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An effective result of André-Oort type

By Lars Kühne

Abstract

Using transcendence theory we prove the André-Oort conjecture in case

of the Shimura variety A2
C. It is well known that this result implies the

André-Oort conjecture for a product of two arbitrary modular curves. In

contrast to all previous proofs we obtain a result that is at once effective

and unconditional.

1. Introduction

This article is devoted to a new proof of the André-Oort conjecture for

a product of two modular curves. For the specialist, we state the André-

Oort conjecture in the most general case without explaining the terminology

involved, which is of no further use in this article.

Conjecture. Let (G,X ) be a Shimura datum, K a compact open sub-

group of G(Af ), and S ⊆ ShK(G,X )(C) a set of points of Hodge type. Then

every irreducible component of the Zariski closure S
zar

of S in ShK(G,X )C is

a subvariety of Hodge type.

Under the Generalized Riemann Hypothesis this conjecture was proved by

Edixhoven and Yafaev for certain simple Shimura varieties ShK(G,X ) [8], [9],

[10], [28] and eventually by Klingler, Ullmo, and Yafaev [18], [26] in general.

Edixhoven and Yafaev also proved the above conjecture unconditionally if all

points of S are contained in one Hecke orbit [11]. In the case of a product of

two modular curves, conditional height bounds for special points on nonspe-

cial subvarieties were explicitly given by Breuer [4]. Unconditional proofs of

the André-Oort conjecture in special cases were obtained by André1 [1] using

transcendence theory and more recently by Pila [21], [22]. For this, Pila used

an improvement of a technique due to Bombieri and himself [3] for bounding

This article was written while holding a grant from the German National Academic

Foundation.
1For a detailed exposition of André’s proof in [1], which also fills in a gap, we refer to a

recent book [30] of Zannier.

651

http://annals.math.princeton.edu/annals/about/cover/cover.html
http://dx.doi.org/10.4007/annals.2012.176.1.13


652 LARS KÜHNE

the number of rational points on the transcendental part of analytic varieties.

This improvement, developed jointly by Pila and Wilkie [23], makes essential

use of techniques from mathematical logic; in particular, o-minimal structures.

It should be mentioned that the proof of the Manin-Mumford conjecture given

by Pila and Zannier [24] and a result of Masser and Zannier [20], which both

used [23], foreshadowed the proof pinned down in [22]. In all but a few cases,

it is not known whether the obtained bounds can be made effective.

In this article we establish the first2 unconditional and effective proof

of the André-Oort conjecture for products of two modular curves. Before

giving our main results let us mention the problems hindering both André

and Pila from obtaining unconditional effective results: The proof of André

relies on a noneffective theorem of Chowla [5] on the growth of the genus class

number of imaginary quadratic fields. Similarly, in order to give suitable lower

bounds for the cardinality of Galois orbits of special points, Pila relies on the

noneffective theorem of Siegel-Brauer on the growth of the class number of

imaginary quadratic fields. For the class number of imaginary quadratic fields,

effective lower bounds are known by work of Goldfeld [14], Gross and Zagier

[15]. Nevertheless, they are too weak for the model-theoretic approach given

by Pila. For the genus class number, which is the number of ideal classes in

the principal genus, no effective lower bound is known.

It is well known (cf. Proposition 2.1 of [10]) that the André-Oort conjecture

for products of two modular curves is equivalent to the more elementary state-

ment below. We call a point of A2(C) a CM-point of discriminant (∆1,∆2) if

both its coordinates are singular moduli associated with complex elliptic curves

whose endomorphism rings are of discriminants ∆1 and ∆2, respectively. Given

a positive integer m, we denote by Φm(X,Y ) the m-th modular transformation

polynomial and by V(Φm) its zero set, the m-th modular curve.

Theorem 1. Let C be a geometrically irreducible algebraic curve in the

two-dimensional complex affine space A2(C). Then, there exist infinitely many

CM-points on C if and only if either

(1) C is a horizontal line A1(C)× {j0}, where j0 is a singular modulus, or

(2) C is a vertical line {j0} × A1(C), where j0 is a singular modulus, or

(3) C is a modular curve V(Φm).

2While still writing this article (March 2011), the author got knowledge of the fact that

Yuri Bilu, David Masser, and Umberto Zannier obtained simultaneously a similar result.

They also proved that no two singular moduli j(τ1), j(τ2) satisfy j(τ1) + j(τ2) = 1 or

j(τ1)j(τ2) = 1. The former result, stated below as Theorem 5, will be contained in an-

other publication of the author, while the latter one will be the subject of a joint publication

of Bilu, Masser, and Zannier.
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Our main result is an effective version of Theorem 1, which we obtain by

using transcendence theory as a major tool. We give it as Theorem 2 and refer

to Section 6 for a deduction of Theorem 1 from it. Here, for an algebraic curve

C, whose ideal is generated by a polynomial P ∈ Q̄[X1, X2], we understand by

h(C) the projective height of P . It is easy to see that h(C) is well defined this

way. See Section 2.2 for details on heights.

Theorem 2. For all ε > 0 and positive integers δ and D, there exists an

effectively computable constant C1(ε, δ,D) > 0 with the following property : Let

C ⊂ A2(C) be a geometrically irreducible algebraic curve defined over a number

field K. For i = 1, 2, denote the degree of Xi|C : C −→ C by δi and assume

δi > 0. Then,

max{|∆1|, |∆2|} < C1(ε,max{δ1, δ2}, [K : Q]) max{1, h(C)}8+ε

for every CM-point of discriminant (∆1,∆2) that is on C but not on any mod-

ular curve V(Φm), 1 ≤ m ≤ 4 max{δ1, δ2}5.

We give a short summary of our proof of Theorem 2, which is given in Sec-

tions 4 and 5. Consider the toroidal compactification P1(C)×P1(C) of A2(C),

and denote its cuspidal stratification A1(C)×{∞}∪{∞}×A1(C)∪{∞}×{∞}
by Ycusp. For all but finitely many CM-points x, there exists a Galois automor-

phism σ ∈ Gal(Q̄/Q) such that xσ is contained in a sufficiently small neigh-

borhood of Ycusp. Let x be such a CM-point of discriminant (∆1,∆2) on C. It

suffices now to show Theorem 2 for xσ on Cσ. We have to distinguish two cases.

