Annals of Mathematics 176 (2012), 2031-2054
http://dx.doi.org/10.4007 /annals.2012.176.3.12

The second fundamental theorem of
invariant theory for the orthogonal group

By GusTav LEHRER and RUIBIN ZHANG

Abstract

Let V = C" be endowed with an orthogonal form and G = O(V) be
the corresponding orthogonal group. Brauer showed in 1937 that there is
a surjective homomorphism v : B,(n) — Endg(V®"), where B.(n) is the
r-string Brauer algebra with parameter n. However the kernel of v has
remained elusive. In this paper we show that, in analogy with the case
of GL(V), for r > n + 1, v has a kernel which is generated by a single
idempotent element F, and we give a simple explicit formula for F. Using
the theory of cellular algebras, we show how F may be used to determine
the multiplicities of the irreducible representations of O(V) in V®". We
also show how our results extend to the case where C is replaced by an
appropriate field of positive characteristic, and we comment on quantum
analogues of our results.

1. Introduction

Let K be a field of characteristic zero, let V= K™ be an n-dimensional
vector space with a nondegenerate symmetric bilinear form (—, —), and assume
that with respect to some basis of V', the form has matrix equal to the identity
matrix. Equivalently, there is a basis {b1,...,b,} such that (b;,b;) = ;;; such
a basis is called orthonormal. The orthogonal group O(V') is the isometry group
of this form, defined as O(V) = {g € GL(V) | (gv, gw) = (v,w) YV v,w € V}.
In [3], Brauer showed that the first fundamental theorem of invariant theory
for O(V) implies that there is a surjective map v from the Brauer algebra
B, (n) over K to Endgy)(V®"), but the fact that B,(n) is semisimple if and
only if r <n+1 [5], [20] has complicated the determination of the kernel of v
and, therefore, limited the use of this fact.

In this work we determine ker(r). More specifically, we show that ker(v)
is generated as an ideal of B,.(n) by a single idempotent E, which we describe
explicitly. Using the fact that B,(n) has a cellular structure [6], we show how
this fact may be used to illuminate the Schur-Weyl duality between the actions
of O(V) and B,(n) on V®" by using E to describe the radicals of the canonical
forms on the relevant cell modules of B,.(n).
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The special case n = 3 has been treated in [12], [14], as has its quantum
analogue for the Birman-Murukami-Wenzl (BMW) algebra [2]. This latter
work was done in the context of the 3-dimensional irreducible representation
of sly. The case of the symplectic group Sps,, (K) and its quantum analogue,
which seems rather different from the present case, has been treated by Hu
and Xiang in [9].

The present work could be considered analogous to that of Jones [10]
concerning the Temperley-Lieb algebra, in a nonsemisimple context.

2. The Brauer algebra

2.1. Generalities. Let K be a field of characteristic zero and let § € K.
For any positive integer r, the Brauer algebra B,.(9) [3] is the K-algebra with
basis the set of diagrams with 2r nodes, or vertices, labelled as in Figure 1, in
which each node is joined to just one other one.
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Figure 1.

Note that each diagram in B,(J) may be thought of as a graph with
vertices {1,...,2r} in which each vertex is joined to just one other one. We
will often refer to the “edges” of such a diagram, and speak of “horizontal
edges” and “vertical edges” (the latter also known as “through strings”) as
respectively those joining vertices in the same row, or in different rows.

The composite D1 o Dy of two diagrams D; and D- is obtained by con-
catenation of diagrams, placing D, above Do, with the intermediate nodes and
any free loops being erased. The product D1Ds in B, (9) is §iP1D2) D) o Dy,
where (D1, D3) is the number of deleted free loops.

We shall need to consider certain special elements of B,.(9), which we now
describe.

Fori=1,...,r — 1, s; is the diagram shown in Figure 2. For each pair
i,7 with 1 <14 < j <, define the diagram e; ; as depicted in Figure 3.

The following facts are all well known.

LEMMA 2.1. (i) The elements sy, ..., s,—1 generate a subalgebra of B,(9),
isomorphic to the group algebra KSym, of the symmetric group Sym,..
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(ii) The elements e;; satisfy e,%j = de;j, and if 1,7,k and £ are distinct, e; ;
commutes with ey, p.

(ili) If we write e; = €41 fori=1,...,7—1, then B,(J) has a presentation as
K-algebra with generators {s1,...,sr—1;€1,...,er—1} and relations 3% =1,
612 = 0e;, Sie; = €;8; = e; for all i, s;5; = 8;5;, Siej = €;5;, €;ej = €j¢;
if 18— j| > 2, and 8;5i415; = Si+15i5i4+1, €iei+16; = €; and Siejr1€; =
Si+1€5, €i4+1€iSi+1 = €+1Si and e;Ssir1e; = e; for all applicable i.

2.2. Some special notation. For positive integers k,l with k < [, define
[k,0] = {k,k+ 1,k +2,...,1}. For any subset S C [1,7], Sym(S) is the
subgroup of Sym, that fixes each element of [1,7] \ S. For any subgroup
H < Sym,, define a(H) = Y pemge(h)h € B,(9), where ¢ is the alternating
character of Sym,. This is referred to as the “alternating element” of KH.
The following elementary observation is well known but very useful.

LEMMA 2.2. Suppose the subgroup H < Sym, contains the simple trans-
position s;; that interchanges @ and j. If e; j is the element defined above, then
eija(H) = a(H)e;; =0.

Proof. Since s;ja(H) = —a(H) = a(H)s;j, we have a(H) = $(1—s;;)a(H)

= %a(H)(l — sij). But e;j5;5 = s;ije; j = e€; 5, and the result is clear. O
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3. The fundamental theorems of invariant theory for O(n)

3.1. First (linear) formulation. For any positive integer ¢, the space V®?
(also denoted T%(V)) is an O(V)-module in the usual way: g(v; ® - -+ ® v;) =
gu1 ® gua ® - - - ® gug. Moreover the given form on V' provides a nondegenerate
symmetric bilinear form [—, —] on V& given by [v1 ® -+ @, w1 @ - Q@wy] :=
[Ti_; (vi, w;), which permits the identification of V! with its dual space V"

The space of invariants (V®™)O(V) is defined as the space of linear func-
tions that are constant on O(V') orbits. One formulation of the first funda-
mental theorem of invariant theory for O(V) [21], [1] is as follows (see [15],
[13], [17], [18], [19, Prop. 21]).

