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Values of certain [L-series
in positive characteristic

By FEDERICO PELLARIN

Abstract

We introduce a class of deformations of the values of the Goss zeta
function. We prove, with the use of the theory of deformations of vectorial
modular forms as well as with other techniques, a formula for their value
at 1, and some arithmetic properties of values at other positive integers.
Our formulas involve Anderson and Thakur’s function w. We discuss how
our formulas may be used to investigate the existence of a kind of functional
equation for the Goss zeta function.

1. Introduction, results

Euler’s formulas [11]
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must have looked particularly intriguing before Riemann’s discovery of the
functional equation for Riemann’s zeta function.

The double appearance of the Bernoulli numbers in these formulas and
the occurrence of the constant 7 in the second prompted Euler to conjecture
the existence of a potential functional equation [12]; a problem that Riemann
was able to solve more than a century later.

There is yet another function, called the Goss zeta function, which bears
similarities to Riemann’s zeta function, of which the existence of functional
equations is expected, although it seems difficult to even guess its appearance.
The aim of this paper is to provide new functional identities involving values
of this function.
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The zeta function of Goss. Let ¢ = p© be a power of a prime number p with
e > 0 an integer, and let IF, be the finite field with ¢ elements. We consider,
for an indeterminate 6, the polynomial ring A = F,[f] and its fraction field
K =TF,(f). On K, we use the absolute value | - | defined by |a| = ¢4 9, q
being in K, so that |§| = ¢ (degy denotes the degree in #). Let K := F,((1/6))
be the completion of K for this absolute value, let K g;g be an algebraic closure
of K. We denote, by AT, the subset of monic polynomials of A.

In his explicit class field theory for the field K, Carlitz was led to introduce
the values of the following series:

(1) ¢(n) = Z a €Ky, n>0,

acAt

as analogues of the values of Riemann’s zeta function at integers > 1;! see, for
example, [7], [8], [9]. These “zeta-values” will play a fundamental role in the
present paper.

The complete solution of the explicit class field theory problem for global
fields of positive characteristic given by Hayes [24] gave impetus to the devel-
opment of the theory. Shortly later, Goss [17] extended the study of of these
series to the case of A = T'(X \{oo}, Ox), where X is a smooth projective curve
defined over [F; and oo is a closed point of X. Goss also provided the necessary
analytic structure to study these series. Just as Riemann’s zeta function inter-
polates meromorphically the Euler zeta-values mentioned at the beginning of
the present paper, Goss’ zeta function ( is a kind of analytic interpolation ob-
tained by Goss [17] of the zeta-values (1), whose construction can be extended
to the more general class of rings A as above. In this paper however, we will
only focus on the simplest case of A = F,[0] (that is, X =Py with its point at
infinity).

No functional equation is known for these functions, in spite of evidence
supporting their existence, collected in [22].

A new kind of interpolation. In this paper we introduce a new type of
analytic interpolation, specializing in the zeta-values (1) with n varying in
certain subsets of Z. Some of the functions we introduce turn out to satisfy
functional equations.

Let C4 be the completion of K2 for the unique extension of | -| to K2,
and let K5 be the separable closure of K in K22, We consider an element ¢
of C. We have the “evaluating at t” ring homomorphism

Xt - A— ]Fq[t]

lwe will rarely mention Riemann’s zeta function in this paper, so the double use of the
symbol ¢ will not bother us.
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defined by x:(a) = a(t). In other words, x;(a) is the image of the polynomial
a(f) obtained by substituting 6 with ¢ in a(f). For example, x;(1) = 1 and
xt(6) = t. If we choose t € ]Fglg , then x; factors through a Dirichlet character
modulo the ideal generated by the minimal polynomial of ¢ in A.

We can also consider t as an indeterminate. We have, for a > 0 an integer,
a formal series

Lixt,a) = Y xi(a)a™ =@ = xe(p)p~) 7",
acAt p

where the FEulerian product runs over the monic irreducible polynomials of A,
which is well defined in K[[t]], as it is easily verifiable by the reader. This
formal series converges for log, lt] < a, log, being the logarithm in base ¢. It
is easy to see, by using Goss’ result [23, Th. 2], that it extends to an entire
function on Co,. This analytic continuation is given by ordering the summation
according to the degrees. (See the proof of Corollary 3 and Remark 7.)

Ift =69 for k € Z and o > ¢, then the series L(Xeqk-,a) converges to
the zeta-value

L(X@qua) = ((a— qk) = Z aqk—a’
acAt

but with the above-mentioned result of Goss, the analytic extension takes, at
the points ¢ = qu, the zeta-values ((a — ¢¥) for k € Z. If, on the other hand,
we consider t € ¥ 2lg, then, for v > 0, L(x¢, ) converges to the value at « of
the L-series associated to a Dirichlet character, described in Goss’ book [21].

For certain values of «,, we show the existence of a functional equation for
the function L(x¢, «) (of the variable t) which provides an alternative path to
the analytic extension.

To describe this, we recall that Carlitz’s module is the unique F,-linear
algebra homomorphism

¢Car A — Enqu,hn, (Ga((Coo)) = (Coo [7‘]

such that ¢car(0) = 0 + 7. Here, Coo[7] denotes the skew ring of polynomials
S ¢t in 7 with coefficients in Co, with product defined by the commutation
rule 7¢ = ¢i7.

We will need some classical tools related to Carlitz’s module. The ezpo-
nential function exp associated to ¢cay is defined, for all n € Co, by the sum
of the convergent series

n?"
2) expln) = -
n>0 "
where dg := 1 and d; := [i][i — 1)7---[1]9 ", with [i] = 7 — 6 if i > 0.
We choose once and for all a fundamental period 7 of exp. It is possible
to show that 7 is equal, up to choice of a (¢ — 1)-th root of —@, to the (value

i—1
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of the) convergent infinite product
0 .
(3) 7= 0(—0)71 [[(1—0""7) " € (—0)T7 Ku.
i=1
We will also need Anderson and Thakur’s function w, belonging to K*P[[t]],

g o= 3o () = 3 oy

converging for |t| < g. This function was introduced in [5, Proof of Lemma
2.5.4, p. 177] and is denoted by w; there. (The same function is denoted by
Scar in [34].) We shall prove

THEOREM 1. The following identity holds:
T
L(Xt7 1) - =

(t—0)(t)

We also obtained some information on the values L(x;, «) with a > 1 such
that « =1 (mod ¢ — 1).

THEOREM 2. Let a be a positive integer such that « = 1 (mod q — 1).
Then, there exists a nonzero element Ao € Fy(t,0) such that

7’.7.6!

L(xt,a) = /\am-

Theorem 1 implies that Ay = —1.
For our purposes, we need to recall three properties of the function w.
(See, for example, [32] for more details.)

1. The function w is solution of a difference equation. More precisely, it
generates the one-dimensional F,(¢)-vector space of solutions of the 7-difference
equation

(5) X =(t—-0)X,
in the fraction field of the Tate algebra T of formal power series in ¢ converging
for |t| < 1 (that is, of series 3,50 cnt™ € Coo[[t]] such that lim, . ¢, = 0),
where -

71 Coo((t)) = Coo((2))
is the operator defined by

T Z et = Z it

2. The function w is defined and meromorphic over Co (in the rigid
sense). The poles are simple, and their set is {#9" : n > 1}. Indeed, the
function

Q=—
TW
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is entire on C,, with the only zeros at t = Qq,9q2, ... . This can be deduced
from the 7-difference equation (5), which yields the identity
1 I = A 1
Qt) =—0""(—0) 1 [J(1—t6"") € (—0) 7T Ko [[t]]-

i=1

3. The residue of w at t = 0 is —mw. The property is equivalent to the
identity

which can be verified by using (3).

The function € was used in an essential way in [4, §4.4.11] in the study
of the algebraic relations between values of the “geometric” gamma function
of Thakur. Following the terminology of the authors, it is a rigid analytic
trivialization of Carlitz’s t-motive. The functions w, €2 also appear, under
several different notations, in the papers [1], [5], [4], [31]. In [1], the function
w is related to the theory of scattering matrices (see Section 3.1 of loc. cit.).
An overview of further properties of w and €2 is contained in [32].

Before presenting the other results of this paper, we explain the interest
of Theorems 1 and 2. The identity

L(xi,1) = —7Q(t)

holds, and we notice that the product is independent of the choice of a fun-
damental period 7 of exp. But since the function €2 is entire, so is the map

t — L(x¢, 1), with the only zeros at the points t = 69, 0q2, ... . The properties
above imply that
(6) lim L(x¢, 1) =1
t—0
and, for k£ > 0,
(7) lim L(x: 1) =0.
t—ga"

These limits are useful in proving the following corollary of Theorem 1 and
rediscovering, in a new way, known results about the function ¢ of Goss.

COROLLARY 3. We have ¢(0) =1 and {(1 — ¢*) =0 for k > 0.

The interest of the corollary lies in its proof. Indeed, we are going to show
that the zeros are located where the poles of 7w are, just as the trivial zeros of
Riemann’s zeta function are located at the poles of Euler’s gamma function.