Either xσ is close to some point of Czar
(Q̄)∩

(
A1(C)× {∞} ∪ {∞} × A1(C)

)
or

it is close to (∞,∞). In the first case we construct a linear form Λ in elliptic

logarithms, following André [1]. The so-constructed linear form Λ takes a small

nonzero absolute value. Then we apply an elliptic transcendence measure orig-

inally due to Masser [19] and deduce an upper bound on |∆1| and |∆2| of the

sort stated in Theorem 2. Instead of the original result in [19] we use here a

more explicit transcendence measure given by David and Hirata-Kohno [7]. If

xσ is close to (∞,∞) ∈ Ycusp, then we construct a linear form Λ in logarithms

of algebraic numbers with algebraic coefficients from the fact that near ∞ the

j-function can be well approximated by the first two terms of its q-expansion

e−2πiτ +744+e2πiτP (e2πiτ ), P ∈ Z[[X]]. In case of Λ = 0 we deduce by Baker’s

Theorem a Q-linear dependence relation between the coefficients of Λ, which

implies that
»

∆1/∆2 is rational. As can be shown, a CM-point of discrimi-

nant (∆1,∆2) is on a modular curve if and only if
»

∆1/∆2 is rational. This

idea makes the use of class field theory as in [1] redundant. It only remains

to bound the degree of the modular curve V(Φm) containing xσ. Finally, from

Λ 6= 0 we infer again by Baker’s Theorem a bound for |∆1| and |∆2|. For an

overview on different versions of Baker’s Theorem, including the state of the

art, we refer to Section 2.8 of [2].
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A lack of sufficiently good bounds for linear forms in elliptic logarithms

leads to the exponent (8 + ε) in Theorem 2. An elliptic analogue of the Lang-

Waldschmidt conjecture (Conjecture 1.7 of [7]) would give (2 + ε) instead. In

addition, it is noteworthy that we invoke Baker’s Theorem for linear forms with

(essentially) purely imaginary coefficients. This is in stark contrast to its usual

application in solving diophantine equations, where only rational coefficients

appear.

Finally, we state three theorems, which are consequences of the results

in this article and whose proofs are left to future publication. We note that

Theorem 3 reproves a result of Pila in [21], while Theorems 4 and 5 are new

to the literature.

Theorem 3. With the notations and assumptions of Theorem 2 there

exists a constant C ′1(max{δ1, δ2}, [K : Q]) such that if there exists a CM-point

of discriminant (∆1,∆2) on C, then either

max{|∆1|, |∆2|} < C ′1(max{δ1, δ2}, [K : Q])

or C is one of the curves mentioned in Theorem 1.

Theorem 4. There exists an effective constant C2(max{δ1, δ2}, [K : Q])

such that

max{|∆1|, |∆2|} < C2(max{δ1, δ2}, [K : Q])

for every CM-point of discriminant (∆1,∆2) on C that is not contained in any

modular curve.

We emphasize that the constant C2 in Theorem 4 is effectively computable,

whereas C ′1 in Theorem 3 is not.

Theorem 5. There exist no singular moduli j(τ1), j(τ2) such that j(τ1)+

j(τ2) = 1.

Acknowledgement. This article owes its genesis to Ph.D. studies of the

author under supervision of Gisbert Wüstholz. It is therefore a pleasant obli-

gation for the author to thank him for all discussions and support during the

last two years, whose impact on this work cannot be underestimated. He also

thanks Philipp Habegger for the same reasons and especially for his many well

justified comments on previous versions of this article. Finally, he thanks Um-

berto Zannier and the anonymous referee for their comments, which helped
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2. Preliminaries

2.1. Notations. Throughout this article log : C\(−∞, 0] −→ C denotes

the principal branch of the logarithm with base e. For a nonnegative real

number r, we define log+ r = log max{1, r} and log log+ r = log+(log+(r)).
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The total degree of a polynomial P in several variables is written deg(P ),

while the partial degree of P with respect to a certain indeterminate X is

written degX(P ).

2.2. Heights. For the convenience of the reader, we first recall some well-

known facts about heights. We refer to [29] for more details. In this section,

K denotes an arbitrary number field. For a point p = (p0 : p1 : · · · : pn) of

Pn(K), we define its (absolute logarithmic) Weil height by

h(p) = h(p0 : · · · : pn) =
1

[K : Q]

∑
ν

[Kν : Qν ] log max{|p0|ν , |p1|ν , . . . , |pn|ν},

where ν runs through all archimedean and nonarchimedean places of K. Here,

for an archimedean place ν represented by σ : K −→ C we set |α|ν = |σ(α)|, and

for a nonarchimedean place q the value | · |q is normalized such that |q|q = q−1

for (q) = q ∩ Q, q > 0. This definition is independent of the chosen number

field K and the chosen representative of p. The (affine absolute logarithmic)

Weil height of a point p = (p1, · · · , pn) of An(K) is h(p) = h(1 : p1 : · · · : pn).

In particular, for an algebraic number α ∈ Q̄, we define its Weil height by

h(α) = h(1 : α). Now h(αβ) ≤ h(α) + h(β) for all α, β ∈ Q̄, and

h(γ1 + · · ·+ γn) ≤ h(γ1) + · · ·+ h(γn) + log n

for all positive integers n and all γ1, . . . , γn ∈ Q̄. Furthermore, h(αλ) = |λ|h(α)

for all λ ∈ Q, α 6= 0. The height is Galois-invariant, which means that

h(ασ) = h(α) for all σ ∈ Gal(Q̄/Q). In addition, the inequality of Liouville

([29, Prop. 3.4]) states that for all α ∈ Q̄× and every place ν of K,

(2.1) − [Q(α) : Q]h(α) ≤ log |α|ν ≤ [Q(α) : Q]h(α).

We define the Weil height h(P ) of a nonzero polynomial P ∈ K[X1, . . . , Xn] as

the Weil height of a point in projective space whose homogeneous coordinates

are the nonzero coefficients pi of P with an arbitrary ordering. Note that h(P )

is well defined and h(P ) = h(αP ) for all α ∈ Q̄×. In particular, this implies

for any nonzero coefficient pk of P that

h(P ) = h(p−1
k P ) =

∑
ν

[Kν : Qν ]

[K : Q]
log max

i
{|pi/pk|ν} ≥ h(1 : pi/pk) = h(pi/pk).

Now applying (2.1) to pi/pk, we deduce a variant of Liouville’s inequality for

polynomials: There exists an algebraic number α ∈ K×, for example p−1
k as

above, such that for every nonzero coefficient pi of P and all places ν of K,

(2.2) − [K : Q]h(P ) ≤ log |pi|ν + log |α|ν ≤ [K : Q]h(P ).

Finally, let α be a root of a polynomial P (X) ∈ K[X]. Then, the height of α

is bounded by ([29, Exercise 3.6])

(2.3) h(α) ≤ h(P ) + log degP .
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2.3. Complex elliptic curves and singular moduli. For every point τ in

the complex upper halfplane H, we define a complex elliptic curve Eτ as the

quotient of the complex Lie group (C,+) by its discrete subgroup (Z + Zτ).