THEOREM 3.1. The space (VE™)OV) is zero if t is odd. Ift = 2r is even,
then any element of (V®t*)0(v) s a linear combination of maps of the form

/}/D:vl®"'®v2’r’_> H (’Ui,'l)j)7
(4,9) is an edge of D

where D is a diagram in B,(n).

The second fundamental theorem provides a description of all linear re-
lations among these functions «vp. Let us begin by describing some obvious
linear relations. Suppose r > n + 1. (Recall that dim V' = n.)

Let S and S’ be disjoint subsets of [1,27] such that |S| =|S’| =n+1 and
SNS" =, and let 8 be any pairing of the vertices {1,...,2r}\ (SII.S").

Definition 3.2. For m € Sym,, 1, S = {i1,...,int1}, 8" = {j1,- -, Jnt1}s
let D (S,S’, ) be the Brauer diagram with edges {(ix, jrmx)) | ¥ = 1,2,...,
n + 1} I 3, and denote by vp, (s,5,3) the corresponding linear functional on
V&2 as above.

Define (S, 5", B) := Yresym, ,, €(M)VD.(5,5.5)-

The next statement describes some obvious linear relations among the vp.

LEMMA 3.3. We have, for each S, S’, B as above, (S, S', ) =0(€ V&™),

Proof. If S =41 <ip < -+ <ipipand 8" = j; < jo < -+ < jpu1, then for
any v1 ® - - - ®@ vg, € VO clearly the (n + 1) x (n + 1) matrix with k, [ entry
(viy,vj,) is singular, since the rows are linearly dependent, as by dimension,
there is a linear relation among the v;,. The lemma follows by observing that
v(S, S, B) is a multiple of the function v; ® - - - ® v, — det(v;,,v;,), which is
Z€ro. (]

The second fundamental theorem for O(V') may be stated as follows [19,
Prop. 21].



SECOND FUNDAMENTAL THEOREM 2035

THEOREM 3.4. If r < n, the yp form a basis of the space of O(V)-
invariants on (VE?")*. If r > n + 1, then any linear relation among the
functionals yp is a linear consequence of the relations in Lemma 3.3.

3.2. Second formulation. Our objective is to reinterpret the first and sec-
ond fundamental theorems in terms of the Brauer algebra B,(n), which is
the algebra described above, with § replaced by n = dim V. For this pur-
pose we consider some maps, which we now define. There is a canonical map
€: VeV — End(V) given by {(v® w) : x — (w,x)v (where v,w,z € V).
Define A : V&% — End(V®")(~ (End(V))®") by

A1 @ -+ ®@vgp) = §(v1 @ Vpp1) @ E(V2 @ Vpp2) ® - @ (v @ V).

This map respects the action of O(V') on its domain and range, where O(V)
acts on End(V)®" by conjugation: for g € O(V) and a1 ® - -®@a,- € End(V)®",
g (@ Q) i=garg ' ® - @gopgt.

Next observe that if by, ..., b, is an orthonormal basis of V', the element
Yo = Y11 bi ® b; is O(V)-invariant and independent of the basis. Hence the
linear map ¢ : V®V — V ® V defined by ¢(v ® w) = (v,w)yy commutes
with O(V), i.e., ¢ € Endo(v)(V®2). This map ¢ is called the contraction map.
For i =1,2,...r — 1, define ¢; € End(V®") as the endomorphism that is the
contraction ¢ on the tensor product of the i and (i + 1)t factors and is the
identity on all other factors. It was proved by Brauer [3] that if Sym, C B, (n)
acts via place permutations on V" i.e., if we define v(o) - (v1 ® -+ @ v,.) =
Vg-1(1) @ "+ @ Vg-1(y for o € Sym,, then v extends to a homomorphism of
associative algebras

v:By(n)— Endo(v)(V(X’r) C End(V®")
by defining v(e;) = ¢;. Note that if 0 € Sym,., then the diagram representing
o in B,.(n) has edges (o(i),r +1i) fori =1,2,...,7.
Finally, we define a linear map 7 : B.(n) — V®2" as follows. For any
diagram D € B,(n), define 7(D) = tp, where

n

tD: Z bi1®"'®bi2rv

01 yeenyior=1
ij=1y, if (j,k) is an edge of D

where by, ...,b, is an orthonormal basis of V. Notice that tp is the unique
element of V®2" such that in the notation above,

[~ tp] =D
Now consider the following diagram of linear maps:

(3.5) B, (n)
SO

ver End (Vo).
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The next statement is crucial for understanding the second fundamental the-
orem in the context of the Brauer algebra.

PROPOSITION 3.6. The diagram (3.5) commutes.

Proof. We start by observing that the group Sym, x Sym, acts on each of
the three spaces in the diagram as follows. Let (01,02) € Sym, x Sym,. Then
for a diagram D € B,(n), we have (01,09) - D := 01 Doy '

For v ® - @v, @wi ® - - @ w, € VO we have

(01,02) (V1 ®- - RURWI®- - -Quy) :=v(01)(V1® - QUp) RV (02) (W1 ®- - - QW)

and for T € End(V®"), we have (01, 09).T := v(01)Tv (o5 ).

Next, a straightforward computation shows that each of the maps v, 7 and
A respects the action of Sym, x Sym,.

Now each diagram D € B,(n) may be written in the form D=01l(s)o,
some (07, 02) € Sym, x Sym,. and some diagram [(s), where s € {1,2,...,[%]},
and the diagram [(s) is as shown in Figure 4.

for

1 2 3 4 2s-1 2s 2s+1 2s42 T
o o ®

/\ e o ®

r+1 r+2 2s+r+1 2r

Figure 4.

Hence if we were able to prove that for each s we have
(3.7) A7(l(s)) = v(l(s)),
we would have
Ar(01l(s)oy ") = (01,02) - AT(1(s)) = (01, 02) - v(I(s)) = v(ol(s)o3 )
for (01,092) € Sym, x Sym, and the Proposition would follow. Hence it remains
to prove (3.7), and this may be checked directly, given the identities

> &b @ bs) =1dy
=1

and n
Z Ebi®b)REb;Rb)=¢p: VRV VeV,
ij=1
where ¢ is the contraction introduced above. O
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COROLLARY 3.8. The map v maps B,(n) surjectively to Endog)(VE"),
and ker(v) = ker(r).

