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Rational points over finite fields for regular

models of algebraic varieties
of Hodge type > 1

By PIERRE BERTHELOT, HELENE ESNAULT, and KAy RULLING

Abstract

Let R be a discrete valuation ring of mixed characteristics (0,p), with
finite residue field k and fraction field K, let ¥’ be a finite extension of k,
and let X be a regular, proper and flat R-scheme, with generic fibre X and
special fibre Xj. Assume that X is geometrically connected and of Hodge
type > 1 in positive degrees. Then we show that the number of k’-rational
points of X satisfies the congruence | X (k')] = 1 mod |k’|. We deduce such
congruences from a vanishing theorem for the Witt cohomology groups
HY( Xy, WOx, @) for ¢ > 0. In our proof of this last result, a key step
is the construction of a trace morphism between the Witt cohomologies
of the special fibres of two flat regular R-schemes X and Y of the same
dimension, defined by a surjective projective morphism f :Y — X.
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1. Introduction and first reductions

Let R be a discrete valuation ring of mixed characteristics (0, p), with
perfect residue field k£ and fraction field K. The main goal of this article is to
prove the following theorem.

THEOREM 1.1. Let X be a proper and flat R-scheme, with generic fibre
Xk, such that the following conditions hold:
(a) X is a regular scheme.
(b) Xk is geometrically connected.
(¢) HY (Xk,Ox,) =0 forall ¢ > 1.
If k is finite, then, for any finite extension k' of k, the number of k'-rational
points of X satisfies the congruence

(1.1.1) IX(K) =1 mod |K].

Condition (c¢) should be viewed as a Hodge theoretic property of X,
which can be stated by saying that Xx has Hodge type > 1 in positive de-
grees. From this point of view, this theorem fits in the general analogy between
the vanishing of Hodge numbers for varieties over a field of characteristic 0 and
congruences on the number of rational points with values in finite extensions
for varieties over a finite field. This analogy came to light with the coinci-
dence between the numerical values in Deligne’s theorem on smooth complete
intersections in a projective space [SGATII, Exposé XI, Th. 2.5] and in the
Ax-Katz theorem on congruences on the number of solutions of systems of
algebraic equations [Ktz71, Th. 1.0]. It has been made effective by Katz’s
conjecture [Ktz71, Conj. 2.9] relating the Newton and Hodge polygons asso-
ciated to the cohomology of a proper and smooth variety (and generalizing
earlier results of Dwork for hypersurfaces [Dwo64]). For varieties in charac-
teristic p, this conjecture was proved by Mazur ([Maz72], [Maz73]) and Ogus
[BO78, Th. 8.39]. In the mixed characteristic case, where a stronger form can
be given using the Hodge polygon of the generic fibre, it is a consequence of the
fundamental results in p-adic Hodge theory. Our proof of Theorem 1.1 makes
essential use of the unequality between these two polygons, but the setup of
the theorem is actually more general, since the scheme X is not supposed to
be semi-stable over R.

Let us also recall that a result similar to Theorem 1.1 has been proved
by the second author [Esn06, Th. 1.1] by f-adic methods, with condition (c)
replaced by a coniveau condition: for any ¢ > 1, any cohomology class in
HZ (X7, Q) vanishes in Hf, (U, Qq) for some nonempty open subset U C Xg.
It is easy to see, using [Del71], that this coniveau condition implies that the
Hodge level of X is > 1 in degree ¢ > 1 (see [I1106, 4.4 (d)] for a more general
discussion). It would actually follow from Grothendieck’s generalized Hodge
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conjecture [Grt69] that the two conditions are equivalent. In this article, the
use of p-adic methods, and in particular of p-adic Hodge theory, allows us to
derive congruence (1.1.1) directly from Hodge theoretic hypotheses.

1.2.  As explained by Ax [Ax64], congruences such as (1.1.1) can be ex-
pressed in terms of the zeta function of the special fibre X of X. We recall
that the rationality of the zeta function Z(Xy,t) allows us to define the slope
< 1 part Z<Y(Xy,t) of Z(X},t) as follows [BBE07, 6.1]. Let |k| = p%, and

write
Z(Xp,t) =[] — ast)/ T](1 - Bjt)
i J
with a4, 8; € @p and «a; # (3; for all 7, j. Normalizing the p-adic valuation v of
@p by v(p®) = 1, one sets

ZNXet)= [ Q—aity/ [ (1-585).

v(oy)<1 v(B;)<1
Then the congruences (1.1.1) are equivalent to
1
(1.2.1) Z<H Xy, t) = T

[BBEO7, Prop. 6.3].

On the other hand, let W(Ox, ) be the sheaf of Witt vectors with coef-
ficients in Ox,, and WOx, g = W(Ox,) ® Q. Then the identification of the
slope < 1 part of rigid cohomology with Witt vector cohomology provides the
cohomological interpretation

1)i+1

(1.2.2) Z<V (X, t) = Hdet(l — tFYH (X}, WOx, 0)) V",

where F' is induced by the Frobenius endomorphism of W (Ox,) [BBEO07,
Cor. 1.3]. Therefore, Theorem 1.1 is a consequence of the following theorem,
where k is only assumed to be perfect.

THEOREM 1.3. Let X be a regular, proper and flat R-scheme. Assume
that H1(Xk,Ox, ) =0 for some ¢ > 1. Then

(1.3.1) Hq(Xk,WOX,wQ) =0.

Proof of Theorem 1.1, assuming Theorem 1.3. Let us prove here this im-
plication, which is easy and does not use the regularity assumption on X.
Let W = W(k), and Ky = Frac(W). Thanks to (1.2.1) and (1.2.2), The-
orem 1.3 implies that it suffices to prove that the homomorphism Ky —
HY(Xy, WOx, @) is an isomorphism.

As X is proper and flat over R, H°(X,Ox) is a free finitely gener-
ated R-module. Since the generic fibre X is geometrically connected and
geometrically reduced, the rank of H%(X,0Ox) is 1. The homomorphism
R — HY(X,0x) maps 1 to 1, hence Nakayama’s lemma implies that it is
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an isomorphism. Applying Zariski’s connectedness theorem, it follows that X}
is connected, and even geometrically connected, since the same argument can
be applied after any base change from R to R/, where R’ is the ring of integers
of a finite extension of K.

On the other hand, let k be an algebraic closure of k, and let k&’ be
a finite extension of k such that Xz, is defined over k’. As k' is sepa-
rable over k, the homomorphisms W, (k) — W, (k') are finite étale liftings
of k — k' and the homomorphisms W, (k') @w, ) Wa(Ox,) — Wa(Ox,,)
are isomorphisms [I1179, I, Prop. 1.5.8]. It follows that the homomorphism
W (K') @ww) H(Xk, W(0Ox,)) = H (X, W(Ox,,)) is an isomorphism and
that it suffices to prove the claim for Xjs. Using the fact that

HO(Xk’v WOXk/,Q) % HO(XIC’ red» WOXk/ red?@)

by [BBEO7, Prop. 2.1 (i)], it suffices to check that, if Z is a proper, geo-
metrically connected and geometrically reduced k-scheme, the homomorphism
W (k) — H°(Z,W(0Oyz)) is an isomorphism.

Under these assumptions, the homomorphism k& — H°(Z,0z) is an iso-
morphism. As the homomorphism R : W,,(Oz) — W,,_1(Oy) is the projection
of a product onto one of its factors, the homomorphisms H'(Z, W,,(0z)) —
HY(Z,W,,—1(0Ogz)) are surjective, and one gets by induction that the homomor-
phism W, (k) — H°(Z,W,(O%)) is an isomorphism for all n. Taking inverse
limits, the claim follows. O

1.4. Theorem 1.3 is deeper, and most of our paper is devoted to devel-
oping the techniques used in its proof. We may observe though that, in the
context of Theorem 1.1, there is a case where (1.3.1) is trivial: namely, if we
replace the condition on the Hodge numbers of X, which is equivalent to
requiring that the modules H?(X, Ox) be p-torsion modules, by the stronger
condition that H?(X, Ox) vanishes for all ¢ > 1. Indeed, the flatness of X over
R allows us to apply the derived base change formula for coherent cohomology
and to conclude that H9(X}, Ox,) = 0 for all ¢ > 1. By induction on n, one
gets that HY(Xy, W,(Ox,)) = 0 for all n,qg > 1, and (1.3.1) follows for all
g > 1 (even before tensoring with Q).

In the general case, where the H?(X, Ox) are p-torsion modules, we do not
know any direct argument to derive the vanishing property stated in (1.3.1).
Our strategy is then to use the results of p-adic Hodge theory relating the
Hodge and Newton polygons of certain filtered F-isocrystals on k, which allow
us to study separately the cohomology groups for a given ¢ as in Theorem 1.3.
In particular, when X is semi-stable on R, a straightforward argument using
the fundamental comparison theorems of p-adic Hodge theory allows us to
deduce (1.3.1) from the unequality between the two polygons defined by the
log crystalline cohomology of Xj. We explain this argument in Theorem 2.1.
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In the rest of Section 2, we show that this argument can be modified to
prove the vanishing of HY(Xj, WOy, @) in the general case. For any finite
extension K’ of K, with ring of integers R, let X be deduced from X by
base change from R to R’. After reducing to the case where R is complete,
the first step is to apply de Jong’s alteration theorem to construct for any
m an m-truncated simplicial scheme Y, over the ring of integers R’ of a suit-
able extension K’ of K, endowed with an augmentation morphism Yy — Xg/,
such that the Y;’s are pullbacks of proper semi-stable schemes, and Y, — Xp/
induces an m-truncated proper hypercovering of Xy (see Lemma 2.2 for a
precise statement). Then, using Tsuji’s extension of the comparison theorems
to truncated simplicial schemes [Tsu98|, we show that, in this situation, the
cohomology group H?(Y,;, WOy,, @) vanishes. However, due to the possible
presence of vertical components in the coskeletons, the special fibre Y, of the
m-truncated simplicial scheme Y, may not be a proper hypercovering of Xj,
and it is unclear how the groups H4(Y,;, WOy,, @) are related to the groups
HY(X},WOx, ). Therefore another ingredient will be necessary to complete
the proof. It will be provided by the following injectivity theorem, the proof
of which will be given in Section 8.

THEOREM 1.5. Let X, Y be two flat, reqular R-schemes of finite type,
of the same dimension, and let f :' Y — X be a projective and surjective
R-morphism, with reduction fi, over Speck. Then, for all ¢ > 0, the functori-
ality homomorphism

(1.5.1) fr « HY(Xy, WOx, o) — H%(Yy, WOy, o)
18 injective.

1.6. We will deduce Theorem 1.5 from the existence of a trace morphism
(1.6.1) Tim : Rf«(WOy, o) — WOx, 0,

defined by means of a factorization f = 7 o, where 7 is the projection of
a projective space ]P’)d( on X and 7 is a closed immersion. The key fact used
in the construction of this trace morphism is that, under the assumptions of
Theorem 1.5, ¢ is a regular immersion of codimension d, or, said otherwise,
that f is a complete intersection morphism of virtual relative dimension 0, in
the sense of [SGA6, Exposé VIII].

Sections 3 to 7 are devoted to the construction of 7; . In Section 3, we
state a similar result for Oy, providing a canonical trace morphism

Tf . Rf*(Oy) — Ox,

whenever X is a noetherian scheme with a relative dualizing complex, and
f Y — X is a proper complete intersection morphism of virtual relative
dimension 0 (see Theorem 3.1). The existence of 7 has been observed by



418 PIERRE BERTHELOT, HELENE ESNAULT, and KAY RULLING

El Zein as a particular case of his construction of the relative fundamental
class [EZ78, IV, Prop. 6]. However, in the literature there does not seem
to be a complete proof of the properties listed in Theorem 3.1. Due to the
many corrections and complements to [Har66] made by Conrad in [Con00], we
have included in an appendix the details of a proof of Theorem 3.1 based on
[Con00]. We refer to B.7 for the definition of 7 and to B.9 for the proof of
Theorem 3.1. When Y is finite locally free of rank r over X, the composition
of the functoriality morphism Ox — Rf,(Oy) with 74 is multiplication by r
on Ox. This has striking consequences for the functoriality maps induced by
f on coherent cohomology (see Theorem 3.2). For example, if r is invertible on
X, one obtains an injectivity theorem that may be of independent interest. An
outline of the construction of 77 is given in the introduction to the appendix.

To construct the trace morphism 7; ., we consider more generally a projec-
tive complete intersection morphism f : Y — X of virtual relative dimension
0 between two noetherian IF,-schemes with dualizing complexes. Under these
assumptions, we construct a compatible family of morphisms

Timn - Rf*(Wn(OY)) — WR(OX)

for n > 1, with 7; 71 = 7p. Our main tool here is the theory of the relative
de Rham-Witt complex developped by Langer and Zink [LZ04]. In Section 5,
we recall some basic facts about their construction, and we extend to the
relative case some structure theorems proved by Illusie [11179] when the base
scheme is perfect (see, in particular, Proposition 5.7 and Theorem 5.13). Then
we define 7;  ,, by combining two morphisms. On the one hand, we consider a
projective space P := ]P’)d( with projection m on X, and in Section 6 we define
a trace morphism

Trpﬂ,n : RW*(WnQ(IiD/X [d]) - WH(OX)a

using the d-th power of the Chern class of the canonical bundle Op(1). On
the other hand, we consider a regularly embedded closed subscheme Y of a
smooth X-scheme P, and in Section 7 we define a relative Hodge-Witt local
class for Y in P, which is a section of H (W,,Q% / ) and defines a morphism

Yi,rn - Z*WH(OY) — WHQ?-"/X [d]7

with ¢ : Y < P and d = codimp(Y'). This allows us to define the morphism
Timn s being the composition Trp, , R7.(%izn). The proof of Theorem 1.5
is then completed in Section 8 thanks to a theorem relating the morphisms
Tixn defined by the reduction mod p of a factorization of the given morphism
f:Y — X over R and the morphism 7 defined by f.

It may be worth pointing out here that these results seem to indicate
that Grothendieck’s relative duality theory for coherent O-modules can be
generalized to some extent to the Hodge-Witt sheaves, as was already apparent
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from [Eke84] when the base scheme is a perfect field. We do not try to develop
such a generalization in this article, and we limit ourselves to the properties
needed for the proof of Theorem 1.1. For example, it is very likely that the
morphisms 7; r , only depend on f, and not on the chosen factorization f =
m o 4, but this is not needed here, and we do not prove it in this article. A
natural context one might think of for developing our results is the theory of
the trace map for projectively embeddable morphisms outlined in [Har66, III,
10.5 and §11]. However, as discussed by Conrad in [Con00, pp. 103-104], the
foundational work needed for the definition of such a theory has not really
been done even for coherent O-modules. We hope to return to these questions
in another article.

Finally, in Section 9 we conclude by giving a family of examples to which
Theorem 1.1 can be applied but that are not covered by earlier results, nor
by cases where Theorem 1.3 can be proved directly, such as the trivial case
where H'(X,Ox) = 0 for all 4 > 1, or the semi-stable case. These examples
are obtained for p > 7 and are quotients of an hypersurface of degree p in a
projective space ]P’}%_Q by a free (Z/pZ)-action. Their generic fibre is a smooth
variety of general type, and their special fibre has isolated singularities, at least
when p is not a Fermat number.

Acknowledgements. The authors thank the referee for his careful reading
of the manuscript and for his very useful comments, questions, and suggestions.
Part of this work was done in March 2008, when the second and third
authors enjoyed the hospitality of the Department of Mathematics at Rennes.

General conventions. 1) All schemes under consideration are supposed
to be separated. By a projective morphism f : Y — X, we always mean a
morphism that can be factorized as f = 7w o1, where ¢ is a closed immersion in
some projective space P% and  is the natural projection P% — X.

2) In this paper, we use the terminology of [SGAG] for complete intersec-
tion morphisms: a morphism of schemes f : Y — X is said to be a complete
intersection morphism if, for any y € Y, there exists an open neighbourhood
U of y in Y such that the restriction of f to U can be factorized as f|y = 7 o1,
where 7 is a smooth morphism and ¢ a regular immersion [SGA6, VIII, 1.1].
Note that this notion of complete intersection morphism is more general than
the notion of “local complete intersection map” used in [Har66] and [Con00],
where “Ici map” is only used for regular immersions.

If d is the codimension of ¢ at y and n the relative dimension of 7 at i(y),
the integer m = n — d does not depend upon the local factorization f|y = 7oz
and is called the virtual relative dimension of f at y [SGAG6, VIII, 1.9]. One
says that f has constant virtual relative dimension m if the integer m does not
depend upon y. In this paper, we will always assume that the virtual relative
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dimension of the morphisms under consideration is constant. (However, the
dimension of the fibres of such morphisms can vary.)

3) Apart from the previous remark, we will use the definitions and sign
conventions from Conrad’s book [Con00]. In particular, when i : ¥ — P is
a regular immersion of codimension d defined by an ideal Z C Op, we define
wy,p by

Wy/p = AN (Z/1%)Y)
rather than (A%(Z/Z?))V as in [Har66, III, p. 141] (see [Con00, p. 7]). The
canonical identification between both definitions is given by [Bou70, III, §11,
Prop. 7.

4) If R, S are commutative rings, R — S a ring homomorphism, and X
an R-scheme, then we denote by Xg the S-scheme Spec S Xgpec r X.

5) If £° is a complex, we denote by (0>;€®)icz the naive filtration on £°,
i.e., the filtration defined by 0>, =0if n <1, 05;&" =& if n > 4.

6) If X is a scheme (resp. locally noetherian scheme), we denote by
DEC(OX) (resp. D, (Ox)) the full subcategory of the derived category D(Ox)
that has as objects the bounded complexes with O x-quasi-coherent (resp. Ox-
coherent) cohomology sheaves. We denote by DPpy(Ox) C D(Ox) the full
subcategory of complexes that are isomorphic to a bounded complex of flat
Ox-modules. Adding several of the indices to DP(Ox), as in Dgc,de(OX)’
means taking the intersection of the corresponding subcategories.

When relevant, we will use similar notation for the analogous subcategories
of D(Ox) and D+(Ox)

2. Application of p-adic Hodge theory

In this section, we explain how the fundamental results of p-adic Hodge
theory can be used to prove Theorem 1.3. We begin with the semi-stable case,
where p-adic Hodge theory suffices to conclude and which will serve as a model
for the general case. We use the notation R, K, k as in the introduction.

THEOREM 2.1. Let X be a proper and semi-stable R-scheme, with generic
fibre Xk and special fibre Xy, and let ¢>0 be an integer. If H4( Xk, Ox,)=0,
then Hq(Xk, WOXk,Q) = 0.

Proof. We may assume that R is a complete discrete valuation ring. In-
deed, if R is the completion of R, K = Frac(R) and X = X 7> then X is proper
and semi-stable over R, Hq(XlA(, (’)gl?) =K®rHY(Xk,Ox,) =0, and X and

X have isomorphic special fibres. So the theorem for X implies the theorem
for X.

We endow S = Spec R with the log structure defined by the divisor
Speck C S, Sy = Speck with the induced log structure, and we denote by
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S, So the corresponding log schemes. Similarly, we endow X with the log
structure defined by the special fibre X, X with the induced log structure,
and we denote by X, X the corresponding log schemes. Then X is smooth
over S and X, is smooth of Cartier type [Kat89, (4.8)] over Sp.

Let W,, = W, (k) (resp. W = W (k)), and let ¥, (resp. ¥) be the log
scheme obtained by endowing ¥, = Spec W,, (resp. ¥ = Spec W) with the log
structure associated to the pre-log structure defined by the morphism Mg, —
Os, = Ox, — Oy, (resp. Oyx) provided by composition with the Teichmiiller
representative map. We can then consider the log crystalline cohomology
groups H&. (X /X, ), which are finitely generated WW,-modules endowed with a
Frobenius action ¢ and a monodromy operator N. The log scheme X, also car-
ries a logarithmic de Rham-Witt complex WQBLC = @n W"Qi(k’ constructed
by Hyodo [Hyo91] in the semi-stable case, and generalized by Hyodo and Kato
[HK94, (4.1)] to the case of smooth Sp-log schemes of Cartier type. In degree 0,
we have

(2.1.1) W, = Wa(Ox,),

by [HK94, Prop. (4.6)].
It follows from [HK94, Th. (4.19)] that, for all ¢, there are canonical
isomorphisms

(2.1.2) Hi (X /20) — HY Xk, WpQ, ),

crys
which are compatible when n varies and commute with the Frobenius actions.
As X} is proper over Sy, these cohomology groups are artinian W-modules.
Therefore, one can apply the Mittag-Leffler criterium to get canonical isomor-
phisms

(2.1.3) He o (Xp/E) — lim HE (Xi/En)

crys crys
o @Hq(gk,wnﬁkk) —— HY (X, WQY,)

compatible with the Frobenius actions. Using the naive filtration of WS
and tensoring by K, one obtains a spectral sequence

(2.1.4) By = HI(Xy, W) ® Ko = H(X,/2) ® Ko

crys
endowed by functoriality with a Frobenius action F*. The operators d, F', and
V' on the logarithmic de Rham-Witt complex satisfy the same relations as on
the usual de Rham-Witt complex [HK94, (4.1)], and the structure theorems of
[[1179] remain valid in the logarithmic case [HK94, Th. (4.4) and Cor. (4.5)].
It follows that, for all 4, j, the Ko-vector space H7(Xj, WQ‘_&) ® K is finite
dimensional, and the action of F™* on this space has slopes in [i,7 4 1] [Lor02,
3.1]. Therefore, the spectral sequence (2.1.4) degenerates at E; and yields, in

~

particular, an isomorphism (HZ(Xx/X) ® Ko)<! = HY(X;, WQ%,) © Ko,

crys
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the source being the part of Hd (X/X)® Ko where Frobenius acts with slope
< 1. Thanks to (2.1.1), we finally get a canonical isomorphism

(2.1.5) (HLyo(X1/2) ® Ko)<' == HY( Xy, WOx, 0)-

crys

On the other hand, the choice of a uniformizer of R determines a Hyodo-
Kato isomorphism [HK94, Th. (5.1)]

(2.1.6) p i HEy(Xn/2) @w K — HY(Xk, U, /).

crys

This allows us to endow H& . ((Xy/X) ®@w K with the filtration deduced via
p from the Hodge filtration of HY( X, QB(K/K)' Together with its Frobenius
action and monodromy operator, H¢. ((Xx/X) @w K is then a filtered (¢, V)-
module as defined by Fontaine [Fon94, 4.3.2 and 4.4.8]. As such, it has both
a Newton polygon, built as usual from the slopes of the Frobenius action, and

a Hodge polygon, built as usual from the Hodge numbers of H?( X, QB(K / 5

Now, let K be an algebraic closure of K, and let By, Bqr be the Fontaine p-
adic period rings. Then Tsuji’s comparison theorem [Tsu99, Th. 0.2] provides
a Bg-linear isomorphism

(2.1.7) Byt @Ky He(X1/E) = By ®x HY (X7, Qp),

crys
compatible with the natural Galois, Frobenius, and monodromy actions on
both sides and with the natural Hodge filtrations defined on both sides after
scalar extension from By to Bgr. Thus, Hg ((Xx/X) ® Ko is an admissible
filtered (¢, N)-module [Fon94, 5.3.3], and therefore it is weakly admissible
[Fon94, 5.4.2]. This implies that its Newton polygon lies above its Hodge
polygon [Fon94, 4.4.6]. In particular, either HZ  (X;/X) ® Ko = 0, or the
smallest slope of its Newton polygon is bigger than the smallest slope of its
Hodge polygon. By assumption, the latter is at least 1, which forces the part
of slope < 1 of Hf ((Xx/X) ® Ko to vanish. Thanks to (2.1.5), this implies

the theorem. O

In the general case, we will use truncated simplicial log schemes satisfying
the conditions of the next lemma. We will assume that all the log schemes
under consideration are fine log schemes [Kat89, (2.3)], and all constructions
involving log schemes will be done in the category of fine log schemes. For any
finite extension K’ of K, with ring of integers R’, we will endow Spec R’ with
the log structure defined by its closed point, and pullbacks of log schemes to
Spec R’ will mean pullbacks in the category of log schemes. Note that, because
of [Kat89, (4.4)(ii) and (4.3.1)], the underlying scheme of such a pullback is
the usual pullback in the category of schemes. We will denote log schemes by
underlined letters and drop the underlining to denote the underlying schemes.

LEMMA 2.2. Assume that R is complete and that X is an integral, flat
R-scheme of finite type. Let m > 0 be an integer. Then there exists a finite
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extension K' of K, with ring of integers R', a split m-truncated simplicial
R'-log scheme Yo = (Ya, My,) [SGA4IL, Vbis, 5.1.1], and an augmentation
morphism u : Yo — Xpr over R such that the following conditions hold:

(a) For each r, Y, is projective over Xp and Y, is a disjoint union of
pullbacks to R of semi-stable schemes over the integers of sub-K -extensions of
K’ endowed with the log structure defined by their special fibre.

(b) Via the augmentation morphism induced by u, Yo g+ is an m-truncated
proper hypercovering of Xy .

(¢c) There exists a projective R-alteration f : Y — X, where Y is semi-
stable over the ring of integers Ry of a sub-K -extension K1 of K', and there
exists finitely many R-embeddings o; : Ry < R’ such that if u; : Y — Xg,
denotes the Rji-morphism defined by f and if Yy, (resp. ue, : Yo, = Xgr)
denotes the R'-scheme (resp. R'-morphism) deduced by base change via o; from
Y (resp. uy), then Yo =[[; Ys, and uly,, = U,

Therefore, we obtain the following commutative diagram:

(2.2.1) Yy =1; Yo, Y, Y

SRR

Xp — Xp, —= X.

Proof. This is a well-known consequence of de Jong’s alteration theorem
[DJ96, Th. 6.5]. For the sake of completeness, we briefly recall how to con-
struct such a simplicial log scheme. For r > 0, we denote by [r]| the ordered set
{0,...,7}, and by A (resp. A[m]) the category that has the sets [r] (resp. with
r < m) as objects, the set of morphisms from [r] to [s] being the set of nonde-
creasing maps [r] — [s].

One proceeds by induction on m. Assume first that m = 0. de Jong’s
theorem provides a finite extension K of K, an integral semi-stable scheme Y
over the ring of integers Ry of K, and an R-morphism f : Y — X that is a
projective alteration. Let uj : Y — Xp, be the morphism defined by f. Let K’
be a finite extension of K7 such that K'/K is Galois, and let R’ be its ring of
integers. For any g € Gal(K'/K), let o4 be the composition K1 — K’ 9 K
and let Y, (resp. ug : Yy, — Xps) be the R'-log scheme (resp. R’-morphism)
deduced from Y (resp. ui) by base change via o4 : Ry — R'. Then one defines
Yy and w by setting

Yo = H Y, uly, = ug-
geGal(K'/K)

One easily checks by Galois descent that Yj g — X is surjective; conditions
(a)—(c) are then satisfied.
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Assume now that the lemma has been proved for m — 1. Over the ring
of integers R” of some finite extension K" of K, this provides a split (m — 1)-
truncated simplicial log scheme Y, together with an augmentation morphism
u” Yy — Xpr, so as to satisfy conditions (a)—(c). Note that these conditions
remain satisfied after a base change to the ring of integers of any finite extension
of K". Let cosky,—1(Y)) be the coskeleton of Y in the category of simplicial
fine R"-log schemes and Z = cosk,,—1(Y)), its component of index m. Denote
by Zi,...,Z. those irreducible components of Z that are flat over R”, and
endow each Z; with the log structure induced by the log structure of Z. As a
consequence of condition (a), this log structure induces the trivial log structure
on the generic fibre Z; . Applying de Jong’s theorem to Z;, one can find
a finite extension K of K", with ring of integers R}, an integral semi-stable
scheme T} over R;-, and a projective alteration f; : T; — Z;. One endows Tj
with the log structure defined by its special fibre. Because the log structure
of the generic fibre Z; g is trivial, the morphism f; extends uniquely to a log
morphism f; : T — Z;. Let K’ be a Galois extension of K containing K
for all j, 1 < j < ¢, and let R’ be its ring of integers. Arguing as in the case
m = 0 above, one can deduce from the alterations f; an R’-morphism

(&
(2.2.2) T—[]%r — Zr — coskm-1(Y" g)m
j=1

where T satisfies condition (a) and Tk — coskp,—1 (Y, k7)m is projective and
surjective. (Note that since all log structures are trivial on the generic fibres,
the generic fibre of the coskeleton computed in the category of fine log schemes
is the coskeleton of the generic fibres computed in the category of schemes.)
One can then follow the method of Saint-Donat [SGA4II, Vbis, 5.1.3] and
Deligne [Del74, (6.2.5)] to extend Y p as a split m-truncated simplicial log
scheme Y, over R'. The R'-log scheme Y, is defined by

[m]—[1], I<m

where N (Y) is the complement of the union of the images of the degeneracy
morphisms with target Y;. It satisfies condition (a) because T does and Y, is
split. Similarly, the morphism Y, g7 — cosky,—1(Ye k7)m is proper and surjec-
tive because the morphism Txs — cosky,—1(Y, k)m is proper and surjective.
Thus the m-truncated simplicial scheme Y, g/ is an m-truncated proper hy-
percovering of Xg/. Finally, condition (c) is satisfied thanks to the induction
hypothesis. ([

2.3. We recall how to associate cohomological invariants to simplicial
schemes and truncated simplicial schemes (see [SGA4II, Vbis, 2.3], [Del74,
5.2], [Tsu98, (6.2)]).
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If T is a topos, we denote by T2 (resp. T2™) the topos of cosimplicial
objects (resp. m-truncated cosimplicial objects) in 7. Let A be a ring in 7 and
A* the be theconstant cosimplicial ring defined by A. If £° is an A°-module
of T4 (resp. T2I™), one associates to £* the complex

(=1)797
£.E° = 50—>51—>---—>€T§:J—>S”+1—>---
(resp. eME® = 0l 5 EM S0 ).

