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Immersing almost geodesic surfaces in
a closed hyperbolic three manifold

By JEREMY KAHN and VLADIMIR MARKOVIC

Abstract

Let M2 be a closed hyperbolic three manifold. We construct closed
surfaces that map by immersions into M? so that for each, one the corre-
sponding mapping on the universal covering spaces is an embedding, or, in
other words, the corresponding induced mapping on fundamental groups is
an injection.

1. Introduction
The purpose of this paper is to prove the following theorem.

THEOREM 1.1. Let M3 = H?3/G denote a closed hyperbolic three manifold
where G is a Kleinian group, and let € > 0. Then there exists a Riemann
surface S- = H?/F. where F. is a Fuchsian group and a (1+¢)-quasiconformal
map g : OH? — OH3, such that the quasifuchsian group goF.og™' is a subgroup
of G. (Here we identify the hyperbolic plane H? with an oriented geodesic plane
in H3 and the circle OH? with the corresponding circle on the sphere OH3.)

Remark. In the above theorem the Riemann surface S. has a pants de-
composition where all the cuffs have a fixed large length and they are glued by
twisting for +1.

One can extend the map g to an equivariant diffeomorphism of the hy-
perbolic space. This extension defines the map f : S. — M3, and the surface
f(S:) € M3 is an immersed (1+¢)-quasigeodesic surface. In particular, the sur-
face f(S:) is essential which means that the induced map fi : m1(Se) — m1(M?)
is an injection. We summarize this in the following theorem.

THEOREM 1.2. Let M? be a closed hyperbolic three manifold. Then we
can find a closed hyperbolic surface S and a continuous map f : S — M? such
that the induced map between fundamental groups is injective.
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Let S be an oriented closed topological surface with a given pants de-
composition C, where C is a maximal collection of disjoint (unoriented) simple
closed curves that cut S into the corresponding pairs of pants. Let f : § — M?
be a continuous map and let ps : 71(S) — m1(M?) be the induced map between
the fundamental groups. Assume that py is injective on 7 (II) for every pair
of pants II from the pants decomposition of S. Then to each curve C € C we
can assign a complex half-length hl(C) € (C/27miZ) and a complex twist-bend
s(C) € C/(h1(C)Z + 2miZ). We prove the following in Section 2.

THEOREM 1.3. There are universal constants € Ko > 0 such that the
following holds. Let € be such that € > e > 0. Suppose (S,C) and f: S — M>3
are as above, and for every C' € C, we have
€

R
|h1(C) — 5| <eg, and |s(C) — 1| < 7

for some R > R(e) > 0. Then py is injective and the map af : 08 — OM?
extends to a (1 + Koe)-quasiconformal map from OH? to itself. (Here S and
M3 denote the corresponding universal covers.)

It then remains to construct such a pair (f,(S,C)). If II is a (flat) pair
of pants, we say f : II — M?3 is a skew pair of pants if py is injective, and
f(OII) is the union of three closed geodesics. Suppose we are given a collection
{fa : Ty — M3} e of skew pants, and suppose for the sake of simplicity that
no f, maps two components of 91l to the same geodesic.

For each closed geodesic v in M3, we let A, = {a € A: vy € f,(9ll,)}.
Given permutations o, : A, — A, for all such v, we can build a closed surface
in M? as follows. For each (f,,Il,), we make two pairs of skew pants in
M3, identical except for their orientations. For each v, we connect via the
permutation o, the pants that induce one orientation on < to the pants that
induce the opposite orientation on v. We show in Section 3 that if the pants
are “evenly distributed’ around each geodesic «, then we can build a surface
this way that satisfies the hypotheses of Theorem 1.3.

We can make this statement more precise as follows: for each vy € f,(9I1,),
we define an unordered pair {ni,ns} € N'(v), the unit normal bundle to ~.
The two vectors satisfy 2(n; — ng) = 0 in the torus C/(2miZ + I()Z), where
[(7y) is the complex length of v. So we write

foot(Ily) = footy (fa,Ily) = {n1,n2} € Nl(\f’y) = C/(2miZ + hl(y)Z).

We let foot(A) = {foot,(Ily) : o € A,y € 0ll,}. (Properly speaking,
foot(A) is a labeled set (or a multiset) rather than a set; see Section 3 for
details.) We then define footy(A) = foot(A)|n1( 5). We let 7 : NY(7) —
N'(,/7) be defined by 7(n) = n + 1+ iw. If for each v we can define a
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permutation o, : A, — A, such that

€

R

and |hl(y) — §| < ¢ for all v € JI1,, then the resulting surface will satisfy the
assumptions of Theorem 1.3. The details of the above discussion are carried

| foot (I ) — 7(foot (IIy))| <

oy ()

out in Section 3.

In Section 4 we construct the measure on skew pants that after rationali-
sation will give us the collection II, we mentioned above. This is the heart of
the paper. Showing that there exists a single skew pants that satisfies the first
inequality in Theorem 1.3 is a nontrivial theorem, and the only known proofs
use the ergodicity of either the horocyclic or the frame flow. This result was
first formulated and proved by L. Bowen [1], where he used the horocyclic flow
to construct such skew pants. Our construction is different. We use the frame
flow to construct a measure on skew pants whose equidistribution properties
follow from the exponential mixing of the frame flow. This exponential mixing
is a result of Moore [10]; see also [11]. (It has been shown by Brin and Gromov
[2] that for a much larger class of negatively curved manifolds the frame flow
is strong mixing.) The detailed outline of this construction is given at the
beginning of Section 4.

We point out that Cooper-Long-Reid [5] proved the existence of essen-
tial surfaces in cusped finite volume hyperbolic three manifolds. Lackenby [9]
proved the existence of such surfaces in all closed hyperbolic three manifolds
that are arithmetic.

Acknowledgement. We would like to thank the following people for their
interest in our work and suggestions for writing the paper: Ian Agol, Nicolas
Bergeron, Martin Bridgeman, Ken Bromberg, Danny Calegari, Dave Gabai,
Bruce Kleiner, Francois Labourie, Curt McMullen, Yair Minsky, Jean Pierre
Otal, Peter Ozsvath, Dennis Sullivan, Juan Suoto, Dylan Thurston, and Dani
Wise. In particular, we are grateful to the referee for numerous comments and
suggestions that have improved the paper.

2. Quasifuchsian representation of a surface group

2.1. The Complex Fenchel-Nielsen coordinates. Below we define the Com-
plex Fenchel-Nielsen coordinates. For a very detailed account, we refer to [12]
and [8]. Originally the coordinates were defined in [13] and [8].

A word on notation. By d(X,Y) we denote the hyperbolic distance be-
tween sets X,Y C H?. If v* C H3 is an oriented geodesic and p,q € ~*,
then d.«(p,q) denotes the signed real distance between p and ¢. Let o, 5*
be two oriented geodesics in H3, and let v* be the geodesic that is orthogonal
to both o* and f*, with an orientation. Let p = o* N y* and ¢ = 5* N ~*.
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Let u be the tangent vector to o* at p, and let v be the tangent vector to 5*
at ¢. We let v/ be the parallel transport of u to ¢. By d«(a*, 5*) we denote
the complex distance between o* and * measured along v*. The real part
is given by Re(dy:(a*, 5*)) = dy«(p,q). The imaginary part Im(d,-(a*, 5%))
is the oriented angle from v’ to v, where the angle is oriented by v* which is
orthogonal to both v’ and v. The complex distance is well defined (mod 2ki),
k € Z. In fact, every identity we write in terms of complex distances is
therefore assumed to be true (mod 2k7i). We have the following identities:
d (o, ) = —d+ (8%, a*), d_y«(a*, %) = —d = (a*, %), and d« (—a*, B*) =
d- (o, B*) + im.

We let d(a*, 5*) (without a subscript for d) denote the unsigned complex
distance equal to d.«(a*, %) modulo (z — —z). We will write d(a*, 5*) €
(C/2miZ)|Zs, where Zs of course stands for (z — —z). We observe that
d(a”, %) = d(f*, o) = d(—a*, =) = d(=f", —a”).

For a loxodromic element A € PSL(2,C), by 1(A) we denote its complex
translation length. The number 1(A) has a positive real part and it is defined
(mod 2kmi), k € Z. By v* we denote the oriented axis of A, where «* is oriented
so that the attracting fixed point of A follows the repelling fixed point.

Let I1° be a topological pair of pants (a three holed sphere). We consider
I1° as a manifold with boundary; that is, we assume that II° contains its cuffs.
We say that a pair of pants in a closed hyperbolic three manifold M? is an
injective homomorphism p : 71 (II°) — 71(M?3), up to conjugacy. This induces
a representation

p: (1Y) — PSL(2,C),

up to conjugacy, which in general we also call a free-floating pair of pants. A
pair of pants in M? is determined by (and determines) a continuous map f :
I1° — M3, up to homotopy, and free-floating pair of pants likewise determines
a map

[ — B/ p(m (1) = M),

up to homotopy.

Suppose p : m(II°) — PSL(2,C) is a free-floating pair of pants, and
suppose p = fi, where f : II° — M,. We orient the components C; of o110
so that II° is on the left of each C;. For each 4, there is a unique oriented
closed geodesic 7; in M, freely homotopic to f(Cp). Now let a; be the simple
nonseparating arc on I1° connecting C;—1 and C;11. (We take the subscript
(mod 3).) We can homotop f so that f maps each C; to ; and maps a; to an
arc 7; from ;_1 to ;41 that is orthogonal at its endpoints to v;—1 and v;+1.

While such an f is not unique, the 1-complex made of the v; and the »;
together divide f(I1°) into two singular regions whose boundaries are geodesic
right-angled hexagons. Because the geometry of each of these two hexagons
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is determined by these unsigned complex distances dy,(vi—1,7i+1), the two
right-angled hexagons are isometric.

Let us fix for the moment ¢ € {0,1,2}. We then orient n,—; and 7,11 to
point away from +; (so the signed complex distance d,,_, (i, vi+1) has positive
real part). Recall that d,(7;—1,7i+1) denotes the signed complex distance
from 7;_1 to n;11, along ;. Because the two hexagons are isometric,

dy; (i1, Mit1) = dy; (Mig1, Mi1)-
We let
hl(7i) = dy, (-1, Mit1)-

We can also think of this definition on the universal cover H? as follows.
We conjugate p so that there is a lift 7; of 7; to H? = {(z,y,2) : 2 > 0} that
connects 0 and co. We let A,, € PSL(2,C) be such that v; = 7;/(A,,). Then
A,, : H? — H3 extends to map C = 9H to itself by z s !0 . 2,

Moreover, the lifts of n;_1 and 7,41 that intersect 7; will alternate along
¥ (so we can define d.,(9;—1,7i+1) as d% (Mi—1,7Mi+1), where 7,1 is a lift of
n;—1 that intersects 4; and 7;+1 is the next lift of 1;41 along 7;). If we define
VA, € PSL(2,C) so that it maps z — ePl(%i) . 2, then it will map the lifts of
1;—1 to the lifts of n;11, and vice verse.

Moreover, the unit normal bundle N'(5;) is a torsor for C* = C/27iZ,
and the unit normal bundle N1(v;) is a torsor for

C*/<A'Y7,> = C/Qﬂ'iZ + 1(’71) - L.

Remark. Let G be a group, and let X be a space on which G acts. We
say that X is a torsor for G (or that X is a G-torsor) if, for any two elements
x1 and x9 of X there exists a unique group element g € G with g(x1) = x2.

By a mild abuse of notation, we let

NY(7) = NYF)/ (VA

This is a torsor for

C*/ (/A ) = C/2miZ + hl(v;) - Z.

For i # j, 4,7 =0,1,2, we let n(i, j) € N'(y;) be the unit vector at ~; Nn;
pointing along 7;. Then /A, interchanges n(i,i—1) and n(i,i+1), so we can
think of the unordered pair {n(i,i — 1),n(i,i+ 1)} as an element of N'(,/7;).
We call this element foot., (p) or foot, (f), where f : II° — M, is a map whose
homotopy class is determined by p.

If p: m (1Y) — PSL(2,C) is a representation for which hl(C) € R for
each C € 911V, then, after conjugation, p(r(II°)) € PSL(2,R) < PSL(2,C),
and H?/p(m1(I1°)) is a topological pair of pants (homeomorphic to the interior
of TI%). Also the converse is true: if we are given p : 71 (II°) — PSL(2,R) and
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H?2/p(m1 (%)) is homeomorphic to the interior of I, then h1(C') € RT for each
cuff C € o11°.

Now suppose that S° is a closed surface (of genus at least 2) and C° a
maximal set of simple closed curves on S°. (The curves in C° are disjoint,
nonisotopic and nontrivial.) By C* we denote the set of oriented curves from
C°. (Each curve is taken with both orientations.) A pair of pants II for (S°,C?)
is the closure of a component of S°\ JC?, and a marked pair of pants is a
pair (II, C'), where C' € C* is an oriented closed curve such that C' € JII, and
C lies to the left of II. For any marked pair of pants (II, C'), there is a unique
marked pair of pants (II', C’) such that ¢’ = —C' (where —C denotes the curve
C but with the opposite orientation). We observe in passing that II can be
equal to IT'.

Now suppose that

p:m(SY) = PSL(2,C)
is a representation that is discrete and faithful when restricted to m (II) for each
pair of pants IT in S°\|JC°. By M, we again denote the quotient H?/p(m(S)).
Suppose that p = f, for some continuous map f : S — M »- Then for each

marked pair of pants (II, C'), we let v be the oriented geodesic freely homotopic
to f(C). As before, we define hly(7y) using f|m.

Let (IT',C") be the marked pair of pants such that ¢’ = —C. Then

hln( ) = hl/(C ) or hl(C) = hlyy(C) + im. In the former case, (/Ay) =

(/Ay), so NY(/7) = N'(v/7) literally. In this case we write hl(C) =
hl (C) th/(C)

Definition 2.1. Let S° and C° be as above. We say that a representation
p:m(S%) — PSL(2,C)
is viable if
e p is discrete and faithful when restricted to 71 (II) for each pair of pants
ITin SO\ YC
e hl(C) = hl(C) = hl(C) for each C € C°, where IT and I’ are two
pairs of pants that contain C.

Given a viable representation p : 71 (SY) — PSL(2,C), we let
5(C) = foot(p|m) — foot/ (p|m) — im.
Then s(C) € C/2miZ +hl(C) - Z. If we reverse the roles of (I, C') and (II', "),
we negate the difference of the two feet, but we also reverse the orientation of
7, so we get the same element s(C) € C/2miZ + hl(C) - Z. The coordinates
(hl1(C), s(C)) are called the reduced complex Fenchel-Nielsen coordinates for p.

The following is the main result of this section and it will be used later in
the paper.
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THEOREM 2.1. Let 0 < € < &, where € > 0 is a universal constant. Then
there exists Ry = Ro(g) > 0 such that the following holds. Let S° be a closed
topological surface with a pants decomposition C°. Suppose that p : w1 (S°) —
PSL(2,C) is a viable representation such that

e

R
|h1(C) — 5| <eg, and |s(C)—1] < 7

for some R > Ry > 0. Then there exists a viable representation pg : 1 (SY) —
PSL(2,C) such that h1(C) = R and s(C) = 1 for all C € C° and a K -quasi-
symmetric map h : OH3 — OH? so that h=Lpg(m1(S))h = p(71(S°)), where
K = K(¢) and K(g) — 1 uniformly when € — 0. In particular, the represen-
tation p is injective and the group p(m1(S?)) is quasifuchsian.

2.2. Holomorphic families of representations. In this subsection we state
Theorem 2.2 that will imply Theorem 2.1. The rest of Section 2 is devoted to
proving Theorem 2.2.

Fix a closed surface S° with a pants decomposition C°. Fix a pair of pants
II from S°\ C°, and let Cy, Cy,Cy € C° denote the cuffs of II. The inclusion
I — SY induces an embedding m; (I1) — 71(S%). (Such embedding is well
defined up to conjugation.) Let cg,c; € m(II) C m1(S°) be elements in the
conjugacy classes corresponding to Cy and C' respectively.

Let p : m1(S%) — PSL(2,C) be a viable representation. After conjugating
p by an element of PSL(2,C), we may assume that the axis of p(cg) is the
geodesic in H? that connects 0 and oo (such that 0 is the repelling point) and
that the point 1 € OH? is the repelling point of p(c1). (Such a conjugation
exists since p is viable and the restriction of p to 71 (II) is injective.) Such p is
said to be normalized. (The normalization depends on the choice of ¢y and ¢;
but we suppress this.)

Let R > 0, and let © denote the set of all pairs (z¢,w¢), C € C°, where
for each C', we have

(1) z¢ € C/2miZ and |z¢ — & < 1,

(2) we € C/2miZ + z¢ - Z and |s(C) — 1| < %.

For simplicity we let z = (2¢)ceco and w = (we)ceeo- It follows from [8]
and [12] that when R is large enough (say R > 2), for each (z,w) € Q there

exists a normalized viable representation p : m1(S°) — PSL(2,C) such that
hl(C) = z¢ and s(C) = we.

Remark. The representation p is not unique since (hl(C), s(C')) are the
reduced complex Fenchel-Nielsen coordinates and they determine the normal-
ized representation only if we specify the marking of the cuffs. (That is, a
normalized viable representation is uniquely determined by the choice of the
(nonreduced) Fenchel-Nielsen coordinates.)
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Suppose that we are given a normalized viable representation p : 71(SY) —
PSL(2,C) such that [hl(C) — £| < 1 and |s(C) — 1| < %, where (h1(C), s(C))
are the reduced complex Fenchel-Nielsen coordinates for p’. Let zi = hl(C)
and wy, = s(C). Then (2/,w') € Q. It then follows from [8] and [12] that
for each (z,w) € €, there exists a unique normalized viable representation
pew : m(SY) — PSL(2,C) such that

e zc = hl(C) and we = s(C), where (hl(C),s(C)) are the reduced
complex Fenchel-Nielsen coordinates for p. ,;
e the family of representations p, ., varies holomorphically in (z,w);

/!
e P =P

Definition 2.2. For C € C° let (c,nc € D, where D denotes the unit
disc in the complex plane. Let 7 € D be a complex parameter. Fix R > 1
and let h1(C)(1) = $(R+ 7(¢) and s(C)(r) = 1+ T¢. By p, we denote
the corresponding normalized viable representation with the reduced Fenchel-
Nielsen coordinates (hl(C)(7),s(C)(7)). Note that p, depends on (¢, nc but
we suppress this.

