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An inverse theorem for
the Gowers U*"![N]-norm

By BEN GREEN, TERENCE TAO, and TAMAR ZIEGLER

Abstract

We prove the inverse conjecture for the Gowers UST*[N]-norm for all
s = 1; this is new for s > 4. More precisely, we establish that if f :
[N] — [~1,1] is a function with || f||yys+1x} = J, then there is a bounded-
complexity s-step nilsequence F(g(n)T") that correlates with f, where the
bounds on the complexity and correlation depend only on s and 4. From
previous results, this conjecture implies the Hardy-Littlewood prime tuples
conjecture for any linear system of finite complexity.
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1. Introduction

The purpose of this paper is to establish the general case of a conjecture
named the Inverse Conjecture for the Gowers norms by the first two authors
in [19, Conj. 8.3]. If N is a (typically large) positive integer, then we write
[N] :={1,...,N}. For each integer s > 1, the inverse conjecture GI(s), whose
statement we recall shortly, describes the structure of 1-bounded functions f :
[N] — C whose (s + 1)** Gowers norm || f||s+1y is large. These conjectures,
together with a good deal of motivation and background to them, are discussed
in [15], [16], [19]. The conjectures GI(1) and GI(2) have been known for some
time, the former being a straightforward application of Fourier analysis, and
the latter being the main result of [16] (see also [42] for the characteristic 2
analogue). The case GI(3) was also recently established by the authors in [23].
The aim of the present paper is to establish the remaining cases GI(s) for
s > 3, in particular reestablishing the results in [23].

We begin by recalling the definition of the Gowers norms. If G is a finite
abelian group, d > 1 is an integer, and f : G — C is a function, then we define

d
(L.1) ey == Eon,haea By -~ Bug @)%

where Ay f is the multiplicative derivative

Apf(x) == f(z+h)f(z)
and E,ex f(z) := ﬁ S zex f(x) denotes the average of a function f: X — C
on a finite set X. Thus, for instance, we have

1 Fllo2y = (Ban pacaf @) F@ + h) @+ ha) f(z + by + ha)) ™.

One can show that U%(G) is indeed a norm on the functions f : G — C for
any d > 2, though we will not need this fact here.

In this paper we will be concerned with functions on [N], which is not
quite a group. To define the Gowers norms of a function f : [N] — C, set
G = Z/NZ for some integer N > 29N, define a function f : G — C by
f(z) = f(z) for  =1,...,N and f(z) = 0 otherwise, and set

[ fllgagny = H]EHUd(G)/Hl[N]HUd(G)u
where 1y is the indicator function of [N]. It is easy to see that this definition

is independent of the choice of N. One could take N := 29N for definiteness
if desired.

The Inverse conjecture for the Gowers UST![N]-norm, abbreviated as
GI(s), posits an answer to the following question.

QUESTION 1.1. Suppose that f : [N] — C is a function bounded in mag-
nitude by 1, and let § > 0 be a positive real number. What can be said if

| fllgrs+iny = 67
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Note that in the extreme case § = 1 one can easily show that f is a
phase polynomial; namely, f(n) = e(P(n)) for some polynomial P of degree
at most s. Furthermore, if f correlates with a phase polynomial, that is to
say if [E ey f(n)e(P(n))| = 6, then it is easy to show that || f|[gs+1n) = ¢(d).
It is natural to ask whether the converse is also true — does a large Gowers
norm imply correlation with a polynomial phase function? Surprisingly, the
answer is no, as was observed by Gowers [13] and, in the related context of
multiple recurrence, somewhat earlier by Furstenberg and Weiss [10], [11]. The
work of Furstenberg-Weiss and Conze-Lesigne [7] draws attention to the role
of homogeneous spaces G/T" of nilpotent Lie groups, and subsequent work of
Host and Kra [29] provides a link, in an ergodic-theoretic context, between
these spaces and certain seminorms with a formal similarity to the Gowers
norms under discussion here. Later work of Bergelson, Host, and Kra [3]
highlights the role of a class of functions arising from these spaces G/I" called
nilsequences. The inverse conjecture for the Gowers norms, first formulated
precisely in [19, §8], postulates that this class of functions (which contains
the polynomial phases) represents the full set of obstructions to having large
Gowers norm.

We now recall that precise formulation. Recall that an s-step nilmanifold
is a manifold of the form G/I', where G is a connected, simply-connected
nilpotent Lie group of step at most s (i.e., all s+ 1-fold commutators of G are
trivial), and T is a discrete, cocompact® subgroup of G.

CONJECTURE 1.2 (GI(s)). Let s > 0 be an integer, and let 0 < §
< 1. Then there exists a finite collection Mss of s-step nilmanifolds G/T',
each equipped with some smooth Riemannian metric dgr as well as con-
stants C(s,9),c(s,d8) > 0 with the following property. Whenever N > 1 and
f:[N] = C is a function bounded in magnitude by 1 such that || f|gs+1;n] = 0,
there exists a nilmanifold G/T' € Mgs, some g € G and x € G/T', and a
function F : G/T' — C bounded in magnitude by 1 and with Lipschitz constant
at most C(s,d) with respect to the metric dgr such that

e f(n)F(g"e)| = c(s, ).

We remark that there are many equivalent ways to reformulate this con-
jecture. For instance, instead of working with a finite family M, s of nilman-
ifolds, one could work with a single nilmanifold G/T' = G;5/T's 5, by taking
the Cartesian product of all the nilmanifolds in the family. Other reformula-
tions include an equivalent formulation using polynomial nilsequences rather

1A subgroup I of a topological group G is cocompact if the quotient space G/T" is compact.
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than linear ones (see Conjecture 4.5) and an ultralimit formulation (see Con-

jecture 5.3). One can also formulate the conjecture using bracket polynomials,

or local polynomials; see [16] for a discussion of these equivalences in the s = 2

case.

Let us briefly review the known partial results on this conjecture.

(i) GI(0) is trivial.

(i1) GI(1) follows from a short Fourier-analytic computation.

(iii) GI(2) was established about five years ago in [16], building on work of
Gowers [13].

(iv) GI(3) was established, quite recently, in [23].

(v) In the extreme case 6 = 1 one can easily show that f(n) = e(P(n)) for
some polynomial P of degree at most s, and every such function is an
s-step nilsequence by a direct construction. See, for example, [16] for the
case s = 2.

(vi) In the almost extremal case § > 1 — &, for some €5 > 0, one may see that
f correlates with a phase e(P(n)) by adapting arguments first used in the
theoretical computer-science literature [1].

(vii) The analogue of GI(s) in ergodic theory (which, roughly speaking, corre-
sponds to the asymptotic limit N — oo of the theory here; see [30] for
further discussion) was formulated and established in [29], work done in-
dependently of the work of Gowers (see also the earlier paper [28]). This
work was the first place in the literature to link objects of Gowers-norm
type (associated to functions on a measure-preserving system (X, 7, u))
with flows on nilmanifolds, and the subsequent paper [3] was the first work
to underline the importance of nilsequences. The formulation of GI(s) by
the first two authors in [19] was very strongly influenced by these works.
For the closely related problem of analysing multiple ergodic averages, the
relevance of flows on nilmanifolds was earlier pointed out in [10], [11], [38],
building upon earlier work in [7]. See also [27], [49] for related work on
multiple averages and nilmanifolds in ergodic theory.

(viii) The analogue of GI(s) in finite fields of large characteristic was established
by ergodic-theoretic methods in [5], [48].

(ix) A weaker “local” version of the inverse theorem (in which correlation takes
place on a subprogression of [N] of size ~ N¢) was established by Gowers
[14]. This paper provided a good deal of inspiration for our work here.

(x) The converse statement to GI(s), namely that correlation with a function
of the form n + F(g"z) implies that f has large U**![N]-norm, is also
known. This was first established in [16, Prop. 12.6], following arguments
of Host and Kra [29] rather closely. A rather simple proof of this result is
given in [23, App. GJ.

The main result of this paper is a proof of Conjecture 1.2.
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THEOREM 1.3. For any s > 3, the inverse conjecture for the UST[N]-
norm, GI(s), is true.

By combining this result with the previous results in [19], [21] we obtain a
quantitative Hardy-Littlewood prime tuples conjecture for all linear systems of
finite complexity; in particular, we now have the expected asymptotic for the
number of primes p; < --- < pr < X in arithmetic progression, for every fixed
positive integer k. We refer to [19] for further discussion, as we have nothing
new to add here regarding these applications. Several further applications of
the GI(s) conjectures are given in [8], [18].

2. Strategy of the proof

The proof of Theorem 1.3 is long and complicated, but broadly speaking
it follows the strategy laid out in previous works [13], [14], [16], [23, 42]. We
induct on s, assuming that GI(s—1) has already been established and using this
to prove GI(s). To explain the argument, let us first summarise the main steps
taken in [23] in order to deduce GI(3), the inverse theorem for the U%-norm,
from GI(2), the inverse theorem for the U3 norm (established in [16]). Once
this is done we will explain some of the extra difficulties involved in handling
the general case. For a more extensive (but informal) discussion of the proof
strategy, see [22]. Once we set up some technical machinery, we will also be
able to give a more detailed description of the strategy in Section 7.

Here, then, is an overview of the argument in [23].

(i) (Apply induction). If ||f|l;ya;n > 1 then, for many h, [|Apflyspny > 1
and so Apf correlates with a 2-step nilsequence xyp.

(ii) (Nilcharacter decomposition). x; may be decomposed as a sum of a
special type of nilsequence called a nilcharacter, essentially by a Fourier
decomposition. For the sake of illustration, these 2-step nilcharacters
may be supposed to have the form

xn(n) = e({ann}Bpn),

although these are not quite nilcharacters due to the discontinuous nature
of the fractional part function z — {z}, and in any event a general 2-step
nilcharacter will be modeled by a linear combination of such “bracket
quadratic monomials,” rather than by a single such monomial (see [16]
for further discussion).

(iii) (Rough linearity). The fact that Apf correlates with y; forces x; to
behave weakly linearly in h. To get a feel for why this is so, suppose that
| f] = 1; then we have the cocycle identity

Apprf(n) = Apf(n+k)Arf(n).
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To capture something like the same behaviour in the much weaker set-
ting where Ay f correlates with xp, we use an extraordinary argument of
Gowers [13] relying on the Cauchy-Schwarz inequality. Roughly speaking,
the information obtained is of the form

(2.1) Xhy Xhs ~ XhsXh, modulo lower order terms

for many h1, ho, hs, hy with h1 + he = hg + hg.

(iv) (Furstenberg-Weiss). An argument of Furstenberg and Weiss [11] is
adapted in order to study (2.1). The quantitative distribution theory
of nilsequences developed in [20] is a major input here. It is concluded
that we may assume that the frequency 3 does not actually depend on
h. Note that this step appeared for the first time in the proof of GI(3);
it did not feature in the proof of GI(2) in [16].

(v) (Linearisation). A similar argument allows one to then assert that

(2.2) ap, + ap, = apg + ap,  (mod 1)

for many h1, ho, hs, hy with h1 + he = hg + hg.

(vi) (Additive Combinatorics). By arguments from additive combinatorics
related to the Balog-Szemerédi-Gowers theorem [2], [13] and Freiman’s
theorem, as well as some geometry of numbers, we may then assume that
ay, varies “bracket-linearly” in h, thus

(2.3) ap = yi{mh} + - +va{nah}-

Up to top order, then, the nilcharacter yp(n) can now be assumed to
take the form e(¢(h,n,n)), where ¢ is “bracket-multilinear”; it is a sum
of terms such as {y{nh}n}sn.

(vii) (Symmetry argument). The bracket multilinear form v obeys an addi-
tional symmetry property. This is a reflection of the identity ApAgf =
ArApf, but transferring this to the much weaker setting in which we
merely have correlation of Apf with y, requires another appeal to
Gowers’ Cauchy-Schwarz argument from (iii). In fact, the key point is to
look at the second order terms in (2.1).

(viii) (Integration). Assuming this symmetry, one is able to express

Xn(n) ~©(n+ h)0®'(n)
for some bracket cubic functions ©,©’, which morally take the form
O(n),®'(n) ~ e(y(n,n,n)/3)

(for much the same reason that x3/3 is an antiderivative of z2). Thus we
morally have

Anf(n) ~O(n + h)e'(n).
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(ix) (Construction of a nilsequence). Any bracket cubic form like e(¢)(n,n,n))
“comes from” a 3-step nilmanifold; this construction is accomplished in
[23] in a rather ad hoc manner.

(x) From here, one can analyse lower order terms by the induction hypothesis
GI(2). This is a relatively easy matter.

Let us now discuss the argument of this paper in the light of each point
of this outline. A more detailed outline is given in Section 7. Assume that
GI(s — 1) has been established.

(i) (Apply induction). If ||f||yys+1ny > 1 then, for many h, [|Apf|sv>1
and so Ay, f correlates with an (s—1)-step nilsequence xj. This is straight-
forward (see Section 7).

(ii) (Nilcharacter decomposition). x; may be decomposed into nilcharacters;
this is fairly straightforward as well. It is somewhat reassuring to think of
Xn(n) as having the form e(y,(n)), where 1, (n) is a bracket polynomial
“of degree s — 1,” but we will not be working explicitly with bracket
polynomials much in this paper, except as motivation and as a source of
examples. One of the main challenges one is faced with during an attempt
to prove GI(4) by a direct generalisation of our arguments from [23] is the
fact that already bracket cubic polynomials are rather complicated to deal
with and can take different forms such as {an}{8n}yn and {{an}sn}yn.

Instead of objects such as e(an{fn}), then, we will work with the
rather more abstract notion of a symbol. This notion, which is fairly cen-
tral to our paper, is defined and discussed in Section 6. One additional
technical point is worth mentioning here. This is the fact that e(an{8n})
(say) cannot be realised as a nilsequence F(¢"T") with F' continuous, and
therefore the distributional results of [20] do not directly apply. In [23]
these discontinuities could be understood quite explicitly, but here we
take a different approach: we decompose G/I" into D pieces using a
smooth partition of unity for some D = O(1), and then work instead
with the (smooth) CP-valued nilsequence consisting of these pieces.

We discuss this device more fully in Section 6, but we emphasise that
this is a technical device and the reader is advised not to give this par-
ticular aspect of the proof too much attention.

(iii) (Rough linearity). xj varies roughly linearly in h; this is another fairly
straightforward modification of the arguments of Gowers, already em-
ployed in [23], which is performed in Section 8.

(iv) (Furstenberg-Weiss). This proceeds along similar lines to the correspond-
ing argument in [23] but is, in a sense, rather easier once one has developed
the device of CP-valued nilsequences, which allow one to remain in the
smooth category; this is accomplished in Section 11, after a substantial
amount of preparatory material in Sections 9, 10, and Appendix D.



1238 BEN GREEN, TERENCE TAO, and TAMAR ZIEGLER

(v) (Linearisation). This is also quite similar to the corresponding argument
in [23], and is performed in Section 11. In both of parts (iv) and (v), the
“bracket calculus” from [23] is replaced by the more conceptual “symbol
calculus” developed in Appendix E.

(vi) (Additive Combinatorics). The additive combinatorial input is much the
same as in [23]. For the convenience of the reader we sketch it in Appen-
dix F.

(vii) (Construction of a nilsequence). Our argument differs quite substantially
from that in [23] at this point. The s-step nilobject, which is now a two-
variable object x(h,n), is constructed before the symmetry argument and
in a more conceptual manner. This may be compared with the rather
ad hoc approach taken in [16], [23], where various bracket polynomials
were merely exhibited as arising from nilsequences. We perform this
construction in Section 12.

(viii) (Symmetry argument). We replace x(h,n) with an equivalent nilcharac-
ter x(h,n,...,n) where x is a nilcharacter in s variables, that is symmet-
ric in the last s —1 variables. The symmetry argument given in Section 13
shows that x(h,n,...,n) is equivalent to x(n,h,...,n). Again the key
idea in the analysis is to look at the second order terms in (2.1).

(ix) (Integration). With the symmetry in hand, we can use the calculus of
multilinear nilcharacters to essentially express x(h,n,...,n) as the de-
rivative of an expression which is roughly of the form x(n,...,n)/s; see
Section 13 for details.

(x) The final step of the argument is relatively straightforward, as before; see
Section 7.

In our previous paper [23] it was already rather painful to keep proper
track of such notions as “many” and “correlates with.” Here matters are even
worse, and so to organise the above tasks it turns out to be quite convenient
to first take an ultralimit of all objects being studied, effectively placing one
in the setting of nonstandard analysis. This allows one to easily import results
from infinitary mathematics, notably the theory of Lie groups and basic linear
algebra, into the finitary setting of functions on [N]. In Section 5 and Ap-
pendix A we review the basic machinery of ultralimits that we will need here;
we will not be exploiting any particularly advanced aspects of this framework.
The reader does not really need to understand the ultrafilter language in or-
der to comprehend the basic structure of the paper, provided that he/she is
happy to deal with concepts like “dense” and “correlates with” in a somewhat
informal way, resembling the way in which analysts actually talk about ideas
with one another (and, in fact, analogous to the way we wrote this paper). It
is possible to go through the paper and properly quantify all of these notions
using appropriate parameters J and (many) growth functions F. This would
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have the advantage of making the paper on some level comprehensible to the
reader with an absolute distrust of ultrafilters, and it would also remove the
dependence on the axiom of choice and in principle provide explicit but very
poor bounds. However it would cause the argument to be significantly longer,
and the notation would be much bulkier.

Our exposition will be as follows. We will begin by spending some time
introducing the ultrafilter language and then, motivated by examples, the no-
tions of nilsequence, nilcharacter, and symbol. Once that is done we will, in
Section 7, give the high-level argument for Theorem 1.3; this consist of detail-
ing points (i), (ii), and (x) of the outline above and giving proper statements
of the other main points.

The discussion above concerning points (iii), (iv), (v), and (vi) has been
simplified for the sake of exposition. In actual fact, these points are dealt
with together by a kind of iterative loop, in which more and more bracket-
linear structure is placed on the nilcharacters x,(n) by cycling from (iii) to
(vi) repeatedly.

We remark that a quite different approach using ultrafilters to the struc-
tural theory of the Gowers norms is in the process of being carried out in [43],
[44], [45]; this seems related to the work of Host and Kra, whereas our work
ultimately derives from the work of Gowers.

We also make the minor remark that our proof of GI(s) is restricted to the
case s > 3 case for minor technical reasons. In particular, we take advantage
of the nontrivial nature of the degree s — 2 “lower order terms” in the Gowers
Cauchy-Schwarz argument (Proposition 7.3) in the symmetry argument step;
and we will also observe that the various “smooth” and “periodic” error terms
arising from the equidistribution theory in Appendix D are of degree 1 and thus
negligible compared with the main terms in the analysis, which are of degree
s — 1. The arguments can be modified to give a proof of GI(2), although this
proof would basically be a notationally intensive repackaging of the arguments
in [16].
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3. Basic notation

We write N := {0,1,2,...} for the natural numbers, and N* := {1,2,...}
for the positive natural numbers. Given two integers N, M, we write [N, M]
for the discrete interval [N, M] := {n : N < n < M}. We also make the
abbreviations [N] := [1, N] and [[N]] := [-N, N]. If z is a real number, we
write z mod 1 for the associated residue class in the unit circle T := R/Z, and
write x = y mod 1 if x and y differ by an integer.

We will rely frequently on the following two elementary functions: the
fundamental character e : R — C (or e : T — C) defined by

e(z) == ¥,
and the signed fractional part function® {} : R — Iy, where Iy is the funda-
mental domain
Iy={zeR:-1/2<2<1/2}
and {z} is the unique real number in Iy such that z = {z} mod 1. We will
often rely on the identity

e(z) = e({zr}) = e(xr mod 1)

without further comment.

For technical reasons, we will need to manipulate vector-valued complex
quantities in a manner analogous to scalar complex quantities. If v = (v;)2,
and w = (wi)ZD:l1 are vectors in CP and CP’ respectively, then we form the
tensor product v @ w € CPP’ by the formula

VYW i= (vlwl, ... ,’UD’UJD/)
and the complex conjugate T € CP by the formula
7 := (U1,...,7D).

Similarly, if X is some set and f : X — CP and g : X — CP" are functions, then
we write f®@g : X — CPP’ for the function defined by (f®g¢)(z) := f(z)Qg(x),
and similarly define f : X — CP.

If G = (G, +) is an additive group, k € N, § = (g1,...,gx) € G, and
a=(ay,...,a;) € ZF, we define the dot product

a-g:=ag1+- -+ aggx-

Given a set H in an additive group, define an additive quadruple in H to
be a quadruple (hi, he,hs, hy) € H with hy + hy = h3 + hg. The number of
additive quadruples in H is known as the additive energy of H and is denoted

2The signed fractional part will be slightly more convenient to work with than the unsigned
fractional part, as it is equal to the identity near the origin.
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A map ¢ : H — G from H to another additive group G is said to be
a Freiman homomorphism if it preserves additive quadruples, i.e., if ¢(h1) +
¢(h2) = ¢(hs) + ¢(ha) for all additive quadruples (hy, ho, h3, hs) in H.

Given a multi-index d = (dy, . .., d;) € N¥, we write |d] := dy + - - - + dy.

We now briefly review and clarify some standard notation from group
theory.

When we do not assume a group G to be abelian; we will always write G
multiplicatively: G = (G, ). However, when dealing with abelian groups, we
reserve the right to use additive notation instead.

We view an n-tuple (ay,...,ay) of labels as a finite ordered set with the
ordering a1 < -+ < ap. If A= (ay,...,ay) is a finite ordered set and (g4)qca
are a collection of group elements in a multiplicative group G, we define the
ordered products

n 1
IT 90 =90 9an. [[9i:=01- 90 and J]gi=gn o
acA =1 i=n
for any n > 0, with the convention that the empty product is the identity. We
extend this notation to infinite products under the assumption that all but
finitely many of the factors are equal to the identity.

Given a subset A of a group G, we let (A) denote the subgroup of G
generated by A. Given a family (H;);es of subgroups of G, we write \/;c; H;
for the smallest subgroup of GG that contains all of the H;.

Given two elements g, h of a multiplicative group G, we define the com-
mutator

l9,h] :== g 'h ™ gh.

We write H < G to denote the statement that H is a subgroup of G. If
H,K < G, we let [H, K] be the subgroup generated by the commutators [h, k]
with h € H and k € K, thus [H, K] = ({[h,k] : h € H,k € K}).

If » > 1 is an integer and gi,...,9, € G, we define an (r — 1)-fold iter-
ated commutator of g, ..., g, inductively by declaring g; to be the only 0-fold
iterated commutator of g1, and for 7 > 1 defining an (r — 1)-fold iterated com-
mutator to be any expression of the form [w, w’], where w and w’ are (s—1)-fold

and (s’ —1)-fold commutators of g;,, ..., ¢g;, and girs - 94, respectively, where
s,s' > 1 are such that s + s’ =7, and {iy,...,i,} U{d},...,iL,} ={1,...,r} is
a partition of {1,...,7} into two classes. Thus, for instance, [[g3, 91], [92, 94]]
and [g2, [91, [93, 94]]] are 3-fold iterated commutators of g1, ..., gs.

The following lemma will be useful for computing commutator groups.

LEMMA 3.1. Let H = (A), K = (B) be normal subgroups of a nilpotent
group G that are generated by sets A C H, B C K respectively. Then [H, K]
1s normal, and is also the subgroup gemerated by the i + j — 1-fold iterated
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commutators of ai,...,a;bi,...,b; with a1,...,a; € A, b1,...,b; € B and
ij>1.
Proof. The normality of [H, K| follows from the identity
glH,Klg~" = [gHg ', 9Kg"].

It is then clear that [H, K| contains the group generated by the iterated com-
mutators of elements in A, B that involve at least one element from each. The
converse follows inductively using the identities

(3.1)
[z, y] =y, 2] [2y, 2] = [z, 2][[x, 2], 9]l 2] and [z,97"] = [y, 2]([y, 2],y "]-
This concludes the proof. ([l

As a corollary of the above lemma, we have the distributive law

[\/ H;, \/ Kj] = \/ [HiK)

iel  jeJ iel jeJ

whenever (H;)icr, (Kj)jes are families of normal subgroups of a nilpotent
group G.

If H <« G is a normal subgroup of G, and g € G, we use g mod H to
denote the coset representative gH of g in G/H. For instance, g = ¢’ mod H
if gH = ¢'H.

At various stages in the paper we will need the (discrete) Baker-Campbell-
Hausdorff formula in the following weak form:

(3.2) 91" 95® = 95291 [[ a0
a

for all g1, g2 in a nilpotent group G and all integers ni,ny, where g, ranges
over all iterated commutators of g1, go that involve at least one copy of each
(note from nilpotency that there are only finitely many nontrivial g,), with
the a ordered in some arbitrary fashion, and P, : Z x Z — Z are polynomials.
Furthermore, if g, involves d; copies of g1 and do copies of go, then P, has
degree at most d; in the n; variable and dy in the ng variable.

Let G be a connected, simply connected, nilpotent Lie group (or nilpotent
Lie group for short). Then we denote the Lie algebra of G as log G. As is well
known (see, e.g., [6]), the exponential map exp : logG — G is a homeomor-
phism, inverted by the logarithm map log : G — log GG, and we can then define
the exponentiation operation g’ for any g € G and ¢t € R by the formula

g' :=exp(tlogyg).



AN INVERSE THEOREM FOR THE GOWERS USt![N]-NORM 1243

There is a continuous version of the Baker-Campbell-Hausdorff formula:
(3.3) 9195 = 9591 [L a1
a

for all t1,t2 € R and ¢1,¢92 € G, where P, are the polynomials occurring in
(3.2). We also observe the variant formulae

(9192)" = gigh [T 92
a
for some polynomials @), and all t € R, g1,¢92 € G, and

exp(t1log g1 + tzlog go) = gt g [ gle(t12)
a

for some further polynomials R, and all ¢1,%2 € R, g1,92 € G. We refer to all
of these formulae collectively as the Baker-Campbell-Hausdorff formula.

If A is a subset of a nilpotent Lie group G, we let (A)g be the smallest
connected Lie subgroup of G containing A, or more explicitly

(A)g := ({a’ : a € A;t € R}).

Equivalently, log(A)g is the Lie algebra generated by log A.

A lattice of a nilpotent Lie group G is a discrete cocompact subgroup I
of G. Thus, for instance, we see from (3.2) that for any finite set A in G,
(A) will be a cocompact subgroup of (A)r and will thus be a lattice if (A4) is
discrete.

A connected Lie subgroup H of G is said to be rational with respect to I'
if ' N H is cocompact in H. For instance, if G = R?, I is the standard lattice
72, and a € R, then the connected Lie subgroup H := {(z,ax) : x € R} is
rational if and only if « is rational.

Further notation. Here is a list of further notation used in the paper for
reference, together with the place in the paper where each piece is defined and
discussed.

poly(Hy— Gy) polynomial maps from one filtered group Hy to G 6.18
poly(Zy — Gy) polynomial maps with the degree filtration 6.18
poly(Z{{,k —Gnr)  polynomial maps with the multidegree filtration 6.18
poly(Zpr — Gpr) polynomial maps with the degree-rank filtration 6.18
LOO(Q—>@D) bounded limit functions to *C% (A1)
L>*(Q—C") bounded limit functions (also L () (A.1)
Lip(*(G/T) —>@D) bd’d limit functions with bounded Lipschitz constant 5.1
Nil([N]) nilsequences of degree < d on [N] 5.2
Nil<7(Q) nilsequences of degree C J 6.19
Z4([N]) space of degree d nilcharacters on [N] 6.1
—=(d1,...,dg)

Entade T (8) multidegree nilcharacters 6.19



1244 BEN GREEN, TERENCE TAO, and TAMAR ZIEGLER

Egif{ () degree-rank nilcharacters 6.19
Symb?([N]) equiv. classes of degree d nicharacters in Z¢([N]) 6.6
Symbgzlll’l't'i"d’“ )(Q) equiv. classes of multidegree nicharacters 6.22
Symbgig )(Q) equiv. classes of degree-rank nicharacters 6.22
Gﬁ, GD<(=1m)  ypiversal nilpotent Lie group of degree-rank (s — 1,7.) 9.1
Horiz,; (G) i’th horizontal space of G 9.6
Taylor;(g) 7'th horizontal Taylor coefficient of a polynomial map 9.6
(5, 7, F) total frequency representation of a nilcharacter 9.11

4. The polynomial formulation of GI(s)

The inverse conjecture GI(s), Conjecture 1.2, has been formulated using
linear nilsequences F(g"zI'). This is largely for compatibility with the ear-
lier paper [19] of the first two authors on linear equations in primes, where
this form of the conjecture was stated in precisely this form as Conjecture
8.3. Subsequently, however, it was discovered that it is more natural to deal
with a somewhat more general class of object called a polynomial nilsequence
F(g(n)I'). This is particularly so when it comes to discussing the distribu-
tional properties of nilsequences, as was done in [20]. Thus, we shall now
recast the inverse conjecture in terms of polynomial nilsequences, which is the
formulation we will work with throughout the rest of the paper.

Let us first recall the definition of a polynomial nilsequence of degree d.

Definition 4.1 (Polynomial nilsequence). Let G' be a (connected, simply-
connected) nilpotent Lie group. By a filtration Gy = (G;)ien of degree < d
we mean a nested sequence G 2 Gg 2 G1 2 Gy 2 -+ D Gg4q = {id} with
the property that [G;, G;] C G;j for all 4,5 > 0, adopting the convention that
G; = {id} for all i > d. By a polynomial sequence adapted to Gy we mean a
map g : Z — G such that O, ---0Oy,g € G; for all i > 0 and hy,..., h; € Z,
where d,g(n) := g(n + h)g(n)~t. Write poly(Zy — Gy) for the collection of
all such polynomial sequences.

Let I' < G be a lattice in G (i.e., a discrete and cocompact subgroup),
so that the quotient G/I' is a nilmanifold, and assume that each of the G;
are rational subgroups (i.e., I'; ;== I' N G; is a cocompact subgroup of Gj).
We refer to the pair G/T' = (G/T',Gy) as a filtered nilmanifold. A polynomial
orbit O : Z — G/I is a sequence of the form O(n) := g(n)I', where g €
poly(Zy — Gy); we let poly(Zy — (G/T')n) denote the space of all such
polynomial orbits. If F': G/T' — C is a 1-bounded, Lipschitz function, then
the sequence F o O = (F(g(n)T'))nez is called a polynomial nilsequence of
degree d.

The subscripts N will become more relevant later in this paper, when we
start filtering nilpotent groups and nilmanifolds by index sets I other than
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the natural numbers N. Note that we do not require Gy or GG1 to equal G;
this freedom will be convenient for some minor technical reasons, although
ultimately it will not enlarge the space of polynomial nilsequences.

Let us give the basic examples of nilsequences and polynomials.

Ezample 4.2 (Linear nilsequences are polynomial nilsequences). Let G be
a d-step nilpotent Lie group, and let I" be a lattice of G. Then, as is well known
(see, e.g., [6]), the lower central series filtration defined by Gy = G := G,
Gq = [G,G1], G3 := [G,Ga],...,Gq41 = |G, G4] = {id} is a filtration on G.
Using the Baker-Campbell-Hausdorff formula (3.3) it is not difficult to show
that the lower central series filtration is rational with respect to I', so the
nilmanifold G/T" becomes a filtered nilmanifold. If g(n) := gfgo for some
90,91 € G, then Oy, g(n) = gi“ and Oy, - - - Op, 9(n) = id for i > 2; therefore g
is a polynomial sequence, and so every linear orbit n — ¢"x with ¢ € G and
x € G/T is a polynomial orbit also. As a consequence we see that every d-step
linear nilsequence n — F(g"x) is automatically a polynomial nilsequence of
degree < d.

Ezample 4.3 (Polynomial phases are polynomial nilsequences). Let d > 0
be an integer. Then we can give the unit circle T the structure of a degree
< d filtered nilmanifold by setting G := R and I" :=Z, with G; :=R for i < d
and G; := {0} for ¢ > d. This is clearly a filtered nilmanifold. If ay,...,aq
are real numbers, then the polynomial P(n) := ag + - - - + agn® is polynomial
with respect to this filtration, with n — P(n) mod 1 being a polynomial orbit
in T. Thus, for any Lipschitz function F' : T — C, the sequence n — F(P(n))
is a polynomial nilsequence of degree < d; in particular, the polynomial phase
n — e(P(n)) is a polynomial nilsequence.

Ezample 4.4 (Combinations of monomials are polynomials). By Corol-
lary B.4, we see that if G = (G, (G;);en) is a filtered group of degree < d, then
any sequence of the form

k
n = H g;"j(n)7
j=1

in which g; € Gg4; for some d; € N, and P; : Z — R is a polynomial of degree
< dj, will be a polynomial map. Thus, for instance,

n e gc(ld) . -952)9?90
is a polynomial map whenever g; € G; for j = 0,...,d. In fact, all poly-
nomial maps can be expressed in such a fashion via a Taylor expansion; see
Lemma B.9.

We will give several further examples and properties of polynomial maps
and polynomial nilsequences in Section 6.
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As a consequence of Example 4.2, the following variant of the inverse
conjecture GI(s) is ostensibly weaker than that stated in the introduction.

CONJECTURE 4.5 (GI(s), polynomial formulation). Let s > 0 be an inte-
ger, and let 0 < 0 < 1. Then there exists a finite collection Mg s of filtered
nilmanifolds G/T' = (G/T',Gx), each equipped with some smooth Riemannian
metric dgr as well as constants C(s,0), c(s,8) > 0 with the following property.
Whenever N > 1 and f : [N] — C is a function bounded in magnitude by 1
such that || f||ys+1n) = 0, there exists a filtered nilmanifold G/T° € M5, some
g € poly(Zny — Gy), and a function F : G/T' — C bounded in magnitude by
1 and with Lipschitz constant at most C(s,d) with respect to the metric dg i
such that

[Enenf(n)F(g(n)T)] = c(s, 6).

It turns out that this conjecture is actually equivalent to Conjecture 1.2;
we shall prove this equivalence in Appendix C. We remark that, though it
might seem odd to put a nontrivial part of the proof of our main theorem
in an appendix, we would rather encourage the reader to regard the proof of
Conjecture 4.5 as our main theorem. The rationale behind this is that every-
thing that is done with linear nilsequences F'(¢"zI") in [19] could have been
done equally well, and perhaps more naturally, with polynomial nilsequences
F(g(n)T"). Further remarks along these lines were made in the introduction to
our earlier paper [23], where the polynomial formulation was emphasised from
the outset. Here, however, we have felt a sense of duty to formally complete
the programme outlined in [19].

Henceforth we shall refer simply to a nilsequence, rather than a polynomial
nilsequence.

In Section 6 we will need to generalise the notion of a (polynomial) nilse-
quence by allowing more exotic filtrations Gy on the group G, indexed by more
complicated index sets I than the natural numbers N. In particular, we shall
introduce the multidegree filtration, which allows us to define nilsequences of
several variables, as well as the degree-rank filtration, which provides a finer
classification of polynomial sequences than merely the degree. We will discuss
these using examples and then develop a more unified theory that contains all
three.

5. Taking ultralimits

The inverse conjecture, Conjecture 4.5, is a purely finitary statement,
involving functions on a finite set [N] = {1,..., N} of integers. As such, it is
natural to look for proofs of this conjecture that are also purely finitary, and
much of the previous literature on these types of problems is indeed of this
nature.
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However, there is a very notable exception, namely the portion of the
literature that exploits the Furstenberg correspondence principle between com-
binatorial problems and ergodic theory. See [9] for the original application to
Szemerédi’s theorem, or [48] for a more recent application to Gowers norms
over finite fields. Here we use a somewhat different type of limit object, namely
an ultralimit. We are certainly not the first to employ ultralimits (a.k.a. non-
standard analysis) in additive number theory; see for example [32].

The ultralimit formalism allows us to convert a “finitary” or “standard”
statement such as Conjecture 4.5 into an equivalent statement concerning limit
objects, constructed as ultralimits of standard objects. This procedure is closely
related to the use of the transfer principle in nonstandard analysis, but we
have elected to eschew the language of nonstandard analysis in order to reduce
confusion, instead focusing on the machinery of ultralimits.

Here is a brief and somewhat vague list of the advantages of using the
ultralimit approach.

e Pigeonholing arguments are straightforward (due to the fact that a limit

function taking finitely many values is constant).

Book-keeping of constants: one can talk rigorously about such concepts as

“bounded” functions without a need to quantify the bounds.

e One may make rigorous sense of such statements as “the function f :
[N] — C and the function g : [N] — C are equivalent modulo degree s
nilsequences.”

In the infinitary context one may easily perform rank reduction arguments
in which one seeks to find the “minimal bounded-complexity” representa-
tion of a given system.

There are also some drawbacks to the approach.

It becomes quite difficult to extract any quantitative bounds from our
results; in particular, we do not give explicit bounds on the constant c(s, §)
or on the complexity of the nilsequence in Conjecture 1.2 or Conjecture 4.5.
In principle, it is possible to expand the ultralimit proof into a standard
proof, but the bounds are quite poor (of Ackermann type) due to the
repeated use of “rank reduction arguments” and other highly iterative
schemes that arise in the conversion of ultralimit arguments to standard
ones. For further discussion of the relation of ultralimit analysis to finitary
analysis, see [46, §§1.3, 1.5].

e The language of ultrafilters adds one more layer of notational complexity
to an already notationally-intensive paper; however, there are gains to be
made elsewhere, most notably in eliminating many quantitative constants
(e.g., &, N) and growth functions (e.g., F).
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Limit formulation of GI(s). The basic notation and theory of ultralimits
are reviewed in Appendix A. We now use this formalism to convert the inverse
conjecture, GI(s), into an equivalent statement formulated in the framework
of ultralimits. We first consider a limit version of the concept of a Lipschitz
function on a nilmanifold. For technical reasons we will need to consider vector-
valued functions, taking values in C” or C” rather than C or C.

Definition 5.1 (Lipschitz functions). Let G/T" be a standard nilmanifold,
and let D € NT be standard.

e We let Lip(G/T' — CP) be the space of standard Lipschitz functions F :
G/T' — CP. (Here we endow the compact manifold G/I" with a smooth
metric in an arbitrary fashion; the exact choice of metric is not relevant.)

e We let Lip(*(G/T) — @D) be the space of bounded limit functions F' :
“(G/T) — C" whose Lipschitz constant is bounded (or equivalently, F'
is an ultralimit of uniformly bounded functions F, : G/T" — CP with
uniformly bounded Lipschitz constant).

e We let Lip(*(G/T") — S2P~1) be the functions in Lip(*(G/T") — @D) that
take values in the (limit) complex sphere

S2h-1.={z € c”. |z| = 1}.
e We write

Lip(*(G/T') — C” U Lip(*(G/TI) —>(C )
DeN+
and
Lip(*(G/T) — S¥) := U Lip(*(G/T) — §2P—1).
DeN+
We will often abbreviate these spaces as Lip(G/I") or Lip(*(G/I")) when
the range of the functions involved is not relevant to the discussion.

Remark. As G/T" is compact, we see from the Arzela-Ascoli theorem that
Lip(G /T — CP) is locally compact in the L>®(G/T' — CP) topology. As a con-
sequence, if we embed Lip(G/T" — CP) into Lip(*(G/T") — @D) in the obvious
manner, then the former is a dense subspace of the latter in the (standard)
uniform topology, in the sense that for every F' € Lip(*(G/T") — @D) and every
standard ¢ > 0, there exists I’ € Lip(G/T' — CP) such that |F(z)— F'(z)| < ¢
for all z € *(G/T).

Remark. Note that the spaces Lip(*(G/TI") —>@D) and Lip(*(G/T) —C”)
are vector spaces over C. The spaces Lip(*(G/T') —C") and Lip(*(G/T") — S¥)
are also closed under tensor product (as defined in Section 3). All the spaces
defined in Definition 5.1 are closed under complex conjugation.
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Using the above notion, we can define the limit version of a (polynomial)
nilsequence.

