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Overholonomicity of overconvergent
F-isocrystals over smooth varieties

By DANIEL CARO and NOBUO TSUZUKI

Abstract

We prove the overholonomicity of overconvergent F-isocrystals over
smooth varieties. This implies that the notions of overholonomicity and
devissability in overconvergent F-isocrystals are equivalent. Then the over-
holonomicity is stable under tensor products. So, the overholonomicity
gives a p-adic cohomology stable under Grothendieck’s cohomological op-

erations.
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Introduction

Let V be a complete discrete valuation ring of characteristic 0, with perfect
residue field k of characteristic p > 0 and field of fractions K. In order to define
a good category of p-adic coefficients over k-varieties (i.e., separated schemes
of finite type over Speck) stable under cohomological operations, Berthelot
introduced the notion of arithmetic D-modules and their cohomological oper-
ations (see [Ber90|, [Ber02], [Ber96b], [Ber00]). These arithmetic D-modules
over k-varieties correspond to an arithmetic analogue of the classical theory of
D-modules over complex varieties. Also, he defined holonomic F-complexes of
arithmetic D-modules. Virrion checked the stability of holonomicity under the
dual functor (see [Vir00]). Berthelot conjectured its stability under the other
Grothendieck’s operations: direct images (to be precise, morphisms should be
proper at the level of formal V-schemes), extraordinary direct images, inverse
images, extraordinary inverse images, tensor products (see [Ber02, 5.3.6]). We
checked that the conjecture on the stability of holonomicity under inverse im-
ages implies the others ones (see [Car09c¢]).

In order to avoid these conjectures and to get a category of F-complexes
of arithmetic D-modules that satisfies these stability conditions, the first step
was to introduce the notion of overcoherence as follows. A coherent F-complex
of arithmetic D-modules is overcoherent (in fact, the ‘F",” i.e., the Frobenius
structure, is not necessary) if its coherence is stable under extraordinary in-
verse image. (See [Car04] for the definition and [Car09d] for this character-
ization.) We checked that this notion of overcoherence is stable under ex-
traordinary inverse image, direct image (by a proper morphism at the level
of formal V-schemes) and local cohomological functors. This stability allows
us, for instance, to define canonically overcoherent arithmetic D-modules over
k-varieties. (Otherwise, we work on formal V-schemes.) To improve the sta-
bility properties, we defined the category of overholonomic F-complexes over
k-varieties that is, roughly speaking, the smallest subcategory of overcoherent
F-complexes such that it is moreover stable by dual functors. (More precisely,
see the definition [Car09c, 3.1].) We got the stability of overholonomicity by
direct images, extraordinary direct images, extraordinary inverse images, and
inverse images. Moreover, it is already known that this category of p-adic coef-
ficients is not zero since it contains unit-root overconvergent F-isocrystals (see
[Car09c¢]) and, in particular, the constant coefficient associated to a k-variety
(i.e., that gives, for example, the corresponding Weil’s zeta functions). Because
an overholonomic arithmetic F-D-module is holonomic (which is not obvious),
these gave new examples of holonomicity. This was checked by descent of the
overholonomicity property (this descent is technically possible thanks to its
stability) using de Jong’s desingularization theorem. Now, it remains to check
the stability of overholonomicity by (internal or external) tensor products.



OVERHOLONOMICITY OF OVERCONVERGENT F-ISOCRYSTALS 749

The second step was to construct an equivalence between the category of
overconvergent F-isocrystals over a smooth k-variety Y (which is the category
of p-adic coefficients associated to Berthelot’s rigid cohomology; see [LS07]) and
the category of overcoherent F-isocrystals on Y, where this last one is a subcat-
egory of arithmetic F-D-modules over Y. (See [Car06a] and [Car07a] for the
general case.) Next, from this equivalence, we got the notion of F-complexes of
arithmetic D-modules dévissable in overconvergent F-isocrystals. We proved
first that overholonomic (see [Car06a]) and next overcoherent (see [Car(7al)
F-complexes of arithmetic D-modules are dévissable in overconvergent F-iso-
crystals. Since overconvergent F-isocrystals are stable under tensor products,
we established that F-complexes dévissable in overconvergent F-isocrystals are
also stable under tensor products (see [Car07b]).

The third step is to prove that the notions (still with Frobenius struc-
tures) of overcoherence, overholonomicity and devissability in overconvergent
F-isocrystals are identical. With what we have proved in the first and sec-
ond steps, the equality between the overholonomicity and the devissability in
overconvergent F-isocrystals implies that the overholonomicity is stable under
Grothendieck’s aforesaid six cohomological operations and is wide enough since
it contains overconvergent F-isocrystals on smooth k-varieties. Also, for this
purpose, it is enough to prove the overholonomicity of overconvergent F-iso-
crystals on smooth k-varieties. Fortunately, Kedlaya has just checked that
Shiho’s semistable reduction conjecture is exact, i.e., that given an overcon-
vergent F-isocrystal on a smooth k-variety, one can pull back along a suitable
generically finite cover to obtain an isocrystal that extends, with logarithmic
singularities and nilpotent residues, to some complete variety (see [Ked07],
[Ked08], [Ked09], and at last [Ked11]). Kedlaya’s semistable reduction theo-
rem gives us a very important tool since we come down by descent (indeed,
overholonomicity behaves well by proper generically étale descent thanks to
its stability by extraordinary inverse images and direct images) to study the
case of the overconvergent F-isocrystals that extend with logarithmic singular-
ities and nilpotent residues to some complete variety. We began this study in
[Car09a]. We proceed in this article and check the overholonomicity of these
log-extendable overconvergent F-isocrystals, which finish the check of our third
step. The technical key point of this overholonomicity is a comparison theo-
rem between relative logarithmic rigid cohomology and rigid cohomology and
above all, in a more general essential context, the fact that both cohomologies
are not so different. This fundamental key point was checked by the second
author, and the fact that this implies the overholonomicity of log-extendable
overconvergent F-isocrystals was checked by the first one.

Now, let us describe the contents. Let g : X — T be a smooth morphism of
smooth formal V-schemes of pure relative dimension d, let Z be a relative strict
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normal crossings divisor of X over T, let Y be the complement of Z in X, let D
be a closed subscheme of X and U the complement of D in X. Let X% = (X, 2)
be the logarithmic formal V-scheme with the logarithmic structure associated
to Z and u : ¥% — X be the canonical morphism.

In the first chapter, we compare logarithmic rigid cohomology and rigid
cohomology with overconvergent coefficients in the relative situations. Let F
be a log-isocrystal on U# /Tx overconvergent along D (see the definition in
(1.1.0.2)). Suppose that, along each irreducible component of Z that is not
included in D,

(a) none of differences of exponents is a p-adic Liouville number and
(b’) any exponent is neither a p-adic Liouville number nor a positive integer.

Then the natural comparison map

% E) - RgK*(j;L/ﬁUQ;{K/‘TK ®. j;‘/ﬂUE)

Ry, (75,0 ®.
g+ (Jy X% /T T ih0)x v Oxs

[

is an isomorphism (see 1.1.1). Let us consider the case where g has a section
which is identified with Z such that Z ¢ D. If one assumes (a) above and

(b) none of exponents is a p-adic Liouville number,

then the cone of the above comparison map is given by a complex that con-
sists of overconvergent log-isocrystals on the divisor (see 1.1.4). In the second
section we develop a notion of quasi-coherence on formal log-schemes, which
was studied by Berthelot in the case of formal schemes (see [Ber02]), and coho-
mological operators such as direct images and extraordinary inverse images by
morphisms of smooth formal V-log-schemes. Furthermore, in the third section,
we translate this comparison in the language of arithmetic D-modules.

In the first section of the second chapter, we recall Kedlaya’s semistable

reduction theorem. Let & be a coherent DI,  -module that is a locally pro-

x#,Q
jective Ox g-module of finite type that satisfies conditions (a) and (b’) above.
Then, using the comparison theorem of the first section, we check that the
canonical morphism u, (&) — &(TZ) is an isomorphism (see 2.2.9). This im-
plies that the canonical morphism Q;#/T,Q Roxq € — Q;E/TT,Q ®0x g E(Z)is a

quasi-isomorphism (see (2.2.12)). In the third section, we prove that if

(c) none of elements of Exp(&)8" (the group generated by all exponents of €)
is a p-adic Liouville number,

then u (&) is overholonomic, which implies that &(TZ) (the isocrystal on Y
overconvergent along Z associated to &) is overholonomic. The principal rea-
son why we need to replace conditions (a) and (b’) by condition (c) is be-
cause we need here something stable under duality and because the log-relative
duality isomorphism is of the form (see [Car09a, 5.25.2] and [Car09a, 5.22])

~

Dy o uy (&) — us(EY(—2)), where “Dx” means the dual as D;’Q—module



OVERHOLONOMICITY OF OVERCONVERGENT F-ISOCRYSTALS 751

and “V” is the dual as a convergent log-isocrystal; e.g., even if € is a con-
vergent log-F-isocrystal, then unfortunately €Y (—2) have positive exponents.
Hence, using Kedlaya’s semistable reduction theorem, we obtain by descent the
overholonomicity of overconvergent F-isocrystals on smooth k-varieties. Thus,
the notion of overholonomicity, overcoherence and devissability in overconver-
gent F-isocrystals are the same. Also, the overholonomicity behaves as well
as the holonomicity in the classical theory. Finally, in the case of curves, we
extend some results of [Car06b]. (We can mention here that we have similar
holonomicity results of Crew in [Cre06] and of Noot-Huyghe and Trihan in
[NHTO07].) More precisely, let X be a smooth separated formal V-scheme of di-
mension 1, Z a divisor of X, Y := X\ Z and € a complex of F—Dé’oh(DTx(TZ)@).
Then, firstly we prove that € is holonomic if and only if € is overholonomic.
Secondly, if the restriction of € on Y is a holonomic F—D;Q—module, then we

check that &€ is a holonomic F—@;Q—module. Both results should be true in
higher dimensions but are still conjectures. Besides, this second conjecture
implies the first one and is the strongest Berthelot’s conjecture on the stability
of holonomicity (see [Ber02, 5.3.6.D]).

Notation. Let V be a complete valuation ring of characteristic 0, k its
residue field of characteristic p > 0, K its fractions field with a multiplicative
valuation |-|, 8 := Spf V. From Section 1.2 on, we assume furthermore that K
is discrete, 7 is a uniformizer and the residue field k is perfect. We also fix o:
V — V a lifting of the a-th power Frobenius.

If X — 7 is a morphism of smooth formal schemes over 8§ and if Z is a
relative strict normal crossings divisor of X over T, we denote by X7 = (X, 2)
the smooth log-formal V-scheme whose underlying smooth formal V-scheme
is X and whose logarithmic structure is the canonical one induced by Z. To
indicate the corresponding special fibers, we use roman letters, e.g., X, Z and
T are the special fibers of X, Z and 7. Similarly, X# = (X, Z) means the
canonical log-scheme induced by any smooth scheme X and any strict normal
crossing divisor Z of X. We denote by dx or simply d the dimension of X.
The subscript Q means that we have applied the functor — ®z Q. Modules
over a noncommutative ring are left modules, unless otherwise indicated.
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2007), where we started this project. The first author thanks the University
of Paris-Sud for his excellent working conditions and Hiroshima University for
his nice hospitality in June, 2007. The second author expresses his apprecia-
tion for the hospitality of Department of Mathematics, Hiroshima University,
where he has done this work.
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1. A comparison theorem between relative log-rigid cohomology
and relative rigid cohomology

1.1. Proof of the comparison theorem. In this section we only suppose that
K is a complete field of characteristic 0 under the valuation |-| and the residue
field k of the integer ring V is of characteristic p > 0. Let us fix several notations
in rigid cohomology. For a formal V-scheme P of finite type, let Px be the
Raynaud generic fiber of P that is a quasi-compact and quasi-separated rigid
analytic K-space, sp : Px — P the specialization map, and |T[p= sp~(T) the
tube of a locally closed subscheme 7" in P = P xgn¢y Spec k. For a morphism
u: P — Q, we denote by ug : Px — Qg the morphism of rigid analytic spaces
associated to u. Let X be a closed subscheme of P, Z a closed subscheme of X,
and Y the complement of Z in X. For any admissible open subset V' C] X |[p, we
denote by ay : V' —]X[p the canonical inclusion. Let A be a sheaf of rings on

| X[p. For an A-module H, let j;r,ﬂ{ = lim ay«(H|y) denote the sheaf of sections
v
of H overconvergent along Z, where V' runs over all strict neighborhoods of

1Y [p in | X[p. The functor j;r, is exact, and the natural morphism H — j;r,fH
is an epimorphism [Ber96a, 2.1.3]. The sheaf E]T 2y (H) of sections of H whose
supports are included in | Z[p is defined by the exact sequence

(1.1.0.1) 0 — Il (H) — H— jlH —0.
Then I/, is an exact functor by the snake lemma [Ber96a, 2.1.6].

=1Z[p
We will fix some notation. Let g : X — T be a smooth morphism of smooth

formal schemes over 8, of pure relative dimension d, let Z be a relative strict
normal crossings divisor of X over T, let Y be the complement of Z in X, let D be
a closed subscheme of X and { the complement of D in X. Let X% = (X, Z) be
the logarithmic formal V-scheme with the logarithmic structure associated to
2, and U# the restriction of ¥# on 81. Let X7 = (XK, ZK) be the rigid analytic

space endowed with the logarithmic structure associated to Zx and Q;# /7
KK

the de Rham complex of logarithmic Kahler differential forms on %ﬁ Then

the underlying analytic space of i{ﬁ is | X [x= Xk and Q;ﬁ T = sp*Q%s 70"

We recall the definition of logarithmic connection with the overconver-
gence condition ([Car09a, 4.2] and [Ked07, 6.5.4]). By the gluing lemma
[Ber96a, 2.1.12], it is sufficient to give a definition locally on X and U. So
we may suppose that T is affine, X is sufficiently small affine, and D is a divi-
sor that is defined by f = 0in X for f € T'(X, Ox). Let z1, 29, ..., z4 be relative
local coordinates of X over T such that the irreducible component Z; of the
relative strict normal crossings divisor Z = U;_; Z; is defined by z; = 0. An

integrable logarithmic connection V : £ — jT Ol ®; E is overcon-

US %% /75 ©i01x
vergent if there exist a strict neighborhood V' of [U[x in | X [x and a locally free
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Oy-module € of finite type furnished with an integrable logarithmic connection

V:E— (Q;ﬁ/%{h/) ®0o, € such that j(T](E,V) = (F, V), which satisfies the

following overconvergence condition. For any € |[K*|gN]0, 1, there exists an
affinoid strict neighborhood W C V of |U[x in | X [x such that

(1.1.0.2) 185 (e)[[€™ — 0 (as || — o)

for any section e € T'(W,€). Here [[-|| is a Banach I'(W,O)x[,)-norm on
(W, €), 0y = V(zi%) for1<i<s, 0; = V(B%Z) for s+1<1i<d, and |n| =
4 +ng, nl =n!---ng! and Q#[ﬂ] = L ([ [T (O — 5)) Oy -+ 0
for a multi-index n = (n1,...,nq). (F,V) is called a log-isocrystal on U# /T
overconvergent along D (simply denoted by E and called an overconvergent
log-isocrystal).

Let (E, V) be a log-isocrystal on U# /T overconvergent along D, and let
Z; be an irreducible component of Z that is not included in D. The eigenvalues
of the residue of V along Z;, i.e., the eigenvalues of the matrix V(0y;) (mod z;)
contained in an algebraic closure of the field of fractions of I'(Z;x, jTZmUOZi i)
are called “exponent” of E along Z; (For a definition of the residue, see, for
example, [Ked07, 2.3.9].) This is related to the definition in [ABO1, 1, §6]. Any
exponent is contained in Z, by (1.1.0.2).

Let Jy be the sheaf of ideals of Z in X. Since Jy is invertible, Jy g is
a coherent D;#’Q
sp*Jz, @ is a convergent isocrystal on X/K with logarithmic poles along Z. Let
E be a log-isocrystal on U# /T overconvergent along D. For an integer m,
we put

-module that is an invertible Ox g-module. Hence, Iz g =

_ 1 1®—m
E(mZ)=FE ®J’L®]X[3€ Jirlzg™
E(mZ) is an overconvergent log-isocrystal, and the exponents of F(mZ) are

the exponents of E minus m. Then there is a natural commutative diagram

E S E(m2)
(1.1.0.3) = !

E — juE

for any nonnegative integer m.

We recall that a p-adic integer a is a “p-adic Liouville number” if the
radius of convergence of formal power series, either Y,cz. nza "/(n — @)
OF Y nezognt—a /(N + ), is less than 1. Note that (1) a p-adic integer
that is an algebraic number is not a p-adic Liouville number and (2) a p-adic
integer « is a p-adic Liouville number if and only if so is —«a (resp. a + m for
any integer m). For p-adic Liouville numbers, we refer to [DGS94, VI, 1] and
[BC92, 1.2].
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THEOREM 1.1.1. With the above notation, let E be a log-isocrystal on
U? /Tx overconvergent along D. Suppose that

(a) none of differences of exponents of E is a p-adic Liouville number, and
(b) none of exponents of E is a p-adic Liouville number

along each irreducible component Z; of Z such that Z; ¢ D. Let ¢ be the
nonnegative integer defined by

¢ = max{e| eis a positive integral exponent of E along some irreducible
component Z; of Z such that Z; ¢ D} U {0}.

Then the diagram (1.1.0.3) induces an isomorphism

(1.1.1.1)
Ry, (55,02 . E
9K *]Z[x(JU X% /Tr ®J[T]O]X[3E )
~ 4 e + e _
= Rgk+«Cone (jU T ®J’L©]x[x E - j; T ®jITJO]X[x E(mZ)) [—1]

for any m > c. In particular, if none of exponents along each irreducible
component Z; of Z such that Z; ¢ D is a positive integer, then the restriction
mduces an isomorphism

(1.1.1.2)

4 e ~ i1 .
RgK*(]UQxﬁ/‘jK ®j5@]x[3€ E) — RgK*(jYﬂUQ%K/TK ®j;r/r‘|Uo]X[

i),
Remarks 1.1.2. (1) In fact, we will see in 2.2.12 that the comparison ho-
momorphism corresponding to (1.1.1.2) is an isomorphism on the formal
scheme side without the functor gf But the first step towards this result
is to establish 1.1.1.

(2) Note that jiTmUE is an isocrystal on Y NU /T overconvergent along Z U D
and the right-hand side of the isomorphism in the theorem above is a
relative rigid cohomology with respect to the closed immersion T" — TJ. It
is independent of the choice of X that is smooth over T around U [CT03,
§10]. The left-hand side of (1.1.1.2) is regarded as a relative logarithmic
rigid cohomology.

(3) This type of comparison theorem between p-adic cohomology with loga-
rithmic poles and rigid cohomology was studied in [BC94, 3.1], [Tsu99,
3.5.1], [Shi02, 2.2.4 and 2.2.13] (see also the definition [Shi02, 2.1.5]), and
[BB04, A.1]. They suppose that an overconvergent isocrystal is locally free
on the formal side or for [Shi02, 2.2.4 and 2.2.13] it concerns the absolute
case. In the theorem above we relax this assumption and suppose that an
overconvergent isocrystal is locally free only on the analytic side.

(4) One can also prove the comparison theorem in the case g is smooth around
U replacing 1.1.8 and 1.1.18 (the weak fibration theorem) by the strong
forms (the strong fibration theorem) with modifications.
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Remarks 1.1.3. For a log-isocrystal E on U# /T overconvergent along D,

we denote by Exp(E) C Z, (resp. Exp(E)®" C Z,) the monoid (resp. abelian
group) generated by all exponents along irreducible components Z; of Z such
that Z; ¢ D. Exp(F) and Exp(F)#" do not depend on the choice of local
coordinates.

(1)

Let X% = (X,2) and X% = (X’,2/) be smooth formal V-schemes with
relative strict normal crossings divisors over T, let 8, D, U# ', D’ {I'# as
above, and let h : X’ — X be a morphism over T such that h~}(DU Z) C
D'UZ'. Suppose that h induces a log-morphism (h|y )7 : Ww# — y#. Then
the inverse image hﬁ*E is a log-isocrystal on U’ # /T i overconvergent along
D’ because hy induces a log-morphism of rigid analytic spaces between
suitable strict neighborhoods by our assumption. Suppose, furthermore,
that none of elements in Exp(FE) (resp. Exp(E)®&") is a p-adic Liouville
number. Then the same holds for the inverse image hﬁ*E. Indeed, for
a suitable choice of local coordinates z; (1 < i < s) and 2} (1 < j < §')
along the normal crossings divisors Z and Z' of X and X’ respectively, we
have z; = w2z} - - 2, locally at a generic point of Z'. Here u; is a
unit of Oy and m;; is a nonnegative integer. Since the residues of £ with
respect to Z;, and Z;, commute with each other by the integrability of
the log-connection and dz;/z; = Y; my;dz}/z; (mod Q}}l’/T)’ Exp(h}f*E) is
a submonoid of Exp(F) (see [ABO1, 6.2.5]).

Even if any exponent of E is not a positive integer, it might happen
that some exponent of the inverse image hﬁ*E is a positive integer. Since
Exp(F) N Q>p is finitely generated as a monoid where Q>¢ is the monoid
consisting of nonnegative rational numbers, Exp(E£(mZ)) does not contain
any positive rational numbers for a sufficiently large integer m. Therefore,
none of exponents of an arbitrary inverse image h}%*E(mZ) is a positive
integer.

Let h#* : X'* — X# be a log-morphism such that h~'(D) = D’ and
h=Y(2) = 2/. Suppose that the underlying morphism A is finite étale.
Note that local parameters of X7 becomes local parameters of X’ #. Then,
for a log-isocrystal E/ on U’ /Tx overconvergent along D', hffé*E’ is a
log-isocrystal on U# /Ty overconvergent along D. Moreover, for an irre-
ducible component Z; of Z such that Z; ¢ D, the exponents of h}%*E’
along Z; coincide with the exponents of E’ along h~!(Z) (including mul-
tiplicities). In particular, Exp(hﬁ*E’) = Exp(E’) (see [ABO1, 6.5.4]).
The first part easily follows from our geometric situation, and we have
rankjfo]y[x hﬁ*E’ = deg(h)rankjfo]?[x, E’, where deg(h) is the degree of

the underlying morphism of h. The second part is a problem only along
the generic point of Z;. We may assume that X and X' are affine, Z is
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irreducible and is not included in D. Let (jTO}Y[x )AZ be the completion
along Zx. Then there is a natural K-algebra homomorphism from the

~

ring of global sections of ( jTO}Y[x)Z into K (Z)[[z]], where K (Z) is the field

of fractions of T'(Z, jTOy) and z is a local coordinate of Z. This K-algebra
homomorphism naturally extends to a K-algebra homomorphism from the

ring of global sections of (j TO}Y/[ ), into a direct sum of finite unramified
'{/

extensions of K (2)[[z]]. We may replace the residue field K (Z) of K(Z)[[2]]
by its algebraic closure K(Z) since all exponents are contained in Z, and

~

invariant under any automorphism of K (Z). Hence, (70 o goes to a

Xl
direct sum of deg(h) copies of K(Z)[[z]]. Now our second assertion is clear.