Proof. Since A is an O(V)-equivariant isomorphism, it restricts to an
isomorphism from the O(V)-invariants of V®?" to those of End(V®"). It
follows from Proposition 3.6 that since 7 has image (V®2")OV) im(v) =
End(V®)O0V) = Endo ) (V®"). The fact that ker(v) = ker(7) is clear from
the commutativity of the diagram. O

3.3. Third formulation: determinantal ideals. We regard V' as canonically
identified with its dual V* through the nondegenerate form (—,—). Then the
coordinate ring C[V], defined as the symmetric algebra S(V*), is canonically
identified with S(V') and has the usual grading S(V') = @:2,5;(V). Hence the
coordinate ring C[V®?"]—=s S(V)®?" is Z* -graded, with graded component
Sy, (V) @ -+ ® Sy, (V) of degree (my, ..., may).

Now for any positive integer r, O(V) acts on C[V®?"] in the usual way,
and the third formulation of the fundamental theorems, which is in terms of
the commutative algebra C[V¥?7], is as follows. A general reference for this
is [18)].

THEOREM 3.9. (i) (First fundamental theorem) The subalgebra of O(V)-
invariants in C[VP?"] ~ S(V)®2" s generated by the elements {t;; | 1 <
i < j < 2r}, where, if bi,...,by is an orthonormal basis of V', then t; ; is
defined by

fsie et e @b ele 0l ifi# ),
" " 1@ 1@ e 1ifi=].

Here the nonunit factors in the tensors are in positions i and j, and we
deﬁne ti,j = tj,i‘
(ii) (Second fundamental theorem) The kernel of the surjection

Cle11, 12, -, Tar2r]— (S(V)®2)OW),

where the x; ; are indeterminates satisfying x; ; = x;; and n(x; ;) = t;;,
is the determinantal ideal generated by the (n+ 1) X (n+ 1) minors of the
“generic” matriz (z; ;) 1< j<2r-

This may be summarised by the following diagram. Denote by D the
determinantal ideal referred to above; then we have a short exact sequence of
commutative algebras

0— D— Cla; ;]—% (S(V)®2)°V)— 0.

The connection between this classical view and our investigation may
best be described as follows. Define a multiplier monomial as a monomial
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X = Tlhe1 Tiy,ju» Where {i1,i2,... %, 51,..., 57} = {1,2,...,2r}. Clearly the
multiplier monomials are precisely those monomials whose image lies in the
graded component of S(V)®2" of degree (1,1,...,1), which is the subspace
VO of S(V)®2". Let M, be the subspace of C[z; ;] spanned by the multiplier
monomials. Then we have the following commutative diagram of linear maps,
in which the rows are exact and the vertical arrows are (linear) isomorphisms:

0 —— DM, —— M, —1» (ve)oV) o

@) [N s

0 —— ker(v) 2% B.(n) —2— Endo)(V®") —— 0.

In the diagram (3.10), 4 takes the monomial [[;_; x;, j, to the diagram
in which the vertices iy, jr are joined. The maps A and v are precisely those
in the diagram (3.5), and just as in the latter case, the last line of (3.10) is
an exact sequence of noncommutative algebras; we shall show that this extra
structure permits a simple description of ker(v) (and therefore DN M,) as the
ideal generated by a single idempotent of the Brauer algebra B,(n).

In Section 4.3 we give a sketch of our proof in terms of the classical the-
ory. We note also that the top row of the diagram (3.10) is a sequence of
CSym,,-modules, and so there is a description of it in terms of partitions,
tableaux, and when the characteristic is varied, filtrations. In particular, the
space M, ~ C[Symy,/(Sym, x (Z/2Z)")] is multiplicity free, so that ker(v)
may be completely described in terms of partitions. We do not go into these
matters in this work, but see [4].

4. Statement of the main result

4.1. Owverview. We shall translate Theorem 3.4, which uses only the linear
structure, into an explicit description of the ideal ker(v) above. We start with
the following easy observation.

LEMMA 4.1. For each triple (S,S’,3) as in Definition 3.2, define the el-
ement

b(S, 8. 8)= Y e(m)Dx(S,5,B) € By(n).

mE€Sym,, ¢

Then the elements b(S,S’, B) span ker(v).
Proof. Writing ¢(S,S’, 8) = 7(b(S, 5", 8)), it is clear that the functional
z = [2,4(8,5",8)] (z € V™)

on V®2" is equal to (S, S’, 3), which is zero by Lemma 3.3. Hence b(S, S’, 3) €
ker(r) = ker(v). It follows from Theorem 3.4 that these elements span the
kernel. O
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Next, we identify a small subset of the elements b(S, S’, 3) of B,(n), which
are such that the ideal of B,(n) which they generate contains, for each triple
S,S’, 8 as in Definition 3.2, the element b(S,S’, 3). By Lemma 4.1 the ideal
they generate is the whole kernel. We then show that this ideal is in fact
generated by one of those elements.

4.2. Formulation. We begin by defining certain elements of B,(n). For
this purpose, the following notation will be convenient. If k,[ are integers such
that 1 < k < [, write a(k,l) := a(Sym{k,k + 1,...,l}) (see Section 2.2). By
convention, if k > [, then a(k,l) = 1.

Definition 4.2. For ¢ = 0,1,..., [”T“], define the following elements of

B, (n):

(i) F;:=a(1,7)a(i+ 1,n+ 1), where Fj is interpreted as a(1,n + 1).

(11) For j = 0, 1, 2, “eey i, define el(j) = €ii+16i—154+2 .- €i—j+1,5+7- This is a
diagram with j top (resp. bottom) horizontal arcs. Note that e;(0) = 1 by
convention.

(iii) Using the above notation, define elements E; (i = 0,1,..., [%]) as follows:

i
E; =Y (=1 ci(j) Fiei(4) Fi,
§=0
where ¢;(j) = ((i — j)!(n+1—i— )(GHH)
Note that the leading term (j = 0) of E; is (i!(n + 1 —14)!)"'F? = F,.
Our main result is
THEOREM 4.3. In the notation of Definition 4.2, write £ = E[L-}—l]. Then
2

E? = ([ZHED(n+1— [ZHEDE. Ifr < n, the map v : B,(n) — End o) (VE")

is an isomorphism. If r > n+1, ker(v) is generated as an ideal of B,(n) by E.
We begin with the following result, whose proof will require arguments
involving the geometry of Brauer diagrams.

PROPOSITION 4.4. Assume r > n+ 1. For each i =0,1,..., (2] E; €
ker(v).

Proof. We shall show that each element E; is of the form b(S,5’, 8) for
some triple S, S, 8. For this, let S; = {1,2,... 4, i+1+ri+2+r,...,n+1+7r}
and S] ={i+1,i+2,....,n+1,r+1,r+2,...,r+i}. Then |S;| = |S)|=n+1
and S; N S = (. In Figure 5, the points of S; are denoted by o, those of S} by
* and the others by e.