Definition 5.2 (Nilsequence). Let s > 0 be standard. A nilsequence of
degree < s is any limit function ¢ : *Z — *C of the form ¢(n) := F(g(n)I),
where G/I' = (G/I',Gy) is a standard filtered nilmanifold of degree < s,
g : *Z — *G is a limit polynomial sequence (i.e., an ultralimit of polynomial
sequences g, : Z — G), and F € Lip(*(G/T") — C).

Given any limit subset  of *Z, we denote the space of degree d nilse-
quences, restricted to Q, as Nil4(Q) = Nil¥(Q — C”); this is a subset of
L®(Q — C*). We write Nil¥(Q — @D) for the nilsequences that take values
in @D; this is a subspace (over C) of L®(Q — @D). We make the technical
remark that Nil?(Q) is a o-limit set, since one can express this space as the
union, over all standard M and dimensions D, of the nilsequences taking values
inC” arising from a nilmanifold of “complexity” M and a Lipschitz function of
constant at most M, where one defines the complexity of a nilmanifold in some
suitable fashion. In particular, the limit selection lemma in Corollary A.12 can
be applied to this set.

We also define the Gowers uniformity norm || f||ys+1y) of an ultralimit
f =1limy_,p fa of standard functions f, : [IVy] — C in the usual limit fashion

[ Fllsapny = Hm [] fallgsn)-

If f is vector-valued instead of scalar valued, say f = (fi,..., fq), then we
define the uniformity norm by the formula

1/25+1

d
[ fllrseipng = (Z VfiH%il[N])
=1

(The exponent 257! is not important here, but has some very slight aesthetic
advantages over other equivalent formulations of the vector-valued norm.)
The ultralimit formulation of GI(s) can then be given as follows.

CONJECTURE 5.3 (Ultralimit formulation of GI(s)). Let s > 0 be standard
and N > 1 be a limit natural number. Suppose that f € L®([N] — C) is such
that || fllgs+1n) > 1. Then f correlates with a degree < s milsequence on [N].

See Definition A.7 for the definition of correlation in this context.
We now show why, for any fixed standard s, Conjecture 5.3 is equivalent
to its more traditional counterpart, Conjecture 4.5.

Proof of Conjecture 5.3 assuming Conjecture 4.5. Let f be as in Conjec-
ture 5.3. We may normalise the bounded function f to be bounded by 1 in
magnitude throughout. By hypothesis, there exists a standard § > 0 such that
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[ fllers+1vy = 0. Writing N and f as the ultralimits of Ny, fn respectively for
some fn : [Nn] = C bounded in magnitude by 1, and applying Conjecture 4.5,
we conclude that for n sufficiently close to p, we have the correlation bound

‘Enne[Nn]fn(nn)Fn(gn(nn)Fn)| > c(s,6) >0,

where Gy /T'n, gn, Tn, Fn are as in Conjecture 4.5. Writing G/I', g, x, F' for the
ultralimits of Gy, /'y, gn, Tn, Fn respectively, we thus have

[Enenyf(n)F(g(n) T)| > 1.
By the pigeonhole principle (cf. Appendix A), we see that G/T" is a standard
degree < s nilmanifold, while g : *Z — *G and = € G//T remain limit objects.
The limit function F lies in Lip(*(G/I") — C) by construction, and the claim
follows. O

Proof of Conjecture 4.5 assuming Conjecture 5.3. Observe (from the the-
ory of Mal’cev bases [40]) that there are only countably many degree < s
nilmanifolds G/I" up to isomorphism, which we may enumerate as Gy /I'n. We
endow each of these nilmanifolds arbitrarily with some smooth Riemannian
metric dGn/Fn'

Suppose for contradiction that Conjecture 4.5 failed. Carefully negating
all the quantifiers, we may thus find a § > 0, a sequence N, of standard
integers, and a function fy : [Nn] — C bounded in magnitude by 1 with
| fallgs+1in] = 6, such that

(5.1) E e Na] fu(7n) F(g(na)T'w))| < 1/n

whenever n’ < n, g € poly(Zy — (Gu/)n), and F : G/ /Ty — C is bounded
in magnitude by 1 and has a Lipschitz constant of at most n with respect to
dGn/Fn .

On the other hand, viewing f as a bounded limit function, we can ap-
ply Conjecture 5.3 and conclude that there exists a standard filtered nil-
manifold G/T" with some smooth Riemannian metric dgr, a limit polyno-
mial g :*Z—*G, and some ultralimit F' € Lip(*(G/T') — C) of functions
F, : G/T' — C with uniformly bounded Lipschitz norm, such that

[Enenf(n)F(g(n)*T)| = e
for some standard £ > 0.

By construction, G/T" is isomorphic to Gp,/I'n, for some ng, so we may
assume without loss of generality that G/T" = Gp,/I'n,; since all smooth Rie-
mannian metrics on a compact manifold are equivalent, we can also assume
that dg/r = dGno Tng - We may also normalise F' to be bounded in magnitude
by 1. But this contradicts (5.1) for n sufficiently large, and the claim follows.

Thus, to establish Theorem 1.3, it will suffice to establish Conjecture 5.3
for s > 3. This is the objective of the remainder of the paper.
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Remark. We transformed the finitary linear inverse conjecture, Conjec-
ture 1.2, into a nonstandard polynomial formulation, Conjecture 5.3, via the
finitary polynomial inverse conjecture, Conjecture 4.5. One can also swap
the order of these equivalences, transforming the finitary linear inverse con-
jecture into a nonstandard linear formulation by arguing as above, and then
transforming the latter into a nonstandard polynomial formulation by using
Proposition C.2. Of course, the two arguments are essentially equivalent.

Conjecture 5.3 is trivial when NV is bounded, since every function in L*°[N]
is then a nilsequence of degree at most s. For the remainder of the paper we
shall thus adopt the convention that N denotes a fixed unbounded limit integer.

To conclude this section we reformulate Conjecture 4.5 by introducing the
important notion of bias.

Definition 5.4 (Bias and correlation). Let © be a limit finite subset of Z,
and let d € N. We say that f,g € L>°(Q — C*) d-correlate if we have

[Encaf(n) ® g(n) @ ¢(n)| > 1

for some degree d nilsequence 1) € Nil%(Q — C”). We say that f is d-biased if
f d-correlates with the constant function 1, and d-unbiased otherwise.

With this definition, Conjecture 5.3 can be reformulated in the following
manner.

CONJECTURE 5.5 (Limit formulation of GI(s), II). Let s > 0 be standard.
Suppose that f € L*([N] — C) is such that ||f|lystiny > 1. Then f is
s-biased.

From previous literature, we see that Conjecture 5.5 has already been
proven for s < 2; we need to establish it for all s > 3. We also make the basic
remark that while the conjecture is only phrased for scalar-valued functions
f € L®([N] — C), it automatically generalises to vector-valued functions
f € L>®(IN] — C"), since if a vector-valued function f has large UT![N]
norm, then so does one of its components.

Finally we remark that the converse implication is known.

PROPOSITION 5.6 (Converse GI(s), ultralimit formulation). Let s > 0 be
standard. Suppose that f € L>([N] — C) is < s-biased. Then || f||ys+1;n) > 1.

Proof. This follows from [16, Prop. 12.6], [19, §11], or [23, Prop. 1.4],
transferred to the ultralimit setting in the usual fashion. O
6. Nilcharacters and symbols in one and several variables

Conjecture 5.3 asserts that a function in L>°([N] — C) on an unbounded
interval [N] correlates with a degree < s nilsequence. For inductive reasons, it
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is useful to observe that this conclusion implies a strengthened version of itself,
in which f correlates with a special type of degree < s nilsequence, namely
a degree s milcharacter. A nilcharacter is a special type of nilsequence and
should be thought of, very roughly speaking, as a generalisation of characters
e(an) in the degree 1 setting, or objects such as e(an{fn}) in the degree 2
setting; these were crucial in our paper on GI(3) [23], although the notation
there was slightly different in some minor ways. See [22] for further informal
discussion of nilcharacters.

In the s = 1 case, a nilcharacter is essentially (ignoring constants) the
same thing as a linear phase function n +— e(¢n), and the frequency £ can
be viewed as living in the Pontryagin dual of *Z (or, in some sense, of [IV],
even though the latter set is not quite a locally compact abelian group). It
will turn out that more generally, a degree s nilcharacter will have a “symbol”
(analogous to the frequency &) that takes values in a “higher order Pontryagin
dual” Symb®([N]) of [N]; this symbol can be interpreted as the “top order
term” of a nilcharacter; for instance, the symbol of the degree 3 nilcharacter
n — e(an® + pn? + yn + 6) is basically® . This higher order dual obeys
a number of pleasant algebraic properties, and the primary purpose of this
section is to develop those properties.

There are various additional complications to be taken into account.

e We will require multidimensional generalisations of these concepts (think
of the two-dimensional sequence (ni,n2) — e(ani{fnz2})) together with
appropriate notions of multidegree in order to make sense of “top-order”
and “lower-order terms.”

e We will be dealing with CP-valued (or, rather, 2D ~Lvalued) nilsequences
rather than merely scalar ones. This is so that we may continue to work
in the smooth category, as discussed in the introduction.

e The language of ultrafilters will be used.

Our main focus here will be on the first of these points. The second is
largely a technicality, while the third is actually helpful in that the notion
of symbol (for example) is rather clean and does not require discussion of
complexity bounds.

Motivation and one-dimensional definitions. We now give the definitions
of a (one-dimensional) nilcharacter and its symbol, and give a few examples.
However, for now, we will hold off from actually proving too much about these
concepts, because we will shortly need to generalise these notions to a more
abstract setting in which one also allows multidimensional nilcharacters, and

3This is an oversimplification; it would be more accurate to say that the symbol is given
by o modulo *Z + Q + O(N~3).
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nilcharacters that are atuned not just to a specific degree, but also to a specific
“rank” inside that degree.

Definition 6.1 (Nilcharacter). Let d > 0 be a standard integer. A nilchar-
acter x of degree d on [N] is a nilsequence x(n) = F(O(n)) = F(g(n)*I')
on [N] of degree < d, where the function F € Lip(*(G/T) — C*) obeys two
additional properties:

e ' € Lip(*(G/T) — S¥) (thus |F| = 1 pointwise, and hence |y| = 1
pointwise also); and

o F(gqx) = e(n(gq))F(z) for all z € G/I" and gq € Gq, where n : Gg — R
is a continuous standard homomorphism that maps I'y to the integers (or
equivalently, 7 is an element of the Pontryagin dual of the torus G4/I'y).

We call i the vertical frequency of F.

The space of all nilcharacters of degree d on [N] is denoted Z4([N]).

Ezample 6.2. When d = 1, the only examples of nilcharacters are the
linear phases n +— e(an + ) for a, 5 € *R.

Ezample 6.3. For any o, ..., aq € *R, the function n — e(ag+- - - +agn?)
is a nilcharacter of degree < d. To see this, we set G/T" to be the unit circle
T with the filtration G; := R for i < d and G; := {0} for i > d (thus G/T is
of degree d), let g(n) := ag + --- + agn?, and let F(x) := e(x). The vertical
frequency 7 : R — R is then just the identity function.

Now we give an instructive near-example of a nilcharacter. Let G be the
free 2-step nilpotent Lie group on two generators eq, ea, thus

(6.1) G:= <€1, €2>R = {eﬁletf [61, 62]t12 11,190,112 € R}

with the element [e1,es] being central, but with no other relations between
e1, ez and [eq, es]. This is a degree < 2 nilpotent group if we set Gy, Gy := G
and

Gg = ([61,62]>R = {[61,62]t12 1t € R}.
We let

I':= (e1,e2) = {e]'e5[e1, €2]™? : ny,no, 12 € Z}

be the discrete subgroup of G generated by ej,es. Then G/T" is a degree < 2
filtered nilmanifold, known as the Heisenberg nilmanifold, and elements of G/T"
can be uniquely expressed using the fundamental domain

G/T' = {eﬁle?[el,eg]tmf sty,te,tio € Ipi= (—1/2,1/2]}.

If we then set g : *Z — *G to be the limit polynomial sequence g(n) := e’gne?”

for some fixed «, 5 € *R, and let F' : G/T" — C be the function defined on the
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fundamental domain by the formula
(6.2) F(el' e [er, e2]2T) = e(—t12)
for t1,to,t12 € Iy, then one easily computes that

F(g(n)'T) = e({an}fn),

where {} : R — I is the signed fractional part function. The function n
e({an}pn) is then almost a nilcharacter of degree 2, with vertical frequency
given by the function 7 : [e1, ea]"12 — —t15. All the properties required to give
a nilcharacter in Definition 6.1 are satisfied, save for one: the function F is
not Lipschitz on all of G/T", but is instead merely piecewise Lipschitz, being
discontinuous at some portions of the boundary of the fundamental domain.
To put it another way, one can view n — e({an}fn) as a piecewise nilcharacter
of degree 2.

Indeed, a topological obstruction prevents one from constructing any
scalar function F € Lip(*(G/T') — S1) of unit magnitude on the Heisenberg
nilmanifold with the above vertical frequency. By taking standard parts, we
may assume that F' comes from a standard Lipschitz function F : G/T" — S!
with the same vertical frequency. For any standard ¢t € [—1/2,1/2], consider
the loop v; := {e!esl" : s € Ip}. The image F(y;) of this loop lives on the unit
circle and thus has a well-defined winding number (or degree). As this degree
must vary continuously in ¢ while remaining an integer, it is constant in ¢; in
particular, F'(y_1/2) and F(v; /o) must have the same winding number. On the
other hand, from the Baker-Campbell-Hausdorff formula (3.2), we see that

F(el2esT) = F(e7 eserer, e2)°T) = e(s)F(e; /?esT),

and so the winding number of F'(7/5) is one larger than the winding number
of F'(7_1/2), a contradiction.

However, if we allow ourselves to work with higher dimensions D, then
this topological obstruction disappears. Indeed, let us take a smooth partition
of unity 1 = 2P, ©2(t,s) on T?, where D € Nt and each ¢, is supported in
By, mod Z2, where By, is a ball of radius 1/100 (say) in R?. Then if we define
F .= (FI,FQ, cee ,FD), where

(6.3) Fy(etesfer, ea]™ T) == pr(t, s)e(u)

whenever (t,s) € *By and u € *R, with F, = 0 if no such representation of
the above form exists, then one easily verifies that F' lies in Lip(*(G/T") —
S52D-1) with the vertical frequency 7, and so the vector-valued sequence x :
n +— F(g(n)*T) is a nilcharacter of degree 2. A computation shows that each
component Yy of this nilcharacter x = (x1,...,xp) takes the form

xk(n) = e({an — 01} Bn)yr(n)
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for some offset 0, € *R and some degree 1 nilsequence . Thus we see that x
is in some sense “equivalent modulo lower order terms” with the bracket poly-
nomial phase n — e({an}pn). We refer to the vector-valued nilsequence x as
a vector-valued smoothing of the piecewise nilsequence n — e({an}pn); we will
informally refer to this smoothing operation several times in the sequel when
discussing further examples of nilsequences that are associated with bracket
polynomials.

Similar computations can be made in higher degree. For instance, bracket
cubic phases such as n — e({{an}Bn}yn) or n — e({an?}pn) with a, 3,y €
*R can be viewed as near-examples of degree 3 nilcharacters (with the prob-
lem again being that F' is discontinuous on the boundary of the fundamental
domain), but there exist vector-valued smoothings of these phases that are
genuine degree 3 nilcharacters. We will not detail these computations here,
but they can essentially be found in [23, App. E]. More generally, one can
view bracket polynomial phases of degree d as near-examples of nilcharacters
of degree d that can be converted to genuine examples using vector-valued
smoothings; this fact can be made precise using the machinery from [37], but
we will not need this machinery here.

Remark. The above topological obstruction is quite annoying; it is the
sole reason that we are forced to work with vector-valued functions. There
are two other approaches to avoid this topological obstruction that we know
of. One is to work with piecewise Lipschitz functions rather than Lipschitz
functions. This allows one, in particular, to build (piecewise) nilcharacters out
of bracket polynomials. This is the approach taken in [23]; however, it requires
one to develop a certain amount of “bracket calculus” to manipulate these
polynomials, and some additional arguments are also needed to deal with the
discontinuities at the edges of the piecewise components of the nilmanifold.
Another approach is to work with randomly selected fundamental domains of
the nilmanifold (cf. [17]). This eliminates topological obstructions, with the
randomness being used to “average out” the effects of the boundary of the
domain. While all three methods will eventually work for the purposes of
establishing the inverse conjecture, we believe that the vector-valued approach
introduces the least amount of artificial technicality.

By definition, every nilcharacter of degree d is a nilsequence of degree < d.
The converse is far from being true; however, one can approximate nilsequences
of degree < d as bounded linear combinations of nilcharacters of degree d. More
precisely, we have the following lemma.

LEMMA 6.4. Let ¢ € NilY([N] — C) be a scalar nilsequence of degree d,
and let € > 0 be standard. Then one can approximate ¥ uniformly to error €

by a bounded linear combination (over C) of the components of nilcharacters
in Z4([N]).
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Proof. Unpacking the definitions, it suffices to show that for every degree
d filtered nilmanifold G/T', every F € Lip(*(G/T) — C), and every standard
€ > 0, one can approximate F' uniformly to error £ by a bounded linear com-
bination of functions in the class F(G/I') of components of standard Lipschitz
functions F’ € Lip(G/T — S“) that have a vertical frequency in the sense of
Definition 6.1.

By taking standard parts, we may assume that F' is a standard Lipschitz
function. Observe that F(G/I') is closed under multiplication and complex
conjugation. By the Stone-Weierstrass theorem, it thus suffices to show that
F(G/T) separates any two distinct points x,y € G/I'. If z,y do not lie in the
same orbit of the G4, then this is clear from a partition of unity (taking n = 0).
If instead x = g4y for some g; € G4, then the distinctness of x, y forces g4 & 'y,
and hence by Pontryagin duality there exists a vertical frequency n with 1(gq)
# 0. If one then builds a nilcharacter with this frequency (by adapting the
vector-valued smoothing construction (6.3)), we obtain the claim. O

We remark that this lemma can also be proven, with better quantitative
bounds, by Fourier-analytic methods; see [20, Lemma 3.7]. As a corollary of
the lemma, we have the following.

COROLLARY 6.5. Suppose that f € L®([N] — C*). Then f is d-biased if
and only if f correlates with a nilcharacter x € Z4([N]).

It is easy to see that if x, X’ are two nilcharacters of degree d, then the
tensor product y ® x’ and complex conjugate X are also nilcharacters. If all
nilcharacters were scalar, this would mean that the space Z¢([N]) of degree d
nilcharacters form a multiplicative abelian group. Unfortunately, nilcharacters
can be vector-valued, and so this statement is not quite true. However, it
becomes true if one only focuses on the “top order” behaviour of a nilcharacter.
To isolate this behaviour, we adopt the following key definition.

Definition 6.6 (Symbol). Let d > 0. Two nilcharacters x,x’ € Z¢([N])
of degree d are equivalent if x ® X’ is equal on [N] to a nilsequence of degree
< d—1. This can be shown to be an equivalence relation (see Lemma E.7); the
equivalence class of a nilcharacter x will be called the symbol of x and is de-
noted [x]gympe(n])- The space of all such symbols will be denoted Symb?([N]);
we will show later (see Lemma E.8) that this is an abelian multiplicative group.

When d = 1, two nilcharacters n — e(an + ) and n — e(a/n + 3') are
equivalent if and only if o — @ is a limit integer, and Symb! ([N]) is just *T in
this case. However, the situation is more complicated in higher degree. To get
some feel for this, consider two polynomial phases

X :n—e(ag+ -+ agn?)
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and
X :n—e(ah + -+ an?)

with g, ..., aq, ap, oy € *R, and consider the problem of determining when
x and Y’ are equivalent nilcharacters of degree d. Certainly this is the case if
ag and o) are equal, or differ by a limit integer. When d > 2, there are two
further important cases in which equivalence occurs. The first is when o/, =
ag+O(N~%), because in this case the top degree component e((ag — o/y)n?) of
XX’ can be viewed as a Lipschitz function of n/2N mod 1 (say) on [N] and is
thus a 1-step nilsequence. The second is when o/, = oy +a/q for some standard
rational g, since in this case the top degree component e((ag — o/;)n?) of xx’
is periodic with period ¢ and can thus be viewed as a Lipschitz function of
n/q mod 1 and is therefore again a 1-step nilsequence. We can combine all
these cases together, and observe that y and x’ are equivalent when o/, =
ag +a/q+ O(N~%) mod 1 for some standard rational a/q. It is possible to
use the quantitative equidistribution theory of nilmanifolds (see [20]) to show
that these are in fact the only cases in which y and x’ are equivalent; this is a
variant of the classical theorem of Weyl that a polynomial sequence is (totally)
equidistributed modulo 1 if and only if at least one nonconstant coeflicients is
irrational. In view of this, we see that Symb®([N]) contains *R/(*Z+Q+N~“R)
as a subgroup, and the symbol of n > e(ag +- - - +agn?) can be identified with

agmod 1,Q,0(N~ ) :=a+*Z+Q+ N 9R.

However, the presence of bracket polynomials (suitably modified to avoid
the topological obstruction mentioned earlier) means that when d > 2, then
Symb?([N]) is somewhat larger than the above mentioned subgroup. We il-
lustrate this with the following (nonrigorous) discussion. Take d = 2, and
consider two degree 2 nilcharacters y, X’ of the form

x(n) =~ e({an}Bn + yn?)
and
X'(n) = e({a'n}f'n ++'n?)

for some «, 8,7,a’, 8,7 € *R, where we interpret the symbol ~ loosely to
mean that y, ¥’ are suitable vector-valued smoothings of the indicated bracket
phases, of the type discussed earlier in this section. These may also involve
some lower order nilsequences of degree 1.

As before, we consider the question of determining those values of «, 3, ,
o/, 3',+" for which y and x’ are equivalent. There are a number of fairly obvious
ways in which equivalence can occur. For instance, by modifying the previous

arguments, one can show that equivalence holds when o = o/, 3 = 3/, and
v — ' is equal to a limit integer, a standard rational, or is equal to O(N~2).
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Similarly, equivalence occurs when 8 = 3, v = 4/, and a — o/ is equal to a
limit integer, a standard rational, or is equal to O(N~1).

However, there are also some slightly less obvious ways in which equiv-
alence can occur. Observe that the expression e({an}{fn}) is a Lipschitz
function of the fractional parts of an and fn and is thus a (piecewise) nilse-
quence of degree 1 (and will become a genuine nilsequence after one performs
an appropriate vector-valued smoothing). On the other hand, we have the
obvious identity

e((an — {an})(Bn — {Bn})) = 1
since the exponent is the product of two (limit) integers. Expanding this out
and rearranging, we obtain the (slightly imprecise) relation

(6.4) e({an}fn) ~ e(—{Bn}an + afn?),

where we again interpret ~ loosely to mean “after a suitable vector-valued
This gives an additional route

2

smoothing, and ignoring lower order factors.
for x and x’ to be equivalent. A similar argument also gives the variant

e({an}pn) ~e (%aﬂrﬂ)

whenever «, 5 are commensurate in the sense that o/ is a standard rational.
We thus see that the notion of equivalence is in fact already somewhat com-
plicated in degree 2, and the situation only becomes worse in higher degree.
One can describe equivalence of bracket polynomials explicitly using bracket
calculus, as developed in [37] (see also the earlier works [4], [24], [25], [26]),
but this requires a fair amount of notation and machinery. Fortunately, in
this paper we will be able to treat the notion of a symbol abstractly, without
requiring an explicit description of the space Symb®([N]).

More general types of filtration. The notion of a one-dimensional polyno-
mial n — ag + - - - + agn? of degree < d can of course be generalised to higher
dimensions. For instance, we have the notion of a multidimensional polynomial

(N1, ...,ng) — Z Qg ey
01 yeenyif 201+ i <d
of degree < d. We also have the slightly different notion of a multidimensional
polynomial

(n1,...,n) — Z Qi gy
Q1,040 20:0;<d; fOr 1<i<k
of multidegree < (dy,...,dy) for some integers dj,...,dr > 0. We can unify
these two concepts into the notion of a multi-dimensional polynomial
(6.5) (n1,...,ng) — Z Qg Ny

(11,sip)EJ
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of multidegree C J for some finite downset J C NF, i.e., a finite set of tuples
with the property that (i1,...,ix) € J whenever (iy,...,i;) € N¥ and ij < z;
for all j = 1,...,k for some (¢},...,1;) € J. Thus, for instance, the two-
dimensional polynomial

(h,n) + ahn + Bhn® +yn?
for o, 8,7 € *R is of multidegree C J for
J :=1{(0,0),(0,1),(0,2),(0,3),(1,0),(1,1),(1,2)}

and is also of multidegree < (1,3) and of degree < 3. (One can view the
downset J as a variant of the Newton polytope of the polynomial.)

In our subsequent arguments, we will need to similarly generalise the no-
tion of a one-dimensional nilcharacter n — y(n) of degree < d to a multidimen-
sional nilcharacter (nq,...,ng) — x(n1,...,nx) of degree < d, of multidegree
< (dy,...,dg), or of multidegree C J. We will define these concepts precisely
in a short while, but for now we mention that the polynomial phase

(hyn) = e(ahn + Bhn? + n?)

will be a two-dimensional nilcharacter of multidegree C J, multi-degree <
(1,3), and degree < 3 where J is as above. Moreover, variants of this phase,
such as (a suitable vector-valued smoothing of)

(h,n) — e({anh}agn + {{Bin}B2h}Bsn + {y1n*}y2n),

will also have the same multidegree and degree as the preceding example.

The multidegree of a nilcharacter x(ni,...,nx) is a more precise measure-
ment of the complexity of x than the degree, because it separates the behaviour
of the different variables nq,...,n;. We will also need a different refinement
of the notion of degree, this time for a one-dimensional nilcharacter n — x(n),
which now separates the behaviour of different top degree components of y,
according to their “rank.” Heuristically, the rank of such a component is the
number of fractional part operations x +— {z} that are needed to construct
that component, plus one; thus, for instance,

n > e(an®)

has degree 3 and rank 1,
n — e({an?}pn)

has degree 3 and rank 2 (after vector-valued smoothing),

n— e({{an}fn}yn)

has degree 3 and rank 3 (after vector-valued smoothing), and so forth. We will
then need a notion of a nilcharacter x of degree-rank < (d,r), which roughly
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speaking means that all the components used to build x either are of degree
< d, or else are of degree exactly d but rank at most r. Thus, for instance,

n — e({an}pBn +yn?)
has degree-rank < (3,1) (after vector-valued smoothing), while
n s e({an}pn +yn® + {n?}en)
has degree-rank < (3,2) (after vector-valued smoothing), and
n — e({an}Bn +yn? + {on*}en + {{punlvn}pn)

has degree-rank < (3,3) (after vector-valued smoothing).

In order to make precise the notions of multidegree and degree-rank for
nilcharacters, it is convenient to adopt an abstract formalism that unifies de-
gree, multidegree, and degree-rank into a single theory. We need the following
abstract definition.

Definition 6.7 (Ordering). An ordering I = (I,<,+,0) is a set I equipped
with a partial ordering <, a binary operation + : I xI — I, and a distinguished
element 0 € I with the following properties:

(i) The operation + is commutative and associative, and has 0 as the
identity element.
(ii) The partial ordering < has 0 as the minimal element.
(iii) If 4,5 € I are such that ¢ < j, then i + k < j + k for all k € I.
(iv) For every d € I, the initial segment {i € I : i < d} is finite.
A finite downset in I is a finite subset J of I with the property that j € J
whenever j € I and j < i for some 7 € J.

In this paper, we will only need the following three specific orderings (with
k a standard positive integer):

(i) the degree ordering, in which I = N with the usual ordering, addition,

and zero element;

(ii) the multidegree ordering, in which I = NF with the usual addition
and zero element, and with the product ordering, thus (47,...,) <
(i1, .., ig) if 45 < dj for all 1 < j < k;

(iii) The degree-rank ordering, in which I is the sector DR := {(d,r) €
N2:0<r< d} with the usual addition and zero element, and the
lexicographical ordering (that is to say, (d',7") < (d,r) if d < d or if
d=dand " <r).

It is easy to verify that each of these three explicit orderings obeys the
abstract axioms in Definition 6.7. In the case of the degree or degree-rank
orderings, I is totally ordered (for instance, the first few degree-ranks are
(0,0),(1,0),(1,1),(2,0), (2,1),(2,2),(3,0),...), and so the only finite downsets
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are the initial segments. For the multidegree ordering, however, the initial
segments are not the only finite downsets that can occur.

The one-dimensional notions of a filtration, nilsequence, nilcharacter, and
symbol can be easily generalised to arbitrary orderings. We give the bare
definitions here, and we defer the more thorough treatment of these concepts
to Appendices B and E. We will, however, remark that when I is the degree
ordering, then all of the notions defined below simplify to the one-dimensional
counterparts defined earlier.

Definition 6.8 (Filtered group). Let I be an ordering and let G be a group.
By an I-filtration on G we mean a collection G; = (G;);e of subgroups indexed
by I, with the following properties:

(i) (Nesting). If 4, j € I are such that ¢ < j, then G; 2 G;.
(ii) (Commutators). For every i,j € I, we have [G;, G| C Giyj.

If d € I, we say that G has degree < d if G; is trivial whenever i £ d. More
generally, if J is a downset in I, we say that G has degree C J if G; is trivial
whenever ¢ € J.

Let us explicitly adapt the above abstract definitions to the three specific
orderings mentioned earlier.

Definition 6.9. If (dy,...,dy) € N¥ we define a nilpotent Lie group of
multi-degree < (di,...,d;) to be a nilpotent I-filtered Lie group of degree
< (dy,...,dy), where I = N¥ is the multidegree ordering. Similarly, if .J is a
downset, define the notion of a nilpotent Lie group of multidegree C J.

If (d,r) € DR, define a nilpotent Lie group of degree-rank < (d,r) to be
a nilpotent DR-filtered Lie group G of degree < (d,r), with the additional
axioms Gy = G and G(q0) = G(q,1) for all d > 1.

We define the notion of a filtered nilmanifold of multidegree < (dy, . .., dy),
multidegree C J, or degree-rank < (d,r) similarly.

Note that the degree-rank filtration needs to obey some additional axioms,
which are needed in order for the rank r to play a nontrivial role. As such, the
unification here of degree, multidegree, and degree-rank, is not quite perfect;
however, this wrinkle is only of minor technical importance and should be
largely ignored on a first reading.

Ezample 6.10. If G is a filtered nilpotent group of multidegree < (1, 1),
then the groups G(,09) and G(g,1) must be abelian normal subgroups of G(q ),
and their commutator [G/; o), G(0,1)] must lie inside the group Gy 1), which is
a central subgroup of G(q ).

If G is a filtered nilpotent group of degree-rank < (d, d), then (G;))iz0
is an N-filtration of degree < d. But if we reduce the rank r to be strictly less
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than d, then we obtain some additional relations between the G ; ) that do not
come from the filtration property. For instance, if G has degree-rank < (3,2),
then the group [G(1,0), [G(1,0), G(1,0)]] must now be trivial; if G' has degree-rank
< (3,1), then the group [G(1,0y, G(2,0)] must also be trivial. More generally, if
G has degree-rank < (d,r), then any iterated commutator of g¢;,, ..., g;,, with
g; € G, for j =1,...,m will be trivial whenever 41 + --- + iy > d, or if
iW++++14, =dand m > r.

Ezample 6.11. If (G;);en is an N-filtration of G of degree < d, then
(Glfl)feNk is an N¥-filtration of G of multidegree C {7 € N* : |i| < d}, where
we recall the notational convention |(i1,...,ig)| = i1 + - - - + ix. Conversely, if
J is a finite downset of N* and (G7)7epn 18 an NF-filtration of G' of multidegree

C J, then

V G
Z\;\gz ieN
is easily verified (using Lemma 3.1) to be an N-filtration of degree < max;_; 1],
where \/,c4 G, is the group generated by (J,ca Go. In particular, any multi-
degree < (dy,...,dg) filtration induces a degree < dy + - - - + dj, filtration.

In a similar spirit, every degree-rank < (d, r) filtration (G 1))(a'»)epR Of
a group G induces a degree < d filtration (G(; ))ien- In the converse direction,
if (G;)ien is a degree < d filtration of G with G = Gy, then we can create
a degree-rank < (d, d) filtration (G (4 ,/)) (4 r)epr by setting G g,y to be the
space generated by all the iterated commutators of g;,, . .., gi,, with g; € G(;; o)
for j = 1,...,m for which either iy + -+ +4,, > d, or iy + -+ + 14, = d and
m > max(r’, 1); this can easily be verified to indeed be a filtration, thanks to
Lemma 3.1.

Ezample 6.12. Let d > 1 be a standard integer. We can give the unit circle
T the structure of a degree-rank filtered nilmanifold of degree-rank < (d,1)
by setting G = R and I' = Z with G,y = R for (d',") < (d,1) and
G (a1 = {0} otherwise. This is also the filtration obtained from the degree
< d filtration (see Example 4.3) using the construction in Example 6.11.

Ezample 6.13 (Products). If G; and G, are I-filtrations on groups G, G,
then we can give the product G x G’ an I-filtration in an obvious way by setting
(G x G"); :== G; x G). The degree of G x G’ is the union of the degrees of G
and G’. Similarly the product G1/T'; x G2/T's of two I-filtered nilmanifolds is
an I-filtered nilmanifold.

Ezample 6.14 (Pushforward and pullback). Let ¢ : G — H be a homomor-
phism of groups. Then any any [-filtration H; = (H;);e; of H induces a pull-
back I-filtration ¢* Hy := (¢~ (H;))ies. Similarly, any I-filtration G = (G;)ier
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on G induces a pushforward I-filtration ¢.G1 := (¢(Gi))ier on H. In particu-
lar, if T is a subgroup of G, then we can pullback a filtration G = (G;)er of G
by the inclusion map ¢ : I' — G to create the restriction I'y := (I';);es of that
filtration. It is a trivial matter to check that the subgroups of this filtration
are given by I'; :=T'NG;.

Definition 6.15 (Filtered quotient space). An I-filtered quotient space is a
quotient G/I", where G is an I-filtered group and I is a subgroup of G (with
the induced filtration; see Example 6.14).

An I-filtered homomorphism ¢ : G/T' — G’ /T between I-filtered quotient
spaces is a group homomorphism ¢ : G — G’ that maps I" to I, and also maps
G; to G} for all i € I. Note that such a homomorphism descends to a map
from G/T to G'/T".

If G is a nilpotent I-filtered Lie group, and I' is a discrete cocompact sub-
group of G that is rational with respect to G (thus I'; := I'N G} is cocompact
in G; for each ¢ € I), we call G/T' = (G/T",Gy) an I-filtered nilmanifold. We
say that G/T" has degree < d or C J of G has degree < d or C J.

Ezample 6.16 (Subnilmanifolds). Let G/I" be an I-filtered nilmanifold of
degree C J. If H is a rational subgroup of G, then H/(H NT') is also a filtered

nilmanifold degree C J (using Example 6.14), with an inclusion homomorphism
from H/(H NT) to G/I'; we refer to H/(H NTI') as a subnilmanifold of G/T.

We isolate three important examples of a filtered group, in which G is the
additive group Z or ZF.

Definition 6.17 (Basic filtrations). We define the following filtrations:

e the degree filtration Z{{I on G = ZF, in which I = N is the degree ordering
and G; = G for i < 1 and G; = {0} otherwise. In many cases k will equal
1 or 2;

e the multidegree filtration Z{%k on G = ZF, in which I = N* is the mul-
tidegree ordering and Gy = ZF, Geg, = (), i=1,...,k, and Gy = {0}
otherwise, with ey, ..., e being the standard basis for Z*:

o the degree-rank filtration Zpr on G = Z, in which I = DR is the degree-
rank ordering and G g o) = G(1,0) = Z and G4,y = {0} otherwise.

Definition 6.18 (Polynomial map). Suppose that H and G are I-filtered
groups with H = (H,+) abelian.® Then for any map g : H — G, we define
the derivative

(6.6) Ong(n) := g(n+h)g(n)~".

4This is not actually a necessary assumption; see Appendix B. However, in the main body
of the paper we will only be concerned with polynomial maps on additive domains.
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We say that g : H — G is polynomial if

(6.7) O+ Onp9(n) € Giy oo,

for all m > 0, all i1,...,4, € I and all h; € H;; for j =1,...,m, and for all
n € Hy.

We denote by poly(H; — G7) the space of all polynomial maps from Hj
to Gr. As usual, we use *poly(H; — Gj) to denote the space of all limit
polynomial maps from *H; to *Gj (i.e., ultralimits of polynomial maps in
poly(H; — Gy)).

Many facts about these spaces (in some generality) are established in Ap-
pendix B where, in particular, a remarkable result essentially due to Lazard
and Leibman [33], [34], [35] is established: poly(H; — Gy) is a group. The
material in Appendix B is formulated in the general setting of abstract or-
derings I and for arbitrary (and possibly non-abelian) groups H;, but for our
applications we are only interested in the special case when Hj is Z or ZF with
the degree, multidegree, or degree-rank filtration as defined above.

Before moving on let us be quite explicit about what the notion of a
polynomial map is in each of the three cases, since the definitions take a certain
amount of unravelling.

e (Degree filtration). If H = Z* with the degree filtration ZF, then poly(Z& —
G) consists of maps g : Z*¥ — G with the property that

0h1 s Ohmg(n) € Gm,

for all m > 0, hy,...,hy € Z and all n € Gg. This space is precisely the
same space as the one considered in [20, §6]. The space *poly(ZF — Gy)
is defined similarly, except that ¢ : *Z*¥ — *G is now a limit map, and all
spaces such as Z and G, need to be replaced by their ultrapowers (similarly
for the other two examples in this list).
e (Multidegree filtration). If H = Z* with the multidegree filtration Z’fw,
then poly(ZI’%k — Gy ) consists of maps g : Z¥ — G with the property that

8511 o ‘8€img(ﬁ) S G€i1+"'+€im

for all K > 0, all 41,...,4m, and all 7 € Z*. To relate this space to the
analogous spaces for the degree ordering, observe (using Example 6.11)
that

poly (Zt; = (Gi)ien) = poly (Zgn = (G)sers)

for any N-filtration (G;);cn, and conversely one has

pOly(Z{%k — (Gi)feNk) C poly Zf% — ( \/ G{)z’eN

jil=i
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for any N*-filtration (G7)z_y- This is, of course, related to the obvious fact
that a polynomial of multidegree < (di,...,dx) is automatically of degree
<dy+ -+ dp.

e (Degree-rank filtration). If H = Z with the degree-rank filtration Zpg,
poly(Zpr — Gpr) consists of maps g : Z — G with the property that

s+ O g(n) € Gimp)

whenever m > 0, hy,...,hy € Z, and n € Gy. We observe (using Exam-
ple 6.11) the obvious equality

(6.8) poly(Zpr — (G(ar))(dr)epr) = POLy (Zn — (G i 0))ien)

for any DR-filtration (G (4,)),r)epr- Thus, a degree-rank filtration Gpr
on G does not change the notion of a polynomial sequence, but instead
gives some finer information on the group G (and, in particular, it indicates
that certain iterated commutators of the G4, vanish, which is information
that cannot be discerned just from the knowledge that (G(i,o))ieN is an N-
filtration).

Definition 6.19 (Nilsequences and nilcharacters). Let I be an ordering,
and let J be a finite downset in I. Let H be an abelian I-filtered group. A
(polynomial) nilsequence of degree C J is any function of the form

x(n) = F(g(n)'T),
where

o G/T'=(G/I',Gy) is an I-filtered nilpotent manifold of degree C J,
e g € *poly(H; — Gy) is a limit polynomial map from *H; to *GY,
e I € Lip(*(G/T) — C*).
The space of all such nilsequences will be denoted Nil<7(*H). We define the
notion of a nilsequence of degree < d for some d € I, and the space Nﬂgd(*H ),
similarly. If € is a limit subset of *H, the restriction of the nilsequences in
Nil</(*H) to Q will be denoted Nil=/(Q), and we define NilS¢(Q) similarly.
We refer to the map n — g(n)*T" as a limit polynomial orbit in G/I" and
denote the space of such orbits as *poly(H; — (G/I')1).
Suppose that d € I. Then y is said to be a degree d nilcharacter if x is a
degree < d nilsequence with the following additional properties:
e F € Lip(*(G/T) — S¥) (thus |F| =1).
o F(gqr) = e(n(gq))F(z) for all x € G/T" and g4 € G4, where n: G4 — R is
a continuous standard homomorphism which maps I'y to the integers. We
call n the vertical frequency of F.