First we prove a special case.

ProrosiTiON 1.1.4. Under the hypothesis in 1.1.1, suppose that Z 1is
irreducible such that Z ¢ D and that the composition goi : Z — T of
the closed immersion i : Z — X and g : X — T is an isomorphism. If
we define T NU = Z N U through the isomorphism goi : Z — T, then

. 1) : -
9K+ V gK*(E(mZ')/E) - gK*(jUQ;ﬁ/‘TK ®j[T]O]X[x E(mZ)/E) s a ]TQUO}T[T'

homomorphism of locally free j}mUO}T[T—modules of finite type and the natural
morphism (1.1.1.1) induces an isomorphism

(1.1.4.1)

T 10 ,
RoicsLz G0t s, ©ifopnr, P

1X[x

~ 9KV RPN .
= |k (Bn2) /)™ g1c, (Qhy 1, @310, Bm2)/E)] (-1
or any m > c in the derived category of complexes o jT Oyvpr..-modules. Here
TnU Ty
[A — B] means a complex consisting of the terms of degree 0 and degree 1.

We will see that, in 1.1.22, the overconvergence of the induced Gauss-
Manin connection on gx.(E(mZ)/E) holds in the relative case. An example
such that the cokernel of

. -+ 0l
9x+V : g« (E(mZ)/E) — gK*(]UQxﬁ/‘IK ®j1‘UO]X[ E(m2)/E)

X

is not locally free is also given in 1.1.23.

Proof. At first we shall define j}mUO]T[T—module structures on both sides
of (1.1.4.1).

We shall prove that Rlgx.(E(Z)/E) = 0 for ¢ # 0 and the locally freeness
of gr«(E(Z)/E). Since i~ }(X \ U) = Z \ U as underlying topological spaces,

i E(Z) = jTZﬁUO]Z[z ® i;(lE(Z) is a locally free j;mUO]Z[Z—module of

1t
iy TuO1X [y
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finite type and the adjoint gives an isomorphism ix.,ij E(Z) = E(Z)/E. Be-
cause i is a closed immersion, ix :]Z[z—]X|[x is an affinoid morphism. Hence,
Rig M = ig. M for any coherent jTZmUO]Z[Z—module Mby i Y (X\U)=2Z\U
[CT03, 5.2.2]. Since g o is an isomorphism, we have

Ryx«(E(2)/E) = Rgrx ik E(Z))

and the two assertions above. Therefore, we show, for m >0, Rlgx.(E(mZ)/E)
=0 for ¢ # 0 and gx+(F(mZ)/E) is a locally free ermUO]T[T—module of finite
type by induction on m.

For a jTUO]X[x—module H, the jg]O]X[x—module E]TZ[x (jzr]f}f) is not a priori a
g;(l (j;mUO}T[{I)—module because U C ¢~1(T'NU) might not hold. The following
lemma says that E]Tz[x (j(T]fH) has a g;(1 (jr}mUO]T[j)—module structure. Hence,
the left-hand side of (1.1.4.1) belongs to the derived category of complexes of
j}mU(‘)]Th—moduleS.

LEMMA 1.1.5. Under the hypothesis in 1.1.4, let us put U' =g~ Y (T NU)
NU. If A is a sheaf of rings on | X[x, then the restriction morphism
Pt Pt
E]Z[x (JU%) — E]Z[x (]U,[]{)
is an isomorphism for any A-module H.

Proof. Since TNU = ZNU viagoiand Y NU = U\ Z, we have
(ZNU) cU" and U = U'U (Y NU). Hence, the natural morphism [j(TJiH —
j;mUi}C] — [j;],f}f — j;,mU,fH] of complexes is an isomorphism by [Ber96a,
2.1.8]. O

We divide the proof of 1.1.4 into seven parts.

0° Reduce to the case where none of the exponents of E along Z is a positive
integer; that is, ¢ = 0. Since the natural morphism j}T,mUE — j;r,mUE(mZ) is
an isomorphism, the natural morphism of complexes induces a triangle

-t e T e —
Rgr+Cone (JUQxﬁ/‘TK ®jlfjo]x[3€ E — ]UQxﬁ/‘TK ®jl’(]O]X[3€ E(mZ,)) [—1]
v N+
RgrLl, (G1Q% . @10 E) = Rl (5%, @4,  E(m2))
2 VU T T a0 0)x (s 2 MU XE 7 T a5 0)x

o t 4 e _
for any m > 0. If we prove the vanishing RQK*E]Z[x (jUQ%ﬁ/TK ®J’(T]@]x[x E)=0
for ¢ = 0, then, for any c, the triangle above induces the desired isomorphism
when m > c¢. Hence, we may assume m = ¢ = 0 and we shall prove the

vanishing.
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1° Local problem on X and U. By the Cech spectral sequences associated
to a finite open covering {X;} of X (resp. a finite open covering {l;;} of each
X; NY) [Ber90, 4.1.3], [CT03, 8.3.3], the vanishing is local on X and U. Since
the vanishing of RgK*E}TZ[3€ (j[TJQ

;ﬁ/TK ®leJO]X[x
Z = (), we may assume that X is affine, D is defined by a single equation f =0
in X for some f € I'(X, Ox), and there is a coordinate z of X over T such that
Z is defined by z = 0 in X. Indeed, it is enough to take a certain covering
consisting of X \ Z and a covering of Z.

E) is trivial in the case where

2° Reduction to the local case by rigid analytic geometry. Let us add some
notation. Let us put |U[x = {z €]X[x||f(z)] > A} (resp. [Yx = {z €
[ X[x[[2(z)] = A}, resp. |Z N Uzp= {z €]Z[z[[f(z)| = A}, resp. [Z]xn =
{z €]Z[x]|2(x)] < A}) for A € |[K*|gN]0, 1], where f is the reduction of f
in I'(Z,0z). We define |T N Ulgx=]Z N Ul x by the identification through
g oi. Note that the set {JU[xx}re|rx|gnjo,1[ forms a fundamental system of
strict neighborhoods of |U[x in | X[x. Let ay : V —]X[x denote the canonical
morphism for admissible open sets V' in | X|[x.

Take v € |K*[gN]0,1[ such that there is a locally free Ojy, -module &
of finite type endowed with a logarithmic connection

V:E— (Qis;/thU[x,u) DO, €

that satisfies the overconvergence condition (1.1.0.2). Hence, there exist a
strictly increasing sequence § = (&) in [K*|gN]0,1[ with § — 17 as [ — oo
and an increasing sequence A = () in |[K*|gp N [v, 1] such that, for any I,

(1.1.5.1) 184 (e)[ler — 0 (as n — o0)

for any section e € I'(JU[x,»,, €). Here 0y = V(z4) and 8;[;3 = Z%Hz_:%(ﬁ# —7).
Let A be a sheaf of rings on |X[x. Let n € [K*|gN]0,1[. We define a

functor E]Tz[x . from the category of A-modules to itself by the exact sequence

)

(1.1.5.2) 0—1If

(PO — 30— lm agyp, o (Hlye,) — 0

for any A-module H. Here the morphism H — lim apyp, «(Hy, ) is an
p=n= ' '

epimorphism for the same reason as for the epimorphism H — jiT,fH. One can

easily see that E}TZ[ n(ﬂ-() y[x, = 0and E}TZ is an exact functor by the snake

x5 [x:m
lemma. For { € |[K*|g N [n, 1], the restriction induces a morphism

T T

of A-modules. By definition, we have
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ProPOSITION 1.1.6. With the same notation as above, the inductive sys-
tem induces an isomorphism

I ~
S Dz (6) = D (0.

PROPOSITION 1.1.7. Let X € |[K*|gN|0, 1].

(1) The functor E}TZ[X , commutes with direct limits. Also, for any A-module
H, the natural morphism

a]U[x,A*(E]TZ[x,n(g{) |]U[%,A) - E]TZ[x,n(a]U[x,A*(}CHU[x,A))

18 an tsomorphism. Moreover, j(TJE]TZ[x n = E]Tz[x nj;r].

(2) For any coherent Oy, , -module 3(y and any q > 1, we have

Rqa}U[x,A*(E]TZ[xm(a]U[x,A*j{A) |]U[3e,>\) =0.

Proof. (1) Since the morphism )y, IS quasi-compact and quasi-sep-
arated, we obtain from (1.1.5.2) the first assertion. By applying the functor

oz]U[%,A*(szUl[%’A to the exact sequence (1.1.5.2), we get the sequence

0 — e (Dl PO i) — Qi ns (e ,)

T QU [y \x <( lim a}Y[x,#*(%hY[x,u)) ‘]U[x,x> — 0,

p—n=
which is exact by a similar proof to that of [Ber96a, 2.1.3(i)]. The quasi-
compactness and quasi-separateness of MUz implies the assertions.
(2) Because H, is a coherent Oy, ,-module and both |U[x x and |Y[x
are affinoid subdomains of the affinoid | X [x, then Rqa]br[x_ A*(IH ») =0 and

RqO‘]U[x.,A* ((ngs_ ()[]Y[f.p*(j_fAhY[f‘/t>> hU[x,A) =0

for ¢ > 1 by Kiehl’s Theorem B [Kie67, 2.4]. These facts and the exactness of
the sequence in the proof of (1) imply the vanishing of higher direct images. [

Since g is an affinoid morphism, it is quasi-compact and Rgg, commutes
with direct limits [Ber96a, 0.1.8]. Hence, we have

Rigr I (i1 Q° . E
9K *]Z[x(JU X% /T (X)J(]Lj(i)]xb€ )

~ 3 T T L
>~ RYggy (nl_lgl E}Z[BEW(]U(QX}‘?/‘IK ®O]X[3€ 04]U[3€,wk£))>

~

. T . °
= nlgl{l_ ngK*E}Z[x,n (Alg?_ a}U[x,A*((Qxﬁ/thU[x,A) ®O]U[3M 8|]U[35,A)>

~ 1 . i °
= 771_13,{1_ /\gnil_ ngK*E}Z[xm(a]U[x’)‘*((Q:{}t/ﬂ'}{ ’]U[x)\) ®O]U[}C,>\ 8‘]U[x,x))

~

. t .
= ; }\1_>ml, ngK*E]Z[x,n(a]U[x,A*((Qxﬁ/fh{|]U[3e,x) ®O]U[3M 8|]U[x,x))
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for any ¢. Indeed, the first isomorphism follows from 1.1.6 and the other ones
from the commutation of the functors Rgg, and E}T Zlem (by 1.1.7) with direct
limits. We will consider the family of open subsets indexed by the directed set

A > 77,)\ > Ina,X{)\l,T/}, }

2
_ X
(117.1)  Agp = {(A,n) € (IK*|on]o, 1) n < & for some [

Here the condition A > n comes from 1.1.8(2). This family is cofinal for
n,A — 17, so that the limit with respect to A¢ ) is the same as the original
one. -

Let gy : JU[x x—]T[g and g, : |U[x xN[Z]x,, —]T |7 denote the restrictions
of g for (A\,n) € A¢x. Then

RQK*E}JrZ[x,n(a]U[x,)\*((Q;:ﬁ 7 10Ten) @0, EQute 1)
= Rg)\*(L]TZ[X,T;(O‘]UH,A*((Q;ﬁ/ql(|]U[36,A) ®O]U[9€,>\ 8’]U[3e,x))hU[x,,\)
by 1.1.7. Since E{Z[x,n((g;ﬁ/thU[x,A) D011y E)yix,, = 0, and since

{JU AN Y [0, 1U[x AN Z] %0}

is an admissible covering of |U|[x , we have
Rg)\*(E]TZ[x,n(a]U[x,A*((Q;;ﬁ/ny|]U[3e,A) ®O]U[x,,\ EI]U[%,)\))‘}U[X,)\)

= Rg)\ﬂ?*(E]J[Z[x,n<a]U[3g,>\*((Q;ﬁ/‘IK 101e) R0, ElUte s Ute anizi.,)-

Ulx,x

Hence, in order to prove the vanishing RgK*E]TZ[3€ (jzr]Q;#/T @t O.x( E)=0,
K/ K U x

we have only to prove the vanishing
(1.1.7.2)

Rg)\ﬂl*(E]TZ[x,n(a]U[x,A*((Q;jﬁ 1 10Les) @0 LAtz aniz],) = 0
for any (A, n) € Ag .

3° Reduce to the local computations. Let us denote the 1-dimensional open
(resp. closed) unit disk over Spm K of radius n € |[K*|g by D(0,n7) (resp.
D(0,n™)). Since Z ¢ D, we have the lemma below by the weak fibration
theorem [Ber96a, 1.3.1, 1.3.2]; see also [BC94, 4.3].

LEMMA 1.1.8. With the notation as above, we have
(1) There is an admissible covering {Vz}z of |T|y such that there exists an
isomorphism

9x (V3)N]Z[x = Vi Xgpm ik D(0,17)

of rigid analytic K -spaces, under which the coordinate of D(0,17) is z as
above.
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(2) Under the isomorphism in (1),
Irn(Vs) = (VsNIT NU[72) Xspm i D(0,77F)
for any \,n € |[K*|gN]0, 1] with X > n.

In order to prove 1.1.8(2), the condition A > 7 is needed because of using
f for the definition of |T N Ug y.

Let S = Spm R be an integral smooth K-affinoid subdomain of V3N]T'N
Ulyn with a complete K-algebra norm |-|r on R. Since R is an integral
K-Banach algebra, all complete K-algebra norms are equivalent [BGR84, 3.8.2,
Cor. 4]. In order to prove the vanishing (1.1.7.2), it is sufficient to prove the
vanishing

— v
RF (g)\}](s)7 E}TZ[%,H (|:8 — <Q-1%}#(/‘IK ’]U[x,u) ®O]U[3{,u 8}))

— R (g;}](S), N ({e e, 8} )) —0

of hypercohomology for any such S by 1.1.8(2) since |T[y=]Z[ is integral and
smooth and Qiﬁ T is a free Ojx[,-module of rank 1 generated by %. The
hypercohomology above can be calculated by

~1 t Oy
R (g5(5). Ty, (&€ 2 €)))
L(gy,(5),€) — Jim_ (g (S)N]Y [ 5 €)
~ HY| Tot Ou | 1 0u
L(gy,(5),€) — Jim_ T (g, (S)N]Y [ s %€)
Here Tot means the total complex induced by the commutative bicomplex, the
left top item in the bicomplex is located at degree (0,0), and the horizontal
arrows in the bicomplex are the natural injections. Indeed, the cohomological
functor commutes with filtered direct limits since gy, is an affinoid morphism,
and the vanishings Hq(g;;(S), &) =0and Hq(g;,}](S)ﬂ]Y[x#, &)=0forg>1
hold by Kiehl’s Theorem B [Kie67, 2.4] since 9;717(5) and g;;(S)ﬁ]Y[x#‘ are
affinoid.
More explicitly, the following formula (1.1.8.1) holds when &| gl(s) 18 a
A,
free ngl ( S)—module of rank r. We will prove the freeness in the next ]step 4°.
A,

Put R—aflgebras

Ar(n) = T(g5(9); O1x(,)

oo
= { Z apz"”
n=0

an, € R, ]an]Rn"%Oasn%oo},



762 DANIEL CARO and NOBUO TSUZUKI

Ag(n~) =T ( U g3,u(9), O]X&)

p<n
—{ E anz"

:{ i an2"

n=—0oo

an € R, ]an]Ru"—>0asn—>ooforanyu<n},

an € R,

lan|grn™ — 0 as n — oo
|an|rp™ — 0 as n — —oo for some p<n

and define a norm on Ag(n) by | >, anz"|4,(m) = sup,laa|n”. It follows that
Ar(n),Ar(n~) and Rg(n) are independent of the choice of complete K-algebra
norms on R since there exist positive real numbers p; and ps such that p1]-| <
I-I" < p2|-| for equivalent norms |-| and |-|" by [BGR84, 2.1.8, Cor. 4]. Let v be
a basis of vectors of I‘(g;ﬂl](S), &) over Ag(n) such that the derivation along z
is given by dx(v) = vG for a matrix G with entries in Ag(n). Then we have

(1.1.8.1) R <9>T1(S)’£]TZ[35,77 ({5 v 8}))

[ — Rr(n)" 1
H1 Tot[6#+G¢ ¢6#+GJ
— Re(n)"

+G

= 19 ([ @n(n) fAr)" "5 Ra(o)fAr()'] [-1])
4° Local classification of logarithmic connections along a smooth divisor.

PROPOSITION 1.1.9. Let S = Spm R be a smooth integral K -affinoid va-
riety, and let W = S xgpm x D(0,£7) be a quasi-Stein space over S for some
€ € |[K*|gN]0,1]. Let M be a locally free Oy -module of finite type furnished
with an R-derivation Oy = zd : M — M, where M =T'(W, M), such that

(i) for anyn € |K*|gN]0,&[, if Wy = S Xspm k D(0,n) is an affinoid subdo-
maz’n ofW and if || -|| is a Banach Ag(n)-norm on M, = T'(W,, M), then
IR "o (O — (@)™ = 0(n — 00) for any e € M, and 0 < p < 1;
and

(ii) any difference of exponents of (M,04) along z = 0 is neither a p-adic
Liouville number nor a nonzero integer.

Then there are a projective R-module L of finite type furnished with a linear
R-operator N : L — L such that || H?:_& (N = HE)p™ = 0(n — o) for
any e € L and 0 < p < 1, where ||-|| is a Banach R-norm on L, and an
isomorphism (M, 04) = (Ow ®g L,0xn) in which the R-derivation Oxn on
Ow ®g L is defined by Oyun(a ®e) = 0x(a) ® e+ a ® N(e).
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If M is a free Oy -module in the proposition above, then the assertion is
a part of Christol’s transfer theorem [Chr84, Th. 2] and its generalization in
[BC92]. Christol’s transfer theorem is in the case where R is a field K. By
the argument in [BC92, 4.1], the transfer theorem also works on an integral
K-affinoid algebra R. ‘A part’ means that we consider solutions not in mero-
morphic functions but only in holomorphic functions. When M is free, one has
a formal matrix solution by the hypothesis that any difference of exponents is
not an integer except 0, and then all entries are contained in Agr(£~) because
of conditions (i) and (ii).

LEMMA 1.1.10. Let R be an integral K-affinoid algebra.

(1) There exists a finite injective morphism Ty — R of K-affinoid algebras
from a free Tate K-algebra T} of some dimension [.

(2) Suppose, furthermore, that R is Cohen-Macaulay. Then, for any finite
injective morphism 1y — R of K-affinoid algebras, R is projective of finite
type over T;. Moreover, if M is a projective R-module of finite type, then
M is free over 1j.

Proof. (1) The assertion is the Noether normalization theorem [BGR84,
6.1.2 Cor. 2].

(2) Since T; is regular and R is Cohen-Macaulay, R is projective over T;
by [Nag62, 25.16]. If M is a projective R-module of finite type, then M is also
projective of finite type over Tj; hence, M is free over T} by [Ked04, 6.5]. O

With the notation as in 1.1.9, let us fix a finite injective morphism 7; — R
of K-affinoid algebras 1.1.10(1). Considering the norm on R that is defined by
the maximum of norms of tuples under an identification R = 7;™ by 1.1.10(2),
we regard M, as an A, (n)[0x]-module by the natural finite injective mor-
phism A7, (n) — Agr(n) of K-affinoid algebras for n € |[K*|gN]0,&[. Moreover,
AT, (n)[04]-module M, satisfies the hypothesis in 1.1.9 (see 2) and M, is a free
A7, (n)-module 1.1.10(2). Fix a basis v of M, over Ar,(n) and let G, be a
matrix with entries in Ar, (1) such that dx(v) = vG,. By applying a gener-
alization of Christol’s transfer theorem (as we explain after 1.1.9), there is an
invertible matrix Y with entries in Az, (n™) such that

(1.1.10.1) p Y +G,Y = YG,(0),

where G, (0) = Gy, (mod zAT, (1)) is a matrix with entries in 7j. Then there is
a free Tj-module L, with a Tj-linear homomorphism N,, defined by the matrix
G(0) such that (Ar,(n7) ® A, () M, Ox) = (A1;(n™) @1, Ly, Oxn, ). If we put
HO(M,) = ker(dy : M,y — M,), then H°(M,) = ker(N, : L,, — Ly).
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LEMMA 1.1.11. With the notation as above, the following hold.

(1) The pair (Ly, Ny) is independent of the choices of n € |K*|gN]0,&[ up to
canonical isomorphisms. Moreover, (M, 04) = (A7, (™) ®1, Ly, Oyn, ) for
any 1.

(2) If we put HO(M) = ker(dy : M — M), then the natural R-homomorphism
HO(M) — H°(M,) (not only the T structure) induced by the restriction
18 an isomorphism.

Proof. (1) For ' < n, there is an invertible matrix @ with entries in
AT, (') such that 94Q + G,y (0)Q = QG (0) by the restriction. Since none of
the differences of exponents is an integer except 0, () is an invertible matrix
with entries in 7;. Hence, the pair is independent of the choices of 1. Note
that {Wy},cxx|gno, is an affinoid covering of the quasi-Stein space W and
M is the projective limit of M, (n € [K*|gN]0,{[). Therefore, the assertion
holds.

(2) follows from (1). O

LEMMA 1.1.12. Let R be an integral domain over Q, with field of fractions
F, and let (L, N) be a pair such that L is a free R-module of finite rank and
N : L — L is an R-linear endomorphism. Suppose that eq,...,es are distinct
eigenvalues of N ® F with multiplicities my, ..., ms, respectively, such that
el,...,es are contained in Zy,, and let on(x) = (x—e1)™ - - (x—es)™ € Lplx]
be the characteristic polynomial of N. If we put L(e;) = ¢;(N)L where p;(x) =
on(z)/(z—e;)™, then L is a direct sum of R-submodules L(ey), ..., L(es) of L
such that all eigenvalues of N|p.,)® F are e; for any i. Such a decomposition
is unique.

LEMMA 1.1.13. With the notation in 1.1.9, let eq,...,es be distinct ex-
ponents of (M,0y) along z = 0. Then M is a direct sum of Ar(£7)[0x]-
submodules M (e1), ..., M(es) of M such that all exponents of (M(e;), ) are
e; for any i.

Proof. With the notation in 1.1.11 and 1.1.12, take a free T;-module L of
finite type furnished with a 7j-linear homomorphism N such that (M, 04) =
(A1, (&™) @1, L,0xpn). Since L(e;) is a direct summand of the free Tj-module
L, L(e;) is free. Put M(e;) = (A1 (€7) @my L(ei),a#N‘L(ei)). Then M is a di-
rect sum of M(e1),..., M(es) as Ar,(£7)[0x]-modules. Since any Ar, (§7)[04]-
homomorphism between M (e;) and M (e;) for i # j is a zero map, M(e;) is an
ARr(§7)[04]-module for all i. Hence, the decomposition is the desired one. [

LEMMA 1.1.14. Let S = Spm R be a K-affinoid variety, W = S Xgpm ik
D(0,£T) for some € € |K™|q, and let M be a locally free Ow -module of finite
type. Then there exist a finite affinoid covering {S;} of S and a real number &' €



OVERHOLONOMICITY OF OVERCONVERGENT F-ISOCRYSTALS 765

|K*|@N]0,&] such that if W, ¢ denotes the affinoid subdomain S; x D(0,&'™)
of W, then M|, o isa free Ow {,—module for all i.