With S, 5" as above, {1,...,2r}\ (S;IS))={n+2,n+3,...,r,n+2+r,
n+3+r,...,2r}, and we take §; to be the pairing (n+2,n+2+7r),...,(r,2r).
We shall show that

(4.5) E; = b(S;, i, Bi)-
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L2 Pl aglage :
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Figure 5.

Now b(S;, Si, Bi) is the alternating sum of the set S; of (n + 1)! diagrams
of the form depicted in Figure 5, in which each point of S; is joined to a point
of S/. Let H=Sym{l,...,i} x Sym{i+1,...,n+ 1}, regarded as a subgroup
of the algebra B,.(n). Clearly H x H acts on this set S; of diagrams, via
(h,W).D = hDh'~!, preserving the number of horizontal arcs. Moreover each
diagram in §; may be transformed by H x H into a unique diagram e;(j) for
some j =0,1,...,i. That is, H x H has ¢ + 1 orbits on S;, and the ¢;(j) form
a set of orbit representatives. It is therefore clear that the alternating sum
of the diagrams in the orbit of e;(j) is a scalar times Fje;(j)F;. If the trivial
diagram (in the orbit of e;(0) = 1) has sign +1, then observing that e;(j + 1)
is obtained from e;(j) by a simple interchange in S} (of r+i—j with i +j+1),
we see that b(S;, 5], 8;) = 3 (—1)7¢;(j) Fiei(j) Fy, where ¢;(j) is the inverse of
[{(h,h') € H x H | he;(j)h' = e;(j)}|. This proves (4.5), and we are done. [

4.3. Summary of the argument in classical terms. We outline here how
the proof of Theorem 4.3 goes in terms of the classical theory. Define the
degree of a monomial in Clz; ;] as (my,ma, ..., ma,), where m; is the number
of occurrences of i as a subscript in the relevant monomial. This makes C|z; ;]
into a Z?"-graded commutative algebra, and the subspace M, spanned by the
multiplier monomials (cf. Section 3.3) is then the graded component of degree
(1,1,...,1) of C[z;;]. Now observe that any element X of D is of the form
X =Y, fiD;, where D; is an (n+ 1) x (n+ 1) minor of (z; ;) and f; € Clz; j].
Hence if X € M,ND (see Section 3.3), then by degree, the determinants D; such
that f; # 0 are homogeneous of degree (mi,ma,...,ma,), where m; = 0 or 1
for each i, and >°;m; = 2(n + 1). Each such determinant may be multiplied
by an appropriate monomial f; to obtain an element of D N M,..

The elements b(S,S’, 3) € B,(n) defined in Lemma 4.1 correspond under
the isomorphism p to precisely these elements, and we have shown that they
span ker(v) as linear space.

Our proof of Theorem 4.3 runs as follows. First, in Section 6 (Proposi-
tion 6.4) we show that the elements E;; and E; are precisely certain of the
b(S,S’,B), and hence are in ker(v). Moreover we show also in Section 6 that
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those elements generate ker(v) as an ideal of B,(n). This is a straightforward
consequence of the linear description of the kernel. Next, we show that each of
the generators Ejj, E;; belongs to the ideal generated by Ej for one of the ele-
ments Ej, defined in Definition 4.2, and it follows (Corollary 6.10) that ker(v) is
generated by the elements Ej, which may also be described as Ky = Ej, 41—k,
which are the E;; of deficiency zero.

In Section 5 we develop a calculus of the elements Ej. In particular, we
prove (Corollary 5.14) that they are quasi-idempotent. This calculus, together
with an observation (Lemma 5.9) concerning the representations of Sym,., en-
ables us to complete the proof in Section 7 by showing that for all k, Fj lies
in the ideal generated by E[nTH -

5. Some computations in the Brauer algebra

In this section we carry out some necessary computations in the Brauer
algebra B;(6), where ¢ is arbitrary, and apply them to prove a key annihilation
result (Lemma 5.10).

5.1. Arcs in the Brauer algebra.

LEMMA 5.1. (i) In the group algebra KSym,, we have, in the notation
of Section 2.2,

a(Sym,,) = a(Sym,,_;) — |Sym,,_5| *a(Sym,,_1)s,_1a(Sym,,_1).
(ii) In the K-algebra B (9), let
F=a(l,i)a(i+1,s) and F =a(l,i—1)a(i+2,s).
Then for2 <i<s—2,
eiiviFeiis1 =(6 —s+2)Feiin + (i —2)(s —i—2)| tei i1 Flei1:2F .

(iii) Statement (ii) above remains true if i = 1, provided that eg 3 is interpreted
as 0, and a(k,l) = 1 whenever k > .

Proof. The first statement is a simple consequence of the double coset
decomposition Sym,, = Sym,,_;IISym,,_;$,-1Sym,,_;. For the second, observe
that from (i), we have

a(1,i) = a(l,i—1) — (i — 2" a(1,i — 1)s;_1a(1,i — 1)
and
a(i+1,5)=a(i+2,5)—(s—i—2)!" a(i+2,5)si410(i + 2, 5).

One now computes directly, using the relations in B,(§), the key relation here
being e;s;+1€; = e;. The third statement, concerning the case i = 1, follows
from the above argument, but it may also be computed directly. O
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The computation above may be usefully iterated as follows.

COROLLARY 5.2. Assume that 0 < i < s — i and that 0 < j < i — 1.
For k = 0,1,...,4, write J, = a(l,i — k)a(i + k + 1,s) so that Jy = F in
Lemma 5.1, Ji—1 = a(2i,s) and J; = a(2i + 1,s), interpreted as 1 if i = 2s.
Write e(j) = ei—j+1,i+5 for 7 = 0,1,...,4; by convention, e(j) = 0 for j > i,
and we note that e(j)Jy = Jre(j) for j < k. Then

(i) We have, for alli,s as above and for j such that 0 < j <i—1,
(5.3) e(j+1)Jje(i+1)=(0—-s+2j+2)Jjp1e(j +1)
+ (=G =2 s —i—j—2)) el + 1)Tjr1e(f +2) Jjs1-
(ii) The case j =i — 1 of (i) is given by
(5.4) e(i)Ji—1e(i) = (0 — s + 2i)J;e(i).

This is consistent with (5.3) if ey is interpreted as 0 for k < 0.