The space of all degree d nilcharacters on *H will be denoted Z¢(*H). If
Q is a limit subset of *H, the restriction of the nilcharacters in Z¢(*H) to Q
will be denoted Z4(Q).
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With the multidegree ordering, a degree (di,...,dy) nilcharacter will be
referred to as a multidegree (dy,...,dy) nilcharacter, and the space of such
characters on Q we be denoted El(\f[llll’l't'i"d’“)(ﬁ); we similarly write Nil</(Q) or
NilS@di) () as NilG (Q) or NilS(@-4k) (Q) for emphasis.

Similarly, with the degree-rank ordering, and assuming G/I" is a filtered
nilmanifold of degree-rank < (d,r) (so, in particular, we enforce the axioms
G0 = G and G(q0) = G(q,1)), a degree (d,r) nilcharacter will be referred to
as a degree-rank (d, r) nilcharacter. The space of nilcharacters on € of degree-

rank (d,r) will be denoted E](Sif’: )(Q) (note that this is distinct from the space
El(\flltlff)(ﬁ) of two-dimensional nilcharacters of multidegree (di,ds)), and the

nilsequences on 2 of degree-rank < (d, r) will similarly be denoted Nil;i—_g’r) (Q).

Example 6.20. Let J C N* be a finite downset. Then any sequence of the
form

(n1,...,ng) — F < Z ai17._,7ikn? n;c’“ mod 1) ,
(il,...,ik)EJ
where «;, .. 4, € *Rand F' € Lip(*T — @w), is a nilsequence on ZF of multide-
gree C J, as can easily be seen by giving G := R the ZF-filtration G; := R for
i € J and G; := {0} otherwise, and setting I' := Z and g € *poly(ZF — R) to
be the limit polynomial n v Y, i )es iy, iy - ngk.
For similar reasons, any sequence of the form

(nl, ey nk;) = e < Z ail,...,’iknill e nzk mod 1)

(81 y+eerig ) ENFidg 4 4i <d

is a degree d nilcharacter on Z* of degree d, and any sequence of the form

(n1,...,ng) —~e Z Qi ey -y mod 1
(i1,yi ) ENR <dy fOT j=1,...,k

is a multidegree (dy, . ..,dy) nilcharacter on Z*.

Ezxample 6.21. Any degree 2 nilsequence of magnitude 1 is automatically
a degree-rank < (3,0) nilcharacter, since every degree < 2 nilmanifold is au-
tomatically a degree-rank < (2,2) nilmanifold, which can then be converted
trivially to a degree-rank < (3,0) nilmanifold (with a trivial group G s )).
Thus, for instance, for o, 5 € R,

n+— e({an}pn)

is nearly a degree-rank (3,0) nilcharacter and becomes a genuine degree-rank
(3,0) nilcharacter after vector-valued smoothing.
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If @ € *R, then the sequence
n > e(an®)

is a degree-rank (3,1) nilcharacter. Indeed, we can give G = R a degree-
rank < (3,1) filtration Gpr by setting G(q,y := R for (d,7) < (3,1), and
G (4,y) = {0} otherwise.

Next, if a;, 8 € *R, then the sequence

(6.9) n— e({an?}pn)

is nearly a degree-rank (3,2) nilcharacter (and becomes genuinely so after
vector-valued smoothing). To see this, let G be the Heisenberg nilpotent group
(6.1), for which we give the following degree-rank filtration:

G0 =Gao =Guy =G,
G20) = Ga1) == (e, [e1, e2])r = {el'[e1, €2]"? 1 11,112 € R},

Ga2) = Gi0) = Gy = G2 = (ler, e2))r = {[e1, €2]"? : t12 € R},
G4, = {id} for all other (d,r) € DR.

One easily verifies that this is a degree-rank < (3,2) filtration. If we then set
g : *Z — *G to be the limit sequence g(n) := egne?"Q, one easily verifies that
g is a limit polynomial with respect to this degree-rank filtration. If one then

lets F' be the piecewise Lipschitz function (6.2), then we see that

F(g(n)'T) = e({an}pn)
and so we see that n — e({an?}Bn) is a indeed piecewise degree-rank (3,2)
nilcharacter.

A similar argument (using the free 3-step nilpotent manifold on three
generators, which has degree < 3 and hence degree-rank < (3,3)) shows that

n i e({{an}Bniyn)

is nearly a degree-rank (3,3) nilcharacter and becomes a genuine degree-rank
(3,3) nilcharacter after applying vector-valued smoothing; see [23, App. E] for
the relevant calculations.

These examples should help illustrate the heuristic that a degree-rank
(d,r) nilcharacter is built up using (suitable vector-valued smoothings of)
bracket monomials that either have degree less than d, or have degree exactly
d and involve at most  — 1 applications of the fractional part operation.

We observe (using Example 6.11) the following obvious inclusions:

(i) A multidegree < (di,...,d;) nilsequence on ZF is automatically a
degree < dy + - - - + dj nilsequence.

(ii) A multidegree (dy,...,ds) nilcharacter on Z* is automatically a degree
dy + - - - + dj, nilcharacter.
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(iii) A multidegree (dy, ..., dx_1,0) nilsequence on Z* is constant in the nj
variable and descends to a multidegree (dy,...,dk—1) nilsequence on
ZF1,

(iv) A degree-rank < (d,r) nilsequence on Z is automatically a degree < d
nilsequence.

(v) A degree < d nilsequence on Z is automatically a degree-rank < (d, d)
nilsequence.

(vi) A degree d nilcharacter on Z is automatically a degree-rank < (d,d)
nilcharacter.

It is not quite true, though, that a degree-rank (d,r) nilcharacter is a degree
d nilcharacter if r > 1, because the former need not exhibit vertical frequency
behaviour for degree-ranks (d,r’) with r’ < r.

Definition 6.22 (Equivalence and symbols). Let H be an [-filtered group,
let d € I, and let Q be a limit subset of *H. Two nilcharacters y,x’ € Z4(Q)
are said to be equivalent if Y ® ¥’ is a nilsequence of degree strictly less than d.
Write [X]Symbd(m for the equivalence class of y with respect to this relation;
we shall refer to this as the symbol of x. Write Symbd(Q) for the space of all
such equivalence classes.

(di,e-,dk) (di,..,d)

We write Symby ;" (2) for the symbols of nilcharacters x € 0~ (€2)
of multidegree (di,...,d;) and Symbg’{) (©) for the symbols of nilcharacters
—(d,r)

X € Epg () of degree-rank (d,r). The basic properties of such symbols are
set out in Appendix E.

7. A more detailed outline of the argument

Now that we have set up the notation to describe nilcharacters and their
symbols, we are ready to give a high-level proof of Conjecture 5.5 (and hence
Theorem 1.3), contingent on some key sub-theorems that will be proven in
later sections. This corresponds to the realisation of points (i), (ii), and (ix)
from the overview in Section 2.

As the cases s = 1,2 of this conjecture are already known, we assume that
s > 3. We also assume inductively that the claim has already been proven for
smaller values of s. Henceforth, s is fixed.

Let f € L°[N] be such that

(7.1) ||f”U5+1[N] > 1.
Define f to be zero outside of [N]. Raising (7.1) to the power 2°T! we see
that
EnevllAnfl1Fsi > 1
and thus
IARf sy > 1
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for all h in a dense subset H of [[N]]. Applying the inductive hypothesis, we
thus see that Ay f is (s — 1)-biased for all h € H.

By definition, we now know that Ay f correlates with a nilsequence of
degree (s — 1). By Lemma 6.5, we see that for each h € H, A, f correlates
with a nilcharacter x;, € Z5~!([N]). It is not hard to see that the space of such
nilcharacters is a o-limit set (see Definition A.10), so by Lemma A.12 we can
ensure that yj, depends in a limit fashion on h.

The aim at this point is to obtain, in several stages, information about the
dependence of xp on h. A key milestone in this analysis is a linearisation of
Xn on h. In the case s = 2, treated in [13], [16], the x;(n) were essentially just
linear phases e({n,n), and the outcome of the linearisation analysis was that
the frequencies £, may be assumed to vary in a bracket-linear fashion with h.
In the case s = 3 (treated in [23] but also dealt with in our present work), a
model special case occurs when x,(n) ~ e({apn}fpn) (interpreting ~ loosely).
The outcome of the linearisation analysis in that case was that at most one
of ay, By, really depends on h and, furthermore, that this dependence on h is
bracket-linear in nature.

Now we formally set out the general case of this linearisation process.

THEOREM 7.1 (Linearisation). Let f € L*°[N], let H be a dense subset
of [[N]], and let (xn)nen be a family of nilcharacters in Z5~1([N]) depending
in a limit fashion on h, such that Apf correlates with xp for all h € H. Then
there exists a multidegree (1,s — 1)-nilcharacter x € El(\}[’lfl;l)(*ZQ) such that

Apf (s — 2)-correlates with x(h,-) for many h € H.

This statement represents the outcome of points (iii) to (vii) of the outline
in Section 2 and must therefore address the following points:

e For some suitable notion of “frequency,” the symbol of y;(n) contains
only one frequency that genuinely depends on h.

e That frequency depends on h in a bracket-linear manner.

e Once this is known, it follows that, for many h, Ay f (s — 2)-correlates
with x(h,n), where x is a certain 2-variable nilsequence.

These three tasks are, in fact, established together and in an incremental
fashion. The nilcharacter yp(n) is gradually replaced by objects of the form
X' (h,n)®@x},(n), where x’(h, n) is a two-dimensional nilcharacter of multidegree
(1,s—1) and, at each stage, the nilcharacter x} (n) (which has so far not been
shown to vary in any nice way with h) is “simpler” than yj(n). The notion
of simpler in this context is measured by the degree-rank filtration, a concept
that was introduced in the previous section. Thus the result of a single pass
over the three points listed above is the following subclaim.
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THEOREM 7.2 (Linearisation, inductive step). Let 1 < 7. < s—1, let f €
L>®°[N], let H be a dense subset of [[N]], let x € El(\/l[flzil)(*Z2), and let (Xn)nhen
be a family of nilcharacters of degree-rank (s — 1,r,) depending in a limit
fashion on h such that Apf (s — 2)-correlates with x(h,-) ® xp for all h € H.
Then there exists a dense subset H' of H, a multidegree (1, s — 1)-nilcharacter
X' € Eﬁfh—il)(*Z2), and a family (x},)nen of nilcharacters of degree-rank (s—1,
r« — 1) depending in a limit fashion on h, such that Ay f (s —2)-correlates with
X'(h,-) ® x), for allh € H'.

Theorem 7.1 follows easily by inductive use of this statement, starting
with 7, equal to s — 1 and using Theorem 7.2 iteratively to decrease r, all the
way to zero.

To prove Theorem 7.2, we follow steps (iii) to (vii) in the outline quite
closely. The first step, which is the realisation of (iii), is a Gowers-style Cauchy-
Schwarz inequality to eliminate the function f as well as the two-dimensional
nilcharacter x(h,n) and therefore obtain a statement concerning only the (so
far) unstructured-in-h object x5, (n). Here is a precise statement of the outcome
of this procedure; the proof of this proposition is the main business of Section 8.

PropPOSITION 7.3 (Gowers Cauchy-Schwarz argument). Let f, H,x,
(Xn)ner be as in Theorem 7.2. Then the sequence

(7.2) 1= Xy (1) @ Xha (04 ha = ha) @ Xng (1) @ Xhy (0 + 1 = ha)
is (s — 2)-biased for many additive quadruples (hi, ho, hsg, hy) in H.

With this in hand, we reach the most complicated part of the argument.
This is the use of Proposition 7.3 to study the “frequencies” of the nilcharacters
xnr and the way they depend on h. Roughly speaking, the aim is to interpret
the tensor product (7.2) as a nilsequence itself (depending on hq, ho, hs, hy)
and use results from [20] to analyse its equidistribution and bias properties.

To make proper sense of this one must first find a suitable “representation”
of the xx(n) in which the frequencies are either independent of h, depend in
a bracket-linear fashion on h, or are appropriately dissociated in h, in the
sense that the frequencies associated to (7.2) are “linearly independent” for
most additive quadruples hy + hy = hg + h4. This task is one of the more
technical part of the papers and is performed in in Section 10; it incorporates
the additive combinatorial step (vi) of the outline from Section 2. The precise
statement of what we prove is Lemma 10.10, the “sunflower decomposition.”

The representation of the y; (and hence of (7.2)) involves constructing a
suitable polynomial orbit on something resembling a free nilpotent Lie group
G; this device also featured in [23, §5]. Once this is done, one applies the
results from [20] to examine the orbit of this polynomial sequence on the cor-
responding nilmanifold G/T. The results of [20] assert (roughly speaking) that
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this orbit is close to the uniform measure on a subnilmanifold HT'/T', where
H < G is some closed subgroup. In Section 11, we then crucially apply a
commutator argument of Furstenberg and Weiss that exploits some equidistri-
bution information on projections of H to say something about this group H.
The upshot of this critical phase of the argument is that the h-dependence
of the frequencies of yj; cannot be dissociated in nature, and must instead be
completely bracket-linear; the precise statement here is Theorem 11.1.

At this point in the argument, we have basically shown that the top-order
behaviour (in the degree-rank order) of the nilcharacters x,(n) is bracket-
linear in h. To complete the proof of Theorem 7.2 (and hence of Theorem 7.1)
it remains to carry out part (vii) of the outline, that is to say, to interpret this
bracket-linear part of yp(n) as a multidegree (1,s — 1) nilcharacter x/'(h,n).
This is the first part of the argument where some sort of “degree s nil-object”
is actually constructed, and is thus a key milestone in the inductive derivation
of GI(s) from GI(s —1). As remarked previously, our construction here is a
little more conceptual (and abstractly algebraic) than in previous works, which
have been somewhat ad hoc. The construction is given in Section 12. At the
end of that section we wrap up the proof of Theorem 7.1; by this point, all the
hard work has been done.

With Theorem 7.1 in hand, we have completed the first seven steps of
the outline. The only remaining substantial step is step (viii), the symmetry
argument. Here is a formal statement of it.

THEOREM 7.4 (Symmetrisation). Let f € L*°[N], let H be a dense subset
of [[N]], and let x € El(\i;fl;il)(*ZQ) be such that Apf < s — 2-correlates with
X(h,-) for all h € H. Then there ezists a nilcharacter © € Z°(*Z) (with the
degree filtration) and a nilsequence ¥ € Nill\c/[{ﬂti(*Zz), with J C N2 given by

the downset

(7.3) J={(G,j) eN?:i+j<s—1YU{(i,s —i):2<i< s},

such that x(h,n) is a bounded linear combination of O(n+h) RO (n)RV(h,n).

The proof is given in Section 13. Informally, this theorem asserts that the
multidimensional degree (1,s — 1) nilcharacter x(h,n) can be expressed as a
derivative ©(n 4+ h) ® ©(n) of a degree s nilcharacter ©, modulo “lower order
terms,” which in this context means multidimensional nilsequences ¥ (h,n)
that either have total degree < s — 1, or are of degree at most s — 2 in the n
variable.

The remaining task for this section is to show how to complete the proof
of Conjecture 5.3 (and Theorem 1.3) from this point. From the discussion at
the beginning of this section, we have already arrived at a situation in which

the given function f € L°°[N] has the property that A, f correlates with xp,
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for all h in a dense subset H of [[N]], where (xp)nem is a family of nilcharacters
in Z571([N]) depending in a limit fashion on h.
From Theorem 7.1 and Theorem 7.4 we see that for many h € [[N]], Apf

< s — 2-correlates with the sequence

n+— O(n+h)®06(n)®¥Y(h,n).
The next step is to break up J and ¥ into simpler components, and our tool
for this purpose shall be Lemma E.4. Applying this lemma for e sufficiently
small, followed by the pigeonhole principle, one can thus find scalar-valued
nilsequences 1, on *Z? (with the multidegree filtration) of multidegree

C {(i,0) e N? : i < s — 1}
and
c{(i,j) EN?:i<s—2;i4j<s}
respectively, such that for many h € [[N]], Apf < (s — 2)-correlates with

n— O(n+ h) @ O(n)w(h,n)Y (h,n).
For fixed h, the nilsequence ¢’ (h,n) has degree < s—2 and can thus be ignored.
Also, ¢(h,n) = 1(n) is of multidegree < (s—1,0) and is thus independent of h,
with n — 1 (n) being a degree < s — 1 nilsequence. Thus, for many h € [[N]],
Apf < s — 2-correlates with

n— O(n+h)®O(n)Y(n).

Applying the pigeonhole principle again, we can thus find scalar nilsequences
0,0 € Nil<*(*Z) such that for many h € [[N]], Apf < (s — 2)-correlates with
n+— 0(n+ h)f'(n).

(Indeed, one takes 6,6’ to be coefficients of © and ©% respectively.) Applying
the converse to GI(s) (Proposition 5.6), we conclude that

1FOC- + R) FO'()lprs—1pny > 1

for many h € H. Averaging over h (using Corollary A.6 to obtain the required
uniformity), we conclude that

— —_— s—1
EneqlF0(C + ) FO ()| Fomapng > 1.

Applying the Cauchy-Schwarz-Gowers inequality (see, e.g., [47, eq. (11.6)]) we
conclude that

1£0lrsn) > 1,
and hence by the inductive hypothesis (Conjecture 5.5 for s—1), fis < (s—1)-
biased. Since 6 is a degree < s nilsequence, we conclude that f is < s-biased,

as required. This concludes the proof of Conjecture 5.5, Conjecture 5.3, and
hence Theorem 1.3, contingent on Theorems 7.1 and 7.4.
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8. A variant of Gowers’s Cauchy-Schwarz argument

The aim of this section is prove Proposition 7.3. Thus, we have standard
integers 1 < 7. < s — 1, a function f € L*°[N], a dense subset H of [[N]], a
two-dimensional nilcharacter x € El(vl[’uslt_il)(*ZQ) of multidegree (1,s — 1), and
a family (xn)nem of nilcharacters of degree-rank (s — 1,r,) depending in a
limit fashion on h. We are given that Ay f (s — 2)-correlates with x(h,-) ® xn
for all h € H. Our objective is to show that, for many additive quadruples

(h1, h2, hs, hy) in H, the expression

(8.1) 1= Xhy (1) @ Xny (M + h1 — ha) @ Xng () @ Xhy(n+ b1 — hy)

(where we extend the yj by zero outside of [N]) is (s — 2)-biased.

The strategy, following the work of Gowers [13], is to start with the < s—2-
correlation between Apf and x(h,-)xs and then apply the Cauchy-Schwarz
inequality repeatedly to eliminate all terms involving f, x(h, ), finally arriving
at a correlation statement that only involves x;, (and lower order terms).

Unfortunately, there is a technical issue that prevents one from doing this
directly, namely that the behaviour of x(h,-) in h is not quite linear enough
to ensure that these terms are completely eliminated by a Cauchy-Schwarz
procedure. In order to overcome this issue, one must first prepare x into a
better form, as follows. We need the following technical notion (which will not
be used outside of this section).

Definition 8.1. A linearised (1,8 — 1)-function is a limit function y :
(h,n) — C” that has a factorisation

(8.2) X(h,n) = ¢(n)"(n),

where 1) € L>(Z — C*) and ¢ € L®(Z — S') are such that, for every h,l € 7Z,
the sequence

——h
n i c(n —1)le(n)
is a degree < s — 2 nilsequence.

Remark 8.2. Heuristically, one should think of a linearised (1,s — 1)-
function as (a vector-valued smoothing of) a function of the form

(h,n) — e(P(n) + hQ(n)),
where P, () are bracket polynomials of degree s — 1; for instance,
(h,n) — e({an}fn + {yn}dnh)

is morally a linearised (1,2) function. This should be compared with more
general multidegree (1,2) nilcharacters, such as

(h,n) = e({{ah}Bn}yn),
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which are not quite linear in A because the dependence on h is buried inside
one or more fractional part operations. Intuitively, the point is that one can
use the laws of bracket algebra (such as (6.4)) to move the h outside of all
the fractional part expressions (modulo lower order terms). While one can
indeed develop enough of the machinery of bracket calculus to realise this
intuition concretely, we will instead proceed by the more abstract machinery
of nilmanifolds in order to avoid having to set up the bracket calculus.

The key preparation for this is the following.

PROPOSITION 8.3. Let x € El(\/llflt_il)(*ZQ) be a two-dimensional nilcharac-

ter of multidegree (1,s — 1), and let € > 0 be standard. Then one can approz-
imate x to within € in the uniform norm by a bounded linear combination of
linearised (1, s — 1)-functions.

Proof. From Definition 6.1, we can express
x(h,n) = F(g(h,n)"T),

where G/ is an N2-filtered nilmanifold having multidegree < (1,5 — 1), F €
Lip(*(G/T) — S¥) has a vertical frequency 7 : Gus—1)y — R, and g €
*poly(Z2, — Gyz) (with Z? being given the multidegree filtration Z2s ).

We consider the quotient map 7 : G/I' = G /(G (1 0)I") from G/I" onto the
nilmanifold G /(G(1,0yI"), which can be viewed as an N-filtered nilmanifold of de-
gree < s—1 (where we N-filter G /G 1 o) using the subgroups G(o.:G 1,0)/G(1,0))-
The fibers of this map are isomorphic to 7" := G (;,9y/I'(1,0). Observe that G, )
is abelian, and so 7" is a torus; thus G/I" is a torus bundle over G/(G I
with structure group 7. The idea is to perform Fourier analysis on this large
torus T', as opposed to the smaller torus G(17S_1)/F(175_1), to improve the be-
haviour of the nilcharacter x.

We pick a metric on the base nilmanifold G /(G )I') and a small stan-
dard radius § > 0, and form a smooth partition of unity 1 = ZkK:1 YE on
G/(Ganl), where each ¢y € Lip(G/(G1,0)I") — C) is supported on an open
ball By, of radius r. This induces a partition y = Zﬁ(zl Xk, where

Xk (h,n) = F(g(h,n) T)gr(m(g(h, n)T)).

Now fix one of the k. Then we have

)zk:(h> n) = Fk(g(hv n)*r)a

where F}, is compactly supported in the cylinder 7 Y(By).

If r is small enough, we have a smooth section ¢ : By — G that partially
inverts the projection from G to G/(G(1)l'), and so we can parametrise any
element = of 771 (By) uniquely as ¢(z0)tT" for some x¢ € By, and t € T (noting
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that ¢tI' is well defined as an element of G/I'). Similarly, we can parametrise
any element of *7~1(B},) uniquely as ¢(xq)tI for 29 € *By, and t € *T.

We can now view the Lipschitz function Fj, € Lip(*(G/I')) as a compactly
supported Lipschitz function in Lip(*(By x T')). Applying a Fourier (or Stone-
Weierstrass) decomposition in the 7" directions (cf. Lemma E.5), we thus see
that for any standard ¢ > 0, we can approximate Fj, uniformly to error e/K
by a sum 25,:1 Fk,k/, where K’ is standard and each Fj, 3 € Lip(*(By x T'))
is compactly supported and has a character & : T" — T such that
(8.3) Fl o (((20)tD) = e(&r (1)) Fio i (¢(o)T)
for all g € *(2Bg) and ¢ € *T. It thus suffices to show that for each k., k', the
sequence

Xk gt (hon) = Figw(g(h,n)'T)
is a linearised (1, s — 1)-function.

Fix k, k’. Performing a Taylor expansion (Lemma B.9) of the polynomial
sequence g € *poly(Z2N2 — Gn2), we may write

g(h,n) = go(n)g1(n)",
where go € *poly(Zny — Gy) is a one-dimensional polynomial map (giving
G the N-filtration Gy := (G(;))ien) and g1 € *poly(Z — (G(1,0))n) is an-
other one-dimensional polynomial map (giving the abelian group G(; ) the
N-filtration (G 0))n := (G(1,4))ien). In particular, we see that xy i (h,n) is
only nonvanishing when m(go(n)*I') € B. Furthermore, in that case we see
from (8.3) that

(8.4) Xk (hyn) = e(hé(g1(n) mod T 0))) i (90(n) T),
which gives the required factorisation (8.2) with c(n) := e(£{(g1(n) mod I'(; )))
and ¢(7’L) = Fk,k’ (go(n)*I‘)

The only remaining task is to establish that for any given h, [, the sequence
n+— c(n — l)hmh is a degree < s — 2 nilsequence. We expand this sequence
as

n — e(h(€(g1(n — 1) mod I'(y g)) — €(g1(n) mod I'(yg)))).

But from the abelian nature of G ), the map n — £(g1(n) mod I'¢y ) is a
polynomial map from *Z to *T of degree at most s—1, and the claim follows. [

We now return to the proof of Proposition 7.3. With this multiplicative
structure, we can now begin the Cauchy-Schwarz argument. By hypothesis,
for each h € H we can find a scalar nilsequence 1, of degree < s — 2 such that

[EneniAnf(n)x(h,n) @ xn(n)n(n)| > 1.

By Corollary A.12, we may ensure that ), varies in a limit fashion on h.
Applying Corollary A.6, this lower bound is uniform in h.
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Applying Proposition 8.3 (with a sufficiently small ¢) and using the pi-
geonhole principle, we may then find a linearised (1, s — 1)-function (h,n) —
c(n)p(n) such that

[Enein)Anf (n)e(n) "4 (n) @ xn(n)gn(n)| > 1.
By Corollary A.6 again, the lower bound is still uniform in A. We may then

average in h (extending 1y, xp by zero for h outside of H) and conclude that
Ene (v Enein Anf (n)e(n) ") (n) @ xn(n)pn(n)| > 1,
thus there exists a scalar function b € L*°[[N]] such that
Ene v Enenb(h) f(n + h) f(n)e(n) ™" d(n) @ xa(n)dn(n)| > 1.

By absorbing b(h) into the v, factor, we may now drop the b(h) factor. We
write n + h = m and obtain

B ey f(m)Eneaqe(m — k)" f/(m — h) @ xn(m — R (m — h)| > 1,

where f’ := fi (recall that f is extended by zero outside of [N]), which by
Cauchy-Schwarz implies that

IE e v Enpeqayelm — h) "e(m — )Y f/(m — h) @ f/(m — 1)
®Xh(m — h) & xhr(m — h/)¢h(m — h)@ﬁh/ (m — h/)‘ > 1.

Making the change of variables h' = h + [, n = m — h, we obtain
[En tefznmevic(n) "eln =DM (n) © F(n —1)

®Xh(’rl) & Xh+l(n — l)@bh(n)wh_;_l(n — l)‘ > 1.
We then simplify this as

(8.5) [Enie[2n]menvic2(l,n) @ xa(n) @ Xavi(n — Dppi(n)] > 1,
where

ca(l,n) == c(n =)' f'(n) ® f'(n —1),

Uni(n) = c(n = 1) e(n) " Yp(n)npi(n - 1).

Clearly cz is bounded. As for 1)}, ;, we see from Definition 8.1 and Corollary E.2
that 15, ; is a nilsequence of degree < s — 2 for each h, .
Returning to (8.5), we use the pigeonhole principle to conclude that for
many k € [[2N]], we have
IEneienyneinca(k, n) @ xn(n) @ xnyr(n — k)bnp(n)] > 1.
Let k be such that the above estimate holds. Applying Cauchy-Schwarz in the
n variable to eliminate the co(k,n) term, we have

En we2NimeviXa () @ Xatk(n — k) @ xp (1) @ Xp4k(n — k)Y p(n)] > 1,
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and thus, for many k, h, h’ € [[2N]], we have

[EpenXn(n) @ Xnir(n — k) @ xu (n) @ Xprg(n — E)nr(n)] > 1,
which implies that

n = Xp(n) @ xprr(n — k) @ xp(n) @ xp4x(n — k)
is (s—2)-biased on [N]. Note that this forces h, h+k, h’, h'+k to be an additive
quadruple in H, as otherwise the expression vanishes. Applying a change of
variables, we obtain Proposition 7.3.
For future reference we observe that a simpler version of the same argu-
ment (in which the y and 1y, factors are not present) gives

PRrROPOSITION 8.4 (Cauchy-Schwarz). Let f € L*[N], let H be a dense
subset of [[N]], and suppose that one has a family of functions x, € L>®(*7Z)
depending in a limit fashion on h, such that Ay f correlates with x5, on [N] for
all h € H. Then for many (i.e., for > N3) additive quadruples (hi, ha, h3, hy)
i H, the sequence

(8.6) N = Xhy (1) @ Xy (0 + 1 — ha) @ Xy (1) @ Xy (0 + 1 — ha)

1s biased.

This proposition, in fact, has quite a simple proof; see [22]. Note how
we can conclude (8.6) to be biased and not merely (s — 2)-biased. As such,
Proposition 8.4 saves some “lower order” information that was not present
in Proposition 7.3; this lower order information will be crucial later in the
argument, when we establish the symmetry property in Theorem 7.4.

9. Frequencies and representations

We will use Proposition 7.3 to analyse the “frequency” of the nilcharacters
(Xn)nen appearing in Theorem 7.2. To motivate the discussion, let us first
suppose that we are in the (significantly simpler) s = 2 case, rather than the
actual case s > 3 of interest. When s = 2, we can represent xj as a linear
phase xp(n) = e(&yn + 0y) for some &, ), € *T; one can then interpret &, as
the frequency of h.

In order to describe how this frequency &; behaves in h, it will be conve-
nient to represent &, as a linear combination

(9.1) En=a1né&in+-+aprépn

of other frequencies &; p,, ..., &p .y € *T, where the a; , € Z are (standard) inte-
ger coefficients, and the (& n)nen are families of frequencies that have better
properties with regards to their dependence on h; for instance, they might
be “core frequencies” &;; = ., that are independent of h, or they might
be “bracket-linear petal” frequencies that depend in a bracket-linear fashion
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on h, or they might be “regular petal” frequencies that behave in a suitably
“dissociated” manner in h.
We can schematically depict the relationship (9.1) as

[xn] ~ 10 (Fn),

where [y,] is some sort of “symbol” of x;, (which, in the linear case s = 2, is
just &, mod 1), F, € *TP is the frequency vector Fp, = (&1p,---,€p1), and
np - *TP — *T is the vertical frequency

(9.2) nn(z1,...,2p) == a1 px1 + -+ + ap pTp.

We will need to find analogues of the above type of representation in higher
degree s > 3. Heuristically, we will wish to represent the symbol [x]o(s-1,r.) (V)
=D

R
of a nilcharacter x on [N] of degree-rank (s — 1,r,) (which will ultimately
depend on a parameter h, though we will not need this parameter in the
current discussion) heuristically as

where F = (& j)1<i<s—1;1<j<D, 18 a horizontal frequency vector of frequencies
& € *T associated to a dimension vector D = (D1,...,Ds_1) and 7 is a
vertical frequency that generalises (9.2), but whose precise form we are not yet
ready to describe precisely. We then say that the triple (5, n, F) forms a total
frequency representation of x.

In the previous paper [23] that treated the s = 3 case, such a representa-
tion was implicitly used via the description of degree-rank (2,2) nilcharacters
Xn as essentially being bracket quadratic phases e(ijl{ozh,jn}ﬁhﬂ-n) mod-
ulo lower order terms (and ignoring the issue of vector-valued smoothing for
now). In our current language, this would correspond to a dimension vector
D = (2J,0) and a horizontal frequency vector of the form

(ah,lw . wah,Jaﬁh,lv v 7/8h,J)7

and a certain vertical frequency 7 depending only on J that we are not yet
ready to describe explicitly here. Bracket-calculus identities such as (6.4) could
then be used to manipulate such a universal frequency representation into a
suitably “regularised” form.

In principle, one could also use bracket calculus to extract the symbol of
Xn in terms of frequencies such as oy, j and 3y, j for higher values of s. However,
as we are avoiding the use of bracket calculus machinery here, we will proceed
instead using the language of nilmanifolds and, in particular, by lifting the
nilmanifold G}, /Ty, up to a universal nilmanifold in order to obtain a suitable
space (independent of h) in which to detect relationships between frequencies
such as ay, j, B, ;. In some sense, this universal nilmanifold will play the role
that the unit circle T plays in Fourier analysis.
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We first define the notion of universal nilmanifold that we need.

Definition 9.1 (Universal nilmanifold). A dimension vector is a tuple

D=(Dy,...,Dy_q) e N°71

of standard natural numbers. Given a dimension vector, we define the universal
nilpotent group GP = GP<(=17+) of degree-rank (s—1,74) to be the Lie group
generated by formal generators e; ; for 1 <¢ < s—1and 1 < j < D;, subject
to the following constraints:

e Any (m — 1)-fold iterated commutator of e;, j,,..., €, 5, with i; +
oo+ 4y, > s 1S trivial.
e Any (m — 1)-fold iterated commutator of e;, j,,...,€i,, j, With i1 +
oo+ =8—1and m > r+ 1 is trivial.
We give this group a degree-rank filtration (G@,T))(dﬂn)eDR by defining

—

Gar) to be the Lie group generated by (m — 1)-fold iterated commutators of
it j1r- 1 Cimyjm With 1 <7 <s—1and 1 < j; < D;, for all 1 <1 < n for which
either ¢4y +--+ 414, > d, or i1 +---+1,, = d and m > r. It is not hard to verify
that this is indeed a filtration of degree-rank < (s — 1,74). We then let D be
the discrete group generated by the e;; with 1 <7< s—1and 1 <j < D;,
and we refer to GD / T'D as the universal nilmanifold with dimension vector D.

A universal vertical frequency at dimension vector D is a continuous ho-

momorphism 7 : Gg_l r) R that sends Fg_l vy O the integers (i.e., a
filtered homomorphism from G('Z_LT*)/F(’Z_LT*) to T).

Remark. One can give an explicit basis for this nilmanifold in terms of
certain iterated commutators of the e; ;, following [37], [39]. This can then be
used to relate nilcharacters to bracket polynomials, as in [37], and it is then
possible to develop enough of a “bracket calculus” to substitute for some of the
nilpotent algebra performed in this paper. However, we will not proceed by
such a route here (as it would make the paper even longer than it currently is)
and, in fact, will not need an explicit basis for universal nilmanifolds at all.

Ezample 9.2. The unit circle with the degree < d filtration (see Exam-
ple 4.3) is isomorphic to the universal nilmanifold G(©01.<(d1). thus, for
instance, the unit circle with the lower central series filtration is isomorphic
to G<(L1) A universal vertical frequency for any of these nilmanifolds is
essentially just a map of the form 7 : x — nx for some integer n.

Ezample 9.3. The Heisenberg group (6.1) (with the lower central series
filtration) is the universal nilpotent group G20) = §(20),<(22) of degree-rank
(2,2) (after identifying e;, ez with e;; and ej 2 respectively), and the Heisen-
berg nilmanifold G/T" is the corresponding universal nilmanifold G(>0) /T(2:0),
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If we reduce the degree-rank from (2,2) to (2,1), then the commutator [e1, es]

<21 collapses to the abelian Lie group R%2= G2<(L1)

now trivialises, and G(29):
with universal nilmanifold T?.

If, instead of the lower central series filtration, one gives the Heisenberg
group (6.1) the filtration used in Example 6.21 to model the sequence (6.9),
then this group is isomorphic to the universal nilpotent group G(:1):<(3:2) with
the two generators eq, ea of the Heisenberg group now being interpreted as eq 1

and ep 1 respectively.

Ezample 9.4. Consider the universal nilpotent group G(D1,D2,D3),<(3,3)

This group is generated by “degree 1”7 generators ei1,...,e1 p,, “degree 2”
generators e 1,...,€2 p,, and “degree 3” generators es1,...,e3 p,, with any
iterated commutator of total degree exceeding three vanishing (thus, for in-
stance, the degree 3 generators are central and the degree 2 generators com-
mute with each other). If one drops the degree-rank from (3, 3) to (3,2), then
all triple commutators of degree 1-generators, such as [[e} ;, €1 j], €1, now van-
ish, reducing the dimension of the nilpotent group. Dropping the degree-rank
further to (3,1) also eliminates the commutators of degree 1 and degree 2 gen-
erators (thus making the degree 2 generators central). Finally, dropping the
degree-rank to (3,0) eliminates the degree 3 generators completely, and indeed
G(D1.D2,D3),<(3.0) ig jsomorphic to G(P1:P2).<(2:2),

Ezample 9.5. The free s-step nilpotent group on D generators, in our
notation, becomes G(P:0,-:0),<(5:5)  We may thus view the universal nilpotent
groups GV <(dr) a9 generalisations of the free nilpotent groups, in which some
of the generators are allowed to be weighted to have degrees greater than 1,
and there is an additional rank parameter to cut down some of the top-order
behaviour.

It will be an easy matter to lift a nilcharacter x from a general degree-
rank < (s — 1,7,) nilmanifold G/T to a universal nilmanifold G” /T'P for some
sufficiently large dimension vector D (see Lemma 9.12 below). Once one does
so, we will need to extract the various “top order frequencies” present in that
nilcharacter. For instance, if s = 4 and x is (some vector-valued smoothing
of) the degree 3 phase

n i e({an}Bn® +yn® + on® + {en}un +vn +6),
then we will need to extract out the “degree 3” frequency ~, the “degree 2”
frequency (3, and the “degree 1”7 frequency «. (The remaining parameters
d, €, u, v, 60 only contribute to terms of degree strictly less than 3, and will not
need to be extracted.)

As it turns out, the degree i frequencies will most naturally live in the it
horizontal torus of the relevant universal nilmanifold; we now pause to define
these torii precisely. (These torii also implicitly appeared in [18, App. A].)
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Definition 9.6 (Horizontal Taylor coefficients). Let G = (G, (G(4,)) (d,r)eDR)
be a degree-rank-filtered nilpotent group. For every i > 0, define the i*" hori-
zontal space Horiz;(G) to be the abelian group

HOI‘iZi(G) = G(i,l)/G(i,2)v

with the convention that G4,y = G(gy1,0) if 7 > d (so in particular, G =

G2,0))-
For any polynomial map g € poly(Zy — Gy), we define the i horizontal
Taylor coefficient Taylor;(g) € Horiz;(G) to be the quantity
Taylor;(g) := 01 - - - 01g(n) mod G; 9

for any n € Z. Note that this map is well defined since 0; - - - 019 takes values
in G(;,1) and has first derivatives in G(;41,1) and hence in G(; o).
If I is a subgroup of G, we define
Horiz;(G/TI") := Horiz;(G) /Horiz;(T"),
and for a polynomial orbit
0 e pOly(ZN — (G/F)N) = pOly(ZN — GN)/poly(ZN — FN),
we define the i horizontal Taylor coefficient Taylor;(O) € Horiz;(G/T') to be
the quantity defined by
Taylor;(gI') := Taylor;(¢g) mod Horiz;(I")

for any g € poly(Zy — Gy); it is easy to see that this quantity is well defined.

These concepts extend to the ultralimit setting in the obvious manner;
thus, for instance, if O € *poly(Hy — (G/I')y), then Taylor;(O) is an element
to *Horiz;(G/T).

If G/T is a degree-rank filtered nilmanifold, it is easy to see that the
horizontal spaces Horiz;(G) are abelian Lie groups and that Horiz;(I") is a sub-
lattice of Horiz;(G), so Horiz;(G/T") is a torus, which we call the i*" horizontal
torus of G/T.

Remark. The above definition can be generalised by replacing the domain
Z with an arbitrary additive group H = (H,+). In that case, the Taylor
coefficient Taylor;(g) is not a single element of Horiz;(G), but is instead a map
Taylor;(g) : H' — Horiz;(G) defined by the formula

Taylor;(g)(h1, ..., hg) := Opy + - Ony,g(n) mod G 9

for hi,...,hx € H. Using Corollary B.7 we easily see that this map is sym-
metric and multilinear; thus, for instance, when H = Z, we have

Taylor;(g)(h1, . .., hg) = h1 - - - hyTaylor,(g).

