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Caldararu’s conjecture
and Tsygan’s formality

By DAMIEN CALAQUE, CARLO A. RoOssI, and MICHEL VAN DEN BERGH

Abstract

In this paper we complete the proof of Caldararu’s conjecture on the
compatibility between the module structures on differential forms over poly-
vector fields and on Hochschild homology over Hochschild cohomology. In
fact we show that twisting with the square root of the Todd class gives an
isomorphism of precalculi between these pairs of objects.

Our methods use formal geometry to globalize the local formality quasi-
isomorphisms introduced by Kontsevich and Shoikhet. (The existence of
the latter was conjectured by Tsygan.) We also rely on the fact — recently
proved by the first two authors — that Shoikhet’s quasi-isomorphism is
compatible with cap products after twisting with a Maurer-Cartan element.
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1. Introduction and statement of the main results

Throughout k is a ground field of characteristic 0. In this introduction

(X,0) is a ringed site! such that O is a sheaf of commutative k-algebras. In
addition, we fix a Lie algebroid £ over (X, O).

lWe work over sites instead of spaces to cover some additional cases that are important

for algebraic geometry (like algebraic spaces and Deligne-Mumford stacks). Readers not

interested in such generality may assume that (X, Q) is just a ringed space.
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Roughly speaking a Lie algebroid is a sheaf of O-modules that is also a
sheaf of Lie algebras that acts on O by derivations. See Section 3.1. Standard
examples of Lie algebroids are the tangent bundle on a smooth manifold and
the holomorphic tangent bundle on a complex manifold. Readers not familiar
with Lie algebroids are advised to think of £ as a tangent bundle (holomorphic
or not) for the rest of this introduction. Concepts like “connection” take
their familiar meaning in this context. In fact, our main reason for working
in the setting of Lie algebroids is that these allow us to treat the algebraic,
holomorphic and C°°-cases in a uniform way.

1.1. The Atiyah and Todd class of a Lie algebroid. From now on we make
the additional assumption that the Lie algebroid L is locally free of rank d as
an O-module.

The Atiyah class A(L) € Ext! (£, £* ® £) = HY(X, £* ® Endp(L)) of £
may, for example, be defined as the obstruction against the existence of a global
L-connection on L. See Section 6 for more details.

The i-th scalar Atiyah class a;(£) of L is defined as

a;(L) = tr(/i\ A(L)) e 1 (X/\ﬁ)
where A’ is the map

A (£ ®@End(£)® — \ £* ®End(L)
given by composition on End(£)®" and the exterior product on (£*)®* and
where tr is the usual trace on End(L£), extended linearly to a map A\'L* ®
End(L£) — \' L*.

The Todd class td(L£) of L is derived from the Atiyah class A(L) by the

following familiar formula:

(1.1) td(L) = det<1 — exﬁ((?A(ﬁ))> cpu (X, /\E)

i>0
where the function

(1.2) g(x) .

T1- exp(—x)

is extended to A L*®@p End (L) via its formal Taylor expansion. In this way the
Todd class td(L£) of £ can be expressed in terms of the scalar Atiyah classes
of L.

1.2. Gerstenhaber algebras and precalculi. By definition a Gerstenhaber
algebra is a graded vector space equipped with a Lie bracket [—, —] of degree
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0 and a commutative, associative cup product U of degree 12 such that the
Leibniz rule is satisfied

[a,bU ¢ = [a,b] Uc+ (=1)IallPFDp (g, .

If A is a Gerstenhaber algebra, then a precalculus [13] over A is a quadruple
(A, M,2,L) where M is a graded vector space and ¢+ : A ® M — M and
L:A® M — M are linear maps of degree 1 and 0 respectively such that s
makes M into an (A[—1],U)-module and L makes M into an (A, [—, —])-Lie
module and such that the following compatibilities hold for a,b € A

(13) 1oLy — (*1)(|a‘+1)|b|Lbza = a,b]
(1.4) Loty + (— 1)1+, Ly = Lo,

A precalculus is not the same as a Gerstenhaber module. The second equation
in the previous display is not correct for a Gerstenhaber module.

Below ¢ will be referred to as “contraction” and L as the “Lie derivative.”
Furthermore, we will often write a N'm for 1,(m) and as such refer to it as the
“cap product.”

1.3. Poly-vector fields, poly-differential operators, differential forms and
Hochschild chains in the Lie algebroid framework. For a Lie algebroid L the
sheaves of L-poly-vector fields and L-differential forms are defined as

n+1 -n
To(X)= P N Q“xX) =P AL,
n>—1 n<0
where the wedge products are taken over Ox.

The sheaf Tpcoly(X ) becomes a sheaf of Gerstenhaber algebras when en-
dowed with the trivial differential, the Lie algebroid version of the Schouten—
Nijenhuis Lie bracket and the exterior product. Our grading convention is such
that the Lie bracket and wedge product are of degree 0 and 1 respectively.

We equip (X)) with the trivial(!) differential,® and also with the con-
traction operator and Lie derivative with respect to L-poly-vector fields. In
this way the pair (Trﬁ)ly(X ), Q%(X)) becomes a sheaf of precalculi. In our
conventions the contraction operator and Lie derivative have degrees 1 and 0
respectively.

The Lie algebroid generalization of the sheaf of £-poly-differential oper-
ators is denoted by leoly(X ) [27], [3]. It is the tensor algebra over O of the
universal enveloping algebra of £ (see §3.3 below).

2Note that our grading conventions are shifted with respect to the usual ones.
3The de Rham differential dz, on Q° (X) is not part of the precalculus structure. In the
operadic setting of [13], dz appears as a unary operation and not as a differential.
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The sheaf Df):oly(X ) has properties similar to the standard sheaf of poly-
differential operators on X (see, e.g., [16]). In particular it is a differential
graded Lie algebra (shortly, from now on, a DG-Lie algebra) and also a Ger-
stenhaber algebra up to homotopy. For the definition of the differential, the
Lie bracket (of degree 0) and the cup product (of degree 1), see Section 3.3.
The sheaf of £-Hochschild chains C’Ifoly (X) may be defined as the O-dual

of D}foly(X ) (although we use a slightly different approach). Furthermore,

there is a differential by as well as actions N, L of Dé:oly(X ) on Cgoly (X) that

make the pair (Dgoly(X )s C’Ifoly(X )) into a precalculus up to homotopy. We
refer to Section 3.4 for more detail.

Finally, we recall that there is a Hochschild-Kostant—Rosenberg (HKR for
short) quasi-isomorphism from Tpcoly(X ) to Dgoly(X ); dually, there is a HKR

quasi-isomorphism from Cpcoly(X ) to Q%(X). As in the classical case where £
is the tangent bundle neither of these HKR quasi-isomorphisms is compatible

with the Gerstenhaber and precalculus structures up to homotopy.

1.4. Main results. Now we consider the derived category D(X) of sheaves
of k-vector spaces over X. When equipped with the derived tensor product
this becomes a symmetric monoidal category. Furthermore, viewed as objects
in D(X), both T;ﬁﬂy (X) and leoly(X ) are honest Gerstenhaber algebras and
their combination with Q%(X) and C’Ifoly(X ) yields precalculi.

Our first main result relates the Todd class of a Lie algebroid (as discussed
in §1.1) to the failure of the HKR isomorphisms to preserve these precalculi
structures.

THEOREM 1.1. Let L be a locally free Lie algebroid of rank d over the
ringed site (X, Ox). Then we have the following commutative diagram of pre-
calculi in the category D(X):

(1.5) TE, (X) —— VT pe(x)
QL (X) L, (X),

(Vid(DA—)oHKR P

where the vertical arrows indicate actions and the horizontal arrows are iso-
morphisms. Here A denotes the left multiplication in QL(X) and ¢t denotes the
contraction action of O°(X) on T*(X).*

“4Note that normally we view 2%(X) as a module over T (X). In the definition of the hori-
zontal arrows in the diagram (1.5) the opposite actions appear for reasons that are mysterious
to the authors.
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The convention that wavy arrows indicate actions will be used throughout
this article.
The following corollary will be applied to Caldararu’s conjecture below.

COROLLARY 1.2. There is a commutative diagram of precalculi:

HKRo: AL
(16)  Bumaso (XA L) VR (X, DE (X))
@m,nzo H™ (X, /\n ‘C*) e (Xv C§o1y (X))’

(+/td(L)A—)oHKR
with H*(X, —) denoting the hypercohomology functor.

Proof. This follows by applying the functor H®(X, —) to the commutative
diagram (1.5). O

If we consider only the Lie brackets and the Lie algebra actions, then the
horizontal isomorphisms in the commutative diagram (1.5) are obtained from
the horizontal arrows in diagram (1.7), which is part of our second main result.

THEOREM 1.3. Assume that R C k. Let L be a locally free Lie algebroid
of rank d over the ringed site (X, O). There exist sheaves of differential graded
Lie algebras (g%, d;, [ , ];) and sheaves of DG-Lie modules (m¥ b;, L;) over
them as well as Loo-quasi-isomorphisms Uz from g to g5 and &, from mb to
mf, which fit into the following commutative diagram:

U

(1.7) TE L (X)C of g5 > Diyoly (X)
Lé Llé LQé Lé
S
0F(X)C mf <= mf 2O (X)),

where the hooked arrows are strict (i.e., DG-Lie) quasi-isomorphisms.

1.4.1. Comments on the results and the proofs. The proofs of Theorems 1.1
and 1.3 depend on the simultaneous globalization of a number of local formality
results due to Kontsevich [16] (see also [17]), Tsygan [25], Shoikhet [20] and
the first two authors [8], [6], [7]. This globalization is performed by a functorial
version of formal geometry [4] (see also [28]).

The proof of Theorem 1.1, roughly speaking, involves the construction of a
morphism up to homotopy between the precalculus structures up to homotopy
on (Trﬁ)ly(X), QX (X)) and (Dgoly(X),CIfoly(X)). In this paper we do not
construct a full “precalculus.,”-quasi-isomorphism between these structures.
In the case that £ is a tangent bundle this was done in [13] using operadic

methods; actually, in loc. cit. the authors work in the “calculusy,” setting,
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encoding also the de Rham differential, which is not part of the precalculus
structure as observed before. On the other hand, in contrast to loc. cit., the
results we prove are explicit and this fact is essential to recover Caldararu’s
conjecture as formulated in [10] (see Theorem 1.4 below).

We are able to obtain such explicit results by starting with the local quasi-
isomorphisms of Kontsevich and Shoikhet that are given by explicit formulae
(in contrast to, say, Tamarkin’s local G o-quasi-isomorphism [23]). While these
are a priori only Lo.-quasi-isomorphisms they are nonetheless compatible with
products up to homotopy [16], [7] in a strong explicit sense, and this turns out
to be enough for our purposes.

As the local quasi-isomorphisms of Kontsevich and Shoikhet are defined
over R (see §5.4) we have to assume R C k in the statement of Theorem 1.3.
However enough coefficients are rational (and computable), which in turn al-
lows us to prove Theorem 1.1 over an arbitrary field of characteristic zero.
This idea was already used in [4]. See Section 7.3.1. For Theorem 1.3 we could
likely have started with a Tamarkin-style local quasi-isomorphism [23] defined
over Q, but since the coefficients of such a local quasi-isomorphism are not
explicit, the result would not be immediately applicable to Theorem 1.1.

The existence of the upper horizontal isomorphism in (1.5) was proved
independently in [12], [4], while its explicit form was computed in [4]. The
existence of the lower horizontal isomorphism was shown in [13]. As observed
above, our approach via Kontsevich’s and Shoikhet’s local formality formulae
allows us to compute it explicitly.

1.5. Caldararu’s conjecture. Assume now that X is a smooth algebraic or
complex variety. Caldararu’s conjecture (stated originally in the algebraic
case) asserts the existence of various compatibilities between the Hochschild
(co)homology and tangent (co)homology of X (see below). For the full state-
ment we refer to [10]. The results in this paper complete the proof of Céldararu’s
conjecture.

We now explain this in more detail. The Hochschild (co)homology [22] of
X is defined as

HH"(X) = Extp,  (Oa,0n)  (n>
HH,(X) = Tor(_DXXX(OA, Oa) (n <

n

where A C X x X is the diagonal. From these definitions it is clear that HH*(X)
has a canonical algebra structure (by the Yoneda product) and HHe(X) is a
module over it.
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Furthermore, if we put £ = Tx then it is proved in [9] (and partially in
[30]) that there are isomorphisms of algebras and modules

HH®(X) H* (X, Dy, (X))

é |

HH,(X) He (X, CF,, (X)),

where on the right-hand side we consider only the part of the precalculus given
by the cup and cap product.
We define the tangent (co)homology of X by

HT*(X) = @H'(X,/\TX), HQ,(X) = P H (X, Q5°),

where now 2% denotes the graded sheaf of differential forms on X.
The commutative diagram (1.6) then yields the following

THEOREM 1.4 (“Caldararu’s conjecture”). For a smooth algebraic or com-
plex variety X over k there is a commutative diagram of k-algebras and modules

(1.8) HT*(X) VI ey
HOW (X) HH. (X),

(v/td(X)A—)oHKR

where td(X) is the Todd class for L =Tx.

Theorem 1.4 completes the proof of the parts of Caldararu’s conjecture
[10] that do not depend on X being proper. The cohomological part (the upper
row in the above diagram) was already proved in [4] and is also an unpublished
result of Kontsevich.

In the proper case there is an additional assertion in Caldararu’s conjec-
ture that involves the natural bilinear form on HHe(X). We do not consider
this assertion in the present paper as it has already been proved by Markar-
ian [18] and Ramadoss [19]. If we combine Theorem 1.8 with the results of
Markarian and Ramadoss, we obtain a full proof of Caldararu’s conjecture. Let
us also mention that in the compact Calabi-Yau case Caldararu’s conjecture
was proved in [15].

Acknowledgment. We express our gratitude to the anonymous referees for
the careful reading of the manuscript. Their comments have helped us improve
the paper.
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2. Notation and conventions

As stated already we always work over a ground field k& of characteristic 0;
unadorned tensor products are over k.

Most objects we consider are equipped with a topology that will be ex-
plicitly specified when needed. However if an object is introduced without a
specific topology, or if the topology is not clear from the context, then it is
assumed to be equipped with the discrete topology.

Many objects we will encounter are Z-graded. Koszul’s sign rule is always
assumed in this context. For a double or higher complex we apply the sign
rule with respect to total degree.

3. Some recollections on Lie algebroids and related topics

3.1. Generalities on Lie algebroids. In this section R is a commutative
k-algebra.

Definition 3.1. A Lie algebroid L over R is a Lie algebra over k that is in
addition an R-module and is endowed with an anchor map p : L — Der(R)
satisfying the compatibility
(3.1) [ll,Tlg] = p(ll)(r)lg + T[ll,lg], reR l;eL, i=1,2.