Proof of Corollary 3. We need to use Goss’ works [21], [23]. Let Sp =
Cx X Zy be the “complex plane” over which he introduced his continuous-
analytic extensions of the zeta-values (1). For (¢,z,y) varying in the space
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Coo X CZ X Zp = Co X Soo, we recall the definition of the series L(x¢, z,y) in
[23]:

L(xe,z,y) =y a7 ¢ ( > xt(a)<a>y) :
(d)

d>0 acAt

where A" (d) denotes the set of monic polynomials of A of degree d in § and
the (-)¥ denotes p-adic exponentiation of the 1-unit (a) = af~? (d = degy a) as
defined in [23] and in [21, §8.5].% In [23, Th. 2], Goss shows that the function
f(t,z,y) == L(xe ,y) is a continuous family of entire functions in t,z7!,
parametrized by y € Z,. This means that we can write

fltoay) =37 > ta e (y)

n>01i+j=n
with ¢; ; : Z, — C continuous and, setting
M = max max fei;(y)],
we have m,r™ — 0 as n — oo, for all r > 0 (compare with [21, Def. 8.5.1]). In
particular, the map
te f(t,67,5)

is entire for all j € Z and must then coincide with L(x¢, 1) = —7Q(¢t) for j = 1,
for all t € C,, because it coincides with it for |¢| small. In particular, we obtain
from (6) and (7) that f(6,6,1) = 1 and f(67",6~1,1) = 0 for k > 0. Theorem
2 of [23] also implies, now fixing tg € Co and varying (z,y) € S, that the
map
(.%', y) = f(t07 xz, y)

is analytic over the space S (after Definition 8.5.1 of loc. cit.).? If tg =
97" (k > 0), we get f(07,z,y) = (207 ,y — ¢*), Goss’ continuous-analytic
extension of ¢ connecting to (1) through ((6~",n) = {(n). In particular, we
obtain, evaluating at (x,y) = (07%,1) € Su,

¢(0)=¢(1,0)=1
and

1= =¢r 1= =0, k>o0. 0

The vanishing of ((n) at negative integers n divisible by ¢ — 1 is a well-
known result due to Goss [17], and we only obtain fragments of this result.
What is really important here is that the function 7w plays a role analogue

Notice the choice of uniformizer 7 = 6! of K (in Goss’ notations).
3See also Theorem 1 of loc. cit., where it is shown that the function o — L(Xf , ) extends
analytically to the whole plane So for any choice of ¢t and 8 positive integer.
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to that of Euler’s gamma function in the classical functional equation of Rie-
mann’s zeta function; its poles provide the trivial zeroes of Goss’  at the points
1 —¢*, k>0, and this is the first known interplay between certain values of ¢
at positive and negative multiples of ¢ — 1. The trivial zeros of { are simple; it
is not yet known whether our method implies this property. See Remark 7 for
a discussion about a generalization of the function L(xy,z,y).
In Section 1.1 we introduce a function of two variables f,(t, X), satisfying
the identity
1
Tw(t)

_ (_(g)fq/(q*l)fq(t7 0)

(with the appropriate choice of (¢ — 1)-th root of —f). We will describe three
classes of functional equations for this function which can be considered as
analogues of the classical translation, multiplication, reflection formulas for
Euler’s gamma function, hence providing yet another similarity between w and
Euler’s gamma function. Transcendence and algebraic independence issues will
also be discussed.

COROLLARY 4. We have, for « =1 (mod q — 1) positive and k > 0, the
formulas

~ ek
Toq 1

Clag" 1) = 3 o' = (D" ) O) g

The identities of this corollary are also well known, especially for the case
a =1 when A\, = —1 (see Carlitz [6] and Goss [16]). But here again, we have a
glimpse of something like a functional equation behind the proof. Theorem 2
yields these formulas thanks to the identity €(f) = —1/7. Similarly, in the
computation of the value of Riemann’s zeta function at, e.g., two, by means of
its functional equation, one is led to use the formula I'(1/2) = /7.

Proof of Corollary 4. From the definition of L(¢, o) we deduce 7% L(x, c)
= L(xt,aq") (use k > 0). Apply 7% to both the left- and the right-hand sides
of the identity of Theorem 2 (or Theorem 1 if & = 1), and compute the limit
for ¢ — € in both left- and right-hand sides of the obtained identity. Observing
the relation

(8) (= O)w(t) = (=07 (E—07)(t — O)(t),

which can be deduced from (5), and the limit lim;_,¢(t—0)w(t) = Q(0)~! = -7,
the corollary follows. ([

In particular, we notice the formula

TkAa — (t _ eqk) . (t _ QQ)Aqka
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and the fact that /\a(ﬁq_k) is well-defined nonzero for all k nonnegative (due
to the fact that ((aq® — 1) is well defined and nonzero). Apart from this,
the explicit computation of the A,’s is difficult and very little is known about
these coefficients which could encode, we hope, an interesting generalization in
[F,(t,0) of the theory of Bernoulli-Carlitz’ numbers.

Ift=¢ € F;lg, Theorems 1 and 2 imply that for &« = 1 (mod ¢ — 1)
positive, L(x¢, @), the value of an L-function associated to a Dirichlet character
is a multiple of 7® by an algebraic element of C,,. More precisely, we obtain
the following result.

COROLLARY 5. For £ € Fglg with €1 = ¢ (r > 0) and a > 0 with a = 1
(mod g — 1), we have

,7.‘:04

L(XE’ a) = Aa(&)?ga

where pg # 0 is the root (Tw)(§) € Cx of the polynomial equation
XU = (6—07)--- (- 0.

Proof. Consider (8) with k£ = r, and then apply Theorem 2, noticing that
(77 (w))(€) = ((Tw)(£))7". Of course, since the series L(x¢, o) converges, the
value A\, (&) is well defined. O

Some cases of the above corollary are also covered by the work [29] (when
a = 1); see also [10]. One of the new features of Corollary 5 is to highlight
that several such results on values at one of L-series in positive characteristic
belong to the special family described in Theorem 1.

Remark 6. The convolution algebra of v-adic measures with v a place of K,
particularly important in the study of the values of ( at negative integers, is
canonically isomorphic to the ring of formal higher derivatives acting on the
Tate algebra T, where our deformations of {(n) lie; see [20]. The author owes
this remark to David Goss.

Remark 7. The result of Goss [23, Th. 2] can be generalized to the fol-
lowing setting. Consider s variables t1,...,ts and, for 31,...,3s nonnegative
integers and (x,y) an element of S, the series

LOGH oxE iy =Y a7 Y P a) - X (a)(a) V.
d>0 acAt(d)

It can be proved that the above series again defines a continuous family of
entire functions in ¢i,...,t; and z~!, parametrized by y € Zy,. Indeed, one
can argue by specialization in the above type of series (for various s) with
B1 = .-+ = Bs = 1, case accessible by using Goss’ method of proof of [23,
Th. 2]; we skip the details of this verification.
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In particular, for all « > 0 and Si,...,8s > 0, the series

S xiia) - xi(a)a™ € Kuollta, .. -, ts]]

acA+t

is an element of the Tate algebra Ts.* But, in fact, it extends to an entire
function.

Each of these functions interpolates infinitely many zeta-values. To see
this, it suffices to evaluate at points such as

(t1,....ts) = (07", ...,097), ny,...,ns €L
We get the zeta-values

Cla—prg™ — = Bsq™), n1,...,n5 € 7.

Methods of proof of Theorems 1 and 2. We will provide two independent
proofs of Theorem 1. The first one uses deformations of vectorial modular
forms (see Section 2). The second one, written in Section 4, is obtained from a
variant of Anderson’s so-called log-algebraic power series identities for twisted
harmonic sums; see [2], [3]. We expect, in principle, that this method will
be useful in computing the values at @ = 1 of a variant of our series L(x¢, @)
associable to general Carlitz-Hayes’ modules. (This method is also used in
[29].) Unfortunately, it does not seem to be flexible enough to handle values
L(xt, ) with a > 1.

The proof of Theorem 2 that we propose relies again on certain properties
of deformations of vectorial modular forms. We will present a result, Theo-
rem 8, immediately implying Theorem 1, and Theorem 2 will be obtained from
a simple modification of the techniques introduced to prove Theorem 8.

A fundamental identity for deformations of vectorial modular forms. To
present Theorem 8, we need to introduce more tools. Let 2 be the set Coo \ Koo
It is well known [13] that it has a structure of geometrically connected rigid
analytic space. Goss’ paper [18] provides the background for the related theory.
We recall that the group GLa(K) acts on © by homographies in a way
compatible with the rigid structure. The group I' = GL2(A) is a discrete
subgroup of GLy(K ) acting discontinuously on €2, and the quotient I'\{2 can
be given a rigid analytic structure as well.

For z € , we denote by A, the A-module A + zA, free of rank 2. The
evaluation at ) € Co of the exponential function exp,  associated to the lattice

4The Tate algebra T; is the ring of series in monomials in t1,...,¢s converging in the
polydisk {(t1,...,ts) € C3, |ts| <1 for all i}.



2064 FEDERICO PELLARIN

A, is given by the series
o0 .
(9) expy, () = D ai(2)nf
i=0

for functions a; : @ — Cs with ag = 1. We recall that for i > 0, o; is a
Drinfeld modular form of weight ¢' — 1 and type 0 in the sense of [13]; see also
[19].