However, we will not need this generalisation here.
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A further application of Corollary B.7 shows that the map g — Taylor;(g)
is a homomorphism. As a corollary, we see that any translate g(-+h) = (0n9)g
of g will have the same Taylor coefficients as g: Taylor;(g(- + h)) = Taylor,(g).

Ezample 9.7. Consider the unit circle G/T' = T with the degree < d fil-
tration (see Example 4.3). Then the d' horizontal torus is T and all other
horizontal tori are trivial. If «y, ..., aq € *R, then the map O :n+— ag+---+
agn® mod 1 is a polynomial orbit in *poly(Zy — Ty), and the d"* horizontal
Taylor coefficient is the quantity d!og mod 1 from *Z< to *T. (All other hori-
zontal Taylor coefficients are of course trivial.) Thus we see that the horizontal
coefficient captures most of the top order coefficient oy, but totally ignores all
lower order terms.

Ezample 9.8. Let G = G?1 = @21:<(2) be the universal nilpotent
group of degree-rank (2, 2). Thus G is generated by ej 1, €12, €2 1, with relations
[le1,1,e1,2],e14] = [e14,€21] =1 fori=1,2

and with the degree-rank filtration
Goo =Gao=Gany =G
G(2,0) = G(2,1) = ([61,1,81,2]762,1)]&
(ler1;e12l)r
and the lattice

I = F(2,2) — F(2,2)7<(2,1) = <6171’ 6172’ 6271>,

Let «, 8, € *R, and consider the orbit O € *poly(Zy — (G/I')y) defined by
the formula

O(n) := e’fffe?’geg?f;
this is polynomial by Example 4.4. Then
Taylor, (g) = d1g(n) mod "G s,0) = € €} , mod *G 5,
and
Taylory(g) = 6371 mod "G (3 9).-

Then Taylory(g(n)*T") = g(n)*T

Taylor; (¢T) = 6(11,1652 mod G 30)"T
and

Taylory(¢*T) = 6371 mod *G 2,91 (2,0)-

Ezample 9.9. Let G/I" be the Heisenberg nilmanifold (6.1) with the lower
central series filtration. Thus G/I is a degree < 2 nilmanifold, which can then
be viewed as a degree-rank < (2,2) nilmanifold by Example 6.11. The first
horizontal torus Horiz; (G/T) is isomorphic to the 2-torus T2, with generators
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given by ey, ea mod GoI'. The second horizontal torus Horizy(G/T) is trivial,
since G(21) = [G,G] is equal to G(g9) = G2. If O € *poly(Zny — (G/I')n)
is the polynomial orbit O : n — egn T, then the first Taylor coefficient is
the quantity («, 3). Note also that if one modified the polynomial orbit by a
further factor of [eq, 62]7"2”71“, this would not impact the Taylor coefficients
at all. Thus we see that the Taylor coefficients only capture the frequencies
associated to raw generators such as e; and ez, and not to commutators such
s [e1, ea].

Ezample 9.10. Now consider the Heisenberg group (6.1) with the filtra-
tion used in Example 6.21 to model the sequence (6.9). This is now a de-
gree < 3 nilmanifold, whose first horizontal torus Horiz;(G/I') is isomor-
phic to the one-torus T with generator ez mod G )I", whose second hor-
izontal torus Horize(G/I') is isomorphic to the one-torus T with generator
e1 mod G39)I'(2,1), and whose third horizontal torus Horizs(G/T') is trivial. If
O € *poly(Zy — (G/T)y) is the polynomial orbit O : n — egne?” *T", then the
first Taylor coefficient is the linear limit map n — Bn mod 1, and the second
Taylor coefficient is the quantity 2!la mod 1.

We now have enough notation to be able to formally assign frequencies to
a nilcharacter, by means of a package of data that we shall call a representation.

Definition 9.11 (Representation). Let x € L°°[N] be a nilcharacter of
degree-rank < (s —1,7,). A representation of x is a collection of the following
data:

(i) a filtered nilmanifold G/I" of degree-rank < (s — 1,74);
(ii) a filtered nilmanifold Go/ITy of degree-rank < (s — 1,7, — 1);
(iii) a function F € Lip(*(G/T x Go/T) — S¥);
)

(iv) polynomial orbits O € *poly(Zy — (G/I')y) and Oy € *poly(Zy —
(Go/To)n);
(v) a dimension vector D = (D, ..., Ds_ 1) e N L

(vi) a universal vertical frequency 7 : G( s—1,) — R at dimension D on
the universal nilmanifold GD / D of degree-rank (s — 1,7,);
(vii) a filtered homomorphism ¢ : GD/FD — G/T" (see Definition 6.15);
(viil) a horizontal frequency vector F = (& j)1<i<s—1;1<j<D; of frequencies
§i,j e *T
that obeys the following properties:
(i) For all n € [N], one has

(9-4) x(n) = F(O(n), Oo(n)).
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(ii) For every t € G(D;_l yall z e G/T, and zo € Go/T, one has

(9.5) F(o(t)z, z0) = e(n(t)) F(x, zo).

(iii) For every 1 <14 < s — 1, one has

D;
(9.6) Taylor;(O) = THoriz, (G/1) <¢(H efjf)) ,
=1

where oz, (/) : Gi — Horizi(G/T') is the projection map; observe
that the right-hand side is well defined even though &; ; is only defined
modulo 1.

We call the triplet (]j, F,n) a total frequency representation of the nilcharac-
ter x.

This is a rather complicated definition, and we now illustrate it with a
number of examples. We begin with the s = 2, r, = 1 case, taking x to be the
degree-rank (1,1) nilcharacter

x(n) := e(én+90)

for some £,6 € *R. Let D; > 1 be an integer, let F = (§1.1,...,&1,p,) €
*TP1 be a collection of frequencies, and let  : RP1 — R be the universal
vertical frequency n(z1,...,zp,) = a1x1 + -+ + ap,xp, for some integers
ai,...,ap, € Z. Then ((Dy),F,n) will be a total frequency representation of
xif& =a1&i 1+ - -+ap, &, p,. Indeed, in that case, one can take G/T' = T (with
the degree-rank < (1,1) filtration; see Example 6.12), G/T'y to be trivial, F’
equal to the exponential function (z, ()) = e(x), ¢ : TP — T to be the filtered
homomorphism

¢(r1,...,xp,) ;= a1x1 + -+ ap,Tp,,

and O € *poly(Zy — Ty) to be the orbit n +— &n + 6 mod 1. This should be
compared with (9.3) and the discussion at the start of the section.

For a slightly more complicated example, we take s = 3,r, = 1, and let
be the degree-rank (2, 1) nilcharacter

x(n) := e(an® 4+ Bn + ).

We let Dy > 1 be an integer, set Dy := 0, let F = ((), (&2,1,...,&2,p,)) €
*T0 % *TP2 be a collection of frequencies, and let n : RP2 — R be the universal
vertical frequency n(zi,...,xp,) = a1x1 + -+ + ap,xp, for some integers
ai,...,ap, € Z. Then ((0, D), F,n) will be a total frequency representation
of x if £ = a1é&en1 + -+ + ap,&2,p, (cf. (9.3)). Indeed, we can take G/I' = T
with the degree-rank < (2,1) filtration (see Example 6.12), Go/I'g = T with
the degree-rank < (1,1) filtration, the orbit

O(n) := (an?® mod 1, Bn + v mod 1)
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and F : G/T x Go/Tg — S* to be the function

F(z,y) := e(z)e(y),

and ¢ : TP2 — T to be the filtered homomorphism
¢(z1,...,xp,) ;= a1x1 + -+ +ap,Tp,.

Note how the lower order terms 3, + v in the phase of y are shunted off to
the lower degree-rank nilmanifold Gy/T'y and thus do not interact at all with
the data F,n. In this particular case, this shunting off was unnecessary, and
one could have easily folded these lower order terms into the dynamics of the
primary nilmanifold G/T'; but in the next example we give, the lower order
behaviour does genuinely need to be separated from the top order behaviour
by placing it in a separate nilmanifold.

We now turn to a genuinely non-abelian example of a universal represen-
tation. For this, we take s = 3, r. = 2, and let x be a degree-rank (2,2)
nilcharacter that is a suitable vector-valued smoothing of the bracket polyno-
mial phase

n— e({an}Bn + yn?).

We can express this nilcharacter as
\(n) = F(O(n), 0s(n)),
where O € *poly(Zy — (G/T")y) is the orbit
O(n) := egne‘lm

into the Heisenberg nilmanifold (6.1) (which we give the degree-rank < (2,2)
filtration), Oy € *poly(Zy — (G/T')y) is the orbit

Oo(n) := yn? mod 1

into the unit circle Go/I'g = T (which we give the degree-rank < (2,1) filtra-
tion; see Example 6.12), and F is a suitable vector-valued smoothing of the
map

(e1'ez[er, 22T, y) — e(t1a)e(y)
for t1,ta,t12 € Iy. By Example 9.9, we have Taylor; (O) = (o mod 1, mod 1)
and Taylory(O) is trivial.

Now let Dy >1 be an integer, set Dy := 0, and let F=((&1,1,...,&1,0,), ()
Dl’
2,2)

sal nilmanifold G(P1.0) = G(P1.0).<(22) i5 then the abelian Lie group generated
by the commutators [e; ;,e; ;] for 1<i<j<D;. Welet ai,...,ap,,b1,...,bp,

€ *TP1 x*TY be a collection of frequencies. The subgroup G E 9 of the univer-
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€ Z be integers, and let (b G (D1,0) /p(P10) 5 G/T be the filtered homomor-
phism that maps e;; to e}’ 62 fori=1,...,Dq, thus

Dy
(;5( H eiiz‘ H [e1,i, eLj}ttj I‘(Dl,o))

1<i<j<Dy

= (e%legi)ti H e}’ eg 761 62 /]t T
i=1 1<i<j<D1

D D .
_ 612:i:11 aitie;i:11 biti le1, e2]” ZiD:ll aibi (%)= biajtit;+> " (aibj—azbi)ti ; T,

where the last two summations are over 1 < ¢ < j < d. Let us now see what
conditions are required for ((D1,0),n, F) to be a total frequency representation
of x. Condition (9.6) becomes the constraints

Dy

Zazglzv B = Zb§1u

=1

while condition (9.5) becomes

(9.7) n(ler, er5]) = aibj — a;b;
for all 1 < ¢ < j < Dy, or equivalently

77( IT lews el,j]ti’j) = > (abj — ajbi)ti;.
1<i<j<Dy 1<i<j<Dy
Conversely, with these constraints we obtain a total frequency representation
of x by ((D1,0),n,F). This should be compared with the heuristic (9.3). (Note
from (6.4) that the top order component {an}Sn of x is morally anti-symmetric
in «, 8 modulo lower order terms, which is consistent with the anti-symmetry
observed in (9.7).) Note also that the term yn?, which has lesser degree-rank
than the top order term {an}fn, plays no role, due to it being shunted off
to the lower degree-rank nilmanifold Gy /T'y. If instead we placed this term as
part of the principal nilmanifold, then this would create a nontrivial second
Taylor coefficient Taylory(Q), which would then require a nonzero value of
D5 in order to recover a total frequency representation. Thus we see that in
order to neglect terms of lesser degree-rank (but equal degree) it is necessary
to create the secondary nilmanifold Gy/T'y as a sort of “junk nilmanifold” to
hold all such terms.

We make the easy remark that every nilcharacter y of degree-rank <
(s — 1,7,) has at least one representation.

LEMMA 9.12 (Existence of representation). Let x be a nilcharacter of
degree-rank (s — 1,7.) on [N]. Then there exists at least one total frequency
representation (D, F,n) of x.
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Proof. By definition, x = F o O for some degree-rank < (s — 1,7,) nil-
manifold G/T'; some O € *poly(Zy — (G/T')y), and some F € Lip(*(G/TI"))
with a vertical frequency. For each 1 <@ <s—1,let f;1,..., fip, be a basis
of generators for T';, and let D= (D1,...,Ds_1) be the associated dimension
vector. Then we have a filtered homomorphism ¢ : GD =5 G that maps e; ; to
fijforall1<i<s—1and 1< j<D; Itis easy to see that ¢ is surjective
from G? to G; for each ¢, and so the map 7o, (q/r) © ¢ is surjective from

G? to Horiz;(G/I'). It is now an easy matter to locate frequencies ; ; obeying
(9.6), and the vertical frequency property of F' can be pulled back via ¢ to give
(9.5). Setting Go/T'g to be trivial, we obtain the claim. O

To conclude this section, we now give some basic facts about total fre-
quency representations. These facts will not actually be used in this paper,
but may serve to consolidate one’s intuition about the nature of these repre-
sentations. We first observe some linearity in the vertical frequency 7.

LEMMA 9.13 (Linearity). Suppose x, X’ are two nilcharacters of degree-
rank (s — 1,r,) on [N] that have total frequency representations (D, F,n) and
(5, F,n') respectively. Then X has a total frequency representation (5, F,—n),
and x ® X' has a total frequency representation (5,.7:,77 +17).

Proof. This is a routine matter of chasing down the definitions, and noting
that nilmanifolds, polynomial orbits, etc. behave well with respect to direct
sums. O

LEMMA 9.14 (Triviality). Suppose that x is a nilcharacter of degree-rank
(s — 1,74) on [N] that has a total frequency representation (D, F,0). Then x

is a nilsequence of degree-rank < (s — 1,7, — 1) (i.e., [X]Symb](;gl”'”(w]) =0).

Proof. By construction, we have
x(n) = F(O(n), Op(n))
for some limit polynomial orbits O € *poly(Zy — (G/T')n), Op € *poly(Zy —
(Go/To)n) into filtered nilmanifolds G/T", Gy/Ty of degree-rank < (s — 1,7y)
and < (s — 1,7, — 1) respectively, where F' € Lip(*(G/T x Go/Ty) — S¢).
Furthermore, there exists a filtered homomorphism ¢ : GP /TP — G/T" such
that (9.6) holds and such that

(9.8) F(o(t)x,z0) = F(z, x0)

D
forall t € G(s—l,r*)'

Let T be the closure of the set {¢(t) mod I'(s_y,,) : t € G([Z—l,'r*)}; this
is a subtorus of the torus G(s_i,)/I'(s-1,,), and thus acts on G/T'. As F is
continuous and obeys the invariance (9.8), we see that F' is T-invariant; we
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may thus quotient out by T" and assume that T is trivial. In particular, ¢ now

D
(s—1,r4)"

We give G a new degree-rank filtration (G’(d r))(d,r)EDR (smaller than the

annihilates G

existing filtration (G(d,r))(d,r)EDR) by defining G/(d,r) to be the connected sub-
group of G generated by G(4,41) (recalling the convention G 4,) = G(441,0)
when r > d) together with the image gi)(G(D;’T)) of G(D:Lr)' It is easy to see that
this is still a filtration and that G/I' remains a filtered nilmanifold with this
filtration, but now the degree-rank is < (s — 1,7, — 1) rather than < (s —1, 7).
Furthermore, from (9.6) we see that O is still a polynomial orbit with respect to
this new filtration. As such, x is a nilsequence of degree-rank < (s — 1,7, — 1),
as required. O

Combining the above two lemmas we obtain the following corollary.

COROLLARY 9.15 (Representation determines symbol). Suppose that x, x’
are two nilcharacters of degree-rank (s—1,7,) on [N] that have a common total
frequency representation (5,]—", n). Then x, X' are equivalent. In other words,
the symbol [X]=z(s—1.ro(v) depends only on (5,}', n).

Note that the above results are consistent with the heuristic (9.3).

10. Linear independence and the sunflower lemma

A basic fact of linear algebra is that every finitely generated vector space
is finite-dimensional. In particular, if v1,...,v; are a finite collection of vectors
in a vector space V over a field k, then there exists a finite linearly independent
set of vectors v/, ..., v}, in V such that each of the vectors vy, ..., v is a linear
combination (over k) of the vj,...,v;,. Indeed, one can take v},...,v} to
be a set of vectors generating vy,...,v; for which [’ is minimal, since any
linear relation amongst the v, ..., v, can be used to decrease® the “rank” I’,
contradicting minimality (cf. the proof of classical Steinitz exchange lemma in
linear algebra).

We will need analogues of this type of fact for frequencies &1, ...,& in the
limit unit circle *T. However, this space is not a vector space over a field, but
is merely a module over a commutative ring Z. As such, the direct analogue

5Indeed, one can recast this argument as a rank reduction argument instead of a minimal
rank argument, for the same reason that the principle of infinite descent is logically equiva-
lent to the well-ordering principle. In this infinitary (ultralimit) setting, there is very little
distinction between the two approaches, although the minimality approach allows for slightly
more compact notation and proofs. But in the finitary setting, it becomes significantly more
difficult to implement the minimality approach, and the rank reduction approach becomes
preferable. See [23] for finitary “rank reduction” style arguments analogous to those given
here.
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of the above statement fails; indeed, any standard rational in *T, such as

% mod 1, clearly cannot be represented as a linear combination (over Z) of a
finite collection of frequencies in *T that are linearly independent over Z.
However, the standard rationals are the only obstruction to the above

statement being true. More precisely, we have

LEMMA 10.1 (Baby regularity lemma). Let [ € N, and let &,...,§€*T.
Then there exists I',1" € N and &}, ...,§,,&(,...,&§ € *T such that &, ..., &,

are linearly independent over Z (i.e., there exist no standard integers aq, . .., ay,
not all zero, such that a1§) + --- + ap€, = 0), each of the &' are rational
(i.e., they live in Q mod 1), and each of the &1, ..., & are linear combinations

(over Z) of the &, ..., &, &, ..., &

Proof. Fix [,&1,...,&. Define a partial solution to be a collection of ob-
jects U 17, &5, ..., &), &1, . .. &)l satisfying all of the required properties, except
possibly for the linear independence of the &,...,&,. Clearly at least one
partial solution exists, since one can take I’ := 1, I” := 0, and &} := ¢; for all
1 <4<l Nowlet I',1,"&,...,&,,&(,...,&) be a partial solution for which
!’ is minimal. We claim that &, ..., &} is linearly independent over Z, which
will give the lemma. To see this, suppose for contradiction that there existed
ai,...,ay € Z, not all zero, such that a1&] + - - + ar&, = 0. Without loss of
generality we may assume that a; is nonzero. For each 2 < j < I/, let ég e*T

be such that a1§~§- = £i. We then have

l/

a
§/1=—Zafi£§+qmod1
j=2

for some standard rational ¢ € Q. If we then replace &/, ..., & by ég, ... ,§~l'/

(decrementing I’ to I’ — 1) and append ¢ to &7, ..., &), then we obtain a new
partial solution with a smaller value of I’, contradicting minimality. The claim
follows. ([l

This lemma is too simplistic for our applications, and we will need to
modify it in a number of ways. The first is to introduce an error term.

Definition 10.2 (Linear independence). Let € > 0 be a limit real, and let
I € N. A set of frequencies &1,...,& € *T is said to be independent modulo
O(e) if there do not exist any collection ai,...,a; € Z of standard integers,
not all zero, for which

a1+ -+ @& = O(e) mod 1.

(Thus, for instance, the empty set (with k£ = 0) is trivially independent modulo
O(¢e).) Equivalently, &1, ..., & are linearly independent over Z after quotienting
out by the subgroup R mod 1.
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This definition is only nontrivial when ¢ is an infinitesimal (i.e., € = o(1)).
In practice, ¢ will be a negative power of the unbounded integer V.
We have the following variant of Lemma 10.1.

LEMMA 10.3 (Regularising one collection of frequencies). Let | € N, let
£1,...,§ €*T, and let € > 0 be a limit real. Then there exist I',1, 1" € N and

&, & & e T
such that &, ..., &, are linearly independent modulo O(g), each of the & are
rational, each of the £ are O(g), and each of the &1,...,& are linear combi-
nations (over Z) of the &,..., &, &, ..., &, & ... &

One can view Lemma 10.1 as the degenerate case ¢ = 0 of the above
lemma.

Proof. We repeat the proof of Lemma 10.1. Define a partial solution to
be a collection of objects I',1,” 1", &1, ..., &, &, ..., &0, &, ..., & obeying all
the required properties except possibly for the linear 1ndependence property.
Again it is clear that at least one partial solution exists, so we may find a partial
solution for which !’ is minimal. We claim that this is a complete solution. For
if this is not the case, we have

@&+ +apgh = 0(c) mod 1

for some aq,...,ay € Z, not all zero. Again, we may assume that a; # 0. We
again select 52, . ,51, € *T with a1§’ = ¢} for all 2 < j < I, and we observe
that

Z §] 4+ g+ smod 1

j= 2
for some standard rational ¢ € Q and some s = O(g). If we then replace
€,...,& by &,...,&, and append q and s to &,..., &), and &, ... &N re-
spectively, we contradict minimality, and the claim follows. O

This lemma is still far too simplistic for our needs, because we will not be
needing to regularise just one collection &1, ..., & of frequencies, but a whole
family &1, . . ., §py of frequencies, where h ranges over a parameter set H. Such
frequencies can exhibit a range of behaviour in h; at one extreme, they might
be completely independent of A, while at the other extreme, the frequencies
may vary substantially as h does. It turns out that in some sense, the general
case is a combination of these extreme cases.

In this direction we have the following stronger version of Lemma 10.3.

LEMMA 10.4 (Regularising many collections of frequencies). Let | € N,
let € > 0 be a limit real, let H be a limit finite set, and for each h € H, let
Ehis---1&ny be frequencies in *T that depend in a limit fashion on h. Then
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there exist a dense subset H' of H, standard natural numbers, 1,,1',1”,1" € N,
“core” frequencies &1, ..., &l EL REEEE ,§l// *T, and “petal” frequencies

5;%17 s 7§h,l” ;{flﬂ s 7€h I E
for each h € H' depending in a limit fashion on h, and obeying the following
properties:

(i) (Independence). For almost all triples (hi,ha,h3) € (H')3 (i.e., for
all but o(|H'|?) such triples), the frequencies

5*,17 s 75*,1*75;11717 s 75;1,17[/’ 5;12717 s 76;12]7 ‘5;13,17 s 7‘5;13,l’
are linearly independent modulo O(g).
(ii) (Rationality). For each 1 < j <", &/ ; is a standard rational.
(iii) (Smallness). For each h € H’ and 1< <", g =0().
(iv) (Representation). For each h € H', the &, 1, ... >§h7l are linear combi-
nations over Z of the frequencies
f*,la o 75*,l*a£;z,17 o aéﬁj’a ;/717 sy Ox l”aé%llv e 75;{:1”"

Note that Lemma 10.4 collapses to Lemma 10.3 if H is a singleton set.

Proof. We again use the usual argument. Define a partial solution to be
a collection of objects H', L., I',1{,I'," & 5, &}, 5, € ;. "5 obeying all the required
properties except possibly for the independence property. Again, at least one
partial solution exists, since we may take H' := H, [, :=1":=1":=0,1' :=,
and 5;-7,1 = &jp forall h € H and 1 < j < [. We may thus select a partial
solution for which /' is minimal; and among all such partial solutions with /’
minimal, we choose a solution with [, minimal for fixed I’ (i.e., we minimise
with respect to the lexicographical ordering on I’ and I,). We claim that this
doubly minimal solution obeys the independence property, which would give
the claim.

Suppose the independence property fails. Carefully negating the quanti-
fiers and using Lemma A.9, we conclude that there exist standard integers a. ;
for 1 < j <l and a jfori=1,23and 1< < !/, not all zero, such that one
has the relatlon

l/
1€t + o a Eer + YD ag &, ;= O(e) mod 1
i=1j=1
for many triples (h1, ha, h3) € (H’)3
Suppose first that all of the a ; vanish, so that we have a linear relation
ax1&en + 0 F a*,l*f*J* =0O(e) mod 1

that only involves core frequencies. Then the situation is basically the same
as that of Lemma 10.3; without loss of generality we may take a, i # 0, and if
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we then choose 5*,2, . ,5*71* so that a*,lém = &, then we can rewrite
l/
fug = — Z ax ;& + g+ s mod 1
j=2

for some ¢ € Q and s = O(e), and one can then replace the &, 1,...,&, with
&425 -+, & 1, (decrementing I, by 1) and append ¢ and s to each of the collec-
tions §, 1,..., & and &'y, . .., §"pn vespectively for each h € H, contradicting
minimality.

Now suppose that not all of the ag-J- vanish; without loss of generality we

may assume that a’m is nonzero. By the pigeonhole principle, we can find
ho, hs € H' such that

3 U
TS A NS RE Z Z afi,jf;zi,j = O(g) mod 1
i=1j=1
for all A7 in a dense subset H” of H'. Now let §*7j € *T for 1 < j < Iy and
£, € T for h € H', 1 < j <" be such that aj 1§ = &y and ay 1§, =&, ..
Then we have
4 ~ L B 3 U ~
St = = 2 08y = D Gegbes = D0 D iRyt hy + sn mod O(1)

j=2 j=1 i=2 j=1
for some standard rational g5, and some sp, = O(e). Furthermore, one can
easily ensure that gy, , sp, depend in a limit fashion on h;. By Lemma A.9 (and
refining H') we may assume that g,, = ¢. is independent of h;. We may thus
replace H' by H” and replace &}, ..., &,y by &, 5, ..., &}, (decrementing ' by
1), while appending ¢. and s, to §/y,..., & n and &', ..., & respectively,
and replaCing €*,17 s 7§*,l* by 5*717 s 76*,[»; ) 522717 s 7£h2,l’7 523717 s 7§h3,l’ (il’l—
crementing [, as necessary). This contradicts the minimality of the partial
solution, and the claim follows. O

This is still too simplistic for our applications, as the independence hypoth-
esis on triples (hi, he, hs) will not quite be strong enough to give everything
we need. Ideally, (in view of Proposition 7.3) we would like to have inde-
pendence of the &1, ..+, &ty §yy 15+ - -5 &gy, v fOr almost all additive quadruples
hi+ ho = hg + hy in H'. Unfortunately, this need not be the case; indeed,
if the original & ; are linear in h, say &,; = a;h for some o; € *T and all
1 <4< U, then we have &, i + &nyi = Engi + Ehy,i for all additive quadruples
hi+hy = hs3 +hg in H and all 1 < i < I, and as a consequence it is not
possible to obtain a decomposition as in Lemma 10.4 with the stronger inde-
pendence property mentioned above. A similar obstruction occurs if the &, ;
are bracket-linear in h; for instance, if &, ; = {a;h}B; mod 1 for some a; € *T
and f; € *R.
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Using tools from additive combinatorics, we can show that bracket-linear
frequencies are the only obstructions to independence on additive quadruples.
More precisely, we have

LEMMA 10.5. Letl € N, let € > 0 be a limit real, let H be a dense limit
subset of [[N]], and for each h € H, let &y, ..., &n, be frequencies in *T that
depend in a limit fashion on h. Then there exists a dense subset H' of H,
standard natural numbers, L., I ;1" 1" € N, “core” frequencies

5*,17"'75*[*7 *1,"'75*[” G

and “petal” frequencies

Ents s Ehar &t s EnmEnty s Eppm €

for each h € H' depending in a limit fashion on h, obeying the following
properties:

(i) (Independence). For almost all additive quadruples hy + ha = hs + hy
in H' (i.e., for all but o(|H'|3) such quadruples) the frequencies &, for
1<j<h, &,  fori=1,234and1<j<U, and §Y, fori=1,2,3
and 1 < 7 <1 are jointly linearly independent modulo O( ).

(ii) (Rationality). For each 1 < j <, £/, is a standard rational.

(iii) (Smallness). For each h € H' and 1 <g <&l =0(e).

(iv) (Bracket-linearity). For each 1 < j < 1", there exist aj € *T and 5; € *R
such that §" = {a;h}B; mod 1 for all h € H'. Furthermore, the map
h = & is a Freiman homomorphism on H'. (See Section 3 for the
deﬁnition of a Freiman homomorphism).

(v) (Representation). For each h € H', the &1, ..,&p,; are linear combina-
tions over Z of the frequencies

/ " 7 " 111" 1"
g*,]-""75*,l*7€h,17"‘7£hl7 *1,..., PRZZXY S EREREEEY N ZEXS % ERERPEY W ZZE

Proof. As usual, we define a partial solution to be a collection of objects
H LU UL U &, &, obeying all of the required properties except
possibly for the independence property. Again, there is clearly at least one
partial solution, so we select a partial solution with a minimal value of ',
and then (for fixed ') a minimal value of {””, and then (for fixed I,I"") a
minimal value of [,. We claim that this partial solution obeys the independence
property, which will give the lemma.

Suppose for contradiction that this were not the case; then by Lemma A.9,
there exist standard integers a, ; for 1 < 7 < Uy, a;’j for 1 < 7 <€ 4 and

1<j<l;and af; for 1 <i<3and 1 <7 <", not all zero, such that
3 l///
Za*dg*d + ZZG i€hig + ZZ i&hey = O(€) mod 1
i=17j=1 i=17=1

for many addltwe quadruples hy + hy = hg + hy in H'.
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//I/

Suppose first that all the a ; and a;; vanished. Then we have a relation

s
Za*7j£*7j =0O(e) mod 1

=1

that only involves core frequencies; arguing as in Lemma 10.4 we can thus find
another partial solution with a smaller value of [, (and the same value of /',
"), contradicting minimality.

Next, suppose that the a; ; all vanished, but the @;”j did not all vanish.
Then we have a relation

3 l/l//

(10.1) Za*,jgw +> ) alig” = O(e) mod 1

i=1j5=1

for many triples hq, ho, hs in H'.

Without loss of generality let us suppose that a’l”’l is nonzero. By the
pigeonhole principle, we may find hg, hg € H' such that (10.1) holds for all hy
in a dense subset H” of H'. As in previous arguments, we then find é*,j e*T
such that a”” f* j =& ] for each 1 < j < 4, and we also find ﬁNj € *R such that

al’y BJ ﬁj for all 1 < j <", If we then set 5"” = {ozjh}ﬁj for each h € H'

and 1< 5 <1", then ””f”” £, and so for any hy € H', we have

l///l l///l

//// nmm //// T
Shia = Zawfw S, — 33 oG+ an -+, mod 1

j=2 =2 j=1

for some standard rational gj, and some s;, = O(¢), both depending on a limit
fashion on h;. By refining H' if necessary (and using the bracket-linear nature
of the f”” ) we may assume that the map h — 5’”’ is a Freiman homomorphism
on H', and by Lemma A.9 we may make g, = ¢, independent of h;. If we
then argue as in the proof of Lemma 10.4, we may find a new partial solution
with a smaller value of I’ and the same value of I, contradicting minimality.

Finally, suppose that the a;j did not all vanish. Using the Freiman ho-
momorphism property to permute the ¢ indices if necessary, we may assume
that ajy; does not vanish. We then have

E1(h1) + Z2(h2) + E3(h3) + Z4(ha) = O(e)

for many additive quadruples hy+hs = hg+hy in H', where the limit functions
Z; : H — *T are defined by

l////

Za,]gh]_"_z //// l/// modl
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fori=1,2,3 and h € H, and

L« U
Z4(h) = Za*’jfw + Z aﬁljjfﬁm mod 1.
j=1 j=1

We can use this additive structure to “solve” for =4, using a result from additive
combinatorics, which we present here as Lemma F.1. Applying this lemma,
we can then find a dense limit subset H' of H, a standard integer K, and
frequencies o), ..., o/, 8 € *T and 3], ..., 8% € *R such that

K
Z4(h) = Z{afch}ﬁfc + 4+ 0(e) mod 1
k=1

and thus

K L l/
ay1€p1 = Z{a;h}ﬁg +4— Z s j€xj + Z ay ;& ; + O(e) mod 1
P = =2
for all h € H'.
As usual, we now find f € *R for 1 < k < K, §; € *R for 1 < j < 1",
6 € Tand &, for 1 < j < I, such that a8 = B, a1 8 = B, a},6 =, and
aﬁlylé*vj = &,j. We then set §~,’U := {a;h}B; mod 1, and we conclude that

K L 1
Eha = Z:{oz}fh}ﬁl’C +0— Z sy & + Z ay ;& + qn + sp mod 1
k=1 j=1 =2

for all h € H', where g, € Q and s, = O(e) depend in a limit fashion on h.
By refining H' we may take ¢, = ¢, independent of h.

We can then use relation to build a new partial solution that decreases I’
by 1, at the expense of enlarging the other dimensions ., 1,” I’ I"" (and also
refining H to H'), again contradicting minimality, and the claim follows. [

We now apply the above lemma to the language of horizontal frequency
vectors introduced in the previous section. We need some definitions.

Definition 10.6 (Properties of horizontal frequency vectors). Let

F = (&G jh<ics—11<i<p; and F' = (& ) 1<ics151<j<D!

be horizontal frequency vectors.
e We say that F is independent if, for each 1 < i < d, the tuple (& ;)1<j<p;
is independent modulo O(N ).
o We say that F is rational if all the &; ; are standard rationals.

e We say that F is small if one has & ; = O(N~) for all 1 <i < s—1 and
1<j<D,.
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o We define the disjoint union FWF' = (§;)1<i<s—1;1<i<D; +p; by declaring
5 to equal &; ; if 7 < D; and §i7j_Di if D <j< D;+D. This is clearly a
horlzontal frequency vector with dimensions (D; + D/1> o, Ds 1+ D; 1)

e We say that F is represented by F' if forevery 1 < i < s—land1 < j < Dy,
&ij is a standard integer linear combination of the 51.7 J for 1 < j/ < Dl

LEMMA 10.7 (Sunflower lemma). Let H be a dense subset of [[N]], and
let (Fn)nem be a family of horizontal frequency vectors depending in a limit
fashion on h, whose dimension vector D= Dh s independent of h. Then we
can find the following objects:

e a dense subset H’ of H;
e dimension vectors D, = D, jnd +D, rat and D = Dlln —I—Dmd D!, which

sml’
s—1 s—1
we write as D, = (Dyi)iZy, D*,md = (Dyjindi)i—q, €tc;
e ¢ core horizontal frequency vector F, = (5*7173)1<1<5_171<]‘<D*“
partitioned as Fy = Fyind ¥ Firat, with the indicated dimension vectors
D! . D!

ind» “rat’
e a petal horizontal frequency vector F; = (f;”j)1<i<5_1.1<j<pz, which is
30y X 1ERJ X 7

which 1s

partitioned as Fj, = Fj 15, W Fp 1 q W F, smly which is a limit function of h,
Déml

and with the indicated dimension vectors Dhn’ Dmd,

that obey the following properties:

e Forallh € H', F ., are small.

® Firat 18 rational.

o For every 1 < i < dand 1l < j < nghn, there exists o;; € *T and
Bij € *R such that (10.2) holds for all h € H', and furthermore that the
map h f;tm is a Freiman homomorphism on H'.

e For all h € H, Fy, is represented by F, U F},

e (Independence property). For almost all additive quadruples (hy, ho, hs, hy)

m H,
*mdUU*’rh 1ndUU‘Fh lin

=1 =1
1s independent.

Proof. Write Fp, = (&.4,5)1<i<s—1:1<j<D;- For each 1 <i < s — 1 in turn,
apply Lemma 10.5 to the collections (€41, ...,&nin;)henr and € = O(N ™),
refining H once for each ¢. The claim then follows by relabeling. (]

To apply this lemma to families of nilcharacters, we will need two addi-
tional lemmas.

LEMMA 10.8 (Change of basis). Suppose x € _(S 17q*)([N]) is a degree-
rank (s—1,r,) nilcharacter with a total frequency representation (D, F,n), and
suppose that F is represented by another horizontal frequency vector F' with
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a dimension vector D'. Then there exists a vertical frequency 1’ : G?_/l - R
such that x has a total frequency representation (D', F',n).

Proof. By hypothesis, each element ¢; ; of F can be expressed as a stan-
dard linear combination §; ; = ZjD,izl CZ-JJ@’-J/ of elements f;’j, of 7' of the
same degree, where ¢; ; s € Z.

Now let 1!1 GD " — GP be the unique filtered homomorphism that maps

e; i to H] 1 ZZJJ 7', (This can be viewed as an “adjoint” of the representation

of F by F'.) By hypothesis, y has a representation x(n) = F(O(n), Oy(n)) of
X with

TaleI'i(O) = THoriz;(G/T") ( H 651 J)

for some filtered homomorphism ¢ : GP - G. A brief calculation shows that
the right-hand side can also be expressed as

D,

THoriz;(G/T) po < H (eéyj)§2»j>

J=1

As pop: GP' 5 G is a filtered homomorphism, and 7o : G — R is

a vertical frequency, we obtain the claim.

(s—1,r4)

LEMMA 10.9. Let F be a horizontal frequency vector of dimension D of
the form

‘F:fratwfsmlwf”

where Fyat is rational and Fey is small, and F' has dimension D'. Suppose
that x € _(8 1T*)([N]) is a nilcharacter with a total frequency representation
(D, F,n). Then there exists a vertical frequency n' : G2 1 - R such that x has
total frequency (D/,]-'//M,n ) for some standard integer M >

Remark. This lemma crucially relies on the hypothesis s > 3, as it makes
the (degree 1) contributions of rational and small frequencies to be of lower
order. Because of this, the inverse conjecture for s > 2 is in a very slight way a
little bit simpler than the s < 2 theory, though it is of course more complicated
in many other ways.

Proof. By induction we may assume that F is formed from F’ by adding
a single frequency &, Diy s which is either rational or small.

Let us first suppose that we are adding a single frequency that is not just
rational, but is in fact an integer. Then if x(n) = F(g(n)*T, go(n)*T) is a
nilcharacter with a total frequency representation (l_j, F,n), we have a filtered
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homomorphism ¢ : GP / N2 /T such that

D;
g9i = [[ #(ei)% mod Gy
j=1
for all 1 <7 < s — 1, where g; are the Taylor coefficients of g. Specialising to
the degree i9p and using the integer nature of &, D;,» We have

Jip = g£07io7
where +;, is an element of I';;, and

D;-1

g; = H ¢(ei7j)£ivf mod G(i,l)‘
7j=1

From this and the Baker-Campbell-Hausdorff formula (3.2), we can write

gln) =4¢ (n)'yi((jo), where ¢’ is a polynomial sequence with a horizontal fre-

quency representation (D” @'\ F'), where D' is D with D;, decremented by one,
and ¢’ is the restriction of ¢ to the subnilmanifold Gf)//Ff)/. Since g(n)*I' =
¢'(n)*T, we see that x has a total frequency representation (D', F', 1), where
7' is the restriction of 7 : Gg—l,r*) — R to Ggl_l’r*). This gives the claim in
this case (with M = 1).

Now suppose that &, p,, is merely rational rather than integer. Then
we can argue as before, except that now +;, is a rational element of Gj,, so
that /7" € T, for some standard positive integer m. As such, there exists a

standard positive integer ¢ such that ,yz(go) mod *I" is periodic with period gq.
As a consequence, there exists a bounded index subgroup I'” of T" such that the
point
iy ) )
g (n)v,’°" mod *T’

20

in G/T" can be expressed as a Lipschitz function of
g'(n) mod *T’

and of the quantity n/q mod 1. Repeating the previous arguments, we thus
obtain a total frequency representation (D" ,F', 1) for some 7/, and some F’
whose coefficients are rational combinations of those of F’; note that the n/q
dependence can be easily absorbed into the lower order term G /T’y since s > 3.
The claim then follows from Lemma 10.8.

Finally, suppose that &;,, D, 18 small rather than rational. Then we can
write

— o
gio — Clogiov
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where g; is as before and ¢;, € Gj, is at a distance O(N ~i) from the origin.
(i)
g(n) =c;,”"g'(n),

where ¢’ is a polynomial sequence with horizontal frequency representation

(D', ¢, F').

We can thus write

n

On [N], the sequence cz-éo can be expressed as a bounded Lipschitz function
of n/2N mod 1. As a consequence, we can write x in the form

x(n) = F'(g'(n)'T, go(n)*To,n/2N mod 1)
for some F’ € Lip(*(G/T x G¢/Ty x T)). As s > 3, the final term T can be

absorbed into the degree-rank < (s — 1,7, — 1) nilmanifold Gy/T'y, and the
claim follows (with M = 1). O

Finally, we can state the main result of this section.

