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Topology of Hitchin systems and
Hodge theory of character varieties:
the case A;
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Abstract

For G = GL2, PGL2, SL2 we prove that the perverse filtration associated
with the Hitchin map on the rational cohomology of the moduli space of
twisted G-Higgs bundles on a compact Riemann surface C' agrees with the
weight filtration on the rational cohomology of the twisted G character
variety of C' when the cohomologies are identified via non-Abelian Hodge
theory. The proof is accomplished by means of a study of the topology of
the Hitchin map over the locus of integral spectral curves.
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1. Introduction

Starting with the paper of Weil [52], and its commentary by Grothendieck
[26], the moduli space of holomorphic vector bundles on a projective curve
has become the focus of much important work in mathematics, and there is
now extensive literature concerning its construction and properties. As is well
known, the construction of this moduli space via geometric invariant theory is
naturally paired with the notions of stable and semistable vector bundle.

A central result is the theorem of Narasimhan and Seshadri [42], which
asserts that, roughly speaking, the semistable vector bundles of degree zero
on a complex nonsingular projective curve C' (that we assume to be of genus
g > 2) are precisely the ones associated with unitary representations of the
fundamental group of C' or, if we consider bundles with nonzero degree on
C, of the punctured curve C'\ p, with a prescribed scalar monodromy around
the puncture. Let us spell out the theorem in the case of rank 2 bundles:
the fundamental group 71(C \ p) has free generators {ai,...,a4,b1,...,bg}
such that aflbflalbl e ag_lbg_lagbg is the homotopy class of a loop around p.
Unitary local systems of rank 2 on C'\ p with local monodromy —I around p
are automatically irreducible, and the set of their isomorphism classes is

Np:={A1,Bi,..., Ay, B, € UQ2) | A{'B'A\B, - --
AJ'B 1A B, = ~1}/U(2),

where the unitary group U(2) acts by conjugation on the matrices A;, B;. This
action factors through a free action of PU(2); hence the quotient Np is a real
analytic variety. The theorem of Narasimhan and Seshadri states that there is
a canonical diffeomorphism N ~ N, where N is the moduli space of stable
rank 2 vector bundles of degree 1 on C.

A “complexified” version of this set-up, taking into consideration the ana-
logue of the variety Np obtained by replacing the unitary group U(2) with
its complexification GL2(C) (or, more generally, with any complex reductive
group G, in which case the matrix —I is replaced by a suitable element in the
center of G) arose in the work of Hitchin [35], [36]. Even though this paper con-
siders the variants of this construction for the complex algebraic groups groups
SL2(C) and PGL2(C), in this introduction we focus on the group GL2(C); more
details can be found in Section 1.2.
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The representations of 71 (C'\ p) into GL2(C) with monodromy —I around
p are automatically irreducible, and their isomorphism classes are parametrized
by the twisted character variety

Mg = {A1,Bi,..., Ag, By € GLo(C) | AT'By ' A1B; -
A;'B;1AgBy = —1} //GLy(C),

where the quotient is taken in the sense of geometric invariant theory. As in the
unitary picture, the action of GLg(C) factors through a free action of PGL2(C),
and Mgy is a nonsingular irreducible complex affine variety of dimension 8g— 6.

The non-Abelian Hodge theorem states that, just as in the Narasimhan-
Seshadri correspondence, Mgy is naturally diffeomorphic to another quasi-
projective variety, i.e., the moduli space of semistable Higgs bundles Mpel
parametrizing stable pairs (E, ¢) consisting of a degree 1 rank 2 vector bundle
E on C together with a Higgs field ¢ € H°(C,End (E) ® K¢), subject to a
natural condition of stability. If E itself is a stable vector bundle, then ¢ is in
a natural way a cotangent vector at the point [E] € N. It follows that Mp
contains the cotangent bundle of N as a Zariski open subset, which turns out
to be dense.

The variety Mp, has a rich geometry; it has a natural hyperkahler met-
ric, an S'-action by isometries and, importantly, it carries a projective map
X : Mpo — A, the Hitchin fibration, where the target A is (noncanonically)
isomorphic to C*~3, and the fibre of y over a general point s € A is isomorphic
to the Jacobian of a branched double covering of C' associated with s, the spec-
tral curve Cg. This description of Mp, is usually referred to as abelianization
since it reduces, to some extent, the study of Higgs bundles on C' to that of
line bundles on the spectral curves.

While the algebraic varieties Mp and Mp, are diffeomorphic, they are
not biholomorphic. The former is affine, and the latter is foliated by the
fibers of the Hitchin map that are compact (4g — 3)-dimensional algebraic
subvarieties, Lagrangian with respect to the natural holomorphic symplectic
structure associated with the hyperkéhler metric on Mp. Furthermore, just
as in the case of Ng and NV, the variety Mp does not depend on the complex
structure of C, whereas Mp, does.

It is natural to investigate the relation between some of the invariants of
Mgy and Mpg. This paper takes a step in this direction.

The paper [32] investigates in depth one of the important algebro-geo-
metric invariants of Mp, namely the mixed Hodge structure on its cohomology
groups. In view of [32, Cor. 4.1.11], the mixed Hodge structure of H*(Mp) is
of Hodge-Tate type. The quotient pure Hodge structures Gryv satisfy

(1.1.1)  Gry  H*(Mp) = 0 for all i, and Grl, H*(Mp) is of type (i,d).
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The weight filtration W, has a natural splitting, and it is nontrivial in
certain cohomological degrees. For instance, H*(Mgp) contains classes of type
(2,2) and (4,4). A remarkable property of W, is the “curious hard Lefschetz
theorem”: there is a cohomology class & € H?(Mg), of type (2,2), such that
the map given by iterated cup products with & defines isomorphisms

(1.1.2) UG : Gl _g o H*(Mp) — Grll _g o H* 2 (Msp).

Note that the class & raises the cohomological degree by two and the weight
type by four, and that Mgy is affine; both facts are in contrast with the hy-
potheses of the classical hard Lefschetz theorem, hence the “curiousity” of
(1.1.2).

On the other hand, the Hodge structure on H*(Mp,) is pure; i.e., its
weight filtration W, is trivial in every cohomological degree. The class a €
H?(Mpy) has pure type (1,1). This raises the following question: what is the
meaning of the weight filtration W, of H*(Mg) when viewed in H*(Mpg)
via the diffeomorphism Mp ~ Mp, coming from the non-Abelian Hodge
theorem? The answer we give in this paper brings into the picture the perverse
Leray filtration P of H*(Mp,]) that is naturally associated with the Hitchin
map x : Mpe — A.

The perverse Leray filtration has been implicitly introduced in [7], and
it has been studied and employed in [12], [14], [15], [8], [9]. This filtration
is the abutment of the perverse Leray spectral sequence which, in turn, is a
variant of the classical Leray spectral sequence. In the case of proper, but
not necessarily smooth maps, e.g., our Hitchin map y, this variant is better
behaved than the classical Leray one. In fact, it always degenerates at Fo,
and the graded pieces of the abutted perverse Leray filtration satisfy a version,
called the relative hard Lefschetz, of the hard Lefschetz theorem, involving
the operation of cupping with the first Chern class of a line bundle which is
relatively ample with respect to the proper map. Both the Leray and the
perverse Leray filtration originate from filtrations of the derived direct image
complex of sheaves x.Q on A.

Since the target A of the map x is affine, the perverse filtration has the
following simple geometric characterization (see [15], where a different number-
ing convention is used). Let s > 0, and let A®* C A be a general s-dimensional
linear section of A relative to a chosen identification of A with C*9~3; then

(1.1.3)  P,HY(Mpe)) = Ker {HY(Mpeo1) — H(x  (AP~1))}.

The main result of this paper is that, up to a trivial renumbering of the
filtrations, the weight filtration Wo on H*(Mp) coincides with the perverse
Leray filtration Py on H*(Mpo).
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THEOREM 1.1.1 (“P=W"). In terms of the isomorphism H*(Mp) —
H*(Mpo)) induced by the diffeomorphism Mg —= Mpe stemming from the
non-Abelian Hodge theorem, we have

Wo H* (M) = Wopp1 H*(Mp) = PyH*(Mpol).

Since the class @ € H*(Mp,)) is relatively ample with respect to the
Hitchin map, the curious hard Lefschetz theorem for & on (H*(Mpg), W) can
thus be explained in terms of the relative hard Lefschetz theorem for & on
(H*(MD01>7P)'

One may say informally that the weight filtration on H*(Mp) keeps track
of certain topological properties of the Hitchin map on Mpg. This is even
more remarkable in view of the fact that the structure of algebraic variety on
Mg, and thus the shape of W,, depend only on the topology of the curve C,
while the complex/algebraic structure of the Higgs moduli space Mp, and
thus the Hitchin map depend on the complex structure of C.

In fact, as far as P = W goes, we prove a more precise result. There
are natural splittings (constructed by Deligne in [20]) of the perverse Leray
filtration of H*(Mpg). The splittings induced on H*(Mp,) are equal, and
they coincide with the splitting mentioned above of the weight filtration of
H*(Mg). We also prove that these results hold for the varieties associated
with SLa(C) and PGL2(C). In Section 4.2 we also prove a version of the main
theorem “P = W” for the moduli spaces of Higgs bundles with poles on C,
namely when the canonical bundle is replaced by a different line bundle of
high enough degree. In this case, there is no character variety Mp to be
compared with Mp,. However, the cohomology ring H*(Mp,) admits yet
another filtration which is quite visible in terms of generators and relations.
We prove that this third filtration coincides with the perverse Leray filtration
associated with the Hitchin map (which is also defined in the context of poles).
In the case where there are no poles, this third filtration coincides, after a
simple renumbering, with the weight filtration.

Finally, as we need it in the course of our proof of P = W in the case
when G = SLo, in Remark 4.4.9 we give a description of the cohomology ring
for G = SLo that does not appear in the literature. This ring had been earlier
determined by M. Thaddeus in unpublished work.

Since the proof of our main result is lengthy, we sketch below the main
steps leading to it. Of course, for the sake of clarity, we do so by overlooking
many technical issues.

The ring structure of H*(Mpe) is known in terms of generators and
relations; see [34], [33]. By using a result of M. Thaddeus, we prove that
the place of the multiplicative generators in the perverse Leray filtration of
H*(Mpg) is the same as in the weight filtration of H*(Mp) (Theorem 3.1.1).
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If the perverse Leray filtration were compatible with cup products, then we
could infer the same conclusion for the other cohomology classes.

However, only the weaker compatibility

P;H(Mpol) U PiH(Mpol) — Piyjratl (Mpol)
holds a priori for the perverse Leray filtration (see Proposition 1.4.7, and [11,
Th. 6.1]), where d is the relative dimension of the map x. In contrast, the
compatibility in the strong form holds for the ordinary Leray filtration.

The Leray filtration is contained in the perverse Leray filtration. At the
level of the direct image complex, the two filtrations coincide on the open
subset of regular values on the target of the map.

One key to our approach is that we prove that, for the Hitchin map, there
is a significantly larger open set of A where the Leray and the perverse Leray
filtration coincide on the direct image complex. We define the “elliptic” locus
A1 € A to be the subset of points s € A for which the corresponding spectral
curve C; is integral. Let Ayeg € Aen be the set of regular values for the Hitchin
map x; the corresponding spectral curves are irreducible nonsingular. The key
result is then the following, which we believe to be of independent interest.

THEOREM 1.1.2. Let j : Aweg — Aen be the inclusion and, for | > 0,
let R denote the local system s — H'(x71(s)) on Areg. Then, there is an
isomorphism in the derived category of sheaves on Aep:

(6 Q) -1 (4 = P R B [1].
[

This theorem contains two distinct statements:

(1) The perverse sheaves on Ay appearing in the decomposition theorem
([7]) for the Hitchin map restricted over the open set A are supported
on the whole Agy; This is a special case of Ngé’s support theorem 7.1.13
in [45].

(2) These perverse sheaves, which are the intersection cohomology com-
plexes on A of the local systems R! on the smooth locus Areg, are
ordinary sheaves, as opposed to complexes. Up to a shift, they agree
with the higher direct images appearing in the Leray spectral sequence.

The theorem implies that the classical and the perverse Leray filtrations
coincide on Agp. This puts us in a position to compute the “perversity” of most
monomials generators of H*(Mp,); see Lemma 4.3.1. As explained in (1.1.3),
the perversity of a class is tested by restricting it to the inverse image of generic
linear sections of .A. The algebraic subset A\ Agy is of high codimension in A.
It follows that, in a certain range of dimensions, the general linear section can
be chosen to lie entirely in A, where we know, by Theorem 1.1.2, that the
perverse Leray filtration is compatible with the cup product since it coincides
with the Leray filtration.



TOPOLOGY OF HITCHIN SYSTEMS 1335

At this point, we can conclude in the case of Higgs bundles for poles;
see Section 4.2. In the geometrically more significant case where there are
no poles, some monomials are not covered by the above line of reasoning,
for the corresponding linear sections must meet A \ Ay by simple reasons of
dimension. We treat these remaining classes using an ad hoc argument based
on the properties of the Deligne splitting mentioned above; see Section 4.3.

In order to prove Theorem 1.1.2 we first determine an upper bound (see
Theorem 2.2.7) for the Betti numbers of the fibres of the Hitchin map over
Aen. In the case when G = GLo, these fibres are the compactified Jacobians of
the spectral curves, which, being double coverings of a nonsingular curve, have
singularities analytically isomorphic to y? —z* = 0, a fact we use in an essential
way in our computations. Next, we give a lower bound (see Theorem 2.3.1)
for the dimension of the stalks of the intersection cohomology complexes. This
bound is based on the computation of the local monodromy of the family of
nonsingular spectral curves around a singular integral spectral curve. It is
achieved by a repeated use of the Picard-Lefschetz formula. Since the upper
and lower bounds coincide, the decomposition theorem ([7]) gives the wanted
result.

We see at least two difficulties to extend the results in this paper for
complex reductive groups of higher rank:

e the monodromy computation of Theorem 2.3.12 which leads to the
proof of Theorem 2.3.1 would be more complicated, and

e we do not know enough about compactified Jacobians of curves with
singularities which are not double points.

Already for the group GL3, Theorem 1.1.2(2) fails, and the intersection coho-
mology complexes are not shifted sheaves.

On the other hand, a curious hard Lefschetz theorem is conjectured in [32,
Conj. 4.2.7] to hold for the character variety for PGL,,, which would of course
follow, if P = W, from the relative hard Lefschetz theorem. Additionally,
in a recent work of physicists Chuang-Diaconescu-Pan [16], a certain refined
Gopakumar-Vafa conjecture for local curves in a Calabi-Yau 3-fold leads to
a conjecture on the dimension of the graded pieces of the perverse filtration
on the cohomology of the moduli space of twisted GL,-Higgs bundles on C.
Their conjecture agrees with the conjectured [32, Conj. 4.2.1] dimension of
the graded pieces of the weight filtration on the cohomology of the twisted
GL,,-character variety. The compatibility of these two conjectures may be
considered the strongest indication so far that P = W should hold for higher
rank Higgs bundles as well.

In the paper [10] we prove that a result analogous to our main theorem
P = W holds in a situation that is expected to be closely related to the
moduli space of certain parabolic Higgs bundles of rank n on a genus one
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curve. Interestingly, in this case, the coincidence of the two filtrations holds,
whereas the result (1) above, concerning the supports of the perverse sheaves
being maximal on a large open set, fails, due to the fact that every new stratum
contributes a new direct summand sheaf.

While property (2) above seems to hold only for Hitchin fibrations as-
sociated with groups of type A;, the case studied in the present paper, and
property (1) may not hold for parabolic Higgs bundles, we expect that the
P = W phenomenon should be a general feature of non-Abelian Hodge theory
for curves. More generally, in [10, §4.4] we also conjecture that this exchange of
filtration phenomenon should hold for holomorphic symplectic varieties with
a C*-action, that, roughly speaking, behave like an algebraically completely
integrable system.
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1.2. Cohomology of moduli spaces.

1.2.1. Character variety. In this section, we recall some definitions and re-
sults from [32]. Throughout the paper, the singular homology and cohomology
groups are taken with rational coefficients.

Let ¥ be a closed Riemann surface of genus g > 2, and let G be a complex
reductive group. In this paper, we consider only the cases G = GLo, PGLso, and
SLy. We are interested in the variety parametrizing certain twisted representa-
tions of the fundamental group 71 (3) into G modulo isomorphism. Specifically,
we consider the GLgy-character variety

Mp = {Al,Bl, - ,Ag,Bg € GLy ‘ AleflAlBl
- A;'B T AgBy = —1}//PGLy,

i.e., the affine GIT quotient by the diagonal adjoint action of PGLs on the
matrices A;, B;. We also define the SLo-character variety:

Mp :={A1,B1,..., Ay, B, €SLy | AT'B{ A1 By
- AJTB T AgBy = —1} //PGLs.
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The torus GL%g acts on GLSQ by coordinate-wise multiplication, and this yields
an action of GL%g on Mgp. Similarly, the finite subgroup of order 2 elements
13? © GL2Y, with pg := {£1} € GLy, acts on SL3 by coordinate-wise multi-
plication and we define the PGLa-character variety as

(1.2.1) Mg == Mg//GL¥ = Mg/u3’.

The surjective group homomorphism SLo x GL; — GLy with finite kernel ps
induces a covering

(1.2.2) Mg x GL2Y — Mg

with covering group 137

The varieties Mp, Mgy are nonsingular and affine (cf. [32, §2.2]), whereas
My is affine with finite quotient singularities and parametrizes the representa-
tions of 71(X) to PGL2 that do not admit a lift to representations of SLa. We
have dim Mg = 8¢ — 6 and dim Mp = dim Mg = 69 — 6. In view of (1.2.1),
we have that A o,

H*(Mg) = H*(Mg)",

the subring of 157 invariants, while (1.2.2) implies that
(12.3)  H*(Mg) = H*(GL¥) @ H*(Mp)"2’ = H*(GL¥) ® H*(Mp).

The cohomology ring H*(Mp) is generated by certain universal classes
g € Hl(GL%g) C H'(Mg)fori=1,...,2g,a € HQ(MB)“gg C H* (M), ¢; €
H3(MB)“39 C H3(Mp) fori =1,...,2g, and 3 € H4(MB)“§g C HY{(Msp).
The proof can be found in [34] (generators) and in its sequel [33] (relations).
The construction of these universal classes is explained in [32, §4.1]. The paper
[32] uses this information to determine the mixed Hodge structure on H*(M3p).
For use in this paper, we summarize these results as follows. Let (H, W,, F'*) be
a mixed Hodge structure. (See the textbook [47] for a comprehensive treatment
of mixed Hodge theory.)

A class 0 € H is said to be of homogeneous weight k ([32, Def. 4.1.6]) if
its image in Hg, still denoted by o, satisfies

(1.2.4) o € WopHe N F*He.

Note that if o has homogeneous weight k, then its image in Gr‘z/‘,gH(c is of type
(k, k).

The natural mixed Hodge structure on H'(Mp) satisfies W, H'(Mp) =
Hi(Mg) for k > 2i, and, as Mgy is nonsingular, Wy H*(Mp) = 0 for k <i—1.
The following is proved in [32, Th. 4.1.8].

THEOREM 1.2.1. The cohomology classes e; € H'(Mp) have homogenous
weight 1, while the classes a € H*(Mg), ¢; € H3(Mg) fori=1,...,2g, and
B € H*(Mg) have homogenous weight 2.
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It follows that homogenous elements generate H*(Mp). The following is
Corollary 4.1.11. in [32].

THEOREM 1.2.2. The weight filtration WeH* (M) satisfies
(1) WoH*(Mp) = %k+1H*(MB) for all k;
(2) (GryH*(Mg)c)™ =0 if (p,q) # (k. k).

Denoting by W& (Mg) C HY(Mg) the subspace of degree d homogenous weight
k cohomology classes, we have the following splittings:

(1.2.5) HY(Mp) @Wk (Mg),  WyuH (M) = P WHMp).

i<k

Theorem 1.1.3 of [32] gives a formula for the mixed Hodge polynomials of My
and Mp which implies the curious symmetries

dim Gl vy —op H*(Mp) = dim Grlfiy, v o2 (Mp)

and

dim GrdlmM H*(MB) dim GrdlmMB+2kH*+2k(MB)'

These equalities, called curious Poincaré duality in [32], are made more
precise and significant by the curious hard Lefschetz theorems. Consider the
class o € H2(Mg) introduced above and the class & € H2(Mg) defined in
terms of the isomorphism (1.2.3) by

g
(1.2.6) a=1®a+ (Z 5i5i+g> ® 1.

i=1
We then have ([32, Th. 1.1.5])

THEOREM 1.2.3 (Curious hard Lefschetz). The map given by iterated cup
product with & induces isomorphisms

(1.2.7) UG : Gl v o H (M) — Gl v oo H (M), Wk > 0.
Similarly, cupping with o defines isomorphisms

(1.2.8) Uak: Gt H*(Mg) = Gt

dim Mpg—2k H*+2k(MB), Vk > 0.

dim Mp+2k

The present paper was partly motivated by the desire to give a more
conceptual explanation for these curious hard Lefschetz theorems.

