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The Weil-Petersson geodesic flow
is ergodic

By K. BURNS, H. MASUR, and A. WILKINSON

Abstract

We prove that the geodesic flow for the Weil-Petersson metric on the
moduli space of Riemann surfaces is ergodic (and in fact Bernoulli) and
has finite, positive metric entropy.

Introduction

This paper is about the dynamical properties of the Weil-Petersson geo-
desic flow for the moduli space of Riemann surfaces. Our main result is that
this flow is ergodic: any invariant set must have volume zero or full volume.
Ergodicity implies that a randomly chosen, unit speed Weil-Petersson geodesic
in moduli space becomes equidistributed over time. What is more, the tangent
vectors to such a geodesic also become equidistributed in the space of all unit
tangent vectors to moduli space.

To state our result more precisely and to put it in context, we first review
the basic setup from Teichmiiller theory. Let S be a surface of genus g > 0 with
n > 0 punctures, and let M(S) be the moduli space of conformal structures on
S, up to conformal equivalence. Assume that 3g + n > 4, which implies that
in each conformal class there is complete hyperbolic metric. Then M(S) has
the alternate description of the moduli space of hyperbolic structures on .S,
up to isometry. The orbifold universal cover of M(S) is the Teichmiiller space
Teich(S) of marked conformal structures on S.

It is a classical result due to Fricke and Klein that Teich(.S) is homeomor-
phic to a ball of dimension 6g — 6 + 2n. Teichmiiller space carries a natural
complex structure via a special embedding of Teich(S) into a complex repre-
sentation variety QF(S), called quasifuchsian space. Under this map, called
the Bers embedding, the image of Teich(S) sits as a complex subvariety (in-
deed there is a biholomorphic equivalence QF(S) = Teich(S) x Teich(S)). The
orbifold fundamental group of M(S) is the mapping class group MCG(S) of
orientation-preserving homeomorphisms of S modulo isotopy. The mapping
class group acts holomorphically on Teich(S). The stabilizer of each point is
finite, which gives M (S) the structure of a complex orbifold.
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A naturally defined and well-studied metric on Teichmiiller space, and
the focus of this paper, is the Weil-Petersson metric gwp, which is the Kéahler
metric induced by the Weil-Petersson symplectic form wwp and the almost
complex structure J on Teich(S):

gwp (v, w) = wwp (v, Jw).

We refer to the Weil-Petersson metric as the WP metric, for short. The WP
metric is invariant under MCG(S) and so descends to a metric on M(S). It
has finite volume determined by the volume form |wgrg >,

A striking feature of the WP metric is its intimate connections with hy-

perbolic geometry, among them:

e the hyperbolic length of a closed geodesic (for a fixed free homotopy
class on S) is a convex function along WP geodesics in Teich(S) [42];
e in Fenchel-Nielsen coordinates (¢;, Ti)?iIng" on Teich(S), the WP sym-

plectic form wwp has the simple expression [40]

1 3g9—3+n
WWP = 5 ; dl; N dry;

e the growth of the hyperbolic lengths of simple closed curves on S is
related to the WP volume of M(S) [26]; and

e the WP metric has a formulation in terms of dynamical invariants of
the geodesic flow on hyperbolic surfaces [5], [25].

The Weil-Petersson metric has several notable features that make it an
interesting geometric object of study in its own right. The WP metric is neg-
atively curved, but incomplete. The sectional curvatures are neither bounded
away from 0 (except in the simplest cases of (¢g,n) = (1,1) and (0,4)), nor
bounded away from —oo. The WP geodesic flow thus presents a naturally-
occurring example of a singular hyperbolic dynamical system, for which one
might hope to reproduce the known properties of the geodesic flow for a com-
pact, negatively curved manifold, such as: ergodicity, equidistribution of closed
orbits, exponentially fast mixing and decay of correlations, and central limit
theorem.

We summarize the previous literature on the WP geodesic flow. Wolpert
[41] showed that the geodesic flow is defined for all time on a full volume sub-
set of the the unit tangent bundle 7' Teich(S) and thus descends to a volume-
preserving flow on the finite volume quotient M1 (S) := T Teich(S)/MCG(S).
Pollicott, Weiss, and Wolpert [29] proved in the case (g,n) = (1,1) that the
geodesic flow is transitive on M!(S) and periodic orbits are dense in M(S)
[29]. Brock, Masur, and Minsky [7] proved transitivity and denseness of pe-
riodic orbits for arbitrary (g,n) and also showed that the topological entropy
of the geodesic flow is infinite (that is, unbounded on compact invariant sets).
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Hamenstédt [13] proved a measure-theoretic version of density of closed orbits:
the set of invariant Borel probability measures for the WP geodesic flow that
are supported on a closed orbit is dense in the space of all ergodic invariant
probability measures.

In this paper, we prove

THEOREM 1. Let S be a Riemann surface of genus g > 0, with n > 0
punctures. Assume that 3g +n > 4. The Weil-Petersson geodesic flow on
MY(S) is ergodic (and in fact Bernoulli) with respect to WP volume and has
finite, positive measure-theoretic entropy.

The Bernoulli property means that the time-1 map of the geodesic flow is
abstractly isomorphic (as a measure-preserving system) to a Bernoulli process
on a finite alphabet. In particular, it is mixing of all orders. An interesting
open question is to determine the rate of mixing of this flow.

Our basic approach to proving Theorem 1 is as follows. The WP geodesic
flow ; preserves a finite probability volume m on M1!(S), and one can show
using properties of the WP metric that log ||De1|| is integrable with respect
to the measure m. The Multiplicative Ergodic Theorem of Oseledec (cf. [18,
Th. S.2.9]) then implies that there is a full volume subset Q C M*(S) such
that for every v € Q and every nonzero tangent vector ¢ € T, M*(S), the limit

1
A€) = Jim T log | Dy ()]

exists and is finite. The real number A(§) is called the (forward) Lyapunov
exponent of p; at . Observe that if £ is in the line bundle R (v) tangent to the
orbits of the flow, then A\(§) = 0. We say that ¢; is nonuniformly hyperbolic
if for almost every v € Q and every ¢ € T, M'(S) \ Rp(v), the Lyapunov
exponent A() is nonzero.

Using the fact that the WP sectional curvatures are negative, we estab-
lish that the WP geodesic flow is nonuniformly hyperbolic. Nonuniform hy-
perbolicity is the starting point for a rich ergodic theory of volume-preserving
diffeomorphisms and flows, developed first by Pesin for closed manifolds and
expanded by Sinai, Katok-Strelcyn, Chernov, and others to systems with sin-
gularities, such as the WP geodesic flow. The basic argument for establish-
ing ergodicity of such systems originates with Eberhard Hopf and his proof
of ergodicity for geodesic flows for closed, negatively curved surfaces [15]. His
method was to study the Birkhoff averages of continuous functions along leaves
of the stable and unstable foliations of the flow. This type of argument has
been used since then in increasingly general contexts and has come to be known
as the Hopf Argument.

The core of the Hopf Argument is very simple. Suppose that i, is a C*°
flow defined on a full measure subset €2 of a Riemannian manifold V', preserving



838 K. BURNS, H. MASUR, and A. WILKINSON

a finite volume on V. For any x € €0, one defines the stable and unstable sets

Wie) = {o' € Q: lim dua(x), n(z')) = 0}
and

wh(z) = {2’ € Q: im_d(vy(@), vr(a')) = 0}.

The stable (respectively unstable) sets partition €2 into measurable subsets.

The first step in the Hopf Argument is to observe that for any continuous
function f: V — R with compact support, the forward and backward upper
Birkhoft averages

ff= limsupl/Tfowtdt and f%= limsupl/Tfoz/;tdt
T—+00 L' Jo T——o0 1 Jo

have the property that f* is constant on any stable set W*(z) and f* is constant
on any unstable set W"(z). Both functions f® and f* are evidently invariant
under the flow vy, and the Birkhoff and von Neumann Ergodic Theorems
(cf. [18, Th. 4.1.2 and Prop. 4.1.3]) imply that f® = f* almost everywhere. To
show that 1y is ergodic it suffices to show that f* is constant almost everywhere
for every continuous f with compact support. The fundamental idea is to use
the properties of the equivalence relation generated by the stable sets, the
unstable sets, and the flow to conclude that f* = f“ must be constant.

In the next step in the Hopf Argument, one assumes some form of hyper-
bolicity of the flow, which will imply that the stable and unstable sets are in fact
smooth manifolds. In the original context of Hopf’s argument, V = Q = T8
is the unit tangent bundle of a compact, negatively curved surface S and v is
the geodesic flow. In this setting, the stable and unstable sets have a particu-
larly nice description. For almost every unit vector v, the stable and unstable
Busemann functions b; and b; are globally defined C'*° functions. The stable
and unstable sets are the orthogonal vectors to the level sets of these functions
or equivalently the gradients of these functions on the level sets. They are C'*°,
globally defined, and for % € {s, u}, the collection

W = {W*(v) :v € T'S}

defines a C! foliation of T'S. At each point v € T'S, the tangent space
T, T'S is spanned by the tangents to W*(v), W¥(v) and the direction ¢(v) of
the flow. A local argument in C'' charts using Fubini’s theorem shows that any
y-invariant function that is almost everywhere constant along leaves of W?*
and W* must be locally almost everywhere constant, and hence globally almost
everywhere constant, since 7S is connected. In particular, the function f* is
constant for any continuous, compactly supported f, and so ¢, is ergodic.
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Hopf’s original argument does not generalize immediately to geodesic flows
for higher-dimensional compact, negatively curved manifolds. In this higher-
dimensional setting, the stable and unstable foliations W?* and W*" exist, again
arise from the level sets of Busemann functions, and have C*° leaves. In
general, however, they fail to be C! foliations (except when the curvature is
1/4-pinched) and so the argument using Fubini’s theorem in local C! charts
fails.

In the late 1960’s Anosov [1] overcame this obstacle by proving that for
any compact, negatively curved manifold, the foliations W*® and W*" are abso-
lutely continuous. Absolute continuity, a strictly weaker property than C!, is
sufficient to carry out a Fubini-type argument to show that any t;-invariant
function almost everywhere constant along leaves of W?* and W" is locally
constant. See Section 3 for a more detailed discussion of absolute continuity.
Anosov thereby proved that the geodesic flow for any compact manifold of
negative sectional curvatures is ergodic.

There is an extensive literature devoted to extending the Hopf Argument
beyond the uniformly hyperbolic setting of geodesic flows on compact neg-
atively curved manifolds. For smooth flows defined everywhere on compact
manifolds, Pesin [28] introduced an ergodic theory of nonuniformly hyperbolic
systems. In short, Pesin theory shows that if ¢;: V' — V preserves a finite
volume and is nonuniformly hyperbolic, then almost everywhere the stable
and unstable sets are smooth manifolds. The family of stable manifolds is
measurable and absolutely continuous in a suitable sense.

From Pesin theory, one deduces that a nonuniformly hyperbolic diffeo-
morphism of a compact manifold has countably many ergodic components of
positive measure. More information about the flow can be used in some con-
texts to deduce ergodicity. The obstruction to using the full Hopf Argument
in this setting is that stable manifolds are defined only almost everywhere, and
they may be arbitrarily small in diameter, with poorly controlled curvatures,
etc.

In a somewhat different direction than Pesin theory, Sinai [35] introduced
methods for proving ergodicity of hyperbolic flows with singularities and ap-
plied them in his study of the n-body problem of celestial mechanics. Here the
flow vy locally resembles the geodesic flow for a compact, negatively curved
manifold, but globally encounters discontinuities and places where the norms
of the derivatives || D1|| and || D?|| become unbounded.

Introducing new techniques in the Hopf argument, Sinai was able to show
that for several important classes of systems, including some billiards and flows
connected to the n-body system, ergodicity holds. These arguments have since
been generalized to much larger classes of singular hyperbolic systems and
singular, nonuniformly hyperbolic systems.
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In the singular, nonuniformly hyperbolic setting, all aspects of Hopf’s ar-
gument require careful revisiting. The mere existence of local stable manifolds
is a delicate matter and depends in a strong way on the growth of the deriv-
ative of ¢, near the singularities. To give a sense of how delicate these issues
can be, we remark that

e for compact surfaces of nonpositive curvature and genus g > 2, it is
unknown whether the geodesic flow is always ergodic (even though it
is always transitive);

e there exist complete, finite volume surfaces of pinched negative curva-
ture (but unbounded derivative of curvature) whose stable foliations
are not even Holder continuous [2];

e for C'' nonuniformly hyperbolic systems that are not C?, stable sets
can fail to be manifolds [31];

e nonuniformly hyperbolic systems on compact manifolds can fail to be
ergodic and can even have infinitely many ergodic components with
positive measure [10].

A general result providing for the existence and absolute continuity of local
stable and unstable manifolds for singular, nonuniformly hyperbolic systems
was proved by Katok-Strelcyn [19]. We will use this work in an important way
in this paper.

Returning to the context of the present paper, the WP geodesic flow is
a singular, nonuniformly hyperbolic system. To prove that it is ergodic, the
first step is to verify the Katok-Strelcyn conditions to establish existence and
absolute continuity of local stable and unstable manifolds. In particular, one
needs to control the norm of the first two derivatives of the geodesic flow in a
neighborhood of the boundary of M!(S).

To control the first derivative, we use the asymptotic expansions of Wolpert
for the WP curvature and covariant derivative found in [41], [43], [37], combined
with a careful analysis of the solutions to the WP Jacobi equations. This is the
content of Theorem 4.1. The precise estimates obtained by Wolpert appear to
be essential for these calculations.

Since Wolpert’s expansions of the WP metric are only to second order, and
we need third order control to estimate the second derivative of the flow, we
borrow ideas of McMullen in [24]. There is a nonholomorphic (in fact totally
real) embedding of Teich(S) into quasifuchsian space QF(S), under which the
WP symplectic form has a holomorphic extension. This holomorphic form is
the derivative of a one-form that is bounded in the Teichmiiller metric. Using
the Cauchy Integral Formula and a comparison formula between Teichmiiller
and WP metrics, one can then obtain bounds on all derivatives of the WP
metric. This is the content of Proposition 5.1. These bounds are adequate to
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control the second derivative of the geodesic flow, using the bounds on the first
derivative already obtained.

Once the conditions of [19] have been verified, we are guaranteed the
almost everywhere existence of absolutely continuous families WW* and W"* of
local stable and unstable manifolds. Nonetheless these stable and unstable
manifolds may not have uniform size. At this point, we use negative curvature
and another key property of the WP metric called geodesic convexity to show
that in fact W*® and W" have well-controlled uniform size.

As a by-product of our arguments, we obtain that the WP Busemann
function is C* for almost every tangent direction to Teich(S) (see Proposi-
tion 3.11). The local geometry of W#® and W*" is sufficiently nice that Hopf’s
original argument can be used with small modifications. In particular, none of
the more complicated local ergodicity arguments, such as the “Hopf chains”
developed by Sinai, are necessary. We also obtain positive, finite entropy of
the WP flow using results of Katok-Strelcyn and Ledrappier-Strelcyn in [19].

The paper does not quite follow the structure of this outline. Rather than
restricting to the special case of the WP metric, we instead develop an abstract
criterion for ergodicity of the geodesic flow for an incomplete, negatively curved
manifold. This has the advantage of clarifying the issues involved and also
might allow for further applications. This is carried out in Section 3, which
may be read independently of the rest of the paper. The remainder of the
paper is devoted to setting up and verifying the conditions in Section 3 in the
case of the Weil-Petersson metric.