Proof. Since M/zM is regarded as a locally free Og-module, there is a
finite affinoid covering {S;} of S such that (M/zM)|s, is a free Og,-module
for all 7. Since W; = S; Xgpm k D(0,£7) is an affinoid, M/zM is generated by
I['(W;, M) by Kiehl’s Theorems A and B [Kie67, 2.4]. Let vy, ...,v, € T'(W;, M)
be elements whose reductions form a basis of (M/zM)|g, over Og,. The support
of Mlw, /(vi,...,v,) is an analytic closed subset of W; that does not intersect
with the closed subspace defined by z = 0. Since M is locally free, there is
a real number & € |K*|gN]0,£[ such that M5, xspm e D(0,¢1+) 18 free and is
generated by v1,...,v, because of the maximum modulus principle [BGR84,
6.2.1, Prop.4]. Then it is enough to take ¢’ = min; .. O

Proof of 1.1.9. We may assume that any exponent of M along z = 01is 0
by 1.1.13 and by twisting by an object of rank 1 with a suitable exponent. We
may also assume that M]w,, is a free Oy, -module for some ¢’ € |[K*[gN]0, &[
by 1.1.14. By applying the transfer Theorem 1.1.9 for the free cases with
conditions (i) and (ii), if one takes an n € |K*|gN]0,’[, then there is a free
R-module L furnished with an R-linear operator N : L — L such that £, :
(M, 04)lw, — (Ow, ®r L, dxn). Denote the dual of M by (MY, —94). Then
we have a natural commutative diagram

Homow[a#] (M, Ow ®r L) — HOmOWn [04] (M|Wn’ (f)m/17 QR L)

H(MY ®r L) = H°(My ®r L),

where the vertical arrows are isomorphisms since M is locally free and the
bottom horizontal arrow is an isomorphism by 1.1.11(2) since all differences of
exponents of (MY ®pr L, —0x ® 1+ 1 ® dy) along z = 0 are 0.

Let 5 : (M, 04) = (Ow ®gr L,0xn) be the Oy [04]-homomorphism cor-
responding to 3, via the isomorphisms above. We will prove that 3 is an
isomorphism. In the case where R is a field, 8 is an isomorphism since the
support of an Ag(£7)[0x]-module, which is finitely generated over Ar({™), is
either W or one point z = 0 by Bézout property of Ar(£7) [Cre98, 4.6]. Let us
return to the case of general R. For a maximal ideal x of R, the induced homo-
morphism (3 (mod x) is an isomorphism by the case where R is a field. Hence,
B is an isomorphism around x Xgpm x D(0,£7) by Nakayama’s lemma. Since
both sides of 8 are coherent, 8 is an isomorphism [BGR84, 9.4.2, Cor. 7]. O

5° The vanishing (1.1.7.2) in special cases: any difference of exponents is
neither a p-adic Liouville number nor an integer except 0. Let us first suppose
that (ii) in 1.1.9 and ¢ = 0 for the exponents along z = 0 by 0°.
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LEMMA 1.1.15. With the notation in 1.1.12, the following hold.

(1) Let j be an integer. Then there is a monic polynomial gj(x) € Zylx] of de-
gree r—1 such that (N—35)g;(N)+¢n(§)I=0. Here Iy, is the identity of L.

(2) If all of e1,...,es are neither p-adic Liouville numbers nor positive inte-
gers, then (N — j) is invertible and, for any 0 < n < 1, |pn(5)"Yn? — 0
as j — o0

Take (A\,n) € Ag¢y such that A > A, and n < &, for some m. Then
the restriction (&, 8#5 on S xgpmk D(0,&;,) for an integral smooth K-affinoid
S =SpmR in VgN]Z NUJy »,, satisfies the assumption of 1.1.9 by the over-
convergence condition in 2°. Considering an admissible affinoid covering of S,
we may assume that there is a basis of F(g;ﬂ%(S), &) over Ar(n) such that G
is a matrix with entries in R.

Since any eigenvalue of G is not a positive integer, 4 + G is injective on
(Rr(n)/Ar(n))". Since any eigenvalue of G is neither a p-adic Liouville nor
a positive integer, dx + G is surjective on (Rr(n)/Ar(n))". Indeed, with the
notation in 1.1.15(1), dx +G maps — 332, @a(j) g (G)a;z77 to 352 a;z77
and 322, ¢a(j) gj(G)a 277 is contained in (Rr(n)/Ar(n))" by (1.1.15)(2).
Hence, the cohomology groups in (1.1.8.1) vanish for any ¢ and it implies the
vanishing (1.1.7.2).

6° The vanishing (1.1.7.2) in general cases: any difference of exponents is
not a p-adic Liouville number. Let us suppose conditions (a) 1.1.1 and ¢ = 0
for the exponents along z = 0 by 0°.

ProrosiTiON 1.1.16. With the notation as in 1.1.9, we assume condi-
tions (i) in 1.1.9, (a) in 1.1.1, and ¢ = 0 for exponents of (M,04) along
2z = 0. Then there is a locally free Oy -submodule M’ of M that is stable under
Oy such that (1) (M, 04) satisfies conditions (i) and (ii) in 1.1.9, (2) none of
exponents of (M, 04) along z = 0 is a positive integer, (3) the support of M/M’
is included in the closed subset defined by z = 0 and it is a locally free Og-
module of finite type, and (4) the induced homomorphism dx : M/M' — M/
s an isomorphism.

LEMMA 1.1.17. Let R be an integral K-affinoid algebra, and let n €
|K*|q. Suppose that M is a free Ar(n)-module of finite rank furnished with
an R-derivation 04 = zd% : M — M such that eq, ..., es are distinct exponents
of (M,04) along z = 0 with multiplicities m1, ..., ms, respectively.

(1) There exists a basis v of M such that if G is the matriz with entries in

G1(0) 0
Agr(§) defined by 0x(v) = vG, then G(0) = ( ) and all
0 Gs(0)
eigenvalues of the R-matriz G;(0) of degree m; are e; for any 1.
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(2) Let v; be the part of the basis as in (1) corresponding to the i-th direct sum-
mand modulo z; that is, 0x(v;) = v;G;(0) (mod zAR(n)). Let M’ be the
Ar(n)-submodule of M generated by zvy,vy,...,vs. Then M’ is stable un-
der 04 with exponents e1 +1,ea,...,es and multiplicities myi, ma, ..., ms,
respectively. Moreover, M/M' is a free R-module of rank my, and, if
e1 # 0, then the induced R-homomorphism 4 : M/M' — M/M’' is an
isomorphism.

Proof. (1) follows from 1.1.12.
(2) The stability follows from (1). If we denote the matrix that represents
the derivation of M’ by G’, then

G = P—lzip + P lgp
dz

Gl(O) + Iml *
G2(0)

(mod zAR(1))

0 G0

for P = (316”1 I f) ) Here r = m1 + --- + ms and I; is the identity matrix

of degree t. The induced R-homomorphism 04 : M/M' — M/M’ is given by
the matrix G1(0). O

Proof of 1.1.16. We use the induction on the largest integral difference of
exponents and its multiplicity. By 1.1.14 we may assume that M|y, is free for
some 7 € [K*[pN]0,&[. We have an Oy, -submodule M;, of M|y, such that
exponents are improved by 1.1.17. Indeed, we apply 1.1.17 to an exponent that
is neither a positive integer nor 0 because of the condition ¢ = 0. Since the
support of M|y, /M;, is included in z = 0, one can glue M; and M|y {—o-
Hence, the induction works. O

We use the same notation as in 5°. Considering an admissible affinoid
covering of S, we may assume that 8|g71 (9) is free for some p € |K*|gN]0, ]
A

by 1.1.14, and then we can apply 1.1.16. Let & be a locally free (f)g_1 (S)”
Xém

submodule of €| ol (8) that is stable under 04 such that it satisfies condi-
£m

tions (1), (2), and (3) in 1.1.16. Now we calculate the difference of the local
computation of cohomology between & and & by the module version of the
second form of (1.1.7.2). If E, = T'(gy,(5),€) and Ej, = T'(gy,(5), &), then
E'@Rpr(n) = EQRR(n) by condition (2) on the support of £/&’. The difference
is calculated by the complex

E, — K, 5
Tot | 04 | Loy | =|E/E, % BB,
{ B, = B J
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and it is 0 by (3). Hence, the vanishing (1.1.7.2) for & follows from the van-
ishing for & by 5°.
This completes the proof of Proposition 1.1.4. O

Proof of Theorem 1.1.1. By the same reason as 0° in the proof of 1.1.4,
we may assume ¢ = 0 and have only to prove the vanishing

F e _
}Z[x(]U X7 )T ®j50]xb€ E)=0.

By the Cech spectral sequence the problem of the vanishing is local on
X and U as in 1° in the proof of 1.1.4. We may assume that X is affine, D
is defined by a single equation f = 0 in X for some f € I'(X, %), and there
is a system of relative local coordinates z1,z9,...,24 € T'(X,0%) of X over T
such that each irreducible component Z; of the relative strict normal crossings
divisor Z = Uj_; Z; is defined by z; = 0. Let us denote by Z; (resp. Y;) the
closed subscheme of X defined by z; = 0 (resp. the complement of Z; in X).

Let us define |U[x x (resp. |Yi[x x, resp. [Zi]x\) as in 2° of the proof of
1.1.4 (resp. replacing Z, Z by Z;, Z;).

By the hypothesis on (E,V) there exist a strict neighborhood |U[x, of
JUlx in | X[x for some v € |[K*[gN]0,1[ and a locally free Oy, -module € of
finite type furnished with a logarithmic connection

Vié— (Q;eﬁ/TKhU[M) By, €
such that j[T](S,V) = (E,V), which satisfies the overconvergence condition
(1.1.0.2).

7° Induction on the number s of irreducible components of the strict nor-
mal crossings divisor Z. If s = 0, then the assertion is trivial. Put Z' =
U_s Z;. Applying the natural exact sequence
0— E}Tzl [x (3) — E]TZ[X (3) — E]TZ'[X
for a sheaf 3 of abelian groups on |X[x (see the proof of [Ber96a, 2.1.7]), we
have a triangle

(4, 3) — 0

T 1 . it
R Bz v ©5f, oy, MiowE)

+1/ AN

T 1 e T T e
RyrLyz,, (]UQxﬁ/ch ®j§]o]X[x E) — RoxsLyz, (]UQxﬁ/ch ®jLOJX[x E).

Hence, we have only to prove the vanishing

T e _
“1Z1[x (o X7 )Tk ®j;]@]x[% E)=0

by the induction on s. If Z; C D, the vanishing is trivial. Hence, we may
assume that Z7 is not included in D.
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8° Reduction to the case of sections. Let us denote the formal affine space
of relative dimension r over T by K?} By our hypothesis there is a commutative
diagram
Zl — X
(1.1.17.1) I !
ALl A4 — A
of formal V-schemes such that the vertical arrow X — K‘C}, which is étale, (resp.
Z1 — &‘}_1) is induced by z1,...,zq (resp. 22,...,24) and the composite of
bottom arrows is the identity. Since the diagonal morphism A : Z; — Z; x&ir,l
21 is étale and a closed immersion, X = Z; X g1 X\ (21 X g1 Z1\A(Z1)) is an

open formal subscheme of Z; x~4_1 X. Let us now consider the commutative

A‘T
diagram
X
A h
e \ N\
(1.1.17.2) 2 D Lyxpea ¥ X
v pro
=l \

21— g X~aq AZ
pry AV v

of formal T-schemes and define h : X — X (resp. g1 : X 21,9 : Z1 — T, resp.

g = g o0g1) as in the diagram (resp. by the composition X — Z Xpa-1 X —
%

Z1 XX%_l K% — Z1, resp. by the canonical morphism, resp. by the composition).
We identify A(Z1) (resp. A(Z1)) with Z; (resp. Z1) and denote the special fiber
of X (resp. the complement of Z1, resp. the inverse image of U by h) by X (resp.
Y1, resp. 5) 21 is a smooth divisor over J. Note that, étale locally, h=1(2) is
a relative normal crossings divisor. f.’%ﬁ denotes the formal V-scheme with the
logarithmic structure over Tx that is induced by the logarithmic structure of
%f?, and Q%# /7 denotes the sheaf of logarithmic Kéhler differentials on %}#{

K/VK
over T . Then hKSzae # 7 = Q%}? T
Let us define |U[; , (resp. [Yi[z,, resp. [Z1]z,) as in 2° of the proof of

1.1.4.

)

LEMMA 1.1.18. With the notation as above, we have
(1) hi'(1Z1[x) =) 215
(2) The restriction of hx gives an isomorphism |Z; [g%]Zl [x-
(3) Under the isomorphism in (2),

]ﬁ[gﬁ[zl]gm — Ux AN [Z1]x,
for any \,n € |K*|oN]0, 1.
Q



770 DANIEL CARO and NOBUO TSUZUKI

Proof. Since (Z1 xz4-1 Z1 \ A(Z1)) is removed, we get (1). The other
9'
assertion (2) (resp. (3)) follows from [Ber96a, 1.3.1] and the fact that h is étale
(resp. and Z; ¢ D). O
ProproSITION 1.1.19. With the notation as above, we have the following.
(1) If H is a sheaf of Abelian groups on | X [~ then

Ry, () 2 hicaLfy, (36).

(2) Let A and B be a sheaf of rings on |X[x and ]X[g,

morphism hl}lﬂ — B of rings such that Alz [, — B|]Z1[,3E under the

respectively, with a

isomorphism in 1.1.18(2). If H is an A-module, then the adjoint map
i i -1
18 an isomorphism of A-modules.

Proof. Let us define a functor

T — ~

Vilx —>]X[~

as in 2° of the proof of 1.1.4, where o, %

Wiz is the canonical open

immersion. Then the analogues of 1.1. 6 and 1.1.7 hold.

(1) Since L]Z s (g{)hiﬁ[gm = 0, we have R? hK**}Zﬂ;;,n(g_C) = 0 for any
g > 1 by 1.1.18(2). Because the cohomological functor R%h g, commutes with
filtered inductive limits by the quasi-compactness and quasi-separateness of
hk, we have

Rihe. L, (00 =R ( lim rle[ (Jf)) = lim R, D, (H) =0

n—1- n—1- =1z [

for any ¢ > 1 by 1.1.6.
. ~ ~1 .
(2) Since H|(z,),, — (B Bpa hy j{)“Zl]?ém’ the assertion follows from
1.1.6 and 1.1.18. U

Let (E,V) be the inverse image of (E, V) by hy; i.e.,

=~ g .
E*hKE*JNO}X[g@ GO i B
V:E—jLoL ® 1 E

T5 % 7y O];[x ’

where V is the induced Ojr[,-linear connection by V because of the étaleness
of h. We also denote the induced basis of Ql by € 9 o dzy
K

/‘J’ 21 ) 2 )
o) o) 2]

and the dual basis of derivations by z; 821 vee 0 28Dy BTt Dagt
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PROPOSITION 1.1.20. (1) If we put (5,6) = h}(€,V), then the natural
morphism Jg 1(&,V) — (E,V) is an isomorphism.

(2) The derwatwn 8#1 = V(z %) on & satisfies the overconvergence condi-
tion (1.1.5.1).

Proof. (1) easily follows from the fact € is locally free.

(2) It is enough to check the overconvergence condition for pr},(&,V)
along z; = 0. Fix a complete K-algebra norm on the affinoid algebra associated
to ] X [x. Then one can take a contractive complete K-algebra norm on the affi-
noid algebra associated to |Z; X a1 Xz, L [BGR84, 6.1.3, Prop. 3]. The

induced norms [|-||x on I'(JU[x 2, &) and |[|- Hle% onT (pI‘QK(]U[x)\),pI‘QKE)
satisfy the inequality ||e||z, xx < ||e||x for any e € I'(JU[x x, €). The overcon-
vergence condition for pr}, (€, V) along z; = 0 follows from the inequality. [

Remarks 1.1.21. The connection (E, %) satisfies the overconvergence con-
dition (1.1.0.2). It should be called a log-isocrystal on U # /Tx overconvergent
along D.

Since (j(TJO]X[x)hzl[ae ;> (jl%o ’]Zl[§7 we have

%)

T T e

RgK*E}Zl[x(]U x?{/TK@'TO]X[ E)
~ I il E
_RgK*(hK*E}Zl[( Qgg#/‘y ®J%O]§[~ E)

x

~ f E
~ Ry, Rhc.L] =1Zlz (UQ%ﬁ/TK@T 1X[ P
= Ryl ]Zl[~( UQ%#/T ® TOJFE[ E)

by 1.1.19. Hence, we have only to prove the vanishing

Rgr.L ]Zl[~( UQx#/fr ®ﬂﬁo]§[~ E)=0.
X

9° An argument of Gauss-Manin type. Let QJ (resp. Q) be the free O,

X5
submodule of Q% # g generated by wedge products of the terms of the form
K K
dz—?, ooy 5 d2sya, -, d2g (vesp. Ci—‘? Aw for w € Q%%I/TK). Then Qf — Q({H

by w — ”i—zll A w. Define

— dz: ~
(1.1.21.1) vozzz—z®a#z+ Z dz © 0; - E — jL Qo®fo~[ E,
i=2 i=s+1 X

Vi =id® dy jli]Qo ®jio E JT 2 Dt E,
U

Xk v Xz
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where id is the identity of le]Qg. The definition of %0 and V; is independent

of the choices of local parameters z1, zo, ..., zg of X over T as above. Then the

exterior power of jTUvQ(l) induces a complex (jTIjQB it - E,Vy) and there is
U

[~

an isomorphism

(1.1.21.2)

®T E

]X[~

T
Qx# Tk

~ . ~ = Vi .4 e ~ dz =

— [(]T O®TO Evvo) —1> (]i’ 1®'I,O~ E,l/\vo)-l
[ v Xk R ! J

of complexes of Oyp,-modules. Note that V1 is the relative connection E —

e £ ® -t 9 d d S/ v
K/ ~1/ 1X [’;.

One can easily see that (E, V) satisfies the hypotheses (a) and (b) along
z1 = 01in 1.1.1 by 1.1.18 and the overconvergence condition in 1.1.4, so that

lx

~ nt [-T q = Vit etl ~] _

TR

for any ¢ by 1.1.4. Hence,

Rg *FT it E
= Rg, RG], 2l (jLes e Sitos o E)=0.
This completes the proof of 1.1.1. O

ProproOSITION 1.1.22. With the notation in as 1.1.1, we assume further-
more that g : X — T factors through an irreducible component Z1 of Z by
a smooth morphism g1 : X — 21 over T such that the composite g1 o i1 :
21 — Z1 of the closed immersion i1 : Z1 — X and g1 is the identity of
Z1 and that the inverse image of the relative strict normal crossings divi-
sor Zy = Ui_oZ1 N Z; of Z1 by g1 is US4 Z;. Let E be a log-isocrystal
on U#/TK overconvergent along D. Then, for any nonnegative integer m,
g1k«Vo (resp. 91+ (F 421 A V) in (1.1.21.1) induces an integrable logarith-

mic Oy, -connection of the locally free j'JerU(Dw1 [y -module g1« (E(mZ1)/E)
i E(mZ1)/E)) of finite type on (Z1x,Z )/ Tk

that satisfies the overconvergence condition as a log-isocrystal on (ZNU)# [Tk

i1
(resp. giicx (]UQxﬁ/sz ®j[T]O]

overconvergent along Z1 N D.
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Suppose, furthermore, that Zy ¢ D and that E satisfies conditions (a) and
(b) in 1.1.1. Then

(1.1.22.1)
E)

+V .
> | g1 g (B(m21)/ E) ™ g1 5. (5,0

t T e
RglK*E]Zl[x(]U xt ¥, ®J}TJO]X[3€

fi Sibor, EmEV/B)| 21

1

x% /2

and g1« (E(mZ1)/E) (resp. glK*(j[T]QI# 4 @t E(mZ1)/E)) also satis-
X% /ZT " IuViXiy

fies the same conditions (a) and (b) for any m > max{e| e is a positive integral

exponent of V along Z1} U {0}.

Proof. The locally freeness has been already proved at the beginning of the
proof of 1.1.4. From the definition of Vo in (1.1.21.1), it induces an integrable
connection. Since Z is a section of X over T, one can use on an affinoid open
subset of |Z1[z, a Banach norm induced by a Banach norm on some affinoid
open subset of | X [x. Hence, the logarithmic connections on ¢y x«(E(mZ1)/E)
and g1 5« ( j[T]Q;# 4 @44 E(mZi)/E) satisfy the overconvergence condi-

x/*k IuYixix

tion. Their exponents along Z; are m copies of those of E by the definition of
Vo for i # 1. Therefore, conditions (a) and (b) also hold. O

Ezxamples 1.1.23. Let X be the formal projective scheme I@%, XSprfFB\l? over
8§ = SpfV with homogeneous coordinates (xo,z1), (yo,y1), let Z1 (resp. Z2)
be the divisor defined by x; = 0 (resp. y1 = 0) in X, and put Z = Z; U 2y
and X7 = (X,2). Let X (resp. Z, resp. Z1, resp. Zo) be the special fiber of
X (resp. Z, resp. Z1, resp. Z2), let D be a closed subscheme of X defined by
xo=0o0ryy=0,put U =X\ D, and let z; = x1/x0, 22 = y1/yo be the affine
coordinates. For integers e > 0 and h > 0, we define a log-isocrystal E on
U# /8 of rank 2 overconvergent along D (E = jg]O]X[xvl @jTUO]X[xvg) by

b\ d 0 0Y\d
v<v17v2>=(v1,vz>(g = )zl+<v1,v2)(0 h)””

e 21 zZ2

for some strict neighborhood of Uy in | X [x. Indeed, since the exponents along
Z1 (resp. Z3) are e and e (resp. 0 and h), the logarithmic connection satisfies
the overconvergence condition and is overconvergent along D. Moreover, it
satisfies conditions (a) and (b) in 1.1.1. If g1 : X — Z; is the second projection
(note that the coordinate of Z1 N4l is z9), then

E)

gk*(%t@a#l)
LN

T Qe
RQIK*E]Zl [x (JUQxﬁ/Zf&K ®jlfjo]x[x

= g1k« (E(mZy)/E) QlK*(j(TJQ;gﬁ/sz ®jLO]X[x E(mZ,)/E)| [-1]
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T 1 e _
for m > e by 1.1.4. Hence, nglK*E]Zl[x(JUQxﬁ/ZfK ®jtTJO]X[x E) = 0 for
q# 1,2 and
q T T Oe
R glK*E]Zl[x (]Uﬂxﬁ/zﬁ{ ®j;r,(9]x[x E)
~ { jTZﬂWUO]Zl[Zl Zl_e’Ul if q = ].,
(jglﬂUO]Zl[zl /ZngzlﬂUo}Zl [Zl )Zl_evl @ jglmUo]Zl[Zl Zl_e/UQ lf q = 2

2 ] 1 Qe
Therefore, R g1K*£]Z1 lx (]Uﬂxﬁ/zﬁ{ ®jLO]X[K

(1.1.21.2) and using a spectral sequence, the dimensions of total cohomology

E) is not always locally free. By

groups are as follows:

1 ifg=1,

N C e )2 itg=2,

dimg H (]X[X’E}Zﬂx(JU xﬁ/gK ®j[TJO]X[3g E)) - 1 if ¢ =3,
0 ifqg+£1,23.