1.2.2. Moduli of Higgs bundles and their cohomology ring. Let C be a
smooth complex projective curve of genus g > 2. A Higgs bundle is a pair
(E, ¢) of a vector bundle E on C and a Higgs field ¢ € H*(C,End E ® K¢).
Let Mp, denote the GLo-Higgs moduli space, i.e., the moduli space of stable
Higgs bundles of rank 2 and degree 1. It is a nonsingular quasi-projective
variety with dim Mpy = 8¢g — 6.
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Let us fix a degree 1 line bundle A on C. Let Mpg) be the SLo-Higgs moduli
space of stable Higgs bundles (E, ¢) or rank 2, with determinant det(E) ~ A
and trace-free tr(¢) = 0 Higgs field. The moduli space Mpg is a nonsingular
quasi-projective variety with dim Mpg = 6g — 6. Defining the map

ADol : Mpol — Pict x H(C, K¢), Apol(E, ¢) := (det(E), tr(¢)),

we have
MDOl = )‘[_)(1)1(<A70))

Let MODOI C Mpo be the subset of stable Higgs bundles with traceless Higgs
field:

M%ol = {(E7 ¢) with tl‘(d’) = 0}

The group Picoc of degree 0 holomorphic line bundles on C acts on MODOI as
follows: L € Pick sends (F, ¢) to (E® L,¢ ®Idr). The group T := PicX[2] =
Zgg of order 2 line bundles on C acts naturally on Mp,) in the same way. The
two resulting quotients are easily seen to be isomorphic. We call the resulting
variety the PGLy-Higgs moduli space and denote it by

MDol = M%Ol/PiC% = MDOl/F.

It is a quasi-projective (6g — 6)-dimensional algebraic variety with finite quo-
tient singularities.

The fundamental theorem of non-Abelian Hodge theory on the curve C
for the groups G = GL3, SLo, and PGL2 under consideration can be stated as
follows ([35], [50], [22], [18]).

THEOREM 1.2.4 (Non-Abelian Hodge theorem). There are canonical dif-
feomorphisms

Mp = Mpg, Mp = Mpg, M= Mpg.

At the level of cohomology, the non-Abelian Hodge theorem yields canon-
ical isomorphisms
(1.2.9)
H*(Mg) = H*(Mpq), H*(Mp) = H*(Mpg), H*(Mg)= H*(Mpg).

Remark 1.2.5. The Hodge structure on the cohomology of these Higgs
moduli spaces is pure, and its Hodge polynomial is known; see Conjecture 5.6
in [30], which also proposes a conjectural formula for any rank.

Given a line bundle D on C, we can consider, more generally, the moduli
space of stable pairs (E, ¢), where E is a rank 2 degree 1 bundle on C and ¢ €
H°(C,End E ® D). The corresponding moduli space is connected by Theorem
7.5 in [46], and if deg D > 2g—2 or if D = K¢, it is nonsingular ([46, Prop. 7.4]).
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Notation 1.2.6. For the sake of notational simplicity, this moduli space is
denoted by M in the sequel of this paper, without mentioning its dependence
on the line bundle D, always meant to satisfy deg D > 2g — 2, or D = K.
Whenever we talk specifically of the case D = K¢, we denote the corresponding
moduli space by Mpg.

We still have the map Ap : M — Pict x HO(C, D) defined by A\p(FE, ¢) =
(det(E), tr(¢)). We set M := A5 ((A,0)), M := M°/Pic = M/T, where, as
above,

M° = {(E, ¢) € M with tr(¢) = 0},
and ' = Pic% [2] = Zgg is the group of order 2 line bundles on C; see Section 2.4.

It is proved in [34, (4.4)] that there is a Higgs bundle (E, ®) on M x C with
the property that, for every family of Higgs bundles (Eg, ®¢) parametrized by
an algebraic variety S, there is a unique map a : S — M and an isomorphism

(Es, ®s) ~ L & (a x 1d)*(E, ®)
for a uniquely determined line bundle £ on S.

Remark 1.2.7. The vector bundle E with the universal property stated
above is determined up to twisting with a line bundle pulled back from M;
hence, given two different choices E,[E/, we have a canonical isomorphism of
the associated endomorphisms bundles EndE ~ EndE’. The vector bundle
EndE on M x C'is thus unambiguously defined.

Let eq,...,ezs be a symplectic basis of H'(C) and w € H?(C) be the
Poincaré dual of the class of a point. The Kiinneth decomposition of the
second Chern class of End E,

29
(1210) —cEndE)=a®w+ Y i®e+ 1€ H (M) H(C),

i=1
defines the classes a € H2(M), ¢; € H3(M), and 8 € H*(M). These classes
define also classes in H*(M) by restriction and in H*(M) by restriction and
Picl[2]-invariance. They will be denoted with the same letters. In the case
D = K¢, these classes coincide, via the isomorphisms (1.2.9), with the classes
in H*(Mg), denoted by the same symbols, defined in Section 1.2.1.

The generators of H*(Pict) pull back to the classes €1, ...,e95 € H(M)
via the morphism M — Pic} given by (E, ¢) + det(E).

The paper [34] shows that the universal classes

{517"‘ 752g7a7w17"‘7w2976}

are a set of multiplicative generators for H*(M); the relations among these
universal classes were determined in [33]. Due to the role these relations play
in this paper we summarize the main result of [33].
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Because of the isomorphism H*(M) ~ H*(M) @ H*(Picl), it is enough

to describe the ring H*(M). We introduce the element
7= =2 bitirg,

we set U := Span(v;) C H3(M), and we define

k 2g+2—k
A’g::Ker{fyg“k : /\\Il — /\ \I/} for 0 <k < gand Af =0 for k > g.

By the standard representation theory of the symplectic group, there is a direct
sum decomposition

k
A = DAk,

Definition 1.2.8. Given two integers a,b > 0, we define I to be the ideal
of Q[a, B,7] generated by 72! and

(1.2.11) 0 min(im) @t g (29)
2. T8t (7« _ ’L)' (5 — 2)' 7! ’

i=0
where ¢ :=r + 3s + 2t — 2a + 2 — b for all the r,s,¢ > 0 such that

(1.2.12) r+3s+3t>3a—3+band r+2s+2t>2a—2+b.

Remark 1.2.9. If r = 0 and b > 0, then the second inequality in (1.2.12)
is strictly stronger than the first.

The main result of [34] is then

THEOREM 1.2.10. The cohomology ring of M has the presentation
g
Y —k
H (M) - Z A§(¢) ® <@[O&, 67’7]/IgegD+2—2‘g+k;) .
k=0

The form of the relations (1.2.11) affords the following

~

Definition 1.2.11. We define the grading w on H*(M) by setting

w(a) = w(f) = w(¢i) =2

and extending it by multiplicativity. This grading is well defined since the
relations of Theorem 1.2.10 are homogenous with respect to this grading. We
denote by W/ the increasing filtration associated to this grading.

If D = K¢, thanks to the results of [32] described in Section 1.2.1, W

~

on H*(M) coincides, up to a simple renumbering and via (1.2.9), with the
weight filtration associated with the mixed Hodge structure on H*(Mp). As
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mentioned in [32, Rem. 5.2.3|, for a general D, even though there is no as-
sociated Betti moduli space, the filtration W, on H*(M) turns out to have
the same formal properties of the weight filtration on H*(Mgp) described in
Section 1.2.1. In particular, [32, Lemma 5.3.3] implies that it satisfies the
following curious hard Lefschetz property completely analogous to (1.2.8) of

Theorem 1.2.3.
THEOREM 1.2.12. For a € H*(M), we have the isomorphisms

(1213)  Uah: Gl o HY(M) = Gl HTRM), YE >0,

Finally, setting w(e;) = 1, we get a grading and an associated filtration
on H*(M), and all the discussion above goes through without any change.
1.3. The Hitchin fibration and spectral curves.
1.3.1. The Hitchin fibration (G = GLg). Given a Higgs field
¢ € H'(C,End E ® D),

we have tr(¢) € H°(C,D) and det(¢) € H°(C,2D). The Hitchin map, x :
M — A assigns

(1.3.1) M 3 (E, ¢) — (tr(¢),det()) € A:= H(C, D) x H(C,2D).

Note that we do not indicate the dependence on the line bundle D in the
notation for the target A of the Hitchin map (cf. the conventions introduced in
Notation 1.2.6). It follows from Theorem 6.1 in [46] that the map x is proper.

In the case of M C M, the corresponding Hitchin fibration ¥ is just the
restriction of x to M. Since, by definition, if (E,$) € M, then tr(¢) = 0, we
have

(1.3.2) x:M— AY:= H°(C,2D) C A.
The map descends to the quotient M=M /T, and we have
(1.3.3) XM — A

In the rest of this section, we concentrate on the map x. The necessary changes
for dealing with the cases of ¥ and x are discussed in Section 2.4.

1.3.2. The spectral curve construction. Let mp : V(D) — C be the total
space of the line bundle D. For s := (s1,$2) € A as in (1.3.1), the spectral
curve Cs is the curve on V(D) defined by the equation

(1.3.4) {y e V(D) : 4> — 7 (s1)y + mh(s2) = 0} .

Spectral curves can be singular, reducible, even nonreduced; they are locally
planar, and, in force of our assumptions on the genus of C' and the degree of D,
connected. The restriction g : Cs — C of the projection 7mp : V(D) — C
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exhibits Cs as a double cover of C. Equation (1.3.4) in V(D) x A defines the
flat family w of spectral curves

(1.3.5) n z CxA

where u~!(s) = Cs for all s € A. The family is equipped with the involution
L: 64— G4 over C' x A exchanging the two sheets of the covering.

The restriction of the relative Picard scheme of the family u to the smooth
locus

Areg := {s € A such that Cjis smooth}

is the disjoint union over | € Z of the proper families p' : L@rleg — Areg

such that (p!)~1(s) = Picés is the component of the Picard variety of Cj
parametrizing degree [ line bundles on Cs.

Remark 1.3.1. Fix a degree 1 line bundle £ on C. The operation of
tensoring line bundles of fixed degree with 7* £ defines isomorphisms ,@rleg —
C@rleEQ of schemes over A,¢g. It follows that, up to isomorphisms, there are only

two such families, the abelian scheme Qr%g and the ﬁr%g—torsor @rleg. Sending

a point ¢ € C; to the line bundle O¢, (¢) defines an Abel-Jacobi-type Ayeg-map
%Areg — P 1

reg"

The Riemann-Hurwitz formula and (1.3.4) imply at once the following

PROPOSITION 1.3.2. Let s = (s1,82) € A. Assume s — 4sy # 0 €
H°(C,2D).

(1) The spectral curve Cs is reduced, and the covering wg : Cs — C' is
branched at the zeros of s7 — 4sa. The point s = (s1,82) € Areg if and
only if s2 — 4so has simple zeros, in which case g(Cs) = 29 —1+deg D.

(2) If s2 — 4sy vanishes to finite order k > 2 at a point ¢ € C, then the
spectral curve Cy has a planar singularity at the point 77 (c) that is
locally analytically isomorphic to {y? — z* = 0} C C2.

Remark 1.3.3. Associating with s = (s1,s2) € A its discriminant divisor
(52 —4s9) € C?") where r := deg D and C®") is the 2r-th symmetric product
of C, gives a map © : A — C'(27),

We recall that if F is a torsion-free sheaf on an integral curve C, then
the rank of F is the dimension of its stalk at the generic point of C and the
degree deg F is defined as deg F := x(C, F) —rank(F)x(C, O¢). For | € Z, then
the compactified Jacobian ﬁccl of degree | parametrizes torsion-free sheaves
of rank 1 and degree [ on C (see [23], [2]). Tensoring with a line bundle of
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degree [ gives an isomorphism Picc” ~ chl. If C is smooth, then every rank
1 torsion free sheaf is locally free and Pice' = Pict.

The following theorem ([6, Prop. 3.6]) describes the fibres of the Hitchin
map over a rather large open subset of the base A. Recall Remark 1.3.1 and
that we are considering Higgs bundles of odd degree.

THEOREM 1.3.4. Let s € A be such that the spectral curve Cs is integral.
There is an isomorphism of varieties x~'(s) ~ Piccsa with a = 0 if deg D is
odd and a =1 if deg D is even.

The isomorphisms assigns to a torsion free sheaf F of degree a on Cj
its direct image 7, F, which is a torsion free Og-module on C. Since C is
smooth, the sheaf g, F is locally free of rank 2, in view of the fact that w; has
degree 2. Since the map m; is finite, there are no higher cohomology sheaves,
and x(Cs, F) = x(C, s« F). The Riemann-Roch theorem

deg ms. F + 2(1 — g) = x(C, m.F) = x(Cs, F)
=deg F + x(Cs,0¢,) =deg F +2(1 — g) —deg D

implies that 7. F has odd degree if deg F — deg D is odd. The Higgs field
arises as multiplication by y (see (1.3.4)) in view of the natural structure of
Ts«Oc,-module on 7. F (see [6, §3] for details).

In particular, for every s € Ay, the fiber x71(s) can be identified, non-
canonically, with the Jacobian variety of the smooth spectral curve Cs. In fact,
the Abelian scheme Wr%g acts on Mg 1= x_l(.Areg) making it into a torsor
(see [45, §4.3]).

The following is well known.

LEMMA 1.3.5. Let « : A —> S be an Abelian scheme, let 7 : P — S
be an A-torsor, and let j > 0. Then there are natural isomorphisms of local
systems

J
RI7.Qp ~ Rlo,Qa ~ \ R'a.Qa.

Proof. Since the fibers of A are connected, the action by translation on
the cohomology of the fibers of P is trivial. Hence, the isomorphism of local
systems (RjT*Qp)W ~ (Rja*QA)‘U associated with a local trivialization of P
does not depend on the chosen trivialization. Consequently, the isomorphisms
associated to a trivializing cover {U;} of S glue to a global isomorphism of
local systems. The second isomorphism follows from the Kiinneth isomorphism

H'((S")*) = NP H((S")%). O

COROLLARY 1.3.6. There are canonical isomorphisms of local systems on
Areg: l l
Rereg*QMreg = Rlp*ngr}eg = /\ Rlp*ngrleg = /\ Rlureg*chAreg'
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Proof. The first and second isomorphisms follow by applying Lemma 1.3.5
to the @rgg—torsor Mieg. The Abel-Jacobi Areg-map 64,.,, — @r}eg of Re-
mark 1.3.1 induces via pullback a map of local systems R'plQ — Rlureg*(@
that is an isomorphism on each stalk, and this proves the third isomorphism.

O
1.4. Perverse filtration. Let

h:M*T — AC

be a proper map of relative dimension f between irreducible varieties of the
indicated dimensions. We assume that M is nonsingular, or with at worst
finite quotient singularities, and that the fibres have constant dimension f.
Let n € H?(M) be the first Chern class of a relatively ample (or h-ample) line
bundle on M, i.e., a line bundle which is ample when restricted to every fiber
of h.

The goal of this section is to define the perverse Leray filtration P on
the cohomology groups H*(M) and to list and discuss some of its relevant
properties.

1.4.1. Definition of the perverse filtration P on H*(M). We employ freely
the language of derived categories and perverse sheaves (see the seminal paper
[7], the survey [13], or for example the paper [12]). Standard textbooks on the
subject are [21], [37], [38].

We denote by D4 the “constructible derived category.” Its objects are
bounded complexes of sheaves of (Q-vector spaces with constructible coho-
mology sheaves; it is a full subcategory of the bounded derived category of
sheaves of Q-vector spaces. We denote the derived direct image Rh, simply
by h. and, for i € Z, the i-th hypercohomology group of A with coefficients
in K € Dy by HY(A, K). If the index i is unimportant (but fixed), we simply
write H*(A, K). We set H*(A,K) := ©;H (A, K). We work with the middle
perversity t-structure. The corresponding category of perverse sheaves is de-
noted by P4. Given K € Dj, we have the sequence of maps of “truncated”
complexes

e — pTgp_lK — pTSpK — pTgp_HK —_— s — K, pEZ,

where Pr<, K = 0 for every p < 0 and Pr<, K = K for every p > 0. The (in-
creasing) perverse filtration P on the cohomology groups H*(A, K) is defined
by taking the images of the truncation maps in cohomology:

(1.4.1) P,H*(A,K) :=Im{H"(A, Prc,K) — H*(A,K)}.
Clearly, the perverse filtration on H*(M) = H*(M, Q) becomes trivial after

a dimensional shift. On the other hand, we also have the perverse filtration
on H*(A, h,Q) = H*(M) which, as it is the case for its variant given by the
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Leray filtration, is highly nontrivial. This is what may be called the perverse
Leray filtration on H*(M) associated with h.

For the needs of this paper, we want the perverse Leray filtration P on
H*(M) to be of type [0,2f], ie., P.y = {0} and P,y = H*(M), and to
satisfy 1 € PyHO(M). In order to achieve this, we define (with slight abuse
of notation) the perverse Leray filtration on H*(M) (with respect to h) by
setting

P,H*(M) := P,H* (A, h.Qusla)).
Note that in [12], the perverse Leray filtration is defined so that it is of type

In order to simplify the notation, we set
(1.4.2) HZ,(M):= P,H*(M), H,(M) := GrllfH*(M) =P, /Pp_1.

In this paper, we also use the graded spaces for the weight filtration Grfﬁ/ H*(M)
and we employ the same notation H (M). In those cases, we make it clear
which meaning should be given to the symbols.

1.4.2. Decomposition and relative hard Lefschetz theorems, primitive de-
composition. Define

(1.4.3) PP .= PHP(h.Qprla]) € Pa, peZ,

where PHP(—) denotes the p-th perverse cohomology functor. We have that
PP =0 for p ¢ [0,2f]. The decomposition theorem for the proper map h :
M — A then gives the existence of isomorphisms in D 4

2f
(1.4.4) P @Pp[—p] — h.Quslal.
p=0
We have identifications
P
(1.4.5) HZ (M) =@ ¢ (Hy(M)),  Hj(M)=H"""P(APP).
p'=0

Remark 1.4.1. The images (p(H;(M)) C H*(M) depend on p. If HZ, (M)
= {0}, then the image ¢ (H;)k (M)) = HZ,(M) is independent of ¢. In partic-
ular, the image ¢ (Hg(M)) = HZy(M) is independent of ¢.

One of the deep assertions of the decomposition theorem is that each
perverse sheaf PP is semisimple and splits canonically into a direct sum

(1.4.6) PP = PICz(Lzyp)
Z

of intersection complexes over a finite collection of distinct irreducible closed
subvarieties Z in A with coefficients given by semisimple local systems Lz,
defined on a dense open subset Z° C Z,o; C Z of the regular part of Z.
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There are the following three basic symmetries:

(1) (PVD) Poincaré-Verdier duality: If we denote the Verdier dual of K
by KV, then we have

(1.4.7) plmi~ (P VieZ.

(2) (RHL) Relative hard Lefschetz: For every ¢ > 0, the i-th iteration of
the operation of cupping with the h-ample line bundle 7 yields isomor-
phisms of perverse sheaves

(1.4.8) o Pl =, pit.

in particular, we have the hard Lefschetz isomorphisms at the level of
graded groups (still called RHL):

(1.4.9) n' s Hi_ (M) = H{LZ(M),  Vi>0.

(3) (Self-duality): The isomorphisms PVD and RHL are compatible with
the direct sum decomposition (1.4.6) and, in particular, the local sys-
tems Lz, are self-dual.

Recall that P4 is an Abelian category. By a standard abuse of notation,

which greatly simplifies the notation, we view kernels and images as subobjects.
For0<i< fand 0 <j < f—1, define
(1.4.10)
00 .— Ker {nffiJrl P 732f71'+2} : Qi = Im {nj L Q0 Pi+2j} 7
and set Q" = 0 for all the other values of (i,5). The RHL (1.4.8) then yields
the natural primitive decompositions in Pj4:
(1.4.11) Pr=P o,  Vkez>.
>0

1.4.3. Deligne’s Q-splitting associated with the relatively ample n. The pa-
per [20] defines three preferred decomposition isomorphisms (1.4.4) associated
with the h-ample line bundle . We consider the first of them (see also [14]),
which we denote by ¢,, and name the Deligne isomorphism; notice, however,
that the indexing scheme employed here differs from that of [20], [14]. The
cohomological properties of the Deligne isomorphism needed in this paper are
the following.

