q dyadic, @ C CQ} < (6%)F

vi(v)=p

Hence, in particular for e = p — 2 and € = 2p — 2, from (6.9) we have

(6.10) X < Z [|VL§5 — VLA P(68)27P + |LF (2h) — Eﬁ(xﬁ)w((sg)?—?p] .

Note that HEji HB > ¢(cq, e, c3, )(5 2/p-1 , thanks to (6.7) and Lemma 4.3. By
the second part of Lemma 6.2 and the approximate subadditivity of MlOQ“

14
(see Remark 5.1), following (6.10) we see that

(6.11) X< C”ZM

’ TH
soz{wdmﬁ,>+%mﬁ@¢m]
n
for some constant C" = C’(cq, 2, ¢3,p).
Recall that
Lﬁ € FlOQﬁ(ﬂEﬁ,xﬁ, C||f\EﬁH) for some C' = C(ca,p).
Thus, by Proposition 5.2,
THY ~ T — i — 7k
Mg (1> L) = in {||F\|L2’p(10Q§L) :F=fonEl, J.F= LM}
< O inf {|Fll popogey  F = fon Ef J2 F =Li}
~ O Mg (Fls L.
Therefore, from (6.11) we obtain

X<C’Cme{|FH : F = fonEl, unF:Lﬁ}.
1

L22(10Q},) ©

Since {10@ﬁ } _; have the bounded intersection property (recall (K3)), we thus
have
X < Cinf{|F||2nmey : F = fon E and Jp/ F = ext(L*)} ~ C - M(f, L*)?
for some constant C = C(cy, 2, ¢z, p). This completes the proof of Lemma 6.3.
O
7. Proof of Theorem 1

The CZ decomposition A is either the trivial decomposition {Q°} or some
nontrivial decomposition. We consider these cases separately below.
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Case 1. A # {Q°}.
Let f : E — R be given. We apply Lemma 6.3 (and Corollary 5.1) to
choose L# € Wh(E") that depends linearly on f and satisfies

(7.1) M(f, L% < Cinf{M(f,L*) : L! € Wh(E")} & || 2 (m2)| -

We set L := ext(LF).

Take T and M as in Proposition 5.3. We define T(f) := T(f, L!) and
M(f) :== M(f,L*). From (7.1) and Proposition 5.3, we have

(1) T(f) = f on E,

(2) IT(H)ll2r@ey = M(f) = ||l L20®2)] -

We now estimate the number of terms used in the expression that defines
M(f). From Proposition 5.3 and because L = ext(L*), we have

K
M(f, L =" My(f,, L)
v=1
+ 3 IV = VIE PAy y + |E () — LF (25) [P As ]
Hop'=1

where

Ak,uu’ = Z{égikp = Ve {1, e ,K}
such that v/ < v, u(v) = p, pu(V') = ,u'} for k =1,2.

Since L, depends linearly on f from Proposition 5.2 we have

M, (fu, Ly) ZP\” for each v,

for linear functionals Y, where N, < (#E,)?. Therefore,

(7.2)
K N,,

M(f, L ="
v=1k

Kﬁ
+ 3 [IVEE = VIE PA e + L () — L (25) [P A ]
pop'=1

The number of terms appearing in the first sum in (7.2) is
DN S DY H#E) =) #(ENLIQ)? S #(E),

where we have used that {1.1Q, } has the bounded intersection property.
Note that EN9Q¥ is nonempty for each keystone square Q¥, thanks to (K2)
and the definition of property R(---). Thus we may assign to each keystone
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square Q* some point y* € EN9Q*. Since {10Q* : QF € A*} has the bounded
intersection property (see (K3)), the preimage of each y € E has bounded
cardinality. Therefore, K* = #(A¥) < #(E) = N. It follows that the second
sum from (7.2) contains at most C N? terms.

We have shown that the sum that defines M (f)P contains at most C N2
terms. This completes the proof of Theorem 1 in the case that A # {Q°}.

Case 2. A ={Q°}.

In this case Q° is OK, meaning that HEHBp < 01522/5—1. Since E C 15Q°,
we can pick z € 0.9Q° such that dist(z, E) > 156qe.

Let f: F — R and P € P be given. For small enough ¢, Proposition 5.2
implies the existence of a linear map 7' : L?>P(Q°)|g x P — L*P(Q°) such that

(1) T(f,P) = f on E;

(2) JZT(f,P) =P;

(3) IT(f, P p2w(qey = nf{|[Fl|L2p(gey : F' = f on E, J.F = P;

4) 1T(f, P)HLQ,p(QO) ~ M(f,P), where

N1
M(f>P)p = Z|)‘Z(f7p)|p
=1

for linear functionals Ay, ..., An;, where Ny < (#E)2.

We reason as in the paragraph containing (5.23) from the proof of Propo-
sition 5.3, and extend T'(f, P) € L?>P(Q°) to a function T(f, P) € L?*?(R?)
without increasing the seminorm by more than a constant factor or disturbing
the function values on 0.9Q°. Thus,

(1) T(f,P) = f on E;

(2) LI(f, P)=P;

(3) |IT(f, P22y = inf{||F|| 22y : F'= f on B, J.F = P};

(4) IT(f, P)llp2ome) =~ M(f, P).

We apply the Main Claim from the proof of Lemma 6.1 to the expres-

sion M(f,P). Thus, there exists P € P depending linearly on f such that
M(f,P) < M(f,P) for all P € P. Define Tf :=T(f,P), M(f) := M(f,P),

~

and \;(f) := \i(f, P). Then

(1) Tf = f on E,
(@) ITf 2oy ~ jof wt{|Fll 2oy : F = f on B, JL.F = P} =

1 fllL2p(®2)
Ny
(3) IIfllr2pr2),, = M(f), where M(f)? = |X:(f)[” and N1 < (#E)*.
i=1

This proves Theorem 1 in the case that A = {Q°}. O
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