We remark that Pollicott and Weiss [30] gave a fairly complete outline of
how to prove ergodicity for the Weil-Petersson metric in the cases (g,n) = (1,1)
and (0,4). They say that the missing ingredients are the bounds on the first
and second derivatives of the geodesic flow, which are two of the major steps
accomplished in this paper in the case of general (g, n).

0.1. The case of the punctured torus. Several interesting features of the
WP metric are already present in the simplest cases (g,n) = (1,1) and (0,4),
where S is the once-punctured torus or the four-times punctured sphere. In
these cases, Teich(.S) is the upper half space H and M(S) is the classical moduli
space of elliptic curves H/PSL(2,7Z), which is a sphere with one puncture and
two cone singularities of order 2 and 3.

The mapping class group MCG(SS) is the modular group SL(2,Z). Due
to the presence of torsion elements in PSL(2,7), the space M(S) is not a
manifold, but the finite branched cover H/I'[k] for k£ > 3 is a manifold [34],
where T'[k] is the level-k congruence subgroup

k] ={A€PSL(2,Z) | A=1 modk}.
The tangent bundle to Teich(S) is canonically identified with PGL(2,R).
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There are global coordinates (¢,7) in Teich(S), the so-called Fenchel-
Nielsen coordinates, which have the asymptotic (first-order) expansions

1 Re(z)
) ~ Im(z) Im(z)’

and the WP form has the first-order asymptotic expansion

and 7(z) ~

as Im(z) — oo,

WWPp = %dﬁ ANdT ~ Im(lz)?’dz ANdzZ, as Im(z) — oo.
Since the complex structure on Teich(.S) is the standard one on H, we obtain
the expansion

Gavp ~ 7‘@‘2 :

Im(z)3

A neighborhood of the cusp in M(S) is formed by taking the quotient of the
points above the line Im(z) = Im(zg), for Im(zp) sufficiently large, by the
mapping class element z — z+1. A model for this neighborhood is the surface
of revolution for the curve {y = 23 : z > 0} about the z-axis.

From the form of the metric one can see the incompleteness: a vertical
ray to the cusp at infinity starting at Imz = yg has length ~ 2y, V2 opr2,
Moreover the curvature K satisfies K ~ —% — —oo as Im(z) — oo. These
precise rates of divergence for the minimum sectional curvature hold as well in
higher genus and will be crucial to our investigations.

Pollicott and Weiss [30] studied the model case of a negatively curved sur-
face whose singularities coincide with a surface of revolution for a polynomial
and proved ergodicity of the geodesic flow in this case.

Acknowledgments. The authors express their appreciation to Scott Wolpert
and Curt McMullen for many helpful conversations during the time this paper
was being written. We also thank Nikolai Chernov, Benson Farb, and Carlan-
gelo Liverani for useful discussions and Ursula Hamenstédt for bringing our
attention to the problem.

1. Background on Teichmiiller theory, Quasifuchsian space,
and Weil-Petersson geometry

Much of the discussion in this section is based on McMullen’s paper [24].
Useful background can be found in [27] and the course notes [23].

1.1. Riemann surfaces and tensors of type (r,s). We begin with some
preliminary facts about Riemann surfaces. A Riemann surface is a topological
surface equipped with an atlas of charts into C with holomorphic transition
maps. Suppose that X is a Riemann surface of genus g with n punctures.
We assume that 3g +n > 4. Uniformization implies that X is conformally
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equivalent to a quotient H/T', where H denotes the upper half plane and T is
a discrete subgroup of PSL(2,R). The hyperbolic metric p on H given by

_ |dz|

p(z) = Tme
descends to a metric p on H/T" of finite area, which is the unique Riemann-
ian metric of constant curvature —1 on X that induces the same conformal
structure.

Denote by & the holomorphic cotangent bundle and by x~! the holomor-
phic tangent bundle of X, both of which are holomorphic complex line bundles
over X. For r an integer, we denote by " the |r|-fold complex tensor product
@k if r > 0 and @Irlg=1if r < 0.

A tensor of type (r,s) on X is a section of the complex line bundle k" @ K*
over X. This leads to the construction of L? norms on the space of measurable
(r, s) tensors, defined as follows. For ¢ an (r, s) tensor and p > 1, we define

1/p
[l = ([ 20 ) L ol i esssup

These norms will give rise to the Teichmiiller (p = 1) and WP (p = 2) metrics
on Teichmiiller space, which we now define.

1.2. Teichmailler and Moduli spaces. A marked complex structure is a Rie-
mann surface X together with a homeomorphism f: S — X, where S is a fixed
Riemann surface. Given a marking surface S of genus g with n punctures, we
define the Teichmiiller space Teich(S) to be the set of equivalence classes of
marked complex structures f: S — X, where fi: S — X; and fo: S — X5 are
equivalent if there is a conformal map h: X; — X» isotopic to fof; L

Uniformization gives an identification of Teich(S) with an open compo-
nent of the representation variety of homomorphisms from 71 (S) into the real
Lie group PSL(2,RR), modulo conjugacy; this identification gives Teich(S) a
real analytic structure. Teich(S) also carries a compatible complex analytic
structure, which we shall describe a little later.

The mapping class group MCG(S) is the set of equivalence classes of ori-
entation-preserving diffeomorphisms of S modulo isotopy, which forms a group
under composition. MCG(S) acts properly by diffeomorphisms of Teich(S) via
precomposition with the marking homeomorphisms f: S — X; the quotient
M(S) = Teich(S)/MCG(S) is easily seen to be the moduli space of Riemann
surfaces homeomorphic to S, modulo conformal equivalence. The MCG(S)-
stabilizer of any point in Teich(.S) is finite. In denoting an element of Teich(.S),
we will often omit the marking given by the equivalence class of maps f: S — X
and refer only to the target Riemann surface X. We do this because the tangent
space and cotangent spaces at a point do not depend on the marking, but only
on the target X.
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We review the definition of the Weil-Petersson norms on the tangent and
cotangent spaces T'xTeich(S) and T%Teich(S) at a point X € Teich(S). An
integrable meromorphic quadratic differential on X is a tensor of type (2,0)
that has a local representation of the form ¢(z)dz2, where ¢(z) is holomorphic
on X and has at most simple poles at the punctures. We define Q(X) to be
the vector space of integrable meromorphic quadratic differentials ¢ on X.

A Beltrami differential on X is a measurable tensor of type (—1, 1), which
has a local representation of the form b(z)dz/dz. Note that the product of a
Beltrami differential with a quadratic differential is a (1, 1)-tensor. Let M (X)
be the vector space of all measurable Beltrami differentials g on X with the
property that [y |ppu| < oo for every ¢ € Q(X). We then have a natural
complex pairing of the space M (X) with Q(X) given by

(1) (6, ) = /X ou for € Q(X), pe M(X).

In view of the fact that elements of Q(X) have finite L” norm for every 1 < p <
00, it follows that elements of M (X)) are precisely those Beltrami differentials
won X of finite L? norm for 1 < ¢ < oo.

We have the fundamental isomorphisms of vector spaces

TxTeich(S) = M(X)/Q(X)+ and Ty Teich(S) = Q(X),

where Q(X)* = {u € M(X) : (u,¢) =0, V¢ € Q(X)}.
Having described these identifications, we now can define the WP norm.
The Weil-Petersson metric on T Teich(S) is defined by the L? norm

Jolhwr = ol = ([ o16?) "

Note that the definition of the WP metric involves both conformal and hy-
perbolic data from X; this feature makes the WP metric somewhat tricky to
work with. On the other hand, the hyperbolic input from the metric p leads to
the delicate and beautiful connections between the WP metric and hyperbolic
geometry and dynamics discussed in the introduction.

The WP norm on the tangent space T'x Teich(.S) is induced by the pairing
(1) via the formula

[vllwe = sup Re({(¢, 1))
P€Q(X), |lollwp=1

for any p € M(X) representing the tangent vector v € Tx Teich(S).

1.3. The bundle of projective structures on S. A projective structure on a
surface X is an atlas of charts into C whose overlaps are Mobius transforma-
tions (elements of PSL(2,C)); note that a projective structure determines a
unique complex structure. Fix as above a Riemann surface S of genus g with
n punctures. A marked projective structure is a homeomorphism f: S — X,
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where X is endowed with a projective structure. We say that two marked
structures fi: S — X; and fa: S — Xy are equivalent if there is a projective
isomorphism from X; to X homotopic to faf; L. Denote by Proj(.S) the space
of equivalence classes of projective structures marked by S.

It is a classical fact that Proj(S) has the structure of a complex manifold
that arises from its embedding into the representation variety of homomor-
phisms from 71 (S) into PSL(2, C), modulo conjugacy (see [16]). The map that
assigns to each marked projective structure the compatible marked conformal
structure defines a fibration m: Proj(S) — Teich(S). The fiber Projy(S) over
X is an affine space modelled on Q(X). In particular, there is a well-defined
difference 1 — f2 € Q(X), for 1, B2 € Projy(S), which defines a holomorphic
map from Projy (S) x Projyx(S) to Q(X).

1.4. Quasifuchsian space. Let S = H/I" be a hyperbolic Riemann surface
with I' < PSL(2,R), and denote by S the hyperbolic Riemann surface L/T,
where L is the lower half plane. Since I' is a Fuchsian group, it acts on the
Riemann sphere C fixing H, L, and the real axis/circle at infinity Ry, = C \
(HUL). Following McMullen [24], we define quasifuchsian space QF(S) to be
the product

QF(S) = Teich(S) x Teich(S).
Then QF'(S) parametrizes marked quasifuchsian groups equivalent to I'(.S).
A quasifuchsian group is a Kleinian group I'(X,Y) with a domain of disconti-
nuity Q(X,Y") consisting of two components whose quotients by I'(X,Y") are
X and Y respectively.
We thus have a “quasifuchsian uniformization” map

o Teich(S) x Teich(S) — Proj(S) x Proj(S)
that sends (X,Y’) to the projective structures on X and Y inherited from
Q(X,Y) from the action of I'(X,Y). The map o is a section of the bundle

Proj(S) x Proj(S) — QF(S). We write

o(X,)Y) = (ogr(X,Y),50r(X,Y)).
We define the Fuchsian locus F(S) to be the image of Teich(S) under the
antidiagonal embedding &(X) = (X, X) € QF(S).

The complex structure on Teich(.S) is then defined via the Bers embedding:
fixing X € Teich(S), we define Sx : Teich(S) — Q(X) by

Bx(Y) = JQF(X,?) — O'F(X).

The map Bx is an embedding, and the pullback of the complex structure on
Q(X) gives a complex structure on Teich(S) that is independent of X (that
is, two different X's give isomorphic structures). Recall that QQ(X) is a Banach
space when endowed with any LP norm.
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We have defined a complex structure on Teich(S), which induces a con-
jugate complex structure on Teich(S). The complex structure on QF(S) is
defined to be the product complex structure. The Fuchsian locus F(.S) is then
a totally real submanifold of QF(S). It can be checked that the fibration
Proj(S) — Teich(9S) is holomorphic with respect to these structures. Hence,
for a fixed Y € Teich(S), the map X + ogr(X,Y) gives a holomorphic sec-
tion of Proj(.S) over Teich(S). This section gives an isomorphism between the
cotangent bundle T*Teich(S) and an open subset of Proj(S).

We will use the quasifuchsian uniformization section ¢ in a crucial way to
estimate higher derivatives of the WP metric in Section 5. We record here the

properties that we will use.

THEOREM 1.1. The holomorphic section o satisfies the following proper-
ties:

(1) ogr(X,X) = op(X);_
(2) for any Y, Z € Teich(S), the map X — oqr(X,Y)—ogr(X, Z) defines
a bounded holomorphic 1-form on Teich(S) in the L>° norm;

(3) for each Z € Teich(S), the 1-form Owp(X) = op(X) —ogr(X,Z) =
—Bx(Z2) satisfies d(i0wp) = wwp-

The boundedness of the 1-form in (2) follows from Nehari’s bound (see
Theorem 2.2 in [24]). The last statement is due to McMullen [24, Th. 7.1].

1.5. Fenchel-Nielsen coordinates. Continue to denote by S a marked Rie-
mann surface of genus g with n punctures. We define here a natural system
of global coordinates on Teich(S), called Fenchel-Nielsen coordinates, in which
the Kéhler form wwp takes a simple form.

Recall that a curve in S is nonperipheral if it is not homotopic to a loop
surrounding a single puncture. A pants decomposition of S is a collection P
of 3g — 3 + n pairwise disjoint, homotopically nontrivial, nonperipheral, and
homotopically distinct simple closed curves. The complement of these curves
is a collection of surfaces called pairs of pants. Topologically, a pair of pants
is a three-times punctured sphere. A pair of pants has one of three types of
conformal structure depending on whether each puncture is locally modelled
on the punctured plane or on the complement of a closed disk in the plane, in
which case we say that the boundary component is a circle. A pair of pants
with j boundary circles has a j-dimensional space of hyperbolic structures,
parametrized by the hyperbolic lengths of the boundary circles.

We introduce notation that will be used throughout the paper. If f: §— X
is a marked Riemann surface and « is a homotopically nontrivial, nonperiph-
eral, simple closed curve in S, we denote by ¢,(X) the hyperbolic length in
X of the unique geodesic in the homotopy class of fi[«a]. This geodesic length
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function is intimately connected with the WP metric and is used to define
Fenchel-Nielsen coordinates.

Fix a pair of pants decomposition P = {aq,...,a35-34n} of S. The
Fenchel-Nielsen coordinates

(ba, Ta)acp: Teich(S) = (Rsg x R)3973n

determined by P are defined as follows. For f: S — X a marked Riemann
surface and o € P, we define /,(X) to be the geodesic length as above and
Ta(X) to be the twist parameter, which records the relative displacement in
how the pairs of pants are glued together along « to obtain the hyperbolic
metric on X. More precisely, a full Dehn twist about the curve « changes
To by the amount /,. One must adopt a convention for how this relative
displacement 7 is measured, as it is intrinsically only well defined up to a
constant, but this does not introduce any serious issues. These give global
coordinates on Teich(S), a fact which shows that Teich(S) is homeomorphic
to R6976+2n_

The Fenchel-Nielsen coordinates are natural with respect to the WP met-
ric. Wolpert [40] proved that for any pants decomposition P, we have wywp =
% S aep Ao A d7y. An ingredient in the proof of this formula is the important
fact that the vector field 0/07,, which generates the Dehn twist flow about «,
is the symplectic gradient of the Hamiltonian function %Ea:

1 0
=d a = ('a 7) )
2 ¢ wwp 0T
or equivalently
0
dly =—-2J—.
sra O0Ta

This fundamental relationship is the starting point for many of Wolpert’s deep
asymptotic expansions for the WP metric, which we discuss in more detail in
Section 4.

1.6. The Deligne-Mumford compactification of moduli space. As mentioned
earlier, Teich(S) is incomplete with respect to the WP distance [39]. This oc-
curs precisely because it is possible to shrink a simple closed curve a to a point
and leave Teichmiiller space along a WP geodesic in finite time — indeed, the
time it takes is on the order of £/, This fact allows one to prove [22] that the
completion of Teich(S) is the augmented Teichmiiller space, denoted Teich(.9).
The mapping class group MCG(S) acts on Teich(S) and the quotient M(S)
is the Deligne-Mumford compactification of the moduli space M(S) and gives
the completion on the quotient.