One views £,E°® (resp. e'€°®) as a filtered complex of A-modules using the
naive filtration. The functors e, and €7* are exact functors from the category
of A*-modules to the category of filtered complexes of .A-modules (which means
that they transform a short exact sequence of A®-modules into a short exact
sequence of filtered complexes, i.e., such that the sequence of Fil’s is exact
for all 7). Hence, they factorize so as to define exact functors Re, and Rel*
from Dt (T2, A*) (resp. DT (T2 A%)) to DYF(T,A). For any complex
E** € DT(A*), they provide functorial spectral sequences

(2.3.1) BP9 = HUE™) = HTU(Re, (E%°))

and similarly for Re? with E7'? = 0 for 7 > m. (We use here the first index
to denote the simplicial degree.) Note that the truncation functor induces a
functorial morphism

(2.3.2) Re, (E%°) — Rel'(skp(E%°))

and thus a morphism between the corresponding spectral sequences (2.3.1). It
follows that if H%(E™*) = 0 for ¢ < 0 and all , then the morphism (2.3.2) is a
quasi-isomorphism in degrees < m.

Let Y, be a simplicial scheme (resp. m-truncated simplicial scheme) and
Sets the topos of sets. If R is a commutative ring and £* a (Zariski, étale, .. .)
sheaf of R-modules on Y,, one can associate to £°* a cosimplicial R*-module
I*(Y., &%) € Sets™ (resp. Sets®™) by setting for all r > 0,

I"(Ye,E%) = [(Y,,E7).

The functor I'* can be derived, and its right derived functor RI'® can be com-
puted using resolutions by complexes Z** such that for each r, g, the sheaf 74
is acyclic on Y,. The cohomology of Y, with coefficients in a complex £%° is
then, by definition,

RT'(Y.,£E%°) = Re RI*(Y,,E%°) (resp. Rel'),
Hi(Y., &%) = HI(RI'(Y,, £7)).

If Y, is a smooth simplicial (resp. m-truncated simplicial) R-scheme, this can
be applied to the complex Q3. /R and to its sub-complexes 0>;{)}, /R defining
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the naive filtration. This provides the definition of the de Rham cohomology
of Y, and of its Hodge filtration.

PROPOSITION 2.4. Let K be a field of charactristic 0, X a proper and
smooth K-scheme, and Yoy — X an m-truncated proper hypercovering of X
over K such that Y, is proper and smooth for all r. Then, for all ¢ < m, the
canonical homomorphism

(2.4.1) HY(X, O )p) — HIYe, 3, )

18 an isomorphism of filtered K -vector spaces for the Hodge filtrations.

Proof. Since algebraic de Rham cohomology (endowed with the Hodge
filtration) commutes with base field extensions, standard limit arguments allow
us to assume that K is of finite type over Q. Choosing an embedding ¢ :
K — C, we are reduced to the case where K = C. Using resolution of
singularities, we can find a proper and smooth hypercovering Z, of X such that
skm(Ze) = Yo. As the morphism (2.3.2) for 05,87, /c 18 a quasi-isomorphism
in degrees < m for all ¢, it suffices to prove the proposition with Y, replaced
by Z.. This now follows from [Del74, Prop. (8.2.2)]. O

COROLLARY 2.5. Under the assumptions (a) and (b) of Lemma 2.2 as-
sume, in addition, that X is proper and smooth and that H1(Xk,Ox, ) =0
for some ¢ < m. Then the smallest Hodge slope of HY(Ye g, Q;f.K,) is at least 1.

Proof. Assumptions (a) and (b) imply that the hypotheses of the propo-
sition are satisfied by Y, — Xk, and the corollary is then clear. [l

2.6. Let X,,X be as in the proof of Theorem 2.1. We now denote by
Y. = (Y., My,) an m-truncated simplicial log scheme over ¥;. We assume that
each Y, is smooth of Cartier type over 31, so that, for all n > 1, its de Rham-
Witt complex W, Q3. is defined [HK94, (4.1)]. When r varies, the functoriality
of the de Rham-Witt complex turns the family of complexes (Wn Jo<r<m
into a complex W), on Y,. One defines its cohomology as in 2.3, and one
has similar definitions for the de Rham-Witt complex Wy, = gnn Wy,

For a morphism « : [r] = [s] in A[m], let aerys : (Ys/Zn)erys = (Yr/En)erys
be the morphism between the log crystalline topos induced by the correspond-
ing morphism Y, — Y,. One defines the log crystalline topos (Ye/2p)crys
as being the topos of families of sheaves (E")o<y<m, where E" is a sheaf
on the log crystalline site Crys(Y,/%,), endowed with a transitive family
of morphisms ac_ri,SET — E* for morphisms « in A[m]. In particular, the
family of sheaves Oy, /5, defines the structural sheaf of (Ye/%;,)crys, denoted
by Oy,/s,- There is a canonical morphism uy, /s, @ (Ye/Xn)erys = Yozar
such that uy, s «(E®)" = uy, /5,.(E") for all r. If E*® is a complex of
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abelian sheaves in (Y4/%,)crys, one proceeds as in 2.3 to define its log crys-
talline cohomology RTcrys(Ye/Ey, E**) and its projection on the Zariski topos
Ruy, /5,«(E*®). One gives similar definitions for the log crystalline topos
(Yo/XE)crys relative to X. By construction, there are canonical isomorphisms

(2.6.1) RT(Ya, Ruy, /53, (E**)) 5 Rlerys(Yo /S, E**),
(2.6.2) RT(Ya, Ruy . /5 +(E**)) —+ Rlerys (Yo /S, E*).

IfY, — P, is aclosed immersion of the m-truncated simplicial log scheme
Y. into a smooth m-truncated simplicial ¥,,-log scheme P, (resp. X-formal log
scheme), the family of PD-envelopes P;?f (P;) (resp. completed PD-envelopes)

[Kat89, (5.4)] defines a sheaf P%;).g(f.) on Y,, and one can form the de Rham

complex Pif.g (Le)®0p, 2p, 5, (resp. P;?.g (L) ®0p, 2p, /5;), which is supported
in Y,. Because the linearization functor L used in the proof of the comparison
theorem between crystalline and de Rham cohomologies [Kat89, (6.9)] makes
sense simplicially, this theorem extends to the simplicial case and there is a
canonical isomorphism in DT (Y,, W,,) (resp. DV (Y., W))

(263) RuXo/Zn*(OXU/Zn) 42_> P;%(B.) ®OP. Q;j'o/zn
(2.6.4) (resp. Ruy,/s.(Oy./s) == PYE(P.) ®0p, b, s).

ProproSITION 2.7. With the hypotheses of 2.6, assume that Y, is split.
Then there exists in DT (Ye,W,,) (resp. DT (Yo, W)) canonical isomorphisms
compatible with the transition morphisms and the Frobenius actions

(2.7.2) (resp. R“X./;*(OZ./;) EEAREN Wﬂi/.)
The proof will use the next lemma, due to Nakkajima [Nak09, Lemma 6.1].

LEMMA 2.8. Under the assumptions of 2.7, there exists an m-truncated
stmplicial log scheme Zo and a morphism of m-truncated simplicial log schemes
Ze — Yo such that, for 0 < r < m, Z, is a disjoint union of affine open subsets
of Y, covering Y,, and the morphism Z, — Y, induces the natural inclusion on
each of these subsets.

Definition 2.9. Let X be a scheme on which p is locally nilpotent, and
n > 1 an integer. We denote by |X| the topological space underlying X,
and by W, (X) the ringed space (|X|, W,,(Ox)), which is a scheme ([Il179,
0, 1.5] and [LZ04, 1.10]). The ideal VW, _;(Ox) carries a canonical PD-
structure ([I1179, 0, 1.4] and [LZ04, 1.1]), which turns the nilpotent immersion
u: X — W,(X) into a PD-thickening of X.
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If X = (X, Mx) is a log scheme, we denote by W, (X) = (W, (X), M, (x))
the log scheme obtained by sending Mx to W, (Ox) by the Teichmiiller repre-
sentative map and taking the associated log structure [HK94, Def. (3.1)]. The
immersion v is then, in a natural way, an exact closed immersion u : X <
Wi (X), functorial with respect to X.

LEMMA 2.10. Under the assumptions of 2.7, there exists a bisimplicial
log scheme Zo o, m-truncated with respect to the first index and augmented
towards Yo with respect to the second index, a bisimplicial formal log scheme
T o0 0ver ¥, m-truncated with respect to the first index, and a closed immersion
of bisimplicial formal log schemes ieo : Zeo — Teo such that the following
conditions are satisfied:

(a) For 0 < r < m, Z,o is a disjoint union of affine open subsets of
Y, covering Y, the augmentation morphism Z,.o — Y, induces the natu-
ral inclusion on each of these subsets, and the canonical morphism Z,. —
coské*/’“ (sky"(Zr,e)) ts an isomorphism.

(b) For 0 <r <m andt >0, the formal log scheme T, is smooth over
X (i.e., its reduction mod p™ is smooth over X, for all n), and the canonical
morphism T e — coskog(skog(l'r’.)) is an isomorphism.

(c) Letieemn : Zeo > Lee:n be the reduction mod p" of ie e, and let e o:p :
Zeo = Wp(Zs,s) denote the morphism of bisimplicial log schemes defined by
the canonical immersions. For variable n, there exists a compatible family of
Y -morphisms of bisimplicial schemes he o:n : Win(Zeos) — Lee:n such that

ho,o;n O Ue o;n = lo,0;n-

Proof. Let jo : Zoe — Yo be a morphism of m-truncated simplicial log
schemes satisfying the conclusions of Lemma 2.8. One chooses a decomposition
Zr = [la Z7, with Z C Y, open affine such that j,|za is the natural inclusion.

Let fo;l = Z¢. Since Z% is affine and smooth over ¥; and X,,_1 — X, is
a nilpotent exact closed immersion, for each r, @ and each n > 2 there exists
a smooth log scheme Z7., over ¥, endowed with an isomorphism 27, =
Yp-1 Xy, 41, [Kat89, Prop. (3.14) (1)]. Taking limits when n — oo, we obtain
a smooth formal log scheme Z% over ¥ and an isomorphism Z¢ =¥ x b}
Z}. Moreover, the smoothness of Z;, over ¥, for all n implies that we can
find inductively a compatible family of ¥,-morphisms g;,, : Wy (Z7) — Z7,
such that the composition Z¥ — W, (Zy) — Z7,, is the chosen immersion
z8 < 22,

Let Zr;n = [la Z?‘;m Zr =1l 27, let Upin * Ly = Zr;n, vt Ly = 2y
be defined by the immersions Z — Z?‘m and Z7 — Z¢, and let g, :
Wy, (Zy) = Zy., be defined by the morphisms Grin- We now use the method of
Chiarellotto and Tsuzuki ([CT03, 11.2], [Tsu04, 7.3]) to deduce from these data

a closed immersion i, of Z, into an m-truncated simplicial formal log scheme
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T., smooth over ¥, with reduction 7., over X,, and a compatible family of
Y,-morphisms of m-truncated simplicial log schemes he., @ Wy (Ze) = Ten
such that he.p 0 Ueyy = Ge:n, Where Uey @ Loy — Wi(Zay) is the canonical
morphism, and 4., is the reduction mod p" of 4,. First, for 0 < s < m, we set

Fs(gr) - H gr,’w
Y:[r]—1s]
where the product is taken over X and indexed by the set of morphisms
v ¢ [r] = [s] in A[m], and where Z,, = Z, for all 4. Then any morphism
n:[s'] = [s] in A[m] defines a morphism I'y(Z,) — I'y(Z,) having as compo-
nent of index 7/ the projection of I's(Z,) to the factor of index no~/. In this
way, one obtains an m-truncated simplicial formal log scheme I's(Z,) over X,
the terms of which are smooth over X.
For each v : [r] — [s], there is a commutative diagram

J\ j X
Us;n Ur;n
Z Z

VUrin

r C Zr;n c Zy.

For fixed r and variable s, the family of morphisms Zs — I's(Z,) having the
composition Z N Z, — Z, as component of index v defines a morphism of
m-truncated simplicial formal log schemes Z, — I's(Z,). We set

To= J[ T2
0<r<m
and we define i, : Zo — T o as having the previous morphism as component of
index r for 0 < r < m. For each r, the morphism Z, — I'.(Z,) has the closed
immersion v, : Z, < Z, as component of index Id,j. It follows that Z, — T,
is a closed immersion for all r.

Similarly, the family of morphisms W, (Z;) — I's(Z,) having the com-

position Wy, (Zs) M Wn(Z,) Irin, Zym — Z, as component of index v

defines a morphism of m-truncated simplicial log schemes W,,(Z.) — I's(Z;).
We define he : W,,(Zs) — T. as having the previous morphism as component
of index r for 0 < r < m and hey, : Wy, (Zs) — Ty, as being the reduction of
he mod p™. It is clear that he., © Ue;n = te;, and that the morphisms h,., form
a compatible family when n varies.

We now set Zeg = Ze, Teo =T, and we define

Zeo = cosk%’ (Zap), Teo= COSkOZ(I.,()),

the coskeletons being taken respectively in the category of simplicial m-trun-
cated simplicial log schemes over Y, and of simplicial m-truncated simplicial
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formal log schemes over X. The augmentation morphism Z, o — Y, is given by
Je, and the morphism 4,  is defined by setting ie0 = te : Ze g — T a0 and ex-
tending 7. o by functoriality to the coskeletons. As seen above, 7,0 is a closed
immersion, and it follows from the construction of coskeletons that i,; is a
closed immersion for all ¢. Since cosk?(l’no)t =T, XyuX - XgT, (t+1 times),
Tr+ is smooth over ¥ for all r,¢. Finally, we define he e : Wi (Zeo) = Teom
as being the composition

Wi (coska® (Za0)) — cosky X (W (Za o))

—%

— cosk(];” (Te0:n) ~ En Xy COSko;(Io,O),

where the first map is defined by the universal property of the coskeleton (and
is actually an isomorphism), the second one is defined by functoriality by the
morphism hep, : Wi (Ze0) = Lesn = L 0:n, and the last one is the base change
isomorphism for coskeletons. The relations he e:n © Ue e:n = %e,e:n and the com-
patibility for variable n follow from the similar properties for the morphisms
he:n. Properties (a)—(c) of the lemma are then satisfied. O

2.11.  Proof of Proposition 2.7. Let

/Z:..

Z.,. CH’ I

-4

be a commutative diagram satisfying the properties of Lemma 2.10. Since,

for all » < m, the morphism j, ¢ is locally an open immersion, the scheme
underlying Z,; is the usual fibred product Z,o Xy, -+ Xy, Zro (t + 1 times).
Keeping the notation of the proof of Lemma 2.10, let i, = (Z),, be an affine
covering of Y, such that Z,.o = [[, Z; and j;o|ze is the natural inclusion.
Then, for any abelian sheaf £ on Y., the complex

P

5r*(jr,0*j7:.lg):[jT,O*jq:&g — ]rt*]rt k—> Jr t+1 *]r t+1€ - ]
is the Cech resolution of £ defined by the covering il,. If £* is an abelian sheaf
onY,, the fact that j, g is an augmentation morphism in the category of m-trun-
cated simplicial schemes implies that the complex e, (jr,o «Jr, L€ is functorial
with respect to [r] € A[m], and we obtain a resolution e+ (je,e+jos&®) of £* in
the category of abelian sheaves on Y,. In particular, taking into account that

each j, o is locally an open immersion, we obtain for all n a resolution of the
de Rham-Witt complex of Y, given by

(2.11.1) Walls -5 eur(GoeaWa23, ,)-
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On the other hand, one can also define for all r a complex on Crys(Y,/%,)
by setting

Er (jr,o Crys * (OZ’I‘,./;’I’L))

. . (=)o
- []T,Ocrys*(ogno/gn) — = ]r,tcrys*(ogr’t/;n) M cee :| .

Since Z,.. — Y, is the Cech simplicial scheme defined by an affine open cov-
ering of Y;, this complex is a resolution of Oy /5 [Ber74, III, Prop. 3.1.2
and V, Prop. 3.1.2]. Since Z, . is a bisimplicial scheme, these resolutions are
functorial with respect to [r] and yield a resolution cex(joecrys+(Oz,4/5,))
of Oy,/s,. Let Teepn be the reduction mod p™ of T,.. The linearization
functor L [Kat89, (6.9)] is functorial with respect to embeddings, hence it
provides a complex L(QF, /S ) on Crys(Ze./%,). This complex is a res-
olution of Og, /s, thanks to the log Poincaré lemma, which follows from
[Kat89, Prop. (6 5)]. For each (r,t) and each i, one checks easily that the
term jmcrys*(L(Q%M;n/;n)) is acyclic with respect to uy, /5, .- (Use [Ber74,
v, (223)] and the equahty Uy ,./Spx © jr,tcrys* = jr,t* © uZ’r,t/Zn*’) Hence,
the complex ¢ (Jo,0crys«(L (Q'T” /S ))) is an uy, /s, .-acyclic resolution of
Oy./s,- Moreover, the closed immersion of bisimplicial schemes 4.+ defines

log (

a family of PD-envelopes 73 ee:n), supported in Z, ,. They provide a de

Rham complex 73log (Taen) ® QT. /S which can be viewed as a complex

of abelian sheaves on Ze e, and it follows from [Ber74, V, (2.2.3)] that

Uy s/ (oseryss (L, o 5)) = dows(PEE (L) @05, . 5).

As the j,;’s are affine morphisms (as a consequence of 1) in our general con-
ventions), we finally get in D" (Z,, W,,) an isomorphism

(2112)  Ruy,/s, . (Oyu/s,) = cosljons(PEE, (Lown) © .. 5)).

To prove Proposition 2.7, it suffices to define a quasi-isomorphism between
the right-hand sides of (2 11.1) and (2.11.2). Note that, for each r,¢,i, the
sheaves W, QZ . and 73 ( rtin) @ QT n /S, AT€ Jris-acyclic. Indeed, Z,; is
a disjoint union of affine open subsets of Y,., and on the one hand W, Q , has
a finite filtration with subquotients that are coherent over suitable Frobemus
pullbacks of Z, ; [HK94, Th. (4.4)], on the other hand ’Plog  (Lrtn) ® QTT /S
is a quasi-coherent Or, ,,-module with support in Z,,, hence is a direct limit
of submodules that have a finite filtration with subquotients that are coherent
over Z,;. Therefore, it suffices to construct a quasi-isomorphism

(2.11.3) Pt (Lown) ® Qo i, — Wy, ,

in the category of complexes of W,-modules over Z, ,.
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We can now argue as in the proof of [HK94, Th. (4.19)]. Since the
PD-immersion wy ¢y, : Zry < Wy(Zyy) is an exact closed immersion for all
r,t, the morphism he e:p : Win(Zee) — Lee:n defines uniquely a PD-morphism
Plog.( e oin) = Wi(Og,,) in the category of sheaves of W-modules on the
b1s1rnphclal scheme T, 4.5, AS e e is @ morphism of bisimplicial log schemes,
it defines by functoriality a morphism of complexes Q:T.,.;n /5. My (Zo.0)/En
on T, .. This morphism extends as a morphism of complexes with support
in Z..

Plog CLaoin) @07, o s = N (Ze o) /s Neos
where N7 o C Oy Wi (Zo.o)/En denotes the graded ideal generated by the sections

d(ally — a[Z Uda for all sections a of VWin-1(Oz,,) and all i > 1. The differen-
tial graded algebra W,y | is a quotient of 7,/ |\ o [HK94, Prop. (4.7)],
and the generators of N:,' vanish in W,Q7%, . (because WY,  is p-torsion
free), so we finally get the morphism (21f3) To check that it is a quasi-
isomorphism, it suffice to do so on each Z,;, and this follows from [HK94,
Th. (4.19)]. In this way we obtain the isomorphism (2.7.1).

To construct the isomorphism (2.7.2), it suffices to observe that the com-
patibility of the previous constructions when n varies implies that they make
sense in the category of inverse systems indexed by m € N. Then one can
apply the functor R@n to the isomorphism (2.7.1) viewed as an isomorphism
in the derived category of inverse systems of sheaves of W-modules on Y,, and
this provides the isomorphism (2.7.2), since the local structure of the W, Q!
recalled above implies that they form a lim-acyclic inverse system.

The isomorphisms (2.7.1) and (2.7.2) do not depend upon the choices
made in their construction. If

(Z',‘7I0,07j0,'7i-,07h‘,-;n) and (Z,onT/o,nji,ui,o,nh,o,o;n)

are two sets of data provided by Lemma 2.10, one can construct a third set of
data (Z4 e, T4 esJees % e e e:n) mapping to the two previous ones by setting

Z,o/o - Zoo XY. Z,o ,00 Il:,. = I0,0 X;I/.’.

and defining ], o oo and h’,’ «:n by functoriality. Then the independence prop-
erty of (2.7.1) and (2 7.2) follows from the functoriality of the canonical iso-
morphisms used in their construction with respect to the projections from
(Z4e:T4Vs) 10 (Zeo,Tes) and (Z,,,T,,). Moreover, one can also prove the
functoriality of (2.7.1) and (2.7.2) with respect to Y, by similar arguments us-
ing the graph construction: for a morphism ¢, : Y, — Y, between two m-trun-
cated simplicial log schemes satisfying the assumptions of Lemma 2.7, one
can find sets of data (Zee; Tee; Joeslee; leen) a0d (Z o, T4 o500 leer Mo ein)
satisfying the conditions of Lemma 2.10 relatively to X and X and such
that there exists morphisms of bisimplicial log schemes ), : Z’” — Lee,
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Oee: T ',7. — T .. satisfying the obvious compatibilities. Then the functorial-
ity of (2.7.1) and (2.7.2) with respect to ¢, follows from the functoriality of
the canonical isomorphisms used in their construction with respect to @e, Ve o
and 0, .. In particular, in this way one obtains that the isomorphisms (2.7.1)
and (2.7.2) are compatible with the Frobenius actions. O

2.12.  Proof of Theorem 1.3, assuming Theorem 1.5. To conclude this
section, we prove that Theorem 1.5 implies Theorem 1.3. We keep the notation
of 1.1, and we first observe that if Theorem 1.3 holds when R is complete, then
it holds in general. Indeed, let R be the completion of R, and let X = X5

Then X is a regular scheme: on the one hand, its generic fibre is smooth over
K = Frac(ﬁ); on the other hand, its special fibre is isomorphic to X}, and the
completions of the local rings of X and X are isomorphic at any corresponding
points of their special fibres. It follows that X satisfies the assumptions of
Theorem 1.3 relatively to E, and the theorem for X implies the theorem for X.

Therefore, we assume in the rest of the proof that R is complete. We fix
an integer m > ¢. Let K’ be a finite extension of K, with ring of integers
R’ and residue field &', such that there exists an m-truncated simplicial log
scheme Y, over R’, with an augmentation morphism u : Yy — Xp/, such that
properties (a)—(c) of Lemma 2.2 are satisfied. Let W) = W,,(k'), W/ = W (k'),
K{ = Frac(W'), and let ¥/ , ¥’ be the log schemes defined by W), W’ as in 2.1.

Thanks to property (a) of Lemma 2.2, the log schemes (Y, ) are smooth of
Cartier type over X}. Therefore, we can consider the log crystalline cohomology
of Y

chrys(zok//Z,,OX.k,/;/)2 RemRF‘ (Y k//E OY k’/E/)

crys

as defined in 2.6. Using the naive filtration on the functor Rel" (see 2.3),
its basic properties follow from those of the log crystalline cohomology of the
proper and smooth log schemes (Y, ). In particular, since Y, is proper over
X for all r, the complex RIcrys(Yor /X', Oy, /x) is a perfect complex of
W'-modules, and the cohomology space Hcrys( ow /2, Oy, /) ® Kj is a
finite dimensional K{-vector space. By functoriality, it is endowed with the
semi-linear Frobenius action defined by the absolute Frobenius endomorphism
of Y, k'
From (2.6.2) and (2.7.2), we deduce an isomorphism

He (Yo /2, Oy, s) @ Ky — HI(Yp,WQY, ) ® Ky,

crys
which is compatible with the Frobenius actions thanks to Proposition 2.7. The

filtration of the complex WQ;,. . by the subcomplexes UZiWQ}. . provides a
spectral sequence

E%j = Hj(XokHWng.k/) ® KO —> He\J Y. k’/z Oy k//zl) ® KO’

crys
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which is endowed with a Frobenius action. Using the naive filtration on Re!",
from the case of a single log scheme we deduce that each term Eij is a finite
dimensional Ky-vector space on which the Frobenius action is bijective with
slopes in [i,i + 1[. Therefore the spectral sequence degenerates at F; and,
taking (2.1.1) into account, we get in particular an isomorphism

(2.12.1) (Hq (Z. k//Z/, OX. k,/g/) & K6)<1 = Hq(K ks WOY. k’:Q)'

crys

Since Y, satisfies property (a) of 2.2, the construction of the monodromy
operator N on log crystalline cohomology can be extended to the case of Y ¢/
[Tsu98, (6.3)]. Moreover, the Hyodo-Kato isomorphism p can also be extended
to the case of Y, [Tsu98, (6.3.2)], providing an isomorphism
(2.12.2) piHeys (Yo /2, Oy ) ® KN — HU(Yogr, O, ).

crys

Thus, Hys(Yer /X', Oy, , /=)@K’ inherits a filtered (o, N')-module structure.

It follows from [Tsu98, Th. 7.1.1] (generalizing [Tsu99, Th. 0.2]) that, en-
dowed with this structure, Hg. (Yor /X', Oy, ,/5) ® K is an admissible fil-
tered (¢, N)-module, corresponding to the Galois representation H, (Y, 7, Qp).
Thus, it is weakly admissible. In particular, either Hé (Yor /X', Oy, /s)
® K|, = 0, or its smallest Newton slope is greater or equal to its smallest Hodge
slope. Since H(X g, Ox, ) = 0, Corollary 2.5 implies that the smallest Hodge
slope is at least 1. Therefore, the part of Newton slope < 1 vanishes. By

(2.12.1), we obtain
(2.12.3) HY(Y\, WOy, ,, @) = 0.

As Y, — Xp satisfies property 2.2(c), there exists a sub-K-extension
K, C K’, with ring of integers Ry and residue field k1, a semi-stable scheme Y
over Ry, a projective R-alteration f : Y — X, and finitely many R-embeddings
o; : Ry <= K’ such that if u; : Y — Xp, denotes the R-morphism defined by f
and if Y, (resp. uo, : Y5, = Xp/) denotes the R'-scheme (resp. R’-morphism)
deduced by base change via o; from Y (resp. up), then Yy = [[; Ys,, and the
augmentation morphism u : Yy — Xp is defined by uly,, = u,,. This provides
a commutative diagram

Ug g/

(2.12.4) 50/7 Yor —— X
Yor =11 Yo, 1 - X
\ Yk1(—> Yk fx

in which we identify schemes with their Zariski topos, Y}, := Speck Xspecr Y,
and
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(i) the morphism ue is such that, for any sheaf E on X}/, u._,i,E is the
family of sheaves (u,),E, with u, : ¥; — Xg/ defined by the augmentation
morphism;

(ii) the morphism s¢ is such that, for any sheaf F** on Y, , 30_1F° = FY;

(iii) the morphism Y, » — Y}, is the projection corresponding to o;.

By functoriality, we obtain a commutative diagram for the corresponding
Witt cohomology spaces
(2.12.5)

HY( X3, WOx,, 0) = H(Yer, WOy, ,, 0)

/ \

H(X, WOx, 0) @i H'(Yo, 1, WOy, ,,.0)-

i —

k ~
HY(Y), WOy, o) — H1(Yy,, WOYkl Q)

In this diagram, the lower horizontal arrow is an isomorphism because Y}, — Y},
is a nilpotent immersion [BBEO7, Prop. 2.1 (i)]. The lower right arrow is
injective on each summand, because each o; turns k' into a finite separable
extension of kj. Hence it follows from [I1179, 0, Prop. 1.5.8] that

W (k) @w g,y DU, WOy, ) = T(Uy,, WOy, )

for any affine open subset U C Y}, with inverse image Uy, C Y5, 1 ; as one can
compute Witt cohomology using Cech cohomology, this implies that

W(k‘/) ®W(k1) Hq(Ykl,WOykl) = Hq(ygi,k/, WOYai,k/)’

Finally, f : Y — X is a projective alteration between two flat regular schemes
of finite type over R, so Theorem 1.5 implies that f; is injective. Therefore, the
functoriality map HY(Xy, WOx, o) = @i H!(Ys, 1, WOy, ,,0) is injective.
But (2.12.3) implies that the composition of the upper patlh in the diagram
is 0. It follows that H4(X, WOx, o) = 0. O

3. An injectivity theorem for coherent cohomology

We now begin our preliminary work in view of the proof of Theorem 1.5.
One of the key ingredients in this proof is a theorem that bounds the order of
elements in the kernel of the functoriality map induced on coherent cohomology
by a proper surjective complete intersection morphism f : Y — X of virtual
relative dimension 0. Such a result is a consequence of the existence of a
“trace morphism” 7; : Rf,Oy — Ox that satisfies the properties stated in the
following theorem.