We also recall from [34] the series

ai(en) =y BT

= 97—t
o0

ai(z)
) = AN
s2(z,1) ; P
Let Hol(f2) be the ring of holomorphic functions @ — Cs. The series
s1, 82 define formal series s;(2,t) = > >0 fin(2)t" (i = 1,2) of Hol(Q)][t]]
(i.e., the coefficients are holomorphic functions) such that for all z € Q, the

series obtained by specialization of the coefficients converges for [t| < ¢. In

particular, si, so define two functions (2 — T. With the use of the recursive
formulas for the coefficients o; and Lemma 4 given in [34], one can show that
for any ¢t € By, the functions s;(-,t) and sa(-,t) are holomorphic functions
O — Cx.

We point out that for a fixed choice of z € 2, the matrix function
t(s1(2,t), 82(2,t)) is the canonical Tigid analytic trivialisation of the t-motive
associated to the lattice A, discussed in [32]. We set, for i = 1,2,

di(z,t) == 7w(t) tsi(z,1).
The advantage of using these functions instead of the s;’s is that ds has a u-
expansion defined over Fy[t, §] (see Proposition 16), u being the local parameter
at infinity of T'\Q:

1
u(z) = ——, z€.
exp(7z)
Moreover, for all z € Q, d;(z,t) and da(z,t) are entire functions of the variable
t € Cx (see Corollary 18).

On the other hand, both the series

/ Xt(C) / Xt(d)
el(z,t) = Z s eg(z,t) = Z
cjdeAcz—l—d cdeAcz—l—al

converge for (z,t) € Q x Co with |¢t| < 1, where the dash ’ denotes a sum
avoiding the pair (¢,d) = (0,0). The series ej, ey define functions Q@ — T.

5In the notations of [34], we have dy = d.
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Moreover, for every t € Co, such that |¢t| < 1, both the functions z — e;(z,t)
are holomorphic on  (see Proposition 22).

The Frobenius Fg-linear map 7 acts on Hol(12), the ring of holomorphic
functions Q — Cu: if f € Hol(Q2), then 7f = f¢. We consider the unique
[F,((t))-linear extension of 7:

Hol(Q) ®r, Fy((t)) — Hol(Q) @, Fe((t)),

again denoted by 7.
We shall prove the fundamental theorem

THEOREM 8. The following identities hold for z € Q,t € Cy such that
|t] < 1:

(10) L(xt, 1) e1(z,t) = —(t — O)w(t)(rd2) (2, )h(2),
L(x4, 1) tey(z,t) = (t — Ow(t)(1dyr)(z,t)h(2).

In the statement of the theorem, h is the opposite of the unique normalized
Drinfeld cusp form of weight ¢ + 1 and type 1 for I' = GL2(A) as in Gekeler’s
paper [13]. This function was the object of extensive investigation. It is known
that it is proportional to the unique Poincaré series of weight ¢ + 1 and type 1
[13, (5.11)]. Gekeler [13, Th. (6.1)] also showed that h has the following infinite
product expansion:

h=—u I] £ (),
acAt
where f,(X) is the polynomial ¢car(a)(X 1) X1 making it explicit that h has
the coefficients of its u-expansion in A and carries analogies with the unique
normalized cusp form of weight 12 for SLo(Z).

It can be observed that both right-hand sides in (10) are well defined for
t € Co with [t| < ¢7 so that these identities provide analytic extensions of the
functions eq, es in terms of the variable t. In Section 3 we show how to deduce
Theorem 1 from Theorem 8. But the formula of Theorem 1 can be jointly
applied with Theorem 8 and gives the identities

ei(z,t) = %_I(sz)(z,t)h(z), ez, t) = —%_I(le)(z,t)h(z).

Corollary 18 then implies that e (z,t), ea(z, t) extend to entire functions of the
variable t for every choice of z € .

1.1. Gamma phenomenology and transcendence properties. We have seen
how the function w in Corollaries 3 and 4 played a role similar to that of
Fuler’s gamma function in the functional equation of Riemann’s zeta function.
Here, we mention yet another connection between these two functions via the
functions f x defined below.
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Thanks to Theorem 1, the function L(x;, 1) can be written as

(11) Lix,1) = m

where f, denotes the formal series
t _
fo(t, X) = 1;[0 (1 - ﬁ) € Fylft, X)),

converging for ¢, X € Cy with |X| > 1. It now becomes important to consider
a more general family of functions (fyx)x>1 defined by

t
foe(t, X) = H <1 - X7) :
>0
Here we describe three kinds of functional equations allowing us to trace analo-
gies with corresponding functional equations of Euler’s gamma function. At

the end of this section, we discuss certain issues in transcendence and algebraic
independence of values of the function L(yy, «).

Analogues of the translation formula for T'. Writing

1 Fg (D) (X)) = Fg((0)((X™1)

for the unique Fy((¢))-endomorphism associating X to X9, the vector

E—1
F= t(qu,ﬁqu, cos T fgk)
is a solution, as it can be checked easily, of the system of 7-difference equations
of order 1 (with component-wise action of the operator 7;):

(12) nF = ByF,

0 I
Bk—(l—;qk 0 )

is a block matrix of GL(F,(¢, X)) with an identity block of size K — 1. In
particular, we have

t
(13) £t X) = (1= <2 ) ket ).
This functional equation can be considered as an analogue of the translation
formula I'(s + 1) = sI'(s) of Euler’s gamma function.

where

Analogue of the multiplication formula for I'. For k > 0 a given integer,
the functional equation

k—1
fo&, X) =T i fp(t, X)
=0

can be verified directly by using (12).
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Analogue of the reflection formula for I'. Let us fix an integer k > 0. The
functional equation

[ X = T fr (A X)

A€Fy

holds and can be verified in the following way. The right and the left-hand
sides satisfy the same functional equation

a1 .
F: <1 - X’qk(q—l)) T].F'

The above is a homogeneous, linear 7f-difference equation of order 1. Since
the subfield of 7f-invariant elements of F,((t))((X~1)) is F,((t)), the set of
solutions of the above equation in F,((¢))((X 1)) is a F,((t))-vector space of
dimension one, so the two solutions are multiples of each other and the factor
of proportionality is equal to one.

Remark 9. Of these functional equations, only the first one transfers di-
rectly to the function w and to the values of the series L(x:, ) for o = 1
(mod ¢ — 1) positive. However, Anderson, Brownawell and Papanikolas [4]
gave evidence of the fact that the function w is intimately related to the arith-
metic of the values of Thakur’s geometric gamma function, which satisfies yet
three other classes of functional equations in analogy with the three shown
above. At the time of writing the present paper, the exact connection be-
tween the values of the general functions fgx (t, X) and the values of Thakur’s
function is not completely elucidated.

Transcendence and algebraic independence of values. Our results can be
used to obtain transcendence properties of values L(x¢,1) (or more generally,
of values L(x¢, ) with @ = 1 (mod ¢ — 1)). With Corollary 5, we notice
that if ¢ belongs to F;lg, then L(x¢,1) is transcendental by the well-known
transcendence of 7. Moreover, we have the following result.

COROLLARY 10. Let t be an element of K?& \Fglg. The quantities ™ and
L(x¢, 1) are algebraically independent over K if and only if t is not of the form
04" with k € 7.

Sketch of proof. By (3), (11) and Corollary 4, we see that if ¢ is of the
form 07" for k € Z, then 7 and L(xy, 1) are algebraically dependent. Assume
conversely that 7 and L(x¢, 1) are algebraically dependent. Then f,(¢,6) and
f4(0,0) are algebraically dependent. By [33, Th. 11], the functions f,(t, X)
and f,(0, X) are algebraically dependent over C(X). An appropriate variant
of [33, Prop. 21] allows us to show that, for some «, 5 € Z not both vanishing,
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there exists an algebraic function g(X) € Cs(X)2!8 such that

fQ(ta X)af(J(ev X)B = g(X)
We notice now that the functions fy(¢t,X) and f,(#, X) of the variable X
have infinitely many zeros, respectively located at the sets {tqk, k € Z} and
{qu, k € Z}. This is compatible with the existence of g as above (algebraic

and nonzero, therefore with finitely many poles and zeroes) only if t = 07" for
some k € Z. (]

The above considerations can be extended to give a necessary and suffi-

cient condition on t1,...,ts algebraic for the algebraic independence of Q(t1),

.., (ts), from which one deduces the corresponding condition for L(xy,, 1),
...y L(xt,,1). The details will be described in another work.

1.2. Structure of proof of Theorem 8. We adopt the notations
€= L(xi,1) (e, e2)

dq
d (d2>’

and we consider the representation p; : GL2(A) — GL2(F,[t]) defined by

pul) = ( xi(@) x(b) )

xe(c)  xi(d)
ab

for v = (¢5) € GL2(A). Then, for any such a choice of v, we have the
functional equations (see Propositions 16 and 22)

F(r(2),t) = (cz + d) " pe(v) - F(2,1),
E((2),0) = (cz +d) oy (7) - €=, ).

Here and in the following, «(z) denotes the homography action of v at z:
v(z) = (az + b)/(cz + d). This immediately puts the functions ‘€ and F in
the framework of deformations of vectorial modular forms, a topic that will
be developed in Section 2 (see Definition 12 and the papers [27], [30]): the
parameter of the deformation is ¢.

