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The embedding capacity of
4-dimensional symplectic ellipsoids

By DusAa McDUFF and FELIX SCHLENK

Abstract

This paper calculates the function c(a) whose value at a is the infimum
of the size of a ball that contains a symplectic image of the ellipsoid E(1,a).
(Here a > 1 is the ratio of the area of the large axis to that of the smaller
axis.) The structure of the graph of c¢(a) is surprisingly rich. The volume
constraint implies that c(a) is always greater than or equal to the square
root of a, and it is not hard to see that this is equality for large a. However,
for a less than the fourth power 7* of the golden ratio, c(a) is piecewise
linear, with graph that alternately lies on a line through the origin and is
horizontal. We prove this by showing that there are exceptional curves in
blow ups of the complex projective plane whose homology classes are given
by the continued fraction expansions of ratios of Fibonacci numbers. On
the interval [r*,7] we find c(a) = (a 4+ 1)/3. For a > 7, the function c(a)
coincides with the square root except on a finite number of intervals where
it is again piecewise linear.

The embedding constraints coming from embedded contact homology
give rise to another capacity function cgcu which may be computed by
counting lattice points in appropriate right angled triangles. According to
Hutchings and Taubes, the functorial properties of embedded contact ho-
mology imply that cecu(a) < c(a) for all a. We show here that cgcu(a) >
¢(a) for all a.
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1. Introduction

1.1. Statement of results. As has been known since the time of Gromov’s
Nonsqueezing Theorem, questions about symplectic embeddings lie at the heart
of symplectic geometry. To date, most results have concerned the embeddings
of balls or of products of balls since these are most amenable to analysis.
(See Cieliebak, Hofer, Schlenk and Latschev [5] for a comprehensive survey of
embedding problems.) However, ellipsoids are another very natural class of
examples. As pointed out by Hofer, the simplicity of the characteristic flow
on their boundary makes them a natural test case for understanding the role
of variational properties in symplectic geometry. One would like to under-
stand the extent to which obstructions coming from periodic orbits capture
all symplectic invariants. Judging from the evidence of the current work, it
seems one cannot take a naive approach. As pointed out in McDuff [17], the
Ekeland-Hofer capacities of [6] (which are purely variational) do not give all
obstructions. Instead one must use invariants coming from the Hutchings-
Taubes [12] embedded contact homology, which has an unavoidably geometric
flavor. Indeed Taubes [25] has recently shown it equals a version of Seiberg-
Witten Floer homology and so is a gauge theory.

In view of the work of Guth [7] on higher dimensional symplectic em-
bedding questions, there has been renewed interest in this kind of question.
However, we restrict consideration to four dimensions since the methods and



4-DIMENSIONAL SYMPLECTIC ELLIPSOIDS 1193

results in this case are very different from those in higher dimensions; cf. Re-
mark 1.1.4. For relevant background and a survey of the results of the current
paper, see [16].

Given a real number a > 1, denote by E(1,a) the closed ellipsoid

2 2
E(1,a) = {a} +a3 + S Rk 1} c RY
a
This paper studies the function c: [1,00) — R defined by
(1.1.1) c(a) = inf { | B(1,a) B(u)},

where B(u) := {Z r? < u} is the ball of radius ,/z and A<% B means that
A embeds symplectically in B. This is one of a range of symplectic capacity
functions defined by Cieliebak, Hofer, Latschev and Schlenk in [5], and is the
first to be calculated.

Since E(1,a) has volume an?/2, we must have c(a) > \/a. Here is another
elementary result.

LEMMA 1.1.1. The function c is nondecreasing and continuous. Further,
it has the following scaling property:

(1.1.2) clra) < cla) when A > 1.
Aa a
Proof. The first statement is clear. The second holds because E(1, Aa) C
VAE(1,a) when A > 1 and also E(1,a) <> B(y) if and only if

VAE(1,a) < VAB(p) = B(Aw). O
The function ¢(a) was calculated! in [17] for integral a as follows:
(1.1.3) cla) =+a ifa€Nis1,4o0r >09,
e(2) = e(3) = c(4) = 2, ¢(5) = c(6) = 3, e(7) =5, of8) = L.
Its monotonicity and scaling property are then enough to determine all its
values for a < 6; it is constant on the intervals [2,4] and [5,6] and otherwise
linear, with graph along appropriate lines through the origin. (See Figure 1.1
and Corollaries 1.2.4 and 1.2.8.)
It turns out that the two steps of c¢(a) that we described above extend
to an infinite staircase for a € [1,7%], where 7% = 7*%‘/5 is the fourth power

of the golden ratio 7 := 1+T‘/5 We call this the Fibonacci stairs. Denote by

Jn := fon_1, n > 1, the terms in the odd places of the Fibonacci sequence f;,.

IThe first nontrivial result here, that ¢(4) = 2, was proved earlier by Opshtein in [21]. See
also Theorem 4 in Opshtein [22].
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(For short, we call these the “odd Fibonacci numbers.”) Thus the sequence g,

starts with 1, 2, 5, 13, 34, ... . Set go = 1 and for each n > 0, define
— (9n 2 _ 9n
an = (g—f) and b, = g—n“.
Then
a=l<b=2=2<a=(3)P2=4<b=2=5
2
<ay=(5)P=6t<br=2=6l<az=(L) =62 <b3=%=61<
More generally,
o< ap <bp < app1 <bppr <o+ and lima, = limb, = 7* ~ 6.854.

Figure 1.1. The Fibonacci stairs: The graph of c¢(a) on [1,71].

THEOREM 1.1.2. (i) For eachn >0, c(a) = =% fora € [ap, by], and

Qn

¢ is constant with value \/an, 11 on the interval [by, ani1].
(ii) c(a) = =2 on [r1,7].
(iii) There are a finite number of closed disjoint intervals Ij C [7,83=] such

that c(a) = v/a for alla > 7, a ¢ I;. Moreover, c is piecewise linear in
each I, with one nonsmooth point in the interior of I;.

(iv) c(a) = Va fora > 8.
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The argument proving part (i) hinges on the existence of an unexpected
relation between the function c(a) and the Fibonacci numbers. We shall see
that this relation persists for a just larger than 7%, and so we also deal with the
interval [74, 7] by largely arithmetic means. However, the analysis of c(a) for
a > 7 gets easier the larger a is. As we show in Corollary 1.2.4, it is almost
trivial to see that ¢(a) = y/a when a > 9, and it is not much harder to see that
¢(a) = y/a when a > 8%. The method used also shows that there are finitely
many obstructions when a > 7. The full analysis of ¢(a) on [7, 8] takes more
effort. The intervals I; contain rational numbers with small denominators; for
example the three longest contain 7, 7% and 8; cf. Figure 1.2.

(e 8 835

Figure 1.2. The graph of ¢(a) on [7’4, 8%].

We refer to Theorem 5.2.3 for a full description of ¢(a) on the interval [7, 83—16].
One point to note here is that although all the flatter portions of the graph of
c are horizontal when a < 74, this is not true when a € [7, 8]; for example the
two parts of the graph of ¢ centered at a = 7% both have positive slope.

Connection with counting lattice points. As we explain in Section 1.3, the
obstructions to embeddings E(1,a) <> B(y) that we consider come from ex-
ceptional spheres in blow ups of CP2. Hofer? suggested that one should also
be able to obtain a complete set of obstructions from the embedded contact
homology theory recently developed by Hutchings and Taubes [12]. The em-
bedded contact homology ECH, (E (a, b)) of a 4-dimensional ellipsoid has one
generator in each even degree with action of the form ma-+nb; m,n > 0. Since
the action is a nondecreasing function of degree, the actions of the generators
arranged in the order of increasing degree form the sequence N (a,b) obtained
by arranging all numbers of the form ma + nb; m,n > 0, in nondecreasing

2Private communication.
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order (with multiplicities). We will say that N(a,b) < N(a’,V') if each term
in N(a,b) is no greater than the corresponding term in N(a',’). Using work
by Taubes, Hutchings shows in [10] that the sequence N(a,b) is a monotone
invariant of E(a,b):

(1.1.4) E(a,b)< E(d, V) = N(a,b) < N(d,b).
Even before this was proven, Hofer suggested that
(C) E(a,b) < E(d',V) < N(a,b) < N(d, V).

One might be able to prove this directly by showing that the embedded curves
that provide the morphism ECH,, (E(a, b)) — ECH, (E(a’, b’)) correspond pre-
cisely to the exceptional spheres that give our obstructions. However, so far
all approaches have been more indirect.

For a > 1, define

cecu(a) :=inf{u > 0| N(1,a) < N(p,p)} .

As we show in Section 2.4, the function cgcy can be understood in terms of
counting lattice points in triangles. Then Hutchings’s result (1.1.4) for the
case that the target ellipsoid is a ball becomes

cecu(a) < c(a) forall a > 1.
In this paper we prove the converse.
THEOREM 1.1.3. cgcnu(a) > c(a) for all a > 1.

Thus Hofer’s conjecture (C) holds if the target is a ball: cgcu(a) = c(a)
for all a.

Remark 1.1.4. (i) The methods used to analyze the embedding of a 4-dimen-
sional ellipsoid into a ball work equally well when one considers embeddings
from one ellipsoid to another. In other words, Theorem 1.2.2 below has an
analog that is applicable to this setting; see [17, Th. 1.5]. One can also use
much the same method to analyze embeddings of an ellipsoid into S? x S
see [20].

(ii) One might wonder if these results can be extended to higher di-
mensions. For example, in dimension 6 is there a symplectic embedding
E(a,b,c)<s E(d, ¥, ) if and only if N(a,b,c) < N(d',V/,’)? Guth’s construc-
tion in [7] of an embedding E(1, R, R) <> E(2,10,2R?) for all R > 1 shows that
the answer is no. It is not at present clear what the correct condition should
be in this case. (See Hind-Kerman [9] for a more precise version of Guth’s
result and Buse-Hind [4] for some further results.) Note that embedded con-
tact homology is a specifically 4-dimensional theory, as are the results stated
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in Theorem 1.2.2 and Proposition 1.2.12 below, on which our calculation of
c is based.

(iii) There are two early papers by Biran with constructions that are
somewhat similar to ours. In [2] he uses an iterated ball packing construction to
obtain information on the Kéhler cone of blow ups of CP2. Continued fractions
are relevant here, but Biran does not use them in the way we do. The survey
article [3] mentions how an understanding of embeddings of ellipsoids might
help calculate this Kahler cone, and hence suggests a potential application of
our work. However, for this one would need to understand which embeddings
of ellipsoids give rise to Kéahler forms, a question which we do not consider.

(iv) Meanwhile, the full Hofer conjecture (C) has been proven by Mc-
Duff [18], without using embedded contact homology; see also Hutchings [11].

1.2. Method of proof. The first author showed in [17] that if a > 1 is
rational, there is a finite sequence w(a) := (w1,...,wys) of rational numbers
such that the ellipsoid F(1, a) embeds symplectically in the ball B(u) exactly if
the corresponding collection U; B(w;) of M disjoint balls embeds symplectically
in B(p). This ball embedding problem was reduced in McDuff-Polterovich [19]
to the question of understanding the symplectic cone of the M-fold blow up
of CP2. After further work by McDuff [15] and Biran [1], the structure of this
cone was finally elucidated in Li-Liu [14] and Li-Li [13].

The key to understanding this cone is the following set £yy.

Definition 1.2.1. Denote by Xjs the M-fold blow up of CP? with any
symplectic structure wy; obtained by blow up from the standard structure on
CP?. Let L, E1, ..., Ey € Ho(X ) be the homology classes of the line and the
M exceptional divisors. We define £y, as the set consisting of (0; —1,0,...,0)
and of all tuples (d;m) of nonnegative integers (d;m1,...,mys) with m; >
-+ > myr and such that the class E(g.y) := dL — }7; m;E; is represented in
(Xar,war) by a symplectically embedded sphere of self-intersection —1. If there
is no danger of confusion, we will write £ instead of £y;. Clearly, £y C Epp
whenever M < M.

Since these classes E(g.p,), (d;m) € Epr, have nontrivial Gromov invariant,
they have symplectically embedded representatives for all choices of the blow-
up form wys. Therefore the above definition does not depend on this choice.

Denote by —K := 3L — > E; the standard anti-canonical divisor in Xy,
and consider the corresponding symplectic cone Cg, consisting of all classes
on X s that may be represented by a symplectic form with first Chern class
Poincaré dual to —K. Then Li-Li show in [13] that

Ck ={ae H*(Xy)|a® >0, a(E)>0 forall E € .
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Proposition 1.2.12 below gives necessary and sufficient conditions for an ele-
ment (d;m) to belong to £y7. Before discussing this, we explain the relevance
of £y to our problem. The following result is proved in [17]. We will denote
by £,e; € H?(X)r) the Poincaré duals to L, E; and by m - w = Zi]‘il m; w; the
Euclidean scalar product in RM.

THEOREM 1.2.2. For each rational a > 1, there is a finite weight ex-
pansion w(a) = (w1, ..., wyr) such that E(1,a) embeds symplectically in the
interior of B*(u) if and only if pl — S wie; € Crc. Moreover w; < 1 for all i
and 3 ; w? = a.

COROLLARY 1.2.3. If the rational number a > 1 has weight expansion
w(a) = w = (w;), then
c(a) = sup(Va, p(d;m)(a) | (d;m) € €),

m-w(a)

where p(d; m)(a) == ——

Proof. The above description of Cx shows that F(1,a) embeds into the
interior of B*(u1) if and only if the tuple (u,w) satisfies the conditions

(i) 12> w-w = Y,
(ii) dp > m - w =: > mw; for all (d;m) € &yy.

The corollary now follows because w - w = a. O

Biran showed in [1] that p(d; m)(k) < vk for all (d;m) € & for all integers
k > 9. His argument extends to all a > 9 and shows

COROLLARY 1.2.4. c(a) = \/a when a > 9.

Proof. Since c is continuous by Lemma 1.1.1, it suffices to check this for
rational a. Fix (d;m) € €. The corresponding symplectically embedded (—1)-
sphere E has c¢1(E) = 1, and so 3d — 1 = > ;m;. Therefore, > ;m; w; <
> imi =3d—1. For a > 9, we thus find

ul(dsm)(a) = ™2 < 3 < \/a.
Now use Corollary 1.2.3. O

In view of Corollary 1.2.3, our task is two-fold; first to understand the
weight expansions and then to understand the restrictions placed on embed-
dings by the elements of £y;. The description that we now give for w(a) is
convenient for calculations but is somewhat different from that in [17]. The
equivalence of the two definitions is established in Corollary A.7.

Definition 1.2.5. Let a = p/q € Q, written in lowest terms. The weight
expansion w := (w;) := (wi,...,wyr) of a > 1 is defined recursively as follows:
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e w; =1, and wy, > wypyq > 0 for all n;

o if w; > w;y; = -+ =w, (where we set wp := a), then
Wp, if wipr+-Fwppr = =i+ Dwipr < wy,
Wn+1 = ) )
w; — (n —i)w;y1 otherwise;

e the sequence stops at w, if the above formula gives wy+1 = 0.

The number M of entries in w(a) is called the length ¢(a) of a.

For example, a = 25/9 has weight expansion w(a) = (1,1, 5,5, 5, 5,5, 5
which we will abbreviate as (1%, %, %X?’, %XQ).
We may also think of this expansion (w;) as consisting of N + 1 blocks of

length /¢ of the (decreasing) numbers x5 where 2o = 1; viz:

(1.2.1) w(a) = (1,...,17 Ty ooy Ty o nny :cN,...,xN)
ZO El EN
= (1X£0, xlxel, ol x]XVéN).

Then z1 =a—Ffy < 1, 29 = 1 —F121 < 21, and so on. In this form the sequence
can be generated as follows. If a = %, first draw a rectangle of length p and
height ¢, then mark off as many (say ¢y) squares of side length ¢ as possible,
then in the remaining rectangle of size ¢ X (p — £pq) mark off as many (say
¢1) squares of side length (p — fpq) as possible, continuing in this way until
the rectangle is completely filled. Then gz; is the side length of the (j + 1)st
set of squares, while the ¢; are the multiplicities; see Figure 1.3. As is well
known, the multiplicities £;,0 < j < NN, give the continued fraction expansion
[lo; ¢1,...,¢N] of p/q. For example, 25/9 = [2;1,3,2] and

25 1

— =24 —.

9 1+ sj%

Notice also that 25/9 =212 + (7/9)% + 3(2/9)2 + 2(1/9)2.

1
2‘2‘2’1»

Figure 1.3. The expansion for a = 25/9.
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LEMMA 1.2.6. Let w := (w1, ..., wpr) be the weight expansion ofazgz 1.
Then
1
wpr = q’
M
(1.2.2) w-w = Zw? =a,
i=1
M
(1.2.3) Ywi=a+1—g.
i=1

Proof. Equation (1.2.2) holds because the total area of all the squares is
pq. To understand the sum, suppose that there are N 4+ 1 sets of squares in
the expansion (1.2.1) so that zx4+1 = 0 and write

;IUizl—f—(1—|—...—|-1—|—5L'1)+<x1+...+x1+x2>+'“

ZO*1 flfl
+(aon + o an tav)
—_—
tn—1
=l+(a—-1)4+1—-z1)+ -+ (zny_1 —zN)
=1 +a—xpN.

It remains to note that xy = wy; = 1/q. This is obvious from the geometric
construction. For, gz = qwys is the side length of the smallest square in the
decomposition of the rectangle. If this length were divisible by s, then the side
lengths of all the squares would be divisible by s. Hence both p and ¢ would
be divisible by s. But they are mutually prime by hypothesis. ([

We next describe the sets £ys. The first lemma is well known and can be
easily deduced from Proposition 1.2.12 below.

LEMMA 1.2.7. The set Eyy is finite for M < 8 with elements (d;my, ...
...,myr) equal to

(0;=1), (1;1,1), (21°°), (32,179,
(4;223,17%), (5;2%6,1,1), (6;3,2%7).

From this one can immediately calculate c(a) for those a whose weight
expansion has M < 8.

COROLLARY 1.2.8. The function c takes the following values:
c2)=c(3)=c(4) =2, c(5)=c(6) =3,
(§)=%. =5 c®)=%

Moreover, its graph is linear on each subinterval [1,2], [2,4], [4,5], [5, 6].
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Proof. The values of c¢(a) for integers a € [1,8] were calculated in [17,

Cor. 1.2]. One can similarly calculate ¢(%2) since the length of w(%) is < 9.

The second statement then follows from Lemma 1.1.1. O
From Lemma 1.2.7 we can also compute ¢ near 7.

PROPOSITION 1.2.9. For a € [64}

12.7], we have c(a) = 3(a+1). Also
cla) = % fora €|, 7%].

Proof. Since c¢ is continuous, it suffices to prove these identities for a € Q.
First assume that a < 7 and write a = 6 + x. Then

w(a) = <1X6,x,w8,...,wM) ,

where 0 < w; < 1 —x for i > 8. The element (3;2,1%5) € & gives the
constraint c(a) > po = 3(a + 1).

Since 1 — z < x/9, at least the first nine of the weights ws, wg,... are
equal. Hence, by Corollary 1.2.4, we can fully pack all but the first seven balls
into one ball of size A where a = 64 2% 4+ A\%. It remains to show that the eight
balls of sizes

wW=(@1,....,1,z,))
fit into B(up); that is, W -m < %(7+ x) for all (d;m) € €.

This is clear for classes in &. The classes in &~ & are (4;2%3,1%9),
(5;2%6,1,1), (6;3,2%7). The strongest constraint comes from (5;2%%,1,1) and
equals

= 1(12+z+ ).
The desired inequality p; < po is equivalent to 143X\ < 2z. Since A2 = x(1—z),
we need 1322 — 13z + 1 > 0, which is satisfied when z > %

We know ¢(7) = & by Corollary 1.2.8. Therefore it suffices to show that
c(7%) = %. As above, since the nine balls B(é) fully fill B(%), we just need to
check that the finite number of elements in £ give no obstruction to embedding
eight balls, seven of size 1 and one of size %, into B (%) O

Remark 1.2.10. Similarly, there is an obstruction at a = 8 given by the
class (d;m) = (6;3,2%7). For a < 8 with w(a) = (1*",a — 7,...), this gives

the constraint p(a) = 42¢ while for a > 8 we get p(a) = %. Therefore

c(a) > p(a) > y/a for %ﬁ < a < 8. However, unfortunately, one cannot
argue as above to show that ¢ = p on some interval (8 — ¢, 8%] because the
auxiliary packings would involve nine balls and &g is infinite. We shall prove
that ¢ = p on [%ﬁ, 8%] in Sections 5.2 and 5.3 by different methods.

Now consider &y, M > 9. We say that a tuple of integers (d;m) =
(dymy,...,mpr) is ordered if m; > m;t1 when m; # 0, m;y+1 # 0, and if the
m; with m; = 0 are at the end. For instance, the elements of £,; are ordered
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in view of Definition 1.2.1. To characterize £y when M > 9 we need the
following definition.

Definition 1.2.11. The Cremona transform of an ordered tuple (d;m) is
(2d—m1—m2—m3; d—mg—m?,, d—ml—mg, d—ml—mg, my, M5, )

A standard Cremona move Cr takes an ordered tuple (d;m) to the tuple ob-
tained by ordering the Cremona transform of (d;m). More generally, a Cre-
mona move is the composite of a Cremona transform with any permutation
of m.

Standard Cremona moves preserve £y; because they are achieved by Cre-
mona transformations, which (modulo permutations of the E;) are just reflec-
tions A +— A+ (A-C)C in the (—2)-sphere in the class C' := L — E; — E5 — Es;
cf. [13].3 In particular, these moves preserve the intersection product and the
first Chern class ¢ (M) := 3L — >, E;.

PROPOSITION 1.2.12. (i) The following identities hold for all (d;m) € En:

(1.2.4) > mi=3d—1, m-m:=>» m=d+1.

)

(ii) For all pairs (d;m),(d';m') of distinct elements of Epr, we have

m-m/ ::Zmim; < dd.
i

(iii) A tuple (d;m) satisfying the Diophantine conditions in equations (1.2.4)
belongs to Enr exactly if it may be reduced to (0; —1,0,...,0) by repeated
standard Cremona moves.

Proof. The two equations in (i) express the fact that any symplectically
embedded (—1)-sphere E has ¢;(E) = 1 and E - E = —1. Since the elements
in &)y are all represented by embedded J-holomorphic spheres for generic J,
part (ii) holds by positivity of intersections.

Part (iii) for a class (d;m) with d = 0 is clear. Part (iii) for nonnegative
tuples (d; m) may be deduced from Li-Li’s arguments in [13, Lemma 3.4]. In
this paper the authors work in a more general context than ours, considering all
symplectic forms on X, while we consider only those symplectic forms with
the standard first Chern class (or anticanonical class) —K := 3L —>" E;. They
also introduce many ideas, such as the symplectic genus. However, the concept

3If wis a symplectic form on Xj; for which the class C' is represented by a Lagrangian
sphere St then the Cremona transformation can be realized by the Dehn twist in Sp; cf. Sei-
del [23].
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relevant here is that of a reduced class. This is a class A := dL — Y m; E; with
d>0, mi>mg>--->0, d>mi+ma+ms.

We can clearly assume that M > 3. In this case they show that for every class
A with A2 = —1 and ¢;(A) > 0, there is a combination of Cremona moves
and reflections F; — —E; that transform A either into F; (which corresponds
to (0;—1,0,...,0)) or into a reduced class A’. Each step consists of a Cre-
mona transform, followed by an adjustment of signs to make the coefficients
of the —F; nonnegative and then a permutation to reorder the m;. Since the
Cremona transform takes (d; m) to
(2d—m1—m2—m3; d—mg—mg, d—ml—mg, d—ml—mg, my, ),

this decreases d unless A is reduced. Li-Li show by a simple algebraic compu-
tation that, because we start with a class with A- A > —1 and the reduction
process preserves the intersection form, the coefficient d cannot become nega-
tive. Thus one stops the process when the coeflicient d is at its minimum. If
d = 0, then the final class Ap is (0;—1,0...,0). On the other hand, if Ay is
reduced, another essentially algebraic argument (part 3 of their Lemma 3.4)
shows that Ag - E > 0 for all solutions F to equations (1.2.4). Hence Ay ¢ Enr
since Ag - Ag = —1.

