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Complex multiplication cycles and
Kudla-Rapoport divisors

By BENJAMIN HOWARD

Abstract

We study the intersections of special cycles on a unitary Shimura variety
of signature (n —1,1) and show that the intersection multiplicities of these
cycles agree with Fourier coefficients of Eisenstein series. The results are
new cases of conjectures of Kudla and suggest a Gross-Zagier theorem for
unitary Shimura varieties.

1. Introduction

1.1. Overview. In [26], Kudla and Rapoport define a family of divisors
Z(m) on a unitary Shimura variety M of dimension n — 1, all defined over
a quadratic imaginary field Ky. The variety and the divisors have integral
models M and Z(m) over Og,. The program begun in [25], [26], [42] seeks to
compute the n-fold intersection multiplicity of a tuple Z(my),..., Z(m,) and
to relate the intersection multiplicity to Fourier coefficients of Eisenstein series.
In this article we intersect the Kudla-Rapoport divisors with a different cycle
on M, formed by points with complex multiplication. By fixing a CM field K
of degree n over Ky and a CM type ® satisfying a suitable signature condition,
we obtain a 0-cycle X¢ on M defined over the reflex field of ®, representing
points with complex multiplication by Ox and CM type ®. Passing to integral
models yields a cycle Xp on M of absolute dimension 1, and our main results
relate the intersection multiplicity of Z(m) and Xg with Fourier coefficients of
an Eisenstein series.

The intersection Z(m) N Xp naturally decomposes as a disjoint union
of O-dimensional stacks Zg(«), where the index a ranges over those totally
positive elements of the maximal totally real subfield FF C K that satisfy
Trp/g(e) =m. In the body of the paper we allow K to be a product of CM
fields, in which case some Zg(«) may have dimension one; i.e., the cycles X
and Z(m) may intersect improperly. This does not happen when K is a field.
The Arakelov degree of Zg(a) is (essentially) defined to be the sum of the
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lengths of the local rings of all geometric points, and our main result shows
that, as « varies, these degrees are the Fourier coefficients of the derivative of
a weight one Hilbert modular Eisenstein series £¢(7,s) at the center s = 0 of
its functional equation.

Returning to the original problem, the intersection multiplicity of X
with Z(m) is obtained by adding together the degrees of those Zg(a) with
Trr/g(a) = m. This intersection multiplicity is equal to the m™ Fourier co-
efficient of the central derivative of the pullback of E¢(7,s) via the diagonal
embedding of the upper half plane into a product of upper half planes.

1.2. Statement of the results. Fix a quadratic imaginary field Ky C C,
denote by ¢ the inclusion Ko — C, and let 7 be the conjugate embedding.
For nonnegative integers r, s, let M, ;) be the algebraic stack over Spec(Ok,)

whose functor of points assigns to every Of,-scheme S the groupoid of triples
(A, Kk, \) in which

e A — S is an abelian scheme of relative dimension r + s,
e x: Ok, — End(A) is an action of O, on A,
e \: A— AV is a principal polarization.

(Throughout this paper scheme means locally Noetherian scheme and algebraic
stack means Deligne-Mumford stack.) We require that the polarization A be
Ok,-linear, in the sense that

Ao K(T) = l{(x)v o\

for all x € Ok,. We further require that the action of Ok, satisfy the (r,s)-
signature condition: for any x € O, locally on S the determinant of T' — x
acting on Lie(A) is equal to the image of

(T = (@) (T = Ux))* € O, [T]

in Og[T]. Our stack M, 4 is the stack denoted M (r, s)""® in [26]; it is smooth
of relative dimension rs over O, [disc(Ko)~']. The generic fiber of M, g is
a union of Shimura varieties associated to the unitary similitude groups of
finitely many Hermitian spaces over Ky, but for us the interpretation as a
moduli space is paramount.

Note that My ¢y is simply the moduli stack of elliptic curves Ag — S
over Og,-schemes with complex multiplication by Of,, normalized so that
the action of Ok, on Lie(Ap) is through the structure morphism O, — Og.

For the remainder of the introduction, we fix a positive integer n and focus
on the case of signature (n — 1,1). We will construct two types of cycles on
the stack

M = M0y X0k, Mn-1,1)-
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For an Ok,-scheme S, an S-valued point of M is a sextuple (Ao, ko, Ao, 4, K, )
with
(Ao, Ko, Ao) € M1,0)(S), (A, K, A) € Mn_11)(5),
but we will usually abbreviate this sextuple to (A4, A).
The first family of cycles on M are the Kudla-Rapoport divisors of [26]. If
S is connected and (Ag, A) € M(S), the projective Ok, -module of finite rank

L(Ao, A) = HOm@KO (A(), A)
comes equipped with a positive definite Ok, -valued Hermitian form

(1.2.1) (fi,fa) =Xt o fs oXo fi.

(The right-hand side lies in Ok, = Endo, (Ag).) For an integer m # 0, let
Z(m) be the moduli stack over Ok, whose S-valued points are triples (Ao, 4, f)
with (Ao, 4) € M(S) and f € L(Ayp, A) satisfying (f, f) = m. There is an
obvious forgetful morphism
Z(m) — M.

In terms of Shimura varieties, these divisors correspond roughly to inclusions
of algebraic groups of the form H — GU(V), where V is a Hermitian space
over Ky of signature (n — 1,1), and H is the stabilizer of a vector of positive
length. But, once again, to us it is the moduli interpretation that matters
most.

The second type of cycle is constructed from abelian varieties with complex
multiplication. Let F' be a totally real étale Q-algebra (in other words, a
product of totally real number fields) with [F': Q] = n, and fix a CM type ® of

K =F ®q Ko
of signature (n — 1,1). This means that there are n — 1 elements of ® whose
restriction to Ky is ¢, and a unique element whose restriction to Ky is 7. Let
K CcC

be a number field containing both Ky and the reflex field of ®, and set Ogp =
Ok,- Let CMg be the algebraic stack over Og classifying principally polarized
abelian schemes with complex multiplication by O and CM type ®. See
Section 3.1 for the precise definition. For an Og-scheme .S, an S-valued point of

Xo = M(10)/04 X0s CMa

is a pair (Ap, A) € M(S) together with an extension of the Og,-action on
A to complex multiplication by O, and as such there is an evident forgetful
morphism

Xo - M /Og*
The stack X is étale and proper over Og and, in particular, is regular of di-
mension 1. In terms of Shimura varieties, the map X — M o, corresponds
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roughly to ' — GU(V), where V is a Hermitian space over Ky of signature
(n—1,1), and T is the torus with Q-points

T(Q) = {o € K* : Ny (a) € Q7).

Now we come to the central problem of this paper: to compute the in-
tersection multiplicity on M o, of the Kudla-Rapoport divisor Z(m) 0, with
the complex multiplication cycle Xp. Consider the cartesian diagram (this is
the definition of the upper left corner)

Xo N Z(m) E—— Z(m)/(/)(b

| |

X M/qu

Let S be a connected Og-scheme. Given a point
(A(]v A) € XCI)(S)’

we may consider the Ok, -module L(Ap, A) attached to the image (Ao, A) €
M(S). The fact that the pair (Ag, A) comes from X(S) endows L(Ap, A)
with obvious extra structure: the action of O on A makes L(Ap, A) into an
Og-module. Slightly less obviously, there is a unique K-valued totally positive
definite O-Hermitian form (fi, fo)cm on L(Ap, A), which refines (fi, f2), in
the sense that

(f1, fo) = Trg iy (f1, f2)om-

By contemplation of the the moduli problems, there is a decomposition

(1.2.2) XeNZm)= || Zo(a),
acF
Trp/g(a)=m
where Zg(«v) is the moduli space of triples (Ag, 4, f) over Og-schemes S, in
which

(Ao, A) € Xp(S)

and f € L(Ao, A) satisfies (f, f)em = a. If @ € F*, the stack Zg(a) has
dimension 0, and is nonempty only if « is totally positive (o > 0). If o & F*,
then Zg(«) may have irreducible components of dimension 1, in which case
the intersection (1.2.2) is improper.

For a prime p of K, let kg denote the residue field of p. When Zg(a)
has dimension 0, its Arakelov degree

log(N(p)) Z length(()}h@ (oc),z)

deg Za(a) = p;@ Ko : Q) #Aut(2)

2€Zg(a)(k3%)
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is finite and is independent of the choice of Kg. (Here (’)Sth) ()2
Henselian local ring of Zg(a) at z, i.e., the local ring for the étale topology.)
Our first main result is a formula for the Arakelov degree. To state it we need
some notation. Let ¢ € ® be the special element, determined by ¢*P|x, = T.
Recalling that K is a product of CM fields, there is a unique factor K C K
such that P : K — C factors through the projection K — K®P. Denote by
F®P the maximal totally real subfield of K®P, so that F*P is a direct summand
of F. If p is a prime of F®P, then we denote again by p the prime of F
determined by pullback through the projection F' — F®P. If b is a fractional

Op-ideal, define
(1.2.3) p(b) = #{B C O : BB = bOk }.
In particular, p(b) = 0 if b ¢ Op. For any prime p, set

is the strictly

(1.2.4) &) = {1 if Ko/Q is unramified at p

0 if Ko/Q is ramified at p.

The following theorem appears in the text as Theorem 3.6.3.

THEOREM A. Assume the discriminants of Ko/Q and F/Q are odd and
relatively prime. If a € F>°, then Zg(a) has dimension zero, and

w(Ko) 4 [K*: Q] -ordy (apdr) - p(ap™*oF),

where the sum is over all primes p of FP nonsplit in K°P, p is the rational
prime below p, Op is the different of F/Q, h(Ky) is the class number of Ky,
w(Ko) is number of roots of unity in Ky, and N(p) is the cardinality of the
residue field of p.

Fix a prime p C Og, and let Wg , be the completion of the ring of integers
in the maximal unramified extension of Og . The most difficult part of the
proof of Theorem A is the calculation of the length of the local ring at a
geometric point z € Z@(a)(k:gli), corresponding to a triple (Ag, A, f). This
calculation proceeds in two steps. First we show that the formal deformation
space of the pair (Ao, A) is isomorphic to the formal spectrum of Wg,. In
more concrete terms, this means that (Ag, A) lifts uniquely to any complete

local Noetherian W y-algebra with residue field kf;)lfj and, in particular, has a

unique lift to Wg , called the canonical lift. Let (A(()k),A(k)) be the reduction
of the canonical lift to the quotient Wg ,/ m”, where m is the maximal ideal of
Wa . The length of the local ring of Z¢(«) at z is then equal to the largest
k such that f lifts to a map A(()k) — A®)_ In other words, the Og-module
L(Ap, A) has a filtration

- L® cL® c LW = L(Ag, A)
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in which
k
L) = Homo, (Aé ), AR,

and the problem is to compute the largest k such that f € L(*). We show that
this k is

1
k= 5 ordy, (aprdF),

where pp is the pullback of p under the map ¢ : F' — Kg, and e, is the
ramification degree of pr in K. All of this is done in Section 2.3, using the
Grothendieck-Messing deformation theory of p-divisible groups, with the final
application to lengths of local rings appearing as Theorem 3.6.2. In the case
n =1, so that Ag and A are supersingular elliptic curves, all of these calcula-
tions reduce to calculations of Gross, as explained at the end of Section 2.3.

In Section 4 we construct a Hilbert modular Eisenstein series (7, s) of
parallel weight one. The Eisenstein series Eg (7, s) satisfies a function equation
in s — —s that forces £¢(7,0) = 0, and the central derivative has a Fourier
expansion

Ep(1,0) = > ba(a,y) - ¢,
acF

where 7 = x + iy € H" lies in the product of n upper half planes. The Fourier
coefficients bg (v, y) can easily be computed using explicit formulas of Yang
[45], and the result is stated as Corollary 4.2.2. Comparison with Theorem A
shows that, for « € F>9,

h(K@) N(dK/F)
Cw(Ky) 2-1K®:Q

where dg/p is the relative discriminant of K/F, and r is the number of places

(1.2.5) deg Zg(a) = ] <o (e, y),

of F ramified in K, including the archimedean places. In particular, the right-
hand side is independent of .

Of course the right-hand side of (1.2.5) makes sense for all a € F', while
at the moment the left-hand side is only defined for o > 0. To remedy this
asymmetry we introduce in Section 3.7 the Gillet-Soulé arithmetic Chow group
61\{1(?(@) of the 1-dimensional stack Xp. Elements of the arithmetic Chow
group are rational equivalence classes of pairs (Z,Gr), where Z is a 0-cycle on
Xp with rational coefficients, and Gr is a Green function for Z. As Z has no
points in characteristic 0, Gr is just a function on the finite set of complex
points of Xg. In Section 3.7 we construct a divisor class

~ —1
Zy(a,y) € CH (Xp)

for every o € F* and every y € Fg%. If a > 0, then this class is (Ze(a),0),
where the 0-cycle Zg () is the image of the map Zg(a) — X, with points
counted with appropriate multiplicities. If a % 0, then our divisor class has
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the form (0,Gre (o, y,-)) for a particular function Grg(«,y,-) on the complex
points of Xg. There is a canonical arithmetic degree

(1.2.6) deg : CH (Xs) — R,

and (1.2.5) has the following generalization, which appears in the text as The-
orem 4.2.3.

THEOREM B. Assume the discriminants of Ko/Q and F/Q are odd and
relatively prime. If « € F* and y € Fﬂ?o, then

h(Ko)  Ndg/r)
w(Ko) 271K :Q

We now return to our original motivating problem: the calculation of the

cTé\gZp(a,y) ==

] “bo (e, y).

intersection multiplicity of X and Z(m) on M. Assume that m # 0 and
that F' is a field. This guarantees that Xp N Z(m) is 0 dimensional. The
intersection multiplicity I(Xg : Z(m)) is defined as the Arakelov degree of the
O-dimensional stack X N Z(m). It is a more or less formal consequence of
(1.2.2), see Theorem 3.8.4, that

(1.2.7) [(Xp:Z(m)= Y degZao(a,y)
a€F* a0
Trp/g(a)=m

for all y € R>?. In Section 3.8 we define a Green function Gr(m,y,-) for the
Kudla-Rapoport divisor Z(m). It is a smooth function on M(C), except for a
logarithmic singularity along the divisor Z(m)(C), and depends on a parameter
y € R>Y. If m < 0, then Z(m) = 0, and Gr(m, y, -) is simply a smooth function
on M(C). This function may be evaluated at the finite set of complex points
of Xp, and the result, Theorem 3.8.6, is

(1.2.8) Gr(m,y, Xp) = > degZa(a,y).
a€F* ,a%0
TrF/Q(a):m

Let ip : H — H" be the diagonal embedding of the upper half plane. The
restriction E¢(ip(7),s) of E¢(7,s) to H vanishes at s = 0, and the derivative
has a Fourier expansion

EZD(ZF(T)v 0) = Z C(b(m,y) ’ qm’
meZ
where now 7 =z 4+ 1y € H, and

co(m,y) = Z b (m,y).

aEF*
Trp/@(oz):m

Combining this with Theorem B and the decompositions (1.2.7) and (1.2.8)
gives an arithmetic interpretation of the Fourier coefficients cg(m, y).
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THEOREM C. Assume the discriminants of Ko/Q and F/Q are odd and
relatively prime. If F' is a field and m is nonzero, then

I(Xg : Z(m)) + Gr(m,y, Xo) = _Z(Ko) N(dk/r)

- cp(m,y)

for all y € R>Y.

When n = 1 or 2, our results have precedents in the literature, albeit
in very different language. The case n = 1 is essentially treated by Kudla-
Rapoport-Yang in [27]. In this case F' = Q, Z(m) is a divisor on the 1-dimen-
sional stack

M= M(Lo) X0k, M(O,l)a

and Xp = M. Is this degenerate case the intersection I(Xp : Z(m)) is simply
the Arakelov degree of the 0O-cycle Z(m), which is not quite what is com-
puted in [27]. For every triple (Ao, ko, Ao) in My o), there is a conjugate triple
(Ao, Ro, \o), where Ko(x) = ko(Z). The functor taking a triple to its conjugate
defines an isomorphism M, gy — Mg 1), which allows us to define the sub-
stack M® — M as the image of M1,0) under the diagonal embedding. The
intersection Z2(m) = Z(m)NM? is then the moduli space of triples (E, s, f)
where E is an elliptic curve, x : Ok, — End(E) is an action of Ok, (suitable
normalized), and f € End(FE) is a degree m isogeny satisfying x(z)of = fok(T)
for all 2 € O,. It is the Arakelov degree of Z(m) that is computed in [27]
and is shown to agree with the Fourier coefficients of the central derivative of
a weight one Eisenstein series.

When n = 2, so that F is either Q x Q or a real quadratic field, our results
are closely related to the work of Gross-Zagier on prime factorizations of sin-
gular moduli [14], and heights of Heegner points [15]. In this case the moduli
space M is a union of Shimura varieties attached to groups of type GU(1,1).
Such Shimura varieties are, roughly, unions of Shimura curves parametrizing
abelian surfaces with quaternionic multiplication, including the classical modu-
lar curves. This is worked out in detail in [26, §14]. The author has not worked
out carefully the translation of the results of this paper into the language of
moduli of elliptic curves, but the picture should look roughly like this. Both
cycles Xp and Z(m) are divisors on M representing points with complex mul-
tiplication, i.e., Heegner points. In the case where F' is a real quadratic field,
the compositum K = Kj - F' contains another quadratic imaginary field Kj,
and X is the divisor formed by elliptic curves with complex multiplication by
Ok, . The divisor Z(1) is formed by elliptic curves with complex multiplication
by Ok,, and Z(m) is the translate of Z(1) by the m'" Hecke correspondence.
The calculation of the intersection multiplicity (X, Z(m)), which amounts
to computing congruences between values of the j-function at CM points, and
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the observation that these intersection multiplicities appear as the Fourier co-
efficients of the diagonal restriction of a Hilbert modular Eisenstein series, is
the content of [14]. See also [17].

If n=2and F =Q x Q, then our calculations should be closely related
to the more famous result of Gross-Zagier [15]. In this case the calculation
of I(Xg, Z(m)) amounts to the calculation of the intersection multiplicity, on
the modular curve, of the divisor of elliptic curves with complex multiplication
by Ok, with the same divisor translated by the m™ Hecke correspondence.
This is the key calculation performed in [15], although those authors deal with
instances of improper intersection (and other serious complications), which we
have avoided. Our results assert that these intersections agree with the Fourier
coefficients of the central derivative of the diagonal pullback of an Eisenstein
series on GLg x GLg; that is to say, the derivative of a product of two weight one
Eisenstein series on ‘H, say E1(7,s)E2(T,s). On the other hand, the results of
Gross-Zagier assert that these same intersection multiplicities are the Fourier
coefficients of the product of the central derivative of an Eisenstein series with
a weight one theta series. One of our Eisenstein series, say E1(T,s), vanishes
at s = 0, while the other does not, and so the central derivative of the product
is E{(7,0) - E5(7,0). But the Siegel-Weil formula then asserts that the central
value Fy(7,0) is actually a weight one theta series, so our results are compatible
with those of [15].