It follows that p; depends holomorphically on 7. The remainder of this
section is devoted to proving the following theorem.

THEOREM 2.2. There exist constants E,g > 0, such that the following
holds. Let S° be any closed topological surface with a pants decomposition C°,
and fir Cc,mc € D for C € CO. Then for every R > R and |T| < &, the group
pr(m1(S°)) is quasifuchsian and the induced quasisymmetric map fr : OH? —
OH? (that conjugates po(m1(S°)) to p-(m1(S°))) is K (7)-quasisymmetric, where

E+|7|
K(r) = =

2.3. Notation and the brief outline of the proof of Theorem 2.2. The fol-
lowing notation remains valid through the section. Fix S°, C° and (¢, nc € D
as above. Denote by C,(R) the collection of translation axes in H? of all the
elements p,(c), where ¢ € 71(S?) is in the conjugacy class of some cuff C' € C°.
Fix two such axes C(7) and C(7), and let O(7) be their common orthogonal
in H3. Since C(7) and C(r) vary holomorphically in 7, so does O(r). (This
means that the endpoints of O(7) vary holomorphically on OH?.) Note that the
endpoints of O(7) might not belong to the limit set of the group p,(m1(S?)).

Let Cp(0),C1(0),...,Crt1(0) be the ordered collection of geodesics from
Co(R) that O(0) intersects (and in this order) and so that Cy(0) = C(0) and
Cn+1(0) = 5(0) The geodesic segment on O(0) between Cp(0) and Cp4+1(0)
intersects n > 0 other geodesics from Co(R). (Until the end of this section, n
will have the same meaning.) We orient O(0) so that it goes from Cp(0) to
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Ds

Figure 1. The geodesics O, C;, N;, F;, and D;

Cp+1(0). We orient each C;(0) so that the angle from O(0) to C;(0) is positive.
(Recall that we fix in advance an orientation on the initial plane H? C H? so
this angle is positive with respect to this orientation of the plane H?.) Then
the oriented geodesics C;(7) vary holomorphically in .

Let N;(7) be the common orthogonal between O(7) and C;(7) that is
oriented so that the imaginary part of the complex distance d;, (- (O(7), Ci(7))
is positive. Let D;(7), ¢ = 0,...,n be the common orthogonal between C;(7)
and Cj41(7) that is oriented so that the angle from D;(0) to C;(0) is positive.
Also, let F;(7) be the common orthogonal between O(7) and D;(7) for i =
0,...,n. We orient Fj(7) so that the angle from O(0) to F;(0) is positive.
Observe that Fy(1) = Co(7) and F,, (1) = Cpg1(7).

For simplicity, in the rest of this section we suppress the dependence on 7;
that is, we write C;(7) = C;, O(1) = O and so on. However, we still write
C;(0), O(0), to distinguish the case 7 = 0.
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For Theorem 2.2, we need to estimate the quasisymmetric constant of
the map f;, when 7 belongs to some small, but definite neighbourhood of the
origin in D. In order to do that we want to estimate the derivative (with
respect to 7) dp(Co, Cpy1) of the complex distance dp(Cp, Cpy1) between
any two geodesics Cp, Cp+1 € C-(R). We will compute an upper bound of
|d(Co, Crt1)| in terms of dp(Co, Cp41). This will lead to an inductive type
of argument that will finish the proof. We will offer more explanations as we
go along.

2.4. The Kerckhoff-Series- Wolpert type formula. In [12], C. Series has de-
rived the formula for the derivative of the complex translation length of a (not
necessarily simple) closed curve on SY under the representation p,. Using the
same method (word by word) one can obtain the appropriate formula for the
derivative of the complex distance do()(Co(T), Cn+1(7))-

THEOREM 2.3. Letting ' denote the derivative with respect to T, we have

(1) dp(Co, Cnp1) =) cosh(dr, (0, Di))dp, (Cy, Cisr)
1=0

n
+> " cosh(dn, (0, Cy))d, (Di—1, D;).
i=1
Proof. For each ¢ =1,...,n, consider the skew right-angled hexagon with
sides O, F;, D;, C;, D;_1, F;_1. Since each hexagon varies holomorphically in 7,
we have the following derivative formula in each hexagon (this is the formula
(7) in [12]):
(2) do(Fi-1, F;) = cosh(dy, (0, Cy))dg, (Di-1, D;)
+ COSh(dFi_1 (O, Di*l))dlDi_l (Fz‘,l, Cz)
The following relations (3), (4), and (5) are direct corollaries of the identities
Fy=Cy and F,, = C,,11. We have

(3) > do(Fi—1, F) = do(Co, Cnya).
i=1

Also

(4) d’p, (Fo, C1) = dp, (Co, C1)

and

(5) dIDn(Cn: Fn) - dan<Cnv Cn+1>-

Also for 1 =1,...,n, we observe the identity

dp,(Ci, F;) +dp,(F;, Cit1) = dp,(Ci, Cita).
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Putting all this together and summing up formula (2), for i = 1,...,n we
obtain (1). O

Let H be a consistently oriented skew right-angled hexagon with sides Ly,
k € Z,and Ly = Lyy¢. Set 0(k) =dr, (Lk—1,Li+1). Recall the cosine formula
cosh(o(k + 3)) — cosh(o(k + 1)) cosh(a(k — 1))
sinh(o(k 4 1)) sinh(o(k — 1)) '
Assume that (25 + 1) = %(R + agjt1) +im, j = 0,1,2, and azjyq € D. A
hexagon with this property is called a thin hexagon. From the cosine formula
for a skew right-angled hexagon, we have (see also Lemma 5.1 in [1])

cosh(o(k)) =

(6) 0(2§) = 2eal-Ftazss—azi=o] 4 jr 4 O(e™ 1),
From the pentagon formula, the hyperbolic distance between opposite sides in
the hexagon can be estimated as (see Lemma 5.4 in [1] and Lemma 2.1 in [12])

R R
(7) Z —10 < d(Lk,Lk+3) < Z + 10
for R large enough.

LEMMA 2.1. Suppose that |do(Co, Cpi1)| < % Then for R large enough,
the following estimate holds:

|do(Co, Cry1)] < 20e” Ze ©.D:) 4 = (max ed(O»Ci)) )

1<i<n

Proof. Let v be the geodesic segment on O(0) that runs between C;(0)
and Cj11(0). Then 7 is a lift of a geodesic arc connecting two cuffs in the pair
of pants whose all three cuffs have length R. Since the length of ~ is at most
%, we have from (7) that v connects two different cuffs in this pair of pants
and is freely homotopic to the shortest orthogonal arc between these two cuffs
in this pair of pants. This implies that there exists CecC (R) such that the
hexagon determined by Cj, Cj41 and C is a thin hexagon. Then D; is a side of
this hexagon since it is the common orthogonal for C; and C;41. Taking into
account that the orientation of D; that comes from this hexagon is opposite
to the one we defined above in terms of O and applying (6), we obtain
(8) dp,(Cj, Cjp) = 2e1RHT=0T=6Gm7l 4 O(e= 7,
where (j, (i1, Z € D are the complex numbers associated to the corresponding
C € C° in Definition 2.2. Differentiating the cosine formula for the skew right-
angled hexagon, we get

’d/Dj (Cj,Cjiq1)| < 20e*§

for R large enough. (Here we use |(¢|, |7] < 1.)
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On the other hand, d¢;(D;_1,D;) = 1+ %=L, where ;-1 € D is the
corresponding number. Differentiating this identity gives \d’cj (Dj-1,Dj)| < %.
(We use |nj—1] < 1.) Combining these estimates with the equality of Theo-
rem 2.3 proves the lemma. ([

2.5. Preliminary estimates. The purpose of the next two subsections is to
estimate the two terms on the right-hand side of the inequality of Lemma 2.1
in terms of the complex distance dp(Cp, Cp+1). We will show that

‘d,O(COa Cn-i-l)‘ < CF(dO<COa Cn—i—l)):

where C'is a constant and F is the function F(z) = ze®. We will obtain this
estimate under some natural assumptions (see Assumption 2.1 below).

Let a, 8 be two oriented geodesics in H? such that d(a, 3) > 0, and let O
be their common orthogonal (with either orientation). Let ¢o = 8N O. Let
t € R, and let ¢ : R — [ be the parametrization by arc length such that
q(0) = qo. The following trigonometric formula follows directly from the cosh
and sinh rules for right-angled triangles in the hyperbolic plane (the planar
case of this formula was stated in Lemma 2.4.7 in [4]):

(9) sinh?(d(q(t), a)) = sinh?(d(a, 8)) cosh?(t) + sinh?(¢) sin?(Im[do (a, B)]).
This yields the following inequality, which will suffice for us:
(10) sinh(d(a, B)) cosh(t) < sinh(d(q(t), a)).

From this we derive

(11) |t| < d(q(t),a) —logd(a,3) forevery t € R
and
(12) lt| <logd(q(t),a) +1—logd(c, ) when d(q(t),c) < 1.

Let v = v(7), 7 € D, be an oriented geodesic in H? that varies continuously
in 7 and such that «(0) belongs to the plane H? C H3 that contains the
lamination Co(R). (The common orthogonal O from the previous subsection is
an example of v but there is no need to restrict ourselves to O in order to prove
the estimates below.) Let C1(0),...,Ck(0) be an ordered subset of geodesics
from Cy(R) that v(0) consecutively intersects. (This means that the segment
of v(0) between C;(0) and C;11(0) does not intersect any other geodesic from
Co(R).) Orient each C; so that the angle from v(0) to C;(0) is positive. Let
N; be the common orthogonal between v and C;, and let z; = N; N C; and
zl = N; N (see Figure 2). Let D;, i = 1,...,k be the common orthogonal
between C; and Cj;1, and let w; = D; N C; and w;” = D; N C;41. As long as
the distance between z; and z;41 is at most %, then (as seen in the previous
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Co (0)

Co(0) C1(0)

Figure 2. The 2’s and the w’s

subsection), for R large enough, we have
(13) dp,(Ci, Cip1) = (24 o(1))e 57 < =3+,

where p € C and |u| < 2 (see (8)). Then it follows from the definition of C-(R)
that

™, .(R—&-T()}

+ - _
(14) de,(w”{,w; ) =1+Re { 7 J 5

for some j € Z, where n = no and ( = (¢ are the complex numbers from
the unit disc that correspond to the cuff in C' € CY whose lift is C;(0). Here
dc; (w;" {,w; ) denotes the signed hyperbolic distance.

LEMMA 2.2. Assume that d(z;,zi11) < e fori = 1,...,k — 1. Set
a; =d¢;(z,w; ). Then for R large enough, the following inequalities hold:

(1) Qi1 — a; < l—i—e’I, 1=1,....k—2;

(2) kE<R.
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Proof. Since the distance between each pair z; and z;;11 is at most e,

applying (12) and (13) to all pairs a = C; and § = Cj41 yields the inequality
R

(15) d(zi, wi 1), d(zi,w;) < 72

for each i = 1,...,k — 1. By the triangle inequality, we have

(16) dey(wiy,wy) < 3 4

On the other hand, from (14) we obtain

i (1- 5 < 2 (deurpun) +1+ T8 < 2 (F-a42).

Since |7],[¢],|n| < 1 and from (16), we get
4

1—=
il 1= ’f,
which shows that j = 0 in (14).
From (15) we have
R
1 < =
(1) i < 2

We write (using the triangle inequality)
aiv1 —a; — 1 < d(w; ,w; )+d(zz,zz+1)+|d( s Wiyp) — 1.
By (13) we have

N:o

d(w; ,wi) <e”

5. It follows from (14) (and

IE

The assumption of the lemma is d(z;, zi4+1)
the established fact that in this case j =0) t

<e
that
d(w, wi ) — 1| < \Re(

m\:

Therefore

a1 —a; —1<el,

which proves the first part of the lemma.

From (17) we have — £ < a;, Wthh implies that ax_; > (k—1)(1— _1)—%
Again from (17) we have ak_l < £, which proves
R
k< —+1<R. O

2(1 —e71)
The following lemma, is a corollary of the previous one.

LEMMA 2.3. Let v be a geodesic segment in H? that is transverse to the
lamination Co(R). For R large enough, the number of geodesics from Co(R)
that vy intersects is at most (2 + R)e’|y|.



NEARLY GEODESIC SURFACES 1141

Proof. As above, denote by C;(0), i = 1,...,k, the geodesics from Cy(R)
that  intersects. Using the above notation, let ji,...,7; € {0,..,k}, be such
that d(z;,(0),zj,+1(0)) > e~. Then

e 5
< — = .
o e’|v|

By definition, the open segment between zj,(0) and zj,41(0) does not intersect
any geodesics from Cy(R).

On the other hand, by the previous lemma the number of geodesics from
Co(R) that the subsegment of v between z;,11(0) and z;,,(0) intersects is at
most R (because the distance between any z;(0) and z;41(0) in this range
is at most e~%). Since there are at most | such segments, we have that the
total number of geodesics from Co(R) that 7 intersects is at most 2 + IR <
(24 R)e?|y|. O

2.6. Estimating the derwative |d,(Co, Cpy1)|. We now combine the nota-
tion of the previous two subsections (and set v = O). In the following lemmas
we prove estimates for the two terms on the right-hand side in the inequality
of Lemma 2.1, which are independent of R.

We first estimate the second term in the inequality of Lemma 2.1.

LEMMA 2.4. We have

n ) .
E <1r£2agxn ed(O,Cz)) < 1000d(00(0)’ Cn+1(0)) (fg%xn ed(O,Cz)) ,

where n is the number of geodesics that O(0) intersects between Cp(0) and

Cn+1(0).
Proof. From Lemma 2.3 we have
n < (24 R)e’d(Cy(0), Cry1(0)) < 1000Rd(Co(0), Cry1(0)),
which proves the lemma. [l

We now bound the first term in the inequality of Lemma 2.1 under the
following assumption.

ASSUMPTION 2.1. Assume that for some T € D, the following estimates
hold fori=0,...,n+ 1:

1
d(zi, 2(0)), d(0, C;) < 16_5-
We have

LEMMA 2.5. Under Assumption 2.1 and for R large enough, we have

n+1
20e5 Y MO < 10%(Co(0), Gy (0))e O Crra(O)),
=0
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Proof. Recall z; = N; N O. (Note zp = z) and 2,41 = 2, since O is the
common orthogonal between Cy and C),+1.) Observe that

(18) d(O,DZ) < d(zll-,zi) + d(zi,wi_) = d(O, Ci) + \az| <1+ ’CLZ‘
It follows from (11) that
|ai| = d(zl,w;) S d(ZZ', Ci+1) — log d(CZ, Ci+l)-

We observe the estimate d(z;, Ci+1) < d(z;, zi+1). On the other hand, by (13)
we have
R
dDi(Cia Cit1)=(2+ 0(1))6_z+7—'u,
so for R large enough (such that |o(1)| < 1) we find that (using the estimate
[Tpl < 1)
R
d(Cy,Ciq) > e a1
that is, —log d(C;, Cit1) < & + 1. It follows that
R
lai| < d(z,zi01) + zt 1.
From

6_5

(19)  |d(zi, 2i41) — d(2i(0), 2141 (0))] < d(2i, 2i(0)) + d(zit1, 241(0)) < —-

and d(z;(0), zi+1(0)) < d(Cp(0),Crt1(0)), we obtain
(20) jail < 24 d(Co(0), Coir (0)) + 2.

Let ji,...,51 € {1,..,n — 1}, be such that d(zj,,zj,+1) > e °. (Note that
[ = I(7) depends on 7.) Set jo = 0 and jj;;1 = n. From (19), we have
d(z,(0), 2j,+1(0)) > &~ for each 1 < i < I. The intervals (;(0),z+1(0))
partition the arc between z((0) and z,+1(0), so we get
d(C0(0), Cn41(0))

e—5
2

Let 0 < i <I+1. For j; +1 <t < jiy1, we have d(z, zi41) < e . It
follows from Lemma 2.2 that

(21) < = 2e¢5d(Cy(0), Crit1(0)).

1

— < Qg1 — Gy
5 t+1 ¢
We see that in this interval the sequence a; is an increasing sequence. Com-
bining this with (20) and (18), we obtain

Ji+1

oo
(22) Z ed(O,Dt) S 2e§+d(00(0),0n+1(0))+3 Z e—é
t=j;+1 t=0

< 200e 1 T4(C0(0).Cn41(0))
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We have
n+1 I+1 Jit+1
Z eO0,D;) < (l + 1) max e%0.Di) + Z Z MO, Dy)
, i=0,....,n+1 , ,
=0 1=0t=7;+1

By (18) and (20) we have

cUO.Di) < F+d(Co(0).Cns1(0)+2,

Also, by (21) and (22) we have

I+1 Jit1
S Y HOP) < (265(Co(0), Cr (0) + 1) x 200¢ T HACO)Crra(0)
i=0 t=jj;+1

< 10°d(C(0), Crup1 (0))e T THC0(0):Crs1(0)),

Combining all this gives

n+1
20e=% 3" MO < 108d(Co(0), Cpp1(0))eHCo():Crsa (0, O
=0

The previous two lemmas together with Lemma 2.1 imply

LEMMA 2.6. Under Assumption 2.1 and assuming that d(Cp, Cpi1) < %,
for R large enough we have

|d5(Co, Crs1)| < 10%d(Co(0), Gyt (0)) e 0O Cnia (),
Proof. By Lemma 2.1 the estimate
n

RO d(0,D; d(0,C;
|d6(Co, Cps1)] < 20e” 4 ge ©.D) 4 = <1r£11a§)%e ( )>

holds for R large enough. (Recall that n is the number of geodesics that O(0)
intersects between Cy(0) and Cy,4+1(0).) By Lemma 2.4 we have

= (max €d(o’ci)> < 1000d(Co(0), Cr41(0)) (max ed(o’ci)) .

