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Klein forms and the generalized
superelliptic equation

By MICHAEL A. BENNETT and SANDER R. DAHMEN

Abstract

If F(z,y) € Z[x,y] is an irreducible binary form of degree k > 3, then a
theorem of Darmon and Granville implies that the generalized superelliptic
equation

F(z,y) =2
has, given an integer | > max{2,7 — k}, at most finitely many solutions
in coprime integers x,y and z. In this paper, for large classes of forms of
degree k = 3,4,6 and 12 (including, heuristically, “most” cubic forms), we
extend this to prove a like result, where the parameter [ is now taken to
be variable. In the case of irreducible cubic forms, this provides the first
examples where such a conclusion has been proven. The method of proof
combines classical invariant theory, modular Galois representations, and
properties of elliptic curves with isomorphic mod-n Galois representations.
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1. Introduction

A classic result of Siegel [48], from 1929, is that the set of K-integral
points on a smooth algebraic curve of positive genus, defined over a number
field K, is finite. As an application of this to Diophantine equations, LeVeque
[29] showed that if f(z) € Z[z] is a polynomial of degree k > 2 with, say,
no repeated roots, and [ > max{2,5 — k} is an integer, then the superelliptic
equation

(1) fz) =4y

has at most finitely many solutions in integers x and y. Already in a 1925 letter
from Siegel to Mordell (partly published in 1926 under the pseudonym X [47]),
Siegel had proved precisely this result in case [ = 2 (and had remarked that
his argument readily extends to all exponents [ > 2). Via lower bounds for
linear forms in logarithms, Schinzel and Tijdeman [42] deduced that, in fact,
equation (1) has at most finitely many solutions in integers x,y and variable
I > max{2,5 — k} (where we count the solutions with ' = +1,0 only once).
This latter result has the additional advantage over LeVeque’s theorem in that
it is effective (i.e., the finite set of values for x is effectively computable).

If we replace the polynomial f(z) with a binary form F(z,y) over Z (i.e.,
a homogeneous polynomial in Z[z, y|) of degree k > 3, with no repeated roots,
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then work of Darmon and Granville (Theorem 1 of [8]) ensures that the corre-
sponding generalized superelliptic equation

(2) F(z,y) =2, ged(z,y) =1

has, for fixed | > max{2,7 — k}, at most finitely many solutions in integers x
and y. That the restriction of coprimality is a necessary one is readily observed;
in case (k,l) = (3,3) or (4,2), equation (2) corresponds, generically, to a curve
of genus 1. In the proof of of Darmon and Granville, Faltings’ theorem [18]
plays an analogous role to that of Siegel’s theorem for equation (1).

In what follows, our goal is to investigate the degree to which it is possible
to generalize the theorem of Darmon and Granville to prove a result akin to
that of Schinzel and Tijdeman, valid for binary forms rather than polynomials.
That is, we wish to address the following.

QUESTION. For a given binary form F(x,y) € Z[z,y] of degree k, is the
number of integer 4-tuples (x,y, z,1) satisfying equation (2) and | >max{2, 7k}
finite?

For many quadratic forms F' (and for certain forms with repeated factors
in Z[z,y]; see Theorem 1 of [8]), the answer to this question is clearly “no.” In
general, for forms of higher degree, the problem rapidly becomes more compli-
cated — to illustrate its difficulty, it is worthwhile noting that the affirmative
answer to this question, in case

F(z,y) =ay(z+y) or z(z® —y?),

and z # 0,+1, is equivalent to the asymptotic version of Wiles’ theorem [5§],
née Fermat’s Last Theorem, and to a special case of a result of Darmon and
Merel [9], respectively.

For irreducible forms (over Q[z,y]), the only results in the literature an-
swering our question affirmatively are for certain diagonal quartic forms, such
as F(x,y) = x* + y* (together with “covering” forms of higher degree), due
to Ellenberg [16] and to Dieulefait and Jiménez Urroz [12]) (see also [2]). In
particular, there are hitherto no primitive, irreducible cubic forms for which
the above question has been addressed. A special case of the main result of
this paper (Theorem 8.4) is the following,.

THEOREM 1.1. Suppose that F(x,y) € Z[z,y] is an irreducible binary
cubic form and that Sp is the set of primes dividing 2 Ap (i.e., 2 and the
ramified primes in the associated cubic field), together with a prime at oo,
where Ag is the discriminant of F'. If the Thue-Mahler equation

3) F(x,y) € Zg,
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has no solutions in integers x and y, then there exists an effectively computable
constant ly (depending on F'), such that there are no solutions to equation (2)
in integers x,y and z, and prime | > lg. Consequently, equation (2) has at
most finitely many solutions in integers x,y, z and integer [ > 4.

Here, we denote by Zg, the set of Sp-units; that is, the nonzero integers
u with the property that if a prime p satisfies p | u, then p € Sp.

At first blush, the conditions imposed upon F' by the insolubility of (3)
appear to be extremely restrictive. In particular, since 1 € Z*SF, the above
theorem fails to apply to any GLga(Z)-equivalence classes of monic forms. In-
deed, of the 190 classes of primitive, irreducible cubic forms with |Ag| < 1000,
equation (3) has integer solutions in every case! Despite this, in Section 12,
we will sketch a heuristic that indicates that this is the law of small numbers
at play and, in fact, “almost all” cubic forms F' have the property that (3) has
no solutions in integers. In Section 9, we will demonstrate this for an infinite
family of cubic forms. A representative form of smallest absolute discriminant
to which we may apply Theorem 1.1 is

F(x,y) = 322 + 222y + 5zy® + 3y,

with discriminant Ap = —2063; there are 24 such classes of forms with (3)
insoluble and |Ag| < 10%. Tt is worth remarking, at this juncture, that there
are effective, indeed efficient, algorithms for determining all solutions to equa-
tion (3) (see, e.g., Tzanakis and de Weger [53]).

We derive analogues to Theorem 1.1 for forms of degrees 4,6 and 12 that
are somewhat less general, in that they apply only to Klein forms of these
degrees. As we shall see, the Klein forms are a density zero subset of the set
of all binary forms of degrees 4,6 and 12. For these forms, the finiteness of
solutions to (2) is a consequence of the abc-conjecture (over Q) of Masser and
Oesterlé. For more general irreducible forms, this does not seem to be the
case and one must apparently combine a version of the abc-conjecture, valid in
number fields (as in Elkies [15]), with some careful descent arguments.

The results of this paper may be viewed as an attempt to develop meth-
ods for solving Diophantine equations, arising from the modularity of Galois
representations, which exhibit greater flexibility than those currently in the
literature. In particular, we wish to illustrate that such techniques are not
simply limited to ternary equations akin to the generalized Fermat equation.
Our method of proof of Theorem 1.1 and related results proceeds via construc-
tion of Frey or, if you like, Frey-Hellegouarch curves over Q, corresponding to
putative solutions to equation (2) for Klein forms F(z,y) of index n. Here,
2 < n < 5 is an integer; the case n = 2 is that of nondegenerate cubic forms.
Typically, in such matters, one is led to study arithmetic properties of weight 2
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cuspidal newforms of fixed level N. Previously, the combination of the pres-
ence of one-dimensional forms at level N (equivalently, elliptic curves E/Q
of conductor N), with the absence of rational isogenies for the given Frey-
Hellegouarch curve, has provided a substantial barrier to progress. What is
novel in the present paper is that we are able to overcome these difficulties
by exploiting the fact that the Frey-Hellegouarch curves corresponding to a
fixed Klein form have constant n-torsion (equivalently, isomorphic mod-n Ga-
lois representations). In a certain sense, this property is stronger than the
existence of a rational n-isogeny and plays an analogous role in our proofs to
that of the latter in, for instance, [9].

The outline of this paper is as follows. In Section 2, we discuss the nec-
essary background information from classical invariant theory and define the
notion of a Klein forms. Section 3 details the connection between Klein forms
and elliptic curves. In Section 4, we describe how to attach families of Frey-
Hellegouarch curves to Klein forms. Section 5 is a brief summary of (well-
known) results on Galois representations arising from elliptic curves.

In Section 6, we introduce the fundamental new observation, key to the
proof of Theorem 1.1, that the families of Frey-Hellegouarch curves defined
in Section 4 possess, for a fixed Klein form F' of index n, constant n-torsion.
Together with technical hypotheses, this enables us to eliminate the possibility
of the corresponding mod-I Galois representations arising from modular forms
of dimension 1 at certain levels IV for suitably large prime [. Section 7 contains
the information we require from an effective version of the Chebotarev density
theorem to quantify this last statement. In Section 8, we appeal to the so-
called modular method, based upon modularity of the canonical mod [ Galois
representations associated to our Frey-Hellegouarch curves, together with level-
lowering, to state our main results.

The remainder of the paper is devoted to discussing the applicability of
the results of Section 8. In particular, in Sections 9, 10 and 11, we appeal to
our main theorem to answer our question on the finiteness of solutions to (2)
affirmatively for families of binary cubic, quartic, sextic and duodecic (degree
12) forms. As a sample of the results from these sections, we have

THEOREM 1.2. If a is an integer such that a®> + 9a + 81 is squarefree and
neither a nor —a—9 is in the set {—4,8,22,31}, then the Diophantine equation
323 — az’y — (a + 9)xy® — 3y> = 2"
has at most finitely many solutions in nonzero integers x,y,z and n, with

ged(z,y) =1 and n > 4.

This provides an infinite family of forms F' satisfying the hypotheses of
Theorem 1.1. The proof of Theorem 1.2 is by no means straightforward. In-
deed, it requires the solution of an infinite family of Thue-Mahler equations;
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as far as we are aware, this is the first “nontrivial” such family to be solved
where the corresponding set of nonarchimedean primes is unbounded (in both
cardinality and height). Additionally, the techniques of Section 9 are quite
distinct from those of the remainder of the paper and may be of independent
interest.

In Section 12, we discuss heuristics that indicate that Theorem 1.1 is ap-
plicable to a density one subset of the set of all cubic forms. The remaining
sections are of a less speculative nature, being concerned with the specialization
of our arguments to diagonal forms (Section 13), and with explicit computa-
tions and examples (Section 14), chosen to illustrate the utility of our methods.

2. Klein forms

2.1. Some invariant theory. We will begin by describing a number of re-
sults from classical invariant theory; these are well covered in Klein [25] or
Hilbert [23]. More recent references for what we require along these lines are
the book of Olver [36] and, from a more arithmetic perspective, the thesis of
Edwards [14], corresponding article [13] and the survey of Beukers [3].

Our starting point is a topic central to invariant theory in the 19th century,
namely the theory of invariants and covariants for binary forms. Let F' €
Ql[z,y] be such a form, say

k
F(z,y) =) aid" 'y,
i=0

and M = ( Z Z ) € GL2(Q). Then by taking

(FoM)(z,y) = F(ax + by, cx + dy),

we obtain a right action of GL2(Q) on the set of nondegenerate binary forms
over Q of given degree k. Suppose that C is a form in z and y with co-
efficients that are homogeneous polynomials over @ in the coefficients of F,
(g, 14 . .., ap); we write C = C(F) to emphasize its dependence on the
form F. Call C(F) a covariant of F if there exists an integer p > 0 such
that
C(FoM)=det(M)PC(F)o M
for all M € GLo(Q). We define p to be the weight of the covariant C. If a
covariant I depends only on the coefficients (g, a1, ...,ax) and not upon x
and y, so that
I(FoM)=det(M)PI(F),

we call I an invariant of weight p for the form F'.

A theorem of Gordan [20] from 1868 asserts, given a fixed degree k, the
existence of a finite set C1,Cy, ..., C; of covariants such that every covariant
of a binary form F of degree k is a polynomial over Q in the C;’s. (Such a
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set is nowadays termed a Hilbert basis.) For binary forms of degrees 3,4,6
and 12, there are in fact the following numbers of independent invariants and
covariants:

degree 3 4 6 12
# invariants |1 2 5 109
# covariants |4 5 26 949

In the simplest case (at least for our purposes), that of cubic forms, the invari-
ants are, up to scaling, just powers of the discriminant of the binary form

Ar = 18 apayaparg + a%a% — 27 a%ag — 4aga§ — 404?1’043.

The independent covariants may be taken as Ap (which has weight 6), the
form F itself (of weight 0), the Hessian of F, i.e., the quadratic form

2

1| F, F
‘ ey :(3a0a2—a%)azQ—|—(9a0a3—a1ag)my—l—(?)alag—a%)y

H(l‘a y) = 1 me Fyy

(of weight 2) and the Jacobian determinant of F' and H, in this case the cubic
form
F, F,

G(Q},y) = ’ H, Hy

(of weight 3). Here, as is customary, Fy, F, etc., refer to corresponding partial
derivatives. Connecting all four covariants, one has the syzygy

(4) 4 H(z,y)® 4+ G(x,y)? = =27 Ap F(z,y)%

It is this last identity (and its analogues) that we will exploit for Diophantine
purposes.

For forms F' of degree k > 3, we must narrow our focus considerably as,
in general, we are unable to deduce a ternary relationship akin to (4). Let us
define binary forms F,(z,y) for n = 2,3,4 and 5 as follows:

(5) By(z,y) = zy(z + ),
Fy(x,y) = y(® +¢%),
Fy(z,y) = zy(a* +y*),
Fy(z,y) = ay(a" — 112%° — 7).

These forms arise in Klein’s classification of the finite subgroups of Autg (IP1)
(see [25]), where Fy, F3, Fy and Fj are homogenizations of polynomials whose
roots correspond to the vertices of an equilateral triangle, tetrahedron, octahe-
dron and icosahedron, respectively, after projection to the complex plane. We

call F' a Klein form if F = F,, o M for some n € {2,3,4,5} and M € GLy(Q);
the integer n is uniquely determined by the Klein form and is termed its indez.
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As it transpires, via a classic theorem of Gordan [21], if F' is a binary
form of degree k > 3 with nonzero discriminant, then F' is a Klein form pre-
cisely when the fourth transvectant 74(F) vanishes. Transvectants are a class
of covariants that are typically defined via either direct appeal to the repre-
sentation theory of SLs and the Clebsch-Gordan formulae, or through the use
of differential operators (see, e.g., Olver [36]). We will not provide an explicit
definition for 74(F") in general (the interested reader is directed to Appendix A
of [14]), but instead will note that 74(F") = 0 is equivalent to the simultaneous
vanishing of certain quadratic forms in the coefficients of F. If F' is cubic, then
T4(F') is, in fact, identically zero. Otherwise, writing

k
(6) Fz,y) = aa" 'y,
1=0

we have 74(F) = 0 for a form of degree 4, precisely when
(7) 12904 — 3aqaz + a2 = 0.
For forms of degree 6, if ag # 0, then 74(F') = 0 is equivalent to
(8) 10 gy — 5ajaz + 203 =0,
25 agas — b ajay + asag = 0,
50 agag — 2 a0y + a% = 0.

Finally, for forms of degree 12, again if ag # 0, then 74(F') being identically
zero is equivalent to the simultaneous vanishing of the following nine quadratic
forms:

(9) 44 agory — 33 a3 + 1503,
95 apgas — 22 ajay + 6 azas,
330 apag — 55 aras — 20 ey + 18 a2,
95 gy — b asas + 2 aizayy,
440 agag + 5d ajar — 30 asag — S agas + 8 ai,
198 agag + 44 vyag — 5 gy — 6 asag + 3 agaus,
660 agaig + 198 apag + 16 avag — 19 sy — 2 g + 5 a?),
3630 agary1 + 1320 vy + 270 aocvg — 52 aegarg — 45 gy + 25 s
and
217802 4+ 907501 11 + 26700019+ 171azarg — 284asag — 250507 4 TH02.

For forms of degree 6 and 12, there are additional conditions in case ag = 0;
we have little need for them here. We direct the reader to Appendix A of [14]
for details.
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It follows from (7), (8) and (9) that a Klein form with ag # 0 is entirely
determined by the values of its first four coefficients «q, a1, as and as. We will
refer to this fact frequently in the sequel and, here and henceforth, adopt the
shorthand

k
(g, 1, g, 3 = Z oz iyt
i=0
for a Klein form of degree k. One may note, if ag # 0, that a quadruple
of rationals («g, a1, g, a3) corresponds, via scalar multiplication, to precisely
one Klein form F(z,y) € Z[x,y] of each degree k € {3,4,6,12}, with positive
leading coefficient. Supposing «; € Z for each ¢ = 0, 1,2, 3, however, does not
guarantee that the associated Klein form («v, a1, ag, as)y is actually in Z[x, y].

2.2. The syzygy. Our main purpose in studying Klein forms is that certain
of their covariants satisfy a ternary relationship, closely analogous to (4). This
will prove important in the sequel for our construction of Frey-Hellegouarch
curves corresponding to solutions to (2). Let F' be a Klein form of degree
k € {3,4,6,12} and index n = 6 — 12/k. As in the case k = 3, we define the
Hessian of F' as

1
(k—1)2

Fxx ny

(10) H(x,y) =
ny Fyy

and the Jacobian determinant of F' and H by

1 | R F
1 — |7
) Glz.9) k—2‘Hm H,

Then, analogous to (4), one has the classical syzygy
(12) 4H(z,y)* + G(z,y)* = dpF(z,y)"

for certain d, € Q. If F(z,y) € Z[z,y], then the same is true of G(z,y) and
H(z,y), and d,, is, in fact, a nonzero integer. Specifically, we can write

(13) dp = =235,
where 4, is an integer satisfying
(14) Ap = cpdt /0

and iy, j, and ¢, are as follows:

2103 1

3/810 -3
414 |3 |28
51813 |5%.
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Equation (14) determines d,, and hence d,, uniquely, if n = 2 or n = 4, and
up to sign if n = 3 or n = 5. For the sake of completeness, we will provide
an expression for §, in terms of the coefficients of F' (see, e.g., Appendix A of
Edwards [14]). Write our Klein form F(x,y) € Z[z,y| as

F(z,y)= az® + bay + cxy? + dy?,
F(z,y) = ax* + brdy + 3ca’y? + dry® + ey?,
F(z,y) = ax® + b’y + 5eay? + 10dz3y® + 5exy* + fxy® + gy°
and
F(z,y) = ax'? +ba'y+ 11ex' 0y +55da’y’ + 165ea®y* +66 f27y° +11ga"°
+66ha’y” +165izy® +55523y” + 11k2?y'® + Loyt +my'?

for index 2, 3,4 and 5 respectively, where a,b, ¢, ..., m are integers. (The local
conditions for index 3,4 and 5, such as the fact that ao is divisible by 11, in
case n = 5, are immediate consequences of (7), (8) and (9).) Then we have

5o = b%c? — dac® — 4b3d + 18abed — 27ad* = Ap,
83 =8ace + bed — ad® — eb® — 263,
64 =—15d%> + 10ce — bf + 6ag.