Augmented Teichmiiller space Teich(S) is obtained by adjoining lower-
dimensional Teichmiiller spaces of noded Riemann surfaces, which gives it the
structure of a stratified space. The combinatorics of this stratification are
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encoded by a symplicial complex C(S) called the curve complex. We review
this construction here.

We first define the curve complex C(.5), which is a 3g — 4 + n-dimensional
simplicial complex. The vertices of C(.S) are homotopy classes of homotopically
nontrivial, nonperipheral, simple closed curves on S. We join two vertices by
an edge if the corresponding pair of curves has disjoint representatives. More
generally, a k simplex o € C(S) consists of k + 1 distinct vertices that have
disjoint representatives. We note that in the sporadic cases of the punctured
torus (g,m) = (1,1) and four-times punctured sphere (g,n) = (0,4), C(S)
is just an infinite discrete set of vertices, since there do not exist disjoint
homotopically distinct curves on the underlying surface S. Except in these
sporadic cases, C(S) is a connected locally infinite complex.! Note that a
maximal simplex in C(S) defines a pants decomposition of S. The mapping
class group MCG(S) acts on C(S).

A noded Riemann surface is a complex space with at most isolated sin-
gularities, called nodes, each possessing a neighborhood biholomorphic to a
neighborhood of (0,0) in the curve

{(z,w) € C?: zw = 0}.

Removing the nodes of a noded Riemann surface Y yields a (possibly discon-
nected) punctured Riemann surface, which we will usually denote by Y. The
components of Y are called the pieces of Y.

Given a simplex o € C(S), a marked noded Riemann surface with nodes
corresponding to o is a noded Riemann surface X, equipped with a continuous
mapping f: S — X, so that f|s\, is a homeomorphism to X,. Two marked
noded Riemann surfaces [f1: S — X2] and [fo: S — X?2] are equivalent if there
is a biholomorphic node-preserving map h: X} — X2 such that f;oh is isotopic
to fo. We denote by 7, the set of equivalence classes [f: S — X,] with nodes
at 0. We adopt the convention that when o = (3, then 7 is the Teichmiiller
space Teich(S) of unnoded surfaces. Then the augmented Teichmdiller space is

Teich(S) =T U U Ts.
ce C(S)

(The space Teich(S) should not be confused with Teich(S), which was intro-
duced in §1.4.)

n the sporadic cases there is more than one possible definition of C(S); in another, very
standard definition in these cases, one adds edges joining curves that intersect minimally
(once in the case of the torus and twice in the case of the sphere). The resulting 1-complex
is the Farey graph in both cases.
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Notational convention. If the topological type of the surface S is fixed,
T will denote the augmented space Teich(S). We also denote by 0T the
boundary 7 \ 7. We denote by m : TT — T the natural projection. As
with the elements of Teich(S), we will frequently abuse notation and omit the
marking when referring to an element of 7.

To describe a neighborhood of a point [f: S — X,] in Teich(S), we give
coordinates adapted to the simplex o. For any such o, let P be a maximal
simplex in C(S) (i.e., a pants decomposition) containing o, and let ({y, 7o )acp
be the corresponding Fenchel-Nielsen coordinates on Teich(S). Then the ez-
tended Fenchel-Nielsen coordinates for P are obtained by allowing the lengths
¢, to range in R>( and taking the quotient by identifying (0,¢) with (0,¢) in
each R factor corresponding to the curves in o.

This also defines a topology on Teich(S). We note that the space is not
locally compact. A neighborhood of a noded surface allows for the twists 7,
corresponding to the curves a € o to be arbitrary real numbers.

2. Background on the geodesic flow

Let M be a Riemannian manifold. As usual, (v,w) denotes the inner
product of two vectors and V is the Levi-Civita connection defined by the Rie-
mannian metric. It is the unique connection that is symmetric and compatible

with the metric.

D
[63) dt
or simply  if it is not necessary to specify the curve. If V(t) is a vector field

The covariant derivative along a curve ¢t — ¢(t) in M is denoted by D

along c that extends to a vector field Von M , we have
V/(t) = V)V

Given a smooth map (s,t) — a(s,t), we let % denote covariant differentiation
along a curve of the form s — a(s,t) for a fixed t. Similarly, % denotes
covariant differentiation along a curve of the form ¢ — «a(s,t) for a fixed s.
The symmetry of the Levi-Civita connection means that

D da D da
%a(s,t) = aa(s,t)
for all s and t.

The curve c is a geodesic if it satisfies the equation D.é(t) = 0. Since
this equation is a first order ODE in the variables (¢, ¢), a geodesic is uniquely
determined by its initial tangent vector. Geodesics have constant speed, since
we have 4 (¢(t), ¢(t)) = 2Di(t), é(t)) = 0 if ¢ is a geodesic.

The Riemannian curvature tensor R is defined by

R(A,B)C = (VaVp — VpVa — Vi g)C.
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The sectional curvature of the 2-plane spanned by vectors A and B is defined
by
(R(A,B)B, A)
AN B|?
The action of the Levi-Civita connection extends to covectors and tensors

K(A,B) =

in such a way that the product rule holds. In particular,
(VwR)(X,Y)Z
=Vw (R(X,Y)Z) - R(VwX,Y)Z - R(X,VwY)Z — R(X,Y)VwZ.

Similarly, the second derivative V%QYT of a tensor T is defined by the
product rule formula

Vx(VyT) =ViyT + Vv, yT.

We will use this later in the case T' = R. If T is a vector field Z, a short
calculation using the symmetry of the Levi-Civita connection yields

ViyZ - VyxZ=R(X,Y)Z

2.1. Vertical and horizontal subspaces and the Sasaki metric. The tangent
bundle TTM to T'M may be viewed as a bundle over M in three natural ways
shown in the following commutative diagram:

TTM —2™ T

TTMOT M
K ™

™ — ™ S ML

The first is via the composition of the natural bundle projections 7wrps :
TTM — TM and 7y : TM — M. The second is via the composition of
the derivative map Dmys : TTM — TM with 7wps. The third involves a map
k:TTM — TM, often called the connector map, which is determined by the
Levi-Civita connection. If £ € TTM is tangent at ¢ = 0 to a curve t — V() in
TM and c(t) = mpr(V(t)) is the curve of footpoints of the vectors V(t), then

’%(5) = DCV(O)'

The wvertical subbundle is the subbundle ker(Dmys). It is naturally identi-
fied with TM via the map . The horizontal subbundle is the subbundle ker (k).
It is naturally identified with T'M via the map Dy and is transverse to the
vertical subbundle. If v € T, M, we may identify T, TM with T,M x T,M via
the map Dy X k : TTM — TM x TM.

Each element of T,,T'M can thus be represented uniquely by a pair (vy, v2)
with v1 € T,M and v9 € T, M. Put another way, every element £ of T,,TM
is tangent to a curve V: (—1,1) — TM with V(0) = v. Let ¢ = mpr 0
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V:(—1,1) = M be the curve of basepoints of V' in M. Then £ is represented
by the pair
(¢(0), DV (0)) € T,M x T, M.

These coordinates on the fibers of TT' M restrict to coordinates on 7T M.

Regarding TT'M as a bundle over M in this way gives rise to a natural
Riemannian metric on T'M, called the Sasaki metric. In this metric, the inner
product of two elements (vi,w) and (vg, we) of T, T'M is defined:

((v1,w1), (v2, w2))sas = (v1,v2) + (w1, wa).

This metric is induced by a symplectic form w on TTM. For vectors (v, w;)
and (vg,ws) in T,TM, we have

w((vy,wr), (ve,ws2)) = (v, wa) — (w1, v2).

This symplectic form is the pullback of the canonical symplectic form on the
cotangent bundle T%M by the map from T'M to T*M induced by identifying
a vector v € T, M with the linear function (v,-) on T,,M.

Sasaki [33] showed that the fibers of the tangent bundle are totally geodesic
submanifolds of TT M with the Sasaki metric. A parallel vector field along a
geodesic of M (viewed as a curve in T'M) is a geodesic of the Sasaki metric.
Such a geodesic is orthogonal to the fibers of TM. If v € T,M and v’ € T,y M,
we can join them by first parallel translating v along a geodesic from p to p’
to obtain w € Ty M and then moving from w to v along a line in T,y M. If v/
is close to v, we can choose the geodesic so that its length is d(p, p’). It follows
easily from Topogonov’s comparison theorem [8, Th. 2.2] that

dSaS(va/) = d(pvp/) + Hw - ’U/H,

as v/ — v, where the rate of convergence is controlled by the curvatures of the
Sasaki metric in a neighborhood of v. The notation a < b, here and in the rest
of the paper, means that the ratios a/b and b/a are bounded from above by a
constant. In this case the constant is 2.

2.2. The geodesic flow and and Jacobi fields. For v € T M, let ~, denote
the unique geodesic 7, satisfying 4,(0) = v. The geodesic flow ¢, : TM — TM
is defined by

er(v) = Aw(t)
wherever this is well defined. The geodesic flow is always defined locally. Since
the geodesic flow is Hamiltonian, it preserves a natural volume form on 7'M
called the Liouville volume form. When the integral of this form is finite, it

induces a unique probability measure on T'M called the Liouville measure or
Liouville volume.
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Consider now a one-parameter family of geodesics, that is a map «a :
(—1,1)2 — M with the property that a(s,-) is a geodesic for each s € (—1,1).
Denote by J(t) the vector field

J(t) = ZZ‘(o,t)

along the geodesic y(t) = «(0,t). Then J satisfies the Jacobi equation
J"+ R(J,4)7 =0,

in which ' denotes covariant differentiation along 7. Since this is a second order
linear ODE, the pair of vectors (J(0),J'(0)) € TyoM x Ty M uniquely
determines the vectors J(t) and J'(t) along ~(t). A vector field J along a
geodesic «y satisfying the Jacobi equation is called a Jacobi field.

The pair (J(0), J'(0)) corresponds in the manner described above to the
tangent vector at s = 0 to the curve V(s) = %—?(3,0). To see this, note that
V(s) is a vector field along the curve c(s) = a(s,0), so V'(0) corresponds to

the pair

(c(0), DC%‘:(S,O)) ~ (1(0). %%—?(s,())) - (1(0). %%Z‘(s,())) — (J(0),.7'(0)).

In the same way one sees that (J(t),J'(t)) corresponds to the tangent vector
at s = 0 to the curve s — %‘;‘(s,t) = ¢ o V(s), which is Dy (V'(0)).

To summarize the preceding discussion, there is a one-to-one correspon-
dence between elements of T,,7M and Jacobi fields along the geodesic v with
4(0) = v. Note that the pair (J(t),J'(t)) defines a section of TTM over ~(t).
We have the following key proposition.

PROPOSITION 2.1. The image of the tangent vector (vi,ve) € T,TM un-
der the derivative of the geodesic flow D,y is the tangent vector (J(t), J'(t)) €
Ty, ()T M, where J is the unique Jacobi field along v satisfying J(0) = vy and
J/(O) = V2.

Any vector field of the form J(t) = (a + bt)¥(t) is a Jacobi field, since in
that case R(J,74) = 0 and the Jacobi equation reduces to J” = 0, which holds
since 4/ = 0. Conversely, any Jacobi field that is always tangent to v must have
this form. Computing the Wronskian of the Jacobi field 4 and an arbitrary
Jacobi field J shows that (J',%) is constant. It follows that if J'(tg) L 5(to) for
some tg, then J'(¢) L 4(¢) for all ¢t. Similarly if J(to) L ¥(to) and J'(t9) L (to)
for some tg, then J(t) L 4(t) and J'(t) L 4(¢) for all ¢; in this case we call J a
perpendicular Jacobi field.

An easy consequence of the above discussion is that any Jacobi field J
along a geodesic v can be expressed uniquely as J = J; + J,, where J| is a
Jacobi field tangent to v and J, is a perpendicular Jacobi field.
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2.3. Matriz Jacobi and Riccati equations. Choose an orthonormal basis
e1 = %(0),ea,...,e, at 0 for the tangent space at v(0) and parallel transport
the basis along (t). Let R(t) be the matrix whose entries are

Rylt) = (Rle; (1), e1(D))er(t), ex(t)).

Any Jacobi field can be written in terms of the basis as J(t) = 3.7 y¥er(t),
and the Jacobi equation can be written as
dek )
W(t) + Zyj (t)Rjk(t) = 0.
J
A solution is determined by values and derivatives at 0 of the 3/*.
Let J(t) denote any matrix of solutions to the Jacobi equation. When
the matrix J is nonsingular, we can define

U=JJ"
Then U satisfies the matriz Riccati equation
(2) U'+U+R=0,

where R is the matrix above. A standard calculation using the Wronskian
shows that the operator U = J'J ! is symmetric if and only if for any two
columns J;, J; of J, we have

wran (3, J7), (J, JJ’)) =0,
where wp2n is the standard symplectic form on R™.

2.4. Perpendicular Jacobi fields and invariant subbundles. There are two
natural subbundles of TT' M that are invariant under the derivative D¢, of the
geodesic flow, the first containing the second. The first is the tangent bundle
TT'M to the unit tangent bundle of M. Under the natural identification
T,TM = T, M x T, M for v € T M, the subspace T,T' M is the set of all pairs
(wg,wy) such that (v,w;) = 0. To see this, note that if a(s,t) is a variation
of geodesics generating the Jacobi field J along the geodesic v, with 4(0) = v
and [|[0a/0t(s,t)|| =1 for all s, ¢, then

AT QD N
ds || Ot 0,0) Osot 7 Ot 0,0)
D? Oa , .
—2 (7050 RECCR

The Des-invariance of TT'M follows from the s-invariance of T'M. It is
reflected in the fact, noted at the end of Section 2.2, that (J'(t),5) is constant
for any Jacobi field J along a geodesic +.
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The second natural invariant subbundle is the orthogonal complement
o in TT'M to the vector field ¢ generating the geodesic flow. Under the
natural identification T, TM = T, M x T, M, for v € T} M, the vector H(v)
is (v,0), and the subspace ¢+ (v) is the set of all pairs (wg,w;) such that
(v,wp) = (v,w1) = 0. The Dypy-invariance of ¢+ follows from the observation,
made at the end of Section 2.2, that a Jacobi field J with J(to) L #(to) and
J'(to) L A(tg) for some t( is perpendicular to v for all t.

To summarize, the space of all perpendicular Jacobi fields along v corre-
sponds to the orthogonal complement to the direction of the geodesic flow ¢(v)
at the point v = 4(0) € T'M. To estimate the norm of the derivative Dy; on
TT'M, it suffices to restrict attention to vectors in the invariant subspace ¢
that is, it suffices to estimate the growth of perpendicular Jacobi fields along
geodesics.

2.5. Consequences of negative curvature and unstable Jacobi fields. If the
sectional curvatures of the Riemannian metric are negative along +, then it
follows from the Jacobi equation that (J”,J) > 0 for any Jacobi field with the
property that J(¢) and #(t) are linearly independent. This has the following
consequence; for a proof, see [12].

LEMMA 2.2. If the sectional curvatures are negative along -y, then the
functions ||J(t)|| and || J(t)||? are strictly convex for any nontrivial perpendic-
ular Jacobi field J along ~.