Fact 1.4.2. The map
2f
¢y D PPl-p] — hQurla]
p=0

is characterized by the following properties. Let 0 < ¢ < f. Then
(i) applying the functor "H%(—) to the map ) : Q0[—i] — h.Q[a] gives

the canonical inclusion Q"9 C P
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(ii) for every s > f — i, the composition below is zero:

Q=i 2 h.Qla) > h.Qlal[25] — (Pr>7+5Qla]) [25]

or, equivalently, the composition n° o ¢n| factors through pDif sl

Ford>0,0<¢< fand 0 <j < f—4, define

(1.4.12) QW = ¢y (HP 772 (A, Q%)) € HE,,o;(M),
(1.4.13) Q" = @ QM C @Héi—i—Qj(M)?
>0 d>0

and define Q% = Q%79 = {0} for all the other values of (4, j; d). We then have
the following decompositions, which depend on ¢,:

(1.4.14) H (M) =PQ™, HYM)=PqQ"*,
i,J ij

(1.4.15) HY,(M)=@PH,(M)= D QY= @@ Q.
d

i,5,d, i+2j<p i,3,1+25<p

Every u € H*(M) admits the Q-decomposition associated with the splitting
an:
(1.4.16) u = Z utd ul € QM.

By construction, we have

HI(M)= @ Q"  H,M)= P Q"
i+2j=p i+2j=p
The properties of the Deligne splitting that we need, and that follow from

Fact 1.4.2, are
(1.4.17)

nQW =QUH vo<j<f—i, QYT C D QM.
0<I<min (f—i,f—k)
In particular, we have the simple relation
(1.4.18) QY =", VYO<j< f—i.
Here is some ad hoc notation and terminology. Let p € Z and u €
HZ (M). Denote by [u], € Hy (M) the natural projection to the graded group.
In what follows, we add over 0 < i < f and 0 < j < f —i. We have
u= ¥ = X ),
i+2j<p i+2j=p
We say that
e u has perversity < p.
e u has perversity p if [u], # 0.
e The class 0 € H®*(M) has perversity p, for every p € Z.
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e u is sharp if u*/ = 0 whenever i + 2j < p; note that the zero class
is automatically sharp and that a class may have a given perversity
without being sharp.

o u=uPl e QrdC HZ (M) is RHL-primitive; note that such a class is
automatically sharp.

One should not confuse RHL-primitivity with primitivity: if « € QP°,

then

(14.19) pf PHuPC e HEyp (M), e, [ PTuP0yp 00 =0,
whereas one could have nf P10 -£ (.

Recall that we have chosen the Deligne splitting ¢, associated with . The
following lemma does not hold for an arbitrary splitting ¢ in (1.4.4).

LEMMA 1.4.3 (Nonmixing lemma). Let u € HZ,(M). If nf =Pty = 0,
then u is RHL-primitive, i.e., u = uP? € QPO,

Proof. In view of the Q)-decomposition, we can write
u = uP0 + Z wP =23, 4+ Z uS,t7
i>1 s+2t<p

where the first two summands are sharp and have perversity p and the third
has perversity < p — 1. By (1.4.17) and (1.4.18) we deduce that

—p+1, p,0 k,l —p+1, p—2j.j —2j5, f—p+1+j
77f pt1,p0 @ Q! "7f 1y p=25.J ¢ QP 3, f—p+ +],
0<I<f-p,f-k
nf TPHLyst e QstHfpHL

The three collections of Q-spaces above have no term in common. It follows
that all three terms in 7/ ~P*1y = 0 are zero. By RHL (1.4.8), cupping with
nf=P+1 is injective on the spaces QP~2J, j > 1, and Q%! above. We deduce
that uPt25d = ¢St = 0. O

1.4.4. The perverse filtration and cup-product. The following is a crude,
completely general, estimate.

LEMMA 1.4.4. Letu € HY(M). Then the cup product map with u satisfies

Uu: H: (M) — HERL (M),

Proof. We have HY(M) = Homp,,(Qas, Qar[d]) so that we may view the
cohomology class v as a map u : Qpsla] — Qpsla + d]. The cup product map
Uwu coincides with the map induced in cohomology by the pushed-forward
map h.u : hQprla] = hiQpr[a + d]. We apply truncation and obtain the map
PrephQurlal = Pr<ph Qe+ d] = (Pr<p1qah«Qarla])[d]. The assertion follows
after taking cohomology. O
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A much better estimate, leading to the key Proposition 1.4.11, holds under
the following.

Assumption 1.4.5. The intersection complexes ICz(Ly,) (1.4.6) appear-
ing in the decomposition theorem for h,Qx[a] have strict support A (i.e., each
Z = A) and IC4(Layp) = R°j2L A p[a], where j° : A° — A is the immersion of
an open dense subset.

Fact 1.4.6. Take A° to be the open set over which h is smooth, and set
RP := (RPh.Qpr)|4o. We may re-phrase Assumption 1.4.5 as follows:

2f 2f 2f
h«Qurla] = @ ICA(RP)[—p] = P R°jIRP[a][-p] = D RPh.Qurla][-p].
p=0 p=0 p=0

As a consequence, if Assumption 1.4.5 holds, then the perverse Leray filtration
on H*(M) = H* %(A, h.Qps[a]) coincides with the standard Leray filtration
on H*(M) = H*(A, h.Qur).

PropoSITION 1.4.7. If Assumption 1.4.5 holds, then we have

(1.4.20) HZ,(M)® HE (M) — HZT (M).

Proof. Tt is a known fact that the multiplicativity property (1.4.20) holds
with respect to the standard Leray filtration (see [11, Th. 6.1] for a proof).
The statement then follows, since, as noticed in Fact 1.4.6, Assumption 1.4.5
implies that the perverse Leray filtration and the standard Leray filtration
coincide. (]

Let us assume that the target A of the map h : M — A is affine of
dimension a, and let A C CY be an arbitrary closed embedding. Let s > 0,
A* C A be a general s-dimensional linear section and let Mys := h~!(A*). For
5 < 0, we define Mys := 0.

The following is the main result of [15] (Theorem 4.1.1).

THEOREM 1.4.8. A class u € ng(M) if and only if ujp =0.

Ad—p—1

Remark 1.4.9. Theorem 1.4.8 implies, in particular, that H%p(M) =0 if
p < d — a and that H%p(M) = HYM) if p > d.

Remark 1.4.10. For A® general, transversality implies the following (see
[12, Lemma 4.3.8]). If u € H%p(M), then, ujy,, € ng(MAs); in other words,
the change in perversity is compensated by the change in codimension.

Let U C A be a Zariski dense open subset satisfying Assumption 1.4.5
(with U replacing A), and hence the conclusions of Fact 1.4.6. Let Y := A\ U
be the closed complement. Note that such an open set U always exists, e.g.,
U = A°, the set over which the map is smooth. However, Y could be rather
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large, i.e., have small codimension. The following proposition is key to our
analysis of the perverse filtration in the cohomology ring of the moduli of Higgs
bundles, where, as it turns out, the set Y is small just enough to let us go by.

PROPOSITION 1.4.11. Let u; € Hgipi(M) fori=1,...,1. Letd:= > d;
andp:=>p;. Ifd—p—1<codimY, then v:=u; UugU---Uy € H%p(M).

Proof. By the assumption on codimY, a general A%"P~! misses Y. By
applying Remark 1.4.10 to the classes u;, and then Proposition 1.4.7 to their re-
striction to Mpa-p-1, we conclude that the resulting VMg p 1 € ng(MAdfpfl )
As noticed in Remark 1.4.9, we have v Myg p = 0. We conclude by Theo-
rem 1.4.8. O

1.4.5. Extra vanishing when HI(M) =0 for all j > 2f.

PROPOSITION 1.4.12. Assume that A is affine and that H'(M) = 0 for
all j > 2f. Then the perversity of u € HY(M) is in the interval [[%W,d].

Proof. We may assume that u # 0. Let p be the perversity of u. As-
sume that p < [gl In particular, p < f and 2p < d. By RHL (1.4.9)
and by the assumption on vanishing, we reach the contradiction 0 # nf =Py €
H2/=2r+d(M) = {0}. The upper bound follows from Theorem 1.4.8, as noticed
in Remark 1.4.9. O

COROLLARY 1.4.13. Under the hypothesis of Proposition 1.4.12, we have
that . . .
d _ 21,0;d d _ 21,0;d S1-1,1;d
Hipg (M) = QUBIUE HEpyy (M) = QIE P QI
Proof. By Proposition 1.4.12, we have Hi[%Fl(M) = {0}. Then (1.4.5)
implies that H? . (M) = ¢y (H2121(A, PI2])). Equation (1.4.11) implies
that o
d _ 21-255:d _ i A[4]-25,0; d—25
HS[%W(M)_GBQ{J 3. _@UJQFJ J J
Jj=0 7>0
By Proposition 1.4.12, since [4]—2; < [(d—27)/2], we have that Q[ #1~27.0;4-2]
= {0} for j > 0. The assertion in perversity [%1 + 1 is proved in the same
way. ([l

2. Cohomology over the elliptic locus

2.1. Statement of Theorem 2.1.4. We go back to the setup of Section 1.3.

Definition 2.1.1. The elliptic locus Aoy C A is the set of points s =
(s1,s2) € A for which the associated spectral curve Cjs is integral. We set

Men = X (Aen).
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Remark 2.1.2. Let s = (s1,s2) € A. Since the covers Cs — C have
degree 2, if the section s — 4so € H°(C, 2D) vanishes with odd multiplicity at
least at one point of C, then s € Ag. Since 2D has even degree, there is an
even number of points on C' where s — 4s has odd vanishing order.

LEMMA 2.1.3. The set Aep is Zariski open and dense in A and contains
Areg. The complement A\ Aen is a closed algebraic subset of codimension
deg D if deg D > 2g — 2 and of codimension 2g — 3 if D = K¢.

Proof. Since deg D > 0, given s = (s1,s2) € A, the zero locus of its
discriminant divisor s? — 4s, is not empty, so that the spectral covering 7 :
Cs — C is never étale. A nonsingular spectral curve must therefore be irre-
ducible, namely A;eg C A The spectral curve associated with s = (s, s2)
is a divisor on the nonsingular surface V(D), and it is not integral precisely
when s is in the image of the finite map H°(C, D) x H'(C, D) — A send-
ing (t1,t2) to (t1 + ta,t1ta); therefore, the image A\ Aq is a closed subset.
By the Riemann-Roch theorem on C, we have that if deg D > 2g — 2, then
dim(A \ Aen) = 2(deg D + 1 — g) and dim A = 3deg D + 2(1 — g), while, for
D = K¢, we have that dim(A \ Aen) = 2¢g and dim A = 4g — 3. O

We denote by j : Areg — Aen the open imbedding and by b; the I-th
Betti number.

Recall from Theorem 1.3.4 the noncanonical isomorphism Picc, ~x71(s).
Section 2 is devoted to the proof of the following

THEOREM 2.1.4. For s € Ao and for 1l > 0, we have

(2.1.1) dim ((Roj*Rereg*Q)S) = by(Picc,) = bl(X_l(S))-
Theorem 2.1.4 readily implies the following.

COROLLARY 2.1.5. The perverse sheaves Pféten appearing in the statement
of the decomposition theorem (1.4.6) of Section 1.4.2 for the Hitchin map over
the open set Aqn satisfy

Pvl‘len = ICAen(Rereg*Q) = Roj*Rereg*@ [dim A], VI;

i.e., there is only one intersection complex, supported on the whole Aqn, given
by a sheaf in the single cohomological degree —dim A. In particular, Assump-
tion 1.4.5 of Section 1.4.4 is fulfilled.

Proof that Theorem 2.1.4 implies Corollary 2.1.5. Set R! ::Rlxreg*(@ and
a := dim.A. On the smooth locus A,ee, the decomposition theorem takes the

form Xreg,Q ~ @ R'[—1]. It follows that (x.Q[a])j4,, ~ (B IC(R)[-1]) DK,
where K is a direct sum of shifted semisimple perverse sheaves supported on
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proper subsets of Ay. Taking the stalk at s € Agy of the cohomology sheaves,

A 6) = 1 o), = (@ TR, ) M),
and :
bira(x"'(s5)) = dim H*(h,Q[a])s = > dim HF"H(IC(RY))s + dim H"(K)s.
l

By the very definition of intersection cohomology complex, H~*(IC(R!)) =
ROjOR!, hence the equality (2.1.1) forces H"(IC(R')) = 0 for r # —a and
H"(K) =0 for all r. O

Let us briefly outline the structure of the proof of Theorem 2.1.4, which
occupies the remainder of Section 2. In Section 2.2, we prove an upper bound,
Theorem 2.2.7, on the Betti numbers of the compactified Jacobian of an in-
tegral curve with Ag-singularities. The partial normalizations of such a curve
define a natural stratification of the compactified Jacobian; the cohomology
groups of the strata are easy to determine, and the spectral sequence aris-
ing from the stratification gives the desired upper bound. In Section 2.3, we
complement this upper bound estimate with a lower bound estimate, The-
orem 2.3.1, for the dimension of the stalks (Roj*Rlxreg .Q)s. The proof of
Theorem 2.3.1 consists of a monodromy computation which is completed in
Section 2.3.7. In Section 2.3, we also prove that the decomposition theorem
forces the equality of the two bounds. This completes the proof of Theo-
rem 2.1.4.

Remark 2.1.6. The arguments used in the proof of Theorem 2.1.4 do not
depend on the specific features of the Hitchin map and hold more generally in
the following setting. Suppose S is a nonsingular complex variety and ¢’ — S

is a proper family of integral curves, smooth over the open set Speg N S,

which are branched double coverings of a fixed curve C. Let .# iR S be the
associated family of compactified Jacobians. If .# is nonsingular, or has at
worst finite quotient singularities, then Theorem 2.1.4 and its Corollary 2.1.5
hold. In particular, for s € S, we have b;(f~!(s)) = dim ((Roj*le*Q)s).

2.2. The upper bound estimate. In this section, C denotes an integral pro-
jective curve whose singularities are double points of type Ay, i.e., analytically
isomorphic to (y?>—z*+1 = 0) C C? for some k > 1. In view of Proposition 1.3.2
and of the fact that we work exclusively with integral spectral curves, this is
the generality we need. If k¥ > 3, then blowing up a point of type Ay pro-
duces a point of type Ax_o, and if k = 1,2, respectively corresponding to an
ordinary node and a cusp, then blowing up a point resolves the singularity.
The invariant §. := dimg 5670 /Oc.. measures the drop of the arithmetic genus

under normalization. If ¢ € C is a singular point of type Ag, then 6. = %W
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The point ¢ must be blown up d. times in order to be resolved, and, with the
exception of the blowing up of A;, each blowing up map is bijective.

The following theorem lists a few well-known facts concerning the Picard
variety of a curve with singularities of type Ay.

THEOREM 2.2.1. Let C be a reduced and connected projective curve with
at worst Ay-singularities. Let Csing C C be its singular locus, and letv : C — C
be the normalization map. Let v* : Picg — Picgv be the map induced by pull-

back, where Picg (resp. Pic%) 1s the connected component of the identity of the

Picard scheme of C (resp. C). If c € Csing

- Ce if k is even,
© C* x C%~1  ifk is odd,

18 a singular point of type Ay, set

and define the commutative algebraic group P := [Teeciing Pe- Then
(1) If C is irreducible, there is an exact sequence of commutative algebraic
groups
(2.2.1) 1 — P — Picg—Pic} — L.

(2) If C is reducible and § is the number of irreducible components, we have
an exact sequence

(2.2.2) 1 — P/(C)" ™ — Picg—Pict — 1.

Proof. These facts follow directly from the exact sequence of sheaves of
groups on C,
1— OFf — y*(’)g — u*(’)g/(’)g — 1,
and a local computation (see [40, §7.5, especially Th. 5.19]). O

The connected group Picg acts, via tensor product, on the compactifica-
tion mo, which is obtained by adding degree zero rank 1 torsion free sheaves
on C which are not locally free.

Let v : (" — C be a finite birational map. There is the direct image map

——0 —0
vy : Picerm — Pice F— v F.

The following theorem summarizes most of the properties of the compactified
Jacobians of blow ups that we need in the sequel of the paper.

THEOREM 2.2.2. Let C be an integral, projective curve with at worst
Ap-singularities, let v : C' — C be a finite birational map and let F € cho.
Then we have

(1) The compactified Jacobian Dicc’ is irreducible. The action of Picg has

finitely many orbits. The orbit corresponding to locally free sheaves is
dense.
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(2) The direct image map vy : PicC/O — Picco is a closed imbedding with
mmage a closed Picg—im}ariant subset ofmo. The image of Picg, is a
locally closed Picg—invariant subset of cho.

(3) There are a unique finite birational map p : Cr — C, obtained as a
composition of simple blow ups, and a line bundle Lx on Cr, such that
./r = M*E]:.

(4) Let & be the poset of blow ups C' — C. There is a decomposition into
locally closed subsets

(2.2.3) Picc’ = [ Picd.
(€' 5C)es
Proof. The proof of (1) can be found in [48], [1]. The proof of (2) can be
found in [5]. The proof of (3) and (4) can be found in [25, Prop. 3.4]. O

The main goal of this section is to prove Theorem 2.2.7, which gives an
upper bound for the Betti numbers of the compactified Jacobian cho. In
order to achieve this upper bound, we study the decomposition (2.2.3) by
describing the poset & of all the blowing-ups of C.

Definition 2.2.3. An integral projective curve C with Ag-singularities is
said to be of singular type

k= (kla o kos kot - '7k0+6)

if its singular locus consists of o + e distinct points {c1, ..., Coy Cot1s -« -5 Cote}s
where ¢, is singular of type Ag,, with k, odd for 1 < a < o and k, even for
0+ 1 <a<o+e Wesay that each singular point is of one of two possible
types, odd or even. We set O := {c1,...,¢} C Csing, the set of odd singular
points, and E := {co41,. .., Cote} C Csing, the set of even singular points.

Recall that for each entry k, above, we have defined an integer 6., :=
[ka/2].

LEMMA 2.2.4. Let C be of singular type k, let C be its normalization and

let g :== g(C). Then
3 by (PicQ) = 2%+,
l
Proof. A connected commutative Lie group is isomorphic to (S*)" x R*

for some r and s. The Betti numbers satisfy S, b;((S)" x R®) = 2". In our
case, Theorem 2.2.1 implies that r = 2g + o. O

The poset of blowing ups of C can be described as the set

S ={I="(i1,...,00}0011,-,001e) ENT€|0< i, <0, Va=1,...,0+ e},
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where we say that I > I’ if i, > i) foralla =1,..., 0+ e. Let C; be the curve
obtained from C by blowing up, in any order, ¢; times the point ¢, io times
the point co, etc. Let vy : C; — C be the corresponding finite birational map.
The singular points of C; are still of type Ay.

Theorems 2.2.2 and 2.2.1 can be applied to Picgj and to mo' Note
that C; — C factors through C;; — C if and only if I > I’) and that if
I=(b,...,0,..), then C = C; —> C is the normalization. Define |I| := 3 i,.

* 1 YCote

Theorem 2.2.1 implies that
(2.2.4) dim Pic, = dim Picg — |1].

For I € G, the direct image vy, defines a locally closed imbedding Picgl —
mo. By applying (2.2.3) to the natural maps C;; — Cy for I’ > I, we see
that
mo = H Picgﬂ.
I'>I

ProprosITION 2.2.5. We have the following inequality concerning Betti

numbers:
S n(Pice’) < 35 bi(Picd)).

1>0 I€6 1>0

Proof. Let r be a nonnegative integer. Define the subset of Piccoz
Z, = [] Picg,.
[1]>r
In view of the discussion above, we have

(1) Z, is a closed subset of Picco. In particular, it is compact;
(2) there are closed inclusions ) C Z5 C ... C Z; C Zp = Picco, where

5 = Ececsing (SCﬂ
(3) Zr \ Zr+1 = j1)=r Picgl7 where the union is over the connected com-
ponents, all of which have the same dimension by (2.2.4).