1.2. Cohomological operations on arithmetic log-D-modules. Later, we will
need some basic properties of cohomological operations such as direct im-
ages and extraordinary inverses images by morphisms of smooth log-formal
V-schemes. Here, we follow Berthelot’s procedure for the study of arithmetic
D-modules. We recall that in order to come down from the case of formal
schemes to the case of schemes (the latter case is technically much better), the
strategy of Berthelot was to develop a notion of quasi-coherence for complexes
on formal schemes (see [Ber02]). Below we naturally extend (see 1.2.2 and
1.2.3) Berthelot’s notion of quasi-coherence in the case of formal log-schemes.
This will allow us, for instance, to check the transitivity of direct images and
extraordinary inverse images (see 1.2.6), which is essential for our work.

First, let us fix some notation that we will keep in this section. Let T
be a smooth formal scheme over V, h: X’ — X be a morphism of smooth
formal schemes over T, let Z (resp. Z') be a relative strict normal crossings
divisor of X (resp. X’) over T such that h=1(2) C 2/, let D (resp. D') be a
divisor of X (resp. X') such that h=1(D) C D’. We denote by U := X \ D,
X* o= (X,2), X7 = (¥,2), v X* — X, g*: X¥ — T the canonical
morphisms, and h: X% — X7 the induced morphism of smooth formal log-
schemes over J. We denote by hfﬁ: XZ(# — Xl-# the reduction of h# modulo
7T Berthelot has constructed in [Ber96b, 4.2.3] the Oy,-algebra Bg?z) (D)
g?})
that when f € Oy, is a lifting of an equation of D in X, then B%)(D) =
Ox, [T)/(f*""" T —p). By abuse of notation, we pose D) (D) := BEZL) (D)®oy,

x#
Dﬁ?}z, Dg?;ﬁ (D) = %gg) (D) ®OX§ Dg?})#. For any Ox,-module M;, we pose

that is endowed with a compatible structure of left D" /-module. We recall
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Mz(Zz) = oXl-(Zz') ®0Xz‘ M;, where OXi(Zi) = fHomoXi (in,wX#). When M;
is even a @Q(D)—module, then M;(Z;) has a canonical structure of Dﬁ?ﬁ (D)-

module (see 1[Car09a, 5.1]). i
We check by functoriality that the sheaf Bg?f)(D’ ) ® h*(@g?;z) is a
(Dg@( N ID(m)( D))-bimodule, which will be denoted by ZD( ,i Lx# (D',D).

Also, we get a (h; 1D(m)( ),Dﬁ?};ﬁ( ’))-bimodule with 1);;9X2#(D,D’) =

Bg(,)(D’) ®ox, (w X/ ®OX, h*l(ﬂ( #2 Rox, wXL) where the symbol ‘I’ means

that to compute the inverse unage by h; we ‘choose the left structure of left

@gﬁg—module of Dg{; R0y, X;

Before proceedfng, let us state the following lemma needed to define the
local cohomological functor with support in a closed subscheme (see 1.2.5).

LEMMA 1.2.1. Let € be a @g?;)—module and F be a 'Dﬁ?;z -module. Then
(m)

f]{omoxi(&?) 18 endowed with a unique structure of D;; -module such that,

for any morphism ¢ of Home, (€,F), for any section x on &, we have

(1.2.1.1) (0% ¢)(x) = S (1) { £} 2B (90> . ),

h<k

Proof. We denote by P"

X*, (m) the m-PD-envelop of order n of the diagonal

1 3 # n n n 3
immersion of X" and denote by dl*?Xi#, (m) (resp. df fPX# (m )) the induced
Ox,-algebra for the left (resp. right) structure. Using the 1somorphisms
%Omoxi(g, St) ®OX¢ d& m # (m)
= fHomgm -
Yomo x, () .
we pose €y, N = Homgn_ ((58)_1, e7), where £¢ is the m-PD-strat-

( m)
ification of €& with respect to XZ- /S; corresponding to its structure of D%)—

(€ By, dLPY, T Doy, Py ).

module and &) is the m-PD-stratification of F with respect to Xi# /Si corre-
sponding to its structure of @g?;z—module (see [Car09a, 1.8])
To compute (¢£)~! and €7, we use respectively [Ber96b, 2.3.2.3] (note that

this formula is not any more true with logarithmic structure) and [Car(9a,
1.8.1). O

1.2.2 (Quasi-coherence, step I). Let B be a sheaf of Ox-algebras, & €
D= (B"), F € D ('B); i.e., & (resp. F) is a bounded above complex of right
(resp. left) D-modules. We pose B; := B/n' 1B, &, := Ex% B, F; := B, @5 F,
35T = Rlimé; ok F;.

i
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e We say that & (resp. JF) is B-quasi-coherent if €y € D (Bo") (resp.
Fo € D ('Bo)) and if the canonical morphism & — 8@%3 (resp. F — TB@]%S’)
is an isomorphism. We denote by D, .("B) (resp. Dgc(*B)) the full subcategory
of quasi-coherent complexes of D~ (*B) (resp. D(*B)), where ‘*’ is either ‘r’
or ‘I’

e We pose @;@(D) = @@@(D). Since @g:;)(D) is a flat 3gsm)(D)—

7

module (for the right or the left structures), a complex of D*(*@;@(D)) is

@g:;)(D)—quasi—coherent (and in particular when X# is replaced by X) if and

only if it is @&m) (D)-quasi-coherent. Then, the forgetful functor D*(*@g{m) (D))
— D*(*@g;)(D)) induces DZC(*ﬁgEm)(D)) — D?ic(*@gl)(D)). Also, it follows
from [Ber96b, 4.3.3(1)] that BY"” (D) % V/xitl = BU™ (D) @y V/7it!
B%)(D). Hence, a complex of D*(*@gem)(D)) is @gem)(D)—quasi-coherent if and
only if it is Ox-quasi-coherent, if and only if it is V-quasi-coherent.

e We get a (@;’Z@(D’), h_lﬁg@)(D))-bimodule by posing @;ﬁ%%#(D’, D)

™) (D', D). Also, we have the (h_lﬁg?;)(D) 5(m)(D’))—bim0dule

— lim D'
— TXxF X DT

k3

D (D, D) =1 DY), (D, D).

i

1.2.3 (Quasi-coherence, step II). Let @Q& (D) := (@g;z;)(D))meN be the

canonical inductive system. Localizing twice Db(@ggﬁ (D)) (these localizations
replace respectively the functor —®zQ and the inductive limit on the level m),
we construct similarly to [Ber02, 4.2.1, 4.2.2] and [Car06b, 1.1.3] a category

denoted by LDY(DEL(D)). Let ®) = (£0),,en € LDB(DL(D)). As for
[Ber02, 4.2.3] and [Car06b, 1.1.3], we say that &(*) is quasi-coherent if for
any m, &M is @;ﬂ;) (D)-quasi-coherent. We denote the subcategory of quasi-
coherent sheaves by L_D}é’q(:(@ggé(D)). With the second point of 1.2.2, we
check that the canonical functor w%(Dg)(D)) — w}é(ﬂ)g& (D)) induces the

following one: LDY (DY) (D)) — LDY (D) (D)).

1.2.4 (Extraordinary inverse image, direct image, tensor product). Let

e ¢ LD&jqc(@g;(D)), e ¢ LDavo(@m (D). The following functors

- - X1

extend those which were already defined without log-structure.

e The extraordinary inverse image of &(*) by h# is defined as follows:

: [ ’\m /\L — m
(1:24.0) Wy p(e®) == (DF, 1 (D', D)By 500y~ 8™ sy x]mens

€ LDY (DS, (D).
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e The direct image by h# of &'(*) is defined as follows:

. m =L m
(1.24.2) b} 5 (€®) = RA(DYY. 36,#(D,1)')@@%(D,)ea“ N)men

€ LD}, (DEL(D)).

e Let D be a divisor of X containing D. We pose

~ ° ~(m), = ~L m ~(o ~
(1:243) (D, D)(E®) := (DL (D)E50 1) £ ™ Imen € LD (D4 (D))-

We denote by Forg,, 5: LDb (DE4(D)) = LD . (DEL(D)) the forget-
ful functor.

e When D or D' are empty, we remove them in the notation. Also, when
D' = h~Y(D), we remove D’ in the notation.

Using the remark [Ber96b, 2.3.5(iii)], we get the isomorphism in the cat-
egory LDQ qC(D(°) (D)):
(1.2.4.4)

Pyt
Ox("D)o®

08 = B (D)8 ) €™ hmen > (1D, D)(EW).

B7(D)

Since a flat Dg?;z—module (resp. a flat ﬂ)%)—module) is also a flat O( )—module,

we check that the functor (TZND, D) commutes with the forgetful functor

—~

LDY (DY) (D)) = LDY, (D) (D)).

Hence, by [Car06b, 1.1.8] and the associativity of tensor products, we deduce
from (1.2.4.4) that we have a canonical isomorphism (D, D) - (Tﬁ)oForgD
Similarly, if Dy and Dj are two divisors of X, then (TDy)o(fDy) = (TD;UDy)
(we have omitted the forgetful functor). Then we notice that (TD;) and
(D1 U Dy) are canonically isomorphic on LDQ qC(Dg#)# (D3)).

1.2.5 (Local cohomological functor with support in a closed subscheme).
Let X be a closed subscheme of X, &(®), F(®) ¢ LDQ qC(D;@)&(D))~ Let J; be

the ideal of Ox, defined by X C X;, P(m)(Ji) the m-PD-envelop of J; (resp.
(m) (3;) the m-PD-envelop of order n of J;), and J{ Yo its m-PD filtration

(see [Ber96b, 1.3-4]). From [Ber02, 4.4.4], P,,)(J;) is a @g?l) module such
) 7} om)

n’

™ With formula (1.2.1.1), this implies that the sub-sheaf

that, for any integers n and n’, for any P € @g?l r €J; , we have

P-mEJj

Eg;")(E )= lim¥Homo,, (Plony(34), €4)

n
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m)

of Homo . (P(m)(Ji), €;) has an induced structure of ‘D;#—module. We get a

functor ]RE%YL) : D+(D¥2) — D“‘(D;r;z), which is computed using a resolu-

(m)
x#
we retrieve the usual local cohomological functor (e.g., see [Ber02, 4.4.4] or

T 7

tion by injective D" ;-modules. When Z is empty (i.e., without log-poles),

[Car04, 1.1.3]). Since DS{ZZ is flat as an O x,-module, we notice that an injective

@gzl)—module (resp. an injective @%)—module) is also an injective Og?;)—module.

k3

Then, this functor RE%TL) commutes with the forgetful functor Dﬂ@g??) —

D+(DY).

Then we construct RE%: [/_l?&qc(@gi) — L_l?&qc(@g;), the local coho-

i

mology with strict compact support in X , similarly to [Car04, 2.1-2]. Also, as
for [Car04, 2.2.6.1], we have the canonical isomorphism

feonst g0 = jrie@gh g
(1.2.5.1) RE)?(E )®ox,@9~ — RE)?(E R0y T ).
Finally, since it is known (e.g., see [Car04, 2.2.1]) when &(*) = Og) (in the
category I_/Q&qc(@g)) and then in L_Daqc(@;i) via the forgetful functor) for
any divisor X of X, we get from (1.2.5.1) and (1.2.4.4) the exact triangle of
localization of &(®) with respect to X as follows:

(1.2.5.2) RIL(e) - £@)  (1X)(e®) - RCL(e®)[1].

Similarly, we deduce from (1.2.5.1) that the usual rules of composition of local
cohomological functors and Mayer-Vietoris exact triangles holds (more pre-
cisely, see [Car04, 2.2.8, 2.2.16]).

1.2.6 (Transitivity). Let A': X” — X’ be a second morphism of smooth
formal schemes over T, let Z” be a relative strict normal crossings divisor of
X" over T such that h'~1(2') € 2", and let D” be a divisor of X” such that
R'~Y(D') ¢ D". We denote by X"# := (X",2") and h'#: X'"# — X'# the
induced morphism of smooth formal log-schemes over 7.

Then, we have the isomorphisms of functors

(1.2.6.1) Wy © BEy pny = (W o h'#)p pi,
(1.2.6.2) Wi o b p 5 (B# o ¥, 1.

Indeed, thanks to Berthelot’s notion of quasi-coherence, we come down to the
case of log-schemes, which is classical.
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1.2.7. Similarly to [Car06b, 1.1.9], we check the canonical isomorphisms
of functors

(1.2.7.1) Forgpo hﬁ,Dur — hf oForgp, (1D))on™ = hﬁ,p (D).
1.2.8 (Coherence and quasi-coherence). Let D; (‘D)g := hgl@;”;)(D)Q.

We get a (Dx,#(TD )Qs fleT ,(TD)g)-bimodule with

QT}:/#_}}:#(TD D)Q = hm@:({/#z x#(D,,D)Q.

We get a (hilﬂT (fD)g, D;,#(TD') )-bimodule with

Q;#H}I’#( D D)@ _hmﬂ(x#l_xl#(D7D/)Q-

m

We have also the canonical functor hm LDQ qC(D(') (D))— D(D;# ("D)g)

(see [Ber02, 4.2.2]). Remark that by abuse of notation this functor is in fact
the composition of the inductive limit on the level with the functor — ®z Q.
This functor lirn induces an equivalence of categories between a subcategory of

LD} (DS )(D)) denoted by LDY ., (D'} (D)), and DY, (D!, ("D)q) (simi-

coh

larly to [Ber02, 4.2.4]). Let &®) e LDY . (D\s)(D »éﬂﬂeLDQwMD;QuW»
We denote by & := li_n)lE('), &= h_n)lS/( ). Then we get

(1.2.8.1) limo hfy (&)
36/#%35#( D', D)g ®%71®*#(TD)Q h_lg[dX’/X] = hﬁva(S),
X
+(g/(°))
= R (D000 851, ) = 15 (E)
imo (1D (o)
(12.8.3) limo ("D, D)(E®)

~ ot (D
— Dz ("Dl ©pt, (1D)g

= D

(1.282) limohj 1

¢ = ("D, D)(&).

In the last isomorphism, we have removed the symbol “IL” since the extension
D;# (‘D)o — @;#(TIND)@ is flat. (This a consequence of [Car09a, 4.7].) Also,
we can write &(TD, D) := (D, D)(&).

We pose 0x(2) := 9‘(0771@3E (wx,wy#) and E(Z) = 0x(2) ®o, €. This func-
tor (—)(Z) preserves Dcoh( 4(TD)g) (see [Car09a, 5.1]). Moreover, because

this is true when & = ( D)q, we check by functoriality the isomorphism
in D, (DL, (1D)g):
(1.2.8.4) &(2)('D) = &(TD)(2).

Also, when Z C D, we compute &(TD) = &(2)(TD).
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1.2.9. Let € € Dy, (Dl o).

as follows (see [Car09a, 5.6]):

The D;# Q-linear dual of € is well defined

(1.2.9.1) Dys (&) = RHomy (€, Dl ) ®o, wikldx].

x#,Q

1.2.10 (Direct image by a log-smooth morphism). We suppose here that
h# is log-smooth. Then, as for [Ber02, 4.2.1.1], we have the canonical quasi-
isomorphism Q% 4 o ®oy, D;/#,Q[d}:’#/x#] — D;#Hx,#@. This implies
Q;’#/%#,Q Q0,4 D;,#(TD,)Q[CZ%/#/%#] = D;#ex/#(TD7 D')g. Then, for any

& e D?oh(D;’# (TD/)Q)a
# — L
(1.2.10.1) 1p, oy (€)== Rhu(Dky s (1D, D')g T

= RA(Q 3t @ @00 o E)ldir jxn ).

1.3. Interpretation of the comparison theorem with arithmetic log-D-mod-
ules. We keep the notation of 1.2. First, in this section we give the following
interpretation of convergent (F-)log-isocrystals on (X, Z) over 8. Moreover,
we translate Theorem 1.1.1 and finally Proposition 1.1.22, which will be re-
spectively fundamental for Sections 2.2 and 2.3.

PROPOSITION 1.3.1. (1) The functors sp* and sp, induce quasi-inverse
equivalences between the category of coherent @;# (TD)Q—modules, locally
projective of finite type over Ox(TD)g and the category of locally free
jg](‘)} X[z -modules of finite type with an integrable logarithmic connection
V:E— jTTJQ;eﬁ/SK ®150]X[x FE satisfying the overconvergence condition of
(1.1.0.2).

(2) Denote by Iconv.et((X,Z)/SptV) the category of convergent log-isocrystals
on (X, Z) over8 in the sense of Shiho (see [Shi02, 2.1.5, 2.1.6] and [Shi00]).
There exists an equivalence between Icony et ((X, Z)/Spt'V) and the category

of coherent fD;#yQ-modules, locally projective of finite type over Ox g.

Proof. We check the first equivalence of categories similarly to [Ber96b,

4.4.12] (see also [Car09a, 4.19]). We deduce the next one by Kedlaya’s theorem
[Ked07, 6.4.1] (see also his definition [Ked07, 2.3.7]). O

Remarks 1.3.2. e With the notation 1.3.1, since D is a divisor, for any
locally free jTUO]X[x—module E of finite type, for any integer j # 0, H’/Rsp, (E)
=0.

e Moreover, it follows from 1.3.1(1) that for any coherent D;#(TD)Q—
module, locally projective of finite type over Ox(TD)g, E := sp*(€) is a locally
free j;r](f)] x[z-module of finite type with a logarithmic connection V : £ —
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Tu X7/ Tk le]o]X[PE
course, the converse is not true unless T=S3.

E satisfying the overconvergence condition of (1.1.0.2). Of

1.3.3 (Inverse image). Let V — V' be a morphism of mixed character-
istic complete discrete valuation rings, & — &’ be the induced morphism of
perfect residue fields, X be a smooth formal V-scheme, X’ be a smooth formal
V'-scheme, and Z (resp. Z') be a relative strict normal crossings divisor of X
over SpfV (resp. X’ over Spf V). Let fo: (X', Z') — (X, Z) be a morphism of
log-schemes over Spec k. We have a canonical inverse image functor under fy
denoted by fi: Iconv,et (X, Z)/Spt V) = ILeonv,et (X', Z")/Spt V). (This is ob-
vious from the definition [Shi02, 2.1.5, 2.1.6].) We get from 1.3.1(2) an inverse
image functor under fy, also denoted by fj, from the category of coherent
sz’z)y(@—modules, locally projective of finite type over Ox g to the category of

coherent D}Lx, ) Q—modules, locally projective of finite type over Oy g. When
there exists a lifting f: (X/,2) — (X,2) of (X', Z') — (X, Z), then f{§ is

canonically isomorphic to the usual functor f*.

1.3.4 (Frobenius structure). Suppose now that V — V' is ¢ (which is a
fixed lifting of the a-th Frobenius power of k) and fo is F{x,z) (or simply F)

the a-th power of the absolute Frobenius of (X, Z). A “coherent F' —sz 2,0

module, locally projective of finite type over Oxg” or “coherent Dj(rx 2).0”
module, locally projective of finite type over Ox g and endowed with a Frobe-

nius structure” is a coherent Dgfvz)y(@—module &, locally projective of finite type

over Ox g and endowed with a DIX’Z)’Q—linear isomorphism & — F*(&). This
notion is compatible (via the equivalence of categories 1.3.1(2)) with Shiho’s
notion of convergent F-log-isocrystal on (X, Z) (see [Shi02, 2.4.2]). By [Shi02,
2.4.3], an F-log-isocrystal on (X, Z) is strikingly locally free.

The following lemma indicates that the equivalence of categories of 1.3.1(1)
is compatible with the most useful functors (see also 2.3.10 for inverse images).

LEMMA 1.3.5. Let D C D’ be a second divisor of X and U’ := X\ D'. Let
& be a coherent D;#(TD)Q—module that is a locally projective Ox (1 D)g-module
of finite type and E := sp*(€). Then
(1.3.5.1) e(fD’y =1l (D) 1, (D), & =5 sp, (Gl E),
(1.3.5.2) RTY, (€) > Rsp, o Ll (E).

Proof. We have the canonical isomorphism

sp. (i E) — 0x(1D')g Doy (tD)g €-
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Since j(TJ,E satisfies the overconvergence condition, Ox(TD)q Qo (tD)g € 18
then a coherent D;# (f D")g-module that is also a locally projective Ox(TD’)g-
module of finite type. Then, we get a morphism of coherent D;#(TD’ )o-
modules: Ox(TD")g ®o(1D)g € = D;#(TD’)Q ®I);#(TD)Q €. Since this mor-
phism is an isomorphism outside D', this is an isomorphism (see [Car09a, 4.8]).
Thus, we have proved (1.3.5.1).

By applying the functor Rsp, to an exact sequence of the form (1.1.0.1),
we get the exact triangle (and with the first remark of 1.3.2)

Rsp, o Dl (B) — sp.(E) — sp. (il (E)) — Rsp, oI, (E)[1].

Since sp,(E) — sp*(j;r],(E)) is canonically isomorphic to & — &(TD’), it
follows from the exact triangle of localization of & with respect to D’ (see
(1.2.5.2)) that RT}, (€) = Rsp, o Lfp,, (E). O

An exponent of a coherent D;# (T D)g-module, locally projective of finite
type over OX(TD)@—module means an exponent of the associated overconver-
gent log-isocrystal by 1.3.1(1). The comparison Theorem 1.1.1 can be refor-
mulated as follows.

THEOREM 1.3.6. Let & be a coherent @;# (TD)g-module that is a locally
projective Ox (1 D)g-module of finite type. Suppose that

(a) none of differences of exponents is a p-adic Liouville number, and
(b") any exponent is neither a p-adic Liouville number nor a positive
integer

along each irreducible component Z; of Z such that Z; ¢ D. Then the natural
morphism

(1.3.6.1) Rg. (%4 7.0 Q0x €) = Rge (2370 ®or o €(12))
18 an isomorphism.

Proof. Using 1.3.1 (and the first remark 1.3.2), we have only to apply the
functor sp, in 1.1.1 (with E := sp*(&)). O

Remarks 1.3.7. With the notation of 1.3.6, since
Rg« (Q%#/‘T,Q ®oz,0 E(TZ)) =Ry, (Q;/T,@ ®oz,0 8(TZ)) ’

it follows from (1.2.10.1) and (1.2.5.2) that the fact that the morphism (1.3.6.1)
is an isomorphism is equivalent to the fact that g§ Lo ]RETZ(S) = 0. We will
see also that this is equivalent to the fact that g4 (p) is an isomorphism. But
first, we need to recall the construction of p.
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1.3.8 (The morphism p). Let € € Dcoh(D;#(TD)@).

e From [Car09a, 5.2.4], we get the isomorphism of (D;(TD)Q, D;# (fD)g)-
bimodules: D;ex#(TD)@ s D;(TD)Q ®o, Ox(Z), where to compute the
tensor product we take the right structure of D;(TD)Q—module (and then the
right structure of Ox-module) of @;(TD)Q. Hence, the canonical inclusion

D;(TD)Q ®o, 0x(2) C D;(TD U Z)q induces the morphism

L
up+(€) = D;a—ae# (*D)q ®D;#(TD)Q €— Q;UD UZ)g ®D;#(TD)Q ¢ =¢&('2).