We also have the following results from [11, §1.10]. Let v : (—o0,a] — M
be a geodesic ray along which the sectional curvatures of the Riemannian metric
are always negative. Then, for each w € 4(a)~, there is a unique perpendicular
Jacobi field Jy 4, along 7 such that J4 ,(a) = w and

| Jsws(®)]] < [lw|| for all ¢ < a.

Since ||J4 4 (%)|| is a strictly convex function of ¢t by Lemma 2.2, ||J5 ., (t)|| must
be strictly increasing for ¢t < a. In fact J; , = lim; oo J4 7, Where J4 o 7
is the Jacobi field such that J , r(a) =v and J4 4 -(7) = 0. We call J ,, an
unstable Jacobi field.

For each t < a, there is a linear map U, (¢) : 4(t)* — 5(t)* such that

T (t) = Us()(J+(1))

for every unstable Jacobi field J.. A Jacobi field along v is unstable if and
only if it satisfies J' = Uy J.

PROPOSITION 2.3. The operators U, (t) are symmetric and positive defi-
nite. They satisfy the matriz Riccati equation (2). Thus

U, +U}+R=0.
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In other words, for any vector w € (), we have
(w, U (w)) = —(R(w,§)%, w) — (w, U (w)).

We call Uy the unstable solution of the Riccati equation along the ray ~.
If v € T'M is a vector such that 7,(t) is defined for all ¢+ < 0, then we define
U4 (v) to be the operator Uy (0) associated to the ray v, : (—oo,0] — M.

If ~ is a geodesic in a complete Riemannian manifold with negative cur-
vature, the unstable Jacobi fields along v are obtained by varying v through
geodesics 3 such that d(5(t),v(t)) < d(5(0),7(0)) for ¢ < 0. These geodesics
are orthogonal to a family of immersed hypersurfaces whose lifts to the uni-
versal cover of M are called horospheres. The operators U, (t) are the second
fundamental forms of horospheres.

There is an analogous definition of stable Jacobi fields and the stable so-
lution of the Riccati equation along a ray v : [a,00). If v : (—00,00) — M is
a complete geodesic, the unstable Jacobi fields along v are the stable Jacobi
fields along the geodesic ¢t — (—t). We define U_(v) analogously to Uy (v);
it is symmetric and negative definite. The norm of a stable Jacobi field J(t)
defined on a ray v : [a,00) — M is strictly decreasing for t > a.

Let

D= {veT'M: ~,(t) is defined for all t}.
If v € D, both Uy (v) and U_(v) exist. This allows us to define a splitting of
the 2n — 1-dimensional space T,T'M as the direct sum of a one-dimensional
space E%(v) and two spaces E%(v) and E*(v) each of dimension n — 1. The
space E°(v) is Rp(v), and we will have E%(v) @ E*(v) = ¢(v)*. In our usual
coordinates, E%(v) is spanned by (v, 0) while
E'(v) = {(w, Uy (v)w) : w € v} and E*(v) = {(w,U_(v)w) : w € v1}.

The splitting at v is mapped to the splitting at o (v) by Depy.

The next proposition shows that while the splitting TpT'M = E* @ E°®

E? is defined only over the set D, the geometry of this splitting is locally
uniformly controlled.

PROPOSITION 2.4. There exists a continuous function §: T'M — Ry
such that for all v € D, if (w,w') € E*(v), then
(w,w') > 5(v)](w, w') s,
and if (w,w') € E*(v), then
(w,w') < =6(v)|(w, w)|Ess-

Proof. Tt will suffice to show that the functions
(w, w')

<'lU, 'lU/> 3
1mn —ﬁ
(ww)eBs(\{0} ||(w, w’)]|3,

§%(v) = in — L
() (waw)eE*(w)\{0} || (w, w')||Z,

and 6°(v)=
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are locally uniformly bounded away from 0 for v € D. We prove the statement
for §°.

Suppose that ° is not locally bounded away from 0. Then there would
be v € D, a sequence of vectors v, in D with lim, ., v,, = v, and a sequence
&n € E*(vy) such that &, converges to a vector £ = (w,w') with (w,w') = 0.
By renormalizing we may assume that ||£,||sas = ||€||sas = 1 for each n.

Since v € D, there exists 7 > 0 such that ~,(t) is defined for |t| < 7. Let
J be the Jacobi field along the geodesic ~, determined by &, and let J,, be the
(stable) Jacobi field along 7, defined by &,. Then (||J||?)(0) = 2(w,w’) = 0.
On the other hand, since &, — £ and ||J,,(t)]| is a decreasing function of ¢ for
each n, we see that ||.J|| is nonincreasing on (—7,7). It follows from this and
the strict convexity of ||J||? given by Lemma 2.2 that the function ||J||? cannot
have a critical point in the interval (—7, 7). O

This proposition has the following corollary, which will be used for the
Hopf argument in Section 3.

COROLLARY 2.5. Let §: T'M — Rwq be the function given by Proposi-
tion 2.4. The continuous conefields

C*(v) = {(w,w') € ¢~ (v) : {w,w') > §(v)[|(w,w')|[Fu}
and
C*(v) = {(w,w') € $*(v) : (w, w') < =5(v)[|(w,w)[Ess},
defined for v € T'M, intersect only at the origin and satisfy
E%(v) C C*(v) and E*(v) C C%(v)
for allv € D.

3. A general criterion for ergodicity of the geodesic flow

In this section we establish a general criterion for ergodicity of the geodesic
flow on a negatively curved manifold, not necessarily complete. In the sections
that follow we will verify that the hypotheses of our criterion hold for a quotient
of Teichmuller space in the WP metric that is a finite branched cover of moduli
space.

If R is the curvature tensor of a Riemannian metric on a manifold M,
then for x € M, we define

|Rs|=  sup  [|Ru(vi,v2)vs]l, [VRil[=  sup Vo, R (v2, v3) 04|
v1,02,03ETEN v1,02,03,04€TEN
and
IV2Ro|| = sup  [[V3, ,, Ra(vs,va)us],

V1,05 ETEM
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where V2R is the second covariant derivative of the curvature tensor V%QYR =
VxVyR - Vy,vyR.

Let M be a contractible Riemannian manifold, negatively curved, possibly
incomplete. Let I" be a group that acts freely and properly discontinuously on
M Dby isometries, and denote by N the quotient manifold N = M/T". We
denote by d both the path metric on M and the quotient metric on N, which
is just the path metric for the induced Riemannian metric on N. The quotient
map p: M — N is a covering map and a local isometry.

Recall that the completion X of a metric space (X,d) is the set of all
Cauchy sequences (z,,) in X modulo the equivalence relation

<$n> ~ <yn> <~ nlggo d(ajnayn) =0,

with the induced metric d((x,,), () = limy, 00 d(Zn, yn). Let M be the metric
completion of M, and let N be the completion of N. Let 9N = N \ N. We
will use d to denote the metric on all of these spaces.

Consider the following additional six assumptions on M and N:

I. M is a geodesically conver: for every p,p’ € M, there is a unique
geodesic segment in M connecting p to p'.
II. N is compact.
III. ON is volumetrically cusplike: there exist constants C' > 1 and v > 0
such that

Vol ({p € N : d(p,dN) < p}) < Cp**

for every p > 0.

For the final three assumptions we assume there exist constants C' > 1 and
B > 0 such that

IV. N has controlled curvature: for all x € N, the curvature tensor R
satisfies

max{|| Rall, | VRa |, [ V* Re |} < Cd(2,0N) 7.
V. N has controlled injectivity radius: for every x € N,
inj(z) > C~td(z, ON)P.

VI. The derivative of the geodesic flow is controlled: for every infinite ge-
odesic v in N and every ¢ € [0, 1],

150yl < Cd (v ([, 1)) ,0N) 7.

Note that if IT and IIT hold, then NN has finite volume. In this case, we denote by
m the Riemannian volume (measure) on N, normalized so that m(T'N) = 1.
The main result in this section is
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THEOREM 3.1. Under assumptions I-V1, the geodesic flow ¢; on T'N is
m-a.e. defined for all time t. It is nonuniformly hyperbolic and ergodic (and
in fact Bernoulli). The entropy h(p:) of ¢ is positive and finite, in fact equal
to the sum of the positive Lyapunov exponents of wy with respect to m, counted
with multiplicity.

Remark. Tt seems that assumption II (compactness of N) can be relaxed
to the assumption that IV has finite diameter, but we have not verified all of the
details. We also remark that in applying Theorem 3.1, verifying assumptions
IV-VI is where the work lies. In the case of the WP metric, assumptions I-
IIT are either already known or follow in a straightforward way from known
results.

Proof of Theorem 3.1. We first establish several properties of M that can
be proved from assumptions I-III alone. The first such property is CAT(0).
A metric space X is CAT(0) if it is a geodesic space and and every geodesic
triangle in X satisfies the CAT(0) inequality with the comparison Euclidean
triangle (see [6, p.159]).

LEMMA 3.2. If I holds, then M and M are both CAT(0) spaces.

Proof. The fact that M is CAT(0) follows from [6, Th. II.1A.6] and
Alexandrov’s Patchwork [6, Prop. I1.4.9]. The metric completion of a CAT(0)
space is CAT(0), by [6, Cor. I1.3.11]. O

PROPOSITION 3.3 (The flow is a.e. defined for all time). If I-III hold,
then for almost every v € TYM, there exists an infinite geodesic (necessarily
unique) tangent to v.

Before proving this we state and prove another lemma that will be useful
later as well. Let 7 : T'N — N be the natural projection. Let

U,={veT'N : d(r(v),0N) < p},
and let ST (p) be the set of all tangent vectors that flow into U, in some forward
time 0 < ¢ < 1.
LEmMA 3.4. If I-III hold, then for p <1,
m(S*(p) = O(p*).

Proof. Consider the “shell” S (p) of vectors v that flow into U, at times
between kp and (k + 1)p. Any vector in this shell is in Up, at time (k + 1)p.
Volume-preservation of the flow implies that the the volume of S,j(p) is at
most the volume of Us,, which is O(p?*"), by assumption III. The set ST (p)
is contained in a union of the shells Sy (p), ..., S} (p), where m is O(p~1). Tt
follows that the volume of S*(p) is O(p~1p**") = O(p' ). O
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Proof of Proposition 3.3. The set of vectors such that the flow is not de-
fined for some 0 < ¢ < 1 is contained in ST (p) for all p > 0. By Lemma 3.4
this set has measure 0. It follows that the set of vectors for which the flow is
defined for all time has full measure. (]

Suppose that v € TM determines an infinite geodesic ray v, : [0,00) — M
tangent to v at 0. Since M is a CAT(0) space, the functions b5 ,: M — R
defined by

by 1 (y) = d(y, w(t)) —t
converge uniformly on compact sets as ¢ — oo to a function b5 : M — R, called
a (stable) Busemann function [6, Lemma I1.8.18]. For a fixed v, the Busemann

function b] is clearly Lipschitz continuous, with Lipschitz norm 1. If we assume
that I holds, then we can say more.

PRrOPOSITION 3.5. Assume that 1 holds. For any v that determines an
infinite geodesic ray 7y,, the function bS is convex and C*, and || grad b?|| = 1.
For every y € M, the unit vector

wy(y) = — grad by (y)

defines an infinite geodesic ray Yys(y): [0,00) — M tangent to wi(y) at 0 with
the property that

d(’}/v (t)a Yws (y) (t)) < d(’)/u(o)’ y)
for all t > 0.

Proof. Since =, is an infinite ray, and M is a geodesically convex Riemann-
ian manifold, the functions b, are convex, C! and have the property that
| grad b ;(y)|| = 1 for every y € M. Since M is nonpositively curved, and b; ;
converges uniformly on compact sets in M to b3, the desired properties of C*
smoothness of b, convexity and || grad b3 || = 1 follow from [4, Lemma 3.4, and
the following remark]. The final conclusion follows from [6, Prop. 11.8.2]. [

Suppose that v € T'M determines an infinite geodesic ray. Proposi-
tion 3.5 implies that for each t € R, the set H:3(t) := (b3)~!(¢) is a connected,
codimension-1, complete C! submanifold of M, called a stable horosphere at
level t. For such a v, we define

W2 (v) = {wy(y) = y € H(0)}

The set of basepoints m(W?*(v)) in M is the horosphere H?(0), and W?*(v) is
a continuous, codimension-1 submanifold of T'M. Similarly, if 7, projects
to a backward recurrent geodesic ray in N, we define the unstable Busemann
function and unstable manifold

by(y) = lim d(y,~(=t)) =t and W*(v) = {wy(y) : y € H;(0)},



860 K. BURNS, H. MASUR, and A. WILKINSON

where w®(y) = — grad b%(y) and H(t) := (b%)~L(t) is the unstable horosphere
at level ¢ determined by wv.

Our next proposition justifies the terminology “stable and unstable man-
ifolds” for W*(v) and W*(v). The results stated up to this point all hold
true when M is nonpositively curved, but the proposition uses the negative
curvature assumption on M in an essential way.

We say that a geodesic ray v: [0,00) — N is (forward) recurrent if the tan-
gent vector 4(0) is an accumulation point for the tangent vectors {#(¢) : ¢ > 0}.
We similarly define backward recurrence for a geodesic ray v: (—oo,0] — N.
An infinite geodesic is recurrent if it is both forward and backward recurrent.
Under assumptions I-1II, Proposition 3.3 and Poincaré recurrence imply that
almost every v € T'N determines an infinite recurrent geodesic v,: R — N
with 4,(0) = v.

PRrOPOSITION 3.6 (Contraction of horospheres). Assume I-111. Let v €
T, M be tangent to an infinite geodesic ray vy, whose projection to N is forward
recurrent. Let y € M be any other point, and let w = wy(y) € TyM. Then w
is tangent to an infinite geodesic ray 7y : [0,00) — M and

Jim d (7, (1), 7o (4 5(y))) = 0.
o
Moreover,

tlgglo dsas(9(V); Prrbs () (w)) = 0.

In particular, if v, projects to a forward recurrent geodesic ray in N, then
for every t > 0, o;(W?*(v)) = W?*(p(v)), and for every w € W?*(v), we have
limy o0 dsas(t(v), r(w)) = 0.

Similarly, if v is tangent to a backward ray v,: (—o0,0] — M whose pro-
jection is recurrent, then w = wi(w) is tangent to a backward ray 7y, : (—o0, 0]
— M and

tl}l_noo dsas(pt(v), P40 (y) (w)) = 0.
In particular, for every w € W*(v), we have limy—, o dsas(p1(v), i (w)) = 0.

Before beginning the proof, we remark that in [9] a property called non-
refraction was proved for the WP metric. Using that result, a short proof of
the above proposition was given in the WP case in [7].

Proof. Let v,: [0,00) — M be an infinite geodesic ray whose projection
to N is recurrent, and let x = 7,(0) be the footpoint of v. Suppose that
2/ € M is another point, and let v' = wg(z’). Since M is CAT(0), the dis-
tance d(7,(t), v (t)) is a convex function of ¢; since it is bounded, it must be
nonincreasing, and hence bounded above for all ¢ by d(z,z"). We claim that
if d(xz,2") < d(z,0M), then the image of 7,, must lie entirely in M. Since the
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projection of v, to N is recurrent, there exist sequences g, € I' and ¢, — o0
such that

d(z, gnyo(tn)) < d(z,0M) — d(x, ).
Then

d(z, gnyo(tn)) < d(z,0M) — d(vo(tn), Yo (tn))
= d(x,0M) — d(gnYo(tn): gnyv (tn)),

which implies, by the triangle inequality, that d(x, g,y (tn)) < d(xz,0M).
Hence g7, (tn) € M, and so 7 (t,) € M. Geodesic convexity of M implies
that 7,/[0,t,] C M, for all n, which proves the claim.