Let By be the set of t € C, such that [t| < 1. We will make use of a
remarkable sequence G = (G )rez of functions Q x By — Co, defined by the
scalar product (with component-wise action of 7):

Gr = (7€) - F.

For k > 0, Gy, turns out to be an element of M« _; o @ Fy[t, 0], where M, ,, de-
notes the Coo-vector space of Drinfeld modular forms of weight w and type m.
In fact, we need only examine the functions Gy, G; to prove Theorem 1. Once
their explicit computation is accomplished (see Proposition 26), the proof of

and
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Theorem 8 is only a matter of solving a nonhomogeneous system in two equa-
tions and two indeterminates e1, es. We need, to compute Gy and Gy, a defor-
mation of Legendre’s identity (proved in [34]):

hl(rw) ™! = di(rds) — da(7dy)

(see Proposition 16, eq. (17)).

It turns out that this formula is equivalent to the identity Gy = —1,
obtained in Proposition 26. Theorem 1 will be deduced with the computation
of a limit in the identity

e = —L(Xt, 1)T(wd2)h,

and a similar path will be followed for Theorem 2, this time using the more
general sequences G 01 = (Tkgayo) - F defined later, for which we will have
TkgLo = qu70 = Tkg and g1707k = gk

Next, we must explain why we use deformation of vectorial modular forms
in our setting. The terminology reflects that if we specialize the parameter ¢
to some value in Bj, we get some close variant of a vectorial modular form (as
in Definition 11). In fact, we consider the parameter ¢ as varying in B only.
This simplifies many computations and is not restrictive for our results since
at the end we need formulas valid in a neighborhood of ¢ = 0 that can be later
extended analytically so that it will be possible to evaluate at ¢ = 6. But in
many cases, the analysis of the interesting value ¢ = 6 can be made directly;
let us give an example.

Let g be the normalization of the Eisenstein series of weight ¢¥ — 1 and
type 0 of [13]. By definition, for k > 0 (see loc. cit.), we have

(14) g(x) = X ez + ) = =¢" - )7 Y (e + ) () (1)
c,deA cdeA

a scalar product of vectorial modular forms of weights ¢® and —1 associated
respectively to the transpose of the inverse of the identity representation and
the identity representation. We have equality of convergent series

(T5)(2,0) = —C(d" = 1) 3 (2 + d) (e, d)
c,deA

and we also have a well-defined limit (see [34]):

, e
%Lr}éf(z,t) = <1>

The above formula for g; can be rewritten in the following way:

m(7FE)(2,t) - F(z,1).

— 1 t) = —li
gk(z) tl_l;%gk(za ) t1—>9
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It is precisely the use of the parameter ¢ that allows us to extract new in-
teresting arithmetic information from such an identity. For k = 0, the se-
ries . geal(cz + d)_qk(c, d) is only conditionally convergent, but the limit
t — 60 in the formula above is still well defined and results in the identity
1 =go = —limy9Go(z,t). Thanks to [14, Th. 6.2], this can also be viewed
as an analogue of the classical Legendre period relation. Considering again
our deformation of Legendre’s period relation (17) and comparing it this time
with Theorem 8, we complete showing how the former can be deduced from
the latter.

2. Vectorial modular forms and their deformations
We denote by J, the factor of automorphy (7, 2) — ¢z +d if v = (25).
We recall the local parameter at infinity of I'\Q2, u = u(z) = 1/ exp(7z). For all
w, m, we have an embedding of M, ,,, in C[[u]] associating to every Drinfeld
modular form its u-expansion; see [13], [19]. We will often identify modular
forms with their u-expansions.

In all of the following, ¢ will be considered either as a new indeterminate
or as a parameter varying in Co,, and we will freely switch from formal series
to functions. We will say that a series };>;, c;u' (with the coefficients ¢; in
some field extension of (¢, 6)) is normalized if ¢;; = 1. We will also say that
the series is of type m € Z/(q — 1)Z if i Z m (mod ¢ — 1) implies ¢; = 0. This
definition is obviously compatible with the notion of type of a Drinfeld modular
form already mentioned in the introduction; see [13].

The following definition is a simple adaptation of the notion of vectorial
modular form for SLy(Z) investigated in works by Knopp and Mason such as
[27], [30]. Let p: I' = GL4(Cs) be a representation of T'.

Definition 11. A wvectorial modular form of weight w, type m and dimen-
sion s associated to p is a holomorphic function f :  — Matgy1(Cs) with
the following two properties. Firstly, for all v € T,

f(y(2)) = det(y) "™ T p(v) - f(2).

Secondly, the vectorial function f = (fi,..., fs) is tempered at infinity in the
following way. There exists v € Z such that for all i € {1,..., s}, the following
limit holds:

lim  wu(2)"fi(z) = 0.

|z|=|z]i—o0

(|z|; denotes, for z € Cw, the infimum inf,ex. {|z — al}.)

We denote by M3, ,,,(p) the C-vector space generated by these functions.
For s =1 and p = 1 the constant representation, our space M}Um(l) is the
space of meromorphic modular forms of weight w and type m that are holo-
morphic on €2, which we denote by Mi'um This is the Cyo-vector space (of
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infinite dimension) generated by the holomorphic functions f : Q — C satis-
fying, for all z € Q and v € T', f(v(2)) = det(y)"™Jy f(z) and meromorphic
at infinity. This vector space is generated by the functions h~*m,;, where m; is
a Drinfeld modular form of weight w 4 i(q + 1) and type i.

For the vectorial modular forms occurring in (14), we have, if p is the
identity representation, &k (z,0) € Mgho(tp_l) and F(z,0) € ./\/l2_1,0(p).6

We recall that B is the disk {t € C such that |¢| < 1}. We will work
with certain functions f : 2 x By — C, with the property that for all z € €,
f(z,t) can be identified with a series of T converging for all tg € B; to f(z,tp).
For such functions, we will then also write f(z) to stress the dependence on
z € Q) when we want to consider them as functions 2 — T. Sometimes, we will
not specify the variables z,t and write f instead of f(z,t) or f(z) to lighten
our formulas just as we did in some parts of the introduction. Moreover, z will
denote a variable in Q throughout this work.

Let us denote by R the integral ring whose elements are the formal series
f=>i>0 f;t' such that

(1) For all 4, f; is a map Q — Cs belonging to Hol(f2), the ring of holo-
morphic functions on ).
(2) For all z € Q, ;>0 fi(2)t" is an element of T.

The ring R is endowed with the injective endomorphism 7 acting on formal
series as follows:
TZfi(z)ti = z fi(2)4t.
i>0 i>0
2.1. Deformations of vectorial modular forms. Let us consider a represen-
tation

(15) p:T = GL,(F,[t]).

We assume that the determinant representation det(p) is the pu-th power of the
determinant character for some p € Z/(q — 1)Z.

Definition 12. A deformation of vectorial modular forms of weight w, di-
mension s and type m associated with a representation p as in (15) is a column
matrix F = (f1,..., fs) € Matsx1(R) such that the following two properties
hold. Firstly, considering F as a map 2 — Mat,.1(T) we have, for all y € T,

F(v(2)) = Jy det(v) " p(y) - F(2).

6More generally, one speaks about matrix modular forms associated to left and right

actions of two representations of T' (or SLa(Z)). Then, & (-, 0) is a row matrix modular

form associated to the right action of p~!.
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Secondly, the entries of F are tempered: there exists v € Z such that, for all
te By andi € {1, ceey S}, hm|z|:|z|iﬁoo U,(Z)sz(z) =0.

The set of deformations of vectorial modular forms of weight w, dimension
s and type m associated to a representation p is a T-module, which we will
denote by M3, ,(p). (We use the same notations as for the spaces of vectorial
modular forms.) It is easy to see that we can endow the space M?®(p) =
Buw,m My m(p) (the sum is direct) with the structure of a graded module over
the graded ring M' ® T, where M' = @w,meﬂ,m.

If 7 € Mj,,,(p) is a deformation of vectorial modular forms and if o
is an element of B;, we have that F(-,%p) is a vectorial modular form of the
space Mg, . (pli=t,), where pli=, is the representation GLs(A4) — GLs(Cx)
obtained by evaluating, for each v € T, the coefficients of p(v) at t = tg.