LEMMA 10.10 (Sunflower lemma). Let H be a dense subset of [[N]], and
—(s—1,r4

let (xn)hen be a family of nilcharacters xp, € Zpr " 7 ([N]) depending in a
limit fashion on H. Then we can find

(i) a dense subset H' of H;

(ii) dimension vectors D, and D' = Dy + Di 4, which we write as D, =
s—1 7y _ ns—1 7y _ / s—=1 Py _ / s—1.
(Ds)izi, D' = (D})iZ1s Diiy = (Diin )izt > Ding = (Dipa )izt
(ili) a core horizontal frequency vector Fy = (&« j)1<i<d:;1<j<D. .
(iv) a petal horizontal frequency vector F; = ({;”‘j)lgigd-1<j<l)/_, which is
2 SIS
partitioned as F, = ,’L’lin W }",’lyind, which is a limit function of h, where

!
lin»

— R with dimension vector D, + D'

y , . _ g = .
hiins Fhind Nave dimensions Dy, D g respectively;

D.+D’

(s—1,r4)

that obey the following properties:

(i) (Fhyn is bracket-linear). For every 1 < i < dand1<j <D
exist a; ; € *T and B; ; € *R such that

(102) g;m-’j = {Oéiﬂ'h},@i,j mod 1
for all h € H' and, furthermore, that the map h — &, ;. is a Freiman

homomorphism on H'.
(ii) (Independence). For almost all additive quadruples (hy,ha, hs, hg) in H,

(v) a vertical frequency n : G

! ins there

4 3
Feind W Lﬂ Fhiind L‘H Fhi tin
i=1 i=1
1s independent.
(iii) (Representation). For all h € H', x5, has a total frequency representation
(D, + D', F. U F,,n).
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Proof. Each yj, thus has a total frequency representation (ﬁh,fh,nh).
The space of representations is a o-limit set, so by Lemma A.11 we may assume
that (Dp, Fp,mn) depends in a limit fashion on A.

The number of possible dimension vectors is countable. Applying Lemma
A.9, and passing from H to a dense subset, we may assume that D= 13h is
independent of h.

We then apply Lemma 10.7 to the (.Fh)heH, obtammg a dense subset H’
of H, dimension vectors D, = D, ind + D, rat and D = Dln + D{nd + Dsmlv
a core horizontal frequency vector Fy = Find W Fx rat, and petal horizontal
frequency vectors Fj = Fj o, & F 1 q Wy o for each h € H' with the stated
properties.

Applying Lemma 10.8, we see that for each h € H’, xj, has a total fre-
quency representation

(D, + D', F. W F}, 1)

for some vertical frequency ;. Applying Lemma 10.9, we conclude that xj
has a total frequency representation

A _/ =9 / / 7
(Dsind + Drip + Diyas Feind W F jin W Fh ind> M)

for some vertical frequency ;. The number of vertical frequencies 7, is count-
able, so by Lemma A.9 we may assume that n = 7/ is also independent of h.
The claim then follows. O

11. Obtaining bracket-linear behaviour

We return now to the task of proving Theorem 7.2. To recall the situation
thus far, we are given a two-dimensional nilcharacter x € _1(\/1[5&11)(*22) and
a family of degree-rank (s — 1,r,) nilcharacters (xn)neny depending in a limit
fashion on a parameter h in a dense subset H of [[/V]], with the property that
there is a function f € L*°[N] such that x(h, ) ® xn (s — 2)-correlates with
f for all h € H. Using Proposition 7.3 to eliminate f and y, and refining
H to a dense subset if necessary, we conclude that the nilcharacter (7.2) is
(s —2)-biased for many additive quadruples hy + he = hg + hg in H. We make
the simple but important remark that this conclusion is “hereditary” in the
sense that it continues to hold if we replace H with an arbitrary dense subset
H' of H, since the hypothesis of Proposition 7.3 clearly restricts from H to H’
in this fashion.

Next, we apply Lemma 10.10 to obtain a dense refinement H' on H for
which the xj have a frequency representation involving various types of fre-
quencies: a core set of frequencies Fy, a bracket-linear family (]-',’%hn)he g of
petal frequencies, and an independent family (]—"}’L,ind) ner of petal frequencies.
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The main result of this section uses the bias of (7.2), combined with the
quantitative equidistribution theory on nilmanifolds (as reviewed in Appen-
dix D) to obtain an important milestone towards establishing Theorem 7.2,
namely that the independent petal frequencies ]:,’L’ind do not actually have
any influence on the top-order behaviour of the nilcharacters x; and that the
bracket-linear frequencies only influence this top-order behaviour in a linear
fashion. For this, we use an argument of Furstenberg and Weiss [11] that was
also used in the predecessor [23] to this paper. See [22] for another, somewhat
simplified, exposition of this argument.

We begin by formally stating the result we will prove in this section.

THEOREM 11.1 (No petal-petal or regular terms). Let f, H, x, (xn)nem be
as in Theorem 7.2, and let H', Dy, D', Dy, D}, g, Fiy Fiys Fpjins Fhinas 1 e as in
Lemma 10.10. Let we GP<+tP" be an r,—1-fold commutator Of €1 jis v Ciry v s
where 1 <iy,...,0, <s—1, 491+ - +i,, =s—1, and 1 < j; < D,y —|—D§l
for all I with 1 <1 < ry.

(i) (No petal-petal terms). If j; > D, ;, for at least two values of I, then

n(w) = 0.

(ii) (No regular terms). If j; > Dy, + D{in’il for at least one value of [,
then n(w) = 0.

(iii) (No petal-petal terms). If ji > Dy, for at least two values of I, then
n(w) = 0.

(iv) (No regular terms). If j; > Dy ; + D{inm for at least one value of 1,
then n(w) = 0.

The remainder of this section is devoted to the proof of Theorem 11.1.

Let the notation and assumptions be as in the above theorem. From
Proposition 7.3 we know that, for many additive quadruples (hq, ha, h3, hg) in
H', the sequence (7.2) is (s — 2)-biased. Also, from Lemma 10.10, we see that
for almost all of these quadruples, the horizontal frequency vectors

4
(11.1) Feind W H Froina® | Faotin
=1 i=a,b,c

are independent for all distinct a,b,c € {1,2,3,4}. We may therefore find
an additive quadruple (hy, ho, hs, ha) for which (7.2) is (s — 2)-biased, and for
which (11.1) is independent for all choices of distinct a, b, c € {1,2,3,4}.

Fix (h1, he, hs, hy) with these properties. We convert the above informa-
tion to a nonequidistribution result concerning a polynomial orbit.

For each i = 1,2,3,4, we see from Lemma 10.10 that xj, has a total
frequency representation

(Dy+ D', F, & Fh,m)-
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We write
Fu W Fp,, = (Enyjik)1<j<s—151<k<D;»
where
D; =D, ; + Dj;

thus the frequencies associated to Fy, ,’li’md, ]-',’Zi’hn correspond to the ranges

1<k<Dyj, Dij<k< D*,J""Dilnd,y and D*,j"‘Dilnd,j < k < Dj respectively.
As (7.2) is (s — 2)-biased, we conclude that

(11.2)

IEne[nXhi (R) @ Xhy (R4 h1 — ha) @ Xz (1) @ Xy (1 + A1 — ha)¥ny ho by by (R)] > 1

for some degree < (s—2) nilsequence ¥y, hy by by, Where xp, is defined to be zero
outside of [N]. As any cutoff to an interval can be approximated to arbitrary
standard accuracy by a degree 1 nilsequence, and s > 3, we see that the same
claim holds if y; is instead extended to be a nilsequence on all of *Z.

From Definition 6.1 and the total frequency representation of the xj,,
we can rewrite the sequence inside the expectation of (11.2) as a degree-rank
< (s — 1,7,) nilsequence n — F(O(n)). Here G/T is the product nilmanifold®

4
G/T = (H Gm/F(i)) x G(0)/T(0)
=1

for some filtered nilmanifold G(g)/T(g) of degree-rank < (s — 1,7, — 1) and
filtered nilmanifolds G ;)/T';) of degree-rank < (s —1,7y) for i = 1,2,3,4. The
orbit O is defined by

0= (Ola (927 037 047 OO) € *pOIY(ZN — (G/F)N)

where, for each 7,7 with 1 <i<4and 1 <j <s—1, we have

Ehyody
(11.3) Taylor;(O:)) = THoriz; (Gy /T (i) ¢(i)( IT <% ]k>

1<k<D;

where D := (Dy,...,Ds 1), OK GDﬂ/I‘]j — G)/T ;) is a filtered homomor-
phism and THoriz; (G i) /Ts)) ° (G(3)); — Horiz;(G ;) /T ;) is the projection to the

6Unf0rtunately, there will be several types of subscripts on nilpotent Lie groups G in this
argument. Firstly one has the factor groups G(;). Then one also has the degree filtration
groups G4 and the degree-rank filtration groups G4,,) of G (and also the analogous subgroups

(Gey)d, (G))(a,ry of the factor groups G;)), as well as the free nilpotent groups GP =
Ggfl,r*)' Finally, a Ratner subgroup Gp of G will also make an appearance later. We hope

that these notations can be kept separate from each other.
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4 horizontal torus. Finally F' € Lip(*(G/T)) is defined by
(11.4)  F(oq)(tay))mays - - - Peay(tay) ), y)

=e((n(tw) +nte) —nts)) —ntw)F(@ay, - T4, y)
for all (z(1y,...,2@),y) € G/T and t(y),...,t4) € G(D;_l ") (Note that the
shifts by h; — hy in (11.2) do not affect the Taylor coefficients of O, thanks

to the remarks following Definition 9.6.)
By hypothesis, we have

[EnenF(O(n))] > 1.
Applying Theorem D.6, we conclude that

(11.5) | F(ex) du(z)| > 1
Gp/Tp
for some bounded € € G and some rational subgroup G p of G with the property
that
(116) 7THoriZj(G)(G(P N G(z)) > Ej_
for all 1 < j < s—1, where

Ej‘ := {a € Horiz;(G) : {;(z) = 0 for all §; € E;}

and Z; < Horiz;j(G/I') is the group of all (standard) continuous homomor-
phisms ¢; : Horiz;(G/T") — T such that
fj(Taylorj((’))) = O(N_j).
From (11.4) and (11.5) we conclude the following lemma.
LEMMA 11.2. The group Gp N ((Gy)(s—1,r,) X {id} x {id} x {id} x {id})
15 annihilated by 7.
Proof. Let g = (g(1),1d,id,id,id) lie in the indicated group. Then g is
central, and so from the invariance of Haar measure we have
| Py du@) = [ Flgew) duo).
Gp/Tp Gp/Tp
On the other hand, from (11.4) we have
[ Ploew) dute) = e(nte)) [ Flex) du(a).
GP/FP GP/FP
Comparing these relationships with (11.5) we obtain the claim. |
We now analyse the group G'p further. For each 1 < j < s —1, let Vi3 ;

denote the subgroup of Horiz;(G 1)) x Horiz;(G(9)) x Horiz;(G (3)) generated
by the diagonal elements

(Pa)(ejr), b@)(ejr), ds)(ejr))
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for 1 <k < D, ; and by the elements

(D) (ejk),id,id), (id, (2 (€x),1d), (id, id, P3)(ejx))

for D, ; < k < D;. We define the subgroup V124 ; of Horiz;(G 1)) x Horiz; (G 2))
x Horiz;(G 4)) similarly by replacing (3) with (4) throughout.

LeEMMA 11.3 (Components of Gp). Let 1 < j < s— 1. Then the projec-
tion of Gp N Gj to Horizj(G(1)) x Horiz;(G 9)) x Horiz;(G 3)) contains Vias j.
Similarly, the projection to Horiz;(G 1)) x Horiz; (G (9)) x Horiz;(G(4)) contains
Viga,j.

Proof. We shall just prove the first claim; the second claim is similar (but
uses {a,b,c} = {1,2,4} instead of {a,b,c} = {1,2,3}).

Suppose the claim failed for some j. Using (11.6) and duality, we conclude
that there exists a {; € Z; that annihilates the kernel of the projection to
Horiz;(G(1)) x Horiz;(G g)) X Horiz;(G(3)) and that is nontrivial on Vigs ;. As
¢; annihilates the kernel of the projection to Horiz;(G(1)) x Horiz;(G g)) X
Horiz;(G(3)), we have a decomposition of the form

§i (1), T(2), T(3), T(a), T(0)) = §1),5 (1)) +€2),5(T2)) +E3),5(7(3))

for z(;y € Horiz;(G(y)) for i = 1,2,3,4,0, where ;) ; : Horiz;(G;)) — R for
i =1,2,3 are characters.
By definition of Z;, we conclude that

§1y,j(Taylor;(O(y)) + &2y, (Taylor;(Oay)) + &(3),;(Taylor;(O))) = O(N~).

However, from (11.3) we have

D;
(11.7) &y, (Taylor; (O) = > (i) jklhigies
k=1
where the c(;) ; , are standard integers, defined by the formula

(11.8) cygk = €63 (DG (€5k))-

From the independence of (11.1) with {a,b,c} = {1,2,3}, we conclude that
the ¢y ;5 all vanish for ¢« = 1,2,3 and D, ; < k < Dj, and that the sum
c),ik 1 €@),5,k T ¢@3),,k vanishes for 1 < k < D, ;. But this forces §; to vanish
on Va3, contradiction. O

We now take commutators in the spirit of an argument of Furstenberg
and Weiss [11] (see also [31], [41] for similar arguments in completely different
settings) to conclude the following result, which roughly speaking asserts that
all “petal-petal interactions” are trivial.

COROLLARY 11.4 (Furstenberg-Weiss commutator argument). Let w be
an ry — 1-fold iterated commutator of generators ej, k,,...,€j. k. with 1 <
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a<s=1, 1<k <D forl=1,....ro and j1+ -+ jr, = s —1. (Thus w
has “degree-rank (s — 1,74)” in some sense). Suppose that at least two of the

generators, say €j, k., €j, ko, are “petal” generators in the sense that ki > Dy j,
and kg > D j,. Then (¢)(w),id,id,id,id) € Gp.

Proof. For ej, 1,, we may invoke Lemma 11.3 and find an element g;, ,
of Gp NGy, for which the coordinates 1,2,3 are equal (modulo projection to
Horizj, (G (1)) x Horizj, (G(2)) x Horizj, (G 3))) to (¢1(ej k,),1d,1d). Similarly,
we may find an element 93‘2,1@ of Gp N G}, for which the coordinates 1,2,4
are equal (modulo projection to Horizj, (G(1)) x Horizj, (G 9y) x Horizj, (G(4)))
to (¢1(€jy,k,),id,id). Finally, for all of the other e;j, we can find elements
gé’ r of Gp N G; for which the first coordinate is equal (modulo projection
to Horiz;(G(1))) to é(1)(ejx). If one then takes iterated commutators of the
Gjr k1> 9 ky» 971 I the order indicated by w, we see (using the filtration prop-
erty, the homomorphism property of ¢(;), and the fact that the G;/T; have
degree < (s—1,7,) fori =1,2,3,4 and degree < (s—1,r,—1) for i = 0) that
we obtain the element (¢(1)(w),id, id,id,id). Since the iterated commutator of
elements in G p stays in Gp, the claim follows. O

From Lemma 11.2 and Corollary 11.4 we immediately obtain part (i) of
Theorem 11.1. We now turn to part (ii) of the theorem. For this, we need
two further variants of Lemma 11.3. For any 1 < j < s — 1, let Vj,q,; be the
subspace of Horiz;(G 1)) x Horiz; (G () X Horiz; (G 3)) x Horiz; (G 4)) generated
by the elements

(b1y(ejn)s D2y (€jk), D3y (k) Dray(ejn))

for 1 <k < D, and the elements

(by(ej),id,id,id), (id, ¢2)(ej),id,id),
(lda lda (b(?))(ej,k)v 1d)7 (1da 1da 1d7 ¢(4) (ejyk))

for D, ; <k < *]—G—Dmd]

LEMMA 11.5 (Components of Gp, IT). Let 1 < j < s — 1. Then the pro-
jection of GpNGj to Horiz;(G (1)) x Horiz; (G 9y) x Horiz; (G 3)) x Horiz; (G 4))

contains Vind, ;-

Proof. Suppose the claim failed for some j. Using (11.6) and duality,
we conclude that there exists a §; € Z; that annihilates the kernel of the
projection to Horiz;(G(1)) x Horiz;j(G 9)) x Horiz;(G(3)) x Horiz;j(G4)) and
that is nontrivial on Vj,q ;. In particular, we have a decomposition of the form

(11.9) §i(T(1), T(2)5 T(3), T(a)s T (0)) Zf(l )5 (@)
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for ;) € Horiz;(G(;)) for i = 1,2,3,4,0, where ;) ; : Horiz;(G(;)) — R for
i =1,2,3,4 are characters.
By definition of Z;, we conclude that

4
> &,(Taylor;(O;))) = O(N ).
-1

Inserting (11.7), we conclude that

Dj 4
(11.10) SO ey kbhiie = O(N 7).

k=11i=1
The left-hand side is an integer linear combination of the degree j frequencies
in

4 4
]:*,ind W Lﬂ fhi,ind W H'J fhi,lin-
=1 =1
Using the Freiman homomorphism property from Lemma 10.10 we can elimi-
nate the role of Fj, 1in, leaving only

4 3

]:*Jnd S L'ﬂ ]:hi,ind W Lﬂ fhi,lin-
i=1 i=1

But this is just (11.1) for {a,b,c} = {1,2,3}. We conclude that the coefficients

of the left-hand side of (11.10) in this basis vanish, which in terms of the

original coefficients c;) ; means that

4
C(i)jk =0
i=1
for 1 <k < Dy  and
i)k =0
for Dy < k < Dy + Di’ndJ. But this forces &; to vanish on Vj,q ;, a contra-
diction. O

We now apply the commutator argument to show that “independent”
frequencies also ultimately have a trivial effect.

COROLLARY 11.6 (Furstenberg-Weiss commutator argument, II). Let w
be an (r. — 1)-fold iterated commutator of generators ej ,,...,€j. k. With
1<iu<s=1,1< k<D forl=1,....r and j1+---+jr, = s—1. Suppose
that at least one of the generators, say ej, r,, is an “independent” generator in

the sense that D j, < ki < Dy j, + Djpq ;.- Then (¢ (w),id, id,id,id) € Gp.

Proof. We may assume that k; < D, j, for all 2 <1 < 7y, as the claim
would follow from Corollary 11.4 otherwise.
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For ej r,, we may invoke Lemma 11.5 and find an element g; x, of
Gp N Gy, for which the first four coordinates are equal (modulo projection
to Horizj, (G (1)) x Horizj, (G(2)) x Horizj, (G(3)) x Horizj, (G4)) is equal to
(¢(1)(€41,k1 ), 1d,id, id). For the other e;y, we can find elements g}, of GpNG;
for which the first coordinate is equal (modulo projection to Horiz;(G(1))) to
b(1)(ej ). Taking commutators of g;, 1, and g} ;. in the order indicated by w,
we obtain the claim. O

Combining Corollary 11.6 with Lemma 11.2 we obtain the second part of
Theorem 11.1.

12. Building a nilobject

The aim of this section is to at last build an object coming from an s-step
nilmanifold. Recall from the discussion in Section 7 that this object will be a
multidegree (1, s — 1)-nilcharacter x'(h,n) and that this completes the proof of
Theorem 7.2. This in turn was used iteratively to prove Theorem 7.1, the heart
of our whole paper. It will then remain to supply the symmetry argument,
which will take us from a two-dimensional nilsequence to a one-dimensional
one; this will be accomplished in the next section.

Let f, H, X, (Xn)her be as in Theorem 7.2. If we apply Lemma 10.10, we
obtain the following objects:

e a dense subset H' of H;

e dimension vectors D, = D* ind + D, rat and D = ﬁfin + D{nd +D!
we write as D, = (D Z)l 1 D, ind = (D*,md’z)i:ll, ete.;

e a core horizontal frequency vector Fi = (&4,j)1<i<s—1;1<j<D,;, Which is
partitioned as Fx = Fiind W Fyrat, With the indicated dimension vectors

which

sml>

1nd7 D;at’
e a petal horizontal frequency vector Fj = (5;1”)1<Z<5 11<j<D)> which is
partitioned as Fj = Fj, lin © .7-"h ing ¥ fh sml’_ Wthh is a limit function of h,

and with the indicated dimension vectors Dhn, s ;ml,

e nilmanifolds G, /T, and Go /T, of degree-rank < (s —1,r,) and < (s —
1,7, — 1) respectively for each h € H', depending in a limit fashion on h;

e polynomial sequences gp,gon € *poly(Zy — (Gp)n) for each h € H',
depending in a limit fashion on h;

e Lipschitz functions Fy, € Lip(*(G /Ty x Gop/Ton) — S¥) for each h € H',
depending in a liqmitqfashion on h;

e a filtered ¢y, : GP*P" — G, for each h € H', depending in a limit fashion

on h; and

D.+D’

ol R for each h € H', depending in a limit fashion

e acharacter ny, : G
on h

that obey the following properties:
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e For every 1 <i < dand 1< j< Dy, there exist a; ; € *T and f;; € "R
such that (10.2) holds and, furthermore, that the map h — 5;17’i,j is a
Freiman homomorphism on H'.

e For almost all additive quadruples (hq, ha, h3, hy) in H,

4 3
Fiind W L‘ﬂ Fhyind H‘J Fhi tin
i=1 i=1
is independent.
e We have the representation

Xn(n) = Fr(gn(n) T, go,n(n) Ton)

for every h € H'.
o Op: GD-+D" Gy, is a filtered homomorphism such that

(12.1) Fr(on(t)x, x0) = e(nn(t)) Fn(z, o)

for all ¢t € G(D,S*Jge ) T € Gh/Th, and zg € Gop/Top-

e One has the Taylor coefficients

(12.2) Taylor; (ghl'n) = THoriz (G /Th) <¢h< H ef};]>>

j=1
forall 1 <i<s—1.

There are only countably many nilmanifolds G/T" up to isomorphism, so
by passing from H’ to a dense subset using Lemma A.9 we may assume that

Gp/Tr, =G/T and Gop/Ton = Go/To

are independent of h. Similarly we may take ny = n and ¢ = ¢ to be
independent of h. From the Arzela-Ascoli theorem, the space of possible Fj, is
totally bounded, and so (shrinking ¢ slightly if necessary) we may also assume
that Fj, = I is independent of h.

For j with 1 < j < D, since §,; j is independent of h, we can ensure that
&h,ij = i, is also independent of h. Meanwhile, for D, ; < j < Dy ; + D,
from (10.2) we may assume that &, ; ; takes the form

gh,i,j = {Oé@jh}ﬁi,j mod 1

for some «; j € *T and f;; € *R. By passing to a dense subset of H' using the
pigeonhole principle, we may assume for each i, j, that {c; jh} is contained in
a subinterval *I; ; around *0 of length at most 1/10 (say).

We now wish to apply Theorem 11.1 to obtain more convenient equivalent
representatives (in :SRl T*)([N 1) ) Xn for the nilcharacters xp,. Let G be the
free Lie group generated by the generators €; ; for 1 <i<s—1and 1<) <

D, + Dj,, ; subject to the following relations:

4,lin?
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e any (r — 1)-fold iterated commutator of &, j,,...,&;, ;, with iy +---+i, >
s — 1 vanishes,
e any (r — 1)-fold iterated commutator of &;, ;,,...,€;, ;. with iy +---+1i, =

s —1 and r > r, vanishes,
e any (r — 1)-fold iterated commutator of é&;, j,,..., € j. in which j; > D,
for at least two values of [ vanishes.

We give this group a DR-filtration Gpg by defining é(dﬂq) to be the group
generated by the (r' — 1)-fold iterated commutators of &, j,,...,€& ,;, with
i1+ +iv >dand 7’ > r. We then let I be the discrete group generated by
the & j; G/T is then a nilmanifold of degree-rank < (s — 1,7.).

Let G* be the subgroup of GD-+D' generated by (r — 1)-fold iterated
commutators €;, j,, ..., €, j with i1 +---+ ¢, = s — 1 in which j; > D, ;, for
at least two values of [, or ji > Dy, + Dy, ; for at least one value of I. Then

G* is a subgroup of the central group G(S*_J{[: ;) of GD+D" and G is isomorphic
to the quotient of GP=+D’ by G*. We let ¢ : GD+D" _, G denote the quotient

D) _‘, . .
(DS *_';[: ) = R annihilates G* and

thus descends to a vertical character 7 : G(5_1,,) = R.

We select a function F € Lip(G/T — S¥) with vertical frequency 7j; such
a function can be built using the construction (6.3).

We then define the polynomial sequences go, g, € *poly(Zy — GN) by the
formulae

map. From Theorem 11.1, the character n : G

(12.3) go(n) = | | é7i?j(?),

_ e i jh}Bi; (7
(12.4) gn(n) = H ' H €i,j ©

and consider the nilcharacter

(12.5) Xn(n) == F(go(n)gn(n)*T).
These nilcharacters are equivalent to xj, in Symbg}zl’r*)([]\f 1), as the fol-
lowing lemma shows.

LEMMA 12.1. For eachh € H', x and Xy, are equivalent (as nilcharacters
of degree-rank (s — 1,r,)) on [N].

Proof. Fix h. It suffices to show that xj, ® ¥} is a nilsequence of degree
< s — 1. We can write this sequence as

(12.6) n = Fy (g (n)T"),



1310 BEN GREEN, TERENCE TAO, and TAMAR ZIEGLER

where G’ := Gx Gy x G, T :=TxTyxT, g} € *poly(Zy — GY) is the sequence

gh(n) := (gn(n), go.n(n), go(n)gn(n))
and Fy € Lip(*(G'/T")) is the function

Fyy (2,0, y) := Fy(x,20) ® F(y).

We define a DR-filtration Gpg on G’ by defining G{, ) for (d,r) € DR with
r > 1 to be the Lie group generated by the following sets:

(1) Gars1) X (Go)ary x é(d r1))

(i) {(6().1d,6(g)) : g € GDD)
with the convention that (d,d+1) = (d+1,0). We also set G’(d 0) ‘= G”(d p for
d > 1. One easily verifies that this is a filtration.

We claim that ¢’ is polynomial with respect to this filtration. Indeed,

the sequence n — (id, go,n(n),id) is already polynomial in this filtration, so by
Corollary B.4 it suffices to verify that the sequence

(12.7) n = (gn(n),id, go(n)gn(n))
is polynomial. We use Lemma B.9 to Taylor expand gp(n) = Hf;é 9}(121) where
gn,i € G(ip)- From (12.2), one has

*,2+D,/L
Ehi,j
Ghi = (;S( H 61-3- J) mod G(i,2)'

=1

By construction of the filtration of G’, this implies that

D, i+D;
(gh,,ld H 5’”’ mod G*> € G,(i,l)'

Applying Corollary B.4, we conclude that the sequence

n

- (g ),id, H( *ﬁlD 5’11])@ mod G*)

is polynomial with respect to the G’ filtration. Applying the Baker-Campbell-
Hausdorff formula repeatedly, and using (12.3), (12.4), we see that

it D! ()
nr—>H< H 5h”> mod G*

7=1

differs from the sequence n — go(n)gn(n) by a sequence that is polynomial in
the shifted filtration (G (4,+1))(d,-)epr- We conclude that (12.7) is polynomial
as required.
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Next, we claim that F} is invariant with respect to the action of the central

group
G/(s—l,r*) = {(¢(g)71d7 ¢(g)) tg € G@—l,r*)}'

It suffices to check this for generators (¢(w),id, w mod G*), where w is an
(ry —1)-fold commutator of e;, j,,...,¢€;,, j.. in G with W+ +i=s—1.
There are two cases. If one has j; > D, ; + Dfim, for some [, then w lies in
G* and is also annihilated by 7, and the claim follows from (12.1). If instead
one has j; < Dy, + Dy, ,;, for all [, then the claim again follows from (12.1)

together with the construction of 7 and F.
We may now quotient out Gl(o,o) by G’(S_l,m) and obtain a representation
of (12.6) as a nilsequence of degree-rank < (s — 1,7,), as desired. O

From this lemma and Lemma E.8(ii) we can express x}, as a bounded linear
combination of x;, ®1)y, for some nilsequence 1, of degree-rank < (s—1,7r,—1).
Thus, to prove Theorem 7.2 it suffices to show that there is a nilcharacter
x € 2151 (*72), such that xp,(n) = X(h,n) for many h € H' and all n € [N].

We illustrate the construction with an example. Let

G = G20 {etl ta [e1, e2]112 1 ty, 9, t1 € R}

be the universal degree 2 nilpotent group (6.1) generated by e, ea. Let F' be
the Lipschitz function in equation (6.3). Suppose

xn(n) := F(gn(n)*T)
with gp(n) := 2" where ay, := {5h}7, and a, 8,7 € *R. As computed in
Section 6, we have
Fi(gn(n)T) = ¢p(apn mod 1, fn mod 1)e({apn}fn)
for some Lipschitz function ¢y : T? — C. We would like to interpret the
function (h,n) — xp(n) as a nilcharacter in “1(\/[111251( 72). The first task is to
identify a subgroup Gypetal of the group G representing that part of G' that is
“influenced by” the petal frequency ay; more specifically, we take Gpetal to be
the subgroup of G generated by e; and [ey, e2]; that is to say,
Gpetal = (€1, [e1, e2])r = {€{'[e1, 2]"? 1 t1, 112 € R}.

Note that Gpetal is abelian and normal in G. In particular, G acts on Gpetal
by conjugation, and we may form the semidirect product

G X Gpetal = {(gagl) rg€G,g1 € Gpetal}a
defining multiplication by
(9:91) - (¢, 91) = (99" 97 91):

where a’ := b~lab denotes conjugation.
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Now consider the action p of R on G X Gpetar defined by
p(t)(9,91) = (991, 91)-
We may form a further semidirect product
G =R x, (G x Gpetal),
in which the product operation is defined by
(t.(g,91) - (', (¢, 91)) = (£ + ", p(t))(9.91) - (¢ 91))-

G’ is a Lie group; indeed, one easily verifies that it is 3-step nilpotent. We give
G’ an N%-filtration:

Gl(o,o) =G
Gl10) = 1{(t,(9,id)) : t € R, g € Gpetal},
G,(1,1) = {(0,(g,id)) : g € Gpetal },
G,(1,2) = {(0, (¢,id)) : g € [G, G},
Gl(o,l) :=1{(0,(g9,91)) : 9 € Gpetal; 91 € Gpetal }
Glog) = 1{0,(g,91)) : 9,01 € [G, G},
with G7; = {id} for all other (i,7) € N2. One easily verifies that this is a

filtration. Inside G’ we take the lattice

I":=Z x, (T x Tpetar)
where I'petal := I' N Gpetal. Now consider the polynomial ¢ : 7Z? — G’ defined
by

g'(hyn) = (0, (5", e]™)) - (3h, (id, id))
and observe that
g (h,W)I = (0, (e5", ¢]")) - ({8h}, (id, id))T”

= ({0h}, (e ei™ ", "),
For a dense subset H”, {0h} is in a small interval I. Let ¢ be a smooth cutoff
function supported on 2I. Take F’ : G'/T" — CP to be the function defined
by

F'((t,(9,9"))T") == ¢(t) F(gT)
whenever ¢t € I and 0 otherwise. Then for h € H”, we have
F'(g(h,n)T) = F(e5"e™"T) = x,(n),

giving the desired representation of (h,n) — xpx(n) as an (almost) degree (1,2)
nilcharacter.

We now turn to the general case. Our construction shall proceed by an
abstract algebraic construction. Let Gpetal be the subgroup of G' generated by
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(r—1)-fold (r > 1)-iterated commutators of &, j,,...,&; ;. in which j; > D,
for exactly one value of [. Then Gpetal is a rational abelian normal subgroup
of G. To see that Gpetal is normal, ones uses the equalities

~—1 > P B s—1 > >

€ jlo,hlei; = & 5 9¢i 5, € jhei ] and €59 ;= glg,€i;l,
the commutator identities in equation (3.1), and the fact that any iterated
commutators of €;, j,,...,€;, j. in which j; > D, ; for more than one value of
l is trivial in G.

In particular, G acts on épetal by conjugation, leading to the semidirect
product G' X Gpetal Of pairs (g, g1) with the product

(9.91)(d'.91) = (9997 91)-
Next, let R be the commutative ring of tuples t = (tivj)1<i<5*1;D*,i<J'<D*,1’+D{in,i
with ¢; ; € R, which we endow with the pointwise product. For each t € R,
we can define a homomorphism g — ¢* on é, which we define on generators
by mapping & ; to & ; for Di; < j < Dy + Dy, ;, but preserving é; ; for
j < Dy ;. Such a homomorphism is well defined as it preserves the defining
relations of G. We observe the composition law

(g =g"
for g € G and t,t’ € R. Also, on the abelian subgroup épetal on G’, we see that
(12.8) g'q" =g,
as can be seen from the Baker-Campbell-Hausdorff formula (3.2). We can thus
express
(12.9) gn(n) = gi(n)t*",

where g1 € *poly(Zy — (Gpetal)n) is the polynomial sequence

s—1 D*,i"l‘Dl

lin,i (n
aw=11 Tyt

i=1 j=D.;+1
and {ah} € R is the element

{ah} = ({ei;h})i<ics—1,D. ;<j<D. ;4D

The homomorphism g — g* preserves @petal and is the identity once Gpetal is
quotiented out. As a consequence, we see that

(12.10) (9919 ") = ggtg™!

for any g € G and g1 € épetal.
We can now define an action p of R (viewed now as an additive group) on
G x épetal by defining
p(t)(g,91) = (991, 91);
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the properties (12.8), (12.10) ensure that this is indeed an action. We can then
define the semi-direct product G’ := R X, (G X Gpetal) to be the set of pairs
(t,(g,91)) with the product

(t, (g, 9))(t', (¢, 91)) = (t+ ', p(t') (g, 91) (9", 91))-

This is a Lie group. We can give it an N2-filtration (G/(dl,dg))(dhdz)eNQ as
follows:
(i) If d; > 1, then G(d d2) = {id}.
(ii) If d = 1 and dy > 0, then G(l,dg) consists of the elements (0, (g,id))
with g € Gg, N Gpetal~
(iii) If d; = 1 and dy = 0, then Gl(l,[)) consists of the elements (¢, (g,id))
with ¢ € R and g € Gpetal-
(iv) If d; = 0 and dg > 0, then G(Od ) consists of the elements (0,(g,91))
with g € Gd2 and g1 € Gpetal N Gd2
(v) G(o 0) = =G
One easily verifies that this is a filtration of degree < (1,s—1) with G/ 0,0) = =G

We let T” be the subgroup of G consisting of pairs (¢, (g, 1)) with g € T,
g1 € fpetal, and with all coefficients of ¢ integers. One easily verifies that I is
a cocompact subgroup of G, and that the above N2-filtration of G’ is rational
with respect to I, so that G’/T” has the structure of a filtered nilmanifold.

We consider the orbit O’ € *poly(Z%, — (G'/T")y2) defined by

O/(h7 n) = (07 (90(n)7 g1 (n)))(ah7 (id7 id))*rl

where

ah = (ai,jh)1<z<s 1;D, ;<j<Dxi+D!

lin,?

As gg, g1 were already known to be polynomial maps, and the linear map
h — ah is clearly polynomial also, we see from Corollary B.4 and the choice
of filtration on G’ that O’ is a polynomial orbit.

Now we simplify the orbit. Working on the abelian group R, we see that

(ah, (id,id))* T" = ({«h}, (id,id))*T’
and then commuting this with (0, (go(n), g1(n))), we obtain
(12.11) O'(h,n) = ({ah}, (go(m)gr (), g1 (m))°T".

Recall that for many h € H, each component {c; jh} of {ah} lies in an interval
I; ; of length at most 1/10. Let 2I;; be the interval of twice the length and
with the same centre as I; ;, and let ¢; ; : R — R be a smooth cutoff function
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supported on I; ;. We then define a function F” : G'/I" — C¥ by setting

F’(((ti,j)Kigsfl;D*,iqu*ﬁD' (9, 91))*F/)

lin,?

s—1 D*,i"l‘D/

lin,?
(I II eutw)era
i=1 j=D, ;+1

whenever (g,91) € G x épetal and t;; € 2[;j forall 1 <i<s—1and D,; <
J < D+ D{inﬂ-, with F’ set equal to zero whenever no representation of the
above form exists. One can easily verify that F’ is well defined and Lipschitz.
Since F' has vertical frequency 7, F’ has vertical frequency 7’ : Gl(l,s—l) — R,
defined by the formula

1'((0, (g,1d)) = 7i(g)
for all g € G5—1. From (12.5), (12.9), and (12.11), we see that for many h € H’',
we have

Xu(n) = F' o O'(h,n)
for all n € [N]. By construction, F' o 0" € El(vllflt_il)(*Zz), and Theorem 7.1
follows.

13. The symmetry argument

In this, the last section of the main part of the paper, we supply the
symmetry argument, Theorem 7.4; we recall that statement now.

THEOREM 7.4. Let f € L*®[N], let H be a dense subset of [[N]], and let
x € ELs=D(*Z2) be such that Apf < (s — 2)-correlates with x(h,-) for all
h € H. Then there exists a nilcharacter © € E%(*Z) (with the degree filtration)
and a nilsequence W € Nil<7(*Z2) (with the multidegree filtration), with J
given by the downset

(13.1) J:={(,j) eN* i+ j<s—1}U{(i,s —i):2<i< s},
such that x(h,n) is a bounded linear combination of O(n+h) RO (n)@W(h,n).

Ezample 13.1. Suppose that s = 2, x(h,n) = e(P(h,n)), and P(h,n) :
*7Z? — *R is a symmetric bilinear form in n, h. Then observe that
(13.2) X(h,n) =0(n+ h)O(n)¥(h,n),
where O(n) := e(3P(n,n)) and ¥(h,n) = e(—3P(h,h)), which illustrates
a special case of Theorem 7.4. More generally, if s > 2 and x(h,n) =
e(P(h,n,...,n)) with P(h,n1,...,ns_1) : *Z° — *R a symmetric multilinear
form, then we have (13.2) with ©(n) := e(1P(n,...,n)), and ¥(h,n) a poly-
nomial phase involving terms of multidegree (i,s —¢) in h,n with 2 < i < s.
Thus we again obtain a special case of Theorem 7.4. Note how the symmetry

of P is crucial in order to make these examples work, which explains why we
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refer to Theorem 7.4 as a symmetrisation result. Morally speaking, this type of
symmetry property ultimately stems from the identity ApArf = ApApf. We
remark that an analogous symmetrisation result was crucial to the analogous
proof of GI(2) in [16] (see also [42]), although our arguments here are slightly
different.

From the inclusions at the end of Section 6, x(h,n) is a nilcharacter on Z?
(with the degree filtration) of degree < s. For similar reasons, any nilsequence
U(h,n) of degree < s — 1 (using the degree filtration on Z?) will automatically
be of the form required for Theorem 7.4. In view of this and Lemma E.8, we
see that it will suffice to obtain a factorisation of the form

[X]=s (v x vy =[O (1) =s (v e vy — [© () )= (v vy + [ (R )= (v < (v »

where ©® € Z*(*N) is a one-dimensional nilcharacter of degree < s (which
automatically makes (h,n) — O(n) and (h,n) — ©(n + h) two-dimensional
nilcharacters of degree < s, by Lemma E.8(vi)), and ¥ € Z%(*N?) is a two-
dimensional nilcharacter of multidegree

(13.3) c{(i,j) eN?1i+5<s5<s—2}.

The set of classes [W(h, n)]=s () x[n]), With ¥ of the above form, is a subgroup
of the space Symb®([[N]] x [N]) of all symbols of degree s nilcharacters on
[[N]] x [N]. Denoting the equivalence relation induced by these classes as =,
our task is thus to show that

Xz qvpxinvy = [0+ B)]=s (vjx vy — [©()]zs (v x v))-

In view of Theorem E.10 and Lemma E.8(vii), there is a nilcharacter x on

*Z° of degree (1,...,1) that is symmetric in the last s — 1 variables, and such
that
(13.4) [X(hyn)|zs=z2) = s[X(hs 7, oo, 1)]zs (e 2y

Inspired by the polynomial identity
shn® = (n4h)* —n® — -,

where the terms in --- are of degree s in h,n but of degree at most s — 2 in n,
we now choose

O(n) :=x(n,...,n).
From Lemma E.8(vi) we see that © is a nilcharacter of degree < s. Our task
is now to show that
(13.5) [X(n+h, ..o+ B)|zs vy — X1, ) zs (v < (V)
- S[)Z(h, n... an)]ES([[Nﬂx[N]) =0.