Now a standard ruled surface argument using geodesic convexity and the
negative curvature of M (see, e.g., [7, Th. 4.1], where it is proved in the WP
context) shows that for every =, that projects to a recurrent geodesic ray
in N, and any y € M with the property that v, [0,00) C M, the distance
d(Yaws (y) (£), 1[0, 00)) is strictly decreasing in ¢ and tends to 0 as t — oo. (Alter-
nately, one can show this using Jacobi fields). What is more, this convergence
takes place in the tangent bundle

tllglo dSas(;wa;(y) (t)y;Yv [07 OO)) = 0.
Now suppose that y € M is an arbitrary point. Connect y to & = 7,(0)

by a geodesic arc o in M. Fix g9 > 0 such that d(x,0M) < 9. We claim that
if 2/ is any point on o that satisfies

tliglo d(7w3 (z') (t)v Yo [07 OO)) =0,
then for any point ¢’ on o such that d(z/,y") < €0/3, we have
tl;r& d(’)/w;j(y’) (t), Yo [07 OO)) =0.
From the claim it follows that lim¢—co dsas(Yuws (y) (), 1[0, 00)) = 0.

To prove the claim, suppose that 2’ and vy’ are given. Since the distance
d(Yaws (@) (1), Yaws (v (t)) is bounded for all £ > 0 and convex, it is nonincreasing,
and hence bounded above by €¢/3 for all t > 0. If T > 0 is sufficiently large,
then the distance from 7, (,+)(t) to vy is less than go/3 for all ¢ > T Since
v, projects to a recurrent ray in N, there exist g, € I' and ¢,, — oo such that
d(vu(tn), gnw) < €0/3. It follows that v,s(,)(tn) € M when t, > T, which
implies that 7y, (,1[0,00) C M. The claim follows.

A simple application of the triangle inequality shows that the property
limy 00 (Vs () (), 1[0, 00)) = 0 implies that

tliglo d(’)/v (t)a Yws (y) (t + bf}(y))) =0.
Since lim¢—00 dsas (Vs () (), J0[0, 00)) = 0 for every y € M, we conclude that
Jim dsas(@1(v); rpv ) (wo () = 0. a
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The proof of Theorem 3.1 now proceeds in several steps. The first is to es-
tablish nonuniform hyperbolicity. This is a classical result for closed manifolds
with negative curvature; see, e.g., [18, §17.6].

We need the following lemma.

LEMMA 3.7. Assume that hypotheses I-111 hold. Let o1 be the time-1 map
of the geodesic flow. Then

/ log" | Dg1| dm < oo and / log™ || Doy | dm < oc.
TN TN

Proof. Lemma 3.4 implies that for n > 1, m(S*(1/n)) = O((1/n)'*").
On S*(1/n) we have log™ || D¢1]| = O(logn), and hence

/ log™ || De1]|| dm = O(log n/nH”).
ST (1/n)

Summing over n gives the first half of the conclusion. The second half follows
from the first and equivariance of the geodesic flow under the m-preserving
involution u — —u: if w = ¢1(v), then —v = 1 (—w). O

It follows from the lemma that log||Dep1| is integrable. Consequently
Oseledec’s theorem can be applied to the cocycle Dpy. It implies that for
m-almost every v € T'N, there exist k(v) < 2n — 1 real numbers

)\1(1)) < )\2(1)) << )\k(v)(v)

and a Dyy-invariant splitting 7,T'N = @fivl) E;(v) such that for every nonzero
vector £ € E;(v),

.1
Jim 4 10g Do (€)] = M(v).

The functions k(v), A\;(v), and E;(v) depend measurably on v. The numbers
Ai(v) are called the Lyapunov exponents of @i at v and Ej;(v) the Lyapunov
subspaces. Since the orthocomplement ¢ is Dys-invariant and the restriction
of Dy, preserves a natural symplectic form, the Lyapunov exponents of ¢,
are paired: if X\ is a Lyapunov exponent, then so is —\. Moreover, since the
generating vector field ¢ is preserved by Dy, it follows that

. 1
Jim n log || Dy (§)|| =0

for any £ tangent to the orbits.

For v € T'N such that the geodesic 7,(t) is defined for all ¢, let E%(v) be
the subspace of T, 7' N spanned by the unstable perpendicular Jacobi fields at
v and let E*(v) be the subspace spanned by the stable perpendicular Jacobi
fields at v. These spaces each have dimension n — 1, and

T,T'N = E*(v) ® E°(v) @ E“(v),
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where E°(v) is the one-dimensional subbundle tangent to the orbits of the flow
¢¢. The splitting at v is mapped to the splitting at ¢ (v) by Dgy.

LEMMA 3.8. There is a ps-invariant set Ao C T'N of full measure with
respect to m such that for every v € Ag, we have

Ef(v) = EB E;(v) and E“(v)= @ E;(v).

)\i(v)<0 )\i(v)>0

Proof. We choose Ag to be the set of vectors v € T'N such that

(1) p¢(v) is defined for all ¢,
(2) the exponents \;(v) are defined for i = 1,...,k(v), and
(3) v is uniformly forward and backward recurrent under the flow (.

The last property means the following:

(3') For any neighborhood U of v, there is § > 0 such that for all large
enough T, the sets Ry(T) = {t € [0,T] : ¢¢(v) € U} and R_(T) =
{t € [0,T] : ¢_¢(v) € U} both have Lebesgue measure at least §7.
This ensures that both sets contain finite subsets of cardinality at least
6T — 1 in which distinct elements differ by at least 1.

Properties (1)—(3) hold for m-almost all vectors in v € T*N. For (1) this
is Proposition 3.3, for (2) it is a part of Oseledec’s theorem, and for (3) it
follows from a standard argument using the Birkhoff ergodic theorem.

Since the set Ay is invariant under the involution u — —u and the deriva-
tive of this involution maps E*(u) to E*(—u), it will suffice to prove the second
statement. To this end, recall that if J is a nonzero unstable Jacobi field along
a geodesic v, then ||J(t)]| is a strictly increasing convex function. Given v € Ay,
we can choose a neighborhood U of v and n > 0 such that if J(¢) is an unstable
Jacobi field along a geodesic v with 4(0) € U, then [|J(1)| > (1 + n)|J(0)]
With § chosen as in (3'), we obtain

1D = (1 + )T ©O)]
for any unstable Jacobi field J(t) along the geodesic 7,(t). O

We summarize the consequences of the discussion since Lemma 3.7 in the
following

ProOPOSITION 3.9 (Nonuniform hyperbolicity). Under assumptions I-VI,
the geodesic flow is nonuniformly hyperbolic. On the full measure, p-invariant
subset Ao C T'N defined above, there is a measurable Dys-invariant splitting
of the tangent bundle

Tr(T'N)=E*® E°® E"
such that for every v € Ag,
(1) E°%(v) is tangent to the orbits of the flow: E°(v) = Rp(v);
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(2) E%(v) is spanned by the unstable perpendicular Jacobi fields at v, and
E*(v) is spanned by the stable perpendicular Jacobi fields at v; and
(3) for every nonzero £* € E*(v), £° € E*(v),

.1 1
Jim 1og [ Dupr(€)] > 0, and Jim ~ log [ Dun(&)]] <0,
and the limits are finite.

This completes the first step. The next is to introduce the local stable
and unstable manifolds.

ProprosITION 3.10 (Existence and absolute continuity of families of local
stable manifolds). Assume I-VI. Let n = dim(N), and let Ao C T*N be given
by Proposition 3.9. There exist a full volume, @i-invariant subset A C Ag, a
measurable function r: Ay — Rso, and measurable families of C*°, (n — 1)-
dimensional embedded disks Wy . = {W;..(v) : v € A1} and W, = {W.(v) :
v € Ay} with the following properties. For each v € Ay,

(1) W .(v) is tangent to E*(v) and W (v) is tangent to E"(v) at v;
(2) forallt >0,

r(Wioe(v)) € Wie(@r(v))  and o s(Wise(v)) € Wige(p—1(v));
(3) we WS . (v) if and only if dsas(v, w) < r(v) and
Jim dsas (90 (v), @ir(w)) = 0;
(4) we W .(v) if and only if dsas(v, w) < r(v) and
i dsas(04(0), i (w)) = 0.

Moreover, for x € {s,u}, the family WY is absolutely continuous. In particu-
lar,

(5) if Z C T'N has volume m(Z) = 0, then for m-almost every v € Ay,
the set ZNW; . (v) is a zero set in W .(v) (with respect to the induced
(n — 1)-dimensional Riemannian volume); and

(6) if D C T'N is any C*-embedded, n-dimensional open disk, and B C D
has induced Riemannian volume zero in D, then m(Saty .(B)) = 0,
where

St = U W)
{veA1: W (v)NB#0}

The conclusions of Proposition 3.10 will follow from the main results in
[19]. To apply these results, it is necessary to verify a list of hypotheses, some
of a technical nature, concerning the C? properties of the Sasaki metric and
the geodesic flow. We defer the verification of these properties, assuming I-
VI, to Appendix B and now show how Proposition 3.10 can be used to prove
ergodicity of ¢;. Properties (5) and (6) in Proposition 3.10 are the heart of
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the matter in proving ergodicity. Property (5) is a form of “leafwise absolute
continuity” and (6) is a form of “transverse absolute continuity.”

Properties (5) and (6) are obvious if Wy (v) and W} (v) depend smoothly
on v, as they do for the geodesic flow of a manifold of constant negative cur-
vature. But this is rarely the case. Examples of compact manifolds for which
the bundles Ef and E* are only Holder continuous have been given by Anosov
[1] and Hasselblatt [14], and their techniques extend to the present context.
However, these examples do not appear to rule out the curious and extremely
unlikely possibility that the bundles are smooth for the special case of the WP
metric.

Let ©; be the full measure set of v € T'M such that ~, projects to
a (forward and backward) recurrent geodesic in T'N. Each v € ; has a
stable manifold W?*(v) and an unstable manifold W*(v). For 6 < inj(w(v")),
where v/ = Dp(v) € Dp(€1), denote by W*(v, d) the connected component of
W*(v) N Brpiys(v,0) containing v, where Bpi (v, d) is the Sasaki ball of radius
§ in T'M centered at v. We denote by W#(v, §) the projection Dp(W?(v,d));
it is an (n — 1)-dimensional embedded disk.

Notice that for every v € 4, if v = Dp(v) belongs to the full measure
set A1 of Proposition 3.10, then the local stable manifold W _(v') through v’
must coincide with W#(v/, 7(v')), where r: Ay — R is the function given by
Proposition 3.10.

At this point, we have established the almost everywhere existence of the
global, complete submanifolds W?(v) and W*(v) in T* M, invariant under the
flow, but we have not shown them to have any absolute continuity properties.
On the other hand, the local Pesin stable and unstable manifolds W .(v) and
W (v) have good absolute continuity properties, but they are not complete
submanifolds — they are open disks with measurably varying radii. To prove
ergodicity, we would like a collection of complete subbmanifolds forming an
absolutely continuous (almost everywhere) foliation with controlled geometry.
The key step in showing this is to use this almost everywhere coincidence of the
global submanifolds with the local Pesin disks to obtain absolute continuity of
the global foliation. This is the content of the next proposition.

PROPOSITION 3.11 (Smoothness and absolute continuity of horospherical
laminations). Assume I-VI. There is a full volume subset Qo C Q4 such that
for x € {s,u} and for v € Qqa, the Busemann function b}y: M — R is C*°. The
leaves of the lamination W* = {W*(v) : v € Qa} are C* submanifolds of T*M
diffeomorphic to R 1,

Let Ay = Dp(§22). The family of manifolds

{W*(v,8) : v € Ag, 6 < inj(m(v))}

has the following absolute continuity properties:
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(1) if Z C T'N has volume m(Z) = 0, then for m-almost every v € As
and every § < inj(w(v)), the set Z N W*(v,0) is a zero set in W*(v, 0)
(with respect to the induced (n — 1)-dimensional Riemannian volume);
and

(2) if D C T'N s any smoothly embedded, n-dimensional open disk and
B C D has induced Riemannian volume zero in D, then for any § <
inf,ep inj(m(v)), we have m(Sat*(B,6)) = 0, where

Sat*(B,¢) := U W*(v,6).
{veAs : W*(v,6)NB#£D}

Proof. We first show that W?*(v) is a C° submanifold of T M for almost
every v € T'M. For any € > 0, there exists a compact set A, C A; of measure
m(A;) > 1—e¢ such that the restriction of the function r from Proposition 3.10
to A is continuous and bounded from below by a constant r. > 0. Fix € > 0,
and let A C A, be the set of vectors v € A, such that ¢, (v') € A, for a
sequence of integers k, — 0o. Poincaré recurrence implies that m(A;\Ag) = 0.

Fix v' € AN Dp(). Let v € Dp~1(v) be an arbitrary lift of v’ to T'M,
and let w € W?*(v). We show that W*(v) is C* in a neighborhood of w; as w is
arbitrary, this implies that W?*(v) is C*°. Since v' = Dp(v) € A%, there exists
a sequence k, — oo such that ¢, (v') € Az, At the same time, Proposition 3.6
implies that

Jim, dsas(ipu(v), () =0,

and so for n sufficiently large, dsas(¢x, (v), ¢k, (w)) < /2, where r. > 0
is the lower bound on the restriction of r to A.. But this implies that
Dp(pg, (w)) € WE (¢k, (V). Since ¢y, is a diffeomorphism, we conclude
that there is a neighborhood of w in W*(v) that is diffeomorphic to the C'*°
submanifold W} (¢, (v')). Since w was arbitrary, this implies that W#(v) is
a C° submanifold of T* M. The intersection A§ := N.~qASN Dp(£)) is a full
volume subset of 7' N, and we have shown that for every v € Q5 := Dp~1(A3),
the submanifold W?*(v) is C*°.

For each v € Q3, consider the map 1 from H; x R to M that sends (y,t)
to m(pr(wi(y))), where w(y) = — grad b (y). Since W?*(v) is C*°, the function
w3 (y) is C along H?; it follows that 1 is a diffeomorphism. In the coordinates
on M given by v, the Busemann function b; assigns the value —¢ to the point
(z,t). It follows that b3 is C*° for every v € Q5. Similarly, there is a set QY of
full measure such that b} is C*° for every v € 4. Setting Q2 = Qf N Q5, we
obtain the full measure set where the conclusions of the proposition will hold.

We establish the absolute continuity properties of W?; analogous argu-
ments show the properties for W*. The preceding arguments show that for
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every v € Ao, there exists an integer £ > 0 such that
(3) r(W?(v,6)) € Wise(pr(v)) for every 6 < inj(m(v)).

For a fixed k > 0, denote by X}, the set of v € Ay for which (3) holds. Then
Az = U0 Xk-

Suppose that m(Z) = 0 for some Z C T*N. Then the set Z = ;>0 ¥x(%)
also has measure 0. It follows from Proposition 3.10 that for almost every
w € Ay, the induced Riemannian measure of Z in Wil .(w) is zero. But this
implies, in particular, that for every k£ > 0 and for almost every v € X, the
induced Riemannian measure of pi(Z) C Z in pp(W?*(v,6)) € Wi . (pr(v)) is
zero; hence the induced volume of Z in W*(v, ) is 0 for all 6 < inj(w(v)). This
establishes (1).