There is no such polynomial expression for d5, but since we have (a,b) # (0,0)
for a Klein form, d5 can always be obtained from the identities

5ad5 = 2ag — Tbf + 140ce — 105d2,
5005 = —420de + 126¢f — bbg + 84ah.

For future use, we will have need of the following result.

PRrOPOSITION 2.1. The resultant of a binary form F' of degree k with its
Hessian H satisfies

(15) Res(H(z,y), F(z,y)) = (—1)* A%,
Proof. To prove this, we begin by considering the identity

(k—1)(Fp Fy—xyH)=kFyF,

readily established by equating coefficients. It follows that
Res(F, Fy Fyy) = Res(F,zy H)
and hence
Res(F, F;) Res(F, F,)) = Res(F,z) Res(F,y) Res(F, H).
Without loss of generality, we may assume that F(1,0)F(0,1) # 0. Since
Res(F, F,) = (=1)**=D/2p(1,0)Ap
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and
Res(F, F,) = (~1)*¢=D/2F(0,1)Ap,
while
Res(F,z) Res(F,y) = (—1)*F(1,0) F(0,1),
we obtain (15). O

3. From elliptic curves to Klein forms (and back)

There is a strong connection between Klein forms and elliptic curves,
whose arithmetic consequences we wish to exploit. Let us consider an elliptic
curve in Weierstrass form

(16) E : >+ aizy+ asy = 22 + aox? + asx + as,
where the a; lie in Q, say. Define, as usual,

by = a3 + 4as,

by = 2a4 + ayas,

bg = a% + 4asg,

bg = a%a(; + dasag — ajazay + a2a§ — a?l

and, for integer n > 2, let

@)= J[ (z—zp)
{P,-P}CE[n],
ord(+P)=n

denote the monic (division) polynomial with roots the x-coordinates of the
points of E with exact order n. One readily checks that

ApE (x) = 423 + bya® + 2byx + b,
3% (x) = 32 + boa® + 3bya? + 3bga + bs,
20 (1) = 225 + boa® + 5bya? + 10ba> + 10bgx? + (bobg — babg)x + babg — b3
and
5f () = 32¢h5tpa — 273
For technical reasons, we will have use of a slightly modified version of & (z):
YE (2) = 212 4 byt + 114210 4 55b62” + 165632 — 66(bybg — bobg)z”
4+ 11(—bobybg — 15b% 4 babg + 10bsbg)x® — 66(bobZ — babybg + bebs)x®
— 165(bgb2 — babgbg +5b3)x* — 55(5b3 — 6bsbebs + bab3)z>
— 11(bobg — 2bababgbs +21b3bs + b3b3 — 25b4b3 )z
+ (—b3b3 4 20b4b3 + 2b3babebs — 46bab2bg — bisba + 30bobyb2 4 95b6b2)
— bobyb} +25bg + 2b3b2bg — 56b4bibg — b3babs 4 27bobgbs — 125b3.
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The polynomials £ and 155 are not unrelated; one can, in fact, show that they

have the same splitting field. We associate to the polynomials 2 (z) (n = 2,3
and 4) and to ¥¥ (), binary forms, via homogenization:

VP (x/y)y'? ifn=5.

For a singular curve E given by (16), we define forms K2 by the the same

VE(z/y)y*  if n=2,3 and 4 for k = 3,4 and 6, respectively,
Kf@w)Z{ ”

polynomial identities. If we denote by
Ap = —b3bg — 8b3 — 27b2 + babybg
the discriminant of E and by A, the discriminant of the form (6 — n)KF (for
n =2,3,4,5), then a direct computation yields
2'AR if n =2,
—33A%  ifn =3,
—28A%  ifn=4,
5%A%  ifn=5.

Our motivation for introducing the forms KZ is provided by the following
result.

PrOPOSITION 3.1. Let E be an elliptic curve over a number field L, and
letn € {2,3,4,5}. Then KF € Lix,y] is a Klein form. Conversely, if F(z,y) €
L[z, y] is a Klein form of index n with F'(1,0) # 0, then there exists an elliptic
curve E/L such that

(18) F(z,y) = F(1,0) K (z,y).

Proof. To show that K” is a Klein form, one checks that the conditions for
the vanishing of the fourth transvectant 74(K %) are satisfied; this is a short
calculation, using the relation 4bg = by bg — b7. Furthermore, from (17) we
immediately obtain that Kf is nondegenerate, which concludes the proof that
KF is a Klein form.

Conversely, from the explicit equations for the vanishing of the 74(F')
(i.e., from (7), (8) and (9)), we observe that the coefficients of F(z,y) =
Zf:o a;xF 'y’ are uniquely determined, via recursion, from the first four,
ag, a1, e, ag, provided ag # 0. We define E as in (16), with a; = az = 0
and

a1 oz o3 e
(ao’ao’ao) if n=2,

3o a2 a3 : _
(02,01, ag) = { V1o 3o dag) 10 =3
? (041 az _as ) fn=4
200 5ag? 20a0 rn=4,

aq a2 a3 H —
(4(10’ 2200 220a0) if n =75,
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whereby (18) holds. It remains to check that the discriminant of E' is nonzero.
This follows directly from (17) and the fact that the discriminant of a Klein
form is, by definition, nonzero. O

Under the multiplication by two map on F, the points of order 4 are,
naturally enough, mapped to points of order 2. This is expressed, at least at
the level of z-coordinates, by the identity

(19)  KZP(z* — bya?y® — 2bgay® — bgyt, dy KL (x,y)) = KF (x,y)2.

As a consequence of this, if F' is a Klein form of index 4, there necessarily
exists a Klein form G of index 2, and quartic forms p and ¢, all defined over
the same field as F, for which F(z,y)? = G(p(z,y),q(x,y)). The forms G,p
and ¢ are readily obtained from (19). (If F(1,0) = 0, one needs to apply a
suitable linear translation.) Note that if the sextic form F'(z,y) € Z[z,y], the
same need not be true for the corresponding cubic form G(z,y).

4. Frey-Hellegouarch curves for Klein forms

We construct Frey-Hellegouarch curves for Klein forms F(z,y) € Zlz,y]
by exploiting the fact that an elliptic curve in short Weierstrass form

V2=X%+aX+b
has discriminant
—24(4a® + 270%).
Multiplying identity (12) by 33, we find that
4(3H(z,y))® +27G(z,y)? = 33d, F(x,y)",
whereby the Frey-Hellegouarch curve
(20) E.y : Y?=X?*4+3H(z,9)X + G(z,y)
has discriminant
A(z,y)=—2"- 3°(4H (z,y)’ + G(z,y)?)
= —21.334,F(z,y)".
From the formulae for d,, (13), we may thus write
(21) Az, y) =24 334ns, Bz, y)™

Other fundamental quantities associated to F, ,, which we record for later use,
are

04(:U>y) = _24 ' 32H(£L‘,y),
CG(xv y) = 725 : 33G(l‘7 y)
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and

728_in . 33_j7LH(‘/1:7 y)3

(22 ) = =

When we specialize (z,y) in (20) to integers (xo,yo) with F(xo,yo)#0,
we obtain an elliptic curve Ey, ., over Q (given via a short Weierstrass model
over Z). For our purposes, it is important to understand arithmetic properties
of B, for arbitrary (x,y), not just those satisfying the generalized superelliptic
equation (2).

From the equation for A(z,y), it is immediate that if F' is a Klein form
of index n with F(1,0) # 0, then E; g is an elliptic curve; the Klein form
Ko (x,y) associated to it is simply the original Klein form F' up to scaling
and a linear change of variables. Specifically, we have (as can be verified via

any computer algebra package)

E 1
(23) Knl’o(l',y):;OF(.’L‘—qu,k‘OzOy),
where k = 12/(6 — n).
In practice, we will typically consider quadratic twists of (20), chosen to
minimize its conductor, when (z,y) are specialized to a solution (zg, yo) of (2).
The quadratic twist of (20) by ¢ € Q* is denoted by Eg?)J, ie.,

EY 0 Y? =X+ 3H(z,y)t*X + G(z,y)t>.

We will choose t such that E;f)),yo has good reduction outside primes dividing
nAp F(xo,y0); to demonstrate the existence of such a twist, we will derive
explicit (minimal) models for Eg(ctg/ in the next two sections and Appendix A.1
(though, for simplicity, in case n = 5, our models are not necessarily minimal

at 2).

4.1. Twisting and minimization at 3. For forms of index n € {2,4,5}, we
can actually remove the factor 33t7» = 36 in the discriminant A(z,y) of the
Frey-Hellegouarch curve (20) as follows. Let us define T'(x,y) to be a1z — asy,

if n =2, a1a* — awxdy + agxy® — asy?, if n =4 and

a1z — ana®y + gy — asa®yt + araty® — aga®y” + arory’ — a1y,

if n = 5. Then translation by T'(z,y), and twisting over Q(v/3), transforms
(20) into a model for E;(UBZ), given by

T2+HX+T3+3TH+G

24 Y2 = X3+ TX?
(24) + T3 27



KLEIN FORMS AND THE GENERALIZED SUPERELLIPTIC EQUATION 185

It is relatively easy to show that (T2 + H)/3,(T? +3TH + G) /27 € Z[z,y], in
each case. Fundamental quantities associated to (24) are

(25) A(z,y) = 2" 5, F(z,y)",
C4($7y) = _24H(xay)a C6(xay> = _25G($7y)

and

_98~in [ (1. 1)3
(26) o) = =% )

Note that if we specialize  and y to (coprime) integers here, the resulting

model over Z need not be minimal at 3.

4.2. Twisting and minimization at 2. For Klein forms with index n €
{3,5} and odd discriminant Ag, we can remove the factor 24%in = 212 from
A(zo,y0), again through choice of suitable twist.

LEMMA 4.1. Suppose that F is a Klein form of degree 4 or 12, with Ap

odd. Then, for any coprime xo,yo € Z with F(xo,y0) # 0, either the model
(20) for Ey

corresponding t = £1, there exists a Weierstrass model over Z for Eg(cto),yO with
cy = —32H(zo,90), A =315, F(z,y0)"-
Proof. For a form F as in (6), with k = 4, we twist (20) by (—1)°, where

oo OT its twist by —1 is not minimal at 2. In particular, for the

(27)

5= 1 ifa; =1 (mod4)or ag =—1 (mod 4),
0 ifa;=-1(mod4)oras=1 (mod4).

Note that assuming Ap (and hence d3) to be odd is equivalent to
(28) ajazas + apas + ajag = 1 (mod 2),

which guarantees that at least one of o or ag is also odd, while (7) ensures
that o1 and a3 are distinct modulo 4. The interested reader can find further
information (including minimal models) for Klein forms of degree 4 in Appen-
dix A.1. We omit the (gory) details of the degree 12 case; they are essentially
similar (if much longer). O

It is worthwhile to note that the minimization of the valuation of the
conductor at the prime 2 can be done independently from that at 3.

4.3. Frey-Hellegouarch curves: conclusions. Combining our models from
the preceding subsections, we arrive at a general result on primes dividing the
minimal discriminants of the F, ,. Here and henceforth, let us denote by Sg
the set of primes dividing n Ag, together with the prime at oo. Furthermore,
we define, for a nonzero integer m, v,(m) to be the largest power of p dividing
m and set, for m,n € Z\ {0}, vp(m/n) = vp(m) — vp(n).
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PROPOSITION 4.2. Let F(z,y) € Z[x,y] be a Klein form of index n, with
corresponding family of Frey-Hellegouarch curves Ey , as given by (20) and let
x0, Yo be coprime integers with F(xg,yo) # 0. Then there exists t € {£1,+3}

such that for all primes p & Sp we have that Ef(c?vyo is semistable at p and

Vp(Amin(Eg(ptO),yo)) = an(F(x07 ZUD))

Proof. This follows from the preceding formulae for ¢4 and A, together
with Proposition 2.1 and the well-known fact that if a Weierstrass model over
Z for an elliptic curve E has p ¢4 or pt A for a prime p, then F is semistable
at p and the model is minimal at p. O

5. Galois representations attached to E/Q

Let £/Q be an elliptic curve and n a positive integer. By pZ we denote
the mod-n Galois representation Gg — GL2(Z/nZ) induced by the natural
action of the absolute Galois group Gg = Gal(Q/Q) on the n-torsion points
E[n] (and the choice of a basis for E[n]). Recall the following standard result.

PROPOSITION 5.1. Let E/Q be an elliptic curve with conductor N, n a
positive integer and p a prime. If p4 nN, then pff is unramified at p and

Trace(pE (Frob,)) = a,(E) (mod n),
Det(pZ (Frob,)) =p (mod n).

In case n is prime, combining the theorem above with the Chebotarev
density theorem and the Brauer-Nesbitt theorem, we obtain the following well-
known result.

PROPOSITION 5.2. Let E and E' be elliptic curves over Q and n be prime.
Then the semisimplifications of p¥ and pgl are isomorphic if and only if, for
all but finitely many primes p, we have a,(E) = ap(E') (mod n).

Since we desire to apply this result with n € {2,3,4,5}, we require some-
thing analogous to Proposition 5.2 for the case n = 4. More generally, for
n = [¢ a prime power, we can replace the Brauer-Nesbitt theorem by Carayol’s
partial generalization [5, Th. 1] for representations over local rings (Z/I°Z in
our case), at the cost of assuming absolute irreducibility for the corresponding
residual mod-I representation.

PROPOSITION 5.3. Let E and E' be elliptic curves over Q, and let n = [°
for some prime | and positive integer e. Suppose that plE and plE/ are absolutely
irreducible. Then pZ and pfl are isomorphic if and only if, for all but finitely
many primes p, we have ap(E) = ap(E’) (mod n).
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6. Moduli of elliptic curves: constant n-torsion

As it transpires and crucially for our arguments, the Frey-Hellegouarch
curves associated to the Klein forms of index n actually describe families of
elliptic curves with constant n-torsion. Before we make this more precise, we
introduce, following Fisher [19], some terminology.

Definition 6.1. Let K be a number field, E and E’ be elliptic curves over
K and n be a positive integer. We call E n-congruent to E’ if there exists an
isomorphism 1 : E[n] — E'[n] of Gal(K/K)-modules that respects the Weil
pairing; i.e., for all P,@ € E[n], we have

en(¢(P)a¢(Q)) = 6n(Pa Q)

We call E reverse n-congruent to E' if there exists an isomorphism v : E[n] —
E'[n] of Gal(K/K)-modules that reverses the Weil pairing; i.e., for all P,Q €
E[n], we have

en(¥(P),%(Q)) = en(P, Q)"

For our purposes, it is quite straightforward to classify elliptic curves that
are n-congruent to our Frey-Hellegouarch curves.

PROPOSITION 6.2. Suppose that F' € K[z,y] is a Klein form of index
n € {2,3,4,5} with F(1,0) # 0 and corresponding family of Frey-Hellegouarch
curves B, . Let E be an elliptic curve over K. Then E is n-congruent to F1
if and only if E is isomorphic over K to E,, for some z,y € K.

Proof. Up to some scaling and linear changes of variables, this is immedi-
ate from Theorem 9.4 of Fisher [19] (see also Rubin and Silverberg [40], [41],
and Silverberg [49]). O

In case n = 2, this characterization provides us with all we require, since,
for elliptic curves E and E’ over K, we have E[2] ~ E'[2] as Gal(K /K ) modules
precisely when F and E’ are 2-congruent. The analogous statement for n > 3,
however, is no longer true in general. Indeed, suppose that E/Q is an elliptic
curve and n > 3 an integer. Write Y (n) for the functor from Q-schemes to
sets which is determined by denoting by Yz (n)(K) the set of isomorphisms
classes (E’, 1), where E’ is an elliptic curve over K and v : E'[n] — E[n] is an
isomorphism of Gal(K /K )-modules. There exists, then, an affine curve Yg(n)
over Q representing the functor Yz(n), with the property that Yz(n) decom-
poses over Q into ¢(n) smooth absolutely irreducible affine curves Yga(n), one
for each a € (Z/nZ)*. Let e, denote the Weil pairing. Then the K-rational
points on the (moduli) curve Yga(n) correspond to pairs (E’ 1) as above,
but with the extra condition that the isomorphism v : E’[n] — E[n] satis-
fies e, (Y (P),¥(Q)) = en(P, Q)% The multiplication by b € (Z/nZ)* map
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on E[n] induces an isomorphism between Yga(n) and Y. (n), whereby in
order to determine all elliptic curves E’ such that E[n] ~ E'[n], it suffices
to restrict attention to the moduli curves Yga(n) with a € (Z/nZ)* distinct
modulo ((Z/nZ)*)?. In particular, for n = 3 and 4 (that is, for Klein forms
of degrees 4 and 6), it suffices to consider both n-congruent and reverse n-
congruent curves to a given Frey-Hellegouarch curve. In the case of index
n = 5, we must treat not only 5-congruent curves, but also curves arising from
Ypa(5) for one nonsquare value of a modulo 5, say a = 2.