The nested inclusions (2) yield the classical spectral sequence
(2.2.5) EPY = HPY(Z_, Z_ypq) = HPT(Picg)).
In view of the compactness (1), the Ej-term reads
B = HPM(Z )\ Zopin) = €@ HIVI(PIcY,).
[I|=—p

By Poincaré duality, we have that Y50 b/(Picg,) = Yysodim H.(Picg, ). It

follows that
> dim EPT =" " by(Picg,).
P 1€61>0
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Clearly, 3, ,dim EP? < 3, dim B}, for every r > 1, and the statement
follows. 0

In what follows, we adopt the convention that a product over the empty
set equals 1. For every subset J C O, let §; := [[ces 0c. We have the following
lemma.

LEMMA 2.2.6. We have

S5 b(Picg) = 2% (H (20 + 1)) <H (6c + 1)) .

1eG >0 ceO ceEE

Proof. Let oy be the number of odd points on C;. For every 0 < r < o, let
#, be the number of curves C; with a given oy = r. Since Lemma 2.2.4 holds
for every Cy, we have that

(226) Z Z bl(Picgl) — Z 225—1—01 — i #. 22?]'-&-7"'
r=0

I1€e6&1>0 16 =

We have

#o = (H 5c> (H(5c+ 1)> ;

ceO ceE
in fact, the following two operations leave the number of odd points unchanged.
Blowing up t times, 0 < ¢t < J., an even point ¢ € F, and blowing up t times,
0 <t < é. an odd point ¢ € O.
In order to have precisely o — 1 odd points, we need to first blow up 9.
times an odd point ¢. Once this is done, we repeat the count above and deduce
that

dor=( M TT0 | TL@r0=( X o | [IG+1).
7=t (;C;? cer uJJ—gil ek
' =0

It is clear that we can repeat this argument and rewrite the last term in (2.2.6)
as

929 igrz(sJ H(56+1)—<H(250+1)><H(5c+1)>,
r=0

JCo cel ceO ceE
tJ=r
by the elementary equality >°_(2" 3" jco 67 = [[eeo (2. + 1). O
fJ=r

Finally, we combine Proposition 2.2.5 and Lemma 2.2.6 and obtain the
desired upper bound.
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THEOREM 2.2.7. Let C be an integral curve all of whose singularities are
of type Ay. Denote by O := {c1,...,¢co} the set of its singular points of type Ay
with k odd, and denote by E := {cot1,...,Core} the set of its singular points
of type A with k even. Denote by g the genus of the normalization C of C.

Then
> b (Picco) < 2% (H (26, + 1)) (H (0c + 1)) :
l

ceO ceEE

In fact, Theorem 2.1.4 below implies that the inequality above is in fact
an equality. In particular, see Corollary 2.3.22; the spectral sequence (2.2.5)
degenerates at Fj.

2.3. The lower bound estimate. The aim of this section is to prove Theo-
rem 2.3.1, which, as we show below, readily implies Theorem 2.1.4.

THEOREM 2.3.1. Let s € Aan, and let Cys be the corresponding spectral
curve with its singular locus {c1,...,Co,Cot1y.-.sCote}. Let O :={c1,...,co}
be the set of points of type Ay with k odd, and let E := {co,...,Cotc} be the
set of points of type Ay with k even. Denote by j : Areg — A the open
imbedding. Then

2% (H(zéc+ 1)) (H(ac+ 1)) < > dim (R R xreg, Q) ,
l

ceO ceE
where g denotes the genus of the normalization Cs of Cs.

Proof that Theorem 2.3.1 implies Theorem 2.1.4. We have the following
inequalities:

. . =—0 . .
> dim (R, fxeee, @), < 301 (Piec,”) < 32 dim (R%eF'xe, Q).
! ! !
where the first one follows from the general equality

e dim A(IC_A(RZXreg*Q))S = (Roj*Rereg*Q>S

combined with the decomposition theorem (1.4.4) and (1.4.6) in Section 1.4.2
for the Hitchin map over Aq; where we add up only the summands supported
on Agy, and the second inequality follows immediately by combining Theo-
rems 2.2.7 and 2.3.1. (]

Outline of the strategy for the proof of Theorem 2.3.1. Let s € Agy. In
view of Corollary 1.3.6, we have the natural isomorphism
l l
(RO R e, Q) <Roj* /\Rlureg*Q> = limT (N N Areg, /\Rlureg*Q> ,
S
where the direct limit is taken over the set of connected neighborhoods NN of s

in A.
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Fix a base-point ng € N N A,es. We have the monodromy representation
T (N N Areg, no) — Aut(Hi(Chy))
and its exterior powers l
1 (N N Apeg, no) — Aut(/\ Hi(Chy))-

The evaluation map I'(N NAreg, AL Rl tureg, Q) — AL Hi(Cyy) at the point
no identifies the vector space of sections I'(IN N Apeg, N Rlureg*(@) with the
subspace of monodromy invariants of A! Hy(C,,). Thus, in order to prove
Theorem 2.3.1 we need to investigate the monodromy of the restriction of the
spectral curve family uyeg : Ca,ep — Areg 10 N N Areg, where N is a small
enough connected neighborhood of s in A.

We consider the local family %, — U of double coverings of C' whose
branch locus is “close” to that of Cj; i.e., it is contained in a neighborhood
U of the divisor (s? — 4s3) in the symmetric product of C. The family has
the property that every other family of double coverings whose branch locus is
contained in U is the pull-back of 6y — U via a uniquely determined map; see
Proposition 2.3.11 for a precise statement. We investigate the monodromy of
the smooth part of this family, and we determine the dimension of the subspace
of monodromy invariants in the exterior powers of the associated local system.
Since the spectral curve family, restricted to a small enough neighborhood of
s in A, is isomorphic to the pullback of this local family via the map © of
Remark 1.3.3, the dimension of the subspace of monodromy invariants of the
local family gives a lower bound for the dimension of the monodromy invariants
of the spectral curve family, thus proving Theorem 2.3.1.

Remark 2.3.2. While our analysis of the monodromy is purely local, a
detailed study of the global monodromy of the family Mg — Areg has been
carried out, for C' a hyperelliptic curve, by Copeland in [17].

Notation 2.3.3. In the remaining of Section 2.3, for notational simplicity,
we denote with the same symbol a cycle (resp. relative cycle) and the homol-
ogy (resp. relative homology) class it defines. In particular, an equality of
cycles (resp. relative cycles) will always mean equality of their homology (resp.
relative homology) classes.

2.3.1. The double covering of a disc. We review some basic facts (see [4,
Part 1]) concerning the topology of a holomorphic branched double covering
p:S — D of the closed unit disc D C C, with boundary D and interior D,
under the following

Assumption 2.3.4. The map p is the restriction of a holomorphic mapping
from thickenings of domain and codomain, there are no branch points on 0D
and the degree 2r of the branch locus divisor Z is even.
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Let pz(z) be the monic degree 2r polynomial vanishing on Z. Then
(2.3.1) S= {(z,w) € D x C such that w? = pZ(z)} , plz,w) = 2.

Remark 2.3.5. Since pz(z) has even degree, the boundary 9S = p~1(0D)
of S consists of two connected components 9’ and 9", which we endow with
the orientation induced from S. We denote the resulting cycles in homology
with the same symbols (cf. Notation 2.3.3).

Assume Z consists of 2r distinct points. By the Riemann-Hurwitz formula,
S is biholomorphic to a compact Riemann surface of genus r — 1 with two open
disks removed.

Denote by I := [0,2r +1] C R, and let 8 : I — D be a differentiable
imbedding such that 9DNB(I) = {5(0),B(2r+1)} and Z = {B(1),...,B(2r)}.
The subsets

Nj=p B +1]), G=1,..,2r =1
are closed curves, which we orient subject to the requirements
(2.3.2) (s A1) = 1,

where (, ) denotes the intersection product with respect to the the natural
orientation of S, and the equality in homology

(2.3.3) > A1 =79
j=1

The 1-cycles {)\j}?;_ll form a basis for the first homology group H;(S).

Remark 2.3.6. In view of the long exact sequence in relative homology of
the pair (S,0S), the kernel of the natural map Hi(S) — Hi(S,0S) is one
dimensional, generated by the cycle 77 Agj—1 = d'. In order to complete the
set {\; }?7:11 to a system of generators of H;(S,0S), we need to add a relative
1-cycle sent via the boundary map to a generator of Ker { Hy(9S) — Ho(S)},
namely a cycle joining the two components 9’,0"” of the boundary. We take

the relative homology class of the curve

(2.34) pi=pt(B([0,1]) €8

oriented so that we have the first equality below. We have
(2.3.5) (t, M) =1 and (p,Aj) =0, V1<j<2r—1.

The relative homology classes of the cycles {A1,...,Agy—1,u} form a set of
generators for Hi (S, dS) subject to the only relation Y771 Agj—1 = 0.
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2.3.2. The family of coverings of the disc and its monodromy. We identify
the symmetric product D(2"), parametrizing the effective divisors of degree 2r
on the unit disk D, with the space of monic polynomials of degree 2r whose
roots have absolute values less than 1, by sending v = (vy,...,v9,) € D) to
po(X) = [[¥ (X —v;). The elementary symmetric functions of (vq, ..., vs,) give
a system of coordinates for D), thus realizing it as a bounded open subset
of C?".

Notation 2.3.7. We denote a point in D) C C?" by the divisor v on I
or by its associated monic polynomial p,.

On D x D) there is the divisor
Yo = {(z,p) € D x D®) such that p(z) = O}
and the double covering
Sop = {(z,p, w) € D x D) x C such that w? = p(z)} ,

defining the family ®o, : S, — D) of (possibly singular) Riemann sur-
faces with boundary (for every fiber S,, the singularities are disjoint from the
boundary):

(2.3.6) D(27)

\/

D x D),

The map po, is a double covering branched over 2%,, and, for v € D7),
the fibre S, := @, (v) is the double covering S, — D of equation w? = p,(2)
branched precisely over the effective divisor v in .

Remark 2.3.8. By Remark 2.3.5, the boundary of every fibre of the map
®,, consists of two connected components. Since D" is contractible, we have
a smooth trivialization 9., ~ (S]] S') x D), well defined up to isotopy.

The locus E of polynomials with vanishing discriminant is a divisor in
D), and ]D)gg) = D) \ E is the open subset corresponding to multiplicity
free divisors, namely 2r-tuples of distinct points in ID. The double covering
S, = ®,'(v) of D introduced in Section 2.3.2 is nonsingular if and only if
v E Dﬁgg).

We choose a base-point v € ]D)Egg). The fundamental group m (Dgg), v) is
the classical braid group %2" on 2r strands (see [4], §3.3). As in Section 2.3.1,
a differentiable imbedding 5 : I — D, such that v = {(1),...,5(2r)}, defines
a basis {); 27; L of Hy(S,), the relative class u € H1(S,,dS,), and the usual

set T1, .. Tgr,l of generators of %%". If v; := (i), the braid T; exchanges v;
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with v; 1 by a half-turn. More precisely, let D™, D~ be the two open half-discs
determined by £ and its orientation; then T; can be represented by two curves
7,77 :[0,1] — D such that

(2.3.7) 70) =77(1) = v, 77(1) = 77(0) = vig1,
77((0,1)) € DY, 7((0,1)) C D™

We apply the Ehresmann fibration lemma to the restriction of the family
@y, to D%Q. We have monodromy homeomorphisms M (T;) : (S,,0S,) —
(Sy,08y) for i =1,...,2r — 1, which restrict to the identity on the boundary
0S,. They are unique up to an isotopy which fixes the boundary pointwise.

Let v € Hi(Sy,0S,) be a relative 1-cycle. Since the monodromy homeo-
morphisms fix the boundary, the difference M (T;)(y) — 7 is homologous to a
cycle, denoted Var;(7y), disjoint from the boundary. This defines the classical
variation maps (see [4, §2.1]):

Var; : Hi(Sy,0Sy) — Hi(Sy), 1=1,...,2r—1.
ProprosITION 2.3.9. The following holds:

Ai ifj=i—1,
Varj(A\;) = ¢ =N\ ifj=i+1, Var;(p) = {
0 ifjAi—1i+1,

Proof. The monodromy M (T;) is associated with the degeneration of S,
in which the i-th and (¢ + 1)-th ramification points come together and the
covering acquires a node. It follows that M (T;) is a Dehn twist around \;.
The Picard-Lefschetz formula ([4, §1.3]) gives

0 ifi#l,
Noifi=1.

if c € Hi(Sy,08S,), then Vari(c) = (¢, Ai) ;.

We conclude by combining the above with (2.3.2) and (2.3.5). O

2.3.3. The local family. Let d = 2r be an even positive integer, and let a
be a partition of d, which we write

(2.3.8) a= (al, N ,a2w+5),
where aq, ..., as, are odd positive integers and asyy1, - - ., G2t are €ven pos-
itive integers; we set
i
(2.3.9) do:=0,di:=> aj fori=1,...,2w+e.
j=1

Clearly d = dayte-
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Let o be an effective divisor of degree d on a projective nonsingular curve
C with multiplicity type a, namely

2w+e
(2.3.10) o= Z a;iq; »
i=1
where the points qq, ..., gaw+e of C are distinct.

Let Oc (o) be the corresponding line bundle on C and let s € I'(C, Oc(0))
be the section vanishing at o, well defined up to a nonzero scalar. We choose
a square root of Oc(o), that is, a line bundle L on C such that L®? ~ O¢(0).
The double cover C, of C branched over o is the curve on the total space
V(L) = C of L defined by

{y e V(L) : y* =n*s}.

Note that the topology, e.g., its being connected or not, depends on the choice
of the square root L, and not only on o.
From this point on, we work under the following

Assumption 2.3.10. The double covering C, is integral.

The effective divisors of degree 2r on the curve C are parametrized by
the symmetric product C®”), which is a nonsingular algebraic variety, strat-
ified by the loci corresponding to divisors with a fixed multiplicity type. We
denote by Cr(egg) the open subset consisting of multiplicity-free divisors and,
for every subset Y C C®"), we set Yieg =Y N C’(QT). We have the divi-
sor Z = {(c, u) € CxC®) . ce u} C C x C?) the associated line bundle
O(Z) on C x C®) and its tautological section S € T'(C' x C?"), O(Z)) van-
ishing at Z. Given an open subset V C C x C?") we set Zy := ZNV and
denote by Oy (Z) and Sy the restrictions of the corresponding objects to V.

The following proposition follows readily from the fact that the squaring

2r

map Pici — Picd is étale.

ProrosiTIiON 2.3.11. Let U be a connected and simply connected open
neighborhood of o in C@"), and let Zy == Z N (C x U). Then for every line
bundle L on C such that L®% ~ Oc(0), there is a projective family ®y

bu

>

Zz,{(—>CXZ/{

/\

with the following properties:
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(1) For u € U, the curve Cy, == ®,;' (u) ey Cis a double covering of C
ramified at the effective divisor u = ZyNpy *(u), and Cy := ®;,' (o) Lo,
C is the double covering of C ramified at o corresponding to the choice
of the square root L.

(2) The map py is a double covering branched over Zy.

(3) The restriction Py, : Clhyey = By, (Ureg) — Ureg is a smooth family.

(4) If

is a family of double coverings of C with p' ramified over the divisor
7' and, for tg € T, there is an isomorphism

(I),_l (to) CU

N

C,

then, for a suitable neighborhood V- C T of ty, the map 0 :' V — U
associating to t € T the branch locus of ®~1(t) — C defines an
isomorphism ® (V) ~ 6y x¢ V over V.

We now define the distinguished neighborhoods of o in C'?").

Choose a closed disc A C C' whose interior A contains the support of o.
Choose open discs Aq,...,Aq,r- €A C C so that

(1) ¢; € A; for all i.

(2) A; C Aforall i, and A;NA; =0 for all i # j.

Asin Section 2.3.2, we have the a;-th symmetric product Al)

; / and its open sub-

set Agﬁ)g corresponding to a;-tuples of distinct points. The set of effective divi-
sors of degree 2r consisting of a; points contained in A;, wherei =1,...,2w+e¢,

defines a distinguished neighborhood of o € C(?7):
N =AM c Al ¢ o,

Distinguished neighborhoods are contractible and give rise to a fundamental
system of neighborhoods of o € C(?"). We also have the open subset

(2.3.11) Nieg := NN CE =T A%, < AZD

reg i,reg = —reg

consisting of the simple, i.e., multiplicity-free, divisors in N.
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By Proposition 2.3.11, the choice of a square root L of the line bundle
Oc¢ (o) yields the family ®@r) @ Caen — A®") the smooth family UINCIORE
%Aﬁgg) — Agg) , and their restrictions ®r : €y — N and ® Neeg * CNiog — Neg-
Our aim is the proof of Theorem 2.3.12 below. This result is the main
step in the proof of Theorem 2.3.1 which, as we have seen at the beginning of

Section 2.3, completes the proof of the main Theorem 2.1.4 of this section.

THEOREM 2.3.12. Let C be a nonsingular projective curve of genus g,
let 0 € C®) be an effective divisor of multiplicity type a = (a1, ..., azuie),
and let L be a square root of Oc(o) such that the associated double covering
po : C;, — C is integral. Let N be a distinguished neighborhood of o, let
Nieg be the open subset of simple divisors in N, and let j : Nyeg —> N be the
corresponding imbedding. Then

(2.3.12)
4g+2r—2 l 49+2r—2 l
> dim(Roj* /\quwreg*@> = > dimF(Meg, /\RléM,eg*Q>
=0 o =0
2w+-e
— 249—2( H (CLZ' —+ 1))
1=1

Remark 2.3.13. Recall the Definition 2.2.3 of singular type of an integral
curve with Ag-singularities and of the two sets O and E. With the notation of
Theorem 2.3.12, we have E = {p;'(g;)} for i € {1,...,2w} such that a; # 1,
and O = {p; (g} for 2w+1 < i < 2w+e. With the convention that if a; = 1,
then the term a; — 1 should be deleted from the singular type vector k, we have
that C, has singular type k = (agy+1 — 1,..., 0204+ — l;a1 — 1,..., a9, — 1).

Then, the right-hand side of equation 2.3.12 equals the quantity

225<H (26, + 1)) (H (6e + 1))

ceO ceE

associated with the singular curve C, (see Theorem 2.2.7).
Fori=1,...,2w+e¢, weset §; := 6p’1(q¢)’ with the convention that d; = 0

if a; = 1, i.e., if p,1(g;) is a nonsingular point of C,,. Clearly

(2.3.13) (]‘[(250“)) (H(66+1)> = (ﬁ(d,- + 1)) ( 2ﬁ6 (25i+1)> .

ccO ceE =1 1=2w-+1

By the Riemann-Hurwitz formula and the definition of the é-invariant (§ 2.2),
we have that

(2.3.14)
2w+e 2w 1 2w+e

§:2g+r—1—26i:2g+% Z ai—l—%Z(ai—l)—§ Z a; = 2g+w—1.
i=1

=1 i=w+1
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Now use the fact that

(2.3.15) o — { 265; if a; is even ,

20; +1 if a; is odd,

and deduce the equality

Qwte ) 20 2w—+e
24972 ( H (ai + 1)> — 92§—2w H(26i + 2) H (251' + 1)

i1 i=1 i=2w+1
B 2w 2w—+e

=29 [ +1) [ (26 +1),
i=1 i=2w+1

whose right-hand side coincides, by (2.3.13), with
920 (]‘[ (200 + 1)) (H (6e + 1)) .
ceO cek

Fori=1,...,2w+e¢, let u; e Al and let u = (ug,...,Uspyte) € Nrcg-

i,reg?
We have the monodromy representation

7T1(/\/’1rega ) — AUt(Hl(C ))

and its exterior powers

Wl(Mega )—>Aut (/\Hl )

The evaluation map at the base-point u gives an isomorphism

(Megy/\Rl(I)Meg*Q> </\ Hl ) )

where (—)™ denotes the subspace of invariants.

Remark 2.3.14. Since the family ®u;,, : En;,, — Nreg is the restriction
t0 Npeg of the family @
is the composition
(2.3.16) 1 (Nreg, 1) — 1 (ALY, u) — Aut(H1(Cy)).

2.3.4. Proof of Theorem 2.3.12. Step 1: splitting off the constant part.
We have the diagram

NG : %Aﬁﬁg) — Ageg), its monodromy representation

A(Qr)

(gA(?r)

p% /

C x A@r)
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of Proposition 2.3.11 and the nonsingular branched double covering

(2.3.17) pu: Ppan () =: Cy — C.

