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Kloosterman sheaves for reductive groups
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Abstract

Deligne constructed a remarkable local system on P! — {0, 00} attached
to a family of Kloosterman sums. Katz calculated its monodromy and
asked whether there are Kloosterman sheaves for general reductive groups
and which automorphic forms should be attached to these local systems
under the Langlands correspondence.

Motivated by work of Gross and Frenkel-Gross we find an explicit family
of such automorphic forms and even a simple family of automorphic sheaves
in the framework of the geometric Langlands program. We use these auto-
morphic sheaves to construct ¢-adic Kloosterman sheaves for any reductive
group in a uniform way, and describe the local and global monodromy of
these Kloosterman sheaves. In particular, they give motivic Galois rep-
resentations with exceptional monodromy groups Ge, Fi, 7 and Es. This
also gives an example of the geometric Langlands correspondence with wild
ramification for any reductive group.
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0.1. Review of classical Kloosterman sums and Kloosterman sheaves. Let
n be a positive integer and p be a prime number. For every finite extension
F, of F, and a € IE‘;, the Kloosterman sum in n-variables in defined as the
exponential sum

- 2mi
Kl,(a;q) == (-1)"! Z exp (pTrFq/Fp(xl +xy A+ Fay)

T122 Tn=0a,T;EF,

).
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Kloosterman sums occur in the Fourier coefficients of modular forms. They
satisfy the Weil bound

(0.1) Kl (a; q)| < ng" /2.
When n = 2, for any a € ﬁ;, define the angle 6(a) € [0, 7] to be such that
2pdeg(a)/2 COS(Q(&)) _ KIQ(a;pdeg(a))’

where deg(a) is the degree of a over F),. Then the angles {f(a)la € ﬁ;}
are equidistributed according to the Sato-Tate measure %sin2 0df on [0, 7] as
deg(a) tends to co. In general, a similar equidistribution theorem for Kl,,(a; q)
was proved by Katz [26], using Deligne’s results in [11].

The above properties of Kloosterman sums were proved using a sheaf-
theoretic incarnation. Let us recall this construction. In [10], Deligne consid-
ered the diagram

Here G,, is the multiplicative group, G, = A' is the additive group and o
(resp. m) is the map of taking the sum (resp. product) of the n-coordinates of
Gy, Let ¢ : Fp — Qe(pp)* be a nontrivial character (here 1, is the set of p-th
roots of unity), and let AS,, be the associated Artin-Schreier local system on
the additive group G, over IF,. Deligne then defined the Kloosterman sheaf
as the following complex of sheaves with Q/(y,)-coefficients on G, over IF):

Kl, := Rmo™ ASy[n — 1].

Fix an embedding ¢ : Q(x,) — C such that w(x) = exp(2miz/p) for z € ).
For any a € Gy, (F,) = F, denote by Frob, the geometric Frobenius at a,
acting on the geometric stalk (Kl,)z. Then, by the Grothendieck-Lefschetz
trace formula, we have

Kl,(a; q) = (Tr(Frobg, (Kl,)z).

In this sense, Kl,, is a sheaf-theoretic incarnation of the Kloosterman sums

{Kln(a; Q)}aeF; .
In [10, Th. 7.4, 7.8], Deligne proved

(1) Kl,, is concentrated in degree 0 and is a local system of rank n.

(2) Kl,, is tamely ramified around {0}, and the monodromy is unipotent
with a single Jordan block.

(3) Kl, is totally wildly ramified around {oo} (i.e., the wild inertia at co has
no nonzero fixed vector on the stalk of Kl,,), and the Swan conductor
Swane (Kl,) = 1.

(4) Kl, is pure of weight n — 1 (which implies the estimate (0.1)).
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In [26, §8.7], Katz proved the unicity of Kloosterman sheaves: If a rank-n
local system L on G, satisfies properties (2) and (3) listed above, then L is
isomorphic to Kl,, on G, ® Fp up to a translation action on (G,,. Moreover,
in [26, §11], Katz further studied the global geometric monodromy of Kl,,. Fix
a geometric point 7 of G, and denote by

@I m (Gmaﬁ) — GLn(Qé(Np))

the monodromy representation associated to the Kloosterman sheaf Kl,. Let
©8° be the restriction of ¢ to 1 (G, @, Fq,7). Katz determined the Zariski
closure Ggeo of the image of ©%°° to be

Sp,, n even,
- SL,, dd, p odd,
(0.2) Clyeo = nocepo
SO, nodd,n#7,p=2,
GQ n = 7,p = 2.

Using Deligne’s equidistribution theorem [11, Th. 3.5.3], Katz showed that
the conjugacy classes for the Frobenius elements Frob, are equidistributed
according to a “Sato-Tate” measure.

0.2. Motivation and goal of the paper. In view of the mysterious appear-
ance of the exceptional group G as the global geometric monodromy, Katz
asked [27, p. I-5] whether all semisimple groups appear as geometric mon-
odromy of local systems on G,,. Alternatively, are there exponential sums
whose equidistribution laws are governed by arbitrary simple groups, and es-
pecially by exceptional groups?

In this paper we find a uniform construction of such local systems. For
any split reductive group G, we will construct a G-local system Kls on Gy, =
IP{ (0,00 with similar local ramifications as Kl,,, and when G = GL,,, we recover
the Kloosterman sheaf Kl,, of Deligne. We will determine the Zariski closure of
its global geometric monodromy (which turns out to be “large”), prove purity
of the sheaf and deduce equidistribution laws. Finally, we give a conjecture
about the unicity of such Galois representations (or local systems).

For the purpose of the introduction, let us restrict to the following cases.
Assume G is either a split, almost simple and simply-connected group over
k=T, or G = GL, over k. Let G be its Langlands dual group over Qe(pp),
which is either a split, simple and adjoint group, or GL,,.

The motivation of our construction comes from the Langlands correspon-
dence for the rational function field K = k(t). Already in his study of Kloost-
erman sheaves, Katz [26] suggested the following.
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“... It would be interesting to compare this result with the con-
jectural description of such sheaves, provided by the Langlands
philosophy, in terms of automorphic forms.”

In a series of work [22], [21], [20], [15], Gross, partly joint with Reeder and
with Frenkel, proposed a candidate automorphic representation 7 of G(Ag)
which, in the case of G = GL,,, should give the Kloosterman sheaf Kl,,. Let us
briefly review their work.

In [22], Gross and Reeder gave the following construction of a represen-
tation Vi of G(k((s))). Fix a Borel subgroup B € G, and denote by U the
unipotent radical of B. Denote by I(0) := {g € G(k[[s]])|¢g mod s € B} the
Iwahori subgroup of G(k[[s]]) and by I(1) := {g € G(k[[s]])|]g mod s € U} the
unipotent radical of 1(0). For any affine generic character ¢: I(1) — Qu(pp)
(see §1.3), let Vi, := c—Indﬁ(llg(X(gz)G)(qﬁ@ 1) be the compactly induced representa-
tion of G(k((s))). Gross and Reeder show that this representation is irreducible
and supercuspidal.

For any global field F, Gross [21] managed to use the trace formula to
obtain an expression for the multiplicities of automorphic representations 7w of
G(AF) whose ramified local components are either the Steinberg representa-
tion or the representation Vy. In particular, when the global field is K = k(t),
this formula implies that, for any semisimple simply connected group G, there
is unique cuspidal automorphic representation m = 7(¢) of G(Ax) such that

(1) 7 is unramified outside {0, c0};
(2) mo is the Steinberg representation of G(k((t)));
(3) T is the simple supercuspidal representation Vy of G(k((s))), s =t~ L.

Motivated by the Langlands philosophy, Gross [20] raised the following
conjecture. The automorphic representation m = 7(¢) should correspond to a
G-local system Klz(¢) on Gy, = IP{{O so}» Which we will call the Kloosterman

sheaf associated to G and ¢, with the following properties parallel to that of 7
(1) Kls(¢) is a G-local system on G, = P!

0,00}"

(2) Klx(¢) is tamely ramified around {0}, a\r;{d tﬁe monodromy is a regular
unipotent element in G.

(3) The local system Klgd (¢) associated to the adjoint representation of G
(which is a local system on ]P{ {0,001 Of rank dim G) is totally ramified
around {oo} (i.e., the inert group at co has no nonzero fixed vector),
and Swanoo(Klgd(gb)) = r(G), the rank of G.

(4) For any irreducible representation V of G, the associated local system
Klg(gb) is pure.

For G = GL,, the sheaf Kl, has the above properties. For G of type
A, B,C and Gy, G-local systems with the above properties were constructed
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earlier by Katz [27], using a case-by-case construction and using Kl,, as building
blocks.

In [15], Gross and Frenkel constructed an analog of such local systems
over the complex numbers. Namely, they defined a G-connection VG(X )
on PE\{0, 00} (depending on the choice X of nonzero vectors in the affine
simple root spaces of §). This connection has regular singularity at {0} and
irregular singularities at oo, parallel to properties (2) and (3) above. They
furthermore show that V 5 (X) is cohomologically rigid [15, Th. 1] and compute
the differential Galois group of these connections. For G of type A, B,C and
Ga, they verify that V@(X ) coincide with connections constructed by Katz
[27], which are the analogs of Katz’s f-adic G-local systems mentioned above.
All these give strong evidence that VG(X ) should be the correct de Rham
analog of the conjectural local system Klx(¢).

The predictions about the conjectural local system Klx(¢) made in [15]
served as a guideline for our work.

0.3. Method of construction. Our construction of the Kloosterman sheaves
can be summarized as follows. We start with the automorphic representation m
mentioned above. The key observation is that 7 contains a Hecke eigenfunction
fe, which can be written down explicitly using the combinatorics of the double
coset

G(K)\G(Ax)/ (fo < Io(2) % [ G((oz))
x#0,00
(see §2.1).

The points of this double coset are the rational points of a moduli stack
Bungg,2) of G-bundles on P! with a particular level structure at 0 and oo, and
we can upgrade the function f4 to a sheaf A, on this stack. We then prove
that this sheaf is indeed a Hecke eigensheaf. In particular, we show that the
eigenvalues of the geometric Hecke operators applied to Ay define a G-local
system on IP{ (0,00} — OUT Kloosterman sheaf Kl(¢). Technically, the proof of
this result relies on the fact that the sheaf Ay is a clean extension of a local
system with affine support.

In the case G = GL,, we compute the local system Kl~(¢) explicitly. For
a particular ¢, the rank-n local system associated to Kl=(¢) and the standard
representation of G = GL,, turns out to be the Kloosterman sheaf Kl, of
Deligne. Here Deligne’s diagram will reappear as a part of a geometric Hecke
transformation.

Our construction also works when we replace G by a certain class of quasi-
split group schemes G over IP{ (0,00} and there is also a variant depending on an
additional Kummer character. These generalizations seem to be the natural
setup needed in order to compare Kloosterman sheaves for different groups.
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Since the generalization does not require additional arguments, we will give
the construction in this more general setup.

0.4. Properties of Kloosterman sheaves. The longest part of this article
(§84-6) is then devoted to the study of local and global properties of Klooster-
man sheaves Klx(¢) for simple adjoint groups G. First, using [11], the expected
purity property (4) is a corollary to our construction. When G is adjoint, we
can moreover normalize Klg(gzb) to be pure of weight 0. Thus, fixing an em-
bedding ¢ : Qs(up) — C as before, the exponential sums

Klg(gb; a; q) = Tr(Froby, (Klg(qﬁ))a), for a € F),V € Rep(G)

satisfy the Weil bound
K1g (65 a5 )] < dim V.

Property (2) about the monodromy at 0 (see Theorem 1(2)) will be proved
in Section 4.3. Property (3) about the monodromy at oo (see Theorem 2)
will be proved in Section 5. The calculation of the Swan conductors involves
a detailed study of the geometry of certain Schubert varieties in the affine
Grassmannian, which occupies a large part of Section 5. Using a result of
Gross-Reeder [22], one can give an explicit description of the monodromy at
oo (Corollary 2.15). Together, these results show that the local system Klx(¢)
satisfies properties (1)—(4) expected by Gross.

Again, let

0 11 (P 000y ) — G(Qelp))

be the monodromy representation associated to the Kloosterman sheaf Kl (),
and let ¢ be its restriction to my (]Pi{opo} ®r k,m). We find (Theorem 3) that
for p > 2 (and p > 3 in the case G = Bs), the Zariski closure G’geo of the image
of % coincides with the differential Galois group Gy of V5 (X) calculated
by Frenkel-Gross in [15, Cor. 9,10], which we list in Table 1.

G Gygeo
A2n A2n
A2n71, Cn Cn
By, Dyt (TL > 4) B,
Er Er
Eg Eg
Eg, Fy Fy
Bs, Dy, Gy Go.

Table 1. Global geometric monodromy of Klx(¢)

Deligne’s equidistribution theorem [11, Th. 3.5.3] then implies the follow-
ing equidistribution law for the image of the Frobenius elements under ¢.
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COROLLARY. Suppose G is simple and adjoint. (In this case the whole
image of ¢ lies in égeo.) Let égeo,c C G'geo(@) be a compact real form (using
the embedding ¢ : Qu(pp) — C to make sense of Ggeo(C)). Let G‘geo’c be the
set of conjugacy classes of Ggeo,c-

For a € k*, the conjugacy class o(Frob,) of Ggeo((D) in fact belongs to
Ggeo’c. As deg(a) (the degree of the field extension k(a)/k) tends to oo, the
conjugacy classes

{p(Frobg)la € &} C Ghep .

become equidistributed according to the push-forward of the Haar measure from

Ggeo,c to G

geo,c*

0.5. Open problems. Compared to the known results about Kl,, the only
missing piece for Kl (¢) is the unicity. We prove that Klx(¢) is cohomologically
rigid; i.e.,

. A
H'(P', juK1%(¢)) = 0.

This gives evidence for the physical rigidity of Kl=(¢). Any other local sys-
tem L on IP{{O’OO} satisfying properties (2) and (3) should be isomorphic to
Klx(¢) over ]P{{Om} @i k. We will state the precise unicity conjecture in
Conjectures 7.1 and 7.2.

Table 1 also suggests that the Kloosterman sheaves for different groups G
appearing in the same line of the table should be essentially the same (see Con-
jecture 7.3). This can be viewed as a functoriality statement for Kloosterman
sheaves.

Also, the monodromy of Kloosterman sheaves is studied in detail only for
split groups. In Section 7.2, we state our predictions on the local and global
monodromy of Kl (¢) for G a quasi-split, simple and simply-connected group
scheme over P! with good reduction at all places outside {0, oo}, which is split
by a tame Kummer cover [N] : ]P{{O,oo} — ]P{{(Loo} (z = 2V).

0.6. Organization of the paper. In Section 1, we define the various group
schemes G(mg, Mmoo ) over P! encoding the level structures of the moduli stacks
of G-bundles on which the automorphic sheaves will be defined. We also give a
description of the geometry of these moduli stacks. In Section 2, we construct
the automorphic sheaf A, and state the main results of the paper. The proofs
are given in Sections 4-6. Section 3 is devoted to the case G = GL,,, where we
recover classical Kloosterman sheaves of Deligne. In Section 7, we state our
conjectures about rigidity of Kloosterman sheaves and our expectations about
Kloosterman sheaves for quasi-split groups.

The paper contains four appendices. In Appendix A, we prove the struc-
ture theorem for the moduli spaces Bung in the generality of quasi-split groups.
In Appendix B, we prove compatibility between outer automorphisms and the
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geometric Satake equivalence. This is needed to describe the global mon-
odromy image of Kloosterman sheaves and we couldn’t find a reference for the
result. In Appendix C, we collect some facts about quasi-minuscule represen-
tations of G. In Appendix D, we analyze the geometry of the adjoint Schubert
variety for G, which does not fit into the uniform treatment for groups of
other types.
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1. Structural groups

We will work over a fixed finite field k£ of characteristic p. We fix a co-
ordinate ¢ of our base curve P!, so that A' = Spec(k[t]) € P!. We write
s :=t~! for the coordinate around co € P'. For any closed point = € P!, we
will denote by O, the completed local ring at  and by K, the fraction field
of O,.

Since we are interested in the geometric Langlands correspondence for
(wildly) ramified local systems, we will need to consider principal bundles with
various level structures. It will be convenient to view these as torsors under
group schemes G over P'. Moreover, in order to formulate the conjectured
functoriality, it will be useful to allow quasi-split group schemes. We will
introduce these group schemes in several steps.

1.1. Quasi-split group schemes over 113{{0700}. We will assume g’IP{{O,oo}
is a quasi-split reductive group. Moreover, we will assume that there is a finite
extension k’'/k and an integer N with (N, p) = 1 such that G splits over the
tame extension [N]: Gy, — Gy defined by t — tV. We may and will
assume that &’ contains all N-th roots of unity. We write py for the group of
N-th roots of unity.

We will fix subgroups S C 'T\IP{{OM} C B’]P{{O,oo} C gy]P{{Om}, where
S is a maximal split torus, T’]Pi{o,oo} is a maximal torus and B|]P{{0700} is a
Borel subgroup. We also fix a quasi-pinning of Q|IP{ {0,001
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In order to describe our group schemes we will, for simplicity, assume that
k =K. In general, the construction we give will be invariant under Gal(k’/k)
so that Galois-descent will then give the general case.

By [13, Exp. XXIV, Th. 3.11], these groups can be described explicitly
as follows. By assumption, there is a split reductive group G over k such that
[N]*G|Gy, = G X Gy, The automorphism group of the covering [N] is un.
We fix T C B C GG to be a split maximal torus and a Borel subgroup as well
as a pinning T of G.

This data defines a morphism o: uy — Aut’(G), where Aut’(Q) is the
automorphisms of G respecting the pinning. Let us denote by [N].(G x G,,)
the Weil restriction of G x Gy, for the covering [N]. Then ux acts on this Weil
restriction by the action of o on G and by the action on the covering [N]. We
will denote the diagonal action again by o. Then descent implies

GIP (0,001 = ([IN](G X Pig.00)))7 = (G X Cin) /().

1.2. Level structures at 0 and oco. Next we need to describe several ex-
tensions of g|11>{{07oo} to P!. We will again denote by [N] : P! — P! the
map given by ¢ — V. The group Q|IP{ (0,00} Will be extended as the (special)
Bruhat-Tits group G defined by the convex function, which is 0 on all roots.
Since we assumed that G |]P{ {0,00} splits over a tame extension, this group can
be described as the connected component of the group ([N].(G x P1))?. The
subgroups S C T]IP{{()’OO} C B|]P{{0700} C Q|]P{{0700} define closed subgroups
ScTcBcCg.

We will need to introduce level structures at 0 and co. These will cor-
respond to the first steps of the Moy-Prasad filtration of G. A self-contained
exposition of the construction of these group schemes can be found in the
preprint of Yu [37].

We first consider tori. For a split torus 7' = G”, x P!, we will denote by
T (mg, Moo ) the smooth group scheme over P! such that

T(1mo, moo) P\ 0,00y = Gy X P00
T'(mo, mso)(Op1 ) = {9 € T(Opip)lg=1 mod 1"},
T(mo, Moo)(Op1 o) = {9 € T(Op1 )|lg =1 mod s™>}.

This also defines a filtration for induced tori. For an arbitrary torus 7, pick an
embedding into an induced torus 7 < Z and define the filtration by pulling
back the filtration on Z. By [37, §4], this definition is independent of the
chosen embedding, and since we assumed that 7 splits over a tame extension,
the subgroups define connected groups.