THEOREM 3.1. Let X be a noetherian scheme with a dualizing complex,
and let f :'Y — X be a proper complete intersection morphism of virtual
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relative dimension 0. There exists a morphism 7y : Rf.Oy — Ox that satisfies
the following properties:

(i) If g: Z — Y s a second proper complete intersection morphism of
virtual relative dimension 0, then the composed morphism

(3.1.1) R(f 0 ¢).07 = Rf.Rg.05 “LT pr 0y ™y 0y
is equal to Tfg.

(ii) Let X' be another noetherian scheme with a dualizing complex, u :
X' — X a morphism such that X' and Y are Tor-independent over X, and
f Y — X' the pull-back of f by u. If f is projective, or if either f is flat,
or u is residually stable [Con00, p. 132], then the morphism

(3.1.2) Rf Oy = Lu*Rf.0y 200 0,

defined by the base change isomorphism (A.1.2), is equal to 7.
(iii) If f is finite and flat then, for any section b € f,Oy,

(3.1.3) 7r(b) = traces, o, 0, (b).

As explained in the introduction, we refer to B.7 for the definition of 7
and to B.9 for the proof of the theorem.

It may be worth recalling a few examples of complete intersection mor-
phisms of virtual relative dimension 0 (in short: ci0):

1) If X and Y are two regular schemes with the same Krull dimension,
any morphism f : Y — X that is locally of finite type is ¢i0. This is the
situation where we will use Theorem 3.1 in this article.

2) If X and Y are smooth over a third scheme S, with the same relative
dimension, any S-morphism Y — X is ci0.

3) If X is a scheme, Z < X a regularly embedded closed subscheme, and
f:Y — X the blowing up of X along Z, then f is ci0 [SGAG6, VII, Prop. 1.8].

The existence of 7; has a remarkable consequence for the functoriality
maps induced on coherent cohomology.

THEOREM 3.2. Let X be a noetherian scheme with a dualizing complex,
and f 'Y — X a proper complete intersection morphism of virtual relative
dimension 0. Assume that there exists a scheme-theoretically dense open subset
U C X such that f~Y(U) — U s finite locally free of constant rankr>1. Then,
for any complex £° € DEC(OX) and any q > 0, the kernel of the functoriality
map

(3.2.1) HY(X,E%) — HI(Y, Lf*E")

1s annihilated by r. In particular, when r is invertible on X, the functoriality
maps are injective.
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Proof. By 3.1(iii), the composition Ox — Rf.Oy s Ox is multiplica-
tion by r over U. Since U is scheme-theoratically dense in X, it is multiplication
by r over X.

The complete intersection hypothesis implies that f has finite Tor-dimen-
sion; hence, Lf*E® belongs to Dgc((/)y). Moreover, we can apply the projection
formula [SGAG, 111, 3.7] to obtain a commutative diagram

L ~
£ — > Rf.Oy G0, £ — == Rf,L{*E*

&,

in which the upper composed morphism is the adjunction morphism. Applying
the functors H?(X, —) to the diagram, the theorem follows. O

4. Koszul resolutions and local description of the trace morphism 7y

We recall here some well-known explicit constructions based on the Koszul
complex that enter in the definition of the trace morphism 7;. Later on, this
will allow us to define generalizations of 7y for sheaves of Witt vectors. As in
the whole article, we follow Conrad’s constructions and conventions [Con00).

4.1. Let P be a scheme, and let t = (¢1,...,tq7) be a regular sequence of
sections of Op, defining an ideal Z C Op. We denote by Y C P the closed
subscheme defined by Z and by 7 : Y < P the corresponding closed immersion.
Classically, the Koszul complex K, (t) defined by the sequence (t1,...,tq) is the
chain complex concentrated in homological degrees [0, d] such that £ := K;(t)
is a free Op-module of rank d with basis ey, ..., eq, Ki(t) = AFE for all k and
such that the differential is given in degree k by

k
dk(eil VANEERIVAN eik) = Z(—l)jfltijeil ARER /\a‘; N Neg.
j=1
It is often more convenient to consider K,(t) as a cochain complex concentrated
in cohomological degrees [—d, 0], by setting (K.(t))* = K_;(t) and leaving the
differential unchanged [Con00, p. 17].

Since t is a regular sequence, K,(t) is a free resolution of Oy over Op.
For any Op-module M, this resolution provides an isomorphism
(4.1.1)

Y Homo, (/\dé’7 M)

~ I’Homop(/\dé’,/\/l)’

Exth, (Oy, M) := HY(Homp, (K. (t), M))

where ¢ pq is the tautological isomorphism multiplied by (—1)UdH+D/2 (see
[Con00, definition of (1.3.28) and (2.5.2)]). For any section m of M, we will
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denote by

€ &ath,(Oy, M)

m
4.1.2
(4.1.2) {tl,...,td

the section corresponding by (4.1.1) to the class of the homomorphism wug
that sends e; A --- A eg to (—1)%m (the (—1)¢ sign being needed to obtain
relation (4.5.1) later). Note that this section is linear with respect to m, only
depends on the class of m mod ZM, and is functorial with respect to M. Its
dependence on the regular sequence t is given by the following lemma.

LEMMA 4.2. Let t' = (t},...,t)) be another regular sequence of sections
of Op, generating an ideal I' such that ' C I. Let C = (cij)i<ij<d be
a matriz with entries in Op such that t, = Z?:l cijt; for all i. If o :

Ext‘ép((’)p/I,M) — &Et‘éP(Op/I',M) is the functoriality homomorphism,
then

(P N b

Proof. Let K,(t") be the Koszul resolution of Op/Z’, and &' = K, (t’), with
basis €], ..., e);. One defines a morphism of resolutions ¢ : K,(t') — K.(t) by
setting ¢1(ej) = >, ¢ijej, and ¢ = NE@1 for 0 < k < d. Then ¢ provides a
commutative diagram

Homop, (NE,M) —— Ezt%P(Op/I,M)
qﬁddet(C)i \La
Homo, (NE' M) —— Ext‘ép((’)p/I’,M).
The lemma follows. O

4.3. Under the assumptions of 4.1, the morphism d; : £ — Z defines an
isomorphism £ /Z€ —~— Z/Z?. Using the canonical isomorphisms, this provides

Homop(/\dg,./\/l) ~
IHomo, (/\dS, M)

(4.3.1) (A€ /T(NE) ®o, M/IM
=L N(E)TE)Y) @0, MJIM

—N—) Wy/p ®OY M.

Note that, due to the commutation between dual and exterior power, the
composition (4.3.1) maps the class of the homomorphism ug,, used in the
definition of (4.1.2) to (—=1)¥(ty A---At)) ®i*(m), where #; denotes the class
of t;, mod Z2.
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Composing (4.1.1) and (4.3.1), one obtains the fundamental local isomor-
phism [Har66, III, 7.2 as defined by Conrad [Con00, (2.5.2)] in the local case:

(432) ny/p : giEt%P (OY,M) 4’:_> CL)Y/P ®OY Z*M

Applying Lemma 4.2 to the case of two regular sequences of generators of the
ideal Z, one sees that the isomorphism 7y, p does not depend on the sequence t,
so that local constructions can be glued to define 7y, p for any regular immer-
sion i : Y < P, without assuming that Z is defined globally by a regular
sequence. One obtains in this way the fundamental local isomorphism in the
general case [Con00, (2.5.1)].

Let us now recall from [Con00, 2.5] how the isomorphism (4.3.2) allows us
to define functorially for any M*® € D(Op) the isomorphism [Con00, (2.5.3)]

~ L -k °
(4.3.3) ni : RHomo, (Oy, M*) — wy,p[—d] ®o, Li*(M?®).

Applying [Con00, Lemma 2.1.1] and using the isomorphism of functors defined
by ny,p, one gets the isomorphism

~ L oS °
RHomo,(Oy, M*) — (wy/P ®op Li*(M?®))[—d].

The isomorphism 7); is then obtained by composition with the canonical iso-
morphism

(wy/p Bop Li*(M*))[=d] = wy p[—d] Bop Li*(M®)

defined by the general convention [Con00, p. 11]. From the discussion on p. 53
of [Con00], it follows that 7); satisfies the following properties:
(a) If M* = M]J0] for an Op-module M, then the homomorphism induced
by n; between the cohomology sheaves in degree d is the isomorphism 7y p.
(b) The isomorphism 7; commutes with translations in D(Op) (using the
general convention [Con00, (1.3.6)] for the right-hand side of (4.3.3)).

4.4. Let m : P — X be a smooth morphism of relative dimension d,
i:Y — P aregular immersion of codimension d, and f = moi. Let
~ L .
Gix t Wy/x — wy/p[—d] Qo Li*(wp/x|d])

be the canonical isomorphism (A.2.6), which induces in degree 0 the tau-
tological isomorphism C{Jr provided in (A.2.5) by the construction of wy,x
in A.2. Let 0y be the canonical section of wy,x (defined by (A.7.2)) and
¢+ Oy — wy/x the morphism sending 1 to dy. We define the morphism
(4.4.1) vf 2 Oy — wp/x|d]

as being the composition
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¢ Cim L " m
Oy — > wy)x —=> wy/p[—d] ®o, Li*(wp/x[d]) —= RHomo, (Oy,wp,x|d])

canl

wp/x [d].

PRrROPOSITION 4.5. Under the assumptions of 4.4, the isomorphism ni_l o
entering in the definition of vy induces in degree 0 an isomorphism

0o sy < Eut, (O wpx),

which is such that
(45.1) 0o Galon) = |

/
1,7

dti AN - Ndtg
t1,...,1q '

Proof. Let us consider first the isomorphism
-1 ~ d
Ty/p © Gim - Wy x — Eato, (Oy,wp/x),

where 7y/p is defined by (4.3.2). By definition, [dtl/\"'Adtd] is mapped to

t1,....tq
Ut dty Andty, DY (4.1.1), and we observed in 4.3 that wug g, a...ade, 15 mapped to

(=)t A+ ABY) @i (dty A -+ Adig) by (4.3.1). Since (] (65) = (£ A+ A
t]) @ i*(dtg A -+ Adty) by construction, we get the relation

_ dti N -+ ANdt
(45.2) ke 0 Cnl0y) = (-1 | 2 ‘.

t1,...,tq
Let 7y, and Miwp, x[d] be the isomorphisms (4.3.3) relative to the com-
plexes wp)x [0] and wp,x[d]. By 4.3(a), i, induces in degree d the isomor-
phism 7y/p. On the other hand, 4.3(b) shows that Miwp,x(d) is identified with
Niwp x [d] When using the canonical isomorphisms
RHom(Oy,wp)x|[d]) — RHom(Oy,wp,x)[d]
and . B
wyp[—d] @ Li*(wp/x|d]) — (wyp|—d] @ Li*(wp/x))[d].
The first one involves no sign and, as wy, p|—d] is concentrated in degree d, the
second one is given by multiplication by (—1)“l2 = (-1)% on wy/p ® i (wp)x)-
Thus relation (4.5.2) implies relation (4.5.1). O

PROPOSITION 4.6. Let X be a separated noetherian scheme with a dual-
1zing complex, P = ]P’)d( a projective space over X, w: P — X the structural
morphism, i : Y — P a reqular immersion of codimension d, and f = mo 1.
Then the trace morphism 7; : RfyOy — Ox of Theorem 3.1 is equal to the
composition

(4.6.1) Rf.(Oy)

where Trp,. is the trace morphism for the projective space defined in [Con00,

(2.3.1)—(2.3.5)].

00, g, (wp/x[d]) =P, Oy,
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Proof. By construction (see B.7), 74 is the composition Try o Rf.(Af) o
Rf.(pyf) in the commutative diagram

Rf.(Oy)
Rf.(oy)

Rf.(wyyx) —— L2 RE(f(Ox) — > Ox
Rf(¢i ) |2 Rf*(Ci‘;)Tz TrWT
Rf.(wy,pl—d] ©F Li* (wp)x[d])) RE.(i'7(0x)) =L R, (n(Ox))
Rf.(n; ") |2 Rf*(i’(eﬂ))Tz Rm(enTz

Rf.(RHomoy (Oy,wpx[d]) —2% RE, (i (wpyx[d)) =% Rer. (wpx[d]),

~

in which the isomorphism Ay is defined by the commutativity of the left rec-
tangle before applying Rf, (cf. B.1) and d;, er, ¢; » are defined as follows:

(a) d; is the canonical isomorphism of functors i := RHome,, (Oy, —) — 1",
defined by [Con00, (3.3.19)];

(b) er is the canonical isomorphism of functors * := wp,x[d] @ 7*(-)
5 7', defined by [Con00, (3.3.21)].

(¢) c¢ix is the transitivity isomorphism f' —~= 4'z', defined by [Con00,
(3.3.14)].
Moreover, the upper right square commutes because of the transitivity of the
trace morphism [Con00, 3.4.3, (TRA1)], and the lower right square commutes
by functoriality of the trace morphism Tr; with respect to e;.

In this diagram, the composition of the right vertical arrows is the pro-
jective trace morphism Trp. [Con00, 3.4.3, (TRA3)] and the isomorphism
d; on the bottom row identifies Tr; with the trace morphism Trf; for finite
morphisms [Con00, 3.4.3, (TRA2)]. As the latter is the canonical morphism
ixRHomp,(Oy,—) — Id defined by Op — Oy, it follows that the composi-
tion of the left column and the bottom row of the diagram is equal to Rm.(v¢),
which proves the proposition. O

5. Preliminaries on the relative de Rham-Witt complex

We extend here to the relative de Rham-Witt complex constructed by
Langer and Zink [LZ04] structure theorems that are classical when the base
is a perfect scheme of characteristic p ([I1179], [IR83]). We begin by recalling
some basic facts from their construction.

From now on, we fix a prime number p. We denote by Z, the localization
of Z at the prime ideal (p). Although many results of [LZ04] are valid for Z)-
schemes, we limit our exposition to the case of schemes on which p is locally
nilpotent, which will suffice for our applications.
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5.1. Let S be a scheme on which p is locally nilpotent, and let f: X —
S be a morphism of schemes. An F-V-pro-complex of X/S, as defined in
[LZ04], is a pro-complex {R: E} | — E;},>1 of sheaves on X, where E, is a
differential graded W,,(Ox)/f W, (Og)-algebra (i.e., E}, is a graded W, (Ox)-
algebra together with an f~!'W,, (Og)-linear map d : E% — E&(1) such that
d? = 0, satisfying nw = (—1)48« ey and d(wn) = (dw)n -+ (—1)%“wdn for
any homogeneous sections w,n € E»), which is equipped with a map of graded
pro-rings

F:El 1 — B,

called the Frobenius morphism, and with a map of graded abelian groups

V:E = Bl

called the Verschiebung morphism, such that the following properties hold:
(i) The structure map Wo(Ox) — E? is compatible with F' and V.
(ii) The following relations hold:

(5.1.1) FV =p, FdV =d,
(5.1.2) V(wF(n) =V(w)n forallwe E),necE) ,n>1,
(5.1.3) F(d[a]) = [a]P"'d[a] for all a € Ox,

where [a] denotes the Teichmiiller lift of a to W, (Ox) for any n.

A morphism between two F-V-pro-complexes of X/S is a map of pro-
differential graded W, (Ox)/f W, (Og)-algebras compatible with F and V.
By [LZ04, Prop. 1.6, Rem. 1.10], there exists an initial object in the category of
F-V-pro-complexes of X /S, which is called the relative de Rham-Witt complex
of X/S and is denoted by {R : Wi Q% /g — WnQ}/s}nzl- Each sheaf
ang(/s is a quasi-coherent sheaf on the scheme W, (X) := (|X|, W,,(Ox))
defined in 2.9, and the transition morphisms R are epimorphisms. When S
is a perfect scheme of characteristic p, the relative de Rham-Witt complex
coincides with the one defined in [I1179]. Notice that we have the following
properties:

angf/s = Wn(0x), ngk/s = QE(/S,
and note that, by [LZ04, (1.16), (1.17) and (1.19)], relations (5.1.1) and (5.1.2)
imply that
(5.1.4) V(wdn) =V (w)dV(n) forall w,ne WpQy/g,n=>1,
(5.1.5) Vd=pdV, dF =pFd.

In addition, when S is an Fj-scheme, the operators F' and V satisfy the relation
VF =p.
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We also recall the behaviour of the de Rham-Witt complex with respect
to étale pull-backs. Let

X ox

L,

5 -9
be a commutative diagram in which h is étale and g unramified. Then, for

all ¢ > 0 and r > n > 1, W,(X’) is étale over W, (X) and we have the
Wy (Ox)-linear isomorphisms

(516) WT(OX’) ®h_1Wr(Ox) h_IWan(/S AN Wan(’/S/’
(5.1.7) W,.(Ox) =1, (Oy) h_l(FI_anngs)

SEAEN FI*"Wan(,/S,, a®@wr— " "(a)w,

where, for any W,,-module M, F]~"M denotes M viewed as a W,-module via
Fr=": W, — W, [LZ04, Props. 1.11, A.8 and Cor. A.11].

Finally, the completed relative de Rham-Witt complex is defined by W25, /s
= @n WoQ% /5 the canonical morphisms W25 /s ™ W,Q% /g are still epi-
morphisms.

5.2. Let S = SpecA be affine. We want to recall the calculation of

WQqA[mMmd]/A :=T(AY, Wﬂig/s

A weight is a function k : [1,d] = {1,2,...,d} — Z[%]Zo. We write
k; == k(i) for i € [1,d]. The support of k, supp k, consists of those i € [1,d]
with k; # 0. For any weight k, we choose once and for all a total ordering on

). We need some notation for this.

the elements of the support of &,

(5.2.1) suppk = {i1,...,ir},

such that

(i) ordy ki, <ordpki, <---<ordyk;,.

(ii) The ordering on supp k and on supp p*k agree for any a € Z.

We say k is integral if k; € Z for all i € [1,d]. We say k is primitive if it is
integral and not all k; are divisible by p. We set
(5.2.2)

t(ki) .= —ordpk; and t(k):=

max { t(k;)|i € suppk } if suppk # 0,
if k=0.

If k # 0, then t(k) is the smallest integer such that p*(®)k is primitive, and we
have

t(k) = t(kiy) > t(kip) = -+ > t(ki,).
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We denote by u(k) the smallest nonnegative integer such that p“F L is integral,
i.e., u(k) = max{0,t(k)}. Notice that k is integral if and only if u(k) = 0 if
and only if ¢t(k) < 0, and k is primitive if and only if ¢(k) = 0. An interval of
the support of k is by definition a subset I C supp k of the form

I= {is,is-i-la e 7és+m}-

We denote by k; the weight that equals k on I and is zero on [1,d] \ . If k
is fixed and [ is an interval of the support of k, we write u(I) := u(ky) and
t(I) := t(kr). An admissible partition P of length q of supp k (or just of k) is
a tuple of intervals of supp k, P = (lo, I1,. .., I;) such that
(i) suppk=IoUl;U---Ul,.
(ii) The elements in I; are smaller than the elements in I (with respect
to the ordering (5.2.1)) for all j =0,...,q — 1.
(iii) The intervals Iy,..., I, are nonempty (but Iy may be).
Notice that u(k) = u(lp) if Ip # 0 and u(k) = u(ly) if Iy = 0.
For any n < oo, we write X; := [x;] € Wy, (A[x1,...,24]). If k is an integral
weight as above, we write X* = Xikli1 ---Xikr” e Wp(Alx1,. .., z4)).

Let k be any weight and n € W(A). We define
(5.2.3) O(n, k) := VB (nx?P" VR € W(Alzq, ... 24))

and
(5.2.4)

. Ay u(k) (nXP“<k)k) if k is not integral
e (n,k) =

e Wl .
nF*t(k)prt(k)k if k is integral Alr1,...,zal/A

Definition 5.3 (Basic Witt differentials [LZ04, 2.2]). Let k be a weight,
P = (Ip,I1,...,I,) an admissible partition of k, and ¢ = V¥ (n) € W(A).
The basic Witt differential e(§, k, P) € VVQQA[I1 wal/A TS defined as follows:
60(777 /{:10)61(1, kh) T 61(17 qu) if Io 7& (Z)’

k =
6(57 ’,P) {el(nakh)el(lakh)'”el(l’qu) if IO :®

Rules 5.4 ([LZ04, Props. 2.5, 2.6]). Let k be a weight, P = (Io, I1,...,1;)
a partition of k and & = V*¥)(5)) € W(A). Note that u(k) > 1 when k is not
integral, so that one can then define V—1¢ := Vu(h)=1y Then

(i) pe(& k,P) =e(p, k,P) for all p € W(A).

e(F¢, pk,P) if Iy # 0 or k integral,

ii) Fe(§k,P)=
R {e(Vlf,pk,P) if Jo = 0 and k not integral.
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e(V¢, %k,P) if Iy # 0 or %k‘ integral,

i) Ve(&, k,P) =
" ¢ ) {e(pVg, }%kap) if Ip = () and ;ljk: not integral.

0 if 1o =0,
(iv) de(&k,P) =< el k, (0,P)) if Iy # 0 and k not integral,
p~We(€, k, (0,P)) if Ip # 0 and k integral.
THEOREM 5.5 ([LZ04, Th. 2.8]). Every w € I/VQZ‘[I1 zaljA Can uniquely

be written as
w="_el&p,k P),
kP
where the sum is over all weights k with |supp k| > q and over all admissible
partitions of length q of k, and the sum converges in the sense that, for any
m > 0, we have {,p € V"W (A) for all but finitely many & p.

For a weight k, n > 1 and n € W,,_,1)(A), we define
62(777 k) € Wn(A[l‘b s vxd})’ 6111(777 k) S WTLQ}LX[m,...,xd]/A

by the same formulas as in (5.2.3) and (5.2.4). For P an admissible partition
of length ¢ of k and ¢ = V¥ (n) € W, (A), we then define e, (¢, k,P) €
WnQi[m w]/A by the same formula as in Definition 5.3 but with e’ replaced

by el, i =0,1.

COROLLARY 5.6 ([LZ04, Prop. 2.17]). Bvery w € WpQfy, ./, may
uniquely be written as a finite sum
W= eallrp k. P), i € VIOW, Ly (A),
k,P
where the sum is over all weights k with |suppk| > q and such that p" 'k is
integral and over all admissible partitions P of k of length q.

We now assume that S is an Fj-scheme; the absolute Frobenius endomor-
phism of S will then be denoted Fg, or F when no confusion can arise. The
following proposition is known if S is perfect (see [IR83, II, (1.2.2)]); a similar
result has been proved by M. Olsson when, étale locally, S has a flat lifting
over Zj, to which Fg can be lifted [Ols07, Th. 4.2.15].

PROPOSITION 5.7. Let S be a locally noetherian F,-scheme and X a
smooth S-scheme. Then the sequence

1 (19F™ —1@F™d) _
F'Os ®@w,,1(05) Wat19% /g ————— FIQY 4 © FIO%

L W 0% g — RWpQ% g — 0

is an exact sequence of Wy11(Og)-modules.
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Proof. The question is local; we thus assume S = Spec A, X = Spec B
and B is étale over By = Alxy,...,x4). As WQB(/S — Wn+1QB(/5 is an epi-
morphism, [LZ04, Prop. 2.19] provides the exactness of the second line, and
we only have to show that

n 1 (A®F"-1@F"d) . a1 .
(*pra): FIA® Wn+1QqB/A — = QqB/A @ F! QqB/A

dvn+4+vn
D W24

is exact. Notice that it is a complex, as for a € A and w € Wn+1QqB_/Z, we have
dV™*(aF"w) — V™" (aF"dw) = 0.

Notice also that if we let Way, 1o(B) act through F™"*1: W, 1o(B)— W1 1(B),

the differentials of this complex are Wa, 1 2(B)-linear, since dF" ! =pnt1 Frtlg

=0 in Wy41. We claim that

(5.7.1) (#8/4) = FiH(%B,/4) Oy ,o(81) Wons2(B).

We have the following diagrams (where the tensor products with Wa,1o(B)
are taken over Way, 12(B1)):

1QF™

FrYFrA® Wn+19‘g/}4) F3n+1QqB‘/;

| T

n n - (1eF")el n n -
FIYFIA© Won Q5 )) © Wanga(B) FPYErQE ) © Wania(B),
Fr (FrA® W Q)) e Pl

T |

_ —1RF"d)®1
FP U (FPA® W1 ) © Wanga(B) 20 FI1(FPQ 1) @ Wana(B),

Bl/A
both with vertical maps
(a@w) @b+ a® F" M (bw, n®b— FXH(b)y,
and
FEn—&—quB—/i‘ ® F*2n+1QqB/A AV Vel FIL+1W”+IQqB/A

| |

_ (AV"+V™)@1
Ff+1(F,:LQqu}A D FquBl/A)(@WQTL-I—Q(B) Ff+1Wn+1Qqu/A®W2n+2(B),

with vertical maps
() @b (F )y, FH (b)), we b F*H (b,

Using again the relation dF"*! = p"*t1Fn+1d = 0 in W,,; 1, one checks immedi-
ately that all three diagrams commute. Now the claim (5.7.1) follows, since the
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vertical maps are isomorphisms by (5.1.7). As Wa,12(B1) — Wap42(B) is étale
[LZ04, Prop. A.8], we are thus reduced to the case B = By = A[x1,...,z4].
Now take « € QqB/A and § € QqB_/}q with V*(a) = —dV™(3). We have to

show that there exists an element v € F'A ® WnJrlﬁ"*’B,_/zl4 with
(5.7.2) — (1@ F'd)(y)=a and (1®F")(y)=4.

By Corollary 5.6 (and keeping the notation used there), we can write « and
uniquely as finite sums

(573) o = Zel(é.kﬂ% k,P), B = Zel(nk’,Qa kv Q)7 with 516,737 Nk, Q € A7
k,P k,Q

where the sums are over all integral weights k and all admissible partitions P =
({o, . ..,1,) of length ¢ (resp. over all admissible partitions Q = (Jy, ..., Jy—1)
of length ¢ — 1). Using the rules 5.4(iii) and (iv), we obtain

% primitive

n—1
(5.7.4) Via)=3" > enn(P" V" (ékp), 5, P)
=0
and Ig=0

+ Z €n+1(vn(£k,73‘)a pﬁ?ﬂlp)

Ln integral

or In#0
and
ko
(575) —dV”(B) = Z —pt(”n )€n+1(Vn(77k,Q)a I%a (@, Q))
Ln integral
and Jog;éﬂ

+ Y e (V) g (0. Q)),

Ln not integral

and Jo#0

where t(k/p") is defined as in (5.2.2). By the uniqueness of this presentation,
and since V" : A — Wy,11(A) is injective, the equality V" (a) = —dV"(8) thus
gives the following set of equations:

(5.7.6)

§ep = —p~ )

k
Moo if s is integral, P=(0), Q) and Jy # 0,
» k
Mo = —p" "Epp if 7 is primitive, P=(0, Q), Jo#0 and 0<i<n — 1,

§ep =0 if Io # 0.



448 PIERRE BERTHELOT, HELENE ESNAULT, and KAY RULLING

We claim that (5.7.2) holds for the following choice of v € F'A ®w, (4

Wn+1QB_/,14
n—1
Yo (“hwo @enn(VPTH(1), £, Q)
1=0 % primitive

and Jo#0

+ Y (me®enn (V1) 5. Q)

% primitive
and Jo=0

+ Z NkQ ®en+1(1 Ln Q)
pin integral, Q

Indeed the rules 5.4(ii) and (iv) yield the following formulas for £ an integral
k

weight, £ € VU(T”)I/V”_’_1 s )( )and Q = (Jo, ..., Jy—1) a partition of length

q—1of suppk: .

e1(F™(§),k, Q) if Jo# 0 or o k integral,
Fleny1(, 1%, Q) = e (F'V-(=0(€),k, Q) if Jy=10 and 5 is primitive
for0<i<n-1

and

0 if Jo=0,

p ey (PR (E), k, (0, Q) if Jo#0 and £ integral,

er(F'V=(=0(¢) k, (0, Q)) if Jo#0 and [% is primitive
for0<i<n-—1.

Fnd€n+1(§, 1%7 Q) =

Using this, rule 5.4(i), and relations (5.7.6), we obtain

( 1® Fnd Z Z el(&ﬂ,(@,@)? k, ((Z)’ Q))

=0 —prlmltlve
and Jo#0

k
+ Y el ok (0,Q)
nlntegral
and Jo#0
=
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and

n—1 ]
(1@ F")(v)= > el hwo k. Q) + D, elmok Q)

1=0 %primitive % primitive

and Jo#0 and Jo=0
+ Z 61(771697 k, Q)
pin integral, Q
= ﬁ

This proves the proposition. ([l

5.8.  We now recall some facts from [I1179, 0, 2] about the Cartier operator
and its iterates. Let S be an IF)-scheme, X — S a smooth morphism, and set
X" .= g X g,rn X. We have the usual diagram that defines the iterates F'y /s
of the relative Frobenius morphism (we write Fy/g = Fy 15 W= wh:

m

) X x
|
s —2-8.
F}}/S:FX(pn_l)/SOOFX/S

JR—

Notice that

For an S-morphism f : X’ — X, we denote by ") the base-change morphism
FO =Tdg x £ X/ 5 X0,
The inverse Cartier operator is an isomorphism of graded O y,)-algebras
Cyjs * Lo ys = H (Vo)
that is uniquely determined by
(5.8.1) C)_(}S\OX@) =FYg and C)_(}S(W*dx) = 2P ldz for all x € Ox.