By the Riemann-Hurwitz formula we have g(C,,) = 2g+r—1, where, we remind
the reader, r = de% = Zéi We set
C:=p, (C\A),  Eu:=p,' (D)

Remark 2.3.15. In view of Remark 2.3.5, the inverse image p,!(0A) =
0 E, consists of two connected components. There are two distinct possibilities
for the restriction of the covering p, to C. The former is that this restricted
covering is disconnected and thus biholomorphic to two copies of C'\ A. This
is the case if the square root L of O¢(o) is a trivial line bundle on C' \ A.
The latter, corresponding to the case in which L is a nontrivial line bundle on
C'\ A, is that C is connected, in which case C' = C’\ (U; [[Ua) is obtained
by removing two discs Uy, Us from a connected compact Riemann surface C’
of genus 2g — 1.

Since the line bundle associated with a divisor on C supported on A is
trivial on C'\ A, we have a biholomorphism (of surfaces with boundaries)
p;(lm((C \A) x A@DY ~ & x AP and the family ® 5@ 1 Epen — AR
is obtained by glueing the family p;}m (A x APy — A7) to the constant
family C' x A — A7) along the boundary (S'][S!) x A®): the same
clearly applies to its restrictions ® s, P ;.-

The long exact sequence of relative cohomology of the pair E, C Cy, the
vanishing H>(Z,) = 0, and the fact that Hy(Z,) — Ho(Cy) is an isomorphism
give the exact sequence
(2.3.18)

0 — H(Cy) — H3(Cy,Ey) —= H1(EBy) — Hi(Cy) — H1(Cy,Ey) —=0

B ~

Hg(é7aé) H]_(C',@é),
where the vertical arrows indicate the excision isomorphisms.

Case 1: C is disconnected. Here dim Hy(Cy, E,) = 2 and dim H;(Cy, )
~ H;(C)®? = 4g; define

(2319) Ha,disc = Im{Hl(El) — Hl(cﬂ)}

It follows from the sequence (2.3.18) that dim H, gisc = 27 — 2, and we have an
exact sequence

(2.3.20) 0 — Hadise — H1(Cu) —> H1(Cu, Zy) — 0.

Remark 2.3.16. In this case, in order to satisfy Assumption 2.3.10, we
must have w > 1. In fact, if w = 0, every singular point of C, has two branches.
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Let v : 6’; — (5 be the normalization map. Since the inverse image by v of
every singular points consists of two points, the composition 6’: -0, —C
is an étale covering, which must be trivial if €' is disconnected. This implies
that C, is disconnected and C, is reducible against Assumption 2.3.10. See
also [44, §11].

Remark 2.3.17. Given a basis of H;(C), it is possible to represent its
elements by cycles contained in C'\ A. By taking pre-images of these cycles
via py, we get 4g linearly independent homology classes which split the exact
sequence (2.3.20). Since, as we have already observed, the family ® A :
Cren — A" is obtained by glueing the constant family with the family
p;ér) (A x APy — AP the direct sum decomposition

(2.3.21) Hy(Cy) = Hygise © Hy(C)%*

is invariant under the action of Wl(Aﬁgg),g), which is trivial on the second
summand.

Case 2: C is connected. Tn this case dim Hy(Cy, 2, =1 and dim H; (Cy, Zy,)
= 4g — 1; the sequence (2.3.18) takes the form

(2.3.22) 0 — Hi(E,) — Hi(Cy) — H1(Cy,Eu) = Hi(C,0C) — 0.

As we already observed in Remark 2.3.15, C' = C’\ (U [[Uz) is obtained
by removing two discs Uy, Us from a connected compact Riemann surface C’ of
genus 2g — 1; it is readily seen that the map H;(C") — Hy(C’,0U; []9U3) is
injective. We have the excision isomorphism Hy(C’, dU; [[0Us) = H 1(@’ ,0C ),
by which we identify H;(C’) with a subspace of H1(C,dC). Let 4 € Hy(C,dC)
be the class of a path in C joining the two connected components of its bound-
ary. Tt is then easy to see that H,(C,0C) = Hy(C") @ Span4. By using the
excision isomorphism Hi(Cy,E,) = H1(C,dC), we obtain an isomorphism
H1(Cy, Eu) = H1(C") @ Span§.

The natural map H;(C) — Hy(C") is clearly surjective, as every class
in H1(C") can be represented by cycles contained in C. By using this fact,
we choose a (noncanonical) splitting Hy(C") — H;(C). An easy argument,
based on the Mayer-Vietoris exact sequence associated with the decomposition
C, = C'UE,, shows that the map H;(C) — H;(C,) is injective. Via the
composition H;(C') — Hi(C) — H;i(C,), we may then identify H;(C")
with a subspace of H;(C,,). The lack of canonicity of this identification will be
harmless for what follows.

2.3.5. Proof of Theorem 2.3.12. Step 2: construction of an adapted basts.
Let us choose a differentiable imbedding 8 : I = [0,2r + 1] — A with the
following properties:
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(1) B(1) N OB = {B(0), B2r + 1)}.
(2) u; = {B(di=1 +1),...,8(d;)} for i = 1,...,2w + ¢, with d; defined in
(2.3.9).
(3) Foreveryi=1,...,2w+e¢, the inverse images 3~ (B(I)NA;) are closed
sub-intervals of I.
As in Sections 2.3.1 and 2.3.2, 5 defines the cycles \; € H1(E,), p€ H1(Ey, 0Ey),
and the set {7T;} of generators of %?".
The open imbedding Nyeg — AﬁZQ
71 (Nreg, u) —> wl(Aﬁig),g) = %%, Tt is evident from the definition of A;
and 3 that, if d; < j < d;41, then T} can be represented by a pair of curves
as in (2.3.7), whose image is entirely contained in A;, and is hence contained

induces the group homomorphism

in the image of the homomorphism above, whereas this is not possible if j €
{dy,...,d2yt+e—1}. This observation readily implies the following lemma; the
missing details of the proof are left to the reader.

LEMMA 2.3.18. The map
71 (Nregs w) — w1 (AR w) = 5%

reg =

is injective. Its image is the subgroup B* of B> generated by the elements
Tj’s for j € {1,...,2r =1} \ {d1, ..., dowte—1}-

Remark 2.3.19. It follows from Lemma 2.3.18 that if NV C N is another
distinguished neighborhood and u € N, then the natural map m (Neg, u) —

71 (Nreg, 1) is an isomorphism and

l l
F(-}\[regv /\ qu)Nreg*Q) - F(Meg’ /\ Rl@j\/-r/eg*@>

is an isomorphism. Hence the natural maps

l
r (-/\[rega /\ R! (I)Nreg *Q>

l l
—T (Ng N Rl‘lwzeg*@> — (ROJ* A qu’Nreg*@>

[

are isomorphisms.

In the case in which € is disconnected, the kernel of the map H- 1(Ey) —
H,(C,) is generated by the element ™% Ay 1; see (2.3.3). Since, by Re-
mark 2.3.16, w > 1, we may use this relation to eliminate A,, so that the
set {\;}, for i = 1,...,2r — 1,0 # ay, is a basis for the space Hggise =
Im Hy(Z,) — Hi(Cy). This choice is suggested by Lemma 2.3.18 since T}, ¢
A°. 1t will be evident in Section 2.3.6 that this choice is computationally quite
convenient.
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In force of Remarks 2.3.17 and 2.3.14 and Lemma 2.3.18, we are reduced
to compute the dimension of the subspace of invariants of A® H, gisc for the
action of the group #°* C #%" ~ Wl(Agg),g) defined in Lemma 2.3.18.

We now deal with the case in which C is connected; we resume the nota-
tion introduced at the end of Section 2.3.4. Recall, in particular, the relative
cycle 4, the identification of H;(C’) with a subspace of Hi(Cy,E,), and the
noncanonical one with a subspace of Hy(C,). We lift the relative class 4 to a
homology class Ao € H1(C,) by joining 4 with a representative of the relative
cycle p defined by (2.3.4) in Z,. Setting Hq conn = H1(ZE,) @ Span Ao, the
decomposition

(2.3.23) Hl(CE) = Hu,conn@Hl(C,>

is (Aﬁgg), u) ~ % -invariant. Note that, by (2.3.5), the action on \g is given
by

(2.3.24) Tz(/\O) = )\0 if ¢ 75 1 and Tl()\O) = )\0 + )\1.

Since, by construction, the cycles in the subspace Hi(C") may be chosen to be
entirely contained in C, the action of %% on the summand H;(C") is trivial,
and, by Remark 2.3.14 and Lemma 2.3.18, we are reduced to compute the
dimension of the subspace of invariants of A® Hgconn for the action of the
group #°* C B> ~ m(Aﬁgg),@).

In either case, a local coordinate ¢ : A — D, defined on an open set
containing A, identifies the family pZ%M (A x APy — A7) with the family
Doy Sor —> DE) of Section 2.3.2 and the restriction Pujz, * =, — A with

the double covering S, — D, where v := ((u). By (2.3.9), the action of %*
on Hg conn and H gisc is then given by
(2.3.25)

Ti(Aj) =A; if li—jl # 1, Ti(Aig1) = g1 — Xy (A1) = Aim1 + A

2.3.6. Proof of Theorem 2.3.12. Step 3: computation of monodromy in-
vartants. Lemma 2.3.20 and Proposition 2.3.21 below summarize the linear
algebra facts which we need to complete the proof of Theorem 2.3.12.

LEMMA 2.3.20. Let U be a vector space of even dimension 2m with basis
Cly- -+ Com, and denote by \* U its exterior algebra. Let T, ..., Toy, € Aut(U)
be defined by

(2.3.26) Ti(cj) =¢; if li—jl# 1, Ti(cit1) = civi—ci, Ti(cim1) = cimitai,

and denote their natural extensions to \* U again by T;. For I C {1,...,2m},
let Tt be the subgroup of Aut(A® U) generated by the T;’s with i € I, and denote
by (N U C \*U the subspace of Tr-invariants.



(1)
(2)
(3)

TOPOLOGY OF HITCHIN SYSTEMS 1371

For I =1{1,2,...,2m}, we have dim (\* U)™" =m +1.

For I' = {2,3,...,2m}, we have dim (\®U)""" = 2m + 1.

ForI" ={2,--- [t,t+2,...,2m}, with t odd, we have dim (\* U)TI” =
t+1)(2m—t+1).

Proof. For a,b e {1,...,2m}, with a < b and a = b(2), we set

Clab) = Ca + Cat2 + -+ Cp—2 + Cp.

It immediately follows from (2.3.26) that

(2.3.27)

Clab] ifita—1,b+1,
Ti (cla) = Clap) — a1 fi=a—1,
Cla,p] T Co+1 ifi=0+1.

Case I = {1,...,2m}. A direct computation using (2.3.27) shows that

m 2
Q= Z 6[1725_1] AN Cog € /\ U
s=1

is T!-invariant and Q™ # 0. Hence 1,Q,0Q2 ..., Q™ are the desired
m + 1 T'!-invariants.
Case I' = {2,...,2m}. Since T;» < Ty, the Qs introduced above are
Tp-invariant. Furthermore, since Ty ¢ Ty, it follows from (2.3.27) that
Ci2,2m] € UTr . Then 1, C[2,2m)> Q, C[2,2m)] AL 1 C[2,2m) /\mel7 Q™ give
the desired 2m+1 T! -invariants, which, being nonzero and of different
degrees, are linearly independent.
Case I" = {2,...,t,t +2,...,2m} with t odd. In addition to the T7'-
invariant ¢ 2,,) € U introduced above, we have ¢ ;) € U Tir | again by
(2327), since 7}4_1 Qé T]//.

Let Up be the space spanned by ¢z 2,,,] and cpy 47, and set

Uy := Span{ca, cs3,...,¢} and Uy := Span{ci12, Cry3, .- ., Com }

It results from (2.3.26), and again from the fact that Ty41 ¢ Ty, that
the direct sum decomposition U = Uy @ Uy @ U, is Tyr-invariant.

Let G be the group generated by {T5, T3, ...,T;}, and let G be the
group generated by {Ti+2, Ti43, ..., Tom}-

Applying case (1) of this Lemma to the vector spaces U; and Us
with the groups G1, G2 respectively, gives

(t—=1)

N

2% G
QO e (/\m) . VO<ES
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and
G2

2l
1
Qe (/\U2> . Vo< S@m—t-1).

Since GGp acts trivially on Us and G acts trivially on Uy, the i(t—{— 1)

-(2m—t+1) elements Q¥ QL € A\* Uy @ \? Uy are Tyn invariant. They

are, furthermore, linearly independent since they are nonzero and live

in different summands of the direct sum decomposition of A* (U; @ Us).
From the T7v-isomorphism

Av~ (Ao (A o (Avs).

we conclude that (A*U)™1" is a free 1(t +1)(2m — t + 1)-rank mod-
ule over the four-dimensional Ty -invariant algebra A®Up, hence its
dimension is (t +1)(2m —t +1).
In all of the three cases considered, it is not hard to verify that there is no
other invariant. O

Let a be a partition of d, with associated integers a;,w, e, d; as in (2.3.8),
(2.3.9), and let #* be the group of Lemma 2.3.18. Let
(2.3.28)
Va.dise be the Q-vector space generated by the set Igisc = {1,...,d—1}\ {a1},

and let
(2.3.29)
Va,conn be the Q-vector space generated by the set Ioonn = {0,...,d — 1}.

In either case, denote by {\;};c; the corresponding basis, with I = Igjs or
I = Iconn and endow the vector spaces and their exterior algebras A® V; gisc
and A® Vg conn with the #%module structure defined by (2.3.25).

PROPOSITION 2.3.21. Let (—)?" denote the subspace of B°-invariants.
We have

1
(2.3.30) dim (/\ Va,disc) =3 H(ai +1),

(2.3.31) dim (/\ Vamnn) ’ = [J(ai +1).

Proof. We first prove (2.3.30), starting with the case ¢ = 0. We proceed
by induction on w.

Assume w=1. Then a = (aj,az2) and B* = A" x H* is the group
generated by T1,..., T, —1,Ta141,- - s Laj+as—1- Since Ty, ¢ A°, it follows
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from (2.3.25) that the direct sum decomposition Vg gisc = W1 @ W with
Wi =Span{Ai,..., g1}, Wa=Span{Aa, 11, Aaytas—1}s

is #A%invariant. Since furthermore, %! acts trivially on A®* W and #%* acts
trivially on A®* W1, we have

() =) i)
(i) (i)

We now apply Lemma 2.3.20(1) twice, first setting U = W and 2m = a; — 1
and then U = Wy and 2m = az—1, to find dim (A® Vo dise)” = L(a141)(ag+1).

e Assume the statement is proved for every multiplicity type a with e =0
and w < k, and let o/ = (a,as511, a2k12), with a := (a1,...,a9). Set d' :=
d+ aggr1 and d” = d + asgy1 + agkro. We have BY ~ B x B°, where
PB® ~ JB02k+1 x JB%2k+2 is the subgroup generated by

Td+1? s 7Td’—17Td’+17 s 7Td"—1'

i#ar
subgroup 4" acts trivially on it by (2.3.25). Hence

[ ﬂ/ opa ofa 2k
(/\ Vva,disc)vg = (/\ ‘/a,disc)'jg and dim (/\ Vva,disc)vg = i H(az + 1)
=1

by the inductive hypothesis. The subspace Span{ Ay, ..., Agv_1}, however, is
not &% invariant as Ti-1(Ag) = Mg — Ag—1. We correct this by introducing
j\d = Ag+ Ag_o + -+ )\ko—1+1; by (2.3.25) we have T](S\d) = j\d if j #
dok—1,d+ 1. Since Ty,, | ¢ A" | while TdH(;\d) =\ + Ad+1, the subspace

W = Span{j\d, )‘d—i-l’ ey >\d”—1}

is #" -invariant. The decomposition Vi gisc = Va,disc ®W is hence 2 -invariant
and Z° acts trivially on W. Since Ty ¢ %%, we can apply case (3) of
Lemma 2.3.20 to U = W with ¢t = agx4+1. The statement is now proved
for every a such that ¢ = 0.

Case € > 0. Assume the statement is proved for every a with ¢ < k. Let
a' = (a,a904¢) and let d’ := d + agyte. Just as in the case above, we set

W = Span{;\d, Adtly s Adr—1},

where Xd = AN+ Ag—2+- -+ Agy, ,+1, we have a A -invariant decomposition
Vit dise = Va,dise ® W with the property that 2% acts trivially on W and Z%2«+<
acts trivially on Vg gisc; we may thus apply case (2) of Lemma 2.3.20 to U = W
with 2m = agy4e.
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The proof of (2.3.31) goes along the same lines as that of (2.3.30), so we
will skip some details. We proceed by induction on w + €.

e Assume € = 1, w = 0. Then a = (a;) with a; even, and Vg conn is gener-
ated by Ao, ..., Aq;—1 with the action of the group generated by 11, ...,T5, 1.
This is, up to an obvious renumbering, precisely case (2) of Lemma 2.3.20,
which gives dim(A® Vy.conn)? = a1 + 1.

e Assume instead w = 1, ¢ = 0. Then a = (aj,az) with aj,as odd,
d = a1 + a2, and Vg conn is generated by Ag,...,Ag—1 with the action of the
group generated by 11,...,7T,,-1,Ta,+1,...,T4—1. This is, up to an obvious
renumbering, case (3) of Lemma 2.3.20 with t = a1, 2m = a1 + ag, and we
obtain dim(A® Va.conn)? = (a1 + 1)(az + 1).

e Assume the statement is proved for all a with w + ¢ < k. Given a’ with
w + e =k 4+ 1, one needs to consider two cases:

(i) o := (a,a) with a even. Defining M= M+ Mg + -+ Ay, We
have a % -invariant decomposition Vi .conn = Va,conn @ W, with W :=
Span{j\d, Ad+1s- -+ Md+a—1}, and we proceed as above, applying case
(2) of Lemma 2.3.20 to U = W with 2m = a.

(ii) ' := (a,d’,a") with a’,a" odd. Defining M= A+ Ageo+- -+ Ay, We

have a %% -invariant decomposition Vi .conn = Va,conn ©@ W, with W :=
Span{Ag, \g+1, -5 Adra’+a”—1}, and we proceed as above, applying
case (3) of Lemma 2.3.20 to U = W with 2m = a. O

Proof of Theorem 2.3.12. In the case in which C is disconnected, the de-
composition (2.3.21) Hy(Cy) = Hy gise ® H1(C)®?2, the fact that 71 (Nreg, u) acts
trivially on the 4g-dimensional space H;(C)®2, the identification of 71 (Neg, 1)
with 2% acting on Hg gise as described in (2.3.25), and case (1) of Proposi-
tion 2.3.21 applied to Hj gisc imply that

) 1 (./\/rcg 72)

(Amic - (A H)@ ® A (11 (0)°2)

and

> 1 (./\/rcg 72)

dim (/\ H(Cy) = 2% (i [T (a: + 1)) =22 ](a: + 1)

In a completely analogous way, in the case in which C is connected, the de-
composition (2.3.23) H1(Cy) = Hgconn @ H1(C'), the fact that m1(Nreg,u)
acts trivially on the 4¢g — 2-dimensional space Hi(C"), the identification of
71 (Nreg, ) with #* acting on Hg conn as described in (2.3.25), and case (2) of
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Proposition 2.3.21 applied to Hg conn, imply that

(/\ HM))MMW - (/\ H)} ® (/\ (")

and

Wl(Nregaﬂ)
) = 242 [[(as + 1). 0

dim ( /\ Hy(Cy)

2.3.7. Proof of Theorem 2.3.1: Back to the spectral curve. We resume
the notation of the statement of Theorem 2.3.1. Let A be a distinguished
neighborhood of ©(s) € C%. For a small enough neighborhood N of s € Ag,
we have O(N) C N and O(NNAreg) € Nreg. Let @ be the family constructed
in Proposition 2.3.11 associated with the choice of the square root O¢(D) of
Oc(©(s)) ~ Oc(2D). By point (4) in Proposition 2.3.11, the restriction of the
spectral curve family to N N Ay is the pullback via © of @y, . Hence, by
Corollary 1.3.6 and by the base change theorem for proper maps, we have the
isomorphisms of local systems on N N Ayeg:

l
Rl'Xreg,Q ~ ©* (/\ quwreg*@> .

As the stalk (R° j*Rlxreg .Q)s is the direct limit over the set of neighborhoods
N of s in A of the space of monodromy invariants of the local system R’ Xreg, Q
in N N Ayeg, the statement follows from Theorem 2.3.12 and Remark 2.3.13.

O

As shown just after the statement of Theorem 2.3.1, we have also com-
pleted the proof of Theorem 2.1.4. This latter result has the following conse-
quence.