For reductive groups Q|IP{ {0,00}» We want to define models G (mg, M) for
mo, Mo € {0,1,2}, corresponding to the mo-th (resp. moo-th) step in the
Moy-Prasad filtration of the Iwahori subgroup at 0 (resp. 0o).
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First assume that G = G'xIP! is a split, semisimple group. As before, we fix
S =T C B C G to be a split maximal torus, a Borel subgroup and a pinning of
G. We denote by U C B the unipotent subgroup. Denote by ® = ®(G, S) the
set of roots and by ®* C ® the set of positive and negative roots with respect
to the chosen Borel subgroup. Let a1, ..., a, denote the positive simple roots
of G, and let {;} denote the highest roots of G (one for each simple factor of
G). Finally, for each root «, let U, denote the corresponding root subgroup
of G.

We will consider the following bounded subgroups of G(k[[s]]):

I1(0) := {g € G(K[[s]])]g mod s € B} is the Iwahori subgroup,
I(1) :={g € G(K[[s]])]g mod s € U} is the unipotent radical of I(0).

To describe 1(2), let f: ® U {0} — N be the concave function defined by
f(0)=1and

if a € ®1 \ {;} is positive, but not simple,
if & = q; is a positive simple root,
ifa € &~ \ {—Qj},

if « = —0; is the negative of a highest root.

fla) =

N = = O

I(2) C G(K[[s]]) denotes the bounded subgroup defined by the concave
function f, i.e., the subgroup generated by {u € Uylu = 1 mod s/} and
{ge T[Mlg=1 mod s}.

Note that by definition, I(1)/I(2) = @ simple afineGq is isomorphic to the
sum of the root subgroups U, C G(k[[s]]) for which « is a simple affine root.
Similarly, we define I(7)°P? C G(k[[t]]) to be the analogous groups obtained by
using the opposite Borel subgroup B°PP in the above definition.

Ezxample. For G = SL,,, we choose S = T to be the diagonal matrices
and B the upper triangular matrices. Then the subgroup I(0) C SL,(k[[s]])
is the subgroup of matrices such that the lower diagonal entries are divisible
by s. I(1) C I(0) is the subgroup such that the diagonal entries are elements
of 1+ sk[[s]].

The root subgroups of SL,, for the simple roots are given by the above-
diagonal entries a;;4+1, and the U_g of the negative of the longest root is given
by the entry in the lower left corner. So I(2) consists of matrices of the form

1+ sk[[s]]  sk[[s] k([s]] k([s]]
sk([s 1+ sk[[s]]  sk[[s] k([s]]
s 1+ skl[s]] sk[[s]]
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We obtain an isomorphism I(1)/1(2) = A™ by mapping a matrix (a;;) to the
leading coefficients of the entries a; ;41 and a, 1.

For a general, split reductive group G = G x P!, we consider the derived
group Gger and the connected component of the center Z(G)°, which is a torus.
We will temporarily denote by Ig,,, (i), Ig: (i) the groups defined above for
the semisimple group Gyer and define

1(i) == Z(G)° () (K[[s]]) - Lgaer (i) < G(K[[s]])

and similarly I(i)°PP := Z(G)° (i, moo ) (K[[t]) IY ().
For split, reductive groups G = G x P!, the group G(mg, ms,) denotes the
Bruhat Tits group scheme such that

G(mg,moo)ﬂl){{opo} = G X Gm,
G(mo, Meo)(Ox0) = I(ms), and
G(mo, moso)(Op) = I(mg)°PP.

Finally, for a general quasi-split group, we define

G(mp, meo) 1= (([N]*G(mo, moo)>a>o.

Note that for tori, this does not give a new definition.
We will abbreviate:

I(mso) = G(mo, Meo)(Ocx),
I~ (mg) := g(mg,mm)(]l)1 —{o0}).

Recall from [33] that the groups I(m) have a natural structure as (infinite
dimensional) group schemes over k.

1.3. Affine generic characters. As indicated before, our construction de-
pends on the choice of a character of I(1). We call a linear function ¢: 1(1)/1(2)
— A' generic if for any simple affine root «, the restriction of ¢ to U, is non-
trivial. Throughout we will fix such a generic ¢.

We will fix a nontrivial additive character ¢: F, — @, and denote the
character k — @, defined as v o Try, /¥, again by 1. With this notation, the
character v o ¢ is called an affine generic character of 1(1).

1.4. Principal bundles. Having defined our groups, we need to collect some
basic results on the geometry of the moduli stacks of G-bundles Bung. All of
these are well known for constant groups. (See, e.g., [24], or [14] for a recent
account.) In order to generalize these results to our setup we rely on [33] and
[23], where the corresponding results on twisted loop groups are explained. Let
us point out that, except for the computation of the connected components
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of Bung, all results are particular to group schemes over P! that split over a
tamely ramified covering [N]: P! — P!

First, we recall some results and notations from [23]. We denote by N
the normalizer of 7" and by W := N (k((s)))/7 (k[[s]]) the Iwahori-Weyl group.
Furthermore, denote by Wy := N(k((s)))/T (k((s))) the relative Weyl group.
This is isomorphic to the Weyl group of the reductive quotient of the special
fiber Goo rea (loc. cit., Prop. 13) and = X (T )y (1 y X Wo.

\{0,00}

Denote by W, the affine Weyl group of the root system of G(k((s))),
which can be identified with the Iwahori-Weyl group of the simply connected
cover of the derived group of G ([23, p. 196]). This is a Coxeter group. Then
W = W, x Q, where Q 2 X*(Z(G)™(Em)) is the stabilizer of an alcove.

Finally, for x € P! — {oo}, we denote by Grg, the affine Grassmannian
(see [33]) so that Grg,(k) = G(K,)/G(Og). It can also be defined as the
ind-scheme parametrizing G-bundles P on P! together with a trivialization

©: Phpl\{x} =, Gpi\(z} (see, e.g., [25]).

PROPOSITION 1.1. Assume that the ground field k is either finite or al-
gebraically closed. Let G = G(0,0) over P! be a generically quasi-split group
scheme, constructed as in Section 1.2. Then the following hold:

(1) For any x € PY, the canonical map Grg . — Bung has sections, locally in
the smooth topology on Bung. Moreover, this map is essentially surjective
on k points; i.e., for any G-bundle over P, its restriction to P1\{z} is
trivial.

(2) mo(Bung) = m1([N]*G|Gm)r, (G,n) = -

(3) Ewvery G(0,0)-bundle on P! admits a reduction to T.

(4) (Birkhoff-Grothendieck decomposition)

G(0,0)(k((s))) = [T I7(0)- W - 1(0).

weW

(5) For n € {0,1,2},m € {0,1}, the map Bungy,,) — Bungqg) is an
I7(0)/1~(m)xI(0)/I(n)-torsor. In particular, mo(Bungy, ,))=mo(Bung).

If G = G x P! is a split group, a proof of this result can be found in [14]
or [24]. Since the case of split groups was our starting point, we will postpone
the proof of the general case to Appendix A. For v € 2, we will denote by

Bung( the corresponding connected component of Bung,y, -

m,n)

Let us collect some consequences of this result.

COROLLARY 1.2. Let n € {0,1,2},m € {0,1}. Any v € Q defines an
isomorphism Hky: Bung, ) — Bung(p, ). This induces an isomorphism of
the connected components Bunog(m’n) — Bung(mvn).

In particular, all connected components of Bung, ) are isomorphic.
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Proof. By Propostiion 1.1(2), the connected components of Bung(m,n)
are indexed by 2 C W. Since Q is the stabilizer of the alcove defining 1(0)°PP,
any v € 2 normalizes I(0)°PP and its unipotent radical I(1)°PP. Thus 2 acts
by right multiplication on Grg(m )0 = G(k((t)))/I(m)°PP. This defines an
isomorphism Hk,: Bung,, ) — Bung(, ). Moreover, [23, Lemma 14] im-
plies that the restriction of this map to Bung(mm) induces an isomorphism

Bung(m’n) — Bung( |

myn)”

COROLLARY 1.3. (1) Denote by G(P') the automorphism group of the
trivial G-bundle. Then the inclusion BQ(IPl) — Bung is an affine, open
embedding.

(2) Denote by T(P') = HO(PL, T) = H°(PP,G(0,0)) the automorphism group
of the trivial G(0,0)-bundle. The inclusion of the trivial bundle defines an
affine open embedding B(T (P')) < Bungg q)-

(3) The trivial G(0,1)-bundle defines an affine, open embedding Spec(k) —
Bunog(071).

(4) Applying the action of I1(1)/1(2) on Bung g g to the trivial G(0,2)-bundle,
we obtain a canonical map jo: 1(1)/1(2) — Bungg ). This is an affine
open embedding.

(5) For any v € Q, the map

jy = Hky 0jo: 1(1)/1(2) = Bung )

s an affine open embedding, called the big cell.
(6) Applying the action of T¢°* x I(1)/1(2) on Bung o) to the trivial G(1,2)-
bundle, we obtain canonical affine embeddings

30; 76red x I(1)/1(2) — Bung 9y and
Jy = Hky 0jo: Tg° x I(1)/1(2) < Bung( 2).

Proof. Let us first recall why this corollary holds for GL,,. For (1), note
that the only vector bundle on P! of rank n with trivial cohomology is the
bundle O(—1)". Therefore, the inverse of the determinant of cohomology line
bundle on Bungy,, has a section vanishing precisely on the trivial bundle. This
proves (1) in this case. Next, recall that a GL,,(0,0) bundle is a vector bundle
together with full flags at 0 and oo. Let us denote by Mod, g : BunOGLn(Oyo) —
BuniGLn (0,0) the i-th upper modification along the flag at 0. The inverse of this
map is given by the i-th lower modification, which we will denote by Mod_; .

To prove (2), denote by Mod; « the i-th modification at co. The trivial
GL,(0,0)-bundle is the bundle given by O™ and the canonical opposite flags
(Vi,0)i=0,...n of the fiber (O™)y at 0 and (V; )i=0,....n at co. This is the only
GL,(0,0)-bundle (&, V; 0, Vi o) of degree 0 on P! such that the complex £ —
E0/Vio®Eoso/Vn—io has trivial cohomology for all 4. Thus again, the inclusion
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of the trivial GL,(0,0) bundle in Bung,, (o) is defined by the nonvanishing
of sections of line bundles.

For general G, we pick a faithful representation p: G — GL,, x P'. This
defines a map Bung — Bungy,,. The Birkhoff-Grothendieck decomposition
implies that a G-bundle is trivial if and only if the associated GL,-bundle
is trivial. Moreover, in order to check that the reductions to B at 0,00 are
opposite, it is also sufficient to check this on the induced GL,-bundle. This
proves (1) and (2).

One can show that T(P!) = HO(P!,7) = T4°; see the proof of the
claim in Appendix A. Now Bung(q ) is a 7E)red—torsor over Bungg ). Thus the
preimage of the affine open embedding B(T (P')) < Bung g o) from (2) is the
point Spec(k) defined by the trivial G(0, 1)-bundle. This proves (3) .

(4) follows from (3) because the map Bungg 2y — Bung g1y is an I(1)/1(2)-
torsor. By Corollary 1.2, (5) follows from (4). Finally (6) follows from (5) since
Bung(; 9) = Bung2) is a 76red—torsor. (I

2. Eigensheaf and eigenvalues: Statement of main results

In this section we will construct the automorphic sheaf A;. We will also
state our main results about the local and global monodromy of the Klooster-
man sheaf Klig(¢, x), which will be defined to be the eigenvalue of Ag.

2.1. The eigenfunction. In this subsection we give a simple formula for
an eigenfunction in Gross’s automorphic representation m mentioned in the
introduction. Surprisingly, this calculation turns out to be independent of
Gross’s result.

We set k to be a finite field and K = k(t). The completions of K at t =0
and t = oo are denoted by k((¢)) and k((s)). We will use the generic affine
character ¢ o ¢: I(1)/I(2) — Q, chosen in Section 1.3.

By Proposition 1.1, we know

Bung o,z (k) = GE)\G(0,2)(Ax)/ [] G(0,2)(Os)
= I (0\G(K((5)))/1(2)

and
= II I (0wI(1)
weWw
Suppose we were given, as in the introduction, an automorphic represen-
tation T = ®'m, of G(Ak) such that for v & {0, 00}, the local representation
m, is unramified, 7 is the Steinberg representation and such that 7., occurs in
c-In dg((k(((g)l))))xl(l)(w o ¢). Then there exists a function f on Bungq2)(k) such

that f(gh) = v (p(h))f(g) for all h € I(1).
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The following lemma characterizes such functions in an elementary way.

LEMMA 2.1. Let f: Bunggo) (k) — Q be a function such that for all
he I(1),g € G(0,2)(k((5))), we have f(gh) = H((h))(g). Then f s uniquely
determined by the values f(vy) for v € Q. Moreover, f(w) = 0 for all w €
W —Q.

Proof. For any w € W with ! (w) > 0, there exists a simple affine root «;
such that w(a;) is negative. This implies that wU,,w™! C I~(0). This implies
that for all u € U,,, we have ¢¥(¢(u))f(w) = f(wu) = f(w) so f(w) = 0.
For w with I[(w) = 0, i.e., w € Q, the value of f(y) can be arbitrary by
Corollary 1.3. O

Remark 2.2. Any function f in the above lemma is automatically cuspidal.
In fact, for any parabolic Q C G with unipotent radical Ng, the constant term
function

frolg) = /N O N f(ng)dn

is left invariant under Ng(k((s))) and right equivariant under I, (1) against
the character ¢ o ¢. A similar argument as in Lemma 2.1 shows that such a
function must be zero.

2.2. The automorphic sheaf Ay . Let us reformulate the preceding obser-
vation geometrically. Denote by ASy, the Artin-Schreier sheaf on A! defined by
the character ¢. We set ASy := ¢*(ASy), the pull-back of the Artin-Schreier
sheaf to I(1)/I(2) = A<,

Let us denote by Perv(Bung(O’g))I (1-ASs the category of perverse sheaves
on Bung g o) that are (1(1), ASy)-equivariant. We will use this notation more
generally for any stack with an action of I(1)/1(2).

For any v € Q, denote by j,: I(1)/1(2) — Bung(oz) the embedding of the
big cell and by i, : Spec(k) — Bung,( the map given by the G(0,2) bundle
defined by .

The following is the geometric analog of Lemma 2.1.

0,2)’

LEMMA 2.3. The sheaf ASy satisfies jy1 ASy = jy« ASy. Moreover, for
any v € §Q, the functor

Perv(G,,) — Perv(Bung(O’z) X Gm),
F— j%[ ASd, @F[dim(Bung(Oyz))]

18 an equivalence of categories. An inverse is given by

K+ (i X idp1
(b > idpr

) K[— dim(Bung(O’Q))].
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Proof. For any w € W — , we pick a representative in N (7((t))), again
denoted by w. Consider the G(0,2)-bundle P,, defined by w. Let U, C I(1) bea
root subgroup corresponding to a simple affine root « such that w.« is negative,
i.e., such that Uy C I7(0). This defines an inclusion U, < Aut(P,). Thus
we get a commutative square

Uy X Spec(k) — Spec(k)

\L (id,Pw) le

t
Ua X Bung(o’g) i> Bung(o’g).

This implies that (ASy v, ) K K|p, = Qlu, K K|p,. Since we assumed that
ASy |y, is defined by a nontrivial character of Uy, it follows that the stalk of
K at P, vanishes. Dually, the same result holds for the costalk of K at P,.
This proves our first claim. Also for our second claim, this implies that
any (I(1), ASg)-equivariant perverse sheaf on Bung(oz) is its l-extension form
the substack j,(1(1)/1(2)). On this substack, tensoring with the local sys-
tem AS, gives an equivalence between (I(1)/1(2))-equivariant sheaves and
(I(1)/1(2), ASy)-equivariant sheaves. This proves our claim. O

Using this lemma we can now define our automorphic sheaf.

Definition 2.4. We define Ay € Pelrv(Bung(w))1(1)’AS¢5 to be the perverse
sheaf given on the component Bung(og) by j 1 ASy[dim(Bung2))]. We will
denote by AJ the restriction of A, to the component Bung(0 2)-

Remark 2.5 (A variant with multiplicative characters). We can generalize
the above construction of Ay slightly. Recall that the open cell in Bun'é(1 ) is

canonically isomorphic to 73¢ x I(1)/I1(0). Any character x: T34 (k) — @,
defines a rank-one local system Kum, on the torus 77°¢. Then Lemma 2.3 also
holds for (74 x I(1)/1(0), Kum, X AS)-equivariant sheaves on Bungq g)-

Definition 2.6. We define Ay, € Perv(Bungg2)) to be the perverse sheaf
given on the component Bung(m) by jy (Kum, X ASg)[dim(Bungq 2))]-

2.3. The geometric Hecke operators. In order to state our main result, we
need to recall the definition of the geometric Hecke operators. The stack of
Hecke modifications is the stack

& € Bung(ym (S),z: S — A,
HeCkeé(l’rn,n)(S) = <(51,52,(E, (10) ‘ glm. )( ) >

P gl’IPlfoS — 52|]Plf:v
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This stack has natural forgetful maps:

prAI

Al

1
(2.7) Hecke[gA(mm)

pry |29

Bung(myn) Bung(m,n) x AL,

P1\{0,00 —
Set Heckey (™) = prpl (Pl .))-

Remark 2.8. (1) The fiber of pr; over the trivial bundle G(m,n) € Bung

is called the Beilinson-Drinfeld Grassmannian. It will be denoted by

GRg(m,n).- The fibers of GRg — A' over a point z € ]13{{0700} are iso-
morphic to the affine Grassmannian Grg ,, the quotient G(K,)/G(O,).

(2) The geometric fibers of pry over Bungy, ,) x IP{ (0,00} 2T€ (noncanonically)
isomorphic to the affine Grassmannian Grg. Locally in the smooth topol-
ogy on Bung x ]P{{O,oo}’ this fibration is trivial (e.g., Remark 4.1).

(3) The diagram (2.7) has a large group of symmetries. The group 1(0)/1(2)
= (I(1)/1(2))xTX4 acts on Bung,, 2y by changing the I(2)-level structures
at 0o, and this action extends to the diagram (2.7). (That is, it also acts
on Heckeé(lmyz) and the maps pr; are equivariant under these actions.)
The 1-dimensional torus G acts on the curve P! fixing the points {0}
and {oo}; hence, it also acts on (2.7). Finally, the pinned automorphisms
Autf(G) act on (2.7). So we see that the group I(0)/1(2)x (G x Aut!(QG))

acts on the diagram (2.7).

Let us first recall the Hecke-operators for constant group schemes. For
this, we collect some facts about the geometric Satake equivalence (see [30],
[18] and [31]).

Let Grg = G((7))/G|[7]] be the abstract affine Grassmannian, without
reference to any point on lpi{(],oo}' Let O = k[[7]], and let Autp be the pro-
algebraic k-group of continuous (under the 7-adic topology) automorphisms
of O. Then G[[7]] ¥ Autp acts on Grg from the left. The G[[7]] orbits on Grg
are indexed by dominant cocharacter u € X, (T)*. The orbits are denoted by
Grg,u, and their closures (the Schubert varieties) are denoted Grg,<,. We de-
note the intersection cohomology sheaf of on Grg, <, by IC,,. We will normalize
IC,, to be of weight 0 (see Remark 2.10).