For n > 0, one defines abelian subsheaves of ng /s

(5.8.2) BnQ /g C Zn /g C Qg
via
BoQ% /s =0, ZoQ%/5 =%/
-1 . +1
B1QY g = B g = dQ% g, Z10% g = 2955 = Ker(d : Q%5 — %/s)
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and, for n > 1,

1 ~
(5.8.3) CxJs : Ba% s — Bur1 % s/B10% 5,

(584) C)_(/S Z QX(P>/S —> Zn+lﬂx/s/Bl X/s"
We obtain a chain of inclusions
(5.8.5) 0C Blﬁg(/s Cc---C Bnﬁg(/s C Bn+1Q§(/5
Cc---C Zn+1Q§(/S C Zn(zg(/s C---C Zlﬁg(/s C Q?{/s-

ProposITION 5.9 ([I1179, 0, (2.2.7), Prop. 2.2.8]). Let S be an Fj,-scheme
and X a smooth S-scheme. Then, for allq > 0 andn > 1, the shecwes Z, 0

and B, Qq X/$ satisfy the following properties:

X/S

(i) Z QX/S and B QX/S are locally free Oy en)-modules of finite type
and, for any h : S — S, we have

h( )ZQq

X/S ; Zan(’/S” h( ) B Qq

%5 = BaQ% 901

where hx : X' :== 5" xg X — X is the base-change map.
(i) If f: X' — X is an étale S-morphism, then there are natural isomor-
phisms

)z 04

/s f( ")*B 0

X/S—>BQ

5 Zn Qs

X'/8"
(iii) Ban(/S is the sub-Og-module of Q%(/S locally generated by sections
of the form a1T—1 ap "“lday - - ~dag, with a; € Ox and 0 <r <n — 1.
(iv) Z QX/S is the sub-Og-module of QX/S locally generated by Bnﬁg(/s
and sections of the form bal oL -ab "day - - ~dag, with a; € Ox and b €
Oxwm)-

ProposITION 5.10 (cf. [I179, I, Prop. 3.3]). For X/S smooth as above,
there is a unique map of Wy (Og)-modules

Col: Fg, W, (O W00 Moy
w FsaWal0s) Bwios Wnlllys — Grmeqr
that makes the following diagram commutative:
F*Wn(OS) ®Wn+1(os) WnJrng(/S 4) W, Q%(/S
1
(o WnQ% g

F.Wn(Os) @w, 05) WaSy /s VIO
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and C;;t =C~1: Q1 —

Forn =1, we have F5*05®OSQ§(/S =Q RN

q
X(P)/S’
%s

q
a2

1s the inverse Cartier operator.

Proof. Since 1® R is surjective, it is enough to see that the kernel of 1® R
is mapped to dV”*1Q§/S under 1 ® F. But an element in the kernel of 1 ® R
is a sum of elements of the form a ® V"w and a ® dV"n, with a € W,,(Og),
w e Q%{/S’ and 1 € Qgg/ls In Wan(/S, we have

(1®F)(a@V"w) =aV" H(pw) =0, (1@F)(a®dV"n) = dV" " (F""}(a)n).

This gives the existence and the uniqueness of C;-!. The second statement
follows from the fact that 1 ® F' is compatible with products and from the
formula 1 ® F(a ® d[x]) = azP~ldx for a € Og, x € Ox. O

COROLLARY 5.11 (cf. [11179, I, Prop. 3.11]). Let X/S be as above. Then
() (1@ F": FrOs @w, 00 W1 /s = U /s) = Za% s

. e n -1

(i) Im(1® F"'d: F'Os @w,,,(0s) F*Wan(/S — Q?(/S) = Ban(/S'

Proof. We do induction on n. For n =1, (i) follows from Proposition 5.10
and the relation d = FdV, and (ii) holds by definition. Now assume the
statements are proven for n. To prove (i) for n + 1, we consider the following
commutative diagram of abelian sheaves on X:

1QF™ 1QF

F.Os @wy(0s5) Wally g — Q5

F*n‘i‘lOS ®Wn+2(os) W’ﬂ"r?Qg(/S

[ e l

1QF c-1
n+1 q q eyl X/S
F'0g OW,41(05) [/[/n+1QX/S — F,.0s5 ®o4 QX/S = QX(P)/S — quX7ls

By induction hypothesis, we have

m((1@R)o(12F")) =Im((10F")o(10R) ) = Fe.0s@05 Za% g = 2% 1) 61

where the last equality follows from the compatibility with base-change. Now,
thanks to the relation d = F"*1dV"*l (i) follows from the definition of
Zn+19§(/5- The proof of (ii) is similar. O

LEMMA 5.12. Let X/S be as above. The sheaf Ban(/S is given by

(1@ F*"'d: F'Os @w, ,, (05) FWaQ% s = 0% o)
= {(1® F"d)(a) | a € F'Os @w, ., (05) Wat192%5 with (1® F")(a) = 0},

Proof. We call the left-hand side A and the right-hand side B. We know
from the previous corollary that B,Q% T A, and now we want to show that



452 PIERRE BERTHELOT, HELENE ESNAULT, and KAY RULLING

A = B. In the following, all nonspecified tensor products are over W,,+1(QOg).
We have the commutative diagram

_ 1V —
Fr'Os ® FWn 0% % = FrOs @ W1 Q%
lm M
in(/s.

Since we also have (1 ® F™)o (1® V) = 0, it follows that A C B. It remains
to show
(5.121) Ker(1® F": Fl'Og @ Wo1 Q%5 — FIO% %)

1@(V+dV)

c Im(FfOS®(F*Wan_1 ® FW,002)

n -1
X/ X/S Ey OS®WH+1Q§/5‘>-

Indeed, if we take an element « in the kernel on the left-hand side and we
write it as an element in the right-hand side, « = (1 ® V)(58) + (1 ® dV)(vy),
then (1 ® F"d)(a) = (1 ® F*~'d)(B), i.e., B € A. The question is local in
X; we may thus assume X is étale over A%. For a W, (Ox)-module M, we
write F] M, F* for M viewed as a left W,,,(Og)-module via F" and as a right
Wh+s(Ox)-module via F'*. Then we have the following commutative diagram,
in which the most right tensor product in the upper line is over W2n+2(OAg)3

_ 1©dV -
(Ff(’)s ® F*(W”Q?&g?s)*F"H —=F'"0s® (Wn“Qig}S)*FnH) ® Wapnt2(0x)

(1®can)®1l i(l@can)@l

1®dV

FSOS ® F*(Wan_Q )*Fn+2

X/s F'Os @ (Woa Q% ¢) o F 1

If we write V instead of dV and ¢ — 1 on the left-hand side instead of ¢ — 2, we
obtain again a commutative diagram. Since X/ Aflg is étale, the vertical maps
are isomorphisms (in both diagrams). Thus, if we denote the image in (5.12.1)
by Im(X/S), we obtain

Im(X/S) = Im(A%/S), Frtt Wi ia(0,9) Won12(Ox).
Similarly, denoting the kernel in (5.12.1) by Ker(X/S), one finds
Ker(X/S) = Ker(A%/S), Fnt? OWara(0,9) Woni2(Ox).
And, since Wo,12(Ox) is étale over Wo,,12(O A%) [LZ04, Prop. A.8], it is thus

enough to prove (5.12.1) in the case S = Spec A, with A an F,-algebra, and
X = Spec B, with B = Alzy,...,z4].
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Now, using the notation of Corollary 5.6, any element o € FJ* AQW,, 11 9%7}4
can be written as a finite sum

(5.12.2)
o= Z Z a; d 6n+1(Vu(k) (ki) ks P)y mpi € Wn-l—l—u(k’)(A)'
p"k 1ntegral

P=(Ip,. Tq—1)

By rule 5.4(ii), we have

Fen 1 (V¥ (), k, P)

{el(F”_“(k) (n),p"k,P) if Iy = 0 or (Io # 0, k integral),
0

if Iy # 0 and k not integral.

It follows that an element « as in (5.12.2) lies in Ker(1 ® F") = Ker(B/A) if
and only if it satisfies

(5.12.3) ZaiF"*“(k)(nk,pyi) =0, forIy=0or (I # 0,k integral).

We consider the following three cases:
1) k is integral, i.e., u(k) = 0. Then, by Definition 5.3, ep+1(n, k, P) =
nen+1(1, k,P). By (5.12.3), we get

Zaz@)en—l—l(nzk??vk 73 (Zaz 7711@73 ) ®€n+1(17kap):0'
2) k is not integral and Iy = (). In this case ept+1(n, k,P) € Im(dV) by
Definition 5.3. Thus
> ai @ eng1(Migp, k,P) € Im(1® dV).
i
3) k is not integral and Iy # 0. Now en11(n,k, P) € Im(V) by Defini-
tion 5.3. Hence
> ai ® enp1(Migp, k,P) € Im(1® V).
i
Putting the three cases together, we see that o € Ker(1 ® F™) implies « €
Im(1®V +1®dV) =Im(B/A). This gives the statement. O

THEOREM 5.13 (cf. [11179, I, Cor. 3.9], [Ols07, Th. 4.2.15]). Let S be an
F,-scheme, and let X be a smooth S-scheme. Forn,q>0, denote by gr" W4
the n-th graded piece of the canonical filtration

X/S

FlanQg(/S = V"WQ%QS + dV"WQg(/S = Ker(WQX/S — W, QX/S)
Then we have an exact sequence of Ox-modules
Q4 . 04t
(5.13.1) 0 — ngﬁ s g W g F"jlz ggsl 0,

X/s X/S
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where the map U, is given by V™ () +dV"™(5) — 5 and the Ox-module struc-

ture on gr"WQ?US s given via

Wn OX F Wn+1 OX

Ox = .
VanloX anOX
Qq q—1
Furthermore, F)?/S*# and F)@/S*% are locally free Oy n)-modules.
nilxg Z"QX/S

Proof. The exactness of the sequence follows from Proposition 5.7, Corol-
lary 5.11, and Lemma 5.12. The second statement is proven as in [I1179, I,
Cor. 3.9]. By étale base change (Proposition 5.9(ii)), we reduce the question of
the local freeness of the two extreme O y(,n)-modules in the exact sequence to
the case X = Ads. Since everything is compatible with arbitrary base change in
the base S (by Proposition 5.9(i)), we may also assume S = SpecF),, and even
S = Speck with k algebraically closed. But now the sheaves in question are
coherent on (Ag)(pn) = Ag, hence locally free in some nonempty open subset,
whose translates under certain closed points cover the whole of (Aﬁ)(pn). As
they are invariant under translation, this gives the statement. O

Remark. There is also an analog to the vertical exact sequence in [I1179, I,
Cor. 3.9]. This follows from Proposition 5.7, Corollary 5.11, and the following
statement (which is an analog of Lemma 5.12): for an Fj,-scheme S and a
smooth S-scheme X, the sheaf ZnHQg(_/g is given by

Im(l ® FTL+1 . F:L+1OS ®Wn+2(os) Wn_i_gﬂg(_/]‘-s — 93(7]5)
= {1® F"(a)|a € F'Os ®w, ,,(0s) WnHQgg/lS with 1 ® F"d(a) = 0}.

This statement is proven by direct inspection of the basic Witt differentials
after reducing to the case Alzi,...,x4]/A. As the proof is rather long and
technical, and the result is not needed in this article, we do not include it here.

6. The Hodge-Witt trace morphism for projective spaces

Let X be a noetherian [F)-scheme with a dualizing complex, and let f :
Y — X be a projective complete intersection morphism of virtual relative
dimension 0. Our goal in the next two sections is to prove that, given a
factorization f = mo i, where w: P = ]P’)d( — X is the structural morphism of
some projective space over X and ¢ : Y < P is a closed immersion, one can
define for all n > 1 a morphism

Timn * Rf*WnOY — WnOX

so as to satisfy the following properties:
(i) Forn =1, 7 x, is the morphism 7 of Theorem 3.1.
(ii) For variable n, 7; r, commutes with R, F' and V.
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Our construction of 7; » , will be based on a generalization for arbitrary
n of the description of 7; given in Proposition 4.6: we will construct on the
one hand a trace morphism Rﬂ'*WnQdP / «[d] = W,Ox that will be a general-
ization of the trace morphism Trp, for the projective space, and on the other
hand a morphism 7, W,,0Oy — WnQ‘}_, /X [d] that will be a generalization of the
morphism vy : Oy — wp,x[d] defined in (4.4.1).

We begin with the trace morphism for projective spaces.

6.1. We recall first from [I1190, Déf. 1.1] that a smooth proper Fp-morphism
f: X — S is called ordinary if it satisfies

Rif*Bﬁg(/S =0 foralli,g>0.

This notion is compatible with arbitrary base-change in the base S, and Pﬂffp
is ordinary over SpeclF, [I1190, Props. 1.2, 1.4]. Hence if £ is a locally free
Ox-module of finite rank on some Fj-scheme X, then P(£) = Proj (Symg  £)
is ordinary over X.

LEMMA 6.2. Let f: X — S be ordinary. Then, for alln > 1 and g > 0,

VP FEHREOS g —— REgt"WQ

is an isomorphism in the derived category of quasi-coherent Og-modules (where
the Og-module structure on the right-hand side comes from the Ox-module
structure defined in Theorem 5.13).

Proof. This follows immediately from Theorem 5.13 and the following
claim:
(6.2.1)

R [ 2,905 g — R [Q%g0 R fBpQf g =0 forallig>0,n>1

We prove this by induction on n. The statement for B holds by definition of
ordinarity and for Z; follows from the exact sequence

— 04, -4 Boitl 0.

0— 201 %/s N/s

X/8

Now, for the general case, consider the following commutative diagram (in
which f, is viewed as a functor on the category of abelian sheaves for the
Zariski topology on |X| = |X®)|):

—1
COxis . Zn419L

Rif*Zan((p)/S sz* 3193:/(;5 Rif*Zn—i-ng(/S
i qu Cx/s i 119%)s i ZLQq
R'f. X /s Rf*Blﬂg(/S R'fizn X/S"



456 PIERRE BERTHELOT, HELENE ESNAULT, and KAY RULLING

The horizontal maps are isomorphisms, as is the vertical map on the left by
induction (notice that X /S is also ordinary). Hence all maps in the diagram
are isomorphisms, which yields the claim for Z, 1. To prove the statement for
By 41, it is enough to consider the upper line in the diagram, with Z replaced
by B, and one immediately obtains the statement. O

6.3. Let S be a scheme on which p is locally nilpotent, and X an S-scheme.
As in the classical case [I1179, 1, 3.23], for any n > 1, we define the log derivation
dlog,, to be the morphism of abelian sheaves

d
dlog,, : Ox — Wnﬂk/s, a — dlog ,(a) := [[?].
a

We may write simply dlog if n is fixed.

For variable n, the maps dlog ,, satisfy the following relations:

(6.3.1) R(dlog ,,(a)) = dlog,,_;(a), F(dlog,,(a)) =dlog,,_(a).

The maps dlog,, allow us to define Chern classes for line bundles and to
prove for relative Hodge-Witt cohomology the analog of the classical theorem
on the cohomology of projective bundles (cf. [SGATII, XI, Th. 1.1}).

THEOREM 6.4. Let X be an Fp,-scheme, £ a locally free Ox-module of
rank d+ 1, P =P(E), and let w : P — X be the canonical projection. Denote
by n, € HO(X, leWnQ}D/X) the image under dlog ,, of the class of Op(1) in
R'7,.0% and by ni € H°(X, RqW*WnQ(IIJ/X) its q-fold cup product. Then, for
alln >1 and all q such that 0 < g < d, we have

(6.4.1) RImWaQp =0 forj#q,

and multiplication with nd induces an isomorphism in the derived category of
Win(Ox)-modules

(6.4.2) Wn(Ox)[—q] — Rm.WoQp .

Furthermore, these isomorphisms are compatible with restriction, Frobenius,
and Verschiebung on both sides.

Proof. To prove (6.4.1), we can argue by induction using the exact se-
quences

0— gr”WnHQ?J/X — Wn+1Q§’3/X — WnQ‘}D/X — 0.

For n = 1, the claim follows from [SGATII, XI, Th. 1.1] and, since P(&) is
ordinary over X, Lemma 6.2 implies similarly the claim for all n.
Therefore, we obtain a canonical isomorphism

(6.4.3) Rm W9, —— RImWa Q% 1=,
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and we can define the morphism (6.4.2) as corresponding via (6.4.3) and trans-
lation to the morphism

(6.4.4) W,(Ox) — RqTF*WnQ(I]D/X, w — wnl.

This reduces the proof of the theorem to proving that (6.4.4) is an isomorphism,
compatible with R, F' and V.
From (6.3.1), for all w € W, 41(Ox), we get the relations

(6.4.5) R(wnp i) = Rw)nd,  F(wnp ) = F(w)n
in wa*WnQ‘IID /X From the second relation, we also get
(6.4.6) V(wn,_y) = V(wFmni)) = V(w)m}

for all w € W;,_1(Ox). So the homomorphisms (6.4.4) satisfy the required
compatibilities.

To prove that the homomorphisms (6.4.4) are isomorphisms, we may now
again argue by induction on n, using the compatibility with R and V. Then
Lemma 6.2 reduces the proof to the case n = 1, which is known by [SGATII,
Exp. XI, Th. 1.1]. O

Definition 6.5. Under the assumptions of Theorem 6.4, we define the
Hodge-Witt trace morphism for the projective space P(£) to be the W,,Ox-
linear map

(6.5.1) Trpy,, : R W ey x[d] —— WaOx

obtained by inverting the isomorphism (6.4.2), shifting by d and multiplying by
(=1)#4=1)/2 Theorem 6.4 implies that Trp, , is compatible with restriction,
Frobenius, and Verschiebung.

PROPOSITION 6.6. With the hypotheses of Theorem 6.4, assume in addi-
tion that X is locally noetherian. Then the morphism

defined by (6.5.1) for n =1 is equal to the morphism Trp, defined by [Con00,
(2.3.5)] for Ox.

Proof. By (6.4.2), it suffices to prove the proposition locally on X. So we
may assume that P(£) = P¢. Let X, ..., Xq be the standard homogeneous
coordinates on P)d(, z; = X;/Xo, Ui = D4(X;), and let 4 = (Uj)i=o,..q4 be
the corresponding covering of IP’%. Using Cech cohomology relative to 4L, n; is
defined by the 1-cocycle (dlog (X;/X;))i<j = (d(X;/X:)/(X;/Xi))i<; and 7S
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by the d-cocycle given by

dlog (X1/Xo) A~ -+ Adlog (Xq/X4-1)
=dx1/x1 A (dxa/ze —dx1/z1) A -+ A (dag/zg — drg—1/T4-1)
:dxl/\---/\dxd/xl--'xd

on UpN---NUg. Thus Trp, ; is the only morphism that induces on degree-0
cohomology the isomorphism mapping the class dzy A -+ A dxg/z1 -+ 24 tO
(_1)d(d71)/2_

To prove the proposition, it suffices to check that, with Conrad’s defini-
tions, the map induced by Trp, : Rf.(f*(Ox)) = Rfi(wp/xld]) = Ox on
degree-0 cohomology is such that

(6.6.2) Trp, (doy A« Adwg/zy - wq) = (—1)1D/2,

As (—1)%(=1)Ud=1/2 = (_1)dd+1)/2  this follows from the definition of the
isomorphism [Con00, (2.3.1)]

(6.6.3) v Rdﬂ'*(wp/X) — Ox,

which sends day A---Adxg/zy - - - 24 to (—1)U4HD/2 [Con00, (2.3.3)], and from
the discussion on pages 35-36 of [Con00], which explains that an additional
(—1)? sign is required to recover (6.6.3) from the map induced in degree 0 by
Trp,. (Note that by “induced” we mean that we use here as we always do the
standard identifications [Con00, (1.3.1), (1.3.4)] to compute the cohomology
objects of a translated complex.)

This ends the proof of the proposition, but, as formula (6.6.2) is only
implicit in the discussion [Co00, pp. 35-36], it may be worth adding a few lines
to give a proof explaining where this extra (—1)¢ sign comes from. Conrad’s
construction of the projective trace Trp, is the same as Hartshorne’s in [Har66,
III, 4.3], but using [Con00, Lemma 2.1.1] instead of [Har66, I, Prop. 7.4].
Because m, has cohomological dimension d on the category of quasi-coherent
Op-modules, and any quasi-coherent Op-module can be written as a quotient
of modules for which the functors R'r, vanish for i # d [Har66, III, Lemmas
4.1 and 4.2], Lemma 2.1.1 of [Con00] provides an isomorphism of functors on

D(Qcoh(Op)):

¢ : R, == L(R%,)[—d].
For complexes of the form F* = F[0], where F is a quasi-coherent Op-module,
thre induces in degree d the identity of R, (F) [Con00, Cor. 2.1.2]. Moreover,

the compatiblity of ¢ with translations, given by [Con00, (2.1.1)], implies that,
for any m € Z, we have

Vrepm) = (=1)"Npem].
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In particular, ¥,,, -z induces in degree 0 multiplication by (—1)‘12 = (-1)¢
on Rim,(wp/x). Now, for G* € DI (Ox), the trace morphism for G* is the
composition

Rr.(n*G*) == Rm.(wp/x|d] ®0, 7*G%) ——> L(R'm.)(wp/x|d] ®0, 7G*)[~d]

\LTrpmg- Ni

G* <"Z (Rim)(wp/x) B0y G° << (Rim.)(wp/x ®op 7°G°)

(see [Har66, III, 4.3] for details). Taking G* = Ox|[0] and applying the previous
remark to mfOx = wp,x [d], we obtain that Trp, o, induces (—1)%y in degree 0,
which gives (6.6.2). O

wﬂ’ng.
—

Remark. Due to differences in sign conventions between Hartshorne [Har66,
I, Th 3.4] and Conrad [Con00, 2.3], our trace morphism Trp, , differs by
(=1)44=1/2 from the trace morphism defined by Ekedahl [Eke84, I, Lemma
3.2] when X = Speck, k being a perfect field.

7. A Hodge-Witt local class for regularly embedded subschemes

In this section, we assume that X is a locally noetherian scheme of char-
acteristic p, and we consider a regular immersion ¢ : Y < P of codimension d,
where P is a smooth X-scheme. Under these assumptions, we want to associate
to Y a canonical class vy € I'(P, H%(Wnﬁ‘}g/x)) for each n > 1.

PROPOSITION 7.1. Under the previous assumptions,

(i) Ifty,...,tq is a reqular sequence of sections of Op, then, for alln > 1
and all v > 1, [t1]", ..., [ta]" is a regular sequence of sections of Wy (Op).

(ii) For alln >1 and all q, H{/(WnQ‘]ID/X) =0 for j #d.

Proof. We proceed by induction on n. In the exact sequence of W,,1(Op)-

modules
0— FfOp ﬂ) Wn+1(0p) i) Wn(Op) — 0,

the action of [t;]” on FI'Op is given by multiplication by ¢;” " on Op. As P is
a locally noetherian scheme, the sequence ¢;” S tp " is regular in Op, and
the first claim follows easily.

For n = 1, the second one is a well-known consequence of the regularity
of the sequence t1,...,t5. As Op is locally free of finite rank over Opn), we

also have H3 (Opun)) = 0 for j # d. In the exact sequence
0 — gr"Wynp1Qp v — Wna Q% x £, Wi x — 0,

Theorem 5.13 allows us to endow the kernel gr"W,, 1 qu /X with an O p-module
structure for which it is an extension of two Op-modules that are locally free
over Openy. Therefore, 1y (gr" Wiy 19Q% y +) = 0 for j # d. The second claim
follows by induction. O
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THEOREM 7.2. Under the assumptions of this section, let t = (t1,...,tq)
and t' = (t},...,t}) be two regular sequences of sections of Op generating
the ideal T of Y in P. Let n > 1 be an integer, and let J = ([t1],..., [td]),
T = ([t1), ..., [ty]) be the ideals of Wy,(Op) generated by the Teichmiiller rep-
resentatives of these generators. If

B : Extly, (0p) (Wn(Op) /T, WaQh x) — HY-(WaQ%/x)
is the canonical homomorphism (and similarly for 5.7/) then, with the notation
d[ty] - - - d[tg] D

of 4.1,
dft1] - - d[td]
ean ([ G [) - ([T
Proof. Tt suffices to prove (7.2.1) in a neighbourhood of each point y € Y.
Localizing, one can reduce the proof of Theorem 7.2 to the case of a very simple
change of generators in Z, thanks to the following remarks (see also [SGA4%,
Cycle, Lemme 2.2.3]):

(a) If the sequence (t],...,t)) is deduced from (t1,...,¢4) by permutation,
then J = 7', and formula (4.2.1) implies the theorem.

(b) If there exists invertible sections ai,...,aq € Op such that t; = a;t;
for all 4, then [t]] = [a;][t;] for all i. So J = J’, we can apply Lemma 4.2, and
we can choose the matrix C' to be the diagonal matrix with entries [a;]. Then
the theorem follows from formula (4.2.1), because an element such as (4.1.2)
only depends upon the class of m mod (¢i,...,t;)M, and here we have the
congruence

d
dity]---dity) = (H[ai]> dt1]---d[ty] mod jWnQdP/X.

(c) Given y € Y, there exists a permutation o € &, such that, for any
i, 1 < i < d, the sequence t() = (t;(1)7...,t;(i),ti_l'_l,...,td) is a regular

sequence of generators of Z around y. Indeed, a sequence of elements of Z,
is a regular sequence of generators if and only if it gives a basis of Z,,/m,Z,,
and this reduces the claim to an elementary result in linear algebra over a
field. If we set t() = (t1,...,t4), then t(¥ = t, and t(¥) is deduced from t’
by permutation. So, using remark (a), it suffices to prove the theorem for the
couple of sequences t~1 and t®, for all 4, 1 <14 < d.

This reduces the proof to the case where there exists an integer ig €
{1,...,d} such that

d
/ . . /
ti = ti for ¢ 7& 10, tio = Zcio,jtj‘
J=1

Using remark (a), we may assume that i9 = 1. Moreover, the fact that t and
t’ induce bases of the vector space Z,,/m,Z, implies that the coefficient ¢; ; is
invertible around y.
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(d) In this last case, we define inductively elements tgj ) for 0 <j<dby
setting

=1y, tgl) = 61712550), tgj) = tgj_l) + Cthj for 1 < ]

£
If, for 0 < j < d, we define t0) = (¢ 5, ... 4), then t© = ¢, t@ = ¢/, and
it suffices to prove the theorem for each of the couples tU—1, tU) for 1 < j < d.
The theorem is true for t(©, (1), thanks to remark (b) and, applying again
remark (a), we can write all the remaining couples as changes of generators of

the form
(7.2.2) t} =t1 +cty for some ¢ € Op, th=t; fori>2.

(2

Thus it suffices to prove the theorem for the change of generators of I
given by (7.2.2). Let h € VW,,_1(Op) be defined by setting

(7.2.3) [t1] + [d][ta] = [t1 + cto] + h = [t}] +
in W,,(Op). Since [th] = [t2], this can be rewritten as
(7.2.4) (t1] = [th] — [][ts] + h.

The binomial formula gives

= (It = [e]lt2] ’“+Z _—

Because the ideal VW,,_1(Op) C W, (Op) is a PD-ideal, we can write h? =
ilhll, with plil e VW, —1(Op) when i > 1. Therefore the numerical coefficient
of hlll in the i-th term of the sum is divisible by p™~! for all > 1. Since p"*
kills VIV,,_1(Op), equation (7.2.5) reduces to

(7.2.5) [t e hi([t] — [ [P

—z'z

n—1 n—1
(7.2.6) [P = (] = [e]fta])”

If, for all k > 1, we denote by J®*) the ideal ([t1]¥,...,[tq]"), this shows
that 7®" ") ¢ J7’. So we can apply Lemma 4.2 to the sequences ([t}], . . ., [th])
and ([t)7" ", ..., [ta]?" ), which are regular by Lemma 7.1. Moreover, we can
write equation (7.2.6) as

[ = [T ] e (1)

so that we can use as matrix C' in Lemma 4.2 an upper triangular matrix with
diagonal entries [¢}]P"" 1, ..., [t&}pnil_l (since [t;]P"" = [¢)]P" 'L [t]] for
i > 2). In particular, det(C) = [t}]?"" =1 [¢,]”" " ~1. Thus, formula (4.2.1)
provides the equality

(7.27) o ({ dity]- -~ d[ty) D _ { A A ) - dltg)

[t/1]7 ) [tz/i] [tl] e 1? [td] 7
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where o/ is the canonical homomorphism
Extly, ) WalOp) /T WaQb ) — Extily, 0, (Wa(Op) /TP, W Q% x).

On the other hand, we also have JP ¢ 7. So we can also apply

Lemma 4.2 to the regular sequences ([t1], ..., [ta]) and ([t1]7" ", ... [ta?" ),
using now for C' the diagonal matrix with entries [t]P" ~1, ... [tq]?" L. If

we denote by
a: gxtgvn(op)( n(Op)/ T, W, QP/X)
— &th ©0p) (W, W(0p) /TP, W, QP/X)
the canonical homomorphism, formula (4.2.1) provides the second equality
d[t:]--- dft ) { [ gl ]t }
7.2.8 o' = )
(7.28) ({ il It [m el

As B7 = B pn-1y o and By = B -1y 0 o, relation (7.2.1) will follow if we
prove the equality

L L ] d[t&]}

(7.2.9)

YA
_ { W"**l---[td] Pl d[tdw
[h}pni ; [td]

in &Btgvn(o )( W(Op) /T ) W, QP/X) To prove this it suffices to prove in
WnQdP /X the congruence

(7:2.00) [A" Ml P I dlty) - it
= [0l Ml [ dl] ] - dtd]
mod ([t1]7" ", [P, [t )W - As by =t for i > 2, it suffices by
multiplicativity to prove in I/VnQ?3 /X the congruence
[P )l dlt] = [P el ) dlta)

mod ([t]7" ", [tg]pn_l)WnQ%g/X and, thanks to (5.1.3), the latter will follow by
applying F"~! if we prove the congruence
(7.2.11) dt}] d[ts] = d[t1] d[t2] mod ([t1], [tQDWQn_IQ%;/X.