R \1<i<n 1<i<n

By Assumption 2.1 we have that

6_5

=

for every 0 < ¢ < n+ 1, so we obtain
n .
= (@% ed(O,@)) < 3000d(Co(0), Cry1(0)).

On the other hand, by Lemma 2.5 we have

n+1
20e~ % 3 0P < 1084(Cp(0), Cppr (0)) o) Cria (),
i=0
Putting the above estimates together proves the lemma. O
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2.7. The family of surfaces S(R). We will consider geodesic laminations
on a closed hyperbolic surface, and on its universal cover, the hyperbolic plane,
which we will identify with the unit disk. By recording the endpoints of the
leaves of a lamination of the unit disk, we can think of the lamination as a
symmetric subset of D x 0D, and by adding the diagonal, we obtain a closed
subset of 0D x 9. The Hausdorff topology on such closed subsets will give
us what we will call the Hausdorff topology on geodesic laminations of the
unit disk.

Definition 2.3. Let R > 1, and let P(R) be the pair of pants whose all
three cuffs have the length R. We define the surface S(R) to be the genus two
surface that is obtained by gluing two copies of P(R) alongside the cuffs with
the twist parameter equal to +1. (These are the Fenchel-Nielsen coordinates
for S(R).) The surface S(R) can also be obtained by first doubling P(R) and
then applying the right earthquake of length 1, where the lamination that
supports the earthquake is the union of the three cuffs of P(R).

By Orb(R) we denote the quotient orbifold of the surface S(R) (the quo-
tient of S(R) by the group of automorphisms of S(R)). Observe that the
Riemann surface H?/po(71(SY)) is a regular finite degree cover of the orb-
ifold Orb(R). In particular, there exists a Fuchsian group G(R) such that
Orb(R) = H?/G(R) and that po(m1(S°)) < G(R) is a finite index subgroup.
It is important to point out that the lamination Co(R) is invariant under the
group G(R). In fact, one can define the group G(R) as the group of all ele-
ments of PSL(2,R) that leave invariant the lamination Co(R) C H2. Observe
that the group G(R) acts transitively on the geodesics from Cy(R); that is, the
G(R)-orbit of a geodesic from Cy(R) is equal to Co(R).

Although the marked family of surfaces S(R) (marked by its Fenchel-
Nielsen coordinates defined above) tends to oo in the Teichmiiller space of
genus two surfaces, the unmarked family S(R) stays in some compact set in
the moduli space of genus two surfaces. We prove this fact below.

LEMMA 2.7. For R large enough, the length of the shortest closed geodesic
on the surface S(R) is at least e~>.

Proof. Suppose that the length of the shortest closed geodesic on S(R)
is less than e, and let 7 be a lift of this geodesic to H?. (This geodesic is
transverse to the lamination Cy(R) because otherwise v € Co(R), which implies
that the length of the shortest closed geodesic on S(R) is equal to R.) Then
by Lemma 2.2 every subsegment of v can intersect at most R geodesics from
Co(R), which means that 7 intersects at most R geodesics from Co(R). This
is impossible since « is a lift of a closed geodesic that is transverse to Co(R)
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so it has to intersect infinitely many geodesics from Cy(R). This proves the
lemma. [l

The conclusion is that the family of (unmarked) Riemann surfaces S(R)
stays in some compact set in the moduli space of genus two surfaces. One
can describe the accumulation set of the family S(R) in the moduli space as
follows. Let P be a pair of pants that is decomposed into two ideal triangles
so that all three shears between these two ideal triangles are equal to 1. Then
all three cuffs have the length equal to 2. Let S, ¢ € [0, 1] be the genus two
Riemann surface that is obtained by gluing one copy of P onto another copy
of P (along the three cuffs) and twisting by 42t along each cuff. The “circle”
of surfaces S; is the accumulation set of S(R) when R — oco. Note that the
edges of the ideal triangles that appear in the pants P are the limits of the (R
long) cuffs from the pairs of pants P(R).

Then we have the induced circle of orbifolds Orb;. Let G; be a circle of
Fuchsian groups such that Orb; = H?/G;. By Co,+ we denote the lamination in
H? that is the lift of the corresponding ideal triangulation on S;. Then up to a
conjugation by elements of PSL(2,R), the circle of groups G; is the accumu-
lation set of the groups G(R) when R — oo, and the circle of laminations Co
is the accumulation set of the laminations Co(R). We observe that the group
G acts transitively on Co.

2.8. Quasisymmetric maps and hyperbolic geometry. In this subsection we
state and prove a few preparatory statements about quasisymmetric maps and
the complex distances between geodesics in H?, culminating in Theorem 2.5.

Definition 2.4. We say that a geodesic lamination A on H? is nonelemen-
tary if neither of the following holds:

(1) There exists z € JH? that is an endpoint of every leaf of .
(2) There exists a geodesic O C H? that is orthogonal to every leaf of \.

Of course, A has at least three elements if A is nonelementary. Moreover, if
A is nonelementary, then there is a sublamination A’ C X such that A contains
exactly three geodesics and such that )’ is nonelementary.

Let A be a geodesic lamination, all of whose leaves have disjoint closures.
By 0\ we denote the union of the endpoints of leaves from A. We let ¢y : OX —
OA be the involution such that ¢y exchanges the two points of da for every leaf
o€ N

We say that a quasisymmetric map ¢ : 0H? — OH? is K-quasisymmetric
if for every 4 points on OH? with cross ratio equal to —1, the cross ratio of the
image four points is within log K hyperbolic distance of —1 for the hyperbolic
metric on C\ {0, 1,00}. (Observe that a map is K-quasisymmetric if and only
if it has a K’-quasiconformal extension to OH? for some K’ > 1.)
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If o and J3 are oriented geodesics in H? by d(a, 3), we denote their unsigned
complex distance.

LEMMA 2.8. Suppose that \ is nonelementary and f : OX — OH? is such
that

d(f(a), f(8)) = d(a, B)

for all a, B € X. Then there is a unique Mobius transformation T such that
either

(1) T = f on OA, or

(2) T = fouy on N

The second case can only occur when all the leaves of A have disjoint
closures. We will prove two special cases of Lemma 2.8 before we prove the
lemma.

If the endpoints of a are x and y and « is oriented from x to y, then we
write da = (z,y). The following lemma is elementary.

LEMMA 2.9. For every d € C/2mwiZ)Zs, with d # 0, there exists a unique
s € C/2miZ such that for two oriented geodesics o and 8 we have d(a, B) = d
if and only if 08 = (x,y) and y = Tso(z), where Ts o is the translation by s
along a.

PROPOSITION 2.1. Suppose that ag, a1, are oriented geodesics in H>
for which d(oy, ) # 0 for i # j, and suppose that ag, aq,an do not have a
common orthogonal. Suppose o, ay, oy are such that d(a;, a;) = d(ag, o).
Then we can find a unique T € PSL(2,C) that satisfies one of the two condi-
tions

(1) T() = o}, i =0,1,2;

(2) T(oi) = —a, i =0,1,2, where —c, is o, with the orientation reversed.

Proof. Given «; and o} satisfying the hypotheses of the proposition, we
can assume that o = o for i =0, 1. Let d; = d(;, a2), and let T; = Ty, o, as
in Lemma 2.9. Then by Lemma 2.9, for any § for which d(«;, 8) = d;, we have
T;(x) = y where 88 = (x,y). Thus (77" o Tp)(z) = . Since T} # Tp (because
ap # o), we see that the equation d(a;, 8) = d; (in ) has at most as many
solutions as the equation (T, o Tp)(x) = z, € OH2. Therefore d(oy, 8) = d;
has at most two solutions, and it has at most one solution if 77 o Ty has a
unique fixed point on OH?.

On the other hand, we let @ be the M&bius transformation such that
Qo) = —oy for i = 0,1. (Such @ exists since d(a;, oj) # 0 for i # j.) Let
ag = —Q(ag). Then d(«;, ag) = d(ay, ) for ¢ = 0, 1. Therefore s # ao since
ap, a1 and ay do not have a common orthogonal. We conclude that o, = ao
or oy = Qia. O
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PROPOSITION 2.2. Suppose that distinct geodesics ag and oy in H? have
a common endpoint x € OH?, and let B be another geodesic in H? such that x
is not an endpoint of 3. Set E = day U Oaq UIB. Let f: E — OH? be such
that d(f(cu), f(B)) = d(ey,B), i@ = 0,1. Then there exists a unique Mdbius
transformation T such that f =T on FE.

Proof. We can assume that the restriction of f to dagU0day is the identity.
If 08 C dap U Dag, then |E| = 3 and we are finished. If 98 N day = {y} for
some y, then we can write 8 = (y, z) (or (2,y)), and then df(8) = (y, 2') (or
respectively (z/,y)). But then z = 2’ because d(f(aq), f(8)) = d(a1, ) (here
we use Lemma 2.9); likewise if 98 N day # 0.

If 98N (Oap U day) = 0, then by Lemma 2.9, 95 = (y,2) and df(5) =
(v,2") and z = Ty(y) = Ti(y), 2’ = To(y") = Th(y'), where T; translates along
«;, and then T(fl o171 has x as one of its fixed points, so the other must be vy,
soy' =y, so f(B) =B O

Now we are ready to prove Lemma 2.8.

Proof. First suppose that A has two distinct leaves «, 5 with a common
endpoint z. Then there is a unique 7' € PSL(2,C) for which T = f on
OaUdp. By Proposition 2.2 we have T'(y) = f(y), whenever v € A and = does
not belong to 9. Because A is nonelementary, we can find at least one such
5.

Now suppose § € A and z € 95. We want to show T'(d) = f(§). We
can find 7" € PSL(2,C) such that 77 = f on da U dd. By Proposition 2.2,
T'(v) = f(), so T and T" agree on da U dd, so T =T, so f(6) = T(d), and
we are done.

Now suppose that any two distinct leaves of A have disjoint closures. Then
we can find three leaves «;, i = 0, 1,2, with no common orthogonal (because
A is nonelementary). By Proposition 2.1 we can find a unique 7' € PSL(2,C)
such that T'= fon F = U%:o Oaj, or T = fouy on E. In the latter case we can
replace f with f o). In either case we can assume that T is not the identity.

Now given any 3 € A, we want to show that f(5) = 8. For i = 1,2, let
Q; be the 180 degree rotation around O;, the common orthogonal to «g and
o;. If f(B) # B, then f(B) = —Q;(B) for i = 1,2, and so Qy* o Q fixes the
endpoints of 3. But Qal o ()1 fixes the endpoints of ag, and 5 # «g, so this is
impossible. So f(B) = B for every /3, and we are finished. O

We observe that Lemma 2.8 holds even if we do not require the lamination
to be closed.

Definition 2.5. Let A be a geodesic lamination on H?. An effective radius
for A is a number M > 0 such that every open hyperbolic disc of radius M in
H? intersects A in a (not necessarily closed) nonelementary sublamination.
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We observe that the condition that the intersection of A and the open
disc centred at z of radius M is nonelementary is open in both z and A. The
following proposition follows easily from this observation.

PROPOSITION 2.3. Let A be a family of geodesic laminations on H? such
that

(1) if X € A and g € PSL(2,R), then g(\) € A;

(2) A is closed (and hence compact) in the Hausdorff topology on the space
of geodesic laminations modulo PSL(2,R);

(3) if X € A, then X is nonelementary.

Then we can find M > 0 such that M is an effective radius for every
AeA.

We call such a family a closed invariant family of nonelementary lami-
nations. For any R; > 0, we let A(R1) be the closure of |Jg>pg, Co(R) under
properties 1 and 2 in Proposition 2.3. We observe that taking the Hausdorff
closure just adds the translates of all the Cp; under PSL(2,R), where Cp; was
defined in the previous subsection. Hence A(R;) is a closed invariant family of
nonelementary laminations.

We say that a lamination A is unflippable if it has two distinct leaves with
a common endpoint or if the involution ¢) is not continuous. The latter oc-
curs if and only if there is a point of OA that is the limit of a sequence leaves
of A\ whose diameter go to zero (or A has two distinct leaves with a common
endpoint). This will always occur when A is invariant by a nonelementary
Fuchsian group G and A has a recurrent (or closed) leaf in H?/G. In partic-
ular, a nonempty lamination A that is invariant under a cocompact group is
unflippable (and nonelementary). We conclude that all of the laminations in
A(R;) are unflippable.

We can now prove that a quasisymmetric map that locally preserves com-
plex distances on an unflippable lamination is Mobius.

PROPOSITION 2.4. Suppose that A\ is an unflippable nonelementary lami-
nation. Suppose that M is an effective radius for X\ and f : OH?> — OH? is a
continuous embedding such that d(f(a), f(8)) = d(a, B), for all o, B € A, such
that d(a, B) < 3M. Then f is the restriction of a Mdbius transformation.

Proof. For z € H?, let D, be the open disc of radius M centred at z,
and let )\, be the leaves of A that meet D,. Because M is an effective radius,
A is nonelementary. Therefore there is a unique T, € PSL(2,C) such that
either T, = f on O\, or T, = f oy on dA,. Now if d(z,2') < M, then
d(f(a), f(B)) =d(a, B) for all a, 8 € A\, UA,, and A\, U A,/ is nonelementary,
so T, = T,,. We conclude that there is one 7' € PSL(2,C) such that 7' = f or
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T = f oy on all of I\. But in the latter case, ¢ty would be continuous, which
is impossible since A is unflippable. [l

We now characterize the sequences of K-quasiconformal maps whose di-
latations do not go to 1.

LEMMA 2.10. Let K1 > K > 1. Suppose that form € N, f,, : OH? — OH?
1s K1-quasisymmetric but not K-quasisymmetric. Then, after passing to a
subsequence if necessary, we have that there exist hy,, qn € PSL(2,C) such
that ¢m © fm © b — foo : OH2 — OH? is a K| -quasisymmetric map and fo s
not a restriction of a Mébius transformation on OH?2.

Proof. Fix a,b,c,d € OH? such that the cross ratio of these four points is
equal to 1. Since f;, is not K-quasisymmetric, there exist points @, , b, ¢, din
€ OH? whose cross ratio is equal to one and such that the cross ratio of the
points fom(am), fm(bm)s fimn(cm), fm(dm) € OH3 stays outside some closed disc
U centred at the point 1 € C for every m. We let h,, be the Mdbius transfor-
mation that maps a,b, ¢, d to am, by, cm, dp,. We then choose ¢, € PSL(2,C)
such that ¢, o f;, o hy, fixes the points a,b,c. Then for each m, the map
Gm © fm © hy is Ki-quasisymmetric and it fixes the points a, b, c.

The standard normal family argument states that given L > 1, a sequence
of L-quasisymmetric maps that all fix the same three distinct points, converges
uniformly to a L-quasisymmetric map (after passing onto a subsequence if
necessary). Therefore, we have ¢, o fy, © hyy — foo. Moreover the cross ratio
of the points fx(a), foo(b), foo(€), foo(d) lies outside the disc U, and so we
conclude that f. is not a Mobius transformation on OH?. (|

We can now conclude the constant of quasisymmetry for f is close to 1
when f changes the complex distance of neighbouring geodesics a sufficiently
small amount.

THEOREM 2.4. Let A be a closed invariant family of unflippable nonele-
mentary laminations, and let K1 > K >1. Then there exist §=0(K1, K,A)>0
and T = T(A) such that the following holds. If A € A and f : OH? — OH? is a
Ki-quasisymmetric map, and

[d(f (), f(B)) —d(a, B)| <6
for all a, B € X such that d(c, ) < T, then f is K-quasisymmetric.

Proof. By Proposition 2.3, we can find M = M(A) > 0 such that M is
an effective radius for every A € A. We let T'= 3M. Suppose that there is no
good 6. Then we can find \,,, € A, f,,, (for m € N) such that

‘d(f(a)a f(ﬁ)) - d(aaﬁ)‘ - Oam — 00,
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uniformly for all o, 8 € A, for which d(«,3) < T, but for which f is not
K-quasisymmetric. Passing to a subsequence and applying Lemma 2.10, we
obtain A, = Aso € A and fr, — foo : OH? — OH3 such that f. is a K-
quasisymmetric map that is not a Mobius transformation on OH?. Moreover
d(foo(@), foo(B)) = d(, B) for all a, f € Ao With d(a,5) < T = 3M. Then
by Proposition 2.4, f is a M&bius transformation, a contradiction. O

We can now derive a corollary, which is our object for this section.

THEOREM 2.5. Let K1 > K > 1, and let Ry = 10. There exists 61 =
0 (K, K1) >0 and a universal constant T such that the following holds. Sup-
pose that R > Ry, f: OH? — OH? is a K1-quasisymmetric map, and

[d(f(@), £(B)) — d(a, B)| < &1
for all o, B € Co(R) such that d(c, B) < Ti. Then f is K-quasisymmetric.

This follows immediately from Theorem 2.4, because A(R;) is a closed
invariant family of unflippable noninvariant laminations. Observe that T} =
3M; is a universal constant, where M is the effective radius of every lamination
in A(Rl)

2.9. Proof of Theorem 2.2. In this section we will verify that Assump-
tion 2.1 holds when the quasisymmetry constant for f. is close to 1. This
will permit us, thanks to Lemma 2.6, to verify the hypotheses of Theorem 2.5
and thereby improve the quasisymmetry constant for f.. We thus obtain an
inductive argument for Theorem 2.2.

This lemma is an abstraction of its corollary, Corollary 2.1, where A, B, C

will be Co(0), C;(0), Cpn41(0).

LEMMA 2.11. For all 2,71 > 0 we can find K > 1 such that if
(1) A,B,C are oriented geodesics in H?, d(A,C) > 0, and B separates A

and C,
2) d(A,C) < Ty;
3) O is the common orthogonal for A and C;

r=AN0, y=BNO;

f:O0H? - 8]1-]13 is K-quasisymmetric;

0A" = f(0A), OB' = f(0B), and 0C" = f(0C) (taking into account
the order of the endpoints);

(7) O' is the common orthogonal to A" and C', and 2/ = A’ N O’;

(8) N is the common orthogonal to O' and B', and y' = NN O';

then d(O', B') < 62 and |do/(2',y') — d(z,y)| < do.