The basic example of a Lie algebroid over R is L = Dery(R) with the
identity anchor map and the commutator Lie bracket.

If L is a Lie algebroid, then R & L is a Lie algebra with Lie bracket
[(r, 1), (7", 1] = (p()(r") — p(I')(r),[L,1']). We define the universal enveloping
algebra Ur(L) of L to be the quotient of the augmentation ideal of the en-
veloping algebra associated to the Lie algebra R @ L by the relation r ® [ = rl
(reR,l€e RaL).

For the sake of simplicity, below we will usually omit the anchor map p
from the notation, unless it is necessary for the sake of clarity.

The universal enveloping algebra of a Lie algebroid satisfies a universal
property similar to that of an ordinary enveloping algebra. This implies, for
example, that the anchor map p uniquely extends to an algebra morphism from
Ug(L) to Endg(R), or equivalently: it yields a left Ur(L)-module structure
on R.

For reasons that will become clear later we assume that our Lie algebroids
are free of rank d over R.

3.1.1. L-poly-vector fields and L-differential forms over R. To a Lie alge-
broid L over R we associate

(3.2) Th(R) = P AL
n>—1
(3.3) O"(R) = @ AR"L*, L* = Hompg(L, R).

n<0
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We refer to (3.2) and (3.3) as the spaces of L-poly-vector fields and L-forms
on R.

As an exterior algebra T 1foly(R) has a wedge product that we denote by U
(“the cup product”). The extension of the Lie bracket on L to a bi-derivation
onT pLoly (R) defines a Lie bracket that is called the Schouten-Nijenhuis bracket
and is denoted by [—,—]. Note that with our grading conventions the cup
product has degree 1 and the Lie bracket has degree 0. The cup product
and the Lie bracket make T pLoly(R) into a (shifted) Gerstenhaber algebra with
trivial differential.

On the other hand, Q%(R) is obviously a graded algebra with respect
to the wedge product. In addition there is an analogue d; of the de Rham

differential on QF(R), which is given on generators by

dr(r)(1) = U(r),
dp(I*) (1, l2) = L (17 (l2)) — L(*(lh)) — " ([l1, l2])

forre R, 1,l; € L,i=1,2,1* € L* and is extended uniquely by Leibniz’s rule.

The natural contraction operation of L-forms on R with respect to L-poly-
vector fields is denoted by N (the “cap product”). The Lie derivative L of
L-forms on R with respect to L-poly-vector fields is specified in the usual way
via Cartan’s homotopy formula as the commutator of d;, and the contraction.

=1
=1

The pair
((TL (R)a [_7 _]7 U)7 (QL(R)7 n, L))
forms a precalculus (see §1.2).

3.1.2. L-connections. As usual L is a Lie algebroid over R.

Definition 3.2. Let M be an R-module M. An L-connection on M is a
k-linear map V from M to L* ® g M, which satisfies Leibniz’s rule

(3.4) V(rm)=dr(r)@m+rVm, r € R, m € M.

The L-connection V is said to be flat if V? = 0. Equivalently, the assign-
ment [ — V;, where V; denotes the action of V followed by contraction with
respect to [, defines a Lie algebra morphism from L to Endg(M).

If we let [ € L act as Vy, then a flat L-connection on M extends to a left
Urg(L)-module structure on M.

Furthermore, a flat L-connection V on M can be extended to a differen-
tial (denoted by the same symbol) on the graded R-module QF(R) @ M via
Leibniz’s rule

V(w®gm)=dw@rm+ (—1)¥wAVm, weQFR), me M.
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3.1.3. L-differential operators over R. In this section we define the alge-
bra of poly-differential operators of a Lie algebroid and we list some of its
properties. We give some explicit formulae along the lines of [7].

As in the case of ordinary Lie algebras, Ug(L) (see §3.1) may be naturally
filtered by giving R filtered degree 0 and L filtered degree 1. In particular,

FyUg(L) = R, UR(L) = R& L.

We view Ugr(L) as an R-central bimodule via the natural embedding of R into
Ug(L). Explicitly, if we denote this embedding by i, then®

(3.5) rD = Dr ¥i(r)D, r € R,D € Ug(L).

Moreover Ug(L) is an R-coalgebra [27]; i.e., Ur(L) possesses an R-linear co-
product A : Ur(L) - Ug(L) ®g Ug(L) and an R-linear counit, satisfying the
usual axioms. The comultiplication actually takes values in

(Ur(L) ®@r Ur(L))’

:{ZDJ»@Ej € Ur(L)®p Ug(L) |Vr € R: ZD i(r®@E; =Y D;&Eji(r )}
J J
which is an R-algebra even though Ugr(L) ® g Ur(L) is not.

The comultiplication A and counit € are given by similar formulae as in
the Lie algebra case:

(3.6) Ar)=r®prl=1®pgr r € R,
A(l)=1@r1+1®5] lelL,
A(DE) = DyEy @ DBy D,E € Ug(L),
(D) = D(1).

In the third formula we have used Sweedler’s convention. The expression on
the right-hand side is well defined because it is the product inside the algebra
(Ur(L) ®r Ur(L))". In the fourth formula we have used the natural action of
Ugr(L) on R (see §3.1).

The algebra (better: in the terminology of [27], [3] “the Hopf algebroid”)
Ugr(L) may be thought of as an algebra of L-differential operators on R. In
the case L = Derg(R) and R smooth over k then Ugr(L) coincides with the
algebra of differential operators on R.

Note that there is, at first sight, a more natural right R-module structure on Ur(L) given
by the formula Dr = Di(r). This alternative right module structure will not be used in this

paper.
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3.1.4. L-jets. Let (Ur(L))<yn be the elements of degree < n with respect
to the canonical filtration on Ug(L) introduced in Section 3.1.3. The L-n-jets
are defined as

J'L = HomR(UR(L)Sm R)
(This is unambiguous, as the left and right R-modules structures on Ug(L)
are the same; see (3.5).) We also put
(3.7)
JL = Homp(Ug(L), R) = projlim J"L (as Ug(L) = injlim(Ugr(L))<p)-
n n

JL has a natural commutative algebra structure obtained from the comultipli-
cation on Ug(L). Thus, for ¢1, ¢ € JL, D € Ur(L), we have

(0162)(D) = $1(D(1))2(D(2)) ,

and the unit in JL is given by the counit on Ug(L).
In addition JL has two commuting left Ug(L)-module structures which we
now elucidate. First of all there are two distinct monomorphisms of k-algebras

ay:R— JL:rw— (D~ re(D)),

ag:R— JL:rw— (D~ D(r)).
It will be convenient to write R; = «a;(R) and to view JL as an R; — Ra-
bimodule.

There are also two distinct commuting actions by derivations of L on JL.
Letle L, ¢ € JL, D € Ug(L).

V(@) (D) = U(¢(D)) — ¢(ID),

*Vi(9)(D) = ¢(DI).
Again it will be convenient to write L; for L acting by *V. Then 'V defines a flat
Li-connection on JL, considered as an R;-module. The connection 'V is the
well-known Grothendieck connection. It follows that JL is a Ur(L); — Ug(L)2-

bimodule (with both Ug(L); and Ug(L)2 acting on the left).
The Ug(L)2 action on JL takes the very simple form

(D-¢)(E) = ¢(ED)
(for D, E € Ur(L)2, ¢ € JL).

Define € : JL — R by e(¢) = ¢(1), and put J°L = kere. Then JL
is complete for the J¢L-adic topology and the filtration on JL induced by
(3.7) coincides with the J¢L-adic filtration. If we filter JL with the J¢L-adic
filtration, then we obtain

(3.8) grJL = SpL*

and the R; and Rs-action on the right-hand side of this equation coincide.
(Here and below the letter S stands for “symmetric algebra.”)
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The induced actions on gr JL = SpL* of [ € L, considered as an element
of Ly and Lo, are given by the contractions i_; and 4;, respectively.

In case R is the coordinate ring of a smooth affine algebraic variety and
L = Dery(R) then we may identify JL with the completion R®R of R ® R at
the kernel of the multiplication map R ® R — R. The two actions of R on JL
are respectively R®1 and 1®R.

Similarly, a derivation on R can be extended to R®R in two ways by
letting it act respectively on the first and second factor. Since derivations are
continuous they act on adic completions and hence in particular on JL. This
provides the two actions of L on JL.

In the sequel we will view the action labelled by “1” as the default action;
i.e., we will usually not write the 1 explicitly.

3.2. Relative poly-vector fields, poly-differential operators. We need rela-
tive poly-differential operators and poly-vector fields. So assume that A — B
is a morphism of commutative k:—algebras. Then

poly, @ oly A

n>—1
poly, @ Dpoly A
n>—1
where 17, 4(B)= N5 Der4(B). Similarly, Dg()]y,A(B)gHOmA(B@’A(”H), B)

consists of those A-linear maps from B®4(™*1) to B that are A-linear differen-
tial operators on B in each argument.

It is easy to see that T}y, 4(B) is a Gerstenhaber algebra when equipped
with the Schouten bracket and the exterior product. Similarly, Dy, A(B)
is a graded subspace of the relative Hochschild complex C'%(B), and since
differential operators are closed under composition one easily sees that it is in
fact a sub-B.-algebra; see Appendix A for more details on B,.-algebras.

If A and B are DG-algebras, then we equip Tyoly, 4(B), Dpoly,(B) with the
total differentials [dp, —] and [dp,—]| + dg, where dy denotes the Hochschild
differential. Similar results now apply.

3.3. The sheaf of L-poly-differential operators.

Definition 3.3. For a Lie algebroid L over R, we define the graded vector

space Dpoly(R) of L-poly-differential operators on R as the tensor algebra over
R of Ur(L) with shifted degree ie.,
poly @ UR ®R n+1)
n>—1

The action of Ur(L) on R extends to a map
(3.9) D5 (R) — Homy(R®"!, R)

poly
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defined by
(D1®- - ®@Dpt1)(r1 @ @7rpy1) = Di(r1) -+ - Dy (rng1),

whose image lies in the space Dy, (R) of poly-differential operators on R.
Déoly(R) is a Byo-algebra. In particular it is a DG-Lie algebra and fur-
thermore it is a Gerstenhaber algebra up to homotopy. In Appendix A we give
the formulae for the full B,,-structure. Here we content ourselves by reminding
the reader of the basic operations.

The Gerstenhaber bracket on leoly(R) is defined by

(3.10)  [Dy, Do) = Di{Dy} — (-1)!P1P2IDo{ D1}, D; € D (R), i =1,2,

poly
where
|D1| . . . . .
Dl{DQ} _ Z(_l)z\Dz\(id@)z ®A|D2\ ® id®|D1|—z)(D1) . (1®z ® Dy ® 1®|D1|—z) )
=0

It is a Lie bracket of degree 0. The special element p = 1Rz 1 € Dﬁé}y (R) =
Ugr(L) ®g Ugr(L) satisfies [u, u] = 0. The Hochschild differential is defined as
the operator dg = [y, —].

The cup product on Déoly (R) is defined by

(3.11) Dy U Dy = (—=1)IP1=00P21=0) ) @ p D,

ee also Appendix A for an explicit derivation of the previous formula.
See also A dix A f licit derivati f th i f 1
One may now show that these operations make the 4-tuple

(D,

poly(R)7dH7 [ ) ]7 U)

into a Gerstenhaber algebra up to homotopy (see Lemma A.1). Indeed if R
is smooth over k and L = Derg(R) is the tangent bundle, then the operations
we have defined are the same as those one obtains from the identification
Dgoly(R) = Dpoly(R) where we view the right-hand side as a sub-B-algebra
of the Hochschild complex C*(R) of R (cf. §3.2).

It is in fact, as we explain now, not necessary to verify that we have defined
a homotopy Gerstenhaber structure on Déoly(R). Indeed the results can be
obtained directly from the known results for the Hochschild complex (see [14],
[26]). Similarly, it is not necessary to write explicit formulae for [—, —] and
U (or for the whole Buo-structure for that matter). This point of view will
be useful when we consider Hochschild chains, as in that case the formulae
become more complicated.

The Ls-action on JL commutes with the Rj-action (see §3.1.4) so we

obtain a ring homomorphism

Up,(L2) = Dg,(JL) : D v (6 — D(6))
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and hence a map

(3.12) DI2

poly(RQ) — Dpoly,r, (JL)

of Gerstenhaber algebras up to homotopy. The right-hand side has an R;-con-
nection given by ['V,—], and it follows from [4, Prop. 4.2.4, Lemma 4.3.4]
that the left-hand side of (3.12) is given by the horizontal sections for this
connection.

Now as discussed in Section 3.2, we know that Dyoly g, (JL) is a By-algebra
and it is an easy verification that the braces and the differential, which make
up the Boo-structure, are horizontal for 'V, —]. Hence the B.-structure on
Dyoly,r, (JL) descends to leoly(R), and one verifies that its basic operations
are indeed given by the formulae we gave earlier.

3.4. The Hochschild complex of L-chains over R. We start with the fol-
lowing definition.

Definition 3.4. For a Lie algebroid L over R, the graded R-module

JLER—P | <0,

(313) Cpl)lolyp(R) = {R p= 0

is called the space of Hochschild L-chains over R.

Our aim in this section will be to show that the pair

(Dpoty (R), Coty (R))

poly poly

is a precalculus up to homotopy. We will do this without relying on explicit
formulae (as they are quite complicated). Instead we will reduce to a relative
version of [7] that discusses Hochschild (co)homology. Explicit formulae are
given in Appendix B.

Let us first remind the reader that if A is a k-algebra, then the pair
(C*(A),Ce(A)) consisting of the spaces of Hochschild cochains and chains is
a precalculus up to homotopy. For C*®(A) this is just the (shifted) homotopy
Gerstenhaber structure that we have already mentioned in Section 3.3 and that
was introduced in [14], [26].

The full precalculus structure up to homotopy on (C*(A), Ce(A)) is a more
intricate object. A complete treatment in a very general setting was given in [7].
It is shown that the precalculus structure can be obtained from two interacting
Bs-module structures on Cq(A). These By-module structures are obtained
from brace-type operations. For more operadic approaches see [13].

Although we do not really use them, for the benefit of the reader we
state the well-known formulae for the contraction, the Lie derivative and the
differential. If P € C™ 1(A) = Hom(A®™, A) and (ag|---|a;) € C_(A) =
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A®H1 then we have

wp(aol -+~ [ar) = (aoP(ar, ... am)lams1| - [ar),
t—m+1
Lp(aol..-la) = Y (=1 D (ag| -+ |ai1|P(ai, - -, Girm—1)|@ism] -+ |ar)
=0
t+1
+ > (=D)"P(ay,... a4 a0, -, Gm—tii—2)|am—t41-1] - |ai-1).-
l=t—m+2

The differential by is defined as L, where p is the multiplication, considered
as an element of Hom(A%?, A).