1.3. Speculation. We would like to interpret Theorem C in terms of the

—1
arithmetic intersection theory of Gillet-Soulé [10], [11], [40]. Let CH (M) be
the codimension one arithmetic Chow group, so that Z(m) (now viewed as a
divisor on M), with its Green function Gr(m,y,-), defines a class

(1.3.1) 2(m,y) € CH (M)

for every m # 0 and y € RT. The composition of pullback by X — Mo,
with (1.2.6) defines a linear functional

——1 ——1
CH (M,p,) — CH (Xp) — R.
Composing with base change from Ok, to Og, we obtain a linear functional
Teay,  CH (M) > R,

called the arithmetic degree along Xp. What our Theorem C essentially shows
is that (ignoring the uninteresting constants appearing in the theorem)

(1.3.2) deg, Z(m,y) = cp(m,y).

There are several gaps in the above interpretation of Theorem C: to have
a good theory of arithmetic Chow groups one needs to work on a stack that
is flat, regular, and proper. The stack M has none of these properties. The
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stack M is only flat and regular after inverting disc(Kj), but Pappas [37] and
Kramer [19] have modified the moduli problem defining M in order to obtain a
flat and regular moduli stack that agrees with M over Ok, [disc(K()~!]. As for
properness, the theory of toroidal compactifications of the complex fiber of M
is well understood [1], [6], [35], and Lan’s thesis [30] gives a complete theory of
the arithmetic toroidal compactifications of M over O, [disc(Ko)!]. See also
[31] for the signature (2,1) case. It seems likely that the results of Lan’s thesis
can be extended to give a compactification of the integral model of Pappas
and Kramer, but the details have not been written down. In any case, let us
suppose that we have replaced M by a stack that is flat, regular, and proper.

In order to define the class Z(m, y) for m # 0, one needs to understand the
behavior of the Green function Gr(m, y, -) near the boundary components of the
newly compactified M. Some preliminary calculations suggest that if one adds
a particular linear combination of boundary components to the divisor Z(m),
the function Gr(m,y, -) becomes a Green function for the modified divisor, but
with log-log singularities along the boundary. Thus one expects to obtain a
class in the generalized arithmetic Chow group of Burgos-Gil-Kramer—Kiihn
[4], [5]. Assume this is the case, so that (1.3.1) is defined for all m # 0.

The next step is to define the class Z(0,%). The definition of the stack
Z(m) makes sense when m = 0, but the map Z(0) — M is surjective, and
so this is clearly not the way to proceed. To find the correct definition of
Z(0,y), one should interpret 61\{1(/\/1) as the group of isomorphism classes of
metrized line bundles on M. Based on work of Kudla-Rapoport-Yang [28],
[29] and conjectures of Kudla [23], the class Z(0,y) should be defined as the
Hodge bundle on M, endowed with a particular choice of metric (which will
depend on the parameter y € R>?).

One should also seek a natural definition of

~ 1
Zo(a,y) € CH (Xop)

for all @ € F, not just for a« ¢ F*, for which Theorem B continues to hold.
There are two cases, depending on whether or not ¢*P(a) = 0. If p*P(«a) # 0,
then Theorem 3.6.2 shows that the stack Z¢(«) has dimension zero; if ¢°P(«)
= 0, then the proof of that same theorem shows that every irreducible com-
ponent of Zg(a) has dimension 1. The upshot is that if p*P(a) # 0, the defi-
nition of Zg(c, ) should be close to the definition we have given for o € F*.
If ¢*P(a) = 0, then the correct definition should be in terms of the metrized

Hodge bundle in 61\{1(2(@). These classes should satisfy two properties. First,
the pullback map

1 1
CH (M/O<1>) — CH (Xq;)
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should satisfy

/Z\(may) = Z /Z\q)(aay)

acl
TrF/Q(a):m

for all m and all y € R>%. Second, the relation
degZo (a,y) = ba(a,y)

should hold for all « € F and y € Fg~ . Given these two properties, one can
deduce (1.3.2) for all m € Z and all y € R>0.

The final step in the program laid out by Kudla [23] is to form the vector-
valued generating series

0(r) = " 2(m,y) - ¢ € CH (M)[[q]
meZ

for 7 = x + iy € H. The equality (1.3.2) amounts to
degy, 0(7) = E4(ir(7),0).

Given the results of Kudla-Rapoport-Yang [29] on CM cycles on Shimura
curves, and the results of Bruinier-Burgos-Gil-Kiihn [4] on Hirzebruch-Zagier
divisors on Hilbert modular surfaces, it is reasonable to expect that the above
generating series is a vector-valued nonholomorphic modular form of weight n.
If f is a weight n cuspform on H, we may therefore form the Petersson inner
product of f(r) with 6(7) and so define the arithmetic theta lift

0 = (f,.0)" e CH (M).

Moving the linear functional (Te\g x, inside the integral defining the Petersson
inner product, one finds the Gross-Zagier style formula

(1.3.3) degy, 0 = (f,degy, 0)"
= (f (1), Ep(ir(r), 0))7
= Ls(f.0),

where

Lo(f,5) = (f(7),Ea(ir(r),5))"".

In the case where F' is a real quadratic field (so n = 2), a function very
much like Lg(f,s) appears in the work of Gross-Kohnen-Zagier [13], and is
shown to be closely related to the usual L-function of f. When F is a field of
degree > 2, there seems to be no literature at all on the function L¢(f,s), and
the author is at a loss as to its properties and significance.

However, there are interesting cases where n > 2, and one has some hope

of better understanding L¢(f, s). For example, consider the totally degenerate
caseof F=Q x --- x Q and K = Ky x -+ x Ky. Modulo details, one should
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expect the following. Our Hilbert modular Eisenstein series on H" is just a
product of classical weight one Eisenstein series

Eo(T,8) = F1(11,8) -+ Fnu(Tn, S).

Fach factor will satisfy a functional equation in s — —s, and the sign of the
functional equation will be 1 for all factors but one. Say the last factor has sign
—1. The first n — 1 factors are coherent, the last one is the incoherent factor.
The Siegel-Weil formula implies that the value at s = 0 of each coherent factor
is a theta function © attached to the extension Ky/Q, and so

Eb(ip(1),0) = O™ (1) FL(7,0).
But the Petersson inner product
L(f x O™, 5) = (f(r), 0" (1) Fp(r,8)""

is, up to rescaling and shifting in the variable s, just the Rankin-Selberg convo-
lution L-function of f with ©®"~1, and hence the mysterious function Lg(f,s)
has the less mysterious central derivative

Ly(f,0) = L'(f x©"71,0).

When n = 2, so that FF = Q x Q, the Rankin-Selberg L-function on the right
is the one appearing in the work of Gross-Zagier [15], as we have noted earlier.

Finally, it may be helpful to put the above results and conjectures into
the context of seesaw dual pairs and the Siegel-Weil formula, which are among
the guiding principles of Kudla’s conjectures [23]. Suppose we start with free
K-module W of rank 1, equipped with a totally positive definite Hermitian
form (-,-)com. Let V denote the underlying Ko-vector space with the Ky-Herm-
itian form (v1,ve) = Trg/k, (w1, we)cm. Define a torus T' = Resp /U (W) so
that T C U(V'). The dual reductive pairs (SLz, U(V)) and (Resp/gSLe, T') can

be arranged into the seesaw diagram

ReSF/QSLz U(V)

>

SLo T.

Starting with a cusp form f on SLo, one can theta lift to an automorphic form
6 on U(V), then restrict to 7' and integrate against the constant function 1.
By tipping the seesaw, this is the same as theta lifting the constant function
1 on T to a Hilbert modular theta series on Resp/gSLa, restricting that theta
series to the diagonally embedded SLs, and integrating against f. The Siegel-
WEeil formula implies that the Hilbert modular theta series appearing in this
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process is in fact the central value of a Hilbert modular Eisenstein series, say
E(g,s), at s = 0. Thus

(1.3.4) /T 0= / £(9)E(g,0) dg.

SLa(A)
The conjectural picture described (and largely proved) above, is formally

similar. Automorphic forms on U(V) are replaced by elements of éﬁl(/\/l),
the theta lift f + 0y is replaced by the arithmetic theta lift f §f, and
the linear functional “integrate over the torus 77 is replaced by the linear
functional “arithmetic degree along Xp.” On the other side of the seesaw, the
Hilbert modular theta series (which is the central value of an Eisenstein series)
is replaced by the central derivative of an Eisenstein series, and the integral
over SLsg is replaced by the Petersson inner product. In this way, (1.3.3) can
be seen as an arithmetic version of (1.3.4).

1.4. Acknowledgements. The author thanks both Steve Kudla and Tong-
hai Yang for helpful conversations, and the anonymous referee for helpful com-
ments on an earlier draft of this paper.

2. Barsotti-Tate groups with complex multiplication

This section contains the technical deformation theory calculations that
will eventually be used in the proof of Theorem 3.6.2 to compute the lengths
of the local rings of the O-dimensional stack Zg(a). The reader might prefer
to begin with the global theory of Section 3, and refer back to this section as
needed.

Fix a prime p, and let F be an algebraic closure of the field of p elements.
Let W be the ring of Witt vectors of F, let Frac(IW) be the fraction field of
W, and let C, be any algebraically closed field containing Frac(W). If L is
a product of finite extensions of Q,, denote by L* the maximal unramified
extension of Q, in L and by Of the ring of integers of L*. A p-divisible group
over F is supersingular if all slopes of its Dieudonné module are equal to 1/2.
Here and throughout, Dieudonné module means covariant Dieudonné module.

2.1. Deformations of Barsotti-Tate groups with complex multiplication.
Let F be a field extension of @, of degree n, and let K be a quadratic étale
F-algebra (so K is a either a quadratic field extension of F', or K = F x F).
Denote by x + T the nontrivial automorphism of K/F, and for any Q,-algebra
map ¢ : K — C,, define the conjugate map @(x) = ¢(T). A p-adic CM type of
K is a set ® of Qp-algebra maps K — C, such that Hom(K, C)) is the disjoint
union of ® and ®. Fix such a ®, and let K¢ C C, be any finite extension of
Qp large enough that

(2.1.1) o€ Aut(C,/Ko) = @7 = .
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Denote by

Ws C (Cp
the ring of integers in the completion of the maximal unramified extension of
Kg, so that Frac(Wg) is the compositum of K¢ and Frac(W).

Let ART be the category of local Artinian Wg-algebras with residue
field F. If R is an object of ART and A is a p-divisible group over R, an
action £ : Oxg — End(A) satisfies the ®-determinant condition if for every
Z1,...,2, € Ok, the determinant of Tz + --- + T,x, acting on Lie(A4) is
equal to the image of
(2.1.2) [ @) + -+ Tro(x,)) € Wo[Th,..., T;]

ped
in R[Ty,...,T;]. In particular, this implies
dim(A) = [F : Q).
For the remainder of this subsection, fix a triple (A, k, ) in which

e A is a p-divisible group over F.

e k: Ok — End(A) satisfies the ®-determinant condition.

e \: A — AV is an Og-linear polarization of A (which is not assumed
to be principal). The condition of Og-linearity means that

Ao k(T) = k(z)Y o A
for every =z € Ok.

Let Defg (A, k,A) be the functor that assigns to every object R of ART the
set of isomorphism classes of deformations of (A, k,\) to R, where the defor-
mations are again required to satisfy the ®-determinant condition. The goal
of this subsection is to prove that Defg(A, k, \) is pro-represented by We.

PROPOSITION 2.1.1. Let (A, K, \) be the triple fixed above.

(1) The Dieudonné module D(A) is free of rank one over Ox ®z, W.
(2) The image of Ok in End(A) is equal to its own centralizer.
(3) If K is a field, then A is supersingular.

Proof. The first claim follows from the argument of [38, Lemma 1.3], and
the second claim follows easily from the first. The category of Dieudonné
modules over F up to isogeny is semisimple. If

D(A) ~ D" x -+ x D"
with Dy,..., D, simple and pairwise nonisogenous, then
End(D(A)) ®z, Qp = My, (Hy) X - -+ X My, (H;)

with each H; a division algebra over Q,. The only way this product can contain
a field equal to its own centralizer is if » = 1. Therefore, D(A) is isoclinic:
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it is isogenous to a power of a simple Dieudonné module, and hence its slope
sequence is constant. By hypothesis, D(A) admits a polarization, so its slope
sequence is symmetric in s — 1 — s. Therefore, 1/2 is the unique slope of
D(A). O

Given a Qp-algebra map ¢ : K — C,, let Cp(¢) denote Cp,, with K acting
through ¢. There is a unique Wg-algebra map

ne : Ok ®z, Wo — ] Cp(ep)
ped
sending ®1 to the ®-tuple (¢(x)),ea. The kernel and image of 7g are denoted
Jo and Lieg, respectively, so that there is an exact sequence of O ®z, We-
modules

(2.1.3) 0— Jp — Ok ®Zp Ws — Lieg — 0.
We will make repeated use of the isomorphism

O% ®z, W = H w
P:0%—W
sending  ® 1 — (¢(x))y. For each factor on the right-hand side there is a
corresponding idempotent ey, € Of ®z, W characterized by

(z®@1)ey = (1 @Y(x))ey
for all x € OF.

LEMMA 2.1.2. The ideal Jo C O ®z,We enjoys the following properties.

(a) As Wg-modules, Jo and Lieg are each free of rank n. Furthermore,
for any tuple x1,...,x, € Ok, the determinant of Thyx1 + --- + T,y
acting on Lieg is equal to (2.1.2).

(b) The ideal Jg is generated by the set of all elements of the form

Jao(x,¢) = ey H (z2@1-1®p(z)) € O ®z, Wo
ped
¢lov =v
with x € Ok and ¢ : Of — W.

(c) Suppose R is an object of ART, M is a free Ox ®z, R-module of rank
one, and My C M is an Og-stable R-direct summand such that for
any x1,...,xr € Ok, the determinant of Tyx1 + - - - + Trx, acting on
M/M1 18 (212) Then M1 = Jq>M

Proof. The first claim is elementary linear algebra, and the proof is left to
the reader. For the second claim, jg(z,1) € Jg is obvious from the definitions.
To prove the other inclusion, fix a w € Ok such that O = Of%[w], and let
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wu(z) € O%[z] be the minimal polynomial of w. Using w — z to identify
Or = O%[z]/(n), we obtain an isomorphism

Ok ®z, Wo = (0% @z, Wa)[2]/(n) = [ Wal2l/(1y),
P:0% W

where pi; is the image of p under ¢ : O%[z] — Wlz]. Under these isomor-
phisms, the element jg(cw,?) on the left is identified with the tuple on the
right whose 1-coordinate is the polynomial

(2.1.4) H (z — p(w))
ped
<p|o%:¢

and all other coordinates are 0. Now suppose j € Jp. Under the above
isomorphism, j corresponds to a tuple of polynomials jy(2) € Walz]/(uy),
and the assumption that j € Jp means precisely that the polynomial jy(2)
vanishes at z = ¢(w) for each ¢ € ® whose restriction to O} is 1. Such
a jy(z) is obviously divisible, in Wg[2], by (2.1.4). It follows that eyj is a
multiple of jg(w, ) and hence that Jg is contained in the ideal generated by
the elements jg(w, 1) as 1 varies.

For the final claim, extend each ¢ € ® to a W-linear map ¢ : Ok ®z,
W — C,. The determinant condition imposed on M /M implies that for every
z € Ok,

e¢(x ®1) € Ok Xz, w
acts on M /My with characteristic polynomial
[[(@—¢le)p)=T" [ (T —¢(2)) € WelTl,

ped ped
ﬂo%=w

where 1 = #{p € ® : p|ow # 1}, and hence acts on ey (M /M) with charac-
teristic polynomial
[[ (T —e@)eWs[T].
ped
ﬂo%=w
Therefore,  ® 1 acts on ey (M /M) with this same characteristic polynomial,
and the Cayley-Hamilton theorem implies that ey (M /M;) is annihilated by

[[ Gel-12¢)e Ok @z, We.
ped
<P|OT;(:¢
Hence M /M is annihilated by je(x,v). By the second claim of the lemma,
JeM C M, and as JgM and M; are R-module direct summands of M of the
same rank, they must be equal. O
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We now make use of the theory of Grothendieck-Messing crystals. Stan-
dard references include [2], [16], [32]; for Zink’s reconstruction of the theory by
different means, see [33], [46]. Associated to A is a short exact sequence

(2.1.5) 0 — Fil'D4(F) — Da(F) — Lie(A) — 0

of F-modules, in which Dy (F) is the covariant Grothendieck-Messing crystal
of A evaluated at F, and the submodule Fil'D4(F) is its Hodge filtration.
Proposition 2.1.1 and the isomorphisms

Du(F) 2 Da(W) @w F = D(A) ®w F,
the second by [2, Th. 4.2.14], imply that
Dy(F) = Ok ®z, T,
and the final claim of Lemma 2.1.2 implies that
Fil' Dy (F) = J3Da(F).

In particular, (2.1.5) is obtained from (2.1.3) by applying ®w, F, which explains
our choice of notation Lieg. Similarly, if R is an object of ART and

(A" k') N) € Defg (A, k, \)(R),
there is an associated short exact sequence of free R-modules
(2.1.6) 0 — Fil'D4/(R) — Da(R) — Lie(A') — 0.

Applying ®grF to (2.1.6) recovers (2.1.5), and an easy Nakayama’s lemma
argument then shows that

Da(R) = Ok ®z, R.
Another application of Lemma 2.1.2 shows that
Fil'Da/(R) = JaDa(R),

and so (2.1.6) is obtained from (2.1.3) by applying ®yw, R. In this sense, (2.1.3)
is the universal Hodge short exact sequence of deformations of (A4, k,\). As
the following theorem demonstrates, this information is enough to deduce the
existence and uniqueness of deformations of (A, k, \).

THEOREM 2.1.3. The functor Defg(A, k,\) is pro-represented by Wg.
Equivalently, the triple (A, k,\) admits a unique deformation to every object
of ART.

Proof. Let S — R be a surjective morphism in ART whose kernel 7
satisfies 72 = 0. In particular, Z comes equipped with its trivial divided power
structure. Suppose we have already lifted the triple (A, k, A) over F to a triple
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(A, k', N) over R. Let D4/ be the Grothendieck-Messing crystal of A’, so that
DA/(R) ~ Ok ®Zp R, and

Fil'Dy/(R) = JaDa(R).

Now evaluate the crystal Dy on S. As Dy/(S) ®g F = D4 (F), a Nakayama’s
lemma argument shows that D4 (S5) is free of rank one over Ok ®z, S. By
the main result of Grothendieck-Messing theory, deformations of the pair
(A", k") to S (satisfying the ®-determinant condition, as always) are in bi-
jection with Og-stable S-direct summands M; C D4/ (S) for which the action
of O on D4/(S)/M; satisfies the -determinant condition. The final claim of
Lemma 2.1.2 shows that M; = JeD4/(5) is the unique such summand, and so
(A’, k") admits a unique deformation (A”, k") to S.