The Satake category Sat = Pervau, (G[[7]]\G((7))/G][7]]) is the category
of G[[7]] ¥ Autp-equivariant perverse sheaves (with finite-type support) on Grg.
Similarly, we define Sat8° by considering the base change of the situation to .
Finally we define the normalized semisimple Satake category S to be the full
subcategory of Sat consisting of direct sums of IC,’s.

In [31] and [18], it was shown that
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e Sat®®® carries a natural tensor structure (which is also defined for Sat) such
that the global cohomology functor h = H*(Grg, —) : Sat®®® — Vec is a
fiber functor.

e Aut®(h) is a connected reductive group over Q,, which is Langlands dual
to G. Let G := Aut®(h). Then the Tannakian formalism gives the geo-
metric Satake equivalence of tensor categories

Sat®®® = Rep(G).

e By construction, G is equipped with a maximal torus T, and a natural

~Y

isomorphism X*(T) = X,(T). (In fact, G is equipped with a canonical
pinning; see Lemma B.3.) The geometric Satake equivalence sends IC,,
to the irreducible representation V,, of extremal weight . We denote the
inverse of this equivalence by V +— ICy, .

Remark 2.9. In [1, §3.5], it was argued that S is closed under the tensor
structure on Sat. Therefore S is naturally a tensor category.

The pull-back along Grg ®ik — Grg gives a tensor functor S — Sat8%°,
which is easily seen to be an equivalence because both categories are semisimple
with explicit simple objects. Therefore, the above results in [31] and [18]
all apply to S. In particular, we have the (semisimplified k-version of) the
geometric Satake equivalence

S = Sat®® = Rep(G).

Remark 2.10 (Normalization of weights). We use the normalization mak-
ing the complex IC,, pure of weight 0; i.e., we choose a square root of ¢ in Q,
and denote by IC,, the intersection complex, tensored by Q,(3 dim(Gry)).

As was pointed out in [15], it is not necessary to make this rather unnatural
choice, which is made to obtain the group G from the category S. Alternatively,
we can enlarge the category S by including all Tate-twists of the intersection
cohomology sheaves IC,(n). By the previous remark, this is still a neutral
tensor category, defining group Gy, which is an extension of G' by a central,
1-dimensional torus.

The stack Heckegal{?l’)oo Vis a locally trivial fibration over Bung(,,n) X
IP{ (0,00} with fiber Grg, and the G[[r]]-orbits Gr, on Grg define substacks
Heckegl\{o’m} C Heckelg&{?l’)oo }. By abuse of notation we will also denote by

IC,, the intersection cohomology complex of Heckefl\{o’m}, shifted in degree
such that 1C, restricts to the intersection complex on every fiber.
One defines the geometric Hecke operators as a functor (see [17]):

Hk : Rep(G) x D*(Bung(m,n)) = D’ (Bung(mn) X Pl o),
(V, K) = Hky (K) := pry pri(K ® ICy).
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In order to compose these operators, one extends Hky to an operator
DY (Bungm,ny X Pl{g,00) = D’ (Buigmn) X Piigoo});
defined as K — pro((pr; X Prpl })*K ®ICy).

2.4. Local systems as eigenvalues. By a G-local system F on IP{{O o} We
mean a tensor functor

E :Rep(G) — Loc(IP{{O’OO}).

For such a G-local system E, we denote its value on V & Rep(é’) by Ey, which
is a Q-local system on 11:’{ (0,00} in the usual sense.

Definition 2.11 (See [17] for details). Let F be a G-local system on ]P{{O oo}
A Hecke eigensheaf with eigenvalue E is a perverse sheaf K € Perv(Bung,, »))
together with isomorphisms Hky (K) = K X EV, which are compatible with

the symmetric tensor structure on Rep(G) and composition of Hecke corre-
spondences.

Remark 2.12. Since local systems are usually introduced differently, let us
briefly recall how the tensor functor E allows us to reconstruct the monodromy
representation of the local system. This will be useful to fix notations for
the monodromy representation. Choose a geometric point 77 over SpecKy €
IP{ (0,00} The restriction to 77 defines a tensor functor

sk

(2.13) wp: S5 LOC(IP{{O@O}) , Vec,

i.e., (see [12, Th. 3.2]) a G torsor with an action of 7 (]P{{O oo},ﬁ). Choosing a
point of the torsor, this defines the monodromy representation

(2.14) 0 TP (0 003, ) = G(Q)-

We denote by ¢8° the restriction of ¢ to 77%60(113{{0 sop 1) =1 (]P{{o oo} Rrk, )

and call it the global geometric monodromy representation of E.

The analog of this construction for twisted groups G will produce “G-local
systems. Here we define the L-group of G to be G = G x (0), where o is the
automorphism of order N of G used in the definition of G. This automorphism
induces an automorphism of G via the geometric Satake isomorphism. In
Lemma B.3 we will check that this automorphism indeed preserves the pinning
of G.

Let us give a definition of /G-local systems that is sufficient for our pur-
poses. The reason why we cannot immediately apply the geometric Satake
isomorphism is that the fibers of pr, are not constant along IP{ (0,00} 50 only
some of the Hecke operators Hky will define global Hecke operators over
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]P{ (0,00} However, we can pull back the convolution diagram by the map
[N]: P ig.00p = Plig ooy We will denote this covering by Py, = Pl -

Ipl
After pull-back we can, as before, define Hecke operators on HeckeGEY{r(L)’;?}:

Hk: Rep(G) x D (Bung(m,n)) = Sx D" (Bung(m,n)) — D (Bung(mm) X Pig 00))-

Moreover, the covering group p acts on the convolution diagram over HND{ (0,00}
This defines a uy-equivariant structure on the functor Hk. On the source, pun
acts on S via o : uy — Aut’(G), which can be identified with the action of
Aut’(G) on Rep(G) (Lemma B.3); on the target uy acts on IF{{O’OO}.

Let E be a G-local system on 113{ (0,00} together with compatible isomor-

phisms (*EF =2 E x G (©) G for ¢ € uny. We view E as a tensor functor
E :Rep(G) — Loc(ﬁlsi{o,oo})

together with a py-equivariant structure. We can define a Hecke eigensheaf
K e Perv(Bung(mvn)) with eigenvalue E as before, but now we have to specify
an isomorphism of functors €(V) : Hky (K) = K X EV compatible with the
tensor structure on Rep(G) that commutes with the uy-equivariant structures
of the functor V' — Hky (K) and the functor E.

Note that if o: uy — Aut(G) is trivial, the isomorphisms (*F = F x G ()
G define a descent datum for E. So in this case the definition coincides with
the definition for constant groups.

With these definitions we can state our first main result.

THEOREM 1. (1) The sheaves A = Ay and Ay, (see Definitions 2.4 and
2.6) are Hecke eigensheaves. We will denote the eigenvalue of Ay (resp.
Ap,x) by Klig(¢) (resp. Klig(, x))-

(2) If G = P! x G is a constant group scheme, the local system Klz(¢) is
tamely ramified at 0. The monodromy action at 0 on Klx(¢) is given by a
principal unipotent element in G.

(3) For any irreducible representation V. € Rep(G), the sheaf Klig(¢,x)" is
pure.

Since we defined Klx(¢) using geometric Hecke operators, for any point
T € ]P{ {0,00} the G-conjugacy class of Frob,, defined by the local system is given
by the Satake parameter of Gross’s automorphic form 7(¢) at z.

2.5. The monodromy representation. In this section, we assume G = G
x P!, where G is an almost simple split group over k. As in Remark 2.12,
we will denote by ¢ the monodromy representation for Kl=(¢) and by ¢85 its
geometric monodromy representation.
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Our next result is about the geometric monodromy of Klx=(¢, x) at co. Let
Klgd(¢, X) be the local system on IP{ (0,00} induced from the adjoint represen-
tation V' = g. Fixing an embedding of the local Galois group Gal(K5P/K )
into mp (]P{{o,oo}?ﬁ)? we get an action of Gal(K5P /K ) on the geometric stalk
of Kl‘gdw, X) at the formal punctured discs SpecK5P. Choosing an identifica-
tions of this stalk with g, we get an action of Gal(K5P /K, ) on g (well defined
up to G-conjugacy).

Let Joo C Gal(K5P/K ) be the inertia group. Let I C Jo be the wild
inertia group and J¢_ = J.,/JX be the tame inertia group.

THEOREM 2. Suppose p = char(k) is good for G if G is not simply-laced
(i.e., p > 2 when G is of type By, Cy, and p > 3 when G is of type Fy, G2).
Then

. S;vanoo(KlACd(qﬁ, X)) = r(G), the rank of G,
o g =0.

The Swan equality will be proved in Corollary 5.1; the vanishing of
Jso-invariants will be proved in Proposition 5.3(2). Combining this theorem
with a result of Gross and Reeder [22, Prop. 5.6], we get an explicit description
of the geometric monodromy of Klx(¢, x) at oo.

COROLLARY 2.15 (Gross-Reeder). Suppose p = char(k) does not divide
#W . Then the local geometric Galois representation @8° : Jog — G is a simple
wild parameter defined in [22, §6]. More precisely, up to G-conjugation, we
have a commutative diagram of exact sequences

i Too gt

e e |

T ——N(T) —W,

where

o A topological generator of the tame inertia J% maps to a Coxeter element
Cox € W (well defined up to W-conjugacy; see [6, Ch.V,56]).

e The wild inertia I35, maps onto a subgroup T(¢) C T[p]. Here ¢ € F; is a
primitive h-th root of unity (h is the Coxeter number) and T(() C Tp] is
the unique TF,[Cox]-submodule of T'[p] isomorphic to Fp[¢] (on which Cox
acts by multiplication by ().

o The nonzero breaks of the Jo-representation Klgd(qﬁ,x) are equal to 1/h.

Finally, we can state our result on the global geometric monodromy of
Kls(¢). Let Ggeo C G be the Zariski closure of the image of the global geo-
metric monodromy representation 8.
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THEOREM 3. Suppose char(k) > 2. Then the geometric monodromy group
Ggeo for Kla(¢) is connected and

° Ggeo = GAut (@) if G is not of type Aa, (n > 2) or Bs,

° Ggeo =G if G is of type Aap,

. Ggeo = Gq if G is of type Bz and char(k) > 3.

The proof will be given in Section 6.2.

2.6. Variant. There is a variant of our construction using D-modules in-
stead of f-adic sheaves. The base field is then taken to be k& = C. The
Artin-Schreier local system AS, is replaced by the exponential D-module
C(z,0;)/(0z — 1) on AL, = SpecClz]. All the rest of the construction car-
ries through, and we get a tensor functor

Klig(¢)ar : Rep("Ge) = Conn(Ply oy o),

where Conn(lP{ (o, O0}7@) is the tensor category of vector bundles with connec-
tions on P{{o,oo},q:-

We conjecture that our construction should give the same connection as
the Frenkel-Gross construction. To state this precisely, let G be almost simple
and G be a quasi-split form of G over IP{{OW} given by ¢ : uy — Aut’(G).
Recall from [15, §5] the Frenkel-Gross connection on the trivial “G-bundle on

1 .
IP\{O,oo},(E'

. . oo d
Vig(Xoy.. o, Xp,) =d + ;X,E,

where r, is the rank of G” and X; is a basis of the (—a;)-root space of the
(twisted) affine Kac-Moody Lie algebra associate to § and o.

CONJECTURE 2.16. There is a bijection between the set of generic linear
functions ¢ : 1(1)/1(2) — Ga.¢ and the set of bases (Xo, ..., X,,) such that
whenever ¢ corresponds to (Xo, . .., X, ) under this bijection, there is a natural
1somorphism between [g—connectzons on ]P\{Om}’@.

Klig(¢)ar = ("G, Vig(Xo, ..., Xp,)).

After the paper was written, we learned that Xinwen Zhu [38] has obtained
a proof of this conjecture.

3. Example: Kloosterman sheaf for GL,

In this section, we calculate the Kloosterman sheaf Klgr,, (¢, x) for the
constant group G = GL, over P'. Its Langlands dual is GL 0, and we
will denote the standard representation by Std. Describing this GL,-local
system over IP\ (0,00} is then the same as describing the rank-n local system
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Kl%’fﬂn (¢, x). We will see that this rank-n local system coincides with the
classical Kloosterman sheaf defined by Deligne in [10].

3.1. Another modular interpretation. We want to interpret GL,, (1, 2)-bun-
dles in terms of vector bundles. We first define a variant of Bungy,, (1,2). Let
Bun, 1 2 be the stack classifying the data (£, F*&, {v'}, F.&, {v;}) where

(1) £ is a vector bundle of rank n on P!;
(2) a decreasing filtration F*E giving a complete flag of the fiber of £ at 0:

E=F.DOFE€>. ..o F¢=E(-{0});

(3) a nonzero vector v' € Fi=1€/F'€ for each i =1,...,n;
(4) an increasing filtration F,& giving a complete flag of the fiber of £ at oc:

E(—{oo})=FECFREC---CF,E=¢E;

(5) a vector v; € F;E/F;_2€ that does not lie in F;_1E/F;_9& fori=1,... n.
(We understand F_1& as (F,—1&)(—{o0}).)

Note that Bun, ;2 is the moduli stack of G-torsors over P!, where G is

the Bruhat-Tits group scheme over P! such that
° ghP{{o,oo} = GLTL X (IP{{O,OO})7
* G(Oy) = IgL, (1)°PP,
* §(Ox) = Zav, (1)(K[[s]]) - Isv, (2) D IaL,(2).

The only difference between G and GL,(1,2) is that they take different
level structures for the center G,, = Zg1,, at co. Therefore we have a natural
morphism GL,(1,2) — G, hence a natural morphism Bungy,,(1,2) = Bung,1,2,
which is a (G,-torsor.

Choosing a trivialization of the bundle £ over ]P{ (0,00} We can rewrite the
moduli problem for Buny, 1 2 in the following way. Let A be the free k[t,t~1]-
module with basis {e1,...,e,}. Let e, = tle; for 1 <i < nandj € Z. Then
A is a k-vector space with basis {e;};,cz. For any k-algebra R, an R[t]-lattice
in R® A is an R[t]-submodule A’ C R ® A such that there exists M € Z
such that

Spang{e;li > M} C A’ C Spang{e;|i > —M}

and that both A’/Spang{e;|i > M} and Spang{e;|i > —M}/A’ are projective

R-modules. Similarly, we can define the notion of R[t~!]-lattices in R ® A.
Let Bun,, 1 2(R) classify the data (A*, {v'}o<i<n—1, Ax, {vi}1<i<n)-

(1) ReA DAY DAl O ... D A" = tA is a chain of R[t]-lattices such that
AP/AFL is a projective R-module of rank 1. We let A“" = tJA? for any
1<i<nandjé€Z.

(2) v* € A’/A*! is an R-basis for i =0,...,n — 1.
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(3) ROEAD A, DAp1D---DAg=t"tA, is a chain of R[t™!]-lattices such
that A;/Ai;1 is a projective R-module of rank 1. We let Aj4j, = tiA; for
any 1 <i<nandjeZ.

(4) v; € A;/Ai—9 whose image in A;/A;_1 is an R-basis, fori =1,...,n.

The group GL,(k[t,t!]) (viewed as an ind-group scheme over k) acts
on A, and hence it acts on the stack B—Hlml,g. Moreover, Bun,, ;1 2 is naturally
isomorphic to the quotient stack Buny, 1.2/GLy, (k[t, t71]).

Associated with the chains of lattices (A*,A,) is the locally constant
integer-valued function on SpecR:

LOL
deg(A*, A,) i= xr(A% @ Ay “—% R A).

Here (Y, 1 are inclusion maps and the Euler characteristic on the right-hand
side is defined as rkpg ker(.%, 19) — rkrcoker g (12, 10).

FordeZ, let Bungm C Bun,, 1 2 be the substack classifying {A*, v%, A, v;}
with deg(A*, A.) = d.

The embedding of the big cell j¢ : T x G? — BunfL’LQ can be fixed as
follows. For a = (a1,...,a,) € T(R) = (R*)" and b = (b1,...,b,) € R",
the point j%(a,b) € Bun%m(R) is given by the GL,(R[t,t!])-orbit of the
following data:

(1) A" = Spang{ejlj >i} CR® A
(2) v' = a;i1ei11 € AY/ATHL

(3) A; = Spang{e;|j <i+d} CR®A,
(4) vi = €ira+ bieird—1 € Ni/Ni—a.

In particular, we have a base point x4 = j4(1,0) € Bunﬁ71,2. We denote
the k[t]-chain (resp. k[t~!]-chain) of %4 by A*(%q) (resp. A.(xq)). Notice that
the underlying vector bundle for any point j%(a, b) is the bundle

Eq=O(m+1)% @ O(m)®",

where m € 7Z and 0 < r < n — 1 is uniquely determined by d = mn + r.

3.2. The Kloosterman sheaf associated with the standard representation
of GL,. Let x : T'(k) — @Z be a character, which defines a Kummer local
system Kum, on T'. The perverse sheaves

Afy = 3 (Kumy[n] ¥ ¢* ASy[n])

on Bun‘i’m form a Hecke eigensheaf on Bun,, 12 by Theorem 1.
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Consider the Hecke correspondence Hecke,,, given by the coweight w; =
(1,0,...,0). (w; defines the representation Std.) We restrict it to the compo-
nents of Bun” and Bun' and the curve ]P{{0 oo}’

(3.1) Hecke,,

pr1 pra
0 1 1
Bun,, ; 5 Bun,, ; 5 X (P\{Om}).

We would like to evaluate the eigenvalue local system Kl%tfn (¢, x) on IP\ (0,00}
characterized by

pr?,!prTAgﬁ,X[n ] A(b b% X KlStd (¢7 X)

The intersection cohomology sheaf 1C,, on Hk,, is simply Q,[n — 1] because
pry : Hk,,, — Bun, 12 is a P 1-bundle.! We restrict the diagram (3.1) to the
fiber of x; x (P{{o,oo}) C Bun}, ;5 x (]P{{O,oo}) under pry and the fiber GR;,
over the big cell in Bung,ljg under pr;. We get

(3.2)

— - GR,,

/GR°/ Y

TXG”HBUH {Ooo}

The R-points of the open subscheme GRS, C GRy, classifies R[t, ¢ !]-homo-
morphisms M : R® A — R® A sending the chains (A*(%g), Ax(*0)) to (A*(*1),
Ay(*1)) up to pre-composing with automorphisms of (R ® A, A*(xq), Ax(*0)).
With respect to the R[t,t~1]-basis {e1,...,e,} of R® A, any such M takes the
form

aj tbn
b1 as

bp—1 an

'In this calculation, we will not normalized IC.,, to be of weight 0, as we did in Re-
mark 2.10. So strictly speaking, the sheaf KlStd (¢, x) differs from the one defined in Sec-
tion 2.3 by a Tate twist (25%).
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up to right multiplication by diagonal matrices. (Here a;,b; € R*.) Therefore,
we can normalize the matrix of M to be

al t
1 ao
(3.3) M =
1 a,
That is, we get an identification U = G, by sending M to (—aq,...,—ay,).