In addition, Eτ is isomorphic to the complex points of a projective algebraic

group. For instance, an isomorphism is induced by

expEτ : C −→ P2(C), z 7−→ (1 : ℘τ (z) : ℘′τ (z)),

where ℘τ is the Weierstrass ℘-function having poles at Λ = Z + τZ. The

complex-analytic morphisms C/Λ1 = Eτ1 −→ Eτ2 = C/Λ2, Λi = Z+ τiZ, corre-

spond one-to-one to the complex numbers α satisfying αΛ1 ⊆ Λ2. This is why

we identify in the sequel the endomorphism ring End(Eτ ) with the multiplica-

tion ring {α ∈ C|αΛ ⊆ Λ} of the lattice Λ = Z + τZ. Trivially, the integers

are elements of the endomorphism ring of any elliptic curve. Furthermore, the

following three statements are equivalent ([6], Theorem 10.14):

(1) End(Eτ ) 6= Z.

(2) τ generates an imaginary quadratic extension of Q in C.

(3) End(Eτ ) is an order O in the imaginary quadratic extension Q(τ) of Q
in C and Λ = Z + τZ is a proper O-lattice, i.e., O = {α ∈ C|αΛ ⊆ Λ}.

If these statements are satisfied, then Eτ is said to have complex multiplication

by Q(τ) or called a CM-elliptic curve for short. In addition, τ is then called

a CM-period, j(τ) a singular modulus, and the discriminant of End(Eτ ) is

denoted by ∆τ < 0. Consider the action of Γ = SL2(Z) on the complex

upper halfplane H which sends (γ, τ) to γτ = aτ+b
cτ+d for γ =

(
a b
c d

)
. For every

CM-period τ , there exists γ ∈ Γ and integers a, b, c such that γτ = (−b +

i
√

4ac− b2)/(2a), gcd(a, b, c) = 1 and either −a < b ≤ a < c or 0 ≤ b ≤
a = c. Here, the integers a, b, c are unique and ∆τ = b2 − 4ac. Klein’s j-

invariant induces a bijection between Γ\H and C. Furthermore, its q-expansion

is j(τ) = q−1 + 744 + 196884q + · · · , q = e2πiτ . This means that there exists

a meromorphic function J(z) on the unit disc {z ∈ C | |z| < 1} such that

j(τ) = J(e2πiτ ) and J(z) is holomorphic except for a simple pole at z = 0.

More precisely, it follows from Lemme 1(ii) of [12] that

(2.4) |j(τ)− exp(−2πiτ)− 744| < j(i Im(τ))− exp(−2π Im(τ))− 744 < 449

if Im(τ) ≥ 1. A simple consequence is

(2.5) |j(τ) exp(2πiτ)− 1| < 1193 exp(−2π Im(τ))

for all τ ∈ H such that Im(τ) ≥ 1.

If τ is a CM-period, then j(τ) is an algebraic integer. We define the so-

called class equation as HO(X) =
∏
τ (X− j(τ)), where τ runs through a set of

Γ-representatives of those τ ∈ H satisfying End(Eτ ) = O. It is a Q-irreducible

polynomial in Z[X,Y ]; cf. Section 13 of [6]. Consequently, Eτ1 and Eτ2 have the

same endomorphism ring if and only if j(τ1) and j(τ2) are Galois conjugate.
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2.4. Transcendence measures for logarithms. For the convenience of the

reader, we quote two transcendence measures that we use in Section 5 below.

We start with a transcendence measure for G = Ga × Eτ . It is a special case

of a result due to David and Hirata-Kohno. Let Eτ be an elliptic curve with

Weierstrass model Y 2 = 4X3 − g2X − g3, where both g2 and g3 are contained

in a fixed number field K. Note that the map expEτ from last subsection has

kernel Z + τZ. Let u = (u0, u1) be a point of C2 and

γ = expGa×Eτ (u) = (u0, expEτ (u1)) = (γ0, γ1) ∈ (Ga × Eτ )(K).

Denote the canonical Néron-Tate height (cf. Section VIII of [25]) of γ1 ∈
Eτ (K) ⊂ P2(K) by ĥ(γ1). Furthermore, consider a linear form L : C2 −→ C,

(z0, z1) 7→ β0z0 + β1z1, where β0, β1 ∈ K. Finally, let B and V be positive real

numbers satisfying

logB ≥ max{1, h(β0), h(β1)}

and

log V ≥ max

®
ĥ(γ1),

|u1|2

[K : Q] Im(τ)

´
.

For readability, we introduce the following stipulation. Given an algebraic

subgroup H of Ga × Eτ , the connected component of exp−1
Ga×Eτ (H(C)) that

contains the origin in C2 is denoted by h(C). It is easy to see that h(C) is a

linear subspace of C2, which can be interpreted as the tangent space of H(C)

at its identity element.

Proposition 1 (Theorem 1.6 of [7] for k = 1 and E = e). There exists

an effective absolute constant c1 > 0 with the following property : Assume

that u /∈ h(C) for any connected algebraic subgroup H of Ga × Eτ such that

h(C) ⊆ ker(L)(C). Then,

log |L(u)| ≥ −c1

Ä
logB+max{1, h(1 : g3

2 : g2
3)}+log log+(V )+log[K : Q] + 1

ä
×
Ä
log log+(V ) + max{1, h(j(τ))}+ log[K : Q] + 1

ä2
×
Ç

[K : Q]2

max{1, h(j(τ))}
+ [K : Q]4 log V

å
.

Now we recall a transcendence measure of the same sort for G = Gn
m,

which is classically known as the Theorem of Baker. We state a variant that

was given by Gaudron as a corollary of his quantitative proof of Wüstholz’s

analytic subgroup theorem [27]. Again, we need to give some notations in

advance. By exp : C −→ Gm(C) = C× we denote the classical complex

exponential map. Let u = (u1, . . . , un) be a point of Cn such that

γ = expGnm(u) = (exp(u1), . . . , exp(un)) ∈ (Gn
m)(K).
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Additionally, consider a linear form L : Cn −→ C given by

L(z) = β1z1 + · · ·+ βnzn, β = (β1, . . . , βn) ∈ Kn.

Finally, set

a = 1 + [K : Q] log
Ä
1 + [K : Q] +

∑n

i=1
(h(γi) + e|ui|)

ä
,

V ′ = (a + 1)× ([K : Q]h(1 : β1 : . . . : βn) + a)

×
∏n

i=1
(1 + [K : Q]h(γi) + e|ui|) ,

and let ξ1, . . . , ξ[K:Q] be an arbitrary Q-basis of K. For a subgroup H of Gn
m

we define h(C) as above, simply replacing expGa×Eτ by expGnm .