Proof. First suppose that d(A,C) is small, say d(A,C) < T for some
T5 > 0, and f is 2-quasisymmetric. Then by applying a Mobius transformation



NEARLY GEODESIC SURFACES 1151

to the range and domain of f, we can assume that 94 = A" = {0,000} and
1€ 00,1 € 90" (and hence 9O = 90" = {—1,1}). Note that while f(0) =0
and f(oo) = oo, f(1) is not necessarily equal to 1. It follows that dC = {c, 1},
for ¢ real and small (we can assume ¢ > 0), and 0C’ = {¢, 2}, where ¢’ is
small and ¢ = f(c), & = f(2).

We let 0B = {bp, b1}, where bg,% € (0,¢). Then |f(by)| < 10|¢| and
|f(b1)] > 75|%| because f is 2-quasisymmetric and f fixes 0,00. Therefore,
by choosing T, to be small enough we can arrange that d(O’, B'), d(z,y) and
d(«',y') are as small as we want, so we conclude that for every d2 > 0, there
exists To > 0 such that if d(A,C) < Ty and f is 2-quasisymmetric, then

d(O', B, |d(z,y) — d(z',y)| < da.

So we need only show that for every do and 77, there exists K > 1 such that
if d(A,C) € [T, T1], where Ty = T5(d2), and all other hypotheses hold, then

(23) d(0', B'), ld(z,y) — d(z',3/)| < 8.

Suppose that this statement is false. Then we can find a sequence of
Ay, Bn, Cp, and f, for which f, is K,-quasisymmetric, K,, — 1, but for which
(23) does not hold. Then normalizing and passing to a subsequence we obtain
A, B,C in the limit, and f, — id. So A, - A’ = A, B], - B’ = B, and
C] — C" = C. Moreover, because the common orthogonal to two geodesics
varies continuously when the complex distance is nonzero, O,, — O and O}, —
O, so d(O',Bl) — 0 and d(BJ,,0) # 0. Also N, = N, (2, Yn, ), y),) —

('/'[:7 y? :L‘/’ y/)’ and x/ = x? y/ = y? S0
|d(, yn) — d(@n, yn)| = 0.
We conclude that (23) holds for large enough n, a contradiction. O

Assume that for some 7 € D, the representation p, : 71(S%) — PSL(2,C)
is quasifuchsian, and let f, : OH? — OH? be the normalised equivariant qua-
sisymmetric map (that conjugates po(m1(S°)) to p,(71(S°))).

Here we show that Assumption 2.1 holds if f; is sufficiently close to being
conformal.

COROLLARY 2.1. Given Ty we can find K1 > 1 such that if f; is K-
quasisymmetric, then the following holds. Let Cy(0),Cp+1(0) be geodesics in
Co(R) such that d(Cy(0),Cn41(0)) < T, and let C;(0) € Co(R), i =1,...,n,
denote the intermediate geodesics. Also, O(0),0(r), 2i(0),2z; and Ci(T) are
defined as usual. Then

o5
|d(2i, zi+1) — d(2i(0), 2i41(0))] < o

and d(O, C;) < %.
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Proof. We apply the previous lemma with dy = %. Then d(O, C;) < %.

Furthermore,
-5

e
|d(20, 2;) — d(20(0), 2:(0))| < 6
and
o ed
(20, ;1) — d(20(0), 2i+1(0))| < 16
SO
o e
(L, 2442) = d(z4(0), 71 (0))] < -
Moreover

d(zi’ Zi+1) < d(zz/'v Zngl) + d(Ov CZ) + d(O’ Ci+1)7

and therefore

675
|dzi; zi41) = d(2(0), zi1(0))] < = O

We are now ready to complete the proof of Theorem 2.2. Let R > Ry = 10.
Since the space of quasifuchsian representations of the group 71 (SY) is open (in
the space of all representations), there exists 0 < £1 < 1 so that the disc D(0, ;)
(of radius £; and centred at 0) is the maximal disc such that f is Kj-quasi-
symmetric on all of D(0, 1), where K is the constant from Corollary 2.1. We
can choose such €1 to be positive because the map fj is 1-quasisymmetric and
given any K > 1 we can find an open neighbourhood of 0 in the 7 plane such
that in that neighbourhood we have that every f; is K-quasisymmetric.

By that corollary, Assumption 2.1 holds for f. for all 7 € D(0,e1). Let
Co(0),Cr+1(0) € Co(R) be such that d(Cy(0),Co(n + 1)) < T3y, where Ty is
the constant from Theorem 2.5. From Lemma 2.6, for R large enough and for
every 7 € D(0,e1), we have

|d((Co, Cry1)| < 109T1e™2.
This yields
(24) [do(Co, Cnt1) — do)(Co(0), Cnt1(0))] < 10%:1 Tye™

for every 7 € D(0, 7).
Let 0 < 61 = §1(V K1, K1) be the corresponding constant from Theo-

rem 2.5. We show
s
LS 109y
Assume that this is not the case. Then from (24) we have that for every
7 € D(0,e1), the map f, is v/Kj-quasisymmetric (and hence for 7 € D(0,e1)).
This implies that f; is Kj-quasisymmetric for every 7 € ID(0, €) for some € > €.
But this contradicts the assumption that D(0, 1) is the maximal disc so that

every f. is Ki-quasisymmetric.
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Set
01

109T1 elr”
Then for every 7 € D(0,) and for R large enough, the map f, is Kj-quasi-

£ =

symmetric.

We prove the other estimate in Theorem 2.2 as follows. First of all, by
the Slodkowski extension theorem (for the statement and proof of this theorem
see [6]), we can extend the maps f, to quasiconformal maps of the sphere OH?
such that the Beltrami dilatation
_Ofr

ofr
varies holomorphically in 7 for every fixed z € H3. Observe that pg(z) = 0,
and |pr(z)] < 1 for every 7 and z. (Recall that the absolute value of the
Beltrami dilatation of any quasiconformal map is less than 1.) For a fixed z,
we then apply the Schwartz lemma to the function p,(z), and this yields the
desired estimate from Theorem 2.2.

()

117 (2)

3. Surface group representations in m(M?)

3.1. Labelled collection of oriented skew pants. From now on M3 = H3/g
is a fixed closed hyperbolic three manifold and G a suitable Kleinian group.
By I'* and I we denote respectively the collection of oriented and unoriented
closed geodesics in M?. By —+* we denote the opposite orientation of an
oriented geodesic v* € I'*.

Let TI° be a topological pair of pants. Recall (from the beginning of
Section 2) that a pair of pants in a closed hyperbolic three manifold M? is
an injective homomorphism p : 7 (IIY) — 71(M?3), up to conjugacy. A pair of
pants in M is determined by (and determines) a continuous map f : 110 — M3,
up to homotopy. Moreover, the representation p induces a representation

p:m(II°) — PSL(2,C),

up to conjugacy.

Fix an orientation and a base point on II°. We equip II° with an orien-
tation preserving homeomorphism w : II° — II° of order three that permutes
the cuffs and let w'(C), i = 0,1,2, denote the oriented cuffs of II'. We may
assume that the base point of TI° is fixed under w. By w : m (II%) — m (11°)
we also denote the induced isomorphism of the fundamental group. (Observe
that the homeomorphism w : 11 — IIY has a fixed point that is the base point
for TI° so the isomorphism of the fundamental group is well defined.) Choose
c € m(I1% to be an element in the conjugacy class that corresponds to the
cuff C such that w™!(c)cw(c) = id.
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Definition 3.1. Let p : m(II°) — PSL(2,C) be a faithful representation.
We say that p is an admissible representation if p(w’(c)) is a loxodromic Mébius
transformation, and

where 1(w?(C)) is chosen so that —7 < Im(1(w'(C))) < 7.

Definition 3.2. Let p : m1(II°) — G be an admissible representation. A
skew pants II is the conjugacy class II = [p]. The set of all skew pants is
denoted by II.

For II € II, we define R(II) € II as follows. Let p : m (II') — G be
a representation such that [p] = II, and set p(w’(c)) = A; € G. Define the
representation p; : 71 (11°) — G by p1(w™(c)) = A; 1. We verify that p; is well
defined, and we let R(II) = [p1]. The mapping R : II — II is a fixed point
free involution.

For II € II such that IT = [p], we let v*(II,w’(c)) € T'* denote the ori-
ented geodesic that represents the conjugacy class of p(w’(c)). Observe the
identity 7v*(R(II),w'(c)) = —*(I,w~%(c)). The set of pairs (II,v*), where
v* = y*(IT, wi(c)), for some i = 0, 1,2, is called the set of marked skew pants
and denoted by IT*.

There is the induced (fixed point free) involution R : II* — IT*, given
by R(IL, v*(IT, wi(c))) = (R(I),v*(R(I),w=%(c))). Another obvious mapping
rot : IT* — II* is given by rot(IL, v*(II,wi(c))) = (II, v*(IL, w1 (c))).

Definition 3.3. Let L be a finite set of labels. We say that a map lab :
L — IT* is a legal labeling map if the following holds:

(1) there exists an involution R, : £ — L such that R(lab(a)) = lab(Rz(a)),
(2) there is a bijection rot, : £ — L such that rot(lab(a)) = lab(rotz(a)).

Ezample. Let NII denote the collection of all formal sums of oriented skew
pants from IT over nonnegative integers. We say that W € NII is symmetric if
W =ni (Il + R(I11)) + no(lls + R(112)) + - - - + 1y (I, + R(11,,) ), where n; are
positive integers and II; € II. Every symmetric W induces a canonical legal
labeling defined as follows. The corresponding set of labels is £ = {(j, k) : j =
1,2,...,2(ni+na+--+nm);k=0,1,2}. (Observe that the set £ has 6(ny +

-+ +nm) elements.) Set lab(j, k) = (Is,v*(Il,w¥(c))) if j is odd and if 2(ng +

ot ngo1) <j<2(nyp+---+ng). Set lab(j, k) = (R(IL),v*(R(I1,), w™*(c)))
if j is even, and 2(ny +---+ns—1) < j < 2(ny + -+ ns). The bijection R is
given by Re(j,k) = (j +6(j), k), where §(j) = +1 if j is even and §(j) = —1
if j is odd. The bijection rot, is defined accordingly.
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Definition 3.4. Let 0 : L — L be an involution. We say that ¢ is ad-
missible with respect to a legal labeling lab if the following holds. Let a € L,
and let lab(a) = (II;,~v*) for some II; € II, where v* = ~(IIy,w'(c)) for some
i € {0,1,2}. Then lab(c(a)) = (IIg, —*), where II; € II is some other skew
pants.

Observe that every legal labeling has an admissible involution ¢ : £ — L,
given by o(a) = Rz(a).

Suppose that we are given a legal labeling lab : £ — IT* and an admissible
involution o : £ — L. We construct a closed topological surface S° (not
necessarily connected) with a pants decomposition CY, and a representation
Plab,o 7(S%) — G as follows. Each element of £ determines an oriented cuff
in C. Each element in the orbit space £/rot, gives a copy of the oriented
topological pair of pants II°. The pairs of pants are glued according to the
instructions given by o, and this defines the representation pjup .. One can
check that after we glue the corresponding pairs of pants we construct a closed
surface S°. Moreover, S° is connected if and only if the action of the group of
bijections (Rz,rotz, o) is minimal on £ (that is £ is the smallest invariant set
under the action of this group).

Let a € L. Then (II,~v*) = lab(a) and (I}, —v*) = lab(o(a)) for some
skew pants I, IT; € II. Also v* = v*(II,w’(c)) and —v* = v*(IIy,w’(c)). Set

hl(a) = hl(w'(C)),

where the half-length hl(w?(C)) is computed for the representation that cor-
responds to the skew pants II.

It follows from our definition of admissible representations that hl(a) =
hl(o(a)). Set 1(a) = 1(w(C)). Then l(a) = 1(c(a)) and

hl(a) = l(;).

3.2. The unit normal bundle of a closed geodesic. Next, we discuss in more
details the structure of the unit normal bundle N'(y) of a closed geodesic
v C M3. (For the readers convenience we will repeat several definitions given
at the beginning of Section 2.) The bundle N!(7) has an induced differentiable
structure and it is diffeomorphic to a torus. Elements of N!(v) are pairs (p, v),
where p € v and v is a unit vector at p that is orthogonal to y. The disjoint
union of all the bundles is denoted by N!(I').

Fix an orientation 7* on . Consider C as an additive group and for
¢ € C,let Ac : N'(y) — N'(v) be the mapping given by A¢(p,v) = (p1,v1)
where p; and v; are defined as follows. Let v* be a lift of v* to H? and let
(p,7) € NY(7) be a lift of (p,v). We may assume that 7* is the geodesic
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between 0,00 € OH3. Let A, € PSL(2,C) be given by A¢(w) = eSw for
w € OH3. Set (p1,01) = A¢(p,v). Then (p1, 1) is a lift of (p1,v1).

If .A% : N1(y) — Nl(v) and Ag : N1(y) — N1(v) are the actions that
correspond to different orientations on v, then on N'(v) we have .A% = Az_g =
(Ag)_l, ¢ € C. Unless we specify otherwise, by A¢ we denote either of the two
actions.

The group C acts transitively on N'(v). Let 1(y) be the complex trans-
lation length of v such that —7 < Im(1(y)) < 7. (By definition Re(l(v)) > 0.)
Then Aj,) =id on N L(4). This implies that the map Ay, is an involution

2
which enables us to define the bundle N'(,/7) = N'(y)/Ai . The disjoint
2

union of all the bundles is denoted by N'(v/T).

The additive group C acts on N 1(\ﬁ) as well. There is a unique complex
structure on N'(,/7) so that the action A¢ is by biholomorphic maps. With
this complex structure, we have

NY(/7) =C/ (1(;)2 + 2m’Z) .

The corresponding Euclidean distance on N 1(\ﬁ) is denoted by dis. Then for
|¢] small, we have dis((p,v), (A¢(p,v))) = |¢]. There is also the induced map
A+ NY(VT) — NYVT), ¢ € C, where the restriction of A; on each torus
N'(,/7) is defined above.

Let (I1,7*) € IT*, and let ~; be such that (I, v}) = rot*(IT,v*), k = 1,2.
Let 6} be an oriented geodesic (not necessarily closed) in M? such that &} is
the common orthogonal of 7* and ~; and so that a lift of J; is a side in the
corresponding skew right-angled hexagon that determines II (see Section 2).
The orientation on ¢;, is determined so that the point d; N ; comes after the
point 67 N~*. Let py, = d; N~*, and let vy, be the unit vector vy at p; that
has the same direction as ¢;. Since the pants II is the conjugacy class of
an admissible representation in sense of Definition 3.1, we observe that A

2

exchanges (p1,v1) and (p2,v2), and so the class [(pk, vk)] € N'(,/7) does not
depend on k € {1,2}. Define the map

foot : IT* — NY(VT)

by
foot (TT) = foot(IT,v*) = [(pk, vk)] € N' (7).

Observe that foot (I, v*) = foot(R(IL,~*)).
Let S° be a topological surface with a pants decomposition C°, and let
p:m(S%) — G be a representation such that the restriction of p on the funda-

mental group of each pair of pants satisfies the assumptions of Definition 3.1.
(Recall that G is the Kleinian group such that M3 = H3/G.) Let 119, i = 1,2

7
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be two pairs of pants from the pants decomposition of S° that both have a
given cuff C € C° in its boundary. By (II;,7*) and (IIz, —y*) we denote the
corresponding marked pants in IT*. Let s(C') denote the corresponding reduced
complex Fenchel-Nielsen coordinate for p. Let A% be the action on N'(,/7)
that corresponds to the orientation v*. Fix {y € C to be such that

.A%O (foot(IIy,~*)) = foot(Ila, —v").
1(;)

Such (p is uniquely determined up to a translation from the lattice =% Z+2inZ.
If .Az is the other action, then we have

Ago(foot(ﬂg, ")) = (I, ~"),
since Aé 0 A2 = id. That is, the choice of (s does not depend on the choice of
the action A¢. Then s(C) € (C/(@Z + 2miZ) and
1

(25) s(C) = (¢o —im), (mod (;)Z + 2m’Z> .

The rest of the paper is devoted to proving the following theorem.

THEOREM 3.1. There exist constants q > 0 and K > 0 such that for
every € > 0 and for every R > 0 large enough, the following holds. There

exist a finite set of labels L, a legal labeling lab : L — II, and an admissible
involution o : L — L such that for every a € L, we have

R
|hl(a) - 5| <¢g,
and
dis(A144x (foot(lab(a))), foot(lab(c(a)))) < K Re™ 9,
where dis is the Buclidean distance on N*(\/7).

Remark. The constant q depends on the manifold M3. In fact, it only
depends on the first eigenvalue for the Laplacian on M?.

Given this theorem we can prove Theorem 1.1 as follows. We saw that ev-
ery legal labeling together with an admissible involution yields a representation
p(lab, o) : 71(S%) — G, where G is the corresponding Kleinian group and S° is
a closed topological surface. (If S° is not connected, we pass onto a connected
component.) By the above discussion the reduced complex Fenchel-Nielsen
coordinates (hl(C), s(C)) satisfy the assumptions of Theorem 2.1. (Observe
that K Re™9F = 0(%)7 when R — o0.) Then Theorem 1.1 follows from Theo-
rem 2.1.

3.3. Transport of measure. Let (X, d) be a metric space. By M(X) we
denote the space of positive, finite Borel measures on X with compact support.
For A C X and 6 > 0, let

N5(A) = {z € X : there exists a € A such that d(z,a) < 4§}
be the d-neighbourhood of A.
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Definition 3.5. Let p,v € M(X) be two measures such that u(X) =
v(X), and let § > 0. Suppose that for every Borel set A C X, we have
wu(A) < v(N;s(A)). Then we say that p and v are d-equivalent measures.

It appears that the definition is asymmetric in @ and v. But this is not
the case. For any Borel set A C X, the above definition yields v(A) < v(X) —
V(./\/'(;(X \Ng(A))) < pu(X) — (X \ Ns(A)) = u(Ns(A). This shows that the
definition is in fact symmetric in p and v.

The following propositions follow from the definition of equivalent mea-
sures.

ProOPOSITION 3.1. Suppose that i and v are 6-equivalent. Then for any
K >0, the measures Ku and Kv are d-equivalent. If, in addition, we assume
that measures v and 1 are 61-equivalent, then p and n are (§ + 01)-equivalent.