By the results of [2, Ch. 5.3], the polarization A" of A’ induces an alter-
nating S-bilinear form

)\/ : DA/(S) X DA/(S) — S

satisfying A(zv,w) = A(v,Tw) for every v € O ®z, We. But every z € Jp
satisfies

2T € ker(ne) Nker(ng) = 0,

and hence JpDy (S) is isotropic for the pairing X. This implies that the
polarization )\ lifts (uniquely) to a polarization \” of (A", k"), and so (A, k', \)
admits a unique deformation to S. Induction on the length now shows that
(A, k, \) lifts uniquely to every object of ART. O

Remark 2.1.4. The proof of Theorem 2.1.3 actually shows that something
slightly stronger is true: the pair (A, k) deforms uniquely to every object of
ART, and X\ automatically lifts to that deformation.

Remark 2.1.5. Instead of the ®-determinant condition imposed on the
action O — End(A) at the beginning of this subsection, we might have
imposed the (seemingly) weaker condition that every x € O acts on Lie(A)
with characteristic polynomial equal to the image of

[1 (T~ ¢() € WalT]
ped

in R[T]. The advantage of the stronger ®-determinant condition is that it
determines not only the characteristic polynomial of every element of Ok, but
of every element of Ox ®z, R. This was needed in the proof of part (c) of
Lemma 2.1.2. It would be interesting to know whether the two conditions are
equivalent.
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2.2. Deformations of CM abelian varieties. Theorem 2.1.3, when com-
bined with the Serre-Tate theorem, gives information about the formal defor-
mation spaces of CM abelian varieties over I, and in much greater generality
than is needed in this paper. Because the result, Theorem 2.2.1, is of indepen-
dent interest, we state it in full generality.

Let K = [] K; be any product of CM fields, and let F' = []F; be its
maximal totally real subalgebra. Let ® be any CM type of K, and let K¢ C C
be a number field containing the reflex field of ®. Set O = Ok,. Suppose
0 C K is an order and S is a locally Noetherian Og-scheme. A polarized
(0,®)-CM abelian scheme over S is a triple (A, k, A) in which

e A — S is an abelian scheme over S of relative dimension n;

e x:0— End(A) is an action of 0 on A such that, locally on S, for any
tuple z1,...,z, € o, the determinant of Tyx1 + - - - + T,x, on Lie(A) is
equal to the image of

H (Tltp(xl) + -+ TTQO(.IT)) € O@[Th e ,TT]
ped
in OS[Th cee 7TT];
e \: A — AV is a polarization of A satisfying A o k(T) = k(x)¥ o X for
every r € o.
Given a prime p of Kg, let Wg , be the completion of the ring of integers

in the maximal unramified extension of K¢ p, and let k:g,lgp be its residue field.
Let p be the rational prime below p.

THEOREM 2.2.1. Let R be a complete local Noetherian We y-algebra with
residue field k:g)lfj. If 0 is mazximal at p, then every polarized (o, ®)-CM abelian

scheme (A, Kk, \) over kf%li admits a unique deformation to a polarized (o, ®)-
CM abelian scheme over R.

Proof. Let C, be an algebraically closed field containing Ws p, and fix an
isomorphism between the algebraic closures of K¢ in C and C,. This allows us
to view elements of ® as maps ¢ : K — C,. For any prime ‘B of F' above p let
O(P) C @ be the subset consisting of those ¢ whose restriction to F' induces
the prime B. There is a decomposition of p-divisible groups

Alp™] = [T AR,
P

where the product is over the primes of F' lying above p. A similar decompo-
sition holds for any deformation of the triple (A, k, A). Each factor A[>°] has
an action

RIP]: Ok p — End(AF™])
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satisfying the ®(B)-determinant condition, and an O gp-linear polarization
A[PB>]. If R is Artinian, we may apply Theorem 2.1.3 to see that each triple
(A[B°], k[B>°], A[PB*°]) admits a unique deformation to R. By the Serre-Tate
theorem [32], the same is true of the triple (A, x, A). This proves the claim if R
is Artinian, and the general case follows from Grothendieck’s formal existence
theorem as in [7, §3]. O

Theorem 2.2.1 is false if one omits the hypothesis that o is maximal at
p, even for elliptic curves. This is clear from the theory of quasi-canonical
lifts of elliptic curves, due to Serre-Tate in the ordinary case, and Gross in the
supersingular case [12], [34], [44].

2.3. Lifting homomorphisms: the signature (n — 1,1) case. In this sub-
section Ky is a quadratic field extension of Q,, F//Q, is a field extension of
degree n, and

K = Ky ®q, F.
We assume that Ky does not embed into F', so that K is a field. Let ®¢ and ©
be the differents of K(/Q, and K/Q,, respectively, and let pr be the maximal
ideal of Op.

Fix an embedding ¢ : Ky — C,, so that &9 = {¢} is a p-adic CM type
of Ky. A p-adic CM type ® of K is said to be of signature (n — 1,1) if there
is a unique ¢*? € ® satisfying ¢*P|g, = 7. The distinguished element ¢ is
the special element of ®, and this element determines ® uniquely. Fix a ® of
signature (n — 1,1), and define

Kg = ¢P(K).
For any o € Aut(C,/Kg), the p-adic CM type ®7 is again of signature (n—1, 1),
and still contains ¢P. Thus ® = &7, and condition (2.1.1) is satisfied. Let
Wea be as in Section 2.1.

Fix a triple (A4, k, A) in which

e A is a p-divisible group over F of dimension n,

e x: Ok — End(A) satisfies the ®-determinant condition,

e )\: A — AV is an Og-linear polarization with kernel Ala] for some

ideal a C Op.
Fix a second triple (Ay, ko, Ag) in which

e A is a p-divisible group over F of dimension 1,

o xo: Ok, — End(Ap) satisfies the ®y-determinant condition,

e \o: Ag — AY is an Of,-linear principal polarization.

By Proposition 2.1.1, both Ay and A are supersingular.

The Og-module

L(AO’ A) = HOHlOKO (AOa A)
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has a natural Og,-Hermitian form (f;, f2) defined by

(fi.fa) =Xt o fyl o Xo fi.
This Hermitian form is compatible with the action of Ok on L(Ap, A), in the
sense that
(- f1, f2) = (1,7 fa)
for every x € Ok, and it follows that there is a unique K-valued Ox-Hermitian
form (f1, fa)om on L(Ag, A) satisfying

(f1, f2) = Tre/ro (f15 f2) om

It is not easy to give a description of (-,-)cnm, other than “the Hermitian
form whose trace is (-,-).” Nevertheless, the structure of the Hermitian space
(L(Ao, A), (-, >CM> will be described quite explicitly in Proposition 2.3.3.
Set
S =0k ®z, W.
If Fr € Aut(W) is the Frobenius automorphism, there is an induced automor-
phism of § defined by
(z @ w)" =z @ w™,
As in Section 2.1, for each v : Of — W, there is an idempotent ey, € S
satisfying
(x®@1)ey = (1 @Y(x))ey
for every @ € O%. These idempotents satisfy (e,)" = epoy, and
S = H ewS s
0% W
where each factor on the right is isomorphic to the ring of integers in the
completion of the maximal unramified extension of K. In particular, each
factor is a discrete valuation ring, whose valuation determines a surjection

ordy : S — 220U {o0}.
Denote by
m(y,®) = #{p € : plog =9}
the multiplicity of 1 in ®. Similarly, if we set
So = Ok, ®z, W,
there is a decomposition of W-algebras
80 = H ewOSO
1/10:(91;(06W

in which each factor is isomorphic to the integers in the completion of the
maximal unramified extension of Ky. For each 1y, there is an associated
valuation

ordy, : So — Z=" U {o0},
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and the multiplicity of g in ®g is
m(vo, Bo) = #{» € Po : ploy = vo}-

Let D(Agp) and D(A) be the Dieudonné modules of Ay and A, respectively.
The following lemma makes the structure of these Dieudonné modules more
explicit.

LEMMA 2.3.1. There is an isomorphism of S-modules D(A) = S. Under
any such isomorphism, the operators F' and V' on D(A) take the form F = aoFr
and V =boFr~! for some a,b € S satisfying ab'™ = p, and satisfying

ordy (b) = m(v, @)

for every v : OF% — W.

Similarly, there is an isomorphism of So-modules D(Ag) = Sp. Under any
such isomorphism, the operators F' and V on D(Ao) take the form F = agoFr
and V = by o Fr=! for some ag,by € Sy satisfying aobgr = p, and satisfying

Ordwo (bo) == m(¢0, q)o)
for every g : Of, — W.

Proof. We give the proof only for D(A), as the proof for D(Ay) is identical.
The only assertion that is not obvious from Proposition 2.1.1 is the formula
for ordy (b). The Lie algebra of A is canonically identified with

D(A)/VD(A) = S/bS,

and the e, component of S/bS is an F-vector space of dimension ordy(b). It
follows that the characteristic polynomial of any z € O}% acting on Lie(A) is
equal to
I[I @—¢@)® er(T).
P:0%—-W
On the other hand, the ®-determinant condition imposed on (A, k, A) implies
that this characteristic polynomial is equal to

[[T—e)= T @—v)™®.

pEd 0% W
It follows that ordy(b) = m(1, ®) for every 1. O

Fix isomorphisms D(Ap) = Sy and D(A) = S as in the lemma, so that
L(Ap, A) is identified with an Og-submodule of Homg, (Sp,S) = S. Of course
an element of Homg,(Sp,S) lies in the submodule L(Ay, A) if and only if it
respects the V' (equivalently, F') operators on D(Ap) and D(A). In the notation
of Lemma 2.3.1 this amounts to

(2.3.1) L(Ag, A) = {s € S : (bps)™™ = b5},
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Let s — 5 be the automorphism of § induced by the nontrivial automorphism
of K/F

LEMMA 2.3.2. Under the isomorphism (2.3.1), the Hermitian form (-,-)cm
on L(Ap, A) is identified with the Hermitian form
(s1,82)cm = €152
on the right-hand side of (2.3.1), for some £ € S ®z Q satisfying
(1) £=¢,
(2) €8 = aDD 1S, and
(3) (bobo)™& = €™ (bb)™.
(The last condition guarantees that £s139 lies in K = (S®@zQ)™=1, as it must.)
Proof. This is an exercise in linear algebra. The polarization A induces a
W-symplectic form
A:D(A)x D(A) - W
satisfying A(sx,y) = A(z,5y) for all s € S, and A\(Fz,y) = A(x, Vy)™. The
first property implies that the induced pairing
A:SEXS—-W

has the form
A(s1,82) = Trg /g, ((5152)

for some ¢ € S ®z Q satisfying { = —(. The second property implies that
p¢ = (¢bb)Fr. The assumption that A : A — AV has kernel Afa] implies that
(S = a®~'S. Similarly, the principal polarization Ao induces a perfect pairing

)\0 : So X So — W
of the form
Ao(s1,82) = Trie /g, (Cos132)

for some ¢y € Sy ®z Q satisfying o = —Co, plo = (Cobobo)™, and (oSo = Sp.
The Og,-Hermitian form (fi, f2) on (2.3.1) is then given by the explicit
formula

(s1,82) = Trie/i, (G ' (5152).
It follows that (s1,s9)cn = E8159, where & = (5 1. U

Armed with the above explicit coordinates, we may describe the Hermitian
space L(Ap, A) attached to our fixed triples (A, ko, A\g) and (A, k, A).

PROPOSITION 2.3.3. For some 8 € F'* satisfying

B0y = aprD0D 10k if Ko/Q is unramified
T Va0 10k if Ko/Q is ramified,
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there is an isomorphism of Ox-modules L(Ap, A) = Ok identifying (-, )cm
with the Hermitian form (x,y)om = Bzy on Ok.

Proof. First we show that L(Ag, A) is free of rank one over Og. Let
H = End(A[)) ®Zp Qp,

so that H is a quaternion division algebra over Q,. As Ay and A are supersin-
gular there is an isogeny A — Ag X --- x Ag (n factors). The Noether-Skolem
theorem implies that any two maps Ko — M, (H) are conjugate, and it fol-
lows that the above isogeny may be chosen to be Ok, -linear. A choice of such
isogeny allows us to identify

L(AO,A) ®Zp Qp = HOIDOKO (Ao,Ao X - X Ao) ®Zp Qp = Ko x---Kp

as Ko-vector spaces. Thus L(Ap, A) is free of rank n over Ok,, and hence
L(Ap, A) is free of rank one over Ok.

Fix an Ox-module generator s of (2.3.1), so that x - s — x defines an iso-
morphism L(Ag, A) — Ok identifying (-, -)om with Sy where, in the notation
of Lemma 2.3.2,

B = &ss.
We know that (¢S = a®¢® LS, and so it only remains to determine the ideal
SSS.

Let e(K/Ky) be the ramification degree of K/Ky. Set d = [K" : Q,], and
enumerate the maps O% — W as {¢' : i € Z/dZ} in such a way that *T! =
Fro 1. Let ¥} be the restriction of ¢ to O, The relation (bos)t™ = bt's
implies

ordyi+1(s) = ordy(s) — ordy (b) + ordy:(bo)
= ordyi(s) — ordy:(b) + e(K/Kp) - ord,; (bo)
= ordyi(s) —m(y', ®) + e(K/Ko) - m(45, Po),

where the final equality is by Lemma 2.3.1. Note that there is at least one
Y : Of — W for which ordy(s) = 0; otherwise s would be divisible in L(Ay, A)
by a uniformizing parameter of Og. This observation and the above relation
between ordi+1(s) and ord:(s) will allow us to compute ordy(s) for all ¢ :
Of% — W.
If Ko/Q, is ramified, then m (1§, ®9) = 1. Each ¢ : 0% — W admits
[K: K" =2-e(K/K)j)
extensions to a map K — C,. Exactly half of these extensions lie in ®, and so
m(Y', ®) = e(K/Kp). It follows that ord,i+1(s) = ord,:(s) for every i € Z/dZ,
hence s € $* and
BS = £s5S = aDyD LS

as desired.
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Now suppose that K(/Q, is unramified. As Ky does not embed into F,
this implies [F* : Q] = 2f + 1 for some f € Z=°, and so d = 4f + 2. Assume
the 1% have been enumerated in such a way that ¥° is the restriction of ©* to
O%. This implies YY) =1, and so

1 ifiis odd

0 if 7 is even.

m(vh, o) = {

If ¢ is any extension of 1/° to a map K — C,, then the restriction of ¢ to O,
is 7. Therefore, ¢ € ® if and only if ¢ = ¢, and so m(y)?, ®) = 1. This shows

ordy(s) = ordyo(s) — 1.

The automorphism 2 — T of K restricts to Fr?2/*! on K%, and so the restriction
of P to O% is ¢Y2/+1. The map ¢*/*1 : O% — W then admits [K : K] =
e(K/Ky) distinct extensions to a map K — C,, every one of which except
©°P is contained in ®. Therefore, m(y?f ™1, ®) = e(K/Ky) — 1, from which we
deduce
order+2(s) = ordyes+1(s) + 1.

Now suppose i € Z/dZ is not equal to 0 or 2f + 1, so that v is not the
restriction to O of either ¢*P or ¢°P. Similar reasoning to the above shows
that if 7 is even, then m(x?, ®) and m(¢§, ®¢) are both 0, while if i is odd, then
m(y', ®) = e(K/Ko) and m(vf, ®o) = 1. In either case, ordyir1(s) = ordy(s).
Recalling that ordy(s) = 0 for at least one ¢ : O — W, we deduce first

ordy(s) =

0 if1<i<2f+1
1 if2f4+2<i<d

and then ordy;(s35) = ordy(s) + ordyi+2s+1(s) = 1. Thus s38 = prS and
ﬁS = appb(]@_ls. O

Remark 2.3.4. Proposition 2.3.3 specifies 5 up to multiplication by OF,
but to determine the isomorphism class of (O, f27) one needs to know 5 up
to multiplication by Nmy (O ). If K/F is unramified, there is no difference,
and so Proposition 2.3.3 completely determines the isomorphism class of the
pair (L(Ao, A), (-, )CM> If K/F is ramified, there is some remaining ambigu-
ity, as Proposition 2.3.3 only narrows down the isomorphism class of the pair
(L(Ao, A), (., '>CM) to two possibilities.

Let m be the maximal ideal of Wy, and for every k € Z>°, set
R(k) = Wq;/mk.

By Theorem 2.1.3 there is a unique deformation (A(k), PON /\(k)) of (A, K, \)
to R*) and a unique deformation (A(()k), /-c(()k), )\(()k)) of (Ao, Ko, o) to R*¥). The
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image of the reduction map
k
Homo, (A5, A®) = L(4p, A)
is an Og-submodule L(*) | and
o LB 1@ - L) = L(Ap, A)

is a decreasing filtration of L(Ap, A).

The following theorem, which shows that the filtration on L(Ap, A) is
completely determined by the Hermitian form (-,-)cm, generalizes a result of
Gross [12], as explained in the remarks at the end of this subsection. Gross’s
original proof, which can be found in an expanded form in the ARGOS volume
[44], is based on Lubin-Tate groups and the theory of formal group laws. Our
proof will be based on crystalline deformation theory and is closer in spirit to
Zink’s proof of Gross’s result, found in [46, Prop. 77].

THEOREM 2.3.5. Assume that at least one of the following hypotheses is
satisfied:

(1) K/Qy is unramified,

(2) p # 2 and one of Ko/Q, or F/Qy is unramified.

For any nonzero f € L(Ag, A), f is in L¥) but not L*+Y) where o = (f, f)cm
and

1
k=g ordo, (aprDDytat).

The proof, which occupies the remainder of this subsection, is by induction
on the divisibility of f by a uniformizing parameter of Og. Proposition 2.3.6
serves as the base case, and Proposition 2.3.7 forms the inductive step.

Fix an injective ring homomorphism Or — M, (Z,). If By is a p-divisible
group defined over some base scheme S, denote by By ® Op the p-divisible
group By, and let Op act through the embedding Op — M,,(Z,) just chosen.
This construction has a more intrinsic characterization: the functor of points
of BO (%9 OF is

(BO X OF)(T) = Bo(T) ®Zp OF

for any S-scheme T'. If By has an action of Ok,, then By ® OF inherits an
action of the subring Ok, ®z, Op C Ok. If B is a p-divisible group over S with
an action of O, then every Og,-linear homomorphism f : By — B induces
an O, @z, Op-linear homomorphism f : By ® O — B.