(iii) With the above notation, we have, for k=0,1,...,i—1,
(5.5) e(l)Joe(1)e(2)...e(k) = AgJre(1)e(2)...e(k)
+ BipJie(1)e(2)...e(k + 1) Jg,
where
(5.6) A =k(6—s+2)+k(k—1) and
1
(i—k—1Dl(s—i—k—-1)
(iv) Statement (iil) remains true for k = i, given the conventions for inter-
preting a(p, q)(= 1) when p > q and e, (= 0) when p < 0. That is,

(5.7) e(1)Joe(1)e(2)...e(i) = A;Jie(1)e(2) ... e(i),
where A; = i1(6 —s+2) +i(i — 1) is as given by the formula (5.6).

By =

Proof. For j < i — 1, statement (i) is simply a translation of Lemma 5.1
into the present context. When j = i — 1 or ¢, straightforward calculation
shows that the formula (5.3) remains true, given the specified conventions.
This proves (i) and (ii).

Assertion (iii) is proved by induction on k. First observe that the case
k = 0 asserts that e(1)Jy = ByJie(1)Jy, where By = m, which is
easily checked. Now suppose that for some fixed k with 0 < k <7 — 1, we have

6(1)J06(1) ce e(k:) = Alee(l) ce e(k) + Bkjle(l) co e(k + 1)Jk.

Multiplying on the right by e(k + 1) and applying (5.3) to the second term,
which terminates with e(k + 1)Jxe(k + 1), a short calculation shows that we
obtain

e(1)Joe(l)---e(k+1) = Agr11e(l) ---e(k+ 1)+ Bry1Jie(1) - - - e(k + 2) Jiy1,
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where

(5.8) A1 =Ar+Br(0—s+2k+2)(i—k—1l(s—i—k—1)! and
Bii1 =Bp(i—k—1)(s —i—k—1).

The recursion (5.8) has the unique solution given in (5.6).

Finally, assertion (iv) follows from the case k = ¢ — 1 of (iii), noting that
Ji = a(2i + 1,s) and that the case j = ¢ — 1 of (i) yields that e(i)J;—1e(i) =
(6 —s+2i)e(i)J;. The proof of this last formula involves separate consideration
of the cases s = 2i and s > 2i. O

5.2. A computation in the symmetric group algebra. Fix an integer s and
for ¢ such that 0 < ¢ < s — ¢, and define F;(s) := a(1,7)a(i + 1,s), with the
usual conventions.

LEMMA 5.9. Write KSym, = @)1 for the usual canonical decomposition
of the group algebra of Sym,. into simple two-sided ideals. Then

(i) The ideal (Fi(s)) of KSym, generated by F;(s) is the sum of those Iy
such that X has at least s — i boxes in its first column and s boxes in
its first and second colummn.

(i) We have, for 1 < i< 3, (Fi1(s)) C (Fi(s)).

(iii) There exist elements cvy, Big € Byr(9) such that for i as in (ii), F;_1 =
>0 ieFiBie

Proof. The first statement follows easily from the Littlewood-Richardson
rule. In fact, one only requires the (dual of) the Pieri rule. The second and
third statements follow easily from (i). O

5.3. The annihilation lemma. We shall prove the following result.

LEMMA 5.10. Let E; € By(n), i = 0,1,...,[%2] be the elements defined
in Definition 4.2(iii), and assume that r > n+ 1. Then for j =1,2,... n, we
have e; E; = Eiej = 0.

Proof. 1t is clear from Lemma 2.2 that e;jF; = Fije; = 0 for j € {1,2,...,
n+ 1}, j # i. Hence to prove the lemma it suffices to prove that

(5.11) eiEi = Eiei =0.

Moreover, since we have E} = E; and e] = e; where * is the cellular involution
of B,(n) (reflection in a horizontal), to prove (5.11), it suffices to prove that
eiF; = 0, since this implies that (e;E;)* = Efel = Eje; = 0. Thus we are
reduced to proving that e; F; = 0.

Maintaining the notation of Definition 4.2, define elements

Fi(k)=a(l,i—k)a(i +k+1,n+1)
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for k=0,1,...,4, with the usual conventions applying. Thus F;(0) = F;. The
F;(k) are analogues of the elements Jj of Corollary 5.2, and translating (iii)
of that corollary into the notation of the elements in Definition 4.2, bearing in
mind that here 6 = n and s = n + 1, we obtain

eiFreilh) = EF(Dei(h) + 7 1)!1(n —
for k=0,1,2,...,i. Note that when k = 0, the first term vanishes and when
k = 1, the second term vanishes, given our conventions.

Fi(Dei(k +1)Fi(k)

It follows that for £ = 0,1,2,...,4, with the usual notational conventions,

It follows from (5.12) that e;E; is a linear combination of Fj(1)e;(j)F; for
j=1,2,...,i. Moreover, also by (5.12), the coefficient of F;(1)e;(k)F; in e; E;
is, in the notation of Definition 4.2(iii),

(—1)F (Kci(k) — (i —k+ 1)(n+ 2 —i — k)ei(k — 1)),

and using the explicit values of the ¢;(j), this is equal to
(—1H L
(i—k)!(n+1—i—k)(k—1)?

1
(i—k+1)!(n+2—z‘—k)!(k—1)!2}’

—(i—k+1)(n+2—i—k)

which is equal to zero.
This shows that e; E; = 0 and hence completes the proof of the lemma. [

COROLLARY 5.13. Let D be any diagram in Bpi1(n) C By(n) that has
fewer than n + 1 through strings (i.e., that has a horizontal arc). Then for
i=0,1,2,...,["], DE; = E;D =0.

Proof. Fix i as above. If o € Sym; x Sym,,,;_; C By41(n), then oE; =
+F;. Now it is clear that for any diagram D as above, there is an element
o € Sym; x Sym,,,_; such that for some j € {1,2,...,n}, Do = D'e; for
some diagram D" € By41(n). Hence DE; = +DoE; = £D’e; E;, which is zero

by Lemma 5.10. The proof that F;D = 0 is similar. ([l
COROLLARY 5.14. The elements E; are quasi-idempotent. Specifically,
fori= 0,1,...,[”7“], we have

E? =il(n+1—i)E;.
Proof. Recall that E; = Z;ZO(—I)jci(j)Fiei(j)Fi. Now it follows from
Corollary 5.13 that for j > 0, E;Fie;(j)F; = 0, since the second factor is a sum

of diagrams with at least one horizontal arc. Hence

%
E} =E > (1Y ci(j)Fei(j)F; = EiF; = il(n+1—14)\E;. 0
j=0
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6. Generators of the kernel

In this section we shall prove

2

PROPOSITION 6.1. The ideal ker(v) is generated by Ey, E, . .. ,E[n+1].