This canonical morphism is denoted by p: up, (&) — &(1Z).

e From ®3€ i (D)o — @;(TD)Q ®o, Ox(Z) (and also [Car09a, 6.2.1]),
we get,
(1.3.8.1) upi (&) = DL(TD)g @152# 1Dy E2)-

e Finally, by [Car09a, 5.25], when & is furthermore a log-isocrystal on X%
overconvergent along D, for any j # 0, H/(ups(€)) = 0; ie., up () —
@;(TD)Q Dt (tD)g &(Z). This will be essential in the proof of 2.3.4.

x#

Remarks 1.3.9. With the notation 1.3.8, since the canonical morphism
(t1Z) ouy (&) — &(TZ) of coherent @;(TD U Z)g-modules is an isomorphism
(this is obvious outside D U Z and so we can apply [Ber96b, 4.3.12]), the
localization triangle of up (€) with respect to Z is canonically isomorphic to

(1.3.9.1) RL, o upy (&) = upy (&) & &(TZ) = R, o upy (&)[1].
Hence, RETZ ou4(€) =0 if and only if p is an isomorphism.
We will need the following two commutativity lemmas.

LEMMA 1.3.10. Let D be a second divisor o/ij, e ¢ LDQ qC(D;ZE(D)).
We have the following isomorphisms in LD@ qC(D(')(D)) (and then in the cat-

egory LDQ qc(@(.) (D))):
(1310.0)  (ups(€™))(1D) = up, (B (D)) =5 us, (€W(1D)).

Proof. Since over LDQ qc(ﬁ(') (D)), (D) =+ (1D U D), we can suppose
that D C D. According to our notation (see the beginning of 1.2), u;: Xi#
— X; denotes the reduction modulo 7*! of u and E(m) = Ox; ®H6x# em By

posing F(®) := &) (1 D), we get Er"(m) — D( )( )®D(m) D) Egm). By [Car09a,

5.2.4], Dg;”) (D)= DY(D) ®oy. Ox,(Z:). Hence, using [Car09a, 5.1.2],
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we obtain D (@

ot (D) €y Fi = (D)L, o (F™(2;)). Via the
' ! x# x#
(m) (75

i (D)®oy 0x,(Zi) — Ox,(Zi)®oy,
DQ(IN)) (see [Car09a, 1.24]) and via [Car09a, 5.1.2], we get

i

canonical transposition isomorphism ~y: D

(m) 7y _~ (M) (73} oL (m) (7
7ME) > DD S ) (€720
Thus,
(m) L o~ ) L (m) 175y oL (m)
‘DXieXl# (D) ®D;m#(D) ?1 — 'DXZ' (D) ®D<;;; (D) ‘DXI# (D) ®Di:;z(D) (81 (Zz))

Since @%)(D) and D@(D) are B%)(D)—ﬂat, we check

932;}2(17) Sl @%@(D) ®g%) ) 84" (D)

(and also without #). This gives the following (D%)(D), Dﬁ?;g(ﬁ))-linear iso-
morphism: D%)(D) ®H93(m# D) Dgy}z (D) = @g?:)(D), which furnishes the sec-
X7

ond isomorphism

(1.3.10.2)
DL s# (D) Fi = D D) 1) DI DNE ) (87(20)
X7 X7 X7

k3 7 k3

= DD) Sy, (O (D) 1, €7 (20).

2

L( )
> (D) ¢

So we have checked upy(E®)(1D)) =5 (up(E®))(TD). By (1.2.7.1), the
second isomorphism was known (we can also use the second isomorphism of
(1.3.10.2)). O

LEMMA 1.3.11. Let D be a second divisor of X, &) € @&m(@gﬁ(D)).
We have
(1.3.11.1) Upy © Rg})(e(')) Hadt RL% oupi(&®).

Proof. This is a consequence of 1.3.10. Indeed, following (1.2.5.2), the
mapping cone of RETE oupy o RLTB(S(')) — Up4 © ]RE%((CJ(')) is isomorphic to
(fD)oups ORE%(S(.)) = 0 by 1.3.10. Also, the mapping cone of RE}) oUp4 ©

RL%(E(')) — RE% oup4(E®) is isomorphic to RE% oups o (TD)(E®) =0 by
1.3.10. O
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COROLLARY 1.3.12. Let € be a coherent @;#(TD)Q-module that is a lo-
cally projective Ox(TD)g-module of finite type and that satisfies conditions (a)
and (b’) of 1.3.6. Then, the morphism gp +(up+(€)) —(>) gpuz+(E(12)) is

g+(p

an isomorphism and gﬁRﬂZ oup+(€)=0.

Proof. By the exact triangle (1.3.9.1), it is sufficient to check that gp 4 o
RL, oupy (&) = 0. But gﬁJr — gp+oup.+ (see (1.2.6.1)). Hence, by 1.3.7,
we get gp 4+ o Up 4+ © RETZ(S) = 0. We finish the proof by using (1.3.11.1). O

Finally, we finish with the following version of 1.1.22.

THEOREM 1.3.13. We assume that g : X — T factors through an irre-
ducible component Z1 of Z by a smooth morphism g1 : X — Z1 over T such
that the composite g1 o iy : Z1 — Z1 of the closed immersion i1 : Z1 — X and
g1 1s the identity. Moreover, we suppose that D N Zy is a divisor of Z1. Let
Zh = Ui, 21 NZ; be a strict normal crossings divisor of Z1, Z?L = (Z1,2)).
We suppose that g7 (Z,) = Us_y Z; and let g + X% — 2% be the canonical
induced morphism.

Let € be a coherent D;# (T D)g-module that is a locally projective Ox(TD)g-
module of finite type and that satisfies conditions (a) and (b) in 1.1.1. Then
the complex

(1.3.13.1) Cone (gﬁ(c‘l) — gﬁ(E(TZﬁ))

is isomorphic to a complex of coherent DTZ# (tDn Z1)g-modules, locally projec-
1

tive of finite type as Oz, (DN Z1)g-modules and satisfying conditions (a) and
(b) of 1.1.1.

Proof. We pose E := sp*(€) and Y7 := X \ Z;. Then, since the functor

E]T Zilx is exact, since the functor Rg; g (€2 —) commutes with the

[ ]
X0
X5 /2 VX x

E=02

mapping cones and j;rjﬂ;# s ®; ¥z
K 1K K

E. we obtain
LTfo]Xlag fﬁK ®O]X[3€ ’

(1.3.13.2)
t it e
RglK*E]Zl[3€ (JU xt2#, ®j;]@]x[x E)
=~ Cone <R91K*(Q;f{/2ﬁ( R0/, E) — RQIK*(Q;ﬁ/ZﬁK Qoyx(, j;rflE)) [—1].

By applying the functor Rsp, in the right term of (1.3.13.2), since Rsp, o
Rg1x+ — Rgis oRsp, and using the first remark of 1.3.2, we get the complex
(1.3.13.3)

Cone (Rgl*(g;#/zal#@ ®Ox,@ Sp*(E)) - Rgl*(Q;#/ZﬁQ ®Ox,<@ SPx (];r/l E))) [_1}'
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Following (1.2.10.1), 1.3.1(1) and (1.3.5.1), the complex (1.3.13.3) is isomorphic
(up to a shift) to (1.3.13.1).

On the other hand, by applying the functor Rsp, in the left term of
(1.3.13.2), using the isomorphism (1.1.22.1) and the first remark of 1.3.2 (and
of course 1.3.1(1)), we get a complex isomorphic to a complex of coherent
QTZf ("D N Z;)g-modules, locally projective of finite type as Oz, (D N Z;)g-

modules and satisfying conditions (a) and (b) in 1.1.1 O

Remarks 1.3.14. With the notation 1.3.13, we have the isomorphism (see
(1.2.5.2))

(1.3.14.1) g, oRLY, (&) = Cone (g, (&) — of, (€('21))) [-1].

2. Application to the study of overconvergent F-isocrystals and
arithmetic D-modules

2.1. Kedlaya's semi-stable reduction theorem. We recall the following def-
initions of Kedlya (see [Ked08, 3.2.1, 3.2.4]).

Definition 2.1.1. Let X be a smooth irreducible variety over Speck, Z be
a strict normal crossings divisor of X, and let £ be a convergent isocrystal on
X \ Z. We say that E is log-extendable on X if there exists a log-isocrystal
with nilpotent residues convergent on the log-scheme (X, Z) (see [Shi02, 2.1.5,
2.1.6]) whose induced convergent isocrystal on X \ Z is E. When F is even an
isocrystal on X \ Z overconvergent along Z, then FE is log-extendable if and
only if F has unipotent monodromy along Z (see definition [Ked07, 4.4.2] and
theorem [Ked07, 6.4.5]).

Definition 2.1.2. Let Y be a smooth irreducible variety over Speck, let
X be a partial compactification of Y, and let F be an F-isocrystal on Y
overconvergent along X \ Y. We say that E admits semistable reduction if
there exists

(1) a proper, surjective, generically étale morphism f: X; — X;

(2) an open immersion X; < X into a smooth projective variety over k such
that Dy := f~1(X \ Y) U (X1 \ Xj) is a strict normal crossings divisor of
X

such that the isocrystal f*(E) on Y; := f~!(Y) overconvergent along
Dy N X, is log-extendable on X (see 2.1.1).

With the previous definitions, Kedlaya has proved in [Kedll, 2.4.4] (see
also [Ked07], [Ked08], [Ked09]) the following theorem, which answers positively
to Shiho’s conjecture in [Shi02, 3.1.8].
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THEOREM 2.1.3 (Kedlaya). Let Y be a smooth irreducible k-variety, X
be a partial compactification of Y, Z := X \'Y, and let E be an F-isocrystal
on'Y overconvergent along Z. Then E admits semistable reduction.

Remarks 2.1.4. This conjecture was previously checked by Tsuzuki when
E is unit-root in [Tsu02] and by Kedlaya in the case of curves (see [Ked03]).

2.2. A comparison theorem between log-de Rham complexes and de Rham
complexes. Let X be a smooth formal V-scheme, D be a divisor of X, Y :=
X \ D, Z be a strict normal crossings divisor of X, X% := (X,2) be the
induced smooth logarithmic formal V-scheme, and u: X% — X be the canonical
morphism.

LEMMA 2.2.1. Let Z/ be a strict normal crossings divisor of X such that
Z U Z' is a strict normal crossings divisor of X and such that Z N Z' is of
codimension 2 in X (i.e., the irreducible components of Z and Z' are different).

We pose X% = (X,2U2'). Then the canonical morphism D;#,(TD Uz —

@;# (tDu Z')q is an isomorphism.

Proof. The assertion is local in X. We can suppose that there exists local
coordinates t1,...,tq of X such that ZUZ' =V (¢t;...t,) and Z =V (tsy1...t;)
for some 0 < s < r. For any integer m, we have the canonical inclusion

@g{";),(D UZ'g C @;@(D U Z')g (see the notation of 1.2.2). A fortiori, by

direct limit on the level, we obtain D;#,(TD UZ)g C D;# (thu Z')g.

Less obviously, let us check the converse. For any integer k, we denote

by qlgm)a ql(cm+1)> T‘I(gm), T,(cmﬂ), f,(cm) the integers satisfying the following con-
ditions: & = 7™ 1 7, 0 4™ < g,k = gD 4 100

0 < r,(cmH) < pmtl, q,(gm) = pql(cmﬂ) + f,gm), 0 < f,gm) < p. We recall that

the p-adic valuation of k! is vy, (k!) = (k —o(k))/(p — 1), where o(k) = >; a; if
k=S a;p' with 0 < a; < p. We compute

m m+41 m m—+1 ~(m m—41
op(al™Y) = vp(gt"™ ) = (g™ = " = 7)o - 1) = g,

By [Ber96b, 2.2.3.1] (and DY ¢ DY), we have

(m+1) !a<k><m+1) )

k'm m
8-< ) ) ( )!/qk )

A d

Then, there exists a unit u of Z, such that for every 0 < i <'s, we get

(m+1)

k (m+1) _(k F k

TI(Cerl) s

%
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q}(€m+1)

Since for any k we have — iy (th>+1> € ;/‘E;m)(D uZ’), we ob-
ik i

LTI

k3

tain the inclusion @(m) (DuZ')g C éﬂ(mﬂ)(DUZ’)Q. Since

1 -
LTI T (pm+1 n !

invertible in Dg;:f )(DUZ’)Q, this implies @gl) (DuZ')g C @;#fl)(DUZ’)

Then, by taking the direct limit on the level,

DL, (DU Z)g c DL, ('DUZ')g. O

x#

LEMMA 2.2.2. With the same notation as in 2.2.1, let v: X#' — X be the
canonical morphism. For any € € Dcoh(DTx# ("D)g) and €' € Dcoh(D;#/ (TD)g),
we have the following isomorphisms in Dgoh(ﬂgg(TD UZ)g):

(2221)  vpuz (E(12) 25 upuzs(E(12) 2 (ups(€)(12),
(2222)  upuz (€1(12) = vpuz (€ 2) = (upe(€))(12).
(

Proof. First, since Dx#, DUZg = D;#(TD U Z')g (see 2.2.1), the left
terms of (2.2.2.1) and (2.2.2.2) are well defined. Also, as the proof of (2.2.2.2)
is similar, we will only check (2.2.2.1).

By (1.3.8.1), upy (&) = DL(TD)g &L,

&(Z). Then, by associativ-
Dx#(TD)Q

ity of the tensor product, we get

tony ~o gt ot N oL
(uD-i-(g‘))( Z) — Dx( DUZ)Q ®D;#(TD)@

~ Tt ! L
s 9%( DuZz )Q ®®;#(TDUZ’)@

(2)

&)1 2.

On the other hand, by (1.3.8.1) (and, for the second isomorphism, since fD;#,
(buZg = D;# (fDu Z")q), we get

upuz(€(12")) = DLDU Z')q ®“1;T e(t2')(2),

(TDUZ/)@

vpuz (E(12") = DL(IDU Z')g &1 e(12)(2u2).

x# (TDUZ/)@

~

Since €(TZ")(2 U Z) = €(1Z)(2)(2) = &(1Z")(2) = &(2)(TZ') (see
(1.2.8.4)), we conclude the proof of (2.2.2.1). O

PROPOSITION 2.2.3. Let A = Spr{tl,...,tn}, D be a divisor of the
affine space Specklt1,...,t,] and fori =1,...,n, let $; be the formal closed
subscheme of A defined by t; = 0, i.e., $; = SpfV{t1,... ti,...,tn}. Fiz
an integer v € {0,...,n}, and pose 55 = Ui<i<r$i. Let A# = (Ql $) and
w : A7 — A be the canonical morphism. Let € be a coherent Dm# (" D)g-module
that is a locally projective Ogl(TD)@—module of finite type such that conditions
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(a) and (b') in 1.3.6 hold. Then the canonical morphism p: wp (&) — E(TH)
(see 1.3.8) is an isomorphism.

Proof. We have to check R[ THwDJ’_('S) = 0 (thanks to the exact triangle
(1.3.9.1)). To prove it, we will proceed by induction on r. When r = 0, this is
obvious. Suppose r > 1, and pose $) = U,>;>29; (when r = 1, ' is empty) and
G :=wp+(&). We get the Mayer-Vietoris exact triangle (see [Car04, 2.2.16])

(2.2.3.1) RLY, o S(THY) — RLY G(THY) @ RLY,S(TH)
— Rl S(THY) — RLY, - S(THD)[).

Since RLh, G(TH1) = 0 and RLY, 1 G(TH1) = 0, we obtain RL,G(FHy)
R S(TH).

Let A7 := (2, $), w’ : A — A be the canonical map, and let E:=sp*(&).
By 1.3.5, E(TH1) > sp,(ji, ), where U=A7 \ D and Y; =A} \ Hy. More-
over, from 2.2.1, @L#,(TDUHl)@ = DL# (TDUH;)q. Then &(THy) is a coherent
D;#,(TDUHl)@—module that is a locally projective of finite type Oy (T DUH} ) -
module satisfying both conditions (a) and (b’). Using the induction hypothesis,
this implies REL,w’DUHLJF(é’(THl)) = 0. We get from (2.2.2.2) the isomorphism
whom, (E(TH1)) 5 (wpi(€))(THy). Since RLY,S(THy) > RLYLS(THL),
we obtain REEQ(THQ = 0. Symmetrically, for any i = 1,...,r, we check that
RE}IS(THZ) = 0. With the exact triangle of localization of ]RE}IQ with respect
to H;, this means that the canonical morphism RE}IZ_]REPIS — RELQ is an
isomorphism. By [Car04, 2.2.8], this implies ]REJ}{m“ﬂHTS — REJ}{S.

It remains to prove that RETHmmerg = 0. When D contains HiN---NH,,
this is obvious. This reduces us to the case where DN (H; N---N H,) is a
divisor of Hi N---N H,.

Let ¢ be the canonical closed immersion $1N---N$, = Spf V{t,41,...,tn}
— SpfV{ty,...,t,} = A and g: A — SpfV{t;41,...,t,} be the canonical
projection. We notice that g o is the identity. Since € satisfies conditions (a)
and (b') and § = wp (&), from 1.3.12 it follows that gp 4 RLL (S) = 0. (Notice
that we do need here the relative case of 1.3.12, i.e., T is not necessary equal

~

to 8.) Hence, 9D+R£}{m--nm(9) = 0. By [Ber02, 4.4.5], Rﬂm...mm@) —
141'(G). Then gDJer}{m,_ﬂHT(S) = g d(9) = 4N(G). Hence, /'(G) =0
and then RE}{mmn 1, (9) = 0, which finishes the proof. O

We will need to extend [Car09a, 6.11], which will be essential (in the proof
of 2.2.9 or 2.3.13). As for [Car09a, 6.11], we need a preliminary result.
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LEMMA 2.2.4. With the same notation as in 2.2.1, let XZ-# and Xi#' be

respectively the reductions of X% and X*' modulo 7', Let Bx, be a Dg::z'

module endowed with a compatible structure of Ox,-algebra. We pose 5;72 =

Bx, Qox, D;:;z, 52?}2, = Bx, Qoy, DZQ,. Let & be a left 53?}2,—module and &

be a left 5Q—module. Then the canonical morphism of 5@—modules

k3

Am) o ! Am) o /
(2.2.4.1) ‘DXZ# ®,Di;n?i, (€ By, &) — (DXZ# ®®Z’§i/ &’ QBy, e

s an tsomorphism.
Proof. Similar to [Car09a, 3.6]. O

PROPOSITION 2.2.5. With the same notation as in 2.2.1, let 4: X% — X#
be the canonical morphism. Let € be a coherent D;#(TD)Q—module that is a
locally projective OX(TD)Q—module of finite type. Then € is also a coherent
Dl
Furthermore, we have the isomorphism of D;# (TD)g-modules

(TD)g-module that is a locally projective Ox(TD)g-module of finite type.

(2.2.5.1) ip+(&) = Dl (1D U Z')g @1 e=e(tz).

x#(TD)Q
In particular, ip (&) (resp. E(1Z')) can be endowed with a canonical structure
of coherent D;# ("D u Z")g-module (resp. coherent D;#(TD)Q—module).

Proof. By 1.3.1, sp*(€) is a locally free jLO]X[x-module of finite type with

1

x5 /8K

vergence condition (see 1.3.1). Then, we check that the induced logarithmic
; I 1Ol

connection V' : E — ]UQx}f’/sK

dition. So, &€ is a coherent D

a logarithmic connection V : £ — j(T]Q ® ;1 Opx| E satisfying the overcon-
UPIX[x

Rt FE satisfies the overconvergence con-
Ju¥IX(x

T
x#

(D)g-module that is a locally projective
Ox(TD)g-module of finite type.

As for [Car09a, 6.8], we compute @p. (9x(TD)g) — Ox(TDUZ')g. Then,
in the same way as for the proof of [Car09a, 6.11], we deduce from 2.2.4 that

the isomorphism (2.2.5.1) holds. O

Remarks 2.2.6. With the notation of 2.2.5, it comes from (1.2.4.4) and
(1.2.8.3) that there is no ambiguity in writing &(TZ’). More precisely,

pi

b ((DUZ)q @ 1p € Dhy((DUZ)g@p1 1p), € — E(12)).
x#/ x#

LEMMA 2.2.7. Let h: X' — X be a finite étale morphism of smooth formal
V-schemes, D' = h~Y(D), X% := (¥',h=1(2)), and let h¥: X'# — X% be the

induced morphism by h. Let & be a coherent ]l (TD")g-module that is a

x'#
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locally projective Ox/ (T D')g-module of finite type. Then h%+(8’) is a coherent
@;# (TD)Q—module that is a locally projective Ox(TD)Q—module of finite type.
Furthermore, if & satisfies conditions (a) and (b') of 1.3.6, so is hf;_(c?’).

Proof. Since h* is smooth, we have the canonical isomorphism

~

Q.xl#/x#7(@ ®03€,@ ‘D;’#,Q[d%/#/%#] — ‘DTX#F%,##@

(see 1.2.10). Since h is even étale, we get Q%e'#/x# = 0 and then D;,#’Q —
D;#(_x,#@. But Rh, = h, because h is finite. This implies that h%+(8’) is

canonically isomorphic to h«(&’). Pose U’ := X'\ D’. Recall that by 1.3.1,
E' := sp*(&’) is a locally free j;r],(‘)} x'[y-module of finite type endowed with
;5}’?/51( ®jZﬂO]X’[x, E' satisfying the
overconvergence condition of (1.1.0.2). By hypothesis, E’ satisfies conditions
(a) and (b') of 1.3.6. By 1.1.3(2), then so is h.(E’). We conclude with the
isomorphism sp,h«(E’) — hysp,(E') — h.(&'). O

a logarithmic connection V : E' — j(T],Q

LEMMA 2.2.8. Let h: P — P be a finite and étale morphism of smooth
formal V-schemes, D' be a divisor of X', D := h=Y(D'), € € w}é,qc(@f(;)(D)).
Then hy (&) = 0 if and only if € = 0.

THEOREM 2.2.9. Let € be a coherent @;#@-module that is a locally pro-
jective Ox g-module of finite type such that conditions (a) and (b') in 1.3.6
hold. Then the canonical morphism p: uy (&) — E(1Z) (see 1.3.8) is an iso-
morphism.

Proof. This is equivalent to proving that RETZUJ’_(g) = 0 (see (1.3.9.1)).
We proceed by induction on the dimension of X.

1° How to use the case 2.2.3 of affine spaces. Let x be a point of X, and
let Z1,...,Z, be the irreducible components of Z that contain z. By [Ked05,
Th. 2], there exist an open dense subset { of X containing = and a finite étale
morphism hg: U — A} such that 2N = (Z1U---UZ,)NY and Z:NT, ..., Z,NU
map by hg to coordinate hyperplanes Hy,..., H,. Since the theorem is local
in X, we can suppose that U = X.