Proposition 2 (Corollaire 1 of [13] for E = e). For every positive inte-

ger n, there exists an effectively computable absolute constant c2(n) > 0 such

that the following assertion is true. Assume that u /∈ h(C) for any connected

algebraic subgroup H of Gn
m with h(C) ⊆ ker(L)(C). Then,

log |L(u)| ≥ −c2(n) max
¶
V ′, [K : Q]

Ä
h(ξ1 : . . . : ξ[K:Q]) + log[K : Q]

ä©
.

For the later application of Proposition 2, it is useful to know which linear

subspaces of Cn appear as h(C) for algebraic subgroups H of Gn
m. We observe

that h(C) runs through the linear subspaces of Cn defined by linear equations

with rational coefficients when H runs through the algebraic subgroups of Gn
m.

3. An elementary corollary of Puiseux’s theorem

A fundamental idea of our proof of Theorem 1 below comes from Puiseux’s

theorem, which describes an algebraic curve at each of its points as a union of

different analytic branches. However, by using rather elementary estimates we

do not need to work explicitly with Puiseux series. The next lemma subsumes

the facts from the context of Puiseux’s theorem needed in our proof of Propo-

sition 3 below. We do not try to obtain optimal bounds here. We assume that

the number field K is embedded in the complex numbers, which allows us to

consider the restriction | · | of the complex value to K.

Lemma 1. Let P =
∑
i piX

i ∈ K[X1, X2] be a nonconstant polynomial

of bidegree (δ1, δ2). Set δ = max{δ1, δ2}, D = [K : Q], H = exp(h(P )) and

U = (δ + 1)2H2D. Then, there exists a set S consisting of less than (δ + 1)5

triples

(α, k1, k2) ∈ Q̄× × Z× Z, k1k2 < 0, |k1|, |k2|, [K(α) : K] ≤ δ, h(α) ≤ δ log(δH)

such that the following assertion is true. For every point x = (x1, x2) ∈ C with

P (x1, x2) = 0 and

(3.1) 0 < |x1|, |x2| < (δ + 1)−6δ2H−6Dδ2 = U−3δ2 ,
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there exists some (α, k1, k2) ∈ S satisfying

|xk11 x
k2
2 − α| < 2δδU3 max{|x1|, |x2|}δ

−2
.

Note that we do not assume that P has a zero at (0, 0).

Proof of Lemma 1. After multiplication of P with a scalar we may assume

by (2.2) that

(3.2) H−D = exp(−[K : Q]h(P )) ≤ |pi| ≤ exp([K : Q]h(P )) = HD.

Occasionally, we use this estimate in the sequel without further mention. For

all m 6= n with pm 6= 0, define

Mm,n =

®
z ∈ C2

∣∣∣ max
i 6=m,n

|pizi| ≤ |pnzn| ≤ |pmzm|
´

.

The union of all sets Mm,n is A2(C). Therefore, x = (x1, x2) is contained in

some Mm,n ∩ V(P ), pm 6= 0, m 6= n, and hence

|pnxn| ≤ |pmxm| ≤ (δ1 + 1)(δ2 + 1)|pnxn| ≤ (δ + 1)2|pnxn|.

Write k = m − n 6= 0 and note that |ki| ≤ δ. Since |x1|, |x2| 6= 0 also pn 6= 0

and

(3.3) U−1 = (δ + 1)−2H−2D ≤ |xk| ≤ (δ + 1)2H2D = U .

If both k1 and k2 are nonnegative or nonpositive, (3.1) implies, respectively,

|xk| < U−3δ2 or |xk| > U3δ2 . Since this contradicts (3.3) we conclude that k1

and k2 must be of opposite sign, i.e., k1k2 < 0. By symmetry in x1 and x2 we

may and do assume k1 > 0. Now choose complex numbers t, u satisfying x1 =

t−k2u1/k1 and x2 = tk1 . The geometric idea behind this choice of coordinates is

that of blowing up a possible singularity of V(P ) at the origin; cf. Section 1.4

of [17]. With respect to this context, u is associated with the slopes of lines

through the origin. Indeed, our choice of u implies xk = u. In addition, from

(3.1) we infer

(3.4) |t| = |x2|1/k1 < U−3δ2/k1 ≤ U−3δ < 1.

Furthermore, 0 = P (x1, x2) = P (t−k2u1/k1 , tk1) =
∑
ipit
−i1k2+i2k1ui1/k1 . Mul-

tiplying by t−ρ 6= 0, ρ = minpi 6=0{−i1k2 + i2k1}, and grouping monomials

yields

A(u1/k1) + tB(u1/k1 , t) = 0,

where 0 6= A ∈ K[S] and B ∈ K[S, T ] are polynomials such that

max{degSA,degSB} ≤ δ and max{h(A), h(B)} ≤ h(P ).

The absolute value of B(u1/k1 , t) is bounded above by

(3.5) (δ + 1)2HD max{1, |u|1/k1}degSB max{1, |t|}degTB ≤ U δ+1H−D
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since |t| < 1 and |u| = |xk| ≤ U by (3.3). Combining with (3.4) gives

(3.6) |A(u1/k1)| = |tB(u1/k1 , t)| ≤ U−2δ+1H−D < H−D,

and hence A cannot be a constant polynomial by (3.2). Thus, there exists a

nontrivial factorization

A(S) =
∑degSA
i=0 aiS

i = adegSA(S − α1) · · · (S − αdegSA),

where αi, 1≤ i≤degSA, is a complex algebraic number such that [K(αi) : K]

≤ δ. Note that ai, i = 0, . . . ,degSA, is an element of K satisfying |ai| ≥ H−D.

In addition, (2.3) implies that

h(αi) ≤ h(A) + log degSA ≤ log(δH).

There exists some i ∈ {1, . . . ,degSA} such that

(3.7) |u1/k1 − αi|degSA ≤ |a−1
degSA

A(u1/k1)| < U−2δ+1 < 1,

where |adegSA| ≥ H
−D and (3.6) imply the second inequality. Taking the δ-th

root and using both degSA ≤ δ and the bound (3.5) for |B(u1/k1 , t)|, one

obtains

(3.8) |u1/k1 − αi| ≤ |a−1
degSA

tB(u1/k1 , t)|δ−1
< U1+δ−1 |t|δ−1 ≤ U2|t|δ−1

.

If αi is zero, then U−1 ≤ |u|1/k1 < U2|t|δ−1
by (3.3). Using (3.1), we infer from

this the contradiction U−3 < |t|δ−1
= |x2|δ

−1/k1 < U−3. Therefore, αi must

not be zero. Note that [K(αk1i ) : K] ≤ δ and h(αk1i ) = k1h(αi) ≤ δ log(δH).