To construct the precalculus structure up to homotopy on (Déoly(R),
leoly (R)) we proceed as in Section 3.3. We first define an object that is larger
than CL  (R).

poly

Definition 3.5. The space of L-poly-jets over R is the completed space of
relative Hochschild chains Cg, (JL). Explicitly,

(3.14) Cry o (JL) = @ JLEm P,
p<0
The Grothendieck connection 'V on JL (see §3.1.4) yields a connection

on aRh.(JL) by Leibniz’s rule, which we also refer to as the Grothendieck
connection. The following result was proved in [5].

PRrOPOSITION 3.6. For a Lie algebroid L over a commutative ring R as
above, there is an isomorphism of graded vector spaces

(315) 5R1,0(JL)IV — Cgoly(R)
that sends
= 1

Pr1RPr @ @ ¢, € Cry_p(JL) Y
to

e(P1)pa ®@ -+ ® ¢y € Chopy 1 (R).

Proof. The arguments of the proof of [5, Prop. 1.11] can be repeated

almost verbatim. O

The formulae from [7] for the Hochschild complexes now yield that
(Dpoty, i (JL), Cry o (JL)) © (C5 (L), Oy o(JL))

is a precalculus up to homotopy. Furthermore, one verifies that the formulae in
[7] are compatible with the Grothendieck connection !V. Hence the precalculus
descends to one on

(3.16)  (Dpoly.rs(JL) ¥, Crye(JL)'Y) = (DL, (R), CLy (R)),

poly
where we use (3.12) as well as Proposition 3.6.
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It remains to check that this construction coincides with the standard one
for a smooth commutative algebra. Namely, if R/k is smooth and L is the
tangent bundle, then we have

Dk (R) - Dpoly(R)'

poly
We also have JL = R®R (see §3.1.4) and in this way we obtain an isomorphism

(3.17)
Choty,p(R) = (ROR)*™m?
— RO (11®51)® -+ B(rp@sp) = (11 7p) D518 - - - @)

that yields an isomorphism of graded vector spaces

CL (R) = Cu(R).

poly

Thus, we have an isomorphism of pairs of graded vector spaces

(3.18) (Dfoty (R), Caty (R)) = (Dpory (R), Ca(R)).

poly poly

The right-hand side is a precalculus up to homotopy (as it is basically a pair
of spaces of Hochschild chains/cochains).

LEMMA 3.7. The precalculus up to homotopy on the right-hand side of
(3.18) is the same as the one we have constructed on the left-hand side.

Proof. Note that going from the pair (k, R) to (R, JL) is a base extension
by R (since JL = R®R). Since the formulae in [7] are clearly compatible with
base extension we have that the precalculus structure on

(3.19) (Dpoly,r(JL), Cre(JL)) = (RDyoiy(R), R&Ca(R))
is obtained by base extension from the one on
(Dpoly (R), Co(R)).

Furthermore, one checks that the Grothendieck connections on Dy, g(JL) and
537.(JL) under the isomorphism (3.19) act by the standard Grothendieck con-
nection on the copy of R appearing on the left of ® and trivially on Dpoly (R),
Co(R). Hence its invariants are precisely Dpoly(R), Co(R). This finishes the
proof. ([

3.5. The Hochschild-Kostant—Rosenberg Theorem. We recall the Lie al-
gebroid version of the famous cohomological Hochschild-Kostant—Rosenberg
(shortly, HKR) quasi-isomorphism; for a proof, we refer to [3].

THEOREM 3.8. We consider a Lie algebroid L over R in the sense of
Definition 3.1, which is assumed to be free of rank d over R.
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Then the map

p(—1) 1 -
(3.20) HKR(I; A--- A lp) =(-1) = = Z (—1) la(l) QRr - QR la(p)
p: eSS,
defines a quasi-isomorphism of complexes from (TpLoly(R), 0) to (Déoly(R), dy).

There is a dual version of Theorem 3.8, which will also be needed.

THEOREM 3.9. The quasi-isomorphism (3.20) induces the quasi-isomor-
phism
HKR(a) = a o HKR

of complexes from (CL, (R),bn) to (Q*(R),0).

poly
4. Fedosov resolutions in the Lie algebroid framework

4.1. Introduction. The aim of this section is to discuss Fedosov resolu-
tions [11] in the Lie algebroid framework. These are needed to formulate and
prove the globalization result, which in turn leads to the main results.

To help the reader understand our algebraic setup (which was inspired by
[28]) we give some motivation for the definitions in the subsequent sections.
For the sake of exposition, we assume in this introduction that X is some kind
of d-dimensional smooth space and L is an appropriate version of the tangent
bundle of X.

One of the applications of formal geometry is the globalization of local
coordinate dependent constructions. For example using the Darboux Lemma it
is trivial to quantize a symplectic manifold locally but such local quantizations
are coordinate dependent and they do not globalize easily. The same is true
for the local formality morphisms (see §5.4 below for more details) that we use
in this paper.

The idea is then to replace X by a much larger infinite dimensional space
Xcoord _y X that parametrizes formal local coordinate systems on X. For
example if X is an algebraic variety, then the fiber at z € X in X° is
given by the k-algebra isomorphisms @) x.z — E[[t1,...,td]]. An equivalent way
of saying this is that X°°°'d universally trivializes the jet bundle (6X7x)x€ X
over X.

Local constructions can be tautologically globalized to X4 and this
should be followed by some type of descent for X<°°™d /X A general procedure
to do this is to resolve Ox by a de Rham-type complex over O xcoora, but this

Xcoord _y X are not contractible.

does not really work as the fibers of

However in the aforementioned examples the local constructions are all
compatible with linear coordinate changes. So if we define X&f = xcoord / Glg,
then the constructions descend to X, and as the fibers of X?f /X are con-

tractible we can descend further to X.
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In this paper we work over a general locally free Lie algebroid £ rather
than Tx. In this setting we define the analogue of X' ag the space which
universally trivializes the space of jet bundles for £ (see §3.1.4).

4.2. Setup. As a general principle we work on the presheaf level in this
paper, performing sheafification only as the very last step of the constructions.
This means that throughout we may replace all spaces by rings and locally free
sheaves may be treated as free modules.

As before we consider a Lie algebroid L over a ring R in the sense of
Definition 3.1; i.e., L is free of rank d over R.

First we discuss Fedosov resolutions of L-poly-vector fields and L-poly-
differential operators as Gerstenhaber algebras up to homotopy, referring to [4]
for details. Finally, we discuss Fedosov resolutions of QF(R) (see (3.3)) and
C’éoly (R) (see (3.13)) that are compatible with the precalculus structure up to
homotopy.

4.3. The (affine) coordinate space of a Lie algebroid. For a Lie algebroid
L over R as above, its coordinate space R°"%L was introduced and discussed
in detail in [2], [4], to which we refer for a more extensive treatment.

As explained in Section 4.1, the main property of R°°°"%L is the existence
of an isomorphism of R%°°*%L_a]gebras
(4.1)

t: ROMYLQp JL — ROy, . 24] = ROYQE, F = k[xy,. .., x4,

and R°°'%L s universal with respect to this property; that is, if there is

an R-algebra W, such that there is a W-linear isomorphism VV@Rl JL —
W1, ...,14], then there exists a unique morphism R%©'%L — 11/,

In particular, we note that in contrast to JL, the ring R4 is not an
adic topological ring; it is equipped with the discrete topology (like R).

Ezample 4.1. Assume R = k[x1,...,24] and L = Derg(R). As explained
in [2, §6.1.5], [28], we have

RO — Ry i=1,....d, a e N4~ {0} det(ye, )

where e; is the j-th standard basis vector in Z? and the subscript det(yie,)
refers to the localization at the indicated element. As in this case X = Spec R
has global coordinates x1,...,z,, the coordinate ring of the jet bundle JL is
equal to R[yi1,...,yq], where y; is a local version of the global coordinate ;.
The morphism ¢ is the “universal Taylor expansion” morphism

t(yi) = Z yi,ato‘.
ot

As a consequence of the universal property of R'dL ReoordL aqmits an
action of GLg4(k), such that the following identity holds true on R®HL@F
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for A € GLqg(k):
(AT'@A)|y, = 1dr,

where JL is considered as a subalgebra of R*4L&E through (4.1).
By means of R°°"%L we consider the graded algebra

CCOOI‘d,L = QRcoord,L ®QR1 QLl (Rl)

It has the structure of a DG-algebra with differential dcoora,r = dQRcoor a0 O0p,
1+ 1®qp, di, and inherits from R4l 3 rational GLg(k)-action.
The universal isomorphism (4.1) extends to an isomorphism

(4.2) t: Ccoord’L@Rl JL — Ccoord’L[[xl, oozl
where we used the respective obvious identifications
Ccoord7L®Rcoord,L (RCOOrd,L®R1 JL) = QRcoord,L®QRl (QLl (Rl) ®R1 JL)
~ C«coord,Lé§R1 JL,
Ccoord,L®Rcoord L (Rcoord,L®F) ~ Ccoord,L [[xl xd]]

We endow the graded algebra on the left-hand, resp. right-hand, side of (4.2)
with the following natural differential:

(4.3) tveoord —dg o ®ag, 14 180, 'V, Tesp.
(44) d == dCcoord,L@l,

where !V was introduced in Section 3.4. Both (4.3) and (4.4) are, by con-
struction, flat C°°°"dL_connections on the respective spaces, and the obvious
inclusions from C°°°" 4L into C"bL@ g JL and CL [z, ... 24] are mor-
phisms of DG-algebras.

The main property of the connections (4.3) and (4.4) lies in the existence of
a canonical Maurer—Cartan element in C°°°*%L; namely, according to [2, §1.6]
and [4, §5.2], there exists a unique element w of C°°°" L@ Der(F) of degree 1,
satisfying

to lvcoord o tfl —d= w,

where the expression on the left-hand side is naturally viewed as a C°°"d:L.
linear derivation of F'. Furthermore, w satisfies the Maurer—Cartan equation
in the DG-Lie algebra C°"4L@Der(F), i.e.,

1
dw + i[w,w] =0,

(which implies that d + [w, e] is a flat connection on C°"L[xy, ... x4]) and
the verticality condition

(4.5) Lww=1®wv, ve glyk).
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(Here, ¢, on the left-hand side denotes the contraction operation on Ceoord,L
with respect to v, coming from the infinitesimal action of gl (k) on R4l
v on the right-hand side denotes the linear vector field associated to v, acting
on F.)

Finally, we consider the affine coordinate space R*" of a Lie algebroid L

over R; it is simply the GLy(k)-invariant ring
Raff,L — (Rcoord,L)GLd(k) ]

It is an R-algebra in an obvious way, and enjoys a universal property similar
to the one satisfied by R°°"L for which we refer to [4, §5.4].

Ezample 4.2. Continuing Example 4.1, assume R = k[z1,...,24] and L =
Dery(R). We now have

Raff’L = R[yi,a S ]-a R 7d? |Oé| > 2]’

where | o | denotes the norm of a multiindex in N¢. We observe that R/ is
an (infinite) polynomial ring, while ReordL is not, due to the localization.

Similarly, we have the DG-algebra C*™l = Qparr ®qg, QM (R1), with
differential dgam,. = dQRaH’L ®ap, 1 +1®ap,, dr,. We may further consider
the graded algebra

CaH’L®Raﬁ,L (Raﬁ’L@Rl JL) = QRafr,L@QRl <QL1(R1) R, JL) = CaH’L®Rl JL,
endowed with the natural differential
1vaﬁ - dQRafr,L ®QR1 1+ 1®QR1 1V,

making the natural inclusion C*6L — C"rj“cf’L@R1 JL into a morphism of DG-
algebras. Obviously, 1V descends by its very construction to cft Ly R, JL
and identifies with 'V2ff,

LeEMMA 4.3. RML s of the form S ® R where S is an (infinitely gener-
ated) polynomial ring.

Proof. See [4, §5.3]. O

Note that this depends on our standing assumption that L is free and
furthermore the decomposition R*L = § @ R is not canonical.

4.4. Fedosov resolutions of L-poly-vector fields and L-poly-differential op-
erators on R. In this section, we recall briefly the main results of [4, §4.3],
to which we refer for more details. We consider relative poly-differential op-
erators and poly-vector fields (see §3.2) in the following situation: (A,d4) =
(C*ML dpugs) and (B,dp) = (C*HL@ g JL, 1vafl),
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THEOREM 4.4. For a Lie algebroid L over R as above, there exist quasi-
isomorphisms of Gerstenhaber algebras up to homotopy:

(4.6) (Tpory (R), 0,1, ],U) = (T3, (R2),0, [, ],U)
- (Tpoly Caff, L(Caﬁr’L@Rl JL), 1vaff’ . ] U) )
(4'7) (Déoly(R%de[ ) ]7 ) (Dégly(R2)7dH7[ ) ]7U)

> (Dpory a2 (C*M @R, JL), 'V +dy, [, V).

Proof. We refer to [4] for details. For example the map (4.7) is derived
by suitable base extension from (3.12). For the fact that the maps are quasi-
isomorphisms, we refer to [4, Prop. 7.3.1]. O

4.5. The Fedosov resolution of L-forms on R. We consider the precalculus
(QF(R),0,L,N) of L-forms over the Gerstenhaber algebra (T, Oly(R) 0,[, ,U),
described in Section 3.1. We now describe a resolution of (Q2*(R),0,L,N) com-
patible with the Fedosov resolution (Tpolypaﬁ,L (CLRp, JL), 'V [ ], U)
from Theorem 4.4.

THEOREM 4.5. For a Lie algebroid L over R as above, there exists a
quasi-isomorphism of precalculi as in the following commutative diagram:©

(T

poly

(R) 07[ ) = TL2 (R2)507[ ) ]’U)C—> (T oly,Ca“vL(CaﬁyL@Rl JL)vlvaﬁv[ ) ],U)

poly p

N |

(Q4(R), 0, L,0) = (0 (R2), 0, L 0) = (Ve 15, s V1,10

the vertical arrows denoting the contraction and Lie derivative.

Proof. We refer to [4, §4.3.3]. We observe that the construction of the
quasi-isomorphism uses a dualization of the construction of the quasi-iso-
morphism (4.6) and that contraction operations and differentials are preserved
by the above quasi-isomorphism, whence all algebraic structures are preserved.