PROPOSITION 2.3.6. Suppose f is an Og-module generator of L(Agp, A).
(1) If Ko/Qp is unramified, then f is in LD but not L3,

(2) If Ko/Qyp is ramified and F/Qy, is unramified, then f is in LD put not
LU where d = ordo, (Do)-
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Proof. Let Dy and D be the Grothendieck-Messing crystals of Ag = A((]l)
and A = AW respectively. First assume K /Q, is unramified. The kernel Z of
R® — RM can be equipped with a divided power structure compatible with
the canonical divided powers on pR(? (take the trivial divided powers on Z if
Wg /W is ramified, and the canonical divided powers on Z = pR(?) otherwise),
and once such divided powers are chosen we may identify, using [46, Cor. 56],

Do(R?) = D(A) @ R? = Sy @y R?
and
D(R?) = D(A) @w R® = S @y RP.
As in the proof of Theorem 2.1.3 the lifts of the Hodge filtrations of Dy(R(M1)
and D(RM) corresponding to the deformations A(()Z) and A are Jg,Do(R®)
and JoD(R®), and f lifts to a map A — A® if and only if

Ja,Do(R?) L D(R®) /1 D(RP)

is trivial. If f corresponds to s € S under the isomorphism (2.3.1), we must
therefore prove that the map

Jo,(So @w Wa) SN (S @w Ws)/Js(S @w Wo)

2

is nonzero modulo m*. But this is clear from the proof of Proposition 2.3.3:

if 1) denotes the restriction of ¢** to Of — W, then we have already seen
that ordy(s) = 1, and so the image of s under the surjection ¢* : § — Ws is
a uniformizing parameter. The assumption that K(/Q), is unramified implies
that Sp @w W = W x We and that the composition

. SP
Wa 22 Ja, (So 0w Wa) = (S @w Wa)/Jo(S @w Wa) £ We
is multiplication by ¢®*P(s).
Now assume Ky/Q), is ramified and F//Q, is unramified, so that
Ok = Ok, Xz, Op.

Let s € S correspond to f under the isomorphism (2.3.1), and recall from the
proof of Proposition 2.3.3 that s € S*. This implies that the induced map

f:D(Ao) ®z, O — D(A)
is an isomorphism of Dieudonné modules and, in particular, f induces an
isomorphism of Lie algebras

Lie(A()) ®Zp Op = Lle(A)

If f lifts to a map f(*) : A(()k) — A% then Nakayama’s lemma implies that the
induced map

Lie(A})) @z, Op = Lie(A®)
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is again an isomorphism, and comparing the Og-action on each side we find
the equality in R()[T]

(2.32) I (T =¢(@) = ]T(T - o))

ped* ped

for every x € Ok, where
®* = {¢ € Hom(K,C)) : p|k, = ¢}

is the p-adic CM type of K obtained by replacing ¢ by . Comparing the
coefficients of 7"~ ! shows that ¢*?, P : O — Wy are congruent modulo m*,
which implies k < ordo, (Do).

Conversely, if k& < ordo, (Do) then the polynomials (2.3.2) in R®)[T] are
equal, and so the natural Og-action on the p-divisible group A[()k) ®z, OF over
R™) gsatisfies the ®-determinant condition. The map f : Ay ®z, OF — A is
an isomorphism of p-divisible groups (because it induces an isomorphism of
Dieudonné modules), and this allows us to view A(()k) ®z, OF as a deforma-
tion of A with its Og-action. By the uniqueness of such deformations (see

Remark 2.1.4) there is an Og-linear isomorphism
A @z, Op — AW

lifting f : Ag ®z, O — A, and precomposing with the inclusion
AP = AP @5 O

gives the desired lift of f : Ag — A. This shows that f lifts to A(()k) — A®) if
and only if k < ordo, (Do). O

PROPOSITION 2.3.7. Let mx be a uniformizer of Og. If f € LW then
nxf € LY Furthermore, if any one of the conditions
(1) k> 1,

(2) p#2,
(3) K/Qp is unramified

is satisfied, then the map ng : L®) JLED 5 [+D) ) L0+2) s injective.
Proof. The essential observation is that if
jo € Ja, = ker(Ok, @z, Wo — Cp(1)),
then

(z®1—-1® ¢P(x))-jo € Jo = ker(OK ®z, Wo — H Cp(go))
ped
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for every x € Og. So, given an O, ®z, We-module My, an OK@Zp We-module
M, and an Og,-linear map f : My — M, the induced map

f : Jq;.OM() — M/Jq)M
satisfies
(2118 ¢P()of=0

for all z € O.
Now suppose [ : Ag — A lifts to a map

FE AP 5 A®),

Let Dy and D be the Grothendieck-Messing crystals of A(()k) and A®*)| respec-
tively. By equipping the kernel of R**1) — R®) with its trivial divided power
structure, f*) induces a commutative diagram

(k)
J‘1>0D0(R(k+l)) . DO(R(k-i-l)) f;) D(R(k-i-l)) . 'D(R(k+l))/J¢D(R(k+l))

| P ¢

JoyDo(R*)) —= Dy(RP) Lo D(RW) = D(RM®) /1 D(RK).

As the middle arrow of the bottom row must preserve the Hodge filtrations of
the crystals, the composition along the bottom row is trivial (see the proof of
Theorem 2.1.3). Therefore, the composition along the top row

JcI)OD()(R(k+1)) N D(R(kJrl))/Jch(R(kJrl))

becomes trivial after applying ® R(k+1)R(k), and so it has image annihilated
by m. By the comments of the previous paragraph,

i f®) = P (rg) fF)
when viewed as maps
J@ODO(R(k+1)) N D(R(k+1))/J¢D(R(k+1)),
and as *P(mg) € m we deduce that these maps are trivial. Therefore,
WKf(k) . DO(R(kJrl)) N D(R(kJrl))

takes the submodule Jg,Do(R*+1)) into JD(R* D). By the proof of The-
orem 2.1.3, these submodules are the lifts of the Hodge filtrations defining
AR and ACHD | and so g f®) lifts to a map AJFTY — A+,

Now suppose f is in L*®) but not L*:+D) | and let Z be the kernel of
R*:+2) 5 R If k > 1, then 72 = 0, and we may equip Z with its triv-
ial divided powers. If p # 2, then Z3 = 0 allows us to equip Z with its trivial
divided powers. If K/Q, is unramified, then W = W, and we may equip
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T = p*Ws with its canonical divided powers. In any case there is some di-
vided power structure on Z, and so we may add a third row

(k)
J¢0D0(R(k+2)) — Dy (R(k+2)) f;) D(R(kJrQ)) . 'D(R(k+2))/Jq>'D(R(k+2))

i !

(k)
J@OD()(R(IC—H)) . DO(R(k+1)) ];) D(R(k—l-l)) . D(R(k+1))/J<1>D(R(k+1))

i ! !

(k) \L
Js,Do(R®)) — Dy(R®) L p(R®) D(RM)/JoD(R®)

to the diagram above. If g f*) lifts to a map A(()kH) — AK+2) then
mi [ 1 Jp, Do(R*H?) = D(R*H2)/ Jy D(R*H2))
is trivial. By the comments of the first paragraph this implies that
#P (i) [+ Jay Do(RE2) — D(RET)) ) Jo D(RET)

is also trivial, and so
FE) < Tp Do(REHD) = D(RHH2)) /1y D(REH)

takes values in m*+! . D(R*+2))/Ja D(R*+2)). But this implies that
FE) < T Do(REHDY = DRI / 75 D(REH)

is trivial, contradicting our hypothesis that f*) does not lift to a map A(()kH) —
AB+Y) - Therefore, mx f®) lifts to A(()Hl) — A®+D) but not to A(()k+2) —
Ak+2) a

Proof of Theorem 2.3.5. Let 8 € F* be as in Proposition 2.3.3. Fix a
uniformizer 7x € Ok and write f = 7 fo with fo an Og-module generator
of L(Ap, A), so that

(fo, fo)emOF = BOF.
If Ky/Q, is unramified, then
aOk = pi" B0k = DD aprth.

Using induction on m, Propositions 2.3.6 and 2.3.7 imply that f is in L("+1
but not L"+2) and the claim follows. If K /Qp is ramified, then

a0k = pPBOK = DD Lap’.

Using induction on m, Proposition 2.3.6 (with d = 1, as p is odd) and Propo-
sition 2.3.7 imply that f is in L™ but not L™*2) and again the claim
follows. O
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Consider the special case of F' = Q,, so that K = Ky and Wg is the
completion of the ring of integers in the maximal unramified extension of K.
We end this subsection by explaining how, in this special case, Theorem 2.3.5
reduces to a well-known formula of Gross [12], which plays a crucial role in
the proof of the famous Gross-Zagier formula [15]. Assume for simplicity that
p#2

Keep (Ao, ko, Ao) as above, but now take (A, k,\) = (Ao, Ro, \o), where
Ro(x) = Ko(T). Suppressing k¢ from the notation, the Ox-module L(A, A)
now sits inside of End(Ag) as the set of j € End(Ap) satisfying jox =T o j
for all x € Ok, and

End(A()) =0k ® L(Ao, A)
Furthermore,
End(A{”) = Ok & L®,
and so in this special case Theorem 2.3.5 amounts to an explicit description

of how the ring End(A(()k)) shrinks as k grows. Fix an Og-module generator
f € L(Ap, A). If mk is a uniformizing parameter of Ok, then our results prove

End(AJ) = Ok @ Ol f,
which is exactly Gross’s formula.

2.4. Lifting homomorphisms: the signature (n,0) case. As in the previous
subsection, Ky is a quadratic field extension of Q,, F/Q, is a field extension
of degree n, and

K = Ky ®q, F.

We now allow the possibility K = F' x F. Fix an embedding ¢ : Ko — C,,
so that &9 = {+} is a p-adic CM type of Ky. A p-adic CM type ® of K is of
signature (n,0) if |k, = ¢ for every ¢ € ®. Fix such a ® (in fact, it’s unique).
If we let K¢ C C,, be any subfield containing ¢(Kj), then condition (2.1.1) is
satisfied. Let W and ART be as in Section 2.1.

Fix a triple (A4, k, A) in which

e A is a p-divisible group over F of dimension n,

e i : O — End(A) satisfies the ®-determinant condition,

e \: A— AV is an Og-linear polarization.
Fix a second triple (A, ko, Ag) in which

e Ay is a p-divisible group over F of dimension 1,

o xo: Ok, — End(Ap) satisfies the ®y-determinant condition,

e \o: Ayg — AY is an O, -linear polarization.

By Theorem 2.1.3 each of (Ag, ko, A\g) and (A, k, A) admits a unique deforma-
tion to any object of ART. The following is the signature (n,0) version of
Theorem 2.3.5. Now the situation is drastically simplified.
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PROPOSITION 2.4.1. Let R be an object of ART, and let (Ajf), k(, \y) and
(A’ k', N) be the unique deformations of (Ao, ko, No) and (A, K, ) to R. The
reduction map

Hom@KO (AB, A/) — HOHl(f)K0 (Ao, A)

s a bijection.

Proof. Let R® — R(M) be any surjection in ART whose kernel Z satisfies
7?2 = 0, and equip Z with its trivial divided power structure. Let (Ag), Iﬁ?g), )\(()i))
and (A®, £® X)) be the unique deformations of (Ag, ko, Ao) and (4, &, \) to
R and suppose we are given an Ok,-linear map f : A(()l) — AW Let Dy and
D be the Grothendieck-Messing crystals of Aél) and A, The map f induces
an O, ®@z, Wg-linear map on crystals f : Dy (R®) — D(R®). The hypothesis
that ® has signature (n,0) implies that

Jo, (O ®z, Wa) C Jo,
and therefore f satisfies
f(Ja,Do(R®))) = Ja, f(Do(R®)) C JoD(R?).

By the proof of Theorem 2.1.3, the deformations A((]Q) and A®) of Aél) and A
correspond to the lifts

Ja,Do(R®) c Do(R?)  JoD(RP) c D(RP)

of the Hodge filtrations of Dy(R(M)) and D(RM). As f preserves these filtra-
tions, it follows that f lifts (uniquely) to a map Agz) — A®). The claim follows
by induction on the length of R. O

3. Arithmetic intersection theory

Throughout Section 3 we fix the following data, as in the introduction:

e Ky C Cis a quadratic imaginary field, and ¢ : Ko — C is the inclusion;

e F'is a totally real étale Q-algebra of degree n;

o K =Ky®qF;

e ®isa CM type of K of signature (n—1,1) (this means there is a unique

¢ € ® whose restriction to Ky is 7 : Ky — C);

e K C C is a finite extension of Ky containing the reflex field of ®;

o g is the ring of integers of Kg;

e a C O is an ideal (eventually we will take a = Op).
The CM type @ is uniquely determined by its special element P, and thus
o € Aut(C/K)y) fixes ® if and only if it fixes p*P. It follows that ¢*P(K) C K¢
and that we may take K¢ = ¢°P(K) if we choose. In any case, every prime p
of K¢ restricts, via the map

(3.0.1) O K — Kg,



COMPLEX MULTIPLICATION CYCLES AND KUDLA-RAPOPORT DIVISORS 1129

to a prime px of K. The prime of F' below pg is denoted pr. The special
element P € ® determines an archimedean place of K, whose restriction to
F' is denoted oo®P.

Let mo(F') denote the set of connected components of Spec(F). The alge-
bra F' is a product of totally real number fields indexed by my(F'), and each
connected component has the form Spec(F”) for a subfield F/ C F. There is a
quadratic character of (F§)* associated to the CM field K’ = Ky ®q F’, and
by collecting together the quadratic characters of the different components of
Spec(F') we obtain a generalized character

(3.0.2) Xreyr B — {&1}m00)

associated to the extension K/F.
For each p C Og, fix an algebraic closure Kg{% of Koy, let C, be its
completion, and let

be the ring of integers of the completion of the maximal unramified extension
of K¢ . Denote by k%li the common residue field of Kg{%, Cy, and We  Let
Do and D be the differents of Ky/Q and K/Q, respectively, and let 95 be the
different of F'/Q.

3.1. The stack CMg. Recall the moduli stack M, ;) of the introduction.
We now define the cycle of points of M,_; 1) with complex multiplication by
Ok and CM type ®. Taking a = Op in the following definition gives the stack
CMg of the introduction.

Definition 3.1.1. Let CM§ be the algebraic stack over Ogp whose functor
of points assigns to a connected Og-scheme S the groupoid of triples (A, &, \)
in which

e A — S is an abelian scheme of relative dimension n,
e i : O — End(A) satisfies the ®-determinant condition,
e \: A— AV is an Og-linear polarization with kernel Ala].

The condition of Ok -linearity means that
Ao k(T) = k(x)Y o A

for every x € Of. The ®-determinant condition, introduced by Kottwitz [18],
is the following: locally on S, for any z1,...,z, € O, the determinant of
Tixy + -+ + T,x, acting on Lie(A) is equal to the image of

H (Tltp(l’l) + -+ Trgo(:cr)) S O@[Tl, ... ,TT]
ped
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in Og[Th,...,T;]. Note that this condition implies that every z € O acts on
Lie(A) with characteristic polynomial

[I (T~ o(x)) € Os]T]

ped
and, in particular, the action of Ok, on A satisfies the signature (n — 1,1)-
condition of the introduction. If we take a = Op, then restricting the action
from Ok to Ok, defines a morphism

C./\/lgp — M(n—l,l)/(’)q)'
For an Og-scheme S, an S-valued point of
M1,0) X CMG = M(1,0)/04 X0p CM

is a sextuple (Ao, Ko, Ao, A, K, A) with (Ao, ko, Ao) € M(1,0)(S) and (A, kK, A) €
CME(S). We usually abbreviate this sextuple to (Ao, A).

PROPOSITION 3.1.2. Let p be a prime of K, and let Yo denote one of
M(l,o)/Oq;? CM%, or M(l,()) X C./\/l%,.
(1) If R is any complete local Noetherian W y-algebra with residue field

k:g,li, the reduction map

Yo (R) = Ya(ky)
(on isomorphism classes) is a bijection.
(2) The completed strictly Henselian local ring of Yo at any geometric point
z € y@(k%li) is isomorphic to We .
(3) The structure morphism Yo — Spec(QOg) is étale and proper. In par-
ticular, Y is a reqular stack of dimension one.

Proof. The first claim follows easily from Theorem 2.2.1. The second fol-
lows from the first, as the completed strictly Henselian local ring of a geometric
point z represents the functor of deformations of z to complete local Noether-
ian W p-algebras. The étaleness part of the third claim can be checked on the
level of completed strictly Henselian local rings, and so follows from the second
claim. Properness follows from the valuative criterion of properness for stacks,
together with the fact that CM abelian varieties over discrete valuation rings
have potentially good reduction. ([

Remark 3.1.3. If Vg is as above, it follows from Proposition 3.1.2 that
there is a canonical bijection

al
Vo(Cp) — Vo (ky')
on isomorphism classes. Indeed, each object of Vg (C,) is a polarized abelian

variety with complex multiplication (or a pair of such things). By the theory
of complex multiplication such an abelian variety admits a model with good
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reduction defined over some finite extension of K¢ . Reducing this model
modulo p and then base changing to kgli defines the desired reduction map.

For the inverse: each object of ycb(k;l%) lifts uniquely to Yo (Wa,p), and we
base change this lift to C,.

Definition 3.1.4. Let p be a prime of Og. The unique lift of a triple
(A, 5, X) € CMG(K3S)
to W is its canonical lift
(AR RN € CMG(Wa ).
Similarly, the unique lift of a triple
(Ao, ko, Ao) € M(Lo)(kg}i)
to W, is its canonical lift
(A5™, 5™, A0™) € M(1,0)(Wap)-

An abelian variety A over an algebraically closed field of nonzero charac-
teristic is supersingular if A is isogenous to a product of supersingular elliptic
curves. Equivalently, by [36, Th. 4.2], A is supersingular if its p-divisible group
is supersingular, in the sense of Section 2.

PROPOSITION 3.1.5. Fiz a prime p of Kg, let pp be the prime of F' defined
after (3.0.1), let p be the rational prime below p, and assume that p is nonsplit
in Ko. For any (A,k,\) € C/\/lf‘{)(k%li), the following hold:

(1) If 9 C O is a prime above p different from pp, then A[q™] is super-
singular;

(2) A[p¥] is supersingular if and only if pr is nonsplit in K;

(3) A is supersingular if and only if pp is nonsplit in K.

Proof. 1t suffices to prove the first two claims, as the third is a trivial
consequence. Following Remark 3.1.3, let (A*,x*,\*) € CMG(C,) be the
unique lift of (A4, k, A). Fix an isomorphism of Kg-algebras C, = C, and view
each ¢ : K — C as taking values in C,. Fix a prime q C Of above p.

For a prime 9 of K above q, let Hy be the set of all Q-algebra maps
K — C, inducing Q. For a map ¢ : K — C,, we define the conjugate by
?(x) = (), so that Hg = Hy. The proof of the Shimura-Taniyama formula,
for example [8, Cor. 4.3], shows that

dim A[Q™] = dim A*[Q%] = #(® N Hy)

and
height A[Q*] = height A*[Q™] = #Hgq.
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The argument used in the proof of Proposition 2.1.1 shows that the Dieudonné
module of A[Q] is isoclinic. If the slope sequence consists of s/t repeated k
times, then dim A[Q%] = sk and height A[Q°] = tk. It follows that

1 dNH
A[Q] is supersingular <= 5= #(#HQQ)
First consider the easy case in which q is nonsplit in K. Then Q = Q,
and so Hg is the disjoint union of ® N Hny with
®NHy=®NHg=®N Hy,

and it follows from the preceding paragraph that A[q®] is supersingular.