6.1. Curves with isomorphic n-torsion. Suppose that F' € Q[z,y] is a
Klein form of index n with F/(1,0) # 0. To complete the classification of all
elliptic curves F/Q with n-torsion isomorphic to the Frey-Hellegouarch curve
E, o corresponding to F', we begin by defining a companion (Klein) form F' by

F if n=2,4,
(29) F={H if n =3,
(A,B,11C,55D)2 ifn=>5

where, for n =5, we write F' = (a,b, 11¢,55d)12 and set

A = —27(7b5 — 504ab’c + 11072a%b*c* — 64000a°c® + 1024ab3d
— 36864a3bed 4 110592ad?),

B = 1620(b* — 24ac)*(b® — 36abc + 216a2d),

C = —162(b* — 24ac)(3b° — 216ab*c + 4288a2b*c* — 12800a°c?
+ 896a°b3d — 32256a3bed + 967680 d?),

D = 108(b® — 36abc + 216a%d) (b® — 72ab*c + 1472ab*c? — 5632033
+ 256a2b3d — 9216a°bed + 27648ad?).

Remark 6.3. A more canonical choice, in case n = 2, would be to define
F = G. For our applications, however, this provides no advantages (and
introduces some minor complications).

To a companion form F, we associate a family of elliptic curves Exy as
follows. If n = 2, we simply take Ez y = By y. For n = 3, we define Em .y to be
the following twist of the standard family of curves associated to F:

Eyy @ Y?2=X?4+2%.363 F(z,y)X — 2°05G (2, y).
In this case, the corresponding discriminant and j-invariant are given by

—21233 53 F(x,y)3

(30) A(x’y) = 212 : 33 5§ H(l’,y)3 and 5(-’13,?/) - H(x,y)3
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Note that here we have
j(z,y)j(z,y) = 17282

For n = 4, we define E%y = Eg(c,_yé“). Our motivation for introducing EN’WJ (in
case n = 3 or 4) is apparent in the following result.

PROPOSITION 6.4. Let F' € Qlx,y] be a Klein form of index n € {3,4}
with F'(1,0) # 0 and corresponding family of curves E, . If E/Q is an elliptic
curve, then E is reverse n-congruent to F1g if and only if E is isomorphic
over Q to Em,y for some coprime x,y € Z.

Proof. This can be found, modulo scaling and a linear change of variables,
in [19, p. 22] (after observing that —A(x,y)/d4 is a square). O

Since —1 is a square modulo 5, the property of being reverse 5-congruent
is equivalent to that of being 5-congruent. To complete our classification of
curves with isomorphic n-torsion to Ejg, it remains, then, to find elliptic
curves corresponding to the rational points on Yga(5) for some nonsquare a,
modulo 5, say a = 2. Let j; and j denote the j-maps from Xg(5) and Xpg2(5),
respectively, to X (1). We wish to relate jf to js. For this purpose, we introduce
the map J : X (1) — X (1) given by
j(j% — 14565 — 3670016)3

(=77 +4096)°
(—j + 1728) (52 — 132052 + 90439685 + 1073741824)2

= _ 1728.
(—7j + 4096)5 +

BL) JU)=

In [7, p. 86], it is shown that, for a rational point P on Xpg(5), we have
J(j5(P)) = j5(P’) for some rational point P’ on Xp2(5).

Now consider the Klein form F' = (a,b, 11¢, 55d)12, where we assume that
a # 0, and as usual write j(z, y) for the j-invariant of the family £, , associated
to F' (which we identify with j5). Denote by E’m’y the corresponding family of

curves associated to the companion form F, i.e.,
B, Y%= XP 1+ 3H(F)(z,9)X + G(F)(x,y),

and let j(x,y) denote its j-invariant. It is straightforward to check that
J(5(1,0)) is the image of a rational point under j(z,%) (and hence this j-map
can be identified with j1). It follows that some twist of E;a,y is the family
of elliptic curves corresponding to the rational points on the modular curve
X E%O(S). We denote this twist by E~x’y. For any given duodecic Klein form
Fe Z[z,y], it is a simple matter to explicitly write down the correct twist;
in practice, we actually only need its j-invariant, which is, of course, given by

j(x,y) above. We summarize.
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PROPOSITION 6.5. Let F' € Q[x,y] be a Klein form of index n = 5 with
F(1,0) # 0 and corresponding family of curves Ey ,, and let E/Q be an elliptic
curve. Then E is isomorphic over Q to Ex,y for some coprime x,y € Z if and
only if there exists a Gal(Q/Q)-module isomorphism ¢ : E[5] — E[5] for
which, for all P,Q € E[5], we have e, (¥ (P),¥(Q)) = e, (P, Q)?.

For n = 2,3,4 and 5, we can now describe all elliptic curves with isomor-
phic n-torsion to a given one.

THEOREM 6.6. Let F' € Q[z,y] be a Klein form of index n € {2,3,4,5}
with F(1,0) # 0 and corresponding families of curves E,, and Ex,y- Let E/Q
be an elliptic curve. Then E[n] ~ Ej o[n] as Gal(Q/Q)-modules if and only if
E is isomorphic over Q to E,, or Ex,y for some integers x,y (which can be
taken to be coprime if n # 2).

Next, we define Sp = Sz = {p:p|nAz}U{co}. A direct computation
gives
Ap/en ifn=2,4,
Agpfen =< (26Ap/cy)? if n =3,
(2198.39 . F(1,0)"9Ar /c,)?  if n = 5.
This yields
Sr if n=2,4,
(32) Sp=1{SpuU{2} if n =3,
SpU{p:p|6F(1,0)} ifn=>5.

We conclude this subsection with a straightforward but useful result.

LEMMA 6.7. Suppose that F' € Z[x,y] is a Klein form of index n with cor-
responding families of curves E, , and E~m7y. Write j(x,y) for the j-invariant
of Eyy and j(z,y) for the j-invariant of Ez,y. Let E/Q be an elliptic curve
of conductor Ng € L, with j-invariant jg. If j& = j(x,y) for some coprime
integers x,y, then F(z,y) € Zs,. If jr = j(x,y) for some coprime integers
x,y, then F(x,y) € Z*gF.

Proof. Let us suppose that jg = j(x,y) for coprime integers z,y, and
assume that F(z,y) ¢ Z5,. (The case where jp = j(x,y) is handled in a
similar fashion.) There thus exists a prime p for which p | F(z,y) and p { nAp.
From the explicit equation for j(x,y), together with Proposition 2.1, it follows
that vp(j(z,y)) < 0 and hence E has bad reduction at p. We conclude that
Ng ¢ Zg,,, a contradiction. O

(t)

For future reference, as in the case of E, ,, we define, for t € Q*, Em,y to
be the quadratic twist of £, , by t.
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6.2. Irreducibility and ramification properties. The explicit formulae for

our families of elliptic curves F,, associated to a Klein form F' of index n
0

imply that the corresponding Klein form Kf "% is, up to a linear change of
variables, a constant multiple of F (see (23)). This provides useful information

about the irreducibility of pfz’y.

PROPOSITION 6.8. Let F' € Q|x,y] be a Klein form of indexn € {2,3,4,5}
with F'(1,0) # 0. Consider the family of elliptic curves E, . If F' is irreducible,

z,y

then for any coprime integers x and y, the mod-n Galois representation pg
is trreducible. Moreover, if n € {2,3,4}, then, for any such x and y, pf”'y 18
irreducible precisely when F' has no linear factor over Q.

Proof. Because the mod-n Galois representations are constant on the fam-
ily E,,, it suffices to check irreducibility for (z,y) = (1,0). For n = 2,3 and

Y is irreducible

4, the modular curves Xy(n) and X;(n) coincide, whereby p,}fl’
if and only if /%"° has no linear factor over Q. By construction, this is equiv-
alent to KnE Y% having no linear factor over Q. Since this form is a constant
multiple of F', up to linear change of variables, the desired result follows for
n = 2,3 and 4. In case n = 5, the irreducibility of F forces the field Q(E[5],)
to be “large,” in the sense that Gal(Q(E[5]/Q)) is not contained in a Borel

Y

subgroup; i.e., p?“’ is irreducible. O

Remark 6.9. If a Klein form F of index n = 5 is reducible, it could still

¥ is irreducible. In

happen that the corresponding mod-5 representation p5E
any particular case, this is easy to determine by checking whether or not E1 o
has a rational 5-isogeny.

Since pf*y ~ pf”’y, we immediately conclude that the above proposition
also holds with the families £, , replaced by Ex,y. Furthermore, irreducibility
is not affected by taking quadratic twists, so E,, can also be replaced by any

quadratic twist of F,, or E, ,.

In light of Proposition 5.3, we would also like to have a criterion for the
residual mod-2 representation associated to pf”’y to be absolutely irreducible.

PROPOSITION 6.10. Let F' € Q[x,y] be a Klein form of index 4 with
corresponding family of Frey-Hellegouarch curves E, . If F' has no factor of
degree < 2 over Q and 04 is not a square in Q, then for any (nondegenerate)
x,y, the mod-2 Galois representation pfz’y 1s absolutely irreducible.

Proof. If E/Q is an elliptic curve with a rational 2-torsion point, then
¥ () necessarily has a factor of degree < 2 over Q. Further, if p¥ is irre-
ducible, but not absolutely irreducible, then Ag is a square in Q. Arguing as
in the proof of Proposition 6.8, the result follows. U
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Although the conductor of Eg(cti associated to a Klein form of index n may
)

contain many primes not dividing n Ap, the ramification of Q(Egy [n]) can still
be restricted in a satisfactory manner, using Tate curves.

PROPOSITION 6.11. Let F' € Z[z,y] be a Klein form of index n, x and y
integers with F(x,y) # 0, and let t € Z \ {0} be such that Eétg, is semistable
0

Y

outside Sy. Then the representation pg’”’ is unramified outside primes dividing

nAp.
(®)

Proof. By Proposition 4.2 the minimal discriminant of Ey3 is an n-th
power, up to primes dividing n A, and at primes not dividing n Ap the elliptic
curve has good or multiplicative reduction. A simple application of the theory
of Tate curves now gives the proposition. O

7. The Chebotarev density theorem

Our goal in this section is to effectively bound the smallest prime p with
ap(E1) and a,(E,) distinct, given two elliptic curves E;/Q and E3/Q with
Ei[n] # Es[n]. To do this, we appeal to an effective version of the Chebotarev
density theorem, due to Lagarias, Montgomery and Odlyzko [27].

THEOREM 7.1 (Lagarias, Montgomery, Odlyzko). Let K/Q be a nontrivial
finite Galois extension with Galois group G, and denote by dy the absolute
value of the discriminant of K. Let C be a conjugacy class of G. Then there
exists a (rational) prime p such that Frob, = C and

logp < ¢1 logdg,
where c1 is an absolute effectively computable constant.

Proof. See [27, Th. 1.1]. O

Note that the prime p referenced in Theorem 7.1 is necessarily unramified
in K. For our purposes, however, we require somewhat more, namely a prime
p with Frob,, corresponding to a given conjugacy class, but also lying outside a
specified finite set of primes S, containing all the ramified primes. The need for
this stems from the fact that if K = Q(E[n]), where E/Q denotes an elliptic
curve with conductor N, then we wish to work with primes p { Nn; but not
all primes dividing Nn are necessarily ramified in Q(E[n]).

It is worthwhile observing at this juncture that, under the assumption of
the Generalized Riemann Hypothesis, the upper bound in Theorem 7.1 can be
improved to

p < ¢ log® dp,
where ¢y is another absolute constant. (See Serre [43]; one may take cp = 70.)
In fact, in [43], one finds an argument that enables one to obtain (again under
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the assumption of the Generalized Riemann Hypothesis) a bound of the shape

2
p<cs[K:QP <log([K :Q)) + Zlog(q)> :
qes
for the smallest rational prime p with Frob, = C, satisfying the additional
condition that p € S, for S a finite set of primes containing those primes that
ramify in K. Here c3 is again an absolute constant. (One can take c3 = 280.)
In a similar fashion, we may derive the following variant of Theorem 7.1.

THEOREM 7.2. Let K/Q be a finite Galois extension with Galois group G
of degree n > 1, and denote by dg the absolute value of the discriminant of K.
Let S be a finite set of primes, including those primes that ramify in K, and
let C be a conjugacy class of G. Then there exists a (rational) prime p & S
such that Frob, = C and

logp < 1 nlog2+nZlogq+2logdK ,

q€S
qfdk

where c1 is the same absolute effectively computable constant as in Theo-
rem 7.1.

Proof. Define K’ = K(1/£D), where D is the product of the odd primes
in S that fail to ramify in K and the sign is chosen so that dg is minimal
under the restriction that 2 ramifies in K’ if 2 € S and fails to ramify in K.
Arguing as in [43, pp. 135-136], we deduce the inequality

dgr < 2%dy ] ",

q€s
qfdk

whereby an application of Theorem 7.1, with K replaced by K’, together with
standard properties of Frob,,, provides the required bound for p. [l

COROLLARY 7.3. Let K/Q be a finite Galois extension with Galois group
G of degree n > 1, and denote by dx the absolute value of the discriminant
of K. Let S be a finite set of primes, including those primes that ramify in
K, and let C be a conjugacy class of G. Then there exists a (rational) prime
p & S such that Frob, = C and

logp < kn »_ logg,
q€eSs
where Ky, is an effectively computable constant depending only on n = [K : Q.

Proof. As is well known, there exists an effectively computable constant
C,,, only depending on n such that for every prime ¢ | dg, we have v, (dx) <C,,.
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(Indeed, denoting by Dg the different of the extension K/Q, this follows easily
from the facts that drx = [Normg (D )| and vq(Dr) < e—1+4(e) for every
prime q of K with ramification index e for the extension K/Q.) The result is
now immediate from Theorem 7.2. ]

An application of this corollary leads to our desired result on nonisomor-
phic mod-n Galois representations associated to elliptic curves.

PROPOSITION 7.4. Let E1/Q and E5/Q be elliptic curves with conductors
Ny and Na, respectively, where N1 | No. Let n = I for some prime | and
positive integer e, and write p; = p¥ for i = 1 and 2. Suppose that py is
unramified outside primes dividing nN1, that ps is irreducible and, if e > 1,
that plE2 s absolutely irreducible. If p1 % po, then there exists a prime p with
p1nNy, for which both

Trace(pi1(Frob,)) # Trace(pa(Froby)) (mod n)

and

(33) logp < kn Y loggq,
qlnN1
where Ky, 1s an effectively computable constant only depending on n. In partic-
ular, for this prime p, we have p | Ny or ap(E1) # ap(E»).
Proof. Consider the (continuous) homomorphism
Gal(Q/Q) — GL(2,Z/nZ) x GL(2,Z/nZ)

given by

0= (P1(0)7P2(‘7>)7

and denote by H its image and by K the fixed field of its kernel. Then K/Q
is Galois, unramified outside S := {p : p | nN1}, and we can and shall identify
its Galois group with H. Propositions 5.2 and 5.3 guarantee the existence of
an element (a,b) € H with

(34) Trace(a) # Trace(b) (mod n).

By our version of the effective Chebotarev density theorem, i.e., Corollary 7.3,
we conclude that there exists a prime p ¢ S such that p satisfies (33) and (a, b)
is a Frobenius element above p. Thus, from (34),

Trace(p1 (Froby)) # Trace(pa(Froby)) (mod n).

The last statement of the proposition follows immediately, since if p { Ny (we
already know p { nN1), then Trace(p;(Froby))=a,(E;) (mod n) fori=1,2. O
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8. The modular method

Having constructed Frey-Hellegouarch curves from our Klein forms, with
corresponding mod-/ Galois representations having suitable ramification prop-
erties, it is relatively straightforward to translate this information into a state-
ment about congruences between modular forms.

PROPOSITION 8.1. Let F' be a Klein form of index n, and suppose that
o, Yo and zg # 0 are integers such that

(35) F(z0,90) = uo 2, ged(zo,y0) = 1,

where ug € Zg, and l > 163 is prime. Denote by Ny the conductor of the

corresponding Frey-Hellegouarch curve Ey = E;E«g)%, with t chosen so that Ey
is semistable outside Sg. Then pFO is modular of level

(36) No= T peo,
plnAp

In particular, there exists a newform f of level Ny, weight 2 and trivial char-
acter, whose coefficients lie in a number field K¢, and a prime £ C Ok, lying
above 1, such that for all primes p with pt [Ny,

(37) ap(f) = ap(Ep) (mod £),
while for those primes p with p{INy and p | Ny, we have
(38) ap(f)=x(p+1) (mod £).

Proof. Via work of Breuil, Conrad, Diamond and Taylor [4] (building on
that of Wiles [58]), we have that p;° is modular of level Np. Since [ > 163, we

0

may appeal to a result of Mazur [31] to conclude that plE is irreducible. Now

% is modular of level

by level lowering (Ribet [38], [39]), the representation p;”
No/N', where N’ is any product of primes p for which Ey has multiplicative
reduction at p and [ | vp(Amin(Ep)). Proposition 4.2, together with (35),
now immediately show that we can take Ny/N’ to be equal to Ny, as given
by (36). One might note that Nj is not necessarily the Serre level of the
representation plEO; for the applications we have in mind, this is not especially
important. Congruences (37) and (38) are well known and follow, essentially,

from comparing traces of Frobenii. O

To apply a result of the flavour of Proposition 8.1, one would like to
extract as much arithmetic information as possible from the congruences (37)
and (38). In the most optimistic of worlds, they can be used to deduce an
outright contradiction, at least for [ suitably large. The simpler situation,
though paradoxically the one that leads to the worse bound for [, is when the
newform f (whose existence is guaranteed by Proposition 8.1) is nonrational,
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i.e., when Ky # Q. For such a newform f of level N, we know by a result of
Kraus [26, Lemme 1] that a,(f) € Z for some prime ¢ < (N/6) [T,n(1+1/p).
In the interests of keeping our exposition reasonably self-contained, and since
the result will lead to subsequently cleaner statements for our upper bounds,
we will sharpen this slightly.

LEMMA 8.2. Let f be a newform of level N. If for some positive integer
n, an(f) € Z, then ay(f) & Z for some prime qJ[N with ¢ < B(N), where

(39) V) = I1(1+ ) - IS () +

p|N a=0

Here, [a/2] denotes the greatest integer < a/2.

Proof. From the classical theory of modular forms, we know (by appealing
to Riemann-Roch or simply by integrating over the boundary of a fundamen-
tal region) that for a nonzero modular form g of weight & with respect to a
congruence subgroup I', we have

(40) Zup SL(2 7) : 4T).