O

4.6. The Fedosov resolution of L-chains on R. We consider the DG-algebra
(C* LR R, JL, ' VaT) and to it we associate the C*f:L-relative Hochschild chain
complex, i.e.,

Canr of(C* G, JL) = @) (C* LG, JL)@CaH’L(_pH)
p<0
o~ @ (Caff,L@Rl JL®R1(—1)+1)) _ Caff,L@Rl 5R1,.(JL)-

p<0

60 A, for a topological k-algebra A, denotes the continuous de Rham complex. A similar
convention holds for an extension of topological algebras B/A.



CALDARARU’S CONJECTURE AND TSYGAN’S FORMALITY 887

Further, we have the identification
CaH’L@?Rl@RL.(JL) > QRaﬁ,L®QR1 (QLl(Rl)é?Rl@Rl?.(JL)) ,

and one checks that the differentials coming from the Grothendieck connection
on each side are the same. That is,

1 ff PN 51
vl = dg ., ®1+13'V.

PROPOSITION 4.6. For a Lie algebroid L over R as above, the cohomology
of (CCaH,L7.(Caﬂ"L@R1 JL), 1Vaﬁ) is concentrated in degree 0, where

H (Conro o (CF4 B, JL), '9T) 2 Ly ().

Proof. Taking the inverse of (3.15) we obtain a morphism

CL (R) = Chr, o(JL)'Y < Chr, o(JL)

poly
that extends to a morphism
(4.8)
(Cpoty(R),0) = (Qpar.e o, (2 (R1)BR,Cryo(JL)) ,da g, ® 1410 1V).
We will show that it is a quasi-isomorphism. To this end we make use of the

identification R*’ = § ® R given in Lemma 4.3. The right-hand side of the
extended morphism becomes

(@ (2"(R1)Er,Cryo(JL)),ds @ 1+18'V).

Using a filtration argument together with a suitable version of Poincaré’s
Lemma for S, the previous complex is quasi-isomorphic to

(" (R1) @R, Cryo(JL), V).
It remains to show that for each p <0,
(" (R1) ®r, Cryp(JL),"V)

has cohomology in degree 0. Filtering this complex with respect to the J-adic
filtration and taking the associated graded complex one verifies that one ob-
tains

(Q(R) @, S(L7)*777,d),
where the differential d is obtained from the action of L on S(L*)®P*! by

contraction. Using again a suitable version of Poincaré’s Lemma one finds
that the resulting complex is indeed exact in degrees < 0. ]

THEOREM 4.7. For a Lie algebroid L over R as above, there is a quasi-
isomorphism of precalculi up to homotopy as in the following commutative
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diagram:

(R),du, [, |,U)— (Dpolycaff,L (Caﬁ’L®Rl JL), Iyaff 4 dm, [, ] U)

| |

(CL 1 (R), by, L, M) (Cpanr J(C*TE@ R, JL), 'V + by, L,N)

L
(Dpoly

the vertical arrows denoting the contraction and Lie derivative.

5. Globalization of Tsygan’s formality in the
Lie algebroid framework

The present section is devoted to the proof of Theorem 1.3. We first briefly
review some basic facts on Lyo-algebras, L..-modules and related morphisms.
This is discussed in [4, §6] for L.,-morphisms. Here we add a discussion on the
descent procedure for L.,-modules over L..-algebras and related morphisms.

Then we add a short excursus on Kontsevich’s and Shoikhet’s formality
theorems. We focus on the main properties of both formality morphisms,
without delving into the technical details of their respective constructions.

Finally, we give the main lines, along which the globalization of Tsygan’s
formality can be proved. The proof is a combination of the properties of
Kontsevich’s and Shoikhet’s Ly.-morphisms with the Fedosov resolutions from
Section 4.

5.1. Descent for Loo-algebras and Lo,-modules. We discuss a series of de-
scent scenarios for L..-algebras, L..-modules and related morphisms, which
are modelled after the formalism for descent of differential forms in differential
geometry. The verification of the results in this section are along the same lines
as [2, §87.6, 7.7]. To clearly separate all the various cases we have numbered
them.

(1) To start it is convenient to work over an arbitrary DG operad O with
underlying graded operad 0. (Thus, we forget the differential on O.) Assume
that g is an algebra over O and consider a set of O-derivations (ty)ves of
degree —1 on g. (s is an index set, without any additional structure.) Put
L, = dgty + t,dg. This is a derivation of g of degree 0 that commutes with d,.
Put

(5.1) g ={weg|WWwes: ,w=L,w=0}.
It is easy to see that g° is an algebra over O as well. Informally we will call
such a set of derivations (i, )yes an s-action.

(2) Assume that M is a g-module, and assume that s also acts on M,
in a way compatible with the action of s on g; i.e., a general element v of s
determines an operator ¢, on M, such that Leibniz’s rule holds true for the
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operations 5(n)® (2" ' ® M) — M. Again, we set L, = dasty+tpdas, which
is a derivation of degree 0 on M compatible with the derivations L, on g, das
being the differential on M.

(3) The above constructions apply, in particular, if g is an L.-algebra.
Assume that it has Taylor coefficients @,,, n > 1. Then L, is defined by means
of dg = @1, and the derivation property of ¢, reads as

(5-2) Ly (Qn(xlu oo 7$n)>

n

=1
= Z(—l)zi:l |x3|+an($1’ oy, Tp), i E€G, J=1,...,n.

1=

—_

Under these conditions the Lo-structure descends to g°.

(4) Similarly, if M is an L..-module over g defined by Taylor coefficients
R, then the compatibility condition is

Ly (Rn L1y - 7xn7m))

i—1 .
— Z(—l)za':l |xj‘+ZRn(9:1, P TR e 1))

1=

1
+ (—1)2?:1 |xi|+"_1Rn(x1, coTpitym), mEM, x; €9, j=1,...,n.

If this holds true, then M* becomes an Ly,-module over g°.

(5) We also need descent for Lo,-morphisms. This does not immediately
fall under the operadic framework given in (1), (2) but it is easy enough to give
explicit formulae like (5.2), (5.3). Thus, assume 1) : g — b is an Lo-morphism
between L.-algebras with s-action. Under the following compatibility condi-
tion

(54)  toWn(@1,. .. 2n)) = znj(—nZ??l =Dy, (1 o s )

i=1
forzjeg, j=1,...,n, n> 1, descends to an Lo-morphism ° : g° — b*.

(6) Let ¢ : g — b be a morphism between L.-algebras with s-action such
that the descent condition (5.4) holds, and let N be an L.,-module over b
equipped with a compatible s-action. Let Ny be the pullback of N along 1.
Then the s-action on Ny is compatible with the s-action on g.

(7) Now assume that g is an Loo-algebra and M, N are L.-modules over g.
Assume that all objects are equipped with an s-action and that the descent
conditions are satisfied.
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Assume that ¢ : M — N is an Lo,-module morphism. Then the condition
for ¢ to descend to an Lso-morphism M*® — N*® is
(5.5)

n S
to (a1, apym)) = S (=1) 2= Do ) g, m)

+ (—1)2?:1 |xi|+”4pn(a}1, ey T Lvm)
formeM, x;€g9, j=1,...,n, n>1.

5.2. Twisting of Loo-algebras and Ls-modules. We refer to [11, §2], for
a very detailed exposition of Ly.-algebras, L..,-modules and the associated
twisting procedures. See also [29].

Convention. We will work with infinite sums. We assume throughout that
the occurring sums are convergent and that standard series manipulations are
allowed. This will be the case in our applications.

If (g, @) is an Lyo-algebra, then the Maurer-Cartan equation is defined as

(5.6) fj

and a solution w € g is called a Maurer—Cartan element (MC element for
short). Below we will only use DG-Lie algebras and in this case (5.6) reduces
to the finite sum

1
dw + §[w,w] = 0.

An MC element defines a new “twisted” DG-Lie structure on g (denoted by
gw) with Taylor coefficients

Qun(z1,..., 2y Z Qnﬂ JWy Ty e ey Ty), N> 1.
a,_/

J

If g is actually a DG-Lie algebra, then twisting keeps the bracket but changes
the differential to

dy =dg + [w, -]

If b is another Lo, algebra, ¢ is an Loo-morphism from g to h and w is an MC
element in g, then

(5.7) => n'% ,w)

n>1

is an MC element in b.
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We may also twist 1 with respect to w, so as to get an Lo,-morphism 1/,
from g, to gy (), where

ww,n(xla'--a Z wn—ﬂ—] .,w,$1,...,$n), n21
\‘,_./
j>0 )
If M is an Ly.-module over a DG-Lie algebra with Taylor coefficients R,, and
w € g1 is an MC element, then we may define a twisted L, structure on M,

over g, by the formula

Ry n(21,...,2pn;m Z Rn_,_J JWy Ty ey Ty m), 1> 0.
H/—/

>0/
7= j

If g is a DG-Lie algebra and M is a DG-Lie module over g, then twisting keeps
the g-action on M but changes the differential on M to

do=d+uwe.

Twisting of modules is compatible with pullback. More precisely if ¥ : g — b
is an Loo-morphism, N is an Ly-module over h and w € gy is an MC element,
then we have

(5.8) (N, = (Np)ew-

If ¢ : M — N is an Lyo-morphism of DG-Lie modules over the DG-Lie algebra
g and w is an MC element in gy, then we obtain a twisted L.,-morphism
w : M, — N, which is defined by

(5.9) Con(T1,. ., Tpsm Z (pnﬂ e W Xy, T, N> L
]>0 j
5.3. Compatibility of twisting and descent. Assume now that g is a DG-
Lie algebra equipped with an s-action and that w € g; is an MC element.
Then s still acts on g, where we forget here about the differential: in fact,
the concept of an s-action only refers to the underlying Lie algebra structure
on g. However g° and g, will be different (as the Lie derivative L, for v € s
will be different).
If (M,R) is an L,-module over g that is also equipped with a compat-
ible s-action, then the s-actions on g, and M, are compatible provided the
following condition holds:

(5.10) R, (tyw,xa,...,xn;m) =0,z €9, i =2,...,n, n>2, m & M.
This condition is automatic if M is a DG-Lie module.
If ¢ : g = b is an Lo-morphism of DG-Lie algebras equipped with an

s-action and the descent condition (5.4) is satisfied for 1, then an easy com-
putation (see, e.g., [2, §7.7]) shows that the same descent condition will be
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satisfied for v, if the following condition holds:
(5.11) Un(tyw, o, ..., xy) =0, z; €9, 1 =2,....,nSES n>2.

Furthermore, if in this setting N is an L.,-module over h with compatible
s-action such that the compatibility condition (5.10) holds, then the corre-
sponding condition will hold for Ny,.

Similarly, if we have an Lo.-morphism ¢ : M — N between DG-Lie mod-
ules over a DG-Lie algebra g such that g, M, N are equipped with compatible
s-actions in such a way that the descent condition (5.5) holds for ¢ then the
same descent condition will be satisfied for (,, if the following condition holds:

on(tyw, T2, ..., xy;m) =0, me M, z; €9, i=2,...,nn>2, sESs.

5.4. Kontsevich’'s and Shoikhet’s formality theorems. In this brief section,
we quote (without proofs) Kontsevich’s and Shoikhet’s formality theorems,
along with the relevant properties, which we will need later in the proof of
globalization results.

We consider the algebra F' = k[x1,...,xz4] of formal power series in d
variables over a field k containing R.

To F, we associate the DG-Lie algebras (Tpo1y (£),0, [, ]), resp. (Dpoly (F),
dg, [, |), of formal poly-vector fields, resp. formal poly-differential operators,
on F; further, we consider the DG-Lie modules (Qp, 0, L), resp. (Co(F), by, L),
over (Tpoly(£),0,[ , 1), resp. (Dpoly(F),du, [ , ]), where Qp denotes the con-
tinuous de Rham complex of F' with de Rham differential d, and C’\.(F) is the
continuous Hochschild chain complex of F'.

The following is Kontsevich’s celebrated “formality” result.

THEOREM 5.1 ([16]). There is an Loo-quasi-isomorphism
Uu: (Tp01y(F)707[ ) ]) — (Dp01y(F)7dH7[ ) ])7

enjoying the following properties:
(i) The first Taylor coefficient of U coincides with the Hochschild-Kostant—
Rosenberg quasi-isomorphism (of DG-vector spaces)

HKR(33, A+ A 9;) = (—1) 5 L Z
P,
from (Tpory (F),0) to (Dpoly( ), du).
(ii) If n > 2, and 7v;, i = 1,...,n, are elements of poly( ), then
Un (71, y7m) = 0.

(iii) If n > 2, 71 is a linear vector field on F (i.e., an element of gly), i,
i=2,...,n are general elements of Tyory (F), then

o<1) - ® 8ia(p)

Z/[n(’Yl,’}/Q, st 7’771) = O



CALDARARU’S CONJECTURE AND TSYGAN’S FORMALITY 893

By composing the action L of Dyl (F) on Co(F) with the Loo-quasi-
isomorphism U from Theorem 5.1, 5.(F ) inherits an Lo,-module structure
over the DG-Lie algebra (Tpoly (F'),0,[ , ]).

The first part of the following theorem was a conjecture by Tsygan [25],
which was proved by Shoikhet in [20]. The second part was proved in [11].

THEOREM 5.2. There is an Loo-quasi-isomorphism

—~

S : (Ce(F),by,Lold) — (Qp,0,L)
of Loo-modules over the DG-Lie algebra (Tpory(F),0,[ , |), enjoying the fol-
lowing properties:

(i) The 0-th Taylor coefficient of S coincides with the Hochschild-Kostant—
Rosenberg quasi-isomorphism

1
HKR((aol---|ap)) = Haodal -+~ day
from the DG-vector space (Co(F),by) to the DG-vector space (Qp,0).
(ii) If n > 1, v1 is a linear vector field on F, ~v;, i = 2,...,n are general

elements of Tyoly(F') and c is a general element of Co(F), then

Sn(Y1s- -y m;c) =0.

5.5. Formality theorem in the ring case. This section is devoted to the
proof of a Tsygan-like formality theorem in the case of a Lie algebroid L over a
k-algebra R, such that L is free over R of rank d. The proof combines Shoikhet’s
Formality Theorem 5.2 with the Fedosov resolutions from Section 4.