Suppose that D is a C'-embedded, n-dimensional disk in T'N. Fix ¢ <
%infue pinj(m(v)). Suppose that B C D has induced Riemannian volume 0.
Let

By=Bn |J W (w,0)
we Xy
and note that
Sat®(B,d) = U Sat®(By,0);
k>0
hence it suffices to show that m(Sat®(By,d)) = 0 for all k£ > 0.

Fix £ > 0. For each w € By, there is an n-dimensional open ball
D,, C D centered at w in the induced Riemannian metric in D such that
U?:o ¢j(Dy) C TIN. Since ¢y, is a diffeomorphism, the set (B N D) has
induced Riemannian volume zero in the n-dimensional disk ¢ (D). It follows
from Proposition 3.10 that m(Saty,.(pr(Br N Dy))) = 0, and so

m (¢ (Satie (¢r(Br N Dy)))) = 0.
But (3) implies that
Sat®(By, N Dy, 0) C ¢ (Saty,.(pr(Br N Dy))),

and so m(Sat®(Bg N Dy, d)) = 0. Now fix a countable cover {D,, : w; € By}
of By in D by such balls (this is possible by the Besicovitch covering theorem,
since D is an embedded C! submanifold). Then

Sat®(Bg,6) C | JSat®(By N D, 6),

and so m(Sat®(By,0)) = 0. Conclusion (2) follows. O

We remark that Propositions 3.6 and 3.11 show that the horospheres #7(0)
are the level sets of regular values of C'*° functions. Consequently they are
complete submanifolds of T'M. As remarked above, the smooth manifolds
given by Propositon 3.11 may be open and hence have boundary.
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Proof of ergodicity. Assume I-VI. The proof that ¢, is ergodic is an adap-
tation of the standard “Hopf Argument,” along the lines of the proof of local
ergodicity in [17]. To prove ergodicity, it suffices to show that for every con-
tinuous function f: T'N — R with compact support,

(4) lim —/ flor(v)) dt = / fdm for m-a.e.v € T'N.

T—oo T

Indeed, if (4) holds for a dense set of functions f in L2, then by continuity of
the projection f ++ B(f) = limp_,o0 & [ f o @ dt, (4) will hold for every f in
L2,

Fix then a continuous function f with compact support, and define mea-
surable functions f* and f“ by

T
£ =timsup - [ f(eiw)dt and f'(0) = limsup / f(r(w

T—o0 T—o00

The Birkhoff Ergodic Theorem implies that there is a set G C T'N of full
measure such that for every v € G, we have f*(v) = f*“(v) = B(f)(v). Since
f is continuous with compact support, and the leaves of WW?* are contracted by
@y, it follows that f* is constant along leaves of W?. Similarly, f* is constant
along leaves of W*. Finally, all three functions f*, f*, and B(f) are invariant
under the flow ;.

Now fix a arbitrary element v € T'N. We will show that there is a
neighborhood U, of v on which B(f) is almost everywhere constant. Since
T!N is connected, this will imply that B(f) is almost everywhere constant on
T'N. Since [71y B(f)dm = [715 f dm, it will then follow that (4) holds, and
so ¢ is ergodic.

Let 6=46(v) =1 min{inj(r(v)), d(v, ON)}, and let V be the -neighborhood
of vin T'N. For w € Ay NV, consider the set

Ns(w) = Sat" (p(_s5 W*(w,9)),0) .
We claim

(a) for almost every w € Ao NV, B(f) is almost everywhere constant on
Ns(w);

(b) there is a neighborhood U,, C V of v such that for almost every w € U,,
the set Ngs(w) N U, has full measure in U,.

Together, these statements imply that there is a neighborhood U, of v on which
B(f) is a.e. constant, completing the proof of ergodicity.

We first establish part (a) of this claim. Let G be the full measure subset
of vectors in Ay where the limit (4) exists and f* = f° = B(f). The abso-
lute continuity property (1) of WW* in Proposition 3.11 implies that for almost
every w € V N Ag, the intersection G N W#(w, §) has full volume in W?*(w, ¢)
(that is, its complement has induced volume 0). Fix such a w. On W*(w, 9),
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f* takes a constant value f* = a. On the full volume subset G N W?*(w, d),
f* coincides with f* and therefore also takes the constant value a. Since f" is
p¢-invariant and @y is a C*° flow, f* takes the constant value a on the full mea-
sure subset G’ := p(_s,5) (G NW?*(w, d)) of the n-dimensional C** submanifold
D = ¢ 54 (W (w,0)).

But f“ is constant along W*" manifolds and so takes the constant value
a on Sat“(G’,0). Since WY satisfies the absolute continuity property (2) in
Proposition 3.11 and G’ has full measure in D, it follows that Sat“(G’,d) has
full measure in Sat“(D,d) = Ns(w). Hence f" is constant on a full measure
subset of Ns(w). Since f* = B(f), a.e., it follows that B(f) is almost every-
where constant on Ns(w), proving part (a).

We next establish part (b) of the claim. Let C* and C® be the closed,
continuous conefields spanning ¢ over T'N that are given by Corollary 2.5.
For x € {u,s}, the absolute continuity property (1) of W* implies that for
almost every w € Ay NV, the disk W*(w, d) is almost everywhere tangent to
E*, which by Corollary 2.5 is contained in the continuous conefield C*. Hence
for almost every w, the tangent bundle T(W*(w, ¢)) is everywhere contained in
C*. The invariance of WW?® under ¢; implies that for almost every w € AsNV, the
tangent bundle to the disk D(w) = @55 (W?*(w,0)) is everywhere contained
in C* @ EY. The line field E° = Ry is smooth on the whole of T'N, while
E" @ E® at any v is the orthogonal complement of E° everywhere that the
subspaces E* and E* are defined. By Corollary 2.5, the conefields C* and C*
intersect only at 0. It follows that there exists a neighborhood U, C V of v
such that for any w,w’ € Ay N U,,

W', 8) N D(w) # 0;

in other words, for every w € AoNU,, the set Ns(w) = Sat"(D(w), d) intersects
Ay NU, in a full measure subset. This completes the proof of part (b) of the
claim and the proof of ergodicity. O

Proof of the Bernoulli property. Recall that a contact form on a 2n + 1-
dimensional manifold is a differential one-form g with the property that g A
(dB)™ is nondegenerate. A contact flow is a flow that preserves a contact form.
It is a well-known fact that every geodesic flow ¢, when restricted to the unit
tangent bundle, is a contact flow; the one-form that assigns the value 1 to ¢
and vanishes on ¢+ is contact and is Dy-invariant. This follows from the fact
that ¢; preserves the symplectic form on the full tangent bundle and that ¢+
is Dyy-invariant.

Theorem 3.6 of [17] states that any ergodic, nonuniformly hyperbolic con-
tact flow defined on an invariant, positive volume subset of a compact contact
manifold is Bernoulli on that subset. Compactness is a simplifying assumption
in the proof, and the same proof works for a nonuniformly hyperbolic contact
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flow that satisfies the conclusions of Proposition 3.10. Returning to the context
of Theorem 3.1, we have just proven that the geodesic flow is nonuniformly
hyperbolic and ergodic. Since it is contact, it is therefore Bernoulli. ([l

This completes the proof of the ergodicity/Bernoulli conclusion in Theo-
rem 3.1. In Appendix B, we complete the verification of the hypotheses of [19]
and prove the conclusion that o; has finite, positive entropy. O

4. Bounds on the derivative of ¢; in the WP metric

In this section we use the notation of Section 1.6, omitting the dependence
on S. For each unit WP tangent vector v € T'7T and ¢t > 0, we denote by
pt(v) the minimum WP distance from the geodesic segment ([ ,(v)) in T
to the singular locus OT. If ¢|_;4(v) is not defined on the interval because
the geodesic hits the singular locus in this time interval, then we set p;(v) = 0.
The main result of this section is

THEOREM 4.1. There are constants 5 >0,0<d <1, pg >0, and C > 1
such that if T € [0,0] and v € T'T satisfies pi(v) € (0, po), then

IDurlwp < C(pr(v)) "

Since it will not cause confusion, we omit the subscript “WP” from the
notation for inner product, norm, and distance functions in this section. These
subscripts will return in Section 5, where we need comparisons between the
WP and Teichmiiller metric.

4.1. Bounding the derivative of the geodesic flow. Theorem 4.1 is based
on an estimate on the derivative of the geodesic flow that holds in any manifold
with negative curvature. The estimate is not optimal, but will suffice for our
purposes. There are simpler bounds on the derivative of the geodesic flow in
[21] and the appendix of [3], but they are not adequate for us.

THEOREM 4.2. Let M be a negatively curved manifold, and for T <1, let
v [=71,7] = M be a geodesic. Let k : [—T,7] — Rso be a Lipschitz function
such that for —t <t < T, the sectional curvature of any plane containing (t)
is greater than —k(t)%, and let u : [—7,7] — [0,00) be the solution of the Riccati
equation

such that u(—7) = 0. Then

1Ds0)6ell < 1421+ u(0)®) (14 T+ u(r)?) exp (/0

T

u(s)ds) .

This theorem is proved at the end of this subsection. To prove Theorem 4.1
we will apply Theorem 4.2 to the WP geodesic segment ~, : [—7,7] — T with
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a suitable choice of the function . In Proposition 4.22 we show, using results
of Wolpert, that there are universal constants (), L > 1 such that if v and 7
satisfy the hypotheses of Theorem 4.1, then we can chose the positive Lipschitz
function k of Theorem 4.2 to have the following properties:

(k1) K is Q-controlled on [—7, 7], by which we mean that x is differentiable
from the right and there is a constant ) > 1 such that
1—-Q?

2.
Dgrk > K%

(k2) there is a constant L > 0 such that
T
| (e dr < Linor(0);
—T

(k3) there is a constant P > 0 such that

K(r) < P(pr(3(0)) .

Assuming these estimates, we have

Proof of Theorem 4.1. We first observe that if u is the solution of v/ +u? =
k2 with x Lipschitz and Q-controlled and u(—d) = 0, then u < Qk on [—4,d].
For if u(t) = Qr(t) for some t, then u'(t) = (1 — Q?)k%(t) < DrQk(t).

Now Theorem 4.1 follows immediately from Theorem 4.2 and the estimates
(k2) and (k3). O

Proof of Theorem 4.2. Let X and Y be the fundamental solutions of the

matrix Jacobi equation
J"(t) +R()T(t) =0

such that X'(—7) = 0, Y(r) = 0, and X(0) = Id = Y(0). The matrices
Ut) = X' (t)X~L(t) and V() = Y(t)'Y~1(t) are symmetric since it is obvious
that the condition given in Section 2.3 is satisfied by X at —7 and by ) at
7. Moreover U(—7) = 0, and it follows from [11, §1.10] that U(t) is positive
definite for each t € (—,7].

LEMMA 4.3. ||[U(t)|| < u(t) for each t € [—7,7].

Proof. For each unit vector e € RI™M)=1 ot 4, (t) = (U(t)e,e). Then
ue(—7) = 0 and ue > 0 on (—7,7] for each e. Since U is symmetric, ||U]| =
sup, te. The matrix Riccati equation, the symmetry of U, the assumption that

—k? is a lower bound for the sectional curvatures, and Cauchy-Schwarz give

ul, = (U'e,e) = (Re,e) — (U?e,e) < k2 — (Ue,Ue) < k2 — (Ue,e)? = k% — u2.

It follows that ue < u on [—7, 7] for each e. Hence ||U|| < u. O
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LEMMA 4.4. For any nontrivial orthogonal Jacobi field X such that X'(—7)
=0, we have

H(X(T)aX/(T)>HSas 5 T
(X (0), X7(0)) < VI+U)] exp(/0 |\U(t)||dt).

HSas
Proof. We have || X'|| < ||U]|||X]| by the definition of U. Hence

(X (), X'(7))llsas = VX (1)2 + X'(1)2 = | X (1) [[\/1 + U (7)1

Since [|X(t) = (X'(2), X (@) /I X (O]} < |X'@)]], we have

X X (1))
HX(@HSGX"(/O Xl dt) exp / ()] dt).

Putting these last two inequalities together gives the desired estimate. O

LEMMA 4.5. For any orthogonal Jacobi field Y such that Y (1) = 0, we
have

() Y O)If = [[Y ()l /7 = [IY(7)]l-

Proof. ||Y|| is convex, by Lemma 2.2, and decreases from ||Y(0)| to 0
across the interval [0, 7]. Hence

~IYIO) 2 Y O)l/7 = = i V]

Since ||Y|" = (Y, Y/||Y]]), the Cauchy-Schwarz inequality gives ||Y'(0)| >
—|IY'|I'(0). Since Y (7) =0, we have Y (t) = (t — 7)Y'(7) 4+ o(|t — 7]|) for ¢ near
T, whence

lim [Y]|'() = - lim [[Y/(5)] = —[[Y'(7)]]. O
t—1 t—1

Two immediate consequences of this lemma are

(1) All eigenvalues of V(0) are less than or equal to —1, and hence all
eigenvalues of U(0) — V(0) are greater than or equal to 1.
(2) If Y is as in the Lemma, then [[(Y(7),Y'(7))llsas < [[(Y(0),Y(0))|lsas-

We now consider an arbitrary orthogonal Jacobi field (J,J') and in the
next lemma decompose it as

(J, J/) = (X, X/) + (Y, Y/)7
where X'(7) =0 and Y (7) = 0.

LEMMA 4.6. The decomposition of the Jacobi field (J,J') as (X, X') +
(Y,Y"), as above, satisfies ||(X (0), X'(0))l[sas < 2(1H|U (0)[I*)[[(7(0), J(0)) | sas-
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Proof. Let v = J(0), v = J'(0) and w = [U(0) — V(0)]~[v' — U(0)].
Then
(v,0") = (v, U(0)v) + (0,v" — U(0)v)
= (v,U(0)v) + (w — w, [U(0) = V(0)]w)
=(w+w,U0)(v+w)) — (w, V(0)w).

This is the desired decomposition. Since ||[[U(0) — V(0)]7}]| < 1 by (1) above,
we obtain

1(X(0), X7(0))lIsas < [[v +wl|(1+ [T(0)[])*/?
< (ol + 1/l + ) w1 + U0
< V2(Jloll + DA+ T 0)]%)
< 2[|(J(0), J'(0))llsas (L + 1T (0)[I*),

as desired. ]

Using (2) above, we see that
1T (7), T (7))llsas < (X (), X (7)) lIsas + (Y (7), Y(7))lIsas

< (X(7), X' (7)) llsas + (Y'(0), Y7(0))[Isas
< (X (7), X'(7)) 18as

+[[(J(0), J'(0))llsas + [[(X(0), X"(0))lsias-

The theorem now follows from Lemmas 4.3, 4.6, and 4.4. [l

X
X

The remainder of this section is devoted to work leading up to the proof
of Proposition 4.22, whose proof will conclude that of Theorem 4.1. We be-
gin with the next two subsections which summarize work of Wolpert in an
important constellation of papers [43], [41], [37], [42].