Here, the sum is over a fundamental region (for the action of I') of the extended
upper half plane. (One must be careful in defining the multiplicities vp as they
can be nonintegral at elliptic points and irregular cusps.)

Now suppose that a,(f) € Z for some positive integer n. Then g = f — f
is nonzero for some conjugate f of f (which is also a newform of level N).
Since I'g(N) has no irregular cusps (or since the weight of g is even) and g is
a cuspform, we have vp(g) > 1 at all cusps P. By applying (40), we obtain

1
Vieo(g) < E[SL(2,Z) : To(N)] — #{cusps of To(N)} + 1.
Further, we have the well-known formulae
[SL(2,Z): T =N]] (1 + 7>
pIN
and
vp(N)
#{cusps of Ty(N)} = H Z 10) (p[a/2]> )
p|N a=0
It follows that a,(g) # 0 (equivalently, a,(f) & Z) for some positive integer n

satisfying n < B(N). Since f is a newform, we may assume that n is prime
and also that n { N (since a,(f) € {1, 0} for primes p | N). O

Combining the preceding two results, we have

ProPOSITION 8.3. Let F' be a Klein form of index n and suppose that
xo,Yo and zo # 0 are integers satisfying (35) where ug € Zg, andl > 163
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is prime. If the newform f whose existence is guaranteed by Proposition 8.1
has the property that [Ky : Q] > 1, then there exists an effectively computable
absolute constant ¢ such that

(41) logl < ¢ < H p2> Z log p.

PESF PESF
Proof. If ¢ is prime, coprime to [Ny, then it follows from (37) and (38)
that the (rational) prime [ divides either
Normpg g (aq(f) — aq(Eo)) or Normpg /g (aq(f) F(¢+1)),

depending on whether ¢ does or does not divide Ny, respectively. If these
norms are nonzero, the Hasse-Weil bounds thus imply that

(42) < (L+ )P e,

Applying Lemma 8.2, we find that a4(f) ¢ Z (whereby the norms above are
nonzero) for some prime ¢ not dividing N, with

vp(N1)
o< T () - I X o) +
pIN1 pIN1 a=0

Since N necessarily divides 2835 [lpese\{2,3) p?, it follows, after a little work,

that
1+,/q<2* 3 H Vplp+1).

pESF\{2,3}
If ¢ = [, this implies (41), as desired. If ¢ # [, then combining this inequality
with the fact that

[Kf Q] < dlm(SneW( )) < % <28 . 35 H p2> _ 26 ,34 H p2,

pESF\{2,3} peSF\{2,3}

where the second inequality follows from Martin [30, Th. 2], we may thus
conclude that

logl < 27 . 3% ( H p2> log <24 .32 H \/M) )

peSF\{2,3} peSr\{2,3}
and hence (41). O

8.1. The main theorem. Collecting what we have proved so far, we obtain
the principal result of this paper.

THEOREM 8.4. Let F' be a Klein form of index n € {2,3,4,5} and Sp
denote the set of primes dividing n Ap, together with the archimedean prime.
Suppose that F is irreducible (in case n = 2 or 5), or that F contains no
linear factors over Qlz,y| (if n = 3), or no linear or quadratic factors over
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Q[z,y] (if n = 4). If n = 4, further assume that 04, as given in Section 2,
is not an integral square. To F, we associate a corresponding family of Frey-
Hellegouarch curves E,, as well as a companion form F, family of curves
Exyy and set of primes Sp. Let ug € Zy,., and suppose that (35) has a solution
in integers xg,yo and (necessarily nonzero) zy and prime l. Let Ny be the
conductor of Ey = E;E;ﬂyo, where t is chosen such that Ey is semistable outside

Sk, and let Ny be given by (36). Then one of the following occurs:

(i) there exists an effectively computable absolute constant ¢ such that in-
equality (41) holds, or

(ii) there exist integers x1 and yy for which

B B (t) S
pp " =p°, N(E )= N1 and F(z1,y1) € Lgy, or

z1,Y1

(iii) there exist integers x1 and y1 for which
(t)

pfwl,m ~ PF07 N(E(t) )= N1 and F(x1,y1) € Z*SF.

xr1,Y1

Proof. Let g, yo and 2y be integers and [ a prime, satisfying equation (2).
Without loss of generality, we may suppose that [ > 163. Appealing to Propo-
sition 8.1, we deduce the existence of a weight 2 newform f, of trivial character
and level N1 € Z§, given by (36), satisfying pFO ~ plf . In case f is not rational
(i.e., [Kf : Q] > 1), inequality (41) is immediate from Proposition 8.3. If, on
the other hand, f is rational, let us denote by F the elliptic curve corresponding
to f via the Eichler-Shimura relation.

If Eg[n] # En| (as Galois modules), we may apply Proposition 7.4 (where
we appeal, for the irreducibility conditions, to Propositions 6.8 and 6.10 and,
for the ramification condition, to Proposition 6.11). Together with the Hasse-
Weil bounds, this result immediately implies (a stronger version of) inequal-
ity (41).

If Ey[n] ~ E[n], then, from Theorem 6.6, E is necessarily isomorphic over
Q to either Eg(;tl),y1 or Eg(g?,yl, for some integers x1 and y;. The remaining parts
of (ii) and (iii) therefore follow from Lemma 6.7. O

We note that sometimes additional methods may be applied to show that

EY) B ) B
we cannot have p, ™" ~ p or p, """ ~ p° and thereby treat the cor-

responding superelliptic equations (for large enough prime exponents). An
example where we can carry this out through a simple comparison of images
of inertia is given in Remark 10.3. Other arguments involving elliptic curves
with complex multipication can be found in Section 13.

An immediate corollary of Theorem 8.4, from which Theorem 1.1 is a
direct consequence (in case n = 2), is the following.



KLEIN FORMS AND THE GENERALIZED SUPERELLIPTIC EQUATION 199

COROLLARY 8.5. Letn € {2,3,4,5}, and suppose that F(x,y) € Z[z,y] is
an irreducible Klein form of index n with companion form F. If n = 4, suppose
also that 04 is not the square of an integer. If the Thue-Mahler equations

F(z,y) € Zg, and F(x,y) € Z*S‘F
each have no solutions (in coprime integers x,y), then the generalized superel-
liptic equation
F(z,y) =2, ged(z,y) =1
has at most finitely many solutions in integers x,y, z and I, provided we have
30 — 7n}
6—n J°

We should remind the reader that F = F in case n = 2 or 4. The

remainder of this paper is devoted to exploring applications of Theorem 8.4

[ > max {2,

and Corollary 8.5. In particular, we will attempt to demonstrate that their
attendant hypotheses are frequently, perhaps usually, met.

9. A cubic family

In Section 12, we will sketch a heuristic indicating that Theorem 1.1 is
applicable to “almost all” cubic forms. Our goal in this section is to provide
an explicit infinite family of cubic forms F' that satisfy the hypotheses of The-
orem 1.1. To achieve this, we will exhibit a family of forms for which the
corresponding Thue-Mahler equations (3) possess no solutions whatsoever. To
our knowledge, no infinite family of Thue-Mahler equations with corresponding
set of (noninert) primes S of unbounded cardinality, has hitherto been com-
pletely solved (though treating families of Thue equations or inequalities has
become relatively commonplace; see, e.g., [28] and [56]).

Let us define

(43) Fop(z,y) = ba® — az’y — (a + 3b) zy® — by,
where a and b are coprime nonzero integers, so that
(44) Ar,, = (a® 4 3ab + 9b*)*.

It follows that a cubic field corresponding to a root of F, ;(x,1) = 0 is Galois
and cyclic; indeed, all cyclic cubic fields arise in this fashion (see, e.g., [57]).
The existence of a nontrivial automorphism for these forms will prove helpful
in the sequel; to be specific, we have

(45) Fa,b('rvy) = Fa,b(*x - Y, .T) = Fa,b(ya —T — y)

An advantage of working with forms of this shape is that the method of
Thue-Siegel may be used to deduce good “irrationality measures” for the roots
of the equation Fpp(z,1) = 0. Such an approach to solving corresponding
Thue inequalities has been carried out in [28], [56] and [55]. In case b = 1, the
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forms Fy, 1(x, y) have been termed the simplest cubic forms (with corresponding
simplest cubic fields). For our purposes, since we wish to find forms F' for
which equation (3) is insoluble, it is clear that we cannot take b = 2¥ for any
nonnegative integer k (or else F'(1,0) € Z, ). Choosing b = 3 (we can obtain
a similar result for any fixed b # 2*), we prove the following.

THEOREM 9.1. Let a be an integer such that a®+9a+81 is squarefree and
S be the set of primes dividing 2 (a® + 9a + 81), together with an Archimedean
prime. If neither a nor —a — 9 is in the set {—4,8,22,31}, then the Thue-
Mabhler equation

(46) 323 — ax?y — (a+ 9)xy? — 3y° € Z§

has no solutions in integers. In these exceptional cases, the solutions to (46)
are as follows:

a £(z,y) Fag(z,y)
—40 | (=25,2),(2,23), (23, —25) +1
—31| (=19,2),(2,17), (17, —19) +109
~17 (=5,1),(1,4), (4, —5) +7
-5 (=2,1),(1,-2),(1,1) +1
—4 | (=1,-1),(-1,2),(2,—1) +1

8 (—4,-1),(=1,5), (5, —4) +7
22 | (=17,-2),(-2,19), (19, —17) | +109
31 | (—23,-2),(-2,25),(25,-23) |  +1.

Applying Theorem 1.1 (since, as we shall see, F, 3(z,y) is irreducible in
Q[z,y]) immediately yields Theorem 1.2

It is worth noting that the arguments employed in [28], [56] and [55] do
not lead to Theorem 9.1 directly. Indeed, in the course of proving this result,
one encounters Thue inequalities of the shape

(47) [Fap(z,y)| <k,

with & larger than can be handled by direct application of the techniques of,
1/4

say, [55] (i.e., of size A};/fb rather than Ap ).

9.1. From Thue-Mahler equations to Thue equations. One property of the
forms Fyp(x,y), though a simple observation, is key to the proof of Theo-
rem 9.1. From (44), Ap, , = 6%, where § = a® 4 3ab+ 9b*. We have

LEMMA 9.2. Let a and b be coprime integers and p prime with pt3b. If 3
does not divide v,(0), then, for every x,y €Z with Fyp(x,y) =0 (mod prr(0)+1),
we have (z,y) = (0,0) (mod p).

Proof. Using the fact that p { b and the homogeneity of F, ;, it obviously
suffices to prove that f(z) = F,4(2,1) = 0 (mod p*»(®+1) has no solution with
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x € Z. To see this, define h(z) = f"(x)/2 = —a + 3bz, so that we have the
relation

(48) 270 f(x) + (2a + 3b + 3h(z))d = h(z)>.

Together with the fact that Res(2a + 3b,0) = 27, if there exists an integer z
with p*»()+1 | £(x), then necessarily p*»()+1 | §. This proves the lemma. [

Remark 9.3. If 3| 1,(0), then it can easily happen that f(z) has roots in
Zy. Take, e.g., b =3 and a = 848. Then ¢ = 7313163 and f(z) had three
roots in Zy. (In the cubic number field defined by f(x), the prime 7 splits
completely.)

Remark 9.4. If v,(0) = 1, then f(x) is a translate of an Eisenstein poly-
nomial at p (and hence irreducible over Q). Indeed, let ¢ € Z satisfy f(t) =
f'(t) =0 (mod p) and write

Fly+1) =0y +h(t)y” + f'(t)y + f (D).
By (48), we have p | h(t) whereby, from Lemma 9.2, p? { f(¢) and hence f(y+t)
is Eisenstein in y at p.
We will suppose, here and henceforth, that b = 3 and, since

Fa,3(x7 Z/) = Ffa79,3(_y7 _x)
that, without loss of generality, a > —4. We will also assume a? + 9a + 81 to

be squarefree. Lemma 9.2 thus enables us to conclude, for coprime x,y, and p
a divisor of a® 4+ 9a + 81, that we have

Fa,3($a y) ?_é 0 (mOd pz)'

Since further, F, 3(z,y) = 1 (mod 2), it follows that F, 3(z,y) € Z% is equiv-
alent to F, 3(z,y) dividing a? + 9a + 81. In other words, our family of Thue-
Mabhler equations has been reduced to a number of families of Thue equations.
Theorem 9.1 will now follow from resolving the equations

(49) 32> — any — (a+ 9)353/2 — 3y3 =k,

where k | a® + 9a + 81.

Before we proceed, it is worth noting that the restriction to values of a for
which a?+9a+81 is squarefree is not too severe. Indeed, as a simple application
of sieving, together with the observation that a? 4+ 9a + 81 = 0 (mod p) is
solvable precisely when the Legendre symbol (_?3> =1, we have

1 2 2
lim—lgagn:a2+9a+81issquarefree‘:f H (1——),
n—oo n, 3 p

p=1 (mod 3)

where the product is over primes p. In particular, a® + 9a + 81 is squarefree
for rather more than 90% of a = £1 (mod 3).
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9.2. Solutions as convergents. In this subsection, we will show that solu-
tions to (49) correspond to convergents in the infinite simple continued fraction
expansions to the roots of Fy, 3(z,1) = 0. To simplify our subsequent arguments
somewhat, we first apply standard computer algebra packages (either Pari/GP
or Magma have routines for solving Thue equations) to treat small values of a.

ProprosiTION 9.5. If —4 < a < 5000 and there exist integers x,y and k
satisfying (49) with k > 1 and k | a® + 9a + 81, then we have a,x,y and k as
follows

a | k (z,9)

4 1 (—1,-1),(—1,2), (2, —1)
8 | 7 (—4,-1),(—1,5), (5, —4)
22 | 109 | (=17,-2),(=2,19), (19, —17)
31| 1 | (=23,-2),(~2,25),(25,—23)
56 | 3721 | (—13,—1), (—1,14), (14, —13).

Remark 9.6. The computation indicated here takes a surprisingly long
time in Magma. A (much) faster way to carry out such a calculation, at least
for a of moderate size, would be to appeal to Corollary 9.10.

We will assume, from now on, that ¢ > 5000 and that x and y are coprime
nonzero integers with

(50) y>0, —y/2<z<y and zy(x+y)Z0 (mod 3).
Equivalently, (z,y) are of the form
. . y—1 .
(z,y)=(y—375,y), j=1,..., {T} , y==£1 (mod 3), ged(y,j) = 1.

To see that this is without loss of generality, note that, for a cubic form F,
we have F(—z,—y) = —F(z,y), whereby we may assume y > 0. Appealing
to (45) and noting that F, 3(1,1) = —2a — 9 fails to divide a* + 9a + 81 for a
coprime to 3 leads to the desired inequalities. (This essentially follows along
the lines of Lemma 10 (b) of [28].) Since we suppose that x,y and a satisfy
(49) where k | a® 4+ 9a + 81, necessarily xy(x + y) is coprime to 3 and thus

x ||
92 - - 3~ | = 53

y yl  3y°
where 01 < 03 < 63 are roots of F, 3(x,1) = 0. Via Newton’s method, we have,
for a > 11,

(51) &

0 — =
Y

—1-3/a< b < -1,
—3/a < 0y < —3/a+ 18/a*
and
a/3+1<03<a/3+1+4/a.
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We will actually study 62 much more carefully later. For our purposes, how-
ever, since (50) implies that —1/2<xz/y <1, the above inequalities are enough
to yield

x 2k
(52) 92 —— < ‘73‘
Y ay
Our goal at this stage is to show that z/y is a convergent in the continued frac-
tion expansion to #2. From classical theory, this is certainly the case if we have
T 1

0y — —| < —.
yl 292

If we have, say, |k| < 10a, then it follows that x/y is a convergent to 6y if
y > 40. For the values of y < 40, there are precisely 171 corresponding pairs
(x,y) satistying (50). For each such pair, Fj, 3(z,y) is a linear polynomial in a
with integer coefficients; computing its resultant with a®+9a+81, we find that

Res,(Fos3(2,y),a* + 9a + 81) = 3° R®

for some positive integer R = R(z,y). We thus have that Fj 3(z,y) divides
R (again using that a? + 9a + 81 is squarefree). For the cases of x,y under
consideration, since we assume a > —4, this can occur only for
(‘T’y> ‘ Fa73(w7y) ‘ R
(—1,5) 20a — 153 7
(—2,19) | 646a — 14103 | 109
(—2,25) | 1150a — 35649 | 193,

where Fy, 3(z,y) divides R for a = 8,22 and 31, respectively.

Let us now suppose that |k| > 10a, with a > 5000 and y > 40. To handle
these larger values of k requires a new approach. We appeal to (a special case
of) work of Hoshi and Miyake [24] (see also [35]).

THEOREM 9.7 (Theorem 5.4 of [24]). If m and n are rational numbers,
then the splitting fields over Q of the polynomials 3 —ma? — (m+3)z —1 and
23 —nz? — (n+ 3)x — 1 coincide precisely when there exists z € Q such that
either

m(z3 —32—1)—92(z + 1) m(z3 4322 —1)+3(z% - 32— 1)

"= mz(z+1)+23+322 -1 orn=- mz(z+1)+ 234322 -1

Writing m = a/3 and n = a;/3 for integers a and a1, and putting z = y/x
for x and y coprime integers, we have

COROLLARY 9.8. Ifa and ay are integers, then the splitting fields over Q
of the polynomials F, 3(x,1) and Fy, 3(x,1) coincide precisely when there exist
coprime integers x and y such that

(a® 4+ 9a + 81)zy(x + y)

a1 =a+ or —a1—9=a+

(a® 4+ 9a + 81)zy(x + y)
Fa,3(x7 y) .

Fa,3 (l’, y)
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Since, for a putative solution to equation (46), Fy 3(z,y) divides a® + 9a
+ 81, it follows that

(> +9a+81)xy(z+y)

Fos(z,y)
is an integer. From the fact that a? 4 9a + 81 is assumed to be squarefree, we
have that the discriminant of the associated cubic field is also (a? + 9a + 81)2.