It is easy to adapt the results of this lemma to our situation. We are
interested here only in symplectic forms with the standard canonical class K,
and therefore we cannot change the signs of the E;. However, if there is a
sequence o of standard Cremona moves that takes a tuple (d; m) that satisfies
(1.2.4) to a tuple (d';m') with some m] < 0, then either d’ = 0 and (d’;m’) =
(0;—1,0,...,0), or d’ # 0. But in the latter case (d; m) cannot be in £ since
we would have

E(d;m) - B = E(d’;m’) B = m; < 0,
where E is the image of F; under the reverse sequence o~ ! of Cremona moves.
Therefore (iii) must hold. O

Definition 1.2.13. A class E=(d;m) € & is called obstructive if j1(d; m)(z)
> /z on some nonempty interval I. Further, we say that F is obstructive at a

if p(d;m)(a) > /a.

Thus our task is to understand enough about the obstructive classes to
figure out the supremum of the corresponding constraint functions u(d; m).

Remark 1.2.14. (i) Later we will expend considerable effort to show that
certain classes E = (d;m) that satisfy the identities (1.2.4) do in fact lie
in &y. In some cases, the corresponding constraints u(d;m)(a) contribute
to c¢(a). However, in many other cases (for example the classes E (bk(z)> of
Proposition 4.2.2 for ¢ > 3; see Lemma 4.3.1) the constraint p(d;m)(a) does
not contribute to c¢(a); rather E influences c(a) because E - E' > 0 for all
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E' € &y~ E. For this positivity of intersections to hold, it is not necessary
that E € &y. As explained in the proof of Proposition 1.2.12, it suffices that
when we apply standard Cremona moves to F, we do not arrive at a class
with d > 0 and some m; < 0, but instead end up at a reduced class. (By
[13, Lemma 3.6], the class E' then must have positive symplectic genus, and
therefore cannot be represented by a smoothly embedded sphere.) However,
it is just as difficult to check this condition as it is to check whether E € &y,
and, in fact, it turns out that F € &y in all cases of interest to us here.

(ii) As we show in Proposition 5.2.1, there are only finitely many tuples
(d;m) € &y that are obstructive at some a > 7. In fact, there are precisely
thirteen such classes; the class (3;2, 1X6> centered at a = 7, another eight
classes that contribute to c¢(a) as described in Theorem 5.2.3, and four more
classes listed in Lemma 5.2.5, which are “hidden” in the sense that they con-
tribute nothing new to c(a). Although we work mostly by hand, we do use
the computer programs of Appendix B to prove Corollary 5.2.10, which states
that there are no other relevant classes.

In contrast, there are infinitely many classes that are obstructive some-
where on the interval [1, 7], and we do not try to compute them all. As shown
in Example 2.3.1, the part of the graph of an obstruction p(d;m)(a) that lies
above /a can be quite complicated and need not have the scaling or positivity
properties of ¢ that are described in Lemma 1.1.1. Further, even though Corol-
lary 2.1.4 states that at each point a where c(a) > y/a there are only finitely
many obstructive classes with u(d; m)(a) = ¢(a), we do not know if for some
ag there are infinitely many classes with p(d;m)(ao) > \/ag. By Remark 5.2.2
this cannot happen when ag > 7*. When ag = 7%, Proposition 4.3.2 shows
that there are infinitely many classes that are obstructive on an interval whose
closure contains ag. However, because ¢(7%) = 72, no class is obstructive at 7
itself. We have no relevant results when ag < 7.

(iii) We compute c(a) for a < 7 by looking not only at classes with
wu(d;m)(a) > y/a but also at some other classes that influence ¢(a) indirectly.
The most interesting of these are the classes described in Proposition 4.3.2
that are made from the even terms of the Fibonacci sequence. They play a
dual role. Though obstructive, they contribute nothing new to ¢(a) and so the
corresponding graph is called the ghost stairs. Their importance is rather that
they allow one to calculate c(a) at a series of points e where they are not
obstructive; cf. the proof of Corollary 4.2.4.

1.3. Outline of paper. Corollary 1.2.3 gives a formula for ¢(a) that we can
interpret using the description of £ contained in Proposition 1.2.12. However,
this formula is not at all explicit, and the methods needed to understand it
depend on the size of a. One can compute ¢(a) by direct methods when a < 74,
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but for larger a our arguments require a deeper understanding of the constraint
functions p(d; m)(a). Therefore we begin in Section 2 by developing some tools
to distinguish the obstructive classes in &.

First, we show in Proposition 2.1.1 that (d;m) is obstructive at a only if
the vector m is almost parallel to w(a). If m is parallel to w(a) for some a,
then we call (d;m) a perfect obstruction at a. Lemma 2.1.5 shows that these
elements determine the function ¢(z) for z near a, while Corollary 3.1.3 shows
that the only perfect obstructions occur at the numbers b,, of the Fibonacci
stairs. Second, we show in Lemma 2.1.3 that if u(d;m)(a) > /a on the
interval I, then I has a unique central point ag distinguished by the fact that
l(ap) = £(m) while ¢(a) > ¢(m) for all other a € I. (Here, {(m) denotes the
number of positive entries in m.) Lemmas 2.1.7 and 2.1.8 describe other useful
properties of obstructive classes.

These are the basic results needed to determine c¢(a) when a > 7. (Since
by Proposition 5.2.1 there are only finitely many obstructive (d;m) for a > 7,
we can analyze these on a case by case basis, without using more general re-
sults.) However, we continue in Section 2 with a deeper analysis of the functions
w(d; m) so that we can explain the relation of ¢(a) to the lattice point counting
problem. This analysis is based on Proposition 2.2.6, which derives surpris-
ing identities satisfied by weight expansions. (These are quadratic identities
involving the weight expansions of a and its “mirror” @.) This proposition
also turns out to be helpful in understanding c(a) on [r%, 7], where there are
infinitely many obstructive classes.

Our next main result is Proposition 2.3.2, which shows that the central
point of I is the break point of u(d;m) in the sense that u(d;m) is linear on
each component of I~{ag}. Moreover, one can apply Proposition 2.2.6 to show
that the coefficients of these linear functions are remarkably close to those of
the linear functions that occur in the counting problem. In Section 2.4, we
explain this connection and prove Theorem 1.1.3 (which states that cgc > ¢).

In Section 3 we calculate c(a) for a € [1,7%] by direct methods. Theo-
rem 3.1.1 states that there are classes E(ay) and E(b,) in € given by tuples
(d; m) constructed from the weight expansions of ratios of odd Fibonacci num-
bers. As we see in Corollary 3.1.2, because these classes are perfect, their very
existence together with the scaling property of ¢ is enough to calculate ¢(a) in
this range. The difficulty here is to prove that these classes really do belong
to £. In particular, describing what happens to these classes under Cremona
moves involves establishing many quadratic identities for Fibonacci numbers.
Therefore in Section 3.2 we develop an inductive method to prove such iden-
tities; cf. Proposition 3.2.3. The proof of Theorem 3.1.1 is completed in Sec-
tion 3.3. This section is essentially independent of Section 2.
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We next compute c(a) on [r4,7]. The obstruction (3;2,1%%) centered at 7
gives the lower bound c(a) > “TH on this interval, and our task in Section 4
is to show that no obstruction exceeds this one. One difficulty is that the
quantity y(a) := a + 1 — 3\/a tends to 0 as a approaches 74, permitting the
existence of infinitely many obstructive classes; cf. Proposition 4.3.2. Another
is that the line %1 does not pass through the origin. Therefore we can no
longer use the scaling property of ¢, which in the case of the interval [1,7%]
allowed us to restrict attention to the points a,, b,. Nevertheless, by using the
results of Section 2 we show in Proposition 4.1.6 that there is only a double
sequence of relevant points.

One could then attempt a direct calculation of ¢(a) at these points, com-
bining more elaborate versions of the estimation techniques used in Section 5
with arithmetic results based on Corollary 2.2.7. This is possible. However it
is very complicated, and it turns out that there is a much easier proof. The
sequence E(by,) of perfect classes that determine the Fibonacci stairs really
consists of two subsequences Ei(0) and Ej(1) that are the first two members
of an infinite family Ejy(7), ¢ > 0, of sequences of “nearly perfect” classes in £.
The classes F(2), k > 1, form the ghost stairs discussed in Remark 1.2.14(iii),
while the classes Fj(i), i > 2, are not obstructive by Lemma 4.3.1. Neverthe-
less, as we show in Lemma 4.1.10, the fact that they are nearly perfect puts
constraints on the possible obstructive classes. The desired conclusion follows
by combining this result with Proposition 4.1.6.

Section 5 carries out a detailed analysis of the obstructions in the interval
[7,9]. The argument is based on the equality in Proposition 2.1.1(iv). This
estimates the “error” (the difference between m and a suitable multiple of
w(a)) at a rational point a = p/q in terms of the quantity y(a) — 1/q, where
again y(a) = a+1-3+/a. Since y(7*) = 0, this estimate gets better the further a
is from 7% and the larger ¢ is. One easy consequence is Proposition 5.2.1,
stating that there are only finitely many obstructive classes (d;m) for a > 7.
The proof (in Section 5.2) that c(a) = v/a for a > 83 is also easy.

To work out exactly what the constraints are requires some computation.
It would be possible, though very tedious, to do this entirely by hand. We
have aimed to use the computer as little as possible and so have developed
quite a few techniques for estimating the error. Since y(a) — % is negative
when a = 7%, we must treat these points separately, by purely arithmetic
means. Thus in this case we simply look for suitable solutions (d;m) of the
Diophantine equations (1.2.4) with centers at these points, using Lemma 2.1.7
to limit possibilities. This computation (in Lemma 5.2.5) finds several classes
that contribute to c(a) as well as some interesting “hidden” classes for which
wu(d;m)(a) = ¢(a) at just one point, namely the center. There are some other

obstructive classes centered at points of the form a = 7T2+1' (The table in
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Theorem 5.2.3 lists all classes that contribute to c¢(a).) We show that there
are no other obstructive classes in Section 5.2, using estimates developed in
Section 5.1 as well as two computer programs that are described in Appendix B.

Finally, Appendix A explains the connection between our current defini-
tion of the weight expansion of a in terms of the continued fraction expansion
of a and the definition used in [17], which came from a blow up construction.
The results here are no doubt well known; we included them for the sake of
completeness.

Acknowledgments. We wish to thank Dylan Thurston for making some
very helpful observations at the beginning of this project (he was the first
person to point out a connection with Fibonacci numbers), Michael Hutchings
for explaining the obstructions coming from embedded contact homology, and
Helmut Hofer and Peter Sarnak for their inspiration and encouragement.

2. Foundations

2.1. Basic observations. Given a with weight expansion w(a) of length
l(a) = M and (d;m) € &y, we define € := e(a) = (e1,...,ep) by setting

d
We will refer to the vector € as the error and to quantities such as 3" &? as the
squared error. We need to understand the function u(d;m)(a) = m - w(a)/d
defined in Corollary 1.2.3.
Our arguments will be based on the following observations.

PROPOSITION 2.1.1. For all (d;m) € € and a, we have
() u(d;m) = p(d;m)(a) < Vay/T+ 1/
(ii) pu(d;m) > a <= e -w>0;
(iii) If u(d;m) > \/a, then E :=c-e =Y e? < 1;
(iv) Let y(a) := a+ 1 — 3y/a, where a =p/q. Then
(2.1.2) ~Yei=1+%(ya) - 1).
Proof. Lemma 1.2.6 and Proposition 1.2.12 imply that
pldim)d =w-m < |wl|||m] = Vavd? +1.

This proves (i). (ii) is immediate, while (iii) follows from (ii) because

I
I

d+1=m m= (%w(a)jLs) . (%w(a)jLs) :d2+2%w(a)-5+5-5.
Finally, to prove (iv) observe that

3d—1:Zmi:%(a+1—é)+Z€i.
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Hence
%(a+1—3\/6)— \/%q+1+25i:0-
This completes the proof. O

Remark 2.1.2. (i) Proposition 2.1.1(iii) implies that an element (d; m) € £
gives an obstruction at a (i.e., has u(d;m)(a) > /a) only if the vector m is
“almost parallel” to the vector w(a). In particular, if we are interested in
solutions that provide obstructions when a = k + z for € (0,1), we need
the first k£ entries to be equal within the allowable error. As we will see in
Lemma 2.1.7, this means that the first k& entries of m must lie in the set
{m1, m1 — 1}, with at most one entry different from the others. Some elements
of £ with d < 9 that satisfy these conditions for a € [6, 8] are

(2;1°%), (3;2,1%9), (5;27%0,1%2), (8;3%7,1°?).
It turns out that these elements all do give obstructions.

(ii) Another noteworthy point is that y(a) = 0 when a = 7*. Therefore (iv)
gives most information when a — 7 is quite large, e.g. if a > 7; see Section 5.1.

The next result explains the basic structure of the constraints. Through-
out we write ¢(m) for the number of positive entries in m and ¢(a) for the
length of the weight sequence w(a).

LEMMA 2.1.3. Let (d;m) € £, and suppose that I is a mazimal nonempty
open interval such that \/a < u(d;m)(a) for all a € I. Then there is a unique
agp € I such that £(ag) = £(m). Moreover £(a) > ¢(m) for all a € I.

Proof. Denote by w;(a) the ith weight of a considered as a function of a.
Then it is piecewise linear and is linear on any open interval that does not
contain an element o’ with length ¢(a/) < i. That is, the formula* for w;(a)
can change only if it or one of the earlier weights becomes zero.

Therefore if (a) > ¢(m) for all a € I, the function u(d;m)(a) is linear
in I. But this is impossible since the function y/a is concave and I C (1,9) is
bounded.

Thus there is ag € I with £(ag) < ¢(m). On the other hand, if {(a) <
£(m), then Y ~;<y(q) m? < d? + 1, so that

lw-m| < Jwl| | > m}<d|w|=dVa.
1<f(a)

Hence p(d;m)(a) < \/a,ie a ¢ I.

4See Lemma 2.2.1 for an explicit expression.
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The uniqueness follows from the properties of continued fractions. We
claim that if b > a and £(b) = ¢(a), then there must be some number y € (a, b)
with ¢(y) < £(a). Since such y cannot be in I, this gives the required unique-
ness. To prove the claim, let a have continued fraction expansion [ly; {1, ..., {N]
and consider the functions z;(a) as in equation (1.2.1). If N is even, the func-
tion xn(z) decreases as z increases. Hence ¢y increases, and so the next
number z > a with length < ¢(a) is [€g; {1, ..., fN—1] which has length < ¢(a).
Similarly, if we look for numbers z < a with £(z) < ¢(a), then the first one is
[Co;...,¢n — 1]. Similar arguments apply if N is odd. O

COROLLARY 2.1.4. Suppose that c(a) > /a. Then
(i) There are (possibly equal) elements (d*;m*) € € and € > 0 such that

c(z) = { p(d=;m™)(z)  forall z € (a—c¢,al,
p(dtsmT)(z)  for all z € [a,a+¢).

(ii) On each of the intervals in (i), there are rational numbers o, 3 > 0
such that c(a) = a + Pa.

(iii) The set of (d;m) such that c(a) = pu(d;m)(a) is finite.

Proof. Since ¢(a) > +/a, there exists D € N with /1 + 1/D? < ¢(a)/+/a.
If (d;m) € & is such that u(d;m)(a) = ¢(a) > /a, then d < D by Proposi-
tion 2.1.1(i). But there are only finitely many elements (d;m) € € with d < D.
Since c¢(a) is continuous by Lemma 1.1.1, we must have /1 +1/D? < ¢(z)//z
for all 2z sufficiently close to a. Further, as we have seen in the proof of
Lemma 2.1.3, each function p(d;m)(z) is piecewise linear, and it has rational
coefficients because the weight functions w;(z) do. Hence, ¢(z) is the supre-
mum of a finite number of rational linear functions. This proves (i) and (iii).
Moreover, if near a we write ¢(z) = a+ 3z for some rational numbers «, 3, then
B > 0 since c¢ is nondecreasing, while o > 0 because of the scaling property in
equation (1.1.2). O

Let us call an element (d;m) € & perfect if m is a multiple of the weight
vector w(b) of some b > 1. The next lemma combined with Corollary 2.1.4
shows that these elements determine c(a) for a near b.

LEMMA 2.1.5. Suppose that (d;m) € & is perfect: m = kw(b) for some
b>1. Then

(i) p(d;m)(b) = c(b) > Vb, and (d;m) is the only class with pu(d; m)(b) =
c(b).

(ii) m = qw(b), where b = p/q in lowest terms, and b < 7.
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Proof. (i) Since (d;m) € £ and m = rw(b), we have d?> < d> +1 =
m - m = r2w(b) - w(b) = kb, whence d < kv/b. Therefore,

u(d;m)(b) = m';"a’) - %b > H”:% = Vb.

Let (d';m/) € £ be another solution. Since (d';m/) # (d;m), positivity of
intersections (part (ii) of Proposition 1.2.12) shows dd’ > m-m’ = km’-w(b).
This and d?> < d*> + 1 =m - m = km - w(b) yield

m -wb) d m-w()

pldsm)(b) = ——=— < — < ———— = p(d;m)(b).

(ii) Let w(b) = (w1, ..., wpr). Since wps = % and mys € Z, we have k = sq
for some integer s. Equations (1.2.4) and Lemma 1.2.6 give

3d—1:Zmi:mei:sq(b+1—%),
d2+1:z:ml2 :/122101-2 = (sq)?.
If s =1, then 3d = q(b+ 1) so that

1+b—3\/5:3§—3—”;+1<0.

Thus Vb < 72.

Otherwise, adding the two above equations gives s|d(d + 3). But the first
equation shows that s, d are mutually prime. Therefore s|d + 3 and s|3d — 1;
hence s|10. Therefore s = 2, 5 or 10.

The identity (d+3)? = (d?+1)+2(3d—1)+10 shows that s?|2(3d—1)+10.
If 2|s, this means that d is even which is impossible since 3d — 1 is even.

If s =5, then 3d +4 = 5¢(b+ 1) so that

(2.1.3) y(0) == 1+b—3Vb= £ (3d+4—-3Vd>+ 1) > 0.

Thus v/b > 72. But this is impossible: For (d;m) € £ must have nonnegative
intersection with the class (3;2,1%%) € £. Therefore

2my +mo + -+ my < 3d.
If b € [7*,7], then m = 5¢(1*%,b —6,...), and we obtain
5¢(1+b) < 3d,

a contradiction. Assume now that b = 72 > 7. Assume first that b = 7%. Then

3d — 1 =40q and d* + 1 = 25¢*(7 + %) Solving the first equation for d and
inserting the result into the second equation, we get the equation

5¢° —29¢+2 =0,
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whose solutions are not integral. Thus b =77 with r > 2. By (2.1.3),

C3d+4-3VE+1 4 4

q < < < 13,
5y(b) 5y(b) — 5y(7)
whence ¢ < 12. Thus b > 7%, and so ¢ < ﬁ < 6, whence ¢ < 5.
6
Thus b > 7%, and so ¢ < ﬁ < 4, whence ¢ < 3. Thus b > 72, and so
5
q< 5y(472) < 3, whence ¢ < 2. Thus b > 8, and so g < ﬁ(g) < 2, whence g = 1.
3
Thus b > 9, and so ¢ < ﬁ(g) < 1, which is impossible. O

Remark 2.1.6. We show later that the only perfect elements are those at
the numbers b,, of the Fibonacci stairs; see Corollary 3.1.3. However there
are many nearly perfect elements that are relevant to the problem such as the
classes E(ay) of Theorem 3.1.1 and the classes E(bk(z)> of Proposition 4.2.2.
These elements are perfect except for some adjustments on the last block.

The next lemma expands on the first part of Remark 2.1.2.

LEMMA 2.1.7. Assume that (d;m) € & is such that p(d;m)(a) > a.
Let J :={k,...,k+s—1} be a block of s > 2 consecutive integers for which
w(a;), © € J, is constant. Then

(i) One of the following holds:

My =" = Mgis1 O
Mg ="+ = Mgys2=Mgrs—1+1 or
me —1=mgy1 = =Mpgs—1.

(ii) There is at most one block of length s > 2 on which the m; are not all
equal.

(iii) If there is a block J of length s on which the m; are not all equal, then
Siese; 2 55

Proof. Let wi(a) = x for i € J. By Proposition 2.1.1(iii), we have

k+s—1 k+s—1
dzx 2 _ 2
Do |FE-mit= ) <l
i= i=k
Thus {my, ..., mp+s—1} can contain at most two different integers, which must

be neighbors if they are different, say m, m + 1. We can also clearly assume

that m < % < m+ 1. Therefore (i) holds when s < 4.



1212 DUSA MCDUFF and FELIX SCHLENK

So suppose that s > 4 and assume that m + 1 occurs ¢ times. Set v =
dx

NS [0,1), where n € Z. Then the squared error on this block is
k+s—1 9 k+t—1 ) k+s—1 )
d
Z \/—%—mi = Z lv— 117+ Z v
i=k i=k i=k+t

=t(v—1)%+ (s — t)v?
2@ forallv e (0,1) ift € {2,...,5s—2}.
But 2(s—2)/s > 1 when s > 4. This proves (i). Parts (ii) and (iii) follow from

the fact that the minimum squared error on a block of length s on which the
m; are not all equal is 1 — % > % ([l

The following lemma will also be important for detecting potentially ob-
structive solutions (d;m).

LEMMA 2.1.8. Let (d;m) € £ be such that u(d;m) > \/a for some a with
l(a) = €(m) = M. Let wgi1,...,wkrs be a block, but not the first block, of
w(a).

(i) If this block is not the last block, then

Mg — (Mpgr + -+ Mpps + Mppop1)| < Vs +2.
If this block is the last block, then
’mk — (mk+1 + +mk+s)’ <vs—+ 1.

(i1) Always,
M
my — Z m; < VvVM—k+1.
i=k—+1
Proof. (i) We prove the first claim; the second claim is proven in the
same way. By definition (2.1.1) of the errors, m; = %wi + ¢; for all 7. Since
Wgy] =+ = Wgys and Wi ys41 = Wi — SWk41, We have that

Mg — (Mig1 + -+ Migs + Migsr1) = e — (Ekgt + o+ Erps + Ehgst1)

and so
[mp — (Mgy1 + o+ Mpps + Mpps)| < ekl + lepra| + -+ lekps| + lerrstal-

Since € - & = Y. &? < 1 by Proposition 2.1.1(iii), the latter sum is < /s + 2.

(ii) If the block wgy1, ..., wkts is the last block, then M = k + s, and so
the stated estimate is the same as in (i). So assume that w41, ..., Wkt is nOt
the last block. Since wi = s wg+1 + Wits+1, We then have wy < Zf‘ikﬂ w;.
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Therefore,
M M M M
mp < —ept+ Y (mite)< Y mi+ > lal< > mi+ VM —k+1,
i=k+1 i=k+1 i=k i=k+1
as claimed. O

2.2. Some identities for weight expansions. This subsection establishes
some rather surprising identities for weight expansions.

Let a > 1 be a rational number, and consider its continued fraction ex-
pansion

1

(2.2.1) a:= [lo;l1,....IN] = by +

Usually, to avoid ambiguity, we assume that £5 > 2, but in this section only
it is convenient to permit the case £y = 1 as well. We define the sequence

ol = (a?)év;gl by setting of =1, af = —4p, and

(2.2.2) af =af_g—Ljqai_y, j=2,...,N+1

Similarly, define 8% = (B;l)j\[: '51 by the same recursive formula, but starting with
B¢ =0, B = 1. Thus 5 does not depend on ¢y. Both sequences alternate in
sign.

We chose the notation a®, B¢ for these sequences because, as we now
see, they are the coefficients of the linear functions w;(z) for z lying on the
appropriate side of a. Write the weight expansion w(a) of a as

w(a) = (17, (21(a))*", ... (an(a)*™) = (1,..., L a1, ..., 21,... ).
Lo 2

Then the weights z; := zj(a) satisfy the recursive formula (2.2.2) with zg = 1,
and r1 = a — {y, so that z; = af +af] for j < N. If N is odd, this formula
for zj(z), 7 < N, continues to hold for all z < a that are so close to a that
the x;(z) are positive. In this case, z = [lo;¢1,...,¢N,h,...] where h > 1.
Similarly, if IV is even, it holds for z > a and sufficiently close to a. This
proves the following result.