Now assume q is split in K. This implies that Ky j, embeds into Fy, and
so [Fy: Qp] = [Kq : Q] = #Hq is even, say #Hgq = 2d. Each of the sets

Ha(1) = {p € Ha : ¢|K, =1},
Hq (1) ={¢ € Ha : ¢|k, =1},
Hg(1) = {p € Hy: olr, =t}
Hg(t) = {¢ € Hg : |k, =1}
has d elements. If q # pp, then ® N Hy(z) and ® N Hg(7) are empty, and so
Hy() = [N Ho(1)]U[® N Ha()] = [2 N Ho ()] U[® N Hg(?)] = © N Ha(e).
This implies
PN Hy =[®NHy(1)]U[®N Hy(7)] = Ha(v),

and so
#(P®NHy) d
#Ho 2

This proves that A[Q>] is supersingular. The same argument shows that
A[Q™] is supersingular, and hence so is A[q™] = A[Q>] x A[Q™]. If q = pr,
then one of ® N Hu(7) and ® N Hg(7) is empty, and the other is {¢®}. After
possibly interchanging 9Q and Q we may assume that ® N Ha(z) = {¢*P} and
® N Hg(7) = 0. The argument above shows first that Hy(:) = ® N Hy(:) and
then that

& N Hy = [® N Ho(1)] U [® N Ho()] = Ha() U{e™}.

Therefore
#(®NHy) _d+1 1
#Hq 2d 2’
Therefore, A[Q°] is not supersingular, and so neither is A[q>]. O

The following proposition tells us that CM$ is typically nonempty.
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PROPOSITION 3.1.6. There is a unique fractional Op-ideal s for which
sOxg = DD 1.

If the discriminants of Ko/Q and F/Q are relatively prime, then the category

1

CMG(C) is nonempty, and furthermore s~ = 0p.

Proof. Let &g € f(\ox satisfy 8o = —dp and 6Ok, = Do, and let § € KX
satisfy 8 = —0 and 00 = Diff(K/F). There is ¢ € F* such that &y = cf,
and setting ¢ = cOp the existence of the ideal s follows from Dy® ' = ¢ -
Diff(F/Q)~!, and the uniqueness is clear. Now assume that Ky/Q and F/Q
have relatively prime discriminants. This implies that ®¢Ox = Dift(K/F),
and the equality s~! = 0 follows easily.

Taking the product over all ¢ € @ yields an isomorphism of R-vector
spaces Krp = C" and allows us to view KR as a complex vector space. Let
¢ € K* be any element satisfying ( = —(. Using weak approximation we
may multiply ¢ by an element of F'* in order to assume that ¢(¢) -7 > 0 for
every ¢ € ®. Then A(z,y) = Trg/g(¢zy) defines an R-symplectic form on
Kg, and A\(i-x,x) is positive definite. Class field theory implies that the norm
map from the ideal class group of K to the narrow ideal class group of F' is
surjective. (Ko/Q and F/Q have relatively prime discriminants, and so K/F
is ramified at some finite prime; therefore the Hilbert class field of K and the
narrow Hilbert class field of F' are linearly disjoint over F'.) It follows that
there is a fractional Og-ideal 2 and a u € F> satisfying v = (~!Dla.
Replacing ¢ by ¢u~! we may therefore assume (A = a® !, and so

a 1A ={z e Kp:\z,A) CZ}).

The Riemann form A defines a polarization of the complex torus Kg/2, and
the kernel of this polarization is the subgroup a='2(/2f of a-torsion points. This
proves that CM§(C) # 0. O

3.2. The space L(Ag, A): first results. Suppose we are given a connected
Og-scheme S and a pair

(Ao, A) € (M(1,0) X CM)(5).
The Of,-module
L(Ap, A) = Homo, (Ao, A)
carries a natural positive definite Ok, -Hermitian form [26, Lemma 2.8] defined
by
(fi,f2) = Ag o fa o Ao fi,
and the action of Ok on A determines an action of O on L(Ap, A) satisfying

(- f1, f2) = (f1,T- fa2)
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for every x € Og. It follows that there is a unique K-valued totally positive
definite Og-Hermitian form (fi, f2)com on L(Ag, A) for which

(f1, fo) = Trg i f1, f2)om-
Set
V(Ao, A) = L(Ap, A) ®7 Q.

Recall Serre’s twisting construction, as in [7, §7]. Suppose we are given a
scheme S, an abelian scheme B — S, an action O — End(B) of an order in
a number field, and a projective O-module 3. To this data we may attach a
new abelian scheme 3 ®» B over S. This abelian scheme is determined by its
functor of points

(3 ®0 B)(T) =3 ®0 B(T)

for any S-scheme T'.
The following proposition shows that V(Ag, A) is rather small, unless Ay
and A are supersingular.

PROPOSITION 3.2.1. Suppose k is an algebraically closed field, and
(Ao, A) € (M(1,09) X CMG)(k).

If there is an f € V (Ao, A) such that (f, f)\em € F*, then k has nonzero
characteristic, and Ay and A are supersingular.

Proof. The map f induces an Ok, -linear map fr : O ®z A9 — A. Fix a
prime ¢ { char(k), and for any abelian variety B over k, let

Tap(B) = Tay(B) ®z, Q¢
be the rational f-adic Tate module. The polarization Ag induces a perfect
Qy-linear pairing
Ao : Tap(Ap) x Tap(Ag) — Q(1),
and tensoring with Fj results in a perfect Fy-linear pairing
Ao : Tad(Op @7 Ag) x Tad(Op @7 Ag) — Fy(1).

The polarization A induces a perfect pairing

At Ta(A) x Ta(A) — Qu(1),
which has the form A = Trp/gA for a unique Fy-linear

A : Tal(A) x Tad(A) — F,(1).

The adjoint of

(3.2.1) fr: Tad(Op ®z Ag) — Tal(A)
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is the unique f;, : Tad(A) — Tal(Op ®z Ag) for which Ag(x, f};y) = A(frz,y),
and some linear algebra shows that (f, f)om = f} o fr as elements of
F; C Endg, (Tal(OF ®7 Ap)).

The hypothesis (f, f)cm € F* now implies that (3.2.1) is injective, and it
follows that fr : Op ®z A9 — A is an isogeny. Thus we have Ok, -linear
isogenies
A~OpQ®yAg~Agx--- X Ag.
n times
As in the proof of [26, Lemma 2.22], the signature conditions imposed on Ag
and A now imply that char(k) > 0 and that Ag and A are supersingular. [

PROPOSITION 3.2.2. Suppose k is an algebraically closed field of nonzero
characteristic, and suppose

(Ao, A) € (M(1,09) X CMG)(k),

with Ao and A supersingular. Then L(Ag, A) is a projective Og-module of
rank one. Furthermore, if q is a rational prime (which may or may not equal
the characteristic of k), and q is a prime of F above q, then the natural map

L(Ao, A) @op Orq — Homo, (Aolg™]; Alg™])
is an isomorphism. Here Ap[q¢>] and A[q™] are the q-divisible groups of

g-power and q-power torsion in Ag and A.

Proof. An argument using the Noether-Skolem theorem (as in the begin-
ning of the proof of Proposition 2.3.3) shows there is an O, -linear isogeny

A—)A()X---XA().
—_———
n times
Fixing such an isogeny determines an injection with finite cokernel
HOHIOKO (AQ,A) — HOHI(QKO (A(),AO X e X Ao) = OK() X - X OK():

and we deduce that Homo, (Ao, A) is a projective Of,-module of rank n.
For the same reason Homo,. (Ao[¢™], A[¢™]) is a projective O, ¢-module of
rank n. The natural map

Homo, (Ao, A) @7 Zq — Homo, (Ao[g™]; Alg™])

is injective with Z4-torsion free cokernel, and hence is an isomorphism, as both
sides have the same Zg-rank. It follows easily that

L(A07 A) Xop Oqu - HomOKO (AO [qoo]7 A[qoo])

is an isomorphism.
We now prove that L(Ag, A) is a projective Og-module of rank one. Of
course if K is a field, this is obvious, as we know from the previous paragraph
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that L(Ag, A) is a torsion-free Z-module of the same rank as Ok . The point is
to rule out the possibility that the action of O on L(Ap, A) factors through
projection to a proper direct summand of Og. Fix a prime ¢ # char(k).
The argument used in the proof of [38, Lemma 1.3] shows that the g-adic
Tate modules Ta,(Ag) and Ta,(A) are free of rank one over Ok, , and Ok 4,
respectively, and combining this with the paragraph above shows that

L(A(), A) X7, Zq = HOH]@KO (Taq(A()), Taq(A)) = OK7q.

As L(Ay, A) is Z-torsion free, this is enough to show that L(Ay, A) is projective
of rank one. O

3.3. Twisting Hermitian spaces. In the next subsection we will determine
the structure of the Hermitian space L(Ag, A) of Proposition 3.2.2 more explic-
itly. In this subsection we first recall some elementary properties of Hermitian
spaces. Suppose L is a projective Og-module of rank one, V = L ®p, K, and
H is a nondegenerate K-Hermitian form on V. By fixing a K-linear isomor-
phism V = K we see that

(L,H) = (A, azy)

for some o € F* and some fractional Og-ideal 2. Of course ax7y is shorthand
for the Hermitian form (z,y) — axg. For any place v of F, let

Xo @ Ff — {£1}

be the quadratic character associated to the extension K,/F,. The local in-
variant of (L, H) at v is x,(«). If v is archimedean, then knowing the local
invariant at v is equivalent to knowing the signature of (V, H) at v. The col-
lection of local invariants determines the space (V, H) up to isomorphism. If
we choose an 6K—linear isomorphism L 5[(, then

for some 8 € Fx satisfying x,(a) = x(8) for all finite v, and satisfying
BOE = aA.

Define the ideal of (L, H) to be the fractional Op-ideal fOp. Given another
projective Og-module of rank one L’ and a Hermitian form H’, we say that
the pairs (L, H) and (L', H') belong to the same genus if they have the same
signature at every archimedean place and if (L, H) = (L', H'). It is not hard
to see that the genus of (L, H) is completely determined by

e the ideal fOp,
e the local invariant at every finite prime of F' ramified in K,
e the signature at every archimedean place.
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There is a natural group action on the set of all isomorphism classes of
pairs (L, H). Let Ix be the set of all pairs 3 = (3,() where 3 is a fractional
Og-ideal and ¢ € F>Y satisfies (33 = Og. The set I is a group under
componentwise multiplication, and has a natural subgroup

Py = {(z7 'Ok, 2%) : z € K*}.

Denote by Cx = I/ Pk the quotient group. Given a 3 € C'x and a pair (L, H)
as above, define a new pair

38 (L,H)=(3L,CH).

The ideal and signature of (L, H) are obviously unchanged by this action, and
the finite group Ck acts simply transitively on the set of isomorphism classes
of pairs with the same ideal and signature as (L, H).

The action of Cx does not preserve the genus of (L, H), but it has a
natural subgroup that does. Define an algebraic group over F

H =%ker(Nm: K* — F*),
a compact open subgroup
U = ker(Nm : 0% — OF) c H(F),
and a finite group
CY% = H(F)\H(F)/U.

The rule h + (hOk,1) defines an injection C% — Cx whose image is the
genus subgroup of Ck. Let

(3.3.1) n: OF/Nmg p(OF) — {£1}7E)
be the restriction to (/9\1,? of the character (3.0.2). There is an exact sequence
(3.3.2) 1 C% — Ok 22 OF /Nimge)p(05) 5 {£1}700),

where the middle arrow (the genus invariant) is defined as follows: given
3 € Ik, choose a finite idele z € K* such that 20k = 3 and set

gen(3) = (7.
A simple calculation shows that
3 (f’?H) = (Evgen(é) ’ H)a

and it follows easily that C?( acts simply transitively on the genus of (L, H).

For us, the usefulness of the action of C'x on Hermitian spaces is that it is
compatible with the twisting construction of Serre. Suppose S is a connected
Og-scheme and

(A, K, \) € CME(S).
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Given 3 = (3,() € Ik, the abelian scheme
A =30, A

carries a natural Og-action k3 : O — End(A?) defined by x3(z) = id ® k(z),
which again satisfies the ®-determinant condition. There is a quasi-isogeny

s € Homp, (A3, A) @7 Q
defined by s(z ® a) = k(z) - a, and the composition

N=s5"0lok(()os

is an Ok-linear polarization of A% with kernel Aé[a]. For a proof that Ao x((),

and hence A, is a polarization, see [38, Prop. 1.17]; it is here where we must
assume ¢ > (0. We obtain a new object

(A% K} N) € CMG(S),

and in this way the group C'x acts on the set of isomorphism classes of objects
in CMg(9).
Now fix a pair

(Ao, A) € (M1,09) X CMG)(S).

Let (f1, f2)¥y denote the Og-Hermitian form on L(Ay, A3). By [7, Lemma
7.14], the function f — so f defines an isomorphism of Op-modules

(3.3.3) L(Ag, A%) = 3. L(Aqg, A)
identifying (-,-)4\; = ¢ (-,-)cm. In other words,
3® (L(A()a A)a <'> >CM) = (L(A07 Aé)? <'a >2CM)

(at least assuming that L(Ag, A) is projective of rank one, the only case in
which we have defined the action je).
Here is the form in which these results will be used.

PROPOSITION 3.3.1. Suppose S is a connected Og-scheme and
(Ao, A) € (M1,09) x CMG)(S).
For any 3 € Ck, there is an isomorphism of Ok -modules
L(Ag, A%) = L(Ag, A)

identifying the Hermitian form (-,-)&\, on the left with the form gen(3)(-,-)cm
on the right.

Proof. Fix a representative (3,() € Ik of 3, and a z € K* satisfying
2Ok = 3. Using multiplication by z to identify

_/[:(AO,A) = 3 : f/(A07 A)v
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and using (3.3.3), we obtain an isomorphism

~ ~

L(Ap, A) = LAy, A%)
denoted f + f3, where f3 = s~ o k(2z71) o f. This isomorphism satisfies

(£}, BYom = €22 - (f1, f2)om,
as desired. O

3.4. Calculation of L(Ag, A). We now proceed to compute L(Ap, A) in
particular cases, the most important being the case where Ay and A are su-
persingular.

First consider the situation in characteristic 0. For a pair

(Ao, A) € (M(1,0) x CMg)(C),
the space L(Ap, A) is rather small. For example if F is a field, it follows from
Proposition 3.2.1 that L(Ag, A) = 0. As a substitute for this space, we replace
Ap and A by their first homology groups
Hi(Ao) = Hi(Ao(C), Z),  Hi(A) = Hi(A(C), Z),
and define
(3.4.1) Ly(Ap, A) = Homo, (Hi(Ao), H1(A)).

The polarizations of Ap and A induce symplectic forms on H;(Ap) and H;(A),
which we view as Z-module maps from H;(Ap) and H;(A) to their Z-duals.
The Og-module Lp(Ap, A) is then endowed with an O, -Hermitian form (-, -),
and an Og-Hermitian form (-, -)cnm defined exactly as for L(Ap, A). One may
think of Lp(Ap, A) as the space of Og,-linear maps of real Lie groups Ao(C) —
A(C), and so there is an obvious injection of Hermitian Og-modules

L(A(),A) — LB(A(),A).
Abbreviate
VB(Ao, A) = Lp(Ao, A) ®z Q.
The structure of Lp(Ag, A) is quite easy to describe. Recall that the

fractional Op-ideal s was defined in Proposition 3.1.6.

PROPOSITION 3.4.1. Suppose
(Ao, A) € (M(1,0) x CMg)(C).
There is a B € Fx satisfying BOr = as, and an isomorphism
(Lp(Ao, A), (-, Yem) = (Ok, Brg).
Furthermore, the Og-Hermitian form (-,-)om is negative definite at the place

oo®P defined after (3.0.1), and positive definite at all other archimedean places
of F.
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Proof. This follows from the classical theory of CM abelian varieties over C.
For some fractional Og-ideal A, there is an isomorphism of Og-modules 2 =
Hi(A), and the polarization A determines a symplectic pairing on 2 of the
form

Mz, y) = Tri j(C2y),

where ¢ € K* satisfies ( = —¢ and ¢AA = a® 1. The real vector space Up is
canonically identified with Lie(A), and hence comes with a complex structure
for which the quadratic form A(iz,z) is positive definite. This last condition
is equivalent to ¢(¢) -7 > 0 for every ¢ € ®.

Similarly, for some fractional O,-ideal g, there is an isomorphism of
Ok,-modules Ay = Hi(Ap), and the symplectic form on 2y induced by the
polarization A\¢ has the form

Ao(z,y) = Trg, /0(C0z7)

for some (y € K satisfying (, = —(o, (Ao2Ao = ’Dal, and ¢(¢p) -7 > 0.
There are now isomorphisms of Og-modules

2, 1A = Homo,, (Ao, D) = Lp(Ag, A),

and under these identifications the Og-Hermitian form on Lp(Ao, A) is iden-
tified with the Og-Hermitian form CO_ICQ@ on Ql(jl%l. If p € @ with ¢ # P
then o(¢5'¢) > 0, while ¢*P((;'¢) < 0. This shows that (f, f)cm is negative
definite at co®P and positive definite at all other archimedean places of F. The
rest follows by fixing an OK linear isomorphism 2y 191(9K = OK O

Remark 3.4.2. Of course Proposition 3.4.1 does not determine the Hermit-
ian space Lp(Ap, A) up to isomorphism, nor does it even determine the genus
of Lp(Ap, A). In the terminology of Section 3.3, Proposition 3.4.1 tells us the
ideal of Lp(Ap, A), and the signature at every archimedean place, and so only
determines the Ck-orbit of Lg(Ag, A). Let Lp denote the set of isomorphism
classes of pairs (L, H) where

e [ is a projective Og-module of rank one,

e H is a K-valued Og-Hermitian form on L,

e (L, H) has ideal as, in the terminology of Section 3.3,

e (L, H) is negative definite at oo®? and positive definite at all other
archimedean places of F.

This is a transitive C'kx-set, and Proposition 3.4.1 tells us that every Lp(Ag, A)
lies in Lp. The discussion preceding Proposition 3.3.1 applies equally well to
Lp(Ap, A) and shows that

39 (Lp(Ao, A), (-, )om) = (Lp(Ao, A%), (-, V)

for any 3 € Cx. Thus as the pair (Ag, A) varies, we obtain every element of
Lp. In this sense, Proposition 3.4.1 is as sharp as possible.
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The remainder of this subsection is devoted to the proof of the follow-
ing theorem, which similarly determines the Ck-orbit of the Hermitian space
(L(Ap, A), (-,-)om) at a supersingular point.

THEOREM 3.4.3. Suppose p is a prime of K for which pr is nonsplit in
K, and suppose

(Ao, A) € (M(1,9) X CME)(K3S).

There is an isomorphism
(L(Ao, A), (-, )em) = (Ok, Bay)

for some B € F* satisfying

BOF = asp.
Here p is the rational prime below p and €, is defined by (1.2.4). Furthermore,
if we view B € FJ with trivial archimedean components, then XK/F(B) =1.

Proof. The pair (Ap, A) is necessarily supersingular: A is supersingular
by Proposition 3.1.5 and Ag is supersingular as p is nonsplit in Ky. We will
determine the structure of (L(Ao, A), (-, >CM) by exploiting the fact that the
pair (Ap, A) has a canonical lift, in the sense of Definition 3.1.4. This will
allow us to reduce most of the calculation of L(Ap, A) to a calculation in
characteristic 0, where Proposition 3.4.1 applies.