This is a consequence of the fact that every prime dividing a squarefree a? +
9a + 81 necessarily ramifies in this field. We may thus conclude that

ay =a-+

a® + 9a + 81| a? + 9a; + 81,
whereby
a®>+9a+ 81| (a—ai)(a+a; +9).
Writing a® +9a +81 = F, 3(z,y) - M and noting that ged(F,3(z,y), zy(z +7y))
divides 3 (and hence is equal to 1), we thus have

(53) 2a+94+ Mzy(z+y) =0 (mod F,3(x,y)).

Since xy(z + y) is even, the left-hand side of (53) is necessarily nonzero, and
SO

(54) 2a+9 + May(z +y)| 2 |Fus(z,y)].

We will use this inequality to show that, in this case as well, z/y is a convergent
to 6.

To begin, notice that if z > 0, then

|Fos(z,y)| = az’y + (a+9)zy® +3(y° — 2%) > azy(x +y),

while
a® + 9a + 81 (z+)
—ay(x ,

10a Y 4

contradicting (54) and the assumption a > 5000. We may thus assume the
inequality —y/2 < x < 0, so that

(55)  |Fus(z,y)| > alz|y? — ax®y — 3(y° — 2%) > alz|y® — ax?y — 273 /8.

|May(z +y)| <

We will treat small and large values of |x| separately. If |z| < 54, then either
y < 20|x| (which leads to a finite set of pairs (x,y), which we treat as previ-
ously; we find no new solutions to (49)) or we have y > 20|x| and hence, with
the first inequality in (55),
19
[Fus(@y)| > 55 alzly® = 3(y° - 2%).

If we further suppose that y < alz|/4, then —1/2 < z/y < —4/a and so, via
our inequalities upon the 6;, Fy, 3(z,y) is positive. We have

1 3
Fa,g(l',y) > g a\:c|y2 - S‘x‘g > TﬁayQ,
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where we have used that y > 40, —54 < x < 0 and a > 5000. It follows from
(54) that

3
max {2a + 9, |[Ml[zly(z +y)} = 4 ay®

and hence

3
16 W < IM|lzly(z +y) < 54|M|y?

i.e., |M| > a/288. Recalling that F, 3(x,y)M divides a® 4+ 9a + 81, we thus
have )
o M| < 16(a +9a+81)7
288 3ay?
contradicting y > 40 and a > 5000.
For the values of x with —54 < z < 0, we may thus suppose that y >
alzx|/4. For x < 0 fixed, it is a routine exercise in calculus to show that

F, 3(z,y) is monotone decreasing as a function of y in the interval [a|z|/4, c0).

Writing © = —xz¢ where zg € {1,2,4,...,53} and setting a = 3ag + i for
i €{1,2},
Fa3(—x0, apzo + 5) = c2ag + c1aq + co,
where
co = (6 +i)zd — 323s, ¢1 = —izy + (155 + 2is)xd — 65%x¢
and
co = —3xy — iszd + (is* + 9s%)zo — 35°.

If zg > 4, it is easy to check that
Fo 3 (=0, aoxo + 2x0 + [izo/3]) > a® + 9a + 81
and
F, 3 (=20, agzo + 20 + [izo/3] + 1) < —(a® + 9a + 81),
and hence we may assume that xo € {1,2}. In case z¢p = 2, we have that
Fo3(=2,2a0 +i+2) = (24 —4i)ad + (—4i* +20i + 72)ag + (—3° +4i* + 364 +24)
and

Fo3(=2,2a0 +i+5) = (—4i—12)ad + (—4i* — 28i)ag + (—i® — 115 — 15i +51),

and so
Fo3(—2,2a0 +1i+2) > a® + 9a + 81
and
Fo3(=2,2a0 +i+5) < —(a® + 9a + 81).
We have

Fo3(—=2,2a0 +i+3) = (12— 4i)ad + (—4i* +4i + 72)ag + (—i® — i* 4+ 33 + 57)
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and
Fo3(—2,2a0 4 i +4) = —4iaf + (—4i% — 12i + 48)ag + (—i® — 6i% + 16i + 72)
where, since xz and y are coprime, we necessarily have i = 2 and 7 = 1, respec-
tively. Computing

Res,, (4a3 + 64ag + 111, 9a3 + 39ag + 103) = 109*
and

Resg, (4a2 — 32a¢ — 81,943 + 33ap + 91) = 109%,
it follows that 4a? + 64ag + 111 or 4a3 — 32ap — 81 divides 109, a contradiction.

In case zg = 1, arguing as before we find that
|Fus (—1,a0 +5)| > a® + 9a + 81,

provided j < —1 or j > 6. We compute, for each j € {0,1,2,3,4,5},
Resqy (6 + 1 — 35)ad — (5% — (154 2i)j + i)ag + (9 +14)5° — ij — 3, (3ao +1)?).

In each case, we find this to be of the form 72 where T' < 91, again contradicting
a = 3ag + 7 > 5000.
We may thus assume |z| > 54. It follows from (53) that

|Mzy(x +y)| > |Fus(z,y)| — 2a — 9 > a|z|y? — az’y — 27y /8 — 2a — 9,
and so
\Mzxy(z + y)| > alz|y®/2 — 27y /8 — 2a — 9.
If y < 2|z|a/27, then a|z|y?/2 — 27y®/8 > a|z|y? /4, and so
|May(z +y)| > alaly®/4 — 2a — 9 > alaly®/5
since y > 40. On the other hand, |M| < a/10 4+ 9 + 81/a, whereby
|May(z +y)| < alz|y*/9.
We thus have y > 2|z|a/27 > 4a, and so x/y is a convergent to 6.

9.3. Applying the method of Thue-Siegel. Our work in the preceding sub-
section led to the conclusion that x/y is a convergent in the continued fraction
expansion to #o. To reduce this to a finite problem, we appeal to an irrational-
ity measure for 62, derived from the method of Thue-Siegel.

THEOREM 9.9 (Theorem 2.9 of [55]). Let a and b be positive integers with
a > 31b%, and suppose that Fyp(0,1) = 0 with —1 < 0 < 0. Then if p and q
a—i—%b

9.0q > we have

are integers with q >

1

D
-2 > —
‘ q‘ 7 A by
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where
Lo (Va?+3ab+96%) +0.83 )
= <
log (a + %b) —2logb—1.3
and

2.47\*
c(a,b) = 17.43Va? + 3ab + 9b? ( 7) :

b2
With care, we can improve this result slightly, but it is adequate for our

purposes. It implies the following.

COROLLARY 9.10 (Theorem 2.10 of [55]). If a and b are positive integers
with a > 31b*, k is a positive integer, and if x and y are nonzero integers

3
satisfying (47), with —1/2 < z/y <1 and y > max {a;_roib, Y. 1.5&2} , then

B 2.47\?
> < 18.34 (17) k,
where X 1s as in Theorem 9.9.

Applying Corollary 9.10 with k& < a? +9a+ 81, together with the fact that
A in Theorem 9.9 is decreasing monotonically for suitably large values of a, we
may readily compute that

y<a'® if a > 5000,
y<a®® ifa>10%
y <a'® ifa>10°,
y<a*® ifa> 106

9.4. Continued fraction expansions to 6. From our preceding arguments,
x/y = pn/qn for some convergent in the simple continued fraction expansion
to 03, where ¢, is bounded above by the upper bound for y at the end of the
previous subsection. For 5000 < a < 10%, we compute the continued fraction
expansion for 0y using Pari/GP and verify that Fj3(pn,q,) fails to divide
a? +9a+ 81 in each case. To treat the remaining values of a > 10° (and hence
¢n < a*%), we begin by noting that we can explicitly compute the first few
terms in the simple continued fraction expansion

92 = [ao;al,ag, .. ] .

Specifically, applying Newton’s method, we find that, at least for a > 86,

(-1,1,[%2] 2,1, [%53])  ifa=1 (mod 3),
(-1,1,[=82] 1,2, [%5H])  ifa =2 (mod 3).

(ap,a1,a2,as3,a4,as) = {
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Here [z] denotes the greatest integer < x. It follows that the first few conver-
gents p,/q, to O2 are given by
1 2 3

L[] [P aes[ep]

==
= o

Y1

and

10 1 1 3
U1 14 [¢2]7 24 [¢2] 54 3[ef2]
for a =1 (mod 3) and a = 2 (mod 3), respectively.
If we suppose that z/y is a convergent to 6y for which F, 3(z,y) divides
a®? + 9a + 81, then, since this latter quantity is squarefree and coprime to 3,
we have that both (z,y) = £(pn, qn) for some n, whereby Fj 3(pn, qn) divides
a’® + 9a + 81, and that

(56) Pndn(Pn + ¢n) Z 0 (mod 3).

We note that condition (56) is not satisfied for n € {0,1,4}. Writing a = 3j+s
for s € {1,2}, we have that

Fyjis3(p2,q2) = Fyja3(—1,7 +2) = s5° + (35 +6)j + 25 + 9,
and hence F, 3(p2, g2) | a® + 9a + 81 precisely when
5524 (35 +6)7 +2s+9 divides 952 + (65 +27)j + s> + 95 + 81.
A short calculation shows that this does not occur. Specifically, we have that
(13 —4s) F3j11,3(p2, q2) > a® + 9a + 81,

and hence necessarily a?49a+81 = M F3j41.3(p2, q2) for some integer M with
1 < M <12 — 4s, whereby

(9— Ms)j% + (65 +27— (3s +6)M)j+ s> +9s+81 — (25 + 9) M = 0.
This equation has no rational roots for the given choices of M and s. Since
F3i13(ps, q3) = Faj13(—2,25 + 5) = —45% + 325 + 81
and
Fyjy23(p3:q3) = Fj13(—1,7 +3) = —5° +j +9,

we can argue similarly to conclude that z/y = p, /g, with n > 5. To show
that, in fact, n > 6, note that

—3[#52] -2 P
ps _ | smE ey e =1 (med3),
= a—14
9 e if a =2 (mod 3).

sl 52+t sl |2
Writing a = 54k +t for k € Z, 1 <t < 53 and ged(t,3) = 1, and arguing as
before, we find that Fj 3(ps,gs) fails to divide a’? + 9a + 81 in every case. It
follows that y > g5 and hence, since we assume a > 105, y > a?/55.
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To finish our proof, we need to handle values of y satisfying
1 .
(57) = a? <y <a*® for a>10°.
If we continue further with our examination of the infinite simple continued
fraction for #s, perhaps unsurprisingly, complications arise. Indeed, the next
few partial quotients, for suitably large a, depend on the value of @ modulo 54.
Specifically, we have that if a =t (mod 54) with 1 <¢ < 53 and ged(t,3) = 1,
then the sequence ag, az, .. . begins with a sequence oy of terms ag, az, ..., ap@),

followed by ay(+1 = |%me], where

t o Bt t o Bt
11 23,2,1,3,1 | 2701 || 28 1,14,2,3 1000
21 1,3,1,2,3,2 | 1514 || 29 3,2,14,1 3215
4] 2,26,1,1 |1732 31 1,107 31
51 1,5,2,1,4,1 | 2813 | 32 2.1,11,3 1112
7 11,1,4,1,8,1 | 3085 || 34 21,1,1,2 1384
8 11,81,4,1,1 | 1898 | 35 2.1,1,21 197
10| 1,1,1,1,20,1 | 3250 | 37 9,1,4,2 1549
11 1,20,1,1,1,1 | 2063 | 38 2,4,1,9 362
13 11,1,1,11,2,1 | 2335 | 40 6,2,1,5 634
14 107,1 3416 || 41 1,1,26,2 1715

16| 1,2,2,15 | 232 43| 4,1,2,3,1,1 | 1933
17| 15,2,2,1 2447 (44| 1,1,3,2,1,4 | 746
19| 1,3,3,8 | 451 [ 46(3,1,2,1,1,1,1,1| 2152
20| 8,3,3,1 [261247]1,1,1,1,1,2,1,3| 911
22| 1,4,1,2,5,1 | 2884 || 49 3,11,1,2 1183
23| 5,1,2,6 563 || 50 | 1,2,11,1,1,1 | 2264
25| 1,7,3,4 835 || 52]2,1,1,1,2,1,2,1 | 2536
26| 4,3,7,1 [2996 | 53]1,2,1,2,1,1,1,2 | 1295.

These are valid for a > 6818. It is worth noting here that if ¢t = 1,7 (mod 9),
then ay is just the reverse of ayy1, while if ¢ = £4 (mod 9), the same is true
of ay and ov17.

Even this knowledge leads us only, after much work, to the conclusion that
y > a®. Indeed, we find ourselves confronted with rather dramatic combina-
torial explosion. One way to overcome these technical difficulties is to appeal
to an argument of Wakabayashi, introduced in [54]. Instead of relying upon
a continued fraction expansion to 65 with integer partial quotients, following
Wakabayashi (see Section 8 of [55] for details), we compute one with rational
partial quotients. Let us suppose that, for a given real number i, we choose a
rational number kg such that kg < ¢ < kg + 1 and define recursively for ¢ > 1,
v; = 1/(¢i—1 — ki—1), where 1)g = 1) and, in each case, rational k; are chosen
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with k; < ¢; < k; + 1. We call
1/12 [k‘o;kl,kg,...]

a continued fraction expansion with rational partial quotients for . If we
further define convergents p, /g, via

po=1, p1= ko, Pn+1 = knpn + pr—1 (n > 1)7
qo = 07 q1 = 17 Gn+1 = ann + qn-1 (TL > 1)7

then if k, > 1 for n > 1, necessarily ¢, — oo and p,/q, converges to 1. We
have the following.

PROPOSITION 9.11. Let ¢ be a real number and pyp/qn, (n = 1,2,...) be
the convergents defined by a continued fraction expansion with rational partial
quotients for 1. Suppose, for n > 0, that d,, is a positive rational number with
the property that d,p, and d,q, are integers. If, for a given positive integer n,
there exist integers p and q satisfying

dn dn+1
58 <
( ) dn—l =a= dn
and
(59) ]w p‘ < !
q dn (dn—l + dn+1) q2’

then we may conclude that p/q = pn/qn.

Proof. This is Theorem 5 of [54], together with the observation that we
may choose positive rational numbers d,, (rather than positive integers, as
Wakabayashi does) with the property that d,p, and d,q, are integers, and

reach an identical conclusion. O
In our case, we may take 0y = [ko; k1, k2, . ..], where
k0:_17klzlak2:%+17k3:%+%7k4:%+¥7k5:%+%

_ 384a | 1728 :
and ke = {501 + 1001 Corresponding convergents are

_ _ B B B 3 B
po=bLp=-Lp=0p=-lp=-F-1P="% "7 7
16a* 3203 _ 89642 _ 464a _ 944

5 _ 944
Ds 648 ~ 48 144 — 2> P7T= 7381 — 420 1287 143 — 1437

2
0=0q=1¢=1¢=5%+2, u=5+3%+3

_ 4a® | 20a2 | 16a | 44 _ Ta* 91a3 11a® | 245a¢ |, 117
G=1g5+t 63 7 +t7:9%=T0mt 1206 16 T2 T 6

__ 164" 128a* 1568a3 3616a2 1568a | 208
97 = 11583 T 3861 T 3861 + 12z T 143 T T

We may choose

1 11
do=1,dy =1, da =1, d3 =3, dy = 36, d5:%’ de = 3885, d7:%'
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Note that from (57), we have
— <y< -—.
dy =Y dg
We will appeal to Proposition 9.11 with ¢ = 6 and n = 3,4,5 and 6. Let us
begin by observing that the inequality
x 1
Oy — — 5
Yy dn (dn—l + dn+1) Yy
is a consequence of (52), (57) and the fact that a > 10°, at least for n = 3
and 4. We may thus apply Proposition 9.11 to conclude that either z/y =
P3/q3, /Yy = pa/qa, or y > qs/ds. In the first case, we have that y = a + 6,
contradicting (57). In the second,
x _ —b6a—27
y 242 +2la+ 90’
contrary to zy(x +y) # 0 (mod 3). We thus have

¢ L5 da 11
1701 ~ 567 63 63
which, with (52), implies inequality (60) for n = 5 and 6. From Proposi-

tion 9.11, we conclude that x/y = ps/qs or x/y = pg/gs, i.e., that
T —3a® — 27a — 108 —42a% — 567a% — 3861a — 9720
—_ = or .
y a3+ 15a2 + 108a + 297 14a% 4 273a3 + 2673a2 + 13230a + 28431

Again, this contradicts zy(x + y) #Z 0 (mod 3), completing the proof of Theo-
rem 9.1.

<

(60)

Y=

10. A quartic family

It appears to be somewhat harder to find a convenient family of Klein
forms of index 3, since families for which corresponding Thue inequalities have
been treated in the literature fail to satisfy (7). We will consider instead (Klein)
forms of the shape

Fy(x,y) = 22" 4 323y — 3¢(a) 2%y* + 3d(a) zy® — 3e(a) y*,
where
2c(a) = 18a* + 204a® + 867a® + 1595a + 1038,
4d(a) = 72a5 + 1224a° + 8643 + 32106a> + 653994 + 68268a + 28332
and
8e(a) = 81a® + 1836a” + 18153a’ + 101871a” + 353472a*
+ 7732294 + 1036930a% 4 776604a + 248112.
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Via Eisenstein’s criterion at the prime 3, F,(x,y) is irreducible in Qlz,y], at
least provided a = +1 (mod 3). Writing s, = (2a + 3)(12a® + 84a + 163), we
prove

THEOREM 10.1. Let a = 17,37 (mod 60) be an integer, and suppose that
Kq 18 squarefree. If, further, kq has no prime divisors congruent to 3,17,27 or
33 modulo 40, then the equation

Fa(.%', y) =2"
has at most finitely many solutions in coprime integers x and y, and integers

z andn > 3.