LEMMA 13. Let 1 : T' — (1) be the trivial representation. We have
My (1) = My, @ T.
Proof. 1t suffices to show that My, (1) C M:Um ® T, the other inclusion

being evident. Let G be in M, (1). Then, for all t € By, G(-,t) is an element

of M,L'Um and, by the fact that G is tempered, there exists an integer n such

that h"G(-,t) € My yn(g+1),mtn- Let (b1,...,bs) be a basis of the latter vector
space. Then, we have functions cy,...,cs of the variable ¢ € By such that, for
all (Z,t) € Q x By,

G(z,t) = h(z) " (cr(t)bi(2) + - - - + ¢s(t)bs(2))-
We can find 21, ..., 2, € 2 such that the matrix B = (h(z;) " "bi(2}))1<i j<s is
invertible, from which we deduce that

(c1(t), -y es(t) = (G(z1, 1), ., G(2s,1)) - BT
But for all z € Q, G(z,-) € T. Therefore, ¢; € T for i = 1,...,s. Finally,
My (1) = My, @ T. 0

LEMMA 14. Let k be a nonnegative integer. If F is in My, ,(p), then
Tk F e Mfqu (p). If we choose nonnegative integers ku, ..., ks, then
k ks !
det(7™F,..., 7% F) € My, k1 opgs) smep @ T-
In particular,
— |
W (F) = det(r°F, ..., 7' F) € My y gz toigr1)smp @ T
Proof. From the definition, and for all ¥’ € Z,
/ K - ’
(TP F)(v(2)) = JyT det() " p() (7" F)(2)
because 7(p(y)) = p(v). Moreover, 7 is an endomorphism of R, and it is
obvious that F being tempered, also implies that 7 F is tempered.
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Now define the matrix function
Mkh-.-,ks = (Tkl]:, - ,Tksf").
After the first part of the lemma we have, for v € GLo(A),

—m . wak waks
My,,...k, (7(2)) = det(y)""p(7) - Mgy, k. (2) - Diag(JYT, -+, JYT°),

and we conclude the proof taking determinants of both sides. ([l

LEMMA 15. Let us consider F in M3, (p) and let £ be such that '€ is
in My (*p~1). Let us denote by Gy the scalar product (T%&) - F. Then, for
nonnegative k,

Gk € Moyt oyt sy @ T
Furthermore, we have

TGy e M , @ T.

+w’ gk ;m+m

Proof By Lemma 14, 7% (t€) is in M? (*p~1) and 7F F is in M® (p).

w'qk m! wqgk,m

Let v be in GL2(A). We have, after transposition, and for all k € Z,

(T*E)((2)) = J'T" det (7)™ E(2) - p~ (),
and since 7FG_ =& - (TFF),

(T"F)(1(2)) = 2" det(v) " p(v) - (T5F(2)).
Hence, for £ > 0,
Gr((2)) = T2 74 det (7)™ Gy (2),
and
TG (y(2) = T det(3) TG (2).
On the other hand, G, and 7°G_j, are tempered for all £ > 0. The lemma
follows by using Lemma 13. (]

From now on, we will use the representation p = p;, defined in Section 1.2,
and the transpose of its inverse.

2.2. The function F. The function of the title of this subsection is the
vector valued function (g;) As we will see in (24), we may write it, with the
obvious extension of the notations, as

Flz,t) = (Z;Ezg) = 7t — 0)Q(t) :

E(75)
where E' = Fexp, (see Section 4).
In the next proposition, containing the properties of F of interest for us,
we write g for the unique normalized Drinfeld modular form of weight ¢ — 1

and type 0 for I' (proportional to an Eisenstein series) and A for the cusp form
—_ha—1
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PROPOSITION 16. We have the following four properties for F and the
functions dy, ds:

(1) We have F € M2, 4(pt).
(2) The functions di,dy span the F(t)-vector space of dimension 2 of so-
lutions of the following T-linear difference equation:

(16) X = (t — 09)AT2X + g7 X,
in the field Up>o7~"IKC, where K is the field of fractions of R.
(3) Define
\I/(z7t) — ( di(z,t) da(z,t) > .

(tdi)(z,1) (7d2)(z,t)
Then, for all z € Q and t with |t| < q, we have

(17) det(¥) = (t — 0)tw(t) Th(z) L.
(4) We have the series expansion
(18) da =3 ci(tult™ € 1wt [ O] [u ™)
i>0

convergent for t,u such that |t|, |u| are sufficiently small.

The field 77™/C above is the fraction field of the ring 77"R whose elements
are the series Y;5¢ fit! with fiqn € Hol() and, for all z € ©, ;5 fi(2)t' € T.
The identity (17) is our deformation of Legendre’s period relation. Both left-
and right-hand sides have the well-defined limit t — 6. The identity we then
obtain is that of [14, Th. 6.2], an analogue of the classical Legendre’s period
relation.

Proof of Proposition 16. All the properties but one follow immediately
from the results of [34], where some of them are stated in slightly different,
but equivalent formulations. The only property we have to justify here is that
F is tempered. After (18), we are led to check that there exists v € Z such
that u(z)"dy — 0 for z € Q such that |z| = |z|; — oo. For this, we have the
following lemma, which concludes the proof of the Proposition (and will also
be used later).

LEMMA 17. The following limits hold for all t € Coy such that |t] < 1:
lim  wu(z)di(z,t) =0, lim  w(z)(7dy)(z,t) = 1.

|z|=|zli—o00 |z[=|z|i—o00
Proof. We recall the series expansion

di(z) = @81(2) = w(t)ngzoeXPAz <W) t",

which converges for all ¢ such that |¢| < ¢ and for all z € Q.
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By a simple modification of the proof of [14, Lemma 5.9 p. 286], we have

u(2)t" expy (/0" = 0,

uniformly in n > 0, for all ¢ such that |[t| <1 (in fact, even if || < q).
Moreover, it is easy to show that

lim  wu(z)expy, (2/0)T =77 lim exp(7z/0)?/exp(7z) = 1,

which gives the second limit, from which we deduce the first limit as well. [J

COROLLARY 18. For all z € 2, the series dy(z,t),d2(z,t) € C[[t]] have
infinite radii of convergence and define entire functions.

Proof. We assume that z is fixed as before. We know from the definitions
that the radius of convergence in R>o U {oo} of the series is 7 > 1. Replacing
X by di(z,t) in (16), we get an identity of formal series in which the right-
hand side has radius of convergence r? and the left-hand side has radius of
convergence r. Therefore, r = co and the corollary follows easily. ([

2.3. Structure of M?. Let us denote by F* the function (_d‘fz), which is
easily seen to be an element of M%l’,l(tpt_ 1). In this subsection we give some

information on the structure of the spaces Mfwm(t,o;l).

PROPOSITION 19. We have

Moy () = (M1 gy @ TVF @ (Mg mia @ T)(7F).
More precisely, for all € with '€ € /Vlﬁ,’m(tpt_l), we have
L& = (Tw)h((7G_1)F* + Go(TF™)),

where we have written Gy = (7€) - F for all k € Z.

The first part of the proposition is equivalent to the equality

M%u,m(pt) = (M1!1)+1,m ® T)F @ (MI!U-‘rq,m ® T)(1F).

In the rest of this paper, we will only discuss the structure of M%mm(tpt_ .

Proof of Proposition 19. Let us temporarily write M’ for
! * ! *
(Mys1ms1 @ T)F* + (Myigmi1 @ T)TFT).

It is easy to show, thanks to the results of [34], that the sum is direct. Indeed,
in loc. cit. it is proved that do, 7d2, g and h are algebraically independent over
Coo((t)). Moreover, M’ clearly embeds in M%U’m(tpt_l). It remains to show
the opposite inclusion.
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By Proposition 16, the matrix M = (F,7~LF) is invertible. From (17)
we deduce that
—dy d
—1 _ (4 _ 2 ay
TM™ = (t H)u)h( rdy  —rd, )
Let &€ be such that t€ € M%U’m(tpt_l). Thanks to the above expression for

7M™, the identity
& (%
() 7= (&)

product of a 2 x 2 matrix with a one-column matrix (which is the definition of
Go, G1), yields the formulas

(19)
E=(Go, 7 G1) M

_ -1 -1
— (= oG o - (T T )

do —d;
= (t — OV 20) (171G )ds — Go(m 7 da), —(771G1)dy + Go(m 7 dy)).
Now, we observe that we have, from the second part of Proposition 16 and for
all k € Z,
Gr = 9(TGr—1) + A(t — 1) 7°Gj_s.
Applying this formula for £ = 1, we obtain

_r7iG, — gYag,
(20) Tg—l = (t — G)Al/q )

and by using part two of Proposition 16 again, we eliminate 7-'G; and 7~ 'd;
(r71G1)d; — Gor'd; = AY9(t — 0)((1G_1)d; — Go(rdy)), i=1,2.
Replacing this in (19) and using AY9hY9 = —h and (t — Y917 'w = w, we

get the formula:
(21) E=(t—0)wh(—(1G_1)da + Go(Td2), (7G_1)d1 — Go(7d1)).

By Lemma 15, we have Gy € ML!U_Lm ® T, (rG-1) € Mfu_qm ® T, and the

proposition follows from the fact that h € My411. O

Remark 20. Let us choose any & = (f1, f2) such that '€ € Mfujm(tpt_l).
Proposition 19 implies that there exists u € Z such that

7 T
hfre Mu(q-ﬁ-l)-ﬁ-w,l,u-ﬁ-w

where ML §.m 18 a certain sub-module of the module of almost A-quasi-modular
forms as introduced in [34].
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2.4. Deformations of vectorial Eisenstein and Poincaré series. The aim
of this subsection is to construct nontrivial elements of M2, (*p;° .

Following Gekeler [13, §3], we recall that for all « > 0, there exists a
polynomial G, (u) € Cx[u], called the a-th Goss polynomial, such that, for all
z € Q, the function G, (u(z)) equals the sum of the convergent series

—az z—i—a

a€A
Several properties of these polynomials are collected in [13, Prop. (3.4)].
Here, we will need to recall that for all a, G, is of type « as a formal series of
Cool[u]]. Namely,

Ga(Mu) = X*Go(u) for all A € Ty
We also recall, for a € A, the function
Uq(2) :=u(az) = exp(Faz) "' = ul¥ fy(u) " = ul) + .. € Af[u]],
where f, € Al[u]] is the a-th inverse cyclotomic polynomial defined in [13,
(4.6)]. Obviously, we have
Urg = AN 'u,  forall \ e Fy-
We will use the following lemma.
LEMMA 21. Let « be a positive integer such that « =1 (mod ¢ —1). We

have, for all t € Co such that |t| < 1 and z € Q, convergence of the series
below, and equality

1 xile) ~a Z
Y = Xt(€)Galue(2)),
c,deA (CZ + d ceA+
from which it follows that the series in the left-hand side is not identically zero.