We now describe the projections pr; and m using this identification. Using
the isomorphism M we can pull back the vectors {v' = e;11}, {vi = ei11}
in the data of x; to get the corresponding vectors for the point pr;(M) =
(A7 A* (*0)7 {Uz}v Ay (*0)’ {Ul}) € Bun%,l,Q

vi:ai;llei_i_l, 1=0,....,n—1,

V; = €; — Qi€;—1, i:1,...,n
This means that pry(M) for M as in (3.3) has coordinates

pry(M) = 5%, ... a0 —ay, ..., —ay).
On the other hand, the point 7(M) € ]P{{O oo} is the value of ¢ such that
det(M) = 0; i.e.,
(M) =(—=1)"ay - ap.

In summary, the maps pry and 7 from GR;, can be identified with the following

—inv y Yult

where inv : G}, — G}}, is the coordinate-wise inverse and ¢ : G}}, — G} is the

maps:

natural inclusion. We thus get

PROPOSITION 3.4. The Kloosterman sheaf KIZH (9,x) associated with
the Hecke eigensheaf Ay and the standard representation of the dual group
GL, o, GL,, takes the form

(S;tfjn(@ x) = mult((—inv)*Kum, ® ¢* ASy)[n — 1].
Here we denote the restriction of ¢ : GI' — Gg to G, still by ¢.

Remark 3.5. When ¢=add : G| — G, is the addition of the coordinates
and x is written as n-multiplicative characters (x1,- .., xn), the Kloosterman
sheaf K13t (¢, x) is the same as the Kloosterman sheaf

Kl(¥;x1y- -y xn; 1, .., 1)
defined by Katz in [26, §4.1], which is a generalization of Deligne’s Kloosterman
sheaves [10, §7].
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4. Proof of Theorem 1
In this section we prove Theorem 1.

4.1. First Step: Hky (A) is perverse. We want to show that for every V €
Rep(G), the complex Hky (Ag,)[—1] is a perverse sheaf. In order to simplify
notation, we will only consider the sheaf A = A,. The proof for Ay, is iden-
tical; one only needs to replace G(0,2) by G(1,2) everywhere in the argument.

Let us recall the convolution diagram from Section 2.2:

Prai

Al

Al
Heckeg (0,2)

Ty pry

Bung(072) Bung(072) x AL,

Our proof is based on a few simple geometric observations. First we need to
recall that the maps pr; in the above diagram are locally trivial fibrations.

Remark 4.1. The map pr, is a locally trivial fibration; i.e., there exists a
smooth atlas U — Bungg 2) such that

Al ~
U XBqu(o,z) Heckeg(O’Q) =2U x GRQ(()’Q) .
Furthermore, the map pr, is also locally trivial on this atlas; i.e.,

1
(U x A") Xpyng (02 XAl Heckeé\m) =~ U x GRg(g,2) -

Proof. In order to find an atlas p: U — Bung g ) satisfying these condi-
tions, we only need that the family of G(0,2)-bundles corresponding to p on
U x P! is trivial over U x A'. By Proposition 1.1, for any U this condition is
satisfied locally in the étale topology on U. U

For y € , we denoted by j,: I(1)/1(2) = Bung(g 2) the canonical embed-
ding. Recall that A7=j, 1 ASy[dim(Bungq 2))]. Denote by j,: pry(1(1)/1(2))
— Heckei(lo ) the inverse image of this embedding into the Hecke stack.

Remark 4.2. The restriction of pry to prl_l(I(l)/I(Q)),
pry: pry ' (I1(1)/1(2)) — Bungga) x A',

is affine.

Proof. By Corollary 1.3 the open subset I(1)/1(2) < Bung(q o) is defined
by the nonvanishing of sections of line bundles £;, which can be defined as the
pull-back of the corresponding sections for GL,, under a faithful representation
G — GL,. If G = GL,,, then for any = € A', the pull-backs of these bundles
generate of the Picard-group Grgr,(,2),s» Which is an ind-projective scheme
(e.g., [14, Th. 7 and 8]). Thus the preimage of I(1)/1(2) in GRgr,,(0,2) is affine
over Al
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For general G, the ind-scheme Grgg 2, is usually constructed as a closed
sub-scheme of Grgy,, for a suitable faithful representation ([33]). So again, the
claim follows from the case G = GL,,. O

Now we can prove the first step. Fix any V' € Rep(G) and the correspond-
ing perverse sheaf ICy on Heckeé(l(m). We claim that Remark 4.1 implies

ji(pri ASy ®ICy ) = ji(pr; ASy ® ICy).

To see this, recall that the formation of j and j, commutes with smooth
base-change. Thus, to prove the claimed isomorphism, we may choose a smooth
atlas p: U — Bungg 2y such that the pull-back of pr; is isomorphic to the pro-
jection U x GRg — U. But in this case the claim follows from the isomorphism
J1ASs = j« ASy (Lemma 2.3).

In particular, we find that jj(prjA @ ICy)[1] is a perverse sheaf and

Hky (A) = (pry o j')1(pri(A) ® ICy)
= (pry 0 j')«(pri(A) ® ICy).

By Remark 4.2, the map (pry 0 j') is affine. Therefore (pry o j'), is right-exact
for the perverse t-structure ([3, §4.1.1]). Thus Hky (A)[1] must be perverse.

4.2. Second step: A is an eigensheaf. We already noted (Remark 2.8) that
the action of 1(1)/1(2) on Bungq o) extends to an action on the convolution di-
agram. Thus Hky (A) is (1(1)/1(2), ¢)-equivariant. By Lemma 2.3 this implies
that for any v € mo(Bung g )), we have

Hky (A) x = ATRE],

|Bung<072)
where EJ/[1] is a perverse sheaf on X.

We claim that the sheaf E}, does not depend on v. To show this, we may
assume that ICy is supported only on one connected component GRE C GRg,
because the functor Hky is isomorphic to the direct sum of the functors defined
by the restriction of ICy to the connected components.

Note that for any 7" € €2, the Hecke operator Hk,, commutes with Hky,
because Hecke operators supported at different points of P! commute. By
definition A is an eigensheaf for the operators Hk,,. Thus,

AR EY, = Hky (A™7) = Hky (Hk_ (A%))
= Hk_,(Hky (A°%)) = Hk_, (A7 K E])
= A"R E}.

This implies that the sheaves EJ, are canonically isomorphic to EY. and so we
may drop the index ~.
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The Hky are compatible with the tensor product of representations so, in
particular, we have

Hkygy(A) = Hky o Hky (A) = AX (Ey ® Ey).

This implies that Ey ® Ey[—1] is again a perverse sheaf. Therefore, Ey
must be a perverse sheaf concentrated in cohomological degree 0. So for any V/,
the complex Ey is a sheaf such that Ey = j,.FEv,, where we denoted by
Jnim = P! the inclusion of the generic point.

Also, we obtain a tensor functor V +— (Ey ), with values in the category
of local systems on 7. This is a rigid tensor category, so by [12, Th. 3.2] this
defines a G-local system over 1. We need to show that Ey,, extends to a local
system on IP{{()’OO}.

For the trivial Hecke operator Hk;, we have canonical isomorphisms F; =
Q together with maps By — Ey ® Ey+ — Ej such that the composition is
equal to multiplication by dim(V'). We already know that Ey = j, «Ev,,. Thus
for any geometric point T of G,,, the fiber Ey 7 is a subspace of the geometric
generic fiber By and the canonical map idy : Q7 — (Ev ® Ey+ )y factors
through Eyz ® Ey+z. This implies that the sheaves Ey are locally constant
because idy corresponds to the identity of Ey .

Therefore, the Fy define a tensor functor from Rep(G) to the category
Loc(]P{{O,OO}) of local systems on ]P{{O,oo}' Since again this is a rigid tensor

category, this defines a G-local system on ]P{ (0,00}

4.3. Third step: The monodromy at the tame point. As in the statement of
Theorem 1 (2) we now assume G = G'xP! is a constant split group. To compute
the monodromy of Klx(¢) at {0} we rephrase an argument of Bezrukavnikov
[4]. His argument relies on results on central sheaves of Gaitsgory [16] and on
Gabber’s result that the monodromy filtration on nearby cycles coincides with
the weight filtration [2].

In order to explain the argument we need to recall Gaitsgory’s construction
([16]). He considered the diagram

GRgl\{O,OO}(ﬂ) GRg <—)GRg,0 = Flg

]

J

P\ (0,00} € Al {0}
] IPl\{0,00}
and the induced nearby cycles functor ¥ : Perv(GRg ) — Pervy, (Flg).
He showed that the monodromy action on the sheaves ¥(ICy ) is unipotent.

Since the map pry : Heckeé\(lovg) — Bung(q) is locally isomorphic to the

product with fibers isomorphic to GRg(,2), we know that W(prj(4) ® ICy) =
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pri(A) ® ¥(ICy). In particular, by Gaitsgory’s result [16, Th. 2] we find that
the monodromy action on this sheaf is unipotent. Therefore ([19, Lemma 5.6])
the monodromy action on pry (¥ (prj(A)®ICy)) is again unipotent. Since tak-
ing nearby-cycles commutes with proper push-forward, the monodromy action
on

(4.3)

pro, (pri(A) ® U(ICy)) = pry (¥ (pr1(4) @ ICv)) = V(AN Ey) = AR V(Ey)
is also unipotent. By definition, W(Ey ) is the stalk of Ey at the geometric
point SpecK;™ over the punctured formal neighborhood of 0, carrying the
Gal(K;"/Ky)-action as monodromy. Restricting (4.3) to the trivial G(0,2)-
bundle, we therefore get

(4.4) Kl |speciczer = RUc(priA @ U(ICy))

with the inertia group Jy C Gal(K;"/Ky) acting tamely and unipotently.

We have to show that the monodromy action is given by a principal unipo-
tent element. Recall that the G(0,2)(k[[t]]) = I(0)°PP-orbits on the affine flag
manifold Flg = GRg are parametrized by the Iwahori-Weyl group 174 ([33,
Prop.8.1]). The intersection cohomology sheaves of the closures of these orbits
will be denoted by IC~. The convolution with these sheaves defines Hecke
operators Hk(A) := pry,(prj(A) @ ICy).

By a result of Gortz and Haines [19, Corollary 1.2], the sheaf W(ICy)
has a filtration such that the associated graded sheaves are isomorphic to
IC,, (i) for some w € W,i € Z and the multiplicity of the IC;(i) is equal
to dim H?(Grg,ICy).

Now, for any w € W of length [(w) > 0, there exists a simple reflection
s such that w = w's and l[(w") < l(w). Write Ps := I(0)°PP U I(0)°PPsI(0)°PP
for the parahoric subgroup generated by I(0)°PP and s, so that the projection
pr, : F1 — G((t))/Ps is a P'-bundle. From this we see that the sheaf IC is
of the form pr}(IC;;). Therefore the complex Hk~(A) is invariant under the
larger parahoric subgroup Ps D I(0)°PP. Since Hk~(A) is also (1(1)/1(2), ASy)-
equivariant, this implies that Hk~(A) = 0.

Thus only the Hecke operators of length 0 act nontrivially on A. Therefore,
by the result of Gortz and Haines, the dimensions of the weight filtration of
\P(Klg) = Klgﬁ are given by the dimensions of H%*(Grg,ICy). Since the
monodromy filtration agrees with the weight filtration [2], the monodromy
must act as a principal nilpotent element. This proves our claim.

Remark 4.5. A key ingredient needed in the article of Gortz and Haines is
the formula for the trace function of the sheaves W(IC,,). This trace is given by
Bernstein’s formula for the central elements of the Iwahori-Hecke algebra (see
[19, §2.7]). One can also deduce our proposition directly from this formula.
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5. Cohomological properties of Kloosterman sheaves

In this section, let G be a split, almost simple group over k, viewed as a
constant group scheme over P'. Recall that for each root o € ®, U, is the
root group in (. We fix an isomorphism u, : G, —+ U, for each root a.

Notation. For a scheme X defined over k and a @Q,-complex F of sheaves
on X, x.(X, F) and H*(X, F') mean the Euler characteristic and the cohomol-
ogy of the pull-back of F to X ® k.

5.1. The Fuler characteristics, Swan conductors and cohomological rigid-
ity. There are two uniform choices of V € Rep(G) that have small dimensions.
One is V = Ad = g, the adjoint representation; the other is V' = Vjyv, the
representation whose nonzero weights consist of short roots of g. We call Vypv
the quasi-minuscule representation of G (which coincides with the adjoint rep-
resentation when G is simply-laced). Basic facts about Vyv are summarized in
Appendix C. We will denote the number of long (resp. short) simple roots of
G by 1¢(G) (resp. rs(G)) and call it the long rank (resp. the short rank of G).
See Lemma C.1 for equivalent descriptions of these numbers.

Let Kl%v(qﬁ, X) (resp. Klgd(gb, X)) be the local system associated to Kl (¢, x)

and the quasi-minuscule representation (resp. the adjoint representation) of G.

THEOREM 4.
(1) —Xc(]P{{o OO},KI(’GV (¢, X)) equals the number of long simple roots of G.
(2) Suppose char(k) is good for G when G is not simply-laced. Then

~Xe(P{0.00)- K134 (6, X))
equals the rank of G.

By the Grothendieck-Ogg-Shafarevich formula, we get

COROLLARY 5.1.
(1) Swaneo(K1% (¢,X))

(2) Swanoo(KIg(¢, X))
in Theorem 4(2).

TS(VG)'

r(G), under the same assumption on char(k) as

The following subsections will be devoted to the proof of Theorem 4. We
first draw some consequences.

LEMMA 5.2. Suppose the principal nilpotent element acts on V without

trivial Jordan block, then HO(]P{{O’OO}, Klg(qﬁ)) =0.

Proof. Suppose the contrary, then Klg(qb) contains the constant sheaf as
a sub-local-system. By construction, Klg(gb) is pure. By [3, Th.5.3.8], over
IP{ (0,00} ®k k, Klg(qﬁ) is a direct sum of simple perverse sheaves. Hence the
constant sub-sheaf must be a direct summand.
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On the other hand, by assumption, V' does not contain any direct sum-
mand under which the tame monodromy at {0} € P! (i.e., a principal unipo-
tent element, by Theorem 1) acts trivially. This yields a contradiction. ([l

Let ig: {0} — PlYie: {00} — P! and j: ]P\{o o} P! be the inclu-
sions. For any local system L on IP\ {0,000 W€ abuse the notation j,L to mean

i (LA])[=1].

As in the discussion before Theorem 2, the Galois groups Gal(K5P/K)
and Gal(K;"/Kj), hence the inertia groups Jy and J, act on the correspond-
ing geometric stalks of Klg(qb), defining representations on V' up to conjugacy.

PROPOSITION 5.3. Under the same assumption on char(k) as in Theo-
rem 4(2), we have

(1) (Cohomological rigidity) H*(PL, ju.KI%(¢)) = 0.
(2) g’ = 0. (Note that § is the space of V = Ad.)

The same statements hold for Kl%v(cb) in place of Klgd(gb), with no restriction
on char(k).

Proof. The statements being geometric, we will ignore Tate twists in this
proof. Since the adjoint representation g is self-dual, the local system Klgd((b)
is also self-dual. Fixing such an isomorphism Kléd(qb) = (Klgd(qb))v, we get
isomorphisms

HO(P', juKIG () = H(P', juKIG ()"
and
H(PY (g 0oy K134 (9)) 2 HZ (P o0y, K13 (8)) .
We have a distinguished triangle in D2(P!, Q,),
IKIG (@) = inKIG (6) — HOigiKIg ()  HOi5 5. KIG (6) =,

which induces a long exact sequence
(5.4) 0= HA(Plop KIF(9) = HOP' juKIZ (0) = g% @ 3™ 5,
(5:5) 5 HX (Pl oy, KIZ (6)) = HE(PL, 5 KIZY () = 0 —,
(5.6) — HZ(Plg o0y, KIZ(0)) = H2(PY, K13 (4) = 0
By (5.6) we first conclude

H?(P', K124 (9)) = HZ (Pl oy, KIZ(0)) = HO(PL (g o0y, KIZY(9))Y = 0,

where the vanishing of the last term follows by applying Lemma 5.2 to V = g.
By duality, H(P!, j1.K13%(¢)) = 0. By (5.4) and the vanishing of H’s, the
connecting homomorphism d is injective.
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On the one hand, by Theorem 1(2), dim§” = r(G) because Jy acts
on ¢ through a principal unipotent element. On the other hand, by Theo-
rem 4, dim H} (P 1, K13 (0)) = —xc(Pl g 0y, KIE4(9)) = 7(G). (Here we
again used the vanishing of Hé(]P{{Om},Kléd(cb)) for i = 0,2.) Therefore d
must be an isomorphism. This implies §’< = 0. By (5.5), we conclude that
HY(P', j1.KI3(¢)) = 0.

The statement for Kl%,v (¢) is proved in the same way. We may apply
Lemma 5.2 to Vypv because of equation (C.2) from the proof of Lemma C.1. [

Remark 5.7. Following Katz [28, §5.0], we call a G-local system L on
P{{o,oo} @y k cohomologically rigid if it satisfies H'(PP!, ji, LAY) = 0. We think
of HY(PY, ji,LAY) as the space of infinitesimal deformations of the G-local
system L with fixed isomorphism type on the formal punctured discs around
0 and oo, although the notion of such deformations has not been defined.
Proposition 5.3 implies that Klx(¢) is cohomologically rigid, which provides
evidence for its physical rigidity. For more precise conjectures, see Section 7.

5.2. General method of calculation. In the following calculation, we will
only consider the neutral component of Bung(y 2). Hence we may assume that
G is simply-connected.

We denote by * € Bung(y 2) the point corresponding to the trivial bundle.
In order to compute the sheaf Klg(¢, X), we restrict the convolution diagram
(2.7) to x x P{{o,oo} C Bung9) x ]P{{o,oo}:

GR

pry pro

Bung(lvg) * X P{{O,oo}‘

By proper base change, we have Klg(¢, X) = pra(priA ® ICy ). Furthermore,
A is supported only on the big cell j: T' x I(1)/1(2) C Bung ). Let us
denote by Gr® C Gr the inverse image of the big cell and write I(1)/1(2) =
U/[U, U] x U_p. We write ¢ = (¢, ¢o) according to this decomposition.

We obtain a diagram

o

pry

GR°——— GR

(fr.fo,f+ pry pry

T x U_g x UJ[U, U)— Bung( 2 P (0,00}
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By proper base change,

(58 KIY(6,x) = prsu(fiKum, /i ASy, ©f] AS,, ©10y).
So we need to describe the subspace GR® and compute the maps fr, fo, f+-

First, let us denote by GR™ C GR the preimage of the trivial G-bundle
under the forgetful map GR — Bung. Let us fix a point = € IP{{()’OO} and
chose t, :=1— % as a local parameter at x. So t, = 1 corresponds to t = 0
and t, = oo corresponds to t = oo.

The ind-scheme Gr;ri" classifies isomorphism classes of pairs (£, ¢) such
that € is a trivial G-bundle on P! and ¢: Elp1 3 = G x (P'\{z}) is an
isomorphism. We can rigidify this moduli problem so that Griv
automorphism of the trivial G-bundle on P*\{x} that is identity at co. Hence
we can identify

(5.9) Gri™ 5 Gt o= ker (Gt G),

where G[t;!] is the ind-scheme whose R-points are G(R[t;]).

classifies an

ev(tz=00)
]

Remark 5.10. There is a dilation action of G on IP{ {0,001 which extends
to GR: A € G sends (,E,¢) — Az, \"1*E, A71*9) and stabilizes GR™Y.
Note that the local coordinate ¢, is invariant under the simultaneous dilation
on t and z.