By Remark 3.1.3 there is a unique lift of (Ag, A) to a pair

(Ap, A') € (M1,0) X CMG)(Cy).
After fixing an isomorphism of Kg-algebras C, = C, we may view (Ag, A’) also
as a pair
(3.4.2) (Ap, A') € (M(1,09) x CMG)(C).
The comparison between L(Ag, A) and Lp(Aj, A’) now proceeds by replacing
Ap, A, Af, and A’ by their Barsotti-Tate groups. Suppose ¢ C Op is a prime

lying above a rational prime ¢ (which may or may not equal p). The O -
module

Lq(Ao, A) = Homo, (Aolg™], Ala™])

comes equipped with a Kg-valued Ok q-Hermitian form (fi, fo)com defined ex-
actly as above. Similarly, define an O 4-Hermitian space

Lq(Ap, A') = Homo, (Aplg™], A'[9>]).
There are isomorphism of Hermitian O 4-modules

(3.4.3) Lp(A4), A') @0y Ok,q = Lg(A4p, A'),
L(A(), A) ®OK OK,q & Lq(A(), A)
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The first is obvious, as the ¢-divisible groups of Aj and A’ are constant, and
isomorphic to Hi(Af) ®z Qq/Zq and Hy(A") @z Qq/Z, respectively. The sec-
ond isomorphism is part of the statement of Proposition 3.2.2. These isomor-
phisms, together with the following lemma, allow us to convert information
about Lp(Ajf, A’) to information about L(Ag, A4).

LEMMA 3.4.4. Suppose q C Op is a prime with q # pr. There is an
Ok -linear isomorphism

(3.4.4) Lo(Ap, A') 2 Ly( Ay, A)
respecting the Hermitian forms.

Proof. Let g be the rational prime below q. If ¢ # p, then the g-adic Tate
modules of A’ and A are canonically isomorphic, and similarly for the g-adic
Tate modules of Aj, and Ag. Therefore

Homo, (Ap[g™], A'lg™]) = Homo, (Ao[q™], Alg™])

and (3.4.4) follows by taking g-parts.

Now suppose ¢ = p, so q lies above p. Let ®(q) be the set of all ¢ € ®
that, when viewed as a map K — C,, induce the prime q. The hypothesis
that q # pp implies that ¢°P & ®(q), and so every ¢ € ®(q) satisfies p|x, = .
In the terminology of Section 2.4, ®(q) is a p-adic CM type of K| of signature
(m,0), where m = [Fy : Qp]. Furthermore, the p-divisible group A[q*°], with
its action of Of g, satisfies the ®(q)-determinant condition of Section 2.1. By
Proposition 2.4.1, the reduction map

Homo, (45" [p™]; A*"[q*]) = Homo, (Ao[p™]; A[q>))

is an isomorphism. Strictly speaking, Proposition 2.4.1 deals with deformations
to Artinian quotients of Wg ,,, but one may pass to the limit by applying [7,
Th. 3.4] to truncated p-divisible groups.

The pair (A4f, A) is the image of (A", A°®") under base change through
Wep — C,, and base change defines an injection

Homo, (AG™[p™], A“"[q*]) — Homo, (A5[p™], A'[a>])

whose image is, by Tate’s theorem [41, p. 181], the submodule of invariants for
the action of Aut(C,/Ws ). In particular, the cokernel is Z,-torsion free. We
have now constructed an injection

LCI(AOvA) — LCI( 6’Al)

with Z,-torsion free cokernel. But Propositions 3.4.1 and 3.2.2, together with
the isomorphisms (3.4.3), imply that the domain and codomain are free of
rank one over Ok g4, and so this map is an isomorphism. It is clear from the
construction that it respects the Hermitian forms. O
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It only remains to collect the pieces together. Let q be a prime of F. If
q # pr, then (3.4.3), and Lemma 3.4.4 tell us that

Lp(Aj, A') @0, OFq = L(Ao, A) ®0p OFg,
and so by Proposition 3.4.1 there is an isomorphism
L(Ao, A) ®0, Opq = Ok q

identifying (-,-)om with B2y for some 8y € Fy* satisfying 3,Opq = asOp,.

If ¢ = pp then, as in the proof of Lemma 3.4.4, let ®(q) be the set of
all ¢ € ® which, when viewed as a map K — C,, induce the prime q. The
assumption that q¢ = pp implies that ¢ € ®(q), and the p-adic CM type
®(q) of K has signature, in the terminology of Section 2.3, (m — 1,1) where
m = [Fy : Qp]. The p-divisible group A[q>], with its action of O 4, satisfies
the ®(q)-determinant condition, and so the results of Section 2.3 apply. In
particular, Proposition 2.3.3 and (3.4.3) give isomorphisms

L(Ao, A) Rop OF,CI = Lq(Ao,A) =~ OK,q,

which identify (f1, fo)om with Bqazy for some 8y € Fy satisfying 8,0pq =
asp X Op .
Setting 8 = []4 Bq, we have now shown that there is an isomorphism

L(Ag, A) = Ok

identifying (-,-)cm with Bx7. It only remains to show that xx/p(8) = 1.
We know that V(Ag, A) is a free K-module of rank one, equipped with a
positive definite Hermitian form. It follows that for some 8* € F>9, there
is an isomorphism V(Ag, A) = K identifying (-,-)cy with g*zy. Certainly
Xk/F(8*) = 1, and B and B* differ everywhere locally by a norm from K A
Therefore, also x/r(8) = 1, completing the proof of Theorem 3.4.3. O

The following proposition is not needed in the proofs of our main results,
but it is illuminating, and follows easily from what has been said.

PROPOSITION 3.4.5. Let (Ag, A) be as in Theorem 3.4.3, and let (Af, A")
be as in (3.4.2). The K-Hermitian spaces Vp(Ap, A") and V (Ao, A) are iso-
morphic locally at a place v of F if and only if v & {oo™P, pp}.

Proof. The set of places of F' at which the Hermitian spaces in question
are not isomorphic is finite of even cardinality. As the second is totally positive
definite, Proposition 3.4.1 implies that they are isomorphic at all archimedean
places except 0o®P. Therefore, the set of finite places of F' at which they are
not isomorphic has odd cardinality. By Lemma 3.4.4 they are isomorphic at all
finite places q # pr, and it follows that pp is the unique finite place at which
they are not isomorphic. O
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One may interpret Proposition 3.4.5 as follows. Recall the collection of
Og-Hermitian spaces Lp of Remark 3.4.2, and define a collection of rank one
K-Hermitian spaces

Ve ={(L®o, K,H):(L,H) € Lp}.

This is precisely the collection of Hermitian spaces Vp(A{, A’) that appear
as the pair (Ap, A) varies in Theorem 3.4.3. A rank one Hermitian space is
determined by the collection of local invariants at all places of F', and for each
space in Vp one can construct a new Hermitian space by changing the invariant
both at oco®P and at pp. If we denote by Vp(p) the set of Hermitian spaces
obtained from Vp in this way, then as the pair (Ap, A) varies in Theorem 3.4.3,
the Hermitian spaces V' (Ao, A) vary over Vp(p).

3.5. The stack Z§ (). If S is an Og-scheme, then to each S-valued point
(Ao, A) € (M(1,0) X CMG)(S)

we have associated an Ox-module L(Ag, A) equipped with an Og-Hermitian
form (-, -)cMm.

Definition 3.5.1. For any a € F, let Z§(«) be the algebraic stack over Og
classifying triples (Ao, 4, f) over Og-schemes S in which

* (Ao, A) € M1,0) x CMG)(S),
o f e L(Ap, A) satisfies (f, flom = a.

If o = Op, we omit it from the notation.

The evident forgetful morphism
Zg(a) = M9y x CMg
is finite and unramified, by the proof of [26, Prop. 2.10].

PrOPOSITION 3.5.2. Suppose a € F*.

(1) The stack Z§(c) has dimension zero, is supported in nonzero char-
acteristic, and every geometric point is supersingular. Furthermore,
Z§(a) is empty unless o is totally positive.

(2) If p is a prime of K¢ for which Z(%(a)(k:gli) £ (), then pp is nonsplit
n K.

Proof. Suppose (Ao, 4, f) € Z§(«)(k) with o € F* and k an algebraically
closed field. As (f, f)em = «, Proposition 3.2.1 shows that k£ has nonzero
characteristic and that Ay and A are supersingular. The supersingularity of
Ag implies that p is nonsplit in Ky, and Proposition 3.1.5 then implies pg is
nonsplit in K. Next we show that Z§(«) has dimension 0. Suppose p is a prime
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of Og and z € Z&‘,(a)(k%li) is a geometric point. The forgetful morphism
Z(%(Oé) — M(LO) X CM%

is unramified, and so induces a surjection on completed strictly Henselian local
rings. Proposition 3.1.2 now implies that 62%(04)72, is a quotient of Wg . As
Z§(a) has no geometric points in characteristic 0, this quotient has dimen-
sion 0.

The only thing left to prove is that Z§(a) = ) unless o > 0. This is clear
from the fact that (-,-)cwm is totally positive definite. O

The following theorem essentially counts the number of geometric points
of Z§ ().

THEOREM 3.5.3. Suppose a € F>Y and assume CM%(C) # 0. If p is a
prime of Ko for which pr is nonsplit in K, then

1 h(K()) OéOF
2 #Aut(Ag, 4, f)  w(Ky) P asp? )’
(A0, A f)EZ5 () (k3% T r

where p is the rational prime below p. Recall that s was defined in Proposi-
tion 3.1.6, €, was defined by (1.2.4), p was defined by (1.2.3), h(Ky) is the
class number of Ky, and w(Ky) is the number of roots of unity in K.

Proof. As an abelian variety over C with complex multiplication admits a
model over a number field having everywhere good reduction, the hypothesis
CMG(C) # () implies that C./\/l%(kgli) # 0. As M(q,0)(C) has h(Kp) elements,

we similarly have M(LO)(/{:%I,%) # (). Fix a pair
(Ao, 4) € (M) x CME)(k55).
Using (3.3.3), we compute
Yo #fE LA A) (f lom=at= D D L3 (@)

3€CY 3€CY, z€V (A, A)

(z,2)cm=a
= > > 1E(A0,A)(h71x)

heH(F)\H(F),/U =€V (40,A4)
(z,x)om=a

_ -1
=#(H(F)NU) Z > 17 4.y (R 2)-
heH(F)/U wEl{(F;\V(AoyA)

T,T)CM=CQ

Here and elsewhere, 1 means characteristic function. If u(K') denotes the group
of roots of unity in Ok, then Aut(z) = u(K) for any z € C./\/l%(kf;,li), and so

Aut(Ag, A%) = u(Ko) x p(K).
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Furthermore, p(K) = H(F) N U, and we have now proved

D DD &
Y e s 1- . (h~'2).
L(Ao,A)
3€CY fEL(Ao,A%) #Aut(Ag, A9) heH(F)/U T€H(F)\V (Ao, A) 0
(£, f>CM_a (z,x)cm=a

If there are no = € V(Ayp, A) satisfying (x,x)cm = «, then of course the right-
hand side is 0. If there are such z, then they are permuted simply transitively
by H(F'), and so
1 1
5.1 = 1~ ht
G50 2 D R wKy 2 ‘Euea )

i o
CM™

where on the right we have fixed one x € V (A, A) satistying (z,z)cm = a.
We interrupt the proof for a definition.

Definition 3.5.4. For any a € ﬁx’ define the orbital integral

Oa(Ap, A) = Z 1/L\(A0,A)(h_1 -z,
heH (F)/U

where z € V(Ay, A) satisfies (z, z)cn = a. If such z exist, then H(F) permutes
them simply transitively, so the orbital integral is independent of the choice.
If no such x exists, then set O,(4p, A) = 0.

Using this new notation, (3.5.1) may be rewritten as

1 1
= - 0q(Ag, A).
3626':0 fEL% A% #Aut(Ao,Aﬁ) w(KO)
(fs f>CM—a

It follows from Proposition 3.3.1 that
Oq(Ag, A?) = Ogen(3)-1 (40, A)

for any 3 € Ck, and so summing over 3 € Cx/CY and using the exactness of
(3.3.2) shows that

1
(3.5.2) >y = > Ocal(Ao, A
3€Ck fEL(Ag,A) ##Aut (A, A3) (KO ¢cker(n)
(f, f>CM—a

where the sum is over £ in the kernel of (3.3.1).

Assuming that ?(Ao, A) represents «, Theorem 3.4.3 reduces the calcu-
lation of Oq(Ao, A) to a pleasant exercise, as in [17, §2.5]. We interrupt our
proof yet again to state the result as a lemma.
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LEMMA 3.5.5. Let B be as in the statement of Theorem 3.4.3. For any
a € F*,
p(aB~rOp ifv Ay, A) represents «
Ou(Ag, A) = {0( ) (Ao, 4)

otherwise.

Proof. Assume that YA/(AO,A) represents «, and fix an = € K such that
a = fzZ. The orbital integral factors as product of local integrals Oq, (Ao, A),
one for each finite place v of I, defined by

Oap(Ag, A) = > 1oy, (W ay).
hEH(Fv)/Uv

If v is nonsplit in K, then H(F,)/U, =1 and

1 if oy, € Opy

0 otherwise.

Oa,w(Ag, A) = {

If v is split in K, then K, = F, x F,. After fixing a uniformizer w € F, we
find that H(F,)/U, is the cyclic group generated by (w,w™!) € F* x FX, and

Oa,v (AOa A) =

otherwise.

{1 +ordy, (e By 1Y) if apBt € OF

In either case, Oq,y(Ag, A) is the number of ideals €, C O, satisfying
Bu€u€, = aOp,y,
and therefore, recalling the definition (1.2.3) of p(b), we have proved
Oa(Ag, A) = p(aB~1OF)
completing the proof of the lemma. O
Now go back to our fixed a € F>? and assume that p(af~1Or) # 0.

This implies that aOp = BEC for some Ox-ideal €, and it follows that there
is a unique

such that £« is represented by the quadratic form SxZ on K. Recalling that
Xk/F(B) = 1 and that a > 0, this £ lies in the kernel of (3.3.1). In other

words, there is a unique ¢ € ker(n) such that ?(Ao, A) represents a. Using
B0p = aﬁp;”, we now deduce

(3.5.3) 3 Oca(Ag, A) = p <ao£> .

£€ker(n)
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If, on the other hand, p(a3~'Or) = 0, then XA/(AO,A) does not represent £a
for any ¢ € OF, and both sides of (3.5.3) are zero. Comparing with (3.5.2)
shows that

1 1 aOp
(3.5.4) _ » ( ) |
ZG;K fGL%,Aa) #Aut(Ag, A3)  w(Ko) asp
(f.fem=a

The action of C'k on the set of isomorphism classes of C/\/l?{,(kigli) is simply
transitive. For example, one can first prove this in characteristic 0 using the
complex uniformization of CM abelian varieties, and then use Remark 3.1.3 to
deduce the result over kf;lfj. The same argument shows that there are h(Ky)

isomorphism classes of objects in M(lﬁo)(k%li). Therefore, (3.5.4) implies
S Y o M (20
o g |
A€My ) (2% ) FEL(Ao.4) #Aut(Ag, 4)  w(Ko) asp

AGCM%(k;Ii) <f:f>CM:a

and Theorem 3.5.3 follows. O

3.6. The degree of Z§(«). Throughout this subsection we assume that
the discriminants of Ko/Q and F/Q are odd and relatively prime. The pri-
mary reason for this assumption is so that we may apply Theorem 2.3.5, the
secondary reason is so that Proposition 3.1.6 applies.

Definition 3.6.1. For any o € F for which Z§(«) has dimension 0, define
the Arakelov degree

log(N(®) 5~ length(O%, ) -)
(Ko : Q) #Aut(2)

2€Za(a)(K3%)

deg Z3(a) = 3

pCOs

Our goal is to compute the Arakelov degree of Z§(«a) for a > 0. The
degree has been normalized in such a way that it is unchanged if the field K¢
is enlarged. By the comments at the beginning of Section 3, we may therefore
make the minimal choice K¢ = ¢*P(K). This will ease comparison with the
notation of Section 2.3. As in the introduction, let K®P be the factor of K on
which ¢ : K — C is nonzero. Let F*P be the maximal totally real subfield of
K*P. We henceforth use ©°P to identify

K® = Kg.

For any prime p of Kg, we have pr = p under this identification, and pp is
the prime of F*P below p. Let e, be the ramification degree of K} /Fp.

THEOREM 3.6.2. Fiz o € F with ¢*P(a)) # 0. Let p be a prime of K¢
such that pp is nonsplit in K. The strictly Henselian local ring of Z¢(a) at
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any geometric point z € Z&‘,(a)(k:gli) is Artinian of length

1
length(OS;%(a)’z) =5 6 ordy, (apra=top).

In particular, the length does not depend on z. Note that p°P(«) # 0 guarantees
that a has nonzero projection to the factor F? C F, and so ordy,(a) < oo.
Thus the right-hand side is finite.

Proof. Let p be the rational prime below p, and recall that Wg ,, is the
completed integer ring of the maximal unramified extension of K¢ ,. Let ART
be the category of Artinian local Wg y-algebras with residue field kf;li. If

(Ao, A, f) € Z§(a)(k5%)

is the triple corresponding to z, then the completed strictly Henselian local ring
(55211%( a),» Dro-represents the functor of deformations of (Ao, A, f) to objects
of ART. By the Serre-Tate theorem this is the same as the corresponding
deformation functor of p-divisible groups (Ag[p>°], A[p>], f[p°°]).

We argue as in the proofs of Lemma 3.4.4 and Theorem 3.4.3. There is
a decomposition A[p>] = [], A[q*] over the primes q C Op above p, and
similarly for any deformation of (A, k, A). Fix an isomorphism of Kg-algebras
C, = C, and let ®(q) be the set of all p € ® whose restriction to F'— C, induces
the prime q. The triple (A[q*°], k[q°°], A\[q>°]) satisfies the ®(q)-determinant
condition of Section 2.1. Set m = [Fy : Q).

If g # pp, then ¢*P € ®(q), and ®(q) has signature (m,0) in the sense of
Section 2.4. Theorem 2.1.3 implies that (Ag[p>°], A[q>°]) lifts uniquely to every
object of ART, and Proposition 2.4.1 implies that the homomorphism

f1a] = Ao[p™] = A[q™]
lifts uniquely as well. It follows that the deformation functors of the triples
(Ao, A, f) and (Ag[p], A[p¥], f[pF]) are canonically isomorphic. As ¢ €
®(pr), the p-adic CM type ®(pr) has signature (m — 1, 1) in the sense of Sec-
tion 2.3. By Theorem 2.1.3, the deformation functor of the pair (Ag[p™], A[pF])
is pro-represented by Wg ,, and Theorem 2.3.5 implies that the deformation

functor of (Ag[p™], A[p¥], f[p¥]) is pro-represented by Weg ,/mF, where m is
the maximal ideal of W , and

1
k= 3 ordy, (aprDDytah).
Therefore, the length of osh, is
Z§(a),z

1
k= §‘ep-0rdpF(apF571a71). O
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Theorem 3.6.2 computes the lengths of the local rings of Z§(«), while
Theorem 3.5.3 counts the number geometric points. The calculation of the
Arakelov degree is now an easy corollary of these results. Theorem A of the
introduction is the case a = Op of the following theorem.