THEOREM 5.3. Assume R C k. For a Lie algebroid L over R as above,
there exist DG-Lie algebras (g¥,d;, [, ]:), DG-Lie modules (m¥,b;, L;) over g,
i = 1,2, and Loo-quasi-isomorphisms g, from g} to gb and &1 from m¥ to
m¥ that fit into the following commutative diagram:

b1
(5.12) L, (R} g} —“> g} <DL (R)
Lé L1é L2§ Lé
QL (R)——m} <2 mf «<—CL | (R)

such that the induced maps
Toory (R) = H*(Dyory (R), du), H*(Cpopy (R), bu) — QF(R)

poly poly poly

on (co)homology coincide with the respective HKR-quasi-isomorphisms. The
morphisms indicated by hooked arrows are actual quasi-isomorphisms of DG-
Lie algebras and DG-Lie modules respectively.
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Proof. The first step in the proof of Theorem 5.3 may be borrowed from [4,
§7.3]. Namely, we consider the following graded vector spaces:

oG Ty (F) 2 Tygry s ("B,
CCOONLL@Dpoly (F) ~ D Creoord, L (Ccoord,L®F)’
d,L> ~
CCOOI“ ®QF = QCCOOtd,L@F/Ccoord,L 9
Ccoord,L@C. (F) o~ CCcoord,L7. (Ccoord,L®F)?

where 6Ccoord,L’.(CC00rd’L®F ) denotes the C°°°"dL_relative Hochschild chain
complex of the DG-algebra C©"bLGF (Recall that the DG-algebra C¢°°rdl
was introduced in Section 4.3.)

The Maurer—Cartan form on C°°"4L@ F introduced in Section 4.3 defines
a twisted differential d, = d + w on the listed graded vector spaces and as
explained in Section 5.2 d,, is compatible with the respective DG-Lie algebra
and DG-Lie module structures.

Thus, formal geometry provides us with the following DG-Lie algebras
and respective DG-Lie modules:

(Tpory ceoorar (CMLRF) dy, [L 1), (Dpoly.ceoorait (COUVERF), dy, + du, [, )

e 3

du, L) (Coconnan (COULEF), dy, + by, L) .

poly,

<Qccoord,L§F/Ccoord,L bl

We repeat that, viewing all DG-Lie algebra and DG-Lie module structures
above as Lo-structures, the differential d,, is the twist of the standard struc-
tures with respect to the MC element w of

Ccoord7L®Der(F) . TI())Oly,CCOOYd’L (CCOOI.d,L/@F).

The Lso-quasi-isomorphism U of Theorem 5.1 extends C°°*dL linearly to
an Ly,-quasi-isomorphism

Z/{L : (Tp01y7Ccoord,L (CCOOI‘d,L@F)’ d, [ 5 ])
- (DPOB’,CCOOM’L (Ccoord,L®F), d +dg, [ ) ]) ’

The composition of the DG-Lie action L of D}, ceoora, (C' coord, LR ) on
é\Ccoord,L’.(Ccoord’L@F ) with the Lo,-quasi-isomorphism U7, endows the latter

graded vector space with a structure of Ly,-module over the DG-Lie algebra

Toly,ceoora.r (C coord, L ) which is obtained by C®*%L_base extension of the

corresponding Log-module structure of C, (F') over Tyory (F).
Accordingly, the L,-quasi-isomorphism & of Theorem 5.2 extends to an
Lo-quasi-isomorphism of L,-modules

S+ (Coromar o(CEGF), d + by, LoUp ) — (0

both viewed as Lo.-modules over T polyccoord,L(C’COOYd’L@F ).

Ccoord,L@F/Ccoord,La d7 L) 9
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As outlined in Section 5.2 we may apply the twisting procedures for
Loo-algebras, Lo,-modules and Ly,-morphisms to the present case, where the
MC element is the Maurer—Cartan form w. Thus, we get an Lo-morphism Uy,

UL,OJ . (Tpoly’Ccoord,L (CCOOI‘d,L@F)’ dUJ?[ 9 ])
— (D Ccoord,L(Ccoord’L®F)v dw + dHa [ ) ]) 3

where here and below we used Property (ii) of Theorem 5.1, which yields
that the MC element U (w) equals w. The Lo-morphism Uy, ,, yields an Loo-
module structure on Cccoord,L’.(Ccoord’L ®F) over the w-twisted DG-Lie algebra
Tpoly7ccoord,L (CCOOHLL@F).

Translating (5.8) to the present case, we have

poly,

(Cicoorar o(CERF), dyy + by, Lo Up, )
= (Coommar o (COERF), d + by, Loly)
from which we get an Ls.-quasi-isomorphism
St (Coeoorar o(COUYRF), dy + by, Lo Uy )
— (Q

Ccoord,L@F/Ccoord,L 1) dw, L)

of Ls,-modules.
Using the isomorphism (4.2) we obtain isomorphisms of DG-Lie algebras
and respective DG-Lie modules

(Tyo1y ceoomar (COYEREF), duy, [, ])

~ (Tpoly7CCoordyL(Ccoord,L®R1 JL), lvcoord’ [ ])’
(Dpoty.ceoorar (COMERF), dy, + dm, [, 1)

2 (Dot ceoora.r (COU V@, JL), 'V 4 dy, [, ]),

(QCcoord,L®F/Ccoord,L ) dw; L)

~

= (Qcmrd,L@ 1y JL/Ceoord. L
(Coroomar f(COEEF), dy, + by, L)
2 (Cpeoorat o(COM LG g, JL), 1V 4 by, L)
an Lo,-morphism
yoerd . (Tpoly,ccoord,L (Cordlg e gy, Tyeoerd [ D
N (D Ceoord (Ccoord,L®R1 JL), tweeerd 4 qu T D :

1 vcoordy L) ,

poly,

which yields an L.,-module structure on accoord,L’.(Ccoord’LgeS Rr,JL) over

Tpoly’ccoord,L (Ccoord7L®R1 JL) y
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and finally an Ly,-morphism
Szoord . <accoord,L7.(Ccoord’L®R1 JL), 1vcoord + bH, Lo uioord)

1 d
— (Qcooord,L®F/Ccoord,L7 VCOOT 7L> .

We recall from Section 4.3 that there is a rational action of GLg(k) on C¢°rd:L
extending in a natural way to a (topological) rational action on all DG-Lie
algebras and DG-Lie modules above. The previous actions determine infinites-
imally actions of gl;(k) on all DG-Lie algebras and DG-Lie modules considered
so far in the sense of Section 5.2.

The Loo-morphism U, descends with respect to the action of the set
s = gly(k) (using the notation of §5.2), because the descent condition (5.11) is
satisfied as a consequence of Property (iii) of Theorem 5.1 and of the verticality
property (4.5) of w.

Similarly, Property (ii) of Theorem 5.2, together with the verticality prop-
erty of w, implies that S, descends with respect to the action of gl;(k) (see
§5.3). Summarizing all arguments so far, and because of the compatibility of
the GLg4(k)-action with the isomorphism (4.2), we get Loo-morphisms

(Uzoord)gfd(k) . (Tp01y7ocoord,L (Ccoord,LgéR1 JL), 1Vcoord7[ : ])gld(k)

coord,L > coor aly(k)
— ( Doty eoomar (COV G R, JL), 'V +dy, [, ])7

and

—~ P l4(k
(Sclzloord)g[d(k) . (CCCOOWLL’.(Ccoord,L®R1 JL), lvcoord + by, Lo uioord)g a(k)

(k)
1 d glg
— (QCcoord,L®F/C’coord,L 9 VCOOr s L) .

Repeating almost verbatim the arguments at the end of [4, §7.3.3], there are
obvious isomorphisms of DG-Lie algebras and DG-Lie modules

(Tyoty camr (C*H @R, JL), 'V [ ])

p
o~ I,k
= (Tpoly’ccoord,L (CCoord,L@R1 JL), 1Vcoord7 [ 7 ])9 a(k) 7

(DPOIY:CaH’L (Caff’L@Rl JL)) 1vaff + dH) [ ) ])
=~ (Dpoly,ccoord,L (C’Coord,LEéSR1 JL), 1vcoord + dH,[ ’ ])g[d(k) :

1aff
(QCaH,L@F/CaH,L, % aL)

~

== (QCcoord,L®F/Ccoord,L7
(C\CaH,L7.(CaH7L®RI JL), Lyaff | b, L>

1 vcoord7 L) gla(k) ’

C. ® k
2 (Cipeoman o(C LG g JL), Pveeord oy 1))
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We now set

g% = TPOIY,Caff’L (Caﬁ7L®R1 JL), gg = Dpoly,Caff’L (CaH’L®R1 JL),

mf = QCaH,L®R1JL/CaH,L, m% = CCaFf,LJ(Caﬂ"L@Rl JL),

and Uy = L{fﬂ, 6L = S%H. Combining all the results so far, we get the
commutative diagram (5.12), and to prove the claim, it remains to show that
Uy and &y, are Loo,-quasi-isomorphisms.

The proof of the fact that {7, is a quasi-isomorphism can be found in [4,
§7.3.4]. The proof of the fact that &, is a quasi-isomorphism is dual. We will
now sketch it.

The Loo-morphism &y, is obtained from Sy, using the isomorphism (4.2)
and by (5.9) the Taylor components of S, are given by

1
Stwn(V1,-- M) = Z ESL’ner(w’ e WYLy e Y C),s

m>0 """ m

’7’5 (S Tpoly,Ccoord,L (CCOOI‘d,L@F)’ [AS CCcoord,L7.(Ccoord7L®F)-

d, L d, L
Tpoly,ccoord,L (CoordLZF), Dpoly,ccoord,L (Ceoord L By, QCCOM&L&F/CCOW,’L and

é\ccoord,L7.(CC00rd’L®F ) are bi-graded complexes. The first degree is the nat-
ural degree coming from C®°'%L while the second degree is associated to
poly-vector degree, (shifted) Hochschild degree, (negative) form degree and
(negative) Hochschild degree respectively.

The component Sy, 0 can be written into a sum

1
—Sp(w,...,w;c).

SL,w,O(C) = Z

n>0 n
The grading property of the Ly,-quasi-isomorphism & of Theorem 5.2 implies
that the component ST, o of S0 indexed by n has bi-degree (n, —n).

Dualizing [4, Lemma 7.3.2], and using Property (i) of Theorem 5.2, we get
the following commutative diagram of graded vector spaces:

(5.13) CL  (R) = CeoodLZ T, (F)
HKRl lsg,w,o

QL (R)C Ccoord,L@gF’

where the morphism HKR on the left vertical arrow was defined in Theo-
rem 3.9.
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The twisting procedure and the descent procedure by the isomorphism (4.2)
produce the commutative diagram

Céoly (R)(—> 6(\Cafva,o (Caﬁ’L®R1 JL)

HKRl lG%,o

QL(R)(—> QCaE,L@Rl JL)Caff L
out of the commutative diagram (5.13); the anve bi-gradings naturally trans-
late into bi-gradings on QC’aH’L@F/CaH’L and CCaH,L7.(CaH.’L®F). The compo-
nent &z is a sum of terms &} ;, n > 0, of bi-degree (n, —n).

We now prove that the morphisms & ¢ and GOL’O coincide at the level
of cohomology. For this, we consider on the double complexes €2 .q, LEF/Catt L

and aCaH,L’.(CaH’L@SF ) the filtration with respect to the second degree. Then,
the corresponding spectral sequences degenerate at their first terms, because of
the results of Sections 4.5 and 4.6, and the resulting complexes consist of single
columns (QY(R),0) and (Céoly(R),bH). Thus, the respective second terms of
the spectral sequences coincide with QF(R) and with H'(leoly(R), br). Since
both spectral sequences degenerate at their first term (i.e., the cohomology
with respect to the first degree is concentrated in degree 0), & ¢ and 6%70
obviously coincide at the level of cohomology, and this ends the proof. O

5.6. Functoriality property of Theorem 5.3. We consider two Lie alge-
broids (L, R), (M, S) as above.

Definition 5.4. An algebraic morphism from (L, R) to (M, S) consists of
a pair (¢,)\), where (i) A is a k-algebra morphism from R to S and (ii) ¢ is
a Lie algebra morphism from L to M, enjoying the following compatibility
properties with respect to the corresponding anchor maps:

AIU(F)) = L)A)), 6l = Ar)eQl), re R, L€ L.

The universal property of the universal enveloping algebra of a Lie alge-
broid yields, for any algebraic morphism ¢ = (¢, A) from (L, R) to (M, S), a
Hopf algebroid morphism ¢p : Ug(L) — Ug(M). Thus, (¢, A) defines a mor-

phism ¢p of B-algebras from Déoly(R) to D%ly(S ). In particular, it restricts
to a morphism of Gerstenhaber algebras up to homotopy.
Further, the algebraic morphism ¢ defines a morphism @7 : TpLOly

Té\gly(S ) by extending (via the S-linear wedge product) the assignment

(R) —

or:SQrL— M:s®pl— sl(l).

Since (¢, \) preserves the anchor map and Lie bracket, we have a morphism of

Gerstenhaber algebras from TpLOly (R) to Té‘gly(S ).
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PROPOSITION 5.5. We assume (L, R), (M, S) to be Lie algebroids over R
and S respectively and p = (£, \) to be an algebraic morphism between them as
in Definition 5.4. We further assume that the morphism

or:SQpL—M:s®prl— sl(l)

is an isomorphism of S-modules.
The morphism (¢, \) determines a morphism of DG-algebras

(QF(R),dr) 2 (QM(S),dw)
that satisfies
(5.14) pa(yNw) =pr(y) Nea(w), 7 € Thyy(R), w e QF(R),

and a morphism of algebras

py:JL = JM
that satisfies
(5.15) Ma(E)) = () (¢pp(E)), o € JL, E € Ur(L),
(5.16) es("Via) ='Vypes(a), a € JL, 1€ L,
(5.17) 0s(Via) =*Vpes(a), a € JL, 1€ L

and that commutes with the algebra monomorphisms o, i = 1,2 (see §3.1.4).

Proof. Since 7 is an isomorphism of S-modules, we define g on L-differ-
ential forms on R via

wa(r) = A(r), ea(l*)(sl(l) = sA(l*(l)), re R, s€ S, leL, "€ L",

and we extend it to QF(L) by R-linearity and by multiplicativity with respect
to the wedge product.

To prove that ¢q intertwines dy, and djy, it suffices to verify the claim on
R and L*. In the first case, we have

pa(dr(r))(st(l)) = sA(dL(r) (1)) = sA((r))
= sl(D)(A(r)) = st(D)(pa(r)) = du(pa(r))(s(l))

for a general element r of R, s of S and [ of L, while in the second case we
have

po(dpl™)s1(l1), s2(12))
= s152A(d 0" (11, 12))
= 5152A (L1 (1" (I2))) — s152A(l2(17(1))) — s152A (17 ([11, 12]))
= s10(11) (s2) A" (l2)) + s152L(11) (A(I"(12)))
= 52L(l2)(s1)A(I"(l1)) — s152£(l2) (A(I" (1))
— 510(l1) (52)A(I"(I2)) + s2€(12) (s1) A" (11)) — s152A (17 ([11, 12]))
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= (s10(11)) (pa(l")(s2£(l2))) — (52£(12)) (pa(l*)(s1£(11)))
—pa(l*)(s1€(11)(s2)€(l2) — s2£(12)(s1)€(l) + s1s2€([l1, l2]))
= dar(pa(l%))(s1€(l), s2£(12)).