Let Gr'™™ ¢ Gr = G((7))/G][[7]] be an abstract copy of the affine Grass-
mannian, not referring to any point on IP{ {0,00}" The dilation action, together

with (5.9), gives a trivialization of the family GR" over ]P{ (0,00}
(511) GRtriV = (]P{{O,oo}) X G[T_l]l = (IP{{O,OO}) X GrI'triV7
(z, gtz 1) = (z, 9(771)).

By definition, the big cell in Bung(j 2) is obtained from the action of T" x
I(1)/1(0) on the trivial bundle. Let evy: G[t;!] — G[[t]] and &V : Glt; 1] —
G[[t71]] denote the expansions around 0 and oco. Let evg,eve: Glt;1] — G
denote the evaluation at t = 0 and ¢ = co.

The G(1,2)-level structure on the G-bundle (£,¢) € Gr, is obtained
from the trivialization ¢. For g € Glt; '], the composition &|p1 (4} <,
G x PM\{z} L G x P'\{z} extends to an isomorphism & — G x P'. Thus g
defines the level structure on the trivial bundle defined by evy(g), eveo(g). We
have a commutative diagram

o~ o~

evo,evVeo

Gt Y]

xT

G\(G[tl) < Gt~

~

BunG(l,Z).
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Here G = Aut(G x P!) acts diagonally on G[[t]] x G[[t~!]]. Thus we find that
g € G[t; Y] lies in Gr2 if and only if (evy(g),eveo(g)) € G\G(BPP x U). Using
the identifications (5.9) and (5.11), we get
(5.12) Grg 5 {g(t;") € Glt; hlevo(g) € UBPP},
GR® 5 (P\(0,00)) X {9(r7") € Glr ™ 1lg(1) € UB°PP}
C GRtriv = (IP{{O,OO}) X G[T_l]]_.

LEMMA 5.13. For (z,g9(t7 %)) € GR® under the parametrization in (5.12),
write g(1) = ub®PP with uw € U and b°PP € B°PP. Then we have

fr(z,g)=0b" mod U°PP € T,
fi(z,9)=u"' mod [U,U] € U/[U,U],
Jo(z,9) =za_o(g) € U_yg = g,
where a_g : Gt~ — g_g sends g to the g_g-part of the tangent vector

7_—1
ddg<(rl>) €

7—1=0
Proof. The formulas for fr, fy follow from our description in (5.12). By

definition fo(z,g) is obtained by expanding g(t,;!) at t = oo using the local

parameter t~ and taking the g_g-part of the coefficient of t~!. Note that

dg(t;") _ dg(t;h)
AN |,y A

Moreover, under the identification (5.11), the parameter ¢, corresponds to T,
therefore fo(x,9) = xa_g(g). This proves the lemma. O

tz1=0

Let ASy,_y, be the pull-back of ASy via U — U/[U,U] =25 Gq. Let
Kumpgorr , be the pull-back of the Kummer local system Kum, via B°PP — T.
Let jypore : UBPP — (G be the inclusion, and denote

J = J-g, x 1= juperr ((ASy,—g, MKumpore ) € D2(G, Q).

Remark 5.14. According to [5], or the argument of Lemma 2.3 (in this
paper), we have the cleanness property of .J:

Jugere \(ASy,—p, WKumpors ) = jupors «(ASy,—g, KKumpor,y ).

We can view J = J_u, , € D%(G, Q) as a finite-field analog of the automor-
phic sheaf A, in Definition 2.6 and Remark 2.5.

With this notation, and using the identification (5.11), formula (5.8) be-
comes

(5.15) KIS (6 x) 5 wi™ (ICEY @ f5 ASg, @evi_,J),
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triv . triv _ 1 -1 1 : ot
where 7"V : GR V' =P {000} ¥ Gt 1 — (0,00} is the projection. In the
sequel, we often write ev.—; simply as ev.
The ultimate goal of this section is to calculate the Euler characteristics
of Klg(d), x) for V.= Vpv and §. Here we make a few reduction steps for
general V. By (5.15), we need to calculate

(5.16) XC(]P{{(),OO}: Klg(ﬁ% X)) = XC(]P{{(),OO} x Gr'™Y, IC%}” ®f5 ASg, ®ev*J).

According to whether a_g vanishes or not, we decompose Gr'™'v = G[r~1];
into Gri*™970 and Gr"v:*=Y Qver IP{{(]’OO} x Griiv:2=0 the complex in (5.16)
is constant along ]P{ (0,00} hence, the Euler characteristic is 0. On the other
hand, we have a change of variable isomorphism

IP{{O,OO} X GrtriV,a?éO ) (ﬂj‘,g) —> (,ZECL_G(g)’g) c Gm X Grtriv,a7£0 )

Under this isomorphism, fy = xa_g becomes the projection to the G,,-factor,
and we can apply the Kiinneth formula. Summarizing these steps, we get

(5.17) Xe(P {9,003 Kl (6, X))
= Xe(P (0,00 X Gr™ 70 ICHY @ f5 ASy, @ev*J)
= Xe(Gm, AS¢O)XC(Gr“iV’a¢0, IC%}iV ®ev*J)
— _XC(Grtriv,owéO’ Ict‘:;iv ®eV*J)
= —Xe(Gr'™V \x, TCUY @ev* J) + xo(Gri V=0 \x ICHY ev* J).

triv,a=0

The last equality is because the base point * € Gr belongs to Gr
LEMMA 5.18. x(Gr'™V \«, ICHY ®ev*.J) = 0.
Proof. Since ICy is constant along the strata Gry, it suffices to show
; G
that x.(Gr§¥",ev*J) = 0 for dominant coweights A # 0. Denote by * the
convolution product on D%(G, Q). For K1, Ko€ DG, Q,),
G
K1 * KQ = m!<K1 X K2)7
where m : G x G — G is the multiplication map. Let K) := eV!QE artriv €
D5%(@). Then RT.(Gr§V ev*.J) is the stalk at e € G of the convolution
ASp.¢ L * K\ * Kum Bopp y—1- Since ev = ev,—; is G-equivariant (under conju-
gation), K\ carries a natural G-equivariant structure. Hence,
G G
K)\ * KumBopp7X—1 = KumBopp7X—1 * K)\
. G
In particular, over each Bruhat stratum B°PPwB°PP, K * Kumpopp 1 has
the form S, ® L, where L,, is a local system on U°PPwB°P and S, (a

= . G .
complex of QQ,-vector spaces) is the stalk of K * Kumpopp 1 at w € Ng(T')
(a representative of w € W).
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G G .
Therefore, ASy g, * Ky * Kumpops , -1 is a successive extension of Sy, ®
G . C .
(ASyg, * L) for various w € W. To prove the vanishing of the Euler

G G
characteristic of the stalks of ASU,QS+ * Ky * KumBopp7X_1, it suffices to show
that x(Sw) = 0 for all w.
By definition,

G
(519) wa — (K)\ * KumBoppyx—l)u')
= RFC(wBOPP, Ky® KumBopp»{)

= RT.(Gr{™ nev™! (wB°PP), ev*Kumpgops ).

The T-action on Gr*V=G[r~!]; by conjugation preserves Grii¥ Nev ! (wB°PP).
The only T-fixed points on Gr are 7# for u € X, (7T'), which do not belong to
any Gri™ (X # 0). Moreover, the local system ev*Kum Bopp y 18 monodromic
under T-conjugation: there exists m > 1 (prime to p) such that ev*Kumpops
is equivariant under the m-th power of the T-conjugation. Since the m-th
power of T-conjugation still has no fixed point on Grf\riv Nev— ! (wB°PP), the

Euler characteristic in (5.19) is zero. This proves the lemma. g

COROLLARY 5.20. Let X.(T)t C X (T) be the dominant coweights and
V(X) C V be the weight space for A € X, (T). Then

Xe(PY (6.00), KIE (6, X)) = ST dim V() xe(Gry M evt).
AEX, (T)+ A#£0
Proof. By [30, Th. 6.1], the Euler characteristic of the stalks of ICy along
Gr) is dim V(A). Therefore,

Xe(Griva=0\ o TCHY @ev*.J) = > dim V (A) xe(Gri™ =0 ev* J).
AEX (T)+, A0

Combining this with (5.17) and Lemma 5.18 yields the desired identity. ([

5.3. Quasi-minuscule Schubert variety. For a coweight A € X, (T), let
Py, C G be the parabolic generated by 1" and the root spaces U, for (a, A) > 0.
For each root av and i € Z, let Uy >; C Uy ((7)) be the subgroup whose R-points
are Uy (T R[[7]]). Let Uni = U >i/Ua >it1-

Now let A € X,(T)*, and consider the (open) Schubert variety Gry C
Gr. By [32, Lemme 2.3 and discussions preceding it], we have (fixing a total
ordering of ®T)

P
(5.21) G ><A< 11 Ua,21/Ua,><a,A>>—>Gm
(

a,\)>2

(g,u) +—>gu7')‘.
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The action of P_j on the product in (5.21) is given by the adjoint action of
P_ on [[o Ua,>1 followed by the projection onto factors U, >1 for (a, \) > 2.

Now consider the special case A\ = 0V, the dominant short coroot. We
need to recall the description of the quasi-minuscule Schubert variety Gryv
from [32]. We write P_g for P_gv.

LEMMA 5.22. The open locus Grii C Grgv consists of a single G-orbit.
More precisely, the morphism

Po X —1 triv
G X Uy —=Glr ] = G,
(9. u_g(er™)) > Ad(g)u_(er™)

gives an isomorphism onto Grfgrviv. (Here P_g acts on U_g 1 through adjoint

action and Uy ; = Uqi\{1}.)
Proof. This is essentially [32, Lemme 7.2]. Applying (5.21) to A = 6V, we
find that the product in (5.21) consists of only one term Uy (since (a,8¥) <1

. P_y . v
for any root a # 6). Therefore, Grii¥ =2 G x UV. 79" for some proper open

subset Ugriv C Uy,1 stable under P_y. (Grtgrviv cannot be equal to Grgv because
79 ¢ Gr'''V.) Since P_g acts on Up,1 via dilation, U must be Uy, Hence,

. P_g v
Grf?" =G x Uy -7

On the other hand, the following calculation in the SLy-subgroup defined
by 6,

s (D))= () () (1)

oV 1

€ Gr equals u_g(c™'77) € UXy_, C G[r71]; for ¢
invertible. This proves the lemma. ([

shows that wg(er)T

The Bruhat decomposition for G' = U,ew/w,UwP—y gives a decomposi-
tion

P_ P_
G XU = || UwPgy x U ).
’wGW/Wg

P_y
The stratum UwP_y x U, ; has image Ad(U)U*, _; in G[r'];. Since
w — —wb sets up a bijection between W/Wy and the set of long roots of G,
we can rewrite the above decomposition as

Grg?' = || Ad)US_,.

B long root
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For each w € W/Wjy, we have an isomorphism (fixing total ordering on ®*)

H Ua = U’wP,Q/P,g.

aedt (w1la,6V)>0
Therefore, for 8 = —wf, the stratum Ad(U)UBX’_1 can be written as

(5.24) AU, = 11 Ua X U3 4,
acdt (a,BV)<0

Ad(Hua)ulg(m'*l) “ (HUQ,UQ(CTil)).

LEMMA 5.25. The function a_g : Grg@" — g_p n Lemma 5.13 restricted
on each stratum Ad(U)Ug _, C GrilY is given by
cx_g if B=-0,

0 otherwise.

a_p(Ad(wug(er ™)) = {

Here x_g € g_g corresponds to u_g(1) € U_g. In particular,

(5.26) Gyt U= || AU,
B long,B7#—0

Proof. By definition, the value of a_g on Ad(u)ug(cr™1) is

d _
WAd(U)U/B(CT 1)|T—1:0 S Ad(U)gﬁ
If B # —6, Ad(u)gs only involves roots > . If § = —6, then the above
derivative equals Ad(u)ex_p € g, whose g_p-part is cx_g € g_g. O

5.4. Proof of Theorem 4(1). Applying Corollary 5.20 to V' = Vjyv, which
only has one nonzero dominant weight 8V, we get

Xe(P (0 00y KIE (6, X)) = xe(Grgl =", ev™ ).
By the decomposition (5.26) in Lemma 5.25, we only need to calculate
Xc(AA(D)U _y,ev™J)
for long roots B # —6@. Theorem 4(1) thus follows from

CLAM. Suppose 8 # —0 is a long root. Then

—1 fis a simple long root,

(AdAUUS _y,ev*T) =
Xe(Ad(U) B,—1 ) {0 otherwise.

To prove the claim, we distinguish three cases.
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Case I: B is positive but not simple. Since 8 > 0, we have eV(Ad(U)UE_l)
C U. Since f is not simple, the image of ev(Ad(U)U; _,) in U/[U, U] is trivial;
hence, ev*J is the constant sheaf on Ad(U)Uz _;. By (5.24), Ad(U)Uj _, has
a factor Uﬁxﬁ1 =~ (3,,; hence,

Xe(AdU)US _y,ev?J) = xe(Ad(U)U5 _y) = 0.

Case 11: B = «; is a simple long root. For u € U, ev(Ad(u)ug(ct™1)) has
image uq,(c) € U/[U,U]. In terms of the coordinates in (5.24), ev*J is the
pull-back of ASy, from the Ug | = Uj -factor. Hence,

Xc(Ad(U)UBXﬁl,eV*J) = XC(UOE,AS@.) = —1.

Case 111: B is negative and B # —0. Since 8 # —0, there exists a simple
root «a; such that 8 — a; is still a root. Then o« = —f + «; is a positive
root. Moreover, since (a;,3Y) < 1 (because o; # ), we have (o, 3") =
(=B +a;,BY) = =2 + (a;, BY) < 0. Hence U, appears in the decomposition
(5.24).

Using (5.24), we write an element in Ad(U)Uj_, as Ad(u)ug(cgr™1),
where u = u%uq(co) and u® € A = [Jar>0,(a’,8v)<0,0/£a Uar- Note that
(5.27) ev(Ad(u)ug(csm™ ")) = uug(cp)u™" = u[ual(cs), ug(cs)lug(cs)u™".
Since a # £, we can apply Chevalley’s commutator relation [9, p. 36, (4)]
to conclude that [uq(cg),us(cg)] is a product of elements in the root groups
Uiatjp for i,j € Z~p. Our assumptions that

(i) a+ S is simple and
(ii) S is a long root

imply that any such ia + jf3 is positive (if it is a root), and the only simple
root of this form is o + 3. Therefore, [uq(cq),us(cs)] € U, and its image in
U/IU,U] is uq,(€cacs), where € = +£1.

By (5.27), Ad(u)ug(cg) € UBPP if and only if ug(cg)u®~! € UB°PP,
Moreover, when Ad(u)ug(cg) € UB°PP, its image in U/[U,U] is uq,(€cacg)
times another element that only depends on cg and u®.

Under the decomposition (5.24), Ad(U)U; | = U, x A. Let prp :
Ad(U )Ug’i1 — A be the projection. By the above discussion, ev*J restricted
to the fibers of prp are isomorphic to Artin-Schreier sheaves on U,. Therefore

prpev’J = 0; hence,
H;(AA(U)Ug _,ev*J) = H(A,prp ev*J) = 0.

This proves the claim and completes the proof of Theorem 4 (1).
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5.5. The adjoint Schubert variety. In this subsection, let G be nonsimply-
laced. We always assume that char(k) is a good prime for G. So char(k) > 2
when G is of type By, C,, and char(k) > 3 when G is of type Fy, Ga.

Let v be the short dominant root of G and 7" be the corresponding long
coroot. We define P_, W, etc. in the same way as P_g, Wy, etc. According
to the possible values of {a, ") for roots a € ®, we have two cases:

o Type (By,Cp,Fy): [(a,7Y)] =0,1,2;
e Type (G2): |[(a,7")] =0,1,2,3.
Let @7 := {a € ®|(a,7Y) = n}.

LEMMA 5.28. Suppose G is of type By, Cy or Fy. Then Grffviv consists of
a single G-orbit. More precisely, let

Voy= JI U-a-1
(oyV)=2
We identify V_., with its Lie algebra. The adjoint action of P_ on V_,, (which
factors through its Levi factor L) stabilizes a unique quadric Q_. defined by
a nondegenerate quadratic form q_ on V_., so that the action of L. factors
through GO(V_,, q,y),2 with a dense orbits V_, — Q_,.
The natural morphism

(5.29) G'X (Vo = Qo) 5 (g,0) = Ad(g)v € Gy

P, :
gwes an isomorphism G x (V_, — Q_,) = Grtf&v.

Proof. In the case G is of type B, C or Fy, the product in (5.21) becomes

A =Tlayv)=2Uan (a commutative unipotent group), which can be identified
triv

with its Lie algebra. Since Griv" is stable under G-conjugation, it takes the

P_ . .
form G x AV for some P_.-stable open subset A" C A. The action of
P_. on A factors through the Levi quotient L.
The vector space A carries a bilinear form

(5.30) (@,y)a = (2, Ad(wy)y)g,

0

where w, is the image of (% §) under the homomorphism SLy — G corre-

-1

sponding to the root v, and (-,-)y is an Ad(G)-invariant nondegenerate sym-
metric bilinear pairing on g (which exists when char(k) is good; see [8, §1.16]).
It is easy to check that (-,-)a is a nondegenerate symmetric bilinear pairing,
and the L,-action on A preserves this pairing up to scalar. Let ga be the

quadratic form associated to (-, -)a.

2GO(V_77 g—~) consists of invertible linear automorphisms of V_, preserving ¢g_~ up to a
scalar.
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By a quick case-by-case analysis, one checks that the action map L, —
GO(A, ga) is surjective. Therefore, A contains a unique L.-stable irreducible
divisor Qa = {ga = 0} whose complement is a single L.-orbit.

On the other hand, the complement Gre.v — Grtgri;’v is an ample divisor
representing the class of the determinant line bundle and hence has codimen-
,tyrviv also has
codimension 1 in Gr,v. Hence A — AYY also has codimension 1 in A; therefore,
it must be the irreducible divisor Q4. This implies A"V = A — Qa, which is a
single P_.-orbit, therefore Grfyrviv is a single G-orbit.

By the same SLy-calculation as in (5.23), we have

uAY(T)T7v = u_y(Tfl) e Gr'iv |

Therefore, A"¥77" = Ad(P_,)u, (1) = Ad(P_,)u_(r~') ¢ Gr*"V. By
a similar argument as above, Ad(P_,)u_~(771) is the open subset of V_, =
[la,yv)=2 U-qa,—1 defined by the complement of a quadric (). Therefore,

sion 1. Since Gr<,v — Gr,v has codimension at least 2, Gr,v — Gr

triv Py v P -1
GrV =G x (A=Qp)71" =G x (Vo —Q—) CG[r 1. O

,y\/
LEMMA 5.31. The morphism (5.29) extends to a resolution
Py triv
v:G x V_»y — Grg,y\/,
which is an isomorphism over Grffviv by Lemma 5.28.

(1) The fiber v=1(x) = G/P_,,.
(2) The fibers over Gril¥ are isomorphic to Ly/Lg N P—.,.