So let us prove (7.2.11). We still denote by h € VWs,,_oOp the difference

h = [tl] + [C] [tg] — [tll] = [tl] + [Ctz] — [tl + Ctg] computed in W, _10p. Since
th = to, it suffices to prove the congruence

(7.2.12) dhdlta] =0 mod ([t], [ta]) Wan— 190 x-
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For all i, let
Si(XOa-"inv}/Oa"'aYi) GZ[X()""aXivY()a"'uYi]

be the universal polynomial defining the i-th component of the sum of two
Witt vectors, and let

(7213) Si(X[), Yo) = Si(Xo, 0,...,0,Y,0,... 0) € Z[Xo, Yb]
Note that, for ¢ > 1, the polynomial s;(Xy,Yp) is divisible by X(Yj, since
(0,...,0) is the zero element in a Witt vector ring. By definition, we have

[t1] + [cta] = (t1 + cta, s1(t1, cta), . . ., S2n—2(t1, ct2))
and
h = (0, s1(t1,cta),...,som—2(t1,cta)).
Since s;(Xo, Yp) is divisible by Yy, we can write s;(t1,cty) = z;te for some
section z; € Op. We obtain

h = (0, thg, e ,Zgn_gtg),

which we can write as
2n—2

h=3 Villalle))
For each i, 1 <i <2n — 2, we novzf:;btain the relations
AV ([z][ta]) dlts] = dV'([z][ts] F* (dlta])) = dV*([z:][t2]"" d]ts])
= dV*([z:] F' ([t2])d[t2]) = d([t2]V" ([zi]d[t2])),
d([ta] V' ([zild[ta])) = dta] V' ([zi]d[t2]) mod [t2]Wan 195 x,
dlta] V1 ([zi]dlta]) = VI (F'(d[ta])[z]d[ta]) = V' (2"~ dlta] [21]d[ta]) = O,
which imply (7.2.12). O

Definition 7.3. Under the assumptions of this section, we define the local
class vy, € I'(P, H%(WnQ% / +)) as being the section obtained by glueing the
d[t1]-+d[tq]

sections 87 ([ 1], ] D defined locally by regular sequences of generators of
the ideal Z of Y in P.
PROPOSITION 7.4. Forn > 1, let
R:HY (W19 x) — HE (Wl ),
F 2 HY (Wis19Qp)x) — HE (W% x),
Vo HY (W Q) x) — HY (Wn1 Q%) x)
be the homomorphisms defined by functoriality. Then

(7.4.1) R(vwant1) =vms  Fwvnsl) =vvm V(vin) =Pyl
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Proof. We may assume that there exists a regular sequence t1, ..., t; such
that Z = (t1,...,tq). For each n > 1, let 7, be the ideal of W,,(Op) generated
by the Teichmiiller representatives [t;] of the ¢;’s, and let K, ([t],,) be the Koszul
complex defined by the [¢;]’s over W,,(Op). Since R([t;]) = [ti], scalar extension
through R yields an isomorphism

Wn(OP) @w, 11 (0p) Ke([tlnt1) — Ku([t]n).

Using the fact that the [t;]’s form a regular sequence both in W,41(Op) and
in W,,(Op), it can be seen in the derived category of W, (Op)-modules as an
isomorphism

(7.4.2) W, (Op) éwnﬂ(op) Wi 1(Op)/ Tni1 — Wn(Op)/ T

By adjunction, for any W,,(Op)-module M and any ¢ > 0, (7.4.2) defines an
isomorphism

(74.3)  Eatly 0, (Wa(Op)/Tn, M)

L) (c;ftl‘]/v (OP)(Wn+1(OP)/jn+17M)7

n+1

and we obtain the diagram
(7.4.4)

'Hd('Hom;VnH(OP)(K.([t]n+1), Wn—o—lQ(]iD/X))

\ B n

R &Utcvlvnﬂ(op)(Wn+1(0P)/Jn+1, Wn+19%/x) — H%(WnHQ%/X)

HA(Homyy, (0 (Ee([tlnt1), WaQ$ x)) | R R

141

/

5~7n+1

t g’rtgvn+1(op)(Wn+1(OP)/jTH—la WnQ%/X) Hgl/ (WnQ%/X)
HU(Homyy, (0, (Ke([t]n), Wad ) 1| (743)
\ B n
Entdy 00y (Wn(Op) [ Tns Walh ) ——= HL(W, Q8 ),

in which the lower left-hand square commutes by construction. On the other
hand, (7.4.3) implies that injective W,,(Op)-modules are acyclic for the func-
tor Homyy, . (0p) (Wnt1(Op)/Tn+1,—). Replacing WnQdP/X by an injective
resolution over W,,(Op), it is then easy to check that the lower right square
commutes. As the upper part of the diagram commutes by functoriality, and
R(d[t1]---d[tq]) = d[t1] - - - d[tq], the first relation of (7.4.1) follows.

Viewing now W,,(Op) as a W, 1+1(Op)-algebra via F', one proceeds sim-
ilarly to prove the second one. Since F([t;]) = [t}] = [t;]P, and the sequence
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[t:i]P, ..., [ta]? is a regular sequence in W,,(Op), we obtain isomorphisms

Wa(Op) @w, .1 (0p) Ke([t]nt1) — Ko ([t]h),

L ~
(7.4.5) W(Op) @,y (0p) Wit 1 (Op) ) Tns1 = Wa(Op) /TP,
and
(7.4.6)
gxt%Vn(OP)(Wn(OP)/jép)’ M) = Eatyy op) Wnt1(OP)/ Tnt1, M)

for any W, (Op)-module M and any ¢ > 0. They provide a commutative
diagram similar to (7.4.4):
(7.4.7)

,Hd(/Hom;vnﬂ(op)(KO([t]n-i-l)v Wn-&-lQ(fiv/x))

d \ d 6J»,,,+1 d d
F &ty (0p (Wns1(OP)/Tns1, Wni1Qp ) ——— HY (Wn 1 Q% )
"Hd(Hom;VnH(OP)(K.([t]n+1),WnQ‘Ii,/X)) F .
d \ 4 Bjn,+1 p .
|ty 0p) (Wit (OP)/Tngr, WaQp ) HY (Wa Q%) x)

HA(Homyy (o) (EKe([t]h), WaQh x)) 2| (7:4.6)

\ 8w

JTL
gxtgvn(op)(Wn(Op)/Jrgp),WnQ‘},/X) Hg’(W”Q%’/X)~

Since F(d[t1]---d[tq]) = [t1]P~1 - - - [ta]P~1d[t1] - - - d[t4], it follows that

U ) B (R e ]

On the other hand, if a denotes the canonical homomorphism
(673 Ext%n(op)(Wn(Op)/jn, WTLQ?D/X)
— &ty (0, (Wa(Op) /TP, Wal) x),
then by (4.2.1), we have
q d[t1] - - d[tq] D _ { [ta]P~t - [ta]P [t ] - dtd]
o =
[t1], ..., [td] [t1]P, ..., [ta]?

As Bj(p) oa = fz,, it follows that F(yynt+1) = Yyn-
The last relation of (7.4.1) follows formally because V(yyn) =V (F(yyn+1))
=DVt O
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PROPOSITION 7.5. Let n > 1 be an integer, and let vy, € H%(WnQC}D/X)
be the local class defined in 7.3.

(i) The linear homomorphism W, (Op) — H%(WnQC}D/X) sending 1 to
Yy.n vanishes on Wy, (Z) := Ker(W,,(Op) — . W, (Oy)).

(ii) Let virn be the composition
(7.5.1)
e 2 Wa(O) > M (W, ) > REy (Wt ) — W, 2L [d,

where the first morphism is defined thanks to the previous assertion. Then
Yixm commutes with R, F', and V.

(i) Forn =1, we have v;x1 = vf, where v¢ is the morphism defined by
(4.4.1).

Proof. To prove assertion (i), we may again assume that Z is generated

by a regular sequence t1,...,tq. Any section w of W,,(Z) can then be written
as a sum
n—1 )
w=">Y Vla][t] + - + [aial[ta)),
i=0

with a;; € Z and [a; ], [t;] € W,—i(Op). By functoriality, we have V(a)w =
V(aF(w)) for any a € W;(Op), w € H%(WiHQ‘IlD/X), i > 1. Using (7.4.1), we
obtain

Vi ([ai it vy = Vilaillt1F (vvn)) = V([aigltilvin—i)-

The symbol (4.1.2) is linear with respect to m; therefore, we have

lai i)t vynei = Bz ({ [ai j1[t5] d[ta] - - - d[ta] D —0,

[t1],- .-, [td]

since the upper entry in the symbol belongs to ([t1],..., [td])Wn—ide/x-

In the definition of v; x », the last two arrows commute with R, F', and V'
by functoriality. Relations (7.4.1) imply that the first one also commutes with
R, F, and V, since R(1) = F((1) =1 and V(1) = p.

Let us assume that n = 1 and check assertion (iii). By construction, 7; r 1
is the composition of the morphism 7,0y — H%(Q‘Iig / +) sending 1 to ~y,; with
the canonical morphism

HY(QF)x) — RLy (9% x[d]) — QFx[d].

Comparing with the definition of vy in 4.4, and using the same notation, it
suffices to show that the composed morphism
—1 /
Oy s wyyx 220, eutdy (Oy, 9 x) 25 (0 )
sends 1 to yy,;. Since this is a morphism of sheaves (rather than complexes in
the derived category), it is a local verification, which is provided by Proposi-
tion 4.5. O
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Definition 7.6. Let X be a noetherian Fj,-scheme with a dualizing com-
plex, £ a locally free Ox-module of rank d + 1, P = P(§), m : P — X the
canonical projection, and i : Y < P a regular closed immersion of codimen-
sion d. For each integer n > 1, we define a trace morphism 7;  ,, by

Trp,ml

Rﬂ'*( 1,7,
(7.6.1) Tomm : RE(Wa(Oy)) 20wy e (W0 [d]) —25 Wi (Ox),
where ¥; 7, is the morphism (7.5.1) and Trp, ,, is the Hodge-Witt trace mor-
phism defined in (6.5.1).

Remark. As mentioned in the introduction, we expect that 7; r,, depends
only on f and not on the factorization f = 7 oi. We also expect that the
analog of Theorem 3.1 holds for the trace morphisms 7y, that would be thus
defined. More generally, one can hope that these constructions are part of a
theory of canonical classes for relative de Rham-Witt cohomology (see [EZ78],
[Eke84], [Grs85] for such results over a field). In order to develop this program,
generalizations and nontrivial properties of our constructions are needed (even
for the independence statement), which would lead us to expand this article
too much. As most of them are not needed for the proof of our main results,
we do not include them here, and we hope to return to these questions else-
where. However, in the next section we will give a partial generalization of
Theorem 3.1(iii) that is the key to the injectivity property of Theorem 1.5.

PROPOSITION 7.7. Under the assumptions of 7.6, the morphisms 7; r n
satisfy the following properties:

(i) For variable n, 7 xn commutes with R, F and V.

(i) Forn=1, 1j51=1¢.

Proof. Taking into account Proposition 4.6, both assertions follow from
the similar properties of 7; r » and Trp, ,, proved in 7.5 and 6.6. O

Definition 7.8. Under the assumptions of 7.6, we can use the previous
constructions to define a morphism 7; » : Rf.(W(Oy)) — W (Ox) that com-
mutes with F' and V and is such that R, o 7y = 77, 0o R, for all n, R,
denoting both restriction maps W(Ox) — W, (Ox) and W(Oy) — W,(Oy).

To construct 7; , we first recall that, for any scheme X, the inverse system
(Wn(Ox))n>0 is lim-acyclic, as the cohomology of each term vanishes on affine
open subsets, and the inverse system of sections on such a subset has surjective
transition maps. So, if f,. denotes the obvious extension of the direct image
functor to the category of inverse systems, it suffices to define a morphism

(781) Ti,m,e - Rfo*(Wo(OY)) — W.(OX)

in the derived category of inverse systems on X and to apply the functor R le
and the canonical isomorphism R f, o R@l o~ R@ 0 Rfes. On the one hand,
the relations R(vy,n+1) = 7Vy,» imply that, for variable n, these classes define a
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morphism of inverse systems is.(Wa(Oy)) — HE (W5 y +)- As the canonical
morphisms

H (W) ) — RLy (WaQ% x[d]) — WoQ%, x[d]

make sense in the derived category of inverse systems, in this derived category
we can define a morphism ;e : tex(We(Oy)) — W.Q%/X [d] that has the
morphisms 7; r,, defined in (7.5.1) as components. On the other hand, the
homomorphisms dlog,, used to define Chern classes for invertible bundles form
an inverse system of homomorphisms. Hence, for variable n, the powers of the
Chern classes of Op(1) define a morphism W,(Op)[—d] — RW.*(W.Q%/X)
that is an isomorphism of the derived category of inverse systems. Composing
its inverse with the projection by Rme s of 7; r e provides 7; r o. It is clear that
Tixe has the morphisms 7; r , as components and commutes with F' and V.
Then the morphism
N ) Rl'gl(n,m.)

(78.2) Tix:Rf(W(Oy)) — R@Rf.*(W.(Oy)) ————— W(Ox)
has the required properties.

Finally, as f is a morphism of noetherian schemes, f, and Rf, commute

with tensorization with Q. So we can define a morphism, again denoted 7; » :
Rf*(WOKQ) — WOX’Q, by

(7.8.3) Tin: RE(WOyq) = RE(WOy) ©Q 2% woy .
9 7@ 7@

This morphism also commutes with F' and V.

8. Proof of the injectivity theorem for Witt vector cohomology

The main result of this section is Theorem 8.1 below, which gives an
injectivity property for the functoriality morphisms induced on Witt vector
cohomology by some complete intersection morphisms of virtual relative di-
mension 0. As explained in Remark 8.2, Theorem 1.5 is a particular case of
this result.

THEOREM 8.1. Let f: Y — X be a projective morphism between two flat
noetherian Zy,)-schemes with dualizing complezes, that is complete intersec-
tion of virtual relative dimension 0. We assume that there exists a scheme-
theoretically dense open subscheme U C X such that f~Y(U) — U is finite
locally free of constant rank v > 1. Let f, : Y, — X, be the reduction of f
mod p™t1.

(i) For all ¢ > 0, the kernels of the functoriality homomorphisms

(8.1.1) [ HY(X,0x) — HIYY,Oy),
(8'1'2) f:; : Hq(XnaOXn) — Hq(YmOYn)a
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(8.1.3) fo s H(Xo, Wn(0Ox,)) — HY (Yo, Wy (Oy,)),
(8.1.4) fo : H{(Xo,W(0x,)) — H% (Yo, W(Oy,))
are annihilated by r.
(ii) For all ¢ > 0, the functoriality homomorphism
(8.1.5) fo : H(Xo,WOx, q) — HY(Yy, WOy, 0)
18 injective.
Remark 8.2. Theorem 8.1 implies Theorem 1.5. Indeed, let f: Y — X be

as in 1.5. The morphisms X; — X and Y; — Y[ are nilpotent immersions.
Hence the canonical homomorphisms

HY(Xo,WOx,.0) — HY Xy, WOx, q),
H9(Yy, WOy, ) — HY(Yy,, WOy, o)

are isomorphisms [BBEQO7, Prop. 2.1]. Therefore it suffices to check that f
satisfies the hypotheses of Theorem 8.1. We may assume that X is connected,
and we replace Y by one of its connected components mapping surjectively
to X so that X and Y are integral schemes. At any closed point y € Y,
with image z = f(y), we may choose a closed immersion ¥ — P around y,
with P smooth over X. If dim Ox, = n, then Op, is a regular local ring of
dimension n + d for d = dim(P/X), and Oy, is a regular quotient of Op,
of dimension n. Therefore, the ideal Z of Y in P is regular of codimension
d around y, and it follows that f is complete intersection of virtual relative
dimension 0. Moreover, the function field extension K(X) — K(Y) is finite.
Hence, f is finite and locally free of constant rank > 1 above a nonempty open
subset U. As X is integral, U is scheme-theoretically dense and the hypotheses
of Theorem 8.1 are satisfied.

In order to prove Theorem 8.1, we will choose a factorization f = m o1,
where i : Y < P = P¢ is a closed immersion and 7 : P — X the structural
morphism. Let ig, g be the reductions mod p of 7, w. The key point will be to
relate the trace morphisms 7;, r,» constructed in 7.6 to the trace morphism 7
given by Theorem 3.1, and this is made possible by the following constructions.

LEMMA 8.3. Let X be a scheme on which p is locally nilpotent, P a smooth
X-scheme, a C Ox a quasi-coherent ideal, X' < X the closed subscheme
defined by a, P' = X' xx P. For each n > 1, let N} C WnQ;D/X be the
additive subgroup generated by sections of the form
(8.3.1) V'([aJw), dV"([aJw), with a€a, we Wy Qp x, 0<r<n-—1

Then, for variable n, the canonical homomorphisms WnQ;J/X — WnQ;D,/X/
induce a transitive family of isomorphisms

~

(8.3.2) WSl NG 5 W .
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Proof. Thanks to (5.1.2), one first notices that N} is a differential graded
ideal of WnQp, . Using (5.1.5), one sees that, for all n > 1, V(Ng) C Ny
Using (5.1.1) (and a direct computation for r = 0), one sees that F(Ny, ;) C

n

Ny. Therefore, the projective system {W, Q% /X JN2} is an F-V-procomplex
over P/X. In degree 0, it is easy to see by induction on n that the ideal N,? C
Wn(Op) is the kernel of Wy (Op) — Wy (Opr). It follows that {WnQp,  /AN}
is actually an F-V-procomplex over P’/ X’. Tt is then clear that it satisfies the
universal property that defines {I¥,Q%, / «/}, which implies that (8.3.2) is an
isomorphism of F-V-procomplexes. ([

PROPOSITION 8.4 (see also [O1s07, Th. 4.2.3]). Let X be a Zy,)-scheme,
and denote X, = X ®z,) Z(p)/p”“.
(i) For allm > 1, there exists a unique homomorphism of sheaves of rings

F": Wo(Ox,) — Ox,_,
making the following diagram commute

Wn+1 (Oanl) L OXn—l

l n

Wn(OXo )7

where the vertical map is the natural reduction map. Furthermore, if we assume
X to be flat over Z,y and denote by R, : W(Ox,) — Wn(Ox,) the natural
reduction map, then

(8.4.1) Ker(F—1d: W(Ox,) = W(Ox,))N (ﬂ Ker(F" o R,) = O).
n>1

(ii) Let P be a smooth X-scheme, and denote P, = P xx X,. For all
n > 1, there exists a unique homomorphism of sheaves of graded algebras

F* W rxg — H (5, /x, 1)

making the following diagram commute:

. L .
Wn_i_lQPnfl/anl ZQPnfl/anl
Q\Lo Fn 0 \L

W Py/Xo H*( Pnfl/anl).

Furthermore, for all a € (’)IXDO and all a € (’)ngn_l lifting a, we have

(8.4.2) F™(dlog ([a])) = cl(da/a).
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When Xy is a perfect scheme and X,—1 = W,(Xo), F™ is the isomorphism
(8.4.3) O : WHQ;)O/XO EEASIN H.(Q.Pn—l/Xn—1)7
defined by Illusie-Raynaud [IR83, III, (1.5)].

Note that, in formula (8.4.2), the class of da/a does not depend upon the
choice of the liftng a: if b = a + pw, then

db/b = da/a + d (log (1 —I—p%)) ,
where log(1 + pw/a) is defined thanks to the canonical divided powers of p.

Proof. (i) We may assume X is affine. The kernel of the vertical map in
the diagram is locally generated (as an abelian group) by elements of the form
V™(la]) and V" ([pb]) for some a,b € Op, , and 0 < r < n. As these elements
are clearly mapped to 0 under F", this gives the unique existence of Fn.

To prove (8.4.1), let w € Ker(F —1d) N (ﬂn Ker(F™ o Rn)>. If w+# 0, we

can write

w = Zvi([ai]), with a; € Ox, and as # 0.
1>5
Then Rsi1(w) = V*([as]) € Ws41(Ox,). If as € Ox, is any lifting of a,, and
if [as] is the Teichmiiller representative of as in Wa(QOx, ), so that V*([as]) is a
lifting of V*([as]) in Ws42(Ox,), we have

Fr(Ve([ag)) = FH(VE((as)) = p°F((as) = p*a?

in Ox,. Thus ﬁ5+1(R5+1(w)) = 0 if and only if p’a? = 0 in Ox,. Since X is
flat over Z/p*T1Z, we obtain a? € pOx,; in particular, a? = 0 € Ox,. But by
assumption, we have
Fw) =3 Vi(la}]) =D V([a]) = w.
1>8 1>5

Hence as = af = 0, a contradiction.

(ii) First of all, since dF"™ = p"F"d, the image of F" : Wn+1Q;3n71/Xn71 —
Thus, the diagram makes

Q :
Po_1/Xn-1 —1/Xn-1
sense. Now, Lemma 8.3 and [LZ04, Prop. 2.19] imply that, in degree ¢, the

kernel of the vertical map on the left-hand side is locally generated (as an

is clearly contained in ZQ%

abelian group) by sections of the following form:

(8.4.4) Vi), dv*(B), V'([plw), dV'([pln),

. -1
Wlth o € Q(I]Dn—l/Xn—17 B € Q(Iljn—l/Xn—17 O S r S n, w € I/I/n—i_]'_"ﬂgqun—l/)(n—l7
and n € Wn+1—TQ?D;L/Xn_1' One immediately sees that, via F™, the first two

sections are mapped to 0 in Hq(Q;an/an)' Since, for any m > 1 and any
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Teichmiiller representative [a],, in W,,(Op, ,), we have F([a],) = [a} | €
Win-1(Op,_,), we obtain for the last two sections

F"V!([plw) = p" F" 7 ([plw) = p" T F" T (w) =0,

F*dV" ([pln) = F"~"d([p}n) = F" " ([pldn) = p”" =" d(F" " () = 0
in HI(Q3,

n

L anl)' Thus F™ maps all elements in the kernel of the vertical
map to 0 in Hq(Q},n_l/Xn_l). Since the vertical map is surjective, this yields
the statement.

IfacOf | lifts a, we get

F"(d[a)/[a]) = cl(F™(d[a)/[a])) = cI(a]""~"d[a]/[a]""),

which gives (8.4.2).

Finally, let us assume that X is perfect and X,,_; = W, (Xj). By [IR83,
I1, (1.5)], H.(Q;anl/anl) has the structure of a differential graded algebra
(dga) with the differential d : H'(Q2%, LX) 7—[”1((2;3”71/)(%1) given by

n

the boundary of the long exact cohomology sequence coming from the short
exact sequence

. p" . .
0—=8p 1 /x,.. = by /x0n — p,

nfl/anl — 0

The isomorphism 6,, is compatible with the differential and the product, and it
thus induces an isomorphism of dga’s 6y, : WnQf, /v o ’H'(Q;Jn_l/xn_l). On
the other hand, it follows from the relation dF"™ = p"F"d that the morphism
F™ is compatible with the differentials. Therefore, F'™ also induces a morphism

of dga’s, Fn WnQ;DO/XO - H.(Q;an/an)‘ In degree 0, 6, is defined by

_=p" ~pn Tl —1:p
On(ao,...,an—1) =ay +pay +---+p" " a,_,

where ao, ..., a,—1 are liftings to Op,_, of ag,...,a,—1 [IR83, p. 142, L. 8.
This definition shows that, in degree 0, 0,, is the factorization of the n-th
ghost component w,, : Wy41(Op, ,) — Op,_,, given by wy(ao,...,a,) =

o piagn_z, with p"a, = 0in Op, ,. From the definition of the morphism of
functors F™ : Wy, 11 — Wi, we also get that, in degree 0, F™ is the factorization
of the n-th ghost component. Since Fn =0, in degree 0 and T/[/'nQ;Jn_l/Xn_1 is

generated as dga by its sections in degree 0, F™ and 6,, have to be equal. O

LEMMA 8.5. Let S be SpecZ,), X an S-scheme, and 7 : P = IP’)d( — X
the structural morphism of a projective space over X. For n > 0, denote by
S, Xn, Py, T, the reductions modulo p"+', and let BQdPn/Xn - Q‘Jign/Xn be the
subsheaf of exact differential forms.

(i) For alln >0, the canonical homomorphism
(8.5.1) b s R'mn o (Q, /x,) — R'mn (%, /x, /B, /x.,)

s an tsomorphism.
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(ii) Assume that X is flat over S, and let Yo — Py be a regular closed
immersion of codimension m. Then,

(8.5.2) ViEm, Yn>0, M (% /B k) =0.

Proof. Let Q = Pg, and let Ty, ..., T; be homogeneous coordinates on Q.
We define an S-endomorphism ¢ : Q — @ by sending T; to T/, 0 < i < d. By
base change by u : X — S, we obtain an X-endomorphism of P, for which we
will keep the notation ¢, as well as for its reduction mod p"*1.

Let us fix n > 0. We can use the morphism ¢" ! and view gf);‘“Q}n /x,, as
a complex of quasi-coherent Op, -modules, the differential of which is then Op, -
linear. But P, has an open covering by d + 1 open subsets that are relatively
affine with respect to X,,, and therefore R%r, , is a right exact functor on the
category of quasi-coherent Op, -modules. As Rdﬂn*(ﬂclé;} x,) = 0, assertion (i)
follows.

To prove assertion (ii), we use ¢"*? to view d)fj”Q}n /X, a5 a complex of
quasi-coherent Op,-modules with an Op, -linear differential, and we claim that
the sheaf of Op,-modules

HUGI 20, jx,) = 6008, 5, /BOITOG x)
has a filtration by sub-Op, -modules, the graded of which is locally free over
Op,- As Y)j is locally defined in Py by a regular sequence of m sections, the
claim clearly implies assertion (ii).
To prove the existence of this filtration, we may replace X, P by S, Q,
because the projection v : P — @ is flat, and

V(LY s,) = ST -
Now Sy is a perfect scheme, and S,, = W, 11(Sp). Thanks to the last assertion
of Proposition 8.4(ii), F™*! defines an isomorphism of graded algebras

F e Wa1 Q% /5, — H(QG,/s,)-

We may view Fntloas an 0Og,,-linear isomorphism by endowing H'(an /Sn)
with the Og,,-module structure provided by the homomorphism

Oq, = H (2%, /s,)
defined by ¢"*2, and Wn+19b0 /S0 with the structure corresponding to the
previous one via (F™T1)~1 HO(an/Sn) 5 Wpn+1(0g,). The canonical fil-
tration of Wn+1QéO /50 is then a filtration by sub-Og,-modules, which can be

transported to Hd(an/Sn) via F™"L. As we know by [l179, I, Cor. 3.9] that
the corresponding graded pieces are locally free Og,-modules for the structure
defined by the homomorphism

(8'5'3) F: OQO — Wn+1(OQ0)/an+1(OQ0)
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factorizing F' : Wy11(0Ogq,) = Wn41(0Og,), the proof will be complete if we
check the commutativity of the diagram

¢n+2 * . (fn«i»l)fl
(8.5.4)  Oqg, HO (QQn/Sn) — Win+1(0g,)
| i i
OQO Wn+1(OQ0)/an+1(OQ0)'

It is enough to check that the diagram induced on sections over D, (T;) C @y,
commutes, for 0 < i < d. So we may replace Og, by A = (Z/p”“Z)[ ], with
z = (z1,...,2q) and ¢*(z;) = 2%, 1 < j < d. Take f = Sraz! € A, with
ar € Z/p" 7. Then,

(ﬁn+1)71 ° ¢n+2*(f) — Zal(ﬁnJrl)—l(lpn-&-QI).

As F1 is the factorization of the (n+2)-th ghost component wy, 41 : Wiy 12(A)
~ n+1
— A, we see that (F"1)~1 (2" ’ ) = [z;], 1 < j < d. Therefore, we obtain

(F") o gm25(f) = > ayfa)!
I

Since F is given by lifting an element of Ay to W, 11(Ap), applying Frobenius
and reducing modulo p, this gives the commutativity of (8.5.4). O

PROPOSITION 8.6. Under the assumptions of Theorem 8.1, let f =moi
be a factorization of f as the composition of a reqular closed immersion i :
Y & P = }P’)d( of Y into a projective space on X, followed by the canonical
projection w : P — X. For all n > 1, let f,,in, 7, be the reductions of f,i,7

modulo p"1. Then, the compositions

(8.6.1) (’)X I RE(0y) T Oy,

(8.6.2) Ox, 1% Rfu.(0Oy,) ™™ Ox,.

(8.6.3) Wa(Ox,) 25 Rfo. (Wi (Oy,)) Z270%5 W, (Ox, ),
(8.6.4) W(Oxy) L5 Ry (W(Oy,)) 2270 W (Ox,),
(8.6.5) WOx,q inO*(Woyo,@) T0m0, WOy, o

are given by multiplication by r.

Proof. Since the restriction of f above U is finite locally free of rank r,
it follows from (3.1.3) that the endomorphism of Oy induced by 77 o f* is
mutiplication by r. But U is scheme-theoretically dense in X, therefore the
same relation holds on X itself. So (8.6.1) is multiplication by 7.
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Thanks to the flatness of X and Y over Z,, the spectral sequence for the
composition of Tor’s implies that, for allm > 1, X,, and Y are Tor-independent
over X. Therefore, by Theorem 3.1(ii), the morphism 7y, o f; is deduced from
7t o f* by base change from X to X, and (8.6.2) is also multiplication by r.