LEMMA 2.2.1. Let a and N be as above. Then if N is odd, there ise >0
and h > 1 such that for z € (a — €,a), we have

w(z):<1xgo,(x1(z)) ,...,<:cN(z)) N,(xNH(z))Xh,...),

where xj(z) = af + 28] for j < N +1. If N is even, the same statement holds
for z € (a,a+¢€). Moreover, in both cases x;(z) is an increasing function of z

X1 x £

for j odd and a decreasing function for j even.
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We now give a second description for the sequences w(a), a®, and 8% in
terms of the convergents of a related number @ (the mirror of a), which helps
to explain their symmetry properties.

Definition 2.2.2. Let £; > 1 for 0 < j < N, where N > 1. We define
HZ: [60;61,...,&\7], E:: [gN;EN_l,...,fo]

and call @ the mirror of d. The convergents (d), 0 < k < N, to d are defined
by setting

—

- pe(a)  pr
(a)k = [60;61,...,£k] = =5 —-
ak(a)  qx
where py(d), qx(@) are the numerator and denominator of the rational number
represented by (d)g. In particular, (d)ny = pn/qny = a, and for short we write
a=d.

We define the normalized weight sequence of d as
— — s\ X4 s\ X2
W(a) :=qnw(a) = ((Xo(a)) O,...,(XN(a)> N).

In particular, Xy = 1 always. Finally, we define the (signed) mirror of a
sequence W := (XOXZO, X4 ,XK,ZN) to be

W= (X]>\<7£N7 (—XNfl)XZNil, e <(—1)NX0)XZO),

where we reverse the order and change signs.

Note that the sequence of weights w(a) is independent of the ambiguity
in the /;, but its block description and the X; do depend on this choice.

The first part of the next lemma is well known. We then show that the nor-
malized weights of a = @ are equal to the numerators of the convergents of @.
Further, the coefficients a® (resp. 3%) are the numerators (resp. denominators)
of the convergents of a = d shifted by 1. Define p_1(a) =1, g_1(a) = 0.

LEMMA 2.2.3. Let a = a be as above. Then
(i) @ = pn(a)/pn-1(a); in particular, pn(a) = pn(a).
(ii) For 0 < j < N, we have
X;(@) = lofi gl Xns(@) = o],
Further, || = pj-1(a) for all a and 0 < j < N +1, so that X;(d) =
pN—j—1(a) for j=0,...,N.
(iii) Defineu =t :=[ly;...,4N]. Then'u = (a)N—-1, and for1 < j < N+1,
we have
87| = laj_1| = gj-1(a).
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Proof. The following matrix identity holds by induction on k:

l 1 1 O 1 a _1(a
(2.2.3) 0 1 k _ pk(ﬁ) Pk 1&) '
1 0 1 0 1 0 a(d) qr—1(a)
(i) follows by considering its transpose.
To prove (ii), observe that the elements X; := Xj(a) are decreasing posi-

tive integers with X = 1, Xy+1 = 0, and by Definition 1.2.5 may be defined
backwards by the iterative relation

XN—j-1=XN—j+1 +IN—j XN, Jj>1

Similarly, o = 1 and, if we set a_; = 0, the identity (2.2.2) implies that the
\a§?| are increasing positive integers satisfying

laf 1] = |af_1| + 45 |af], Jj=0.
But @ = [{y;...,¢y] where £; = {y_j. Therefore )_{j(ﬁ) = ]aj%_j\ for j =
0,...,N. Since @ = @, we also have that X;(a) = laf_;| for j=0,...,N.

a

¢ and pj_1 := p;j—1(a), note first that

po = o = |af|. Further, (2.2.3) implies that p; = pj_2 + ¢;pj—1. Therefore
lad| = pj-1(a) for j =0,..., N + 1, as claimed. This proves (ii).

The first claim in (iii) is obvious. To prove the second, note that the

identity 3| = [aj_| follows immediately from the definitions of a and §.

Therefore, by (ii), |87| = |aj_;| = pj—2(u). But if v := [0;41,...,¢x], then
1

qr+1(a). Hence |B%] = gx-1(a). O

To understand the relation between o

= v =a — |a]. Hence po(u) = ¢1(v) = q1(a), and more generally, py(u) =

COROLLARY 2.2.4.

><€1

W)= ((Xn(@)"", (~Xnoa(@) " ()Y Xo (@) )

= ((048)”07 (a%)x&’ o (a‘]lV)XZN) .

We now show that there is a mirror version of the quadratic relation
w(a) - w(a) = a proven in Lemma 1.2.6. Since W(d) = gn(d)w(a), we may
also write this identity as

W(a)-W(d) = pn(d)qn(d).

One can prove the mirror formula directly, using the geometric definition of
the weights. We now present a more elegant proof formulated in terms of the
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tridiagonal matrices first introduced by Sylvester in [24]:°

6h 1 0 0
-1 4 1 0
0 -1 4 1
0 0 -1 4

Tri (

2l
I

In the following we number the rows and columns of the (N + 1) x (N + 1)
matrix A := Tri(d) by the labels 4,5 € {0,...,N}. Thus A := (ai;)o<ij<n
where a;; = ¢;. Tts determinant is denoted |A|.

LEMMA 2.2.5. Let @ = [lo;...,¢n] = pn(d)/gn(a), and denote by Ajj
the determinant of the i,j minor of A := Tri(a), where 0 <i,5 < N. Then
(i) for all d, we have py(a) = |Tri(a)|,
(ii) for all i, we have Ay = pi—1(a) pn—i—1(a) = Xy_i(a) X;(a).

Proof. Part (i) follows by induction. The first equality in (ii) is immediate,
and the second holds because Lemma 2.2.3(ii) implies that p;—1(d) = Xy—_i(@)
and py_i—1(a) = X;(a). U

PROPOSITION 2.2.6. Let d = [ly; ..., ln]. Then W(a@)-W(a) = pn(d) if
N is even, and =0 if N is odd.

P?”OOf. Consider the (N+ 1) X (N—l— 1) matrix A := Tri (5) — (aij)ogiijN.
First observe that

N , |A| if N is even,
> (—1aiA; =
i,j=0 0 if N is odd.

This holds because the sum for each fixed i is (—1)*|A|. Next observe that
a;jA;; = 0 unless |i — j| < 1. Further, if i = j — 1, then A;; = —Aj; so that
aijAZ-j = ajiAji. It follows that
Z(—l)jaiinj = Z(—l)Z&A” = Z(—l)z 51 XZ(Zi) XN_i(E),
where the]last equality uses Lemma 2.2.5(ii). Finally notice that
W(d)-W(a) = Z(—l)iﬁi Xi(a) Xn_(a)
i

and that |A| = py(d) by Lemma 2.2.5(i). O

®We are indebted to Andrew Ranicki for telling us about Sylvester’s work. There are
corresponding results for the Hirzebruch-Jung continued fractions coming from tridiagonal
matrices with subdiagonal entries equal to 1.
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COROLLARY 2.2.7. Let z; := z;(a), where a = [ly; lq,...,{Nn] > 1, and
define of, B} as in equation (2.2.2). Then

(i) If N is even, Zé»v:o lijzjaf =a and Zé-v:o bz B =05
(ii) If N is odd, Z;V:O ljz;af =0 and Zévzo ljx; B = 1.

Proof. The sums involving « have the stated value by Proposition 2.2.6
and Corollary 2.2.4. To prove the claims involving (¢, write

U= [l;la, ... ON] = [l; 0h, ..., O],

where N/ = N — 1. Note that X;(u) = X;41(a) for 0 < i < N’. Thus, with
B§ =0, and since 8} = af_; by Lemma 2.2.3(iii), we find that

N N
a) Y ixi(a) Bf =) 45 Xj(a) i,
=0 =1
N/
=> 0 Xi(u) o
1=0

By what we have already shown, this sum is 0 when N’ is odd (i.e., N is even)
and equals the numerator py/(u) of u when N’ is even (i.e., N is odd). But
pnv(u) is the denominator of L = [0;¢1,...,¢x] = a— |a] and so equals gn/(a).
The result follows. U

2.3. The nature of the obstructions. We saw in Corollary 2.1.4 that near
each point a where c(a) > \/a, the function c is the supremum of a finite number
of piecewise linear functions p(d; m), and that each linear segment of ¢ has the
form z — a+ Bz with rational and nonnegative coefficients. The next example
shows that the coefficients of the functions p(d; m), though rational, are not
restricted in this way even if we suppose that u(d;m)(z) > /z.

Ezample 2.3.1. Consider the class (d;m) = (10;4%6,1%5) in €. (Under
the name F(az), this class will play a role in Section 3.) Abbreviate u(z) =

p(d; m)(z). We compute d pu(z) = 10 pu(2) on the interval [ l]:
only=[6,63]:  —6+5zon [6,6], 25 on [6%,6%];
on I = [61,63] : 4z on [6%,62],  44—3z on [62,63];
on Iy = [61,62] :  —13+62 on [61,63], 382z on [62,62];
on I = [62,63] : 6+3z on [62,62], 51—4z on [62,63];

see Figure 2.1. The figure also shows the graph of \/z and of ¢(z) (dashed) on

[6,6%], which by Theorem 1.1.2(i) is

c(z)=32 on [6,6%} , c(z) =2z on [6&,6%] .



1218 DUSA MCDUFF and FELIX SCHLENK

Nt

i
f 1

6 61

63

Figure 2.1. The graph of p on [6, 6%]

Note that £(m) = £(a) = 11 at 61, 62, 63, 62. Also note that at a = 63 we
have p(a) > \/a while at a = 62 we have p(a) < \/a.

Similar results hold for the functions p(d; m) given by the classes E(ay,),
n > 2, of Theorem 3.1.1. For example, one can use Corollary 2.2.7 to show
that these functions equal ¢(z) for z near a,.

We now show that although the coefficients «, S may be negative, they
are somewhat restricted.

PROPOSITION 2.3.2. Let (d;m) € € and a € Q be such that {(m) = {(a)
and p(d;m)(a) > Ja. Write a =: p/q in lowest terms, let m := mys be
the last nonzero entry in m and let I be the connected component of the set

{z | w(d;m)(z) > \/z} that contains a. Then there are integers A < p and
B < (m+ 1)q such that
A+ Bz if z<a, z€1I,
d p(d;m)(2) = .
(A+mp)+ (B—mq)z if z>a, z€ 1.

We begin the proof by establishing the following lemma.

LEMMA 2.3.3. Consider (d;m) € € and a = g (in lowest terms) such
that {(m) = l(a) =: M. Let du(d;m)(z) = A+ Bz on a nonempty interval of
the form (a — e,a). Then there is €’ > 0 so that for 2’ € (a,a +¢€'),

dp(d;m)(2') = A+ B2 + m(p — ¢2') =1 A'+ B'2.
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Proof. Suppose first that N is odd. Then by Lemma 2.2.1 when 2z < a,
zj(2) = af + 20§ for j < N + 1. Further,

(2.3.1) rny1(2) = 2n-1(2) — Inan(2) = oy + 268 =P — 2,
where the last equality holds by Lemma 2.2.3.

When 2’ is just larger than a, its Nth multiplicity is £y — 1 and £y is
very big. (Since £y > 2, this still gives an allowed set of multiplicities.) Hence
for such 2’ the formula for the linear functions z;(2’),7 < N, is unchanged,
but now zy,(2') = xn_1(2') — ({xy — 1)azn(2'). (For clarity we denote by
#'y, the formula that holds for 2’ > a, and by xy1 the formula that holds
for z < a.) Note that because ¢(m) = ¢(a), just one term from the (N + 1)st
block is counted in p(d;m)(z"). Hence, with m := m, we have

dp(d;m)(2') — (A + B) = —man(2') + may,, ()
=m(-zn(2) + zv-1(2) — (Iy — DN (2))
=m(zn-1(2) — tyan(Z)) = m(p — ¢2),
where the last equality uses equation (2.3.1).

Now suppose that N is even. Then the formulas z;(2’) := af + 2B} give
the (beginning of the) weight expansion for 2’ just larger than a. As above,
when z is just less than a, we must modify the last multiplicities of a, reducing
¢y by 1, and making ¢4 arbitrarily large. Thus as above, the formulas for
the weights z(2), j < N, are unchanged but that for the (/N + 1)st weight is
modified. As above we denote by 2’y ; the formula that holds for 2’ > a and

by 2n11 the formula that holds for z < a. Then zy,(2) = —p + ¢z’ > 0.
Further, if du(d; m)(z") = A’ + B2’ for 2’ > a, we find for z < a that

du(d;m)(z) — (A" + B'z) = —man(2) + mani1(2)
=m(-zn(2) + znv-1(2) — (Iy — DN (2))
=maiyy(z) = —m(p - q2).
Therefore A+ Bz = A+ B’z — m(p — qz), as claimed. O

To complete the proof of Proposition 2.3.2 we need to estimate the size of
A, B. Here is an auxiliary lemma.

LEMMA 2.3.4. Let £g; 41, ...,¢Nn be any sequence of positive integers with
In > 2, and let nj, j > 0, be one of the sequences |afl, [B5]. Then Z;-V:O iln;|?
< vl

Proof. By definition, n; = n;_2 + £;_1mj—1. The inequality

k
(2.3.2) O (Z 5ﬂ7?> < Mgt
7=0
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holds for k£ = 0 and may be proved for all larger k by induction. Setting k = N
yields the lemma. O

Proof of Proposition 2.3.2. Suppose first that N is odd, and write m; =
%wi(a) + €; as in equation (2.1.1). For notational convenience, let us first
assume that the m; are constant on each of the blocks of length ¢;. Then
define n; to be this constant value on the jth block. If this assumption holds,
then the €; are also constant on the blocks, and we denote their values by 9.
Then dpu(m;d)(a) = A+ Ba where, by Lemma 2.2.1, we have

A:Z@-nja?, B:Z@njﬂg.

Therefore, substituting n; = %xj + 95, we find

A= ij n; Oé? = Z %Ej:vja? + ij(;ja?
=0+ {;6;04

< (3 68)2 (X 4las )2 < VE/2 |0l < p.

Here we used Corollary 2.2.7 for the third equality, and for the inequalities
used the Cauchy—Schwarz inequality, Zﬁjéjz =: I < 1 from Proposition 2.1.1,
Lemma 2.3.4 and finally the fact that |a%;_ ;| = p from Lemma 2.2.3(ii).

This argument is also valid if the m; are not constant on the blocks. In
this case, by Lemma 2.1.7 the values of n; and J; may vary by 1 over the entries
of one block, but that variation can be absorbed into the sum that gives vVE
and will not increase it above VE + 1 < /2.

Similarly,

B=Y lin;B) =3 Sljz;B] + Y ;0,55
= % + Z@djﬁj = % + S,

where S := "<y Zjéjﬂ?. By definition, m = my; = %azN + 6y and zny = é.
Therefore, assuming that the m; are constant on the blocks, we have

B—(m+1)q:%—qm—q—l—S:—q(l—i-(SN)—i-S.

We need to show that S < ¢(1 +dn) = [B%,1| (1 +dn). If 6y > 0, we may
estimate S as before by

N 1/2

S < VE(X 6(5)°)

j=0

< %’ﬁ?\fﬂ’ <4q.



4-DIMENSIONAL SYMPLECTIC ELLIPSOIDS 1221

Now assume that dy = —9 is negative and note that 3%, > 0 because N is odd.
Therefore

N-1
Si= 3 00,80 < —tnoy +VE( Y 4892)" < 8% (VE - to).
J<N =0

where we used equation (2.3.2) with k = N — 1 and £y_; > 1. Since %, <
|B%411/2 = q/2 by the inductive formula, the desired result follows easily.

Suppose now that the m; are not constant on the jth block. If j < N,
then, as before, we simply need to replace E by E + 1 in the above estimates.
It is easy to check that the argument still goes through.

It remains to consider the case when the m; are not constant on the last
block. Define §y again by m = my; = %CCN + dn. By Lemma 2.1.7, the last
block of m is either (m+1)*¢, m with errors (65 +1)*¢, 8y, or m+1, m*¢ with
errors Oy +1, 5%, where £ := £y — 1. Note that dy =: —9 is negative. The sum
Sy of 0;5% over the last block is either (6(1 —9) — 5)[3?\, or ((1 —9) — Eé)ﬁj‘{,.
Since ¢ > 1, in either case Sy < (6(1 —9) — 5)5}1\,. But because (¢4 1)8% <

‘,Bj"vﬂ‘ = ¢, we can estimate B — (m + 1)q as follows:
B—(m+1)g=—q(1=08)+ Y <n¥;0;] + Sn
<B4 (+1)(1=0) = VE — (1 - ) +4) <0.

This completes the proof when N is odd. The case when N is even is similar
and is left to the reader. O

2.4. Connection to the lattice counting problem. In this section we prove
Theorem 1.1.3, stating that cgcm(a) > ¢(a) for all a > 1. Recall that for a > 1,

cecu(a) :=inf {u >0| N(1,a) < N(u,p)}.

The first step is to describe cgcn in another way. As Hutchings pointed out,%
the inequalities N(1,a) < N(u, ) can be understood in terms of counting
lattice points in triangles, as follows. Let a > 1 be irrational. For each pair of
integers A, B > 0, consider the closed triangle

T%p = {(z,y) eR? |2,y >0, 2 +ay < A+aBj.

Thus the slant edge of T 5 has slope —% and passes through the integral
point (A, B). Then the number #( 40N Zz) of integer points in the triangle
‘4 p 1s just the number of elements in N(1,a) that are < A+ Ba. We define

(2.4.1) kap(a) = 4B,

6Private communication.
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where d is the smallest positive integer such that
#(TG 5N Z?) < S(d+1)(d+2).

(Note that N(1,1) = (0,1,1,2,2,2,3,3,3,3,4,...) has precisely %(d—i— 1)(d+2)
entries that are < d.) Further, set

K(a) := Asggo{kAB(a)}.

We extend the function K to rational a by defining
(2.4.2) K(a):= sup K(z).

z<a, zirrat

LEMMA 2.4.1. K(a) = cgcu(a) for all a > 1.

Proof. For each A > 1, we have N(1,Aa) < AN(1,a). Therefore, the
conclusions of Lemma 1.1.1 hold for cgcy as well as for c. In particular, cgcng
is continuous and nondecreasing. Therefore, (2.4.2) also holds for cpcn. It
hence suffices to prove the lemma, for irrational a.

Fix an irrational a. If cgcn(a) < K(a), then one can find a rational
number g > cgcu(a) and nonnegative integers A, B with 1 < k4 p(a). Since
> cegcu(a), we have N(1,a) < N(p, ). This inequality implies that for all
nonnegative integers A, B, we have

#{peN1,a) |p< A+ Ba} >#{pe N(u,n) |p < A+ Ba}.

The number on the left is #( 45N ZQ), while the number on the right is
(D +1)(D + 2), where D := L%J This must be a strict inequality for
some A, B. To see this, let u = (u1,u2,us,...) be the sequence of natural
numbers obtained by arranging in increasing order all the numbers on the left-
hand side obtained by running through all pairs of integers A, B > 0. Since a
is irrational, each number in N (1, a) occurs with multiplicity 1. The definition
of N(1,a) therefore shows that v = (1,2,3,...). On the other hand, the
numbers in N (u, 1) appear with larger and larger multiplicity. The sequence
obtained in this way from the right-hand side therefore jumps by larger and
larger amounts.

Consider A, B such that this is a strict inequality. Then k4 g(a) = %,
where d > D. On the other hand, because a is irrational and pu is rational,
D+1>%>D80that

A+Ba  A+B
kap(a) = S5 < A0 <

Since this contradicts our assumptions, we conclude that cgcm(a) > K(a).
To complete the proof, it suffices to show that K(a) > p for all p <
cecu(a). For such u, we have N(1,a) £ N(u, 1). Therefore there is A, B such
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that

#{p€eN(l,a)|p<A+Ba} <#{pe N(u,pu) |p< A+ Ba}.

With D as before, this implies that d <D so that k4 p(a)= % > % > 1.

Hence K(a) = supka, g(a) > p as required. O

We are now going to prove Theorem 1.1.3 by direct calculation, showing
that for each of the constraints (d;m) that contributes to c(a), there is a
triangle that contributes to K (a) in exactly the same way. Therefore we will
assume the results of Theorems 1.1.2 and 5.2.3.

The key to understanding the relation between the functions k4 g of equa-
tion (2.4.1) and the number of lattice points in the triangles T4 5 is the fol-
lowing lemma, which was explained to us by Hutchings.

LEMMA 2.4.2. Suppose that a is rational, abbreviate T := T4 g, and sup-
pose that

#(TNZ?) < Id+1)(d+2)+s—1=21(d>+3d)+s,

where s > 1 is the number of integral points on the slant edge of T'. Assume
that (A, B) (resp. (A’, B")) is the integral point on the slant edge with smallest
(resp. largest) x-coordinate. Then there is € > 0 such that

K(z) > 488 if e (a—c.a], K(2)>2EE if z€faa+e).

Proof. Recall that cgcpy and hence K is continuous. To prove the state-
ment for z < a it therefore suffices to consider irrational z of the form z = a—e¢.

Then, for small enough & > 0, the triangle T 5 contains s — 1 fewer integral
) > A+4z2B
= d

points than T'. Therefore ka p(z , which proves the first statement.
Similarly, the second statement holds because if z = a + ¢ is irrational and
e > 0 is sufficiently small, the triangle T, 5, contains s — 1 fewer integral

points than T O
LEMMA 2.4.3. K(b,) > \/ant1 for allmn > 1.

Proof. Consider the triangle T,, C R? with vertices (0,0), (gnt2,0) and
(0, gn), where g, is the nth odd Fibonacci number. Because gy, gn+2 are mu-
tually prime and satisfy the identities

9In + Gn+2 = 39n+1, Indn+2 = 9721+1 +1

(see Section 3.1), we find that

(2.4.3) #(Tn N Zz) (gn +1)(gnt2+1) +1

1
-2
1.2
= 5(9n+1 +39gn+1) +2.
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Since b, = g’;f, we have T, = ngn. In view of (2.4.3) we can apply

Lemma 2.4.2 with s = 2 and d = gn41: For some € > 0, we have

K(z) > 29 when z € (b, — ¢, by,

an+1
and
K(z) > ZZ—ﬁ when z € [by, by, + €).
In particular, K (b,) > g:—ﬁ = /On11- O

COROLLARY 2.4.4. K(a) > c(a) for all a € [1,74].

Proof. First observe that ¢ is the smallest continuous and nondecreasing
function on [1,7%] that is > y/a, has the scaling property of Lemma 1.1.1 and
also satisfies c¢(bn) = \/@ny1. On the other hand, we already remarked that
cecu and hence K is continuous, nondecreasing and has the scaling property.
It is also easy to see that K (a) > /a, because the number of integer points in
a large triangle approximates its area. Therefore K (b)) > ¢(b,) implies that
K (a) > c(a) over the whole interval. O

Proof of Theorem 1.1.3. By Corollary 2.4.4 we only need to show K > ¢
on the interval [r%, 00). Since, as remarked there, K(a) > /a for all a, we
just need to check that K(a) > u(d;m)(a) for all (d;m) that contribute to c.
Recall from the proof of Proposition 1.2.9 that the class (3;2,1%%) gives the
constraint 2! on [r4,7]. Together with Theorems 1.1.2(ii) and 5.2.3, we see
that it suffices to check K(a) > p(d;m)(a) for the nine classes in Table 2.1
below. Each of these classes contributes on both sides of its center point.
It suffices to show that in each case there is a triangle that gives an equal
constraint. Proposition 2.3.2 shows which triangles to take: If the constraint
(d;m) is centered at a, then one should consider T' := T§ p = T4, g/ where
1(d;m)(2) equals 3(A + Bz) to the left of a and (A’ + B'2) to the right.
Because ¢ = p(d;m) in a neighborhood of the center point, this proposition
together with Corollary 2.1.4 implies that 0 < A < p and mq < B < (m+ 1)gq,
so that the integral points (A, B) and (A, B’) = (A + mp, B — mq) are the
first and last on the slant edge of T', as required by Lemma 2.4.2. Therefore, it
suffices to check that in each case the coefficient d occurring in (d; m) satisfies
the condition in Lemma 2.4.2. Thus the number N (A, B) of integer points
in 7 must be < N(d) := 3(d+1)(d+2) +s — 1, where s = m + 1 is the
number of points on the slant edge of T'. In fact, as Table 2.1 shows we find
that N(A, B) = N(d) in each case.