P P_ .
Proof. Since G x (V_y — Q_,) is dense in G x V_, and Gr¥, is the
closure of Grﬁyrvi" in Gr*'V, the morphism (5.29) extends to v. By Lemma 5.28,

there are three Ad(P_,) (or Ad(L,))-orbits on V_,: V_, — Q_,, QX :=
Q- — {0} and {0}, which give three G-orbits of G P>_<W V_,.

The orbit G P>7<7 {0} maps to Gr§fV = x, which proves (1).

The orbit G P>7<7 Q. must then map to Griflv. The G-stabilizer of
u_g(t71) in G P>7<v QZ~., and in Crilv = G P>_<9 Uy 1 are Py N P!, and
P1, respectively, where P! = ker(f : P_g — G,). The fiber v~ (u_g(77"))

thus equals Pie / Pig N P_,. It is easy to check that the inclusions Ly < P_g
and P}G — P_g induce isomorphisms

Lo/LyN P, 5 P g/PgnP_ < PLy/PLyNP_.,.
Since Gr(tgrviv is a single G-orbit by Lemma 5.22, all the fibers of v over Gré@v
are isomorphic to v (u_g(771)) = Ly/Lg N P_,. O
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The Bruhat decomposition G = Uy, UwP_, gives a decomposition

P_ P_
G X Voy= || UwP, < V.
W/W,

The map w — —w7y sets up a bijection between W/W, and the set of short
roots of G. For f = —w~, let Vg = Ad(w)V_,. Then the above decomposition
can be rewritten as

(5.32) a'x Ve, = || Ad@)v

/3 short root

As in the quasi-minuscule case, we can further write each stratum as

(5.33) AdO)Vse [ Uax J] Us-1
agdt (a,8Y)<0 (B,8V)=2

Ad(Hua) H U5/(65/T_1) ~ (Hua, U5/(CB/T_1)).

Remark 5.34. (1) For each short root 3, the set @g (those roots that
appear in the factors of Vj) is totally ordered according to their heights. To
see this, we only need to show that for different 3’, 8" € @g, (pV,5 = pB") #0.
In the proof of Lemma 5.28, we remarked that L, — GO(A, ga) is surjective,
which means that for any two different roots o/, € ®J (i.e., they appear in
the factors of A), the difference o/ — o is a nonzero multiple of a root of L.
Since @g = w®] if § = wy, the difference 5’ — 3" is also a nonzero multiple of
a root of Lg; therefore, (p¥, 3 — 8") # 0.

The set @g carries an involution ' — 23— ', with 8 the only fixed point.
This involution is order-reversing.

(2) Again since L, - GO(A,ga) in the proof of Lemma 5.28, all roots
7" € ®J\{v} are permuted by W,. A similar statement holds if ~ is replaced
by any short root . In particular, all roots in @g are long roots except [ itself.

LEMMA 5.35. For a short root B, [ug (cgm™') € Vg (the product over
@g), and u € U, we have

c_gx_g if —0¢€ @g,

0 otherwise.

a_g(Ad(u)(H UB/(C@T*I))) = {

The proof is similar to that of Lemma 5.25.

5.6. Proof of Theorem 4(2). Here we assume G is of type B, C or Fjy. For
G of type A, D, E, the statement (2) is identical to (1) in Theorem 4; the
proof for G = G4 will be given in Section D.
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Applying Corollary 5.20 to V' = g, which has two nonzero dominant
weights 0¥ and vV, each with multiplicity one, we conclude that

Xe(P 0,000 KIE! (6 X)) = Xe(Gryl =0 ")) + xe(Griv™ ™, ev? ).
We already know from (1) that y.(Gris"*=", ev*.J) = r4(G); we only need to
show that xc(Grit" ", ev*.J) = r,(G).

For any subset S C @, let

Vﬁs = {H’LLgH(CﬂHT_l) € Vslegr =0 for 8" ¢ S}'

Using this definition and the standard partial ordering on ® (which restricts
to the total ordering on @g, by Remark 5.34(1)), the meanings of V5>_‘97 Vﬁ>07
etc. are obvious.

Using Lemma 5.31, Lemma 5.35 and the decomposition (5.32), the reso-

. . triv,a=0
lution v restricted to Grg;’v’a reads

=0 | Ad(U)(VB>_9)—>Grng’“:0.

3 short root

By Lemma 5.31, the Euler characteristic of ev*.J on the target of %Y has
contributions from =, Grggv’azo and Grfyrvw’azoz

(5.36) Yo Xe(AdU)V7 0 ev* )

[ short root
= Xe(G/P-+) + xe(Gry """, ev*T)xe( Lo/ Lo N P_)
+ Xc(GrEﬂV’a:O, ev*J).

The Bruhat-decomposition implies

(5.37) Xe(G/P—y) = #(W/W,) = #{short roots in @},
(5.38) Xe(Lo/Lg N P—y) = #(Wy /Wy N W,).

CrAIM. For a short root 3,

0 <I>§ contains a simple root,

(AU (V7Y ev ) =
Xe(Ad(U)( B ) ) {1 otherwise.
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Admitting the claim first, we finish the proof. Combining (5.36), (5.37),
(5.38) and the claim, we get

(5.39)
—xe(GrV =0 ev* J) = #{short roots} — ro(G)#(Wy/Wy N W)

,Y\/
— #{short roots g |<I>’g does not contain simple root}

= #{short roots B@g contains a simple root}
—1o(G)#(Wy /Wo N W,).

By Remark 5.34(1), @g is totally ordered by heights and hence contains at
most one simple root. Therefore

#{short roots ﬁ|<I>’g contains a simple root} = Ng + Ny,

where Ny (resp. Ny) is the number of short roots 8 such that @g contains a
short (resp. long) simple root.

o If @’g contains a short simple root, this simple root must be /3 since 3
is the only short root in @g by Remark 5.34(2). Therefore Ny = r5(G).

e Any simple long root is in the W-orbit of 8; therefore Ny = r; - Ny,
where Ny = #{short roots 3|0 € @’g} Such short roots § are in the
Why-orbit (this follows by applying Remark 5.34(2) to the dual root
system), and v is one of them; hence, Ny = #(Wy/Wy N W,). Hence,
No = ro(G)#Wo /Wy NW,).

Combining these calculations and (5.39), we conclude that — Xc(GrfyrviV’aZO, ev*J)
= r5(G), hence proving Theorem 4(2).
It remains to prove the claim.

Casel: @’g contains a simple root ;. For u € U and v = uy,(ca, 77 1o €
Vs, where v € []gr2q, Upr,1, we have

ev(Ad(u)v) = Ad(u)uq,(cq;) - Ad(u)ev(v®).

This means that Ad(u)v € UB°PP if and only if Ad(u)ev(v®) € UB°PP,
and in case this happens, its image in U/[U,U] is uq,(cs,) times the image
of Ad(u)ev(v®) in U/[U,U]. Using the decomposition (5.33), we can write
Ad(U )Vﬁ>_9 = Uq,,—1 x A for some affine space A (the product of other fac-
tors), and the sheaf ev*J is an exterior product ev* AS,, XL for some local
system L on A. By Kiinneth formula,

HI AUV~ ev*]) = Hi (U_q, —1,ev* ASy,) ® H} (A, L) =0.
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Case I1. <I>§ does not contain any simple root. We stratify the vector space
Vﬁ>_6 into

Vﬁ>_0 _ V,B>O |—| |—| (VﬁZﬂ' _ V/B>Bl)
B'edl —0<p'<0

First, we show that x.(Ad(U)V5" ev*J) = 1. In fact, since )N ot
contains no simple root, ev(Ad(U )Vﬁ>0) C [U,U]; hence, ev*J is the constant
sheaf on Ad(U)VgO. Since Ad(U)VB>0 is an affine space by (5.33), we get the
conclusion.

Second, we prove that Xc(Ad(U)(VBZB, - V;Bl),ev*J) = 0 for each ' €
@g,—@ < ' < 0. Since B # —0, /' — «; is still a root for some simple
a;. Then a = «; — ' is a positive root. By assumption, «a; ¢ <I>§ , therefore
{a, BY) = (i, BY) — 2 < 0, i.e., a appears in the first product in (5.33).

LEMMA 5.40. Let a,b € Z~o and B < B,...,By be roots in <I>'23 (not
necessarily distinct). Then ac + Y0_; Bi # 0. If aa+ Y20_; B; is a root, then
one of the following situations happens:

(1) ac + S0, Bi is a negative root. Then a =b—1, aa + S0_; B; € <I>§
and is larger than any of the B;’s (in the total order of q)g);

(2) ac + 2°_, B; is positive but not simple;

(3) a=b=1,81 =4 and ac +>0_; Bi = o.

Proof. If a > b, since a + 3’ > 0 and 3; > ', a + 3; must have positive
height. Therefore,

b

b
aoz—i—Zﬁi:(a—b)a—kZ(a—Fﬁi) > 0.
i=1

=1

Since each term on right-hand side of the above sum has positive height, it is
a simple root if there is only one summand, which must be the case (3).

If a < b, then (ac + 30, B, BY) > 2b—2a > 2. Therefore, if aa+3°_, B;
is a root, we must have a = b — 1 and aa + S20_; B; € @g. Since @g does not
contain simple roots, we get either case (1) or case (2).

In any case, we have aa + 320, B; # 0. O

For u = [Juu (co) (the product over o/ € & (o, 8Y) < 0), let u® =
[To£a Uar (cor). Similarly, for v € Vﬁzﬁ - V;B , write

v = U5/(Cﬁ/7'_1)vﬁ/ HUB”(C/BNT_l)
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(product over f' < 8" € <I>§ , and cg invertible). Then
(5.41)

ev(Ad(u)v)

= u”ua(ca), “5’(%’)]“6’(06/)( [T [ualca), ugr(can)lupr (%H))uo"_l-
87>
To calculate (5.41), we use Chevalley’s commutator relation to write each
[ua(ca),upr(cgr)] into products of positive and negative root factors. We
try to pass the negative root factors (which necessarily appear in <I>§ by
Lemma 5.40(1)) to the right. By Chevalley’s commutator relation, each time
we will produce new factors of the form aa+ 51+ - - -+ 5 for 5; € <I>§, a,b> 0.
We keep the positive factors and pass the negative factors further to the right.
The only thing we need to make sure of in this process is that when we do
commutators [Uy, Uy/|, we always have that o/ and +' are linearly independent
so that Chevalley’s commutator relation is applicable. In fact, in the process,
we only encounter the case where o/ € ®7,9' € &~ and o’ + 7/ has the form
ac + By + -+ By for B < B; € <I>§ (a,b € Z~p). The only possibility for
o/ and 4" to be linearly dependent is o’ ++' = 0, which was eliminated by
Lemma 5.40.
In the end of the process, we get

(5.42) ev(Ad(u)v) = uauai(ecacfy)u+< H Ug//(65// + Eﬁ//))ﬂa’l.
BI>p B DY

The term uq, (ecacp) (where € = £1) comes from [uq(cq), ug (cpr)]. The term
ut is the product all the other positive factors in Uyag,+...+4, (1.€., aa+ b1 +
<+ B, € ®T). By Lemma 5.40(2)(3), these aa + 81 + -+ + By are never
simple; therefore u™ € [U,U]. Finally, the extra coefficient cgr comes from
the negative factors in Uyq44,+..-8,, Which is a polynomial functions in ¢, and
cgm for " € @g. By Lemma 5.40(1), cg» only involves those cg» such that

/8/// < 6// .

Therefore, we can make a change of variables
(5.43)

Ad(U)(VBZB’ _ V,3>6,) >~ Ua X Uﬁx’,fl X H Uo/ X H U,B”,—la
(o ,BV)<0,0' £ 13//€q>§”3//>/3/

Ad(u)(v) < <ua(ca),u5/(03/7_l),ua, Hu5//(05// + Eﬁu)>.

Let A be the product of the last three terms in (5.43). Let prp : Ad(U)(VﬂZB/ —
V6>B/) — A be the projection. In view of (5.42), the restriction of ev*.J on
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the fibers of prp are isomorphic to Artin-Schreier sheaves on U,. Therefore
prpevJ = 0; hence,

H(AdA(U)Ug _,ev*J) = H(A,prp ev*J) = 0.

This completes the proof of Case II of the claim.

6. Global monodromy

This section is devoted to the proof of Theorem 3. Let G be split, almost
simple over k.

6.1. Dependence on the additive character. Recall from Remark 2.8(3)
that TxAut!(G)x Gt acts on Bungg,2) and the Hecke correspondence (2.7).
The group T(k) x Aut’(G) x GI%(k) also acts on Ino(1)/Is(2), hence on the
space of generic additive characters. Let Sy be the stabilizer of ¢ under the
action of T' x Aut'(G) x G, This is a finite group scheme over k.

When G is of adjoint type, for each o € Aut’(G), there is a unique (¢, s) €
(T x G*Y)(k) such that (t,0,s) fixes ¢. Therefore, in this case, the projection
Sy — Aut’(G) = Out(G) is an isomorphism (as discrete groups over k). In
general, Sy — Aut’(G) is a ZG-torsor but may not be surjective on k-points.

The following lemma follows immediately from the definition of the geo-
metric Hecke operators.

LEMMA 6.1. The tensor functor defining Klx(¢),

Hkg : 8 510y = Hky (Ag) apr | € Loc(Pg o)),

carries a natural Sy-equivariant structure. Here Sy(k) acts on S via its image
in Aut’(G) and Sg(k) acts on Loc(]P{{O oo}) via its action on ]P{{O oo} through
S¢ — (Gl;gt.

In Lemma B.3(1) we will check that under the equivalence Rep(G) = S,
the Aut'(G)-action on S coincides with the action of Aut'(G) = Aut’(G) with
respect to the chosen pinning of the dual group.

Let S}b(k) = ker(Sy(k) — Gi*(k)), and let Si*(k) be the image of Sy(k)
in GI'°%(k), which is a finite cyclic group. We would like to use the above
equivariance to conclude that the monodromy representation of Klx(¢) can

(k). However, since this representation is only
defined up to inner automorphisms, this requires an extra argument.

~ Ql
be chosen to take values in GS¢

Recall that we have chosen a geometric generic point 77 over SpecKj, the
formal punctured disc at 0. We defined Kl (¢, 1) as a functor from the Satake
category S = Rep(G) to LOC(P{{O OO}) so that restriction to 7] is a tensor



290 JOCHEN HEINLOTH, BAO-CHAU NGO, and ZHIWEI YUN

functor
Kls(¢) J=
(6.2) wg: S —— LOC(P{{O’OO}) % Vec.

As this is a fiber functor of S, we can define °G = Aut®(wg). Of course, °G
is isomorphic to G but not canonically so. The group G has the advantage
that by Tannakian formalism, we get a canonical homomorphism Aut® (j%) —
Aut®(wg), where Aut®(j2) is the pro-algebraic envelope of the fundamental

n
group 7r1(]P{ {O,oo}’ﬁ)' Therefore, we get a homomorphism

_ ?
(6.3) 0 TP g0y, ) — “G(QY).
By Lemma 6.1 we get a homomorphism

(G) .

(6.4) Sh(k) = Aut®(S, Hkg) —— Aut®(S,ws) = Aut(“G).

In other words, we have an action of Sé on *G. We will prove in Lemma B.4
that *G also carries a natural pinning I and that the above action preserves this

pinning. The pinnings I and { define a canonical isomorphism can: °G=q.
Using this identification, we obtain

COROLLARY 6.5. The monodromy representation o extends to a homo-
morphism between exact sequences:

6.6 p! e P! n SEot(k
(6.6) m1( \{o,oo},n)%m( \{0700}777)*> é (k)

| e

85 (k)

G 54 S1ot (k) —— IO (k).

Proof. By equation (6.4), the Sdl)(k:)-action on G factors through S’dl)(k:) —
Aut®(S,Hk,). By Lemma B.2, the monodromy representation ¢ thus factors
through 771(113{{0 m},ﬁ) 5 0G% ¢ ¢G; ie.,

Hky : S = Rep(¢é) Bes, Rep((bésé(k)) it LOC(]P{{O’OO})
for some tensor functor k.
We identified G = °G using the pinned isomorphism “can,” so we can view

the functor  as Rep(@sé(k)) — Loc(]P{{O,OO}). Then S (k) = Sy(k)/S}(k)

acts on G%® via Ss(k) — Out(G) - Aut'(G), hence acting on the source
and target of k. Lemma 6.1 implies that x carries a natural Sgo';(k)—equivariant
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structure. Taking S;s"t(k)—invariants of both tensor categories, we get a func-
tor k:

~ gl P .
Rep(GH™) 1 S19%(k)) —= Loc(Ply ., /Si(k))

l ll
rot
Sg (k)

Rep( Gs;(k))sg”(k) (%) Loc (]P{{o .

Since the quotient map IP{{Om} — IP{{07OO}/S(§)°t(k) can be identified with the

)S;Ot (k)

#Sg’t(k)—th power map of IP{{O oo} = Gy, we arrive at the diagram (6.6). O

Remark 6.7. Corollary 6.5 remains true if k is replaced by an extension
k" and IP{ (0,00} 18 Teplaced by IP{ (0,00} ©k k'. In particular, to get information
about the geometric monodromy, we take for k' = k.

In the case Out(() is nontrivial, we have

G Autf (@) 5 out(G) | GA (@ Sy(k) | SEt(R)
AQn_l (7’L > 2) Z/2 Cn Out(G) 1

Agy, 7.2 B, 1 7.2
D4 53 GQ Out(@) 1

Dy, (n >5) 72 Bn_1 Out(G) | 1

FEs 72 Fy Out(G) | 1

Table 2. Outer automorphisms and stabilizers of ¢.

6.2. Zariski closure of global monodromy. Let G’geo C G be the Zariski
closure of the image of the geometric monodromy representation

P (P 0,00} @k K, T) = geyel
We first show that Ggeo is not too small.

PROPOSITION 6.8 (B. Gross). If char(k) > 2, and the rank of G is at
least 2, the Ggeo is not contained in any principal PGLy C G.

Proof. Suppose instead @geo C PGLy C G, where PGLy contains a prin-
cipal unipotent element (image of J§) of G. The image of the wild inertia JZ,
must be nontrivial because Kleév(qﬁ) has nonzero Swan conductor at co.

Since p = char(k) > 2, ¢(J%) lies in a maximal torus (G, C PGLy and
contains i, C Gyy,. Since ¢(Jo) normalizes ¢(J1), it must be contained in the
normalizer N(G,,) C PGLy of the torus G,.

For any irreducible representation $* = Sym?¢(Std) of PGLy (where Std
is the 2-dimensional representation of SLy), every pair of weight spaces S (n)®
S%(—n) (0 < n < ¢) is stable under N(G,,), hence under Jo,. If the weight
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n does not divide p, the Swan conductor of S?*(n) @ S*(—n) is at least 1.
Therefore,

Swane, (S%) > ¢ — [¢/p].
Consider the action of Jo, on the quasi-minuscule representation Vyv of G.