Let h: X — SpfV{t1,...,t,} be a lifting of hy. Denote by $1,...,9,
the coordinate hyperplanes of Spf V{t;,...,t,}, H = H U---UH,, 2" =
h=1($). Let Z' be the union of the irreducible components of Z” that is not an
irreducible component of Z. Denote by X7 = (X,2"), A\@ = Spf V{t1,...,tn},
Kg# = (SpfV{t1,...,t,},9), h: X* — /Asg#, w: Kg# — K%, v X7 — X
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We get the following commutative diagram:

¥——x An

|

u h# An
(X,2) ~—— (%,2") = AL

2° The canonical morphism RETZmZ,u+(8) — RFZu+(8) is an isomor-
phism. We notice (for example, see 2.2.5) that € is also a coherent @;#,
module that is a locally projective Ox g-module of finite type. By 2. 2. 7

since h is finite and étale, hf(S) is a coherent DAH# Q—module that is a lo-
'\7 )

cally projective Ofn g-module of finite type and that satisfies both condi-
tions (a) and (b’) of 1.3.6. Hence, by 2.2.3, REJ}Ierhf(E) = 0. We have
hy(RLL, 0, (&) =5 RLG A v, (&) = RLLw, h(€). (See [Car04, 2.2.18.2]
for the first isomorphism and (1.2.6.1) for the second one.) Then, by 2.2.8,
RETZ//’UJ'_(E) = 0. Since Z C Z", we get RFZU+<8) =0.

It follows from (2.2.5.1) that &(TZ’) — @, (€). Then, by (1.2.6.1),
ur (EFZ")) =5 upy (€) =5 v (€). This implies RFZU+(8(TZ,)) = 0. By
(1.3.10.1), uy (8(F2")) =5 (uy(8))(12’). Hence, RLL(TZ)uy (&) = 0. Using
the exact triangle of localization of RETZqu(S) with respect to Z’, this means
that the canonical morphism RETZRE TZ,qu(c‘Z) — RT TZu+(8) is an isomorphism.
Since RLY, ., u. (&) =5 RLLRLY,uy(€) (see [Car04, 2.2.8]), we come down
to prove RE}/QZU_A'_(S) =0.

3° We check that RETZ,QZUAEI) = 0. When ZNZ' is empty, this is obvious.
It remains to deal with the case where Z N Z’ is not empty. Let = be a closed
point of ZNZ', let Z1,...,Z, be the irreducible components of Z containing x,
and let Z,41,...,Zs be the irreducible components of Z’ containing x. Since
RETZ’mZUJr(E) is zero outside ZNZ', it is sufficient to prove its nullity around z.
Then, we can suppose that Z=2;U---UZ, and Z' = 2,1 U---U Zs.

To end the proof, we need the following lemma.

LEMMA 2.2.9.1. With the above notation, let X' be an intersection of
some irreducible components of Z'. Let X7 = (X', X' N2), 11 X — X,
R X X% W/ X% = X be the canonical morphisms. For any &©®) €

LD% qc(ﬁgﬁ)&), we have the canonical isomorphism t'uy () " o/ ().

Proof. We keep the notation of Section 1.2; e.g., X/ means the reduction

~

modulo 7! of X/ etc. From D(X) x# — "D%)(Zi) (see [Car09a, 5.2.4])

and by [Car09a, 5.1.2], we get ﬂg(“)—X# D) gg m) _~, @( )®]L(m) E(m)(Z ).
‘ b's

i
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Thus,

D(m)_))( Q" i v (fD;’ZLX# ®I;<m#; elmy =, DE?Z)_)XI_ ®]LL—1@(’"# et (7).
v X

The canonical morphism D(n;z — Dg?’) induces canonically the morphism

of (Dﬁ?}i,ﬁlﬂ;)) bimodules D( ,3# xt — D(m) Lx,- We get @g?f) & (m)
‘ g ! x!

(m)
X7 X

(m)

% = DY XIm X By a computation in local coordinates, we check that

this morphism is an isomorphism. Since D@;_}X# is locally free over @S;’;,

m) (m) (m > '
D“’” ng#axl#
Dk, 8 mwe‘"”( ) <D(”“®D<m> Db ) S & (2))

2 7, 2

we obtain D( QL — D X, This implies

Moreover,

DY xr O Aot ¢ TNEM(Z) > (D e © Finin) cre™)(Zin X))

z ’L

From D(m) —x# — ZD(m)(Z NX]) (see [Car09a, 5.2.4]) and using the commu-

tation of the functor ‘—(Z; N X]) with ‘— ®L(m) —’ (see [Car09a, 5.1.2]), we
X'#

Z

obtain

DY @ ((@ﬁ?fi x# Orplmy ¢ tel™)(z; mX'))
X/

2 z

~ (m) L (m) L -1e(m)
DX{eXg# ®®<773# (DX;#%XZ.# ®L-1D(”;{ CET.
X'L X'i
(m) L -1(qy(m) L (m)y _~
Then, by composition we get DX,_>X ® 1D<m) v (DXﬁ—Xi# ®D;m# &) —

ptm) X1 ®D(’”) ('D(NZE Lx# L '18( )) which is up to a shift the required

X/ 1@(”1

7.'

1somorph1sm at the level m. O

In particular, let 27 := (Zs,2s N 2), 12 Zs — X, 17 27 — X*,
27 — Zs be the canonical morphisms. We obtain

RETZSHZUJ,_(S) 5 R} Lipduy (8)

(22—9>1) RL} L+U+L# &) = L+R£TZstuﬁrL#!(8).
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(See [Ber02, 4.4.5] for the first isomorphism.) Since € is flat over O @, then
FHE)1] =5 1 #*(E). Since (#*(€) is a coherent @TZ# Q—module which is a lo-
cally projective Oz, g-module of finite type and which satisfies conditions (a)
and (b) of 1.3.6 (see the proof of 1.1.22), since dim Z; < dim X, the induction
hypothesis implies that RLTZOZSu’JrL#!(S) = 0. Then RETZsz'U/_A'_(E) = 0. Simi-
larly, we check that, for any j between r + 1 and s, RETZJ-m zuy(€) =0. Hence,

using Mayer-Vietoris exact triangles (see [Car04, 2.2.16]), REJrZ,mZu+(8):O.
(]

Ezamples 2.2.10. The exponents of an overconvergent isocrystal with nil-
potent residues (see 2.1.1) are zero. Then the holonomicity of overconvergent
isocrystals with unipotent monodromy along Z follows from 2.2.9.

PROPOSITION 2.2.11. Let & € DEOh(DTx#(TD)Q). Suppose that there ex-
ists a smooth morphism X — T of smooth formal schemes over 8§ such that Z
is a relative strict normal crossings divisor of X over TJ. Then, we have the

canonical quasi-isomorphism

(2.2.11.1) Q%4 /7.0 ®0x0 € — Q%70 0 g UD+(E)-
Proof. The proof is similar to that of [Car09a, 6.3]. O

The second part of the next corollary improves the statements of 1.1.1
(or 1.3.6).

THEOREM 2.2.12. Let € be a coherent D;#Q
projective Ox g-module of finite type and that satisfies conditions (a) and (')
0f 1.3.6. Then &(TZ) is a holonomic D%Q—module.

Moreover, suppose that there exists a smooth morphism X — T of smooth

formal schemes over 8 such that Z is a relative strict normal crossings divisor of

-module that is a locally

X overJ. Then the canonical morphism Q;E#/‘I,Q@Ox@ & — 956/7,(@@0}:,@ e(t7)
1S a quasi-isomorphism.

Proof. The first assertion is a consequence of [Car09a, 5.25] and the second
one follows from 2.2.9 and 2.2.11. O

We finish this section by checking that the conclusions of Theorem 2.2.9
(and then Theorem 2.2.12) are stable under inverse image by smooth mor-
phisms.

PROPOSITION 2.2.13. Let f: X' — X be a smooth morphism of smooth
formal V-schemes, Z' == f~1(Z), ¥'% = (¥, 2), u': ¥'% — X' be the canonical
morphisms, and let f#: X'# — X% be the morphism induced by f. Let & be a

coherent @;# Q-module that is a locally projective Ox g-module of finite type.
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Then we have the canonical isomorphism
(2.2.13.1) Frup(€) = ol f7*(8).
Proof. We have

uly fH4(E) =5 D o @ (Dt

-1 /
X#SX#Q ®f*1®;# o @)

N
Dl g
(see 1.3.8 for the direct image). The canonical morphism QL’#a%#Q —
@;, _x,0 induces the morphism of coherent @;, g-modules (which are also

=TS, - i i
(Do f 1@x#7Q)-b1moduleS) 3;'7(@@@;,# QDx,#_)x#’Q = Dy yx - We com-

pute that this morphism is an isomorphism. (We come down to the case of
log-schemes which corresponds to a computation in local coordinates.) Then

u fFH(E) = Dhxo Spant, e

~

— D;'—ﬁe,Q ®f—1®;,@ ffl(ggs@ ®®;# . €(2)) — frug(€). O

COROLLARY 2.2.14. With the notation of 2.2.13, if the morphism uy(E)
— &(12) is an isomorphism, then so is u/, (f#*(€)) — f#*(&)(12").

2.3. Overholonomicity of overconvergent F-isocrystals.

Definition 2.3.1. Let X be a smooth formal V-scheme.

(1) Let &) ¢ L__D%’qc(@g)). Let Y be a subscheme of X such that there
exists a divisor T of X satisfying Y = Y \ T, where Y is the closure
of Y in X. The complex &(®) is smoothly dévissable over Y in partially
overconvergent isocrystals if there exist some divisors 17, ..., 7T, containing
T with T, = T such that, for any i := 0,...,r — 1 and posing Ty := Y,
Yi:=TonTinN---NT;\ Ti+1, we have Y ; smooth and the cohomological
spaces of li_I)n]Rﬂ/i (8(°)) (see [Car07a, 3.2.1]) are in the essential image of the
functor SPY, X Thar 4+ where SPY, X Tiir 4+ is the canonical fully faithful
functor from the category of isocrystals on Y; overconvergent along Y;\Y; to
the category of coherent D;(TEH)Q—modules (see [Car09b]). To simplify
the notation, we shall sometimes suppress h_n)l

More precisely, we can say that the complex &(®) is smoothly dévissable
over the stratification Y = U;—q, .. »—1Y; in partially overconvergent isocrys-
tals or (T1,...,T,) gives a smooth dévissage over Y of &) in partially
overconvergent isocrystals.

We point out that this notion of smooth devissability of &(®) over the
stratification Y = U;—g,..,—1Y; in partially overconvergent isocrystals is
well defined since this does not depend on the choice of the divisor T of
X such that Y = Y \ 7. Indeed, let T" be another divisor of X such
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that Y = Y\ T'. For i := 1,...,r — 1, we pose T/ = T, UT'. We
pose T) = Tp and T, := T'. For i := 0,...,r — 1, we check that Y; :=
ToNTyN - AT\ Topq = TyAT, N~ AT/\ T/, Then (T},...,T.)
gives a smooth dévissage over the stratification ¥ = U;—g . ,—1Y; of e(®)
in partially overconvergent isocrystals

(2) Let D be a divisor of X, € € D2, (D§("D)g) and ) € LDY (DY (D))
such that lim(é’(’)) — &. (This has a meaning since lim induces the

equivalence of categories LDQ Coh(@g)(D)) COh(DT (TD) )-)

We say that € is smoothly dévissable in partially overconvergent isocrys-
tals if &(*) is smoothly dévissable over X \ D in partially overconvergent
isocrystals.

Let T1,...,T, be some divisors of X such that 7T, is empty. We pose, for
i=0,...,r, T/ := T,UD. Wesay that (11, ...,T,) (resp. (T1,...,T))) gives
a smooth dévissage of €& over X (resp. X \ D) in partially overconvergent
isocrystals if (Ty,...,T;) (resp. (T7,...,T))) gives a smooth dévissage over
X (resp. X \ D) of &* in partially overconvergent isocrystals.

Remarks 2.3.2. (1) With the notation 2.3.1(1), for any i = 0,...,r, let
X;:=ToNnTiN---NT;. Then, for any ¢ = 0,...,r — 1, the exact triangle
of localization of REEQ_(E(‘)) with respect to Tj4q is

Rl (e0) = Rk (£0) — RLY (@) —» RO (@)1,

which explains the word “dévissage.”

(2) With the notation 2.3.1(2), € is smoothly dévissable over X in partially
overconvergent isocrystals if and only if it is so over X \ D. Indeed, if
(T, ..., T, = 0) gives a smooth dévissage of & over X in partially over-
convergent isocrystals, then (T7,...,T) = D) gives a smooth dévissage
of & over X \ D. Conversely, if (77, ...,T) = D) gives a smooth dévissage
of € over X \ D, then (17,...,T] T/+1 = () gives a smooth dévissage of
€ over X in partially overconvergent isocrystals.

2.3.3. Similar to [Car07a, 3.2.7-8], we have the following result. Let X
be a smooth formal V-scheme and Y a subscheme of X. We suppose that
there exists a divisor T' of X such that Y =Y \ T. Let & € F- LDQ qc(g@g)).
Let T1,...,T;, be some divisors of P containing 7" with 7. = T' and, for any
i:=0,...,r—1,Y; ::ToﬂTlﬂ-"ﬂ’I%\Ti_i_l where Tj =Y.

If, for any ¢ := 0,...,7 — 1, € is smoothly dévissable over Y; in partially
overconvergent isocrystals, then so is € over Y.

More precisely, for any i = 0,...,r—1, let T{; 1), ..., T(;,,) be some divisors
containing Tjy 1 with T{;,,) = Tj41 such that if T(; o) := Y; and, for any h =
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0,...,m—1, Yv(i’h) = T(i,O) n---N T(i,h) \T(i,h—i-l)v then Yv(ijh) is smooth and, for
any integer j, J (h_r}nREYu’m &) is in the essential image of SPY,, s X Tyt

Then (T(0,1)7 oo 7T(0,7"0)? T(1,1)7 oo 7T(1,1”1)7 ceey T(rfl,l)v cee ,T(r,17rr_1)) gives
a smooth dévissage of € in partially overconvergent isocrystals over the strat-
ification
(2.3.3.1)

Y =Yool -UY0,r-1) |_|Y(1,0)|—|' WY o1) |_| e |_|Y(r71,0)U' WY1, -1

PROPOSITION 2.3.4. Let A = SpfV{t1,...,tn} and, for i = 1,...,n,
let §; be the formal closed subscheme of A defined by t; = 0; i.e., $H; =
SpfV{t1,...,ti,...,tn}. We fix I and I' two subsets of {1,...,n} such that
INT is empty. We pose § := UicrH; and ' := Upcp$Hy. Let A7 = (A, $H)
and w: A# — A be the canonical morphism.

Then there exist some divisors 11,...,Tx that satisfy the following prop-
erty. If €* is any bounded complex of coherent D;#(TH’)@-modules, locally
projective of finite type as Oy('H')g-module, and such that conditions (a) and
(b) of 1.1.1 hold, then Ti,..., Ty gives a smooth dévissage of wy:,(E®) in
partially overconvergent isocrystals over Ajl.

Moreover, one may assume that, for 1 <i < N — 1, the divisor T; is such
that H Cc T, C HUH', and that Ty = HUH', Ty_1 = H' and Ty = 0.

Proof.

0° Induction. For the sake of convenience, we add the case n = 0 where
20 = SpfV (and then I and I’ are empty). We proceed by induction on the
lexicographic order (n, |I|), with n > 0. The case n = 0 is obvious. So we can
suppose that n > 1 and the proposition is checked for n — 1. Moreover, the
case where |I| = 0 means that H is empty. This case is thus straightforward.
So, we come down to treat the case |I| > 1. Up to a re-indexation, we can
suppose 1 € I.

1° We come down to the case where €® is a module. So, suppose here that
there exist some divisors T7,...,Tx such that, for any coherent Dg# (tH' )o-
module &, locally projective of finite type as Oy (T H’ )o-module and satisfying
conditions (a) and (b) above, T1,...,Ty give a smooth dévissage of wp ()
in partially overconvergent isocrystals over Aj.

Following [Car09a, 5.25.1], for any coherent DL#(TH’)@—module &, locally
projective of finite type as Og("H')g-module, for any j # 0, H (wg:1(€)) = 0.
We pose F* := wgr4 (E€®). Then, for any integer r, " = wg/4 (E).

Forany i:=0,...,7—1,let Y; :=ToNTyN---NT; \ Ty41 (with Ty :=Y)
and pose ¢ := E{,i = ETToﬂTlﬂmﬂTi o ("T;,1). Then, the first spectral sequence
of hypercohomology of ® gives E;”* = H*(Rp(F")) = H"(Rp(F*)). If for any
r, s, H*(R¢(TF")) is an isocrystal on Y; overconvergent along Y; \ Y;, then so is
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H"(Rp(F®)). Then we can suppose that F* has only one term. Thus, £°* has
only one term. From now, we will write € instead of £°.

2° Dévissage. Via the exact triangle of localization of wp/y (&) with re-
spect to H, it is sufficient to check that RELwHur(S) is smoothly dévissable
in partially overconvergent isocrystals.
The exact triangle of localization of RELwHur(é') with respect to H; is of
the form
(2.3.4.1)
RLY, wiry (&) — REjwpr () — (TH)RCwpr i (€) — RLY wrr (€)[1].

From the exact triangle (2.3.4.1) and using 2.3.3, it is sufficient to check the
following two last steps.

3° (THl)RLLwH/+(8) 1s smoothly dévissable in partially overconvergent
isocrystals. Let $ = UHenpiy, w @ (A,9) — 2A be the canonical map.
Similarly to the beginning of the proof of 2.2.3 (i.e., using a Mayer-Vietoris
exact triangle), we get the second isomorphism (T H 1)R£J}{w (&) = REL °
(tHy)owpry (€) = RE}IO ("Hy)owpry (). We get from (2.2.2.2) the isomor-
phism (T H) (wpgry (€)) < @rrom, + (E(THY)). Thus, (TH)RLLwp (&) =
RE%EH/LJH17+(8(TH1)). By the induction hypothesis, RE%GHIUgl’JF(E(THl))
is smoothly dévissable in partially overconvergent isocrystals.

4° }REJ}Il w4 (€) is smoothly dévissable in partially overconvergent isocrys-
tals. Let 97 = (91,91 09), 01 : 91 = A g1 = A= Hy, gf = AF = of,
wy ﬁfé — $1 be the canonical morphisms.

By 1.3.13 (and with the remark 1.3.14), gﬁr oRf}h (€) is a complex of co-
herent D;# (T Hy N H")g-modules, locally projective of finite type as Og, (1 Hy N

1

H')g-modules and satisfying conditions (a) and (b). Then, by induction hy-
pothesis, w40 gﬁr ORELH (&) is smoothly dévissable in partially overconvergent
isocrystals. Moreover,

(2.3.4.2) wigogf, oRLY (€) 2 gy owpry o RLY (€)

R
13L1>1 g1+ ORLY owp(€) = dhwpr i (€).

Thus, ijwp 4 (€) is smoothly dévissable in partially overconvergent isocrystals

and so is REJ}Ile/+(8). g
In order to prove Theorem 2.3.13, we need the following definition.
Definition 2.3.5. Let X be a smooth formal V-scheme, D a divisor of X

and € € D(D;(TD)@). Let n,r be integers such that n > 0 and » > —1. We
define by induction on 7 the notion of (n,r)-overholonomicity as follows.
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e To avoid confusion with the coherence over D;(TD)Q, we will say that €
is (n, —1)-overholonomic if € € DEOh(Q;Q) and dim X < n.

e We say that € is (n, 0)-overholonomic if € is (n, —1)-overholonomic and for
any smooth morphism of formal V-schemes of the form f : X’ — X with
dim X’ < n, for any divisor T of X', we have ("'T")f'(€) € D?Oh(D;,@).

e Suppose r > 1. We say that &€ is (n,r)-overholonomic if € is (n,r — 1)-
overholonomic and for any smooth morphism of formal V-schemes of the
form f : X’ — X with dim X’ < n, for any divisor 7" of X’, the complex

DT (&) is (n,r — 1)-overholonomic.

We say that € is r-overholonomic if € is (n, r)-overholonomic for any n € N,
which is exactly (when r > 0) the previous definition of r-overholonomic that
appears in [Car09c, 3.1].

2.3.6 (Stability of the (n,r)-overholonomicity). We keep the above nota-
tion 2.3.5.

e We will use freely the easy properties of the stability of the (n,r)-over-
holonomicity similar to [Car09c, 3.3] (i.e., stability under extension, over-
convergent cohomological local functors, duality. . . ).

e Let f : X’ — X be a proper morphism of smooth formal V-schemes of
relative dimension d and such that dim X < n. For any & € D(D;,’Q), if
€' is (n + dy, r)-overholonomic, then fy(&’) is (n,r)-overholonomic. (The
proof is the same than [Car09c, 3.9].)

e Let f : X’ — X be a morphism of smooth formal V-schemes of relative
dimension dy and € € D(D;’Q) be a (n,r)-overholonomic complex. When
f is smooth and dim X’ < n, it is clear that f'(&) is (n,r)-overholonomic.
But, we will be careful with the fact that when f is a closed immersion,
it is not obvious that f'(€) is (n + dj,r)-overholonomic. (In the proof
of [Car09c, 3.8], we do not control the dimension of the smooth formal
V-schemes.) So, we will avoid using this latter fact.

LEMMA 2.3.7. Let A = SptV{t1,...,t,} and, for i = 1,...,n, let $;
be the formal closed subscheme of A defined by t; = 0. Let I be a subset of
{1,...,n}. We pose $ = UicrH;. Let A% = (A, H), w: A* — A be the
canonical morphism. Let & be coherent D;# -module, locally projective of
finite type as Og g-module and satisfying conditions (a) and (b) of 1.1.1.

Let Ty,..., TN be some sub-divisors of H such that Ty = H, Ty = 0,
and (T, ..., TN) give a smooth dévissage of wy (&) in partially overconvergent
isocrystals over A} (by 2.3.4, such divisors exist). Then the partially overcon-
vergent isocrystals that appear in the smooth dévissage of w4 (&) given by the
divisors (T1,...,Tn) are —1-overholonomic.
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Proof. First, we prove by induction on n that, for any subset J C I,
RELJUJ+(8) € Di’oh(D;Q), where ;7 = N;cs9;.

Let J a subset of I. The case where J is empty is obvious. So, we
come down to treat the case |J| > 1. Up to a re-indexation, we can suppose

~

1 € J. From (2.3.4.2) and with its notation, we get wy 4 o gﬁ o RELH(E) —
ijwy (€), where gfft e REJ}{I(S) is a complex of coherent DL# Q—modules, lo-

10
cally projective of finite type as Og, g-modules and satisfying conditions (a)
and (b). Then, by the induction hypothesis, RELJi!IwJF(S) € D?oh(@%h@)-
Since RLY, wy (&) — 14y RLY, wy(€) — i1xRLY, dw(€), it follows that
RELJW+(8) € D?oh(DT%,Q)'

Secondly, let J and J’ be two subsets of I. Then, using a Mayer-Vietoris
exact sequence, since H;y N Hy = Hj,y, we check that ]RL}{JU H, wy(€) €

D}goh(ﬁgg Q). Similarly, we obtain by induction on r > 1 that, for any subsets
Ji,...,Jr of I, the complex RELSZl 1, W+(E) belongs to Db (D;€ o) If

coh
D and Dy are some closed subschemes that are a finite union of some closed
subschemes of the form Hj; with J as subset of I, by the exact triangle of
localization of RETD1w+(8) with respect to Ds, we get (TDs) o RETDIU}+(8) €
DEOh(D;Q). Moreover, since any divisor T1,..., TN of 2.3.4 is a sub-divisor
of H, then the partially overconvergent isocrystals that appear in the smooth
dévissage of w, (€) given by the divisors T, ..., Ty are of the form of (TDy) o

R£E1w+(€) e DP (D;v(@) such as above, which finishes the proof. O

coh

LEMMA 2.3.8. Let r > —1 and n > 0 be two integers, h: X — X' be a
finite and étale morphism of smooth formal V-schemes, and D' be a divisor
of X', D :=h~Y(D), & € Dgoh(DTx(TD)Q). If hy(€) is (n,r)-overholonomic
(see the definition of 2.3.5) and smoothly dévissable in partially overconvergent
isocrystals, then € is (n,r)-overholonomic and smoothly dévissable in partially

overconvergent isocrystals.