We calculate N (A, B) by subdividing T into five parts labeled «, ..., ¢ as
in Figure 2.2. Each part besides + is half open and includes the integer points
on the heavy boundary edges but not those on the dashed boundary edges. For
example, the rectangle § includes the integer points on the z and y-axes, but
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a | (d;m) (A,B) | (A,B") | N(A,B) | s | N(d)
7 | (3;2,1%9) (1,1) | (8,0) 112 11
71 | (48;18%7,3,2%7) (7,17) | (121,1) 1227 [ 3| 1227
TE | (64;24%7,3%7,1%%) | (14,22) | (121,7) 2146 | 2 | 2146
71| (24;9%7,2,1%6) (7,8) | (57,1) 326 | 2| 326
7Z | (40;15%7,2%6,1%2) | (14,13) | (107,0) 862 | 2| 862
7L | (16;6%7,1%5) (7,5) | (43,0) 154 | 2| 154
7L 1 (35;13%7,4,3%3) (0,13) | (87,1) 669 | 4| 669
711 (8;3%7, 17 (7,2) | (22,0) 46 (2| 46
8 | (6;3,2%7) (1,2) | (17,0) 30 (3] 30
Table 2.1.

Figure 2.2. The subdivision of the triangle T% p.

not those on the (dashed) edges shared by «, v or 6. Thus #(3NZ?) = AB.
Further, because A, B (resp. (A’, B')) is the integer point on the slant edge
with smallest (resp. largest) z coordinate, we put all integer points on the
slant edge into . Thus, we find that

#ONZY) =3 ((A = A+ 1)(B' = B+1)—s)+s.

For example, in the case of the triangle 77,7 with a = 7% and s = 3, the

numbers of integer points in «,...,e are 7,119,979,114 and 8, giving a total
of 1227.

This completes the proof of Theorem 1.1.3. U
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Remark 2.4.5. On the interval [7, 8], there are four other classes (described
in Table 5.5) with the property that p(d;m)(a) = c(a) at their center points
a = %, but that do not contribute otherwise to c(a). Let us look at their
contribution to K. In each case (A, B) = (—1, mgq), where m is the last nonzero
entry in m, so that u(d;m) does not satisfy the scaling condition to the left.
In the corresponding triangles the first point on the slant edge is (A1, B1) =
(=1 +p,(m —1)q), and one can check as before that in each case s = m and
N(A,B) = N(d). Therefore to the left of each center point we obtain the
inequality

K(a) > ha,p,(a) = L1 E =D,

In each case, one can check that k4, g, (a) is precisely c(a). For example, at
7% = % =: g, we get 562%1'8“ = 7‘2187“ which agrees with the first line in
Table 5.1.

(ii) Recall from the introduction that the functorial properties of embed-
ded contact homology establish that cpcu(a) < c(a) for all a. For a < 61,
a =9 and for a > 11, one can prove this by directly showing that for each d
the closed triangle with vertices (0,0), (dc(a),0), (0,d @) contains at least

2(d + 1)(d + 2) lattice points. For extensions of such arguments see [18].

3. The Fibonacci stairs
In this section we establish the behavior of c(a) for a < 7.

3.1. Main results. Recall that the Fibonacci numbers f, for n > 0 are
recursively defined by

(3.1.1) fo=0, fi=1 and for1=/fot fo1, n2>1

Denote by g, = fon—1, n > 1, the sequence of odd Fibonacci numbers. The
sequence g, starts with

1, 2, 5, 13, 34, 89, 233, 610, 1597, 4181, 10946, ... .

The recursion formula f,,11 = f, + fn—1 implies the recursion formula

(3.1.2) In+1 = 39n — gn—1-
Using this and induction we find that
(3.1.3) 92+ 1= gn_19n+1.
Set
an = (%)2 and b, = 222
Then - < ayp < by < aps1 < bpy1 < --- . Since HILH;O% = 1+2\/5 =T, we
have

lim a, = lim b, = 7% ~ 6.8541.
n—oo n—oo
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The key to establishing the Fibonacci stairs is the following result that
states that there are elements in £ corresponding to the points a,,, b;,.

THEOREM 3.1.1. (i) Let W(by) = gn w(by). Then
E(bn) := (gn1: W (bn)) € €.
(ii) Let W'(ay) be the tuple obtained from W(ay,) = g2 w(ay,) by adding
an extra 1 at the end. Then
E(ay,) = (gngnH;W’(an)) e’.
COROLLARY 3.1.2. Part (i) of Theorem 1.1.2 holds.

Proof of Corollary. Since E(by,) is a perfect element, Lemma 2.1.5(i) shows
that

c(bn) = N(QnJrl; W(bn))(bn) = (b)) - w(b,) = 22-b, = 2 = vV an+1-

T gnt1 T gnt In+1

Suppose that c(a,) > /an for some n. Then Corollary 1.2.3 implies that there
is (d;m) € & such that

m - w(ay) > d+/an.
Note that (d; m)# (gngnH; W’(an)) since W’ (an)-w(an) = g2an= gngn+1 \/@n.
Therefore by positivity of intersections (part (ii) of Proposition 1.2.12), we
must have

dgngni1 > m - W'(a,) > gim cw(ay), e, dya, >m-w(ay).
It follows that c(a,) = \/a, for all n. Thus ¢(b,) = \/an+1 = c(an4+1). More-

over,
c(bp) Vanti 1 _ clan)

bn, bn \/G: an
Hence c is linear on the interval [a,, b,] by the scaling property (1.1.2). O

COROLLARY 3.1.3. The classes E(by,) are the only perfect elements.

Proof. On [1,74, ¢(a) is given by the Fibonacci stairs. By Lemma 2.1.5(i),
the perfect element E(by,) is the only class giving the constraint ¢(by,) at by,.
This and Proposition 2.3.2 show that the step of the stairs over [ay, ani1]
centered at by, is the constraint p given by the perfect element E(by,).

Lemma 2.1.5(i) now shows that there cannot be another perfect element
on [1,74. By (ii) of Lemma 2.1.5 there is no perfect element on [t4 00). O

We now turn to the proof of Theorem 3.1.1. The proof of part (i) is
relatively easy; it is deferred to Corollary 4.2.3 since it is a special case of
Proposition 4.2.2. To prove part (ii) we first need to show that the ele-
ments F(a,) satisfy the appropriate Diophantine equations, which is accom-
plished in Lemma 3.1.4. Second, we must check that E(ay) reduces correctly
under Cremona moves. As we see in Section 3.3, the reduction process is quite
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complicated (and in fact is much more complicated than for the E(b,)), basi-
cally because the weight expansions w(a, ) involve quadratic rather than linear
functions in the Fibonacci numbers. The intermediate Section 3.2 collects ba-
sic identities on Fibonacci numbers and explains an inductive procedure useful
for checking identities on them.

LEMMA 3.1.4. The tuples E(ay) := <gngn+1; W’(an)) have integer entries
and satisfy equations (1.2.4).

2
Proof. Consider the tuple (gngm_l; w’ (an)). Since a, = g’gﬁl, it follows

from Lemma 1.2.6 that the last entry wys of w(ay,) is g%. Therefore, the terms

in W(a,) = g2w(a,) and hence in W'(a,) are all integers. Next,

> Wilan) =g, (Zw) +1=¢2(an+1-%)+1

= 9721+1 +gn = 97%+1 + Gnt19n—1 — 1

= 0gn+1 (gn-i-l + gn—l) —1=3gny19n — 1.
Finally, W’(a,) - W(an) = gt an + 1 = (gngns+1)?> + 1. This completes the
proof. O

3.2. Identities for Fibonacci numbers. The proof that the classes E(ay,)
reduce correctly involves many small calculations. To avoid having to do them
explicitly, we first explain a general inductive procedure whose conclusions are
summarized in Proposition 3.2.3. It is based on the following elementary result.
Recall that fi, denotes the kth Fibonacci number defined in (3.1.1).

LEMMA 3.2.1. Given any three distinct numbers sg, s1,so > 0, there are
rational constants \, pu such that fs,4j = Afsg4+j + pfsi+5 for all 7 > 0.

Proof. The equations
/\fso + /‘f81 = f827 /\fso+1 + Nfs1+1 = f82+1

have a unique solution because T #+ ff "L when sop # s1. Now apply the

fsg+1 s1+1
defining relation (3.1.1). O
We will frequently use the following relations between Fibonacci numbers.
(3.2.1) fi = fenrfror = (1,
(3.2.2) fok—1=f + fi1,
(3.2.3) Jok = fir = fia-

LEMMA 3.2.2. For each i > 0 and s > 0, there is an identity of the form

forifs = aijfasts + (—1)°ci,

320
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with a finite number of coefficients c;, a;; € Q that do not depend on s. Further,
¢i = =35>0 0ij [

Proof. By (3.1.1) it suffices to prove this for i = 0 and i = 2. We claim
that for all s > 0,
(3.2.4) 5fsfs =—fas + 2fas+1 — 2(—1)7,
(3.2.5) 5fs+2fs = fas+1 + fasts — 3(=1)".

For s = 0, equation (3.2.4) is true. For s > 1, equation (3.2.4) can be rewritten
as

513 = fast1 + fas—1 — 2(=1)%.
By (3.2.2), the right-hand side is f2 ; + 22 + f2 ; —2(—1)%, whence we need
to check
(3.2.6) 38 = fl + £ —2(-1)"
Replacing fs11 by fs + fs_1, this becomes 22 = 2f,fs_1 + 2f2 ;| — 2(—1),
which is true since by (3.2.1), f2 = for1fs-1— (=1)° = fofso1+ f21 — (—1)°.

By (3.2.1) and (3.2.2), equation (3.2.5) becomes
Bfe +5(=1)" = R+ 210 + 2 = 3(-1)%

ie.,

3f52+1 = f52+2 + f32 - 2(_1)S+17
which is true by (3.2.6). The formula for ¢; holds because fy = 0. O

PROPOSITION 3.2.3. A quadratic identity of the form
Q(s) == Y aijferifsrj + Y bjfrsj+(=1)°c=0
4,520 Jj=20
holds for all s > 0 if it holds for any three distinct values of s. Moreover, if

the relation is homogeneous and linear (that is, if a;j = ¢ =0 for all i, j), then
it suffices to check two values of s.

Proof. Suppose that Q(s) = 0 for s = sg, 51, 82, where 0 < 59 < 51 < S9.
By Lemma 3.2.2 one can convert Q(s) to an equivalent identity of the form

Q'(k) := Z ajfr+j + (—1)°¢ =0,  where k = 2s.
320

We first claim that ¢ = 0. By Lemma 3.2.1 there are constants u, A such
that

(3.2.7) faso+i = Wfasi+j + Afasg+s  forall j > 0.
Since Q'(k) = 0 for k = 250, 251, 2s2, and by (3.2.7),
¢ = (=102 (1) F2N) ¢



1230 DUSA MCDUFF and FELIX SCHLENK

If ¢ # 0, we thus have 1 € {£u £+ A}. This is impossible: We use the recurrence
relation (3.1.1) to extend the sequence (f,),n > 0, to negative index n. Note
that f_, = (=1)"*1£,. Then (3.2.7) holds for all j € Z. With j = —2sy and
j = —2s1, we get
. f2(52—s1)

f2(s1—so) .

_ f2(52—50)
f2(81—80)
Therefore, £ += A = 1 exactly if

:l:fQ(SQ—S()) = if?(sg—sl) + f2(51—50)'

The signs ++ are impossible because fm+n = fmtn—1 + fmtn—2 > fm + fn
for all even m,n > 0. Further, +—, —+ and —— are impossible because
S9 > 81 > 59 > 0.

We have shown that Q'(k) = Y ;>¢a;fitj. Recall that Q'(k) = 0 for
k = 2sq,2s1,2s2. By Lemma 3.2.1, the expression for Q'(0) can be written as
a linear combination of the expressions for Q’'(2sg) and @’(2s1), and the same
is true for Q'(1). Therefore, Q'(0) = 0 and Q’(1) = 0. This and the defining
relation (3.1.1) show that @'(k) = 0 for all k. In particular, Q'(k) = 0 for all
even k, and so Q(s) = 0 for all s. This proves the first statement. The second
holds similarly. O

, A=

In the subsequent sections, the following abbreviations will be useful.

Definition 3.2.4. The kth Lucas number is defined to be ¢, = fi_1+ frr1,
k> 1. We set F}, := %f4k and Ly := %E4k+2.

Then
=1, F, =17, F3 =48, F, = 329,
Lo=1,L1 =6, Ly =41, Ly = 281, Ly = 1926.
Further, for & > 0, define the sequence Hy by

(3.2.8) Hy, = % forforto-
Then ]:I():O7 H1 = 1, H2:8, H3:56, H4:385, H5:2640,... .

LEMMA 3.2.5. The following identities hold for all k > 0:
(i) Fre1 = Ly + Fi;

(i) Lg41 =5 Fpq1 + Ly;

(i) Hip1 = Hi + Fepn = Y00 Fi

(iv) Ly = 5Hp + 1.

(v) F. — FiuFppo =1

Proof. The second identity in (iii) follows from the first identity in (iii) by
induction. All other identities have the form considered in Proposition 3.2.3,
and so it is enough to check each of them for at most three low values of k. [
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3.3. Reducing E(a,). We begin with a general remark about the reduction
process.

Remark 3.3.1. Consider a tuple (d; m) that satisfies the Diophantine iden-
tities (1.2.4). Proposition 1.2.12 states that (d;m) € £ exactly if it reduces to
(0; —1,0,...,0) under standard Cremona moves, as defined in Definition 1.2.11.
In fact, it clearly suffices to reduce (d;m) to a known element of £ by any se-
quence of Cremona moves. Each such move consists of an application of the
Cremona transformation

(d;m) — (2d — my — mg — m3;d — mg — m3,d — my — mg,d — my —ma,...)

followed by a choice of reordering. It does not matter whether this reordering
restores the natural order; all that is important is that in the end, after doing
many such moves, we arrive at a known element of £. In fact, the reorderings
chosen below all do restore the natural order. The point of this remark is that
there is no need to prove this.

Ezample 3.3.2. The first few elements F(a,) are
(9293; W/(a2)> = (10; 46, 1X5)7
(9392; W'(as)) = (65;25%¢, 194,67, 1%7),
(9495 W'(as)) = (44251697, 14271 275 773 X1 1%T).

These values of n are too low for our general arguments in Sections 3.3.1
and 3.3.2 to apply. Hence one proves that they reduce correctly by direct
calculation.

The following list of Fibonacci numbers will be useful in the subsequent
proofs:

n(0[1(2]3|4(5|6|7 |8 10| 12
011112135 |8|13|21|55|144

3.3.1. Reducing E(ay,) for even m. Throughout this subsection we will
consider n = 2m > 2 to be a fixed even number. We will obtain an explicit
expression for W'(ay) and then examine its reduction by Cremona moves.
By Example 3.3.2 it suffices to consider the case n > 6. Hence this case of
Theorem 3.1.1 follows from Propositions 3.3.6, 3.3.9 and 3.3.10.

For each fixed n, denote k' := n — k and define

(3.3.1) up = fo o 14+ 2Hy = f3 4 +2H,, k=0,...,m—1,
Uk:3Fn—k_2Fk:3Fk’_2Fkv k:]_,...,m.

Note that ug, vy depend on n, though for simplicity the notation does not make
this explicit. Also, vg > 0 for all k < m and v, = F,,. However, the above
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formula for vy, gives a negative number when k£ > m. This is why the expansion
in Proposition 3.3.3 below changes its form at the term v,,. Note also that by
equations (3.2.1) and (3.2.8),

(3.3.2) f20i1 = fonfonse +1=3H, + 1.

Hence we also have
(3.3.3) up, =3Hp_1+2H, + 1.

PropPOSITION 3.3.3. If n = 2m is even, then the continued fraction ex-
pansion of a, is

6:1,5,3,1,5, 1] =: [6;{1,51*(m=D 3 1 {5, 11*(m=1)
[ 22 v] [6;{1,5} {5,1} ]

m—1 m—1

and the (renormalized) weight expansion W(ay,) is (An, Br), where the vectors
A,, B, are

x5 x1 5

x6 x1 X x1 x5
A= (u0"® 00N w020 v 1 1),

X3 x1 x5 x1 x5 x1 X5 x1
BTL:(F’ITL 7Lm*1 7mel 7Lm72 a"'aFZ aLl aFl )LO )

Remark 3.3.4. Although our usual convention is that the expression a =
[lo; 01, ...,¢N] always has ¢ > 2, we relax this condition here in order to
simplify the formulas. We allow ourselves another liberty at the end of these
expansions: In the formula for B, in Proposition 3.3.3, the last two weights
Fy, Ly are equal, so the ending multiplicity is in fact 6 rather than 5, 1.

2
Proof. Recall that a,, = (gg—:l) 2 — % Also, because b,_1 < a, < by,

2n—1
the weight expansion w(a,) begins as (1%, (a,, — 6)*!,...). Hence

W(a’n) = f22n71w(a’n) = (f22n71><67 f22n+1 - 6f22n717 te >

Therefore, because v, = F,, as noted above, the expansion of W (a,,) up to and
including the term L,,,_1 follows from Lemma 3.3.5. The rest of the expansion
holds by Lemma 3.2.5. (I

LEMMA 3.3.5. Let n =2m > 4. The following identities hold:

(i) f3,41 =6ug+v1 and v1 < up;

(ii) up = Vgy1 + upg1 and ugy1 < vgyy for k=0,...,m —2;
(iii) vg = Bug + Vg1 and vy < ug fork=1,...,m —1;
(iv) um—1=3Fpn + Lym—1 and Ly,—1 < Fipy.

Proof. Statement (i) is equivalent to

(3.3.4) Fonp1 =6 f3h 1 +3F01 — 2.
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Since f2 | = 6f% + fas—a — 2(—1)*® holds true for s = 2,3,4, this equation
holds true for all s > 2 by Proposition 3.2.3; in particular it holds true for all
even s > 2, and so (3.3.4) holds true.

The equality in (ii) follows from the definitions of wuy, vy by using (3.3.3)
and Hp = Zle F; and by dividing the equations into two equations, one for &k
and one for k¥’ := n — k. To prove the equation in (iii) we again divide it into
two equations, one for k and one for k¥’ := n — k; namely,

—2F), = 10Hy +2 —2F,y1,  3Fw =5f3, 1 —2+3Fu_;.

The first equation is equivalent to Ly =5H+1, which holds by Lemma 3.2.5(iv),
and the second holds because fo; = 5f2 | —2(—1)%+ fo,_4 is true for s = 2,3,4
and hence for all s > 2 by Proposition 3.2.3.

Equation (3.3.3) and Lemma 3.2.5 imply that

Unp—1 =3Hp +2H—1+1=3F,, +5Hy_1+1=3F, + Ly_1.
This proves (iv).

Since uyg, vy, are positive in the given ranges, the equalities in (ii) and (iv)
imply the inequalities in (i) and (iii). Similarly, the equalities in (iii) imply the
inequalities in (ii). This completes the proof. O

The reduction process has three steps that are described in Proposi-
tions 3.3.6, 3.3.9 and 3.3.10. Notice, before we begin, that the weights of
a, divide into three groups, namely (m — 1) pairs {1,5}, two central blocks
with multiplicities 3,1, and finally (m — 1) pairs {5,1}. In the first step we
show that a set of 5 Cremona moves has the effect of moving the first {1,5}
pair from the left to a {5,1} pair on the right. Moreover, doing this introduces
no new weights to the right while slightly modifying the first block on the left.

Denote V,, = E(ay,) = (gngn+1; W(an), 1). Note that

Ingn+1 = fon—1foni1 = fon + 1= fo, + f1
by (3.2.1).

PROPOSITION 3.3.6. Forn = 2m > 6, the vector V,, is reduced by 5(m—1)

Cremona moves to the vector V,! = (f2(m+1 +f2 1 AL Bl), where

Al = ((um_1 + Fpo1)*h, um_1X5),
Bl:= (mez),’ LoV B 10 Lo %2
X100 %2 px10 [ ox2 1><1)'
Let
Vi(n,1):= (f22n+1~A(n 1),B(n,1)) == (f3, + 1; An, Bn) = Vi,
and for k = 2,..., m, define the vector V(n k) by
<f2(n k+1) + f3,_1; A(n, k), B(n, ))7
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where
A(n7 k) - ((ukfl + Fkil)Xl’ukileJ,kal’ ukX57 ey 7'Um—1><17um—1><5>a
B(n, k)= (Fr® Lot B, Lot B L™,
F1><10 L0><2 1><1)'
Then V(n,1) = V,, and V(n,m) = V,!. Moreover, A(n,k + 1) is obtained

from A(n, k) by replacing its first seven entries by the single entry uy + Fj, =
f22(n—k:)—1 + 2 Hy, + Fy, and B(n,k + 1) is obtained from B(n, k) by inserting

(FkX5, Ly ) Proposition 3.3.6 will follow if we prove

LEMMA 3.3.7. For 1 < k < m —1, V(n,k) reduces to V(n,k + 1) by
5 Cremona moves.

We prove Lemma 3.3.7 in five steps. Throughout, we abbreviate n — k to
k. Thus k' > k.

Remark 3.3.8. (i) Each step of the reduction involves many small calcu-
lations that can be done directly using identities such as (3.2.1), (3.2.2) and
(3.2.3). However, in all cases the required identity is quadratic in the sense of
Proposition 3.2.3. Hence they can be all proved by verifying them for just three
low values of s, as we have already illustrated in the proof of Lemma 3.3.5.
The only condition on the choice of s is that all subscripts of the f; should be
> 0.

(ii) In each step of the reduction process there is no interaction between

the terms in k& and those in k’; we simplify each set of terms separately.
Step 1: There is a Cremona move that takes V(n, k) to
Vi(n, k) == (faws2 — Foo1s w1, vk, fows1for — Hio1,
(fowrs1fow — Hy1 — Frm1) %, we™®, ).

Proof. The first component of the Cremona transform of V'(n, k) is
2 (furs) + fou1) — Bup—,

and we must show that it equals fy;r10. Since ug_q1 := f22k,+1 + 2H,_1, we
need to see that

2 f3rin) — 3 Fawsr — fawra = 6 Heoy — 2 31y = 2 (for—afox — f311) -

But both sides are equal to —2. This is clear for the right-hand side by (3.2.1).
For the left-hand side, note that 2f2,, —3f2 | — fas12 = —2(—1)® since this is
true for s = —1,0,1 and hence for all s > —1 by Proposition 3.2.3.

The second three terms of the Cremona transform of V'(n, k) equal

<f22(k’+1) + fiho1) = 2uk-1,
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and one can check as above that this is forr11 forr — Hx—1. Therefore the given
vector Vi (n, k) is a reordering of the Cremona transform of V(n, k). O

Step 2: There is a Cremona move that takes Vi(n, k) to
Va(n, k) := (f4k’ + fowg1forr — Hi — F—1; vk, forg1forr — Hy—1,
(forr+1for — Hi—1 — Fim1)2, (fors forr—1 — forfor—1) P, u ™%, . )
Proof. For the first component we need to see that
2 (faw+2 — Fr—1) — Bup—1 = faw + fowr41forr — Hi, — Fr—1.
But this is equivalent to the identity

(3.3.5) 2 farrra — 3 fair — faw — fow 1 for = 6 Hy—1 + Fy—q — Hy,

and one can check that both sides here equal —1.

The Cremona transform also contains three terms of the form fyir4o —
Fi_1—2up_1, and we need to check that this is fors for'—1 — for for—1. But this
holds because

fawrt2 =2 fop1 — fow for—1 = 5 for—2for — forfor—1 + % fa—a = —1.
Thus Va(V, k) is a reordering of the Cremona transform of Vi (n, k). O
Step 3: There is a Cremona move that takes Vao(n, k) to
Va(n, k) == (fawr — Fr—1s fows1fow — Hy1 — Fr1,
(far fow—1 — Forfon—1) %, w™®,..),

where the multiplicities of Fj, and Ly_1 are each increased by one to Fj*°,
Li_1%2.

Proof. Since Hy = Hy_q1 + F}, the first term
2(faw + forr1for — Hi — Fi—1) — g — 2 (fow 1 fow — Hy—1) + Fr—

of the Cremona transform of Va(n, k) is equal to

2 fagr —2F — Fe1 — (faw — 2F%) = farr — Fr—1.