COROLLARY 2.3.22. Let s € Aqy, and let Cs,q,0, E be as in the state-
ment of Theorem 2.3.1. Then

(1) The spectral sequence (2.2.5) degenerates at Ej.
(2) The Poincaré polynomial of the fiber x~*(s) ~ Piccso is
(2.3.32)

St (x N (s) = (1+1)% (H (1+t+ ...+t25c)> (H (1++¢ +...+t50)> .
l

ceO ceE
Proof. 1t follows from Theorems 2.2.7 and 2.3.1 that

> dimERS =% bi(x7'(s))
pq l

— 2% (H (2. + 1)) <H (0c + 1)) =) dim EPY;

ceO cEE
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hence all the differentials in the spectral sequence (2.2.5) are forced to vanish,
proving point (1). Point (2) follows immediately by the equality

(R%j. R Yreg, Q) = bi(Picc,)

of Theorem 2.1.4, keeping track of the cohomological degrees of the monodromy
invariants. (]

2.4. The cases SLo and PGLo. We now extend the main result found for ¥,
Corollary 2.1.5, to x. In order to do this, we need to discuss how M, M, M
and the relative maps x, X, x introduced in Section 1.3.1 are related. As in
Section 1.2.2, we denote by I' := PicX[2] ~ Z37 the group of points of order
two in Picl, by M? C M be the subset of stable Higgs bundles with traceless
Higgs field

M® = {(E, ¢) with tr(¢) = 0}.
We denote by x° : M? — A the restriction of the Hitchin map, where,
we recall, A° := H%(C,2D) C A. There are natural maps, easily seen to be
isomorphisms of algebraic varieties:

sq: HY(C,D)x M* — M,  sq’ : H(C,D)x A" — H°(C,D)x A° = A
given by
S , ,U®2
Sq:((E)GZ))’S)H(EaQb‘Fi@lE)? 5q : (v,u) — v,u—}—T ,

making the following into a commutative diagram:

(2.4.1) M° < HY(C,D) x M® 2> M

lxo ildxxo lX
A' <" HO(C,D) x A > A.
Remark 2.4.1. Tt follows from the commutative diagram (2.4.1) that we
have an isomorphism

XeQut = sdp" XIQppo-
Remark 2.4.2. We clearly have (see Proposition 1.3.2)
A?eg = Aweg N A" = {s € H(C,2D) | s has simple zeros}
and
-1 _ 770 0 -1 _ 170 0
8q"  (Areg) = H'(C, D) X Ajeg, 8¢ (Myeg) = H*(C, D) X Mg
Similarly,
A% = Aaq N A° = {s € H°(C,2D)| C; is integral}

and

Sq/_l(Aen) = HO(C, D) X -Aglh Sqfl(Meu) = HO(C, D) X Xo_l

(An)-
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Diagram (2.4.1) and Remark 2.4.2 reduce the study of x : M — A to
that of " : M? — A", We can safely identify sq’*x.Q Wlth P XYQ 0, and
the main Theorem 2.1.4 and its corollary 2.1.5 hold for x° on Aell, namely, if
'E Areg — AY; is the open imbedding, then

(2.4.2) IC( Xreg*QMreg>|A0 ~ (Roj*RlX?eg*QME?eg) [dim A”],
and
Quorag, = D (R s, Q) 1)

For the other groups SLo and PGL2, we have
M= 2pH(A,0),  M=M/T=M"Pic,

and the corresponding Hitchin maps

MO

MC
i\ M /o

.AO
where ¢ and ¢¥ are the two quotient maps.
The following is readily verified.

PROPOSITION 2.4.3. The map
q: Picd x M — M°, (L,(E,¢)) — (E® L,¢®1p).

is an unramified Galois covering with group T', and there is a commutative
diagram

q

Id><q 0

Picd x M i Picd x M

(2.4.3) Picd x M MO

where 1 : MY — Picd x M sends (E, ¢) to (det EQ A~ ¢°(E, ¢)) and [2] x §
sends (L, (E,8)) to (L%, 4(E, ).
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Remark 2.4.4. The map [2] x G : Picd x M — Picd x M is the quotient
map relative to the diagonal action of I' x I' on Picg x M.

Proposition 2.4.3 implies that
H*(M) ~ H*(M®) ~ (H*(M) @ H*(Picg))F ~ H*(M) @ H*(Picd).
The last isomorphism follows from the fact that the action of T' on H*(Picl)

is trivial, as it is the restriction to a subgroup of the action of the connected
group Picoc.

Before stating Theorem 2.4.5, which gives a refinement of the isomorphism
above at the level of derived categories, we make some general remarks on
actions of finite abelian groups and the splitting they induce on complexes.

For ease of exposition, until further notice, we work with the constructible
derived category of sheaves of complex vector spaces. Let K be an object of
D 4 and suppose that a finite abelian group I' acts on the right on K, i.e., that
we are given a representation I' — (Autp, (K))°?. It then follows from [19,
2.24] (see also [39, Lemma 3.2.5]) that there is a character decomposition

(2.4.4) K~PK,
cel

where I' denotes the group of characters of T.

Suppose I' acts on the left on an algebraic variety M, and let M LM /T
be the quotient map. Since g is finite, the derived direct image complex ¢.Cys
is a sheaf. Clearly, I' acts on ¢.Cp; on the right via pull-backs, and (2.4.4)
above boils down to the canonical decomposition in the Abelian category of
sheaves

@ LC ~ q*(C M-
cel

Let h : M — A be a proper map which is I'-equivariant. We have the
commutative diagram

M—% MyT
J{h /
h/
A
and, by using h’,q. = hy, we get the canonical identification.
(2.4.5) P n.L¢ ~ h.Chy.
¢el

Clearly, h.Cjs is endowed with the I'-action, and (2.4.5) is just its character
decomposition, namely (h.Cnr), = bl L.

In particular, taking the trivial representation p = 1, we have Ly =
(g« Cp)' ~ Ch/r, and we thus identify the direct image h,C /= b, ((g=Cap)"Y)
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with the canonical direct summand (which we may call the I'-invariant part)
(h*(CM)F = (h*(CM)l of h*(CM

Let us go back to our situation where I' ~ Zgg . In this case, the characters
are all {£1}-valued, and we can safely return to rational coefficients.

From the discussion above and the diagram (2.4.3), it follows that

N 0
(g OP?)*@PichM =(qo Q)*QpichM

contains ¢?Q 0 and (g o p2):Q -

THEOREM 2.4.5. There are canonical isomorphisms in D 4o:

(246) \Quo = DA HHC) ® 1. Q1] = D A H(C) ® (.Q0) [

1€EN ieN
Proof. Consider the diagram (2.4.3). As noticed in Remark 2.4.4, the

map [2] x ¢ is the quotient by the action of I" x I". Consider the character
decompositions

[2]*QPicC = @LO 3=Qpq ~ @MC'

¢el cel’

The Kiinneth formula gives the following canonical isomorphisms in Dp, 0 s AL

247) (2 % DeQpiegsnt = [21:Qpico WG:Quy = P Le B M,

(¢,¢HelxT
(24.8)  ([2] x 1d)uQpyep iy = D L B Quy € ([2] X )+ Qpieg wnt:
cerl
and
(2.4.9) Qa0 = @Lc X M € ([2] x Q)*@Pich/&la
cerl

this latter since ¢ is the quotient by the diagonal action I' — I" x I
Noting that the map [2] is a finite covering of a product of circles, we have
canonical isomorphisms

(2.4.10) (D2)«L¢ = (@ H'(Pic, Ld[—i]) ® Q
_{0 if ¢ £ 1,
Tl BNH(C)®Qy -] if¢=1.
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Applying the functor pa, to ([2] x Q))*QpichM to ([2] x Id))*QPichM
and to r.Q 0, we obtain canonical isomorphisms in D -

(2.4.11) (P2 © ([2] X 0))«Qpicgxn1 = D /\H1 ) ® Mc[—i],
iENCGF

(2.4.12) (2 0 ([2] x 1d)). Qpicd ot = EB/\H1 ) ® Q [l
€N

(2.4.13) @Quo = (P2 o7) @MON@/\HI ) @ Q [—1]-
€N

Taking the direct image x. of the isomorphisms (2.4.11), (2.4.12), and (2.4.13),
and using the fact that ¢,Q ,; ~ ®C€f M with My ~ Q,, we find the canon-
ical isomorphisms in D 40 we are seeking for. U

The map x is projective, and it will be shown in Corollary 5.1.3 that the
class «, defined by equation 1.2.10, is the cohomology class of a x-ample line
bundle on M. We can thus apply the results of Section 1.4.3. We have the
Deligne isomorphims that depend on «,

ot D PP[-p] > %.Q o [dim M],
p=0
underlying an even finer decomposition (see (1.4.11)). The cohomology groups
H*(M) are endowed with the direct sum decomposition (1.4.14): H*(M) =
> Q.
Similarly the class

d=a®1+1® Y eeiyg € H(M) @ H*(Picc) = H* (M),
7

introduced in (1.2.6), is the class of a relatively ample line bundle on M.

We now determine the Deligne splitting ¢4 associated with x and &. De-
note by SPiC% : Pic, — pt the “structural map.” By using the canonical
splitting in D)y,

(bJ : SPiC%*QPiCOC i> <@/\H1(C>[_Z]> )

i>0
the canonical isomorphism of Theorem 2.4.5 takes the form
i
X2Q 0 ~ XxQ o W Spico . Qpico, = XQ X (@ /\Hl(C)[—i]> :
€N
Note that this splitting does not depend on the choice of }~; €644 and that the
operation of cupping with this class is diagonal (with respect to the splitting).
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Let
¢a : D PPI—p] = x2Qupo[dim A
p=0
be the Deligne splitting for x° relative to (the restriction of) &. Since, as
pointed out above, the action of )", €;ei44 is diagonal,

Pa ® P : <6975p[—p]> ® <@/\H1(0)[i]>

p=0 i>0
— )A(*QM [dim AO] & SPiC%*QPiCOC ~ XEQMO [dim AO]

satisfies the properties stated in Fact 1.4.2; hence it is the isomorphism qbg.
Since, by Remark 2.4.1, we have the natural isomorphism x.Q =~ s¢.p* x2Q (0,
and p is smooth with contractible fibres of dimension dim A — dim A°, the iso-
morphism

SqLp" (Pa © ¢7) = s¢p™($3) : XxQrr[dim A°]

i
— Psdr* | P PP \NH'(C) |[-]
r>0 pti=r
is, up to the shift dim .A° —dim A, the Deligne isomorphism ¢ associated with
x and a.

In particular, we have, for all £ and p, a canonical isomorphism:

J
k=i (0
(2.4.14) HE (M) =P (H<pij(/\/l) ® /\H1(0)> .
Jj=0
The isomorphism of Theorem 2.4.5 can be understood geometrically as follows.
Given the nonsingular double (branched) cover Cs — C, the Prym vari-
ety Prym(Cs) C Picg, is defined as

(2.4.15) Prym(C,) == {F € Pic, | Nm(F) = Oc¢},

where Nm : Pic& — Picd is the norm map; see [3, App. B, §1]. Clearly, the
image by pullback of the subgroup I' is contained in Prym(Cj), and we have
the quotient isogeny
Prym(Cs) — Prym(Cy)/T.

The open subset Mreg =MnN Mg is a torsor for the Abelian scheme
P g OVET A?eg whose fibre over s € .A?eg is Prym(Cs). Similarly, the open
subset Mreg := Mg /I is a torsor for the Abelian scheme P reg/ T over .A?eg
whose fibre over s € A}, is Prym(Cs)/T ~ Prym(Cs)Y.

The involution ¢ (see §1.3.2) on the family of spectral curves u : €4 — A
gives a Z/2Z-action on the local system Rlureg*(@g Aveg and a corresponding de-

composition into (£1)- eigenspaces V*. The pullback from C' gives a canonical



1382 M. A. A. DE CATALDO, T. HAUSEL, and L. MIGLIORINI

isomorphism of local systems
VI =HYO)® Qregs

between the local system of invariants and the constant sheaf with stalk H'(C),
so that

R Xreg, QMo = Rlureg, Qi = (H'(C) © Qa,.,) PV
It follows from Corollary 1.3.6 that, for every [,

! a b
(24.16)  R'Xreg,QM,oy = A\ R'treg, Qe ., = P NH' ()R AV
a+b=l

Clearly, the analogous statement for the restriction to .A?eg holds true. Com-
paring with Theorem 2.4.5, we see that

l l
(2.4.17) R'%reg, Q= AV and %.Qp 0 =B AV -1

reg
l

From (2.4.16), we have

12

IC (Rlxgeg*QMreg >

¢ 1c (/a\Hl(C) ® /b\V_>

a+b=l

D ;\Hl(C) ®IC </b\v—>

a+b=l

1R

while, from the first equality in (2.4.2),
1C (Reg, Q) o = (R Xeeg, Qg ) [dim A°)
a b
~ P NHC)® R \V™.
a+b=l

Comparing with the second equality of in (2.4.2) and Theorem 2.4.5, we finally
obtain

COROLLARY 2.4.6. Let j : A?eg — AY, be the open imbedding. Over the
locus AY,, we have

l l
IC (/\ v) ~ (Roj* /\V) [dim A”]
|A211
and

l
(X*QM)IAQH = @ <R0]* /\V_> [*l]

l

In particular, over the locus Agu, the map X satisfies Assumption 1.4.5.
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3. Preparatory results

3.1. Placing the generators in the right perversity. Here we prove the fol-
lowing theorem.

THEOREM 3.1.1. We have
gi € HL (M), V1<i<2g.
In each of the three cases GLo, SLo, and PGLo, we have
a € H2y(M), ¢ € H2y(M), V1<i<2g.
Furthermore, if g > 2, or g > 2 and deg D > 2g — 2,
pe H%2(M)'

Proof. By the isomorphism (2.4.14), it is enough to work in the case of
GL2. Recalling that dege; = 1, dega = 2, degy; = 3, and degf = 4,
Proposition 1.4.12 implies that

€ € Hé1(M)> a e H%Q(M)a¢i € H%3(M)7 and f3 € Hé4(M)-

By Thaddeus’ Proposition 5.1.2 in the appendix, we have that o does not
vanish over the general fiber, while ¥; and 8 do. Theorem 1.4.8 implies a €
H2,(M),9; € H2,(M) and B € HL5(M). The same proposition shows that
in order to conclude that BeH iQ(./Y/l), we need to prove that [ vanishes over
a generic line A C A. -

Set, for simplicity of notation, My := x"'(A), Ma,,, := X~ '(Areg), where
Areg := AN Ayeg. Since, by Lemma 2.1.3, the generic line avoids A\ A unless
g =2and D = K¢, we have that Assumption 1.4.5 holds for x5, : My — A
due to Corollary 2.1.5. We thus have Fact 1.4.6. Let j : Ajeg — A be the open
immersion.

Since A and A,¢ are affine and one dimensional, their cohomology groups
in degree > 2 with coefficients in constructible sheaves are zero. In partic-
ular, the Leray spectral sequences for x|y, and x| My, 1€ necessarily Fo-
degenerate. The restriction map in cohomology yields a map of Leray spectral
sequences and thus a commutative diagram of short exact “edge” sequences

0 —> HU(j,B?) —— H(My) —— HO(j,R") —> 0

0 —— HY(R?) —— H*(My,,,) — H°(R*) ——0.
As in §1.4.4, R' stands for the local system R'yyee.Q.) The arrow r’ is, in
( § 9 y X 2 % 9

turn, arising from the edge sequence of the Leray spectral sequence for the
map j and is thus injective.
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Below, we prove that the restriction of the class 3 € H*(M) to Myeg
vanishes. The sought-after conclusion f;;, = 0 follows from this by a simple
diagram chasing.

The class (3 is a multiple of the second Chern class ca(M). This can be
seen by formally calculating the total Chern class of M using E. The result
c(TM) = (1 — 3)?972 formally agrees with the formula for the total Chern
class of TN @ T*N that was calculated in [43, Cor. 2|. Every linear function
on A gives a Hamiltonian vector field on M, tangent to the fibres of x. These
Hamiltonian vector fields trivialize the relative tangent bundle of M,e,. The
tangent bundle 7'M, is an extension of the trivial bundle xje,T Areg by the
relative tangent bundle. It follows that the Chern classes of T'M,¢e vanish. [

Remark 3.1.2. In fact, although the argument above cannot be applied,
we have that 8 € H%Q(M), and that § vanishes over the generic line, also in
the case ¢ = 2 and D = K¢. This fact is proved in Proposition 4.3.7.

3.2. Vanishing of the refined intersection form. The purpose of this sec-
tion is to establish Corollary 3.2.4, a fact we need in Section 4.3 as one of the
pieces in the proof of the equality of the weight and perverse Leray filtrations
in the case D = K. We need the following result proved in [29, Th. 1.1].

THEOREM 3.2.1. The natural map
HY%(Mpol) — H* % (Mpol)
from compactly supported cohomology-to-cohomology is the zero map.

Remark 3.2.2. Note that HY(Mpe) = H%(Mpe) = 0 for every d >
6g — 6, since, by (1.2.9), Mpe and Mp, are homeomorphic to My and Mp
respectively, which are affine complex varieties of dim 6g — 6.

Let us recall that the refined intersection forms on the fibres of a map (see
[12, §3.4] for a general discussion) is the composite of the two maps

(3:2.1) Hizg—12-+(X"'(0)) — H (Mpo1) — H'(X"'(0))
and arises by taking r-th cohomology of the adjunction maps
(3.2.2) i Q. — X Qg — 8™ X Qup,,

and using the canonical isomorphisms H" (A, i!i!X*@MDol) ~ H"(Mpol, Mpol \
XH0) = Hizg-12-+(x1(0)) and H"(A,isi*X.Qpy,, ) =~ H"(x"'(0)). The
first map in (3.2.1) is the ordinary push-forward in homology (followed by
Poincaré duality) and the second map is the restriction map.

By the decomposition theorem (see formula (1.4.4)), the complex % Q
splits into the direct sum of its perverse cohomology sheaves. Combining this
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fact with (3.2.2), we obtain one refined intersection form for each perversity a:
to + Hizgo12-0,a(X71(0)) — Hy(x7'(0)).
The following fact will be used in the proof of the next corollary.

THEOREM 3.2.3. The map ngjg : Hog—6,39—3(X1(0)) — Hgg:g(X*l(O))
18 an isomorphism.

Proof. See [12, Th. 2.1.10] (where a different numbering convention is
adopted). O

COROLLARY 3.2.4. The perverse Leray filtration on the middle-dimen-
stonal groups satisfies

Hg%;ﬁ?,(MDol) =0, Hi%;é:;(MDO]) =0.

Proof. Since X*QMD L= (X*@MDM)F, it suffices to prove the statement

for Mpg).
For every r, the first map in (3.2.1) factors as follows:

(3.2.3) H"(Mpol, Mper \ X 1(0)) — H! (Mpe)) — H"(Mpe))

so that, by Theorem 3.2.1, it is the zero map. It follows that the refined
intersection form (3.2.1),

Heg—6(x~'(0)) — HY0(x1(0)),

vanishes. This, in turn, implies that all the graded refined intersection forms
13973 are zero.

If we combine the vanishing of ngig with Theorem 3.2.3, then we deduce
that

(3.24) H39~3(x71(0) = 0.

Proposition 1.4.12 implies that H. 2%;? 4(MD01) = 0. In order to conclude,

we need to prove that Hgg:g(MDol) =0.

Since the restriction map to the fiber is compatible with any splitting
coming from the decomposition theorem, in view of the vanishing (3.2.4), it is
enough to show that the restriction map H%9~6(Mpy) — H6(x~1(0)) is
an isomorphism. In fact it follows from [49, §3] that x~1(0) — being the down-

ward flow [28, Ths. 3.1 and 5.2] of a C*-action on Mp, — is a deformation
retract of Mpg. O

3.3. Bi-graded sl3(Q)-modules. We collect here some linear algebra con-
siderations that will be used in the sequel of the paper. Let H = @40 H?
be a finite dimensional bi-graded vector space. We say that d is the degree and
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w is the weight. We employ the following notation:

H, = @PH, H:=PH.
d>0 w>0
Let Y be a nilpotent endomorphism of H that is bi-homogeneous of type (2,2),
ie, Y :H; — Hiig Let w, € Z=° be such that for every [ > 0, we have hard-
Lefschetz-type isomorphisms

Y Hy,, g = Hy,a.

Note that we must then have that H,, = {0} for every w > 2w,.