We want to deduce from this result that (8.6.3) is also multiplication by r.
We observe first that the homomorphisms F™ defined by Lemma 8.4 provide
morphisms

ﬁ)ré : Wn(OXO) — Oann
F(F) « for(Wa(Oyy)) — fue1+(Oy,_,),
R (Fp) : R'mou(Wn%, /x,) — R 1.5, /x. /B, x. 1)-

Moreover, we can use the isomorphism (8.5.1) and define
G = (b)) ™ o R'mu(Fp) : Rimou(WaQ, ) — Rmn1(5_/xL)-

We consider the diagram

(8.6.6)
fo 70« (Vig,mg.n) TPy m
Wi (Ox,) 40>f0*<Wn(OYo)) — Rdﬂ'O*(WnQ?DO/XO) . Wi (Ox,)
Fy l f @)J{ iap 7
f:;71 7""n*l*("/fn,l) Trp,r"71

d
OXn,,l E—— fn—l*(OYn,l — R ﬂ—n_l*(QPn,l/Xn,l) 4~> OXn,lv

where the compositions of the upper and lower rows are respectively the maps
induced by (8.6.3) and (8.6.2) on degree-0 cohomology. Let us prove that
this diagram is commutative. The left square commutes because the mor-
phism F v is functorial with respect to X. To prove that the right square
commutes, it suffices to show that if 4w and &gr are the de Rham-Witt
and de Rham Chern classes of Op(1), then £dgy and €9, have same image in
Rdwnfl*(QdPn,l/Xn,l/BQ% ). As R'Trn,l*(fﬁ) and by are compatible

n—1 /an 1
with cup-products, it suffices to show that the diagram

dlog

Rlﬂ'o*((’);b) Rlﬂ'O*(WnQ}DO/XO)
T J{le(ﬁg)

dlog .
Rlm, 1 *(O;’nfl) — Rl'my *(Hl (Qpnfl/anl )

is commutative, which follows from (8.4.2).
To simplify notation, we drop the base scheme from the indices and denote
C%n, L= chén, ./ BQdPn,l' To prove the commutativity of the central square of
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(8.6.6), it suffices to prove the commutativity of the diagram

i0+(Wn(Oy,)) — HY, (WaQ)) =—— RLy, (Wn Q) )d] ——= W04, [d]

A (F) l iRFy(f}%)[dl ifﬁ )
ix (FQ) H%n,1 ) é REYn—l (C;l’nfl)[d] - C%n,1 [d]

(Cj:l’n71
in_l *(O)/n—l) - H(}i/n_l (Q(jl:) _1) é REYn—l (Q(}i/n_l)[d] - QdYn_l [d] ’

to apply the functor Rm,_14, and to pass to cohomology sheaves in degree 0.
In this diagram, the upper left (resp. lower left) horizontal arrow maps 1 to
Yyo.m (Tesp. vy, 1), and the middle horizontal arrow is an isomorphism thanks
to Lemma 8.5(ii). The middle and right squares commute by functoriality, and
it suffices to prove that the left rectangle commutes. This part of the diagram
comes from a diagram of morphisms of sheaves; therefore, the verification is lo-
cal on P. Thus we may assume that Y is defined by a regular sequence 1, ..., tq
in P. Then, since Y and P are flat over Z,), the images of this sequence in
Op, , and Op, (still denoted ¢i,...,t;) are regular sequences defining Y,,_1
and Yj. It is enough to show that the symbols

dft1] -~ d[td] d )
{ 1], [t | € EFWn0n) Wn(Oxo), Wnllip,)
and
dt1---dtg p ]
{ t1,...,tq } < gxtOPn—1 (OYn—l’QPnfl)
have same image in H{.(C$ ). By functoriality, the image of [‘ﬁlﬁd] in

Entd, (Ov, ,,CP ) is [0 4] On the other hand, it follows from

the construction of F™ in Proposition 8.4 that Fﬁ([tl}) = tfn € Op, , and
FR(d[t;]) = cl(?"~tdt;) e HY(Q} ). Since the "’ form a regular sequence
in Op, ,, we may argue as in the proof of Proposition 7.4 to show that the sym-

d[tr]-dt] A"ty by edta)
bols [ [1;11] ..... [t:] } and ! tpnd o

The wanted equality is then la corisequence of Lemma 4.2, and the commuta-
tivity of (8.6.6) follows.

Returning to the homomorphism (8.6.3), we observe that it is defined by
multiplication by a section x, of W, (Ox,). Proposition 7.7(i) implies that,
for variable n, the sections k, form a compatible family under restriction and
satisfy F'(kp) = fip—1. If K = m ki € I'(Xo, W(Ox,)), then F(k—7r) = k—r.
On the other hand, the commutativity of (8.6.6) implies that F}}(/@n —r)=0.
So, if R, : W(Ox,) = W,(Ox,) is the restriction homomorphism, we obtain

. . d d
have same image in Hy. _ (Cp ).
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that
k—1 € Ker(F —1d)N (ﬂ Ker(F} o Rn),>
n>1
which is zero by (8.4.1). Thus, k = r; hence, k,, = r for all n.
If we now consider in the derived category of inverse systems the compo-
sition

Ti,mw,®

Wa(Ox,) 222 Rfou(Wa(Ox,)) 225 W, (Ox,).
we obtain a morphism that has (8.6.3) as component of degree n. Therefore,
this composition is multiplication by r on the inverse system W,(Ox,). It
follows that the composition

Rl.&nf(’)‘o . Rl'&nn,m.
W(Ox,) ——— Rlm Rfye.(We(Oy;)) ———— W(Ox,)

is multiplication by r. Using the isomorphism Rl&a o Rfpges >~ Rfox o0 RPLH,
we obtain that (8.6.4) is multiplication by 7. Tensoring by Q and using the
commutation of Rfy, with tensorization by Q, we obtain that (8.6.5) is mul-
tiplication by 7. O

8.7. Proof of Theorem 8.1. The first assertion is a particular case of
Theorem 3.2. To prove the other ones, we choose a factorization f = wot, where
1 is a closed immersion of Y into a projective space P = Pj‘l( over X and 7 is
the structural morphism, and we keep the notation of the previous subsections.
Applying the functor H(X,, —) (resp. H*(Xo, —)), the morphisms 7f,, 7 r.n,
and 7; » define homomorphisms

HY(Y,,Oy,) 2% HY(X,,Ox,),
H(Yo, Wa(Oy, ) =25 H(Xo, Wa(Ox,)),
H1(Yy, W (Oy,)) Ty HY(Xo, W(Ox,)),
H(Yy, WOy, o) —= HY(Xo, WOx,.0)-

Proposition 8.6 implies that the composition of these homomorphisms with the
functoriality homomorphisms defined by f,, (resp. fy) is multiplication by r,
and this implies Theorem 8.1. O

This also completes the proof of Theorems 1.5, 1.3, and 1.1.

9. An example

Because Theorem 1.1 was previously known in some cases, and can be
proved in some other cases without using the most difficult results of this
paper, it may be worth giving an example for which we would not know how
to prove congruence (1.1.1) without using them. Here, we give such an example
for each p > 7, except perhaps when p is a Fermat number.
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9.1. We begin with a list of conditions that we want our example to
satisfy. In these conditions, R, K, and k are as in Theorem 1.1, and X is an
R-scheme.

(1) X is a regular scheme, projective and flat over R.

2) H°Xg,Ox,)=K,and H!(Xg,Ox,.) =0 for all ¢ > 1.
There exists ¢ > 1 such that HY(Xy, Ox, ) # 0.

X is not a semi-stable R-scheme (in particular, not smooth).
dim X > 3.

Xk is a variety of general type.

w
U — —

4
)
6

Conditions (1) and (2) will ensure that X satisfies the hypotheses of The-
orem 1.1. Condition (3) will ensure that we are not in the trivial situation
described in the first paragraph of Section 1.4. Condition (4) will ensure that
Theorem 2.1 does not suffice to conclude. Condition (5) will rule out the case
of surfaces, for which Theorem 1.1 is already known by [Esn06, Th. 1.3]. Con-
dition (6) rules out rationally connected varieties, for which Theorem 1.1 is also

N N N /N /N

known because they satisfy the coniveau condition of [Esn06, Th. 1.1]. It also
grants that if X can be embedded as a global complete intersection in some
projective space over R, then congruence (1.1.1) cannot be proved by applying
Katz’s theorem [Ktz71, Th. 1.0] to X}, since a smooth complete intersection
in a K-projective space for which Katz’s p invariant is > 1 is a Fano variety.

Remarks 9.2. We begin with a few remarks that make it easier to find an
example satisfying the previous conditions.

(i) Examples such that dimy H!(X},Ox,) > dimg HY(Xk,Ox,) = 0
have been known since Serre’s construction of a counter-example to Hodge
symmetry in characteristic p [Ser58, Prop. 16]. The general principle behind
such examples, which goes back to Grothendieck (see [SGA1, XI, 6.11, (*)]
over an algebraically closed field and [Ray70, Prop. 6.2.1] for a general state-
ment), is that the datum of a torsor Y on X under a finite group G defines
a morphism G’ — Picy/p, where G’ is the Cartier dual of G. Then, under
certain conditions, the Lie algebra of G, can have a nonzero image in the tan-
gent space H!(Xj,Ox,) to Picy, - The simplest case (which was the one
considered by Serre) is when G is the étale group Z/pZ. Then the Artin-
Schreier exact sequence shows that when the torsor Y, remains nontrivial after
extension to an algebraic closure k of k, its class gives a nonzero element in
Hl(XE,OXE), and therefore H'(Xy,Ox,) # 0. This happens in particular
when Y} is a complete intersection in some projective space, since we then
have dlmE HO(YE, OYE) =1.

To simplify our quest, we will therefore replace condition (3) (and condi-
tion (5)) by the more restrictive condition:
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(3') X is the quotient of an hypersurface Y in a projective space P}, of
relative dimension n > 4 over R by a free action of the group Z/pZ.

(ii) Assume that X satisfies condition (3'). Then H°(Yg,Oy,) = K,
and HY(Yk,Oy,) = 0 for ¢ # 0,n — 1. Because char(K) = 0, we have
HY(Xf,Ox,) = H1(Yk, Oy, )¢. Hence, H'(Xf,Ox,) = K, and condition
(2) is satisfied if and only if x(Ox,) = 1. As Yk is an étale cover of Xg of
degree p, the Riemann-Roch-Hirzebruch formula implies that

(9.2.1) X(Oyy) = px(Oxy).

Then condition (2) is satisfied if and only if x(Oy, ) = p. If d is the degree of
the hypersurface Y, we obtain

(_1>n—1(p — 1) = dlmK Hn_l(YK, OYK)
= dimy H"(PY, Opy (—d))
:dlmK HO( ?{, O]p?{ (d —-—n — 1))

The simplest choice for checking this equation is d —n — 1 = 1, so that we get
dimyg HO(P%, Opn (d—n—1)) = n+1. Then we have to satisfy the conditions

(9.2.2) D> 2, n=p-—2, d=np.

Therefore, we will simplify our quest even further by replacing condition
(3") by the following more precise condition, which implies (2), (3) and (5):
(3") X is the quotient of an hypersurface Y of degree p in the projective
space [P of relative dimension n = p — 2 over R by a free action of the group
Z/pZ, with p > 7.

(iii) Assuming that X satisfies conditions (1) and (3”), then condition (6)
follows automatically. Indeed, Yx is smooth over K since char(K) = 0, and
its canonical sheaf is then Oy, (—n — 1+ d) = Oy, (1). Since Yk is an étale
covering of Xy, it is the inverse image of the canonical sheaf on X, which
therefore is ample too.

So it suffices for our purpose to construct an example satisfying conditions

(1), (3"), and (4).

9.3. We now begin the construction of our example. Assume that p>5,
and let £ be the free Z,)-module (Z,))P. We denote by e, ..., ep_1 its canon-
ical basis. Let o be a generator of G := Z/pZ. We let o act on E by cyclic
permutation of the basis

(9.3.1) giegr e — = ep_1( ep).

Let H C E be the hyperplane consisting of elements for which the sum of
coordinates is 0. It is stable under the action of GG, and we endow it with the
basis v1,...,vp—1 defined by v; = e; — e;—1. We take as projective space the
space P(H) ~ ]P“Z’;j, with the induced G-action, and we denote by X1,..., X,—1
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the homogeneous coordinates on P(H) defined by the dual basis to the basis

v1,...,vp—1 of H. Letting G act by composition on functions on H, one checks
easily that the orbit of X is described by
(9.3.2)

Xl — —Xp_l — Xp_l — Xp_g — Xp_2 — Xp_g [ e 4 X2 — X1 (r—) Xl).
Let go(X1,...,Xp_1) be the sum of the elements of the orbit of X7, i.e.,

p—1
(933) go(Xl, .. ,Xp_l) = Xf + (—Xp_l)p + Z(X’ - Xz'_l)p.

i=2
Then gy € pZ[ X1, ..., Zy—1], and we can define a polynomial g(X;,...,Xp—1) €
ZIX1,...,Zy 1] by

1
(934) Q(X1,---,Xp—1) = Egg(Xl,...,Xp_l).

Let Z C P(H) be the hypersurface defined by g. Since g is G-invariant,
the action of G on P(H) induces an action on Z. We denote by g the reduction
of g in Fp[X1,..., X, 1]. We first study the singular points of Zg,. They are
solutions of the system of homogeneous equations 9g/0X; =0,1 <i<p—1,
which can be written as

X = (X - X )Pt

(9.3.5) (Xa — X.l)P—l e - X!

(Xp—l - Xp—Q)pil = (_Xp—l)pf1 .

LEMMA 9.4. Let F,, be an algebraic closure of F).

(i) The solutions of (9.3.5) in P™(IF,) belong to P"(F,), and they corre-
spond bijectively to the families (u, ..., up-1) € (F) )P~ such that

(9.4.1) 1+ur + -+ up—1 =0.

(ii) Foru e Ty, let i = [u] € up-1(Zyp) be its Teichmiiller representative.
Then a point x € P*(IF,,) that is a solution of (9.3.5) belongs to Zy, if and only
if

(9.4.2) L4y + -+ Gy € p*Zy,
where (u1,...,up-1) € (F) )P~L corresponds to z by (i).

Proof. Given (u1,...,up-1) € (F) )P~1 satisfying (9.4.1), the correspond-
ing solution = (§; : --- : §,—1) € P"(F,) of the system (9.3.5) is obtained by
choosing & € F;, setting

(9.4.3) §i—&i-1=ui1& for2<i<p-—1,
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and observing that (9.4.1) implies that —&,—1 = up—1&1. Assertion (i) is then
straightforward.
Let n1 € Zj be a lifting of &1, and let 7; be defined inductively for 2 <17 <

p—1by

(9.4.4) N — Mi—1 = Ui—171-

Define a € Z,, by

(9.4.5) 1+a+ -+ Up—1 = pov.

Then by adding the equations in (9.4.4), we get

(9.4.6) Mp-1=(1+ -+ Up-2)m = (po — tp—1)m.

We can now substitute (9.4.4) and (9.4.6) in g, and we obtain the relation
(94.7) go(n1s -y mp—1) =nf (L + @5+ -+ _5+(lp—1 — pa)?)

p
) ) ) D\ _pi )
— 7]{’(1 + a1+ F Uy + Up—1+ E (j)ui_{(—pa)ﬁ)

j=1
=pan] mod p2Zp.
Hence we get
(9.4.8) g(m,...,np—1) = anf mod pZ,,
and assertion (ii) follows. O

LEMMA 9.5. (i) The action of G on Zg, is free.
(ii) If p is not a Fermat number, then Zg, is singular and is not the special
fibre of a semi-stable scheme.

Let us recall that the Fermat numbers are the integers of the form 22" +1
with n > 0, that any prime number of the form 2" + 1 with n > 0 is a Fermat
number, and that the only known prime Fermat numbers are 3, 5, 17, 257, and
65537.

Proof. Over F,, the matrix of the action of o on (F,)? has 1 as unique
eigenvalue, with a corresponding eigenspace of dimension 1, generated by the
eigenvector (1,...,1). This eigenvector belongs to H/pH, where it has coordi-
nates (p—1,p—2,...,1) = —(1,...,p—1) in the basis vy, ..., vp—1. Therefore,
the only fixed point of o in P"(F,) is the point g = (1 : 2 : --- : p — 1),
This point is the solution of (9.3.5) corresponding to u1 = -+ = up—1 = 1.
Lemma 9.4(ii) implies that it does not belong to Z,, which proves assertion (i).

As the system (9.3.5) has only a finite number of solutions, the singular
points of Zp, are isolated. In particular, since dim Zf, > 4, Zp, cannot be
the special fibre of a semi-stable scheme if it has a singular point. To find a

singular point on Zr,, Lemma 9.4 shows that it suffices to construct a family
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(U;)1<i<p—1 of (p—1)-th roots of unity in Z, such that 1+, @; € pQZp. Since
p is not a Fermat number, p — 1 has an odd prime factor g. We can choose
a primitive ¢g-th root of unity ¢ and set @; = ¢* for 1 <i < q¢—1, @ = 1 for
¢<i<q+(p—-q/2-1,10=—-1forq+(p—q)/2<i<p—1. So Zp, is
singular. O

9.6. We now address the regularity condition in 9.1(1). We replace Z
by another equivariant lifting of Zp, defined as follows. Let R be the ring of
integers of a finite extension K of Q,, of degree > 1, with residue field k. If
K/Q, is unramified, we set m = p; otherwise, we choose a uniformizer 7 of R.
Let A € R be an element satisfying the following condition:

(a) If K/Qp is unramified, then the reduction of A mod p does not belong
to IFp.
(b) If K/Q, is ramified, then A\ € R*.
Let h € Z[ X1, ..., Xp—1] be the product of the elements of the orbit of X1, i.e.,
p—1
(9.6.1) h(X1, .. Xp1) = Xa (= X)) [[ (X — Xicw),
i=2
and let f € R[Xy,..., X,_1] be defined by
(9.6.2) f=g+mA\h

We define Y C P% to be the hypersurface with equation f. Since f is
invariant under G, the action of G on P% induces an action on Y. Its special
fibre Y} is equal to Zi, on which G acts freely by Lemma 9.5. Then the fixed
locus of ¢ is a closed subscheme of Y, and its projection on Spec R is a closed
subset that does not contain the closed point. Therefore it is empty, and the
action of G on Y is free. We define X to be the quotient scheme X =Y/G.

PROPOSITION 9.7. Assume that p is an odd prime that is not a Fermat
number. Then the scheme X defined above satisfies conditions (1)—(6) of 9.1.

Proof. As observed in 9.2(iii), it suffices to check that X satisfies condi-
tions (1), (3”), and (4). Condition (3”) holds by construction.

The hypersurface Y is projective and flat over R, since g is not divisible
by m. So X is also projective and flat. As Yy, = Zj, Lemma 9.5(ii) implies
that Y is not semi-stable. Since Y — X is étale and semi-stability is a local
property for the étale topology, X is not semi-stable either. So we only have to
prove that X is regular. This is again a local property for the étale topology.
Hence, it suffices to prove that Y is regular. Because Y is excellent, its singular
locus is closed, and the same holds for its projection to Spec R. So it is enough
to check the regularity of Y at the points of its special fibre. The regularity
is clear at the smooth points of Y3, and we need to prove it at the singular
points.
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Let . = (& : -+ : {p—1) € P"(k) be a singular point of Yj,. As Y, = Zj, «
corresponds by Lemma 9.4 to a family (u1,...,up—1) € (F))?~! such that
(9.7.1) L4+ + a1 =p°B

for some 8 € Z,. We have seen in the proof of Lemma 9.4 that {; € F,
so we may assume that & = 1. We set 11 = 1, and we define inductively
n; for 2 < i < p—1Dby (9.4.4). This allows us to work on the affine space
A% = D, (X1) C P}, and we will denote

a*(XQ, NN ,Xp_l) = a(l,Xg, ‘o ,Xp_l)

for any homogeneous polynomial a(X7,...,Xp—1) € R[X1,...,X,_1]. For 2 <
1 <p—1, we set

Xi=mn+Yi
so that (m,Y2,...,Y,—1) is a regular sequence of generators of the maximal
ideal m, of the regular local ring (’)Aa;2 .

We want to prove that Oan . /(fs) is regular, i.e., that f. ¢ m2. We first
claim that

(9.7.2) g« =pf mod m?.
Indeed, applying (9.4.7) with a = p3, we obtain the congruence

90+(n2, ... mp—1) = p*B  mod p°Zy;

hence
(9.7.3) g«(M2, - .., mp—1) =pB mod p*Z, C m2.
On the other hand, equations (9.4.4) show that, for 2 <1i < p— 2,
09
9.7.4 ey, Mp—1) = 0.
(9.7.4) aXi(nz, , Tp—1)
Finally, equations (9.4.4) and (9.4.6) show that
89* — —1
(9.7.5) 09X, 1 (M2, -y Mp—1) = (Mp—1 — Mp—2)" T 775—1

=1- (p25 - ﬁp—ﬁpil
=0 mod p2Zp C m2.
Applying (9.7.3), (9.7.4), and (9.7.5) to the Taylor development of g, proves

(9.7.2).
From the definition of h, we obtain

p—1

p—2
(9.7.6) ha(nzs - mp—1) = —(p°B—fp—1) [ @ = [[ % mod m,.
=1 =1
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As hy = hi(n2,...,mp—1) mod my, f, satisfies the congruence

p g 2
9.7.7 « = Qx Ay, =7 = A U; d m?.
( ) fe=get+7 w(ﬂﬁ—l— J:Ilu) mod m,

Let w = 26 + X]; ;. If K/Q, is ramified, then condition 9.6(b) implies that
w is a unit. If K/Q), is unramified, then m = p, and condition 9.6(a) implies
that the reduction mod p of w is nonzero; hence, w is again a unit. In each
case, fx ¢ m2, and Oy, is regular. O

Appendix: Complete intersection morphisms of
virtual relative dimension 0

As mentioned in the introduction, we explain here the construction of the
morphism 7y : Rf,Oy — Ox for a proper complete intersection morphism
f:Y — X of virtual dimension 0, and we give a proof of Theorem 3.1.

The appendix consists of two sections. In Section A, we recall the con-
struction of the invertible sheaf wy,x associated to a complete intersection
morphism f : Y — X, and we prove some of its properties. We do not use
duality theory here, even if we keep for convenience the terminology “rela-
tive dualizing sheaf.” Instead, we use the complete intersection assumption
to deduce our constructions from the elementary properties of smooth mor-
phisms and regular immersions, thanks to the canonical isomorphisms defined
by Conrad [Con00, 2.2]. It is then easy to define the canonical section d; of
wy,x when f has virtual relative dimension 0 and to prove its basic properties.

In Section B, we assume that X is noetherian and has a dualizing complex.
We then use duality theory and the identification wy,x = f'Ox to deduce
7 from the canonical section d;. To translate the properties of d; into the
properties of 7; listed in Theorem 3.1, we need to use the fundamental identi-
fications of duality theory, as well as the various compatibilities between these
identifications. Our proofs rely in an essential way on Conrad’s exposition
[Con00].

It may be worth pointing out that in this article we need the compatibility
of 7y with base change in a context that is not covered by the base change re-
sults of [Con00]. Indeed, we consider morphisms f that are not flat in general
(such as in Theorem 1.5) and base change morphisms that are not flat either
(such as reduction mod p™ in the proof of Proposition 8.6). The key property
we use here, which is familiar to the experts, but not so well documented in
the literature, is the Tor-independence of f and the base change morphism.

A. The canonical section of the relative dualizing sheaf

We recall now the construction of the invertible sheaf wy- x for a complete
intersection morphism, and we explain some of its properties. As often, the
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main work is to prove that the constructions are well defined and, in particular,
to check the sign conventions. As the details are easy but tedious, we leave
most of them as exercises and only sketch the main steps of the verifications.
We first recall a standard base change result for complete intersection
morphisms (see [SGAG6, 3.7.1] for the finite Tor-dimension of Rf.E*).

ProPOSITION A.1. Let f:Y — X be a complete intersection morphism
of virtual relative dimension m, and let

(A.1.1) Y 2>V

rlo s
X =X
be a cartesian square such that X' and Y are Tor-independent over X.
(i) The morphism f" is a complete intersection morphism of virtual rel-
ative dimension m.
(ii) Assume that X is quasi-compact, and that f is separated of finite type.
If&* € DgC(Oy) is of finite Tor-dimension over Oy, then Rf.E® is of finite
Tor-dimension over Ox, and the base change morphism

(A.1.2) Lu*Rf.E* — Rf.Lv*E®
18 an isomorphism.

Proof. The first claim is local on Y, so we may assume that there exists a
factorization f = 7 o such that 7 : P — X is a smooth morphism of relative
dimension n and ¢ : Y < P is a closed immersion of codimension d = n — m.
Then i is a regular immersion, defined by an ideal Z C Op and, since the claim
is local, we may assume that 7 is generated by a regular sequence t1,...,tg of
sections of Op. Then the Koszul complex K4(t1,...,tq) is a resolution of Oy by
Op-modules that are flat relatively to X. Let P’ = X' xx P, and let t},...,t
be the images of t1,...,tq in Ops. Since X’ and Y are Tor-independent over X,
the Koszul complex K (t},...,t};) is a resolution of Oy over Opr, which shows
that f’ is a complete intersection morphism of virtual relative dimension m.

Assume now that the hypotheses of (ii) are satisfied. Since X is quasi-
compact, it suffices to check that Rf.£°® is of finite Tor-dimension when X is
affine. We can then choose a finite covering 4l of Y by affine open subsets U,,
and we may assume that the U, are small enough so that the restriction f, of
f to U, can be factorized as f, = 7 © 1o, Where m, : P, — X is smooth and
io : Uy — P, is a closed immersion defined by a regular sequence of sections
of Op,. For each sequence ag < --- < ., denote Uy = Uy, N --- N U,,,
Ja : Uy = Y, and let f, be the restriction of f to U,. If Z° is an injective
resolution of £, then the alternating Cech complex C*(4,Z*) is a resolution
of £°. Since j, is an affine open immersion, the complex jo+jaZ® = Rja«Jaf®
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belongs to Dgc,de(OY) for each a. Therefore, it suffices to prove that Rf.£°® €
Dgcﬂd((? x ) for complexes £° of the form Rj,F*, where j is the inclusion of an
affine open subscheme U and F* € Dgc,frd(OU)- This reduces the proof to the
case where Y is affine. Then there exists a bounded complex of Oy-modules
P* with flat quasi-coherent terms, and a quasi-isomorphism P® — £°. Since
Oy has finite Tor-dimension over Ox, so does any flat Oy-module, and the
first assertion of (ii) follows.

The complex Lv*E® belongs to Dgc,frd<OY’)’ and the base change mor-
phism (A.1.2) can be defined by adjunction as usual. Arguing as before, it
suffices to prove that it is an isomorphism when X is affine and £° is of the
form Rj.F°®, where j is the inclusion of an affine open subscheme U C Y,
and F* € Dgcvad(OU). Let U = X' xx U, and let w : U'" — U be the pro-
jection, 7/ : U’ < Y’ the pull-back of j. Since j is an affine morphism and
F* e Dgc,de(OU)v the base change morphism Lv*Rj.F* — Rj.Lw*F*® is an
isomorphism. This implies that the base change morphism for f and £° is
an isomorphism if and only if the base change morphism for f o j and F* is
an isomorphism. If one chooses a bounded, flat, quasi-coherent resolution P°
of F*, the Tor-independence assumption implies that, for each n, (f o 7). P"
is u*-acyclic. It follows easily that the base change morphism for P*® is an
isomorphism, which ends the proof. ([l

Remark. Assertion (ii) holds more generally if one replaces the complete
intersection hypothesis on f by the assumption that £° has finite Tor-dimension
over Ox. It is also standard to extend the assertion to the case where f is only
assumed to be coherent, i.e., quasi-compact and quasi-separated.

A2. Let f:Y — X be a complete intersection morphism of relative
dimension m. We now recall how one can associate to f an invertible Oy-
module wyx, called the relative dualizing sheaf of Y/X (or f). Here we will
use the direct construction based on elementary algebra,! which makes explicit
the existence of the canonical section when m = 0, and is a natural extension
of Conrad’s constructions for the canonical isomorphisms (} , [Con00, 2.2].

If f = woq is a factorization of f where 7 : P — X is a smooth morphism
of relative dimension n and ¢ : ¥ < P a closed immersion of codimension
d = n — m, defined by a regular ideal Z C Op, then one defines wy,x by

1 For a more intrinsic construction, one can use the general properties of the cotangent
complex Ly,x [II71]. Here, Ly,x is a perfect complex, of perfect amplitude in [—1, 0], and
of rank m [IlI71, 3.2.6]. Taking its (graded) determinant in the sense of Knudsen-Mumford
[KMT76], one obtains the complex wy, x[m]. In this construction, special attention should be
paid to sign compatibilities, as, for historical reasons, the sign conventions used in [[1171] and
[KM76] conflict with those of [Con00].
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setting

(A.2.1) wy/x =Wwy/p ®oy i"wp/x
=N((Z/1%)") ®oy " Qp)x.

Up to canonical isomorphism, this construction is made independent of the
choice of the factorization as follows. Let f = 7’ o ¢/ be another factorization
of f through a smooth morphism 7’ : P/ — X, and let wi/X and w{f}x be
the invertible Oy-modules defined by (A.2.1) using the two factorizations.
Assume first that there exists an X-morphism v : P’ — P that is either a
smooth morphism or a regular immersion and is such that w o4’ = 7. Then,
one defines an isomorphism e (u) : wg/ x — wg by the commutative

diagram
¢, @1
= ~T1d®i'*(<;,w)
sPlvP(u)

</ % _ P
Wy/pr @1 Wpr/x = Wy

The definitions of C;,m and C{M depend upon whether u is a smooth morphism
or a regular immersion (the two definitions agree when u is an open and closed
immersion).