Proof. Let Z' be a smooth closed subscheme of X', T” a divisor which
contains D’ such that 7"N X" is a divisor of Z’ and the cohomological spaces of
RETZ,(JfT’)(th(E)) are in the essential image of the functor spyi 3 v . Pose
T:=h~Y(T') and Z:=h~(Z'). Then, hy (RLL(1T)(&)) = RLL, (1T')(hy (€)).
By smooth dévissage, we come down to the case where & € DEOh(D;(TT)@),
&= RETZ(TT)(éE) and the cohomological spaces of h4(€) are in the essential
image of the functor spz 3 7 4.

(1) First, we prove that in that case the cohomological spaces of € are in
the essential image of the functor sp.,x 1. Since h is exact, we can suppose

that € is a coherent @;(TT)Q—module. Since this is local in X and £ is affine, we
can suppose X and X’ affine. Then, there exists respectively some liftings a :
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221 2=X/: 20 =>XofZ—27,Z—X,Z — X' Since hy com-
mutes with the overconvergent local cohomology, ¢/ " (h4(€)) — hyiii'(€).
Because the direct images of arithmetic D-modules do not depend (up to a
canonical isomorphism) on the choice of the lifting, h+L+L'(8) s agd(€).
Hence, ¢/, 1" (h4(€)) — /Lati'(€). Since /', — Id, /! (hy(€)) = aii'(€).
This means that ¢'(€) is a coherent DTZ(TT N Z)g-module (because € has its
support in Z) such that ayi'(€) is Oy (TT" N Z")g-coherent. Let Y := 2\ T,
Y .= Z'\ T'. Since the morphism Y — Y induced by a is finite (and étale),
the fact that ayi'(€) is Oy ('T" N Z’)g-coherent implies that T'(Y,:'(€)) is of
finite type over I'(Y, Oy ). Then, by [Car06b, 2.2.12-13], ¢'(€) is associated to
an isocrystal on Y overconvergent along 7' N Z. Since & — L+L!(8), then we
have checked that € is in the essential image of spyc,x 7 4.

(2) It remains to check the (n,r)-overholonomicity of €. Since a is finite
and étale, ay = a,, a' = a*, and thus /(&) is a direct factor of a'ay:'(€).
Then, € is a direct factor of tya'ayi'(€). By [Car04, 3.1.8], tpa' — h'(,
Hence, tra'ard' (&) = h' apd (€) = h'hyipd' (&) = h'hy(€). Since h is
in particular smooth and h. (&) is (n, r)-overholonomic, then h'h, (&) is (n,7)-
overholonomic. Because & is a direct factor of h'h, (€), this implies that & is
(n, r)-overholonomic. O

Notation 2.3.9. Let X, X’ be two smooth formal V-schemes, fo: X' — X
a morphism of k-schemes, Z (resp. Z’) a divisor of X (resp. X’) such that
ol (2)cz.

From [Ber00, 2.1.6], we have a functor f;: LD& qC(D(')) — LDQ qc(@;))
We obtain f} , , = (12') o f§ o Forg,: LDY, (DY) (2)) — LDQ «D(2)).
When there exists a lifting f: X’ — X of fy, we retrieve fZ,7 . We pose
foz2 = U f(!),Z’,Z[_dX’/X] and f7, ;= 30 f!Z',Z[_dX’/X]’ where dx//x is
the relative dimension of X’ over X. We keep the previous notation when we
work with coherent complexes. Remark that if f; Y(Z) = 7', then . =1f"
where f* is the usual inverse image functor (as Ox-modules). 7

LEMMA 2.3.10. Let X, X' be two smooth formal V-schemes, Z (resp. Z')
be a strict normal crossings divisor of X (resp. X'). Let fo: X' — X be a
morphism of k-schemes such that f(;l(Z) C Z'. We note that f#: (X", 7" —
(X, Z) the induced morphism. Let € (resp. F) be a coherent F—@J(rx,z)7(@—module

(resp. DIX 2) Q—module), locally projective of finite type over Ox g (see 1.3.4).

(1) We have the isomorphism of coherent F—DT,(TZ’)Q—modules, Ox(12)g-
coherent:

(2.3.10.1) (257 (&) = foz.2((12)),
where the first (resp. second) inverse image is defined in 1.3.3 (resp. 2.3.9).
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uppose that there exists a lifting f: — X of fo that induces a lifting

2) § hat th lifting f: X' — X of fo that ind lif
7 (X, 2) — (%,2) of f#. Then, we have the isomorphism of coherent
‘D;,(TZ')Q—modules, Ox/ (12" q-coherent:

(2.3.10.2) (23 = f22(3(12)).

Proof. The sheaf f# (&) is a coherent F—sz,’z,%@—module, locally pro-
jective of finite type over Oy . By both Kedlaya’s full faithfulness theorems
[Ked07, 6.4.5] and [Ked08, 4.2.1], it is sufficient to check the isomorphism
(2.3.10.1) outside Z’, which is obvious. Using (1.3.5.1), isomorphism (2.3.10.2)
becomes straightforward. O

Remarks 2.3.11. In the proof of (2.3.10.1) we use the Frobenius structure.
(More precisely, the second Kedlaya’s full faithfulness theorem, i.e., [Ked08,
4.2.1], needs a Frobenius structure.) But, the isomorphism (2.3.10.1) should
be true without a Frobenius structure on €. This check is technical (we have
to paste local isomorphisms), and we avoid it because this is not really useful
in this paper.

2.3.12 (log-relative duality isomorphism). We recall in this paragraph
the isomorphism [Car09a, 5.25.2] and give a version of this. This isomorphism
will be essential in the next theorem. Let X be a smooth formal V-scheme,
Z a strict normal crossings divisor of X, X# := (X,2) the induced smooth
logarithmic formal V-scheme, u: ¥# — X the canonical morphism. Let &

T
be a coherent Dx#,@

type. It follows from [Car09a, 5.25.2] that Dy ouy (&) — uyoDyx(E(Z)) (see

the notation 1.2.9). By [Car09a, 5.22], Dy%(E(Z)) — (E(Z))v = EV(—Z).
Then

-module that is a locally projective Ox g-module of finite

(2.3.12.1) Dy o uy (&) = uy(E€Y(-2)).

THEOREM 2.3.13. Let X be a smooth formal V-scheme, Z a strict normal
crossings divisor of X, X% := (X,2) the induced smooth formal V-scheme, u:
X#* — X the canonical morphism. Let & be a coherent @;#7Q—m0dule that is a
locally projective Ox g-module of finite type satisfying the following condition:

(c) none of elements of Exp(€)8" (see the definition in 1.1.3) is a p-adic

Liouwville number.

Then uy(E) is overholonomic.

Proof. Let r > —1, n > 0 be two integers, and let us consider the next
properties:

(Py,r) Forany X, Z, € that satisfy the assumptions of the theorem, the module
uy(€) is (n,r)-overholonomic (see 2.3.5);
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(Qn,r) For any X, Z, € that satisfy the assumptions of the theorem, the com-
plex R£1.Zu+(8) is (n, r)-overholonomic;

(Ry,r) Forany X, Z, € that satisfy the assumptions of the theorem, the module
&(tZ) is (n,r)-overholonomic.

(I) First, for any n > 1, r > —1, we check that (P,—1,) = (Qn,r)-

1° How to use the case 2.3.7 of affine spaces. Let $1,...,9, be the
coordinate hyperplanes of SpfV{ti,...,t,}, H = H; U --- U H, for some
r < n, Af = SpfV{ts,...,t,} and AF = (SpfV{t1,...,t,},H). Since
(n,r)-overholonomicity is local in X, similarly to the first step of the proof
of Theorem 2.2.9, we come down to the case where there exists a commutative
diagram of the form

¥ —" A7

R —

-~ h# /\n
(X,2) < (%,2") —— A},

where h is a finite étale morphism, 2 := h~1($)), and where h¥, w, v, @ are
the canonical induced morphisms. Moreover, denote by X7 := (X,2") and
Z' the union of the irreducible components of Z” that are not an irreducible
component of Z.

2° ]RETHerhﬁ(E) is (n,r)-overholonomic and smoothly dévissable in par-
tially overconvergent isocrystals. The case where r = —1 is already known
from 2.3.7. Suppose now r > 0. We notice (for example, see 2.2.5) that &

: t
is also a coherent @x#,@

finite type. Since h is finite and étale, hf((‘l) is a coherent @%n# Q—module that
SVARS]

-module that is a locally projective Ox g-module of

is a locally projective O4n g-module of finite type and such that condition (c)
holds (see 1.1.3(2) ). Hence, by 2.3.4, REJ}{erhf(E) is smoothly dévissable in
partially overconvergent isocrystals. Also, in the proof of 2.3.4 (see (2.3.4.2))
and with its notation, we have checked that i’lw+hf(8) is isomorphic to the
image by w4 of a complex of coherent @;# Q—module that are locally pro-

jective Og, g-modules of finite type satisfyiﬁé condition (c¢) by 1.1.22. The
hypothesis (P,,—1,) implies that i!1w+hf(8) is (n — 1, r)-overholonomic. Then
by using 2.3.6, the complex i1+i!1w+hﬁ(8) — RE}{leFhﬁ(&) is (n,r)-over-
holonomic. Symmetrically, we obtain for any ¢ = 1,...,r that RE}Iinrhﬁ(E)
is (n,r)-overholonomic. Using Mayer-Vietoris exact triangles and the stability
of the (n,r)-overholonomicity under local cohomological functors, this implies
that REEU@hf(E) is (n,r)-overholonomic.



804 DANIEL CARO and NOBUO TSUZUKI

3° (TZ’)RETZM(E) is (n,r)-overholonomic. We have h+(R£TZ,,v+(8)) =
RELh_f_UJ’_(E) S REJ}Ierhf(E). (See [Car04, 2.2.18.2] for the first isomor-
phism and (1.2.6.1) for the second one.) Then, by 2.3.8 and the second step,
REJrZ,,v+(8) is (n, r)-overholonomic. We have checked in the proof of 2.2.9 that
ur (E(TZ")) =5 vy (€). This implies RETZ//(TZ/)U+(8) is (n,r)-overholonomic.
Using a Mayer-Vietoris exact triangle (similarly to (2.2.3.1)), we obtain

REL, (12")uy (&) = ROL(1Z)uy (€).

Using the exact triangle of localization of RETZUJ’_(E) with respect to Z’,
we come down to prove ]RETZ,m U4 (€) is (n,r)-overholonomic, which is the last
step of the proof of (I).

4° RETZ,QZUAE) is (n,r)-overholonomic. When Z N Z' is empty, this is
obvious. It remains to deal with the case where Z N Z’ is not empty. Let
x be a closed point of Z N Z’, Z1,...,%, be the irreducible components of Z
containing z, Z,41,...,2Zs be the irreducible components of Z' containing .
Since RETZ,mZqu(ﬁ) is zero outside Z N Z’, it is sufficient to prove its (n,r)-
overholonomicity around x. Then, we can suppose that Z =2;U---UZ, and
=2, U---UZs.

Let I be a nonempty subset of {r + 1,...,s}, X' = MiesZ;, X7 =
(X, X'NZ), 1: X — X. Let /#: X% «— X% u': X' — X' be the canonical mor-

phisms. Then, RE&/QZU_F('S) — RET26+[/!U+(8) (22L9>1 REJrZLJrU/JrL#!(g) —

)
L+R£TZOX,U’+L#!(8). From (P,_; ), we get that RETZQX,U’JFL#!(E) is (n—1,r)-
overholonomic. Hence, using the second point of 2.3.6 and the above isomor-
phisms, RE&,H U4+ (€) is (n,r)-overholonomic. Using Mayer-Vietoris exact tri-
angles, we get that if X” is the union of some intersections of some irreducible
components of Z/, then RL:I;(//HZU_A'_(S) is (n,r)-overholonomic. In particular,

RETZ’mZUJr(S) is (n, r)-overholonomic.
(II) We prove (Ppr—1) + (Qn,r) = (Rn,y) for anyn >0, r > 0.

We suppose r = 0 (resp. r > 1). By (2.3.10.2), it is sufficient to prove that
for any divisor D of X, &(fZ U D) is D;’Q-Coherent (resp. Dx(E(fZ U D)) is
(n,r —1)-overholonomic). Using de Jong’s desingularization theorem ([dJ96]),
there exist a proper smooth morphism f: P — X of smooth formal V-schemes,
a smooth scheme X’ over k, a closed immersion t: X' < ', a projective,
surjective, generically finite and étale morphism ag: X’ — X such that ag =
foodyand Z" := ag'(Z U D) is a strict normal crossings divisor of X’. Since
&(TZ U D) is associated to an isocrystal on X \ (Z U D) overconvergent along
Z UD (ie., is a coherent D;(TZ U D)g-module, Ox(TZ U D)g-coherent), by
[Car06a, 6.1.4 and 6.3.1], this implies that &(fZ U D) is a direct factor of
f+RL} ,f/(&(1ZUD)). Using the second point of 2.3.6 (resp. and the fact that
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f+ commutes with Dy), it remains to prove that RL&,fI(S(TZ UD)) is D;rp,’Q-
coherent (resp. D?/OREE(,OJC!(E(TZUD)) is (n+dy, r—1)-overholonomic, where
dy is the relative dimension of f). This is local in ?'. Then, we can suppose
that there exists a lifting «/: X’ — P’ of ¢, and that Z” lifts to a relative strict
normal crossings divisor Z” of X’ over V. We pose a = f o/ and denote by
u o (X,2") — X' and a¥: (X',2") — (X, 2) the canonical morphisms.
By [Ber02, 4.4.5],

R f(e(tzu D)) = /o fefzup) = LaE(tzuD)).
Then, using the second point of 2.3.6, we come down to prove that the mod-
ule d'(E(fZ U D)) = a*(&(fZ U D)) (by flatness) is D;,’Q—coherent (resp.
Dya*(E(TZ U D)) is (n,r — 1)-overholonomic). We have a*(&(fZ U D)) =
(tz" oa*(&(12)) = a},,z(ﬁ(TZ)). We get from (2.3.10.2) the following
isomorphism:

ayn 7(E(12)) = (12")(a™(€)).

Thus, it remains to prove that (TZ”)(a™*(€)) is D;,Q—coherent (resp. Dy o
(tZ")(a®*(&)) is (n,r — 1)-overholonomic). We check this separately.

Nonrespective case. By (Qnp), since a”*(€) satisfies condition (c) (see
1.1.3(1)), the complex RETZ,,U’_i_(a#*(ﬁ)) is overcoherent. By (1.3.9.1), using
the exact triangle of localization of u/, (a#*(€)) with respect to Z”, this implies
that (TZ2")(a™*(€)) is D;/’Q—coherent.

Respective case. By applying the functor Dy to the exact triangle of lo-
calization of v/, (a#*(€)) with respect to Z” (see (1.3.9.1)), we get

Dyo(t2”)(a?*(€)) = Cone(Dy o u/y (a™*(€)) » Dy o RL, o/ (a®*(€)))[-1].

Since a?*(€) satisfies condition (c) (see 1.1.3(1)), using (Qy,) hypothesis, we
get that Dy o RETZ,, o/, (a¥*(€)) is (n,r — 1)-overholonomic. Also, the log-
relative duality isomorphism of (2.3.12.1) gives
Dy o u!, (a™*(€)) = wly ((a™*(€))"(~2")).

Since (a®*(&))Y(—2") satisfies also condition (c) (see 1.1.3(1)) of our theorem,
using (P, »—1) we obtain that v/, ((a#*(€))¥(-2")) is (n,r — 1)-overholonomic.
Hence, Dy o (TZ")(a?*(€)) is (n,r — 1)-overholonomic.

(III) Conclusion.

For any n > 0, we know that (P, —1) is true. Also, for any r > —1, (P )
is already known (see [Car09c, 7.3]).

We get from the two previous steps that, for any » > 0 and n > 1,
(Pryr—1) + (Po—17) = (Qnr) + (Rp,). Using the exact triangle of localization
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of uy (&) with respect to Z, we get (Qnr) + (Rnr) = (Pny). Thus, (P, ,—1) +
(Pp—1,) = (Pn,r). This implies that (P, ;) is true for any r>—1 and n>0. O

Remarks 2.3.14. We have used in (step (II) of) the proof of 2.3.13, the
stability of condition (c) by inverse image and above all by the functor &
&V(—2). Since condition (b’) of 1.3.6 is not stable by the functor & — &Y(—-2),
we do need the strong version of Theorem 1.1.1 and Proposition 1.1.22.

THEOREM 2.3.15. Let P be a separated smooth formal scheme over V, T
a divisor of P, X a closed smooth subscheme such that Z :=TNX is a divisor
of X, Y := X\ Z. Let E be an F-isocrystal on'Y overconvergent along Z.
Then spx,p 1+ (E) is overholonomic.

Proof. Since E admits a semi-stable reduction (see 2.1.3), there exists a
commutative diagram of the form

(2.3.15.1) Y - X
Y

Y — X —— 7P,

such that f is a proper smooth morphism of smooth formal V-schemes, the left
square is cartesian, X’ is a smooth scheme over k, ¢, is a closed immersion, ay
is a projective, surjective, generically finite and étale morphism, ay 1(Z ) is a
strict normal crossings divisor of X', and the F-isocrystal af(FE) on Y’ overcon-
vergent along ag'(Z) is log-extendable on X’. We pose & := sPxsp 1+ (F).
We have RL, f1(€) — sbxic,pr p-1(1)4 (af(E)). By [Car06a, 6.1.4]), € €
F-Isoc'T(P, T, X/K). Then by [Car06a, 6.3.1], we check that & is a direct
factor of fr ispxscigr p1(1)4(ag(E)). Since the overholonomicity is stable
under direct image by a proper morphism, then it is sufficient to prove that
the isocrystal spxsc,p r-1(1 4 (ag(E)) is overholonomic. This last statement
is local in P’. Then, we can suppose that there exists a lifting /: X' — P’
of fy and that ay'(Z) lifts to a strict normal crossings divisor 2/ of X’ over
8. Then, spy/cypr p-1(7)+(a5(E)) — isp.(a5(E)), where sp: Xpe — X
is the specialization morphism of X’. It remains to check that sp,(a§(E)) is
overholonomic. But since af(E) is an F-isocrystal on Y’ overconvergent along
ag'(Z) that is log-extendable on X', it follows from 2.3.13 that sp, (aj(E)) is
overholonomic. O

The following theorem was the conjecture [Car07a, 3.2.25.1].

THEOREM 2.3.16. Let Y be a smooth separated scheme of finite type
over k. Let E be an overconvergent F-isocrystal on Y. Then spy (E) is
an overholonomic arithmetic Dy-module (see [Car04, 3.2.10]), where spy , :
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F-Isoc!(Y/K) = F-Isoc!l(Y/K) is the canonical equivalence from the cate-
gory of overconvergent F-isocrystals on Y into the category of overcoherent
F-isocrystals on'Y (see [CarQ7a, 2.3.1]).

Proof. The theorem is local in Y. We can suppose Y affine and then
that there exists an immersion of Y into in proper smooth formal V-scheme P,
a divisor T' of P such that Y = X \ T, where X is the closure of ¥ in P.
Let Z := X NT and & := spy_(F) € F-Isoc'(Y/K) = F-Tsoc'' (P, T, X/K)
(notation of [Car06a, 6.2.1] and [Car07a, 2.2.4]).

Using de Jong’s desingularization, we come down to the case where X
is smooth (similarly to the proof of 2.3.15), which was already checked in
2.3.15. O

THEOREM 2.3.17. Let P be a proper smooth formal scheme over V, T a di-
visor of P, & € F-DP (@&(TT)@). Then the following assertion are equivalent:

coh

(1) The F-complex € is D;(TT)Q-overcoherent.
(2) The F-complex € is @;Q—Ovemohemnt.

(3) The F-complex € is overholonomic.

(4)

The F-complex € is dévissable in overconvergent F'-isocrystals.

Proof. By [Car07a, 3.1.2], if € is F—D;(TT)Q—overcoherent, then there ex-
ists a dévissage of € in overconvergent F-isocrystals. By 2.3.16, if there exists
a dévissage of € in overconvergent F-isocrystals, then € is overholonomic. Fi-
nally, it is obvious that if € is overholonomic, then € is @&7Q—overcoherent and

that if € is D;r,,(@-overcoherent then € is D;(TT)Q-overcoherent. g

We end this section with the following consequences of 2.3.17, explained
respectively in [Car07a, 3.2.26.1] and [Car07b, 5.8].

COROLLARY 2.3.18. Let P be a proper smooth formal scheme over V, T
a divisor of P, Y a subscheme of P.

(1) We have an equivalence between the category of quasi-coherent F'-com-
plexes dévissable in overconvergent F-isocrystals and the category of co-
herent F'-complexes dévissable in overconvergent F-isocrystals; i.e.,

F-LDY, 40, (DY) (1) = F-DY, (D} (1T)q).

(2) Denoting by F-DP, (Dy), the category of overholonomic F-complexes of

ovhol
arithmetic Dy -modules, we get a canonical tensor product:

L
(2318.1) =@ — : F-D2yo(Dy) x F-DByo(Dy) = F-Diuper(Dy).

ovhol ovhol

2.4. Some precisions for the case of curves. In this section, i: Z — X is a
closed immersion of separated smooth formal V-schemes such that dim X =1
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and Z is a divisor of X. Let Y := X\ Z, X% := (X,2), w: X" = X, f: X = §
be the canonical morphisms and f# := fou : X% — 8.

The next theorem is slightly better for curves than 2.2.9 because we have
another divisor D.

PROPOSITION 2.4.1. Let D be a divisor of X, € be a coherent D;# (‘D)o-
module that is a locally projective Ogg(TD)@—module of finite type. Suppose that
& satisfies conditions (a) and (b') (see 1.3.6). Then the canonical morphism
p: upy(€) = E(T12) (see 1.3.8) is an isomorphism.

Proof. By (1.3.9.1), this is equivalent to checking that RLTZ ouy (&) =0.
By applying the functor f; to the localization triangle of upy (€) with respect
to Z, we get

(2.4.1.1)
froRTY ous (&) — fious(€) =8 £ (6(12)) — f1 o RTY 0w (€)[1].