To manipulate this, we use the following lemma.
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LEMMA 13.2 (Multilinearity). Let x be a nilcharacter on Z° (with the
multidegree filtration) of degree (1,...,1). Let m > 1 be standard, and let

Li,....,Ls : Z™ — 7Z and L} : Z™ — Z be homomorphisms. Then we have
linearity in the first variable, in the sense that
RLGD) + L) L), .. L)z o2
= [X(L1(7), La(7), .. ., Ls(7))]zs (- zm)

+ [X(L)(77), Lo (7 )---7Ls(ﬁ)5(*2m),

where @ = (ni,...,Ny) are the m independent variables of *Z™, and Z™ is
given the degree filtration. We similarly have linearity in the other s — 1 vari-
ables.

Proof. We prove the claim for the first variable, as the other cases follow
from symmetry. From Lemma E.3 and Lemma E.8(vi), it will suffice to show
that the expression

(13.6) (b + By hay o he) @ X(hiy ha, . hs) @ XKy, has .. hy)

is a degree < s nilsequence in hy, b, ha, ..., hs (using the degree filtration).

Write x(hi,...,hs) = F(g(hi,...,hs)*T'), where G/I' is an N°®-filtered
nilmanifold of degree < (1,...,1), F € Lip(*(G/T")) has a vertical frequency,
and g € *poly(Zgs — Gns). Then the expression (13.6) takes the form

F((h1, 0y, ha, ... he)'T%),
where §: *Z**!1 — G? is the map
g(ha, by, ha, .o he) = (g(ha+hy, ha, ..o he), g(has ha, .o b)), g(RY, ha, oo hy))
and F € Lip(*(G/T')%) is the map
F(x1,x0,x3) = F(x1) ® F(x3) ® F(x3).

By Lemma B.9, we can expand

()
g(h1,... hg) = H Giy ol

i15e.8s={0,1}

for some g;, i, € G,....q,), Where we order {0,1}* lexicographically (say).
We now give G% an N-filtration by defining (G?’)i to be the group generated
by (Cr’(ihm’is)):3 for all 41,...,75s € N with 41 + --- + 5 > ¢, together with the
groups {(g192,91,92) : 91,92 € Gy, iy} for i1 + -+ +is = i. From the
Baker-Campbell-Hausdorff formula (3.2) one verifies that this is a rational
filtration of G3. From the Taylor expansion we also see that § is polynomial
with respect to this filtration (giving Z**! the degree filtration). Finally, as F

has a vertical character, we see that F' is invariant with respect to the action
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of (G®)s = {(g192,91,92) : 91,92 € G,..1)}- Restricting G3 to (G%)o and
quotienting out by (G3)s we obtain the claim. O

Using this lemma repeatedly, together with the symmetry of x in the final
s — 1 variables, we see that we can expand

s—1

- s—=1\/

X(n+hyooyn+h)]zsz2) = E ( j ) ([X(n, hyoooshyn, o n)]zs (22
=0

+[(h by By, ,n)]gs(*m)),

where in the terms on the right-hand side, the final j coefficients are equal
to n, the first coefficient is either n or h, and the remaining coefficients are h.
Note that a term with j h factors and (s — j) n factors will have degree (13.3)
and thus be negligible as long as j > 2. Neglecting these terms, we obtain the
simpler expression

[)Z(n +h,....,n+ h)]Es(*Z2) = [)Z(n, e n)]Es(*Zz) + [)N((h, n,... ,n)]gs(*Z2)
+ (s = D[X(n, hyn, oo yn)]zs (ez2).

Comparing this with (13.3), we will be done as soon as we can show the
symmetry property

(13.7) (s=1)[x(h,n,...,n)]zs vy = (= DX, by oo yn) = (g x (v)-

This property does not automatically follow from the construction of .
Instead, we must use the correlation properties of x, as follows.

By hypothesis and Lemma E.5, we have that for all h in a dense subset H
of [[IN]], we can find a degree < s — 2 nilcharacter yj such that fi(- + h)fa(+)
correlates with x(h,-,...,) ® ¢p. By Corollary A.12, we may assume that the
map h — @y, is a limit map. We set ¢y =0 for h & H.

To use this information, we return’ to Proposition 8.4. Invoking that
proposition, we see that for many additive quadruples (hy, ha, hs, hq) in [[N]],
the sequence

n = x(h1,n) @ x(h2,n 4+ h1 — ha) ® x(h3,n) @ x(ha,n + h1 — hy)
® ©ny (N) @ Phy (N + h1 — hy) @ Pry(n) ® ©p, (04 hy — hy)

is biased.
We make the change of variables (hi, ha, h3, hg) = (h+a, h+b,h+a+b, h)
and then pigeonhole in h, to conclude the existence of an hg for which

n = 7(a,b,1n) ® Prgta(n) @ Prosv(n +a) @ By yarp(n) @ Oro(n +a)

"Here is a key place where we use the hypothesis s > 3 (the other is Lemma 10.9). For
s = 2 the lower order terms in Proposition 8.4 are useless; however a variant of the argument
below still works (see [16]).
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is biased for many pairs a, b € [[2N]], where 7 = 73, is the expression
(13.8)

T(a,b,n) := x(ho +a,n) @ x(ho + b,n+a) @ x(ho + a + b,n) ® x(ho,n + a).

Henceforth hy is fixed, and we will suppress the dependence of various functions
on this parameter. From Lemma E.3, 7 is a degree < 3 nilcharacter on *Z3
(with the degree filtration). We record its top order symbol.

LEMMA 13.3. We have

[T(a,b,n)]zs(+z3) = s(s = D)[x(b,a,n, ..., n)|zs(=z8),
where by = we are quotienting by all symbols of degree < s — 3 in n.
Proof. From (13.4), (13.8), Lemma E.3, and Lemma E.8 one has
[T(a,b,n)]zs (+z3) = s([X(a,n, ..., n)]zs(ez3) + [X(b;n + @, .. ;0 + a)|=s(+z3)
— [X(a+b,n,...,n)|zs¢+73))-

Applying Lemma 13.2 in the first variable, we simplify this as

s((X(b,n+a,...,n+a)lzs=zs) — [X(a,n, ..., n)]zs (+23))-

Applying Lemma 13.2 in all the other variables and gathering terms using the
symmetry of x in those variables, we arrive at

22 (s—1
Zs< . )[)Z(b,a,...,a,n,...,n)]gs(*zs),

=0 \ J

where there are j occurrences of n and s — 1 — j occurrences of a. All the terms
with j < s — 2 are of degree < s — 2 in n, and the claim follows. ([l

From Lemma E.8, we know that ¢p,44(n + a) is a bounded linear combi-
nation of @p,1p(n) @1 p(n) for some degree < s — 3 nilsequence 1, p; similarly
for pp,(n + a). We conclude that

n— T(av b, n) Y (Ph0+a(n) ® (Ph0+b(n) X ¢h0+a+b(n) & Phy (n)

is < (s — 3)-biased for many a,b € [[2N]].

We will now eliminate the ¢ terms in order to focus attention on 7.
Applying Corollary A.12, we may thus find a scalar degree < s — 3 nilsequence
hqp depending in a limit fashion on a,b € [[2NV]] such that

IEabel2N)meN] T (@, 0,1) @ Ohota(n) @ phgrs(n) @ Chotatrs(n)
® o ke (1 + a)thap(n)] > 1.
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We pull out the b-independent factors p,14(n) ® Py, (n) and Cauchy-Schwarz
in a,n to conclude that

|Ea,b,b/€[[2NH;n€[N]T<a7 b, TL) ® T(a7 v, n) ® Qpho—i-b(n) X @ho—&-b’(n)
® Phot+atb(1) @ Gngtatt (M) Papy (N)] > 1,

where (a,b,b) — gy is a limit map assigning a scalar degree < s — 3
nilsequence to each a,b,b’. Next, we make the substitution ¢ := a + b+ b and
conclude that

’Ec,b,b’e[[BNﬂ;ne[N]T(C —b— b/7 b, n) ® T(C —b-=0,V, 7’L)
® Pho+5(1) @ B4 (1) © Phgte—tt (M) Phgte—b(1)Wepr (0)| > 1,

where (¢, b,b') — wé,b,b’ is a limit map assigning a scalar degree < s — 3 nilse-
quence to each ¢, b,b’. By the pigeonhole principle, we can thus find a ¢y such
that

(13.9) By efanpmema(d, V', n) @ gh(n) @ @y (n)1hey b (n)] > 1,

where a = o, is the form

(13.10) alb,b,n) =1(co—b—b,b,n) @7(co —b—V,0,n)
and ¢y, = ¢}, ., s the quantity

(pg)(n) = (ph0+b7k(n) Y (Ph0+00*b(n)'

We fix this cg. Again by Lemma E.3, « is a degree < s nilcharacter on *Z3,
and we pause to record its symbol in the following lemma.

LEMMA 13.4. We have
[a(b, b, n)]zs(+z3) = —s(s = D[X(b 4,0 =, n,...,n)|zs(+z3),

where by = we are quotienting by all symbols of degree < s — 3 in n.

Proof. From (13.10) and Lemma E.8, we can write the left-hand side as

[T(=b—b',b,n)]zs(ezsy — [T(=b = ', b, n)]zs(z8).
Applying (13.3), we can write this as
s(s = 1)([X(=b =0, 0,n,...,n)|zs(=z3) — [X(=b=V',0",n, ..., n)|zs(+23))-

The claim then follows from some applications of Lemma 13.2. (|

We return now to (13.9), and Cauchy-Schwarz in b, n to eliminate the
¢y (n) factor, yielding

|Ebl,bg,b’G[BN”;?’LG[N]O[(bl7 bl? n) ® Oé(bQ, bl? n) ® 80;)1 (n) ® 9022 (n) é/l,bg,b’ (n)| >> 17
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where (b1, b2, ') = 1y 4 4 is a limit map assigning a scalar degree < s —3
nilsequence to each by, b, b'. Finally, we apply the Cauchy-Schwarz inequality
in by, b2, n to eliminate the ¢y (n)y), (n) factor, yielding

By, 000 b, c[3Nimen) (01, b1, 1) @ a(bz, by, n) @ a(br, by, n)
® au(ba, by, )Y, 4, b1 gy ()] > 1.

Note how the ¢ terms have now been completely eliminated. To eliminate the
Y terms, we first use the pigeonhole principle to find by, b such that

(13.11) B prel3nmeln]@ (b, 6, n)y o ()] > 1,

where o/ = «;_,, is the expression
"0

(13.12)  &/(b,b',n) = a(b,b',n) @ a(by,V,n) ® a(b, b, n) ® a(bo, b, n).

We fix this bo, bj. Again, o is a degree < s nilcharacter on *Z3. From Lem-
mas 13.4 and 13.2 (and using Lemma E.8 to eliminate shifts by bg), we conclude
that

(13.13)

[0/ (b, 0, n)]zsrzsy =5 (s = 1) ([X (b, 0, my . .. 1) ]zs () = [X (D', D,y s )] 2 (23 ) -

Note the similarity here with (13.7).
From (13.11), we conclude that the sequence n — o/(b,b',n) is < s — 3-
biased for many b,b" € [[3N]]. Applying Proposition 5.6, we conclude that

Ho/(b, b, n)HU572[N] >1

for many b,b" € [[3N]]. We conclude (using Corollary A.6 to obtain the needed
uniformity) that

9s—2

IE1),1)’6[[3]VH HO/(b, blv n)||US*2[N] > 1.

By definition of the Gowers norm, this implies that
(13.14)

|Eb,b’,h1,...,hs_ge[[?)N}];nE[N]U(ba blv hy,... hs—2, n)lQ(hla ooy hs—g, n)‘ > 1,
where € is the polytope

s—2
Q= {(hl, oy hs—2,n) in 4 Y wjihs_g € [N] for all w € {0, 1}32}
j=1

and o is the expression

s—2
(13.15) (b, h1,... he2,m) = (X Clwla'<b,b’,n—|—2wjh32>,

we{0,1}s—2 j=1
with C being the conjugation map.
From Lemma E.3, o is a nilcharacter of degree s on *Z**!. In the following
lemma we compute its symbol.
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LEMMA 13.5. We have
(13.16)
[O’(b, b/, hl, ey hsfg, n)]Es(*Zs-H) = S'([)N((b, b,, hl, ey h;372)]55(*zs+1)
_ [f((b’7 b,hi,..., hs_Q)]Es(*Zs+l)>.

Proof. From (13.15) and Lemma E.8, we can write the left-hand side as

wE{O,l}S*Z 7j=1

s—2
(13.17) S (-1l [o/ (b, v,n+ ijhszﬂ ;
Es(*Zs+l)

one should think of this as an s — 2-fold “derivative” of [a/(b, ', n)]zs(+z3) in
the n variable.
From (13.13), we can write

[O/(b7 bl: n)]ES(*Z?’) = S(S - 1)([)2([)7 blv Tyenn, n)]ES(*ZS)
- [)Z(b/, b, n,... ,n)]Es(*Z3)) + [5((), b/, n)]Es(*Z3),

where (3 is of degree at most s — 3 in n. In fact, by inspection of the derivation
of 8, and heavy use of Lemma 13.2, one can express [3(b,b',n)]zs(+z3) as a
linear combination of classes of the form

[X(n1, o5 ms)|=s(+23),

where each of nq,...,ns is equal to either b, ¥, or n, with at most s — 3 copies
of n occurring. If one then substitutes this expansion into (13.17) and applies
Lemma 13.2 repeatedly, one obtains the claim. O

On the other hand, from (13.14) and Lemma E.11, we see that on [[3N]]**1,
o is equal to a nilsequence of degree < s — 1, and thus by Lemma E.8,

[0(b,0, has .o hs—,m)]zs (anye+t) = O
and thus by Lemma (13.16),
sIIX(b, b, by ooy hs—2)]=s angetny — XD, b, by s hs—2)]zs (an+1)) = 0.
Applying Lemma E.3 we conclude that
sl(xX(hymy oy n)]zs vy vy — [X(s sy oo ) lzs (v avgy) = O

The claim (13.7) now follows from Lemma E.13. The proof of Theorem 7.4 is
now complete.
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Appendix A. Basic theory of ultralimits

In this appendix we review the machinery of ultralimits.

We will assume the existence of a standard universe Ll that contains all the
objects and spaces of interest for Theorem 1.3, such as real numbers, subsets
of real numbers, functions from [N] to C for finite N € N, nilmanifolds (or
more precisely, a representative from each equivalence class of nilmanifolds),
and so forth. The precise construction of this universe is not important, so
long as it forms a set. We refer to objects and spaces inside the standard
universe as standard objects and standard spaces, with the latter being sets
whose elements are in the former category. Thus, for instance, elements of N

. . . 1RR 1Z7ZN\ .
are standard natural numbers, the Heisenberg nilmanifold (8 ! Ii&) / <8 ! %) is

a standard nilmanifold (consisting entirely of standard points), and so forth.
The one technical ingredient we need is the following.

LEMMA A.1 (Ultrafilter lemma). There exists a collection p of subsets of
the natural numbers N with the following properties:

(i) (Monotonicity). If A € p and B D A, then B € p.
(ii) (Closure under intersection). If A, B € p, then AN B € p.
(i) (Maximality). If A C N, then either A € p or N\A € p, but not both.
(iv) (Nonprincipality). If A € p, and A’ is formed from A by adding or
deleting finitely many elements to or from A, then A’ € p.

Proof. The collection of subsets of N that are cofinite (i.e., whose comple-
ment is finite) already obeys the monotonicity, closure under intersection, and
nonprincipality properties. Using Zorn’s lemma,® one can enlarge this collec-
tion to a maximal collection, which then obeys all the required properties. [

Throughout the paper, we fix a nonprincipal ultrafilter p. A property
P(n) depending on a natural number n is said to hold for n sufficiently close
to p if the set of n for which P(n) holds lies in p.

Once we have fixed this ultrafilter we can define limit objects and spaces
as follows.

8By using this lemma, our results thus rely on the axiom of choice, which we will of
course assume throughout this paper. On the other hand, it is tedious but straightforward
to rephrase the inverse conjecture (Conjecture 1.2) in the language of Peano arithmetic (e.g.,
using Mal’cev bases [40] to represent a nilmanifold, and approximating a Lipschitz function
by a piecewise linear one). Applying a famous theorem of Godel [12], we then conclude that
Conjecture 1.2 is provable in ZFC if and only if it is provable in ZF. In fact, it is possible
(with some effort) to directly translate these ultrafilter arguments to a (lengthier) argument
in which ultrafilters or the axiom of choice is not used. We will not do so here, though, as
the translation is quite tedious.
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Definition A.2 (Limit objects). Given a sequence (Zn)nen of standard
objects in 4, we define their wltralimit limy,_,, x, to be the equivalence class
of all sequences (yn)nen of standard objects in 4 such that z, = yn for n
sufficiently close to p. Note that the ultralimit lim,_,, z, can also be defined
even if x, is only defined for n sufficiently close to p.

An ultralimit of standard natural numbers is known as a limit natural
number, an ultralimit of standard real numbers is known as a limit real num-
ber, etc.

For any standard object x, we identify = with its own ultralimit lim,_,, x.
Thus, every standard natural number is a limit natural number, etc.

Any operation or relation on standard objects can be extended to limit
objects in the obvious manner. For instance, the sum of two limit real numbers
limp_yp @, limp_sp yn is the limit real number

lim xy 4+ lim ¥, = lim x, + yn,

n—p n—p n—p
and the statement limy,_,, x5 < limy—p yn means that z, < y, for all n suffi-
ciently close to p.

A famous theorem of Lo$ asserts that any statement in first-order logic
that is true for standard objects is automatically true for limit objects as well.
For instance, the standard real numbers form an ordered field, and so the limit
real numbers do also, because the axioms of an ordered field can be phrased
in first-order logic. We will use this theorem in the sequel without further
comment.

Definition A.3 (Limit spaces and functions). Let (Xy)nen be a sequence
of standard spaces Xy, in U indexed by the natural numbers. The ultrapower
[Inop Xn of the Xy, is defined to be the space of all ultralimits limy p Zn,
where =, € X, for all n. Note that X, only needs to be well defined for n
sufficiently close to p in order for the ultraproduct to be well defined. If X
is a set, the set [[,_,, X is known as the ultrapower of X and is denoted *X.
Thus, for instance, *N is the space of all limit natural numbers, *R is the space
of all limit reals, etc.

We define a limit set to be an ultraproduct of sets, a limit group to be an
ultraproduct of groups, a limit finite set to be an ultraproduct of finite sets,
and so forth. A limit subset of a limit set X = [],_,, Xy is a limit set of the
form Y = [, Yn, where Y}, is a standard subset of Xy, for all n sufficiently
close to p.

Given a sequence of standard functions f, : Xn — Yn between standard
sets Xn,Yn, we can form the wltralimit f = lim,_,, fn to be the function
J i Tlasp Xn = [Insp Yn defined by the formula

f(rlllg%omn) = rlllgjlo fa(n).
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We refer to f as a limit function or limit map, and say that f(z) depends in
a limit fashion on x.

Remark. In the nonstandard analysis literature, limit natural numbers are
known as nonstandard natural numbers, limit sets are known as internal sets,
and limit functions are known as internal functions. We have chosen the limit
terminology instead, as we believe that it is less confusing and emphasises the
role of ultralimits in the subject.

It is important to note that not every subset of a limit set is again a
limit set; for instance, N is not a limit subset of *N. (This fact is known as
the overspill principle.) Indeed, one can think of the limit subsets of a limit
set as being analogous to the measurable subsets of a measure space. In a
similar vein, not every function between two limit sets is a limit function; in
this regard, limit functions are analogous to measurable functions.

Ezample (Pigeonhole principle). If X is finite, then *X = X. This is
ultimately because if the natural numbers is partitioned into finitely many
classes, then exactly one of those classes lies in p. In particular, we see that
every standard finite set is a limit finite set. However, the converse is not true.
For instance, if N is the limit natural number N :=limy_,, n, then the limit set

[N]:={ne*N:1<n<N}= []I[n]
n—>p

is a limit finite set, but not a finite set.

Ezample. One has the identifications *T = (*R)/(*Z) and *(R¥) = (*R)*
for any standard k, so one can talk about the limit unit circle *T or the
limit vector space *RF without ambiguity. We will refer to elements of *T
as frequencies.

Ezample. Every standard function f : X — Y can be identified with its
ultralimit f : *X — *Y’; thus, for instance, the fundamental character e is a
limit function from *R (or *T) to *C and the fractional part function {} is a
limit function from *R to *Ij.

Remark. A limit finite set A = limy_,, Ay has an limit cardinality |A|,
defined by the formula
|A] := lim |Ay|.
n—p

Of course, |A] is a limit natural number, and not a natural number in general.
Thus, for instance, if N is a limit natural number, then the limit finite set [N]
has a limit cardinality of N (despite being uncountable in the standard sense).

Asymptotic notation. By taking ultralimits, one can formalise asymptotic
notation, such as the O() notation, in a manner that requires no additional
quantifiers.
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Definition A.4 (Asymptotic notation). A limit complex number X is said
to be bounded if one has | X| < C for some standard real number C, in which
case we also write X = O(1) or | X| < 1. More generally, given a limit complex
number X and limit nonnegative number Y, we write | X| < Y, Y > |X]|, or
X = O(Y) if one has | X| < CY for some standard real number C. We write
X =o(Y) if one has |X| < Y for every standard € > 0. Observe that for any
X,Y with Y positive, one has either |[X| > Y or X = o(Y). We say that X
is infinitesimal if X = o(1) and unbounded if 1/X = o(1). Thus, for instance,
any limit complex number X will either be bounded or unbounded.

In a similar spirit, if € *V is a limit element of a standard topological
space V', we say that x is bounded if x is a limit element of standard compact
subset K of V (i.e., x € *K) and unbounded otherwise. The set of all bounded
elements of *V will be denoted V.

Ezample. The limit real limy,_,, 1/n defines an infinitesimal, but nonzero,
limit real number z; its reciprocal limy,_,, n is an unbounded limit real.

Ezample. Any bounded element of a discrete standard space is standard,
by our example on the pigeonhole principle. In particular, bounded integers
are automatically standard: Z = Z. On the other hand, bounded elements in
a continuous space need not be standard, as the example limy,_,, 1/n shows.

From the Bolzano-Weierstrass theorem, every bounded limit real num-
ber can be expressed uniquely as the sum of a standard real number and an
infinitesimal, which may help explain the notation R. Note that R contains
the limit fundamental domain *I. Similarly, C contains the limit unit circle
*S§1 =81 ={2eC:|z| =1}, where S := {2 € C: |z| = 1}.

Example. For any standard D € Nt, we endow CP with the Euclidean
norm

I(z1,...,2p)| = (| >+ - + |zpP) V2.

Then we have CP = C": an element (21,...,2p) € *CP is bounded if and
only if each component is bounded.

One modest advantage of the ultralimit framework is that one can rig-
orously work with such equivalence relations as “z and y differ by O(1),” for
instance, by quotienting *R by the subring R; in the finitary setting, this rela-
tion is only “morally” an equivalence relation (because of the need to quantify
the constants in the O() notation).

Suppose one has a limit function f : Q — *C on a limit set €. If one
asserts that f(xz) = O(1) for each x € ), one may be concerned that this
statement provides no uniformity in z. However, it turns out such uniformity
is automatic for limit functions.
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LEMMA A.5 (Automatic uniformity). Let D € N*, and let f : @ — *CP be
a limit function on a limit set 2. Then the following statements are equivalent:

o (Pointwise boundedness). For each x € Q, one has f(zx) € c” (i.e.,
f(z) =0Q) for all x € Q).

o (Uniform boundedness). There ezists a standard real C such that | f(x)| <
C for all z € Q.

Intuitively, this lemma is asserting that the only types of functions that
always map unbounded sequences to bounded sequences (but with a bound
possibly depending on the initial sequence) are those functions that are uni-
formly bounded. The lemma can clearly fail if one considers functions f that
are not limit functions; thus it will be important to establish the limit nature
of various functions in the arguments below. This lemma is also closely related
to the overspill principle in nonstandard analysis, or the model-theoretic fact
that ultraproducts are countably saturated.

Proof. Clearly uniform boundedness implies pointwise boundedness, so we
show the converse. Suppose for contradiction that f was pointwise bounded
but not uniformly bounded. Then for every standard integer M there exists
an element x ), in Q such that |f(xzy)| > M.

Write Q as the ultralimit of standard sets €2y, write f as an ultralimit of a
sequence fp : Qy — CP, and write zy; = z M € Q2yn. Thus for each standard
M, the statement |fyn(zprn)| > M is true for n sufficiently close to p.

Now we diagonalise. Set y = limy_, yn, Where yn := Znn. Then y € Q
and one sees that for every standard M, the statement |fn(yn)| > M holds for
n sufficiently close to p; thus f(y) is unbounded. But this contradicts pointwise
boundedness. O

We observe a useful corollary to Lemma A.5.

COROLLARY A.6 (Automatic uniform lower bounds). Let D € N*, and
let f:Q — *CP be a limit function on a limit set Q such that |f(x)] > 1
for all x € Q. Then there exists a standard ¢ > 0 such that |f(z)| > ¢ for all
€ Q.

Proof. Apply Lemma A.5 to 1/|f]. O

Inspired by Lemma A.5, we shall simply call a limit function f : Q — *CP
bounded if it is either pointwise bounded or uniformly bounded. The space of
all bounded limit functions from  to *CP will be denoted L>(Q — @D), and
we also write

(A1) L¥Q) =L®(Q T = |J L®Q—=CT).
DeN+
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When D = 1, L>®(2 — C) is a x-algebra over the bounded complex
numbers C (i.e., it is closed under addition, pointwise multiplication, com-
plex conjugation, and multiplication by bounded complex numbers). It is not,
however, a limit set.

For higher dimensions D > 1, we still have the operations of addition,
complex conjugation (conjugating each coefficient of CP separately), and mul-
tiplication by bounded complex numbers. However, we do not have a natural
product on CP. Instead, we will use the tensor product @ : CP x CP" — CcPP’,
defined in Section 3. This induces a tensor product

©:L®(Q = T x L¥Q = CT”) = Lo — 7

for any , which is then a bilinear operation on L>(€ — C*). Strictly speak-
ing, this tensor product is neither commutative nor associative. However, it
is “essentially” commutative and associative in the following sense. Let us
say that a function f € L*(Q2 — @D) is a bounded linear combination of
another function f' € L>®(Q — @D/) if there exists a linear transformation
T : *CP" — *CP with bounded coefficients such that f = T o f’. Then it is
clear that for any fi, fa, f3 € L=(Q — C*), we have that fo ® f; is a bounded
linear combination of f; ® f2, and that f; ® (f2® f3) is a bounded linear combi-
nation of (f1® f2)® f3. This will be a satisfactory substitute for commutativity
and associativity for our purposes.
We define the spheres

S20T .= {eT" 1 |2| = 1}
and
Sei= ) 2P 1={zeC": 2| =1}
DeNt

and observe that S is closed under complex conjugation and tensor product,
and so L>®(Q2 — S¥) is also. Also, observe that for any f € L>(Q — S¥), 1 is
a bounded linear combination of f ® f.

When € is a nonempty limit finite set (e.g., Q2 = [N] or Q = [N]* for some
positive limit integer N and some standard k& > 1), we have some additional
structures.

Definition A.7 (Bias and correlation). Let € be a nonempty limit finite
set. Given two functions f € L®(Q — C*), g € L®(Q — C*), we say that f
and g correlate if one has

[Encaf(n) ®g(n)| > 1
and that f is biased if one has
[Encaf(n)| > 1,
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i.e., if f correlates with 1. We say that f is unbiased if it is not biased. We
define the LP norms

| fllzr () = (Enealf(n) P)L/p

for 1 < p < oo, with the usual convention
[ £l oo () := sup [ f(n)];
ne

these are bounded limit nonnegative numbers.
We will also find the following notation useful.

Definition A.8 (Density). We say that a limit subset H of a limit finite
set X is dense if |[H| > | X| and that a statement P(z) is true for many x € X
if it is true for all z in a dense subset H of X. If instead |H| = o(| X|), we say
that H is a sparse subset of X, and if P(z) only holds true for z in a sparse
set, we say that P(x) only holds for few z € X. If the complement of H in X
is sparse, we say that H is a co-sparse subset of X, and if P(x) holds for all z
in a co-sparse subset, we say that P(z) holds for almost all x € X.

A function f : X — *CP is said to be almost bounded if f(z) € C” for
almost all z € X. (For instance, for an unbounded limit natural number N,
the function n — nlﬂ is almost bounded on [N].)

Remarks. Note that the statement P does not need to be a limit statement
(i.e., the set {z € X : P(x) true} need not be a limit set) for these definitions
to make sense; for instance, for P to hold for many =z, it suffices that {z €
X : P(z) true} contain an dense limit subset of X, but need not be a limit set
itself. If one property P(z) holds for almost all z € X, and another property
Q(z) holds for many = € X, then P(z) and Q(x) simultaneously hold for many
x € X. However, if P only holds for many « rather than for almost all x, then
it need not be the case that P(x) and Q(z) simultaneously hold for any x.

From the pigeonhole principle we see that if a limit set is partitioned into
a bounded number of limit pieces, then at least one of the pieces is dense. We
can strengthen this principle as follows.

LEMMA A.9 (Pigeonhole principle). Let X be a limit finite set, and let f
be an almost bounded limit function from X to *N. Then there exists a dense
subset of X on which f is constant and equal to a standard natural.

Proof. By hypothesis, f is bounded on almost all of X, and hence uni-
formly bounded on almost all of X by Lemma A.5. The claim now follows
from the pigeonhole principle. O

We also record here a technical lemma regarding correlation.
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Definition A.10 (o-limit). A subset S of a limit set X is said to be a o-
limit set if there is a limit sequence n +— 5, from limit natural numbers n € *N
of limit subsets 5,, of X, such that S is the union of the S,, over all standard
natural numbers.

Ezample. If Q is a limit set and D € N, then the space L> (£ HED), which
is an external (i.e., nonlimit) subset of the limit space of all limit functions from
Q to *CP, is a o-limit space, since one can express this space as the union,
over all standard M, of the functions bounded uniformly in magnitude by M.
Similarly, L>(Q — C”) is also a o-limit set.

LEMMA A.11 (Limit selection lemma). Let X,Y be limit sets, let R C
X XY be a a limit relation between X and Y, and let S be a o-limit subset
of Y. Suppose that for every x € X there exists s, € S such that (z,s;) € R.
Then there exists a limit function x — s, from X to S such that (z,s;) € R
forallx € X.

Remark. The key point here is the limit nature of the assignment x — s;;
for external (i.e., nonlimit) assignments, the claim is immediate from the axiom
of choice. There is a similar need for such “measurable selection lemmas” in
the ergodic theory analogue of the inverse conjectures for the Gowers norms;
see, e.g., [29, App. A] or [5, Lemma C.4].

Proof. We may assume that the sets .S, in Definition A.10 are increasing
in n.

For each x € X, let n, be the first limit natural number such that (z,s) € R
for some s € S,,,. By construction, x +— n, is a limit map from X to *N that
is pointwise bounded. Therefore, by Lemma A.5, n, is uniformly bounded by
some standard natural number n,; thus, for every x € R, the set {s € S,,, :
(z,s) € R} is nonempty. Applying a limit choice function, we may thus find a
limit map z — s, with the stated properties. O

We isolate a special case of this lemma.

COROLLARY A.12. Let Q be a nonempty limit-finite set. Let S be a o-
limit subset of L®(Q — C°), let (fu)nen be a limit family of limit functions
fn € L®(Q — C*) indezed by a limit set H, and suppose that for each h € H,
fn correlates with an element of S. Then one can find a limit family (¢p)nen
of functions ¢ € S such that fr, correlates with ¢y for all h € H.

Proof. Write S as the union of limit sets S,, for standard n, and let S" :=
Unen SnU{n}. Note that this is a o-limit subset of L>(Q — C*) x*N. Defining
a relation R between H and S’ by declaring (h, (¢,n)) € R if |E,cqfn(n) ®
¢(n)| > 1/n, and applying Lemma A.11, we obtain the claim. O
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Appendix B. Polynomial algebra

In section Section 6 we introduced the notion of a polynomial map between
I-filtered groups H and G when the group H was abelian (Definition 6.18).
In this appendix we study the more general notion of a polynomial map, no
longer restricting to the case H abelian. The concept of a polynomial map
between groups was introduced by Leibman in [34], [35], and here we adapt it
to filtered groups.

Recall the definitions of an ordering I and of an [-filtration of a group G
in Definitions 6.7 and 6.8.

Definition B.1 (Polynomial map). Let G, H be groups with I-filtrations
Gr,Hr. If g: H— G is a map, then we define the derivative 0rg : H — G by
the formula

Ang(n) = g(hn)g(n)~!
for all n € H. We say that map g : H — G is polynomial if one has

ahl to ahmg(n) S Gi1+---+im

whenever m > 0, i1,...,im € I, hj € H;; for j = 1,...,m and n € Hy. The
space of all polynomial maps is denoted poly(H; — Gj).

Remark. As mentioned in Section 3, if G or H are written as additive
groups instead of multiplicative ones, the definition of partial derivative is
adjusted appropriately.

Ezample 1. If I = N, and H is abelian and is given the filtration H;, = H
fori =0,1 and H; = {0} for i > 0, then a map g : H — G lies in poly(Hy, Gx)
if and only if

ahl s 8hmg(n) € G,

for all m > 0 and h,..., h,, € H. This coincides with the definition given in
[20, Def. 6.1]. Definition B.1 may be considered as a generalisation of this, in
which the domain group H is allowed to have nontrivial filtrations.

Ezample 2. Any map ¢ : G — H between two [-filtered groups that is
constant and takes values in Hj is polynomial.

Ezample 3. If ¢ : Hf — Gy is a homomorphism of I-filtered groups that
maps H; to G; for each ¢ € I, then ¢ is a polynomial map since, for each h € H,
On¢ is the constant map n — ¢(h). We will call such homomorphisms I-filtered
homomorphisms from the I-filtered group Hy to the I-filtered group G7j.

Ezample 4. If G is an I-filtered group, and g € G, then the left translation
maps x — gz lie in poly(G; — Gy). Indeed, the derivative of this map in any

direction h € G; is simply the constant map ghg~', which lies in G;, and any
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further derivative of this map is trivial. This example is a special case of the
Lazard-Leibman theorem (Corollary B.4 below), since the translation map is
the product of a constant map and the identity homomorphism.

Ezample 5. Given three I-filtered groups H,G,G’, amap g : H - G x G’
is polynomial (G x G’ is given the product filtration) if and only if its projections
to G and G’ are polynomial. In other words, we have a canonical isomorphism

poly(H; — (G x G')) = poly(H; — Gp) x poly(H; — G%).

Host-Kra cube groups. There is an important alternative characterisation
of polynomial maps in terms of Host-Kra cube groups, which we now define.
The material in this section is a generalisation of [20], and particularly [20,
Prop. 6.5], to the context of polynomial maps poly(H; — G7). (There matters
were discussed only in the case poly(H — G7).) The Host-Kra groups are the
group-theoretic analogue of the Host-Kra spaces X¥ of a dynamical system
X introduced in [29].

If m is a natural number, we let 20" be the power set of [m] := {1,...,m}.

Definition B.2. Let G be an [-filtered group, and let i1,...,4, € I. We
define the Host-Kra cube group HK"im(G}) to be the subgroup of G2
generated by the elements of the form

Lo (Guo) = (gw)wc[m] )

where wo C [m], gu, € GZ'E ;.» and g, equals g,, when w O wp and is
JEwo

J

the identity otherwise. Thus we see that the ¢, are embeddings of GZ'e i
. . JEewo

into HK"*» (G). We refer to m as the order of the Host-Kra cube groups

and refer to elements of HK" ' (Q) as cubes of dimension m and degrees

115+ 5m-

Ezample. Let G be a k-step nilpotent group, and let G; = [G,G;_1] be
the lower central series filtration. Then HK!!(G) is the subgroup of G2
generated by the “side” elements (g};])wdm} where g/, = g if i € w and g}, = id
otherwise, for i = 1,...,m, and by the diagonal elements (g,...,g).

THEOREM B.3. Let G, H be I-filtered groups, and let g : H — G be a map.
Then g is a polynomial map if and only if it preserves cubes, in the sense for
every m = 0 and i1,...,4,, € I, the homomorphism gz[m] ;LR
defined by

7" ((h)ucim) = (90h)ucim
maps HK'm (Hp) to HK'm (G).

Proof. For inductive reasons it is convenient to establish the following
slightly stronger result. For any mgo > 0, we say that a map g : H — G is
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polynomial to order my if we have

ahl U ah'mg(n) e G11++7ﬂm

for all m with 0 < m < my, all iy,...,4, € I, all hj € H;; for j =1,...,m,
and all n € Hy. It will suffice to show that a map g : H — G is polynomial to
order my if and only if it preserves the cubes of dimension up to my.

We establish this by induction on mg. The case mg = 0 is easy: g is
polynomial to order 0 if it maps Hy to G, but these are also essentially the
Host-Kra groups of order 0, and the claim follows. Now suppose inductively
that mg > 1 and that the claim has already been shown for all smaller values
of mo.

Suppose first that g : H — G preserves all cubes of dimension up to my.
Then by the preceding discussion, g maps Hy to Gg. To show that g is poly-
nomial to order myg, it thus suffices to show that for every ¢ € I and h € H;,
Opg is polynomial to order my — 1 in the shifted I-filtration G;ri defined by

(B.1) GT' = (Gjvi)jer-
By the induction hypothesis, it suffices to show that 0pg preserves cubes
of dimension mo — 1. Accordingly, let h = (hy)uclme—1) be an element of

HK™imo=1 (H). We may view (h, h- k) as an element of HK*#mo~1i( H) of
one higher order, where h - h := (hhy)yc[mo—1]- By hypothesis on g, we have

(" (R, (- ) € HRimo (@),

An inspection of Definition B.2 reveals that (g, go) lies in HK - imo-14(G) if
and only if gj lies in HK*"m0=1(G) and ga(g1) ! lies in HK""mo=1(G, G*)
(which is easily seen to be a normal subgroup of HK*»*mo=1(()). We conclude
that

—

gQ[mo—l] (h . h) . gQ[mO—I] (}_l’)—l c HKil""’imO*l (G, G}H)
But
[mg—1] = [mg—1] , 7, _ [mg—1] , >
g (hh) g7 ()T = (09)* T (),
and the claim follows.

Next, suppose conversely that g : H — G is a polynomial map of order
up to mg; by the inductive hypothesis, it suffices to show that g preserves
all the cubes of dimension exactly mg. Accordingly, let h be an element of
HK" "m0 (H) of this dimension. Arguing as before, we may write

h= (b1, hahy),
where iy € HKimo=1(H) and hy € HKimo=1(H, H;rimo). Our objective
is then to show that
(mol 7 (mo—1] (mo—1] 7 =
9> (h) = (""" (h),g*"" (hah))
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lies in HK® %m0 (G). By the decomposition of HKmo (@), it thus suffices
to show that

(B.2) " (Bahn) g™ (hy) !t € HKAimo- (G, G,

Luo (P )» Where wp C [mo — 1] and hy, € Hs~ itin, - BY telescoping series,
Jewo

we thus see that to establish the above claim it suffices to do so under the

additional assumption that hy is a generator

-

ha = twy (hy)
for some wy C [m — 1] and hy, € szewo ij-img "
By relabeling we may assume that wp = {m' + 1,...,my — 1} for some

0 <m’ <mp— 1. The left-hand side of (B.2) then simplifies to

(B.3) (On, 9)™ (Y,

where 1/ is the restriction of h; to 20", and we embed 2™ into G20V by
identifying (guw)wc[m) With the tuple (gw)wc[mo—1], Where gy, is equal to gunjm
when w contains €2, and is equal to the identity otherwise.