Proof. Convergence is ensured by Lemma 23 (or Proposition 22) and the
elementary properties of Goss’ polynomials. On the other hand, the series on
the right-hand side converges for all t € C. We then compute

/ 1
> e o =200 L g
~a 1
=7 (;)Xt(@dgw
=7 Z xt(c)G
c#0
=7 Z Xt(€)Ga(uc) Z Ao
ceA™ AEFy

= -7 Z Xt(C)Ga(UC)

ceAt
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The nonvanishing of the series comes from the nonvanishing contribution of
the term Gy (u) in the last series. Indeed, the order of vanishing at v = 0 of
the right-hand side is equal to min.c g+ {ord,—0Ga(uc)} = ordy—=oGa(u), which
is < oo. g

Following [13], we consider the subgroup

=100 1))

of I' = GL3(A) and its left action on I". For § = (2%) € T, the map § — (c,d)
induces a bijection between the orbit set H\I' and the set of (c,d) € A? with
¢, d relatively prime.

We consider the factor of automorphy

Pam (0, 2) = det(6) " J§,

where m and « are positive integers. (At the same time, m will also determine
a type; that is, a class modulo ¢ — 1.)

Let V1(9) be the row matrix (x:(c), x:(d)). It is easy to show that the row
matrix

Na,m(éa z)_lum(é(z))‘/l(é)
only depends on the class of 6 € H\I', so that we can consider the following
expression:
Eam(2) = Z fam (9, z)_lum(é(z))Vl((S),
S€H\T

which is a row matrix whose two entries are formal series.

Let V be the set of functions Q — Mat;x2(Cx|[[t]]). We introduce, for
a,m integers, f € V and v € I', the Petersson slash operator

flamy = det(y)™ (cz +d)~* f(v(2)) - pe(7)-

This will be used in the next proposition, where we denote by log;(aﬁ) the
maximum between 0 and log,(r), the logarithm in base ¢ of z > 0. We
point out that we will not apply this proposition in full generality. Indeed,
in this paper, we essentially consider the case m = 0 of the proposition. The
proposition is presented in this way for the sake of completeness.

PROPOSITION 22. Let o, m be monnegative integers with o > 2m+ 1, and
write r(a,m) = a — 2m — 1. We have the following properties:

(1) For~ €T, the map f — flamY induces a permutation of the subset of
V:
8 = {tam(8, )" u™(3(2))Vi(6);6 € H\T}.
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(2) If t € C and a,m are chosen so that r(a,m) > logf [t|, then the
components of Eom(2,t) are series of functions of z € §1 that converge
absolutely and uniformly on every compact subset of Q2 to holomorphic
functions.

(3) If |t| < 1, then the components of Eqnm(2,t) converge absolutely and
uniformly on every compact subset of Q also if o — 2m > 0.

(4) For any choice of a, m,t submitted to the convergence conditions above,
the function '€q. m(2,t) belongs to the space M2, (‘o b).

(5) Ifa—1# 2m (mod (¢—1)), the matriz function Eam(z, t) is identically
zero.

(6) Ifa—1=2m (mod (¢—1)), a > (g+1)m+1 so that Eqm converges,
then Eqm s not identically zero in its domain of convergence.

The elements of the set S as in the proposition are easily viewed as couples
of polynomials in ¢ with coefficients holomorphic on €.

Proof of Proposition 22. 1. We choose 6 € H\I' corresponding to a pair
(c,d) € A? with ¢, d relatively prime, and we set

f5 = tam(8,2) " ™ (6(2))V1(6) € S.
We have
8,7(2)) " u™(8(v(2)))Va (9)
V5 2 uam( 7, 2) ™ (8y(2))Va (9)
oy (z))Va(

fs(v(2)) = Na,m( (
(7 2) 6

= fham (V> 2) pram (67, 2) "™ (67(2)) Vi (67) - pr(y) ™!
(v, 2) 6 !
(7 2)

= Ha,m

= fta;m (7, 2 Ham (6 2) "1™ (8 (2))Vi (') - pu(7)”
= Ha,m v, %) fsr - ( ) 17

with ' = &y and f5r = pa,m(8, 2) " tu™ (8 (2))Vi(8'), from which part 1 of the
proposition follows.

2. Convergence and holomorphy are ensured by simple modifications of
[13 ( 5)], or by the arguments in [15, Ch. 10]. More precisely, let us choose

0 < s <1 and look at the component at the place s + 1,
Es(z,t) = Z fram (0, 2) " u(3(2)) " xe(Pd' ),
S€H\T

of the vector series €y . Writing o = n(q — 1) + 2m + I’ with n nonnegative
integer and I’ > 1 we see, following Gerritzen and van der Put, [15, pp. 304
305] and taking into account the inequality |u(d(2))| < |cz + d|?/|z|;, that the
term of the series &

o (8, 2) " u™(8(2)xa (d' ) = (ez 4+ d) @D 2y (§(2)) ()
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(where § corresponds to (¢, d)) has absolute value bounded from above by

Xt(csdlfs)
(cz + d)nla=D+ |

Applying the first part of the proposition, to check convergence, we can freely
substitute z with z+a (a € A) and we may assume, without loss of generality,
that |z| = |z|;. We verify that, either A = degyz € Q\ Z, or A € Z, a case in
which for all p € K, with |p| = |z|, we have |z — p| = |z|. In both cases, for all
¢,d, |cz + d| = max{|cz|,|d|}. Then, the series defining & can be decomposed

2™

as follows:

( S+ Y >uam (6,2) ™ (5(2)xa(*d ).

lez|<|d| [cz|=]d|
We now look for upper bounds for the absolute values of the terms of the series
above, separating the two cases in a way similar to that of Gerritzen and van
der Put in loc. cit.
Assume first that |cz| < |d|; that is, degyc+ A < deggd. Then
Xt ( s dl—s)
(cz + d)nla=D+V

where k is a constant depending on A, and the corresponding sub-series con-

< kmax{1, ||} 80 4|g| a1 < ggdeso d(log [t|—n(g—=1)=)

verges with the imposed conditions on the parameters, because logq |t]
—n(¢g—1)-10'<0.

If on the other side |cz| > |d| (that is, deggc + A > degy d), then
Xt(csdlfs)

/ degy d| .|—n(q—1)=1' 1 _deg, c(log] [t|—n(q—1)—1")
(CZ + d)n(q—l)—i—l’ <K maX{l: |t‘} o |C| <K q 0 q ,

with a constant " depending on A, again because logy [t| —n(qg —1) =1’ < 0.
This completes the proof of the second part of the Proposition.

3. This property can be deduced from the proof of the second part because
if [t| < 1, then |x¢(c®d'=%)| < 1.

4. The property is obvious by the first part of the proposition, because
Eam = Y_res f, and because the functions are obviously tempered thanks to
the estimates we used in the proof of part two.

5. We consider v = Diag(1, A\) with A € F; the corresponding homogra-
phy, multiplication by A~!, is equal to that defined by Diag(\~!,1). Hence,
we have

Eam(1(2)) = X" Eqm(2) - Diag(1, A7)
=\"Em(2) - Diag(\, 1),

from which it follows that &, ,, is identically zero if &« — 1 # 2m (mod ¢ — 1).
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6. If m =0 and a = 1, we simply appeal to Lemma 21. Assuming now
that either m > 0 or a > 1, we have that &, ,, converges at ¢ = 6 and

280(2,0) + E1(z,0) = > det(6)™(cz + d) " u(d(z))™
S€H\D
a—1,m;

where Py_1, € Mq—1,m is the Poincaré series of weight o — 1 and type m so
that [15, Prop. 10.5.2] suffices for our purposes. O

Let a, m be nonnegative integers such that  —2m > 1 and a« — 1 = 2m
(mod (¢ — 1)). We have constructed functions

goz,m : Q—>Mat1X2(R),
.F:Q%Mat2><1(7?,),

with ‘Eym € Ma’m(tpfl), F € M2, 4(pt). Therefore, after Lemma 15, the
functions

ga,m,k = (Tkgohm) F = Sq’“am F:Q—=T
satisty Gamk € My, © T

A special case. After Proposition 22, if « > 0 and o = 1 (mod g — 1),
then &, # 0. We call these series deformations of vectorial Fisenstein series.

LEMMA 23. With o« > 0 such that « = 1 (mod q — 1), the following
identity holds for allt € Co such that |t| < 1:

Eao(z,1) = Lx, )Y (2 + d) " *Vi(c, d)
c,d

and Eq0 s not identically zero.
Proof. We recall the notation
Vi(e,d) = (xe(c), xe(d)) € Maty o (Fy[t]).