4.2. Combined length bases. Wolpert’s precise estimates for the WP met-
ric are stated in terms of a local system of vector fields on T that are especially
adapted to the pinched curves in nearby strata. To define this system of vector
fields in a neighborhood in 7 of a stratum 7,, where o € C, one first chooses
carefully a complementary collection of curves x (disjoint from the curves in o,
but not necessarily from each other) so that the length functions ¢g for 5 € x
give local coordinates on 7,. The pair (o, x) is called a combined length basis.
Having found a combined length basis (o, x), the vector fields in the neighbor-
hood of 7T, are defined using the almost complex structure J and the length
functions ¢, and {3 for a € o and 8 € x. For the purposes of our arguments, it
is important that these choices be made uniformly. Here we describe Wolpert’s
construction of combined length basis and explain how they can be chosen in
a uniform manner by using the compactness of M.
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If x is an arbitrary finite collection of vertices in C and X € T, we define

£(X) =minfs(X) and & (X) = max£s(X).

For X € T, we continue to denote by £(X) the systole of X, which is the length

of the shortest closed hyperbolic geodesic in X. Let B be the set of pairs (o, x),

where o € C and Y is a collection of simple closed curves in S such that each

B € x is disjoint from every a € 0. (We allow for the possibility that y = 0.)
For each simple closed curve « in S, the root length function

Eé/z : T — R>0

plays an important role in various asymptotic expansions of the WP metric.

Wolpert proved that the functions ¢, and Eé/ ? are convex along WP geodesics
in 7 (see Corollary 3.4 and Example 3.5 of [42] and Corollary 8.2 of [38]). In

[36] Wolf gave another proof of the convexity of ¢,. The WP gradient of Z};/ 2
defines a vector field

Ao = grad £1/2.
Following Wolpert, we say that (o,x) € B is a combined (short and relative)
length basis at X € T if the collection

{)\Q(X)7 JAa(X)a grad ZB(X)}OCGUﬂEX

is a basis for Tx T .
For each n > 0, let

Uln) ={X T | LX) <n},
which is a deleted open neighborhood of T in T.

PROPOSITION 4.7. There exist constants ¢ > 1, 0,0 > 0 and a countable
collection U of open sets in T with the following properties:

(1) For each U € U, there exists a combined length basis (o,x) € B such
that for every X € U,
1/e < £, (X) <l (X) <ec
(2) For each X € U(n), there exists U € U such that for anyY € T,
dX,Y)<d = Y eUl.

In particular, the sets in U cover U(n).

Before proving this proposition, we discuss further the properties of the
WP metric in a neighborhood of the boundary strata of 7. Let 0 € C be a
simplex, and consider a marked noded Riemann surface f: S — X, represent-
ing an element of the boundary stratum 7,. Recall that the hyperbolic surface
X, is obtained from X, by deleting its nodes. If § is a simple closed curve in
S that is disjoint from the curves in o, then f.[3] is uniquely represented as a
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closed geodesic on X,. In this way, the definition of {3 extends continuously
to the boundary stratum 7; for such 3, we define £3([f: S — X,]) to be the
hyperbolic length of the geodesic representative of f,[3] on X,. For X, € T,,
we can also define a relative systole £(X,) to be the infimum of £5(X,), taken
over all curves g disjoint from the curves in o.

Recall that the boundary stratum 7, is isomorphic to a product of Te-
ichmiiller spaces. In particular, 7, itself carries a WP metric, which is the
product of the WP metrics on the Teichmiiller spaces of the pieces of X, for
any X, € T,. We say that x is a relative length basis at X, if (o,x) € B and
the functions {/3} ey give local coordinates for 7, at X,. Equivalently, x is a
relative length basis at X, if the vectors {grad £3(X,)}gey in the induced WP
metric on 7, span the tangent space T'x,7,. The following proposition is well
known; see, for example, Section 4 of [42].

ProprosITION 4.8 (Existence of relative length bases). For each o € C
and each marked noded Riemann surface X, € T, there exists (o,x) € B such
that x is a relative length basis at X, .

We remark that, unlike Fenchel-Nielsen coordinates, the local coordinates
{¢5} ey never extend to a global coordinate system on 7. The reason is that
there are points in 7, where the geodesic representatives of the curves in x
cross each other orthogonally. At these points, the coordinate system hits a
singularity. Proposition 4.8 ensures, however, that if one works locally, these
issues can be ignored. Wolpert proves

THEOREM 4.9 ([42, Cor. 4.5]). The WP metric is comparable to a sum of
differentials of geodesic-length functions for a simplex o of short geodesics and
corresponding relative length basis x as follows:

(0 )= Do)+ (A2 0 J)P + Y (dlg)?,

a€o BEX

where, given X, € T, and x, there is a neighborhood U of X, in T in which
the comparison holds uniformly.

This has the immediate corollary

COROLLARY 4.10. If x is a relative length basis at X, € T, then there
is a neighborhood V of X, in T such that for every X € V.NT, (0,%) is a
combined length basis at X.

Proof of Proposition 4.7. Let P: T — M be the quotient map from 7T
to the Deligne-Mumford compactification M under the action of the mapping
class group MCG. Note that P(U(n)) is a deleted open neighborhood of OM in
M. Since the action of the mapping class group on C has finitely many orbits,
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we can choose a finite number of simplices o1,...,0, € C such that 97T is the
union of the translates by the mapping class group of the sets 75,,...,75,.

For each X € 7,,, we can choose a simplex x such that (7,x) € B and
(7, x) gives a combined length basis at each point of some neighborhood U (X)
of X; this is Corollary 3.5. The neighborhood can be chosen small enough so
that there is a constant ¢(X) > 1 such that

1/e(X) < £,(Y) <T(Y) < ¢(X)

for all Y € U(X). Since M is compact, we can choose a finite number of points
X1,..., Xy such that the sets PU(X;) cover M. The set I in the statement of
Proposition 3.2 can be chosen to be the collection of all translates by elements
of the mapping class group of the sets U(X;). The desired constant c is the
maximum of the constants ¢(X;). Part (2) is obvious from the way in which U
was chosen. We started with a finite cover of a compact set and then translated
them by the mapping class group. ([

4.3. First and second order properties of the WP metric. For each ¢ > 1
and (o, x) € B, let

Qo,x,¢) ={X € T | loux(X) < ¢, and 1/c < £,(X) }.

Wolpert proved key estimates on the WP metric in Q(o, x, ¢), which we sum-
marize in the following three propositions.

The first set of estimates expands upon and refines the statement in The-
orem 4.9.

PrOPOSITION 4.11 (First order estimates). [43] Fix ¢ > 1. For any
(0,x) € B, the following estimates hold uniformly on Q(o, x, c):

(1) If a, & € o, then
(T har TAar) = (Aas Aar) = %5%, + O((lala)*?).
(2) If o, &’ € 0 and B € x, then
(Aa, JAa) = (J Ao, grad fg) = 0.
(3) If 8,8 € x, then
(grad lg, grad £g) =< 1.

Moreover, (grad {g,grad ) extends continuously to Ts.
(4) If « € 0 and B € x, then

(o, grad £5) = O(£3/2).
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(5) If X € Q(o, x,¢), then

1/2
d(X,T,) = (%Zea(x)) +0 (Z 62/2(X)> .

aco aco

The second set of Wolpert’s estimates are formulas for covariant deriva-
tives, which are described in the next proposition. In each formula in the next
proposition, the error term is a vector, and the expression v = O(a) means
that the WP length of v is O(a).

PROPOSITION 4.12 (Second order estimates). [43] Fiz ¢ > 1. For any
(0,x) € B, the following estimates hold uniformly on Q(o, x, c):

(1) for any vector v € TQ(o,x,c), and o € o, we have

o p/? (0, TXa) T Aa + O ||v][we);
Tl

(2) for B € x and o € o, we have

Va, grad g = O((?), Vi, grad s = O(0/?);

Voo =

(3) for B, 8" € X, Vgradr, grad £y extends continuously to T

The final set of Wolpert’s estimates we use involve the WP curvature
tensor.

PROPOSITION 4.13 (Bounds on curvature). [43] Fiz ¢ > 1. For any
(0,x) € B, the following estimates hold uniformly on Q(o, x,c). For all a € o,
we have

3
(6) (R(Aas JAa) T Aas Aa) = =7 + O(la).
16724,
Moreover for any quadruple (vi,ve,vs,v4) € {Aa, J)\a,gradﬁg}‘laEUﬁeX that is
not a curvature-preserving permutation of (Aq, JAa, JAa, Aa) for some o € o,
we have

(7) <R(Ul,02)’l}3,’l}4> = O(l).2

4.4. Curvature estimates along a geodesic. Fix a unit speed WP geodesic
~v: I — T in Teichmiiller space. For each simple closed curve «, we define
functions fo = foy: I — Rsp and 1o =141 I — R5g by

fa(t) = 62 (4(1), and r2(t) = (Aa, (1) + (JAa, §(1)).
2W01p61‘t actually proves more: each vector v; appearing in this expression that is of the

form A, or JAq introduces a multiplicative bound o(fs) in the curvature tensor. This means
that there are sectional curvatures that are arbitrarily close to 0.
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Roughly, r, measures the speed of the geodesic v in the complex line field
spanned by {\,, JAq}. Wolpert used the function r, to study the behavior of
geodesics terminating in the boundary strata of 7. We will use r, and f, to
bound sectional curvatures along . In the next few lemmas we summarize the
key properties of r, and f, that will be used in the sequel.

The first property is an immediate consequence of part (5) of Proposi-
tion 4.11 and explains the significance of the quantity f,.

LEMMA 4.14. Fiz ¢ > 1. For every (o,x) € B and any ~, if v(t) €
Q(o, x,c), then

1/2
d(y(t), T5) = (277 > fﬁ(ﬂ) +0 <Z fi’(ﬂ) :

aco aco

The next two lemmas will allow us to bound the variations of r, and f,
along a geodesic. As was pointed out to us by Scott Wolpert, the next lemma
can be seen as the WP analogue of the first Clairaut equation for the model
surface of revolution for y = 23 discussed in the introduction (see [37]).

LEMMA 4.15. Fiz ¢ > 1. For every (o,x) € B and any v, if y(t) €
Q(o, x, ), then

ra(t) = O(f3(1)
for every a € o.

Proof. Since the WP metric is Kéahler, the almost complex structure J is
parallel, and so we have

2ra(1)74(8) = 20, 4(0) (5 Aar (1)) + 20T he 3(0)) (75 A 3(0)

By part (1) of Proposition 4.12, we have

D . 3 3 N 3 3
a)\a—(’y,J)\a>727rfaj)\a+0(fa) and Jat)\a— <fy,J)\a>727Tfa)\a+O(fa).

Plugging this into the formula for 2r,(¢)r/, (t) and noting that

max{[(Aa, 9| [(JAa: DI} < 7a
we get

(1) = —o (N 3) (s TAa)

. : 2 3\ 3
TFfa 7Tfoc <)‘Oé77><,77 JAO) +O(T0¢fa) - O(Tafa)-

O

LEMMA 4.16. Fiz ¢ > 1. For every (o,x) € B and any v, if y(t) €
Q(o, x, ), then

A0 = (P07 + 2 falt)S20) + OLS()

for every a € o.
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Proof. Since \, = grad £/, it follows that

f (; = <>‘om 7>
Differentiating this expression, using part (1) of Proposition 4.12 we obtain

d

fi = 2 0ard) = (V3hard)

3
= ¥, Jha)® + O(f3).
27Tfa(t) <77 a> + (fa)
Now multiply this last expression by %ﬁ fa and add it to the above expression
for f’2. The result then follows from the definition of 72. g

Let

()= sup —(R(v,5(t))(t),v).

1
UETy(t)T

We next bound E2 in terms of r,, and f,.

LEMMA 4.17. Fixz ¢ > 1. For any (o,x) € B and any unit speed geodesic
v, if (o,x) is a combined length basis in U C Q(o, x,c) and y(t) € U, then

o-go(d)

aco

Proof. Since (o, x) is a combined length basis, we can write v €T Q(a, ¥, ¢)
and 4 as
v = Z(aa)\a + baJAa) + Z cpgrad {g
aco BEX
and
Y=Y (Aada + BaJAa) + Y Cggradlp.
aeco BEX

Now v and + are unit vectors. The above estimates on the metric say that all
coefficients aq, ba, cg, Ao, Ba, Cs are O(1). Moreover, by these same estimates
and the definition of 7, we have

2 _ 1

re =
> Ax2

(A% +B2) + O(£2).
It now follows from Proposition 4.13 that

—(R(v,9)7,v) = = Y _(a2Ba® + Aa*b2) (R(Aa, JAa) T Aa, Aa) + O(1)

aco

=Y o0 <T§) +0(1). U

aco
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4.5. Estimates on ro/ fo. We now estimate 7,/ fo. In vew of the previous

lemma, this will give us control over k.

PROPOSITION 4.18. Fiz ¢ > 1. There is a constant A = A(c) > 0 such
that for any (o, x) € B, for any unit speed WP segment ~y: [0, ] — Q(o, x, ¢),
with 0 <6 <1, and any o € o, we have

ra(t) ra(to)
fa(t) Ta(to)|t — to| + fa(to)
where to is the unique time in [0, 0] such that fo(t) > fo(to) for 0 <t < 4.

SAmax(l, > for 0 <t <4,

Proof of Proposition 4.18. The time t( is uniquely defined since f,(t) is a
convex function of ¢. It will suffice to prove the proposition under the additional
assumption that f,(t) is increasing for ¢t > 0. If tg = 0, we apply this restricted
form of the proposition directly to the geodesic ~; if tg = &, we apply it to the
geodesic t — (6 — t); and if 0 < tg < J, we consider both of the geodesics
t— y(t —to) and t — y(tg — ).

We choose C > 1 large enough so that

(C1) the O(f2) term in the equation r2 = (f,)? + 2& fo f/ + O(f1) given by
Lemma 4.16 is at most C f;

(Co) 3 < 3;

(C3) |rl| < Cf3 (which is possible by Lemma 4.15).

Conditions (C7) and (C3) give a lower bound on f/ when r,/f, > C and
|fL] is small.

(o}\V]

LEMMA 4.19. If > C and |f}| < s, then flIl > 3 Ta

47 fo
Proof. By (C4) and (Cy),

T2

27 r 2
= P+ T Ll OUd) < 24 T gt 18 <2 T g D
We continue with the proof of Proposmon 4.18. Recall that we are as-
suming tg = 0. We have that f,(t) is increasing for ¢ > 0. We shall show
that
ra(t) < max <4C, 32774,(0)
fa(t) Ja(0) +tra(0)

If 7}253 <4C for 0 <t <9, we are done. Otherwise, let

) for 0 <t <.

b:sup{te[O ] : ol 240}.

fa( )
Since ;Z 53 < 4C for b <t <4, it will suffice to show that
« 2 (e}
(8) ra(t) . 3217a(0) for 0 <t < b.

Ja(t) ™ fa(0) + tra(0)
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The following lemma is based on the existence of the value b defined above.
We show that the function r, is approximately constant and r,/ f, is large on
the interval [0, b].