Proof. Assume henceforth that k, is squarefree. (An old result of Erdds
[17] ensures that this occurs for infinitely many values of a.) We begin by noting
that the family of forms F,(x,y) has a number of properties reminiscent of our
cubic family. The discriminant of F,(z,y), for instance, satisfies Ap, = —33k9,
while we have corresponding Hessian H,(z,y) = kq H(x,y), where

H(z,y) = —a1(a)z? 4+ 6by(a)2®y — 3¢ (a)xy* 4 3dy(a)zy® — 3eq(a)y?,
with
a1(a) = 6a + 17, bi(a) = 6a> + 51a® 4 143a + 118,
2¢1(a) = 54a® + 765a* + 4308a> + 1192542 + 16028a + 8292,
2dy(a) = 54a” 4+ 1071a°® 4 9063a® + 421594 4 115659a>
+ 1857024 + 160308a + 57096
and
16€1(a) = 162a° + 4131a® + 46656a” + 304002a° + 12490384°
+ 3322347a* 4 564837643 + 582052042 + 3229248a + 711216.

We note that, for every a € Z, the coefficients of F,(x,y) and H}(z,y) actually
lie in Z.

A straightforward calculation yields that, if H}(z,y) is even, then neces-
sarily H}(x,y) is divisible by 2°. Since, in such a case, we have both &3 and
Fu(z,y) odd, we may conclude via (30) that va(N(E,,)) > 0. Theorem 8.4
thus implies the desired result, unless there exist integers x and y for which
either F'(z,y) € Z5, or Hi(xz,y) € Z§,, .

To treat these equations, analogous to Lemma 9.2, we require information
about the lifting of roots of F,(x,1) modulo p.

LEMMA 10.2. Leta € Z, p > 3 be a prime, and suppose that v,(kq) = 1.
Then, for every pair of coprime integers x and y, we have

vp(Fa(z,y)) and vy(Hg(2,y)) € {0,2}.
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Proof. Let F(x,y) be any quartic Klein form as in (6), with «; € Z and
pt . Assume further that v,(d3) = 3. Then the discriminant of F' is divisible
by p, and so F has a repeated factor over F,,. From (7), we may readily conclude
that this factor is not an irreducible quadratic over [F),. It follows that I’ has
a root modulo p. After a suitable linear transformation, we may assume that
p divides a3 and ay4. Repeatedly appealing to (7) and our assumption that

P> | 2763 = 7200204 + Yvocvzory — 27a0a§ — 27044&% — 204%,

we find that either p { o, in which case p® | a4, p? | a3, p | ag and F has a
simple root modulo p, or p | aj, whence p? | a4, p? | a3 and p | az. In the
latter case, any root mod-p is automatically a root mod-p?. Such a root cannot
lift to a root modulo p? since this would imply p* | a4 and p? | az, and hence
p* | &3, contradicting v,(d3) = 3.

To apply this to the situation at hand, first of all note that p { F,(1,0)
and, by a resultant computation, also p { H}(1,0). Next, it is a relatively
easy matter to check that all primes lying above p in the field defined by
F,(z,1) (and hence the field defined by H}(x, 1)) ramify (but not necessarily
completely). This implies that F,(x,1) and H;(z,1) have no root in Z, and
hence no simple roots modulo p. We are thus in the second case of the preceding
paragraph, whereby the lemma follows. ([l

Suppose, from now on, that a = +1 (mod 3) (so that J3 is coprime to 3).
Then

vp(Fa(z,y)) € {0,2}

for every coprime z,y and each p | k,. Since v3(Fy(z,y)) € {0,1}, it follows
that if F(x,y) is an Sp, unit, necessarily

Fy(z,y) = 43727

for 6 € {0,1} and z an odd integer, coprime to 3. Assuming, further, that
a =1 (mod 4), then Fy(z,y) is either even or F,(x,y) = 1 (mod 8), whereby
F,(z,y) = 22 for some z, coprime to 6. In particular, it follows that F,(x,y) =
1 (mod 3), contradicting F,(z,y) = 2z* (mod 3).

Let us next suppose that H,(z,y) is an Sg, unit, whereby the same is
necessarily the case for H(z,y). Again, we have that v,(H}(x,vy)) € {0,2}
for every coprime z,y and each p | K, and that v3(H}(z,y)) € {0,1}. Since a
short calculation implies H}(x,y) = 1 (mod 8), it follows that H}(z,y) = z?
for some z dividing k.

Now suppose that p is a prime dividing x,. The proof of Lemma 10.2
shows that we have

H;(z,y) = (—6a—17)(z + my)4 (mod p)
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for some integer m. It follows from H}(x,y) = 22 that either p | z or —6a — 17
is a quadratic residue modulo p. If p | 2a + 3, then

(—6&— 17) o <—8) - <—2)
p p p/’
and hence —6a — 17 is a quadratic residue modulo p precisely when p =
1,3 (mod 8). If p | 12a® + 84a + 163, then, since the discriminant of this
quadratic is —2% - 3, there exists an integer k such that
7 2k

k= -3 (mod p) and a= —3 + 3 (mod p).

Thus —6a — 17 = 4 + 4k (mod p), whereby, again,

() - (L2) () (02 ()_(2)

We conclude that, if p | kK, and p =5 or 7 modulo 8, then necessarily p | z.
Restricting attention to @ = 2 (mod 5), it is easy to see that H}(x,y)
cannot be congruent to —1 modulo 5 and that k, = 3 (mod 5). Since, by
hypothesis, every prime divisor of k, congruent to 1 or 3 (mod 8) is also =
+1 (mod 5), we thus conclude that z = +2 (mod 5), contradicting H; (z,y) =
1 (mod 5). O

It is likely that the restrictions we impose here upon the prime divisors of
Kq are unnecessary. Indeed, provided only that , squarefree and a is coprime
to 3, we would expect the Thue equations associated to Fy(z,y) and H}(z,y)
to have no solutions, with perhaps finitely many exceptions. We may check
with Pari GP or Magma that this is the case for all a € Z with 3 { @ and
la| <50, except if a = —2 (where the associated form satisfies F_5(0,1) = 3).

Remark 10.3. It is actually possible to handle this anomalous case a = —2
as follows. We have

F_g(z,y) = 22" + 323y + 422%y% + 204ay® + 3y

and, in the notation of Theorem 8.4, we can find a suitable twist by ¢ such
that N7 = 3% - 432 for a € {2,3}. For all elliptic curves E with conductor
Ny, the equation j(z,7) = jg has no rational roots, and hence the equality
N (E;Ei),yl) = N; cannot be satisfied. (The Thue-Mahler equation F(x1,y1) €
ZEF has no solutions.)

On the other hand, the equality j(z,y) = jg actually does have solutions,
whereby there exist coprime integers x1 and y; for which E;(c?yl has conductor
Ni. These elliptic curves correspond to the isogeny class 16641¢el in Cremona’s
notation, with j-invariant 28 - 33 . 53. Since these curves have complex multi-
plication, we may argue as we will do in Section 13 to show that the equation
F_5(x,y) = 2! has no solutions for suitably large prime [ = 1 (mod 3). We can,
however, do rather better by examining images of inertia. Let E be an elliptic
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curve in isogeny class 16641el, whereby a twist of E by —3 has good reduction
at 3. This means that, for [ > 3, we have #pf([g,) = 2, where I3 C Gal(Q/Q)
denotes an inertia subgroup at 3. Conversely, from the explicit formulae for
A(z,y) and c4(z,y), it is a simple matter to check that Ey has no quadratic
twist with good reduction at 3, whereby #pfﬂ (I3) > 2. Theorem 8.4 now tells
us that the generalized superelliptic equation in question has no solutions for
any suitably large prime exponent I.

Remark 10.4. Though it is very likely that the hypotheses of Theorem 10.1
are satisfied for infinitely many a, this does not appear to follow in a straightfor-
ward fashion from, say, application of the half-dimensional sieve to the polyno-
mial k,. It appears that, with a certain amount of work, it should be possible
to generalize the family F,(z,y) to one with two parameters and analogous
properties, which would, in all likelihood, be provably infinite.

11. Higher degree families of Klein forms

It is a relatively easy matter to find infinite families of Klein forms of
degrees 6 and 12 for which we can guarantee that equation (2) has finitely
many solutions in integers x,y, z and [ > 2. We appeal to the following result.

ProprosiTION 11.1. Let F' be a Klein form of index n, and suppose that
p & S is prime. If p has the additional property that F(z,y) = 0 (mod p)
for all integers x and y, then there are at most finitely many solutions to
equation (2) in integers x,y,z and | > 2. In particular, there are no such
solutions with prime | satisfying

1ogz>27-34< 11 q2> log (14 /D).

q€SF\{2,3}

Proof. Suppose that F' is a Klein form of index n and that p is a prime,
coprime to n Ap, with the property that F'(z,y) = 0 (mod p) for all integers
x and y. It follows that if xg,yo, 20 is a solutions in integers to (2), where [
is prime, then the Frey-Hellegouarch curve Eéﬁ{m (with t chosen as usual) has
(multiplicative) bad reduction at p. From (38), either | < 163 or there exists
a weight 2 cuspidal newform f, of trivial character and level coprime to p, for
which, provided p # [, we have

ap(f)=x(p+1) (mod £),

where £ is a prime lying above [ in Ky, the field of definition for the Fourier
coefficients of the form f. From the Weil bounds, we thus have

1< (p+1+2yp)Fr 9,

whereby arguing as in Section 8, we conclude as desired. U
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This result is much more specialized than it first appears. In fact, the
only pairs (n,p) for which the hypotheses of Proposition 11.1 are satisfied are
(n,p) = (4,3),(4,5) and (5,11). To see this, note first that, since a primitive
form F(z,y) of degree k can have at most k zeros in IP1(F,), we necessarily
have p < k — 1. To be precise, we require that

=1

(61) F(z,y) = oy <H<m - z‘y>> G(z,y) (mod p),

where G(z,y) is a form of degree k — p — 1, with no linear factors over F)[x, y]
(the latter condition to ensure that p does not divide Ag). Since we assume
that p # n, this immediately contradicts the existence of primes p satisfying
the hypotheses of Proposition 11.1 for n € {2,3}. We may thus suppose that
F has index 4 or 5 (which justifies the assumption [ > 2 in the statement of
Proposition 11.1). It follows that the only candidates for primes p are p € {3,5}
(if n = 4) and p € {2,3,7,11} (if n = 5). To rule out (n,p) = (5,2),(5,3)
and (5,7), we appeal to (9), in conjunction with (61); in each case, we may
assume, without loss of generality, that G(x,y) is monic in z. Suppose that F’
is a Klein form with coefficients as given in (6). From (9), we thus have

a5 = ay = aja3 + ag = aqoq1 + azag + ag = 0 (mod 2),

while (61) and our assumptions upon G imply that ag and ;2 are even, while
aq is odd, and hence, from the second equation in (9), asaz + a4 =0 (mod 2).
A short computation using the fact that G has no linear factors in Folx,y]
leads to the conclusion that

9

G(z,y) = Z a;z? "y (mod 2),
i=0

where (ag, ..., aq) is one of
(1,0,1,0,0,1,1,0,0,1),(1,0,1,0,0,1,1,1,1,1),(1,1,1,1,1,0,0,0,1,1)

or(1,1,1,1,1,0,0,1,0,1). In each case, the combination of the third, fifth and
seventh equations in (9) leads to a contradiction, modulo 4.

If (n,p) = (5,3), since (9) implies that a; = 0 (mod 3) for each i €
{4,5,7,8}, whence, via the last equation of (9),

oo — oo + a% =0 (mod 3),

we find that every octic form G(xz,y) for which xy (z? — 3?) G(x,y) satisfies
(9) modulo 3 has a linear factor in Fs[z,y]. In case (n,p) = (5,7), if we write
G(z,y) = z* + axdy + bry? + cxy® + dy?, then the first three equations in (9)
imply that

20+ a® = ¢+ ab=d+ ac+ 4b* (mod 7).
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A routine check with Magma verifies that G(z,y) satisfying these congruences
all have linear factors modulo 7.

For the remaining pairs (n,p) = (4, 3), (4,5) and (5, 11), in each case there
exist infinitely many inequivalent forms satisfying the hypotheses of Proposi-
tion 11.1. To see this, for (n,p) = (4, 3), note that we necessarily have

G(z,y) € {1:2 + 92, 22 + xy + 292, 2% + 2zy + 2y2} :

For each of these we may check, via (8), that zy (2% — y?) G(z,y) is a Klein
form modulo 3, which leads to three families of sextic forms satisfying the
hypotheses of Proposition 11.1 with (n,p) = (4,3). By way of example, fixing
for simplicity F'(1,0) = 3, we find the families

(3,b,15¢,90d)¢  with b=1 (mod 3), ¢> —d =1 (mod 3),
(3,b,5¢,10d)g  with b= —c=d =1 (mod 3) and bd — c? = 3 (mod 9),
(3,b,5¢,10d)g  withb=c=d =1 (mod 3) and bd — ¢ = —3 (mod 9).

Similarly, zy (z* — y*) satisfies (8), modulo 5, which provides us with infinitely
many forms with (n,p) = (4,5); for instance,

(5,b,25¢,250d)g with b= 1 (mod 5), ¢2 —d =1 (mod 5).

Finally, for (n,p) = (5,11), the fact that 2y (z'% — y'9) is a Klein form modulo
11 leads to the desired conclusion. An example of a family of forms in this
case is provided by

(11,12, 22¢,55d)12 with ¢ = 16 (mod 11%), d =1 (mod 11%).

One readily shows that each of these families contain infinitely many GL2(Q)
inequivalent forms. We thus have

COROLLARY 11.2. If n€{4,5}, there are infinitely many GL2(Q)-inequi-
valent Klein forms of index n for which equation (2) has at most finitely many
solutions in integers x,y,z and [ > 2.

12. Heuristics for cubic forms

As we have seen, there exist infinitely many cubic forms with the property
that equation (3) is insoluble in integers. In this section, we will sketch a
heuristic to indicate that this is the usual state of affairs, that, in fact, a
“typical” binary cubic form F'(x,y) € Z[x,y] has this property (and hence that
Theorem 1.1 applies to almost all cubic forms, excepting a set of density zero).

For a cubic form F(z,y), we have F(—xz,—y) = —F(x,y). Hence if F'
represents an integer m, it also necessarily represents —m. We may thus restrict
attention to the representation of positive integers by F. Let us quantify what
we mean by a “typical” form. We begin by noting a result of Davenport [10],
[11] (we can sharpen the error term here by appealing to work of Shintani [45],
[46], but this is unnecessary for our argument).
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THEOREM 12.1 (Davenport, 1951). Let H3(A, B) denote the number of
GL2(Z) equivalence classes of primitive, irreducible binary cubic forms F €
Z[z,y], with A< Ap < B. Then, as X — oo,

5
H3(0,X) = mX + O(X15/16)

and
15

H3(—X,0) = —X + O(X'5/16),
42

Note that the seeming discrepancy between this result and that stated
in [10] and [11] derives from a missing factor of 3 in the statement of the
main theorem of [10], together with the fact that the estimates in [10] and
[11] are for classes of properly equivalent, rather than equivalent, forms; i.e., for
SL2(Z) instead of GL2(Z) equivalence classes, with, additionally, no restriction
to primitive forms. The assumption here that our forms be irreducible can be
relaxed, via application of Lemma 3 of [10].

With this result in mind, our goal is to derive a heuristic to suggest that
the number of GLo(Z) equivalence classes of primitive, irreducible binary cubic
forms F' € Z[z,y], with —X < Ap < X, say, for which (3) has integer solutions,
which we will denote H ég)(—X , X ), satisfies

Hés)(—X,X):o(X) as X — oc;

i.e., such forms are “atypical” in the sense that they have zero density in the
set of all classes of forms.

We begin by noting that we can unconditionally bound the number of
integers up to a given X that are represented by a fixed irreducible binary
cubic form. The following pair of results are the main theorem of Thunder [52]
and a special case of Theorem 1 of Bean [1], respectively.

PROPOSITION 12.2. Let F(x,y) € Zlx,y| be a cubic form of discriminant
Ap that is irreducible over Q, and let X > 1. Let Np(X) and Ap denote the
number of integral solutions to the inequality |F(z,y)| < X, and the area of
the region

{(z,y) eR? : |F(z,y) <1},
respectively. Then
2008 X1/
|AF|1/2

PropOSITION 12.3. If F(z,y) € Z[x,y] is a cubic form of discriminant
Ap # 0, then

|Np(X) - X Ap| <9+ + 3156 X /3,

30(1/3)2

T(2/3) < 16.

!AF\UG Afp <



KLEIN FORMS AND THE GENERALIZED SUPERELLIPTIC EQUATION 219

Taken together, for suitably large |Ar| and X, these results imply that
Np(X) < X?/3
and, of particular interest for our purposes, that
(62) #{1<n<X : F(z,y) =n for some (z,y) € Z x Z} < X?/3,

Suppose next that S is the set of primes p dividing 2 Ar. We would like to
find an upper bound for

#{1<n< X : nelZg,}.

Write ¢(X,Y) for the number of Y-smooth integers < X, and denote by p,
the t-th prime. It follows that

#{1 <n<X :ne€ Z*SF} < ¢(X7pw(AF)+1)a

where w(m) denotes the number of distinct prime divisors of a positive inte-
ger m. If X > |AF|1/16, say, then

log X

A _954
w(Ar) < loglog X’

where the implied constant is absolute. It follows that p,a,)4+1 < log X and

1/16

hence, for large enough |Ap| and X > |Ap|/™”, we have

(63)  #{1<n<X :neZi}<y(X,log0X) = XYM « x1/6,

Readers interested in bounds for (X, Y") (and much more besides) are directed
to the survey article of Granville [22].

We will make the following heuristic assumption. Let us write mp for the
smallest positive integer represented by the form F’; i.e.,

mp =min{m € N : there exist z,y € Z with F(z,y) = m}.