It is well known that we can turn H into an sl3(Q)-module in a natural
way by means of a unique pair (X, H) of homogeneous endomorphism of H or
respective types (—2,—2) and (0,0) subject to [X,Y] = H. In this case H is
just the “w-grading” operator: Hu = (w — wo)u if u € H,,.

Given a bi-homogeneous element u € HY we define

(3.3.1) Au) ==d —w.

Note that the action of sl2(Q) leaves A invariant.
We define the primitive space P := Ker X C H, and we obtain the primi-
tive decomposition
(3.3.2) H= v’ P
=0
Note that we have
Y7 P=Ker X' NImY7.

Since X is homogeneous, the space P is also bi-graded. We set P, :=
PNH,, P4 :=PNH?, and P4 := PNHL. We have P, = {0} for every w > w,

and
P= - Pr.- PP
d,w w>0 d>0
For every fixed weight w, the primitive decomposition can be rewritten as
follows:
. L o
Ho— @Y Py, =Y EY,
Jj=0 Jj=0
We denote by II the operator of projection onto P; clearly, if u € HZJ, then
I(u) € P4 and TI(u) = u+ Y50 YVu; with uj € HE 5.
Given a subset S C H, we define the associated Y-string

(S)y = Y7 -(S)g CH.
720
In particular, (P)y = H. If u is a bi-homogeneous element, then A is constant
on the Y-string (u)y generated by u.
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Let 0 # pw € Py. Then (py)y = (Puw,Y * Puw,---, Y™ - py)o € His
isomorphic to the irreducible sly(Q)-submodule of dimension (w, — w) + 1.
Hence, the isotypical decomposition of the sla(Q)-module H is

H= & (Pu)y.

0<w<wo
We define the isobaric decomposition of H as the direct sum decomposition
obtained by grouping terms according to the powers of Y in the isotypical
decomposition given above, namely

(3.3.3) H= P P Y -P.

0<w<w, 0<j<{wo—w
The proof of the following proposition is completely elementary and safely

left to the reader. (For point (4), just remark that if v € HZ N ImY, then
u =Y, with v € HS2))

ProPOSITION 3.3.1. Let M C H be a subset of bi-homogeneous elements
such that (M)y = H. Then
(1) The set II(M) C P obtained by projecting M to the primitive space is
also a Y -generating subset of bi-homogeneous elements with the same
bi-degrees, and its linear span is IP:

(I(M))y =H,  (I[(M))g =P

(2) If T" C TI(M) is a linearly independent set, then it can be completed
to a basis T C II(M) for P that is also Y -generating: (T)g = P and
(T)y =H. Let T CII(M) be a basis for P.

(3) Let T¢ :=TNHE, T¢ .= TNHY, T, := T NH,; then

P, =(Toe,  (Pule=(Tw)o,  (Pe= (T
(4) If m € M has bidegree (d,w), then there are Cj; € Q for j > 0,t €

Tg:% such that

I(m) =m+ Y CjYt.
gt
In particular, if II(m) # 0, then A(m) = A(II(m)).

4. W=P

This section contains the proof of the main result of this paper: the iden-
tification of the perverse Leray filtration associated to the Hitchin map with
the weight filtration of the cohomology of the character variety in the case
D = K¢ (§4.3), or, if degD > 2g — 2, with the abstract weight filtration,
defined in Definition 1.2.11. The latter case is easier and we deal with it first.
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Let H := @g>0 HYM), and let Y := aU : HY — HiJfQ be the operation
of cupping with a.

In virtue of the curious hard Lefschetz Theorem 1.2.12, we are in the
situation described in Section 3.3, with wg = g—1+4deg D. The monomials ¢t3*
(as defined in Proposition 4.2.1) give a set of bi-homogeneous elements that is
Y-generating, for H, and, by Proposition 3.3.1, the elements II(x/t3%) span P.
The perverse filtration is denoted by H<. As noticed in Corollary 5.1.3, o is
relatively ample and it defines a Deligne decomposition of H, whose summands
are denoted, as in Section 1.4.3, by @/ and, when we want to emphasize the
cohomological degree, by Qi % := Q" NHY. We set Q := Dia Q"% 4. Clearly,

(4.1.1) (Q)y = H.
PROPOSITION 4.1.1. Let u € HY, i.e., the weight w(u) = w.

(1) If A(u) < codim A%\ AY,, then u € H%w, i.e., the perversity p(u) < w.
(2) If u € P4 and A(u) < codim A° \ A%, then, more precisely, u €
Qw,O;d C Hci
= <w*

Proof. Since the monomials u = a’YtB3* are additive generators, it is
enough to prove (1) for these monomials. By virtue of Lemma 1.4.4, we are
further reduced to the case u = ¥t3°. Keeping in mind the upper bound
p < 2 on the perversity of 8 and ¢ given by Theorem 3.1.1, we can apply the
perversity test given by Proposition 1.4.11 (where the set Y in loc. cit. is the
present set A°\ .AY;) and obtain that uEHisgzg’it) as soon as (4s+3t)—(2s+2t)
—1=A!B%) — 1 < codimA® \ AY;. This proves (1)

In view of Proposition 3.3.1, in order to prove the second statement, it is
enough to prove that II(yt3%) € Q2(s+1).0:3t+4s

By using induction on r := s + t, we first show that II({3%) € H<o(sts)-

e For r = 0 there is nothing to prove.

e Suppose we know that II(p£3%) e Heo(y ey for all (s',1') with s +
t" < r —1.1If (s,t) is such that s +t = r, we may write (see again
Proposition 3.3.1, part (4))

(4.1.2) I(PLB%) = pLB° + > Cu,p, o TI(W5 5%), with j; =1 — s; — t; > 0.
(sint;)
By (1), we have that ¢!3% € Hc<g(s4¢). By the inductive hypothesis,
we have that IT(i3%) € H<o(s;+4;) so that, by Lemma 1.4.4, we have
that a/ill(yt 3%) € H<a,. The conclusion on the sum II(1t3%) € H<oa,
follows.
By definition of primitivity, a?0=2(+)HI[(pL3%) = 0. Since M (YLB%) €
H<o(s4¢), the nonmixing Lemma 1.4.3, coupled with the equality above, implies
that II(1/£3%) € Q*(5+1).0, a
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4.2. The case deg D > 29 —2, G = PGLg, GLy. In this section we assume
n:=degD+2—2g > 0.

Recall the relations (1.2.11) between the generators of the cohomology
ring. Theorem 1.2.10 readily implies the following.

PROPOSITION 4.2.1. For nonnegative integers ti, ..., tag, let us write' Yt
for it ... Zg and let us set t := 2?91 t;. Then

(1) If n:=deg D +2 —2g > 0, then 5t =0 for 2s +t > deg D.
(2) If D = K¢, then 54t =0 for 2s +t > 2g — 2, unless Yt = ", with
r+s=g-—1.

Proof. Let us assume n > 0. The monomial 3%t is a sum of terms of the
form A;v'3* with A; € Af)*?i. From the relations in Theorem 1.2.10, it follows
that

if v'3° € Igi?gf, then A;y'3% = 0.
By inequalities (1.2.12) and Remark 1.2.9, v/3* elgifzf if 2i42s>2(g—t+2i)
—24+n+t—2i that is, if 26 +t > 29 — 2+ n = d. If n = 0, we proceed as
above, noting that Remark 1.2.9 fails exactly in the case ¢ = 0, in which case
we find that 91,4972, ... 971 £0. O

~

THEOREM 4.2.2. The abstract weight filtration W, on H*(M) (Defini-
tion 1.2.11) coincides with the perverse Leray filtration associated with the
Hitchin map x. For every integer i, we have

(4.2.1) H;Z(M) = WZ,H*(M) = <ar¢£ﬁs>2(7‘+s+t)§i'
More precisely, the isobaric decomposition (3.3.3) coincides with the Deligne
decomposition (1.4.14) in Section 1.4.3 associated to a: for every w, we have

IP>w = pr'

Proof. Since the statement about the equality of the filtrations follows at
once from the second on the equality of the internal direct sum decompositions,
we prove the latter one. By Proposition 4.2.1, we have that 1£3° = 0 as soon
as A(YtB%) =t + 2s > deg D. Tt follows that we only need to consider the
monomials ¥¢3° with t+s < deg D. By Lemma 2.1.3, codim A"\ A%, = deg D.
We can then apply Proposition 4.1.1 and deduce that

(4'2_2) H(wjﬁs) c Q2(s+t),0; 4s+3t.
Since {II(¢{3%)} is a set of generators for the primitive space P, and since II
strictly preserves the weights by construction, we deduce that P,, C Q" for

all w. Since, by (3.3.2), (P)y = H and, by (4.1.1), (Q)y = H, it follows that
P,, and Q™ coincide for all w. O

LAs the 1 classes have degree 3 they anticommute, so we could assume t; = 0, 1.
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THEOREM 4.2.3. The abstract weight filtration W, on H*(M) coincides
with the perverse filtration associated with the Hitchin map. More precisely,
the isobaric decomposition coincides with the Deligne decomposition associated
toa=a®1+1® (3 €ifitg)-

Proof. As cupping with i increases the perversity exactly by one, the state-
ment follows from the isomorphism (2.4.14) and Lemma 1.4.4. O

4.3. The case D = Ko, G = PGLg, GLo. In this section, we set

H = P H (Mpa).

d>0

LEMMA 4.3.1. We have the following:

t 2r+3t+4 t 2(t+s),0; 3t+4
QTP € HZ M TI(yhp%) € Qo) 03ttts

unless YB35 =4V B% withv+s =g —1 (cf. (2) in Proposition 4.2.1).

Proof. Since, by Lemma 1.4.4, cupping with « increases the perversity by
at most 2, we may suppose r = 0. Note that we are excluding precisely the
classes in the statement of Proposition 4.2.1 (case D = K¢). By this same
proposition, we may thus assume that 2s + ¢ < 2g — 2 = codim A" \ A? o+ 1,
where the last equality results from Lemma 2.1.3. The result follows from
Proposition 4.1.1. O

Remark 4.3.2. The argument above breaks when dealing with the classes
A" 39717 that we have excluded from the statement. To check that " 597177 ¢
H?;L_g;l% we should consider a linear subspace of dimension (2r 4+ 4g —4) —
(29 — 2+ 2r) — 1 = 2¢g — 3, which is exactly the codimension of the “bad
locus” A%\ A%;. On the other hand, a general linear subspace of dimension
one less, i.e., 29 — 4, misses the bad locus, and thus yields, by Theorem 1.4.8,

the following upper bound on the perversity
—1— 2r+4g—4
(4.3.1) VBTN € HIG

While this upper bound is not sufficient for our purposes, it is used in what
follows.

Remark 4.3.3. The relations p§ ; ,_;_ € I in (1.2.11) show that for all r,
the class 47397177 is a multiple of o” 3971,

As pointed out several times, in view of Lemma 1.4.4, cupping with «
is harmless for us and we are reduced to prove that 89! € Hég;gi? The
remainder of the analysis is devoted to improve the upper bound (4.3.1), by

one unit, i.e., to proving that p9~! € Higgzﬁl-
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LEMMA 4.3.4. For every s in the range 0 < s < g — 1, we have
3% c Py
In particular, the classes B° are not divisible by a.

Proof. Recall that H? = 0 for every d > 6g—6 (see Remark 3.2.2). Clearly,
since weights w are strictly multiplicative, 3° € H33. Since, in the terminology
of Section 3.3, H is a bi-graded sl2(Q)-module with wy = 3g — 3, we have that
a?9737253% £ (0. On the other hand, a?973-25+13% ¢ H%9~4 = {0}. These are
precisely the conditions defining primitivity. (|

Set
(4.3.2) J:={p*yt € H such that A(B°yt) < 2g — 3 if t is odd and

A(B5yYt) < 2g — 4 if t is even}
and
H:= (J)a = (IL{J) )a-

By Remark 4.3.3, if r > 1, then 4" 897" is divisible by . In this case, the
projection to the primitive space II(7"397'~") = 0. By Lemma 4.3.4, we have
(B9~ = B9=1 and v"B97 1" € (B971),. Since A(B*yt) = 2s + ¢, point (2)
of the statement of Proposition 4.2.1 can be rephrased by saying that, unless

Byt € (971, we have that Bt € H. Thus we have an sl (Q)-invariant
decomposition

(4.3.3) H=H (B
LEMMA 4.3.5. The following facts hold:

(1) H? = HY unless d + 4 — 4q is even nonnegative.

(2) dim H*9~4+2F = dim HY~4+2F + 1 for0 <k <g— 1.

(3) In the range of point (1), Pd = Qw04 In particular, all the nonzero
summands Q5% in the Deligne decomposition satisfy d—i—2j < 2g—3
if d is odd and d — i — 25 <29 — 4 if d is even.

(4) In the range of point (2), there is at most one nonzero, necessarily

one-dimensional, summand Q™% satisfying d —i — 2j > 2g — 4.

Proof. Points (1) and (2) follow immediately from the fact that the a-
string (3971),, contains the classes 891, aB971 ... a971397! whose cohomo-
logical degrees are 4g — 4,49 — 2...,6g — 6. Note that the monomials 3%yt in
J are precisely those to which Lemma 4.3.1 applies; hence

d ~ Trd id
P¢ N HE C Qv
and, for j > 0,

(of PE4) A HL € 0l Qu-2i0id=2) = Qu-27idid,
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Combining this fact with the a-decompositions (3.3.3) and (1.4.14) in Sec-
tion 1.4.3, and with the points (1) and (2) that we just proved, we immediately
obtain points (3) and (4) O

LEMMA 4.3.6. Either 3971 € Q29720494 op p9=1 ¢ Q29— 1.0;49—4

Proof. By (4.3.1), with r = 0, we have that 39~! ¢ Hg;il. There is

hence at least one nonzero summand Q%70:49~4 in the Deligne decomposition,
satisfying
(4.3.4) o+ 2jo < 29— 1.

Suppose jo # 0; by (1.4.18), we have
QioJo; 49—4 _ ,Jo Qio,ﬂ; 49—4-2jo
Since Q0-0:49=4=2jo £ {0} we have, by point (3) of Lemma 4.3.5, (4g — 4 — 2jo)

—i9—2j0 < 2g — 4, which contradicts the inequality (4.3.4) above, showing
that jo = 0. By Corollary 1.4.13, we then have

ﬁ c H4Sg2;4i1 _ Q2g—2,0;4g—4 ® Q2g—1,0;4g—4 0

PrOPOSITION 4.3.7. We have that
ﬁgfl e Q2g72,0; 4g74.

Proof. Suppose that the statement is false. By Lemma 4.3.6, the space
Q?972%49=4 = 0 and the class B9~! € Q2= 10494 From the property of the
Deligne decomposition expressed by (1.4.18), it follows that, for j < g — 2, we
have 0 # /B9~ € Q29~1Ji49=4+2j By using the decomposition (4.3.3) and
Lemma 4.3.5, it follows that, for every even nonnegative integer d < 6g — 6,
(4.3.5) H=H'= @ Q“lifd<dg—4

d—i—2j<2g—4

and

(4.3.6)

H? = P Q| P, with jo=d/2—2g+2, if d>4g—4.
d—i—2j<2g—4

In this latter case, Q297 1J0id = (do39=1).

Applying one of the defining properties of the Deligne decomposition, i.e.,
the second equation in (1.4.17) (with f = 3g—3 and i = 2g—1), to a9 2971 €
Q?%971:97269-8 e have the following upper bound for the perversity

97197 = (972397 € Hig4;6i5.
From Corollary 3.2.4, it follows that

Hﬁgg:;g(i?, = {0}.
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It follows that there exists 1 < r < g — 2 such that
—1 pg— 69—6 —1 pg— 69—6
(4.3.7) a9 1pI7t € HZ,,” 3., and of 1po=1 ¢ HZ ) 4

From this and from point (4) of Lemma 4.3.5, it follows that a9~ 1391
must belong to the unique summand Q39737776976 with 1 <r < g —2.
Since r > 1, the relation (1.4.18) gives

Q3g73fr,r;6g76 — arQ'ngBfr,O; 6g7672r.

On the other hand, (4.3.6) together with d = 6g — 6 — 2r shows that
Q3g7377",0;697672r =0. O

Remark 4.3.8. For g = 2, the previous argument shows that g € H%Q, as
anticipated in Remark 3.1.2.

Proposition 4.3.7 allows us to complete point (3) in Lemma 4.3.5:
P4 = Qw4 for all d, w.
We finally summarize what we proved in the following theorem, which is
the main result of this paper:
THEOREM 4.3.9. The non-Abelian Hodge theorem for PGLa, (resp. GLg)
identifies

e the perverse Leray filtration with the weight filtration: for every inte-
ger i, we have

HZ;(Mpor) ~ Wa H*(Mg) = Wai1 H* (M),
HZ;(Mpe1) ~ Wo H*(Mp) = Wai 1 H* (Mp);
e the relative hard Lefschetz theorem (1.4.9) relative to the Hitchin map

X (resp. x) and to the relatively ample class a (resp. a =a®1+1®
(Y eicitq)) with the curious hard Lefschetz Theorem 1.2.3:

H§g—3—i(MDol) e GI"ZZ_G_%H*(MB)

2J{oﬂ ﬁloﬂ

H§;3§+i(MDol) — Grg—6+2iH*+2i(MB)

and

~

Hi, 5 ;(Mpol) — Gryy ¢ oiH* (M)

:idl :lal

HZ;3§+Z (MDOI) $ Grg[;76+2iH*+2i (MB);

e the Deligne Q-splitting (1.4.14) associated with the relatively ample
class a (resp. &) with the isobaric splitting (3.3.3).
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Proof. 1t follows from Lemma 4.3.1 that every cohomology class of the
additive basis, with the possible exception of those in the a-chain of 897! (see
Remark 4.3.3), satisfies “W=P.” Lemma 4.3.7 show that also 497! satisfies the
condition “W=P,” and so do the classes in its a-chain, thus proving the first
statement for PGLy. The two other statements follow similarly. The extension
to GLg follows immediately from the isomorphism (2.4.14) and Lemma 1.4.4,
as cupping with g; increases the perversity exactly by one. O

Remark 4.3.10. We have made a heavy use and made explicit Deligne’s
splitting of the direct image complex via the use of a relatively-ample line bun-
dle. This general splitting mechanism is described in [20]. The same paper
details the construction of two additional splittings. As the simple example of
the ruled surface P! x P! — P! already shows, in general, the three splittings
differ. It is possible to show that, in the case of all three Hitchin maps consid-
ered in this paper, all three splittings coincide when viewed in cohomology.

Remark 4.3.11. Let u € Q"J. Such a class has perversity p := i +2j when
viewed as a cohomology class for the Higgs moduli space. The main result of
this paper, i.e., P = W, shows that the non-Abelian Hodge theorem turns this
class into a (p, p)-class for the split Hodge-Tate mixed Hodge structure on the
associated character variety.

4.4. SLy. In this section, for the sake of notational simplicity, we will
denote simply by M the moduli space Mpe of stable Higgs bundles on C' of
rank 2 and fixed determinant of degree 1. Let x : M — A° be the Hitchin
map. The action of I' = Pic}[2] ~ Z57 on M by tensorization preserves the
map X, and, as discussed in Section 2.4, we have a direct sum decomposition
according to the characters of I':

(441) X*QM ~ @(X*@M)K = (X*QM)F @ (5(*(@/\}()var7

kel

where we set (X«Q ) oy = @osner (X+Qu)x- Taking cohomology, (4.4.1) gives

(4.4.2) H* (M) = @ H* (M) = H*(M)" @ Hpo(M),

rel

where H*(M),, = H*(A°, (x+Qy)x) is the subspace of H*(M) where I' acts
via the character x and H¥, (M) := DBosret H*(M), = H*(A° (x+Q ¢ )var)

is the wvariant part of H*(M).
Recall from [35, formula after (7.13)] that

(2% = 1) (3% ) ifd=1,....,9—1,

var 0 otherwise .

(4.4.3) dim HXF24-5(M) = {
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ForyeT C Picoo, let L, be the corresponding order 2 line bundle, and
let i, be the “squaring” map

(4.44) iy H(C,Kc® L,) — H°(C,2Kc) = A, i,(a) =a®a,

with image A9 := Im(i,) C A°. By the Riemann-Roch theorem, dim(Af) = g
and, if y € I'* =T\ {0}, then dim(A9) = g — 1. Points in Uycr-AY are called
endoscopic points. Set

AV = A0\ U'yEF\O-A27 and My == x 1(A%).
Our goal is to prove the following proposition.