6.1. The cellular anti-involution on B,(d). We shall make use of the cel-
lular anti-involution [6] on B,(d). This is the unique algebra anti-involution
*: Bp(6) = Br(9) satisfying s} = s; and ef = e; for each i. Then for o € Sym,,

* may be thought of as reflecting diagrams

we have o* = o~!. Geometrically,
in a horizontal line.

The proof of Proposition 6.1 will proceed by showing that each of the
elements b(S, S, 3) lies in the ideal of B,(n) generated by a certain explicit
element E;; or E;"j, and that each of the elements E;; and EZ*J lies in the ideal
generated by Fj for some k.

6.2. Generators and deficiency. Let S, S’ be disjoint subsets of {1,...,2r}
such that |S| = || =n+1. If |[SN{L,...,r}| =diand |[SN{L,...,7} = J,
then after pre and post multiplying b(S,S’, 3) by elements of Sym, C B,(n)
and possibly interchanging S with S” and {1,...,r} with {r +1,...,2r}, we
may assume that ¢ < j and ¢+ 5 > n+ 1; the case i + j = n + 1 leads to the
elements F;. We write d;; =i+ j — (n+ 1) and refer to this as the deficiency
of the pair S,5’. Fix i, as above.

For k=0,1,...,n+1—j, let D;;(k) be the diagram depicted in Figure 6,
in which the points of S are denoted by o, those of S’ by * and those of
{1,...,2r}\ (ST S’) by e.

The diagram D;;(k) is regarded as an element of B, (n) through the natural
inclusion Bj(n) < B,(n) for any I < r. Note that in the deficiency zero case,
where i 4+ j = n + 1, the diagram D;;(k) coincides with the diagram e;(k) of
Definition 4.2(ii).
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Definition 6.2. For ¢,j such that 0 < i < j<n+4+landi+j>n+1,
define E;; € B,(n) by

(6.3)
n+1—j '
Eij= Y (=1)cij(k)a(1,D)a(i+1,i+5) Dy (k)a(l, nt1-j)a(n+2—j, nt1-di),
k=0

where ¢;j(k) = ((n+1—j —E)l(n+1—1i — k)k!N(di; + &))"

PROPOSITION 6.4. (i) The elements E;j and Ej; are in ker(v).

(ii) The kernel ker(v) is generated as an ideal of Br(n) by the elements
E;; andE;‘j, where 0 <1< j<n+1,i+j>n+1. Here* denotes
the cellular involution of B, (n), discussed above.

Proof. The kernel ker(v) is spanned by the elements b(S,S’, 3), each of
which is an alternating sum over Sym,, ;. To see that E;; € ker(v), we shall
show that E;; is precisely one of the elements b(S,S’, ), where S = S;; =
{1,...,2',7“—1—1'—!—1—dij,...,r+n+1—dij}, S/:S’L{j = {i+1,...,’i+j,7‘+
1,...,7+1i—d;;}, and § is the pairing of {1,...,2r}\ (SIIS’) depicted in the
diagram D;;(k) for any k.

Observe that from the formula (6.3), Ej; is alternating with respect to both
Sym(S) and Sym(S’), for if ¢ is any transposition in Sym(S), then ¢-E;; = —Ej;,
and similarly for S’. In fact, the constants c¢;;(k) are chosen so that Ej; is
precisely the alternating sum of (n + 1)! diagrams, obtained from D;;(0) by
permuting the elements of S. This shows that E;; € ker(v). Since ker(v) is
evidently invariant under *, this proves (i).

It is straightforward to see that using the action of Sym, on the right and

left, any pair S, 5" of subsets as above may be transformed into a pair S;;, S};
or S,

It follows, since any summand of an element b(S, S’, 3), where the pair S, S’
has deficiency d, has at least d horizontal edges, that any element b(S,S’, 3)
may be transformed by Sym, x Sym, into an element of B,(n), each of whose
diagram summands satisfies the condition that its leftmost ¢ + j part coincides
with that of Ejj or Ej; for some 4, j and whose rightmost r — (i + j) part is
constant for each such summand. Hence 7b(S,S’, 8)n’ = E;; D, or E}D,, for

some 7,7’ € Sym, and D, € B,(n). This proves (ii). O

Sij, where these sets are as above, with i < j and ¢ +j > n + 1.

LEMMA 6.5. We have, for each i,j and k as above,
Dij(k) = ei(k + dij)Tij = €ii41€i—1,i4+2 - - - Cimk—d;;+1,i+k-+di; Tij
and
n+l—j '
Eij= Y (=1Yej(k)a(l,i)ali+ 1,i+ j)ei(k + dij)
k=0
ca(l,n+1—j7)a(2i+j —n,i+ j)mj,
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where m;; € Sym,. C By.(n) is the permutation defined by
lif1<i<n+1l—jorl>i+j
mii(l) =ql+n+1—iifi—dij+1<1<i+d;
Z—Qdij ifi+dij+1 <l<i+4j.
The permutation m;; is independent of k.
Proof. The first statement may be directly verified, and the second follows
easily, by computing m;ja(l,n+1—j)a(2i +j —n,i+ j)wigl. O
The next result is required for the proof of Proposition 6.1.

PROPOSITION 6.6. We have, in the above notation, e, E;; = 0 for all £
such that 1 < <i+4+j—1.

Proof. 1t is clear by Lemma 2.2 that the proposition holds for ¢ # . It
therefore suffices to prove that
(6.7) eiEZ-j =0.
To apply the computations of Section 5.1, it is convenient to rewrite the E;; as
follows. For d in the range 0 < d < 4, write Fi;(d) = a(1,i—d)a(i+1+d,i+}).
Noting that n + 1 — j = i + d;j, etc., we may rewrite the expression for £;; in

Lemma 6.5 as
n+1—j

(6.8) Eij = > (=1)cij(k)Fij(0)es(k + dij) Fij(dij)mij.
k=0
Note that the elements Fj;(d) are special cases of the elements J; of Corol-
lary 5.2, which may now be applied directly, replacing d, s and k respectively
by n,i+jand k+djj=i+j+k—(n+1).
We obtain
eiFj(0)ei(k + dij) Fij(dij) = Agya,; Fij(1)ei(k + dij) Fij(dij)
+ Bitay; Fij(1)ei(k + 1+ dij) Fij(k + dij) Fij(di)
= Apya,; Fig(Dei(k + dij) Fij(dij)
+ (Z —k— dz])'(] —k— dzj)'Bk+d1]FZ](1)ez(k + 1+ dzj)FZ](d”)
It follows that in the expression for e;F;; as a sum of the elements Gj, :=
Fl](l)el(k)FZ(dl])FZ], the coefficient of Gk+1 is
(=DM (Apgrga, cij(k + 1) = (i = k = dig)'(j — k — dij)'Brra,, i (k) -
To evaluate this we substitute the actual values of A, and By;. We have
Apyay,; = (b +dij)(n— (i +7) +2) + (k +dij)(k + dij — 1)
= k(k + dij),

while
Biyay = [(i = 1= (k+dij)!(j — 1 — (k+diy))] ™.
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Moreover,
cij(k) = [(dij + E)k(n+1—j—k)n+1—i—k)".