By Lemma C.1, Vav decomposes into ,(G) irreducible representations of the
principal PGLy: Vpv = S?0 @ - @ RN Therefore,

[

rs(G) <
Swanao (V) 2 3 (6~ [ti/p]) 2 (1~ 1/p) "5,

7

Il
—

Here we used ¥; ; = hry(G)/2. (See the proof of Lemma C.1.) On the other
hand, we have Swana,(Vyv) = r4(G) by Corollary 5.1(1). So as long as h > 3
or p > 3, we get contradiction with . Even when h = 3 and p = 3, then
G = PGL3 with Vyv = S*@ 52, we still have Swans (Vav) > 241 = 3 > 1,(G),

a contradiction! O

Proof of Theorem 3. Since Klg(qﬁ) is a pure of weight 0 for every V &

Rep(G), it is geometrically semisimple. By Deligne [11, Corollaire 1.3.9], the
neutral component C;’geo of Ggeo is a semisimple group.

Step I. Assume G is not of type Ay, As, or Bs. We first determine G°

geo’

or equivalently, its Lie algebra ggeo. On the one hand, by Theorem 1(2), G

[0}
geo

contains a principal unipotent element; hence it contains a principal PGLs.
Proposition 6.8 says that Ggeo cannot be equal to PGLy. Since a principal
PGL, is its own normalizer in G, we conclude that G’geo cannot be equal to
PGLy, i.e., slo G §geo. On the other hand, since G is not of type Ay, Sé(%) =
Aut’(G) 5 Out(G). In this case, Corollary 6.5 implies Ggeo C GAu' (@),
Dynkin classified all Lie subalgebras ggeo C ¢ that contain a principal
sly. If g # so7, then either ggeo = 5l Or §geo is the fixed point algebra of some
pinned automorphism of G. In our case, if G is not of type Asa,, we can already

conclude that ggeo = gAuth (@),

Step 1I. Suppose G is of type Bs and char(k) > 3. We claim that
G’geo = (5. For this it sllfﬁces to show that Kl’s\é‘f(qb) contains has a global
section over ]P{ {0,001 Ok k, where V7 is the 7-dimensional standard representa-
tion of SO7. Suppose the contrary. Then the long exact sequence (5.4)—(5.6)
with § replaced by A3V would imply
(6.9) |

dim(A?V7)" 4 dim(APV7)'> < dim H} (P4 oy, Kl@é‘f(gﬁ)) = Swang_ (A*V7).

We use the standard basis {e_3,...,eq,...,e3} for V7. (The quadratic form is
6(2) +eje—1 + ese_o + ege_3.) The 0-weight space of A3Vz under the principal



KLOOSTERMAN SHEAVES FOR REDUCTIVE GROUPS 293

sly is spanned by {e1 Ae_a Ae_3g,e_1 Aea Aeg,eg ANe; Ae_iyi = 1,2,3} and
hence has dimension 5. Since Jy acts on V7 as a principal unipotent element
by Theorem 1(3), one concludes that dim(A%V;7)% = 5.

Since char(k) > 3, it does not divide the Coxeter number of G. Therefore
Corollary 2.15 is applicable. Since the breaks of the JI -action on V; are
1/h = 1/6, the breaks of J% on the nonzero weight spaces of A3V; are <
1/6. Therefore Swany_(A3V7) < [3dimA3V7] = [35/6] = 5. Moreover, by
the description of ¢(J%) in Corollary 2.15, JI acts trivially on Span{e; A
ea Aes,e_1 Ae_a Ae_3}, and the Coxeter permutation e; — ea — e3 —
e_1 — e_9 — e_3 — e; permutes e; Aea Aeg and e_; Ae_a Ae_3. We get
dim(A3Vz)’> > 1. Thus,

dim(A3V7)% 4 dim(A3Vz)?* > 54+ 1 > 5 > Swany__ (A®V5),

which contradicts (6.9). This proves that Ggeo = (9 in the case G = SO~.

Step 1I1: When G is of type Asy,. In this case, Kls(¢) comes from the
classical Kloosterman sheaf Kl,(¢), whose global monodromy is treated by
Katz in [26]; see (0.2).

Step IV. It remains to prove that Ggeo is connected. The case of A4,, is
treated by Katz in loc. cit. In the case G is of type Eg, one checks that GAuth (@)
is already connected.

In general, we have Gyeo C NG(GgeO) = G‘geoZ G. Consider the surjective
homomorphism

- ge0 - - - -~ - °
P8 78O (Pl g ooys ) T Ggeo = 0(Ggeo) = ZG/ZG N G
Assuming G is not of type A,, or Eg, then mo(G) is a 2-group. Since char(k) > 2,
8% factors through the tame quotient. On the other hand, the tame generator
inJy = wgeO(IP{ (0,00} 77) must map to a unipotent element in Cgeo, hence inside

G’geo. Therefore the map 8% is trivial; i.e., égeo is connected. O

7. Functoriality of Kloosterman sheaves: Conjectures

In this section, we offer some conjectures for a further study on Klooster-
man sheaves. In particular, according to a rigidity property that is known in
the case of GL,, according to Katz and Gabber, the Kloosterman sheaves with
the same geometric monodromy tabulated in Table 1 should be isomorphic
after matching the additive characters ¢. We will also give a conjectural de-
scription of the local and global monodromy of Klrg(¢) for certain quasi-split
groups G.
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7.1. Rigidity.

CONJECTURE 7.1 (Physical rigidity of Kloosterman sheaves). Suppose L
is a G-local system on IP{{O o0} ®rk that, as g and Jo-representations, has the

same isomorphism types as Klz(4, x). Then L =2 Klx(¢, x) over IP{{O oo} Ok k.
Even stronger, we expect

CONJECTURE 7.2. Suppose L is a G-local system on IP{{O o0} satisfying

e L is tame at {0}; the semisimple part of the image of a topological
generator of 1% is conjugate to an element in T[q — 1] that corresponds
to a multiplicative character x : T'(k) — QZX .
e Swane (LAY) = r, and (LA9)’> = 0.
Then there exists a generic linear function ¢ : I(1)/1(2) — G, such that
L = Kla(h,x) up to an unramified twist (given by Gal(k/k) — ZG).

Inspired by the above conjectures, and the calculation of the local and
global monodromy of Kloosterman sheaves given in Theorem 1(2), Corol-
lary 2.15 and Theorem 3, we conjecture that there should be functorial re-
lationship between the Kloosterman sheaves.

CONJECTURE 7.3. Let G,G’ be split, almost simple groups over k whose
dual groups G D G’ appear in the same line of Table 1. Then for every generic
linear function ¢ of G, there exists a generic linear function ¢ of G' such
that over P{{O,oo} Qu k, the Kloosterman sheaf Klxs(¢) is the pushout of the
Kloosterman sheaf Klg (¢').

7.2. Quasi-split groups. Let G be a split, almost simple and simply-con-
nected group over k. Let G be the quasi-split group scheme on P! whose
restriction to IPi{O’OO} is given by the twisting o : uy — AutT(G) as in Sec-
tion 1.1. Recall that IV is assumed to be prime to char(k), and N = 2 unless G
is of type Dy, in which case N = 3. We abuse the notation to denote still by o
the image of a generator of py in Autf(G). We identify Aut’(G) with Aut(G)
using the isomorphism in Lemma B.3(2). We write (¢) C Aut’(G) = Aut!(G)
for the subgroup generated by o. The associated L-group can be taken as
LG = G x (o). The Kloosterman sheaf Klig(¢) constructed in Theorem 1 gives
a monodromy representation

P - Trl(IP{{O,oo}vﬁ) - Lg =G x <J>
The adjoint representation Ad : G — GL(§) can be extend to a homomorphism
Ad, : 'G — GL()

so that the Kloosterman sheaf Klig(¢) induces a local system Klééi((b).
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We have the following predictions for the local monodromy of Klig(¢).
The tame monodromy at {0} should be generated by the element (u,o) €
Ig = G % (o), where u € G? is a principal unipotent element. The Swan
conductor Swane(Klig(4)) = —xe(Pl (g o) K12 (¢)) should equal the rank of

the neutral component of G°. Moreover, we also expect that the analog of
Corollary 2.15 holds for Klrg(¢), with the Coxeter element replaced by the
o-twisted Coxeter element Cox, € W x {6} C W x (o) (see [36] and [35, §5])
and the Coxeter number replaced by the o-twisted Coxeter number h, (the
order of the Cox,).

As for the global monodromy, we expect that for char(k) not too small,
the global geometric monodromy representation @& for Klrg(¢) has Zariski
dense image.

We observe from Table 1 that for simply-laced split groups G not of type
Aoy, the Zariski closure G’geo of the geometric monodromy of Klx(¢) is smaller
than G. Now pick a quasi-split form G of G built out of a nontrivial o €
Aut’(G) of order N. Then according to our expectation, the G-local system
[N]*Klig(¢) on ﬁ{{07m} (the N-th Kummer cover of ]P{{()?OO}, which is still
isomorphic to IP{ {0700}) should have Zariski dense geometric monodromy in G.

This compensates the smallness of @geo for simply-laced G.
When G is of type Asg,, by Corollary 6.5, ¢ extends to

Wl(Pi{O,oo}aﬁ) — é X 2,

hence giving a G X pp-local system Kls(¢) on IP{{O Oo}/ug. On the other hand,

let G be the quasi-split unitary group given by the nontrivial o € AutT(G). We
have a Kloosterman sheaf Klig(¢’) on IP{ (0,00} After identifying G with G x iz
and matching ¢ with ¢, we expect that Klig(¢) = Klx(¢') over IP{{O oo} Rk =

(Pl10,00/H2) @k k-

Appendix A. Proof of Proposition 1.1

In this appendix, we give a proof of Proposition 1.1 on the geometry of
moduli spaces of G-bundles on Pl

Proof. The proof of the first two claims uses the same argument as in [23,
Prop. 3]. We will first assume that the base field k is algebraically closed.

(A) Assume that G = T; ie., g|IP<{O,OO} is a torus. In this case, (2)
has been proved in [25, Lemma 16]. Let us prove (1). Since 7 is abelian,
for any T-torsor P, we have H'(P',P x7 Lie(T)) = H' (P!, Lie(T)). We
claim that this group vanishes. By construction we know that Lie(7) C
Lie([N,](G7, xP')) is a direct summand. Also Lie([N].(Gr, xP!)) = [N], 0%,
and HY(P', [N]«(Op1)) = HY(P',Op1) = 0. Thus, H' (P, P x7 Lie(T)) =0
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for any P so that there are no nontrivial deformations of 7-bundles. Since
k is algebraically closed, H!(k(P'),7T) = 0; i.e., all T-bundles are generi-
cally trivial. Thus the map @, cp1 T (Ky)/T (Oy) — Buny(k) is surjective. By
construction, the isomorphism mo(Buny) = m1(7)s, (@,,) 18 induced from the
Kottwitz homomorphism m(Grrz) — Xu(T)gaks?/k,)- Thus for any z,
the map 7 (K;) — Buny (k) is surjective. This proves (1) in the case of tori.
Finally (1) and (2) imply (4) for tori.

(B) In case G ]]P{ (0,00} is a semisimple, simply connected group, statements
(1) and (2) have been proved in [25, Th. 4], again assuming k to be algebraically
closed.

(C) Suppose that the derived group Qder\IP{{Opo} of g]IP{{O’OO} is simply
connected, and denote D‘]P{{o,oo} = g/gder|]1>{{0,oo}. Denote by Gger and D
the corresponding group schemes over P! constructed as in Section 1.2. Then
Haines and Rapoport show ([23, proof of Prop. 3|) that there is an induced
exact sequence of group schemes over P

1 — Gder G =+ D — 1.
By (A) any D-bundle is trivial over P1\{z}, and by (B) we know the same for
all forms of Gger as well. This implies (1) for G. Moreover, we know from [23]
that G(k((s))) — D(k((s))) is surjective. Thus mp(Bung) = 7p(Bunp), which
proves (2) for G.

(D) For general groups G we can choose a z-extension
1= Z[P{(poc} = G'P{o.0c} = TP (000} = 1

such that Z \IP{ (0,00} is an induced torus, which is induced from a covering
[N]: G,, = G, as in Section 1, and géer\]P{{O oo} 18 simply connected. As in
Section 1.2, the induced torus Z |]P{ (0,00} extends to P! as the Weil restriction
of a split torus via the map [N]: P! — P! and Q’|1P{{O oo} €xtends naturally

as to a group scheme G over P! as in Section 1.2. By the local computation
in [23, d) in proof of Prop. 3], this defines an exact sequence

12Z2->5¢ >G—1.

Since Z is the Weil restriction of a split torus, via the tamely ramified,
finite map [N]: P! — P!, Tsen’s theorem implies that H?(IP!, Z) = 0. There-
fore, any G bundle can be lifted to a G’ bundle. Since we know (1) for G’, this
proves (1) for G. To prove (2) denote by Z5 a geometric generic fiber of Z.
Under our assumption, (X*(Zﬁ))ﬂﬂ?i{o,w}) is torsion free, and therefore as in

[23], we have an exact sequence

5 T 1 5 K 5 \TT
0 = X*(Z5" Pl o X (2(G5)™ Pl - X(2(Gg) ™ o) 50
This implies (2).
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To prove the third claim we follow the arguments of Harder [24], Ra-
manathan [34] or Faltings [14, Lemma 4]. Recall from Section 1.2 that we
fixed S C T C B C G, which are extensions a maximal split torus, a maximal
torus and a Borel subgroup over P{{o,oo} to PL.

We need to fix notation for dominant weights. First X*(’Tﬁ)g(@m) =
X*(S)q. Moreover, the relative roots ®(G, S) span the subspace of characters
of S that are trivial on the center of G. We denote by X.(77)x (cm),+ C
mo(Buny) the the subset of v € X (7 ), (a,,) such that for any positive, relative
root a € ®(G, S)*, we have a(y) > 0.

First, we want to prove that

G(k((s)) = I1 G (K[ A(5)G (K[[s]])-

AEX (T 7y (G )+

From (1) we conclude that every G-bundle is trivial outside any point. In
particular, any G bundle admits a reduction to B. Let £ be a G-bundle and
choose a reduction £ of € to B.

For any character a: T — G, we denote by £g(a) the associated line
bundle on P!, Since X*(T)S(Gm) =~ X*(S)q, the degree deg(ép(ar)) € Q is
also defined for a € X*(5).

We claim that if for all positive, simple roots a; € ®(G,S)" we have
deg(€p(ai)) > 0, then the bundle £z admits a reduction to 7. To show this,
denote by U C B the closure of the unipotent radical of B |1P{ (0,00} and &7 :=
Ep/U the induced T-bundle. In order to show that £z is induced from £, we
only need to show that H'(P', & x7 U) = 0. The group U has a filtration
such that the subquotients are given by root subgroups.

Consider a positive, relative root a € (G, S). The root subgroup U, is a
direct summand of [N].(®U, ) where the sum is over those roots o/ € ®(G,T)
that restrict to @ on S. Thus U, is a direct summand of a vector bundle V
satisfying H'(PP',V) = 0.

Similarly, &7 x7U, is a direct summand of E7x 7 [N],(®U,). Since [N]*Er
is 1 (G, )-invariant, this implies that H' of this bundle is 0 if deg(Ez(a)) > 0.
Thus we also find H'(P', &7 x7 U) = 0.

If the reduction £z does not satisfy the condition deg(Ep(a;)) > 0 for some
simple root a;, we want to modify the reduction . Consider the parabolic
subgroup P,, C G generated by B and U_,,. The root subgroups Uy, define
a subgroup L of P such that the simply connected cover of £ (extended from
P{{o,oo} to P! as in §1.2) is either isomorphic to [n].SLs or isomorphic to
[n]«SUs for some n dividing N [7, §4.1.4]. The semisimple quotient P**/Z(P*9)
is isomorphic to £24 and furthermore P/B = L£/(£ N B). We claim that the
result holds for £24 bundles because these bundles can be described in terms
of vector bundles. If £24 = [n],PGLg, then the result follows from the result
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for vector bundles of rank 2. The case of unitary groups is similar; we will
explain it below in Lemma A.1.

Thus we can find a new reduction € to B such that (‘:73%_ is unchanged, but
Ep(a;) > 0. This implies that for the fundamental weights €, (multiples of the
determinant of the adjoint representation of the maximal parabolic subgroups
Pk generated by B and all U,; with j # k), the degree of Ep(ey) for k # i is
unchanged but the degree £;(¢;) is larger than the degree of Ex(e;).

However, £;(¢€;) is a subbundle of Adim(Lie(PY) £(Lie(G)), so the degree
of all of these line bundles is bounded. Thus the procedure must eventually
produce a B-reduction satisfying deg(Ep(a;)) > 0 for all simple roots. This
proves (3).

Let us deduce the Birkhoff decomposition (4). In the case of constant
groups, this is usually deduced from the decomposition G = B~WyB and (3).
For general G, the analog of this is provided by [7, Th. 4.6.33]. Denote by G :=
gged the reductive quotient of the fiber of G over 0 and By C G the image of B.
Denote by Uy the unipotent radical of By so that Gg = UyWyBy. The quoted
result says that the inverse image of By in G is I(0). By construction of G,
elements of Uy(k) can be lifted to ¢(PP!). Thus we have G(k[[s]]) = UoWoI(0).

Similarly, by our construction of G, the evaluation G(A') — Go(k) is
surjective so that G(A!) = I~ (0)W,Uy.

For dominant t € T(k((s))) and b € Uy, we have t~1bt € I(0). Thus
using (3), we find G(k((s))) = I~ (0)T (k((s)))G(k[[s]]). Now we want to argue
in the same way, decomposing G(k[[s]]). For any ¢, we can choose w € W)
such that wtw™! is dominant. Then choose Bj C Gy as wByw™! and write
Go = ByWpBy. Then we can use the same argument as before to deduce (4)
(still assuming k to be algebraically closed).

Let us deduce the case that k is a finite field. First assume that G splits
over the totally ramified covering [N]: P! — P!, The embedding W — Grg,
is then defined over k so that all geometric points of Bung are defined over k.
Once we show the following claim, (1), (3) and (4) follow over k by Lang’s
theorem.

CrLAM. The automorphism group of any G(0,0)-bundle is connected.

Proof of the claim. We first treat the case G = 7. Since 7 is constructed
as a subgroup of a Weil restriction [N].(G],), we have

HO(PY,T) < H°(P', [N].(G},)),

and the same will hold after any base change S — Spec(k). Thus, if we let
p: P! — Spec(k) denote the projection, we find that p.T < p.([N]«(GI))) as
sheaves in the fppf-topology, both of which are represented by affine group
schemes over k. Since the evaluation at 0 € P! defines an isomorphism
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~

p«([N]«(G7)) = (INLGr )54 = GT,, this implies that also for 7 the eval-
uation p.7 — T3° is injective. Since 7 was constructed as (([]\7]*((1321))")o
we also see that 7¢¢d — ([N]. G754 = GT, = p.([N]«(G?,)) defines a section
Teed — p,T so that p.(T) = T3°d, which is a connected group.

In general, for any w € W, the automorphism group of the corresponding
G(0,0)-bundle over k is I~ (0) NwI(0)w~t. This group admits p.(7) as a quo-
tient, and the kernel is a product of root subgroups for affine roots, which are
connected as well. O

The general case follows from the previous case (i.e., G splits by pulling
back via [N]) by Galois descent, using [23, Remark 9] that the Iwahori-Weyl
group can be computed as the Galois invariants in the Iwahori-Weyl group over
the separable closure of k. Part (5) follows from the definition of G(m,n). O

In the above proof we used the following special case. Denote by SUjs
the quasi-split unitary group for the covering [2]: P! — P!. This can be
described as the special unitary group for the hermitian form h(zy,z9,z3) =
12§ + 229 + x327. Denote by PSUj3 the corresponding adjoint group.