We will assume that the number of GLg(Z)-equivalence classes of binary cubic
forms with |[Ar| < X and mp < |Ap|Y/10 is o(X) as X — oco. In fact, for
our purposes, all we need is a like statement with 1/16 replaced by any fixed
0 > 0. We actually believe that the same conclusion holds with the exponent
1/16 replaced by any § < 1/4. By an old theorem of Mordell [34], this would be
the strongest possible statement of this nature, as mp < (|Ap|/23)"* for every
cubic form F. Lemma 4 of Davenport [10] ensures that for all but O(X!5/16)
classes of cubic forms, as X — oo, the Hermite reduced form for F' satisfies
F(1,0) > |Ap|Y16, In many cases, but not all, mp = F(1,0) for such forms.
With our heuristic assumption in hand, we appeal to a straightforward
density argument. Let X be large. Then for all but o(X) classes of primitive
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cubic forms F(z,y) with |Ap| < X, we have mp > |Ap|'/1%, whereby, from
(62) and (63), the expected number of positive integers that are in

Zs, "{F(z,y): (v,y) € Zx L}

is, for a given form outside this exceptional set,

dX < |Ap|7V/%,

00 X2/3 x1/6
Jamin

It follows (where we are, of course, relying upon the rather speculative indepen-
dence of the representation of an integer by a cubic form F' from that of said
integer being an Sp-unit) that the “probability” that a given nonexceptional
form F' represents an Sp-unit tends to 0 as |Ap| — oo.

We can derive similar heuristics (of equal plausibility) for higher degree
Klein forms (whereby our expectation is that there are at most finitely many
solutions to equation (2) in integers z,y, z and [ > max{2,7 — k} for “almost
all” Klein forms of degrees k = 4,6 and 12). For k > 3, however, Klein forms
constitute a density zero subset of the set of all forms of degree k.

13. Diagonal forms

In this section, we will turn our attention to what are, in some sense, the
simplest binary forms. We call a binary form diagonal if it is GLo(Z) equivalent
to a form of the shape F(z,y) = ax® +by" for integers a and b. It is clear from
equations (7), (8) and (9) that the only diagonal Klein forms are of degree
k = 3. Since such forms have discriminant

Ap = -3 (ab)?,

the conditions of Theorem 1.1 are never satisfied (e.g., F'(1,0) divides Ap).
Despite this, we can still appeal to Theorem 8.4 to deduce some useful Dio-
phantine information.

We begin by noting that our conductor calculations become rather more
straightforward for diagonal cubic forms; for simplicity, we will initially restrict
our attention to those forms with odd coefficients. Let U denote the set of
integers congruent to £1 modulo 9, and V' consist of those = £2,+4 (mod 9).

ProproSITION 13.1. Suppose that a and b are cubefree coprime odd inte-
gers, and let F(x,y) = ax®+by3. Define the family of associated elliptic curves
E.,y asin (20). Then, if x and y are coprime integers, the conductor N(Eg(fg)/)
of Eﬁ; satisfies, for t equal to one of £1,+2 +3, £6,

NEG) =23 T I] »
plab  plaad+by3
pt6ab
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where
« Conditions
0 if vo(ax® + by?) = 4
1 if vo(ax® + by®) > 5
2 if vo(ay) > 2
3| ifva(zy) =1 or ve(az® + by?) € {2,3}
5 if va(ax® + by?) =1
and
153 ‘ Conditions
1| if 3] ax®+ by> and either a,b,ab €V or a,b € U,
2 | if 3tax® +by® and either a,b,ab € V or a,b € U,

3 if either a,b € U, or a,b € V,ab € U, or 3| ab.

Proof. The computations of v,(N(E,,)) is straightforward for p > 3 but
requires some more work (and twisting to minimize) for p = 2 and 3. We use
Tate’s algorithm; in practice, we appeal to Papadopolous [37] for most (but
not all) cases. O

As an example of the kind of result one may obtain from Theorem 8.4 in
this situation, we have the following.

THEOREM 13.2. Let a and b be odd integers such that ax® + by is irre-
ducible in Q[x,y], and suppose that all solutions to the equation

(64) ax® + by® = H pr
p|6ab

in coprime nonzero integers x and y, and nonnegative integers o, satisfy ag €
{1,4}. Then there exists an effectively computable constant ly such that the
equation

(65) az® + by = 2!

has no solution in nonzero integers x,y and z (with ged(xz,y) = 1) and prime
=1 (mod 3) withl > ly. If all solutions to (64) with x and y coprime integers
have ag < 4, then there exists an effectively computable constant Iy such that
equation (65) has no solutions in odd integers x,y and prime l > 1.

Proof. Suppose that we have ax} + byg = zf) where zg,y9 and zg are
nonzero integers with ged(xg,yp) = 1, and [ is prime. Then, via Theorem 8.4,
we find that either [ is bounded as in (41), or we deduce the existence of an
integer solution (x1,y;) to equation (64), for which we have, writing E; for
Eé?,yz (with ¢ as in Proposition 13.1),

v2(N(E1)) = v2(N(Ep)).
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By Proposition 13.1, it follows that
va(N(Ep)) € {1,2,3}

(and that v9(N(FEy)) = 1 if zgyp is odd). From our assumptions about solu-
tions to equation (64), we thus have z1y; = 0, whereby E; has j-invariant 0
and hence complex multiplication by Z[(1 + v/—3)/2]. If I = 1 (mod 3), then
[ splits in Z[(1 4+ v/=3)/2], and so p;"* (Gg) and hence p{°(Gg) are contained
in the normalizer of a split Cartan subgroup of GL2(F;). By work of Momose
[33] (and since we may suppose [ > 13), we conclude that

28 Bab(moyo)® 2% 33ab(zoyo)?
By = (azd +byd)? 23!

In fact, Merel [32] showed that jg, € Z, but the weaker result is adequate

for our purposes. Indeed, since we suppose xg,¥o, 20 to be nonzero (with

e Z[1/2].

ged(zg,y0) = 1), we reach the desired contradiction, provided [ is suitably
large in terms of a and b, unless zgp = 1 (which itself contradicts our assump-
tions upon possible solutions to (64)). O

Remark 13.3. In case l = —1 (mod 3) in the preceding proof, the image of

% is contained in the normalizer of a nonsplit Cartan subgroup of GLa(IF;).

E
P
A conjecture of Serre (stated as a question in Section 4.3 of [44]) then im-
plies, for suitably large [, that Fy has complex multiplication. Assuming this
conjecture (or something rather weaker, such as integrality of the correspond-
ing j-invariant jg,), the restriction to ! = 1 (mod 3) in Theorem 13.2 can be

removed.

As a rough indication of the applicability of Theorem 13.2, we note that
there are precisely three pairs of coprime odd positive integers (a, b) with ab <
100 and a < b, for which all solutions to equation (64)) in coprime nonzero
integers z and y, and nonnegative integers a,, satisfy ag € {1,4}:

(a,b) € {(1,57),(1,83),(3,19)} .
In addition to these, if we require only ag < 4, we find the following pairs
(a,b):
(1,15),(1,23),(1,43),(1,47),(1,51),(1,99),(3,11),(3,13),(3,25), (5,9).

It is a simple matter to find diagonal cubic forms ax?® + by? for which the
corresponding Thue-Mahler equations immediately reduce to Thue equations,
in a similar fashion as that of our cubic family in Section 9. For example, if we
take a and b to be cubefree nonzero coprime integers with ab even and ab® #
+1 (mod 9), then if z and y are coprime integers satisfying (64), it follows
that ax® + by> = 3%k, where either § € {0,1} and k | ab (more specifically,
vp(k) € {vp(ab),0} for each p | ab), if ab is coprime to 3, or 6 = 0 and
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k | ab, otherwise. We thus reduce (64) to solving the family of Thue equations
aox® 4+ boy? = ¢, where ag, by range over all positive cubefree integers for which
Q(aph3) = Q(vab?) and ¢ = 1 or 3 (where agby is coprime to 3 in the latter
case). From work of Stender [50], the number of such equations with a solution
in nonzero integers is, with a pair of exceptions, at most one. Specifically,
combining Satz 1 and Satz 2 of [50], we have

THEOREM 13.4 (Stender). Let D > 1 be a cubefree integer. Then, if a
and b are cubefree positive integers, there is at most one equation of the shape
az3 + by® = c with ¢ € {1,3}, ged(ab,c) = 1 and Q(W) = Q(V/D), with as
many as a single solution in nonzero integers x and y, unless D = 2 (or 4),
or D =20 (or 50). For these values of D, we have solutions corresponding to

(CL, ba c,x,y) = (2? 1’ 17 17 _1)7 (27 17 37 17 1)7 (27 17 3747 _5)7 (4a ]-a 35 ]-a _1)

and
(av b? ¢, ac,y) - (207 17 17 77 _19)7 (57 27 37 17 _1)7

respectively. If, for a given D, we have a solution to such an equation ax> +
by3 = c with xy # 0, then either

(i) min{a,b} = 1, ¢ = 1 and (a,b,c) & {(19,1,1),(20,1,1),(28,1,1)}, in
which case n = x&a+yv/b is the fundamental unit in the field Q(vab?),
or

(ii) (a,b,¢) € {(19,1,1),(20,1,1),(28,1,1)}, where n = xa + yv/b is the
square of the fundamental unit in the field Q(vab2), or

(iii) either min{a,b} >1, or min{a,b}=1 and c=3, and n=1 (33\3/5 + y%)g

C

is the fundamental unit in Q(¥/ab?), or its square (with the sole exception
of (a,b,¢) = (2,1,3)).

Arguing as in the proof of Theorem 13.2 (only without appeal to Propo-
sition 13.1), we thus have

THEOREM 13.5. Let D be an even positive cubefree integer with D %
+1 (mod 9), and let 0 < ¢ < 1 be the fundamental unit in Q(v/D). Suppose
that € is not of the shape x/a + yv/b and that neither ¢ nor €2 is of the
shape % (56\3/5—1— y%)S, with ¢ € {1,3}, x and y nonzero integers, and a and
b coprime positive cubefree integers for which Q(v/ab?) = Q(V/D). Then there
exists an effectively computable constant ly, depending only on D, such that,
for each such pair a and b, the equation

ax® + by® = 2!

has no solutions in nonzero integers x,y and z, with ged(x,y) = 1, and prime
I =1 (mod 3) with I > .
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A short computation with Pari GP indicates that this theorem is applica-
ble to the following D < 150:

D € {34,38,74,78,84,86,92,94, 102, 106, 114, 132, 138, 142, 146} .

We are unaware of simple criteria for determining whether, given D, the fun-
damental unit of Q(v/D) takes a “binomial” form as in the hypotheses of
Theorem 13.5. Our calculations indicate that this occurs infrequently (and
hence that this theorem is applicable to “most” cubefree D satisfying the given
congruences modulo 18).

14. Examples and computations

Given a Klein form F'| we know essentially three distinct ways to deter-
mine, in an effective manner, whether the corresponding Thue-Mahler equa-
tions have solutions or not. The first is to solve the equations, as in Tzanakis
and de Weger [53], through a combination of lower bounds in linear forms in
complex and p-adic logarithms, with techniques from computational Diophan-
tine approximation. A second method is to appeal to the syzygy (12), which
shifts the problem to one of determining the S-integral points on a collection
of (Mordell) elliptic curves. Since the number of such curves is exponential in
the cardinality of Sr, in many situations this method appears impractical.

A third approach is to actually compute models for all elliptic curves E/Q
at the corresponding levels, say via modular symbols, and to check whether
or not there exists one with F[n] isomorphic to that coming from the Klein
form. One has the feeling that, in all but the simplest cases, this last approach
is the least computationally efficient (though we are unaware of a complexity
analysis to confirm this).

In the remainder of this section, we will illustrate the first and third of
these methods, providing the results of somewhat extensive computations.

14.1. Solving Thue-Mahler equations. In the case of cubic forms, both
as a “reality check” on our heuristics and to illustrate the utility of these
methods, we implemented the algorithm for solving Thue-Mahler equations
detailed in Tzanakis and de Weger [53]. After computing (Hermite) reduced
representatives for each class of irreducible, primitive cubic forms with |Ap| <
109, in each case we solved the corresponding equation (3). We summarize our
results in the following table. More details, including lists of forms satisfying
the hypotheses of Theorem 1.1, are available from the authors on request.
Let us define, as before, H3(A, B) to be the number of GLy(Z)-equivalence
classes of primitive irreducible binary cubic forms F' € Z[z, y] with discriminant
A < Ap < B, and let H3(A, B) be the analogous counting function for those
forms for which equation (3) has no integral solutions. Then we have
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X H3(O7X) H?T(O?X) HS(_X7 O) H?T(_Xa O)
102 2 0 7 0
103 30 0 160 0
10% 484 4 2201 20
10°| 6765 69 26875 742
108 | 83636 2173 303136 18708.
Recall that our heuristic predicts
. H3(0,X) Hi(—X,0)
1 it A Rl | it ANt e
X3eo H(0,X)  Xoveo Hz(—X,0)

Dan Shanks once noted that logloglogx tends to infinity “with great dig-
nity” (Math. Comp. 13 (1959), page 272); we believe something similar to be
occurring here.

14.2. Studying elliptic curves at candidate levels. Given a Klein form F, if
we have access to a full set of isomorphism classes of elliptic curves E/Q at the
various levels N that can arise from possible solutions to equation (2), we can,
in principle, do without most of the theory we have developed so far. Indeed,
we may simply appeal to the congruences from Proposition 8.1 to eliminate the
possibility of a given elliptic curve giving rise to our newform f for large enough
prime exponent [. It is possible, however, to carry out this check in a more
elegant fashion, with no need for explicit calculation of Fourier coefficients for
the various elliptic curves (Frey-Hellegouarch and otherwise) encountered.

Let F be an irreducible Klein form of index n (with d,, nonsquare, in case
n = 4) and, as previously, denote by j(x,y) the j-invariant associated to £ .
By a direct application of Theorem 8.4, for an elliptic curve E at a candidate
level N, with j-invariant jg, we need only check that jy is not of the form
Jj(z,y) for (coprime) integers x and y and, if n = 3 or 5, that j{ is not of the
form j(x,y). Here ji = 17282 /jg, if n = 3, and j) = J(jo) (asin (31)), if n = 5.
If j{ = oo, this value can be ignored, since then j) = j(x,y) corresponds to a
root of F', which is irreducible by assumption. Note that solving the equation
Jo = j(z,y) (or j, = j(x,y)) amounts to finding rational roots of a univariate
polynomial over the rationals. If jo = 0 or jo = 1728, and this check fails to
eliminate E, then it could still happen that K is reducible or that the fields
determined by F(z,1) and K (z,1) are not isomorphic. If this is the case, one
can still eliminate F.

Note that what we are doing here amounts to considering only the values
of the Fourier coefficients a, of a candidate curve F, up to sign. Of course,
there may occur instances where such an approach fails to discard an elliptic
curve I that we can actually eliminate through careful examination of the a,
(taking their signs into account). In practice, it appears that such a situation
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does not arise particularly often, especially if care is taken to identify the levels
N that can genuinely correspond to solutions of our superelliptic equations.
We already know that our Frey-Hellegouarch curve attached to (2), after
level lowering, corresponds to a modular form at some level in Zj, . In fact, we
can typically restrict the possible levels occurring somewhat further. Although
tedious in many cases, especially when in comes down to determining possible
v2(N) and v3(N), this is a straightforward task. For more information, we refer
to the appendix. The remainder of this section contains a number of examples
for each index n € {2,3,4, 5}, where we explicitly determine “minimal” such N.

14.2.1. Cubic forms. We list reduced forms F(z,y) = (a1, a2, as3,04)s
with |Ar| < 10% and the property that equation (3) has no integral solutions.
Our first table contains forms of negative discriminant:

ap | oy | as | as Arp ag | oy | ag | as Afp
312513 —2063 31165 —79-89
516713 —2423 314126 | —22-1931
318197 —2591 3141]10| 6 | —22-1931
3141915 —5087 31718109 —7823
3171009 ] —19-269 | 3| 7 |12] 11| —17-487
3117 |3] —22-1283 || 3|5 |8 ] 9 | —37-251
3156 |7] —13-443 | 3|4 |3 ]| 7 —9343
5111413 —6271 3118 |-3| -9551

6 | 8|10 3 |—22-31-53| 3|2 |8 ]| 6 | —2%2-2411
311813 —6983 315 1|37 |—2%2-2459.

The corresponding levels we need to consider for these examples are, after
suitable twisting, N = 262 [Ip|a p, where the product is over odd prime p and
B2 € {0,5} or {2,3}, if 2 divides, or fails to divide Ap, respectively.

If we consider forms of positive discriminant, there are precisely four
classes with Ap < 10%:

(7)) ‘ [e75] ‘ (%) ‘ Qs ‘ AF Level(s)

312 -7|-3] 67 20672, 6 € {2,3}
311 | -8 |-3| 732 20.732, 5 €{2,3}
3|4 | -7 -3 8017 2°.8017, & € {2,3}
3| —1]—-10|-3|72-13%2]20.72.13%2 §€ {2,3}.

All the levels involved in these 24 examples are smaller than 200000, which
means that all elliptic curves at these levels (i.e., with these conductors) are
available in Cremona’s database. For each of these forms, therefore, there was
no need to solve the corresponding Thue-Mahler equations. Instead, one could
simply have checked that the equation jy = j(z,y) has no rational roots for
each j-invariant jy of an elliptic curve at the given levels.
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14.2.2. Quartic forms. Binary forms of degree 4 have, as noted in Sec-
tion 2, exactly two independent invariants, traditionally denoted I and J — in
our notation, I = 74(F) = 0 and J = 2783, where Ap = —2743. In Cremona
[6], one finds an algorithm (based on Julia’s theory of reduction) for finding
an SLo(Z)-reduced representative for each class of quartic forms with given
(I,J). Implementing this in the case I = 0, we may list quartic Klein forms
with |Ap| below a given bound. We assume, replacing F' by —F if need be,
that d3 > 0. Applying Proposition 14 of [6], we may thus conclude that there
exists a (not necessarily Julia-reduced) representative (ayg, a1, 2, ai3)4 for each
form with invariants I = 0 and J = 27 §3, satisfying

V3 13 Ly
—5 0 a0 < 225,

—2’@0‘ <o < 2’0&0|

and
Hy < 8apas — 3a3 < Ho,
where
H, = 65§/3 max {—2(040 + 5§/3),a0 —/ 463/3 - 30%}
and

Hy = 66§/3 min {—2 o, a9 + 1/ 45§/3 — 3043} .