(a) If u is smooth, then ¢}, , is defined by [Con00, p. 29, (d)] and ¢, . is
defined by [Con00, p. 29, (a)].

(b) If u is a regular immersion, then CZ(,M is defined by [Con00, p. 29, (b)]
and ¢, . is defined by [Con00, p. 29, (c)].

Let f = 7" 0" be a third factorization of f through a smooth morphism

7 P — X, let w{f}lx be defined by (A.2.1) using this factorization, and
assume that there exists an X-morphism v : P — P’ such that vo:” =4’ and
such that each of the morphisms v and u o v is either a smooth morphism or a
regular immersion. Then it follows readily from Conrad’s general transitivity

relation for compositions of smooth morphisms and regular immersions [Con00,
(2.2.4)] that

(A.2.3) el P (v) 0 PP (u) = PP (w0 v).

If f = moi = 7’ o4’ are any factorizations as above, let now P’ = P’ x x P,
and let ¢/ : Y — P” be the diagonal immersion and q : P — P,q' : P" — P’
PP . P

the two projections. One defines the canonical isomorphism & Pwyx =

wg y by setting

(A24) SP P = SP P (q/)_l OSP 7p(q).
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Whenever there exists a smooth morphism or a regular immersion v : P’ — P
as above, it follows from (A.2.3) that eF(u) = e*F. One checks similarly
that the isomorphisms epr p satisfy the usual cocycle condition for three fac-
torizations.

Thanks to this cocycle condition, one can then define the invertible sheaf
wy,x even when there does not exist a global factorization f = woi as above, by
choosing local factorizations and glueing the invertible sheaves obtained locally
by the previous construction. By construction, the sheaf wy,x commutes with
Zariski localization and is equipped with a canonical isomorphism for which
we keep the notation ('

(A.2.5) Crit Wyyx — Wy/p Qoy "wp/x
for any factorization f = moi where 7 is a smooth morphism and i is a regular
immersion.

If m is the virtual relative dimension of Y over X, we will need to work
with the complex wy,x[m], which is the single Oy-module wy/x sitting in
degree —m. If f = moi as above, we define in DP(Oy) the isomorphism of
complexes

(A26) ¢l wyxlm] < wyypl—d] So, L (wpyxln)

by (A.2.5) in degree —m, without any sign modification. If f is a smooth
morphism or a regular immersion, this definition is consistent with [Con00,
(2.2.6)]. By [Con00, (1.3.6)], the isomorphism (A.2.6) is equal to the composed
isomorphism

~

(wy/p @L@Oy Li*(wpyx))[m] — (wy,p @L@Oy Li*(wp/x[n]))[—d]

N L .
— wy/p[—d] ®o, Li*(wp/x[n])

w m| ———
vyxml e

and differs from the composed isomorphism

~

—
(A.2.5)[m]

~

(wy/p G0y Li*(wp)x))[m] < (wyp—d Soy Li*(wpyx)l7]

~ L %
— wy/p[—d] ®o, Li*(wp/x[n])

wy/X [m]

by multiplication by (—1)7.

LEMMA A.3. Under the assumptions of Proposition A.1, there exists a
canonical isomorphism
(A31) LU*(LL)y/X) =~ /U*(WY/X) L) WY’/X"

Moreover, if the assumptions of Proposition A.1(ii) are satisfied, the canonical
base change morphism

(A32) L’U,*Rf*(wy/x) — Rfi(wY’/X/)

18 an isomorphism.
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Proof. Since wy,x is invertible, Lv*(wy,x) - v*(wy/x). To prove the
isomorphism (A.3.1), assume first that there exists a factorization f = 7o,
where 7 is smooth and 7 is a regular immersion. Let f' = 7’/ o4’ be the
factorization deduced from f = 7 o4 by base change. Then, if Z and Z' are
the ideals defining ¢ and 4, the Tor-independence assumption implies that the
canonical homomorphism u*(Z/Z?) — Z’/T'? is an isomorphism, which defines
(A.3.1). Tt is easy to check that, for two factorizations of f, the corresponding
isomorphisms are compatible with the identifications (A.2.4). This provides
the isomorphism (A.3.1) in the general case.

When the assumptions of A.1(ii) are satisfied, the isomorphism (A.3.2)

follows from (A.3.1) and (A.1.2). O
A4, Let
Y =Y
f’l lf
X X

be a cartesian square, and assume that
(a) f and u are complete intersection morphisms of relative dimensions m
and n;
(b) X’ and Y are Tor-independent over X.
Then Lemma A.3 provides canonical isomorphisms

v (Wy/x) — Wy x7, [ wxryx) = wyr)y.

One defines the canonical isomorphism

(A41) Xf7u . (,Uy//y ®OY’ ’U*(wY/X) L} (,UY//X/ ®Oyl f/*(le/X)

as being the product by (—1)™" of the composite

wyr )y @0y, v Wy x) — M (wxrx)®0,,wyr xr — Wy x1 @0y, [ (wxr/x),
where the first isomorphism is the product of the previous base change iso-
morphisms and the second one is the usual commutativity isomorphism of the
tensor product (see [Del84, Appendix, (a)] and [Con00, p. 215-216]).

The following relations follow easily from the local description of the iso-
morphisms (} , given in [Con00, p. 30, (a)—~(d)]:

(i) In the above cartesian square, assume that each of the three mor-
phisms u, f, and uwo f' = f owv is either a smooth morphism or a regular im-
mersion. Then, the following isomorphisms wy~, x — wyr /x' @0y, [ (wxr/x)
are equal:

(A.4.2) Chru =Xt Gy
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(ii) Let
Y/ s Y
S
Xrels xrcts x

be a commutative diagram in which the square is cartesian, f is smooth, and
i and u are regular immersions. Then the following isomorphisms
~ ok 3
Wxm/x — Wx/yr ®OX” i (wy//X/) ®OX” 7 (wX//X)

are equal:

(A.4.3) (G @Id) oy = (1d @ j"(xsu)) © (G @ 1d) 0y p-
(iii) Let

/

v v

Y” Y’ Y

N

X" ts x Lo X

be a commutative diagram in which both squares are cartesian, each of the mor-
phisms f, u, v’ and wou' is either a smooth morphism or a regular immersion,
X’ and Y are Tor-independent over X, and X” and Y’ are Tor-independent
over X’ (so that X” and Y are Tor-independent over X and all immersions
are regular). Then the following isomorphisms

Wy y ®OY” (’UU/)*(wy/X) = Wy X ®Oy// f”*(an/X/ ®OX” u'* (wX//X))

are equal:
(Ad4) (Id@ f™ (G ) o X = (Xprw @1d) 0 (A@ V™ (X fu) © (G, @Td).

We will also need to extend the isomorphism Xy, to the derived category.
We define
(A.4.5)

L ~ L %
Xfu : Wy y[n] @o,., Lo (wy,x[m]) —= wyr,x/[m] ®o,, Lf™ (wx/x[n])

by (A.4.1) in degree —(m+n), without any further sign modification. Because
of the sign convention in the commutativity isomorphism for the derived tensor
product [Con00, p. 11], xy,, can also be described as the composite

L ~ . L
wyr v [n] ®o,, Lv*(wy)x[m]) — Lf™ (wx x[n]) @o,,, wyr/x/[m]

~ L *
«———)LL)Y//X/ [m] ®Oy/ Lf, (WX’/X [TL]),
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where the first isomorphism is the tensor product of the base change isomor-
phisms and the second one is the commutativity isomorphism. With this def-
inition, the previous relations (A.4.2)—(A.4.4) remain valid in D®(Oy~).

A.5. We now consider the composition of two complete intersection mor-
phisms f:Y — X, g: Z — Y, and define a canonical isomorphism

(A.5.1) C;,f tWz/x = Wz/y ®OZ g*(wy/X)
extending the isomorphism (A.2.5).

Assume first that there exists a factorization f=m o4, where 7 : P— X
is a smooth morphism, and a factorization ¢ o g=7" o j, where 7" : P — P is
a smooth morphism. (Such factorizations always exist when X, Y and Z are
affine.) Let ' : P’ =Y be the pull-back of 7 so that we get a commutative
diagram

(A5.2)

where the middle square is cartesian. Using (A.2.5) for (j, ), and the isomor-
phisms (}, ;» ® 5*(C/n ), We obtain an isomorphism
wz/x Zwzpr @ (wprx)
— (wz/p @ (wWprypr)) @ j* (wpryp @ T (Wpyx))
:-—) WZ/P’ (%9 i/*(wP//P// & ’L',/*(wP///P)) & g*z*(wp/X)
Using the isomorphism
Xarri : wprypn @ 1" (wpnyp) —— wpryy @ 7' (wyyp)
defined in A4 and ({j, . ® g*(¢f )) ™", we then obtain the composed isomor-
phism
wz/x —wzpr @1 (wpryy @ 7 (wyyp)) ® 971" (Wpyx)
—— (wz/p @7 (wpryy)) @ ¢" (Wyyp @ 1" (Wp/x))
—wyzy © g% (wy/x),
which defines (A.5.1).
To prove that this isomorphism is well defined and to glue the local con-
structions to obtain a global one when a diagram (A.5.2) does not exist globally,

we must check that it does not depend on the chosen factorizations. If we have
two diagrams (A.5.2), with factorizations f = mjoiy, igog = mojj for k = 1,2,
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then we can embed Y diagonally in Py x x P> and Z in P/’ x x Pj. This allows us
to reduce the verification to the case where there exists a smooth X-morphism
uw : Py = Pj such that w o iy = 41, and a smooth morphism u” : PJ — P/
such that 7} o w” = wonf, and j; = u” o jo. Morever, the same argument
shows that we may assume that the morphism Py — P/ xp, P, is smooth.
The verification can then be reduced to the following two cases:

(i) The morphism Py — P{' xp, P, is an isomorphism.

(ii) The morphism P> — P; is an isomorphism.

In each of these cases, the equality of the two definitions of (A.5.1) breaks
down to a succession of elementary commutative diagrams involving isomor-
phisms of the form C}, g and xy,. We omit details here and only point out
that, in addition to [Con00, (2.2.4)], the first case uses relation (A.4.2) and the
second one uses relation (A.4.3). In particular, the sign convention introduced
in the definition of xy, in A.4 is necessary for this independence result.

If m and m’ are the virtual relative dimensions of f and g, we define as
in A.2 the derived category variant of (A.5.1) as being the morphism

(A.5.3) Cop s wzyx[m+m'] == wgzy[m'] @6, Lf*(wy,x[ml),
defined by applying (A.5.1) to the underlying modules (sitting in degree —m
—m'), without any sign modification.

With the definition of ¢, , provided by (A.5.1) (resp. (A.5.3)), we now ex-

tend to complete intersection morphisms Conrad’s transitivity relation [Con00,
(2.2.4)].

PROPOSITION A.6. Let
Ttz Sy Lix
be three complete intersection morphisms. Then
(A.6.1) (Id @ h*(Cy.p)) © Chpg = (Chg @Id) 0 (o -

Proof. As the verification is local on T', we may assume that there exists

/\
/\/\
/\/\/\

a commutative diagram




RATIONAL POINTS OF REGULAR MODELS 493

in which the three squares are cartesian, the morphisms 7, ¢’, ¥” are smooth,
and the immersions 4, i, ¢/ are regular. Using [Con00, (2.2.4)] and the rela-
tion (A.4.4), the proof of (A.6.1) again breaks into a succession of elementary
commutative diagrams that we do not detail here. O

A.7. We now assume that f : Y — X is a complete intersection mor-
phism of (virtual) relative dimension 0 and, under this hypothesis, we define a
section 0y € I'(Y,wy,x) that we call the canonical section.

We first assume that there is a factorization f = woi such that 7 : P — X
is a smooth morphism of relative dimension n and i : Y < P is a regular closed
immersion, necessarily of codimension n since f has relative dimension 0. Let
Z C Op be the ideal defining ¢. The canonical derivation d : Op — Q}D/X
induces an Oy-linear homomorphism d : Z/7? — i*Q}D/X. Taking its n-th
exterior power, we obtain a linear homomorphism

(A.7.1) A" d : NMT)T?) — i*Q”]J/X.
Through the canonical isomorphisms
Homo, (\N"(Z/T7),1* P/x) = (A™(Z/T%)) ®oy Q) x
~ \M(T/T2)Y) ©oy iU x
=Wy/Xx,

it can be seen as a section of wy, x, which is the section dy. If (t1,...,tn) is a
regular sequence of generators of Z on a neighbourhood U of some point y € Y,
then

(A.7.2) 6= A ALY @i (dty A ANdty) € T(U,wy)x),

since the canonical isomorphism (A"(Z/Z?))V = A"((Z/Z?)V) maps (f, A -
AN )Y to ) A ALY

To end the construction of d¢, it suffices to check that the section obtained
in this way does not depend on the chosen factorization. Using the diagonal
embedding, it suffices as usual to compare the sections d; and (5} defined by
two factorizations f = m o4 = 7’ 04’ when there exists a smooth X-morphism

u: P' — P such that w o =i. Let Z’ be the ideal of Y in P’, and let
Wy x = N(T'/T?)Y) ®oy Iy x.

where n’ is the codimension of Y in P’. Then the canonical identification
wy/x = Wg//X is given by (A.2.2) case (a) and, thanks to (A.7.2), the equality
oy = 0 follows from [Con00, p. 30, (a) and (d)].

PRrROPOSITION A.8. Let f:Y — X be a complete intersection morphism
of virtual relative dimension 0.
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(i) Letg:Z —'Y be a second complete intersection morphism of virtual
relative dimension 0. The image of 674 under the isomorphism CE’MC defined in
(A.5.1) is given by

(A.8.1) Co.r(0rg) = 69 ® g™ (0y).
(ii) For any cartesian square (A.1.1), the isomorphism (A.3.1)

v* (WY/X) — Wy’ /X’

maps v*(d¢) to dpr.

Proof. As the first claim is local on Z, we may assume that there exists
a diagram (A.5.2) in which the immersion 7 is defined by a regular sequence
(t1,...,t,) and the immersion j = " o i’ is defined by a regular sequence
(th, ..t t, o t)), with ¢ = 7”*(t;). If we set ¢, = i"*(t}), then ¢’ is
defined by the regular sequence (#,...,t,,). By construction, ds, corresponds
by ¢, to the section

Y A N NEY N ALY @ G (A A At AdET A A dED)

n

of wy/pr ® j*(wpn/x ), which is mapped by (j ;» ® j*(Cr ) to the section
(=)™ (@ A ABVY @ (Y A AEY))
@7 ((dth A+ Adt,) @ (dty A -+ Adty))

Of (LL)Z/P/ X i/*(wP’/P”)) ®j*(wPu/P X W/,*(WP/X)) Then, Via XTI'N,’L" we get the
section
(Y N AR *(dEY A - A ) @7 (Y A - At Y ) @5 7 (dE A - Adty))

of wy pr @i (wpryy) @ i1 (wy/p) ® j*7"*(wp/x), which, by construction,

corresponds by (¢ . ®g*( z{,w))_l to the section 6,®¢*(dy) of wy/y @g* (wy)x)-

The second claim follows from (A.7.2). O

B. The trace morphism 77 on Rf,(Oy)

Let f :' Y — X be a proper complete intersection morphism of virtual
relative dimension 0. This section is devoted to the construction of the “trace
morphism” 77 : Rf.Oy — Ox, derived from the canonical section of wy,x
defined in A.7. The key step is to define an identification Ay between wyx,
as defined in A.2, and f'Ox. The construction is then a straightforward ap-
plication of the relative duality theorem, and the properties of 7, listed in
Theorem 3.1 follow from corresponding properties of d; and Ay.

B.1. For the whole section, we assume that X is a noetherian scheme
with a dualizing complex. If f:Y — X is a morphism of finite type and K*
a residual complex on X, let fAK* be its inverse image on Y in the sense of
residual complexes, which is a residual complex on Y. Then K*® and fAK®
define respectively duality d-functors Dx on D¢, (Ox) and Dy on Deop(Oy ).
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We recall that, following [Con00, 3.3], the functor f': DT, (Ox) — DT, (Oy)
is defined by f' = Dy oL f* o Dx. We also recall that, when f is smooth of rel-
ative dimension m, f*: Dt (Ox) — Dcoh<OY) denotes the functor defined by

coh
(B.1.1) FHE) = wyyx[m] Goy LF(E”)
while, when f is finite, f> : D (Ox) — D}, (Oy) denotes the functor de-
fined by
(B.1.2) F(E) := [ RHomo, (f.Oy, E*),

where f is the (flat) morphism of ringed spaces (Y, Oy) — (X, f.Oy).
Assume now that f : Y — X is a complete intersection morphism of
virtual relative dimension m. We first explain the relation between the relative
dualizing module wy,x defined in the previous section and the extraordinary
inverse image functor f'. We will consider complexes of the form £* = L[r] €
D (Ox), where r € Z is some integer and £ is an invertible Ox-module. For
such a complex, we generalize the above notation f¥, and we again define

(B.1.3) FHE®) = wyyx[m] Goy LFH(E).

We observe that f#(£°) is another complex concentrated in a single degree,
with an invertible cohomology sheaf. We can then construct a canonical iso-
morphism

(B.1.4) Apee t FHET) = f(&°)
as follows.

(a) If fis smooth, then definitions (B.1.1) and (B.1.3) coincide, and we set
(B.1.5) Apee = e fHE") == fI(£°),

where ey is the isomorphism defined by [Con00, (3.3.21)].
(b) If fis a regular immersion, then we define Af ce to be the composition

r d
(B.1.6) Arew s FHE) T P(E0) D FUE,
where 7y is defined by [Con00, (2.5.3)] and d; by [Con00, (3.3.19)].
(c) In the general case, let us assume first that there exists a factorization
f =moi, where m : P — X is a smooth morphism of relative dimension n and

i is a regular immersion of codimension d = n —m. Then we define A ge by
the commutative diagram

(B.1.7) wy/x[m] o, LFE* flee

C{W®Idl~ ~J{c¢,w
i er)

Ayt
wy, pl—d] ®oY Li*mtee —£> L op——— Y SF L

where ¢; » is the transitivity isomorphism [Con00, (3.3.14)].
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This isomorphism is actually independent of the chosen factorization. To
check it, one can argue as in A.2 to reduce the comparison between the iso-
morphisms (B.1.4) defined by two factorizations f = moi = 7/ 0’ to the case
where there is a smooth X-morphism u : P’ — P such that wo¢ = i. It is
then a long but straightforward verification, using various functorialities, the
compatibility between ¢, , and the isomorphism i* ~ i"”uf [Con00, (2.7.4)], the
compatibility between ¢/, and the isomorphism 7'* ~ w*m? [Con00, (2.2.7)],
and the properties (VAR1), (VAR3), and (VARS5) of the functor f* (see [Har66,
ITI, Th. 8.7] and [Con00, p. 139]).

Since f'E* is acyclic outside degree —m — r, a morphism wy/x [m] @F
Lf*€* — f'€* in D(Oy) is simply a module homomorphism wy/x @ f*L —
H""(f'E*). Therefore, in the general case, the previous construction pro-
vides local isomorphisms that can be glued to define a global isomorphism even
if there does not exist a global factorization f = m o4 as above.

When £° = Ox|[0], the isomorphism (B.1.4) will simply be denoted

If f is flat, hence is a CM map, it provides the identification between the
construction of wy,x used in this article and the construction of Conrad for
CM maps [Con00, 3.5, p. 157].

We now give a transitivity property of the isomorphisms Ay ce which gen-
eralizes (B.1.7).

PROPOSITION B.2. Let f:Y — X, g: Z — Y be two complete intersec-
tion morphisms, with virtual relative dimensions m, m', and let £* = L[r] for

some invertible Ox-module L and some integer r. Then the diagram
(B.2.1)

’ L * C® f9,€° | ce
wz/x[m+m'l ®o, L(fg)*E = (f9)'€
C;,f®ld\LN N\ch,f

L A pter . g!()\fyg.) .

wzyy[m'] ®o, Lg* f4E° = g9'fi€ g'1'e

/ L * £ c® gn(A-f’g.) / L * ploe >\-‘7"f!g. I ploe

wzym'| ®o, Lg* fPE* —————wz)y[m'|®o, Lg"fE* ———g '€

commautes.

Proof. The commutativity of the lower part of the diagram is due to the
functoriality of the isomorphism A, with respect to morphisms between two
complexes concentrated in the same degree. We first observe that the commu-
tativity of (B.2.1) is clear in the following cases:
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(a) If f is smooth and g is a closed immersion, the diagram is (B.1.7),
which commutes by construction.

(b) If f and g are smooth, the isomorphism (fg)* 2 g% f* is defined by C;J.
Hence, the commutativity of (B.2.1) is the compatibility of the isomorphisms
e with composition, i.e., property (VAR3) of the functor f' [Con00, p. 139).

(c) If f and g are regular immersions, then isomorphisms such as 77, com-
mute with ¢,  and ¢y y [Con00, Th. 2.5.1], and the commutativity of (B.2.1)
follows from the compatibility of the isomorphisms dy with composition, i.e.,
property (VAR2) of the functor f' [Con00, p. 139].

We will also use the following remark. Let h : T'— Z be a third complete
intersection morphism, yielding the four couples of composable complete in-
tersection morphisms (h, g), (g, f), (gh, f), and (h, fg). Then, if the diagrams
(B.2.1) for the couples (h,g) and (g, f) are commutative, the commutativity
of (B.2.1) for (gh, f) is equivalent to the commutativity of (B.2.1) for (h, fg).
This is a consequence of (A.6.1) and of the compatibility of the isomorphisms
cg.¢ with triple composites (i.e., property (VARI) of the functor f' [Con00,
p. 139]).

In the general case, the complexes entering in (B.2.1) are concentrated in
the same degree; hence, its commutativity can be checked locally. So we may
assume that there exists a diagram (A.5.2). Thanks to the three particular
cases listed above, one can then deduce the commutativity of (B.2.1) for (f,g)
from the commutativity of (B.2.1) for (n’,4), by applying the previous remark
successively to the triples (¢/,i",7"), ("', «",7), (i',7',4), and (g,4, 7).

To prove the commutativity of (B.2.1) for (7/,4), we use the factorization
ion’ = n" 01" to define i g. Let d be the codimension of Y in P and n’
the relative dimension of P” over P. Then, if £ is a complex on P as in B.1,
(B.2.1) for (7’,i) is made of the exterior composites in the following diagram:
(B.2.2)

L
UJpl/p[’rL/ - d] ® L(?:Tl'/)*g.

¢ i®id/ Mﬂ.u®ld

nk Lo peyni®ld Lo nE ice

- —1
~ 7T/ﬁ("7i 1) Mor | ™
7"/”(&:,5') ,/T/ﬁibgo ,L'//b,n_//ﬁgo )‘i”,w”ﬁs'
~ ﬂ-/ﬁ(di) dirr | ~
-l -1
ﬂ_/ul.go Z//.ﬂ.//jigo
~ eﬂ/=)\ﬂ_/,i1£. i”!()\ﬂ_,,’g.):i”!(eﬂ_u) ~

ﬂ_/!i!go ~ (iﬂ_/)!go — (F//i//)!g' ~ ’L'H!Td'//!g'.

C‘rr/,'i Cill l!



498 PIERRE BERTHELOT, HELENE ESNAULT, and KAY RULLING

Here, the middle horizontal arrow is the standard isomorphism [Con00, Lemma
2.7.3], and the lower rectangle commutes thanks to property (VAR4) of the
functor f' [Con00, Theorem 3.3.1]. The upper triangle commutes thanks to
(A.4.2). To check the commutativity of the middle rectangle, one observes
on the one hand that 7; commutes with the flat base change 7 and that
ni» commutes with tensorization by the invertible sheaf wpn p (see [Con00,
last paragraph of p. 54]). On the other hand, n;» commutes also with the
translation by n’, provided that the convention [Con00, (1.3.6)] is used for the
commutation of the tensor product with translations applied to the second
argument (see the discussion on [Con00, p. 53]). Here, this requires multipli-
cation by (—1)% on wpr/pr @1 *wpnp, since wps pr sits in degree d. As this
is the sign entering in the definition of x,~ ;, this ends the proof. O

B.3. Assume now that f is proper. Asin B.1, let £* = L[r] € D2, (Ox),
L being an invertible Ox-module and r an integer. Using (B.1.4), we can
define the trace morphism Trﬁ’g. on Rf.ffE® = Rf. (wyx[m] ®éY Lf*E®) as
the composite

Rf.Oe0)
e

(B.3.1) Tré oo : RS SIE° Rf.flee 2o g

where Try denotes the classical trace morphism defined in [Har66, VII, Cor. 3.4]
and [Con00, 3.4]. When £* = Ox|0], we will use the shorter notation

(B.3.2) Tef : Rfu(wy)x[m]) = Ox.

We first give some basic properties of the morphism Tr ﬁ

LEmMA B.4. With the previous hypotheses, let
(B.4.1)

Hpen : RE(wy x[m]) Goy €@ — Rfu(wy)x[m] Go, LFE) = Rf.f€°

be the isomorphism given by the projection formula [Har66, I1, Prop. 5.6]. Then
the diagram

Hye

L .
(B.4.2) Rf.(wy/x[m]) @0y € ————— Rf.f**
Trjf@Id o Trﬁ .
commutes.

Proof. When f is flat, it suffices to invoke [Con00, Th. 4.4.1]. Since we
make no such assumption on f, we give a direct argument that is made a lot
simpler by the very special nature of the complex £°.
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Using the fact that £ = L[r], with £ invertible, one easily sees that there
is a canonical isomorphism that commutes with translations acting on £°

~

L
(B.4.3) f'Ox ®o, LfFE = fl&°.
On the other hand, we have by definition a canonical isomorphism

~

L
(B.4.4) ffOx oy, LfFES = fre*
that also commutes with translations. A first observation is that the diagram

L (B 44)
(B.4.5) ffOx ®o, Lf*E* fiee
Af@Idl/N Nl)‘f,g-
\ L (B.4.3)
f'0x ®o, Lf*€® ———— f'&°
commutes. Indeed, all complexes are concentrated in the same degree m — r.
Hence, the verification can be done locally. This allows us to assume that
L = Ox, which reduces the verification to the commutation of the vertical
arrows with translations acting on £°. This now follows from the fact that
the isomorphisms ey, 7y and d; used in the construction of Ay commute with
translations.
Applying Rf, to this diagram and using the functoriality of the projection
formula isomorphism, the proof is reduced to proving the commutativity of the
diagram

(B43
(BA6)  Rff'Ox Goy € —2= RE(f'Ox Go, Lie") C2Y gy plee

Trf®ld /

where vy is the projection formula isomorphism. As all morphisms of the
diagram commute with translations, we may assume that » = 0. We recall
that Try is defined as the morphism of functors defined by the composite

TI‘fK
) ——

Rf.f'() == RHomo, (Dx(-), f [AK) —L5% RHomo, (Dx(-), K) «= 1d,

where the first isomorphism follows from the definition of f' and the adjunction
between Lf* and Rf,, the second morphism is defined by the trace morphism
for residual complexes Try -, and the last isomorphism is the local biduality
isomorphism (see [Con00, p. 146]). Each of these morphisms has a natural
compatibility with respect to the tensor product of the argument by an invert-
ible sheaf. Putting together these compatibilities yields the commutativity of
(B.4.6). O
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ProroOSITION B.5. Let g: Z — Y be a second proper complete intersec-

tion morphism, with virtual relative dimension m’. Then the diagram
(B.5.1)

Rf-Rg.(C, ;)

Rf.Rg. (WZ/X [m/ + m]) Rf.Rg. (WZ/Y [m/] é(’)z Lg* (WY/X [m}))

L
Trf, Rf«(Rg«(wz/y[m']) ®oy wy)x[m])
lR f+(Trl@ld)
Trf

Ox Rf(wy/x[m])

(where the second isomorphism is given by the projection formula) is commu-
tative.

Proof. Tt follows from Lemma B.4 that the right vertical arrow is equal to
the morphism

#
9wy x[m

]

Rfi(wy x[m]).
Then, using adjunction between Rf, and f', and adjunction between Rg, and
g', one sees that the commutativity of (B.5.1) is equivalent to the commuta-
tivity of (B.2.1). O

Rf.Rg.(wzy[m'] ® g*(wy/x[m]))

ProrosITION B.6. With the hypotheses of Proposition A.1 assume, in
addition, that X and X' are noetherian schemes with dualizing complezes, and
that one of the following conditions is satisfied:

(a) f is projective;
(b) f is proper and wu is residually stable [Con00, p. 132];
(c) f is proper and flat.

Then the triangle

(B.6.1) Lu* R fu(wy,x[m])
W)
(A.3.2) | ~ Ox
Trl?,

Rf(wyr/x/[m])
s commutative.

Proof of Case (a). We can choose a factorization f = moi, where 7w : P— X
is the structural morphism of some projective space P = P over X, and ¢
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is a regular immersion of codimension d = n —m. Let f' = 7’ o4’ be the
factorization of f’ defined by base change, with 7’ : P/ = P%, — X', and let
w : P’ — P be the projection.

The isomorphisms (] and ¢}, ., are clearly compatible with the base
change isomorphisms (A.3.1) relative to f and w, and the same holds for
JxIn)> and the base
change isomorphisms (A.3.1) relative to ¢ and w. Then, using Proposition B.5,
one sees that it suffices to prove the proposition for f =i and for f = 7.