From xk = u, we infer

|xk11 x
k2
2 − α

k1
i | = |u

(k1−1)/k1 + u(k1−2)/k1αi + · · ·+ αk1−1
i ||u1/k1 − αi|.

The first factor on the right-hand side is bounded from above by

k1 max{1, |u|1/k1 , |αi|}k1−1 ≤ k1(|u|1/k1 + 1)k1 ≤ 2k1k1 max{1, |u|} ≤ 2δδU ,

where we used (3.7) in the first and (3.3) in the third inequality. The second

factor |u1/k1 − αi| is bounded from above by (3.8). Using |t| < 1, x2 = tk1 and

0 < k1 ≤ δ, we deduce |u1/k1 − αi| < U2|x2|δ
−2

from this. A combination of

these bounds yields

|xk11 x
k2
2 − α

k1
i | < 2δδU3|x2|δ

−2
.

So the theorem is true if (αk1i , k1, k2) belongs to S. Finally, we need to bound

the number of triples (α, k1, k2) ∈ S that have to be contained in S for this

purpose. This number can be bounded from above by the number of nonempty

sets Mm,n times the maximal degree of all A ∈ K[S] arising as above. Thus,

S can be easily chosen to contain less than (δ + 1)5 triples. �
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4. Proof of Theorem 2

Let P =
∑
i piX

i ∈ K[X1, X2] be a generating polynomial of the ideal

of C. Since the degree of Xi|C : C −→ C is δi > 0 the polynomial P is of

bidegree (δ1, δ2) with respect to X1 and X2. As in the proof of Lemma 1 we

may assume by (2.2) that

exp(−[K : Q]h(P )) ≤ |pi| ≤ exp([K : Q]h(P )).

We use this fact without explicit mention in the following.

We establish some notational conventions on the constants in this article.

By c1, c2, . . . we denote absolute constants that depend neither on the curve C
nor on the polynomial P . Furthermore, we set δ = max{δ1, δ2}, D = [K : Q],

H = exp(h(P )) and U = (δ + 1)2H2D. Then C1(δ,D), C2(δ,D), . . . denote

constants that depend effectively on δ and D but are independent of H. For

readability we usually write Ci instead of Ci(δ,D). All constants are positive

and do not depend on ε unless explicitly mentioned otherwise.

We prove Theorem 2 by use of the following proposition. Since we want

to complete the proof of Theorem 2 first its proof is postponed until the next

section.

Proposition 3. There exists a constant C3(δ,D) > 0 such that the fol-

lowing is true. If x ∈ C is a CM-point of discriminant (∆1,∆2), then

(4.1) max{|∆1|(log |∆1|)−2, |∆2|(log |∆2|)−2} ≤ C3(δ,D) max{1, logH}8

or there exists some 1 ≤ m ≤ 4δ5 for which x ∈ V(Φm).

Assume that x ∈ C is a CM-point of discriminant (∆1,∆2) as given in the

statement of Theorem 2, and use the proposition above. If there exists some

1 ≤ m ≤ 4δ5 such that x ∈ V(Φm), there is nothing left to prove. Assume that

the inequality (4.1) is true. Then, there exists some C1(ε, δ,D) > 0 such that

max{|∆1|, |∆2|} < C1(ε, δ,D) max{1, logH}8+ε.

5. Proof of Proposition 3

Let x = (x1, x2) ∈ C be a CM-point of discriminant (∆1,∆2). Since

the modular transformation polynomials Φm(X1, X2), m > 1, are symmetric

in both variables and Φ1(X1, X2) = X1 − X2 we may assume without loss

of generality that |∆1| = max{|∆1|, |∆2|}. The discriminant of the imaginary

quadratic order O generated by 1 and (∆1+i
»
|∆1|)/2 is ∆1. Thus, the elliptic

curves with j-invariants x1 and j((∆1 + i
»
|∆1|)/2) both have endomorphism

ring O. From the irreducibility of the class equation HO(X) it follows that

there exists some σ ∈ Gal(Q̄/Q) such that

xσ1 = j

Ñ
∆1 + i

»
|∆1|

2

é
.
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Now xσ = (xσ1 , x
σ
2 ) is a CM-point of discriminant (∆1,∆2) on the curve Cσ

given by P σ ∈ Kσ[X1, X2]. If Proposition 3 is true for xσ and Cσ, it is also true

for x and C because all Φm have rational coefficients. Thus, by replacing x with

xσ and C with Cσ we may assume that x1 = j((∆1 + i
»
|∆1|)/2) without any

loss of generality. Additionally, there exist integers a, b, c such that (a, b, c) = 1

and either −a < b ≤ a < c or 0 ≤ b ≤ a = c and

x2 = j

Ñ
−b+ i

»
|∆2|

2a

é
, |∆2| = 4ac− b2.

Finally, we may also assume that |∆1| ≥ 7 and, therefore, by (2.4) that

(5.1) |x1| ≥ exp(π
»
|∆1|)− 1193 > exp(

π

2

»
|∆1|) > 1.

We use the following lemma to distinguish quantitatively the case that x is

close to (∞,∞) ∈ Ycusp from the case that x is close to some point of Czar
(Q̄)∩

(Ycusp \ {(∞,∞)}).

Lemma 2. If x ∈ C satisfies |x1| > U2 = (δ + 1)4H4D, then |x2| >
|x1|(2δ)

−1
or there exists some (∞, β) ∈ Czar

(Q̄) ∩ (Ycusp \ {(∞,∞)}) such

that |x2 − β| ≤ U δ
−1 |x1|−(2δ)−1

, where β is an algebraic number such that

h(β) ≤ log(δH) and [K(β) : K] ≤ δ.

Proof. Since x1 6= 0 we can write

0 = x
− degX1

P

1 P (x1, x2) = Q(x2) + x−1
1 R(x−1

1 , x2),

where 0 6= Q ∈ K[X2] and R ∈ K[X1, X2] with degXiQ,degXiR ≤ δ, i = 1, 2,

and max{h(Q), h(R)} ≤ h(P ). Note that |R(x−1
1 , x2)| is bounded from above

by

(δ + 1)2HD max{1, |x−1
1 |}

degX1
R max{1, |x2|}degX2

R ≤ UH−D max{1, |x2|δ}.

Assume that |x2| ≤ |x1|(2δ)
−1

. This implies |Q(x2)| = |x−1
1 R(x−1

1 , x2)| ≤
UH−D|x1|−1/2 < H−D. We deduce that Q cannot be a constant polynomial.

Therefore, there exists a decompositionQ(X2) = qdegX2
Q
∏

1≤i≤degX2
Q(X2−βi).