Its second term

(farr + forw1forr — He — Fre—1) — 2 (forrg1 forr — Hi—1) + Fr1

simplifies to

farr — fows1for — Fro + Hy—1 = for forr—1 — for for—1,

where the last equality follows from the identities

(3.3.6) farr — fowrs1forr — for forr—1 =0, Fp — Hp_1 — fopfor—1 = 0.
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The third term of the Cremona transform of Va(n, k) is

(farr + forrgr forr — Hy — Fr—1) — v — (forr1 fowr — Hr—1 — Fr—1) .

This is equal to Fi. In the same way, we find that its fourth term is Fp—Fp_1 =
Lj_1. The result follows immediately. O

Step 4: There is a Cremona move that takes V3(n, k) to
Va(n, k) == (fows1for — Hee1 — Foo1 + 2 Fg; fo + fo 1 + Fu,

(far Farr—1 = FanFor—1)%, up™®, .. ),

where the multiplicities of Fj, and Ly_1 are now Fy,*8, Li_1*2.

Proof. By (3.3.6), the first term of the Cremona transform of V3(n, k) is
forr1forr — He—1 — Fie—1 + 2 Fy.
We claim that its second term is
faw = Fr1 = 2 (fow farr—1 — forfor—1) = fop + fop1 + Fr.
This follows from
(3.3.7)  far — 2 fow forr—1 — fa =0, Fy—1 — 2 forfor—1 + fap_1 + Fi, = 0.

Finally, the third and fourth term of the Cremona transform of V3(n, k)
are

Jaw — Fr—1 — (fowr 1 forr — Hy—1 — Fr—1) — (fow fowr—1 — forfor—1) = Fi,

where the equality holds by (3.3.6). Hence Vi(n,k) is a reordering of the
Cremona transform, as claimed. O

Step 5: There is a Cremona move that takes Vi(n, k) to
(3.3.8) V(n,k+1) = (fo + fopis ue + Fro B2 w000,
where the multiplicities of Fj, and Ly_1 are F*19, Ly_1*2.

Proof. The above expression for the first term of the Cremona transform
of Vi(n, k) follows from the identities

2 fow 1 fow — 2 fo — 2 fow fawr—1 = 0,
2Hy 1+ 2F 1 —3F,+ f3_ 1 — 2 foufob—1+ fori1 = 0.
(The second identity can be simplified by subtracting the second identity
of (3.3.7).)
We next claim that the second term of this transform is u; + F). Since
up = f22k,_1 + 2 Hy and Hy_1 + F, = Hy, this is equivalent to the identity
Jorrv1 forr — 2 forr forr—1 — fow—1 = 3 Hg—1 + Fr—1 + Fi — 2 for for—1-

But both sides equal —1.
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Finally, its third and fourth terms are F}, because

forr i1 forr — Farr — for for—1 = Hy—1 + Foo1 + fa_1 — forfor—1-

Here both sides vanish. O

This completes the proof of Lemma 3.3.7 and hence of Proposition 3.3.6.
The next stage of the reduction process results in a vector V,2 whose compo-
nents are linear (rather than quadratic) functions of the f; and do not involve
the index k'.

PROPOSITION 3.3.9. When n = 2m > 6, the vector V,! may be reduced by
four Cremona moves to

2 x1. x1 x11 X2 x10 X2 x13
V2= (Fo s Lon Y Fop M L 2™?, L B 10 L2 0.

Proof. Note that V,? is obtained from B} by removing two copies of F,,
and adding one F},,_1.
We first claim that the Cremona transform of V! is

(fam+2 = Fne1; fam—1 + Fn-1, fam—1"%, um—1"%, B},
which we reorder as
(3.3.9) (Fams2 = Fone13 1%, fam—1+ Fn1, fam—1"%, By,).
Here one obtains the first term of the transform from the identity
2 (f22(m+1) + f22m71> — 3Um—1 = fam42
and the second term from
Fomio+ fomo1 = 2Um—1 = fam-1+ Fn1.

Next, observe that Lemma 3.3.5(iv) implies that 2 u,,—; = 6F,, + 2L,—1,
which, as one can easily check, is just fimy2 — Fin—1. Therefore, the second
Cremona transform moves the vector (3.3.9) to

(3310) (Umfl; Jam—1 + Fm—1, f4m71><27 Bqll)

We next claim that um,—1 — 2 faym—1 = Fin—1. Hence the third Cremona
transform moves the vector (3.3.10) to

. X2 1
(f4m—1+Fm—1a Fm—la 0 ) Bn)a
which we reorder as
. X3 x1 x11 X2 x10 X2
(2FmaFm ; mel ) mel ) Lm72 ’ me2 ; Lm72 P

x10 X2 x13
F2 ; Ll )Fl )
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Therefore, another Cremona move takes the above vector to

2 . x1 x11 X2 x10 X2
V2= (Fos Lin1"", Fnet™ ™, Lin ™%, Frn ™0, Ly 272,

n
F2><10 L1><2 F1><13>.
This completes the proof of Proposition 3.3.9. (]

PROPOSITION 3.3.10. For n = 2m > 6, the vector V2 may be reduced
to (2;1*%) by Cremona moves.

Proof. One shows by direct calculation that this holds when n = 6. There-
fore, by induction it suffices to show that the vector V;2 is reduced to V,2_, by
six Cremona moves. By using the identities in Lemma 3.2.5, it is not hard to
prove directly that this reduction may be achieved by six standard Cremona
moves. Alternatively, one can check numerically that this holds when n = 8
and 10, checking also that the reordering required is the same in both cases at
each stage. Then it holds for all n by Proposition 3.2.3. (Note that we only
need to check two values since all identities are homogeneous and linear.) [

3.3.2. Reducing E(ay) for odd n. Throughout this section we denote n =
2m + 1, where m > 1. By Example 3.3.2 it suffices to consider the case
n > 5. Hence this case of Theorem 3.1.1 follows from Propositions 3.3.13, 3.3.14
and 3.3.15.

We consider the numbers

e = fon op 1 +2Hg, k=0,....m, wvp= fyn-ry—2Fs, k=1,...,m,

as before. Again we have v,, > 0 > vy41, but now u,, = L;,. Therefore
Lemma 3.3.5 takes the following form.

LEMMA 3.3.11. Ifn =2m+ 1, the following identities hold:

(i) f3,41 =6ug+v1 and v1 < up;

(ii) up = Vg1 + g1 and ugy1 < vgyy fork=0,...,m —1;
(iii) vg = Bug + Vg1 and vy < ug fork=1,...,m —1;
(iv) v = 3upm + Fn =3 Ly, + Foy and Fyyy < L.

Proof. The proofs of the equalities in (i), (ii) and (iii) go through as before,
since these are based on equalities that do not mention m. (Note that the
proof of the equality in (ii) works when & = m — 1, though the corresponding
inequality failed for even n.) One then checks (iv). Then the inequality in (ii)
follows from the equalities in (iii) and (iv), while the inequality in (iii) holds
by (ii). O

As before, this lemma immediately gives the following result.
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PROPOSITION 3.3.12. Ifn =2m+1 is odd, the continued fraction expan-

2
_ f2n+1

sion of a, = A is
e

[6; {1, 5}*(m=V 1,3, {5, 1}*™],

—~

and the (renormalized) weight expansion W (ay) is (An, By), where

T . x6 x1 x5 x1 x5 x1
An = (UO , U1 , U1 yeeey Um—1 y Um—1 » Um )’

By = ((um = Lm)X37 FmX5) Lm—1><17 ce 7F1><57 LOXI)'

The proof of Proposition 3.3.6 also goes through. In other words, each
set of five Cremona moves takes one of the m — 1 pairs {1,5} from the left
to the right of the central blocks (which now have multiplicities 1,3), while
introducing no new weights on the right. Since we start with m blocks on the
right but only (m — 1) on the left, this means that one pair {5, 1} still remains
on the right, though all the others become {10,2}. The only other difference
is in the interpretation of the first term of V(n,m): When n = 2m + 1 and
k =m, we have 2(n —k 4+ 1) = 2(m + 2). Thus we obtain

ProrosITION 3.3.13. Forn =2m+ 1> 5, the vector

Vi = (gngns1; W (an), 1)
is reduced by 5(m — 1) Cremona moves to the vector
Vi = (Fomia+ fim1i A B,

where
;1\711 — ((Umq + Fre1) Y, w175, vmxl)’
E}L — (me:a’ E 55, L1 X0 X0 [ X2y x10 X2 1><1)'

Notice that the entries in /17,11 still depend explicitly both on k£ and on
K =n-—k sin/c\e Um—1 and v,,—1 have this structure. This means ihat there
are entries in an that do not occur anywhere in the reduction of V,,1o2. The

next stage takes us to a vector that occurs in the reduction of all ‘A/nJrgi. For
even n, this stage consisted of four moves, but now it takes six moves.

PROPOSITION 3.3.14. Whenn =2m+1 > 5, the vector 17n1 is reduced by
siz Cremona moves to

V2= (L — Fony (L — 2F ) Fo 7 L2, Fopet "0, Lin 2%, ),

10

where the terms including and after F,, 1> in ?73 are the same as those

.1
in B, .
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Proof. Since the proof is much the same as that of Proposition 3.3.9, we
simply list the results of each Cremona move. Here are the results of the first
four moves:

(f4m+6 - Fm71§ um71><37 Um, f4m+3 + f4m71 + mela (f4m+3 + f4m71)><2>

L3,
(Fam+5 + Lin—15Um, fam+3 + Fam—1 + Fn1, (fam+3 + fam—1)*%, L%,
fami1™®, ),
(Fam+a = Fono1: fames + fam—1, L™, famsr™ Fos Lin—1 .. ),

(f4m+3 + f4m71; f4m+3 + f4m71 — Ly, Ly, f4m+1><47 FoyLip—1, ... )

None of these moves uses up any of the terms of E}l after L,, 3, though the
multiplicity of Fj,, L,,—1 is increased. Hence after the entry for L,, we have
simply listed the extra terms that get added to /B% Note also there is just one
new number that appears after L,,, namely f4,11 = L, — F),, which appears
with multiplicity 4. Using the same conventions, the next move gives

(2f4m+1; f4m+1><37 f4m+1 - Fm7Fm><2a Lp—1,... >

The last move changes the first four terms to the single term fi,+1 =
L, — F,. O

ProOPOSITION 3.3.15. Forn =2m+41 > 5, the vector /Vnz may be reduced
to (2;1%5) by Cremona moves.

Proof. This is just the same as the proof of Proposition 3.3.10. O

4. The interval [r%,7]

This section is devoted to the calculation of c¢(a) on the interval [r4,7],
thus completing the proof of part (ii) of Theorem 1.1.2. Proposition 1.2.9
gives an easy argument that c(a) = %+ when a € [615,7]. To prove that this
holds on the whole interval [r#, 7], we shall adapt the arithmetic approach that
works for a < 74 rather than using more analytical arguments as in the case
a > 7. We show in Proposition 4.1.6 that it suffices to restrict attention to
some special points with relatively short continued fraction expansions that
are related to the convergents of 74. We then deal with these special points by
largely arithmetic means. The proof that c(a) = %t on [74,7] is given at the

1
3
end of Section 4.1.

4.1. Reduction to special points. As in Section 2.1, given a with weight
expansion w(a) and (d;m) € £, we define ¢ by m = %w(a) + ¢ and denote
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E :=Y¢e?. Also set A2 := 1 — E. Denote

y(a) :=a+1-3Va.

Since y(7%) = 0, we have y(a) > 0 for a > 7%. The first result extends
Proposition 2.1.1.

PROPOSITION 4.1.1. Let a € (74,7), and suppose that (d;m) € £ is such
that p(d; m)(a) > “EL. Then

3va ‘
Va2 —Ta+1’
2d%y(a)

3Va

Proof. By Proposition 2.1.1(i), we have %1 < \/a\/1+1/d?, proving (i).
Since ! < m-w/d = \/a+e-w/d, we have y(a)d/3 < - w. Further,

(i) d<

(ii) A% >

d2+1:m-m:§a+f/—%w(a)-s+5~s,

ie, e -w(a) = %, proving (ii). O

The continued fraction expansion of 7% = %\/5 is [6;1,5,1,5,...]. For

k > 1, define its kth convergent c; by
con—1 = [ 6;{1, 5}~ 1] = [6:{1,5}**2 1,6],
co = 6;{1,5}°F .
Thus
(4.1.1) =17 c=63=4 c3=1[6;1,51 =[6;1,6] = 6% = L,
ca=[6;1,5,1,5] =62 = 281 5 =[6;1,5,1,6] = 655 = 322,

and more generally

co < Copy2 < < Copt1 < cop—1 forall k> 1.

Moreover, for k > 1 and j > 1, define the numbers ux(5), vk (j) € (car+1, C2k—1)
by

ur(f) = [ 6; {1,511, 1,6,5],
ve(j) == [6;{1,5}* 1 1,5].

As in Definition 3.2.4, we define for k > 1 the kth Lucas number ¢, = fr_1 +
fra1, and set Fy, = %f4k and L = %€4k+2. Recall from Lemma 3.2.5 that for
all £ >0,

(4.1.2) Froi =Ly +F, and Lypy1 =5Fp41+ Ly
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as well as
(4.1.3) F2. — FyFrig = 1.
LEMMA 4.1.2. For all k > 1,
:  Frn ~ Liya
(i) cop—1 = o Cok = Ly
. . Frp1+ jFpq0 .
i) uy =———"= forall j >1;
(ii) ug(s) Fe 1 7 Frs f j

_ L+ iFe (G = 6)Fra £ Fryo
Li_1+jFy (j —6)Fi + Fiqa

(iii) vk (j)

Proof. Recall that if p,/q, is the nth convergent to [{g; {1, ...

for any n < N and any positive z € R, we have

pnf2+xpn71
4.1.4 Coi b1, .. by, x| = 2T 20l
( ) [0 ! et ] Qn72+an71

for all j > 1.

,IN], then

(i) follows from induction on k: The statement is true for k£ = 1. Assume

it holds for k. By (4.1.4) with = 1, and by (4.1.2),

Fry1+ Lgy1 Py

c = = .
2l Fy. + Ly, Frq1

Then, by (4.1.4) with x = 5, and by (4.1.2),

L1 +5Fky2 Lo
Ly +5F, 1 Ly

Cok42 =

(i) follows from (i) by using o1 = [6; {1,5}**=1) 1, 6].
(iii) follows from (i) and (4.1.2).
COROLLARY 4.1.3. For allk > 1, s> 3 and t > 8, we have

ok < uk(s +1) <up(s) <o+ <up(2) <ug(l)

= vp(7) < vk(t) <vp(t+1) < cop—1.

Proof. This follows from Lemma 4.1.2 and identity (4.1.3).

The following corollary will be very useful.

COROLLARY 4.1.4. (i) Let u = ug(j) =: &, where j > 1. Then

q?
¢ (v =Tu+1) =52 +7j+1.

(ii) Let v = vg(j) =: £, where j = 1. Then

¢ (v = Tv+1) =455 5.

O
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Proof. The proofs of (i) and (ii) are similar. We prove (ii). In view of
Lemma 4.1.2(iii) we need to show
(4.1.5)
(Lk + jFri1)” = T (L1 + 5 F%) (Li + jFri) + (L + 5 Fy)® = 5° = 55 = 5.

Fix j. Identity (4.1.5) is true for k = 1,2,3. It therefore holds for all k by
Proposition 3.2.3. 0

Definition 4.1.5. We say that a point a € [r%,7] is regular if for all (d;m)
€ € with £(m) = {(a), we have p(d;m)(a) < 241
PROPOSITION 4.1.6. Assume that all the points cor_1 and all the points
up(j) withk>1andj>2 and wvg(j) withk>1 andj>7
are regular. Then c(a) = “EL on [r4,7].
A main ingredient in the proof will be the following lemma.

LEMMA 4.1.7. Consider the functions ¢(a) := “& and ¢(a) := /a. Fiz
k>1. Then

() @(ur(i +1)) > ¥ (ur(j)) for all j > 1

(i) @(ve(4)) > (ve(G + 1)) for all j > 7.

Proof. (i) Abbreviate u := ug(j + 1), v’ = ug(j). We need to show that
“TH >V, e,
(4.1.6) w? +2u+1> 9u.
Recall from Lemma 4.1.2(iii) that

(J+1)Fry2+ Frya o = JEhr2 1 Fient

(J+ D) Fe1+ Fy  jFea + e
In particular, the denominator of u is ¢ := (j + 1) Fy41 + F). Applying Corol-
lary 4.1.4(i) to u we therefore find

o (GHD2+7G+1)+1

(4.1.7) uw=

u® = 2 +Tu—1
and so (4.1.6) is equivalent to
(4.1.8) 9w —u)@ < (G+12+7(+1) +1.
Using (4.1.7) and FI?H — FiFr1o = 1 we compute
1
/

U —u =

(G V) For + F) (jFigr + Fi)
Inequality (4.1.8) therefore becomes

(3 + 1) EFppq + Fy

4.1.9 9 -
( ) JFgy1 + Fy

<GHD2+TG )+ 1L
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For all j > 1, the second factor on the left-hand side is < 2 and the right-hand
side is > 19, and so (4.1.9) holds for all j > 1.
The proof of (ii) is similar (but slightly easier). O

Proof of Proposition 4.1.6. Assume that c(a) < % does not hold on
[74,7]. Since c¢(a) > %t > \/a on (r%,7], Corollary 2.1.4 shows that c(a)
is piecewise linear on (74,7]. Let S C (7%,7) be the set of nonsmooth points
of ¢ on (74,7). This set decomposes as S = S US_, where S, (resp. S_)
consists of those s € S near which ¢ is concave (resp. convex). Note that for
s € S4, we have ¢(s) > 1. By Proposition 1.2.9, ¢(a) = 2t for a € [613,7],
and so the biggest point of S is in S_. This and ¢(7%) = % imply that the
set S, is nonempty. Let ag = max S,. Then ag € (74,7). By Corollary 2.1.4(i)

there exists (d;m) € £ and € > 0 such that
(4.1.10) c(z) = u(d;m)(z) on [ag,ap+ €.

Abbreviate u(2) := p(d;m)(z). By (4.1.10), p(ag) = clag) > 5 > | /aq.
Let I be the maximal open interval containing ag such that p(z) > /z for all
z € I. By Lemma 2.1.3, there exists a unique a’ € I with ¢(m) = {(da’), and
¢(m) < U(z) for all other z € I. Further, by Proposition 2.3.2, the constraint
((z) is given by two linear functions on I:

a+pz if z<d, z€el,
p(z) = { _
o +08'z if z>d, zel;
that is, @’ is the only nonsmooth point of p on I. By (4.1.10), and since ag € Sy
and p < ¢, the point ag € I is also a nonsmooth point of y, and hence a’ = ag.
Now (4.1.10) and the fact that ¢ is nondecreasing show that 8 > 0.

Let £ > 1 be such that ay € [cogt1,Cor—1]. Since copi1 and cop—q are
regular by assumption, we have ag € (c2p41,c2r—1). Note that ug(j) — copt1
and vg(j) — cok—1 as j — oo. Let u_,uy be the two neighboring points from
the sequence

< uk(s + 1) < uk(s) << uk(2) < uk(l) = Uk(7) < Uk(t) < ’Uk(t + 1) < .-

from Corollary 4.1.3 with ag € [u_,uy]. Since u_ and u4 are regular by
assumption, we have ag € (u—,u). Then p(ag) > 25 > “‘3“ = p(u_) >
Y(uy) = /uy by Lemma 4.1.7. Since ' > 0, it follows that p(uy) > p(ag) >
U+, and hence uy € I, and hence £(uy) > £(ap). However, £(z) > £(u_) and
0(z) > l(uy) for all z € (u_,u4); in particular, £(ag) > €(uy), a contradiction.

(]

As we see in the next two lemmas, one can prove that most of the points
ug(j) and vg(j) are regular by direct arguments.

LEMMA 4.1.8. The points u(j) with k > 1 and j > 2 are regular.
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P .— 4 in lowest terms. Assume that

Proof. Abbreviate u := uy(j) and b
(d;m) € & is such that p(d;m)(u) > “H and ¢(u) = £(m). By Proposi-

tion 4.1.1(i) and Corollary 4.1.4(i) we can estimate

d 3 3
< = )
aWu VU —Tu+1 PP +Tj+1
an estimate independent of k. Note that ﬁ < 1 for j > 2. Since

l(u) = £(m), we have m; > 1 for all . Therefore,

d \* 3 ?
E>j(1- -2 >j<1—,,> —: 5(5).
( qﬁ) ViE+Ti+1 G)
The function s(j) is increasing in j, and s(4) > 1, proving the lemma for j > 4
and all k > 1.
Assume now that j € {2,3}. In this case, s(j) < 1. We therefore need to

use the better estimate £ =1 —\2 < 1 — %\%‘) from Proposition 4.1.1(ii).
With this estimate we have

d )2 N ngy(u)

0O=E+XN-1>2(1- ——
i ( i) T3 v

:<;L+§%%>f+<—g%)d+l:fw)

We need to show that f(d) > 0. Since f is a quadratic polynomial in d, this
holds if its discriminant is negative:

16 2 2y(u)
— <4|—=—+===).
Pu (¢u+3wu)
Multiplying by § and using y(u) = u + 1 — 3/u, this is equivalent to

Vi,

u+1
3

1
- +u<
Taking squares, replacing u by % and multiplying by 9¢*, this becomes

(4.1.11) 0< -9 —I—p3q—7p2q2+pq<—18+q2>.

Recall now from Lemma 4.1.2(ii) that p = jFy1o + Fryq and ¢ = jFi11 + Fy.
Since pq > 9 for all k > 1, (4.1.11) follows from the identities

1=p*—Tpg+ (~18+¢2),
which hold true for £ = 1,2, 3 and hence for all k¥ by Proposition 3.2.3. ([l

LEMMA 4.1.9. The points vi(j) with k > 1 and j > 8 are regular.
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Proof. Abbreviate v := vi(j) and % := v in lowest terms. Assume that
(d;m) € € is such that p(d;m)(v) > % and £(m) = {(v). Again, by Propo-
sition 4.1.1(i) and Corollary 4.1.4(ii),

d__ 3 B 3
Qo gV —Tu+1 =55
independent of k. Note that #5 < 1 for 7 > 8. Since {(v) = ¢(m), we

/§2—55—

have m; > 1 for all i. Therefore,

d \° 3
E2j<1—> >j<1—,,) —: 1(5).
av/v Vi*—=5j—5 V)
The function ¢(j) is increasing on {j > 8}, and ¢(8) > 1, whence the lemma
follows. g

For £ > 1 and i > 0, we set
(4.1.12) b(i) == ve(1 + 3i) = [6:{1,51FD 1,14 3i].
Hence by (2) = vi(7), br(3) = vk(10), ... .

LEMMA 4.1.10. ¢(a) = %1 for all a = b(i), k > 1, i > 2. In particular,
the points vi(7) are regular for all k > 1.

The proof is postponed to Corollary 4.2.4 in the next subsection. It uses
the existence of special (nearly perfect) elements of £, rather than the estimates
of Proposition 4.1.1.

Proof of Theorem 1.1.2 part (ii). By Proposition 4.1.6 it suffices to show
that for all k£ > 1, the points cor_1, ug(j), j > 2, and vg(j), j > 7, are regular.
Regularity holds for ug(j), 7 > 2, by Lemma 4.1.8 and for vg(j), 7 > 8, by
Lemma 4.1.9. Moreover, when a belongs to the subsequence by (i), ¢ > 2, of the
vg(j), then Lemma 4.1.10 makes the stronger statement that c(a) = %+, This
holds in particular when a = v(7) = bi(2). Hence these points are regular.
Further, because the sequence (bk(i)>i>2 converges to cop_1 as ¢ — oo, the
at+1l

3

continuity of ¢ implies that c(a) = also at a = cop_1. Hence these points

are also regular, which completes the proof. O

4.2. The classes E(bk(z)) Recall from Section 3.1 that for n > 0, the

In+2 4

points b, = o < T are the break points of the Fibonacci stairs. The

next result ShO\;S their relation to the numbers bg (i), & > 1, i > 0, defined
by (4.1.12).

LEMMA 4.2.1. by, = bi(0) and bogt1 = b(1) for all k > 1.