We have
Z,(cz +d)"*Vi(e,d) = Z Z (dz+d)"*Vi(ad,ad)
c,d (c',d")=1acA+

= L(Xt7 05)5070(2’7 t)v

where the first sum is over pairs of A2 distinct from (0,0), while the second
sum is over the pairs (c/,d’) of relatively prime elements of A2. Convergence
features are easy to deduce from Proposition 22. Indeed, we have convergence
if log [t| < r(o,m) = a—1 (that is, max{1,|¢|} < ¢* ! if @ > 1) and we have
convergence for « = 1 and [¢t| < 1. In all cases, convergence holds for |t| < 1.
Nonvanishing of the function also follows from Proposition 22. U
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3. Proof of the theorems
We will need two auxiliary lemmas.

LEMMA 24. Let o > 0 be an integer such that « =1 (mod ¢—1). For all
t € Cx such that |t| <1, we have

lim  di(z) Y _ald) g

|2]i=|z|—00 > (cz + d)*

Proof. By Lemma 17, we have that lim,_|.|, e f(2)d1(2,t) = 0 for all

t € By and for all f of the form f(z) = Y.0° cyu(z)”, with ¢; € C, locally

xt(c)
¢,d (cz+d)e

enough, to the sum of the series f(z) = —7* > .ca+ xt(¢)Ga(uc(2)), which is of
the form —7T¥kqu”> +o(u"*), where G (X) = ko X" +0(X"), and the lemma
follows. (In general, it is very difficult to compute x, and v, explicitly.) O

convergent at v = 0. But after Lemma 21, 3/ is equal, for |z|; big

LEMMA 25. Let o > 0 be an integer such that « =1 (mod ¢ —1). For all
t € Cx such that |t| <1, we have

/ +(d
S e = L)

Proof. It suffices to show that

ZZ cz+d

c;éOdEA
Assuming that 2’ € Q is such that |2/| = |Z/|;, we see that for all d € A,
|z" +d| > |7'|;.- Now, consider ¢ € A\ {0} and 2z’ = ¢z with |z| = |z|;. Then,
lcz +d| > |ez|; = |cz]| so that, for |t| <1,

|z]i=|z[—=o00

|z |Z— Z|—>oo

Xt(d) ‘CZ’_Q
(cz+d)>| —
This implies that
d
Z Z Xt( ) S ’Z’—a’
0 deA (cz +d)
from which the Lemma follows. O

The next step is to prove the following proposition.

PROPOSITION 26. For all & > 0 with « = 1 (mod ¢ — 1), then G 0,0 €
Ma-10®T, and we have the limit lim;|—|.|, o0 Ya,00 = —1.
Moreover, if a < q(q — 1), then
Ga,00 = —FEa-1,

where Eq_1 is the normalized Fisenstein series of weight o — 1 for I'.
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Proof. Let us write

F,(z,t) :=di(z /Xti(c)_Fd 2 'M
(2,1) == du( ); (cz 1+ d)e o )% CEYD

as series converging for all (z,t) € Q x Co with [¢t| < 1. By Lemma 23, we
have

Foc(zu t) == L(Xt7 a)ga,()(z7 t) . I(Z, t) = L(Xt7 a)ga,(lO)
so that F, € Mé—l,o ® T. After (18), we verify that for all ¢ with |[¢| < 1,
limy,|,—|;|—oc d2(2) = 1. From Lemmas 24 and 25,
lim  Fy(z,t) = —L(xy, o).
Therefore, for all ¢ such that [t| < 1, F,(z,t) converges to a holomorphic
function on 2 and is endowed with a wu-expansion holomorphic at infinity. In
particular, Fy,(z,t) is a family of modular forms of Mq_; 0 ® T.

Since for the selected values of a, My—10 = (Eq—1), we obtain that Fy, =
—L(x¢,a)Eq—1. O

Proof of Theorem 8. Let us consider, for given o > 0, the form & = &,
and the scalar product form G, o5 = (Tké') - F. The general computation of
Go = Ga,0,0 and 7G_1 = 7G4 0,—1 as in Proposition 19 is difficult, but for o = 1,
we can apply Proposition 26. We have G190 = —1 and G191 = Gg00 = —9 =
—E, 1. Therefore, G, 01 = 0 by (20) and Theorem 8 follows. O

Proof of Theorem 1. By Proposition 19 (or (21)) with & = &40, we see
that the first component of this function is

(t = O)wh(Ga,0,0(Td2) — (7Ga0,-1)d2).
On the other hand, by Lemma 21, this component is also equal to
L(xt:0) ' Y uGialu).
ceAT

Therefore, the following identity holds:

T3 cea+ xi(c)Galue)
(Tw)h((T7Ga0,—1)d2 — Ga0,0(Td2))’

In particular, the numerator and the denominator of the above fraction are
proportional to each other.

For o = 1 we can replace, by the above discussion, Go,0,—1 = 0 and G 0,0 =
—1. Thanks to the fact that h = —u+o(u) and > .c a4+ xt(c)uc = u+ o(u), we
obtain

(22) L(xu, a) =

Ll 1) = TEeet M T o)
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from which we deduce Theorem 1 and even some additional information;
namely, the formula

(23) (td2)h = — Z Xt(C)ue. O
ceAt

Proof of Theorem 2. For general «, we set

A — >oceat xt(€)Galue)
“ h((1Ga0,-1)d2 — Ga00(7d2))’

By (22), A4 is an element of L (L being the fraction field of T) and

7".(':&
L(x¢, ) = Ag—.
TW

We are going to show that A, belongs to Fy(t,6).
Let us write f for the series Y .ca+ xt(¢)Ga(uc), ¢ for A\gh7Ga0,—1 and
for —A\qhGa,0,0, SO that

[ =¢dy+¢7ds.

Proposition 19 then tells us that ¢ € Mc!y+1,1 ®L and ¢ € Méz—&-q,l ® L.

Let L be an algebraically closed field containing IL, hence containing also
F,(t,0). As for any choice of w,m, Mz'um embeds in Cy((u)), and since
there is a basis of this space with u-expansions defined over K, we have that
Aut(L/F,(t,0)) acts on M'Llum ® L through the coefficients of the u-expansions.
Let o be an element of Aut(L/F4(t,6)) and, for € Mq'um ® L, let us denote
by u’ € M:Um ® L the form obtained applying o to every coefficient of the
u-expansion of .

Since f,dy and 7d;y are defined over Fy[t, 0], we obtain f = ¢7dy + ¢ 7ds,
so that

(¢ —¢%)dz + (¢ —¢7)7dy = 0.
We cannot have ¢7 # ¢ or 17 # 1 by Proposition 19. Hence, for all o, ¢7 = ¢
and ©? = 1. This means that the u-expansions of ¢, are both defined over
F,(t'/°,07/9°) for some s > 0. By the fact that G, 00 = —1+0(1) (this follows
from the first part of Proposition 26), we get that \, € F,(t'/9°,01/9°).

We have proven that Ao = 7 “L(xs, a)(t — O)w € F (t/7,0/). But
we already know that L(x: ) € Kxl[[t]], w € K5P[[t]] and 7 € K5P (the
separable closure of K,). Therefore,

Ao € F (t 017y 0 K5P((t)) = Fy(t, 6). 0

Remark 27. Proposition 26 tells us that ¢ € M,11 ® L, which is more
precise than ¢ € MC'X +11 ® L, following Proposition 19. We also have ¢ =
(f —¢d2)/Tdy. Since dy = 1+ - - has u-expansion in Fyt, 0][[u]] by the fourth
part of Proposition 16, the same property holds for 7dy and v also belongs
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to Matq1 ® L. We observe the additional information that both G, 00 and
7Ga,0,—1 are defined over Fq(tl/qs,ﬁl/qs); this also follows from Proposition 19.

Remark 28. Structures similar to the above emerge in the classical setting
too, but in a more fragmentary way. Let us consider, for z in the complex
upper-half plane #H, the basic quasi-periods n(z) and n2(z) of the lattice 2Z+Z.
(See Lang’s book [28, Ch. 18].) Now look at the holomorphic vectorial function
F| : H — C? defined by Fj(z) = (Z;Ezg), which is a vectorial modular form of
weight 1 associated to the identity representation.

Choose an odd integer o > 5, and consider the vectorial series

E(2) = Z, (mz+n)"%(m,n).

mne”

It is easy to show that the transpose of the series above converges to a nonzero
vectorial modular form of weight o associated to the representation v — ‘1.
More specifically, £, is a vectorial Poincaré series after [27].

The function G/, = &/, - F{ is a meromorphic modular form of weight o+ 1
for SL2(Z) (which is holomorphic on H); we shall compute it.

For this purpose, we appeal to the classical Legendre’s period relation (as in
Lang’s book [28]), from which one can also deduce the formula s = (3/72)Es,
where F5 is the normalized logarithmic derivative of the unique normalized
cusp form of weight 12. We get, for Ga, = 32, ,,(mz +n)~2*, the Eisenstein
series of weight 2k (take k > 2) and eliminating 7,

/
Gh= Y (mz )= (mny + )
m,nEL

=15 Z/ (mz +n)'% —2mi Z/ m(mz+n)”*
m,neL m,ne’

4 2
= T (DGafl -

a—1

o —

12
where D = (27i)~'d/dz. In other words, G, up to the factor 472/(a — 1), is
proportional to the so-called Ramanujan’s modular derivative of the Eisenstein
series Go_1."