Obviously, [K(βi) : K] ≤ δ and h(βi) ≤ log(δH) by (2.3). Additionally, there

exists some 1 ≤ i ≤ degX2
Q such that

|x2 − βi| ≤ |q−1
degX2

QQ(x2)|(degX2
Q)−1

≤ (U |x1|−1/2)δ
−1 ≤ U δ−1 |x1|−(2δ)−1

. �

By choosing C3(δ,D) > 0 sufficiently large we may assume

|∆1| > 16π−2(logU)2 = 64π−2(log(δ + 1) +D logH)2.

By (5.1) this implies

|x1| > exp

Å
π

2

»
|∆1|
ã
≥ U2
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and Lemma 2 is applicable. We deduce that

(5.2) |x2| > |x1|(2δ)
−1

or there exists some β ∈ Q̄ such that h(β) ≤ log(δH), [K(β) : K] ≤ δ and

(5.3) |x2 − β| ≤ U δ
−1

exp

Å
− π

4δ

»
|∆1|
ã

= C4(δ)H2δ−1D exp(−C5(δ)
»
|∆1|).

Lemmas 3 and 4 below deal with the case of (5.3).

Lemma 3. Let x2∈{0, 1728, β}, where h(β)≤ log(δH) and [K(β) : K]≤δ.
Then,

|∆1| ≤ C6(δ,D) max{1, logH}2

if C6(δ,D) > 0 is sufficiently large.

Proof. This is an easy exercise in standard height estimations. �

Lemma 4. Assume x2 /∈ {0, 1728, β} and (5.3) for some β ∈ Q̄ such that

h(β) ≤ log(δH) and [K(β) : K] ≤ δ. If C6(δ,D) > 0 is sufficiently large, then

|∆1| ≤ C6(δ,D) max{1, logH}2 or

(5.4) |∆1|(log |∆1|)−2 ≤ C3(δ,D) max{1, logH}8.

Proof. Here and in the following, we write ζ6 = exp(πi/3). From

h((−b+ i
√

4ac− b2)/(2a)) = log(c)/2 < log(|∆2|)/2

and (2.1) we obtain

min
z∈{i,ζ6,ζ26}

−b+ i
»
|∆2|

2a
− z

 > exp(−2 log |∆2| − 4 log 2) ≥ |∆1|−2

16
.

Note that (−b+ i
»
|∆2|)/(2a) is located in the standard fundamental domain

F consisting of all τ ∈ H such that either |τ | > 1 and −1/2 ≤ Re τ < 1/2 or

|τ | = 1 and −1/2 ≤ Re τ ≤ 0. The derivative j′ has simple zeros at γi, γ ∈ Γ,

double zeros at γζ6, γ ∈ Γ, and is nonzero elsewhere. Therefore, there exists

an absolute constant c3 > 0 such that

min
j0∈{0,1728}

{|x2 − j0|} > c3|∆1|−6.

Set ϕ : [0, 1] −→ A1(C), ϕ(t) = (1 − t)x2 + tβ. For all t ∈ [0, 1] and j0 ∈
{0, 1728},

(5.5) |ϕ(t)− j0| ≥ |x2 − j0| − |ϕ(t)− x2| ≥ |x2 − j0| − |x2 − β|.

If c3|∆1|−6 < 2C4H
2δ−1D exp(−C5

»
|∆1|), then

log(c3)− 6 log |∆1| < log(2C4) + 2δ−1D logH − C5

»
|∆1|.
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For C6(δ,D) > 0 sufficiently large, this implies |∆1| ≤ C6(δ,D) max{1, logH}2.

Therefore, we may assume c3|∆1|−6 ≥ 2C4H
2δ−1D exp(−C5

»
|∆1|) in the se-

quel. Inserting (5.3) in (5.5), we obtain

(5.6) |ϕ(t)− j0| > c3|∆1|−6 − C4H
2δ−1D exp(−C5

»
|∆1|) ≥

c3

2
|∆1|−6

for j0 ∈ {0, 1728} and all t ∈ [0, 1]. Consider the ramified covering j : H −→
A1(C). The covering is ramified above j(ζ6) = j(ζ2

6 ) = 0 and j(i) = 1728. By

(5.6), im(ϕ) contains neither 0 nor 1728. Thus, there exists a unique smooth

lifting ϕ̃ : [0, 1] −→ H of ϕ satisfying ϕ̃(0) = (−b + i
»
|∆2|)/(2a). Deriving

j ◦ ϕ̃ = ϕ we obtain j′(ϕ̃(t))ϕ̃′(t) = ϕ′(t) for all t ∈ [0, 1]. Since γi, γζ6 /∈ im(ϕ̃)

for all γ ∈ Γ, we conclude that

max
t∈[0,1]

{|ϕ̃′(t)|} ≤ max
τ∈im(ϕ̃)

{|j′(τ)|−1} |x2 − β| .

If β is not real, the absolute value of its imaginary part is bounded from below

by (2.1). In fact, | Im(β)| =
∣∣∣β−β̄2

∣∣∣ ≥ exp(−2δ2D2(log(δH) + log(2))). We may

assume that

C4(δ)H2δ−1D exp(−C5(δ)
»
|∆1|) < exp(−2δ2D2(log(δH) + log(2))).

Indeed, the converse inequality implies |∆1| ≤ C6(δ,D) max{1, logH}2 for

suitably large C6(δ,D) > 0. We infer

|x2 − β| ≤ C4(δ)H2δ−1D exp(−C5(δ)
»
|∆1|) < | Im(β)|,

and hence im(ϕ) does not contain real numbers. Since j is real-valued on the

boundary ∂F of F , im(ϕ̃) must be contained in F . Assume now that β is real.

If additionally x2 is real, then im(ϕ) ⊆ R\{0, 1728}, and hence im(ϕ̃) is in F .

Finally, if β is real and x2 is not, im(ϕ|[0,1)) contains no real numbers. Hence,

im(ϕ̃) contains no points on ∂F except maybe ϕ̃(1) = τ0. Since ϕ̃(0) ∈ F this

implies im(ϕ̃) ⊆ F ∪ ∂F . The only zeros of j′ on F ∪ ∂F are located at i, ζ6,

and ζ2
6 . Furthermore, |j′(τ)| → ∞ for τ →∞. This implies

max
τ∈im(ϕ̃)

{|j′(τ)|−1} ≤ c4 min
t∈[0,1]

¶
|ϕ(t)|−2/3 , |ϕ(t)− 1728|−1/2

©
< c5|∆1|4

with absolute constants c4, c5 > 0. In conclusion,

(5.7)∣∣∣∣∣∣−b+ i
»
|∆2|

2a
− τ0

∣∣∣∣∣∣ ≤ max
t∈[0,1]

|ϕ̃′(t)| < c5C4H
2δ−1D|∆1|4 exp(−C5

»
|∆1|).