4-DIMENSIONAL SYMPLECTIC ELLIPSOIDS 1247

Proof. Using Proposition 3.2.3 and Definition 3.2.4 we see that Ly + Fk11
= gok+2 and Ly +4Fy 1 = goky3 for all k > 0. Together with Lemma 4.1.2(iii)
we conclude that

Ly + Frpq 92k+2
b(0) = vi(1) = L1+ F. g bk
Ly +4Fk1 9ok+s
C Lio1 +4F gokn

as required. O

br(1) = vi(4) = bok+1,

The lemma says that the sequence (bn>, n > 2, extends to a double
sequence (bk(z)>, k > 1,1 > 0, where for each kK > 1 the sequence (bk(z)),
1 > 0, emanates from the pair (bgk, b2k+1) = (bk(O), bk(1)>.

Recall from Section 3.1 that E(by,) := (gnH;W(bn)), where W (b,) =

gnw(by,). In order to prove Lemma 4.1.10, we associate classes E(bk(z)>
to all bg(i) as follows. Let bg(i) =: %. Let my(i) be the tuple obtained

from qw(bk(i)) by replacing its last block (1X(1+3i)) by (2’, 1X(1+2i)), and set
di,(i) == q(1+ b(i)) /3. Then define E(by,(i)) := (di(i); my(i)).
Note that for i = 0, 1, we have (with n = 2k+1) that my(i) = g, w(bk(z)>

= W(b,) and, by (3.1.2), di(i) = gn(l + 9’;—?)/3 = (gn + gn+2) = gnt1-
Therefore,

(4.21)  E(bk(0)) = E(ba),  E(be(1)) = E(bogsr) forall k> 1.
PROPOSITION 4.2.2. E(by(i)) € € for all k> 1 and i > 0.

Before proving Proposition 4.2.2, we show that it is the key to completing
the calculation of ¢ on the interval [1,7].

COROLLARY 4.2.3. Part (i) of Theorem 3.1.1 holds.
Proof. This is immediate from equation (4.2.1). O
COROLLARY 4.2.4. Lemma 4.1.10 holds.

Proof. We argue as in the proof of Corollary 3.1.2. Let (d;m) € £. Write
b= bi(i), d' = dg(i), m' :== my (i), so that (d';m/) = E(b(i)). If (d;m) =
(d’; m’), then

A m -w(b) 3v’
M(d;m)(b): 7 :b’—|—1<\/l7
because b’ > 71 If (d;m) # (d';m/), then dd’ > m - m’ by positivity of
intersections. By the definition of d’ and m/’, and since m is ordered, this
spells out to
qdE >m-m' > gm - w(b);
m - w() =: p(d;m)). O

. /
le., H:,:b >

Ul
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Remark 4.2.5. (i) Note that the classes E(bk(l)) = (dk(z),mk(z)) are
perfect for ¢ = 0,1, but are not perfect for ¢ > 2. Since, nevertheless, at
bi(i) =: £ we have

(4.2.2) (i) - w(bi(i)) = qw(bp(i)) - w(be(i)) = qbr(i) for all i,
these classes are useful also for 7 > 2.

(ii) For i > 3, there are other choices for my(i) that can be used to prove
Lemma 4.1.10. All one needs is that (4.2.2) holds. For this, one just needs to
alter the last block 1%/ so that the sum of entries stays intact, while the sum
of the squares goes up by % — i.

If 4 = 2, one has no choice: In order to make the sum of squares go up
by 2, one must replace 1*7 by 2,1%°. If i = 3, however, instead of replacing
1*19 by 3,1%7, one can replace it by 23, 1*%. The resulting class (dk (3); m%(S))
lies in & for all k. If i = 4, instead of replacing 1! by 4,1*9 one can make
the sum of squares go up by 12 also by replacing my(4) = ( - 1X13) by one
of

m(4) = (...,3217), mP )= (...,3,27%,17),

3
mP (1) = (...,2°%,1).
: ) )
However, while the classes (dk(4),mk (4)) and (dk(4),mk (4)) reduce to
(1;1,1), and thus lie in &, the classes (dk (4); m,(cl)(ll)) do not reduce correctly.

We now turn to the proof of Proposition 4.2.2. It follows from Lemma 4.2.6
and Proposition 4.2.7 below.

LEMMA 4.2.6. The class (dk(z),mk(z)> satisfies the Diophantine condi-
tions (1.2.4) for the elements of £.

Proof. Write b := bi(i) and (d;m) = (dk(z),mk(z)) By Lemma 1.2.6,
Sims =S quws(b) = q(b+ 1) — 1 = 3d — 1. Further, " m?2 = ¢?b +i? — i, and
by Corollary 4.1.4(ii),

(B —Tb+1) = (1+3i)> —5(1+3i) —5=9"—9i —9.
Therefore,
PH1=31+b)+1=5 (P =70+ 1) +¢%b+1
=i’ —i+q’b=) m;
as required. O

PROPOSITION 4.2.7. The classes E<bk(z)> reduce to (1;1,1) for allk > 1
and © > 0.
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Proof. We fix i > 0, and argue by induction on k > 1.
Step 1. Assume that k = 1. Set j = 1 + 3i. The weight expansion of

bi(i) = [6:1,] = E is
(4.2.3) LG+ 176, 5,19).
Together with (1.2.3) we find dy(i) = £(1+b1(i)) = $(6( + 1) +j+j+1) =
1(8j+7)=28i+5, and so
(dr(i);ma(i)) = (8i+ b3 (3i +2)*¢,3i 4 1,4, 1* @),
Applying five standard Cremona moves yields, successively,
(7i+4; (30 +2),3i + 1, (20 + 1)°3,4, 17X,
(5i+2;3i+1,(2i + 1)"%, zx4 1),
(3i+ 1520 4 1,47%, 1X D),
(21—1— 1+ 1,473, 1<),
(z—l— 1;1,1X(2H'2)).

The standard Cremona move maps (s + 1;s,1%%) to (s;5 — 1, 1X(t_2)) for any
s > 1and t > 2. Applying ¢ more standard Cremona moves therefore moves
(i + 14,13+ to (1;1,1).

Step 2. Assume by induction that (dk(z),mk(z)> reduces to (1;1,1). We
shall show that (dk+1(i); mk+1(i)) reduces to (dk(i); mk(z)) by five standard

Cremona moves.
The end of the weight expansion qw(bk(i)) = qw(’uk(j)) is

(-.., (485 +41)"®, 415+ 35, (7j+6)"%, 65 +5, (j+1)°°, j, 177).
Using Fy1q1 = Ly + Fy, and Lpyq = 5Fgy1 + Ly from (4.1.2), and
Liy1 — L = 5L + (L — Li—1),
which follows from these two formulae, we see that in general,
(4.2.4) my(i) = ((GFi + Li-1)*®, (j + 1)Ly — Ly,
(jFe1+Le—2)°, (j+1)Le—o — Li—s, ...,
(P + L)%, (j+ 1)Ly — Lo, (j+1)°%, j, i, 1X079),

It will be convenient to express the numbers dj (i) in terms of the even
Fibonacci numbers hy := for. Thus

(4.2.5) hi =1, ho =3, hg =8, hy =21, hs =55, hg =144, ... .
LEMMA 4.2.8. dk(l> = hopyo + (Z - 2)h2k+1.
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Proof. We fix i and j = 1 + 3i and write dy = di(i), mp = my(i),
br, = by (1), etc. Set by, = g—:. By Lemma 4.1.2(iii),
Ph=Frpo+ (j—6)Fey1,  qx = Fry1 +(J —6)Fp.

Therefore, 3dy = qr(by +1) = px + qr = Frio + (5 — 5)Fry1 + (j — 6)Ff,. We
thus need to show that

Fryo+ (j = 5)Frq1 + (j — 6)Fg = 3hopy2 + 3(i — 2)hogt1-

This holds true for £k = 1 and k£ = 2, and so it holds true for all k¥ > 1 by
Proposition 3.2.3. (|

LEMMA 4.2.9. The class (dk+1(i);mk+1(i)) reduces to (dk(z),mk(z)) by
five Cremona transforms.

Proof. Fixi. By (4.2.4) and Lemma 4.2.8, the entries of (dj.1(i); 41 (7))

are given by linear formulas in Fibonacci numbers that depend only on k.
Using identity (4.2.4) and Lemma 4.2.8 one checks for £ = 1 and k = 2 that
(dk+1(i); M1 (z)) reduces to (dk(i); mk(z)> by five Cremona transforms with
equal reordering at each stage. The lemma thus follows from Proposition 3.2.3.
O

The proof of Proposition 4.2.7 is complete.

4.3. The ghost stairs. In this section we compute the contribution of the
classes E(bk(z)) = (dk(i); mk(z)), i > 2, to the graph of c¢(a) = %L on [74,7].
The lemma and the proposition below are not needed for the results of this
paper, but they illuminate the role of these classes.

LEMMA 4.3.1. Assume that i > 3. Then ,u(dk(i);mk(i))(a) < Va for all
a>1andall k> 1.

Proof. Write d = dj(i), m = my(i). Assume that u(d;m)(a) > /a for
some a > 1. Let I be the open interval such that u(d;m)(z) > /z and a € I.
Let ap be the unique point in I with ¢(ag) = ¢(m). Recall that

m= (..., i 1XC*)

Since ¢ > 3, the last block of w(ag) must have length 2i + 1 according to
Lemma 2.1.7(i). But

li—(2i4+1)|=i+1>V2i+1,
in contradiction to Lemma 2.1.8(i). (]

Thus, surprisingly, for ¢ > 3 the classes F (b/z€ (z)) give no embedding con-
straints, but nevertheless are most useful to find c(a) on [74,7].
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We now look at the case i = 2. For k > 1, write e := b(2) = vi(7)
and E(ex) = (dg;my) = (dk(Q);mk(Q)). Recall from Lemma 4.2.8 that dj =
hok42, where hogio = fary4 is an even Fibonacci number. We now show
that the corresponding constraint functions p(dy; my) form a staircase whose
properties echo that of the Fibonacci stairs on the other side of 7*. However
this staircase does not add anything new to the graph of ¢(a) because it never
rises above the line y = %1 Thus we call it the ghost stairs. Note also that
although E(ey) is made from w(ex) and so influences c(a) at a = ey, it gives
a constraint that is centered at the convergent copy1 < €.

PROPOSITION 4.3.2 (The ghost stairs).

2l for z € [cak, cont1] 5
(dis ) (2) = { ’ !

h
#:z for z € [copt1,€x] -
Since for each k we have cg), < 74, the proposition shows that u(dg; ms)(2)

=c(z) = Z%»fl on [T4,C2k+1}-

Proof. Fix k, and recall from Lemma 4.1.2 and Corollary 4.1.3 that

(4.3.1) cor = [6: {1,531 1,5],
(4.3.2) car1=[6; {1,515, 1,6],

_ Ly+7F;
(4.3.3) er = [6; {1,511, 1, 7] = 7

and that co, < copt1 < eg. If z€ (co, Coky1), then z= {6; {1, 5}(’“*1), 1,9,h,.. ]
with g=5 and h>1, while if z € (cor11, ), then z= [6; {1,5}=D 1,g,h,. ]
with ¢g=6 and Ah>1. In both cases, the weight expansion has the form

(4.34) w(z)= (1X6, 2 —6,(7T—2),62—41,...,20p_1(2) = 2Lg_1 — Ly,

(QTQk(Z) = Fk+1 — ZFk) ><g7 <x2k+1(z))Xh, ce )

Further, w(ey) begins the same way, but ends at the block of terms
X7 X7
($2k(z) = Fp1 — ZFk) = (Oégk; + 25§k> )

where the last expression uses the elements af and 85 of equation (2.2.2) with

a=e:=eg.
Since e; has N 4 1 blocks where N is even, Corollary 2.2.7 implies that

Li+7F
St i(en) (a5 + 285) = e = PTI
J
Further, my = qw(ey) where q := Lj_1 + 7F}, except for the last block where
we have 2, 1*° instead of 1*7. When z has g = 6, it follows that

my, - w(z) = my - w(ey) = qw(ex) - wler) = qgep = Ly + TFiy1.
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Thus p(dg; my)(z) is constant on this interval. On the other hand, if g = 5,
then xop41(2) = 2Lk — Lg41 and we find

my - w(z) = Z q?; xj(ek)(aj + zﬁj) — Tk (2) + zop+1(2)

J
=qep — Fypi1+2Fp + 2L, — Ly

=6Fpy1 + Ly, — Lgy1 + 2(Ly + Fy)
=1+ 2)Fgy1.
But
3dp = q(1+ex) = Liy—1 + TFp + Ly + TFq1 = 9Fp 1.

Therefore u(dg;my)(z) = (z+1)/3 for z € [cak, cax+1], and it remains to check
that copy1 + 1 = 3hog13/hogto. Since copy1 = Fiyo/Fry1 and Fjyq = 3hopyo,
this reduces to the identity

Jak+s + fak+a = 3fak+e,
which is readily checked using Proposition 3.2.3. ([

Remark 4.3.3. (i) At the points v (j) with j > 7, Theorem 1.1.2(ii) implies
that c(vk(j)) = %, which by Lemma 4.1.2(iii) can be written as

. <€4k+2 +jf4k+4> _ lak + G farr
Cag—2 + J fa lag—o + j fai”

where {419 = 3Ly as in Definition 3.2.4. In particular, at bx(2) = v(7) and
br(3) = vk (10),

. (h2k+3) _ hakgo and (f4k+5) _ £4k+3’
hag+1 hok+1 Lo+ Lo+
where the hy are the even Fibonacci numbers of (4.2.5). On the other hand,
on the left of 7*, where CLTH < +v/a, we have by Theorem 1.1.2 that

~ (9n+2 G2 bpyi+1
c(by) =c = = .
In In+1 3

In other words, the function ¢ attains the value b"T‘H already at b,_1.

(ii) Recall from Section 3.1 that a, = (g’gl—:lf and that on the left of 74,

the classes W'(a,,) obtained from W (a,,) = g2 w(a,) by adding one 1 were very

useful to establish the Fibonacci stairs. One may try to define similar classes
2

at al, = (hz—:l) . Denote by W”(al,) the sequence obtained from h2 w(a’,) by

removing three of the 1s at the end and adding one 2. Thus when n = 3, we

get
dy= (), W(ah) = (6476,57,7°%,2,174) .
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It is easy to check that the tuple (hnhn+1; w’ '(aﬁl)) satisfies the Diophantine
equations (1.2.4). However, when n > 3 this is not an element of £ because
it has negative intersection with the class (3;2,1%%) € £. On the other hand,
when n = 2 this gives (24;9%7,2,1%6) € &£, which as we will see in Theo-
rem 5.2.3 does give an obstruction near a = 7%, and when n = 1 we get
(3;2,1%6) itself.

5. The interval [7,9]

This section calculates ¢ on the interval [7,9]. The main arguments are
contained in Sections 5.2 and 5.3. We begin in Section 5.1 by establishing
some estimates that are most useful on [8,9] but are also needed for some of
the arguments concerning [7, 8] such as Lemma 5.2.7.

5.1. Preliminaries. We begin with a simple result about continued frac-
tions. Let gy(a) be the denominator of the nth convergent [ly; {1,..., 4] to
the continued fraction

1
a:= [50;51,...,&\7} =4y +

gl + KQ}_...
Thus ¢1(a) = ¢1,q2(a) = 1+ ¢1¢5 and, in general, ¢,(a) = nqn—1(a) + gn—2(a).
Then an easy induction argument shows that

SUBLEMMA 5.1.1. Let L := Zé\f:l ¢;. Then qn(a) > L.
In the sequel, we abbreviate 0: =35, €2 <1 and o’ 3:ZZo<i§M—€N5? <o.
LEMMA 5.1.2. Assume that (d;m) € & is such that p(d;m)(a) > a
for some a € (14,9) with £(a) = £(m). Assume further that y(a) > % where
q:=qn(a), and denote vy := q%‘}a. Then
(i) | Xiz1&il < VoL
(11 If vy < 1, then ’2121 Ei’ < +d'L.

)
(iii) Ifoa <%, thenwvy > 3 and o’ < 3. Ifvyy <3, then o’ < L.
(iv) Define § :=y(a) — % > 0. Then

d< ¥ (VoL —1) < ¥ (Jog—1) < % (52 —1).

v

Further, if vyr < 1, then o can be replaced by o’. In particular, always
va (2 2/a
d< % (Z2-1) <2

Proof.
Step 1: 3";>1 €; < 0. Proposition 2.1.1(iv) states that
(5.1.1) N = 1—|—%(y(a)—é>.

Since we assume that y(a) > %, Step 1 is immediate.
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Step 2: Y ispy leil = | i1 €l I Yi<q, €0 > 0, then by Step 1 we have
el <D e <> el
i>1 >0y i>Lg

as required. Therefore, suppose that >;<4 &; < 0. Let P = {i > £y | ¢; > 0}
and Q = {i > ¢y | &; < 0}. Because w; = 1 for i < ¢y, we have

0<€-w:25¢+261wi—2\51|wi

<

i<l ieP i€Q
< Z g+ Z g
1<lo i€EP
Therefore
0>25i > Z5i:_2|5i| > — Z leq]-
i>1 i€Q i€Q i>0o

Step 3: Proof of (). Let a = [ly; {1, . ..,¢N] as above, and write £ as N + 1
blocks each of length ¢;. Assume first that ¢; is constant on each block with

absolute value §;. Let v; = €j<5]2- so that 6; = Z—j Then
N
2 2
Y= lisj=) vi=0
i>lo i>1 j=1

Hence, by Step 2,

N
<D el =456
i>Lo j=1
:Z@\/%
=> Vit
S\/Zﬁj\/ZVj < VL.

This proves (i) in the case when the ; are constant on the jth block for all
7 > 1. But by Lemma 2.1.7, the only other possibility is that there is precisely
one block, say the Jth, on which ¢; is not constant. In that case we subdivide
this block into two subblocks of lengths £y — 1 and 1. Since the upper bound
VoL depends only on the sum of the ¢;, the argument goes through as before.

Step 4: Proof of (ii). We abbreviate M’ = M — ¢y and write v; := %wi.
If the v; are constant on the last block and if vy := # < 1, then mpp4q =
-=my =1,and so eppry; = -+ =epy =1 —wvy > 0. Since also >, ¢ <0,
we have |3, & < ‘Zi]\ill &i
that

D i

i>1

. Hence, the argument in Step 3 adapts to show

Ml
<> el < Vo'L.

i>Lg

M/
> e

=1

D e

i>1

<
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Proof of (iii). Assume that vy < % If £ > 3, then
1>+ +e3>3(2) > 1,
a contradiction. If £y = 2, then var—o = var—1 + var = 20a < 2, and so
1> 3,423 > (1) +2(2)" =1,
a contradiction. Further, 5, > % implies that

o's Y eso—;<
Lo<i<M—2
The second claim in (iii) is proved similarly.

DO

Proof of (iv). We use Sublemma 5.1.1 and equation (5.1.1) to estimate
(5.1.2) (Jog>VoL>1+ % (y(a) - %) =1+ %5 =14 dqupr > dqups.
Therefore, /g < Vo , and so, using again (5.1.2),

ovns
d< ¥ (VoL —1) < ¥ (Vog—1) < % (;2 - 1).

If vps < 1, we repeat this argument with o replaced by ¢’. This completes the
proof. O

5.2. The interval [7,8]. In this section we calculate c(a) on the interval
[7,8]. At some places, we will use the computer. We will therefore first prove
a weaker result that does not use the computer.

PROPOSITION 5.2.1. There are only finitely many (d;m) € & for which
there is a > 7 with c(a) = p(d;m)(a) > /a.

Proof. Suppose that pu(d;m)(a) > +/a for some a > 7. Let I be the
maximal open interval containing a on which u(d; m)(z) > /z, and let ag € I
be the unique element with ¢(ag) = ¢(m). (This exists by Lemma 2.1.3.) If
7 € I, then clearly ag = 7 so that (d; m) belongs to the finite set &. Otherwise,
ap > 7. In particular, y(ag) > y(7) = 8 — 3V/7 > 5. Moreover ag < 9 by
Corollary 1.2.4.

Now write ag = p/q. There are only finitely many a = % € [7,9] with
q < 40, and for each of them Corollary 2.1.4 shows that there are only finitely
many obstructive (d;m). We can therefore assume that ¢ := g(ag) > 40 so
that y(ag) — % > 15 > 0. Since £(ag) = {(m), we can apply the last statement
of Lemma 5.1.2 to conclude that

d < 2(40)*\/ag < 6(40)%.

Since for each D there are only finitely many (d;m) € £ with d < D, this
completes the proof. O

Remark 5.2.2. The result in Proposition 5.2.1 clearly extends to any in-
terval of the form [a, b] provided that a > 7.
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We already know that c(a) = § on [7,7%] by Proposition 1.2.9. We can
therefore assume that a € [7%, 8].

In order to explain our notation in Theorem 5.2.3 below, we work out the
constraint given by the class

(d;m) = (48;18%7,3,2°7) € &.

Therefore,
m-w(a) =7-18+ 3z + 14dx =126 + 172 = 7+ 17a,
and so p(d;m)(a) = 45(7+17a). Note that 45(7+17a) = \/a at uL = 7.12499

(where the last decimal is rounded). Similarly, for a = 7+ z with z € [§, 1],
we have w(a) = (1*7,2%7,1 — 7z,...). Therefore,

m-w(a) =7-184+3zx+ 122 +2 — 140 =128+ x = 121 + a,
and so p(d;m)(a) = (121+1a). Note that ;5(1214a) = y/a at v1 = 7.12501
8

(where the last decimal is rounded). The interval containing a = 7% on which
this class gives a constraint is therefore I1 := [u1,v1], and
8 8 8

L(T+172) ifze [u%jé],

pldim)(z) = § | . )
w121 +2) ifz € [Tg01].

All this is expressed in the first row of the table below. In the same way we

compute (A, B), (A, B'), ug, v, and u(a) := p(d;m)(a) at a = 7+ x for the

other seven classes in the table below, where we write p(z) = %i(A + Bz) for z

just less than a and p(z) = (A’ + B'z) for z just greater than a. Note that

the eight intervals [u,,v,] are all disjoint.

THEOREM 5.2.3. For a € [T},8], we have c(a) = \/a except for the eight
intervals [ug, v, where c(a) is as described in Table 5.1.

Remark 5.2.4. (i) Table 5.1 gives just enough decimal places of the (ir-
rational) numbers uz, v, to describe their important features. For example
=1 (9+4v2) ~ 7328 < 71,

(ii) In Table 5.1 there is one constraint centered at each point of the form
7% for 2 < k < 8, except for k = 3 and k = 6. In fact, there are classes (d;m)
giving constraints centered at 7% and 7 %, namely

(96:36*0,35,6°) at 7§ and  (24;97%,8,3°%) at 7.

u

[SIE

But these (d; m) have the property that u(d; m)(a) = c(a) only at their center
points. (See the proof of Theorem 5.2.3 at the end of this section for details.)
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a | (dm) (A,B) | (A, B') | us Vg pla) | pla) —+a
7L || (48;18%7,3,2%T) (7,17) | (121,1) | 7.12499 | 7.12501 | 025 1.2710°6
72 | (64;24%7,3%7,1%2)| (14,22) | (121,7) | 7.1333 | 7.1334 | S4 3.25106
7L 11 (24;9%7,2,1%6) (7,8) | (57,1) | 7.1428 |7.1429 | 132 6.63107¢
75 || (40;15%7,2%6 1%2) [ (14,13) | (107,0) | 7.151 | 7.156 o 33251076
7L | (16;6%7,177) (7,5) | (43,0) | 7.1665 | 7.22 21 42184107
71 11(35;13%7,4,3%3) (0,13) | (87,1) |7.2485 | 7.252 s 274.71076
75 11(8;3%7,1%2) (7,2) | (22,0) | 7.328 | 7.56 4 111387.210°¢
8 | (6;3,2%7) (1,2) | (17,0) | 7.97 8.03 AT 1 4906.21076

Table 5.1.

iii) The four steps at the points 7%, 7-%, 7%, 71 are the only ones in the
5 (7 1g

graph of ¢(a) that are not flat to the right.