By compatibility with wedge products, it suffices to prove (5.14) for v in R or
in L, and for a general w. We check exemplarily the claim for v =1 € L, i.e.,

eallNw)(s1l(lr),-..,spt(lp)) = s1- - spA((INw)(la, ..., 1))
=51 spAw(l, l, ..., 1))
= pa(W) (), s1ll), - -, spt(lp))
= (pr() N pa(w))(s1l(l), - . -, spl(lp))-

We now define the morphism ¢y on JL. For a general element « of JL, we set
pr(a)(s) = sA(a(1)), ps(a)(sb(lr)---L(lp)) = sA(a(lr 1)), s €S, l; € L.

It is sufficient to define ¢; on such elements of Ug(M) since, being ¢r an
isomorphism of S-modules, a general element of Ug(M) is a sum of elements
of the form

(51€(11)) -+ (spl(lp)) = s1€(l1)s2L(l2) - - - spl (1)
= 51(£(11)(s2))l(l2) - -~ spl(lp) + s1520(11)E(l2) - - - spl(lp) = - -+,

where the product has to be understood in Ug(M).

Since @p is defined by extending A and ¢ in a way compatible with the
Lie algebroid structure of Ur(L), (5.15) follows immediately.

As for (5.16), it suffices to check the identity on R and on elements of
Ug(M) of the form sé(ly)---£(l,). In the first case, for s € S, | € L, we have

("Veaypa(a)) (s) =
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As for the second case, for o € JL, I,l; € L, i =1,...,p, s € S, we have

("Veayps(a)) (st(ly) -+ £(1p))
= L(1) () (sb(lr) -+ £(lp))) — e () (L(l)st(ly) - - - £(Lp))
= L) (sl -+ 1)) — pa(a)(E(1)s(l ) U(1p))
= L) (s)Ma(ly- -1
—@y(a)(l(l)(s)t l1) (1
= sA(l(a(l1---1p))) — sA(a)(Uy ---1p)
= s('Via)(st(l) - - £(Lp)).

The identity (5.17) as well as the compatibility with oy, i = 1,2 are verified
by similar computations. O

Assume now that ¢ = (¢,\) : (L, R) — (M, 5) is as in the previous lemma
and that o7 : S ®r L — M is an isomorphism. As always we assume that L
(and hence M) is free of rank d. Looking at associated graded objects we see
that the extended map

(5.18) S1®p, JL— JM : s ® a— spj(a)

is an isomorphism. Hence any R;j-linear differential operator on JL can be
extended to an Sp-linear differential operator on JM. We use this to define a
map

©p : DRl(JL) — DS1 (JM)

and a corresponding map of By-algebras
(5.19) ¢D : Dyoty,r, (JL) = Dpoly,s, (JM)

such that the following diagram is commutative

YD
(520) Dgoly(R) - D%ly(s)

1 1

Dyoly,r, (JL) T en Dypoly,s, (JM),

where the vertical monomorphisms have been defined in (3.12).

An easy computation shows that ¢p in (3.12) commutes with the action of
the Grothendieck connection ['V, —]. Tt follows by the discussion in Section 3.3
that if we take the invariants for [V, —] of the lower line in (5.20), we obtain
the upper line.

We extend ¢ to a map of graded vector spaces

PpC - é\R,O(JL) — é\S,O(JM) Qo 90](011) Q- ® @J(an)’
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which is again essentially just base extension over S/R. This map obviously
commutes with the Grothendieck connection !'V. We obtain a map of pairs of
graded vector spaces

(¢D, ¢c)  (Dpoty,R(JL), Cre(JL)) — (Dpoty,s(JM), Cre(JL)),

and as this map is just base extension over S/R, it is compatible with all
structures defined in [7] hence, in particular, with the DG-Lie algebra and
DG-Lie module structures and also with the precalculi up to homotopy.

Taking invariants for 'V and using (3.16) we obtain a commutative dia-
gram of precalculus structure up to homotopy:

(R),dm, [, ],U) —"> (DM _(S),du, [, ,U)

é é

(CLy(R), bu, L,N) (CM _(S), by, L,N).

poly poly

(D[[)/oly

One also obtains from Proposition 5.5 a commutative diagram of precalculi:

(T

poly

(R),0,[, ],U) == (TM.(5),0,[, ],U)

poly

é é

(QF(R),0,L,N) — (QM(S),0,L,N).

Furthermore, from (5.18) and the universal property of coordinate spaces (see
(4.1)) we obtain an R-algebra morphism from R4l to GeoordM Tt ex.
tends further to a morphism of DG-algebras from CrdL to C0ord:M thanks
to (5.16) and the fact that ¢q is a morphism of DG-algebras from QF(R) to
QM (s).

Finally, the algebraic morphism (¢, \) induces precalculi morphisms (up to
homotopy) between all corresponding Fedosov resolutions, since the monomor-
phism as and the connection 2V, which are needed in the construction of the
Fedosov resolutions of Section 4 (we refer to [4] for more details thereabout),
have been proved to be preserved by (¢, \).

As a consequence of these arguments, we deduce the following theorem,
which expresses the functoriality properties of the commutative diagram (5.12)
of Theorem 5.3.

THEOREM 5.6. For a general algebraic morphism ¢ = (¢, \) from (L, R)
to (M,S) as in Definition 5.4, which induces an isomorphism S @ L = M
of S-modules, and such that L is free of rank d, the Loo-quasi-isomorphisms
Up, Uy, 61 and Gy of DG-Lie algebras and DG-Lie modules fit into the
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commutative diagram

)1
(5.21) Tl (R)C gf —> gk Dl (R)
@Tl @Ti @Dl sODl
U
T () g}l —> g} oD ()
Lé Llé Lgé Lé
QM (§) s md Tl OO, (S)
‘PQT mT wT @JT
S
QL(R)C mf = m% )Céoly(R)a

where we have borrowed notation from Proposition 5.5; all such morphisms are
compatible with respect to the composition of algebraic morphisms between Lie
algebroids.

Note that Theorem 5.6 makes no reference to the (homotopy) precalculus
structures that we discussed above; we will need these below.

5.7. Proof of Theorem 1.3. We now collect the results of Sections 5.5 and
5.6 to give the proof of Theorem 1.3, via a well-suited gluing procedure.

We consider a ringed site (X, ) and a sheaf of Lie algebroids £ such
that L is locally free of rank d over O. We replace X by its full subcategory of
objects U such that £L(U) is free over O(U). This does not change the category
of sheaves.

All sheaves of DG-Lie algebras and DG-Lie modules in the commutative
diagram (1.7) are obtained by sheafifying the corresponding presheaves of DG-
Lie algebras and DG-Lie modules; i.e.,

U— T 0w), U- DAY ow)),

poly poly
U - QO ©0W)), Uil o).

Since L is locally free of order d over O, for a morphism V — U in X, the
corresponding restriction morphism (O(U), L(U)) — (O(V),L(V)) yields an
isomorphism
O(V) ®@ow) LU) = L(V).
Thus, any restriction morphism as above may be viewed as an algebraic mor-
phism between Lie algebroids, satisfying the isomorphism property of Theo-
rem 5.6.
If we then consider the DG-Lie algebras and DG-Lie modules

U—gr Um0 =12,
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Theorem 5.3 produces, for any U in X, Leo-quasi-isomorphisms iy and
& vy that fit into a commutative diagram (5.12). By Theorem 5.6 these are
actually morphisms of presheaves.

Sheafifying all presheaves and morphisms between presheaves concludes
the proof.

6. The relationship between Atiyah classes and jet bundles

In the present section we review some technical results from [4, §8], to
which we refer for more details. We need only the main notation and conven-
tions for use in Section 7.

For a field k of characteristic 0, we consider a sheaf £ of Lie algebroids
over a ringed site (X, O), which is locally free of rank d over O.

We have a short exact sequence of O1-Os-bimodules

0= L= JL—O =0,

where O;, i = 1,2, denotes a copy of O embedded in JL via the monomor-
phism «; and where J'£ was introduced in Section 3.1.4.
For a general O-module &, tensoring over O3 yields a short exact sequence

0H£*®OE—>J1E®O25—>E—>O,

which we will call the £-Atiyah sequence. The £-Atiyah class Az () of € over £
is the extension class of this sequence in Exty (€, L* ®p £). As explained in
Section 1.1, if £ is a vector bundle, the i-th scalar Atiyah class az;(€) of £ is
defined as

(6.1) aci(€) = tr(f\ AE(E)) S H(X/\E)

Below we will only consider the case £ = L. In that case we simplify the
notation to

A(L) = Ac(L),  ai(L) = aic(L).

Observe that the a;(£) are cohomology classes. We now outline how we may
realize them as explicit cocycles.

By the very construction of C°°"%£ and C?f:£ there are natural mor-
phisms of DG-algebras
(6.2)

Q£2 (X)(_€> Caﬂ,ﬁ@ol QJE/Ol (G Ccoord,lﬁ@ol QJE/Ol ~ Ccoord,E@QF )
The differentials on the first three DG-algebras are the natural ones (see §4.3).

The differential on the fourth DG-algebra is d+L, for a certain MC element w €
r (X , 0" LG Der(F )) and d the natural differential. See again Section 4.3.
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The MC element w can be expressed as
W= nawa,’iaxia i=1,... 7d7

where 74 is in C°"%% and has degree 1, Wa,i belongs to F' and 0,, = 0/0x;.
If we define = to be the matrix with entries

(6.3) Eij = Nadp(Or,wa,) € T (X,COM@0R)
where dp is the de Rham differential on Qp, then on the nose, we have
Tr(E") € I' (X, @05 .
Furthermore, it is true that
(d+ Ly)(Tr(Z2")) = 0.

It is shown in [4, §8] that Tr(Z") is actually the image of a (necessarily unique)
element in T’ (X ,CLR0, Qg /01). Abusing notation somewhat we will still
write this element as Tr(ZE"). It is still a cocycle and in this way represents an
element of

Tr(E") € I(X, H*(C*80,Q2/0,))
that maps naturally to the hypercohomology

H*™(X, C*®0,Q./0,)-

Further, we observe that the injection Q%(X) LN CaH’L®OIQJ£/Ol of DG-
algebras is a quasi-isomorphism, as discussed in Section 4.5. Thus, 6 induces
an isomorphism

DH"(X,A"L7) = (X, Q5 (X)) =2 B(X, C*£80,Q.)0,).
The following identity is [4, eq. (8.8)]
(6.4) an(L) =H(0) ™ (Tx(E")), n>1,

which indeed expresses a,(£) in terms of the explicit cocycle Tr(Z").

7. Proof of Theorem 1.1

The aim of this Section is to prove Theorem 1.1, which implies Caldararu’s
conjecture (Theorem 1.4) as was outlined in the introduction.

For this purpose, we first remind the reader of the main result of [7] about
compatibility between cap products. We then prove a ring-theoretical global-
ized version of this result (compare to the proof of Theorem 5.3). By functo-
riality (see §5.6), we obtain the sheaf-theoretical globalization. Finally, using
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results of [7], we compute explicitly the isomorphism appearing in the compat-
ibility between cap products, which we identify with the action of the homo-
logical HKR-quasi-isomorphism followed by left multiplication by the square
root of the (modified) Todd class.

7.1. A memento of compatibility between cup and cap products. In this
section, we present a memento of the main results of [7], [4] concerning com-
patibility between cup and cap products respectively.

First of all, as before, F' is the algebra of formal power series in d variables
over the field k that is assumed to contain R for now. We recall the existence of
(homotopy) Gerstenhaber algebra structures on Tyory (F') and Dpely (F), which
together with Qp and Cy(F) yield (homotopy) precaleuli [7].

We recall also the Loo-quasi-isomorphisms U introduced in Theorem 5.1
and S introduced in Theorem 5.2. We denote by U,,, n > 1, resp. S, n > 0,
the n-th Taylor component of U, resp. S.

We further consider a commutative DG-algebra (m,dy). The precalcu-
lus structures on (Tpoly ('), Q2p) and (Dpoly (F ),Co(F)) can be extended by
m-linearity to precalculi

(Tpery (F), 2F) = (Tpoty (F)®m, 2p&m)

and
(D2 (F), C(F)) = (Dypolym(FEM), Com(FEM))).

Convention. Below we will work with potentially infinite series with coef-
ficients in m. We make the standard assumption that we are in a setting where
all these series converge and standard series manipulations are allowed. In our
actual application all series will be finite for degree reasons.

An MC element v of T, (F') can be written as a sum

poly
Y=r-1tntntreto,

where ~y; is an element of poly( ) of poly-vector degree i, i > —1, which
satisfies the Maurer—Cartan equation

1
dmy + 5[
We denote by U() the image of an MC element v as above with respect to U
(see (5.7)). This is again an MC element. Further, we set

v,7] = 0.

Z Z/[nJrl ---vaa,YI)v il ET‘oly(}?)
W—’

n>0 n

S’y,O() n|S( 7”'77;6)7666’\?(}7)‘
n>0
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Since Y and § are Ls-quasi-isomorphisms, U, 1 and S, are both quasi-
isomorphisms of DG-vector spaces.

THEOREM 7.1. For a general commutative DG-algebra (m,dy) as above
and for a general MC element v of S:)ly(F)v Uy1 and S, o descend to quasi-
isomorphisms of (homotopy) precalculi, fitting into the commutative diagram

Uy 1

( Soty (F), dm + [v, ], [ ]7U>4>( oty (F); dim + du + [U(7), 0], [ ]>U)

poly poly

é é

(Qn};,dm+L7,L,ﬂ) - (é\T(F)vdm+bH+Lu('y)vLam)

in the sense that U, and S, o preserve Lie brackets, Lie actions, cup and cap
products up to homotopy.

Kontsevich [16] first stated and proved that U, defines a quasi-isomor-
phism of Gerstenhaber algebras up to homotopy from I‘;}ﬂy(F ) to Dgoly(F )
in the sense specified above. We observe that the identity U, 1([y1,72]) =
[Uy1(71),Uny (72)] at the level of cohomology, for ; in T3¢y (F'), @ = 1,2, holds
true, because U is an Lo,-morphism. In particular, there is a homotopy oper-
ator describing the compatibility with Lie brackets, expressible in terms of the
Taylor components of U twisted by the MC element . On the other hand, the
identity Uy 1(v1 U y2) = Uy 1(71) UUy1(72) at the level of cohomology comes
from a more complicated identity up to homotopy. In this situation, the ho-
motopy operator is not expressible in terms of the Taylor components of U.
For an explicit description of the homotopy operator, we refer to [17], [4], [7].