Note that since |Re(τ0)| ≤ 1/2,

(5.8) max{1, Im(τ0)} ≥ 2√
5
|τ0|.
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If Im(τ0) ≥ 2, then by (2.4),

|β| = |j(τ0)| ≥ exp(2π Im(τ0))− 1193 > exp(πmax{1, Im(τ0)}) > exp(|τ0|).

Since |β|≤(δH)δD by (2.1) this implies |τ0|<δD log(δH). In case of Im(τ0)<2,

we obtain |τ0| <
√

5 from (5.8). Thus, in general,

(5.9) |τ0| < max{
√

5, δD log(δH)}.

Consider the elliptic curve Eτ0 having j-invariant β ∈ Q̄. Note that Eτ0 is

defined over Q(β) as a projective variety. By Lemma 3.1 of [16] there exists

an absolute constant c6 > 0 such that there exist algebraic numbers g2, g3 ∈
Q(β) satisfying max{h(g2), h(g3)} < c6 max{1, h(β)} ≤ c6 max{1, log(δH)}
and giving a Weierstrass model Y 2 = 4X3 − g2X − g3 of Eτ0 . We now use

Proposition 1 for Ga × Eτ0 . Define the linear form

L(X1, X2) =
−b+ i

»
|∆2|

2a
X1 −X2 ∈ Q(i

»
|∆2|)[X1, X2],

and set u = (1, τ0), γ = expGa×Eτ0 (u) and Λ = L(u). From the fact that τ0

is a period of Eτ0 we deduce γ = (1, 0Eτ0 ) ∈ (Ga × Eτ0)(Q(β)). In these terms

(5.7) states that

(5.10) |Λ| < c5C4(δ)H2δ−1D|∆1|4 exp(−C5(δ)
»
|∆1|).

Furthermore, β 6= x2 implies Λ 6= 0, and hence u /∈ ker(L)(C). Thus, u /∈ h(C)

for any connected algebraic subgroup H of Ga × Eτ0 with h(C) ⊆ ker(L)(C).

Hence, the condition of Proposition 1 is satisfied. It remains to choose the

constants B and V from Section 2.4. It is easy to see that B = |∆1| satisfies

the restriction on B stated there. In order to choose V note that ĥ(γ1) =

ĥ(0Eτ0 ) = 0. Additionally, from (5.8) and (5.9) we infer that there exists a

constant c7 > 0 such that

|τ0|2

[Q(β,∆2) : Q] Im(τ0)
≤ |τ0|2

Im(τ0)
< c7δD log(δH).

Thus, we may choose V = exp(c7δD log(δH)). Now Proposition 1 yields a

constant C7(δ,D) > 0 such that

log |Λ| ≥ −C7(δ,D) max{1, logH}4 log |∆1|.

Combining this with (5.10), we obtain

|∆1| ≤ C3(δ,D) max{1, logH}8(log |∆1|)2

for some sufficiently large C3(δ,D) > 0. �

By Lemmas 3 and 4 it remains to deal with the case (5.2). We may assume

∆1 > (12δ3π−1 logU)2 = 576δ6π−2(log(δ + 1) +D logH))2.
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Indeed, this is no loss of generality if C3(δ,D) > 0 is sufficiently large. Then,

|x1| > exp(π2

»
|∆1|) > U6δ3 by (5.1) and hence |x2| > |x1|(2δ)

−1
> U3δ2 by

(5.2). Since max{|x−1
1 |, |x

−1
2 |} < U−3δ2 we can apply Lemma 1 for the poly-

nomial X
degX1

P

1 X
degX2

P

2 P (X−1
1 , X−1

2 ) of height h(P ) and bidegree (δ1, δ2). It

implies that

(5.11) |xk11 x
k2
2 − α| < 2δδU3 max{|x−1

1 |, |x
−1
2 |}

δ−2
< 2δδU3|x1|−δ

−3/2 < 2δδ

for some triple (α, k1, k2) ∈ Q̄××Z×Z satisfying k1k2 < 0, |k1|, |k2|, [K(α) : K]

≤ δ and h(α) ≤ δ log(δH).

Set

(q1, q2) =

Ñ
exp

Ñ
2πi

∆1 + i
»
|∆1|

2

é
, exp

Ñ
2πi
−b+ i

»
|∆2|

2a

éé
.

We now want to estimate the value of q−k11 q−k22 − xk11 x
k2
2 from above. First,

note that it equals

(5.12) xk11 x
k2
2

î
x−k11 q−k11 (x−k22 q−k22 − 1) + (x−k11 q−k11 − 1)

ó
.

Here, the first factor is bounded by

|xk11 x
k2
2 | ≤ |α|+ |x

k1
1 x

k2
2 − α| ≤ (δH)δ

2D + 2δδ ≤ 3(δH)δ
2D.

For the second factor, recall that (2.5)3 states

|xiqi − 1| < 1193 exp(−π
»
|∆i|) ≤ 1193 exp(−π

»
|∆1|),

which implies |xiqi| < 1194. Since we assume |∆1| ≥ 7 another consequence is

|xiqi| > 1− 1193 exp(−π
»
|∆1|) >

1

4
.

Furthermore, we obtain also

|x−1
i q−1

i − 1| = |x−1
i q−1

i ||xiqi − 1| < 4772 exp(−π
»
|∆1|).

From this we infer that there exists a constant c8 > 0 such that for all integers

k > 0,

|x−ki q−ki − 1| = |x−1
i q−1

i − 1||x−k+1
i q−k+1

i + · · ·+ 1|

< c
|k|
8 exp(−π

»
|∆1|).

3We remind the reader that (2.5) is valid only under the condition Im(τ) ≥ 1, which for

i = 2 (resp. i = 1) means that
√
|∆2|/(2a) ≥ 1 (resp.

√
|∆1|/2 ≥ 1). However, by choosing

the constant C3(δ,D) large enough, |x2| > |x1|(2δ)
−1

in combination with (2.4) shows that

we may assume that the former inequality is true. (The latter one is trivially true by our

assumption ∆1 ≥ 7.)
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Similarly, |xki qki −1| = |xiqi−1||xk−1
i qk−1

i + · · ·+1| < c
|k|
8 exp(−π

»
|∆1|) for all

k > 0 after some augmentation of c8. Using these estimates, the second factor

in (5.12) can be bounded from above by

|x1q1|−k1 |x−k22 q−k22 − 1|+ |x−k11 q−k11 − 1| < cδ9 exp(−π
»
|∆1|)

for some absolute constant c9 > 0. Thus, there exists a constant C8(δ,D) > 0

such that

|q−k11 q−k22 − xk11 x
k2
2 | < 3cδ9(δH2)δ

2D exp(−π
»
|∆1|) = C8H

2δ2D exp(−π
»
|∆1|).