To prove Theorem 5.2.3 we will proceed as follows. Assume that (d;m) € £
is a class with £(a) = £(m) and p(d; m)(a) > /a for some a € [7§,8]. We first
assume that a = 7} for some k € {1,...,8} and find all such classes (d;m).
We then assume that a € ]7k41r1’
if a =z := 7@ and an upper bound Dy if a # z. In both cases, we also

show that m; = --- = my7. We then use a simple computer program to find all

7+[ and prove an upper bound D(z) for d

classes (d; m) as above at z; with d < D(zy). Finally, we use another computer
program to find all classes (d;m) as above at some a # z with d < Dy.
First, we look at the boundary points 7% of our subintervals [7 ler177 zl-

LEMMA 5.2.5. The classes (d;m) € & such that ((7f) = ((m) and
w(d;m)(73) > /T3 are:

m)
48;18%7,3,2%7)

k
8
24;9%7,2,1%6) |7
5
3
1

(d; m)
(48

(

(96;36%C, 35, 6%6)

(

(8;

(d;

(384;144%6,143,188)
(168;63%6,62,9%7)
(
(

16 6><7 1><5)
24;9%6,8,3%3)
(6;3,2%7)
Table 5.2.

35;13%7, 4, 3%3)
3><7 1><2)

N |~ | O | |0 | &
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Proof. We first look at the case a = 73 = 8. Then {(m) = ((8) = 8.

By Lemma 2.1.7 we need to consider 3 cases, namely m = (M*8), m =
(M +1,M*7), m = (M*7",M —1). Consider the case m = (M*8). From the
Diophantine equations

3d = 8M + 1,

d> =8M? -1,
we obtain (8M +1)? =9 (8M? — 1), i.e.,, 4M?—8M —5 = 0. This equation has
no solution in N. In the case m = (M + 1, M*7), the Diophantine equations
give

(BM +1+1)>=9(8M*+2M +1—1),

whose only solution in N is M = 2, giving the solution (d;m) = (6;3,2*7).
In the case (M*7, M — 1), the Diophantine equations give (8M — 1 + 1)? =
9 (8M? —2M + 1 — 1), which has no solution in N.

Assume now that k£ € {2,...,8}. In view of Lemma 2.1.7, there are five
possibilities for m, namely

(AT, m*), (M 4 1,070, m®), (M, M —1,m*),
(MX7,m+1,mX(k_1)), (MX7,mX(k_1),m—1).

Since £(m) = {(7T4) = 7+ k, in the first four cases we can assume that m > 1
and in the last case we can assume that m — 1 > 1. We define €;; and ¢, by
M=-4 +epm, m= d + Em.-

1 1
5 43

Case 1. m = (M*7,m>*). Then |M — km| = |ear — kem| < len| + klem]|.
Since |eps|? + klem|? < 1, we find |eps| + klem| < VE+ 1, and so |M — km| <
VE+1-1]€{0,1,2}. Set

{0, +1} if ke {23},

s=M—km €
{0,+1,+2} if ke {4,...,8}.

From the Diophantine equations

3d=7TM + km + 1,
d2:7M2+k‘m2—1,

we obtain (7TM + km + 1)? = 9 (7TM? + km? —1). Since M = km + s, this
becomes
10+ km (16 — 9m + km) 4+ 14s (1 — km — s) = 0.
If s =1, this is
10+ km (2—9m+ km) =0,
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which has solutions in N only if £ = 5 or 2, namely m = 1, giving
(16;6°7,17%) at 72, (83%7,17%) at 71.
No other allowed values for s and k yield integer solutions m.
Case 2. m = (M + 1, M*% m>*). Then ¢ = kle,|?> < % Therefore,
M — km| < l|em| + klem| < % + /%, and so
0 if k=2
(5:21) s Mokm e {iO?il} if ke {z;,...,s}.
In this case, the Diophantine equations translate to
(TM +km+2)? =9 (TM? +2M + 1+ km* — 1).
With M = km + s this becomes
(5.2.2) —4—km (14 —9m+ km) +2s (=5 + Tkm + 7s) = 0.
If s = 0, this becomes
—4 —km (14 —9m + km) = 0,

which has no solution in N for k& € {2,...,8}. For s = +1 and k € {3,...,8},
equation (5.2.2) has no solution in N.

Case 3. m = (M*%, M — 1,m>*). As in Case 2 we have (5.2.1). In this
case, the Diophantine equations translate to

(TM + km)? =9 (TM? —2M + 1+ km® — 1) .
With M = km + s, this becomes
(5.2.3) —km (18 —9m + km) + 2s (=9 + Tkm + 7s) = 0.

If s = 0, this becomes
18 —=9m + km = 0,
which has a solution in N for four k&, namely k = 8,7,6 and 3. This gives the
first four of the five entries in the table with m; # ms.
If s =1, equation (5.2.3) becomes
—4—km((4—9m+km) =0,

which has a solution in N only for k = 4. We get the solution (13;5%¢ 4, 1%4),
which is, however, not obstructive, since it gives u(d;m)(7%) = % <73
If s = —1, equation (5.2.3) becomes

32 —km (32 —9m + km) = 0.
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It has a solution in N only for k = 2 and gives (19;7%%,6,4*2). But again this
class is not obstructive, since pu(d;m)(73) = 22 < /71.

Case 4. m = (M*7,m+1,m**=1) Note that for ¢ € R and k € N with
(k—1)e2+ (e +1)2< 1, we have ¢ € [—%,O}, and hence

[(k—=1)e+(e+1)]=lke+1 <1
Using this and o > %, we estimate
M —km—1=|M—-(m+1)—(k—1)m|=leps — (em + 1) — (k — Dey|
<lem|+ (k= Dem +em + 1|
1
<y tl<2
Therefore,
M—-1=km+s with se€ {0,%+1}.
In this case, the Diophantine equations translate to
(TM +km+1+1)2=9(7TM* +km* +2m+1—1).
With M = km + 1 + s, this becomes
(5.2.4) — 18 +18m — km (18 — 9m + km) + 14s (km + s) = 0.
If s =1, this is
—4+18m — km (4 —9m + km) =0,
which has a solution in N only when k£ =8 m =2 and kK = 7,m = 1, giving us
two more entries in our table. If s = 0, equation (5.2.4) becomes

—18 4+ 18m — km (18 — 9m + km) = 0,
which has a solution in N only for £k = 4, m = 3. This gives the entry in
the table at k = 4. If s = —1, equation (5.2.4) has no solution in N for
ke{2,...,8}.
Case 5. m = (M7, m**=Y m —1). As in Case 4 we find
M+1=kmn+s with se€ {0,£1}.
In this case, the Diophantine equations translate to
(TM +km —1+1)>=9(TM* + km®> —2m +1-1).
With M = km — 1 + s this becomes
(5.2.5) — 144+ 18m + km (14 —9m + km) 4+ 145 (2 — km — s) = 0.

If s =1, this becomes

18 — 9km + k*m = 0.
It has a solution in N only for £k = 6 and k£ = 3, namely m = 1. Since we
assumed that m — 1 > 1, the corresponding classes (d; m) are not relevant. If
s =0 orif s = —1, equation (5.2.5) has no solution in N for k € {2,...,8}.
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The above calculations show that the elements listed in Table 5.2 are the
only obstructive solutions to the Diophantine equations. One readily checks
that these elements all reduce to (0; —1) under standard Cremona moves and
therefore belong to £. (]

Remark 5.2.6. Proceeding as in the proof of Lemma 5.2.5, one can find
all classes (d;m) € £ with u(d; m)(z;) > \/z; and £(2;) = £(m) at the points
2p = 7%2?, ke {1,...,8}, namely

(64;2477,3%717°%) at 72 and  (40;15%7,2%6,1°%) at 7.

For convenience, we will find these classes by a different method, which involves
the first of the two computer programs of Appendix B.

We next derive upper bounds for d if a € }7,6%_1, 7%[ There are various
ways to do this. We will give arguments that give rather low upper bounds,
so that our method of finding ¢(a) depends as little as possible on computer
computations. (Compare Remark 5.2.9 below.) Note that a € }7k—i1, 71 has
N +1 blocks with N > 2 and that L := Y";5; #; > 2 + k with equality exactly

if a =1[7;k,2] :7%-&-1:2’“'

LEMMA 5.2.7. Suppose that (d;m) € & is such that u(d;m)(a) = c(a)
> y/a for some a with £(a) = £(m). Suppose also that a has N + 1 blocks
for some N > 2 and that a € ]7,?{1,7%[ where 8 > k > 1. Then m1 = my.
Further,

(i) When L =2+ k, Table 5.3 gives the mazimum possible values D(zy)
of d for the different k.

(ii) When L > 2+ k, Table 5.4 gives the mazimum possible values Dy, of d
for the different k.

k 8 7165|413 |2]1
D(z) || 104 [ 98|92 |86 |79 | 73|69 | 75
Table 5.3.

k 8|1 71654321
Dy || 88 |81 |74 |67 |61]|56 |64 |66
Table 5.4.
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Remark 5.2.8. By Lemma 5.2.5 one cannot conclude m; = my without
the assumption a # 7%.

Proof. The proof of this lemma is based on an analysis of equation (5.1.1)
using the estimates for | " ;| obtained in Lemma 5.1.2. Recall from (iv) of
that lemma that for a = 7% and with vy := q;\ja, we have the estimates

(5.2.6) dg\ga(\/ﬁ—1)g\f(\/@_1)<\f(v;5_1)
whenever ¢ := y(a) — % > 0.
(i) The only number in ]7#1, 7%[ with L =k+21is 2 := [T} k,2] = 7%.
Note that
y(2k) — 3 =8+ g —3y/T+ 527 > 0

for all k. By (5.2.6) we therefore have

(Votk+2-1) v (Volk+2) 1) T+ 725

dS =

I
(k) = o 8+ ger1 — 3T+ ot

With o < 1 this yields Table 5.3. If m1 # m7, we may take o < % The largest
value of d is then < 6 when k < 7 and < 9 when k = 8. But there are clearly
no suitable (d; m) with such small d. Therefore this case does not occur. This
proves m1 = my for L = 2 + k.

We will prove (ii) and the claim that m; = my7 together. We will give
separate arguments for the three cases k = 1, k = 2 and k € {3,...,9}.
Denote a; = 7#1 for some 1 < k < 8. We have the following table (rounded
down to three decimal places):

k= 8 7 6 ) 4 3 2 1
y(ag) > %:0.111 0.117 | 0.125 | 0.135 | 0.150 | 0.172 | 0.209 | 0.284

The case k = 1. Assume that (d;m) € € is a class with p(d; m)(a) > v/a
and {(a) = {(m) for some a € |73,8[ other than 72. We first prove that
m1 = my. If not, then o < % Therefore, vy = ﬁ >1-— \/% > (.73, since
otherwise o > 5?\/[ +5?\/[_1 > 2ﬁ = % Also, ¢ > L > 3+ k = 4, and so
y(a) — % > y(73) — 1 >0.28 — £ > 0. We can therefore apply (5.2.6):

VEZVoL> 14 % (y(a) - 1) > 1,

q
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showing that g > 8. Therefore, y(a) — % > y(73) — % > 0.28 — % > % Using
again (5.2.6) we finally find

1
5va<8-0.73v/a<0.73¢v/a < d < \{a(al—1><7\/5<—1)<3\/5,

a contradiction.
We now prove that d < 66. For a as above, both numbers

Va

fla,q) = r(va—1),
Vva 2
g(aa q) = 1 1 1 )
are positive. Moreover, by (5.2.6), we have d < f(a, q), and using also part (iv)
of Lemma 5.1.2 we see that d < g(a, q). We saw above that ¢ > 4. We first use
the function f to see that for ¢ € {4,5,6,7,8}, we have d < 26. Assume now
that ¢ > 9. We then view a and ¢ as independent variables of the functions f
and g. Both f(a,q) and g(a,q) are decreasing functions of a. With a; = 7%
we therefore have

d < maxmin{f(a1,q), g(a1,q)}.
q=>9

One readily checks that f(a1,q) is increasing on {g > 9} and that g(a1,q) is
decreasing in ¢. Since d < f(a1,56) < 67 if ¢ < 56 and d < g(a1,57) < 67 if
q > 57, we conclude that d < 66, as claimed.

Remark 5.2.9. This method for estimating d can be used for all £ < 8.
However, the estimates get worse; e.g., for k = 8 (with the factor \/g — 1 of f

replaced by /8 + 1 — 1, see (5.2.7) below), one finds d < 410. One could also
omit checking that obstructive classes have m; = my; and use a variant of our
computer code SolLess from Appendix B.1 that does not use m; = ms.

The case k = 2. The class (8;3%7, 1%2) gives the constraint c(a) > po(a) =
™20 > /a on [7%,73]. Assume that (d;m) € € is a class with p(d;m)(a) =
c(a) > ™2 for some a € [7%,73]. Proposition 2.1.1(i) implies that

T2 dim)(a) < Va1 + 1/ &,

When a = 7% this gives the estimate d < 64. Since 7+7\/%a decreases on [7%, 7%],
we find d < 64 everywhere. We will check m; = myfork=2and L > 3+k =5
at the same time as for k > 3.

The case k € {3,...,9}. Suppose that a € ]7]%1,7%[ for some k > 2 and
that L > 3 + k. Then we may write

a=[7;k‘,€2,...,€N]=7+ 1 D
k5
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where % = a = [0;4,...,0y]. Thus ¢ = gn-_1(a’) > Y j52¢; = L' by
Sublemma 5.1.1, and so

L::ZEj:k:—FL'gk—i—q'.
Jj=1

Since ¢ = kq' + p', we find L < k+ £. Moreover, ¢ > L' = L — k > 3, and so
q > 3k + 1. Therefore, for a € |ag,ar—1[, we have y(a) > y(ar) > ﬁ > %
Thus the inequality (5.2.6) implies that

(5.2.7) (1- ﬁ) +Gy(a) =1+ % (y(a) = §) < Volk+§).

1
Case 1: 5 S 7

and y(ag) = %, we must have

. Because y(a) > y(ax) for all a € [ag, ap_1]

N[O

+ $y(ar) < T+ Lyar) < (1- -92) + Ly(a) < o/ (k+ ),

Sohe
.

<

where ¢/ < £ is as in Lemma 5.1.2(iii).
There-
8], the

2
Note that the squared error of the last two 5Z is at least 2( 1) =
fore, if also my # mz, we have o/ < % — 1 =1L But, for each k €

8
inequality

1q8 v 56(k+ )

holds only if ¢* < 6(k + %) Since this quadratic inequality holds for ¢ = 0 and
does not hold when ¢ = 3k + 1, it does not hold for any ¢ > 3k + 1. Therefore,
for each k, we have m; = my, and o’ < %.

Now suppose that k£ = 8, and consider the inequality

1
8"
2,

4+2y(a8) 4+ 18 Z(8+2).

This holds when ¢ = 0 but does not hold for ¢ > 63. Thus ¢ < 62 so that 7%
N <8 + %) — Z' Since a < 7%, we get d < 83. The same argument works for
the other k, and we obtain the following upper bounds for ¢ and then for d:

k=8| 76|55 |4]3
g<1{62]|58]|53[49 |45 |41
d<||83|77|71|66 61|56

Case 2: vy < % Since the squared error £ N5J2v on the last block is now
at least 1, we must have m; = m7 and o’ < % Further, by Lemma 5.1.2(iii),
d_ > 1. Therefore (5.2.7) gives

qva
L+ () < 3+ Lylar) < V3GE+ D).

S}
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This gives the following upper bounds for ¢ and d:

k=8 |76 |5 |43
g < | 62|57 53|49 |45 |42
d<| 55|51 |47 |43 |40 |37

Case 3: % < wp < 1. Now (5.2.7) gives

2 qylar) < Lylar) < Jolk+ 1)

Ifo< %, this is not satisfied when ¢ > 3k + 1 for any k € {2,...,8}. Thus
mi1 = 1mry.
Further, taking o = 1 we obtain the following upper bounds for ¢ and d:

kE=|8|7 |6 |5 |43
g< 44|40 |37|33|30]26
d<| 88|81 |74 67|60 |53

Case 4: 1 < wvyy. In this case, (5.2.7) gives
qy(ar) <1+q (y(ar) - %) < 1+%<y(ak) - %) < 1+%(Z/(G) - %) <Volk+}).

We have already seen in Case 3 that qy(ar) < (/o(k+ ) is impossible for
o< % Thus m; = my.
Further, taking 0 = 1 we obtain the following upper bounds for g and d:

k=8| 76|55 |4]3
qg<|{31]28|25|22|19 |17
d<|82|75|68|61|54]|46

Taking for each k the worst upper bound for d in the different cases, we obtain
Table 5.4. This completes the proof of Lemma 5.2.7. U

COROLLARY 5.2.10. (1) The only classes (d;m) € € such that ((zy,) =
(m) and such that p(d;m)(zx) > /z are

TZ: (64,277,377 1°%)  and 75 (40;15%7,2%6,17%).
(ii) There are no classes (d;m) € £ such that £(a) = £(m) and p(d;m)(a)
> \/a for some a € ]7%,8[ not of the form 7% or 72,€2ﬁ.
Proof. (i) The computer code SolLess[a,D] given in Appendix B.1 finds,
for a rational number a and a natural number D, all classes (d;m) € £ with

¢(m) = {(a) and p(d;m)(a) > /a and d < D. For k € {1,...,8}, we choose
D = D(z) as given by Table 5.3. The code SolLess[a,D] with D = D(zy)
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and a = z tells us that for k = 7 and k = 6, the only such classes are the
ones given in the corollary, while for the other k there are no such classes.
Finally, one checks that the two classes in (i) reduce to (0; —1) under standard
Cremona moves and hence belong to &.

(ii) The computer code InterSolLess[k,D] given in Appendix B.2 pro-
vides, for a natural number D, a finite list of candidate classes (d;m) € &
with ¢(m) = {(a) and p(d;m)(a) > y/a and d < D for some a € ]7#,7%[.
For k € {1,...,8}, we choose D = Dy as given by Table 5.4. The code
InterSolLless[k,D] with D = Dy tells us that for k # 4 there are no candidate
classes, while for k=4 the only candidate class is (d; m)= (59; 22*7,5%3,4,1%3).
Since the length of the second block is 4 and the length of the last block
is > 2, the a in question must be [7;4,3] or [7;4,1,2]. The second possibil-
ity is excluded by Lemma 2.1.8(i) applied to the third block. Moreover, at
a=[7;4,3] = 7% we have u(d;m)(a) = % < +/a, which excludes also the
first possibility. O

Proof of Theorem 5.2.3. Recall from Proposition 1.2.9 that ¢(7§) = /75.
Moreover, by Lemma 2.1.3 any class (d;m) € £ with u(d;m)(8) > /8 must
lie in &. By looking at the list of elements in £ given in Lemma 1.2.7 one
checks that the only such class is (6;3,2”). By using Lemma 2.1.3 once
more, we conclude that all constraints on [7%, 8] come from the ten classes of
Lemma 5.2.5 and the two classes from Corollary 5.2.10.

In the paragraph just before Theorem 5.2.3 we worked out the constraint
wu(d; m) given by the class centered at 7 %. Similar computations show that all
the eight classes in Table 5.1 behave as described there. In order to prove Theo-
rem 5.2.3, it therefore remains to check that the four classes from Lemma 5.2.5
that do not appear in Theorem 5.2.3 give no further constraints. However, one
can calculate the corresponding functions p(d;m) just as before, obtaining
Table 5.5.7 In all cases the new constraint takes the same value at its center
point as the old one, but the slope to the left is steeper (because A = —1) and
it is flat (i.e., with B’ = 0) rather than increasing to the right. This completes
the proof. O

5.3. The interval [8,9]. In this section we compute c(a) on the interval
[8,9]. We first prove that c¢(a) = v/a for a > 8.

LEMMA 5.3.1. Suppose that u(d;m)(a) > v/a for some a € [8%,9) with
l(a) =4¢(m). Then d <16 and my = --- = ms.

"We also calculated the number N(A, B) of integer points in the triangle T% 5 and the
number s of integer points on its slant edge because of their relevance to Remark 2.4.5.
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a | (d;m) (A, B) (A", B') | pa) | N(A,B) | s
7% | (384;144%6,143,18*8) | (—1,144) (1025 0) | 192 74322 | 18
71| (168;63%6,62,9%7) (—1,63) | (449,0) | 12 14373 | 9
7% | (96;36%5,35,6%6) (-1,36) | (257,0) | 21 4758 | 6
7% | (24;9%°,8,3%3) (-1,9) (65,0) | % 327 | 3

Table 5.5.

Proof. Note that y(a) >
q > 12. Then ¢ := y(a) — % > % — % = %. Suppose that my # mg. Then
o < 1 3

and hence vy > %. This and § > % show that ﬁ < 1, which is

8’
impossible by Lemma 5.1.2(iv). In order to prove that d < 16, note that
© oo Y2 3.
lf'UM S [3,2} then 17? S m =35
L_T/9 14
if vy € [2, 3} then v‘jw < 14/2 = 1@;

3
if vy > g,then o <3

v

Lemma 5.1.2(iv) with y/a < 3 therefore shows that

d< 4/9 (%ﬁ_ ):217%<177
and hence d < 16.
Assume now that ¢ < 11. Note that a < 8% and 6 = y(a)—
Lemma 5.1.2(iv) therefore shows that

ga—1
d< Y21 (Jg-1).
y(8;) —
The right-hand side is < 17 for all ¢ € {2,...,11}, and so d < 16. Suppose
that my # mg. Then o < %. If ¢ <8, then \/oqg — 1 <0, contradicting (iv) of
Lemma 5.1.2. If ¢ € {9,10, 11}, then

Q=

—_d 16 _ 2
UM = G a < ovE < 3
and hence € - ¢ > % +2- % > 1, a contradiction. O

PROPOSITION 5.3.2. c(a) = +/a for a € [8:%,9).

Proof. Suppose to the contrary that u(d;m)(a) > v/a for some a > 84.
By Lemma 2.1.3 we may choose ag with ¢(ap) = ¢(m) in the interval I con-
taining a on which this inequality holds.

We first claim that ag >8. By Lemma 2.1.3 it suffices to see that ¢(m) > 8.
One can prove this by explicit calculation since &g is finite. In fact, the last
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obstruction given by the elements of & is that centered on a = 8 which is
discussed in Remark 1.2.10. As we saw there, this is not effective when a > 8%.

It then follows that ag > 8%. For if not, because I contains a > 8%, it
must also contain 85=. But clearly £(z) > ((855) = 8+36 = 44 for z € (8,85%).
Therefore, the minimum of ¢(z) on I cannot occur in this interval.

We may therefore apply Lemma 5.3.1 to ag. Hence d < 16 and m :=m; =
mg. Since Y m; = 3d —1 < 47, we must have m < 5. It remains to check that
there are no solutions to the Diophantine equations (1.2.4) for any choice of
m < 5.

Suppose first that m = 5. We then look for solutions of
(5.3.1) 3d—1=404Y m; d®+1=200+) m;.

i>8 i>8
The second equation shows that d € {15,16}. For d = 15, (5.3.1) becomes
4 = Ysgmy, 26 = Y ;ugm?, which has no solution. For d = 16, (5.3.1)
becomes 7 = 3ugmi, 57 = Yjugm?, which has no solution either. For
m < 5, there also are no solutions. O

COROLLARY 5.3.3. ¢(a) = & for a € [8,85].

Proof. The class (d;m) = (6;3,2%7) gives c(a) > p(d;m)(a) = %7 =
8% for ¢ > 8. Therefore ¢ must be constant on this interval because it
cannot decrease. O

Appendix A. Weight expansions and Farey diagrams

In this section, we show that the weight expansion w(a) described above
agrees with the expansion considered in [17]. For clarity, we call the latter
the Farey weight expansion; see Definition A.4. It arose from a procedure of
constructing an outer approximation to an ellipsoid by repeated blowing up.
After explaining this, we establish the equivalence of the two definitions in
Corollary A.7. No doubt, versions of this result are already known. However,
since it is not hard, we give a direct proof in our context.