The actual formulation of Theorem 7.1 was first proposed by Shoikhet [20]
as a conjecture in the particular case, where v is a (formal) Poisson structure.
This conjecture was first proved in [21] only in degree 0 and later in [6] for all
degrees. A more general result was stated and proved in [7], to which we refer
for more details. The identity SV,O(LM%I(’Yl)(C)) =L, (S,0(c)) at the level of
cohomology, for y1 in T%, (F), ¢ in é\‘,“(F ), is a consequence of the fact that
SL is an Loo-morphism of Lo-modules. (In particular, there is a homotopy
formula involving the Taylor components of U and S, twisted by ~.) The
identity Sy,0(Uy,1(71) Nc) = 71 NSy 0(c) at the level of cohomology holds true
in virtue of a homotopy formula, but the corresponding homotopy operator
does not involve the Taylor components of U4 and S: such an operator was
explicitly described in [7].

In Section 7.1.1 we briefly review the construction of the homotopy oper-
ator for the compatibility between cap products.

7.1.1. The homotopy formula for the compatibility between cap products.
For later computations, we write down the explicit homotopy operator for
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ao

Figure 1. An S-admissible graph of type (4,5).

the compatibility between the N-actions. Namely, for an MC element ~ as in
Theorem 7.1, for 71 a general element of T7, (F') and ¢ a general element of

C™(F), we have the homotopy relation

(7.1)
Sy0(Uyi(1) Ne) =11 NSy0(e) = (dm + Ly)HS (71, ¢) + HS (dmy1 + [, 71, )
+ (_1)|’Yl|7_[§(7h dme + bpe + Lu(,y)c),

where

1 [e)
(72) H§(717 C) = Z;) ﬁ Z WD,FSF(71> RS C)a

: S
1—‘egn+l,m+1 n

¢ being of Hochschild degree —m.

In (7.2), the second sum is over “S-admissible graphs” of type (n+1, m+1).
These are directed graphs with n + 2 vertices of the first type and m + 1
cyclically ordered vertices of the second type and with an orientation of the
outgoing edges from vertices of the first type, and with a special vertex of the
first type, labelled by 0. The vertices of the second type can be only endpoints
of edges, and S-admissible graphs do not contain edges starting and ending at
the same vertex; finally, the vertex 0 has only incoming edges.

To the vertex 1 of the first type of an S-admissible graph I' is assigned
the poly-vector field ;. The number of outgoing edges from 1 equals the poly-
vector degree of 1 plus 1. To any other vertex of the first type, except 0,
is assigned a copy of the MC element 7. To the i-th vertex of the second
type is assigned the ¢ 4+ 1-th component of the Hochschild chain ¢. Pictorially,
here is an S-admissible graph of type (4,5), with corresponding coloring by
poly-vector fields and Hochschild chains (see Figure 1).

The differential form Sr(v1,7,...,7,c) is defined explicitly in [20], [6], [7].

——
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More important for our purposes is the integral weight W p r, for a general
S-admissible graph of type (n+1,m + 1),

(7.3) Wpr = /ﬁ wp,T-
yn+1,m+l
o+
First of all, ,, ;1 41 denotes the codimension-1-submanifold (with corners)

of the compactified configuration space D" +1,m+1 of n+1 points in the punc-
tured unit disk D* and m + 1 cyclically oriented points in S!, consisting of
configurations of points, where the point labelled by 1 moves on a smooth
curve from the origin to the first point 1 (with respect to the cyclic order) in
S1. Graphically,

o+
Figure 2. A general configuration of points in Y, 1, 11-

In Figure 2, the dashed line represents the curve, along which the point
1 (labelled as “o”) moves. The differential form wp 1 associated to a graph in
Gs +1,m+1 18 @ product of smooth 1-forms on D;f +1,m+1- The basic ingredient is
a slight modification of the exterior derivative of Kontsevich’s angle function;
see [16], [7] for more details.

For the globalization procedure of the compatibility between cap prod-
ucts, we need the following technical lemma, which corresponds, in the present
framework, to Theorem 5.2(ii).

LEMMA 7.2. If I' is an S-admissible graph in g7§+1,m+17 n > 1, and at
least one of the poly-vector fields v;, i # 1, is linear on F', then

WD,FSF(’Yla Y25 Tnt1,s C) =0.
o+
Proof. The first point of the first type in Y, 4 ,,, 41, by the very construc-
o+
tion of Y, 11,11, moves from the origin 0 to the first point in ST with respect

to the cyclic order. To the former point is associated the poly-vector field ;.
Any other point associated to a vertex of the first type moves freely in the
punctured unit disk D*.

Without loss of generality, we assume 72 to be an m-valued linear vector
field. The valence (i.e., the number of outgoing edges) of the corresponding
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vertex of the first type is 1, while the linearity of «2 implies that there can
be at most one incoming edge to the vertex corresponding to 2. This follows
from the construction of the differential form Sr(v1,72, ..., Vn+1,0).
Thus, we may safely restrict to S-admissible graphs I', such that the vertex
2 has valence exactly 1 and with at most one incoming edge.
If the vertex labelled by 2 does not have incoming edges, the corresponding
(¢]

integral weight W p r vanishes by dimensional reasons. In fact, we integrate a
1-form (corresponding to the only outgoing edge from 2) over a 2-dimensional
submanifold (with corners) of D*.

If the vertex labelled by 2 has exactly one incoming and one outgoing
edge, we may apply [7, Lemma 6.1] to yield the vanishing of the corresponding

Weight WD,I‘- O

7.2. The proof of Theorem 1.1 in the ring case. We will first assume that
the ground field contains R. At the end of the section we will show how to get
rid of this restriction.

We consider a Lie algebroid L over R, as in Definition 3.1, free of rank
d over R. Then we set (m,dy) = (C°°"%L d), where d = dg @QRl 1+
1®QR1 dr, (see §4.3 for more details), and the Maurer-Cartan form w is an
m-valued vector field on F' obeying

Recoord, L

1
dw + §[w,w] =0.
By Theorem 5.1(ii) we have U (w) = w. Furthermore, one checks that by degree
reasons U, and S, yield finite sums when evaluated on specific elements. The
same goes for the associated homotopies. So the results of Section 7.1 apply.
Combining the arguments of the proof of Theorem 5.3 with Theorem 7.1
we get the following commutative diagram of precalculus structures up to ho-
motopy:
(7.4)
(Tpoly,caex (C*T L@ R, JL), VA [ ], 0)
Ur 1

(Dypory ot (CHHL@ R, JL), 1V + dy, [, ],U)

1vaff7 L, ﬂ)

(6Caff,L,.(caff’L6§Rl JL), 'V 4 by, L,0) .

Q e 12 .
( Cdff,L@leL/Cdff,L7
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The fact that {7 1 preserves the respective Lie brackets up to homotopy is a
consequence of the fact that Uy is an L.,-morphism; similarly, the fact that
S0 preserves the Lie module structure up to homotopy is a consequence of
the fact that & is an Lo,-morphism of L,.-modules.

On the other hand, &y, 1 is compatible with respect to the products labelled
by U up to homotopy by the results of [4, §10.1].

As for the compatibility between the actions labelled by N up to homotopy,
we first observe that the homotopy formula (7.1) is well defined in the case
(m,dy) = (C°%L d) and v = w, with the same notation as above. By the
same arguments as in the proof of Theorem 5.3 it remains to prove that the
homotopy operator (7.2) descends to a homotopy operator

,ﬁf : Tp01y7oaff,L (CaH’L®R1 JL) ® CCaH,Ly.(CaH,L@?Rl JL) — Qcaff,L®Rl JL/Caft, L

This holds true as a consequence of Lemma 7.2 together with the verticality
property of the Maurer—Cartan form w; see Section 4.3.

If we now couple the commutative diagram (7.4) with the results of Sec-
tions 4.4, 4.5 and 4.6, and using the same notation introduced at the end of the
proof of Theorem 5.3, we get the following commutative diagram of precalculi
up to homotopy

$r 1

(7.5) TL (R —=gb g5 D (R)
J/ l Gr.o \L i
QM (R)C m{ my 2Cly (R)-

The quasi-isomorphisms ;1 and & are obtained from Uz, 1 and Sp 0
respectively by means of the descent procedure. Since w is an m-valued vector

field in T3 (F) = gl for m = C°"%L ] we can use the results of [4, §10.1],

and [7, §6], to evaluate explicitly Uy, ., 1 and Sg . 0; namely,
(7.6) U1 =HKRo Lj(w)> SL,w,O = j(w) A HKR,

where

—_
—
—

7.7 j(w) = det = =,
" " J exp(3) - e (-5)

with Z as defined in (6.3). To interpret (7.7) one should expand the right-hand
side formally in terms of Tr(Z") and then substitute the expression for Z given
in (6.3). This yields an element of C&@0p of degree 2n. Thus j(w) is a
sum of elements in C4L @0k of even total degree.

By the discussion in Section 6 the element Tr(Z") € C°*4L@Or may be
interpreted as an element in C*1@p Q) /0, Via the inclusions (6.2). Hence
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the same holds for j(w). We keep the same notation for this reinterpreted
version of j(w).
We thus get the following formulae:

(7.8) Ur1 =HKRo Lj(w)> Gro= j(w) AN HKR.

7.3. Functoriality properties of the commutative diagram (7.5). The com-
putations in the proof of Proposition 5.5 imply the following theorem, express-
ing the functoriality properties of the commutative diagram (7.5).

THEOREM 7.3. For a general algebraic morphism (¢,\) from (L,R) to
(M, S) as in Definition 5.4, which induces an isomorphism S ®r L = M
of S-modules, and such that L is free of rank d over R, there exist quasi-
isomorphisms Uy, 1, Urr1, S0 and Sy, fitting into the commutative diagram
of precalculi up to homotopy

UL,IZHKROLJ'(WL)

(79) T;oly(R)( gf g% >Dll)/oly(R)
YT i YT l YD ¥$D i
Upnr,i=HKRor;(,, )
T (S)— g}’ 2 g5! >DJE(S)
L é Ly é Lo é L é
S,0=J(wa)AHKR
QM(s)C my! m3’ 2Cl ()
4] T Q T wJ T wJ T
GL’OZj(wL)/\HKR
QF(R)S my mj 2Cloy (R),

where we borrow notation from Proposition 5.5, and where wy, and wy, denote
the Maurer—Cartan form on C4L and CrSM respectively. The precalcu-
lus structures up to homotopy on (g7, m}), * = L, M, i = 1,2, are defined as in
Section 5.5. Moreover the implied homotopies are in a similar way functorial
for algebraic morphisms (¢, \) from (L, R) to (M, S) satisfying S @p L = M.

Almost all important objects appearing in Theorem 7.3 have already ap-
peared in Theorem 5.6, hence the functoriality properties extend to the present
situation. The commutativity of the upper and lower squares involving j(w)
follows from the compatibility of the inclusions (6.2) with the base extension
S/R. The functoriality properties of the implied homotopies are verified in the
same way. See [4, Lemma 10.1.1] for results on il ; and related homotopies. In
virtue of Lemma 7.2, the homotopy expressing the compatibility of &, ¢ with
cap products descends correctly on C** and the functoriality properties of
such a homotopy follow along the same lines of the functoriality properties in
Theorem 5.6, as the homotopy under consideration is expressed in terms of
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scalar combinations of poly-differential operators associated with graphs of a
certain type as the Lo.-quasi-isomorphisms of Kontsevich and Shoikhet.

7.3.1. Arbitrary base fields. We now briefly indicate how we may replace
k by a general field of characteristic zero. Our arguments depend on the exis-
tence of a number of explicit homotopies. These homotopies are constructed
as scalar linear combinations of poly-differential operators indexed by certain
graphs, where the scalars depend only on the corresponding graphs. For the ar-
guments to work the coefficients need to satisfy certain linear equations. These
equations have a solution over R (given that over this field we have homotopies
that work). Thus, they have a solution over any field of characteristic zero.

We will now be more specific. We refer to [4, §10.4] for what concerns Lie
brackets and cup products; here we concentrate on the compatibility between
cap products. We embed £ in a field K containing R. By virtue of [7, §6], U1
and S, are defined over Q and thus k& (while they are a priori defined over

o
R C K). Then observe that equation (7.1) is linear in the coefficients W p r of
’Hf . Since we already have a solution of these equations in R C K, we get one
in k by applying any projection K — k.

7.4. Proof of Theorem 1.1 in the global case. Let (X, Q) be a ringed site
and L be a locally free sheaf of Lie algebroids over O of rank d. We denote by
D(X) the derived category of sheaves of k-vector spaces over X. According to
the results of Section 3, transported to the framework of sheaves of k-vector
spaces, (Tlﬁ)ly(X)7 QX (X)) and (Dgoly(X), C}foly(X)) are precalculi up to ho-
motopy. Therefore, viewed as objects of D(X) they are genuine precalculi.

Additionally, the sheafification procedure can be applied to the commu-
tative diagram (7.9), in virtue of the results of Section 7.3 (using the fact that
the homotopies are functorial as well). If we further consider the resulting
commutative diagram of sheaves of k-vector spaces in the derived category

D(X), then using (6.4) we get the commutative diagram of precalculi

Tf)coly (X) gf
\‘\\\ HKR%‘N
HKROL;&(QIN QL (X) mf
. td(c)/ 2AHKR '
D5y (X) g5 \j(\w)/\HKR
C;l):oly(X) mé:v
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where all horizontal and vertical arrows represent isomorphisms in the derived
category D(X). Here td(L£) is the modified Todd class of £ that is obtained
by replacing the function ¢(x) in the definition of the Todd class (see (1.2)) by

~ X
q(x) - ex/2 _ o—z/2°

Hence at this point we have proved Theorem 1.1, provided that we replace the
Todd class by the modified one. To obtain the result for the ordinary Todd
class we follow the method of [4, §10.3]. We have

td(£) = td(L) det(eAE)/2)

_ (L) ()2,
In other words, it is sufficient to prove that (Le,al(a)/4, e@1(£)/4 —) defines an
automorphism of the precalculus (TpﬁOly (X), Q5 (X)).
Via the inclusions (6.2) together with (6.4), we may as well prove that
Tr(Z)/4 A 7)

(Le-m@)/a, €

defines an automorphism of the precalculus (C°"I&T, o, (F), O @0 ) or
equivalently that (trz), — Tr(Z) A —) act as derivations. The fact that 1z
is a derivation with respect to the cup product and Lie bracket was checked in
[4, §10.3]. So it remains to show compatibility with the cap product and Lie
derivative.

As Tr(Z) = Yo nadr(9w),) we first derive some identities for tq,; and
dpb A — with b in F.