Together with (5.1) and (5.11), this implies

|q−k11 q−k22 − α| < C8H
2δ2D exp(−π

»
|∆1|) + 2δδU3 exp(− π

4δ3

»
|∆1|)

≤ C9H
6δ2D exp(− π

4δ3

»
|∆1|)

for some constant C9(δ,D) > 0. There exists a′ ∈ {−a + 1, . . . , a} such that

k1∆1 − k2
b
a ≡

a′

a (mod 2Z). Furthermore, there exists u1 ∈ C such that

exp(u1) = α, |u1| ≤ log |α|+π and −π< Im(u1) ≤ π. Now |− a′

a π−Im(u1)|<2π

and there exists some n ∈ {−1, 0, 1} such that | − (a
′

a + 2n)π − Im(u1)| ≤ π.

We apply Proposition 2 for G2
m. For this, set K′ = Q(i

»
|∆1|, i

»
|∆2|, α) and

choose a basis ξ1, . . . , ξ[K′:Q] of K′ such that h(ξ1 : . . . : ξ[K′:Q]) ≤ C10h(i
»
|∆1| :

i
»
|∆2| : α) for some constant C10(δ,D) > 0. Define the linear form

L(X1, X2) =

Ç
a′

a
+ 2n+ ik1

»
|∆1|+ i

k2

a

»
|∆2|
å
X1 −X2 ∈ K′[X1, X2],

and set u = (−πi, u1), γ = expG2
m

(u), and Λ = L(u). The choice of u implies

both γ = (−1, α) ∈ G2
m(K′) and

Λ =

Ç
a′

a
+ 2n+ ik1

»
|∆1|+ i

k2

a

»
|∆2|
å

(−πi)− u1.

Note that | Im(Λ)| = | − (a
′

a + 2n)π − Im(u1)| ≤ π. We deduce that

α(exp(Λ)− 1) = exp

Å
−πi ·

Å
k1∆1 − k2

b

a

ã
+ π ·

Å
k1

√
∆1 +

k2

a

√
∆2

ãã
− α.

Since |α|−1 ≤ (δH)δ
2D by Liouville’s inequality (2.1) this implies

| exp(Λ)− 1| < C11H
7δ2D exp

Å
− π

4δ3

»
|∆1|
ã

,

where C11 = δδ
2DC9 > 0. By choosing C3(δ,D) > 0 large enough we can

enforce that the quantity on the right-hand side of the inequality is less than

1/2. Since | log z| ≤ 2|z − 1| if |z − 1| ≤ 1/2 we deduce

|Λ| ≤ 2C11H
7δ2D exp

Å
− π

4δ3

»
|∆1|
ã

.
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The following two lemmas deal separately with the cases Λ = 0 and Λ 6= 0

and complete our proof of Proposition 3. Note that Lemma 6 implies inequal-

ity (4.1) in fact with some exponent 2 + ε′, ε′ > 0, of logH.

Lemma 5. If Λ = 0, then x = (x1, x2) lies on a modular curve V(Φm),

1 ≤ m ≤ 4δ5.

Lemma 6. For every ε′ > 0, there exists a constant C12(δ,D, ε′) > 0 such

that if Λ 6= 0, then

|∆1|(log |∆1|)−2 ≤ C12(δ,D, ε′) max{1, logH}2+ε′ .

Proof of Lemma 5. If L(u) = 0, then Proposition 2 implies that there

exists an algebraic subgroup H of G2
m such that u ∈ h(C) ⊆ ker(L)(C). Since

u 6= 0 the coefficients of L(X1, X2) must be Q-linearly dependent. This implies»
∆1/∆2 = −k2/(k1a) and hence also

1 ≤ a = −
k2

»
|∆2|

k1

»
|∆1|

≤ −k2

k1
≤ δ.

Now,
»

∆2/∆1 is a rational number with numerator and denominator bounded

by δ2 and δ, respectively. Denote its denominator by d. Since

x2 =
−b+ i

»
|∆2|

2a
=

(
2d
√

∆2
∆1

+d
√

∆1∆2 − bd
0 2ad

)
∆1 + i

»
|∆1|

2

the point x = (x1, x2) lies on a modular curve V(Φm), where

m ≤ 4ad2

 
∆2

∆1
≤ 4δ5. �

Proof of Lemma 6. If L(u) 6= 0, then Proposition 2 implies

log |L(u)| ≥ −c2(n) max
¶
V ′, [K′ : Q](h(ξ1 : . . . : ξ[K′:Q]) + log[K′ : Q])

©
with V ′ as defined in Section 2.4. Recall that

h(ξ1 : . . . : ξ[K′:Q]) ≤ C10h(i
»
|∆1| : i

»
|∆2| : α),

and hence there exists a constant C13(δ,D) > 0 such that

h(ξ1 : . . . : ξ[K′:Q]) ≤ C13(δ,D) max{1, logH} log |∆1|.

There exists a constant C14(δ,D) > 0 such that

a ≤ C14(δ,D) max{1, log log+H}.

Furthermore, there exists a constant C15(δ,D, ε′) > 0 satisfying

V ′ ≤ C15(δ,D, ε′) max{1, logH}1+ε′/2log|∆1|.
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Therefore, »
|∆1| ≤ C16(δ,D, ε′) max{1, logH}1+ε′/2 log |∆1|

for some constant C16(δ,D, ε′) > 0, and the lemma follows. �

6. Proof of Theorem 1

It is easy to see that all curves of the types listed in Theorem 1 contain in-

finitely many CM-points. We show the converse by using Theorem 2. Assume

that C is a geometrically irreducible algebraic curve of A2(C) containing infin-

itely many CM-points. We may and do assume that C is neither a horizontal

nor a vertical line, which means that C is of positive degree δi > 0 in Xi for

i = 1, 2. Now choose some ε > 0. For every CM-point x ∈ C of discriminant

(∆1,∆2), Theorem 2 implies that

max{|∆1|, |∆2|} < C1(ε,max{δ1, δ2}, [K : Q]) max{1, h(C)}8+ε

or x ∈ C is on a modular curve V(Φm), 1 ≤ m ≤ 4 max{δ1, δ2}5. Since there

exist only finitely many CM-points of bounded discriminant the latter case

must occur infinitely often. Thus, there exists some 1 ≤ f ≤ 4 max{δ1, δ2}5
such that V(Φf ) has infinitely many intersection points with C. As V(Φf ) and

C are geometrically irreducible this implies V(Φf ) = C.
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