But by induction hypothesis, (B.3) lies in HKimo-1(G, G;ZJE“O bt ).
By Definition B.2, this embeds into HK"»mo=1(G, G;ﬂmo), giving (B.2) as
desired, and the claim follows. O

Theorem B.3 has two immediate corollaries.

COROLLARY B.4 (Lazard-Leibman theorem). Let G, H be I-filtered groups.
Then poly(H; — Gy) is also a group (using pointwise multiplication as a group
operation).

COROLLARY B.5 (Composition). Let G, H, K be I-filtered groups. If g €
poly(Hr — Gr) and h € poly(K; — Hy), then go h € poly(H; — Ky).

In other words, for any fixed I, the class of I-filtered groups together with
their polynomial maps form a category. It is remarkably difficult to establish
Corollary B.5 in full generality without the machinery of Host-Kra cube groups.

Ezample. If G, H are I-filtered groups with H = (H,+) abelian, and ¢
is a polynomial map from H to G, then the translates g(- + h) and dilates
g(q-) for h € H and q € Z are also polynomial maps from H to G, thanks to
Corollary B.5 and Examples 3 and 4 following Definition B.1. More generally,
if ¢ : H — H is a filtered homomorphism and g € poly(H; — Gy), then
go¢ € poly(H; — Gy).



AN INVERSE THEOREM FOR THE GOWERS US*![N]-NORM 1335

Ezxample. Using Corollary B.4 we can establish that any algebraic word
w on k generators defines a polynomial map from H* to H for any I-filtered
group H. For instance, the map (g,h) — g>h~3gh is a polynomial map from
H x H to H.

We can strengthen Corollary B.4 slightly, by giving poly(H; — Gj) the
structure of an I-filtered group.

PropOSITION B.6 (Filtered Lazard-Leibman theorem). Let (G,Gy) and
(H, Hy) be I-filtered groups. Then poly(H; — Gy) is also an I-filtered group,
with filtration (poly(Hy — G7%))ic1, where the shifted filtration G}* was de-
fined in (B.1). In particular, the poly(H; — GF*) are normal subgroups of
poly(H; — Gy).

Proof. The only nontrivial claim to show is that if g; € poly(H; — G}H)
and g; € poly(H; — G}“j) for some i, j € I, then [g;, g;] € poly(H; — G;“Hj).
It suffices to show for each mg > 0 that if g;, g; are polynomial maps up
to order mg from (H, Hj) to (G, G}ri), (G, G;rj) respectively, then [g;, g;] is a
polynomial map up to order mq from (H, Hy) to (G, G}Hj).

Again we induct on mg. The case my = 0 is trivial, so suppose that
mo > 1 and that the claim has already been proven for smaller values of my.

As g;,9; map Hy to G;, G; respectively, [g;, g;] maps Ho to Gi4;. It thus
suffices to show that for each k € I and h € Hy, that 0y[g;, g;] is a polynomial
map up to order my — 1 from (H, Hy) to (G, G;ri+j+k). But a brief calculation
shows that

(B.4) Onlgi» 93] = 97 " (0ng:) " g5 " (Ong5) " (On9i)9:(Ongs)9; " 9,9:-

By induction hypothesis (and Corollary B.4), the maps that are polynomial
up to order my — 1 from (H, Hy) to (G, G}Li+j+k) form a normal subgroup of
the maps that are polynomial up to order mg — 1 from (H, Hy) to (G, Gy).
If we quotient out by this normal subgroup, then a further application of the
induction hypothesis shows that d,g; commutes with g; and 0g; and that g;
commutes with dpg;. An inspection of (B.4) then shows that the right-hand
side vanishes once one quotients out by this normal subgroup, and the claim
follows. O

Proposition B.6 has some useful corollaries.

COROLLARY B.7 (Approximate linearity and commutativity). Let G, H be
I-filtered groups, let i, j, k,1€1, let g; € poly(H; —G71"), g; Epoly(H1—>G}”),
hy € Hy, and h; € H;. Then we have

(B.5) Oy (9i97) = (On,9:) (Onp9;) mod poly(Hy — G+
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and

(B-6) Onhy (9i) = (Ony,9i)(On,g:) mod poly(Hy — GFHFH).

If H is abelian, we also have

(B.7) (01,9:) (On,9i) = (On,9i)(On,9:) mod poly(Hy — GFHH).

Proof. The conclusions (B.5), (B.6) follow from Proposition B.6 and the
identities
Ony (9195) = (O0,.9:) (On97)1On, 95, 97 ')
and

(B'S) ahkhl (gl) = (ahlahkgi)(ahkgi)(ahlgi)-
The identity (B.7) then follows by swapping the roles of hj and h; in (B.6). O

Next, we make the useful observation that in order to check polynomiality
of a map, it suffices to do so on generators.

PROPOSITION B.8 (Checking polynomiality on generators). Let G, H be
I-filtered groups. For each i € I, let E; be a set of generators for H;. Then a
map g : H — G is polynomial if and only if one has

(Bg) ahl o ahmg(n) € G11++Zm
forallm >0, alliy, ... im € I, all hj € E;; for j=1,...,m, and all n € Hy.

Proof. The “only if” part is trivial, so it suffices to prove the “if” part.
For inductive reasons, we shall prove the following more general statement: if
l,mo >0, and g : H— G is such that Oy, - - - 0p,,9 is a polynomial map up to
order [ from (H, Hy) to (G, G}riﬁ"'”m) whenever 0 < m < mg, i1,...,%m € 1
and h; € E;; for j = 1,...,m, then g is a polynomial map from H to G' up
to order mg + . Indeed, by setting [ = 0 and sending mg — oo we obtain the
claim.

We establish the claim by induction on m. The case mg = 0 is trivial, so
suppose that mg > 1 and that the claim has already been proven for smaller
values of my.

Fix [. Let 1 < m < mo and 41,...,%, € I, suppose that h; € E;; for

g. By hypothesis, we have that Jp, g
G;—ll-ﬁ--ﬁ-lm)

Jj=2,...,m, and write g := Op, --- O

m

is a polynomial map of order [ from (H, Hy) to (G whenever h;
lies in E;,. Using (B.8) and Corollary B.4, we conclude the same statement
holds when h; lies in H;,. By induction hypothesis, g is also known to be a
polynomial map of order I from (H, Hy) to (G, G2 +m). We conclude that
g is in fact a polynomial map of order I 4 1 from (H, Hy) to (G, GF=t tim),
Applying the induction hypothesis again, we conclude that g is a polynomial
map of order [ +m from H to G, as required. O
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Ezxample. Let G1,Go,G be [-filtered groups, and let B : G; x Go — G
be a map that is “bilinear” in the sense that the maps g1 — B(g1,92) for
fixed go € Gy and g2 — B(g1,g2) for fixed g1 € G are homomorphisms,
and such that B maps G1>; X G2, to Gi4; for any ¢,5 € I. Then B is
a polynomial map, as can be seen by using Proposition B.8 with Gy >; X
{id} U {id} x Ga>; as the generating set for (G1 x G2); = Gi>i X G23i.
Combining this with Corollary B.5 we conclude, in particular, that if H is an
I-filtered group and ¢; € poly(H; — (G1)1), g2 € poly(H; — (G2)r), then
B(g1,92) € poly(Hr — Gy); informally, this is asserting that the product of
polynomials is again a polynomial.

Example. Let G be an NF-filtered group, and let ¢ € poly(ZI'%k — Gyr)

be a polynomial sequence, in which Z* is given the multidegree filtration. We
can collapse the N¥-filtration on G to an N-filtration by defining G; to be the
group generated by G(;, ;) for all (i1,... i) € N* with iy + --- 4 i, = 1.
From Proposition B.8 we thus conclude that ¢ remains a polynomial map from
7ZF to G if we now give Z* the degree filtration and give G the N-filtration
indicated above.

The next lemma describes a useful type of Taylor expansion for polynomial
sequences.

LEMMA B.9 (Taylor expansion). Let d > 1 be a natural number, let G
be an Ne-filtered group of degree C J for some finite downset J, and let g €
poly(ZI‘éd — Ga), where Z% is given the multidegree filtration. We complete
the partial ordering on J to a total ordering in some arbitrary fashion. Then
there exist unique Taylor coefficients g; € G; for each j € J such that

()
g(n) =TT 9"
jeJ
Here we adopt the notational convention
((nl, e nd)> ‘: <n1> . <nd)
(J1s -+ Ja) N Jd

Proof. We first show uniqueness. Suppose that we have two Taylor ex-
pansions that agree everywhere; that is to say,

() "
[Is," =T
jeJ jeJ
for all n € Z%. Setting n = 0 we see that gy = go- Cancelling this, we see that

M &)= T @)t

j€J:3>0 jeJ:3>0
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More generally, suppose inductively that we have shown that g; = gg- for all

J < Jjo and
1 o= I &%
J€J:3>jo J€J:j>jo
for all n € Z¢ some jy € J. If jo is the maximal element of .J, then we are done.
Otherwise, let j; be the next element after jp in the total ordering of J. Setting
n = j1 we conclude that g;, = it and then we can continue the induction and
establish uniqueness.

Now we show existence by inducting on the cardinality of J. The claim is
trivial for J empty, so suppose that J is nonempty, and let j, be the maximal
element of J. The group G, is a central subgroup of G} if we quotient G by G, ,
we obtain an N?filtered group G//G;, of degree C J\{j.}. Let 7 : G — G,
be the quotient map. Applying the induction hypothesis, we have a Taylor
expansion

wgm) = [ AV
JEJ:j# ]
for some h; € w(Gj). Writing h; = n(g;) for some g; € G;, and using the
central nature of Gj,, we conclude that

mm=<ﬂ &vﬂm
JEJ:jF# ]
for some ¢'(n) taking values in G;,. By Corollary B.4, ¢’ is a polynomial
sequence, and therefore

it -+ 0itg' (n) = id
whenever (ji,...,jx) % j«, with er,...,e; being the basis of Z¥. We can
“integrate” this difference equation repeatedly using the abelian nature of G,

and the Pascal’s triangle relation O, (.!". ) = (")) and conclude that
( g i\j+e; J

¢ = T
J<Jx
for some gg» € Gj,. Using the central nature of G, , we conclude that
g(n) = [T (99D
JjeJ
(with the convention that g;, = id), and the claim follows. O

COROLLARY B.10 (Pullback). Let d > 1 be a natural number, let G be an
N-filtered group of degree C J for some finite J, and let g € poly(Z%d — Gpd).
Let ¢ : G' — G be an N%-filtered homomorphism of N®-filtered groups such that
o: G;- — Gj is surjective for every j. Then there exists g’ € poly(Z%d — G;\Id)
such that g = ¢’ o ¢.
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Proof. Apply Lemma B.9 and then pull back each of the resulting Taylor
coefficients g;. O

Appendix C. Lifting linear nilsequences to polynomial ones

The purpose of this appendix is to demonstrate the equivalence of the lin-
ear inverse conjecture, Conjecture 1.2, with the polynomial inverse conjecture,
Conjecture 4.5. We remind the reader that this is not strictly speaking nec-
essary to establish the results in [19], but the latter paper was written before
the more general notion of a polynomial nilsequence came to the fore.

The key observation here is that every polynomial nilsequence of degree
< s can be “lifted” to an s-step linear nilsequence in a certain sense.

We begin by recording a useful lemma.

LeEmMA C.1 (Discrete polynomials are cocompact). Let G/I' be an N-
filtered nilmanifold. Then poly(Zy — TI'y) is a lattice (i.e., a discrete cocompact
subgroup) of poly(Zy — Gy) (where we give Z the degree filtration).

Proof. We may assume that G/I" has degree-rank < d. It will suffice to
show that any polynomial sequence g € poly(Zy — Gy) can be factorised
as g = v¢g where v € poly(Zy — T'y) and ¢’ ranges in a compact subset
of poly(Zy — Gy). It is enough to show by induction on i that for every
0 < i < d+1, there exists a factorisation g = 7;h;g; where 7/ € poly(Zy — I'n),
g; lies in a compact subset of poly(Z — G), and h; € poly(Zy — Gy) is such
that h(0) =--- = h(i — 1) = id, since for ¢ = d + 1 this forces h to be trivial.

This inductive claim is trivial for ¢ = 0 (setting vo = g{, to be trivial). Now
suppose inductively that one has a factorisation g = ~;h;g; for some 0 < i < d.
Since h(0) = --- = h(i — 1) = id, we see from Taylor expansion that h(i) € G;.
Since T'; := I' N G; is cocompact in G;, we may factorise h(i) = Y;1(4)g; ;1 (7)
for some %;11(i) € Ty and g (i) in a cocompact subset of G;. By Taylor
expansion we may extend Jit1, g, 41 to elements of poly(Zy — I'y) and of a

compact subset of poly(Zy — Gy) respectively that are trivial on 0, ... i — 1.
Writing vi41 := Yi¥it1, Riv1 = &;ﬁhi(ggﬂ)*l, and gj , = §;,,9; we obtain
the claim. O

Now we establish the key lifting proposition.

PRroOPOSITION C.2 (Polynomial nilsequences can be lifted to linear ones).
Let G/T be a filtered nilmanifold of degree < s. Then there exists a standard
s-step nilmanifold é/f, a standard compact subset K of G’/f, and a standard
Lipschitz map m : K — G/I' such that for every (standard) polynomial se-
quence g : 7 — G, there exists § € G and & € é/f‘ such that g"T € K and
g(n)*I' = mw(g"x) for alln € Z.
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Indeed, with this proposition, any degree < s nilsequence n — F(g(n)*T")
can then be lifted to an s-step linear nilsequence n +— (F o m)(g"&) with
§ € *G and # € *(G/T), where F o7 is extended from a Lipschitz function
on K to a Lipschitz function on G / I' in some arbitrary fashion. From this
one easily concludes that Conjecture 1.2 follows from Conjecture 4.5. (The
converse implication is trivial, because every linear nilsequence is a polynomial
nilsequence.)

To motivate Proposition C.2 let us present an illustrative example. We
take s = 2 and G/T" to be the unit circle R/Z with the quadratic filtration.
(Thus G; equals R for i < 2 and {0} for ¢ > 2.) By Remark 9.6, a polynomial
sequence g : Z — G then takes the form g(n) = ag + ai(}) + az(3) for
some frequencies g, a1, a (i.e., a nonstandard classical quadratic polynomial).
To lift this quadratic sequence to a linear one, we introduce the Heisenberg
nilmanifold G/T" (Example 6.1), and place inside it the skew torus

K = {g;{1 [g1, go]2T t1,tpn9 € R}
This is easily seen to be compact. (Indeed, it is topologically equivalent to T?.)
We define the map 7 : K — T by the formula
(g1 [91, 92]"4) := t[1 9) mod 1;
it is easy to see that 7 is well defined and smooth. If we set
17 [

g := g7 92[91, 92 T :=[g1,92]'T

for some frequencies «, 3,7 € R, then a brief calculation shows that for any
integer n, g™ lies in K and
1
n(gns) = "0t

and so one can arrange for 7(§"z) = g(n) by choosing «, 3,~ appropriately in
terms of aq, a1, as.

a+npf+ v mod 1,

The above construction was ad hoc in nature, requiring one to conjure up
the Heisenberg group out of thin air. However, it is possible to canonically con-
struct a lifted nilmanifold G/T" in the general case. Fix G/T'. By Remark 9.6,
poly(Zy — Gy) is a Lie group topologically isomorphic to [[;>¢ G, but with a
different group structure. Since G has degree < s+ 1, we see that GG is < s-step
nilpotent, which implies that poly(Zy — Gy) is < s-step nilpotent also.

Let I'y be the restriction of the filtration G to I' (Example 6.14); thus T
is now a filtered group. By Lemma C.1, poly(Zy — I'y) has the structure of
an s-step nilmanifold. This is not yet the nilmanifold G/T" needed for Propo-
sition C.2, but we can modify it as follows. We observe that there is a shift
automorphism 7" acting on both poly(Zy — Gy) and poly(Zy — I'y) by the
formula T'g(n) := g(n+1). It also acts on the Lie algebra log poly(Zy — Gy) of
poly(Zyx — Gy), which by abuse of notation we shall call poly(Zy — log Gy).
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This action is unipotent; indeed, T'—1 maps poly(Zy — log G§i) to poly (Zy —
log Gg(iﬂ)) for all ¢ > 0, where G1* is G with the shifted filtration G;ri =
G4+i. The conjugation action of poly(Zy — Gn) on poly(Zy — log Gy) has
the same unipotence property by the filtered nature of GG. Because of this, we
see that the conjugation action of semi-direct product® poly(Zy — Gy)x7Z on
poly(Zy — log G) is s-step unipotent, which implies that poly (Zy — Gn)X71Z
is s-step nilpotent.

Unfortunately, the group poly(Zy — Gy) X7 Z is not connected, so it
is not directly suitable for the purposes of establishing Proposition C.2. But
this can be easily remedied by using the unipotent nature of the action of
T on poly(Zy — logGy) to express'!® T = T for some smooth unipotent
group action ¢ — T" of the real line R on poly(Zy — log Gly), which can then
be exponentiated to provide a unipotent group action (which we will also call
t+— T*) on poly(Zy — Gy). The action of the group G := poly(Zy — Gn)x7R
on poly(Zy — log Gy) is then s-step unipotent, which implies that G is s-step
nilpotent.

The group G is an s-step nilpotent Lie group which is both connected and
simply connected. It contains the discrete subgroup [:= poly(Zy — I'n) X7 Z.
Since poly(Zy — I'y) is cocompact in poly(Zy — Gy) (and Z is cocompact
in R), G is cocompact in G; thus G / I has the structure of a nilmanifold.

There is a canonical map 6 from G / I' to T induced by the projections of
G,T to R and Z respectively. We denote the kernel #~({0}) of this map by
K thus K is a compact subset of G,T. Observe that every element of K can
be represented as (g,0)T for some g € poly(Zy — Gy), which is unique up
to multiplication on the right by poly(Zy — I'y). We then define the map
m: K — G/T by the formula 7(g) := g(0)I'; it is clear that 7 is a Lipschitz
continuous map.

We are now ready to establish Proposition C.2. Let g€ poly(Zy— Gn).
Then we set & := (¢,0)I € K and § := (id, 1) € G. One easily verifies that for
any integer n, §"% = (T"g,0)T € K, and so 7(§"%) = g(n). Proposition C.2
follows.

Appendix D. Equidistribution theory

The purpose of this appendix is to develop the quantative Ratner-type
equidistribution theory for nilmanifolds, which will help us determine when

INote that Z is viewed as an additive group, while poly(Zy — Gy) is viewed as a multi-
plicative group; we hope that this will not cause confusion.

10T his can also be done by the machinery of Mal’cev bases for both discrete and continuous
nilpotent groups; see [36].
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averages such as
(d.1) E,epnF(O(n))

are large, for various nilsequences n — F(O(n)). We will also need a multidi-
mensional version'! of this theory, in which [N] is replaced with [N]¥, or more
generally by the Cartesian product of k arithmetic progressions.

This theory is based on the results [20] on equidistribution in nilmanifolds,
translated to the language of ultralimits. The results in this appendix will be
needed in two places. Firstly, Theorem D.6 below, which gives a criterion for
when averages such as (D.1) are large, will be used in Section 11 to analyse
the correlation property arising from Proposition 7.3. Secondly, Theorem D.5,
which (locally) factorises an arbitrary multidimensional polynomial orbit into
equidistributed and smooth pieces, will be used to give an important criterion
for when a nilcharacter is biased (see Lemma E.11).

We begin with some basic definitions.

Definition D.1 (Equidistribution). Let G/I' be a standard nilmanifold,
which then admits a canonical Haar probability measure p. Let 2 be a
nonempty limit finite set, and let O : Q@ — *(G/T") be a limit function. We say
that O is equidistributed in G /T if, for every F' € Lip(G/T"), one has

(D.2) EncaF(O(m) = [ F du+ o),

or equivalently if n +— F(O(n)) is unbiased on {2 whenever fG/F F dp=0.

Now we specialise to the case Q = [N]*¥. We say that O is totally equidis-
tributed on [N if it is equidistributed on every product P x - - - x Py of dense
arithmetic progressions P, ..., Py in [N]; thus,

(D.3) Epepy s p, F(O(n)) = /G/F F du + o(1)

for every standard Lipschitz function F': G/T' — C.

Remark. We defined equidistribution using standard Lipschitz functions
F € Lip(G/TI'), but the statement (D.2) for F' € Lip(G/T") automatically im-
plies the same claim for F' € Lip(*(G/T)).

This notion of equidistribution on [N] is closely related to, but not iden-
tical with, the more classical notion of equidistribution involving an infinite
sequence ¢ : Z — @G, in which one takes a limit as N — oo; we refer to this
latter concept as asymptotic equidistribution in order to distinguish it from
the “single-scale” equidistribution considered here, in which one is working

10On the other hand, we will only need to work with the degree filtration, although it is
certain that the theory here would extend to I-filtered nilsequences for other orderings.
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with a fixed (but unbounded) N. While there is a close analogy between the
theory of asymptotic equidistribution and single-scale equidistribution, there
does not seem to be a soft way to automatically transfer results from the for-
mer to the latter. Single-scale equidistribution is in fact much closer to the
notion of d-equidistribution studied, for instance, in [20]; we refer readers to
that paper for further discussion of the distinction between the different types
of equidistribution.

Ezample. We consider the case when G/T' = T? is a torus. Weyl’s equidis-
tribution criterion, in our notation, then asserts that a limit map O : [N]¥ — T¢
is equidistributed if and only if one has

Ene[N]ke(ﬁ -O(n)) =o(1)

for all standard ¢ € Z4\{0}. One can also show (using some Fourier analysis)
that O will be totally equidistributed if and only if

Enemee(§ - On))e(n - n) = o(1)

for all standard ¢ € Z4\{0} and n € ZF. As a consequence of this and some fur-
ther Fourier analysis, we see that a one-dimensional linear orbit O : [N] — T¢
defined by O(n) := an+ 3 for some a, f € T will be equidistributed or totally
equidistributed in T¢ if and only if « is not of the form ¢ +O(N~1) mod 1 for
some standard rational ¢ € Q.

Given a standard filtered nilmanifold G/T', a horizontal character is a
continuous standard homomorphism £ : G — T that vanishes on I'. We say
that the character is nontrivial if it is not identically zero.

We have the following basic equidistribution criterion, generalising the
torus example above.

THEOREM D.2 (Leibman theorem). Let k € N*t, let N be an unbounded
natural number, let G/T" be an N-filtered nilmanifold, and let O € *poly(Z{{] —
(G/T)N) be a k-dimensional polynomial orbit, where ZF is given the degree
filtration. Then on [N]*, the following statements are equivalent:

(i) O is totally equidistributed in the nilmanifold G/T .

(ii) O is equidistributed in the nilmanifold G/T".

(iii) O is equidistributed in in the torus G/(|G,G]T).

(iv) There does not exist any nontrivial horizontal character £ such that
€ o g is Lipschitz with constant O(1/N).

Proof. See [20, Ths. 1.19, 2.9, 8.6] (where in fact a more quantitative
strengthening of this equivalence is established). The analogue of this result
for asymptotic equidistribution was established previously in [37] (and the
result is classical in the case of linear sequences). The main difficulty is to
show that (iv) implies (ii), which is the main content of [20, Th. 2.9], which
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relies primarily on a certain van der Corput type equidistribution lemma for
nilmanifolds. O

Theorem D.2 implies the following weak factorisation theorem.

THEOREM D.3 (Weak factorisation theorem). Let k € Nt let N be an
unbounded natural number, let G/T be an N-filtered nilmanifold, and let g €
*poly(ZE — Gn). Suppose that g is not totally equidistributed on [N] in G/T.
Then one can factorise g = €g'vy, where €,9',v € *poly(ZI’% — Gn) have the
following properties:

e ¢ is a bounded sequence on [N]* with the it" Taylor coefficient of size
O(N~y for each i € NF,

o ¢ takes values in a standard proper rational subgroup G' of G (i.e., G' is a
connected proper Lie subgroup of G, and I" := G' N T is cocompact in G).

e ~ is periodic modulo T with a standard period q € NT, thus y(n + qu) =
y(n) mod T for all n,v € *Z*. Furthermore, v takes values in a standard
subgroup T' of G that contains T as a subgroup.

Proof. See [20, Prop. 9.2]. The basic idea is to use the nontrivial horizontal
character ¢ generated by Theorem D.2 to cut out the subgroup G’. In order to
keep G’ connected, one needs to first factorise £ = m&’, where m is a standard
positive integer and £’ is an irreducible horizontal nilcharacter; this integer m
is responsible for the periodic term +. O

One can iterate this to obtain a “Ratner-type” theorem.

THEOREM D.4 (Factorisation theorem). Let k € N1, let N be an un-
bounded natural number, let G/I' be a (filtered) nilmanifold, and let g €
*poly(ZE — Gn). Then there exist a standard rational subgroup G’ of G (i.e.,
G’ is connected and G' NT is cocompact in G) and a factorisation

g9(n) = e(n)g'(n)y(n),
where €,4¢',v € *poly(ZI’{] — Gy) have the following additional properties:

e ¢ is a bounded sequence with the i Taylor coefficient of size O(N_M) for
each i € N¥, and has Lipschitz constant O(1/N);

e ¢ takes values in a standard proper rational subgroup G’ of G, and is
totally equidistributed in G' /T whenever I' is any standard subgroup of
G'NT of finite (standard) index;

e v is periodic modulo I' with a standard period, and takes values in a stan-
dard discrete subgroup T' of G that contains T.

This theorem is a close relative of [20, Th. 1.19] and can be proven by the
same methods; for the convenience of the reader we sketch a proof here.
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Proof. Let us say that g can be represented using a standard rational sub-
group G’ of G if one has a factorisation g = ¢’y that obeys all the conclusions
of the theorem except for the total equidistribution of ¢’. Clearly, g can be
represented using G itself, by setting € and v to be the identity and ¢’ := g. By
the principle of infinite descent!'? (using the fact that G has a finite standard
dimension), we may thus find a standard rational subgroup G’ that represents
g and is minimal in the sense that no proper standard rational subgroup of G’
represents g. Let g = e¢g’y be the associated factorisation. It then suffices to
show that ¢’ is totally equidistributed in G’/T” for every standard finite index
subgroup IV of ' N G’.

Suppose for contradiction that this is not the case. Applying Theorem D.3,
one can factorise ¢’ = €”¢"+", where ¢” is a bounded sequence with Lipschitz
constant O(1/N), v” is periodic with a standard period and takes values in
a standard discrete subgroup I” that contains I”, and ¢” takes values in a
proper rational subgroup G” of . One can enlarge I” to contain T', and this
is easily verified to still be discrete. One can then show that the factorisation
g = (e")g"(7"7) is a representation of g using G” (see [20, §10] for details),
contradicting the minimality of G”. O

It will be convenient to convert the factorisation in Theorem D.4 into a
more convenient form, eliminating the periodic factor v and the slowly varying
factor € by passing to subprogressions.

THEOREM D.5 (Factorisation theorem, II). Let k € NT, let N be an un-
bounded natural number, and let O € *poly(ZE — (G/T')n). Then one can
partition [N]* into a bounded number of products P = P x --- x Py of dense
arithmetic subprogressions of [N], such that for each P one has a polynomial
e € *poly(ZE — G) that is bounded with Lipschitz constant O(1/N) on P and
with the i Taylor coefficient of size O(N"i') for each i, a standard rational
subgroup Gp of G, and a polynomial sequence gp € *poly(Z, — (Gp)n) totally
equidistributed on Gp/Tp where (Gp)y := (Gp N G;)ien and T'p := GpNT,
such that

O(n) =ep(n)gp(n)T
for all m € P. Furthermore, for each i € N¥, the horizontal Taylor coefficients
Taylor,(g) and Taylor,(gp) differ by O(N~V). Finally, for two different prod-
ucts P, P’ of progressions in this partition of [N]F, the sequences gp and gp:

12The ability to use this principle is an advantage of the ultralimit setting. In the finitary
setting, in which one needs to quantify such concepts as total equidistribution, periodicity,
etc., instead one has to perform an iterative “dimension reduction argument” which requires
one to manage many more parameters; see [20] for an example of this. See also the beginning
of Section 10 for a related discussion.
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are conjugate, with gpr = ’Y;%D/QP’YP’P/ for some ypp: € G that is rational in
the sense that vp'pr € T’ for some bounded positive integer m.

Proof. Write O(n) = g(n)*T for some g € *poly(Zk — Gy). We apply
Theorem D.4 to obtain a rational standard subgroup G’ and a factorisation
g = £g'y with the stated properties. The sequence 7 is periodic with a standard
period, so we may partition [N ]k into a bounded number of products P =
Py x -+ x Py of dense arithmetic subprogressions of [N] on which v = ~p is
constant. As I' is cocompact, we may thus find a v € vpI' that is bounded,
thus 7% = O(1). Note that v} lives in a discrete group I" and is thus standard.
Since T is cocompact, it has finite index in ', which implies that v is rational,
or equivalently that v} has rational coefficients with respect to a Mal’cev basis
[40] of G/T.

For n € P, we can write

O(n) = e(n)g'(n)ypl = e(n)vpgp(n)'T,

where gp(n) := (vp)"1g'(n)yp is the conjugate of ¢’(n) by v}p. Note that this

gives the claim about the conjugate nature of gp and gp-.

As v} is rational, the conjugate vpI'(7p) ! intersects I' in a subgroup
I of finite index, which then has the property that Iy, C vpI. From this,
we see that the conjugation operation g + (v5)"1g7p on G descends to a
continuous projection of G/I" to G/T", which maps ¢g(n)*I"” to gp(n)*T". Since
g(n) is totally equidistributed on G’/(G’ NT") by construction, we conclude
that gp is totally equidistributed on Gp/(Gp NT), where Gp := (vp) " 1G'v}p
is the conjugate of G’. Note that G'p is also a standard rational subgroup of G.
If we now set ep := evp, we obtain all the claims except for the one about

horizontal Taylor coefficients. But from the remarks following Definition 9.6
and the factorisations g = eg’y, gp = (vp) " 1g"vp, We have

Taylor;(g) = Taylor,(¢) Taylor,(g’) Taylor;(v)
and
Taylor;(gp) = Taylor;(g").
Since 7 takes values in I", Taylor;(y) vanishes. Finally, by construction we have
Taylor;(¢) = O(N~I!). The claim follows. O
We can now give a criterion for when an average of the form E,,cx) F(O(n))
is large.

THEOREM D.6 (Ratner-type theorem). Let G/T" be N-filtered nilmanifold
of some degree d, let O € *poly(Zn — (G/T')n) be a polynomial orbit, and let

F € Lip(*(G/T") — Cv)
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be such that
[EnenF(O(n))] > 1.
Then one has

| /G o ) duta)| 1

for some bounded € € G and some rational subgroup Gp of G, with the property
that

Thorizy (@) (Gp N Gy) = B,
where the horizontal space Horiz;(G) and the projection map Thoiz,(c) @ Gi —
Horiz;(G) was defined in Definition 9.6,

=+ = {x € Horiz;(G) : &(z) = 0 for all & € Z;},

and Z; < Horiz;(G/I') is the group of all (standard) continuous homomor-
phisms & : Horiz;(G/T") — T such that

& (Taylor,(0)) = O(N 7).

One could also generalise this theorem to multidimensional orbits, but we
will not need to do so in this paper. We will motivate this theorem with some
examples after the proof.

Proof. By taking components we may assume that F' is scalar-valued.
Write O(n) = ¢g(n)*T" for some g € *poly(Zny — Gy). We partition [N] into
dense arithmetic progressions P induced from the partition of [N] coming
from Theorem D.5 (using the Chinese remainder theorem and passing to dense
subprogressions as necessary). By the pigeonhole principle, for at least one of
these progressions P one has

EncrF(g(n)'T)| > 1.
Now let 6 > 0 be a small standard number to be chosen later. By further
partitioning of P and the pigeonhole principle one can assume that P has
diameter at most dN. (Note that the implied constant in the > notation
remains independent of § when doing so.) Then for any ny € P, ep(n) and
ep(ng) differ by O(d), and so (by the Lipschitz nature of F) F(g(n)*T") differs
from F(ep(no)gp(n) ') by O(6). Thus, for § sufficiently small, and setting
¢ :=¢ep(ng), one has
|EnepF (egp(n)T)| > 1.
Using the total equidistribution of gp, we have

EnepF(egp(n) T) = /G oy Fe) du(@) +0(1),

and so
/ Flex) du(z) > 1.
Gp/Tp
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To finish the proof of Theorem D.6, we need to show that
(D4) THoriz; (G) (GP N Gl) 2 E'LL

for all positive standard integers ¢, with =; as in Theorem D.6.

Fix 4. To show the above claim, observe that gp takes values in Gp, and
so Taylor;(gp) € THoriz, (q/r)(Gp N Gi). On the other hand, Taylor;(gp) differs
from Taylor;(g) by O(N~*), and so

(D.5) dist(Taylor;(9), THoriz, (¢/r) (Gp N Gi)) = O(N ).

Suppose the inclusion (D.4) failed. Then by duality (and the rational nature of
Gp), there exists a standard continuous homomorphism &; : Horiz;(G/T) — T
outside of Z; that annihilates m;(Gp N G;). From (D.5), this implies that

&(Taylor;(g)) = O(N ™),
and thus & € Z; by definition of Z;, a contradiction. The claim follows. O

To get a feel for this proposition, let us first examine a simple special
case, when G/T is just a two-dimensional torus T? and O is a linear orbit
O(n) := (an, fn) for some «, B € *T. We take F' to be a standard Lipschitz
function from T? to C. Our hypothesis is then the assertion that

Eeqn F'(an, Bn)| > 1.
The conclusion is then that

/F(a—i—x) dup(z)| >1
T

for some subtorus T := Gp/(GpNZ?) of T2, where ¢ € T? and Gp is a rational
subgroup of R?. Furthermore, G'p contains the subgroup

=r={reR*:&(x) =0 forall € € 51}

and Z; is the subgroup of Z? defined by
Z1:={£e<Z?: ¢ (a,8) = O(NH}.

We investigate some subcases of this result. First consider the case when
a, 3 are both within O(N~!) of standard rationals. Then Z; is a finite index
subgroup of Z2, and so Z1 is trivial. The conclusion is then simply the trivial
conclusion that |F(g)| > 1 for some ¢ € T?, which was of course obvious from
the pigeonhole principle.

Now suppose that 3 is within O(N~!) of a standard rational p/q with
p, q coprime, but that o does not lie within O(N~!) of a standard rational.
Then Z; = {(0,qa) : a € Z}, and so Z = R x {0}. The conclusion is now
that | [ F(z,e) dz| > 1 for some ¢ € T. This can also be seen directly by
observing that on any subprogression of [N] of spacing ¢ and length d N for
some small § > 0, the orbit O(n) is within O(d) of being equidistributed on
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a coset T x {e} of T x {0} for some ¢ € T, with the implied constant in the
O(9) notation independent of . The claim then follows from the pigeonhole
principle (choosing § sufficiently small, but still standard) and the Lipschitz
nature of F.

Finally, suppose that «, 8 are incommensurate in the sense that there does
not exist any nonzero & € Z? for which ¢ - (a,b) = O(N~!). Then Z; is trivial
and so Z{ = R2. The claim is then that | [r» F(z,y) dzdy| > 1, which is also
apparent from the equidistribution of © in T? in this case.

One can also repeat the above example with the linear orbit n — (an, 8n)
replaced by a polynomial orbit such as n — (an”, fnP) for some standard
D > 1. The discussion is identical, except that the O(N~!) errors must now
be replaced by O(N~P).

Now we consider the more general non-abelian setting, in which G/T" is
not necessarily a torus (i.e., we allow d to exceed 1). We first remark upon

YW

the “incommensurate,” “generic,” or “equidistributed” case when all the =;

are trivial; i.e., there are no nontrivial relations of the form
&(Taylor(0)) = O(N ™).

In this case, EZJ- = Horiz;(G), and so the maps m; : Gp N G; — Horiz(G;) are
all surjective. This implies that all the horizontal spaces of the quotient group
G/Gp are trivial, which one easily sees to imply that G/Gp itself must be
trivial, i.e., that Gp = G. We conclude that | [ F" du| > 1. Indeed, in this

case it turns out that O is totally equidistributed and

Enep, F(O(n)) = F dp+o(1).
G/r
This fact can also be deduced from the arithmetic counting lemma [18, Th.1.11].
Finally, to illustrate how we actually use Theorem D.6 in practice, we
consider a model problem in which we are given frequencies «, 8,a/, 8" € *T
obeying the correlation property

(D.6) [Eneive({an}fn)e({a’n}8'n)| > 1,

and we wish to conclude some constraints between these four frequencies; in-
formally, the problem here is to determine for which frequencies «, 3, o/, 5’ can
one have a nontrivial relationship between {an}fn and {a/n}s'n (cf. (6.4)).
Strictly speaking, for the analysis that we are about to give to apply, we must
first replace the bracket polynomial expressions above by suitable vector-valued
smoothings (or else develop analogues of the above equidistribution theory for
piecewise Lipschitz nilsequences, as was done in the d = 2 case in [23]), but to
simplify the exposition we shall completely ignore this technical issue here.
Ignoring the technical issue alluded to above, we can express the left-
hand side of (D.6) in the form [E,c(n)F(O(n))|, where G/T" is the product
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Heisenberg nilmanifold of degree < 2, generated by four generators e, e, €], €5
with [eq1, ea], [€], €5] central (and with eq, eo commuting with €], €}),

O(n) := e"ef" (¢5)” " (¢1)*"T,
and F'is a (piecewise) Lipschitz function on G/T" obeying the vertical frequency
property
(D.7) F([e1, e2]"2[e}, e5]"122) = e(—t12 — t1y) F(x)

forall x € G/T and t12,t}, € R. Note that Horiz; (G) is isomorphic to R* (being
generated by the projections of e1, ez, €], €5 via gz, (7)), While Horiza(G) is
trivial. Applying Theorem D.6, we conclude that

'/Gp/l“p F(ex) du(z)| > 1

for some bounded ¢ € G and some rational subgroup Gp of G, with the
property that

(DS) THoriz1 (G) (GP) = Ef‘,
where

Z1={¢€Z & (0,50, ) = O(N)}.
If the vertical group Gp N Gy contains any element [ey, ea]'2[€}, €h]t12 with
—t12 =t} # 0, then from (D.7) we see that [o/p F'(ex) du(z) = 0, a contra-
diction. We conclude that

(D.9) Gp NGy C ([er, ealle), ] -

This gives us some information concerning the group Z1, and hence on the fre-
quencies «, 3, &/, . Indeed, suppose that we are given two elements (a, b, a’, ")
and (c,d,c,d') in Z+. By (D.8), we conclude that Gp contains two elements
g, h such that

g = efeb(e)” ()" mod Go
and

h=eSed(e))? (ey)? mod Gy.
Since g and h lie in Gp, the commutator

ad—bc[ /]a’d’—b’c’

[9.h] = [e1, €] €1, €
must also lie in Gp. Comparing this with (D.9) we obtain an algebraic con-

straint on = that prevents it from being too small, namely that
(D.10) (ad —be) + (d'd = V) =0

whenever (a,b,a’, V'), (c,d,c,d’) € Z* are both orthogonal to =; thus the sym-
plectic form (D.10) must vanish when restricted to Z*.
For instance, suppose that (¢/, 8’) = (8, ), but that a, 8 are otherwise in

general position (cf. (6.4)). Then = is generated by (1,0,0,1) and (0,1, 1,0), so
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=+ is generated by (1,0,0, —1) and (0, 1, —1,0), and one easily verifies the prop-
erty. It is in principle possible to work out what other quadruples «, 8, a/, 5’
are permitted by Theorem D.6, but we will not compute this here.

Appendix E. Some basic properties of nilcharacters and symbols

In this appendix we establish some basic properties of nilcharacters and
symbols; this material is broadly comparable to [23, §3].