THEOREM 3.6.3. If « € F>Y then Z%(a) has dimension 0, and

h(Ko) 5 log(N(p))

B Z(0) = kg 2 v @

-ordy(apdrat) - plap~Popat),

where the sum is over all primes p of FP nonsplit in K°P, and p is the prime

of Q below p.

Proof. The first claim is Proposition 3.5.2. If p is a prime of Kg for which
pr is nonsplit in K, then combining Theorem 3.5.3 and Theorem 3.6.2 shows
that

length( Si,l;(a%z) B eph(Ko)
#Aut(z) - 2w(K)p)

-ordy ;. (appbpa_l) . p(ap}a”bpa_l).

>

2€2§(a) (k;li)

If p is a prime of K¢ for which pr is split in K, then the left-hand side is
zero by Proposition 3.5.2. Summing over all primes p of K¢ = K®P yields the
result. O

3.7. Arithmetic divisors on Xg. In this subsection we fix an @ € F'* and
restrict to the case a = Op. Abbreviate

Zp(a) = 25" (@) CMo =CMg",
and define a regular 1-dimensional stack
Xo = M(1,0)/05 X0s CMo

over Og. We know from Section 3.5 that Z¢(«) is 0-dimensional and that the
natural map

Zq;. (a) — Xq>
is finite and unramified. This allows us to view Zg(a) as a divisor on Xy,

which we denote by Zg (). To give the precise definition, it suffices to describe
the pullback of Zg(a) to an atlas v : X — Xp. Let Z be the cartesian product
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so that ¢ : Z — X is a finite unramified morphism of schemes. The divisor
Zg(ar) on Xg is defined as the unique divisor whose pullback to X is

7Zo(a) = Y [k(2) : k(¢(2))] - length(Oz..) - ¢(2).
2€Z
The reader may consult [9], [43] for the general theory of divisors and cycles
on stacks. Of course Zg(«) = 0 unless a > 0.

An arithmetic divisor on Xg is a pair (Z,Gr), where Z is a Weil divisor
on Xg with rational coefficients, and Gr is a Green function for Z. As Z has
no points in characteristic 0, this simply means that Gr is any function on the
finite set of points

L] x2(C),
0:Kg$—C
olk,=t
where Xg is the stack over C obtained from X by base change. To each
rational function f on X3 there is an associated principal arithmetic divisor
(div(f), —log|f|?). The quotient group of arithmetic divisors modulo principal

arithmetic divisors is the codimension 1 arithmetic Chow group 61\{1(2(@) of
Gillet-Soulé [5], [10], [11], [29].

We will construct a Green function Gre (o, y,-) for the divisor Zg (), de-
pending on an auxiliary parameter y € FH§> O For t € R>Y, define

(3.7.1) Bi(t) = /OO eyt du.
1

First suppose that o : K¢ — C is the inclusion, so that a point z € Xg(C)
corresponds to a pair

(A(], A) S M(l,O) ((C) X CM@(C)
To each such pair we attach, exactly as in (3.4.1), an Og-module
LB(A(), A) = HOHIOKO (Hl (A()), Hl(A))

equipped with a Hermitian form (-,-)cy. By Proposition 3.4.1, Lp(Ayp, A) is
a projective Og-module of rank one, is negative definite at the archimedean
place oo’ of F' determined by ¢ : K — C, and is positive definite at the
other archimedean places. We define

(3.7.2) Gro(a,y,z) = Z B1(47|ycr| sosp ).
feLp(Ao,A)
(fif)em=a
To complete the definition of Gre(«, y, -) we must generalize this construc-
tion to an arbitrary Q-algebra map o : K¢ — C whose restriction to Ky is ¢.
If we extend o in some way to an automorphism of C, we obtain a new CM
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type @7, which does not depend on how o was extended. It is not hard to see
that Xg(C) = Xgo(C), and so points z € XZ(C) correspond to a pairs

(Ao,A) € M(I,O) ((C) X CMK’q)o ((C)

Define
(3.7.3) Gro(a,y,z) = Z B1 (47 |ycr| sosp.o)
f€Lp (A(),A)
<f7f>CM:a

as above, where now 0o®P? is the archimedean place of F' induced by the special
element o o P : K — C of ®7. As (-,-)oMm is negative definite at co®7, and
positive definite at the remaining archimedean places, the function Gr(a,y, -)
is identically 0 if o > 0.

Definition 3.7.1. For every a € F* and y € FE?O, define an arithmetic
divisor
~ ——1
Z@(Oé,y) = (Z¢(a),Gr¢(a,y, )) € CH (X‘I))
Note that if a > 0, then

/Z\q>(0£, y) = (Z@(O&), 0)>
while if a 3% 0, then
2¢(a7 y) = (07 GI‘q,(O[, Y, ))

If @ % 0, then our definition of 2q>(04, y) is, at the moment, rather unmo-
tivated, although the use of the function £;(¢) in the definition follows Kudla
[21], [29]. The particular choice of Green function will be justified in Section 4,
when we show that, for all o € F*, the arithmetic divisor Zg(a,y) is closely
related to the Fourier coefficient of a Hilbert modular Eisenstein series.

There is a canonical linear functional

deg : CH' (Xp) = R
defined as the composition
CH (Xp) — CH (Spec(Op)) — R,

where the first arrow is push-forward by the structure map X3 — Spec(Og)
and the second is [Kg : Q7! times the degree of [11, §3.4.3]. If Z is a prime
Weil divisor on Xg, then

1
deg(Z 0) [ Z log(N Z FAut(e)

PCO<1> ez(lc"‘lg
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If Gr is a Green function on Xg, then

(3.7.4) deg (0, 6r) = K@ Ko Q| > X #Aut)

0:Ke—C zeXZ(C)
olk,=t

THEOREM 3.7.2. Suppose the discriminants of Ko and K are odd and

relative prime. Fix o € F* and y € FH?O.

(1) If > 0, then

h(Ko) <~ log(N(p))
w(Ko) 2 (K- Q)

deg Zo (o) = ordy(apdp) - plap~0p),
where the sum is over all primes p of FP nonsplit in K, and p is the
prime of Q below p.

(2) Suppose a % 0. If «v is negative at exactly one archimedean place v of

F, and if the corresponding map F — R factors through the summand
F®P of F, then

) 1
w(Ko) [K* : Q)

If no such v exists, then the left-hand side is 0.

Bi(drlyaly) - pladp).

(TeTga(a, y) =

Proof. If o> 0, then
(3.7.5) deg Zo(a,y) = deg Zo(a),

where the right-hand side is the Arakelov degree of Definition 3.6.1. Hence the
first claim is just a restatement of Theorem 3.6.3, in the special case a = Op.

Now suppose a ® 0, and fix a 0 : K — C. If o is negative at oco’P?
and positive at all other archimedean places of F', then repeating the proof of
Theorem 3.5.3 shows that

2 2 HAut(Ag, A)  w(kKo) plas™).

AoEM(1,0)(C) fELB(A0,A)
AECM}Q@U ((C) <f7f>CM:a

The only difference is in the calculation of the orbital integral (Lemma 3.5.5),
where one replaces the 8 of Theorem 3.4.3 with the 8 of Proposition 3.4.1.
The inner sum on the left is empty if « is positive at co®™“ or negative at some
other archimedean place.

As 0 : K3 — C varies over all embeddings whose restriction to Ky is ¢,
o0®P? varies over all archimedean places of F®P, each counted with multiplicity
[Ko : Q/[K®P : Q]. If « is negative at exactly one archimedean place v of F,
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and if this place v lies on F*P then we compute

Gr<I> a, Yy, z )
K@ Ko : Q] 2 2 #Aut(z)

0:K—C 2eXZ(C)

&;gi(p(a, y)

O'|KU—L
_ Ly oy s Aildrlyaluns)
[Kq) : Q] O'Kq:.—)(c AOGM(:{ 0)(((:) fELB(A A) #Aut(A()?A)
9K =t AeCMy 40 (C) (f.flom=a
1 h(Kp) 1
= - P1(4r|ya as” ).
oo g w1l - plas)

If no such v exists, then the inner sum on the third line is empty. To complete
the proof, recall from Proposition 3.1.6 that, under our hypotheses on the
discriminants of Ky and K, s = DEI. O

3.8. Arithmetic divisors on M. In this subsection we study arithmetic
intersection theory on the O, -stack

M = M(l,O) XOKO M(nfl,l)

of the introduction. Recall that M is smooth of relative dimension n — 1
over O, [disc(Ko)~!]. If S is a connected O,-scheme, then to every point
(Ag, A) € M(S) we have attached an Of,-module

L(Ao, A) = HOIHOKO (Ao, A)
and an Og,-Hermitian form (-,-) defined by (1.2.1).

Definition 3.8.1. For any nonzero m € Z, let Z(m) be algebraic stack
over Ok, whose functor of points assigns to any connected Og,-scheme S
the groupoid of triples (Ao, A, f), where (Ag, A) € M(S), and f € L(Ap, A)
satisfies (f, f) =m

We call the stacks Z(m) the Kudla-Rapoport divisors. By [26, Prop. 2.10],

the natural map Z(m) — M is finite and unramified. As in Section 3.7, we
abbreviate X for the 1-dimensional stack

Xo = M(1,0)/04 X0y CMa.

The map CMo — M,_1,1)/0, defined by restricting the action of Ok to Ok,
induces a map

Xo — M/(g(b.
A point in the intersection of Xg and Z(m), defined over some Og-scheme S, is
a triple (Ao, A, f) in which (Ao, A, f) € Z(m), and A is endowed with complex

multiplication by Og. We know from Section 3.2 that the induced Og-action
on L(Ap, A) then endows L(Ag, A) with additional structure: a totally positive
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definite Og-Hermitian form (-, -)cy whose trace is the original Hermitian form
(-,-). Thus (f, f)cm must satisfy

m = Trpo(f, f)om-
In this way we see that the stack theoretic intersection
Xo N Z(m) = Xo Xm0, Z(m)/0,
admits a decomposition

(3.8.1) XeNZ(m)= || Za(a),
aceF
Trp/g(a)=m

where Zg(a) = ZgF(a) is the stack of Section 3.5.

Definition 3.8.2. Define the intersection multiplicity

log(N(p length((’)j}} Z(m ,z)
I[(Xp: Z(m)) = ) M > #Aujcp(mz)( :
pCOg 2E(XaNZ(m))(K55)

This is finite if X3 N Z(m) has dimension 0.

Remark 3.8.3. From the point of view of arithmetic intersection theory,
Definition 3.8.2 is a bit naive. The more natural definition is the Serre inter-
section multiplicity of [40, Ch. 1.2] or [39, Ch. V.3|, which takes into account
higher Tor terms of the structure sheaves Oy, and Oz(,,). We have not done
this, as the stack M in which the intersection is taking place is neither flat nor
regular, and so is itself a rather naive place to be doing arithmetic intersection
theory. See the comments of Section 1.3. For the reader’s benefit, we only
point out that [39, p. 111] shows that under modest hypotheses these higher
Tor terms vanish, and Serre’s intersection multiplicity agrees with the naive
intersection multiplicity.

THEOREM 3.8.4. Let m be any nonzero integer. If F is a field, then
(3.8.1) has dimension 0, and

I(Xp:Z(m) = > deg Zo(a, y)
acF* a0
Trp g(a)=m

for any y € R0,

Proof. The assumption that F' is a field implies that every a € F' with
Trr/g(a) = m must satisfy o € F*. By Proposition 3.5.2 the right-hand side
of (3.8.1) has dimension zero, and the only nonempty contribution comes from
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totally positive a. Therefore, (3.8.1) implies

I(Xp:Zm) = > degZa(a),
aEF*
TI‘F/Q(OZ):’VTZ

where d/e\g is the Arakelov degree of Definition 3.6.1, and the claim follows from
(3.7.5). O

In order to construct a Green function for the divisors Z(m), we first
describe the complex uniformizations of the algebraic stacks M and Z(m),
following [26]. Recall that Ky comes with a fixed embedding ¢ : Ky — C. Let
d € Ky be the unique square root of disc(Ky) for which § =i - |4|. If W is any
Koy-vector space, then Wr = W ®qg R is a C-vector space.

Definition 3.8.5. A principal Hermitian lattice of signature (r, s) is a pro-
jective Of,-module 2 of rank r + s together with a Hermitian form H of
signature (7, s) under which 2 is self-dual.

Let 2 and 2y be a principal Hermitian lattices of signature (n —1,1) and
(1,0), respectively, with Hermitian forms H and Hy. Define a Q-symplectic
form A on (g by

(3.8.2) d-Av,w) = H((v,w) — H(w,v),

and a Q-symplectic form Ao on 2Apg by the same formula, with H replaced by
Hy. The Og,-module

LB (Q[o, Ql) = HOIHOKO (ng, Q[)

carries a natural Hermitian form (f1, fo) = f5o f1, where for any f € Lp(y,2)
we define f* : 2 — 2y by the relation H(fv,w) = Ho(v, f*w). The Hermitian
forms Hy, H, and (-, -) are related by
H(fiv1, fava) = Ho(vi,v2) - (f1, f2)-
Abbreviate
V= LB(QLOan) ®Z Qa

and let D be the set of negative C-lines in the Hermitian space Vg. Given
a nonzero isotropic vector e € Vi, there is an isotropic ¢/ € Vg such that

(e,€’y = §. The restriction of (-,-) to the orthogonal complement of the
C-span of {e, e’} is positive definite, and so we may extend {e, e’} to a C-basis
€,e1...,ep_2,€ € Vi in such a way that the Hermitian form is given by

e (1%)-7
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for a diagonal matrix A € M,,_»(R) with positive diagonal entries. There is a

bijection
(3.8.3) D = {(w,u) € C x C"2: Tr(dw) + ‘uATw < 0}
defined by associating (w,u) to the negative C-line spanned by
w
u| € C" = V.
)
We say that the basis e, eq,...,e,_2,¢ and the coordinates (w,u) are adapted

to the isotropic vector e, which should be thought of as the limit as w — i - co.
The coordinates (w,u) make D into a complex manifold. If n = 1, then Vg
has signature (0, 1) and so has no nonzero isotropic vector. In this degenerate
case, D consists of a single point.

Any choice of nonzero vector in 20pg determines an isomorphism (evalua-
tion at the chosen vector) of K-vector spaces V' — (g, which identifies H with
a positive rational multiple of (-,-) and identifies D with the space of negative
lines in Ag. This identification does not depend on the choice of vector used
in its definition. Any h € D, viewed as a negative line in the complex vector
space 2g, determines an endomorphism Jy, of A by

—iv ifvéEhn
Jnv = . . L
w if v € h—,

where ht is the orthogonal complement of h with respect to H. Of course
Jh o Jh = —1,

and it is easy to see that the quadratic form A(Jyv, v) on g is positive definite.
A little linear algebra shows that every R-linear endomorphism of g satisfying
these two properties is of the form Jy for a unique h € D.

We now describe the complex uniformization of M(C), following [26].
The complex elliptic curve Ay(C) = Agr /Ao, with its principal polarization
determined by Mg, and its natural O, -action, determines a point of My y(C).
To each h € D there is an associated (Ap, fn, An) € M(,—1,1)(C) in which

o An(C) = Ar/2A with the complex structure determined by Jy,
o rn : Og, = End(Ay) is induced by the Og,-module structure on 2,
e \n: Ay — AY is the polarization induced by the symplectic form .

The rule h — (A, Ap) defines a morphism of complex orbifolds
D — M(C).
Let 'y be the automorphism group of (A, H), and let 'y, be the automorphism

group of (Ao, Hp) (so that I'y, is just the group of roots of unity in Ky). The
group I' = Iy, x Iy acts on Lp(Ap,2A) through automorphisms preserving the
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Hermitian form (-,-), and so acts on the space D. The pair (A, An) depends
only on the I'-orbit of h, and we obtain a morphism of complex orbifolds

[M\D] = M(C)

identifying [I'\D] with a connected component of M(C). The other connected
components are obtained by repeating this construction for each of the finitely
many isomorphism classes of pairs (2, 21).

Given a nonisotropic f € Lp(o,2), define

D(f)={heD:f Lhn}

Following [21] or [3] there is a standard way to construct a smooth function on
D\ D(f) with a logarithmic singularity along D(f). Let fy be the orthogonal
projection of f to h, and set

R(f7 h) = _<fh7 fh>7
a nonnegative real analytic function on D whose zero set is D(f). If we write
f=ae+breg+---+by 2e, o+ ce

in terms of a basis adapted to an isotropic e € g, then this function is given
by the explicit formula

 [6(cw — @) + "bAuf?
(38.4) R(f.0) = |0(w — W) + tuA|

in the coordinates (3.8.3), where 'b = [by - - - b,_2]. This calculation shows that
D(f) is a complex analytic divisor on D, defined by the equation

§(cw —a) + 'bAu = 0.

If (f,f) <0, then D(f) = 0, and R(f,h) is a positive function on D. In the
degenerate case n = 1, the set D(f) is empty, and R(f,h) = —(f, f). For any
h € D, each f € Lp(Ap,2A) induces a homomorphism of real Lie groups

f:Ao(C) = An(C),

and linear algebra shows that this map is complex analytic if and only if
h € D(f). In this way we obtain a morphism of orbifolds

N4 o] -zmie
JFeLp(2o,A)
(£.f)=m
defined by sending h € D(f) to the triple (Ao, Ay, f). The image is an open
and closed suborbifold of Z(m)(C), and taking the disjoint union over all iso-
morphism classes of pairs (2, 2() gives a complex uniformization of Z(m)(C).
The function 81 (x) of (3.7.1) has a logarithmic singularity at = = 0, in the
sense that 3 (z) + log(x) can be extended smoothly to R. Furthermore, ()
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decays exponentially as x — co. Given a positive parameter y € R, define a
smooth function

Gr(f,y.h) = B (4myR(f,h))
on D\ D(f). If g(h) = 0 is any equation for the divisor D(f) on some open

subset U of D, then (3.8.4) shows that Gr(f, y,h)+log |g(h)|? extends smoothly
to all of U. For nonzero m € Z, the sum

Gr(m,y,h) = > Gr(f,y,h)
feLp (o, 2A)
<f7f>:m

defines a Green function, in the sense of [11], [40], for the orbifold divisor

o o] = ol
fELB (Ao, )
(f.f)y=m

Using the complex uniformizations of Z(m)(C) and M(C) described above,
the function Gr(m,y, -), constructed now for every isomorphism class of pairs
(Ao, 2A), defines a Green function for the divisor Z(m) on M. If m < 0, then
Gr(m,y, ) is a smooth function on M(C).

Using the forgetful map X — M, , it makes sense to evaluate Gr(m, y, -)
on the finite set of points of the complex fiber of Xp. More precisely, we define

Gr(maan(I’) Z Z Gr m 2

aKq>—><CzeXU(<C #Aut( )

olxy=t
Here X is the C-scheme obtained from X by base change through o. There is
a slight abuse of notation on the right-hand side, as we are confusing z € Xg(C)
with its image in (M0, )7(C) = M(C). The right-hand side is only defined
if the images of Xg and Z(m) have no common points in the complex fiber of
M. This is equivalent to (3.8.1) being 0-dimensional.