PROPOSITION 3.2. Let (T,A) be a measure space, and let f; : T — X,
i =1,2, be two maps such that d(f1(t), f2(t)) < d for almost everyt € T. Then
the measures (f1)«A and (f2)«A are §-equivalent.

In the remainder of this subsection we prove two theorems, each repre-
senting a converse of the previous proposition in a special case. The following
theorem is a converse of Proposition 3.2 in the special case of discrete measures.

THEOREM 3.2. Suppose that A and B are finite sets with the same number
of elements and equipped with the standard counting measures Ay and Ap
respectively. Suppose that there are maps f: A — X and g : B — X such that
the measures fiAa and g.Ap are d-equivalent for some § > 0. Then one can
find a bijection h : A — B such that d(g(h(a)), f(a)) < § for every a € A.

Proof. We use the Hall’s marriage theorem, which states the following.
Suppose that Rel C A x B is a relation. For every Q C A we let

Rel(Q) = {b € B : there existsa € @ such that (a,b) € Rel}.

If |Rel(Q)| > |Q| for every Q C A, then there exists an injection h : A — B
such that (a,h(a)) € Rel for every a € A. This is Hall’s marriage theorem.
In the general case of this theorem the sets A and B need not have the same

number of elements. However, in our case they do, so the map h is a bijection.
Define Rel C A x B by saying that (a,b) € Rel if d(f(a),g(b)) < . Then

Rel(Q) = {b € B : there existsa € @ such thatd(f(a),g(b)) <}

for every Q C A. Therefore |[Rel(Q)| = (9:A5)(N5(f(Q))) = (f:Aa)(f(Q)) =
|Q|, since fiAa and g.Ap are d-equivalent. This means that the hypothesis
of the Hall’s marriage theorem is satisfied, and one can find the bijection
h: A — B such that d(g(h(a)), f(a)) < 9. O
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Let a,b € C be two complex numbers such that T'(a,b) = C/(aZ 4+ ibZ) is
a torus. We let z = x + iy denote a point in C. (Sometimes we use (z,y) to
denote a point in R? = C.)

Let ¢ be a positive CY function on T'(a,b). As usual, by ¢(x,y) dz dy we
denote the corresponding two form on the torus 7'(a,b). By Ay we denote the
measure on 7T'(a,b) given by

Ag(A) = /A P(z,y) dr dy

for any measurable set A. We abbreviate this equation d\y, = ¢ drdy. By A
we denote the standard Lebesgue measure on T'(a, b); that is, A = A, for ¢ = 1.

In the following lemma we show that any C° measure that is close to
the Lebesgue measure is obtained by transporting the Lebesgue measure by a
diffeomorphism that is C close to the identity.

LEMMA 3.1. Let g : R2 = R be a C° function on C that is well defined
on the quotient T(1,1) = C/(Z +iZ), and such that
(1) for some 0 <6 < %, we have

1-6<g(x,y) <1+

for all (z,y) € R?;
(2) the following equality holds:

1 1
/ / g(z,y)dedy = 1.
0 JO

Then we can find a C' diffeomorphism h : T(1,1) — T(1,1) such that
(1) g(z,y) = Jac(h)(x,y), that is g(z,y) dx dy = h*(dz dy), where h*(dz dy)
is the pull-back of the two form dx dy by the diffeomorphism h and Jac(h)
is the Jacobian of h.
(2) The inequality
|h(z) — 2| <46
holds for every z = x + iy € C.

Proof. We define the map h : R? — R? by h(z,y) = (hi(x,9), ha(x,y)),

where
hi(x,y) = /Om (/Olg(s,t) dt) ds

Yg(x,t)dt

e, y) = B ABOE

f() g(:U, t) dt
Since g(z+1,y) = g(z,y+1) = g(z,y), we find that h(z+1,y)—h(z,y) = (1,0)
and h(z,y+1)—h(x,y) = (0,1), so h descends to a map from 7'(1,1) to itself.

and
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Furthermore, we find that

ohy [ COhy

and
ah2 g(:l?, y)

aiy a fOl g(x,t) dt’
which is sufficient to conclude that

Jac(h)(x,y) = g(x,y).

Therefore, the map h: T'(1,1) — T'(1,1) is a local diffeomorphism and thus a
covering map of degree n, where

n :/ Jac(z,y) dx dy.
T(1,1)
Since Jac(h)(z,y) = g(z,y) and

/ 9(z,y)drdy =1,
T(1,1)

it follows that n = 1; that is, A is a diffeomorphism.
On the other hand, for z,y € [0, 1],

|hi(z,y) — x| < dx <o

and 5
1
hQ(x,y)—ySy(l+5)—y§35y§35,
since § < %, and
y(1—0)
_ <y— D" <95y <26
y—ha(z,y) <y 55 = oy <20

Therefore, |hao(x,y) — y| < 30. Combining the estimates for |hy(z,y) — x| and
|ha(z,y) — y|, we find that

This completes the proof. ([l
The following theorem is a corollary of the of the previous lemma.

THEOREM 3.3. Let u € M(T(a,b)) be a measure whose Radon-Nikodym
derivative Z—f{(z) is a C° function on the torus T'(a,b) such that for some K >0
and 3 > 6 > 0, we have (T (a,b)) = KA(T(a,b)) and

d
K < ‘dl)f’ < K(1496), everywhere on T(a,b).

Then  is 46(|a| + |b|)-equivalent to the measure K.
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Proof. By 1 we also denote the lift of the corresponding measure to the
universal cover C. Then du = g1(z,y)dz dy, where g1 (z,y) = %(m,y) is the
Radon-Nikodym derivative. The function g; is C° on C, and g; is well defined
on the quotient C/(aZ + biZ) = T'(a,b).

Let L:T(1,1) = T(a,b) be the standard affine map. Let

9(r.) = (o1 0 L)z, ).

Then g(x,y) satisfies the assumptions of the previous lemma. Let h be the
corresponding diffeomorphism from Lemma 3.1, and let hy = Lo ho L%
Then (h1)*p = KX on T'(a,b). Since the affine map L is (Ja| + |b|) bi-Lipschitz
we conclude that

|h1(z) — 2| < 46(|a] + [b])
for every z € C, so p is 40(|a| + |b|)-equivalent to KA. O

3.4. Measures on skew pants and the o operator.

Definition 3.6. By M[¥(II) we denote the space of positive Borel measures
with finite support on the set of oriented skew pants IT such that the involution
R : II — TI preserves each measure in MJ(IT). By Mo(N*(vT)) we denote
the space of positive Borel measures with compact support on the manifold
NY(V/T). (A measure from My(N'(/T)) has a compact support if and only if
its support is contained in at most finitely many tori N'(,/7) ¢ N*(vT).)

We define the operator
9 : MJ(I) = Mo(N*(VT))

as follows. The set IT is a countable set, so every measure from p € M (IT)
is determined by its value p(II) on every II € II. Let II € II, and let ) €
I'*, i = 0,1,2, denote the corresponding oriented geodesics so that (II,~)) €
IT*. Let ol € Mo(N'(VT)) be the atomic measure supported at the point
foot(Il,~;) € N*(\/7), where the mass of the atom is equal to 1. Let

and define

We call this the d operator on measures. The total measure of 5,u is three
times the total measure of u.

Let o € Mo(N'(VT)). Choose v* € T*, and recall the action A; :
NYVT) — NYVT), ¢ € C. Let (A¢)«a denote the push-forward of the
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measure . We say that « is é-symmetric if the measures o and (A¢).cv are
d-equivalent for every ¢ € C.

THEOREM 3.4. There exists q > 0 and D1,Do > 0, so that for every
1>¢e >0 and every R > 0 large enough, there exists a measure p € Mz)z(l_[)
with the following properties. If u(I) > 0 for some Il € I, then the half-
lengths hl(w*(C)) that correspond to the skew pants I1 satisfy the inequality

; R
‘hl(wZ(C)) -5 <e
There exists a measure 8 € Mo(NY(VT)) such that the measure Ou and f are

Dle_g -equivalent and such that for each torus Nl(\ﬁ), there exists a constant
K, >0 so that

d
K, < ‘df‘ < K (14 Dae %), almost everywhere on N'(,/7),

. 1
where X\ is the standard Lebesgue measure on the torus Nl(\ﬁ) = (C/(%Z +
2ir7Z).
Remark. This theorem holds in two dimensions as well. That is, in the

statement of the above theorem we can replace a closed hyperbolic three man-
ifold M? with any hyperbolic closed surface.

We prove this theorem in the next section. But first we prove Theorem 3.1
assuming Theorem 3.4.

PropPOSITION 3.3. There exist q > 0, D > 0, so that for every 1 >¢ >0
and every R > 0 large enough, there exists a measure p € Mz]z(l'[) with the
following properties:

(1) p(II) is a rational number for every II € II.

(2) If w(I1) > 0 for some 11 € I1, then the half-lengths hl(w'(C)) that corre-
spond to the skew pants 11 satisfy the inequality |hl(w'(C)) — &| < e.

(3) The measures Oy and (Ay4ix)«Op are DRe™9E-equivalent.

Proof. Assume the notation and the conclusions of Theorem 3.4. First
we show that the measures 5u and (A1+m)*(§,u are DRe~ 9 equivalent. Let
v € T be a closed geodesic such that S(N'(,/7)) > 0; that is, the support of 3
has a nonempty intersection with the torus

NY(/y) =C/ (1(;)2 + 2m’Z) .

The Lebesgue measure A on N'(,/7) is invariant under the action A. This,
together with Theorem 3.3, implies that for any ¢ € C, the measure (A¢).(

is (277 + ’@‘)Dge_qR—equivalent with the measure K'\ for some K’ > 0,
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where D5 is from the previous theorem. Since ’1(3* ’ < % + 1, we have that
the measures (A¢).3 and K'X are C1Re~9F_equivalent for some C; > 0.

On the other hand, the measures (A¢)./ and (AC)*au are Dle_g—equiva—
lent. From Proposition 3.1 we conclude that the measures (AC)*@L and K'\ are
Do(Re™9f 1 6_%)—equivalent, for every ¢ € C, and for some constant Dy > 0.
Again, since A is invariant under A; and from Proposition 3.1, we conclude
that 5,u is D Re~9%_symmetric for some constant D > 0. (This assumption can
be made without loss of generality.) In particular, we have that the measures
Oy and (Aj4ix)sOp are DRe*qR—equivalent

Both measures 9y and (Aitin)« O are atomic (Wlth finitely many atoms),
so it follows from the definition that the measures a,u and (Ai4ir)« 8,u are
DRe~ 9 _equivalent if and only if a finite system of linear inequalities with in-
teger coeflicients has a real valued solution. Then the standard rationalization
procedure (see [7, Prop. 2.4] and [3]) implies that this system of equations has a
rational solution, so we may assume that that the measure y from Theorem 3.4
has rational weights. This proves the proposition. U

3.5. Proof of Theorem 3.1. First we make several observations about an
arbitrary measure v € ./\/lgz(l'[). The measure v is supported on finitely many
skew pants II € II. Moreover, v(II) = v(R(II)) for every II € II. Let IT*
and II~ be disjoint subsets of II such that IIT UII~ = II, and R(IT") =
II~. (There are many such decompositions of I1.) Let v and v~ denote the
restrictions of v on the sets II"™ and II~ respectively. Then vt = Oy~ and
dv = 20v~. (This follows from the fact that foot(IT,7*) = foot(R(II), —7*).)
Therefore, if the measure v is d-symmetric then so are the measures vt and
.

Let i be the measure from Proposition 3.3. Then p has rational weights.
We multiply p by a large enough integer and obtain the measure y’ such that
the weights 1/(II) are even numbers, IT € II. Then 9y and (Aj4ix).0p are
DRe~ 9 equivalent. For simplicity, we set = p'.

Since p is invariant under reflection and the weights are even integers, we
see that p € NII is a R-symmetric formal sum. Let lab : £ — IT* denote the
corresponding legal labeling (see the example at the beginning of this section).
It remains to define an admissible involution ¢ : £ — L.

Fix v* € T*. Let Xt C L such that a € X if lab(a) = (II,7*), where I €
IIT. Define X~ similarly, and let /= : X+/~ — IT* denote the corresponding
restriction of the labeling map lab on the set X*/~. (Observe that f+ =
Rof oRe.)

Denote by at the restriction of dut on N'(/7). (Define o~ similarly.)
Observe that a™ = o~. Then by the definition of £, the measure a*/~ is the
d of the push-forward of the counting measure on X/~ by the map f1/—.
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Define g : X~ — N'(\7) by g = Aitir o f~. Then the measure
(A1tir)sa” is the push-forward of the counting measure on X~ by the map
g. Since at and (Aj4ir)«a” are 2DRe~9-equivalent, by Theorem 3.2 there
is a bijection h : XT — X~ such that dis(g(h(b)), fT(b)) < 2DRe~9F for any
b€ X*. (Recall that dis denotes the Euclidean distance on N!(y/7%).)

We define 0 : Xt U X~ — Xt UX™ by o(z) = h(z) for r € X and
o(r) = h~Y(x) forx € X~. Themap o : (XTUX") - (Xt UX")is an
involution. By varying +* we construct the involution ¢ : £ — L. It follows
from the definitions that o is admissible and that the pair (lab, o) satisfies the
assumptions of Theorem 3.1.

4. Measures on skew pants and the frame flow

We start by outlining the construction of the measures from Theorem 3.4.
Fix a sufficiently small number ¢ > 0, and let r > 0 denote any large enough
real number. Set R = 2(r — log %) We let II. g be the set of skew pants II in
M? for which |h1(6) — £| < ¢ for all § € JIL In this section we will construct
a measure p on IIp. p (for some universal constant D > 0) and a measure 5
on each N'(v/4) such that for r large enough, we have

K (5) b5 4| < pmar

and the measures 5,u| NL(V3) and (5 are Ce™ 1 equivalent, where Eucly is the

dEucls =

Euclidean measure on N* (\/5 ), the unique probability measure invariant under
C/(2miZ + 1(0)Z) action.

Let F(H?) denote the set of (unit) 2-frames F, = (p,u,n), where p € H?
and the unit tangent vectors u and n are orthogonal at p. By g;, t € R, we
denote the frame flow that acts on F(H?) and by A the invariant Liouville
measure on F(H?). We then define a bounded nonnegative affinity function
a=a., : F(H x F(H?) — R with the following properties (for r large
enough):

(1) a(Fy, F,) = a(F,, F,) for every F,, F,, € F(H?).

(2) a(A(Fy,), A(F,)) = a(F)p, F,) for every A € PSL(2,C).

(3) If a(F), F,;) > 0, and F, = (p,u,n) and F, = (q,v,m), then

|d(p,q) —r| <e,
O(n@Qq,m) < ¢,
O(u,v(p,q)) < Ce™3, O(v,v(q,p)) < Ce ¥,
where ©(z,y) denotes the unoriented angle between vectors x and y,
and v(p, q) denotes the unit vector at p that is tangent to the geodesic

segment from p and q. Here n@q denotes the parallel transport of n
along the geodesic segment from p (where n is based) to g.
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(4) For every co-compact group G < PSL(2,C), we have

1 —agr
Aze%;a(Fp, A(Fy)) — W <e )

The last property will follow from the exponential mixing of the frame
flow on F(H?)/G.

Now let F, = (p,u,n) and F, = (g,v,m) be two 2-frames in F(M3) =
F(H3)/G, where M3 is a closed hyperbolic three manifold and G is the corre-
sponding Kleinian group. Let v be a geodesic segment in M3 between p and
q. We let F, be an arbitrary lift of F, to F(H?), and let F, be the lift of F,
along v. We let a,(F), F,;) = a(F},,E). By properties (1) and (2) this is well
defined. Moreover, for any F,, F, € F(M3),

1 o
(26) ;%(vaFq) T AFOE) <e

by property (4).

We define w : F(H?) — F(H?) by w(p,u,n) = (p,w(u),n), where w(u) is
equal to u rotated around n for 2{, using the right-hand rule. Observe that
w3 is the identity and we let w™! = @. To any frame F we associate the
tripod T = (F,w(F),w?(F)), and likewise to any frame F we associate the
“anti-tripod” T = (F,w(F),w?(F)). We have the similar definitions for frames
in F(M3).

Let O-graph be the 1-complex comprising three 1-cells (called hg, h1,h2)
each connecting two O-cells (called p and ¢q). A connected pair of tripods
is a pair of frames F, = (p,u,n), F, = (g,v,m) from F(M?3), and three
geodesic segments 7;, i = 0,1,2, that connect p and ¢ in M. We abbreviate

Y= (70)’71772% and we let
2 . .
b, (1}, Ty) = H ay, (W' (Fp),w' (Fy))-
=0

We say (T, Ty, ) is a well-connected pair of tripods along the triple of segments
v if by (T}, T,) > 0.

For any connected pair of tripods (1), Ty,7), there is a continuous map
from the #-graph to M? that is obvious up to homotopy (map p to p and
q to ¢, and h; to ;). If (T},,T,,7) is a well-connected pair of tripods, then
this map will be injective on the fundamental group (6 — graph). Moreover,
the resulting pair of skew pants Il has the half-lengths De close to g, where
R = 2(r — log %) (then the cuff lengths of the skew pants II are close to R)
and D is a universal constant. Recall that the collection of skew pants whose

half-lengths are De close to g (for some large R and fixed ¢) is called IIp, g.
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We write II = 7(T},,Ty,7), so m maps well-connected pairs of tripods to
pairs of skew pants in IIp. gr. We define the measure i on well-connected
tripods by

dﬁ(Tp7 Tqa ’Y) = b’Y(Tpa Tq) d)‘T(Tpv Tq, 7),

where A (T, T, ) is the product of the Liouville measure A (for F(M?3)) on
the first two terms and the counting measure on the third term. The measure
Ar is infinite but a, (7, T,) has compact support, so f is finite. We define the
measure p on IIpe g by p = mep. This is the measure from Theorem 3.4.