In the following, we list (Julia) reduced representatives F' = («ap, a1, a, a3)4 for
classes of Klein forms with |d3| < 4000 and for which the corresponding Thue-
Mabhler equation has no small solutions (i.e., solutions with, say, |z|, |y| < 100).
We suspect that the superelliptic equations corresponding to these forms are,
for suitably large exponents, insoluble:

ap | a1 | as | aj |03] ap | a1 | as | a3 |03

6 | 13| -9 -9 |3-59 || 5| -8 |—-18]| 19 3491
4 1 —18 | 28 1907 2 1 —21| 51 3517
2 | —-13| =9 | =7 | 2053 7| —13|—-24| —4 | 3581
6 3 =21 | —15| 2411 9 16 | —12| =7 3659
4 9 3 —25 | 2683 7| —-11|—-18| 8 |3-1237
2 | =5 | 24 -8 2789 4 7 6 —28 | 3739
6 | =3 9 —2513-1103 | 2 7 | =18 | 28 3907
6 15 -3 13 3391 2 3 21 | =15 | 3923
2 7 | —12| 24 3391.

To prove our suspicions correct (without actually solving the Thue-Mahler
equations in the traditional manner), we observe that the corresponding levels
we are required to consider for these examples are, after suitable twisting,

N =37 .rads(d3), B € {2,3}
for those forms with d3 coprime to 3, and
N = 3" .rads(d3), B € {1,4},
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otherwise. Here, we denote by rads(ds) the product of primes # 3 dividing Js.
We note that, for some of these examples where v3(N) = 2, there exists a
quadratic twist with v3(N) = 1, but for such a form, we always still need to
consider the case v3(N) = 2.

Again, for each of these forms, data for all corresponding elliptic curves
are available. It is again an easy matter to check that for all these quartic
forms F' and all j-invariants jq of the elliptic curves at the levels corresponding
to F, we have that the associated equations jo = j(z,y) and 17282/jy = j(z,y)
both have no rational roots.

We conclude this subsection with a number of illustrative examples of
quartic Klein forms.

Ezample 14.1. Consider the Klein form F = (2,55,429,85)4, which has
63 = 1632 and corresponding levels N = 37 .163, 8 € {2,3}. The equations
jo = j(x,%) have no solutions, but the equations 17282/jo = j(x,%) do have a
solution in one case, namely for the elliptic curve

E : ¢y +y=2®—18z — 34,

which has conductor 32 - 163 and j-invariant jo = —884736/163. We have
1728%/jo = j(—85,8). This is also illustrated by the fact that the 3-division
polynomial of E, given by 3z* — 10822 — 4052 — 324, defines the same field as

F(z,1) = 22" 4 552° 4 42922 + 852 — 7084.

On further inspection, one can actually discard this elliptic curve E by using
an image of inertia argument. (This is basically possible because its twist over
/=3 has conductor 163, but a similar twist of the Frey-Hellegouarch curve
still has potentially good additive reduction at 3.)

Our final two examples of this subsection are chosen to illustrate the
necessity of considering the companion form H and of the inclusion of the
prime 2 in Sp. In both cases, one may check that straightforward image of
inertia arguments cannot be used to eliminate the elliptic curves in question.

Ezample 14.2. Consider F' = (2,1, —18,4)4 with d3 = 1637. We can show
that the equation jy = j(z,y) is insoluble for each j-invariant jy of an elliptic
curve E/Q of conductor 3% - 1637 and 33 - 1637. On the other hand, we have
H (23,27) = 16372, corresponding to an E/Q of conductor N = 33-1637. (The
conductor of E1 g is 233 - 1637.)

Example 14.3. Consider F = (5,4, —120,85)4 with 63 = 43 - 101%2. Again,
the equation jo = j(x,y) has no solutions. We have H(7,—6) = 2*-3-43%.101,
corresponding to an E/Q of conductor N = 33 -43-1012. Here, the conductor
of F g is precisely 5N.
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14.2.3. Sextic forms. For sextic forms (and the same remark applies to
forms of higher degree), there are a number of viable ways to identify distin-
guished forms in a given GL3y(Z)-equivalence class (see, e.g., Cremona and Stoll
[61] and Edwards [14]). These reduction theories are quite involved, however,
and we will content ourselves with a simplistic search for examples, by consid-
ering only forms with small naive height (i.e., max |;|). Such a search reveals a
number of examples that potentially satisfy the hypotheses of Corollary 8.5 (in
that the corresponding Thue-Mahler equations have no small solutions). We
have not actually attempted to run the algorithm of Tzanakis and de Weger for
such forms; the dependence upon the degree of the form (or more specifically,
upon the number of fundamental units in the field corresponding to F(x,1))
is a severe one.

Remark 14.4. Our search revealed many sextics that could be obtained
from a sextic in the list below by a matrix transformation over Z (not neces-
sarily with unit determinant). We also found cases where the matrix transfor-
mation could not be defined over Z, but the resulting fields are isomorphic. In
our list, we have suppressed such examples:

Form |04] Level(s)
(3,2,25,—40)¢ 22.331 22.331
(3,8,20,50), 227 20.227, 6 € {2,3}

(3,4, —105, —540)¢ | 2°-239 23.239
(5,4, —40, —140)¢ | 2%-491 22.491
(3,4,20,10)g, 251 20.251, § € {2,3}
(3,1,-10,—-80) | 22-397 | 2°-397, 6 € {1,3}
(5,9,5,40)6 419 23.419
(5,2, —70,180)6 22. 439 22. 439
(3,8,20,140)6 22.907 22.907
(3,5,—140,530)¢ | 22-461 | 2°.461, 6 € {1,3}
(7,6,20,50)6 523 20523, 6 € {2,3}
(7,6,—15,120)¢ | 22-3%-41 22.3%.41
(3,4, —25,10)¢ 557 2°.557, 0 € {2,3}
(3,2, —20,50)¢ 571 2°.571, 6 € {2,3}.

In all these cases, the levels we encounter are sufficiently small that data
for all elliptic curves are available. It is again an easy matter to check that for
each of these sextic forms F' and all j-invariants jy of the elliptic curves at the
levels corresponding to F', we have that the associated equation jy = j(z,y) has
no rational roots. As before, we conclude that the corresponding superelliptic
equations have no solutions for suitably large prime exponents.
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Remark 14.5. As noted previously, squares of sextic Klein forms arise as
covers of cubic Klein forms. By way of example, the first sextic form in the

above table,
— 4023y — 552%y* + 6xy® — 29¢/5,

y)) with

F(z,y) = 325 4 22°y + 252%y°
satisfies (3F(x,%))? = G(p(z,y), q(z,

G (u,v) = 3u® + v?v + buv? — 203,
p(z,y) =3z* — 1022y% 4 162> + 11y,
q(x,y) =4y(32> + 2%y + 5xy? — 2¢°).

- 331, while the discriminant of F' is
not divisible by 3. In fact, there are no cubic Klein forms such that one of the

The cubic form G has discriminant —32

corresponding level is 22 - 331. Similar remarks hold for the other sextic forms
in the table.

14.2.4. Duodecic forms. A routine search, similar to that for sextic forms,
reveals some examples of Klein forms of index 5 and moderate corresponding
levels, for which the Thue-Mahler equations have no small solutions:

Form |05 Level(s)
(2, 3 —385,4125)12 5% .61 5-61
(2,1, —165,1375)12 52.101 5-101
(2, 366 —1100)12 33572 33.5.7
(2,5, —473,5115)12 5-331 5-331
(2,3 —264,1760)12 | 3%-5%-13 3%3.5.13
(2,5, —308,2640)12 5- 379 5-379
(2,1,—198 —1540)12 | 5%-89 52 .89
(2, 3 143, —1155)12 53.97 52.97
(2,1, —88,1760)12 53107 52107
(2,1, —66,220)12 163 59163, § € {0,1}
(2, 3 —66, —1100)12 3517 3517,

In each case, all corresponding elliptic curve data are available. Again, one
checks that, for each of these duodecic forms F' and all j-invariants jy of the
elliptic curves at the levels corresponding to F', the associated equations jy =

j(z,y) and J(jo) = j(z,y) have no rational roots.

14.3. Small bounds for the exponents. If not only all elliptic curves but
actually all newforms at the appropriate levels are known, one can compute
explicit bounds for the prime exponent [ which, in practice, turn out to be
much smaller than that provided by our main theorem. Again, there is no
need to invoke all the machinery we have constructed; we can simply apply
standard congruences provided by the modular method. In this subsection, we
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highlight some examples of forms from Section 14.2 for which we are able to
compute all newforms at the appropriate levels.

In order to apply the modular machinery, we require the mod-I Galois
representation in question to be irreducible. Thanks to Mazur [31], we know
that this is automatically the case if [ > 163. In fact, assuming only [ > 13, we
obtain a like result, provided only that we exclude finitely many possibilities
for the corresponding j-values. As is well known, these are given by j in the
following set:

{—17-373% /217 —17% . 1013/2, 2% . 33, —7. 113, -7 - 1373 . 20833,
—218.33. 53 _915.33.53. 113 —218.33.53.233. 293},

It is straightforward to check if the j-invariant of a given Frey-Hellegouarch
curve can be equal to one of these values. In each of the examples we consider
here, this is not the case.

In what follows, we tabulate various Klein forms, together with a set & of
prime exponents [ > 13 for which we have not ruled out the possibilities of (2)
having a solution using standard congruences coming from the modular method
(i.e., (37) and (38) for small primes p). For [ > 13, ¢ &, our conclusion is, in
each case, that (2) has no (nonzero) integer solutions:

Form (]
(3,2,—7,-3)3 {23,67}
(3,4,2,6)3 {19}
(3,4,10,6)3 0
(2,51,369,73), | {19,37}
(3,2,25,—40)¢ 0
(5,4, —40, —140)¢ 0
(5,9,5,40)6 0
(2,3,66,—1100)12 0
(2,3, —264,1760)12 0
(2,3, -66,—1100)12 | {17}.

With work, we can likely eliminate possible solutions corresponding to

(some) primes [ < 13 or [ € &. Our aim here, however, is merely to demon-
strate that the bounds on [ provided by our main theorem are, in specific
applications, overly pessimistic.

Acknowledgments. The authors would like to thank Ryotaro Okazaki, Pe-
ter Olver and the anonymous referee for numerous valuable suggestions, and
Kyle Hambrook for his invaluable assistance in writing code for solving Thue-
Mahler equations
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Appendix A. Conductor calculations

A.1. Quartic Klein forms at p = 2. To find minimal (integral) models
for our Frey-Hellegouarch curves in case F' is a Klein form of index 3 with
Ar odd, we consider quadratic twists of (20) over Q((—1)%2) (where § is as
defined in (27)), translated as follows (we write H for H(z,y) and G for G(z,y)
for concision):

3 -1)°G — 16
(66) Ex,y:Y2+Y=X3+16X+()64

if H(z,y) is even,

3H -5 -1)°G - 3H - 17
(67) Epy : Y+ XY +Y =X X214 X+( )

16 64
if H(z,y) =7 (mod 16) and

H -1)°G - 3H — 1
(68) Ex,y:Y2+XY:X3fX2+3 +3X+( SG -3

16 64
if H(z,y) =15 (mod 16).
Corresponding quantities associated to the models E, , in (66)—(68) are

A(l’,y) :33 53 F(m,y)g,

ca(z,y) = —SQH(m,y),

co(,y) = (=1)°"3° G(x,y)/2,
) B —33 H(x,y)3

](CL’, y) - 63F($, y)g .

It is by no means obvious that these curves have integral coefficients. To
see that they do, note that
2, 2

H(z,y) = (8apaa — a%)afl + (Bapas + 4a1a2)933y + (a3 + 4ag)x Yy

+ (8anay + 4asas)zy® + (8azay — a2)y* (mod 16).

If o is even, then, from the assumption that d3 is odd, necessarily «g and ag
are odd, whereby from (7), 4 | a1 and 2 | ap. It follows that
H(z,y) = 823y + 2a1032%y* + 4asaszzy® — a2y (mod 16),
and hence either H(z,y) = —1 (mod 8) or H(z,y) =0 (mod 16). Via symme-
try, we reach a like conclusion if a3 is even. On the other hand, if a; and ag
are both odd, then (7) implies that ayas = —1 (mod 4) and as = 1 (mod 2),
whereby, from (28), precisely one of ag, ay, say ag, is even. We thus have that
either H(z,y) = —1 (mod 8) or that H(z,y) is even, whereby zy is necessarily
odd, and
H(z,y) = —(a; — a3)®> +4 =0 (mod 16).

If H(x,y) is even, then necessarily, from Proposition 2.1, F'(z,y) is odd,
whereby, from (12), G(z,y) = 16 (mod 32). We claim that (—1)°G(z,y) =
16 (mod 64).
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If g is odd, then (7) implies that ajaz = —1 (mod 4) and so, from (28),
ap and a4 have opposite parity. Since F(x,y) is odd, it follows that zy is even,
contradicting the fact that

(69) H(x,y) =— <a1x2 + a3y2)2 =0 (mod 4).

We may thus assume that as is even and hence, from (7), (28) and (69), that
either 4 | ay, 2 |y and 2t ap, or 4 | as, 2 |  and 2 1 a4. In the first case,

G(z,y) = 16 a3 (mod 64)
while, in the second,
G(z,y) = —16 a1 (mod 64).
In each case, (—1)°G(z,y) = 16 (mod 64).

Next, suppose that H(x,y) is odd (so that H(z,y) = —1 (mod 8)). From
(7), it is straightforward to check that

(=1)°G —3H =1 or 17 (mod 64)

for H = —1 or 7 (mod 16), respectively (where we note that the choice of ¢
ensures that (—1)°G = —2 (mod 8)).

A.2. Conductor calculations at p|| 6,. In many cases where a prime p || d,,
for a given Klein form F', we are able to be precise about the reduction at p
of our Frey-Hellegouarch curves Ey, ,,. As usual, let F(z,y) = Y%, ayak iyt
denote a Klein form of index n.

LEMMA A.1. Let p be a prime with p { ag, and suppose p|| 6n. Further-
more, assume that p # 2 (if n =4) and that p > 5 (if n =5). Then

kfl(

F=ap(z—ay)” (x—>by) (mod p)

for some a,b € Z with a # b (mod p). In particular, for the Hessian of F, we

have
H= -0 (a—b)?x—ay)** (mod p).

Proof. The formula for H follows immediately from that for F'. Since
p | 6n (and hence Ar), F' necessarily has a repeated factor modulo p. If no
such factor is linear, this places severe restrictions upon the coefficients of F
(modulo p). Using the relations (7), (8) and (9), we see that this is in fact
impossible, so F' must have a double root over F,,. After a linear translation,
we can assume that ap = ai_1 =0 (mod p). Again appealing to (7), (8) and
(9), we find that also ag_o =--- = a2 =0 (mod p). Then, it remains to show
that p t a1. Assume to the contrary that p | ;. In case the index n =2 or 3,
the formulae for 6, immediately imply that p? | §,, a contradiction. In case the
index n = 4 or 5, (8) and (9) yield p? | ag. (If (n,p) = (4,5) or (n,p) = (5,11),
this is less immediate and one must take care.) Except when (n,p) = (5,11),
we may thus conclude that p? | 6,, again a contradiction. In the remaining
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case, one obtains 11 | a1, 112 | ag and 113 | a; for i = 3,4, 5,6, which is enough
to imply that 112 | §5. This proves the lemma. O

PROPOSITION A.2. Let p be a prime with p { cgn, and suppose p || 6. If
the index n = 2 or 3, then the Frey-Hellegouarch curve Eg, ,, associated to a
solution of equation (2) has multiplicative reduction at p.

Proof. In the model for our Frey-Hellegouarch curve we have p | A(xg, yo),
so it suffices to prove that p { ¢4(zo,y0). This would follow if p + H(z0, yo).
If we suppose p | H(zo,y0), then Lemma A.1 implies that p | g — ayp and
so p | F(x,y0). Since [ > 1, it follows that p? | F(zg,y0). Using a linear
translation, we can assume, without loss of generality, that a = 0 (mod p) and
so F = apz* Yz — by) (mod p); ie., ag = ... = a = 0 (mod p). The fact
that p | o, together with p? | F(zo,yo), therefore implies that p? | . From
the expressions for d,, given in Section 2, we may conclude, in case n = 2 or 3,
that p? | §,, a contradiction. O

For index n = 4 and 5, we do not obtain quite such a strong result.
Indeed, it can happen that the root xg — ayo modulo p lifts to a root in Z,.
Furthermore, there are actually cases where (with similar assumptions to those
of the lemma and proposition above) the Frey-Hellegouarch curve actually has
additive reduction at p. Even in such instances, however, we are, in a certain
sense, not too far from multiplicative reduction.

PROPOSITION A.3. Let p be a prime with p t agn, and suppose p|| o,
for n =4 or 5. Furthermore, assume that p > 3 if n = 5. Then the Frey-
Hellegouarch curve E ,, associated to a solution of (2) with I > 7, or its
quadratic twist over Q(\/Ep), has multiplicative reduction at p.

Proof. Since p # 2, it suffices to prove that F,, ,, has potentially multi-
plicative reduction, i.e., ,(j(zo,y0)) < 0. We calculate

Vp(j(x0,90)) = 3vp(H (z0,90)) — nvp(F (20, %0)) — 1.

From Lemma A.1, if p { F'(x0, yo), then p t H(zo, o), in which case v, (j(zo, yo))
= —1 < 0. It remains only to consider when p | F(zo,yo). If n = 4 (so that
k = 6), then, from Proposition 2.1, v,(H (zo,v0)) < k(k — 1)/3=10. Together
with v, (F(x0,v0)) > [, we obtain v,(j(z0,y0)) < 0. A similar argument, in case
n = b, leads to a like conclusion, at least for [ > 29. To treat smaller values of [,
note that there certainly exist (nondegenerate) x,y € Z with p{ F'(x,y), so that
vp(j(z,y)) = —1. It follows from the theory of Tate curves that 5 | #pfz’y(fp),

where I, C Gal(Q/Q) denotes an inertia subgroup of p. Since p5E’”’y o~ pg 00
we also have 5 | #pfmo’yo (Ip). On the other hand, if £, ,, has potentially good
reduction at p, then no primes > 5 can divide #pfzo’yo (Ip). This contradiction

concludes the proof. O
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