Following 1.3.12, the morphism f; o uy (&) — f4(&(TZ)) is an isomorphism.
Then, by 2.4.1.1, fy o ]RETZ ouy(€) = 0. Furthermore, since RETZ = iy o4
(by [Ber02, 4.4.5)), we get (f oi); oi' o uy(€) = fy o RLC) ouy(€) = 0.
Because f o is finite and étale, by 2.2.8 this implies i' o uy (&) = 0 and then
RIY, 0wy () = 0. O

Remarks 2.4.2. Even if the assertions look different, the proof of 2.4.1 is
the same as that of [Car06b, 2.3.2]. Here the coherent D%Q—module is ug (&)
and we have replaced the finiteness theorem of rigid cohomology (this requires
the properness of X and a Frobenius structure) by 1.3.12.

LEMMA 2.4.3. Let P be a smooth formal V-scheme, let € € F'Dth(QED,Q)
with finite extraordinary fibers (see the definition [Car09c, 2.1]); i.e., for any
closed point x of P, for any lifting i, of the canonical closed immersion induced
by x, the cohomology spaces of Li%(€) have finite dimension as K -vector spaces.
Then there exists a divisor T of P such that the complex E(TT) is Op(TT)q-

coherent.

Proof. From [Car06b, 2.2.12], it is enough to check that there exists a
dense open set 4 of P such that €|t € F-DP | (Oy ). We proceed by induction
on the cardinal number of the set {n € N|H"(E) # 0}. Let N be the greater
number of this set. Then, for any closed point x of P, for any lifting i, of
the canonical closed immersion induced by , i (HY (€)) has finite dimension
as K-vector space (because ¥ is right exact). We notice that the theorem
[Car06b, 2.2.17] is still true by replacing 4, by i*. (In the proof, we only
use the fact that % (€) has finite dimension as K-vector space.) Then there
exists a dense open i such that HY ()[4l is Oy g-coherent. We can suppose
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X =4ie, HN(E)is Ox g-coherent. Then, for any closed point x of P, for any
integer j # 0, H/Li*(HN(€)) = 0. This implies that the truncated complex
T<N—-1(€) has finite extraordinary fibers. We conclude using the induction
hypothesis. ([l

The following theorem extends [Car06b, 2.3] (e.g., notice that here X does
not need to be proper).

THEOREM 2.4.4. Let € € F—DEOh(D;E o). The following assertions are
equivalent:

(1) The F-complex € has finite extraordinary fibers.

(2) For any divisor T of X, the F-complex E(TT) belongs to F—Dg’oh(D;’Q).
(3) The complex € is holonomic.

(4) The F-complex & is smoothly dévissable in partially overconvergent F-iso-
crystals.

(5) The F-complex € 1is D;’Q-overcoherent.

(6) The F-complex € is overholonomic.

Proof. To check the equivalence between the three first assertions, we have
only to rewrite the proof of [Car06b, 2.3.3] where we replace [Car06b, 2.3.2]
by 2.3.15.

Proof of 1=4: suppose € satisfies 1. By 2.4.3, there exists a divisor
T of X such that the cohomology spaces of &(1T) are isocrystals on X \ T
overconvergent along T'. Let ¢ : T — X be a lifting of the T" C X. Then, by
hypothesis, i!(E) is Og g-coherent. Hence, € is smoothly dévissable in partially
overconvergent F-isocrystals. The implication 4=-6 is a consequence of 2.3.15.
Finally, 6=5=-1 are obvious. ([l

For curves, the following statement answers positively to Berthelot’s con-
jecture of [Ber02, 5.3.6.D] in the case of curves.

THEOREM 2.4.5. Let & € F-DP (@;(TZ)@) whose restriction on Y is a

coh

holonomic F—DL Q—module. Then € is a holonomic F—@&Q—module.

Proof. Replacing [Car06b, 4.3.4] by 2.3.15 and [Car06b, 2.3.3] by 2.4.4, it
is sufficient to rewrite the proof of [Car06b, 4.3.5]. g

Remarks 2.4.6. This Berthelot’s conjecture above (of [Ber02, 5.3.6.D])
leads to Berthelot’s conjecture on the stability of the holonomicity under in-
verse image. This latter conjecture, following [Car09c|, implies that holonomic-
ity equals overholonomicity.



810

[ABO1]

[BBO4]

[BC92]

[BCY4]

[Ber90]

[Ber96a]

[Ber96b]

[Ber00]

[Ber02]

[BGRS4]

[Car04]

DANIEL CARO and NOBUO TSUZUKI

References

Y. ANDRE and F. BALDASSARRI, De Rham Cohomology of Differential
Modules on Algebraic Varieties, Progr. Math. 189, Birkhauser, Basel, 2001.
MR 1807281. Zbl 0995.14003.

F. BALDASSARRI and P. BERTHELOT, On Dwork cohomology for singular
hypersurfaces, in Geometric Aspects of Dwork Theory. Vol. I, II, Walter
de Gruyter GmbH & Co. KG, Berlin, 2004, pp. 177-244. MR 2023290.
Zbl 1117.14022.

F. BALDASSARRI and B. CHIARELLOTTO, On Christol’s theorem. A gener-
alization to systems of PDEs with logarithmic singularities depending upon
parameters, in p-Adic Methods in Number Theory and Algebraic Geome-
try, Contemp. Math. 133, Amer. Math. Soc., Providence, RI, 1992, pp. 1-
24. MR 1183967. Zbl 0768.12006. http://dx.doi.org/10.1090/conm/133/
1183967.

, Algebraic versus rigid cohomology with logarithmic coefficients, in
Barsotti Symposium in Algebraic Geometry (Abano Terme, 1991), Perspect.
Math. 15, Academic Press, San Diego, CA, 1994, pp. 11-50. MR 1307391.
7Zbl 0833.14010.

P. BErRTHELOT, Cohomologie rigide et théorie des D-modules, in p-Adic
Analysis (Trento, 1989), Lecture Notes in Math. 1454, Springer-Verlag, New
York, 1990, pp. 80-124. MR 1094848. Zbl 0722.14008. http://dx.doi.org/
10.1007/BFb0091135.

, Cohomologie rigide et cohomologie rigide a supports propres.
premiere partie, 1996, preprint, Université de Rennes. Available at http:
/ /perso.univ-rennesl.fr/pierre.berthelot /publis/Cohomologie_Rigide_I.pdf.

, D-modules arithmétiques. I. Opérateurs différentiels de niveau fini,
Ann. Sci. Ecole Norm. Sup. 29 (1996), 185-272. MR 1373933. Zbl 0886.
14004. Available at http://www.numdam.org/item?id=ASENS_1996_4_29_
2_185.0.

, D-Modules Arithmétiques. II. Descente par Frobenius, Mém. Soc.
Math. Fr. (N.S.) 81, 2000. MR 1775613. Zbl 0948.14017. Available at http:
//www.numdam.org/item?id=MSMF_2000_2_81__1_0.

, Introduction a la théorie arithmétique des D-modules, in Coho-
mologies p-Adiques et Applications Arithmétiques, II, Astérisque 279, 2002,
pp. 1-80. MR 1922828. Zbl 1098.14010.

S. BoscH, U. GUNTZER, and R. REMMERT, Non-Archimedean Analysis,
Grundlehren Math. Wiss. 261, Springer-Verlag, New York, 1984, A system-
atic approach to rigid analytic geometry. MR 0746961. Zbl 0539.14017.
D. CArRO, D modules arithmétiques surcohérents. Application aux fonc-
tions L, Ann. Inst. Fourier (Grenoble) 54 (2004), 1943-1996. MR 2134230.
Zbl 1129.14030. Available at http://aif.cedram.org/item?id=AIF_2004__54_
6-1943.0.



http://www.ams.org/mathscinet-getitem?mr=1807281
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0995.14003
http://www.ams.org/mathscinet-getitem?mr=2023290
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1117.14022
http://www.ams.org/mathscinet-getitem?mr=1183967
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0768.12006
http://dx.doi.org/10.1090/conm/133/1183967
http://dx.doi.org/10.1090/conm/133/1183967
http://www.ams.org/mathscinet-getitem?mr=1307391
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0833.14010
http://www.ams.org/mathscinet-getitem?mr=1094848
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0722.14008
http://dx.doi.org/10.1007/BFb0091135
http://dx.doi.org/10.1007/BFb0091135
http://perso.univ-rennes1.fr/pierre.berthelot/publis/Cohomologie_Rigide_I.pdf
http://perso.univ-rennes1.fr/pierre.berthelot/publis/Cohomologie_Rigide_I.pdf
http://www.ams.org/mathscinet-getitem?mr=1373933
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0886.14004
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0886.14004
http://www.numdam.org/item?id=ASENS_1996_4_29_2_185_0
http://www.numdam.org/item?id=ASENS_1996_4_29_2_185_0
http://www.ams.org/mathscinet-getitem?mr=1775613
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0948.14017
http://www.numdam.org/item?id=MSMF_2000_2_81__1_0
http://www.numdam.org/item?id=MSMF_2000_2_81__1_0
http://www.ams.org/mathscinet-getitem?mr=1922828
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1098.14010
http://www.ams.org/mathscinet-getitem?mr=0746961
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0539.14017
http://www.ams.org/mathscinet-getitem?mr=2134230
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1129.14030
http://aif.cedram.org/item?id=AIF_2004__54_6_1943_0
http://aif.cedram.org/item?id=AIF_2004__54_6_1943_0

[Car06a)]

[Car06b]

[Car07a)]

[Car07b]

[Car09a)]

[Car09b]

[Car09c]

[Car09d]

[CT03]

[Chr84]

[Cre9s]

[Cre06]

[DGS94]

[dJ96]

OVERHOLONOMICITY OF OVERCONVERGENT F-ISOCRYSTALS 811

D. CAro, Dévissages des F-complexes de D-modules arithmétiques
en F-isocristaux surconvergents, Invent. Math. 166 (2006), 397-
456. MR 2249804. Zbl 1114.14011. http://dx.doi.org/10.1007/
s00222-006-0517-9.

, Fonctions L associées aux D-modules arithmétiques. Cas des
courbes, Compos. Math. 142 (2006), 169-206. MR 2197408. Zbl 1167.
14012. http://dx.doi.org/10.1112/S0010437X05001880.

, F-isocristaux surconvergents et surcohérence différentielle, Invent.
Math. 170 (2007), 507-539. MR 2357501. Zbl 1203.14025. http://dx.doi.
org/10.1007/s00222-007-0070-1.

, Sur la stabilité par produits tensoriels des f-complexes de D-
modules arithmétiques, 2007. Available at http://www.math.unicaen.fr/
~caro/#prepublication.

, Log-isocristaux surconvergents et holonomie, Compos. Math. 145
(2009), 1465-1503. MR 2575091. Zbl 05654707. http://dx.doi.org/10.1112/
S0010437X09004199.

, D-modules arithmétiques associés aux isocristaux surconvergents.
Cas lisse, Bull. Soc. Math. France 137 (2009), 453-543. MR 2572180.
Zbl 05641662. Available at http://smf4.emath.fr/Publications/Bulletin/
137/html/smf _bull_137_453-543.php.

, D-modules arithmétiques surholonomes, Ann. Sci. Ecole Norm.
Supér. 42 (2009), 141-192. MR 2518895. Zbl 1168.14013.

, Une caractérisation de la surcohérence, J. Math. Sci. Univ. Tokyo
16 (2009)7 1-21. MR 2548931. Zbl 1213.14041.

B. CHIARELLOTTO and N. Tsuzuki, Cohomological descent of rigid co-
homology for étale coverings, Rend. Sem. Mat. Univ. Padova 109 (2003),
63-215. MR 1997987. Zbl 1167.14306. Available at http://www.numdam.
org/item?id=RSMUP_2003_-109__63_0.

G. CHRrISTOL, Un théoreme de transfert pour les disques singuliers
réguliers, in p-Adic Cohomology, Astérisque 119-120, 1984, pp. 5, 151-168.
MR 0773091. Zbl 0553.12014.

R. CREW, Finiteness theorems for the cohomology of an overconvergent
isocrystal on a curve, Ann. Sci. Ecole Norm. Sup. 31 (1998), 717-763.
MR 1664230. Zbl 0943.14008. http://dx.doi.org/10.1016/S0012-9593(99)
80001-9.

, Arithmetic D-modules on a formal curve, Math. Ann. 336
(2006), 439-448. MR 2244380. Zbl 1131.14018. http://dx.doi.org/10.1007/
s00208-006-0011-0.

B. Dwork, G. GEROTTO, and F. J. SULLIVAN, An introduction to G-
functions, Annals of Mathematics Studies no. 133, Princeton Univ. Press,
Princeton, NJ, 1994. MR 1274045. Zbl 0830.12004.

A. J. DE JONG, Smoothness, semi-stability and alterations, Inst. Hautes
Etudes Sci. Publ. Math. 83 (1996), 51-93. MR 1423020. Zbl 0916.14005.
Available at http://www.numdam.org/item?id=PMIHES_1996_83__51_0.



http://www.ams.org/mathscinet-getitem?mr=2249804
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1114.14011
http://dx.doi.org/10.1007/s00222-006-0517-9
http://dx.doi.org/10.1007/s00222-006-0517-9
http://www.ams.org/mathscinet-getitem?mr=2197408
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1167.14012
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1167.14012
http://dx.doi.org/10.1112/S0010437X05001880
http://www.ams.org/mathscinet-getitem?mr=2357501
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1203.14025
http://dx.doi.org/10.1007/s00222-007-0070-1
http://dx.doi.org/10.1007/s00222-007-0070-1
http://www.math.unicaen.fr/~caro/#prepublication
http://www.math.unicaen.fr/~caro/#prepublication
http://www.ams.org/mathscinet-getitem?mr=2575091
http://www.zentralblatt-math.org/zmath/en/search/?q=an:05654707
http://dx.doi.org/10.1112/S0010437X09004199
http://dx.doi.org/10.1112/S0010437X09004199
http://www.ams.org/mathscinet-getitem?mr=2572180
http://www.zentralblatt-math.org/zmath/en/search/?q=an:05641662
http://smf4.emath.fr/Publications/Bulletin/137/html/smf_bull_137_453-543.php
http://smf4.emath.fr/Publications/Bulletin/137/html/smf_bull_137_453-543.php
http://www.ams.org/mathscinet-getitem?mr=2518895
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1168.14013
http://www.ams.org/mathscinet-getitem?mr=2548931
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1213.14041
http://www.ams.org/mathscinet-getitem?mr=1997987
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1167.14306
http://www.numdam.org/item?id=RSMUP_2003__109__63_0
http://www.numdam.org/item?id=RSMUP_2003__109__63_0
http://www.ams.org/mathscinet-getitem?mr=0773091
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0553.12014
http://www.ams.org/mathscinet-getitem?mr=1664230
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0943.14008
http://dx.doi.org/10.1016/S0012-9593(99)80001-9
http://dx.doi.org/10.1016/S0012-9593(99)80001-9
http://www.ams.org/mathscinet-getitem?mr=2244380
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1131.14018
http://dx.doi.org/10.1007/s00208-006-0011-0
http://dx.doi.org/10.1007/s00208-006-0011-0
http://www.ams.org/mathscinet-getitem?mr=1274045
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0830.12004
http://www.ams.org/mathscinet-getitem?mr=1423020
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0916.14005
http://www.numdam.org/item?id=PMIHES_1996__83__51_0

812

[Ked03]

[Ked04]

[Ked05]

[Ked07]

[Ked08]

[Ked09]

[Ked11]

[Kie67]

[LSO07]

[Nag62]

[NHTO07]

[Shi00]

[Shi02]

DANIEL CARO and NOBUO TSUZUKI

K. S. KEDLAYA, Semistable reduction for overconvergent F-isocrystals
on a curve, Math. Res. Lett. 10 (2003), 151-159. MR 1981892.
Zbl  1057.14024.  Available at  http://www.mrlonline.org/mrl/
2003-010-002/2003-010-002-002.html.

, Full faithfulness for overconvergent F-isocrystals, in Geometric As-
pects of Dwork Theory. Vol. I, II, Walter de Gruyter, Berlin, 2004, pp. 819-
835. MR 2099088. Zbl 1087.14018.
, More étale covers of affine spaces in positive characteristic, J. Al-
gebraic Geom. 14 (2005), 187-192. MR 2092132. Zbl 1065.14020. http:
//dx.doi.org/10.1090/S1056-3911-04-00381-9.
,  Semistable reduction for overconvergent F-isocrystals. 1.
Unipotence and logarithmic extensions, Compos. Math. 143 (2007),
1164-1212. MR 2360314. Zbl 1144.14012. http://dx.doi.org/10.1112/
S0010437X07002886.
, Semistable reduction for overconvergent F-isocrystals. II.
A valuation-theoretic approach, Compos. Math. 144 (2008), 657—
672. MR 2422343, Zbl 1153.14015. http://dx.doi.org/10.1112/
S0010437X07003296.
, Semistable reduction for overconvergent F-isocrystals. III. Lo-
cal semistable reduction at monomial valuations, Compos. Math. 145
(2009), 143-172. MR 2480498. Zbl 1184.14031. http://dx.doi.org/10.1112/
S0010437X08003783.
, Semistable reduction for overconvergent F-isocrystals, IV: lo-
cal semistable reduction at nonmonomial valuations, Compos. Math. 147
(2011), 467-523. MR 2776611. Zbl 1230.14023. http://dx.doi.org/10.1112/
S0010437X10005142.
R. KiEHL, Theorem A und Theorem B in der nichtarchimedischen Funktio-
nentheorie, Invent. Math. 2 (1967), 256-273. MR 0210949. Zbl 0202.20201.
B. LE StUuM, Rigid cohomology, Cambridge Tracts in Mathematics no. 172,
Cambridge Univ. Press, Cambridge, 2007. MR 2358812. Zbl 1131.14001.
http://dx.doi.org/10.1017/CB0O9780511543128.
M. NAGATA, Local Rings, Interscience Tracts Pure Appl. Math 13, In-
terscience Publishers a division of John Wiley & Sons, New York, 1962.
MR 0155856. Zbl 0123.03402.
C. NooT-HuYGHE and F. TRIHAN, Sur l'’holonomie de D-modules
arithmétiques associés a des F-isocristaux surconvergents sur des courbes
lisses, Ann. Fac. Sci. Toulouse Math. 16 (2007), 611-634. MR 2379054.
Zbl 1213.14043. http://dx.doi.org/10.5802/afst.1161.
A. SHIHO, Crystalline fundamental groups. 1. Isocrystals on log crystalline
site and log convergent site, J. Math. Sci. Univ. Tokyo 7 (2000), 509-656.
MR, 1800845. Zbl 0984.14009.
, Crystalline fundamental groups. II. Log convergent cohomology and
rigid cohomology, J. Math. Sci. Univ. Tokyo 9 (2002), 1-163. MR 1889223.
7Zbl 1057.14025.



http://www.ams.org/mathscinet-getitem?mr=1981892
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1057.14024
http://www.mrlonline.org/mrl/2003-010-002/2003-010-002-002.html
http://www.mrlonline.org/mrl/2003-010-002/2003-010-002-002.html
http://www.ams.org/mathscinet-getitem?mr=2099088
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1087.14018
http://www.ams.org/mathscinet-getitem?mr=2092132
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1065.14020
http://dx.doi.org/10.1090/S1056-3911-04-00381-9
http://dx.doi.org/10.1090/S1056-3911-04-00381-9
http://www.ams.org/mathscinet-getitem?mr=2360314
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1144.14012
http://dx.doi.org/10.1112/S0010437X07002886
http://dx.doi.org/10.1112/S0010437X07002886
http://www.ams.org/mathscinet-getitem?mr=2422343
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1153.14015
http://dx.doi.org/10.1112/S0010437X07003296
http://dx.doi.org/10.1112/S0010437X07003296
http://www.ams.org/mathscinet-getitem?mr=2480498
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1184.14031
http://dx.doi.org/10.1112/S0010437X08003783
http://dx.doi.org/10.1112/S0010437X08003783
http://www.ams.org/mathscinet-getitem?mr=2776611
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1230.14023
http://dx.doi.org/10.1112/S0010437X10005142
http://dx.doi.org/10.1112/S0010437X10005142
http://www.ams.org/mathscinet-getitem?mr=0210949
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0202.20201
http://www.ams.org/mathscinet-getitem?mr=2358812
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1131.14001
http://dx.doi.org/10.1017/CBO9780511543128
http://www.ams.org/mathscinet-getitem?mr=0155856
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0123.03402
http://www.ams.org/mathscinet-getitem?mr=2379054
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1213.14043
http://dx.doi.org/10.5802/afst.1161
http://www.ams.org/mathscinet-getitem?mr=1800845
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0984.14009
http://www.ams.org/mathscinet-getitem?mr=1889223
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1057.14025

OVERHOLONOMICITY OF OVERCONVERGENT F-ISOCRYSTALS 813

[Tsu99] N. Tsuzukl, On the Gysin isomorphism of rigid cohomology, Hiroshima
Math. J. 29 (1999), 479-527. MR 1728610. Zbl 1019.14007. Available at
http://projecteuclid.org/euclid.hmj,/1206124853.

, Morphisms of F-isocrystals and the finite monodromy theorem for
unit-root F-isocrystals, Duke Math. J. 111 (2002), 385-418. MR, 1885826.
Zbl 1055.14022. http://dx.doi.org/10.1215/S0012-7094-02-11131-4.

[Vir00]  A. VIRRION, Dualité locale et holonomie pour les D-modules arithmétiques,
Bull. Soc. Math. France 128 (2000), 1-68. MR 1765829. Zbl 0955.
14015. Available at http://smf4.emath.fr/Publications/Bulletin/128 /html/
smf_bull_128_1-68.html.

(Received: March 17, 2008)
(Revised: May 20, 2011)

[Tsu02]

LABORATOIRE DE MATHEMATIQUES NICOLAS ORESME, UNIVERSITE DE CAEN, CAEN,
FRANCE
E-mail: daniel.caro@unicaen.fr

MATHEMATICAL INSTITUTE, TOHOKU UNIVERSITY, SENDAI, JAPAN
E-mail: tsuzuki@math.tohoku.ac.jp


http://www.ams.org/mathscinet-getitem?mr=1728610
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1019.14007
http://projecteuclid.org/euclid.hmj/1206124853
http://www.ams.org/mathscinet-getitem?mr=1885826
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1055.14022
http://dx.doi.org/10.1215/S0012-7094-02-11131-4
http://www.ams.org/mathscinet-getitem?mr=1765829
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0955.14015
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0955.14015
http://smf4.emath.fr/Publications/Bulletin/128/html/smf_bull_128_1-68.html
http://smf4.emath.fr/Publications/Bulletin/128/html/smf_bull_128_1-68.html
mailto: daniel.caro@unicaen.fr
mailto:tsuzuki@math.tohoku.ac.jp

	Introduction
	1. A comparison theorem between relative log-rigid cohomology and relative rigid cohomology
	1.1. Proof of the comparison theorem
	1.2. Cohomological operations on arithmetic log-D-modules
	1.3. Interpretation of the comparison theorem with arithmetic log-D-modules

	2. Application to the study of overconvergent F-isocrystals and arithmetic D-modules
	2.1. Kedlaya's semi-stable reduction theorem
	2.2. A comparison theorem between log-de Rham complexes and de Rham complexes
	2.3. Overholonomicity of overconvergent F-isocrystals
	2.4. Some precisions for the case of curves

	References