Throughout this appendix, I is understood to be an ordering (see Defini-
tion 6.7).

We first begin with some basic closure properties of nilsequences.

LeEMMA E.1 (Nilsequences are preserved by Lipschitz operations). Let H
be an I-filtered group, let J be a finite downset in I, and let Q) be a limit
subset of *H. If v; € Nil</(Q — @Di) and D; € N* fori =1,...,m, and
F :CPvx ... xCP» — CP is a locally Lipschitz standard function, then
F(i1, ... m) € NilS/(Q — CP).

Proof. This follows immediately from Definition 6.19 and Example 6.13.
O

As an immediate corollary we have the following.

COROLLARY E.2 (Algebra property). Let H be an I-filtered group, let J be
a finite downset of I, and let Q be a limit subset of H. Then Nil=/(Q — C) is
a sub-x-algebra of L>° (2 — C); that is to say, it is closed under pointwise mul-
tiplication, scalar multiplication by bounded comstants, addition, and complex
conjugation. Similarly, NilC‘](Q — @w) 1s closed under complex conjugation,
tensor product, and bounded linear combinations.

Remark. From the example after Corollary B.5 we also see that if ¢ €
L>®(*H — C”) is a nilsequence of degree C .J, then so is any translate (- + h)
or dilate 1(q-) of ¢ for h € *H and q € Z.

LeEMMA E.3 (Basic facts about nilcharacters). Let H = (H,+) be an
I-filtered abelian group for some I, let d € I, and let x,X' be nilcharacters
in Z4*H). Then x®x', x(-++h), x(q-), and X are also nilcharacters of degree
< d for every h € *H, and q € Z.

More generally, if T : H — H is a (standard) filtered homomorphism
from another I-filtered abelian group H' = (H',+) to H, then x o T is a
nilcharacter in Z¢(*H').

Finally, one has E¢ (*H) c E%(*H') whenever d' < d.

Proof. This follows from Corollary B.5 (cf. the example after that corol-
lary, and Corollary E.2). O
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From (6.5) it is trivial that a multidimensional polynomial of multidegree
C JUJ' can be decomposed as the sum of a multidimensional polynomial
of multidegree C J and a multidimensional polynomial of multidegree C J'.
There is an analogous decomposition for nilcharacters.

LEMMA E.4 (Splitting lemma). Let k € Nt and let J,J' be finite downsets
of N¥. Let o € Nil</Y (*Z* — T) be a nilsequence, and let £ > 0 be standard.
Then

<g,

K
P(n) = ) Yr(n)dy(n)
o -3
where K is standard and for each 1 < k < K, ¢y € NilCJ(*Z]’C — C) and
P, € Nil<7' (*z% - T).

Proof. We can write ¢p = F o O, where F € Lip(*(G/T) — C), O €
*poly(Z* — G/T), and G/T is a ZF-filtered nilmanifold with degree C J U .J'.

For each j € JUJ', let ej1,..., ejd; be a basis of generators for I';. We
may then lift G to the universal nilpotent Lie group that is formally generated
by the e;;, subject to the constraint that any r — 1-fold iterated commutator
of the €j, 4, ...,€j,4, with j1 +---+ j, ¢ JUJ' vanishes, and similarly lift T,
F, O (using Corollary B.10 for the latter). Thus we may assume without loss
of generality that G is universal.

The degree C J U J’ nilmanifold G/T" projects down to the degree C J
nilmanifold G/Gx jI', where G+ is the group generated by the G; for all j €
J'\J. Similarly, we have a projection from G/T to the degree C J’ nilmanifold
G/G~ yT. The algebras Lip(*(G/Gs,T) — C), Lip(*(G/G~ ;T) — C) then
pull back to subalgebras of Lip(*(G/I') — C). By universality of G, G~
and G~y are disjoint. Thus, the union of these two algebras separate points
in G/T. By the Stone-Weierstrass theorem, one can thus approximate F' to
arbitrary accuracy by products of elements from these algebras, and the claim
follows. (]

Next, we show that nilsequences can be decomposed into nilcharacters.

LeEMMA E.5 (Fourier decomposition). Let H be an I-filtered group, and
letdel. Ify € Nilgd(*H) and e > 0 is standard, then one can find a standard
natural number m, and nilcharacters x; € Ed(*H), scalar nilsequences 1; €
Nil<¢(*H), and bounded linear transformations T : c” 5’ for suitable
dimensions Dj, D for each 1 < j < m such that

N
™

H¢ - iTj(% ® X;)
j=1

L>(*H)



AN INVERSE THEOREM FOR THE GOWERS US*![N]-NORM 1353

Proof. Tt suffices to show this for scalar nilsequences 1. Let G/I" be an
Ifiltered nilmanifold of degree < d, let F' € Lip(*(G/T") — C), and let € > 0.
We need to show that one can approximate F' to uniform error at most &
by 7L, T;(F; ® fj), where each Fj € Lip(G/I' — S2Di=1) has a vertical
frequency, f; € Lip(G/I" — C) is invariant with respect to the G4 action (so
that f; descends to the quotient nilmanifold G/G4I', which has degree < d),
and the Tj : CP7 — C are linear transformations.

Observe that the class of functions of the form Y37, T;(F; ® f;) forms
a complex algebra that is closed under conjugation. Thus by the Stone-
Weierstrass theorem, it suffices to show that functions of the form F'® f, where
F € Lip(G/T — S?P~1) has a vertical frequency and f € Lip(G/T" — C) and is
invariant under G4, separate points. This is trivial for two points that descend
to distinct points on G/GyI', so it suffices to handle the case of two points
on a common Gy fibre. For this, it is enough, by the definition of vertical
frequency, to show that for each g € G4 with g € 'y, there exists a function
F € Lip(G/T — $?P~1) having a vertical frequency n with 1(g) ¢ Z.

The existence of a character n : G4 — R with n(g) € Z is guaranteed by
Pontryagin duality. Fixing such an 1, we now perform the same construction
used at the start of Section 6 (i.e., smoothly partition the base space G/G4I"
into balls of small radius) to generate the desired function F. (]

COROLLARY E.6 (Correlation). Let H be an I-filtered group, let d € I,
and let Q be a limit finite subset of *H. If f € L*°(Q) is < d-biased, then f
correlates with a nilcharacter in Z4(€).

Proof. We assume inductively that the claim has already been proven for
all smaller values of d. We may assume that f is scalar. Applying Lemma E.5
for € small enough, we see that f correlates with an expression of the form
POy i) T;(v; ® x;), and thus by the pigeonhole principle, f correlates with one
of the 1; ® xj, and thus f%j correlates with 1);. We can express the downset
{i € I :i < d} as the finite union of downsets {i € I : i < d'} for various
d < d. Applying Lemma E.4 repeatedly for sufficiently small e, we thus see
that f%; correlates with [[z<q4%a, where each 14 is a nilsequence of degree
< d'. Applying the inductive hypothesis repeatedly, we thus see that fx;
correlates with @4 xa for some nilcharacters x4 of degree < d’, and so f
correlates with x; ® Qg <4 Xa- The claim now follows from Lemma E.3. [

We turn now to a discussion of the basic properties of symbols. We begin
by clearing up a small issue left over from Section 6: that of proving that the
notion of equivalence we introduced in Definition 6.22 is indeed an equivalence
relation. Recall that nilcharacters x and ' were said to be equivalent if y ® x/
is a nilsequence of degree strictly less than d.
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LEMMA E.7. Equivalence of nilcharacters, thus defined, is an equivalence
relation.

Proof. The symmetry is obvious. For transitivity, suppose that x1 ~ x2
and that xs ~ x3. Then each component of

X1®X2) @ (x2®X3) =x1® (X2 ® X2) ®X3

is a nilsequence of degree strictly less than d. However, the trace of Y2 ® xo
is 1, and so x1 ® X3 is a combination of the components of x1 ® (2 ® x2) ® X3-
In particular, it is a nilsequence of degree strictly less than d.

To show reflexivity, we must confirm that y ® X is a nilsequence of degree
< d for any nilcharacter x € Z¢(Q). If we write x(n) = F(g(n)*T), where
F € Lip(*(G/T') — S¥) has a vertical frequency 7, we have

X ®Xx(n) = (F® F)(g(n)T).

Noting that F'® F is invariant with respect to the G4 action, we may quotient
out by this central group and represent y ®’ using a nilmanifold of degree < d.
O

The space Symb?(Q) has many nice properties.

LEMMA E.8 (Symbol calculus). Let H = (H,+) be an abelian I-filtered
group, let d € I, and let Q) be a limit subset of *H .

Q) If x,xX' € EHQ) and ¢ € Nil<4Q), and the components of x are
bounded linear combinations of those of X' ®1, then x, X’ are equivalent
on Q and thus [X]gymy ) = X Isymbi():

(ii) Conversely, if x, X' € Z4(Q) are equivalent, then x is a bounded linear
combination of X' ® ¢ for some 1 € Nil<¢(Q).

(iii) Symb?(Q) is an abelian group with the group operation induced from
tensor product.

(iv) If x € E4(*H) and h € *H; for some i > 0, then x and x(- + h) are
equivalent on *H (and thus on Q also). Thus, [x(- + h)ls,mpiq) =
X symbt (-

(v) If H = ZF with either the multidegree or degree filtration, x € Z¢(* H)
and q € 7, then X®q‘d| and x(q-) are equivalent on *H (and thus on €
also); thus [x(¢-)lsympi(q) = g X symbe(@)-

(vi) (Pullback). If T : *ZF — *ZF is a linear transformation and x is
a mnilcharacter of degree d on *ZF', then y o T is a nilcharacter of
degree d on ZF. Moreover, if X' is another nilcharacter of degree d
on *ZF with Xsymbizy = X gympieziys then [x © Tlgypaggry =
X 0 Tls g -y
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(vii) (Divisibility). If H = Z* with either the multidegree or degree filtra-
tion, d # 0, x € Z4Q) and q € NT, then there exists X such that

[X]Symbd(ﬂ) = q[)Z]Symbd(Q)

Proof. The claim (i) follows from the same argument used to prove reflex-
ivity in Lemma E.7. For (ii), we proceed much as in the proof of transitivity
in Lemma E.7: write ¢ := x ® X/, and consider Y’ ® ¢ = (X’ ® ') ® x. Since 1
may be written as a linear combination of the components of x' ® x/, the claim
follows.

The claim (iii) follows easily from (i) and (ii). Part (iv) is more substantial.
It should be compared to some of the consequences of the “bracket quadratic
identities” developed in [23, Lemma 5.5].

From Definition 6.22, it suffices to show that the derivative Apx(n) =
x(n + h) ® x(n) lies in Nil<¢(*H). We write x(n) = F(g(n)*T), where G/T
is an [-filtered nilmanifold of degree < d, g € *poly(H; — Gj), and F €
Lip(*(G/TI")) has a vertical frequency n : G4 — R. Then we have

Apx(n) = F((0ng(n))g(n)'T) ® F(g(n)'T).

As g € *poly(H — G) and h € *H;, we have Oxg € *poly(H; — G;ri), where
GF" = (Gjti)jer is the shifted filtration.

We now give G? an I-filtration by defining (G?) ;j to be the group generated
by Gj4; x id and by the diagonal group {(g,9) : ¢ € G;}. One easily verifies
that this is a filtration, which is rational with respect to I'>. In particular, if
we set GU := (G?)p and '™ := I'? N GV, we have that G-/T" is an I-filtered
nilmanifold of degree < d. Furthermore, from Corollary B.4 we see that the
map

O :n v (Ghg(n)g(n), g(n)) T

lies in *poly(H; — G7/TF). We can thus write Apx = Fo©, where F €
Lip(*(GP/TY)) is the function

F(z,y) := F(z) @ F(y).

This is still a degree < d representation. But observe from the vertical char-
acter nature of F' that F' is invariant with respect to the action of the group
GE ={(g9,9) : g € G4}. Thus we may quotient by this map and descend to a
degree < d nilmanifold, and the claim follows.

Now we turn to (v), which is a similar claim to (iv). Writing x =
F(g(n)*T") as before, we reduce to showing that

(E.1) n > F(g(qn)*T) ® F(g(n) T)®"

can be represented as a nilsequence of degree < d, with the convention that
F®=4 = F® to deal with the case of negative exponents.
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We give G? an NF-filtration by declaring G? to be the group generated
by G x Gj for all j > i, together with the set {(gq‘“,g) : g € Gi}. From
the Baker-Campbell-Hausdorff formula one easily sees that this is a filtration,
which is rational with respect to I'?; and so G%/T'3 is a degree < d nilmanifold.
Also, from Taylor expansion (Lemma B.9) and Corollary B.4 we see that the
map

O :n (g(gn), g(n)) T}

lies in *poly(H — G3/T%). We then write (E.1) as n +— F(O(n)), where
F € Lip(*(G3/T'2)) is the function

F(z,y) = F(z)® 7o

From the vertical character nature of F, we see that F is invariant with the
action of G3 = {(gq‘d‘,g) : g € Gq}. Quotienting out by this group as in the
proof of (iv), we obtain the claim.

The claim (vi) follows easily from Corollary B.5, so we now turn to (vii).
We will prove this for the multidegree filtration, as the degree filtration is
similar. As usual, we write x = F(g(n)*I"). Applying Taylor expansion
(Lemma B.9) and the Baker-Campbell-Hausdorff formula, we may factorise

g(n) =T g%

J<d

for some g; € G, where the product is over all multiindices j < d (arranged
in some arbitrary fashion). Taking roots of each of the g;, we may write
gj = (g;)qm| for each j. We then have g(n) = ¢’(¢n), where ¢’ is the polynomial
sequence
g'(n) = TTwg)™.
j<d

If we write x'(n) := F(g'(n)*T), we see that x’ € Z4(Q) and x(n) = x'(qn),
so by (v), [Xlsympin) = g [X'Jsymbi(n)- The claim now follows by setting

X = (X/)@)q\d\ﬂ‘ 0

If P(n) = ag + --- + agn® is a polynomial of one variable n of de-
gree d, then P is equal (up to degree < d errors) to the multilinear form
Q(n,...,n), where Q(ni,...,nqg) = agni---ng. A bit more generally, if
P(ny,...,ng) is a polynomial of k variables ni,...,n; of multidegree d =
(di,...,dg), then P is equal (up to degree < d errors) to a degree (1,...,1)
form Q(ny,...,n1,...,nk,...,ng), where 1 is repeated |d| times and each n;
is repeated d; terms. We may generalise this observation to nilcharacters. We
begin with the simpler k£ = 1 case.
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ProprosiTION E.9 (Multilinearisation, k = 1 case). Let d € N and x €
Z4(* 7). Then there exists X € ZLD(*Z%) (where 1 is repeated d times) such
that the nilcharacter

X inex(n,...,n)
(where n is repeated d times) is equivalent to x in ZX(*Z) (thus [X]za(rzy =
(X'lza(z)). Furthermore, one can select X(n1,...,nq4) to be symmetric with
respect to permutations of ni,...,ng.

To motivate this proposition, we present an “almost-example” of this
proposition in action: if d = 2 and x is the degree 2 almost-nilcharacter

x(n) := e({an}fn),
(where the “almost” arises because the relevant function F' is only piecewise

Lipschitz rather than Lipschitz, as discussed at the start of Section 6), then
one can take

(E.2) X(ni,ng) :=e (%{anl}ﬁng + %{ang}ﬁnl) ,

which is a multidegree (1,1) almost-nilcharacter, with x(n,n) equivalent (and
in fact exactly equal, in this case) to x(n). More generally, if we are able to
represent a nilcharacter in terms of bracket polynomials of the correct degree
and rank, then the above proposition becomes obvious by inspection. Such a
representation is in fact possible (by extending the theory in [37]), but we will
proceed here instead by using abstract algebraic constructions.

Proof. This will be a more complicated version of the argument used to
establish claims (iv) and (v) of Lemma E.8. It will be convenient for techni-
cal reasons to construct y so that x’ is equivalent to x®¥ rather than to x
itself; to recover the original claim in the proposition, one simply appeals to
Lemma E.8(vii).

We have x(n) = F(g(n)*I') for some degree d nilmanifold G/I', some
polynomial sequence g € *poly(Zy — (G /T')y), and some F € Lip(*(G/T") — S¥),
obeying the vertical frequency property

F(gar) = e(n(ga)) F(x)

for all x € G/T and g4 € Gy, where i : G4 — R is a continuous homomorphism
that maps I'y to the integers.

We now build the various components G, 7,7, F required to construct y.
(A simple example of this construction will be given after the end of this proof.)

The first step is build the multidegree (1,...,1) nilpotent group G. We
will construct this group via its nilpotent Lie algebra log G. As a (real) vector
space, this Lie algebra will be given as a direct sum

log G := S,y log G-
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Foreach J C {1,...,d},let ¢; : log G| ;) — log G be the vector space embedding
indicated by this direct sum. Thus, every element of log G can be uniquely
expressed in the form Y- ;11 4y ts(z) for some x; € log G|

Next, we endow log G with a Lie bracket structure by declaring

[ti(z), e (yx)] = 0
whenever J, K C {1,...,d} intersect and x; € log G|, yx € log G|k, and

[Li(zr), ex (yr)] = eauk ([, yx])

whenever J, K C {1,...,d} are disjoint and z; € log G\, yx € log G|g|. One
easily verifies that this operation obeys the axioms of a Lie bracket (i.e., it is
bilinear, antisymmetric, and obeys the Jacobi identity), and so log G is a Lie
algebra.

We now give log@ a multidegree filtration. For any (ay,...,aq) € N%, let
log G(al,...7ad) be the sub-Lie-algebra of log G generated by the ¢j(z ) for which
15(j) = a; for each j =1,...,d, and z; € G|;). One easily verifies that this is
a multidegree filtration of multidegree (1,...,1), and so one can exponentiate
to create a multidegree-filtered Lie group G of multidegree (1,...,1) also.

We define a lattice T in G to be the group generated by exp(M!v;(log vi))
for all J C {1,...,d} and 7; € ['|;|, where M is a fixed natural number (de-
pending only on d) that we will assume to be sufficiently large. From the
Baker-Campbell-Hausdorff formula we see that this is indeed a lattice, and
SO é/f‘ is a nilmanifold. For M large enough, we see from further appli-
cation of the Baker-Campbell-Hausdorff formula that f(l,.-.,l) is contained in
L(1,...,1) (logTq).

Next, we define a vertical frequency 7 on é(l,---yl) by setting

(¢(1,...1)(log ga)) = n(ga)-

One easily verifies that 7 is a vertical frequency. (Here we use the inclusion
f(l 77777 1) C ta,..1)(log[g) and the central nature of Gy, 1))

Now let F € Lip(*(G/T) — S¥) be a function with vertical frequency 7;
such a function can be constructed using partitions of unity as in (6.3).

The next step is to define g. From Lemma B.9 and many applications of
the Baker-Campbell-Hausdorff formula, we may write

d .
gn) =1 g%
j=0

for some coefficients g; € G;. We then write

d
g(ni,...,ng) = H exp (j! Z (H nz> L](].Oggj)> :
5=0

JcA{1,....d}:|J|=5 \ieJ
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Observe that each individual monomial

(n1,...,ng »—>exp< (Hm) loggj>
ieJ

with 0 < j < d and |J| = j is a polynomial map in poly(Z — Ga), 50
by Corollary B.4 and the Baker-Campbell-Hausdorff formula we see that the
same is true for g.

Finally, we set

X(ni,...,ng) = Z:"(g(nl, . ,nd)*f‘).

By construction, ¥ € 211 (*Z%), which by Lemma E.8(vi) (and the embed-
dings in Example 6.11) implies that y' € Z4(*Z). It is also clear that Y is
symmetric with respect to permutations of the nq,...,nq. It remains to show
that x/ is equivalent to x®¥ in Z%(*Z) or, in other words, that the sequence

n— x(n)®* @ x(n,...,n)

is a nilsequence of degree < d. We expand this sequence as

= d " ~
(F** @ F) [ [I(g exp (ﬂ > LJ(IOng))> (I xT)
=0 JC{1,md):| =]

The function F® F is a Lipschitz function on the nilmanifold (G x G)/(DxT).
Let G* be the subgroup of G x G defined as

G* = {(ga,exp(dle(r. 1)(log ga)) : ga € Ga} < Ga x G1_1).

This is a rational central subgroup. As F' and F have vertical frequencies 7
and 7 respectively, we see that F' ® F is invariant in the G* direction and
thus descends to a Lipschitz function £’ on the nilmanifold G’/I", where G’ :=
(G x G)/G* and T" is the projection of I' x T’ to G'. We thus have

d .
(E.3) x(n) @X(n,...,n) =F" <H(g})"J*F’> ;

j=1

-----

We now give G’ a degree filtration by defining G;- to be the group generated
by elements of the form

(hj,exp <j! Z ty(log hj)>> mod G*
Jc{1,...,d}:|J|=j

for h; € G, together with elements of the form
(thrl’ 1d)7 (lda exp(u(log hj+1))) mod G”
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for hj41 € Gjy1 and J C {1,...,d} with |[J| = j + 1. By a tedious number
of applications of the Baker-Campbell-Hausdorff formula, we see that this is
a filtration of degree < d. (Here we use the fact that every set of cardinality

j + k has (j;!r,j)! partitions into a set J of cardinality j and a set K of cardi-
nality k, which cancels the j! prefactors appearing in the definition of G;) By
construction, g; € G%. Thus the right-hand side of (E.3) is a nilsequence of

degree < d, and the claim follows. ([l

Ezample. We illustrate the above proposition with the simple d = 2 ex-
ample mentioned before the proof. We consider a nilcharacter x that is a
vector-valued smoothing of the sequence n +— e({an}pn) for some fixed fre-
quencies «, 3 € *T, which we will write schematically as

x(n) ~ e({an}fn).

As discussed in Section 6, such a nilcharacter arises from the Heisenberg nil-
manifold (6.1) with the polynomial sequence

g(n) = ey es™

and vertical character 7([e1, e2]"12) := —t12. We may Taylor expand g as
mn n2
g(n) =9g795 ,

where g1 := exp(aloge; + floges) = e‘f‘eg[el, ea] /2 and gy := [eq, eg] P/,
The nilpotent Lie algebra log G is the seven-dimensional vector space

log G = log G @ log G @ log G12
with a basis of this space given by

(E.4) t1(logey), t1(loges), t1(logler,ea]), ta(loger),
t2(loges), ta(logler, ea]), t12(logler, ea]).

The Lie algebra commutation relations on basis elements are given by the
formulae

[t1(logeq), to(loges)] = t12(logleq, e2]),
[Ll (log 62), L9 (log 61)} = —Ll12 (log[el, GQD

with all other pairs of basis elements commuting. This gives a nilpotent Lie
group G generated (as a Lie group) by the exponentials of (E.4), which we will
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label as

ay := exp(t1(logey))
as := exp(t1(logea))
ayz := exp(t1(logeis)),
by := exp(ta( )
by := exp(t2(logea))
(e2( )
(

b12 := exp(t2
c12 = exp(t12(logera

thus one has the group commutation relations

[a1,bo] = c1a;  [az,b1] = ciy

1361

with all other pairs of generators commuting. The generators a2, b1o will play
no essential role in the analysis that follows and may be ignored by the reader.

The group G is a multidegree (1,1) filtered Lie group with filtration

G'(00) 3:é
= (a1, a2, a12, C12)R,
= (b1, b2, b12, c12)R,
= (c12)r-

To construct I, we may take M = 1, so that

I' := (a1, a2, a12, b1, b2, bi2, c12).

From the Baker-Campbell-Hausdorftf formula one sees that

f(l,l) =1IN G(l,l) = (c12).
A typical element of G/T' can be parametrised as
ajtal?alR by b3 bk iR T

for r1,7g, 712, 81, 82, $12, 112 € Lo-
The polynomial sequence g is given as

g(n1,n2) == exp(nie1(log g1) + nata(log g1)) exp(2ninatiz(log g2))
= exp(any loga; + Bn1logas + anslog by + fnglog bs)

x exp(—afning logcia),
which by the Baker-Campbell-Hausdorff formula expands to

g(nl, n2) ?n1 Bn bom,g b,@ng 12015711112
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This is clearly a polynomial sequence. If we then let 7 : é(l,l) — R be the
vertical character

n(exp(ti2t12(logler, ea]))) := —ti2
and let F : G/T — S be the (piecewise) Lipschitz function

F(a} ayaig b} b2 b5 5 T) = e(—ta)
for r1, 19,712, 1, S2, S12, t12 € Ip, then the sequence
X(n1,mg) := F(§(n1,n2)*T)

is almost a nilcharacter of multidegree (1,1), if we make the usual cheat of
ignoring the fact that F' is only piecewise Lipschitz rather than Lipschitz.
Now let us look at the diagonal sequence

R(n,n) = Flag"af bt e ™" °F)

A brief computation using the Baker-Campbell-Hausdorff formula shows that

one can rewrite
om ﬁnbanbﬁn —aﬂn *F

as
aian}aéﬁn}bian} bé,@n}C(ltgn—{an}){Bn}—(ﬁn—{ﬁn}){an}—a6n2*f‘.

Noting that (an — {an})(fn —{fBn}) is an integer (cf. (6.4)), we can write the

c12 exponent modulo 1 as

{an}{Bn} — 2{an}pn mod 1,
and thus
X(n,n) = e(2{an}pfn)e(—{an}{fn}).
The second factor e(—{an}{fn}) is a piecewise Lipschitz function of (an mod 1,
fn mod 1) and is thus almost a 1-step nilsequence. We thus see that x(n,n)
is almost equivalent (as a degree 2 almost nilcharacter) to x(n)2. To eliminate
the exponent of 2, one can go back to the start of the argument and replace
(for instance) by §/2. The reader may verify that once one does so, the almost
nilcharacter y is essentially equal to (E.2).
Finally, we mention that with the above example, the group G* takes the
form
G* = {([61,62]t12 0%12) 119 € R}

and the group G’ := (G x G)/G* has the degree 1 filtration

= (el el [er, ea)12, aﬁla?au btlbhb12 1%t ty,to, 2, Uy, ty € R} mod G*.

One can verify by hand that this is indeed a degree 1 filtration on G’, which
explains why x(n)?X(n,n) is a degree 1 (almost) nilsequence.
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This concludes the discussion of the example. Now we generalise Propo-
sition E.10 to higher k.

THEOREM E.10 (Multilinearisation). Let Q be a limit subset of Z*, which
we give the multidegree filtration. Let d = (di,...,d) € NF and x € Z4(Q).
Then there exists X € 2D (*Zld) (where 1 is repeated |d| times) such that
the nilcharacter

X (e ng) = XM, L M0y M Ty e )

(where each n; is repeated d; times) is equivalent to x in Z4(Q) (thus (X]za) =
[X/]Ed(Q)). Furthermore, one can select

XM 15 s My 02,05 - 2y o e s M1y - - Tl d,)

to be symmetric with respect to the permutation of ni1,...,n;q, for each i =
1,...,k.

Proof. Without loss of generality we may take Q = *Z*. The argument
is exactly the same as that used to establish Proposition E.9 except that the
notation is more complicated. Accordingly, we will focus primarily on the
notational setup in this proof.

As before, it will suffice to make x’ equivalent to x®% rather than y,
where d! := dy!---dg!. We have x(n) = F(g(n)*T") for some multidegree d
nilmanifold G/T", some polynomial sequence g € *poly(ZI’%k — (G/T")yx), and
some F' € Lip(*(G/T") — Sv), obeying the vertical frequency property

F(gar) = e(n(gs)) F(x)
for all x € G/T and gq € G4, where 1 : G4 — R is a vertical frequency.
As before, we begin by building the nilpotent Lie algebra logG. As a
(real) vector space, this Lie algebra will be given as a direct sum
log G := @cq1,jay og G
where ||.J|| € N* is the vector
HJ” = (|Jﬂ{d1 +-+di1+1,...,dy +"'+di}‘)1<i<k-

For each J C {1,...,d}, let ¢j : log G| 5 — log G be the vector space embed-
ding indicated by this direct sum. Next, we endow log G with a Lie bracket
structure by declaring

lei(zg), itk (yr)] =0
whenever J, K C {1,...,d} intersect and x; € log G”J”, yi € log GHK”, and
[ta(z)s i (Yr)] = ook ([0, yK])

whenever J, K C {1,...,d} are disjoint and x; € log G|y, yx € log G- As
before, one easily verifies the Lie bracket axioms.
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We now give log G a multidegree filtration. For any (a1,...,aq1q) € Nldl,
let log é( ) be the sub-Lie-algebra of logé generated by the ¢(z ;) for
which 1;(j ) > aj for each j = 1,...,[d|, and z; € G| 5. As before, this is a
multidegree filtration of multldegree (1,...,1), and exponentiates to create a
multidegree-filtered Lie group G of multidegree (1,...,1) also.

We define a lattice T in G to be the group generated by exp(M!v;(log v))
for all 7 C {1,...,|d|} and 7; € T y. Again, G/I is a nilmanifold, and for M
large enough, f(l,...,l) is contained in ¢ 1)(logTq).

As before, we define a vertical frequency 77 on G(L.“’l) by the exact same
formula:

i(eq,...,1(1og ga)) = n(ga)-

We then construct F' € Lip(*(G/T') — S¥) with vertical frequency 7.
The next step is to define §. As before, we have the Taylor expansion

=g

Jj<d

for some coefficients g; € G, where j = (ji,...,jx) now ranges over multi-
indices less than or equal to d, arranged in some arbitrary order (e.g., lexico-
graphical will suffice). We then write

g(n1,...,nyg) = [ exp (g' > (H n,) (log g;) > :

j<d Tl |=5 Ni€T

recalling that j! := ji!---ji!. As before, one verifies that § is a polynomial
map.
Finally, we set

)2(711, N ,Tl‘d‘) = F(g(nl, vo ,n|d|)*f‘)

The rest of the argument proceeds exactly as in Proposition E.9, the main dif-
ference being that d is replaced with |d|, and |J| with ||.J||, whenever necessary;
we omit the details. (]

Now we show how nilcharacters interact with the concept of bias.

LEMMA E.11 (Bias lemma). Let k,d € N with d > 2, let x be a degree
d nilcharacter on *ZF (with the degree filtration), and let N be an unbounded
limit natural number. Let Q be a convex polytope in [[N]]*, and let Py, ..., Py, be
dense subprogressions of [N]. Suppose that 1g(n)lp x. xp,x(n) s < d-biased
on [[N]]¥. Then on [[N]]¥, x is equal to a nilsequence of degree < d.
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Remark. Note that the claim fails for d = 1, even when k = 1;if ¢ > 1 is a
bounded integer, then the degree 1 nilcharacter n — e(n/q) is of course biased
on progression of spacing ¢, but not on the original interval [[N]]. However,
this is a purely “degree 1” obstruction and vanishes for higher degree.

Proof. Write P := Py X --- P,. By Corollary E.6, 1g(n)1px(n) correlates
with a nilcharacter of degree d — 1; we may absorb this nilcharacter into Yy,
and assume that 1g(n)lpx(n) is in fact biased.

By partitioning 2 N P into the product P’ = P| x --- x P, of dense
progressions of [[N]] (using [19, Cor. A.2] to control the error), we see that
there exists such a product P’ = P| x --- x P/ for which

[Enep x(n)| > 1.

Write x = F o O for some degree < d nilmanifold G/T", some F' € Lip(*(G/I))
with a vertical frequency 7, and some O € *poly(Z*¥ — G/T). Applying
Theorem D.5 and using the pigeonhole principle to refine the progressions
P, ..., P} if necessary, we may assume without loss of generality that we can
factorise

O(n) =epr(n)gp(n)*T

for all n € P’ where gpr € *poly(Z*¥ — Gp/) is totally equidistributed on
Gp/ /T pr for some standard rational subgroup Gpr of G, ep € *poly(ZF — Q)
is bounded, has Lipschitz constant O(1/N) on P, and has i*® Taylor coefficients
bounded by O(N~I) for each i € N

For any n,np € P, we have from the Lipschitz nature of ep: that

F(O(n)) = F(ep(np)gp (n)'T) + O(In — nol/N),

and thus by dividing P’ into sufficiently small (but still dense) sub-products,
we may assume that

Enep Flep (npr)ger(n)'T)] > 1

for some npr € P’, which by the total equidistribution of gps implies that

F(ep(np)z) dug,,r,,| > 1.
L o Flermma) dig,, e,

As F has vertical frequency 7, this implies that 7 must annihilate G pr >4, and
so F' is invariant with respect to the action of this group. By quotienting out
by this central group we may thus assume that Gp >4 is trivial; thus , Gp/ /I ps
now has degree < d. We can then write

x(n)=F (gp/(n)*Fp/, " od 1)

5N



1366 BEN GREEN, TERENCE TAO, and TAMAR ZIEGLER

for all n € [[N]], where F : *(Gp:/T'pr x T) is defined so that

F (e 5%) — F(ep(n)z)

for n € [N] and = € *(Gp//T'pr), and extended in a Lipschitz function to all
of *(Gp//Tpr x T). This represents x as a nilsequence of degree < d on P’.
Using the conjugate nature of the various sequences gp in Theorem D.5, we
conclude that x can also be represented as a nilsequence of degree < d on all
translates P’ +h of P'. On the other hand, since P’ is dense in [[N]]*, one can
partition 1 = Z}']:1 ¥; on [[N]]*, where J is bounded and the 1; are degree
< 1 nilsequences, each of which is supported on a translate P’ + h; of P'. This
implies that x = Z}‘]:1 Yix. As d > 2, the ¢; have degree < d, and the claim
now follows from Corollary E.2. O

We have the following useful consequence of Lemma E.11.

COROLLARY E.12 (Extrapolation lemma). Let k,d € NT with d > 2, let

X be a degree d nilcharacter on *ZF (with the degree filtration), and let N be
an unbounded limit natural number. Let Py,..., P, be dense subprogressions
of [[N]], and let P := Py X --- X Py. Then the following are equivalent:

e x is < d-biased on [[N]]¥.

o \ is < d-biased on P.

* D=4y =0-

* [X]Ed(P) =0.

Proof. We trivially have that that (iii) implies (iv). Since x correlates
with itself, we see that (iii) implies (i) and (iv) implies (ii). Lemma E.11 gives
that (i) or (ii) both imply (iii), and the claim follows. O

The Pontragyin dual T of the integers Z of course contains plenty of tor-
sion. It turns out, however, that this torsion is a purely degree 1 phenomenon
and disappears in higher degree.

LEMMA E.13 (Torsion-free lemma). Let k € Nt let N be an unbounded
integer, and let d > 2 be standard. Then the abelian group Symb?([[N]]*) (with
the degree filtration) is torsion-free.

Proof. Our goal is to show that if ¢ > 1 is bounded and x is a degree < s
nilcharacter such that xy®7 is equal to a degree < s nilsequence on [N]*, then
X is also equal to a degree < s nilsequence.

We modify the arguments used to prove Lemma E.11. We write x =
F o O where G/T is a degree < s nilmanifold, O € *poly(Z* — G/I'), and
F € Lip(*(G/I")) has a vertical frequency n. Then we have

B, e F(O(n))*1Fy (Oo(n)] > 1
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for some degree < s nilmanifold Go/Tg, some Oy € *poly(Z* — Go/To),
and Fy € Lip(*(Go/To)). Using Theorem D.5, we may thus find a product
P =P x - x Py, of progressions in [[N]]¥ and a factorisation

(O(n), Oo(n)) = (ep(n)gp(n)*T,epo(n)gro(n)To),

where ep € *poly(Z* — G), epg € *poly(Z*F — Gp) are bounded and Lipschitz
on [[N]]* with Lipschitz constant O(1/N), and (gp, gpo) € *poly(ZF — Gp)
is totally equidistributed in Gp / I'p for some rational subgroup Gp of G x Gy.
Shrinking P if necessary as in the proof of Lemma E.11, we may assume that

’/~ ~ F(&p(np)$)®qF0(€p70(np):(}o) dluép/f‘/P(x7$0) >1
Gp/Tp

for any np € P. From the vertical character nature of F', this implies that
n? annihilates (Gp),. But 7 is a continuous homomorphism on the connected
abelian Lie group (G P)s, and so 7 itself must also annihilate (C;Y p)s- If we then
quotient by this space, we can represent x by a degree < s nilsequence on P,
and the claim now follows from Corollary E.12. O

Appendix F. A linearisation result from additive combinatorics

In this appendix, we record a lemma from additive combinatorics (essen-
tially in [13] or [16], and in the spirit of Freiman’s inverse sumset theorem)
that asserts that functions from a large subset of [-N, N] to T with a large
amount of additive structure are essentially bracket-linear in nature.

LEMMA F.1 (Linearisation lemma). Let € > 0 be a limit real, let N be a
limit natural number, let H be a dense subset of [[N]], let o € *T be a frequency,
and let £€1,&9,€3,&4 : H — *T be limit functions such that

(F.l) &1(h1) + & (h2) + &3(h3) + &4(hg) = a+ O(e)

for many additive quadruples (hy, ha, hs, ha) € H. Then there exist a standard
k>0, a frequency 6 € *T, a dense subset H' of H, and a Freiman homomor-
phism & : H' — *T of the form

K
§(h) => {ogh}py, mod 1
k=1
for all h € H', some ay € *T and By, € *R, and some standard K such that
(F.2) §1(h) =&(h) +0+0(e)
for many h € H.

Proof. We may replace € by 1/M for some limit integer M. By rounding
each &;(h) to the nearest multiple of 1/M, we may assume that &(h) is a
multiple of 1/M for all h € H and i = 1,2, 3,4. There are now only a bounded
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number of possibilities for the right-hand side a 4+ O(¢), so by the pigeonhole
principle (and by redefining « if necessary), we may assume that

€1(h1) + Ea(ha) + E3(h3) + E4(hy) = a

for many additive quadruples (hy, ho, hg, hy) in H.

For each i = 1,2,3,4, let I' C *Z x *T be the (limit) graph I'; :=
{(h,&(h) mod 1) : h € H}. Then by the preceding discussion, we see that
(0, ) has > N3 representations of the form Y1 + Y2 + 73 + Y4, where v; €
I'; for i = 1,2,3,4. On the other hand, from several applications of the
Cauchy-Schwarz inequality, the number of such quadruples is bounded by
[T, E(I';))"/*, where E(I;) is the number of additive quadruples in I'; (i.e.,
the additive energy of T;). Since we have the trivial upper bound E(T;) < N3
for all i, we conclude that

E(I'1) > N3.

At this point we invoke some standard additive combinatorial machinery
from [16] (see also [13], [42]). Applying the Balog-Szemerédi-Gowers lemma fol-
lowed by the Pliinnecke-Ruzsa inequalities exactly as in [16, Prop. 5.4], we can
find a dense subset I'' of I'; such that |9 — 8I"| < N. Applying [16, Lemma
9.2], we can refine to a further dense subset I := {(h,&(h) mod 1) : h € H"}
such that 4T — 4T is a graph; thus there exists a Freiman homomorphism®'?
¢:2H" —2H" — T such that

(F.3) §1(h1) + &1(h2) — &1(hs) — &1(ha) = C(h1 + ha — hg — hy)

for all hy,ho, hs,hy € H”. By the Bogulybov lemma (see [16, Lemma 6.3]),
2H" — 2H" contains a dense regular Bohr set B of bounded rank. (See [16]
for definitions; strictly speaking, one has to identify an interval such as [[I0N]]
with Z/20NZ in order to apply these tools, but this is not difficult to do.)
Arguing as'* in [16, Prop. 10.8], we see that we may write

k
C(h) = Z{O‘jh}ﬁj mod 1
7j=1

for h € B for some standard k and frequencies «;, §;. Applying (F.3) and the
pigeonhole principle, we obtain the claim, except possibly for the claim that £
is a Freiman homomorphism. But observe that if we restrict the fractional part
of {ajh} to a sub-interval of Iy of length at most 1/10 (say), then we obtain
the Freiman homomorphism property automatically; so the claim follows from
one final application of the pigeonhole principle. O

13The notion of a Freiman homomorphism was defined in Section 3.
14This proposition involved a quadratic function on a Bohr set, rather than a linear one,
but it is clear that the argument specialises to the linear case.
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