It remains to construct the measure Bs and show the Cefi—equivalence
of Bs and 5M|N1(\/S)' To any frame F' we associate the bipod B = (F,w(F)),
and likewise to any frame F' we associate the “anti-bipod” B = (F,w(F)). We
have the similar definitions for frames in F(M?3).

We say that (B, Bq,70,71) is a well-connected pair of bipods along the
pair of segments vg and ~ if

ay, (Fp, Fy)ay, (w(F}),w(Fy)) > 0.

Then the closed curve 4oU~; is homotopic to a closed geodesic in M3. Given a
closed geodesic § € I" we let S5 be the set of well-connected bipods (By, Bg,70,71)
such that 49U~ is homotopic to 4. (Note that Ss is an open subset of the space
of connected bipods which is the space of quadruples (B, Bq,Y0,71), where B,
and B, are tripods and 79 and 7, are geodesic segments in M? connecting the
points p and g.) The set Ss of connected bipods carries the natural measure
Ap which is the product of the Liouville measures on the first two terms and
the counting measure on the third and fourth.

Remark. One can show that if € is small in terms of the injectivity radius
of M3, then for two bipods B, and B, in F(M?) there exists at most one pair
of segments (7o, 1) such that (B, By, 70,71) is a well-connected pair of bipods
and that vy U~y is homotopic to 6. However, we do not use this.

Next, we define the action of the torus C/(2miZ+1(0)Z) on Sy that leaves
the measure Ap invariant.

Let Ts be the open solid torus cover associated to ¢ (so ¢ lifts to a closed
geodesic §in Ts). Given a pair of well-connected bipods in Ss, each bipod lifts
in a unique way to a bipod in F(Ts) such that the pair of the lifted bipods
is well connected in Ts. We denote by §5 the set of such lifts, so §5 is in
one-to-one correspondence with Ss. There is a natural action of the torus
C/(2miZ + 1(6)Z) on both N(§) (= N'(8)) and on F(Tj), and hence on Ss as
well. Since 55 and S are in one-to-one correspondence, we have the induced
action of C/(2miZ +1(0)Z) on Ss. This action leaves invariant the measure \p
on Sjy.
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For either choice of hl(d) there is a natural action of C/(2miZ + [(5)Z)
on N'(v/9) via C/(2miZ + h1(§)Z). We define in Section 4.7 a map f5 : S5 —
N 1(\/5) with two important properties. The first one is that f5 is equivariant
with respect to the action of C/(27miZ + [(0)Z). The second property is as
follows.

Let Cs be the set of well-connected tripods (1}, Ty, y) for which o U~ is
homotopic to d, and let x : Cs— S5 be the forgetting map, so x (T}, Ty,70,71,72)
= (Byp, Bg,70,7). Then for any pair of well-connected tripods T' = (T}, T}, )
€ 057

(27) [£5(x(T)) — foots(n(T))| < Ce™1,

where 7(T) is the skew pants defined above. (Recall that the map foots(IT)
that associates the foot to a pair of marked skew pants (IL,0), § € OII, was
defined in Section 3.) In other words, the map f5 predicts feet of the skew
pants w(T") (just by knowing the pair of well-connected bipods x (7)) up to an
error of Ce™1. This Ce™1 comes from property (3) of the affinity function a
defined above.

There are two more natural measures on Ss. The first is x.(z|c;). The
second is v, defined on S5 by

dV5(pr By, 0, M) = Ay (FIH Fq)a“/l (W(Fp)aw(Fq)) d)‘B(Fpa Fg, 70, Y1),
where we recall that Ag(Fy, Fy,70,71) is the product of the Liouville measure
on the first two terms and the counting measure on the last two. The two
measures satisfy the fundamental inequality
dx«(Blcy) 1 —qr

2%) @By Byron) | AEME)| <

because the total affinity between w?(F},) and @?(F,) (summing over all positive
connections 73 ) is exponentially close to m by the inequality (26) above.

Moreover, since Ag and the product ay, (F), Fy)a,, (w(Fp),w(Fy)) are both
invariant under the action of C/(2miZ +1(§)Z), we see that vs is also invariant
under the action of C/(2miZ + [(0)Z). Therefore (f5).vs is as well because f;
is C/(2miZ 4 1(6)Z) equivariant. It follows that (f5).(vs) = KsEucls for some
constant K. Therefore, by (47),
d(f5)«(tlcs)

dKj§Eucl;
where Kj§ = Ks/A(F(M3)).

This measure (f5).(filc,) is our desired measure 8s; it is C'e™ i-equivalent

(29) —1| < Ce™ ™|

to the measure 5“|N1(\/5) because the later measure is just (foots).m.(ft|c;),
and as we already said

r

|fs(x(T")) — foots(m(T"))| < Ce™1
for every tripod T in Cj.
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We define a(Fj, F;) in Section 4.4, and we prove that the skew pants
w(Tp, Ty,7) € I pe r (for some universal constant D > 0) when b, (T, T;) > 0
in Sections 4.5 and 4.6, using preliminaries developed in Sections 4.1 and 4.2.
We define f5 and prove (27) in Section 4.7, using preliminaries developed in
Section 4.3. Finally we prove equation (29) in Section 4.8.

4.1. The Chain Lemma. Let T'(H3) denote the unit tangent bundle. El-
ements of T'(H?) are pairs (p,u), where p € H? and u € T, (H3). For
u,v € Tp1 (H3), we let ©(u,v) denote the unoriented angle between u and v.
The function © takes values in the interval [0, 7]. For a,b € H?, we let v(a,b) €
T}(H?) denote the unit vector at a that points toward b. If v € T} (H?), then
vQb e, b1 (H3) denotes the vector parallel transported to b along the geodesic
segment connecting a and b. By (a, b, ¢) we denote the hyperbolic triangle with
vertices a, b, c € H3. For two points a,b € H3, we let |ab| = d(a, b).

PROPOSITION 4.1. Let a,b,c € H3 and v € T}(H3). Then the inequalities
O(v@bQcQa,v) < Area(abc) < |be]
hold, where Area(abc) denotes the hyperbolic area of the triangle (a,b, c).

Proof. Tt follows from the Gauss-Bonnet theorem that the inequality © (v@
b@c@ a,v) < Area(abc) holds for every v € T!(H?). Moreover, if v is in the
plane of the triangle (a, b, ¢), then the equality @ (v @b Q ¢ @ a,v) = Area(abc)
holds.

We now prove that in every hyperbolic triangle the length of a side is
greater than the area of the triangle; that is, we prove |bc| > Area(abc). Con-
sider the geodesic ray that starts at b and that contains a, and let o’ € OH? be
the point where this ray hits the ideal boundary. Then the triangle (a, b, c) is
contained in the triangle (a’, b, ¢), so it suffices to show that Area(a’,b,c) < |bc|.
Thus we may assume that the vertex a is a point on OH?.

Considering the standard model of the upper half-plane H? = {z € C :
Im(z) > 0}, we can assume that a = oo and that the geodesic segment (bc)
lies on the unit circle {z € C : |z| = 1}. By the first part of the proposition we
know that Area(abc) is equal to «, where « is the unoriented angle between
the Euclidean lines [, and [., where [;, contains 0 and b and [. contains 0 and ¢
(0 € C denotes the origin). Since b and c lie on the unit circle, we have that « is
also equal to the Euclidean length of the arc of the unit circle between b and c.
On the other hand, the hyperbolic length of this arc (which is the geodesic
segment (bc) between b and ¢ in the hyperbolic metric) is strictly larger than o
because the density of the hyperbolic metric is y~!|dz|, which is greater than
1 on the unit circle. We have

Area(abe) < a < |bc|,

which proves the proposition. O
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The following claim will be used in the proof of Theorem 4.1 below.
CLAIM 4.1. Let a,b,c € H?. Then the inequality
O(v(c,a),v(b,a)Qc) < O(v(a,b),v(a,c))+Area(abe) < O(v(a,b),v(a,c))+|bc]
holds.

Proof. We have
O(v(c,a),v(b,a) @c) = O(v(c,a) Qa,v(b,a) @cQa)
(—v(a,c),v(b,a) QcQa)
(—v(a,c), —v(a,b))+0O(—v(a,b),v(b,a) QcQa)
(v(a,c),v(a,b))+0O(—v(a,b) Qb,v(b,a) @c@aQb)
(v(a,c),v(a,b))+O(v(b,a),v(b,a) @cQa@b).
By the previous proposition we have @(v(b, a),v(b,a) @Qc@Qa@b) < Area(abc) <
|bc|, and we are finished. O

The following two propositions are elementary and follow from the cosh
rule for hyperbolic triangles.

PROPOSITION 4.2. Let (a,b,c) be a hyperbolic triangle such that |ab| = Iy
and |bc| = n. Then for Iy large and n small enough, the inequality

©(v(a,b),v(a,c)) < Dne™"t
holds for some constant D > 0.

PROPOSITION 4.3. Let (a,b,c) be a hyperbolic triangle, and set |ab| = Iy,
lcb| = 1o and |ac| = 1. Let n =7 — O(v(b,a),v(b,c)). Then forly and ly large,
we have

(1) |(I—(I1+12))+1log 2—log(1+cosn)| < De=2mintll2} for any 0 < n < 5
(2) [l = (I1 +12)| < Dn forn small,
(3) ©(v(a,c),v(a,b)) < Dne~'* for n small,

(4) ©(v(c,a),v(c,b)) < Dne™"2 for n small

for some constant D > 0.

The following theorem (the “Chain Lemma”) allows us to estimate the
geometry of a segment that is formed from a chain of long segments that nearly
meet at their endpoints. It will be used in Section 4.2 to estimate the complex
length of a closed geodesic formed from a closed chain of such segments.

THEOREM 4.1. Suppose that a;,b; € H3, i =1,...,k, and
(1) faibil > Q;

(2) [bigiv1] < &

(3) ©(v(b;,ai) @ a1, —v(ait1,bit1)) < e.
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Suppose also that n; € T, (H*) is a vector at a; normal to v(a;, b;) and
@(nz @ bz-,ni_H @ bl) <e.

Then for € small and @Q large and some constant D > 0,

k
(30) |a1br| =D |aibil| < kDe,
i=1
(31) ©(v(ay,by),v(ar,b1))<kDee % and O (v(by,a1),v(by,ar)) <kDee 9,
(32) O (v(ay,ar),v(ar, b)) < 2kDee™? if k > 1,
(33) @(nk,nl Q ak) S S5ke.

We can think of the sequence of geodesic segments from a; to b; as
forming an “e-chain,” and we can think of the broken segment connecting
ai,b1,a9,bs,...,ax, b as the concatenation of the e-chain, and the geodesic
segment from aj to by (or ai) as the geodesic representative of the concate-
nation. Then the Chain Lemma is describing the relationship between the
concatenation of an e-chain and its geodesic representative, and also estimat-
ing the discrepancy between parallel transport along the concatenation and
transport along its geodesic representative.

Proof. By induction. Suppose that the statement is true for some k£ > 1.
We need to prove the above inequalities for k£ + 1.

We first prove inequalities (31) and (32). By the triangle inequality we
have
O (v(a1,b), v(a1,bk+1)) <O(v(a, by), v(ar,ak+1)) + O(v(ar,ar+1), v(ar,bgi1))-

By Proposition 4.2 we have @ (v(az,by),v(a1,ar11)) < Dice”?, where
D, is the constant from Proposition 4.2. By (34) and Proposition 4.3 we
have ©(v(ay, agy1),v(a1, bpy1)) < 2D2ce™?, where Dy is from Proposition 4.3.
Together this shows

O (v(a1, by),v(a1, bpr1)) < Dee 9.
Then by the triangle inequality and the induction hypothesis, we have
©(v(a1, brt1),v(a1,b1)) < O(v(ar,by),v(a1,b1)) + O(v(ar, by), v(a1, bg+1))
< kDee @ + Dee ® = (k4 1)Dee™?,

which proves the first inequality in (31). The second one follows by symmetry.
Inequality (32) follows from (31) and Proposition 4.2.
Next, we prove inequality (30). By the triangle inequality, we have

O(v(a1,axy1),v(a1,bg)) < O(v(ar,agt1),v(ar, br)) + O(v(ay, br),v(ay, b)),
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and then applying (31) and (32), we get
O(v(ay, agy1),v(a1, b)) < 2(k+1)Dee”? + kDee @ < ¢

for @) large enough. Then by Claim 4.1, we have

O(v(ags1,a1),v(bg,a1) Qagr1) < O(v(ar,ary),v(ar,by)) + |brarri| < 2e.
Combining this inequality with assumption (3) of the theorem, and by the
triangle inequality we obtain @ (v(akyt1,a1), —v(ag+1,bk+1)) < 3e. Therefore
the inequality
(34) T — O(v(ags1,01),v(aks1,0k41)) < 3¢
holds. (Observe that the same inequality holds for all 1 < < k.)

It follows from Proposition 4.3 and (34) that “alak+1‘ + |ag+1bp+1] —
\alka]’ < 3D1e, where Dy is the constant from Proposition 4.3. Since by the
triangle inequality

(|a1bk| - |a1ak+1|‘ <e,
we obtain
‘|albk| + lag+1br+1] — ’albk-l—l” < De.
This proves the induction step for the inequality (30).

It remains to prove (33). Using the induction hypothesis and the as-
sumptions in the statement of this theorem, we obtain the following string of
inequalities:

O(ngt1,n1 Qagy1) = O(ngrq Qbg,ny Qagyq Qby)
O (ng41 Qbg,nk Qby) + O(ng Qby,ny Qagq Qby)
e+ O(ng Qbg,ny Qagyq Qby)
e+ O(ng Qbg,ny Qay, Qby)
+ O (n; Qag @by, n; Qagq Qby)
< (Bk+1)e + O(n1 Qag Q b, ny Qagyq Qby)
< (5k + 1)e + O(n; Q@ ag Q by, ny Qby)
+ O(n1 Qbg,ny Qagyq Qby).

ININ TN

By (34) we have
@(n1 Q ag @ bk, ni @ bk) < 36,

and by Claim 4.1 we have
O(ny Qbg,ny Qagq Qbg) <e.
Combining these estimates gives
O(nkr1,n1 Qagyq) < (5k + 5H)e,
which proves the induction step for (33). O
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4.2. Corollaries of the Chain Lemma. For X € PSL(2,C), we write X (z)

b

- gzziw
between the Chain Lemma and Lemma 4.1.

where ad — bc = 1. The following proposition will provide the bridge

PROPOSITION 4.4. Let p,q€H? and A€ PSL(2,C) be such that A(p)=q.
Suppose that for every u € Tpl(]H[?’) we have O (A(u),u @ q) < e. Then for e
small enough and d(p,q) large enough, and for some constant D > 0, we have

(1) the transformation A is loxodromic;
(2) 1(4) —d(p,q)| < De;
(3) if axis(A) denotes the axis of A, then d(p,axis(A)), d(g, axis(A)) < De.

Proof. We may assume that the points p and ¢ lie on the geodesic that
connects 0 and oo, such that ¢ is the point with coordinates (0,0, 1) in H?, and
pis (0,0,z) for some 0 < z < 1. Let B € PSL(2,C) be given by B(z) = Kz,
where log K = d(p, q). Since K is a positive number, it follows that for every
ueT) (H3), the identity B(u) = u Q@ q.

Let A = C o B, where C € PSL(2,C) fixes the point (0,0,1) € H3. Tt
follows that for every u € T(1070’1)(H3), we have ©(u,C(u)) < e. This implies
that for some a,b,c,d € C, ad — bc = 1, we have

az +b
C(Z) - CZ+d7
and |a — 1|, |bl,|c|,|d — 1| < D¢ for some constant D; > 0. Then
avVKz+ be?
A(z) = ﬁ»
cz + VK
and we find
d
tr(A) = aVK + ——,
W VE

where tr(A) denotes the trace of A. Since |a — 1|,|d — 1| < Dje, we see that
for K large enough, the real part of the trace tr(A) is a positive number > 2,
which shows that A is loxodromic. On the other hand, tr(A) = 2cosh(@).
This shows that |1(A) — log K| < Dye for some constant Dy > 0.

Let 21,29 € C denote the fixed points of A. We find

-V G
2¢ '

z12 =

Then for K large enough, we have
3
[zl <, Jz2| = -

This shows that d(g,axis(A)) = d((0,0,1),axis(A)) < Dse, for some constant
D3 > 0. The inequality d(p,axis(A)) < Dse follows by symmetry. O
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The following lemma is a corollary of Theorem 4.1 and the previous propo-
sition. It provides an estimate for the complex length of the closed geodesic
that is freely homotopic to the concatenation of a closed chain of geodesic
segments.

LEMMA 4.1. Let a;,b; € H3, i € Z such that

(1) laibi| > Q;
(2) [biaia]| < &
(3) O(v(b;,ai) Q a1, —v(ait1, bit1)) < e.

Suppose also that n; € T;i (H3) is a vector at a; normal to v(a;, b;) and
@(nz @ bz-,ni_H @ bl) <e.

Suppose there exists A € PSL(2,C) and k > 0 be such that A(a;) = a;tk,
A(b;) = bitg, and A(n;) = niyg, @ € Z. Then for e small and Q large, A is a
loxodromic transformation and

k

1(A) = laibi]

1=0

(35) < kDe

for some constant D >0. Moreover, a;,b; € Npg:(axis(A)), where Npg.(axis(A))
C H3 is the Dke neighbourhood of axis(A).

We can think of taking a;,b; € H?/A (or even in some hyperbolic 3-mani-
fold N) and i € Z/kZ. We must then describe the geodesic segments from a;
to b;, which we will use to determine v(b;, a;) and n; @ b;, and so forth. (As
long as the injectivity radius of N is greater than ¢, there are unique choices of
geodesic segments from b; to a;1+1 with length less than €.) We then think of
this sequence of segments as a “closed e-chain” and axis(A)/A as its geodesic
representative.

Proof. Let vg = v(ag, bp). Observe that A(vg) = v(ag,bx). First we show
that the inequality ®(A(vg),vo @ ax) < 4e holds for @ large enough.