Definition A.1. Let (p; = pi/qi), i = 0,..., N, be a sequence of rational
numbers in lowest terms, with pg = 0/1,p1 = 1/1 and p; > 0 for i > 0. We say
that the two elements p;, py are adjacent in (p;) if they are neighbors when the
numbers py, ..., py are arranged in increasing order. Further, (p;) is called a
Farey expansion of the rational number a if the following conditions hold:

(i) pn = a;
(ii) ¢; < giy1 for all i > 1;
(iii) Adjacent pairs p/q,p’/q" of elements of (p;) have the property that

(A.0.1) Ipd —p'al = 1;
(iv) Condition (iii) does not hold if any term is removed from this expansion.
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Ezxample A.2. The Farey expansion of % is 1, %, %, %,% which may be ar-
ranged as

1 4 3 2 1
3<2<32<i<7t

LEMMA A.3. (i) Every positive rational number a has a Farey expansion.

(ii) This expansion is unique. Moreover, if p1,...,pnN is the Farey expan-
sion of a = pn, then for alln < N, p1,...,pn is the Farey expansion of py.
Sketch of proof. Given positive fractions p; := £ and p; := p—f, we define

q; qj
their Farey sum to be
Di +pj
pi D pj = :
T it g

If 0 < a < 1, the expansion is constructed inductively, starting with pg = 0 and
p1 = 1, in such a way that p;11 := p; ® p;, where j is the largest number < ¢

such that a lies between p; and p;. Thus ps = %, and ps is either % (if a < p2)
or % (if @ > p2). The construction stops when a = py.
If a lies between k and k + 1, then the expansion begins with the terms

pi = %, t=1,...,k+ 1. Then pxio = pr D pr+1 = LQH, and the expansion
proceeds as in the previous case. Further details may be found in Hardy and
Wright, [8, Ch. III]. 0
(1,0) = v
— =

T(O, 1) =v_1

Figure A.1. The Farey diagram for p/q = 5/3. Here v; =
(1,1), va = (1,2), vz = (2,3), va = (3,5). The edge €2 meets
€1 and gq, while £3 meets €; and 9, and €4 meets g5 and e3.

One can build a diagram in R? corresponding to a given Farey expansion
by associating to each fraction p;/¢; a line segment ¢; (called an edge) with
normal vector v; := (¢;,p;) of slope p;/q;. See Figure A.1. One starts with
the first quadrant whose edges €_1,¢¢ are the positive coordinate axes with
(inward) normals (g—1,p—1) = (1,0) and (go,po) = (0,1), and builds up a
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sequence of edges by cutting along certain directions. The first cut is along an
edge €1 going from £_; to gy with normal v; = (1,1). In general, if p; is the
Farey sum of p; with p;_; for some j < i —1, then the ¢th cut is along an edge
¢; with normal v; that meets the edges €; and ¢;_1 (but none of the others).
The collection of edges €1,...,en is called the Farey diagram; the extended
Farey diagram also includes the edges €_1, €.

As described in [17, §3], adding a new edge whose normal is the sum of
the two adjacent normals corresponds to a (smooth) blow up, since in the
toric model, each blow up corresponds to cutting off a corner of the moment
polytope. Therefore, we can think of the process of constructing the Farey
expansion for a as the process of blowing up the first quadrant repeatedly and
in as efficient a way as possible, in order to obtain a (smooth) polytope with
one edge whose normal has slope a. In the language of [17], this is an outer
approximation; see Figure 3.1 and Lemma 3.8 ff. in [17]. For further discussion
of the relation between weight sequences and the resolution of singularities by
blow up, see the end of [16]. This contains a description of the Riemenschneider
staircase that links the weight expansion for a to the Hirzebruch-Jung contin-
ued fraction expansions for the two singular points at the vertices of the toric
model of the ellipsoid E(1,a).

Given such a sequence of edges ¢1,...,en, one can define an associated
sequence of Farey labels A1, ..., Ay as follows, starting with the last e that is
labeled by Ay := 1.

(x) Ifej,j > n, is labeled by A, label €, with the sum of the labels of the
edges €5,j > n, that intersect ey,.

Definition A.4. If a = p/q has Farey diagram with labels A\;,1 < i < N,
the Farey weights of a are the numbers u; := \;/A; fori=1,... N.

Note that reflection in the line p = ¢ converts the Farey diagram for p/q
into that for q/p. Therefore, the Farey weights for p/q and ¢/p are equal.

These Farey weights are the weights considered in [17]. Our aim in this
section is to show that these agree with the weights w(a) of Definition 1.2.5.

Ezample A.5. One can see from Figure A.1 that when p/q = 5/3, the
labels \; (in decreasing order) are Ay = 1, A3 = 1, Ao = 2, A; = 3, which gives
the Farey weights 1, %, %, % These agree with the weight expansion constructed
in Definition 1.2.5.

In the following we will denote the distinct Farey labels for a = p/q by
hiy > hg > --- > hg > 0 and will suppose that they occur with multiplicities
ni,...,ng. Thus we write

(A Az, Aw) = (RI™, .. b)),
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PROPOSITION A.6. Let hy > --- > hg > 0 be the distinct Farey labels for
a =p/q and suppose that they occur with multiplicities ni,...,ng.
(i) If a € (k,k + 1], then ny = k and hy = q, ha = p — kq;
(ii) Ifa € [1/(k+1),1/k), then ny = k and hy = p, he = q — kp;
(iii) In both cases the h; for 1 <i < S satisfy the recursion relation
hi = nit1hip1 + hite,
where hgy1 := 0.

COROLLARY A.7. For all a > 1, the weights w(a) of Definition 1.2.5 are
the Farey weights of a.

Proof. If we write w(a) as w(a) = (1X€1,m§<€2, e ,xIXfK), then Defini-
tion 1.2.5 implies that the z; are characterized by the properties that z; = 1,
x; > zi+1 > 0 and the recursive relation

x; = Lip1Ti41 + Tigo.

Since the \; are positive and nonincreasing, Proposition A.6 shows that Farey
weights A; /A1 have precisely the same characterization. ([

Proof of Proposition A.6. Reflection in the line p = ¢ converts the Farey
diagram for p/q into that for ¢/p. Therefore statements (i) and (ii) are equiv-
alent. We will prove all three statements together by an inductive argument.

We use the extended diagram obtained by adding to the edges €1,...,en
the edge ¢ with normal vo = (0,1) and the edge e_; with normal v_; = (1,0).

When a > 1, we order them as €_1,€q,¢€1,..., and then label these as in (k)
above; when a < 1, we order them as €p,e_1,€1,..., and then label them
using (x).

If £k < a < k+1, the Farey expansion starts with 1,2,...,k, k 4+ 1 and
then contains further elements between k& and k& + 1. It follows that n; = k.
Further, because the only edges meeting ¢ are €1, ...,c541, We have

(A.O.Q) Ao = kM + )\k+1 =n1h1 + hs.

Similarly, because the only edges meeting _1 are g9 and €1, we have A_; =
Ao + A1. Therefore (i) is equivalent to

(iv) ny =k and Ao =p, A\o1 =p+q when p/q > 1.
Similarly, if @ € (1/(k + 1),1/k) we find that
ni ==k, A1 =FEN+XNg1 =n1h1 +ha, Xo=A_1+ A
Hence (ii) is equivalent to
(V) np =k and Aoy =q, No=p+ q when p/q < 1.
We argue by induction on N, the length of the Farey expansion of a. By

symmetry, it suffices to consider the case when a € (k, k+1]. The result is clear
when a = k + 1 (and also for the trivial case a = 1, which has a single label
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A1 = 1). Point (i) is easily checked when N = k+2 since then p/q = (2k+1)/2.
Similarly, one can check it for the two numbers (3k + 1)/3, (3k + 2)/3 with
N =k + 3. (Note that vg1o = (2,2k + 1) and vjy3 is either (3,3k +1) =
(Lk)® (2,2k+1) or (3,3k+2) =(2,2k+1)&® (1,k+1).) Now, consider the

matrix
k+1 -1
A =
—k 1

that takes the vectors (1,k),(1,k+1) to (1,0) =v_1,(0,1) = vp. Then

" <q> _ ((k+1)q—p) _ (q’)
P —kq+p P’

Therefore if p/q =: k + x, we find p'/¢’ = /(1 — x). In particular, p/'/¢’ > 1 if
and only if x > 1 — z, i.e., exactly if no = 1.

Because det Ay = 1, A preserves the Farey addition relation between ad-
jacent normals. Hence if v1 = (1,1),v9,..., vy are the normals in the diagram
for p/q, the normals for the diagram for p'/q’ are

Apvgro = (1,1), Apvpgs, -, Apon.

In fact one could construct the diagrams for p/q and p’/q’ so that there is
an affine transformation obtained by following Aj by a suitable translation
that takes the standard diagram for p/q to the extended diagram for p’/q’.
Therefore, if p'/q’ > 1, the labels Ag, Agt1,...,An for p/q equal the labels
A A AL Ny of the extended diagram for p’/¢’. Hence
if p'/qd > 1, then ng = 1 and the multiplicities for p'/q" are ns, ..., ng
with corresponding labels hs, ..., hg.
Therefore, because the recursive relation (iii) holds for p’/¢’, it holds for p/q and
i>3. Further, by equation (A.0.2) and (iv) applied to p'/q¢’, \j =nshst+hsa=p
and A, = X\ + \] = p' + hs. Therefore, since ng = 1,

hy = Agp1 = Ng =nshg +ha =p', h1 =X =\_| =ngha + hs.

This shows that (iii) holds for p/q. Moreover, ho = p’ = p — kq and, by (i) for
p'/q', wefind hy =p' + b =p' +¢ =q¢.

This completes the proof when p'/¢’ > 1. When p//¢’ < 1, the proof is
similar. By (v), the labels A\j, ' 1, A}, ... (note the reordering) for the extended
diagram for p'/q’ are A\p+Ag11, Ak, Akt2, - - ., with first multiplicity n} = ng—1.
Further details will be left to the reader.

Appendix B. Computer programs

B.1. Computing c(a) at a point a. In this section we describe a Math-
ematica program SolLess[a,D] that finds for a rational number a and a
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natural number D all classes (d;m) € € with {(m) = ¢(a) and p(d;m)(a) >
va and d < D. We have applied this program in the proof of Theorem 5.2.3
to eight numbers z;, = 7% in [7 %, 8]. The present program can be used for
all a. By removing one line, one obtains a program finding all obstructive
solutions at a with d < D (not just those with {(m) = ¢(a)).

Recall from Remark 5.2.6 that instead of using the code SolLess, one can
use the algebraic method from the proof of Lemma 5.2.5 to find all obstructive
classes (d;m) at z, with ¢(m) = £(zr). We have chosen to use this code
for convenience and because it might be helpful for understanding the more
involved code of Section B.2.

We start with computing the weight expansion w(a) of a rational num-
ber a. For convenience, we use that the multiplicities of w(a) are given by the
continued fraction expansion of a.

W[la_] := Module[{aa=a,M,i=2,L,u,v},
M = ContinuedFraction[aa];
L = Table[1, {j,M[[111}];
{u,v} = {1,aa-Floor[aal};
While[i <= Length([M],
L = Join[L, Table[ v, {j,M[[1]11}] 1;
{u,v} = {v,u - M[[i]] v};
i++];
Return[L] ]
For instance, W[3+2/3] yields {1,1,1,2/3,1/3,1/3}.

We next give for each natural number £ a list of four vectors, from which
we will construct candidates for the vectors m:

P[k_] := Module[{kk=k,PP,TO,i},

TO = Table[0,{u,1,k}];
TOp = ReplacePart[TO0,1,1];
T1 = Table[1,{u,1,k}];

Tim = ReplacePart[T1,0,-1];
PP = {T0,TOp,T1,Tim};
Return[PP] ]

For instance, P[3] yields {0, 0, 0}, {1, 0, O}, {1, 1, 1}, {1, 1, O} .

Our next task is to construct for given a all candidate vectors m. To this
end we first take a given multiplicity vector M, say (ki, k2, k3), and associate to
it all vectors of length ki + ko + k3 such that the jth block is a vector from
P[k;]. In the example we thereby obtain 43 vectors. We use the sets P[k] and
a recursion:
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Difference[M_] := Module[{V=M,vN,V1,1,L={},D,PP,i,j,N},
1 = Length[V];
If{ 1 ==1, L =P[ V[[1]1] 1];

If[ 1> 1,
vN = V[[-1]1];
V1 = DeletelV,-1];
D = Differencel[V1];
PP = P[vN];
i =1,
While[ i <= Length[D],
j=1;

While[j <= Length[PP],
N = Join[ D[[il], PP[[j1] 1;
L = Append[L,N];
j++1;
i++] 1;
Return([L] ]

We now take a positive rational number a and d € N and compute all
solutions of the Diophantine equation with d given that are obstructive at a:
We first take the multiplicity vector M of w(a) and then round down each of
its entries, getting F'. In view of Lemma 2.1.7, an obstructive multiplicity
vector m must be of the form F+D[[i]], where D[[i]] is the ith vector from
the list Difference [W[a]]. We therefore run through this list, and each time
check whether V=F+D[[i]] is a solution of the Diophantine system, has last
entry positive and is obstructive: p(d;V)(a) > /a. If all three conditions are
fulfilled, we add V to our list and also retain d:

Solla_,d_] := Module[{aa=a,dd=d4,M,F,D,i,V,L={3}},

M = ContinuedFraction[aa];

F = Floor[ dd/Sqrt[aal W[aal ];
D = Difference[M];

i=1;

While[i <= Length[D],
V = Sort[F+D[[i]], Greater];
SV = Sum[ V[[jl], {j,1,Length[V]} ];
If[ {sv, V.V} == {3dd-1, dd"2+1}
& V[[-1]]1 > 0O
&& Wlaal.V / dd >= Sqrt[aal,
L = Append[L, V] 1;
i++];
Return[{dd,Union[L]}] 1]
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For instance, So1[7 + 1/8, 48] yields
{48,{{18,18,18,18,18,18,18,3,2,2,2,2,2,2,2}} .

Remark B.1. (i) We were not at all economical when constructing the list
Difference[M]: In view of Lemma 2.1.7, for an obstructive vector F+D[[i]],
there is at most one k; such that the vector P[k;] appearing in D[[i]] can
have both 0 and 1 as entries. We have chosen this form of the program to
make it more readable.

(ii) In the main body of the paper, we applied this program only to the

2
2k+1°
by Lemma 5.2.7. We did not use this information so as to make the program

applicable also at other points, e.g. to 7% in order to check Lemma 5.2.5 (at
least for all d < 2000 or so).

eight numbers 2z, = 7 and for these numbers we know that m; = msy

(iii) Recall from Lemma 2.1.3 that for every (d; m) that gives an obstruc-
tion at a, we have £(a) > ¢(m). The condition V[[-1]] > 0 asked in Sol[a,d]
is therefore equivalent to ¢(a) = ¢{(m). By removing this condition, we obtain
a program finding all obstructive solutions (d;m) at a.

We finally collect, for given @ and D € IN, all solutions that are obstructive
at a and have d < D:

Solless[a_,D_] := Module[{aa=a,DD=D,d=1,Ld,L={}},
While[d <= D,
Ld = Sol[aa,d];
If[ Length[ Ld[[2]] ] > O,
L = Append[L,Sol[aa,d]]
1;
d++];
Return([L] 1]

B.2. Computing c(a) on an interval. In this section we describe a Math-
ematica program InterSolLess [k,D] that provides, for a natural number D,
a finite list of candidate classes (d;m) € £ with {(m) = ¢(a) and p(d;m)(a)
> /a and d < D for some a € ]7%4_1,7%[, a # zp, where z, = [7;k,2]. We
have applied this program in the proof of Theorem 5.2.3 to the eight intervals
]7,{—411,7%[, k € {1,...,8}. Throughout we assume that a,b and the m; are
positive integers.

Our first goal is to list for a given pair a, b all solutions of the Diophantine

system

a = Z’L mi,
(B.2.1) {b iy
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To illustrate our method, let us find in an algorithmic way the solutions m
of (B.2.1) for (a,b) = (4,6). It suffices to list solutions m = (mqy,ma, ..., my)
with mq1 > meo > -+ > myy. We must have mq < L\@J = 2. We therefore try
with m; = 1 and m; = 2. For a solution m, the next numbers (mg, ms,...)
must fulfill (B.2.1) with (a,b)=(4—-1,6—1)=(3,5) and (a,b)=(4—2,6—4)=
(2,2). In the first case (when m; = 1), we only need to try with mq = 1.
The next numbers (ms, ... ) of a solution must then fulfill (B.2.1) with (a,b) =
(3—1,5—1) = (2,4). Then a® = b so that the only solution is m3 = 2. But
m3 = 2 > 1 = mg, whence we discard the solution (1,1,2). In the second
case (when m; = 2), we try to find numbers (mg, ms,...) solving (B.2.1) with
(a,b) = (4 —2,6 —4) = (2,2). We only need to try with my = 1, and then we
want to solve (B.2.1) with (a,b) = (2— 1,2 —1) = (1,1) for mg. Since a® = b,
the only solution is m3 = 1. We therefore find the solution m = (2,1, 1).

The code Solutions[a,b] below does the same thing by a recursion. Note
that if a® < b, then (B.2.1) has no solution.

Solutions[a_,b_] := Solutions[a,b,Min[a,Floor[Sqrt[b]]]]

Solutions[a_,b_,c_] := Module[{A=a,B=b,C=c,i,m,K,j,V,L={3}},
If[ A"2 < B, L={}1;
If[ A~2== B,
If[ A > C, L={}, L={{A}} 1 T;
If[ A"2 > B,
i=1;
m = Min[Floor[Sqrt[B]],C];
While[i <= m,
K = Solutions[A-i,B-i"2,i];
3=1;
While[j <= Length[K],

V = Prepend[ K[[j1], il;
L = Append[L,V];

jH+

1;

i++]
1;
Return[Union[L]] 1]
Notice that applied to (a,b) = (3d — 1,d? + 1), the above algorithm lists all
solutions of our principal Diophantine equation. For large d, however, there
are many solutions. We shall therefore directly choose the first 7 + k + 1
numbers m;, using that for obstructive solutions the vectors m and w(a) must
be essentially parallel, and shall then use the code Solutions only to choose
the remaining mr4 49, ... .
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It will be useful to have a short expression for the sum of the entries of a
vector L:

sum[L_] := Sum[ L[[j1], {j,1,Length[L]1} ]

For given k > 1, the following code gives three vectors of length 7+ k that
have all entries equal to 0 except that the last entry of the first vector is —1
and the eighth entry of the third vector is 1:

P[k_] := Module[{kk=k,PP,TO0,i},
TO = Table[0,{i,7+kk}];

Tm = ReplacePart[TO,-1,-1];
Tp = ReplacePart[T0,1,8];
PP = {Tm,TO,Tp};

Return[PP] ]
For k = 4, this gives {07,0,0,0,—1}, {07,0,0,0,0}, {07,1,0,0,0}. We shall
use these vectors to take into account that the m; may not be constant on the
second block.

Fix d € N and k € {1,...,8}. Assume that m is such that ( ;m) €
and such that ¢(m) = £(a) and 1(d; m)(a) > \/a for some a € |73, TH].

’
In view of Lemma 2.1.7, we have m; = my. Moreover, since ]e \ < % < %

and a < 7%,

and hence m; > ml := Round( 7d+1>' In the same way we see that m; <
%

M1 := Round <\/d71> The number m; = mys must therefore be in the
T+t

interval [m1, M1].
Next, consider m; for j € {8,...,7+ k}. For a = 7+ x, we have k%rl <
< % Therefore,

mj = x"‘gy \/7k+1 —1

and hence

d 1 d 1
m; > mx := ’7-‘ —1=_Ceiling | ——=—— | —
/7%]{:4—1 /7%14:4—1

In the same way we see that

d 1 d 1
m; <Mx = | ——= + 1 =Floor | —— + 1.
7k+1 k 7k+1 k

The numbers mg, ..., m74x must therefore be in the interval [mx, Mx].
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Since a e]?k%rl,?%[, we have {(m) = {(a) > 7+ k + 1. Lemma 2.1.8(i)
applied to the second block shows that [m7 — (mg+ -+ +mrig) — Mrips1)| <
Ceiling (x/kr—l—2> — 1. Note that we can assume that m; >mgo > -+ > myyp1
and that myg41 > 1.

Using this information about my, ..., m71r+1, we build a preliminary list
of vectors m as follows. We first take all possibilities for mq,..., mryigi1
into account. Since the full vector m solves the Diophantine equation for d,
the remaining numbers my gio,...,my must solve the Diophantine equa-
tion (B.2.1) with

T+k+1 THk+1

a=3d—1— > m; b=d+1- > mi
i=1 i=1
Note that we can assume that ¢ > 0 and b > 0. We then take the list
Solutions[a,b,M[[-1]1] of all solutions to (B.2.1) for which all m; are at
most my4x+1, and append each such solution to (mq,...,m7ig+1). It could
be that the only solution is 0 (namely if @ = b = 0); in this case we remove the
entry 0:

Prelist[k_,d_] := Module[{kk=k,dd=d,u,v,ml,M1,mx,Mx,f,t,
PP,M,MM,i=0,j=0,s=1,S,T,K,1,L={}},
u = 1/(kk+1);
v = 1/kk;
ml = Round[dd/Sqrt[7+v]];
M1 = Round[dd/Sqrt[7+ul]l;
mx = Floor[dd/Sqrt[7+v] ul-1;
Mx = Ceiling[dd/Sqrt[7+u] v]+1;
f = Ceiling[Sqrt[kk+2]-1];
t = -f;
PP = P[kk];
While[i <= Mi1-mi1,
While[j <= Mx-mx,
While[s <= 3,
While[t <= f,

M = Join[ Table[mi+i, {u,7}], Table[mx+j, {u,kk}] 1;
M =M+ PP[[s]];

S = Sum[ M[[ul], {u,8,8+kk-1}];

M = Append([M, M[[7]1]-S+t];

T=1;

If[ M == Sort[M,Greater] && M[[-1]] > 0, T=1, T=0];

sum [M] ;
= 3dd-1-S;
dd"2+1-M.M;

W =
|
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If[ Min[A,B] < 0, T=0];

If[ T==1,
K = Solutions[A,B,M[[-1]1]1];
1=1;

While[l <= Length[K],
MM = Join[ M,K[[1]] 1;
While[ MM[[-1]] == 0, MM=Drop([MM,-1] 1;
L = Append[L,MM];
1++
]
1;
t++];
t=-1;
s++];
s=1;
j++1;
3=0;
i++];
Return[{dd,Union[L]1}] 1]

Many of the solutions (d;m) in Prelist[k,d] are not obstructive. The
next code removes most of these solutions:

InterSol[k_,d_] := Module[{kk=k,dd=d,L,M,T,K={},i=1,1,rest},
L = Prelist[kk,dd] [[2]];
While[i <= Length[L],

M = L[[i]];
1 = Length[M];
T =1;

If[ 1 <=7 + kk + 2, T=0];
If[ M[[-2]1]1-M[[-1]1] > 1, T=0 1;
If[ ML[-31]1 > M[[-2]]1 + 1
&& Abs[ M[[-31]1-M[[-2]]1-M[[-11]1 1 > 1, T=0 1;
If[ kk==1 && 1 >= 10,
If[ M[[9]1] - M[[101] > 1 &&
Abs[ M[[8]] - (M[C[91]1 + M[[101]1) 1 > 1,
T=0 11;
rest = Sum[ M[[jI1], {j,8+kk,1} ];
If[ M[[7+kk]] - rest >= Sqrt[l-kk-6], T=0 1;
If[ T==1, K = Append[K, M] ];
i++];
Return[{dd,K}] 1]
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Recall that a € ]7#,7%[, a # zi, where z, = [7; k,2]. In particular, ¢/(m) =
l(a) > 7T+ k + 2. We then test the very end of m. Since the last block has
length at least 2, we must have mpy;_1 = mas + 1 or myr—1 = mys in view of
Lemma 2.1.7.

We next exploit Lemma 2.1.8. If my;_9 > mp;—1 + 1, then we know that
the length of the last block is 2 and ms_9 belongs to the before the last block.
Lemma 2.1.8(ii) then shows that |mar—o2 — (ma—1 + mar)| < 1. In the next
test we apply the same lemma to the special situation where k = 1 and where
we know that the third block has length 1.

In the last test we apply Lemma 2.1.8(ii) with j =7 + k.

We finally take the union over d < D of the solutions in InterSol[k,D]:

InterSolless[k_,D_] := Module[{kk=k,DD=D,LL={},Q,d=1},
While[d <= DD,
Q = InterSoll[kk,d];
If [Length[Q[[2]1] > O,
LL = Append[LL,Q1];
d++];
Return([LL] ]
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