THEOREM 3.8.6. Let m be any nonzero integer. If F is a field, then
(3.8.1) has dimension 0, and

Gr(m7y7 X‘I)) = Z deg 2¢(a7y)
acF* ,a%0
TrF/Q(a):m

for any y € RO,

Proof. We already saw in Theorem 3.8.4 that (3.8.1) has dimension 0.
Suppose we have a point z € Xg(C) representing a pair (Ag, A). Set Ay =
Hi(Ao(C),Z) and A = H,(A(C),Z), viewed as principal Hermitian lattices
using the Hermitian forms Hy and H determined, using (3.8.2), by the po-
larizations A\¢p and A. The canonical isomorphism 2Ar = Lie(A) determines a
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complex structure on 2Ar, and under this complex structure multiplication by
7 has the form Jy for a unique h € D. If &P € Fy is the idempotent corre-
sponding to the place co®P determined by the restriction of o : K — C to F,
then the negative line h is none other than h = &P - Ap.

It follows easily that for any f € Lp(Ag, A), we have

R(f,h) = =(fu, fo) = —(€P [, ) = [, Fomloose-

Therefore, Gr(f.y. ) = B (4y|(f. f)cr]ow) and

Gr(m,y, z ﬁ1(477y|<f7 f)CM’oosp>
Z #Aut( ) - Z Z

ZEX (A(),A)E.Xq,((c) fGLB(A(),A) :#éAllt(fl_O7 A)
<f7f>:m

= X )y 2.

acF  (Ag,A)€Xs(C) fELB(A0,A)
Trp/g(a)=m (f.f)em=a

_ Z Z GI'q) a, Yy, z )
acF 2€X5(C) #Aut( )
Trp/g(a)=m

b1 (47ry]a\oosp)
#Aut(Ap, A)

where the final equality is by the definition (3.7.2) of Gre(«,y, z) at a point
z € X3(C). As F is a field and m # 0, we may restrict to a € F* in
the final sum. As the Hermitian form (-,-)cn is negative definite at oo®P by
Proposition 3.4.1, we may further restrict to o % 0.

Now suppose z € XZ(C). As in the discussion preceding (3.7.3), we may
identify Xg(C) = X3 (C). Repeating the argument above with ® replaced by
®7 and 0o replaced by co®?, and using (3.7.3) instead of (3.7.2), shows that

1 relQ, Yy,
Gr(m,y, Xp) = Ko Q| > 2. 2 G;Aut:(y ) ).

a€F*X a0 0:Ke—C 2eXZ(C)
’I‘I‘F/@( ) m U|K0*L

Comparing with (3.7.4) completes the proof. ([

4. Eisenstein series

Keep Ky, F, K, ®, and Kg as in Section 3. In this section we construct
a Hilbert modular Eisenstein series £¢(7,s) on Hp. This Eisenstein series is
incoherent in the sense of Kudla [21], and so vanishes at s = 0. We use formulas
of Yang [45] to compute the Fourier coefficients of the derivative at s = 0, and
show that these coefficients agree with the arithmetic degrees appearing in
Theorem 3.7.2.
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4.1. A Hilbert modular Eisenstein series. In this subsection we attach to
every ¢ € F;° a Hilbert modular Eisenstein series (7, s;c,¢p) of the type
considered in [45].

First we quickly recall some of the local theory of [21], [24], [27], [45]. Fix
a place v of F' and a ¢ € F*, and let x, be the character of F associated
to the quadratic extension K, /F,. Let ¢ be an additive character F,, — C*.
Associated to the Fj-quadratic space (K,,cxT) and the character ¢ is a Weil
representation we of SLa(F,) on the space of Schwartz functions &(K,) on
K,; see [20, Ch. I1.4]. For s € C, let I(xy,s) be the space of the induced
representation of the character x,(z) - [z|5. There is an SLg(F,)-intertwining
operator

et O(Ky) = I(xw,0)
defined by

A (9)(9) = (Weu(9)#)(0).

For any ¢ € 6(K,), there is an associated section ®(g, s) € I(xy, s) character-
ized by the properties

b (I)('7O) = )‘C,w((p)7
e O(g,s) is standard in the sense that ®(k,s) is independent of s for all
k in the usual maximal compact subgroup of SLo(F}).

It will always be clear from context whether ® refers to a section of I(x,,s),
or to the fixed CM type of K.

If v is a finite place of F, let 1o, , € &(K,) be the characteristic function
of Ok 4, and let

(Pc,w(ga 5) € I(Xva S)

be the standard section satisfying ®¢ (-, 0) = A¢c. (10 v)- If v is archimedean,
let ¢(x) = exp(—2m|cxZ|,) be the Gaussian, and let @ be the corresponding
standard section satisfying ®c (-,0) = Acy(p). If

sign(c) = ¢/|cly

denotes the sign of ¢, then @, is the normalized standard section of weight
sign(c), characterized by the property

cos 0 sin 0 i ;
P sign(c)-16
id <<— sinf cos 0) ’8> €

for every 0 € R; see for example [24, (4.29)].
For each a € Ff and ® € I(xy, s), define the local Whittaker function

Walg.s:@.0) = [ @ (05 (35)9.9) vi(-am) .

v
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where g € SLy(F,), and the Haar measure on F, is self-dual with respect to 1.
When & = &, as above, we abbreviate

(4.1.1) Wal(g, sic,b) = Walg, 5; Pey, ).
If we fix a 0 € F and set (0¢)(z) = ¢(dx), then Pc 5y = Pscp and
(4.1.2) Walg, sic,69) = 0]/ - Wsa(g, 5 6¢, ¢))

for all « € F),. Indeed, the first equality is clear from explicit formulas for the
Weil representation, as in [20, Ch. I1.4], and the second is clear from the first.

Now we switch to the global setting. Let ¢g : Q\Q4 — C* be the usual
additive character, whose archimedean component satisfies 1)g(z) = €™ for
all x € R, and whose nonarchimedean components are unramified. Set

vr(z) = Yo(Trpg(x)).
Let
x: FY —{£1}
be the composition of (3.0.2) with the product map {£1}™F) — {+1}, so
that x =[], X, and let I(x, s) = ®@,I(xwv, s) be the representation of SLo(F})

induced by the character x. Given any c € F;', we define a section of I(x, s)
by @y, = @y Pc, yp, and an Eisenstein series

E(g, s;c,vp) = Y Beyr(v9,9)
YEB(F)\SLa(F)

on SLg(Fy), where B C SLg is the subgroup of upper triangular matrices.
Let

Hr ={r+iy € Fc:z,y € Fr,y >0}

be the F-upper half plane. A choice of isomorphism Fr = R", which we do
not make, identifies Hp with a product of n complex upper half planes. For
T=x+1y € Hp, set

1 1/2
gr = < f) (y y_1/2) (S SLQ(FR),

viewed as an element of SLy(F}) with trivial nonarchimedean components, and
set (recall that dp is the different of F'/Q)

s+1 L(s+1,x)

g(T7S;C7wF):N(aF)T 'E(9773§C7"¢F)7

. NormF/Q(y)1/2

where L(s,x) = [], L(S,xv) is the Dirichlet L-function of x, including the
I'-factor

L(s, xo) = 7~ +D/2. T (ﬂ)

2
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for archimedean v. Thus &(7, s; ¢, ¥ r) is a Hilbert modular form, and it admits
a Fourier expansion

E(T,S;C, ¢F) = Z ga(T,S;C,wF)

acl
in which

ealrsicovr) =Normpo) 2 [ E((1 ) arsc.un(ia))
F\Fy 1

Assume that ¢ € F AX satisfies cOp = D;l, c, = 1 for every archimedean
v, and x(c) = —1. The second condition implies that £(7, s; ¢, 9¥r) has parallel
weight one. The third condition implies that the Fj-quadratic space (K, cxT)
is not the adelization of any F-quadratic space, and so the Eisenstein series
E(r,s;¢,9r) is incoherent in the sense of [21]. In particular,

8(770;C7wF) =0

by [21, Th. 2.2]. Strictly speaking, the notion of an incoherent Eisenstein series
only makes sense if F' is a field. In general, we write

F=]]F;
j

as a product of totally real fields. There are corresponding factorizations K =
[I; K, where each Kj is a quadratic totally imaginary extension of Fj, and

Hr =] Hr;,
J

where Hp; is the Fj-upper half plane. The element c factors as ¢ = []; ¢y,
where each ¢; € Fjj C F has trivial components away from the factor I .
Similarly ¢ = []; ¥F;, and there is a factorization of Eisenstein series

(4.1.3) E(r,si¢,9p) = [[ €7, 3¢5, ¥ry).
j

Each Eisenstein series in the factorization is then either coherent or incoherent,
depending on whether x(c;) =1 or —1. All incoherent factors vanish at s = 0,
and as [; x(c;) = x(c) = —1, there is at least one incoherent factor.

Recall that the fixed CM type @ has a distinguished element P : K — C,
which determines a direct factor K*P of K with maximal totally real subfield
FP. Recall also that the restriction of ¢°P to F' determines an archimedean
place denoted oco®P. We will be restricting our attention to Eisenstein series
E(t,s;¢,vr) with ¢ chosen so that all factors on the right-hand side of (4.1.3)
are coherent, except for the incoherent factor corresponding to F*P.
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Definition 4.1.1. Define a Hilbert modular Eisenstein series of weight one

Ea(1,5) = Y E(1,57¢,9r),

cexs
where the sum is over the finite set = of Nmp, F(@ )-orbits of ¢ € A} satisfying

e cOp =07, F ,
e ¢, = 1 for every archimedean v,
o for every factor Fj of F'

)= if Fj # Fsp
ci)=
X —1 if Fj = F*P,

To understand the motivation behind the particular set =, reconsider the
collection of Hermitian spaces Lp of Remark 3.4.2. Thus Lp consists of all
isomorphism classes of Hermitian spaces (Lg(Ao, 4), (-,-)om) as

(Ao, 4) € (M(1,0) x CM3)(C)

varies. Take a = Op, and assume that § = 0]}1 (which is the case if Ky and
K have relatively prime discriminants, by Proposition 3.1.6). The elements of
Lp are alternately characterized as the isomorphism classes of pairs (L, H) in
which L is a projective Og-module of rank 1, H is a K-valued Og-Hermitian
form on L, the ideal of (L, H) is b}l, and (L, H) is negative definite at oo®P
and positive definite at all other archimedean places. For any such (L, H),
there is a § € F;' and an isomorphism of K4-Hermitian spaces

(L @0y Kap, H) = (Ky, Bz7)

identifying L ®o,, 6K = (5[(. This 8 must satisfy fOp = D}l, be negative
at 0o’ and positive at all other archimedean places, and satisfy x(5;) =1 for
each factor F; of F'. The finite part of 3 is well defined up to multiplication
by a norm from (/’)\IX(, and each archimedean component is well defined up
to sign. This makes clear the connection between = and Lp: the elements
of Z arise by taking the B’s corresponding to elements of Lp and replacing
the negative component at co®P by a positive component. The corresponding
K a-Hermitian spaces (K, czy) from which the Eisenstein series (7, s; ¢, ¥F)
are constructed are therefore incoherent at the factor F*P and coherent at all
other factors. That is to say, the K;s-Hermitian space (Kja,c;jzy) arises as
the adelization of a K;-Hermitian space if any only if F; # F*P.

4.2. Fourier coefficients. Of course E¢(7,0) = 0, and so we study the
derivative at s = 0, which has a Fourier expansion

di&st‘ Zb(pay o
acl
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in which
q" = exp(2miTrp/g(ar)).
We will give an explicit formula for the coefficients, at least when oo € F'*, and

compare them with the formulas of Theorem 3.7.2.
For o € F* and ¢ € Z, define a finite set of places of F’

Diff (a,c) = {v : xp(ac) = —1}.

Note that every v € Diff (e, c) is nonsplit in K and that there is a disjoint
union
Diff(a, ¢) = |_| {places v of Fj : x,(ac) = —1}.
J
Our hypotheses on ¢ imply that every set in the disjoint union has even cardi-
nality, except for

Diff*?(«a, ¢) = {places v of F*P : y,(ac) = —1},

which has odd cardinality. In particular, Diff (a, ¢) has odd cardinality, and if
it contains a unique place of F', that place must lie on the factor F*P.
If v is a finite place of F' and b is a fractional Op ,-ideal, let

pv(b) = #{‘B C OK,v CBB = b@Kﬂ,}.

If b is a fractional Op-ideal, set p(b) = [], pv(by), as in the introduction. The
following proposition follows from calculations of Yang [45].

PROPOSITION 4.2.1. Suppose a € F'*, let di/p be the relative discrimi-
nant of K/F, and let r denote the number of places of F ramified in K (in-
cluding the archimedean places). Suppose ¢ € =.

(1) If #Diff (o, ) > 1, then ords—o Eu(T, s;¢,00p) > 1.
(2) If Diff (o, c) = {p} with p finite prime of F, then

_27‘71

d
7501(7-7 S Cﬂl}F)‘

ds 75 - P(@pp™) -ordy(adpp) - log(N(p)) - 4%,

=0 N(dg/p)
where ey = 0 if p ramifies in K, and e, = 1 if p is unramified in K.

(3) If Diff (o, ¢) = {v} with v an archimedean place of F, then

ig (1, 8¢, )’ _L
dS (6% 7-7 g F 8:0_ N(dK/F)1/2

Recall that p1(t) was defined by (3.7.1).

- p(a@dF) - Br(drlyaly) - ¢

Proof. Returning briefly to the local setting of (4.1.1), define the normal-
ized local Whittaker function

W;v (gm S5 Cvﬂbv) = L(S + 17Xv) : Wav (gva S5 Cv,ll}v)-
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Here 1, is any local additive character. The Fourier coefficient factors as a
product

Ea(T, 85¢,9F) = N(DF)(S+1)/2N0rmF/Q e HW* 9rwvy 85 Cvﬂ/}Fv)

The character """ (x) = ¢p(cz) is an unramified character of F, and (4.1.2)
shows that

(4.2.1) Eu(7,s;¢,9YF) = N(Op)® s/2 Normg/q(y) —1/2 H L (Grw, 55 1™,

Let v be a nonarchimedean place of F, fix a uniformizing parameter
w € Fy, let f, = ordy(dg/r), and let q, = #Op,/(w). We now invoke
[45, Prop. 2.1] and [45, Prop. 2.3]. If x,(ac) = 1, then

W&,Jav (gr v, 051, 95™)

2qv_f”/2 if v is ramified in K

= Xo(=1)e(1/2, X0, ™) po(0dF) - {

1 if v is unramified in K.

If instead x,(ac) = —1, then Wy  (grv,s;1,1,"") vanishes at s = 0, and

d, 1
= ()12, X ) o) - 20N

" {2(]1,_f”/2 - pp(adp) if v is ramified in K

%Wg{vav (.gT,w S 17 ¢3nr) =0

pu(dppyt) if v is unramified in K,

where p, is the prime ideal associated to v.
Now suppose v is an archimedean place of F. In this case we cite [45,
Prop. 2.4]. If x,(ac) =1, then

Wi, (G0, 0 1 00™) = 2x0 (= 1)(1/2, X0, 93™) - 11/ 270

If xy(ac) = =1, then Wy | (gru,0;1,95™) = 0 and

= Xo(=1)e(1/2, X0, 93™) - 22T T 1 (dlyal ).

Everything now follows easily. The above formulas show that when v €
Diff (e, ¢), the v factor on the right-hand side of (4.2.1) vanishes at s = 0, and
so the order of vanishing of £,(7, s; ¢, ¥ F) is at least #Diff («, ¢). If Diff (o, ¢) =
{w}, then differentiating (4.2.1) at s = 0 shows that

d
5 T,V 717 o
T W0, (970, 5 LYS™)|

=0

d
7W T,W> 71> w
7 Wi (9w, 51, 93™)

X 1T W5, o, (970 0: 1, 005™),
vFW

d ~1/2
ofalrsie gp)| _ =Normpg(y)™'/% -

s=0
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and the claim follows from the formulas above and the root number calculation

HE 1/2 Xvawunr = 1_[E 1/2 X’anFv):_ .

(The first equality follows from [22, (3.29)], the second follows from the func-
tional equation of L(s, x), which shows that £(1/2,x) = 1.) O

By the first claim of the proposition, for any a € F*, we have

bo(a,y) - q* =Y EL(T.0;5¢,¢p)

ce=

_Z Z & (T,O;C,Y/JF),
lef(a c) {v}
where the outer sum is over all places v of F. This sum is unchanged if we

restrict further to places v of F*P that are nonsplit in K®P, as these are the
only places for which the relation Diff(«, c) = {v} can ever hold.

COROLLARY 4.2.2. Suppose o € F* and y € Fg°.
(1) If « is totally positive, then

_or—1
bolst) = g S ordh(adrp) - pladrp ™) - og(N(p),

where the sum is over all primes p of F*P nonsplit in K°P. In particular,
bo (v, y) is independent of y.

(2) If « is negative at exactly one archimedean place, v, of F', and if this
v lies on the factor F*P, then

_27"71

)72 - p(adr) - Br(dT|yaly).

by (o, y) = W

(3) In all other cases, bg(a,y) = 0.

Proof. Suppose first that « is totally positive, so that Diff (a, ¢) contains
only finite places of F'. Proposition 4.2.1 implies

_or—1
baay) = N gAY S v ) os(adrs) log(N()),

N(dk/r)
lef(a c) {p}

where the first sum is over all primes of F*P that are nonsplit in K*P. Obviously,
we may further restrict to those p for which p(adpp=c*) # 0, and for each p,
there is a unique choice of ¢ € Z for which Diff(a, ¢) = {p}. This proves the
first claim, and the proofs of the remaining claims are similar. O

Comparing Theorem 3.7.2 and Corollary 4.2.2 proves the following result.
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THEOREM 4.2.3. Assume the discriminants of Ko/Q and F/Q are odd
and relatively prime. If o € F* and y € Fﬁ?o, then

h(Ko) N(dg/r)
w(Ky) 271K :Q

Let ip : H — Hp be the diagonal embedding of the usual complex upper
half plane into Hp. The restriction Eg(ip(7),s) of Es(7,s) to H vanishes at
s = 0, and the derivative has a Fourier expansion

d = Z&b(m,y)'qm

£5¢(2F(7’), s) 2

cTe\gZp(oz,y) = -

] “be (e, y).

s=0

in which

cp(m,y) = Z bo(a,y).

acl
Trp q(a)=m
Here 7 =z + iy € H and q = exp(27iT), as usual.
COROLLARY 4.2.4. Assume the discriminants of Ko/Q and F/Q are odd
and relatively prime. If F' is a field and m is nonzero, then

h(Ko) N(dg/r)

I(Xp : Z(m)) + Gr(m,y, Xp) = T (ko) 2K Q) - co(m, y)
for all y € R>9.
Proof. Theorems 3.8.4 and 3.8.6 imply
I(Xp: Z(m)) +Gr(m,y, Xo) = Y.  degZo(a,y),
Trp (@)=
and so the claim is clear from Theorem 4.2.3. O
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