First we claim

(7.10) dpb A (DN o) = —qm(D)No + (=1)IPHID N (dpb A o)

forbe F, D € Tyoly(F), 0 € Qp. If D = DU D5 and (7.10) holds for Dy, Do,
then it holds for D as well. To see this, note that

dpb A (D1 U Do) N o)
=dpbA (D1 N (DyN o))
(D1) N (DaN o)+ (—D)PIH D N (dpb A (Dy N o))
= —ta,p(D1) N (D2 N o) — (~1)PH Dy N g (Do) N
+(-1)
(

= —tapp(D1 U Do) N + (—1)P1YP2H (D U Do) 1 (dpb A o).

ID+P21 D A Dy 0 (dpb A o)

So we only have to consider the case where D is a function or a vector field.
The case that D is a function is trivial, so assume that D is a vector field. In



CALDARARU’S CONJECTURE AND TSYGAN’S FORMALITY 915
that case for the right-hand side of (7.10), we find

—tapp(D) Mo+ (=P DA (dpbA o) =Dbno —DbAo+dpbA (DNo)
=dpbA (DNo),

which is equal to the left-hand side of (7.10).
For the Lie derivative we use Lp = [dp, D N —]. It is clear that dr and
dpb A — commute. Using (7.10) we then compute

dpb ALpo = dpb A (dp(DNo) — (—=1)P*D N dpo)
= —dp(dpb A (DN o))+ (=D)Pldpb A (DN dpo)
= dp(taps(D) N o) + (—=1)Pldp(D N (dpb A o))
+ (—D)IPHL (D) Ndo — D N (dpb A dpo)
= Luy,,0(0) + (=1)PILp(dpb A o).

If 7 is an odd element in C°°'4, then tpdpbD = NtappD and LL,,deD(O’) =
LmdeD(U) = _nLLde(O'). Using this we find

Tr(E)A(DNo) = —ipz)(D)No+ DN (Tr(E) Ao)

and
Tr(E) ALpo = =Ly, o,p(0) + Lp(Tr(E) A o).

We conclude that (11y(z), — Tr(Z) A —) does indeed define a derivation of pre-
calculi.

Appendix A. Explicit formulae for the B,,-structure on
poly-differential operators

In this appendix and the next one we develop the precalculus structure
on L-chains over L-cochains up to homotopy. The results in these appendices
are provided for background and are not essential for the results in the body
of the paper.
goly(R) is naturally a Bso-algebra. This
means that the cofree coassociative coalgebra (with counit) T(V') is canonically
equipped with the structure of a DG bialgebra. The notion of Bs.-algebra
was introduced in [1]. However, we make use here mainly of the B.-algebra
structure given by braces [26], [14], to which we refer for more details; see

also [7, 8§81, 2].

The graded vector space V = D
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The corresponding associative product m on T(V') is uniquely determined
by its Taylor components myq : TP(V) ® TY(V) — V. We have mp, = 0 if
p # 1 and

(A1) m(D®(D1®: - ®Dg)) =D{D1,...,Dg}
= Z (—1) 21 IDel(ix—1)

1<iy < <ig<|DI+ 30021 [Dyl+1

<1®(i1—1) ® AlD1l ® 1®(i2—i1—|D1|-1) ® AlDzl R ® 1®(ig—ig—1—|Dg-1|-1)
@ AlPal @ 181D+ \Db|*iq))(D)
<1®(i1—1) ® Dy @ 1%2=i1=ID1l-1) ¢ D, & ... g 1®a—ig-1=[Dg-1]-1)

® Dy ® 120D+ |Db|7iq>)

for elements D, D;, i =1,...,q, of D}foly(R), where | — | denotes the (shifted)

degree of elements of Dgoly(R). Accordingly, we have |D{D;, ..., D,}| = |D|+
S22, |Dgl, and thus all brace operations are of degree 0. In the sum (A.1), we
have 1 <'iy, i+ |Dg|+1 <igr1, k=1,...,9—1,ig+|Dg| < |D|+30_ |Dg|+1.
The sign conventions are taken from [7]. The brace operations (A.1) satisfy
an infinite family of quadratic identities (see, e.g., [7]), which are equivalent to
the associativity of the product m.

We define the cup product by means of the brace operations (see also [26],
[7]) via the assignment
(A.2) Dy U Dy = (-1)/P"F{Dy, Do}, D; € DL (R), i=1,2.
It is obvious that the cup product has (shifted) degree 1. An easy verification
using Formula (A.1) shows that the previous definition of cup product coincides
with the one given in formula (3.11).

We now have the following compatibilities.

LEMMA A.1. The degree 0 operation (3.10) and the degree 1 operation (A.2)
satisfy the following properties:
(A3)  [D1,Ds] = —(—=1)IPIP2l[ D, Dy,
(A4)  [Dy,[Da, Ds]] = [[D1, Do, Dy] + (=1)P11P21[Dy, [Dy, Dy,
(A5) DU Dy = (—1)(‘D1‘_1)(|D2|_1)D2 U Dy

+ (du(D1{Ds}) — (duD1){Ds} — (=) D1 {duDs})
(A6> Dy U (D2 U D3) = (D1 U DQ) U Ds,
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and
(A7)
[D1, Dy U D3] = [Dy, Dyl U Dy + (—=1)!P1lIP21=0 D, Dy, D]

+ (=1)!P(dr(Di{D2, Ds}) — (duD1){ D2, D3} — (=1)!P1' Dy {duDs, D3}
. (_1)\D1H—\D2|D1{D2’ dHDg})

for general elements D; of Déoly(R), i = 1,2,3 and where dg = [u, ], p =
1®p 1.

Appendix B. The precalculus structure on L-chains

We need results from [7], [24] about algebraic structures on Hochschild
(co)chains, which have to be adapted to the Lie algebroid framework.

According to [24] and [7], there are two distinct, noncompatible, left
Bso-module structures on the Hochschild chain complex of A, viewed as a
Boo-algebra with respect to the brace operations (A.1). Equivalently, we view
the two left B,.-module structures on the Hochschild chain complex as the data
of two left actions my, ;, ¢ = 1,2, on the left comodule cofreely cogenerated by
the Hochschild chain complex of A over the coalgebra cofreely cogenerated by
the Hochschild cochain complex of A.

These results can be applied to the present situation with due changes:
537.(JL) has two left Bo-module structures over the B,-algebra leoly (R).

We borrow the main notation and sign conventions from [7]. We denote
by myz;, ¢ = 1,2 the two left By-module structures on 6’\37.(JL). They are
uniquely determined by their Taylor components
(B.1)

(mp%" (P Qi@ ®Q)®a® (R @ ®R,))) (D)

—lal=|P|=Y"7_, 1Qsl+7+1 mod (—|al+1)

= 2

I=—la|=>"¢_, 1Qs]l—q+1 mod (—|a|+1)
Z (_1)1(7|a|71+1)+23:1 1Qul(Gb—D+> | |Rel(ke—1-1)

I<j1<-<jg<—lal
1<k <o <kr<|a|+|P|+I

o(=lal=141) (g) ((A(\PI+Z§:1 Qo+ S0y 1Bel) g 1®(=lal=IPI=) 0 1Qul= 77, [ReD)(D)
(1<j1—z> @ Al g ... @ 1®Gi—da-1-1Qa-11-1) & AlQul g {®(~lal—ja—|Qq|+k1)
@ ARl g ... @18k —kr—1=|Rrma]=1) o AlRA|
s 180alH P+ S0 1Qu+ 302 [Rel+—k—1) g 1@(=lal=|PI=3 1, 1Qul=37_, \Run) (P)
(1<J‘rz> RQL®- - ®1PUii1=1Q11-D) g @ @ 19(-lal=ds—1Qu+h) g B g ...
@ 18Fkr—kr1=IBra]=1) @ R 18(al+IPI+3 7 Qb+ >0 | Re|+I—kr—1)

& 1®(lal=IPI=> 0 1Qul=> 7, |Rc\))) 7
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where o is the operator on 537.(JL) defined via
o(a)(Dy ® - "D,M) =a(D1 ®- ”D*W ® Dy), D; € Ur(L), i =0,...,—]al,

which obviously satisfies o(~l91*1) = id, and the indices in the summation
SatiSfyl S j17 .72+|Q2|+1 S ji+1> 1= 1) .. 7q_17 ]q+|Qq‘ S —|(1’, kl+’R2|+1 S
ki1, =1,...,r =1, ke + Ry < a4+ [P] 4+ >3-, 1Qp| + > 51 |Re| +1—1, and

= > (—1)2 =1 [Belie=D)

1<iy < <ip<—|al
a<<1®i1 @ A1l g 1®li2—i1—[Ri|-1) o AlR2| o ...

& 180r—ir—1=|Rr—1]=1) o Al g 1@(D+370 1| Re|- ZT))(D)
(1®z1 ® Ry @ 1%-u-lll-) g po & ...

® 196r—ir1=|Reoal=1) o R @ (@D |Rel= w))),

where the summation is over indices i1, ..., 4, such that 1 <y, iy +|Dg| +1 <
ik+1, k=1,...,p—1, ip + |Dy| < —|a]. We observe that the components of
my, resp. my, are nontrivial only if p < 1, with no restrictions on ¢, r, resp.
only if ¢ = r = 0, with no restrictions on p.
It is not difficult but quite tedious to verify that both (B.1) and (B.2) have
degree 0 and satisfy an infinite family of quadratic relations involving braces.
The Taylor components of my,;, ¢ = 1,2, permit to define a pairing of
degree 0 between DX, (R) and 6’\37.(JL) via
(B.3)
Lpa=mp"(D®a)+ (-1)Pm}% (a @ D), D € D

poly

(R), a € Cro(JL)

poly

(R) and Cre(JL):

Similarly, we consider two distinct pairings between Dp Iy

for u as above,

(B4) Dna=(-1)Pmp’(ue Doa),
(B5)  anD=(-1)"m} (n®a®D), D €D (R), a€ Cra(JL).

It follows from their very definition that both (B.4) and (B.5) have degree 1.
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LEMMA B.1. The pairing (B.3) of degree 0 and the pairings (B.4), (B.5)
of degree 1 satisfy the following properties:

(B'G) L[D17D2]a =Lp, (LDza) - (_1)‘D1HD2‘LD2 (LDla)a
B.7) Dna=(-1)P=Dla=Yynp
& (b (1" (D ® a) — mp"(duD @ a) — (~)Plmp}°(D @ bua))
(B.S) DiN (D2 N CL) = (Dl U DQ) Na,
(Bg) (aﬂD1>ﬂD2 :aﬂ(DlLJDQ),

(B.10)
Lp,(DsNa) = [Dy, Do) Na+ (—1)P11P2=Dpy ALy a

+(=1)!PH (bH(mi’ll’O(D1 ® Dy ® a))
_le (dHDl®D2® a) — (=1)!P*Im 11O(D1®dHD2® a)
—(-1 )|D1|+\D2\ 1,1,0(D1 ® Dy ®bHa))
Lp, (a N Dy) = Lp,an Dy + (—1)P1lla=Yg 1 [Dy | Dy]
+ (=1)IP! (b (m} Y (D1 ® a @ Dy))
—mp YN (duDy ® a ® D) — (—1)Pmp ! (D) @ bua ® Dy)

—(~1 )|D1I+\a| 1,0, 1(D1 Ra® dHD2)>

and finally
(B.11)

Lp,up,a+ (—1
— (D1 NLpya+ (—1)(P=D0D:R+al=DL, o D))

4 (=1)lal(D2l-1) (LD1a A Dy + (—1)(Pal+lal=1(D21-1) p, A LD1a>
4 (—1)(D2=) <[D17D2] Na+ (—1)Uel=D(D1+Dal=1) g [Dl,Dz])
(~1)Plbg (353 (@ Ry @ Ra)) — (~1)Pm$%2 (ba © Dy ® Dy)
(n%'“%®@m®m)()WMWO“<®Q®®%>
(1)
(—

YD (D21, g

1D brr(m 00’2(a®D2®D1))—(— )|D2| OOQ(bHa®D2®D1)
1)|D1I my's* (e ® dyDy @ Dy) + (—1)!PHP2m7 5% (a @ Dy @ du Dy )

for a general element a of C’R,(JL) and general elements D, D;, i = 1,2, of

DL (R), and where by = Ly, for ju as before.

As for Lemma A.1, the proof essentially makes use of the brace identities,
of the fact that my ;, ¢ = 1,2, is a left action with respect to the brace op-
erations, and of the fact that my 1 and my o satisfy a weak compatibility, as
explained in more details in [7].
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Both actions my ; and mp o are compatible with the Grothendieck con-
nection; i.e.,

1vl(m1L”ql’T(D®Ql®-'-®Q®R1®---))
b (DEQ @ @ Vi@ R @), g >0,
'Vi(mpy (D1 ®- - @a)) = mp (D1@ - @ 'Via), p 20

for D, D; i =1,...,p), Q; (j = 1,...,q9), R (k = 1,...,7) elements of
Dgoly(R), and a of 637.(JL). Both identities follow from the fact that 'V
commutes with the operator ¢ and from the fact that Ug(L) is a Hopf alge-
broid; in particular, the comultiplication is an algebra morphism.

Then in virtue of Lemma B.1, the pairings (B.3), (B.4) and (B.5) are
compatible with the Grothendieck connection implying, in particular, that the
Hochschild differential is also compatible therewith. By the very same argu-
ments, formulae (B.7), (B.8), (B.9), (B.10), (B.11) and (B.11) are compati-
ble with the Grothendieck connection, whence (Ker(1V) N 537.(JL), by, L, N),
where N denotes here both (B.4) and (B.5), inherits a structure of precalculus

up to homotopy over the Gerstenhaber algebra (DX | (R),dy,[, ],U) up to

poly
homotopy.

For the sake of completeness, we write down explicit formulae for the
Hochschild differential by on the complex of Hochschild L-chains on R and
for the pairing (B.5) between Déoly(R) and C’lfoly(R); in [9] we deduce the
same formulae in the framework of homological algebra and derived functors.

Explicitly,

bH(a) =ao dH,

anD = (_1)‘a|a(D ®R .)7 a &< Céoly(R)ﬂ D e Dgoly(R)'

We observe that (B.6) implies that by, the Hochschild differential on L-chains,
is compatible with respect to (B.3), and that (B.10) and (B.11), in the spe-
cial case D1 = pu, imply that by satisfies Leibniz’s rule with respect to (B.4)
and (B.5) respectively.

Thus, combining these arguments with Proposition 3.6, we have the fol-
lowing important

THEOREM B.2. For a Lie algebroid L over the ring R as above, the twist
of (B.3), (B.4), (B.5) and of the Hochschild differential by with respect to

the isomorphism (3.15) endow C’éoly

homotopy over the Gerstenhaber algebra (Déoly(R), dg, [, ],U) up to homotopy.

(R) with a structure of precalculus up to
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