Substituting these values into the expression above, we obtain

1
(dij + k)'E(n — j — k)(n — i — k)!
= (Z —k— dw)'(j — k- dij)!Bk+dijCij(k)‘

It follows that the coefficient of G}, in e;F;; is zero for £ = 0,1,...,7 — d;;.
Hence e;E;; = 0, and the proposition is proved. O

App1tacij(k +1) =

COROLLARY 6.9. If D is any diagram in B j(n) with at least one hori-
zontal edge, then DE;; = 0.

Proof. For any such diagram D, there is a permutation o € Sym; x Sym,
such that Do = D'ey for some diagram D’ € B;j(n) and ¢ satisfying 1 < ¢ <
i+ 7 — 1. The result now follows from Proposition 6.6. (]

COROLLARY 6.10. For each pairi,j withi < j andi+7j > n+1, we have
Ey; € (Ey) for some k with 0 < k < [%E]. We also have E}; € (Ek) for the
same k.

Proof. It follows from Corollary 6.9 that for any elements x,y € B;1;j(n)
and any k such that 0 < k < [’%1], we have xEpyE;; = xFpyE;j, since the
other summands of the product vanish. Write Fj; = Fj;(0) in the notation
of the proof of Proposition 6.6. By the above observation, since Fj;F;; is a
nonzero multiple of E;;, in order to show that E;; € (Ej), it will suffice to show
that there are elements z,y € Bj;;(n) such that xFy = Fj; for some k. We
shall in fact show that there are elements x,y of KSym; ; C B;y;(n) C By(n)
which have the desired property.

Now we have seen that in K'Sym, ;, the ideal (Fy;) = ©xI, where A runs
over partitions of ¢ + j whose first column has at least j elements and whose
first two columns have at least ¢ + j elements. But for £k = 0,1,..., [”T‘H],
(Fr) = @®ulmu, where p runs over partitions whose first column contains at
least n + 1 — k elements and whose first two columns contain at least n + 1
elements. Since i + j > n + 1, it follows that for £ > n 4+ 1 — j (note that
i+j>n+1i<j = n+1-j<[%]), E; € (F}), whence there are
elements x,y € KSym, ; such that F;; = xFyy, whence Ej; € (Ey).

To show that Ej; € (Ej), observe that by taking the * of Corollary 6.9,
we have EF;D = 0 of any diagram in B, (n) with at least one horizontal edge.
Hence, as above, we see that for any elements z,y € B;y;(n), ExEry =
EfxFyy, and the argument proceeds as above. This completes the proof of
the corollary. ([
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We may now complete the

Proof of Proposition 6.1. It follows from Proposition 6.4 that ker(v) is
generated by the E;; and Ejj. But by Corollary 6.10, each of the elements
E;; and Ej; is in the ideal generated by Eo, Ei, ... ,E[HTH}. Proposition 6.1
follows. O

7. Proof of the main theorem

In this section we complete the proof of Theorem 4.3. The arguments are
similar to the ones employed in the last section.

Proof of Theorem 4.3. The first assertion of the theorem is a special case
of Corollary 5.14. To prove that F = E[HTH | generates ker(v), we proceed as
follows. By Proposition 4.4, the E; are in ker(v), and by Proposition 6.1 ker(v)
is generated by the F;. The result will therefore follow if we show that

1
(7.1) Forizl,...,[%

For if (7.1) holds, then writing (y) for the ideal of B,(n) generated by any
element y € B,(n), we would have (E) D <E[nT+1]_1> D - D (E7) D (Ep).

To prove (7.1), let g, Bi¢ be elements of B,(n) as in Lemma 5.9. Then
for any i such that ¢ < ”'2"1, Fi_1 = > FiBie. Consider the element x :=
ZK Ei_laigEiﬂig S <El> Now for each /, OéigEiﬁig = Z;:O OzigEi(j),BM, where
Ei(j) = (=1)7¢;(j) Fiei(j)F; is a sum of diagrams in By,41(n) with at least j
horizontal arcs. Hence by Corollary 5.13, E;_1a;eE;i(j)Bie = 0 if j > 0.

It follows that z = >, F;_1a;0F;fBi, since E;(0) = F;. Hence =z =
Ei 1Fi.y = (i—1)!(n—19)E;_; € (E;). This proves (7.1) and completes
the proof of Theorem 4.3. U

|, Ei—1 is in the ideal generated by F;.

8. Cellular structure

It is well known that B,(n) has a cellular structure [6, §4] in which the
cells are indexed by the set A of partitions A = (A; > --- > Ap), with [A\| =
SPE N €eT, where T={teZ|0<t<r; t=r( mod2)}. The partial
order on A is given by the rule that A < p if |A| < |u|, or |A] = |p| and A <
in the dominance order.

We therefore have cell modules W(A) (A € A) for B;(n). These are en-
dowed with a canonical invariant form, whose radical Rad(\) has irreducible
quotient, which we write here as I. It is part of the general theory of cellu-
lar algebras that the nonzero I form a complete set of representatives of the
isomorphism classes of B,.(n). Now B,(d) is quasi-hereditary [22] whenever
0 # 0, from which it follows that the I are each nonzero and, therefore, that
the irreducible B, (n)-modules are indexed by A.

Now we have assumed that the characteristic of K is zero. In consequence,
V@ is semisimple, both as O(V)-module and as B,(n)-module.
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LEMMA 8.1. As O(V) x By(n)-module, we have
Ver ~ EB)\EAOL)\ ® Iy,

where AV is the subset of A consisting of partitions whose first and second
columns have fewer than n+ 1 bozes in total. Here Ly and Iy are respectively
the simple O(V')-module and the simple B,(V')-module corresponding to \.