LEMMA A.1. Any PSUs bundle P has a reduction Pg to B such that for
the positive root o we have deg(Pp(a)) > 0.

Proof. Define GU3 to be the group obtained from SUjs by extending the
center of SUs to [2].G,, so that there is an exact sequence 1 — [2],.G,, —
GU;3 — PSUs — 1. Again, every PSU3 bundle is induced from a GUs-bundle.
Such a bundle can be viewed as a rank-3 vector bundle £ on the covering

P! ﬂ) P! with a hermitian form with values in a line bundle of the form
[2]*L. In this case, to give a reduction to B it is sufficient to give an isotropic
line subbundle & — &, as this defines a flag & C Ef c & If &€ is not
semistable, then the canonical subbundle of £ defines an isotropic subbundle
of positive degree, so in this case a reduction exists. If £ is semistable, then
the hermitian form defines a global isomorphism £ N AL [2]*L. But such
an isomorphism must be constant so that we can find an isotropic subbundle

deg(€)
of degree gT. O

Appendix B. Geometric Satake and pinnings of the dual group

We first need some general properties of tensor functors. Let C be a rigid
tensor category with a fiber functor w : C — Vecp, where F' is a field. Let
H = Aut®(w) be the algebraic group over F determined by (C,w).

For any F-algebra R, let wp : C = Vecp SR, Modg. Let Aut®(C,wg)
be isomorphism classes of pairs (o, ), where o : C = C is a tensor auto-
equivalence, and « : wgr © 0 = wg is a natural isomorphism of functors. Then
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Aut®(C,wr) has a natural group structure. Denote by Aut®(C,w) the functor
R +— Aut®(C,wg), which defines a fppf sheaf of groups. On the other hand,
let Aut(H) be the fppf sheaf of automorphisms of the pro-algebraic group H
over F.

LEMMA B.1. There is a natural isomorphism of fppf sheaves of groups
Aut®(C,w) = Aut(H). In particular, we have a natural isomorphism of groups
Aut®(C,w) = Aut(H), which induces an isomorphism of groups [Aut®(C)] =
Out(H), where [Aut®(C)] is the set of isomorphism classes of tensor auto-
equivalences of C.

On the level of F-points, a pair (o,a) € Aut®(C,w) gives the following
automorphism of H = Aut®(w): it sends h : w = w to the natural transfor-
mation

o hoid(; a71
W=—— W00 ——WOo0 —]/ W.

More generally, suppose we are given a tensor functor ® : C — C’ into
another rigid tensor category C’; we can similarly define a sheaf of groups
Aut®(C, ®).

Let w’ : ' — Vec be a fiber functor and w = w’o®. Then there is a natural
homomorphism «’, : Aut®(C, ®) — Aut®(C,w) = Aut(H) by sending (o, a) €
Aut®(C, @) to (0,id, o @) € Aut®(C,w). In other words, Aut®(C,®) acts on
the pro-algebraic group H. On the other hand, we have natural homomorphism
of pro-algebraic groups ®* : H' = Aut®(w') — H = Aut®(w).

LEMMA B.2. The homomorphism ®* : H — H factors through H' —

Now we consider the normalized semisimple Satake category & in Sec-
tion 2.3. Following [31] and [18], we use the global section functor h to define
G = Aut®(h) and get the geometric Satake equivalence S 2 Rep(G).

LEmMmA B.3.

(1) There is a natural homomorphism Aut(G) — Aut®(S,h) = Aut(G)
that factors through T : Out(G) — Aut(G).

(2) There is a natural pinning 1 = (B, T, {xav}) of G preserved by the
Out(G)-action via 7. Let Aut'(G) be the automorphism group of G
fizing this pinning. Then T induces an isomorphism ¢ : Out(G) =
Aut’(G).

Proof. (1) The Aut(G)-action on (S, h) is induced from its action on Grg.
Since objects in § carry G-equivariant structures under the conjugation action
of G on Grg, inner automorphisms of G acts trivially on (S, h); i.e., the Aut(G)-
action on (S, h) factors through Out(G).
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(2) We first need to exhibit a pinning of G that is preserved by the Aut(G)-
action. For this, we need to give a maximal torus 7' C G, a cocharacter 2p €
X*(T) = X, (T) (half the sum of positive coroots in the pinning) and a principal
nilpotent element e € § (the sum of simple root vectors). Equivalently, we need
to

(P1) Factor the fiber functor A into a tensor functor

h = @ Rt 2 S — Vecs+(T) for—th> Vec
neX,(T)

(P2) Find a a tensor derivation e : h — h (i.e., (K1 * K2) = e(K;) ® idg, +
idg, ®e(K>)) that sends h#* to @;h*** such that for each simple root
a;, the component h* — h#T% is nonzero as a functor.

4

The factorization h* is given by Mirkovié-Vilonen’s “weight functors” [31,
Ths. 3.5, 3.6]. They also proved that h = @, h* (where h' is the sum of h* with
(2p, p) = 1) coincides with the cohomological grading of h = H*(Grg, —). The
tensor derivation e is given by the cup product with c1(Lqet) € H2(Grg, Qy),
where Lget is the determinant line bundle on Grg.

The action of Aut'(G) C Aut(G) on S permutes the weight functors
h* in the same way as it permutes p € X, (T'), preserves the (2p, u) (hence
preserves 2p € X*(T) = X, (7)) and commutes with e = ¢;(Lqe;). Therefore,
the Aut™(G) = Out(G)-action on S preserves the above pinning.

An element ¢ € Autf(G) induces a dual automorphism & of the Dynkin
diagram of G. Since o* IC, = IC;-1(,,), the self-equivalence o* of S = Rep(G)
is isomorphic to the self-equivalence of Rep(G) induced by the pinned auto-
morphisms of G given by the dual automorphism 6! on the Dynkin diagram
of G. This proves

Out(G) — [Aut®(S)] 2 [Aut® Rep(G))] = Out(G)

)
is an isomorphism. (The last isomorphism follows from Lemma B.1.) Hence
v : Out(G) — Autf(G) is also an isomorphism. O

For our purpose in Section 6, we shall also need a different fiber functor
wg defined in (2.13). Recall that Sy is the stabilizer of ¢ under the action of
T x Aut’(G) x G, and Sg(k) = ker(Sy(k) — Gi*(k)). Recall from (6.4)

m

that we have an action of S(})(k:) on “G.

LEMMA B.4. There is a natural pinning I = (¢B,¢T, {*x,v}) of ¢G,
which is preserved by the Sé(k:)—action.

Proof. Using (4.4), we can rewrite the fiber functor wy as

V.
s Pervy, (Flg) —2 Vec,
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where Flg = G((t))/I is the affine flag variety at {0},
U : S — Perv(Ip\G((t))/1y) = Pervy, (F1)

is the nearby cycles functor of Gaitsgory [16] and Vy(K) := RI.(Flg, K ®
priAg) asin (4.4). To exhibit a pinning of ®G, we need to find analogs of (P1)
and (P2) as in the proof of Lemma B.3(2).

According to Arkhipov-Bezrukavnikov [1, Th. 4], each object U(K') admits
a X, (T)-filtration with Wakimoto sheaves as associated graded pieces. More
precisely, they constructed a functor

(B.5) P Wrow(-):S— Vec™ D),
HEX,(T)

Here for W(K) € Pervy (Flg) with Wakimoto filtration W(K)<,, we write
gr,V(K) = V(K)<,/V(K)<y = Ju@WH(K), where J, is the Wakimoto sheaf
[1, §3.2] and WH(K) is a vector space with Frobenius action. In [1, Th. 6], it
is proved that (B.5) is tensor.

For each p, let j, : Fl, = Ipt*Iy/ly — Flg be the inclusion. We fix the
Frobenius structure of J, in the following way: for ;s regular dominant, let .J,, =
JurQel(20, W] ((2p, p)); for p regular anti-dominant, let J, = 7,1Q,[(2p, w));
for general p = pg + po where pp is regular dominant and po is regular anti-
dominant, let J, = J,, 2 Jyu, (where % is the convolution on Flg). It follows
from [1, Lemma 8, Cor. 1] that J, is well defined. This normalization makes
sure that in the composition series of J,,, 6 = IC; appears exactly once, with
multiplicity space @, as a trivial Frobenius module. (See [1, Lemma 3(a)],
with obvious adjustment to the mixed setting.) Since all IC are killed by Vj
except w = 1, we conclude that

(B.6) Vo(Ju) = Qq as a trivial Frobenius module for all y € X, (7).

CLAIM. For K € S, WH(K)) is pure of weight (2p, u). In fact, we have a
natural isomorphism of functors h* = WH. (h* is the weight functor in [31,
Ths. 3.5, 3.6], which was used in the proof of Lemma B.3.)

Proof. We first recall the definition of the weight functors in [31]. For
every p € X, (T), let &, C Grg be the U((t))-orbit containing ¢#. The weight
function defined in loc. cit. is h*(K) = H}(&,, K), which is concentrated in
degree (2p, u).

Let 7 : Flg — Grg be the projection. Then TI'_I(GM) = Uwewéuw, where
éuw C Flg is the U((t))-orbit containing t*w. We have natural isomorphisms
(for K € S)

W (K) = HE (8,0, m U (K)) = H (w1 (6,,), U(K)) 5 HE (8, U(K)) = WHE).
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Here, the first equality follows from mW¥(K) = K and the last two isomorphisms
follow from [1, Th. 4(2)] (with extra care about the Frobenius structure).
Since hi(K) = H!(Grg,K) is pure of weight i and h*(K) is a direct
summand of A% h#(K) is pure of weight (2p, ). Hence, WH(K) is also
pure of weight (2p, u). O

Now we construct a natural isomorphism @, W# =w,. For each K €8, the
Wakimoto filtration on W(K) gives a spectral sequence calculating V(¥ (K))
with Ej-page Vy(gr,V(K)). By (B.6),

(B.7) Vs (er, W (K)) = Vo(Ju) @ WH(K) = WH(K)

is concentrated in degree 0; the spectral sequence degenerates at Fy. The limit
of the spectral sequence gives a Wakimoto filtration on the Frobenius module
we(K) = V4 (¥(K)), which we denote by w<,. By the claim and (B.7), this
filtration refines the weight filtration w<; on we(K):

gri’wy(K) = @ gr$w¢(K).
(2p,p)=i

Since wy(K) is a Frobenius module in @ -vector spaces, the weight filtration
splits canonically. Therefore, the Wakimoto filtration w<,w4(K) also splits
canonically. This gives a canonical isomorphism @, W# = wy.

Finally, the principal nilpotent element is given by the logarithm of the
monodromy action (of a topological generator of the tame inertia group at 0)
on the nearby cycles ([16, Th. 2]) Mg : ¥(K) — ¥(K)(-1).

The action of Sdl)(k) commutes with the nearby cycle functor and therefore
commutes with the monodromy My . It permutes the Wakimoto sheaves, hence
permutes the functors W# through the action of Sé(k:) — Aut’(G) on X.(T),
and it preserves (2p, 11). Therefore the Sé(k:)—action preserves the pinning . [

Appendix C. Quasi-minuscule combinatorics

We assume G is almost simple of rank at least 2. Let 8 be the highest
root (which is a long root) and 0¥ the corresponding coroot (which is a short
coroot). The set of roots ® is partitioned into ®¢ = {a € ®|(a,0Y) = n},
n =0,+1,42, with ®%, = {0}. The roots in ® are coupled into pairs (a, 3)
with o + 5 = 6.

Let Vyv be the irreducible representation of G with highest weight #¥. The
nonzero weights of Vv are the short roots of G, each with multiplicity 1. Let
{e=32mi,2p, f = ;yi} € § be the principal sly-triple, where x; € Bay,¥i €
g,aiv are nonzero and 2p € { is the sum of positive coroots of G.
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LEmMA C.1. The following numbers are the same:

(1) dim Vv (0), where Vpv(0) is the zero weight space under the 2p-action,
and is also the zero weight space under the T-action:

(2) dim Vi, where Vi, = ker(ad(e)|Vpv);

(3) the number of short simple roots of G (the short rank r4(G));

(4) #(W6Y)/h = #{short roots of G}/h. (Here h is the Cozeter number
of W.)

Proof. Under the principal sly action, Vyv can be decomposed as a sum of
irreducible representations of sls:

rs(G)
Vov = > Sym?%(Std),

i=1
where Std is the 2-dimensional representation of sls. Since the weights of the
2p-action on Vyv are even, only even symmetric powers of Std appear in Vyv.
Since each Sym?‘(Std) contributes 1-dimension to both Vyv(0) and Vi, we
have r4(G) = dim Vpv (0) = dim V§,. This proves the equality of the numbers
in (1) and (2).

Let Vv (n) be the weight n-eigenspace of the p-action. Then

Vov(n) = > Vov ().

aVshort,(p,aV)=n

In particular, dim Vv (1) is the number of short simple roots of G. The map
e : Vpv(0) — Vpv(1) is clearly surjective. It is also injective, because if v €

Y:i.e., v is a highest weight, a

Vov(0), ev = 0 means g,vv = 0 for all simple a;

contradiction. This proves

(C.2) dim Vv (0) = dim Vv (1) = 74(G).

It remains prove that (4) is the same as the rest. The argument is similar to
that of [29, §6.7], where Kostant considered the adjoint representation instead
of Vyv. We only give a sketch. Let ¢ be a primitive h-th root of unity, and let
P = p(¢) € G. Let 4" be the highest root of G and z = e +x_,v. Then z is a
regular semisimple element in § and Ad(P)z = (z. Let G, be the centralizer
of z (which is a maximal torus). Then P € Ng(G.), and its image in the
Weyl group is a Coxeter element. Choosing a basis wu; for the highest weight
line in Sym?%(Std) C Vjv, there exists a unique v; € Vv (¢; — h) such that
uj +v; € Vg (kernel of the z-action on Vpv). Then {u; +vi};;<, () form a
basis of V%, with eigenvalues (% under the action of Ad(P).

The representation Vyv of G is clearly self-dual. According to zero and
nonzero weights under §,, we can write Vpv = Vi @ V' as Ng(G,)-modules.
Any self-duality Vpv = V5§, of G-modules necessarily restricts to a self-duality

Vi = (V&)* as Na(G2)-modules. Hence the eigenvalues of Ad(P) on Vi, are
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invariant under inversion; i.e., the multi-set {Cei}qus(é) is invariant under
inversion. This implies 3, £; = r5(G)h/2. Hence dim Vpv = (24, +1) = (h+
1)rs(G). Since the nonzero weight spaces of Vv are indexed by short roots of
G, hence by the orbit W6V, we get #(W6) = dim Vyv — dim Vyv (0) = hr(G).
This proves that (4) coincides with the rest of the numbers. O

Appendix D. The adjoint Schubert variety for G-

In this section we assume char(k) > 3. Recall (see tables in [8]) that G2
has four nonregular unipotent orbits:
e the subregular orbit containing a generic element in the unipotent rad-
ical of P_g, which has dimension 10;
e the orbit containing U,XW which has dimension 8;
e the orbit containing U”,, which has dimension 6;
e the identity orbit, which has dimension 0.

The G-orbits of Grgiv"v for G5 turns out to be closely related to these unipotent
orbits. More precisely,

LEMMA D.1. (1) There are four Ad(G)—orbits on Grtgrivvv,
Grii = Groune | |AA(G)UZ, i | |Grgt™ | [{*},

of dimensions 10,8,6 and 0 respectwely, which, under the evaluation map

ev,—1, map onto the four nonregular unipotent orbits.
(2) The morphism

v:G P>29 ( H Ug,_1) — Grgi;/v,
(8,—6V)>1 -

(g,HuB(CBT )»—>Ad (Hu5 (cgT 1)

18 a resolution. Its fibers over the G-orbits are
e v is an isomorphism over Grgypr,
o vl (uoy(r 1) = PL,
o v (u_g(t71)) is a projective cone over P! (it contains a point, whose
complement is a line bundle over P'),
o v ()2 G/Py.
(3) The morphism

VG P>7<7 ( 11 Uﬁ,—1> — Grih,
(B,=7V)=2

3n fact, Grgupr is an étale double cover of the subregular orbit; the other G-orbits map
isomorphically to the corresponding unipotent orbits. We do not need this more precise
statement in this paper.
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defined similarly as v, is a resolution of the closure of Ad(G)va’fl. Its
fibers over the G-orbits are
e v is an isomorphism over Ad(G)U*
o v ug(r 1) 2 P,
o v (%)= G/P_,.

77717

Proof of Theorem 4(2) for G = G3. By the same reduction steps as in the
case of other types, we reduce to showing

(D?) XC(GrPyrivja:(),eV*J) — —Ts(G) = —1

Step I. xc((Ad(G)U*, _)*=0,ev*J) = —1. For any short root 3, let Vj =
[1(s,8vy>2 Ugr,—1. Then the source of v has a Bruhat decomposition

P_
G X Vey= || AdU)VE
[ short root

The following Claim can be proved similarly as the claim in Section 5.6.

CramM. For a short root (3,

0 @gQ contains a simple root,

1 otherwise.

Xe(AdU)V;7 ™ ev* ) = {

Looking at the root system (o, there are 3 short roots S such that ®§2

P
does not contain a simple root. Therefore y.((G X V_)% =0 v*ev*J) = 3.
On the other hand, by Lemma D.1(3), we have

Py a=0 _ /% __ %
3=xc((G x V_ )", v ev"J)
= Xce(G/P—) + Xe(P )xe(Grgt ™=, ev* J) + x(AA(G)UX, ;)0 ev™ ).

Plugging in x.(G/P-,) = #W/W.,v =6, x.(P!) = 2 and Xc(GrterviV’a:O, ev*J)
= —1 from the proof of Theorem 4(1), we conclude that

Xe((AA(G)UX, )", ev*)) = —1.

-
Step II. x.(Gr%39, ev*J) = 0. For any long root «, let
Vo= ][] Uuw -1
(o ,aV)>1
Then the source of v has a Bruhat decomposition
P_y
G x V= || AdU)V,.
« long root

The following claim can be proved similarly as the claim in Section 5.6.
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Cram. For a long root «,

AUV ev* J) = 0 ®%, contains a simple root,

1 otherwise.
Looking at the root system Gg, « = —0 is the only long root for which <,

P
does not contain a simple root. Therefore x.((G X’ V_9)%=Y v*ev*J) = 1. On
the other hand, by Lemma D.1(2), we have

P-o =0 *
1=x:((G x V_g)* " vxev'])

=Xe(G/P-g) + Xe(P)xc(Ad(G)UZ, _1)*=", ev™J)

e (up(r ™ ))X(GEEY 0, v )+ xo(Gad, ev™ ).

Plugging in xe(G/P-0) = #W/Wy = 6, xe(P) = 2, (v (u_o(r )
= 3 from Lemma D.1(2), Xc((Ad(G)UfVﬁl)“:O,eV*J) = —1 from Step I and
Xe(Grii =0 ev*J) = —1 from the proof of Theorem 4(1), we conclude that
Xe(Graz0 ev* ) = —1.

LI . I‘iV,llZO a=! a=
Combining Step I and II, since Grfyv = Gro;0 LAd(G)UX, _1)*=Y,

subr

we get (D.2). This proves Theorem 4(2) in the case of Ga. O
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