Recall that for @ large enough, the inequality (34) holds (see the proof of
Theorem 4.1); that is, we have

T — O(v(ag,ao),v(ag, b)) < 3e.
Since O (v(ag, ap), —v(ak, br)) = O(v(ag, ax),v(ag, bx) Q ag), we have
O (v(ag, ag), v(ak, bg) @ ag) < 3e.
On the other hand, it follows from (32) that for @ large enough, we have

O (v(ag,ax),v(ag, by)) < ¢,
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so by the triangle inequality we obtain
©(v(ao, bo), v(ak, bx) @ ag) < O(v(ao, ax), v(ao, bo))
+ O (v(agp, ax), v(ag, br) Q ap)
< 4e.
Since v(ag, by) Q@ ag Q ap, = v(ag, by), we find O (v(ag, by), v(ak, by) Qag) =
O (vp Qayg, A(vg)). Thus we have proved the inequality ©(vo @ay, A(vg)) < 4e.

Next, from (33) we find @(ng,ng @ ag) < 4ke. Since vy is normal to ng,
and the parallel transport preserves angles, it follows that

(36) O(u @ ag, A(u)) < 4kDe, for every vector u € Tal0 (H3).

On the other hand, the inequality

k

(37> d(ao, A(ao)) — Z \azbz] S kDe
i=0
follows from (30). The lemma now follows from Proposition 4.4. O

4.3. Preliminary propositions. In this subsection we will prove two results
in hyperbolic geometry (Lemmas 4.2 and 4.3) that we will use in Section 4.7.
The following proposition is elementary.

PROPOSITION 4.5. Let o be a geodesic in H>, and let p1,ps € H? be two
points such that d(p1,p2) < C and d(p;, o)) > s, i = 1,2, for some constants
C,s > 0. Let n; be the oriented geodesic that contains p; and is normal to «
and that is oriented from « to p;. Then there exists a constant D > 0, that
depends only on C, such that |da(m,n2)| < De™?.

Let a and 3 be two oriented geodesics in H? such that d(«, ) > 0, and let
~ be their common orthogonal that is oriented from « to 8. We observe that
both « and 8 are mapped to —a and — 3 respectively, by a 180 degree rotation
around ~. Let t € R and let ¢ : R — 8 be parametrization by arc length such
that go(0) = BNy. Let (t) be the geodesic that contains go(t) and is orthogonal
to «, and is oriented from « to go(t). The following proposition follows from
the symmetry of a and 8 around . Recall that the complex distance is well
defined (mod 27i), so we can always choose a complex distance such that its
imaginary part is in the interval (—m, 7).

PROPOSITION 4.6. Assume that o # 3. Then d(qo(t1), ) = d(qo(t2), )
if and only if |ta| = |t1|. Moreover, if for some t € R, we can choose the
complex distance do(0(—t),0(t)) such that

—m < Im (da(6(—t),6()) <,
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then
(39) Qa(6(~1),7) = 5da(5(-1),5(1)).
Remark. Observe that if @ and 8 do not intersect we can always choose
the complex distance d, (6(—t),d(t)) such that
—m < Im (da(5(—t),5(t))) < .
Assuming the above notation we have the following.

PROPOSITION 4.7. Let s(t) = d(qo(t), ). Suppose that d(a, 3) < 1. Then
for s(t) large enough, we have

s(t+h)=s(t)+h+o(l) ast — oo,
s(t+h)=s(t)—h+o(l) ast — o0
s(t
for any |h| < %
Proof. By the triangle inequality, we have
s(t) = d(qo(t), @)

< d(qo(t),q0(0)) + d(q0(0), @)
<|t|+1

since d(qo(0), ) = d(c, B) < 1. That is, we have
(39) s(t) < |t]+ 1.

It follows from (39) that s(¢) large implies that |¢| is large.
Recall the following formula (9) from Section 1:

sinh?(d(qo(t), a)) = sinh?(d(cv, B)) cosh?(t) + sin?(Im[d, (e, B)]) sinh?(t).
Combining this with (39), we get
220 — 2 (sinh(d(a, §)) + sin® (Im[d, (a, ) + O(1),
which proves the proposition. O

We can define the foot of the geodesic 8 on « as the normal to a pointing
along . The lemma below estimates how the foot of 5 on a moves when S is
moved (and S is very close to «).

Let € € D be a complex number, and let » > 0. Assume that

(40) d,(a, B) = e 57,

Then there exists 9 > 0 such that for every for |e| < €g, for every r > 1, and
for every t € R, we can choose the complex distance d,(d(—t),d(¢)) such that

(41) - % < Imda(5(—t),8(t) < %
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Let 81 be another geodesic with a parametrization by arc length ¢; : R—
B1. We let 1 denote the common orthogonal between o and ; that is oriented
from « to B1. We have

LEMMA 4.2. Assume that o and B satisfy (40). Let C' > 0, and suppose
that for some t1,t],ta,th, € R, where t; < 0 < t3, we have

(1) d(q1(t1), q0(t1)), d(q1(t5), qo(t2)) < C;
(2) |d(go(t1), @) — d(go(t2), )| < C;
(3) d(qo(t1), ) > 7 — C.

Then for |e| < eo and for r large, we have
da(’%'.)/l) < D€_£
for some constant D > 0, where D only depends on C.

Proof. The constants D; defined below all depend only on C. From (40)
we have d(a, 8) < e”27!. Since

d(q1(th), qo(t1)), d(q1(t), qo(t2)) < C,

it follows that for r large we have d(a, 81) = o(1) and, in particular, we have
d(a, f1) < 1. By the triangle inequality we obtain |d(q1(t}), ) — d(q1(t5), @)]
< Di. Then it follows from the previous proposition that the inequalities
|ta + t1], |th + t1| < D2 hold. This implies that d(qo(—t1),q1(—t})) < Ds.

Let 01(t) be the geodesic that contains ¢;(t) and is orthogonal to «, and
is oriented from « to ¢i(t). Now we apply Proposition 4.5 and find that

|da(6(—t1),61(—1))] < Dae™ 5.
Similarly
da(8(t1), 81(4)] < Dae™ 5.

It follows from (41) and the above two inequalities that for r large, we can
choose the complex distance d, (d1(—t}),d1(¢})) such that

s

T
—3 < Imd,(61(—t)),d1(t))) < 3
In particular, we can choose the complex distances

do(6(—t1),0(t1)) and do(01(—1), 01(t)))

such that the corresponding imaginary parts belong to the interval (—m, ),
and such that

da(6(~t1), 8(t1)) = da(d1(~t)),61(8))] < 2Dse 5,

The proof now follows from Proposition 4.6 and the triangle inequality. U
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LEMMA 4.3. Let A € PSL(2,C) be a loxodromic transformation with the
axis y. Let p,q € (OH?\ endpoints(A)), and denote by oy the oriented geodesic
from p to q, and by aa the oriented geodesic from q to A(p). We let 6; be the
common orthogonal between v and ., oriented from v to o;. Then

d7(51, 52) = (—1)jl(;4) + ki

for some k € {0,1} and some j € {1,2}.

Alternatively, we can think of p and ¢ as points on the ideal boundary of
H3/A, and a1 and as as two geodesics from p to ¢, such that ap - (a2)™! is
freely homotopic to the core curve of the solid torus H?/A.

Proof. Let as be the oriented geodesic from A(p) to A(g), and let d3 be
the common orthogonal between v and ag (oriented from v to ag). Consider
the right-angled hexagon H; with the sides Lo =, L1 = 01, Lo = a1, L3 = q,
Ly = ag, and Ls = J2. Let Hs be the right-angled hexagon with the sides
Ly =, L} =83, Ly = a3, L = A(p), L)y = aa, and L = d2. Note that Hy
is a degenerate hexagon since the common orthogonal between a; and as has
shrunk to a point on OH?. The same holds for Hy. We note that the cosh
formula is valid in degenerate right-angled hexagons and every such hexagon
is uniquely determined by the complex lengths of its three alternating sides.

Denote by o) and o), the complex lengths of the sides Lj and Lj, respec-
tively. By changing the orientations of the sides Lj, and Lj, if necessary, we can
arrange that o1 = o}, 05 = of and o3 = o} = 0 (see Section 2.2 in [12]). This
shows that the hexagons H; and Hs are isometric modulo the orientations of
the sides, and this implies the equality op = (. On the other hand, changing
orientations of the sides can change the complex length of a side by changing
its sign and/or adding 7i. This proves the lemma. O

4.4. The two-frame bundle and the well-connected frames. Let F(H?) de-
note the two frame bundle over H3. Elements of F(H?) are frames F' = (p, u, n),
where p € H? and u,n € T, (H3) are two orthogonal vectors at p (here T (H?)
denotes the unit tangent bundle). The group PSL(2,C) acts naturally on
F(H3). For (p;,ui,ni), i = 1,2, we define the distance function D on F(H?)
by

D((p1,u1,m1), (p2, uz, n2)) = d(p1,p2) + O(ul, u2) + O(n}, na),
where u},n} € Tpl2 (H3), are the parallel transports of u; and v; along the
geodesic that connects p; and p2. One can check that D is invariant under
the action of PSL(2,C). (We do not claim that D is a metric on F(H?).) By
N-(F) c F(H?) we denote the € ball around a frame F € F(H?3).

Recall the standard geodesic flow g, : T'(H?) — T1(H3), » € R. The
flow action extends naturally on F(H?); that is, the map g, : F(H3) — F(H?)
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is given by g,(p,u,n) = (p1,ui,n1), where (p1,u1) = g-(p,u) and n; is the
parallel transport of the vector n along the geodesic that connects p and p;.
The flow g, on F(H3) is called the frame flow. The space F(H?) is equipped
with the Liouville measure A, which is invariant under the frame flow and under
the PSL(2,C) action. Locally on F(H3), the measure A is the product of the
standard Liouville measure for the geodesic flow and the Lebesgue measure on
the unit circle.

Recall that M3 = H? /G denotes a closed hyperbolic three manifold, and
G from now on denotes an appropriate Kleinian group. We identify the frame
bundle F(M?3) with the quotient F(H?)/G. The frame flow acts on F(M?3) by
the projection.

It is well known [2] that the frame flow is mixing on closed three manifolds
of variable negative curvature. In the case of constant negative curvature the
frame flow is known to be exponentially mixing. This was proved by Moore
in [10] using representation theory (see also [11]). The proof of the following
theorem follows from the spectral gap theorem for the Laplacian on closed
hyperbolic manifold M? and Proposition 3.6 in [10]. (We thank Livio Flaminio
and Mark Pollicott for explaining this to us.)

THEOREM 4.2. There exists a q > 0 that depends only on M? such that
the following holds. Let ¢, ¢ : F(M3) — R be two C! functions. Then for
every r € R, the inequality

AF) [ (@) dr@)

F(MB3)
/ ¥(z) dA(z / o(z) dA(z

F(MB3)

holds, where C' > 0 only depends on the C* norm of 1 and ¢.

< Ce—alrl

Remark. In fact, one can replace the C'' norm in the above theorem by
the (weaker) Holder norm (see [10]).

For two functions 1, ¢ : F(M?) — R we set

W)= [ @) drw).

F(MB3)

From now on, r > 0 denotes a large positive number that stands for
the flow time of the frame flow. Also let ¢ > 0 denote a positive number
that is smaller than the injectivity radius of M. Then the projection map
F(H?) — F(M?) is injective on every ¢ ball No(F) C F(H?).

Fix Fy € F(H?), and let N.(Fp) C F(H?) denote the ¢ ball around the
frame Fy. Choose a C! function f.(Fp) : F(H3) — R that is positive on
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NZ(Fp), supported on N (Fp), and such that

(42) | s dnc) = 1.

F(H3)

For every F € F(H?), we define f.(F) by pulling back f.(Fy) by the cor-
responding element of PSL(2,C). For F € F(M?3), the function f.(F) :
F(M3) — R is defined accordingly. (It is well defined since every ball Nz(F) C
F(H?) embeds in F(M?).) Moreover, the equality (42) holds for every f.(F).

The following definition tells us when two frames in F(H?) are well con-
nected.

Definition 4.1. Let Fj = (p;j,uj,n;) € F(H?), j = 1,2, be two frames,
and set gt (pj,uj,n;) = (pj, uj,n;). Define

ays (I, Fh) = (g%fa(]/)\la U1, M1), f=(Pa, —T2, Mi2) ).

We say that the frames F} and Fy are (g, r)-well connected (or just well con-
nected if € and r are understood) if ays (F1, Fz) > 0.

The preliminary flow by time § to get (pj,u;,7n;) is used to get the esti-

mates needed for Propositions 4.8 and 4.9.

Definition 4.2. Let F; = (pj,u;,n;) € F(M?), j = 1,2, be two frames,
and let v be a geodesic segment in M that connects p; and py. Let p; € H? be a
lift of p1, and let ps denotes the lift of ps along . By I?J = (pj, uj,n;) € F(H3)
we denote the corresponding lifts. Set a,(Fi, F») = ays (F1, F,). We say that
the frames F} and F» are (g, 7)-well connected (or just well connected if ¢ and
r are understood) along the segment ~ if a,(Fy, F2) > 0.

The function a,(F, F3) is the affinity function from the outline above.
Let F; = (pj,uj,nj)€F(M?), j=1,2, and let g: (pj; uj, ng) = (P, uy,m}).
Define

a(Fy, Fy) = (gi%fs(p,bu,l?n/l)afs(p,27_ul2¢nl2)>'
Then
a(FlvFQ) = ZaV(FDFQ)v
Y

where v varies over all geodesic segments in M3 that connect p; and py. (Only
finitely many numbers a,(F, F») are nonzero.) One can think of a(Fi, F»)
as the total probability that the frames F; and F5 are well connected, and
a,(F1, Fy) represents the probability that they are well connected along the
segment . The following lemma follows from Theorem 4.2.
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LEMMA 4.4. Fiz e > 0. Then for r large and any Fy,Fy € F(M?3), we
have 1

AFOE)
where q > 0 is a constant that depends only on the manifold M?.

a(F1, ) = 1+ 0(e™93)),

4.5. The geometry of well-connected bipods. There is natural order three
homeomorphism w : F(H?) — F(H?3) given by w(p,u,n) = (p,w(u),n), where
w(u) is the vector in TI} (H3); that is, orthogonal to n and such that the ori-
ented angle (measured anticlockwise) between u and w(u) is 2F. (The plane
containing the vectors u and w(u) is oriented by the normal vector n.) An
equivalent way of defining w is by the right-hand rule. The homeomorphism w
commutes with the PSL(2,C) action and it is well defined on F(M?3) by the
projection. The distance function D on F(M?3) is invariant under w.

To every F, = (p,u,n) € F(M?) we associate the bipod B), = (F,w(F,)
and the anti-bipod B, = (Fp,w(F,). (We recall that @ = w='.) We have the
following definition.

Definition 4.3. Given two frames F, = (p,u,n) € F(M?) and F, =
(q,v,m) € F(M?3), let B, and B, denote the corresponding bipods. Let
v = (Y0,71), be a pair of geodesic segments in M?, each connecting the points
p and g. We say that the bipods B, and B, are (g, r)-well connected along the
pair of segments + if the pairs of frames F}, and Fy, and w(F}) and wW(Fy), are
(e,7)-well connected along the segments vy and ~y; respectively.

LEMMA 4.5. Let F, = (p,u,n) and F, = (g,v,m) be two frames in M3.
Suppose that the corresponding bipods B, and By are (g, r)-well connected along
a pair of geodesic segments vy and vy, that connect p and q in M3; that is, we
assume a, (Fp, Fy) > 0 and likewise ay, (w(F)y),w(Fy)) > 0. Then for r large,
the closed curve o U 71 is homotopic to a closed geodesic § € T', and the
following inequality holds:

'1(5) - 2r+2log§‘ < De

for some constant D > 0. Moreover,
d(p,d), d(g,8) < log V3 + De.

Proof. We define, for ¢ = 0,1, F; = (p;, i, n;) by gg(wi(Fp)). Like-
wise, we let Fo = (g,0;,m;) by gg(wi(Fq)). Because w'(F,) and w'(F,)
are well connected, we can find F; € N.(F) and Fy € N:(F) such that
g%(p;, u;,n;) = (q;, —v;, m}). Moreover, there is a homotopy condition that is
satisfied, namely that the concatenation of the e-chain

(210,21 (pi> i), 0,21 (P> w2, 10,21 (@, —9;),
is homotopic rel endpoints to ~;.
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Figure 3. The closed e-chain for two well-connected bipods

We let 1, be the geodesic segment from py to p; that is homotopic rel
endpoints to

80,21 (Do, —To) - &jo,z1(p; u).-
Then 79 and 7y are parallel along 7, (because they are orthogonal to the plane

of the immersed triangle we have formed), and the angle between 7, and —u;
(at p;) is less than De™i. Moreover,

4 r
1(np,) — g + 1og§ < De™ 4.

We likewise define 77, and make the same observation.
We refer the reader to Figure 3 for an illustration of our construction.
The segments 7),, g[o,%}(p’l,u’l), nq_l, 80,z (g5, v0), form a closed e-chain,
and we are therefore in a position to apply Lemma 4.1. We take

(a07 bO; at, bla ag, b27a37 b3) = (ﬁ&ﬁlap{[v qlla 517607 q(/)7p6)

(and connect a; to b; by the aforementioned segments), and we let (ng,ni,ng,n3)
= (no, n}, m}, my). We can easily verify that the hypotheses of Lemma 4.1 are
satisfied, and we conclude that o U~ is freely homotopic to a closed geodesic
0, and the following inequalities

'1(5) - 2r+2log§‘ < De

and
d(i)\h&)’ d((/jlv(;) < De
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hold. It follows that the projection of p onto 7, is exponentially close to d, and
therefore

d(p,d), d(q,6) < logV3+ De. O

4.6. The geometry of well-connected tripods. Let P, Py, P, € F(H?). We
call P the reference frame and P;, P, the moving frames. Let Fy € F(H?), and
r large. Then the frame Fy = L(Fy, P1, Py, r) is defined as follows.

Let I} = gg(Fl). Let Fy € N-(F}) denote the frame such that for some
M, € PSL(2,C), we have My(P) = Fy and My(P1) = Fi. Set g:(F1) =

~ o~ o~

(g, —v,m) and B = (q,v,m). Let F, denote the frame such that for some
M, € PSL(2,C), we have My(P) = Fy and Ma(P2) = Fy. Set g_:(F) =
Fy = (q¢,v,m). Observe that the frame F» only depends on Fy, P, P, and r.