Proof. The statement that there is a decomposition of the type shown,
for some subset of A, follows from generalities about double centraliser theory.
The identification of A% in our case follows easily from our Theorem 4.3 but is
well known in any case. ([

One consequence of this lemma is that the multiplicity of Ly in V®" is the
dimension of Ty. However, in consequence of the nonsemisimple nature of B,.(n)
for » > n+2, these dimensions are not given by purely combinatorial (cellular)
data. Nonetheless, our main theorem is relevant to this decomposition through
the following result.

PROPOSITION 8.2. Let £ = E[L-}—l] be the element of B.(n) defined in
2
Definition 4.2(iii). Then for A € A%, the submodule Rad()\) of W()) is given
by Rad(\) = B(n)EW (X). That is, Rad(\) is generated by EW (X).

Proof. First, note that by Lemma 8.1, I is a summand of V®" if and only
if A € A°. Hence A° consists of those A such that Iy is annihilated by ker(v)
and hence by F since by Theorem 4.3 E generates ker(v).

It follows that EW(\) C Rad(\). But the ideal (E) contains the radical
of the algebra B,.(n). Hence by the local criterion proved in [12, Th. 5.4(3)] for
a self-dual ideal to contain the radical, it follows that for all A € A, (E)W(X) D
Rad()). It follows that for A € AY, (E)W()\) = Rad()), and the Proposition
follows. (]

We conclude this section with the remark that by the above proposition,
we have, for A € A9,
LA I LA
AT Rad())  (BYW(N)’
and this makes it possible in principle to compute the dimension of Iy by
identifying the subspace EW (A) of W ().

9. Change of base field, and remarks about the quantum case

In this section we discuss the situation when the field K has positive
characteristic, as well as the quantum analogue of our result, which applies to
the Birman-Wenzl-Murakami (BMW) algebra. We assume throughout that K
is infinite.
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9.1. The case of positive characteristicc. When K is an infinite field of
characteristic not equal to 2, our basic setup remains the same. We still have
the map v : B,(n) — Endo)(V®"), and it is still surjective. Proposition 3.6
also remains true.

It is important to note that although the elements E; and E;; have denom-
inators in their definitions, they are actually linear combinations of diagrams
with coefficients +1. Therefore they are elements of the Brauer algebra over Z
and may be thought of independently of the ground field. Many of the results
above remain true for arbitrary K. For any commutative ring R, with § € R,
write B(§) for the Brauer algebra over R, which may be defined by its pre-
sentation as given in Lemma 2.1(iii); BF(9) is free over R, with basis the set
of Brauer diagrams. As usual, B,(n) = BX(n).

LEMMA 9.1. Let K be a field of characteristic other than two. The ele-
ments b(S, S', B) € BX(n) of Lemma 4.1 span ker(v).

This is because the version of the second fundamental theorem in [19,
Prop. 21] is valid in this generality, and our statement follows from the com-
mutativity of the diagram (3.5).

Next we have

PROPOSITION 9.2. Let K be a field of characteristic other than two. Let
E;j € Br(n) be the elements defined in Definition 6.2. Then ker(v) is generated

as ideal of By.(n) by the Ejj, E};.

Proof. Note that although the definition of F;; as given involves denom-
inators, since E;; is actually one of the elements b(S,S’, 3), it is a Z-linear
combination of diagrams. Hence it may be interpreted as an element of BZ(n)
and hence of Bff(n) for any ring R.

The proof of the current proposition involves merely the observation that
the proof of Proposition 6.4(ii) remains valid in this more general setting. [

PROPOSITION 9.3. Let K be any ring, and let E;j € BX(n) be as in the
previous proposition. Then for £ with 1 < ¢ <1+ j — 1, we have e/ E;j = 0.

Proof. Although the proof of Proposition 6.6 involves denominators, it is
clear that it may be restated (and proved in the same way) as a result in BZ(n).
Applying the specialisation functor K ®z, we obtain the present statement. [

THEOREM 9.4. Let K be a field of characteristic p > n+1. Then ker(v) =
(E), where E is the element Epnsry of Theorem 4.3.
2

Proof. The proofs of Corollary 6.10 and of (7.1) involve computations in

the group algebra K'Sym, ;. But if the characteristic of K is greater than
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i + j, this algebra is semisimple, and hence the arguments in those proofs
apply without change. The result follows. ([

Remark 9.5. 1t is likely that the conclusion of the above theorem is valid
for any characteristic other than two.

9.2. The quantum case. Let U, := Uy(o,) be the smash product of the
quantised enveloping algebra corresponding to the complex Lie algebra so,, (C)
with the group algebra of Zy (see [11, §8]). Let C, be the category of finite
dimensional type (1,1,...,1) representations of U,. Using Lusztig’s integral
form [16] of U, and lattices in the simple U,-modules, we have a specialisation
functor S : M, — M taking modules M, in C, to their “classical limit.”

Let V; be the “natural” representation of the quantum group Uy (o,), that
is, the representation that corresponds to the natural representation V' of O,
under the specialisation above. It is well known (cf., e.g., [11]) that there is
a surjective homomorphism v : C(q)B,— Enqu(on)(Vq@’), where B, is the
r-string braid group, acting through the generalised R-matrices.

Moreover this action factors through BMW,.(q) =BMW,.(¢>(=™), ¢ —¢~2),
the Birman-Murukami-Wenzl algebra over C(gq) with the indicated parameters.
The specialisation at ¢ = 1 (see [12, Lemma 4.2]) of BMW,(q) is B,(n). It
follows from the results of [11], [12], [14] that we have a commutative diagram
of specialisations as depicted below, which compare the classical case, treated
above, with the quantum case:

0 —— ker(y)) —— BMW,(q) —— Endy, (V") —— 0

(9.6) ls ls ls
0 — ker(v) —— B.(n) —%— Endy(V®) —— 0.

This diagram naturally leads to the

CONJECTURE. In the above notation, there is an element ®, € BMW,(q)
such that ker(v) = (®,). The specialisation at ¢ =1 of ® is E.

This was proved for the case n = 3 in [14, Th. 2.6], where an explicit
formula was given for ®,.

There is another way to generalise the result [14, Th. 2.7], which is
the case n = 3 of our current work. It was shown in [11] that the map
C(q)B,— Enqu(Slz)(VdQ?qT) is surjective, where Vj , is the g-analogue of the
d-dimensional representation of Ug(slp). It is natural to ask for presentations
of finite dimensional algebras through which this map factors (cf. [16]), and
whether these algebras have a cellular structure (cf. [7], [8]). This is not likely
to be straightforward, because in this case, the generators satisfy a polynomial
equation of degree d.
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