PROPOSITION 4.4.1. Let s € A%, and let My := x"'(s) denote the fiber

ne’

of the Hitchin fibration over s. The group I' acts trivially on H*(My).
Proposition 4.4.1 immediately implies

COROLLARY 4.4.2. The variant compler (X+Q,y),., 15 supported on
U’YGF*‘Ag = .AO \ A,E)w.

Proof. Taking the cohomology sheaves of the decomposition (4.4.1), we
have that T' acts as multiplication by the character £ € I' on H'((x+Q,),.)-
By Proposition 4.4.1,

if s € A%, and & # 0, then H'((x+Q,y),.)s = 0 for all i;

therefore the restriction of Drei\ 0} (x«Qyy),, to A%, vanishes. O

In order to prove Proposition 4.4.1, we show that the action of T’ on M,
for s € AY

ne?
as such T" acts trivially on H*(M;). We begin with some preliminary consid-
erations on the norm map.

Fix s € A%, and let 7 : Cs — C be the corresponding spectral cover.

When s € A9, we have that C; = C; U Cy is reducible; otherwise C, is an
integral curve. We denote by Pic%s the connected component of the identity

is the restriction to I' of an action of a connected group Prym¢, /¢

of Picc,. Denote by v : Cs — Cj the normalization. Define the norm map
Nmg, ¢ : Picg, — Picg; by

(4.4.5) Nmg, ¢ = Nmas/c ov*

where, for a divisor D on the nonsingular curve 58, the norm map

N (O(D)) = O((wov).D)

me e

is the classical one. Consequently Nm¢, /o : Pic?(Cs) — Pic%(0) is a group
homomorphism.
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By Proposition 3.8 in [31], we have the following alternative formula for
the norm map:

(4.4.6) Nmg, /c(£) = det(m«(L£)) @ det(m, (0))7 L.

AsNmg, /o : Pic%s — PicOC is a group homomorphism, the kernel Prym /C
= Nmaj/C(Oc) is a subgroup of Picl, .

LeEMMA 4.4.3. If s € A%, then the group Pryme, o = NmE:/C(O(;) is

ne’
connected.

Proof. The case of an integral spectral curve Cy is treated in [44, §11].
The argument is easily adapted to the case of a reducible and reduced curve.
For a proof more in the spirit of the present paper, see [31, Th. 1.2]. O

LEMMA 4.4.4. Let m : X — Y be a degree two map from a reduced pro-
jective curve X to a monsingular projective curve Y. Let € be a rank 1 torsion
free sheaf on X and L an invertible one. Then

(4.4.7) det(m. (£ ® E)) = det(m.(£)) ® Nmy,y (L).

Proof. First we note that by Theorem 2.2.2, we have that there is a unique
partial normalization 7/ : X’ — X and an invertible sheaf £ on X’ such that
& = m.(L"). The multiplicativity of the norm map and (4.4.6) imply

det((m o ') ((n")"(£) @ L)) = det((m o 7). (L)) @ Nmyry ((n')*(L)).
This together with Nmy/y- o (r')* = Nmy/y yields the result. O

Proof of Proposition 4.4.1. We first prove that Prymg, o acts on the fiber
M. Recall that M, can be identified with pure rank 1 torsion-free sheaves
& on Cy for which the corresponding Higgs bundle (7.(€), ¢¢) is stable, and
det(m.(€)) = A. (Note that tr(¢g) = 0 is automatic as s € H°(C;2K(¢).) Now,
L € Prymg, /¢ acts on € as £ — L ® &, where the result is again a pure rank
1 torsion-free sheaf on Cs. It follows that (m.(L ® &), ¢ree) is a rank 2 Higgs
bundle. By Lemma 4.4.4, we have that

(4.4.8) det(m (£ ® €)) = A.

Finally, we prove that tensoring with an element of Prymg /- preserves
stability. Assume there is a rank 1 Higgs subbundle (Lr,¢r) of (m.(L ® E),
¢ree) corresponding to the torsion-free sheaf F C £ ® £ on Cs. Then the
spectral curve Cr = supp(F) of (Lr,¢r) must be a subscheme of Cs, so
that Cr — C' is degree 1. Thus Cs = C7 U Cy must be reducible and F be
supported on one of the components, say Cr = C, with m = 7|¢, : C} 5c
an isomorphism. As Lr = m.(F) we can identify it with F|c,. Finally since
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L € Pryme, o C Pic, , we have that deg(L|c,) = 0, and so

deg(Lg-157) = deg(L 7, ® Fle,) = deg(Fle,) = deg(Lz).

To summarize, (m.(€), ¢g) and (7«(L @ &), prewe) have the same degree sub
Higgs-bundles. It follows that if (7. (), ¢¢) is stable, then so is (m.(L ® &),
Pree) .

We thus proved that the connected group scheme Prymg /. acts on M.
For any order 2 line bundle L € I' = Pic}[2], we have Nmg, se(ms(L)) =
L? = Oc; therefore (L) € Prymg, Jc» and consequently I' C Prymg, /o acts
trivially on H*(My). O

Remark 4.4.5. For a more detailed calculation of the group of components
of Prym varieties of spectral covers, see [31].

= P, N HE (M) and HF , =

We now introduce the notation H% oar pvar

y <p,var
Gry) (H{, (M)).
* (M) satisfies
0= Hék72g+l,var(M) - Hék*2g+2,var(M) = H\]/Car(M)'

THEOREM 4.4.6. The perverse Leray filtration on H

Proof. Since dim A%\ A%, = g — 1, a general (2g — 3)-dimensional lin-
ear subspace A2973 of the (3g — 3)-dimensional affine base A° lies entirely
inside A"_. By Proposition 4.4.1, the restriction of a class in H, (M) to
H*(M,y,), and thus to H*(M|x2-3), is trivial. This fact, coupled with the

test for perversity given by Theorem 1.4.8, implies the inclusion H (M) C

k
Hgk—2g+2,var(M)'
We are left with proving that

(449) H§k729+1,var(M) =0.

Let k be the smallest integer such that Hgk_29+17var(/\>l) # 0. We thus have
that

HY o pgitaae(M) =0, VE <k
By combining this vanishing with the equality established above, we deduce
that

(4410) H]];’,—Qg—i-Q,VB‘r(M) = H\]/C;r(M>

The class « is I'-invariant, so that cupping with the powers of «a respects the
I'-decomposition. In particular, by relative hard Lefschetz, we see that cupping
with the appropriate power of « yields an isomorphism of graded groups

/ ~ ~ —10—k’
(4411) Hk:’—Qg-i—Q,VElI‘(M) - HSI‘;]gSiOkJ’,VElr(M)'
In view of (4.4.3), we have that dim H* (M) = dim HX09-10-* (A1) so

var var

that, by (4.4.11) and by (4.4.10), we have H{7¢ %% (M) = H109-10-F (Ap),
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and consequently

10g—10—K' >
(4.4.12) HEZ O (M) =0

By our choice of k, we have that Hgk—zg+1,var(M) # 0, so that there is [ < k
such that

Hlk72g+2,var(/\>l) 7é 0.
As above, the relative hard Lefschetz yields

HlOg 10+k 2[( )#O

8g—8—FK’,var
In view of the fact that k > [ > 2] —k, this contradicts (4.4.12) with the choice
of k' =20 — k, and (4.4.9) follows. O

Theorem 4.4.6 determines the perverse Leray filtration on the I'-variant
part H}, . (M). In the course of the proof we have proved that for 2d < g, the

var

Lefschetz map
(4.4.13) Uad—2d . prigt2d— 5(M) — .y [69-5- 2d(M)

var var
is an isomorphism.
Now we determine the mixed Hodge structure on the cohomology of the
character variety Mp. Notice that the direct sum decomposition H*(Mp) =~
H*(Mgp)' @ H;

VM(./\ZB), being associated with the algebraic action of a group,

is a decomposition into a direct sum of Mixed Hodge structures.
THEOREM 4.4.7.

(4.4.14) 0 = Wap_ag3H Y (Mp) C Wap_agyaHlp(Mp) = Hy, (M)

and

(4.4.15) 0= FF-29t2gF

var

(M ) - F* 2g+1H\]/€ar(MB) = H\’far(MB)'
Proof. As the invariant part H* (M )T = H*(Mp), we have
(4.4.16) Eyar(Msp;z,y) Z 2y (—=1)F dim (Grzﬂ cvar(MB)y]

d,i,j
= E(Mp;,y) — E(MB;xa Y)

= (2% — 1)(zy)?9 2 <($y —1)%7? ; (ry + 1)2g2>

g—1

=2 (2% =1) G (ey)* 7,
1

where E(Mag;z,y) is given by the right-hand side of [32, (1.1.3)] and E(Mg;z, y)
is given by [41, (4.6)] with ¢ = zy.
We first observe that

EV&T(MB; 1/37’ 1/y) = (my)ﬁg_GEvar(MB§ Z, y)

<.
I
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is palindromic. Consequently, by Poincaré duality the corresponding expres-
sion on ordinary cohomology

Z xiyj(_l)k dim(GrﬁjH\’far(MB)C)ij = Evar(MB§ r,y)
d,i,j

is thus also given by (4.4.16). Now we note that (4.4.16) only depends on zy;
ie., every term is of the form xPy”. Additionally, by (4.4.3), if HE (Mg) #0,

then £ is odd, and every nontrivial dim (GrﬁjH d(/\;lB)(c)w will contribute
with a negative coefficient; thus there is no cancellation and the only nontrivial
terms are of the form (Grggﬂfar(MB)c)p’p. It follows that the mixed Hodge
structure on HY, (Mg;z,y) is of Hodge-Tate type; thus (4.4.15) follows from
(4.4.14).

We now determine the weights on H, (Mg). Again, as H%, (Mp) is only
nontrivial in odd cohomology, weights cannot cancel each other since they
all contribute with a negative coefficient. The possible weights therefore are
49 — 2,49+ 2,...,8g — 10 (twice the degrees in xy of the monomials appearing
in (4.4.16)), with multiplicities that turn out to be equal to

dim HY3(Mp), dim HY 1 (Mg)),..., dim HS "(Mp)

var var var

respectively. (These appear as the coefficients in (4.4.16).) To conclude, we
need to show that they will be the weights on the cohomologies

H\g}rﬁs(MB)v H\‘}g;l(MB)’ EERE) Hgéq;7(MB)

respectively. This follows from (4.4.13) by an argument similar to the proof of
(4.4.6). O

COROLLARY 4.4.8. We have that P =W on H}

var

(M) and consequently

on H*(M).

Remark 4.4.9. Note also that this implies a complete description of the

ring H*(M). We already know the ring structure on the invariant part. Now,

o acts on HY, (M) as described in (4.4.13). Also, 3 and 1; act trivially, since
their weights are such that when multiplied with any class in H, (Mp), it
would provide a class with a degree and weight that does not exist in H, (Mp).
Finally by degree reasons variant classes multiply to 0. This implies a complete

description of the ring structure on H*(M).

Remark 4.4.10. The determination of the perverse filtration on H¥, (M)

var

using the symmetry provided by the group scheme Prym is inspired by Ngo’s
approach in [44], [45]. More connections to his work is discussed in [27, §5.2].
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5. Appendix

In this appendix we recall a result of M. Thaddeus, Proposition 5.1.2 be-
low, concerning the restriction of the generators «, v;, 5 defined in Section 1.2.2
to a general fibre of the Hitchin fibration for M. In view of Theorem 1.4.8,
this yields an upper bound for their perversity, which is used in Theorem 3.1.1.
Since these results, contained in Thaddeus’ Master thesis ([51]), have not been
published, we report here the original proof.

Let s € Ab,
covering, and let ¢ := s : Cs —> C be the involution exchanging the two

let m := w5 : Cs — C be the corresponding spectral curve

sheets of the covering (see §1.3.2). The following easy to prove facts are used
in the course of the proof of Proposition 5.1.2.

e The involution ¢ induces ¢, on H;(Cj), which splits into the +1-eigen-
spaces
Hl(cs) = Hl(cs)+ @ Hl(Cs)_-
We denote by II* the corresponding projections.
Analogously,

HY(Cs) = HY(Cs)" @ H'(Cs)~
and, via Poincaré duality,
HY(Co)" = (H1(Cs)™)Y, HY(Cy)™ = (H1(Cs)7)Y.
The projections are still denoted by IIT.

e We let [C] € Hy(C) ~ HO(C), [Cs] € Ho(Cy) ~ HO(Cy) be the funda-
mental classes and [c] € Ho(C) ~ H%(C), [cs] € Ho(Cs) ~ H?(Cs) the classes
of a point in C, resp. Cs.

We have
(5.1.1) 7 ([cs]) = [c], 7 ([Cs]) = 2[C], Kerm, = H(Cs)™,
the last equality due to the fact that m o+ = 7 and 7, is surjective.

e In terms of the identification H'(Cs)* ~ H'(C) given by the pull-back
map 7*, the map
(5.1.2) Tt HY(Cy) — HY(C) ~ HY(C)*"
is identified with the projection IT*.

Remark 5.1.1. We have isomorphisms x~!(s) ~ Pic®_, X "!(s) ~ Prymg,
and {'(s) ~ Prymg,_/T'. (See Theorem 1.3.4 for y and §2.4 for ¥ and %.) We
have the canonical isomorphisms

H'(Pic,) ~ H1(Cy), H'(Pryme,) ~ Hi(Cs)™,

in terms of which the restriction map H*(Pic ) — H'(Prymg, ) is identified
with the projection II™ : Hy(Cs) — H1(Cs) ™.



TOPOLOGY OF HITCHIN SYSTEMS 1401

PROPOSITION 5.1.2.

(1) The restrictions of the classes v, B to a general fibre of the Hitchin
maps X, X, and X vanish.

(2) The restriction of the class « to a general fibre of the Hitchin maps x
1s nonzero. When restricted to a general fibre of x and x, the class «
s an ample class.

Proof. For notational simplicity, we denote the fundamental classes [C] €
HY(C), [Cs] € H(Cy), [Pic}, ] € HO(Picg,), and [Pryme | € HO(Pryme ) by
1 so that, for example, the second equality in (5.1.1) above reads m.(1) = 2.
Let s € A?eg. As discussed in Section 1.3.1, the map x is the restriction
of x to M, and ¥ is derived from Y by passing to the quotient M = M JT. It
is therefore enough to prove the first statement for the map x We denote the
product map 7 X id : Cy x Picocs — O X Pic%s simply by .

Let £ be the Poincaré line bundle on Cs x Picg, . The restriction of E to
C x x71(s) = C x Picg, is isomorphic to m,L (see §1.3.2). The Grothendieck-
Riemann-Roch theorem (see [24, Th. 15.2]) gives the following equality in
H*(C x Picg,):

(5.1.3)
ch(E| ¢y y-1(5))td(C x Picd, ) =ch(m. £)td(C x Picgy, ) =, (ch(L)td(Cs x Picg,)).

By the Kiinneth formula and Poincaré duality,
H?(Cs x Picg,) ~ (H°(Cy) ® H*(Picl,))
& (H'(Cs) ® Hy(C)) @ (H?(Cs) ® HO(Pic,))

and we have the natural isomorphism
(5.1.4)
End H'(Cy) ~ H'(Cs) ® Hi(Cy) ~ H'(Cy) @ H'(Picy, ) € H?(Cs x Picg).

We say that a class in H*(C x Picg_) has type (a,b) if it is in the Kiinneth
summand H%(C) ® H°(Picd, ), and similarly for classes in H*(Cy x Picg ).
Clearly the cup product of a class of type (a,b) with one of type (c,d) is of
type (a + ¢,b+ d); in particular, it vanishes if a + ¢ > 2.

We set, for simplicity, g’ := g(Cs). We fix a symplectic basis d1, . .., da4 for
H'(Cs), and we identify its dual basis, 61, .. ., 0y, with a basis for H(Picl ).
In terms of the isomorphism (5.1.4) above, the first Chern class of £ is rep-
resented by the identity in End H'(Cs) (see [3, VIIL2]), namely c;(£) =
3 0; ® 6Y; hence it is of type (1,1). Let [cs] € H?(Cs), [c] € H?*(C) be as
defined above.

A direct computation gives ¢f(L) = 2[cs] @ (30 A6y ) = 2[es] @6,
where ¢ := 3,6/ NdY, € H 2(Pic?, ) denotes the cohomology class of the
theta divisor on Picocs.
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Since ¢ (L) is of type (1,1), we have ¢j(£) = 0 if » > 3; hence

(L)

ch(£) =1+ci1 (L) + 5

=14 6006 +[cs] ®6.

Since the tangent bundle of a torus is trivial, we have that td(PiCOCS) =1,
while td(Cs) = 1+(1—¢')[cs] and td(C) = 1+ (1—g)[c]. By the multiplicativity
properties of the Todd class, we have that
td(Csx Picg ) = 1®@1+(1—¢)[es]®1,  td(CxPicg ) =1®1+(1—g)[]®1,
so that

ch(L)td(Cs x Picg, ) =10 14> 86 +[es] ®0+ (1 — ¢')[es] ® 1.

i
Plugging this into the Grothendieck-Riemann-Roch theorem formula (5.1.3),
we get,

(5.1.5) ch(E|oxy—1(5)) (1 + (1 = g)[c])

= T, <1®1+26i®5y+[cs]®9+(1—g’)[cs]®1) .
(2
Applying (5.1.1) gives m (1 ® 1) = 2 ® 1, m([cs] ® 0) = [¢] ® 0, and
T« ([cs] ® 1) = [¢] ® 1. Combining the third equality of (5.1.1) with the isomor-
phism H(C) ~ HY(Cs)", we get (32 0; ® 6Y) = 33, ITH(5;) @ 6.
By plugging the above equalities in equation (5.1.5) and equating the
components of degree 2, we deduce that

(5.1.6) c1(Ejoxy-1(5) +2(1 —g)[d ®1 = Zrﬁ Y®6 +(1—g)[]®1.
Since the product of [¢] ® 1 with a class not of type (0,2) vanish, we obtain

(5.1.7) A (Eioxx-1(s)) (Zm ®5v)2

which has type (2,2). Equating the components of degree 4 in equation (5.1.5)
and using the fact that, by type consideration, the product Cl(E‘CXX—l(S))
([¢] ® 1) =0, we have

1
(5.1.8) B (A Eioxy-1(s) — 2¢2(Biony-1(5))) = [d @6,

from which we deduce that also c2(E|c«y-1(s)) has type (2,2). From the equal-
ity, true in general for rank 2 vector bundles,

2 (End By —1(5) = 4e2(Ejony-1(5) — AEloxy—1(s))s
it follows that ca(End E|oy\—1(5)) has type (2,2), which, by the very definition
(see the defining equation 1.2.10 in §1.2.2) of 5 and 9);, means that these classes
vanish on y~!(s).



TOPOLOGY OF HITCHIN SYSTEMS 1403

The proof of the second statement is immediately reduced to the case of x.
By Remark 5.1.1, the restriction of the first Chern class of £ to Cs x Prymg,
is 3, 6; ® II7(8,), and the Grothendieck-Riemann-Roch theorem now reads

(5.1.9)  ch(Ejoxy-1(s)(1+ (1 —g)le])
— m(l@ 1+Z5i®ﬂ_(5¢v) +les] @0+ (1—g)es] ® 1>7

where 6 denotes now the cohomology class of the restriction of the theta di-
visor to Prymg . As in the first part of the proof, we apply Formulee 5.1.1,
giving (1 ® 1) = 2® 1, m([es] @ 0) = [¢] ® 0, m([cs] ® 1) = [¢] ® 1, and
T (305 0i @ 6;) = 30, 1T (8;) @ TI7(9)) = 0.

By plugging the above equalities in equation (5.1.5), we deduce that

(5.1.10) a(Bloxy-1(s) T2 = g)ld = (1 = g')[e],

SO that C%(E|C><)Z—1(s)) = 0 and (C%(E|C><)Z—1(s)) — 262(E|C><5(—1(s))> = 2[0] ® 9
Hence, c2(Ejcxy-1(s))) = —[c] ® 6, and finally,

(5111) CQ(EDd E\Cxx—l(s)) == 462(E\C><)'<—1(s)) - 40%(E\C><)'(—1(s)) = *4[6} ® 0,

which shows (cf. (1.2.10) in §1.2.2) that the restriction of a to Y1 (s) equals 46.
O

COROLLARY 5.1.3. The class « is ample on M.
Proof. The variety M = MO /Picl is quasiprojective as M is by [46,
Prop. 7.4]. Additionally it follows from Theorem 1.2.10 that dim H?(M) = 1.

As we proved above that « is ample on the generic fiber of ¥ it must be ample
on M as well. O
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