Recall from Section 3 that II” denotes an oriented topological pair of pants
equipped with a homeomorphism wy : II° — II°, of order three that permutes
the cuffs. By wj(C), i = 0,1,2, we denote the oriented cuffs of II°. For each
i =0,1,2, we choose wi(c) € 71(II°) to be an element in the conjugacy class
that corresponds to the cuff wj(C) such that wl(c)wi(e)wd(c) = id.

Fix a frame P € F(H?), and fix six frames Pij eN(P),i=0,1,2,5=1,2,
where N (P) is the £ neighbourhood of P. Denote by (PlJ ) the corresponding
six-tuple of frames. We define the representation

p(P?) : m (%) — PSL(2,C)
as follows.

Choose a frame FY = (p,u,n) € H?, and let Fy = L(FY, P3, P2,7). De-
note by F/, j = 1,2, given by w(F}) = L(w™(Fy), P2, PL,7) and w?(F2) =
L(w™2(F,), P3, P}, r). Let A; € PSL(2,C) given by Ag(FY) = F, A1(F}) =
F? and Ay(F?) = FP. Observe AsA1Ag = id. We define p(P/) = p by
p(wi(e)) = A;. Up to conjugation in PSL(2,C), the representation p(Pij) de-
pends only on the six-tuple (PZJ ) and r. Observe that if Pl-j = P, for all i, j, then
H3/ p(Pl-j ) is a planar pair of pants whose all three cuffs have equal length, and
the half-lengths of the cuffs that correspond to this representation are positive
real numbers.

We will use the following lemma to show that the skew pants that corre-
sponds to a pair of well-connected tripods (see the definition below) is indeed
in IIp. g for some universal constant D > 0.

LEMMA 4.6. Fiz a frame P € F(H3), and fix Pij e N.(P), i =0,1,2,
Jj=1,2. Set p(P!) = p. Then

’hl(wg(C)) —r+ logg‘ < De
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for some constant D > 0, where hl(w}(C)) denotes the half-lengths that cor-
respond to the representation p. In particular, the transformation p(wj(c)) is
lozodromic.

Proof. 1t follows from Lemma 4.5 that
< 4
1(wh(C) —2r + 210g§‘ < De,

where 1(w§(C)) denotes the cuff length of p(wi(c)) = A;.

We have hl(w'(C)) = w + kmi for some k € {0,1}. It remains to
show that k = 0.

Let t € [0,1], and let Pij(t) be a continuous path in M.(P) such that
Pij(l) = Pij, and PZ-j(O) = P. Set py = p(PZj(t)) Then for each t, we obtain
the corresponding number k(t) € {0,1}. Since k(0) = 0 and since k(t) is
continuous, we have k(1) = k = 0. O

To every frame F € F(M?3) we associate the tripod T = w(F), i = 0,1, 2,
and the anti-tripod T = @*(F), i = 0, 1,2, where @ = w™!.

Definition 4.4. Given two frames F, = (p,u,n) and F, = (¢,v,m) in
F(M3), let T, = w'(F,) and T, = w'(F,), i = 0,1,2, be the corresponding
tripods. Let v = (y0,71,72) be a triple of geodesic segments in M3, each
connecting the points p and q. We say that the pair of tripods 7}, and T
is well connected along 7 if each pair of frames w'(F,) and w™(F,) is well
connected along the segment ;.

Next we show that to every pair of well-connected tripods we can naturally
associate a skew pants in the sense of Definition 3.2. Recall from Section 3
that II° denotes an oriented topological pair of pants equipped with a home-
omorphism wp : II° — TIY of order three that permutes the cuffs. By wj(C),
i =0,1,2, we denote the oriented cuffs of II°. For each i = 0,1, 2, we choose
wi(c) € m(I1°) to be an element in the conjugacy class that corresponds to
the cuff wj(C) such that wl(c)wi(c)wd(c) = id.

Let a,b € II° be the fixed points of the homeomorphism wy. Let oy C I1°
be a simple arc that connects a and b, and set w{(ag) = a;. The union of two
different arcs a; and «; is a closed curve in I1° homotopic to a cuff. One can
think of the union of these three segments as the spine of II°. Moreover, there
is an obvious projection from II° to the spine agU ay U e, and this projection
is a homotopy equivalence.

Let T, = (p,w'(u),n) and T, = (g,w'(v),m), i = 0,1,2, be two tripods in
F(M3), and let v = (70,71,72) be a triple of geodesic segments in M? each
connecting the points p and ¢q. One constructs a map ¢ from the spine of
1Y to M? by letting ¢(a) = p, ¢(b) = q and by letting ¢ : a; — ; be any
homeomorphism. By precomposing this map with the projection from II° to
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its spine we get a well-defined map ¢ : II° — M3. By p(T},, Ty, 7) : m1(II') — G
we denote the induced representation of the fundamental group of II°.

In principle, the representation p(7},,Ty,~) can be trivial. However if the
the tripods T, and T}, are well connected along 7, we prove below that the
representation p(7),Ty,y) is admissible (in sense of Definition 3.1) and that
the conjugacy class [p(T}, Ty, )] is a skew pants in terms of Definition 3.2.

LEMMA 4.7. Let T, and T, be two tripods that are well connected along a
triple of segments 7y, and set p = p(Tp,Ty,7y). Then

. 4
[hl(wj(C)) —r+1og§( < De

for some constant D > 0. In particular, the conjugacy class of transformations
p(wWi(C)) is lozodromic.

Proof. Observe that there exist P/ € No(P) such that p(P}) = p(Tp, Ty, 7).
The lemma follows from Lemma 4.6. ]

Recall that II. g is the set of skew pants whose half-lengths are ¢ close to
g and that R = 2(r —log 3). If we write w (T}, Ty,7) = [p(T}, Ty,7)], then by
Lemma 4.7, m maps well-connected pairs of tripods to pairs of skew pants in

1_IDa,R-

Definition 4.5. Let T, and T}, be two tripods that are well connected along
a triple of segments v = (70, 71,72). Set

=2
b, (T, Ty) = H Ay, (wi(Fp)), (w_i(Fq))-
=0

Observe that two tripods T}, and T, are (e, r)-well connected along a triple
of geodesic segments v if and only if b (7}, T;) > 0.

We define the space of well-connected tripods as the space of all triples
(Tp,Ty,7y) such that the tripods T}, and Tj are well connected along . It
follows from the exponential mixing statement that given any two tripods 7},
and T}, and for r large enough, there will exist at least one triple of segments
7 so that T}, and T} are well connected along 7. (In fact, it can be shown that
there will be many such segments.)

We define the measure i on the set of well-connected tripods by

(43) (T, Ty, ) = bay(Tp, Ty) dAr(Tp, Ty, ),

where A (T, T, ) is the product of the Liouville measure A (for F(M?3)) on
the first two terms and the counting measure on the third term. The measure
Ar is infinite (since there are infinitely many geodesic segments between any
two points p,q € M?3), but b, (T}, T,) has compact support (that is, only
finitely many such triples of connections v are “good”), so f is finite.
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Recall that R = 2(r —log 3) (see the discussion after Lemma 4.7 above).
We define the measure p on Ilp. g by p = mpu. This is the measure from
Theorem 3.4. It follows from the construction that this measure is invariant
under the involution R : II — II (see Section 3 for the definition); that is,
€ ME(II).

In order to prove Theorem 3.4 it remains to construct the corresponding
measure € Mo(N'(v/T)) and prove the stated properties.

A4.7. The “predicted foot” map f5. By F, = (p,u,n) and F, = (¢,v,m)
we continue to denote two frames in F(M?). Suppose the frames w’(F},) and
wl'(Fq) are well connected along the geodesic segments ~;, ¢ = 0,1. In our
terminology this means that the bipods B, and B, are well connected along
the segments g and ;. Let 63 € T' denote the closed geodesic in M? freely
homotopic to y9U~;. We now associate the “geometric feet” to (Bp, By, Y0, 71)-

We first define the geodesic ray ay, : [0,00) — M? by a,(0) = p, a,(0) =
w(u), and we likewise define the geodesic ray ay : [0,00) — M? by ay(0) = g,
@ (0) = w(v). Then for ¢t € [0,00) and i = 0,1, we let 5] be the geodesic
segment homotopic relative endpoints to the piecewise geodesic arc (a,[0,¢]) 7!
i - @g[0,¢]). (The endpoints of both segments 3{ and 85 are a,(t) and ay(t),
and BY = v;.) We let 3% be the limiting geodesic of 3!, when t — co. For
each t > 0 and ¢ = 0, 1, there is an obvious choice of common orthogonal from
S2 to B¢, which varies continuously with ¢ € [0,00]. We let f! € N'(52) be the
foot of this common orthogonal at d2, and we let f; = f°.

For a closed geodesic § € I', let Ts denote the solid torus whose core
curve is §. As an alternative point of view, we can lift 79 U 71 to a closed
curve in the solid torus Ts,. (There is a unique such lift to a closed curve
in Ts,.) We can then lift F}, and Fj, and also a,[0,00] and oy[0, 0], where
ap(00), ay(o0) € OTs,. Then we define B! (and 59°) as before, and there will
be unique common orthogonals from (the lift of) 2 to B¢, t € [0, o).

By Lemma 4.3 we see that ds, (fo, fi) = hl(d2), so fo and fi represent the
same point in N!(y/02). Therefore, we have defined the mapping

(Bpquvfy(b’Yl) — f52(Bp7BQ7’YO7’Yl) € Nl(\/g)

on the set of all well-connected bipods such that the v9 U v, is homotopic to
2. We think of the vector fs,(B,, By, v0,71) € N1(1/52) as the geometric foot
of (Bp, Bg,70,M)-

Assume now that we are given a third geodesic segment v between p
and ¢ (also known as the third connection) such that (7, Ty,~) is a pair of
well-connected tripods along the triple of segments v = (y0,71,72). Above,
we have defined the skew pants II = 7 (7}, Tj;,y) such that 0II = éy + 61 + 62,
where §; is homotopic to v;—1 U ;41 (using the convention 7; = 7;43).
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Let h; € N'(d), i = 0,1, denote the foot of the common orthogonal
from &2 to ¢;. Recall that since dg,(ho, h1) = hl(d2), the projections of hy and
hi to N'(1/32) agree and, as before, we let foots, (IT) € N'(1/d3) denote this
projection. We say that foots, (II) is the foot of the skew pants II on the cuff ds.

We will now verify that on N'(1/82) we have ds, (fo, h1) = ds,(f1,ho) =
O(e™ 7). This will imply that the pairs {ho, h1} and { fo, f1} project to vectors
in N'(y/33) that are e~ close.

PROPOSITION 4.8. With the above notation we have that for r large and
€ small, the inequalities

dis(fo, h1), dis(f1,ho) < De™ i
hold for some universal constant D > 0.

Proof. Assume that we are given a skew pants II = 7(T),Tj,y), where
v = (70,71,72) is a triple of good connections. Recall that §; is a cuff of II
that is homotopic to v;—1 U 7;4+1. Then for ¢ = 0,1, the geodesics d2 and J;
(or more precisely the appropriate lifts of dy and d; to the solid torus cover
corresponding to dz) satisfy (40).

On the other hand, since 72 is a good connection, and from the definition
of a good connection between ‘Ewo frames, it follows that for some universal
constant £ > 0, the segment 3; (considered in the solid torus cover Ts,) has
the endpoints F close to d;. Similarly, the segment [31% has the endpoints F
close to dg. The inequality dis(fo, h1),dis(f1,ho) < De™1 now follows from
Lemma 4.2. [l

For each skew pants II = (T, T,,7), we let
f52 (H) = f52 (Tpv Tqa 7) = f52 (BZH qu 70, '71)

That is, we have defined the map (II, 6*) + f5(IT, ) € N*(+/9) on the set of all
marked skew pants I}, p that contain the geodesic ¢ in its boundary. Recall

that we have already defined the mapping (II, §*) — foots(II, §) € N*(/9).

PropoSITION 4.9. Let (n(1p,Ty,7),6*) € II*. Then for r large and
small, we have

d(foots(n(Ty, Ty, 7). £5(Tp, Ty, y)) < De™ i
for some constant D > 0.

Proof. 1t follows from Proposition 4.8. O

Given skew pants II = 7(7T),, g, ), the new foot f5,(7},, Ty, y) “predicts”
the location of the old foot foots, (1}, T,,~) (up to an exponentially small error
in r) without knowing the third connection ~s.
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4.8. The proof of Theorem 3.4. Fix § € I'. For a given measure a on
NY(V/T) we let as denote the restriction of o on N'(v/4). Tt remains to con-
struct the measure 8 on N'(v/T) from Theorem 3.4 and estimate the Radon-
Nikodym derivative of S5 with respect to the Euclidean measure on N'(v/3).

Recall that (B, Bg,70,71) is a well-connected pair of bipods along the
pair of segments vg and ~ if

a’Yo(Flv FQ)a’h (W(Fl)vw(FQ)) > 0.

We define the set S5 by saying that (F), Fy,v0,71) € Ss if (Bp, Bg,Y0,71) is
a well-connected pair of bipods along a pair of segments 79 and ; such that
Yo U~1 is homotopic to §. In the previous subsection we have defined the map

f5 : S[; — Nl(\/g)

Recall that that the bundle N'(v/§) has the natural C/(2miZ + 1(8)Z)
action by isometries. Now, we define the action of the torus C/(2miZ + [(5)Z)
on Sj so that the map fs becomes equivariant with respect to the torus actions
on S5 and N'(v/§); that is, for each 7 € C/(2miZ + 1(5)Z), we have

(44> fJ(T+ (Bpanfm?fyl)) :T+f5<Bp7Bq7707’Yl)7

where 7+ (Bp, By, 70, 71) denotes the new element of S5 (obtained after apply-
ing the action by 7 to (Bp, By, Y0, 71))-

Let Ts be the open solid torus cover associated to § (so d has a unique
lift to a closed geodesic in Ty which we denote by 6(8)). Given a pair of well-
connected bipods in Sg, each bipod lifts in a unique way to a bipod in F(Ts)
such that the pair of the lifted bipods is well connected in Ts. We denote by
5(5 the set of such lifts, so 55 is in one-to-one correspondence with Sj.

We observe that the group of automorphisms of the solid torus Ty is
isomorphic to the group of isomorphisms of the unit normal bundle N'(§);
that is, in turn isomorphic to C/(2miZ + [(§)Z) which acts on both N!(4)
and on F2(Ts) so as to map Sj to itself. Since S5 and Ss are in one-to-one
correspondence, we have the induced action of C/(2miZ + [(0)Z) on Ss. The
equivariance (44) follows from the construction.

Let Cs be the space of well-connected tripods (T},7y,7), where v =
(70,71,72), such that 79 U 1 is homotopic to §. Let x : Cs — S5 be the
forgetting map (the term forgetting map refers to forgetting the third connec-
tion y2), so X(Tp, Ty, Y0, 71, 72) = (Bp, By, Y0, 71)-

It follows from Proposition 4.9 that for any pair of well-connected tripods
T = (T,,1y4,7) € Cs, we have

(45) [£5(x(T) — foots(n(T,7))| < Ce ™1,

where 7(T, ) is the corresponding skew pants.
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Next, we define the measure vs on Ss by

dvs(Bp, By, 70, 71) = a4, (Fp, Fy)ay, (w(Fp),0(Fy)) dAp(Bp, By, v0,71),

where Ap is the measure on S5 defined as the product of the Liouville measures
on the first two terms and the counting measure on the other two terms.

We make two observations. The first one is that \p is invariant under
the C/(2miZ + 1(0)Z) action on Ss. The second one is as follows. Let 7 €
C/(2miZ + 1(0)Z). For (By, By,v0,M) € S5, we let

(By(r), By(r)»70(1),11(7)) = 7 4+ (Byp, By, Y0,71)

denote the corresponding element of Ss. It follows from the definition of the
affinity functions that

Ay, (FP’ Fq)a% (W(Fp)’w(Fq)) = a’YO(T)(Fp(T)’ Fq(T))a’Yl(T) (w(FP(T))’ w(F‘I(T)))

for any 7. These two observations show that the measure vy is invariant under
the C/(2miZ + 1(§)Z) action on Ss.

Since the map f; is invariant under the C/(2miZ+1(9)Z) actions (see (44)),
it follows from the above two observations that the measure (f5).v; is invariant
under the C/(27miZ +1(0)7Z) action on N'(v/9). Therefore, the measure (fs).vs
is equal to a multiple of the Euclidean measure Eucl; on N'(v/§). We write

(46) (f5)«vs = EsEucls

for some constant Es > 0.

The other natural measure on Ss is defined as follows. Let x : Cs — Ss
be the forgetting map (defined above). Recall that i is the measure (defined
by (43) above) on the space of well-connected tripods given by

dﬁ(Tpv Tqa ’7) = b’Y(Tpv Tq) d)‘T(Tpa Tq7 7)7

where A1 (T}, Ty,7) is the product of the Liouville measure A (for F(M?)) on
the first two terms and the counting measure on the third term. Then we get
a new measure on Ss by x«(f|c;), where fi|cs is the restriction of fi to the
set Cy.

The two measures satisfy

dx« (I‘N’L’CJ)
dvg

= an (W () @(Fy))

= a(w?(Fp), @ (Fy)).

But by the mixing we have

8w (F).5(Fy) = gy 1+ 0 ™))
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so we find that for some constant C' = C(g, M3) > 0, we have

dX*(ﬁ‘Cg) 1 —qr
s AFEME)| <0

which implies

(47)

A(F(M?)) ~ A(F(MP))

1 1
A(F(M?)) A(F(M?))

Applying the mapping (f5)., and from (46), we obtain

(1= Ce™ s < va(iiley) < (1+ Ce ).

FEjs Es

(1—Ce T)Eucls < fi(x«(ftlc;)) < (1+ Ce 9")Eucly.

We let
Bs = £ (x(fil s )-

It follows that the Radon-Nikodym derivative of 5 satisfies desired inequal-
ity from Theorem 3.4. On the other hand, it follows from (45) that s and
ou| N1(v5) are O(e™%) equivalent. This completes the proof.

[1]
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