When f =7 :P% — X, let Xp,...,X, be the canonical coordinates on
P%, and let z; = X;/Xo, 1 <i < n. If il is the relatively affine covering of P%
defined by X, ..., X,, the corresponding alternating Cech resolution provides

the projection formula isomorphisms i, , /x[n] and pr g,

a canonical isomorphism
(B.6.2) FAC (hwpyx)[n]) <= Rf.(wpyx[n]).

Recall that e, : ¥ = 7' identifies the trace morphism for projective spaces
Trp, with the general trace morphism Tr; [Con00, Lemma 3.4.3, (TRA3)].
Then the commutativity of (B.6.1) for m follows from the fact that, thanks
to (6.6.2), Trp,. can be characterized as the only morphism that, via (B.6.2),
induces on H° the map sending the cohomology class dzy A--- Adxp/z1 - Ty
to (_l)n(nfl)/2_

When f =i:Y < P, recall that d; : * = ¢' identifies the trace morphism
for finite morphisms Trf; with the general trace morphism Tr; [Con00, Lemma
3.4.3, (TRA2)], and recall that Trf; : RHomo,(Oy,Op) — Op is the canonical
morphism induced by Op — Oy . Using local cohomology with supports in Y,
it can be factorized as

(B.6.3) Trfi : RHOTTL(')P (Oy, Op) — Rzy(OP) — OP.
On the other hand, there exists a canonical morphism
(B.6.4) Lw*RLy (Op) — RLy/(Opr),

which is an isomorphism. To check this, it suffices to choose a finite affine
covering U of V.= P \'Y and to identify R['y(Op) with its flat resolution
provided by the total complex

OP — ]*C(mv OV))

where j denotes the inclusion of V in P and Op sits in degree 0. Moreover,
this shows that the diagram

L'w*Rzy(Op) —— Lw*(Op)

Nl lw

Ry (Op) Op
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commutes. Therefore, it suffices to prove the commutativity of the diagram

(B.6.5) Lw*i*(a)y/p[—d]) — Lw*Rly (Op)
wy/pr[—d] RLy(Op).

Since Y/ < P’ is a regular immersion of codimension d, all complexes in this
diagram are acyclic except in degree d, so that, up to translation by —d, the
diagram is actually a diagram of morphisms of Op/-modules. It follows that
its commutativity can be checked locally on P’. Thus, we may assume that
P is affine and that the ideal Z of Y in P is generated by a regular sequence
t1,...,tq. Then, the ideal Z’ of Y' in P’ is generated by the images t/,...,t,
of t1,...,ty in Ops, which form a regular sequence. Let U = (Vi,...,V})
be the open covering of P\ Y defined by the sequence (ti,...,t;7). For any
section a € I'(P, Op), let us still denote by a/t; - - - t4 the image of a/t; ---t4 €
I'(Vin---NVg Op) under the canonical homomorphisms

T(Vin---NVy,Op) = HTHP\Y,0p) = HL(P,0p) = T(P,H{ (Op)).
Then the canonical morphism
wy/p — &ty (Oy,O0p) — HE(Op)

maps (7 A -+ Aty) ® a to e(d)a/ty - -tq, where e(d) € {£1} only depends
upon d (see [Con00, p. 252-254]). The commutativity of (B.6.5) follows. [

Proof of Case (b). When wu is residually stable, the diagram analogous to
(B.6.1) commutes, thanks to [Con00, 3.4.3, (TRA4)]. Moreover, the isomor-
phisms e, and d; entering in the local definition of Ay in B.1.4(c) also commute
with base change by u, thanks to [Con00, p. 139, (VARG)]. Then it suffice to
observe that 7; commutes with flat base change, which is clear. (|

Proof of Case (c). When f is flat, f is a CM map, and the results of
[Con00, 3.5 —3.6] can be applied. Then the commutativity of (B.6.1) follows
from [Con00, Th. 3.6.5], provided one checks that s identifies the base change
isomorphism (A.3.1) for wy,x with the more subtle base change isomorphism
Bfu for wy defined in [Con00, Th. 3.6.1]. As we will not use Case (c) in this
article, we leave the details to the reader. ([l

B.7. Let X be a noetherian scheme with a dualizing complex, and f :
Y — X a proper complete intersection morphism of virtual relative dimen-

sion 0. In DP, (X) one can define a “trace morphism”

(B.7.1) 7t Rf(Oy) — Ox
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as follows. Thanks to the relative duality theorem (see [Har66, VII, 3.4] or
[Con00, Th. 3.4.4]), defining 7y is equivalent to defining a morphism Oy —
f'Ox. Using the isomorphism A f, this is also equivalent to defining a morphism

(B.7.2) wr - Oy — wy/X,

i.e., a section of the invertible sheaf wy,x. We define ¢ as being the morphism
that maps 1 to the canonical section d; of wy,x, defined in A.7.

From this construction, it follows that the morphism 7; can be described
equivalently either as the composition

Rfx(Afopy
—_—

(B.7.3) T Rf*(Oy) ) Rf*(f!OX) h Ox,

or as the composition

Rf. Ty é
(B.7.4) 7t RE(Oy) 2290 Ry x) —5 Ox,

where Trﬁ is the trace map defined in (B.3.1).

Before proving Theorem 3.1, we relate 7y to the residue symbol defined
in [Con00, (A.1.4)] (which differs by a sign from Hartshorne’s definition in
[Har66]).

ProrosiTION B.8. With the hypotheses of B.7 assume, in addition, that
f is finite and flat and that f = woi, where w is smooth of relative dimension d
and i is a closed immersion, globally defined by a regular sequence (t1,...,tq)
of sections of Op. Then, for any section a of Op, with reduction a on Y, we
have

adti \--- Ndtg

(B.8.1) 7p(a) = Resp/x { toooty

Proof. Let w = adt; A --- Adty. By construction, the residue symbol is
given by

w _
(B82) RGSP/X |: ety :| = (—1)d(d 1)/2 (Pw(l)y

where ¢, : f,Oy — Ox is the image of (1] A- - At} )®i*(w) by the isomorphism
of complexes concentrated in degree 0 [Con00, (A.1.3)]:

—1

L -1 ¥, -
(BSS) wY/p[—d] ®OY LZ*(WP/X[d]) UZT> ibWﬁOX T’> beX

Here, f°Ox = Homo, (f«Oy,Ox), viewed as a Oy-module, and 1);  is the
canonical isomorphism of functors f> —— i’zf. Since Trf ¢ is the morphism
fsHomo (f«Oy,Ox) — Ox given by evaluation at 1, we can use the isomor-
phism dy : 7”5 f' and the equality Trofi(ds)=Trfs [Con00, 3.4.3, (TRA2)]
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to write
(B.8.4)

w

} = (=)™ Trp(fuldgoty on; (Y A - At 0" ().

On the other hand, by definition, we have
Ca(0p) = (=D)MD2 4 A At @i (dt A Adtg),
so from (B.7.3), we deduce the equality
77(@) =Trp(fo(As 0 95)(@))
= (=)™ DR Trp(fule ot (en) o diom N A Aty @ (w))).
Therefore, it suffices to check that
dyso wz_’# = CZ_J% o i!(ew) od;,

and this results from (VARS5) [Con00, (3.3.26)]. O

R
OSPIX | 4t

B.9.  Proof of Theorem 3.1.
(i) The transitivity formula (3.1.1) is the equality of the exterior com-
posites in the diagram

Rf.Rg.(pg)
Rf*Rg*OZ Rf*Rg*wZ/Y
Rf«Rg«(¢fg) Rf. Rg*(Id®Lg*(</>f))i
Rf.Rg.« (C;f) L "
Rf.Rgwwz x —————— Rf.Rg.«(wz/y ®o, Lg*wy x)
L
T, Rf.((Rg:wz/v) ®oy wy/x)
Rf.(Tr}®Id)
Tr# Rf.
Ox d Rfiwy/x wr) Rf. Oy,

where the upper left square commutes thanks to (A.8.1), the lower left square
is the commutative square (B.5.1), and the right triangle commutes by func-
toriality.

(i) Thanks to Proposition B.6 and to the description (B.7.4) of 7¢, the
assertion follows from the compatibility of the canonical section §; with Tor-
independent pull-backs (proved in Proposition A.8(ii)) and the functoriality of
the base change morphism.

(iii) To prove (3.1.3), it suffices to prove that the equality holds in the
henselization (’)1}(79& of the local ring of X at each point x. As the morphism
Spec (’)1)1(796 — X is residually stable [Con00, p. 132], Proposition B.6 and the
commutation with base change of the classical trace map for the finite locally
free algebra f,Oy allow to assume that X = Spec A, where A is a henselian,
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noetherian local ring. Then Y is a disjoint union of open subschemes Y; =
Spec B;, where B; is a finite local algebra over A. Each of the morphisms
Y; — X is a complete intersection morphism of virtual relative dimension 0
(since this is a local condition on Y), and the additivity of the trace (valid
both for Try, hence for 7¢, and for tracey, o, j0,) shows that it suffices to
prove (3.1.3) for each morphism Y; — X. So we may assume that B is local.
We can choose a presentation B = C'/I, where C' is a smooth A-algebra and I
is an ideal in C. Let P = SpecC, Z = IOp, and let y € Y C P be the closed
point. Then Z, is generated by a regular sequence (t1,...,tq). Shrinking P
if necessary, we may assume that ¢1,...,tg generate Z globally on P, so that
the hypotheses of B.8 are satisfied. Then (3.1.3) follows from (B.8.1) and from
property (R6) of the residue symbol [Con00, p. 240]. O

References

[Ax64] J. AX, Zeroes of polynomials over finite fields, Amer. J. Math. 86
(1964), 255-261. MR 0160775. Zbl 0121 .02003. http://dx.doi.org/10.2307/
2373163.

[Ber74] P. BERTHELOT, Cohomologie Cristalline des Schémas de Caractéristique
p > 0, Lecture Notes in Math. 407, Springer-Verlag, New York, 1974.
MR 0384804. Zbl 0298.14012. http://dx.doi.org/10.1007/BFb0068636.

[BBEO7] P. BERTHELOT, S. BLOCH, and H. ESNAULT, On Witt vector cohomology
for singular varieties, Compos. Math. 143 (2007), 363-392. MR 2309991.
7Zbl 1213.14040.

[BO78] P. BERTHELOT and A. OGus, Notes on Crystalline Cohomology, Princeton
Univ. Press, Princeton, N.J., 1978. MR 0491705. Zbl 0383.14010.

[Bou70] N. BOURBAKI, Eléments de mathématique. Algébre. Chapitres 1 a 3, Her-
mann, Paris, 1970. MR 0274237. Zbl 0211.02401.

[CT03] B. CHIARELLOTTO and N. Tsuzuki, Cohomological descent of rigid co-
homology for étale coverings, Rend. Sem. Mat. Univ. Padova 109 (2003),
63-215. MR 1997987. Zbl 1167.14306. Available at http://www.numdam.
org/item?id=RSMUP_2003_.109__63_0.

[Con00] B. CONRAD, Grothendieck Duality and Base Change, Lecture Notes in Math.
1750, Springer-Verlag, New York, 2000. MR 1804902. Zbl 0992.14001.
http://dx.doi.org/10.1007 /b75857.

[DJ96] A. J. DE JONG, Smoothness, semi-stability and alterations, Inst. Hautes
Etudes Sci. Publ. Math. 83 (1996), 51-93. MR 1423020. Zbl 0916.14005.
http://dx.doi.org/10.1007 /BF02698644.

[Del71]  P. DELIGNE, Théorie de Hodge. II, Inst. Hautes Etudes Sci. Publ. Math.
40 (1971), 5-57. MR 0498551. Zbl 0219.14007. http://dx.doi.org/10.1007/
BF02684692.

, Théorie de Hodge. III, Inst. Hautes Etudes Sci. Publ. Math. 44

(1974), 5-77. MR 0498552. Zbl 0237.14003. http://dx.doi.org/10.1007/

BF02685881.

[Del74]



http://www.ams.org/mathscinet-getitem?mr=0160775
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0121.02003
http://dx.doi.org/10.2307/2373163
http://dx.doi.org/10.2307/2373163
http://www.ams.org/mathscinet-getitem?mr=0384804
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0298.14012
http://dx.doi.org/10.1007/BFb0068636
http://www.ams.org/mathscinet-getitem?mr=2309991
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1213.14040
http://www.ams.org/mathscinet-getitem?mr=0491705
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0383.14010
http://www.ams.org/mathscinet-getitem?mr=0274237
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0211.02401
http://www.ams.org/mathscinet-getitem?mr=1997987
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1167.14306
http://www.numdam.org/item?id=RSMUP_2003__109__63_0
http://www.numdam.org/item?id=RSMUP_2003__109__63_0
http://www.ams.org/mathscinet-getitem?mr=1804902
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0992.14001
http://dx.doi.org/10.1007/b75857
http://www.ams.org/mathscinet-getitem?mr=1423020
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0916.14005
http://dx.doi.org/10.1007/BF02698644
http://www.ams.org/mathscinet-getitem?mr=0498551
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0219.14007
http://dx.doi.org/10.1007/BF02684692
http://dx.doi.org/10.1007/BF02684692
http://www.ams.org/mathscinet-getitem?mr=0498552
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0237.14003
http://dx.doi.org/10.1007/BF02685881
http://dx.doi.org/10.1007/BF02685881

506

[Del84]

[Dwo64]

[Eke84]

[EZ78]

[Esn06]

[Fon94|

[Grs85]

[Grt69]

[Har66]

[Hyo91]

[HK94]

[M171]

[1179]

[11190]

PIERRE BERTHELOT, HELENE ESNAULT, and KAY RULLING

P. DELIGNE, Intégration sur un cycle évanescent, Invent. Math. 76
(1984), 129-143. MR 0739629. Zbl 0538.13007. http://dx.doi.org/10.1007/
BF01388496.

B. DWORK, On the zeta function of a hypersurface. II, Ann. of Math. 80
(1964), 227-299. MR 0188215. Zbl 0173.48601. http://dx.doi.org/10.2307/
1970392.

T. EKEDAHL, On the multiplicative properties of the de Rham—-Witt com-
plex. I, Ark. Mat. 22 (1984), 185-239. MR 0765411. Zbl 0575.14016.
http://dx.doi.org/10.1007/BF02384380.

F. EL ZEIN, Complexe Dualisant et Applications a la Classe Fondamentale
d’un Cycle, Mém. Soc. Math. France 58, 1978. MR 0518299. Zbl 0388.
14002.

H. EsNauLT, Deligne’s integrality theorem in unequal characteristic and
rational points over finite fields, Ann. of Math. 164 (2006), 715-730.
MR 2247971. Zbl 1111.14011. http://dx.doi.org/10.4007/annals.2006.164.
715.

J.-M. FONTAINE, Représentations p-adiques semi-stables, in Périodes p-
Adiques (Bures-sur-Yvette, 1988), Astérisque 223, 1994, pp. 113-184.
MR 1293972. Zbl 0865.14009.

M. GRros, Classes de Chern et Classes de Cycles en Cohomologie de Hodge-
Witt Logarithmique, Mém. Soc. Math. France 21, 1985. MR 0844488.
Zbl 0615.14011. Available at http://www.numdam.org/item?id=MSMF_
1985.2.21_1.0.

A. GROTHENDIECK, Hodge’s general conjecture is false for trivial reasons,
Topology 8 (1969), 299-303. MR 0252404. Zbl 0177.49002. http://dx.doi.
org/10.1016,/0040-9383(69)90016-0.

R. HARTSHORNE, Residues and Dwuality, Lecture Notes in Math 20,
Springer-Verlag, New York, 1966. MR 0222093. Zbl 0212.26101. http:
//dx.doi.org/10.1007/BFb0080482.

O. Hyopo, On the de Rham-Witt complex attached to a semi-stable fam-
ily, Compositio Math. 78 (1991), 241-260. MR 1106296. Zbl 0742.14015.
Available at http://www.numdam.org/item?id=CM_1991_.78_3_241_0.

O. Hyopo and K. KATO, Semi-stable reduction and crystalline cohomol-
ogy with logarithmic poles, in Périodes p-Adiques (Bures-sur-Yvette, 1988),
Astérisque 223, 1994, pp. 221-268. MR 1293974. Zbl 0852.14004.

L. ILLusie, Complexe Cotangent et Déformations. I, Lecture Notes in Math.
239, Springer-Verlag, New York, 1971. MR 0491680. Zbl 0224 .13014. http:
//dx.doi.org/10.1007/BFb0059052.

, Complexe de de Rham-Witt et cohomologie cristalline, Ann. Sci.
Ecole Norm. Sup. 12 (1979), 501-661. MR 0565469. Zbl 0436.14007. Avail-
able at http://www.numdam.org/item?id=ASENS_1979_4_12_4 501_0.

,  Ordinarité des intersections completes générales, in The
Grothendieck Festschrift, Vol. II, Progr. Math. 87, Birkhduser, Boston, MA,
1990, pp. 376-405. MR 1106904. Zbl 0728.14021.



http://www.ams.org/mathscinet-getitem?mr=0739629
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0538.13007
http://dx.doi.org/10.1007/BF01388496
http://dx.doi.org/10.1007/BF01388496
http://www.ams.org/mathscinet-getitem?mr=0188215
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0173.48601
http://dx.doi.org/10.2307/1970392
http://dx.doi.org/10.2307/1970392
http://www.ams.org/mathscinet-getitem?mr=0765411
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0575.14016
http://dx.doi.org/10.1007/BF02384380
http://www.ams.org/mathscinet-getitem?mr=0518299
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0388.14002
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0388.14002
http://www.ams.org/mathscinet-getitem?mr=2247971
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1111.14011
http://dx.doi.org/10.4007/annals.2006.164.715
http://dx.doi.org/10.4007/annals.2006.164.715
http://www.ams.org/mathscinet-getitem?mr=1293972
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0865.14009
http://www.ams.org/mathscinet-getitem?mr=0844488
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0615.14011
http://www.numdam.org/item?id=MSMF_1985_2_21__1_0
http://www.numdam.org/item?id=MSMF_1985_2_21__1_0
http://www.ams.org/mathscinet-getitem?mr=0252404
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0177.49002
http://dx.doi.org/10.1016/0040-9383(69)90016-0
http://dx.doi.org/10.1016/0040-9383(69)90016-0
http://www.ams.org/mathscinet-getitem?mr=0222093
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0212.26101
http://dx.doi.org/10.1007/BFb0080482
http://dx.doi.org/10.1007/BFb0080482
http://www.ams.org/mathscinet-getitem?mr=1106296
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0742.14015
http://www.numdam.org/item?id=CM_1991__78_3_241_0
http://www.ams.org/mathscinet-getitem?mr=1293974
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0852.14004
http://www.ams.org/mathscinet-getitem?mr=0491680
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0224.13014
http://dx.doi.org/10.1007/BFb0059052
http://dx.doi.org/10.1007/BFb0059052
http://www.ams.org/mathscinet-getitem?mr=0565469
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0436.14007
http://www.numdam.org/item?id=ASENS_1979_4_12_4_501_0
http://www.ams.org/mathscinet-getitem?mr=1106904
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0728.14021

[11106]

[IR83]

[Kat89]

[Ktz71]

[KM76]

[LZ04]

[Lor02]

[Maz72]

[Maz73]

[Nako9)]
[O1s07]

[Ray70]

[Ser58]

[SGAI]

RATIONAL POINTS OF REGULAR MODELS 507

L. TLLusie, Miscellany on traces in f-adic cohomology: a survey, Jpn. J.
Math. 1 (2006), 107-136. MR 2261063. Zbl 1156.14309. http://dx.doi.org/
10.1007/s11537-006-0504-3.

L. ILLUsIE and M. RAYNAUD, Les suites spectrales associées au complexe
de de Rham-Witt, Inst. Hautes Etudes Sci. Publ. Math. 57 (1983), 73-212.
MR 0699058. Zbl 0538.14012. http://dx.doi.org/10.1007 /BF02698774.

K. KaTo, Logarithmic structures of Fontaine-Illusie, in Algebraic Analysis,
Geometry, and Number Theory (Baltimore, MD, 1988), Johns Hopkins Univ.
Press, Baltimore, MD, 1989, pp. 191-224. MR 1463703. Zbl 0776.14004.
N. M. Karz, On a theorem of Ax, Amer. J. Math. 93 (1971), 485-499.
MR, 0288099. Zbl 0237.12012.

F. F. KNUDSEN and D. MUMFORD, The projectivity of the moduli space of
stable curves. I. Preliminaries on “det” and “Div”, Math. Scand. 39 (1976),
19-55. MR 0437541. Zbl 0343.14008.

A. LANGER and T. ZINK, De Rham-Witt cohomology for a proper and
smooth morphism, J. Inst. Math. Jussieu 3 (2004), 231-314. MR 2055710.
Zbl 1100.14506. http://dx.doi.org/10.1017/S1474748004000088.

P. LoORENZON, Logarithmic Hodge-Witt forms and Hyodo-Kato coho-
mology, J. Algebra 249 (2002), 247-265. MR 1901158. Zbl 1085.14506.
http://dx.doi.org/10.1006 /jabr.2001.8802.

B. MAZUR, Frobenius and the Hodge filtration, Bull. Amer. Math. Soc. 78
(1972), 653-667. MR. 0330169. Zbl 0258.14006. http://dx.doi.org/10.1090/
S0002-9904-1972-12976-8.

, Frobenius and the Hodge filtration (estimates), Ann. of Math. 98
(1973), 58-95. MR 0321932. Zbl 0261.14005. http://dx.doi.org/10.2307/
1970906.

Y. NAKKAJIMA, Weight filtration and slope filtration on the rigid cohomol-
ogy of a variety, 2009, to appear in Mém. Soc. Math. France.

M. C. OLssON, Crystalline Cohomology of Algebraic Stacks and Hyodo-Kato
Cohomology, Astérisque 316, 2007. MR, 2451400. Zbl 1199.14006.

M. RAYNAUD, Spécialisation du foncteur de Picard, Inst. Hautes Etudes
Sci. Publ. Math. 38 (1970), 27-76. MR, 0282993. Zbl 0207.51602. http:
//dx.doi.org/10.1007/BF02684651.

J.-P. SERRE, Sur la topologie des variétés algébriques en caractéristique p, in
Symposium Internacional de Topologia Algebraica [International Symposium
on Algebraic Topology], Universidad Nacional Auténoma de México and
UNESCO, Mexico City, 1958, pp. 24-53. MR 0098097. Zbl 0098.13103.
Revétements Etales et Groupe Fondamental, Lecture Notes in Math. 224,
Springer-Verlag, New York, 1971, Séminaire de Géométrie Algébrique du
Bois Marie 1960-1961 (SGA 1), Dirigé par Alexandre Grothendieck. Aug-
menté de deux exposés de M. Raynaud. MR 0354651. http://dx.doi.org/10.
1007/BFb0058656.

[SGA4II] Théorie des Topos et Cohomologie Etale des Schémas. Tome 2, Lec-

ture Notes in Math. 270, Springer-Verlag, New York, 1972, Séminaire


http://www.ams.org/mathscinet-getitem?mr=2261063
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1156.14309
http://dx.doi.org/10.1007/s11537-006-0504-3
http://dx.doi.org/10.1007/s11537-006-0504-3
http://www.ams.org/mathscinet-getitem?mr=0699058
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0538.14012
http://dx.doi.org/10.1007/BF02698774
http://www.ams.org/mathscinet-getitem?mr=1463703
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0776.14004
http://www.ams.org/mathscinet-getitem?mr=0288099
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0237.12012
http://www.ams.org/mathscinet-getitem?mr=0437541
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0343.14008
http://www.ams.org/mathscinet-getitem?mr=2055710
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1100.14506
http://dx.doi.org/10.1017/S1474748004000088
http://www.ams.org/mathscinet-getitem?mr=1901158
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1085.14506
http://dx.doi.org/10.1006/jabr.2001.8802
http://www.ams.org/mathscinet-getitem?mr=0330169
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0258.14006
http://dx.doi.org/10.1090/S0002-9904-1972-12976-8
http://dx.doi.org/10.1090/S0002-9904-1972-12976-8
http://www.ams.org/mathscinet-getitem?mr=0321932
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0261.14005
http://dx.doi.org/10.2307/1970906
http://dx.doi.org/10.2307/1970906
http://www.ams.org/mathscinet-getitem?mr=2451400
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1199.14006
http://www.ams.org/mathscinet-getitem?mr=0282993
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0207.51602
http://dx.doi.org/10.1007/BF02684651
http://dx.doi.org/10.1007/BF02684651
http://www.ams.org/mathscinet-getitem?mr=0098097
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0098.13103
http://www.ams.org/mathscinet-getitem?mr=0354651
http://dx.doi.org/10.1007/BFb0058656
http://dx.doi.org/10.1007/BFb0058656

508

[SGA41]

[SGAG]

PIERRE BERTHELOT, HELENE ESNAULT, and KAY RULLING

de Géométrie Algébrique du Bois-Marie 1963-1964 (SGA 4), Dirigé par
M. Artin, A. Grothendieck et J. L. Verdier. Avec la collaboration de N.
Bourbaki, P. Deligne et B. Saint-Donat. MR 0354653. Zbl 0237.00012.
http://dx.doi.org/10.1007/BFb0061319.

P. DELIGNE, Cohomologie Etale, Lecture Notes in Math. 569, Springer-
Verlag, New York, 1977, Séminaire de Géométrie Algébrique du Bois-Marie
SGA 4%, Avec la collaboration de J. F. Boutot, A. Grothendieck, L. Illusie
et J. L. Verdier. MR 0463174. Zbl 0349.14008. http://dx.doi.org/10.1007/
BFb0091516.

Théorie des Intersections et Théoréme de Riemann-Roch, Lecture Notes
in Math. 225, Springer-Verlag, New York, 1971, Séminaire de Géométrie
Algébrique du Bois-Marie 1966-1967 (SGA 6), Dirigé par P. Berthelot,
A. Grothendieck et L. Illusie. Avec la collaboration de D. Ferrand, J. P.
Jouanolou, O. Jussila, S. Kleiman, M. Raynaud et J. P. Serre. MR 0354655.
Zbl 0218.14001. http://dx.doi.org/10.1007/BFb0066283.

[SGATII] Groupes de Monodromie en Géométrie Algébrique. II, Lecture Notes in

[Tsu98]

[Tsu99]

[Tsu04]

Math. 340, Springer-Verlag, New York, 1973, Séminaire de Géométrie
Algébrique du Bois-Marie 1967-1969 (SGA 7 II), Dirigé par P. Deligne
et N. Katz. MR 0354657. Zbl 0258.00005. http://dx.doi.org/10.1007/
BFb0060505.

T. TsuJi, p-adic Hodge theory in the semi-stable reduction case, in Pro-
ceedings of the International Congress of Mathematicians, Vol. IT (Berlin,
1998), Doc. Math. extra volume II, 1998, pp. 207-216. MR 1648071.
7Zbl 0937.14011.

, p-adic étale cohomology and crystalline cohomology in the semi-
stable reduction case, Invent. Math. 137 (1999), 233-411. MR 1705837.
Zbl 0945.14008. http://dx.doi.org/10.1007/s002220050330.

N. Tsuzuki, Cohomological descent in rigid cohomology, in Geometric As-
pects of Dwork Theory. Vol. I, II, Walter de Gruyter GmbH & Co. KG,
Berlin, 2004, pp. 931-981. MR 2099093. Zbl 1073.14026. http://dx.doi.
org/10.1515/9783110198133.

(Received: September 3, 2010)
(Revised: September 11, 2011)

UNIVERSITE DE RENNES 1, RENNES, FRANCE
E-mail: pierre.berthelot@Quniv-rennesl.fr

UNIVERSITAT DUISBURG-ESSEN, ESSEN, GERMANY
E-mail: esnault@Quni-due.de

UNIVERSITAT DUISBURG-ESSEN, ESSEN, GERMANY
E-mail: kay.ruelling@uni-due.de


http://www.ams.org/mathscinet-getitem?mr=0354653
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0237.00012
http://dx.doi.org/10.1007/BFb0061319
http://www.ams.org/mathscinet-getitem?mr=0463174
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0349.14008
http://dx.doi.org/10.1007/BFb0091516
http://dx.doi.org/10.1007/BFb0091516
http://www.ams.org/mathscinet-getitem?mr=0354655
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0218.14001
http://dx.doi.org/10.1007/BFb0066283
http://www.ams.org/mathscinet-getitem?mr=0354657
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0258.00005
http://dx.doi.org/10.1007/BFb0060505
http://dx.doi.org/10.1007/BFb0060505
http://www.ams.org/mathscinet-getitem?mr=1648071
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0937.14011
http://www.ams.org/mathscinet-getitem?mr=1705837
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0945.14008
http://dx.doi.org/10.1007/s002220050330
http://www.ams.org/mathscinet-getitem?mr=2099093
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1073.14026
http://dx.doi.org/10.1515/9783110198133
http://dx.doi.org/10.1515/9783110198133
mailto:pierre.berthelot@univ-rennes1.fr
mailto:esnault@uni-due.de
mailto:kay.ruelling@uni-due.de

	1. Introduction and first reductions
	2. Application of p-adic Hodge theory
	3. An injectivity theorem for coherent cohomology
	4. Koszul resolutions and local description of the trace morphism f
	5. Preliminaries on the relative de Rham-Witt complex
	6. The Hodge-Witt trace morphism for projective spaces
	7. A Hodge-Witt local class for regularly embedded subschemes
	8. Proof of the injectivity theorem for Witt vector cohomology
	9. An example
	Appendix: Complete intersection morphisms of virtual relative dimension 0
	A. The canonical section of the relative dualizing sheaf
	B. The trace morphism f on Rf*(OY)
	References