This simple computation can be used to explicitly determine the vectorial
form &/,. Indeed, we may also consider the vectorial form 7’ = (]) of weight
—1 and, from the obtained relations, compute the entries of £/, solving a linear
system with coefficients given by the matrix (F’;, 7). The computation of
the limit §(z) — oo in the first component of &£, agrees with the second set of
Euler formulas in the introduction. This very much resembles our scheme of

1
EZGafl) )

"The above computation is actually meaningful for a = 3 by dealing in appropriate way
with the conditionally convergent series.
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proof of Theorem 8, but there is no obvious analogue of the deformations we
used above.

Contiguity relations for Gauss’ hypergeometric functions seem analogous
to part of the theory of 7-difference equations used here. Evidence of this
analogy can be observed, for example, by reading the papers [25], [26], from
which one will perhaps be able to extract an analogue of our deformations in
the classical setting. More work is needed to reach a good understanding of
the problem.

4. Alternative proof of Theorem 1

In this section we shall prove Theorem 1 by using techniques related to
“log-algebraic” power series identities essentially introduced by Anderson in
[2], [3]. We recall that the Tate algebra T is a Co-Banach algebra with respect
to the norm || - || defined, for f =}, >¢cnt™ € T, by || f|| = sup,,>q |cal, that it
is complete, Noetherian and factorial. -

The map 7 : Coo((t)) = Cso((t)) induces an Fy[t]-automorphism of T.
The set

T[[7]] = {Z a,7", with a,, € T}
n>0
is endowed with the evident ring structure determined by the noncommutative
product
Zaﬂi . Za;-Tj = Z < Z aﬂi(a;)> *,
i>0 3>0 k>0 \itj=k
where 3,50 a;7" and Y50 a;-Tj are elements of T[[r]].

Let a = Y ;>0 a;7° be an element of T[[7]], let R(a) be the supremum of

the set of the real numbers r > 0 such that the limit lim;_o [Jag]|r? is well

defined and zero. (We call this number the radius of convergence of a.) If
f = n>0cnt" € T is such that || f|| < R(®), the series (evaluation of a at f)

Ea(f) =) (Z ¢m7m(cn)> £

n>0 \ m>0

converges to an element of T and defines an F,[t|-linear map
E,:B, - T,
where B, is the set (and F,[t]-sub-module) of elements f of T such that || f|| < r,

which can be called disk of convergence of E.
Let ¢ be the formal series of T[[7]] associated to Carlitz’ exponential func-
tion

¢ = Z;—Z € Cool[7]]-

i>0
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Since R(e) = oo, we can associate to it the F,[t|-linear map E, : T — T
(exponential operator) agreeing with Carlitz’ exponential function exp over
Coo. The series E, (—%) is well defined in T and, in fact, comparing with
(4) and the identity

- tt T
T — = —
> g — 9
=0 6 t—0
we see that it coincides with w:

(24) w(t) = B (-%) .

From this identity it is apparent that w is a (¢ — #)-torsion point for the Fy[t]-
linear extension of the Carlitz module

¢Car : IEFq[tv 9] — T[[TH,

uniquely determined by ¢car(6) = 6 + 7 and ¢car(t) = ¢. This is an equivalent
way of expressing the fact that w is a solution of (5).
We also have the following fundamental and elementary property.

LEMMA 29. For alla € A, the function w is eigenfunction of the operator
dcar(a) with eigenvalue x¢(a):

(25) ¢Car(a)w = Xt(a)w'

Proof. This can be easily deduced from (5) and Fy-linearity. However,
thanks to (24), we can argue as follows. Observe that for all a € A, a — x(a)
is divisible by ¢t — #. By the identity ¢car(a)e = ea, the series w belongs to
the (a — x¢(a))-torsion as well; that is, ¢car(a — x¢(a))w = 0. (Notice that for
f €T, there is no need to distinguish between Ey. (4)(f) and ¢car(a)f.) O

Remark 30. Similar identities hold for the so-called Baker’s function in
the framework of Krichever modules, See, for example, [35, Prop. 5.11]. The
exponential expression for w in (24) is also useful to associate good variants of
the series L(Xf ,«) to more general rings A. This topic will be developed in
another work.

Proof of Theorem 1. We provide a useful identity between F,[t]-linear op-
erators as above (more precisely, we will furnish two different series expansions
for the same operator) in the skew ring T[[7]]. To define the first operator, we
recall the element [ of T[[7]] associated to the Carlitz logarithm:

where the sequence (I,),>0 is defined inductively by lp = 1 and I,, = —[n|l,,—1.
It is easy to show that R(l) = ¢@/(a=1),
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The first operator is then, for X € Cy such that | X| < 1,

[X::Z

n>0 n

X" "

By R(a-X) = |X|"'R(a) (for general a € T[[7]]), we see that [x has radius of
convergence |X|~1¢?/(@=1). For X € Cy such that |X| < 1 and z € Cy, in the
disk of convergence of [, the following identity holds:

Ei, (z) =log(Xz),

where log is Carlitz’ logarithm.
Let us introduce the second operator, at first sight distinct from the first.
For X € Co with | X| < 1, the series jx € Coo[[7]],

ix =Y X" 3 a pcula),

d>0 aceAt(d)

is well defined. Indeed, let us recall the formula (see for example Thakur’s
book [36])

degy(a) a ‘
(26) deula) = > {5}
7=0
where

AEF

; %
¢’ k=0 dk l?, k

is a polynomial of degree (degy(a) — j)¢’.
The coefficient of 77 in jx is then the sum of the series
Sxeoy ot}
d>0  acA*(d) ¢
which is convergent as the absolute value of its d-th term is < | X |qdq(d_j)qj_d.
We shall show

LEMMA 31. For |X| < 1, we have the identity
ix = Ix.

Proof. We denote by Sq(m) the sum Y ,ca+(g) a™, and we recall, again
from Thakur’s book [36, Cor. 5.6.4], that if d > k, then Sy(¢* — 1) = 0, and
that, for k > d,

dg
lddg—d'

(27) Sald" —1) =
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Next, using (26) and (27), for | X| < 1, we compute
d

ix=Yx" Y a—lz{“,}ﬂ

J
d>0 aeA+(d) Jj=0 q

Yy y oy

d>0  j=0acA+(d) k= odkl] K

=> X ZZ

d>0 jOkOk]k

_ZXq ZZ ldd Tj
k—d

d>0 =0 k= ddkl

—Sa(¢" — 1)1

= Zqu L a m
ol
Since [|w| = |exp(7/8)| = qq%l, for all X with |X| < ¢, we have that

Ei, (w) is well defined and

(28) E, (w) = Ei, <Z:O exp (0i1> ti> = gti log (X exp (%)) .

To proceed further, we need the following elementary lemma, where log tem-

porarily denotes the classical logarithm, log, denotes the logarithm in base ¢
and e is Euler’s number.

LEMMA 32. We have, for all a € A with degg(a) =d > 0,

ar _ 1
o ()] <

Proof. Since

) Ze p<9n+1)

and
am 1 ax \7"
eXp <T> => = <T> ,
gn+l 0 dy, NP1
1 ( am >qm
@ gn+1

_ @ ()t —m)
- )

we have

arm
E, <—7> H = sup sup
t—0 n>0 m>0

Now, we compute
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and the lemma follows from the elementary inequality, valid for > 0:

q" <_(n +1)+d+ qiLl - l’) < qd_n+qT11(€10g(Q))_1' 0

We observe that for all a € A, ¢car(a)(w) = E, (—%). By Lemma 32, if
X € Cx and a € A is of degree d > 0, then

X" 0™ can (@) @) | < 0080 X lon(a) ™ et
Therefore, if X is such that | X| < ¢~1/(¢108(9) | the series
d _
ZX‘I Z a tpcar(a)(w)
d>0  acA*(d)

converges. By Lemma 31, we have, for X submitted to the condition above,
the identity

E[X (w) = Z qu Z a_1¢Car(a)(w)'

d>0 acAt(d)

By Lemma 29, the latter sum is equal to " ;>¢ x4 Y aeAt(d) axi(a)w, yield-
ing the identity

(29) Be) = (2 X7 % o hul))e

d>0 acAt(d)

In principle, we have obtained an identity of series that holds for |X| <
g~ '/(elog(@) only. However, the left-hand side of (29) clearly converges for
|X| < ¢ and the right-hand side converges at least for |X| < 1. The value at
X =1 of the left-hand side is

7 5
EE(——):——.
e\t 20 t—6

By making the limit X — 1 on the right-hand side, we obtain

lim (Z x ¥ a_1Xt(a)>w = L(xt, L)w.

d>0  acA*(d)

Therefore, —t_i@ = L(x¢t,1)w and our Theorem 1 follows. ]

Remark 33. The well-known identity

log(1) = ¢(1),
first obtained by Carlitz [6] (see also [3]), can be easily deduced from our proof.
Notice also that the identity in T[[7]],

[pcar(a) = al, a € A\ {0},
yields an identity EyFy. (o) = aEy only on the disk {f € T, | f| < \a|_1qq%1}.
Since w lies on the boundary of this disk when a = 6, there is no reason for
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having identities between (EiEy. (q))(w) and aEi(w). In fact, the identities
are false, and by (25), the identities

(EtE o (a) (@) = xe(a)Ei(w), a€ A\ {0}
hold instead.
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