LEMMA 4.20. For 0 <t <b, we have
(i) "2 < ralt) < 20(0),

(i) f265 2 C

Proof. By (Cs3), |rl,| < Cf2 on the interval [0,b]. Since b < § < 1 and
fa is increasing on [0,b], we have |rq(b) — 7o(t)] < Cf3(b) for 0 <t < b. The
definition of b and (C5) ensure that f,(b) < T‘;g’) < 1. Hence

ra(b) —ra(t)] _ Cfa(®) > 1
< ff ) < 55
Ta(b) 2C fo(b) 32
Thus 51 < T“?% < 2 for 0 <t < b, and (i) follows easily. Claim (ii) follows
from () since 74(b )/fa( ) > 2C and f, is increasing on [0, b]. O

Using this lemma, we see that inequality (8) will follow if we prove

9) 167 fa(t) > fa(0) + trq(0) for 0 <t <h.

(0)

Lemma 4.20(i) ensures that ro(0) > 0, so we can set a = 2= 0y Now for
0 <t < min(a,b), we have

fa(o) + tToc(O) < fa(o) + ara(O) = 2fa(0) < 2fo¢(t)

since f, is increasing on [0, §]. This gives (9) for 0 < ¢ < min(a,b).

We are done if @ > b. It remains to show that if a < b, then inequality (9)
also holds for a <t < b. Since f, is convex and (9) already holds for ¢ = a, it
will suffice to show that if a < b, then

(10) 167 fo (a) = 7a(0).

We may assume that 4f/ (a) < r,(0), since otherwise there is nothing to
prove. Then f!(t) < f!(a) < rq4(0)/4 for 0 <t < a, because f, is convex and
increasing on [0, a]. Since a < b, we can now apply Lemma 4.20(ii) to see that
on [0, a], we have

F(8) < ra(0)/4 < ra(t)/2 and fagi )

Thus both hypotheses of Lemma 4.19 are satisfied on [0,a]. Lemmas 4.19
and 4.20 give us
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for 0 <t < a. Since f!, <ry(0)/4 on [0, a], we have

foz(a) < foz(o) + ara(o)/4 = foz(o) + fa(o)/4 < 2fo¢(0)7

and hence
" 1 r2(0)
T = 367 1a10)

for 0 <t < a. Finally, since f, is increasing on [0, a], we have f/(0) > 0 and

/ a r?)z(o) . TCX<O)
fa(a) Z mfa(o) - 167 )

which is the desired inequality (10). O

Combining Lemma 4.17 and Proposition 4.18, we obtain the immediate
corollary

COROLLARY 4.21. Fiz ¢ > 1. There is a constant B = B(c) > 0 such
that for any (o,x) € B, if (0,x) is a combined length basis in an open set
U CQo,x,c) and v: [-6,6] = U is a unit-speed WP geodesic segment, then

To(ta)
t— ta| + fa(ta)
where t,, is the unique time in [—3, 8] such that fo(t) > fo(ta) for =6 <t < 0.

k(t) < Bmax (1, o]

aco

) for 0 <t <9,

4.6. Controlled bounds on the curvature. In this subsection we show that
it is possible to choose an upper bound & for k with the properties (k1), (k2),
and (k3) used in the proof of Theorem 4.1. This will complete the proof of
Theorem 4.1.

We begin with some simple properties of controlled functions. If k is
Q-controlled, then it is Q'-controlled for all Q' > Q. If k is Q-controlled, then
so is t — k(t — to) for any tg, and for any A > 0, the function Ak is le +
1-controlled. The maximum of two (-controlled functions is ()-controlled.
Moreover k is 1-controlled if x = 1 and 2-controlled if k(t) = Itl}l-a’ where
a > 0.

PROPOSITION 4.22. There exist constants P,Q,L > 2 and 6 € (0,1)
such that for any positive §' < § and any geodesic segment v: (—8',8') = T,

there exists a Q-controlled function rk: (—¢',0") — Rso such that for every
te(=d,0),

1) B'(1) < w2(t), where I (t) = sup,eps 7 —(R(v.4()3(2), v);

(

(2) Sy n(s) ds < L|In(py (4(0))) ; and

(3) k(&) < P(ps:/(7(0)))~L, where ps:(5(0)) is the distance from the geo-
desic segment y[—d',8'] to OT .
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Proof. Let ¢, n and § be the constants and let U be the collection of open
sets in T given by Proposition 4.7. We write

T=U(mue.

The set © =T \ U(n) lies in the thick part of Teichmiiller space in which the
WP sectional curvatures are negative and bounded below by a constant —b.

By shrinking the value of § if necessary, we may assume that for every X € ©
and Y € T, if d(X,Y) < 0, then

sup  —(R(v, w)w,v) < b*.
vweTL T

Let B = B(c) > 0 be the constant given by Corollary 4.21.
Fix ¢’ < §. It follows from Proposition 4.7 that if v: (=¢',0") — T is a
unit-speed WP geodesic, then either v(0) € ©, or

y(=8,8)cU
for some U € U.

If v(0) € ©, then we define k to be the constant function b. Then by

construction we have k- < k2. Since the WP distance from any point in 7 to
OT is bounded above by a uniform constant, it also follows that in this case

6/
| #(s)ds = 268" = O(| (o (3(0)))
and
k(0") = O(psr ((0))) "
Suppose on the other hand that v(¢’,d") C U for some U € U. Let (o, x)
be the combined length basis in U given by Proposition 4.7 satisfying

/e < £, (X) <l (X) <c
for every X € U. For « € o, define kq: (—9',8") — Rsg by

B Ta(ta)
5ol =l ol + Falta)

where t, is the unique time in [—¢’, 0’] such that f,(t) > fo(ta) for t € [=&,4'].
Observe that k, is a 2-controlled function and attains its maximum value of

i) at ¢ =ta.
Applying Corollary 4.21, we obtain that for all t € (—d’,0"),

E(t) < Brggx{l, Ka}-

We define k: (—¢,8") — Rsg by

k=D r&lggc{l, Ka}-
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Since K, is 2-controlled, for each «, it follows that s is % + 1-controlled. By
its construction k satisfies the inequality E < k2 on (=8, 8.

It remains to estimate the integral of x over the interval (—¢’,4"). Simple
integration shows that

5
J/ Ka(s) ds = O(max{d", [In(fa(ta)))})

-
since rq(tq) = O(1).
Note that f,(tq) is the minimum value of the function 02 along the

geodesic segment y[—d,d]. Lemma 4.14 implies that there exists a constant
r > 0 such that fo(ta) > rps(7(0)). This implies that

&’ &’
| ws)ds < Bmax(2d', [ wa(s) s} = O 1n(py (5(0)))]):
_ -’

Similarly,
Ta(ta)
fa(ta)

5. Higher order control of the WP metric

k(8") < Bmax{l, } = Olpy (%(0))~". O

In this section, we show how to control higher order derivatives of the WP
metric. This will verify assumption IV in Theorem 3.1. The main result in
this section is

PROPOSITION 5.1. There exist C, 31 > 0 such that for any Xo € T, the
WP curvature tensor Rwp satisfies

max{[[(VRwr) x,ll, | (V> Rwe)x, [} < Cpy™,
where po = po(Xo) is the distance from X to the singular locus OT .

We remark that similar bounds on higher derivatives of the WP curvature
tensor can also be obtained using the methods in this section.

5.1. Estimates on the WP metric in special coordinates. Following [24],
we introduce coordinates on Teich(.S) in which we can bound the derivatives of
the WP metric. In this subsection we denote by N the complex dimension of
Teich(S). Let AN denote the Euclidean unit polydisk in CV. We will denote
by z = (z1,...,2n) an element of AV, where 2 is a complex coordinate, and
by xr = Re(zr), yr = Im(zx) the real coordinates. Let e; be the vector field
0/0x; for 1 <i < N and 9/0y;—n for N +1 < i < 2N. The main content of
this subsection is the proof of the following proposition.

PROPOSITION 5.2. There exists C > 1 such that for any Xy € Teich(S),
there is a holomorphic embedding 1 = ¢x,: AN — Teich(S) with the following
properties:
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(1) ¥(0) =

(2) Setting Gw( z) = (V*gwp):(ei, e5) for z € AN we have
(a) |Gl < Cf(Xo)_Z; and
(b) for anyi,j € {l,...,2N} and any k > 0,

o*G,
SRR

We will use Proposition 5.2 to bound the covariant derivatives of the WP
curvature in terms of the the distance to the singular strata.

(2)| < CEK!.

sup
(&15-sli) {1, N YL YN TR

Proof. The Teichmiiller cometric on the cotangent bundle T*Teich(S) is
the Finsler metric that is given on each cotangent space T% Teich(S) by the L*
norm on Q(X):

6l =liél = [ 16l

The Teichmiiller norm on T'Teich(.S) is then induced by the standard pairing
(1) between quadratic and Beltrami differentials.

The following lemma is proved in [24] and follows from Nehari’s bound
and the fact that the Teichmiiller and Kobayashi metrics agree on the image
of the Bers embedding.

LEMMA 5.3 (cf. [24, Th. 2.2 and Proof of Th. 8.2]). There exists Co>1 such
that for any Xo € Teich(S), there is a holomorphic embedding 1 = x,: AN —
Teich(S), sending 0 € AN to Xo and such that for every v € TAYN, we have

1
-l < IDY ()T < Collvll,
0

where || - || is the Buclidean norm on AN and || - |1 is the Teichmiiller Finsler
norm on Teich(S).

Fix a point Xy € Teich(S), and let ¢ = ¢ x, be the holomorphic embed-
ding given by this lemma. This is a holomorphic embedding satisfying part (1)
of Proposition 5.2. Since the metric gwp on Teich(S) is Kahler with respect
to the 2-form wwp and ¥ is holomorphic, it follows that the pullback metric
Y*gwp on AN is Kihler with respect to the pullback form ¢ *wwp and the
standard almost complex structure on A%,

To establish Part (2) of Proposition 5.2, we need a comparison between
the Teichmiller and WP metrics. For a given Riemann surface X, recall that
£(X) denotes the length of the shortest simple closed curve in the hyperbolic
metric.

LEMMA 5.4. There exists C > 0 such that for any X € Teich(S) and any
tangent vector [u] € Tx'Teich(S), we have

[ullwe = CLX)||pllr.
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A more refined analysis can improve the exponent of £(X) in Lemma 5.4
to 1/2, but that will not be needed. We are grateful to Scott Wolpert for
suggesting the proof given here.

Proof of Lemma 5.4. We establish the dual statement of Lemma 5.4 in
the Teichmiiller and WP cometrics: there exists C' > 0 such that for any
¢ € Q(X),

pllwp < CLX) ||z
To this end, write X = H2/T, normalized so that the covering transformation
corresponding to the shortest curve is the transformation 7'(z) = Az. Then
logA = ¢(X). Fix a Dirichlet fundamental domain D for the action of T’
centered at the point . For £ sufficiently small, by the collar lemma, the union
of £(X)~! copies of D contains a ball B of fixed radius centered at any point
z of D. Then for any ¢ € Q(X), the Cauchy integral formula gives that

62 =0 ([ 161) = 0x) 9],

with the last estimate following from the fact that B is covered by at most
£(X)™t copies of D.

On the other hand, we can bound the L? norm by the L* norm as follows.
Since the hyperbolic metric p is bounded away from 0, the above bound for
|p(2)| on D gives

2
olfer = [ 15 = 010 2lolf =

Part (2a) of the proposition now follows immediately from Lemma 5.4.
The proof of part (2b) uses, in a crucial way, results of McMullen in [24].
Using the embedding 1, we define an embedding ¥: AN x AN — QF(S) by

V(z,w) = ((2), p(w)).
Since v is holomorphic and X + X is antiholomorphic, the map ¥ is holo-
morphic. Note that the image of the antidiagonal {(2,%) : z € AN} under ¥
lies in the Fuchsian locus F(S) C QF(S). Denote by a: AN — AN x AN the
antidiagonal embedding a(z) = (z,%) and by &: Teich(S) — QF(S) the antidi-
agonal embedding &(X) = (X, X). Then we have the following commutative
diagram:
AN x AN

AN/ KQF(S)
N

Teich(S).
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Note that the maps o and & are not holomorphic, although their deriva-
tives are bounded in the Euclidean and Teichmiiller metrics, respectively.
Since Teich(S) and QF(S) are complex manifolds, so are their cotangent

bundles T*Teich(S) and T*QF(S), and T*QF(S) = T*Teich(S) & T*Teich(S).

Fixing Z € Teich(S5), we define a map 7: QF(S) — T*Teich(S) by
T(X,Y) =0gr(X,Y) —ogr(X, 2).

Since T*Teich(S) embeds as the first factor in T*QF(S), we may regard 7 as
a 1-form on QF(S), which by Theorem 1.1 in the introduction is holomorphic
and bounded in the Teichmiiller Finsler norm on Teich(S). Furthermore, the
1-form 6 = —&*7 on Teich(S) is a primitive for the WP Kéhler form

d(if) = wwp.

Pulling the holomorphic 1-form 7 back to AN x AY | we thus obtain a holomor-
phic 1-form x = U*7. Then & is bounded in the Euclidean metric on AN x AN
since 7 is bounded in the Teichmiiller metric, and the Euclidean metric is
comparable to the W-pullback of the Teichmiiller metric, by Lemma 5.3. This
bound is independent of Xy. Moreover, the commutativity of the diagram
above implies

LEMMA 5.5. The holomorphic 2-form Q = d(ik) on AN x AN satisfies
a*Q = Y*wwp, which is the Kdhler 2-form for the pullback metric ¢*gwp. The
holomorphic 2-form Q = d(i k) on AN x AN satisfies a*Q = *wwp, which is
the Kdhler 2-form for the pullback metric ¥*gwp.

We now finish the proof of Proposition 5.2. In complex coordinates
(21,...,2N,w1,...,wy) on AN x AN one can write

N
K= Z a;dz;,
i=1
where a;: AV x AN — C are bounded holomorphic functions. Now
N
oa; oa;
Q=d(ik) = —Ldz, A dz; +i—2dwy, A dz;
(i k) j§1 ig,, Nz + 5y 0k N 2,

and so

Q= 3 '%d A dz; '%d’ A dz;
a () = jglza% 2k zj + Z@Ek Zk Zj.
The Euclidean coefficients of the Kahler metric ¢*gwp are hence linear com-
binations, with bounded coefficients, of da;/0z, and Oda;/0Z), which in turn
are pullbacks of the complex partial derivatives da;/0z; and da;j/Owy. Since
the a; are bounded holomorphic functions, Cauchy’s Theorem implies that
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the derivatives Ja;/0z; and Oa;/O0wy, are bounded for ||(z,w)| < 1/2. It fol-
lows that the (real) partial derivatives of a; are bounded for ||z|| < 1/2. The
same applies to all higher order partial derivatives (where the bound for the
kth order derivatives incorporates a factor of k!). By rescaling the map v by
a dilation, we may assume that these estimates hold for all z € AN. This
completes the proof of (2). O

5.2. Proof of Proposition 5.1. Fix Xy € Teich(S) and local coordinates
¥ = 1bx, as in Proposition 5.2. For z € AN, let G(z) = Gx,(z) = (Gij(2)) be
the matrix for the pullback metric 1/*gwp, and let G¥(z) = (G(z)*l)ij.

The curvature tensor for G can be calculated in these Euclidean coor-
dinates using the Christoffel symbols and the Riemannian curvature tensor
coefficients, all of which can be expressed as sums of products of the coef-
ficients G* and first and second order partial derivatives of the coefficients
Gij. Since ||Dy|l and ||[Dy~!|| are bounded by Lemma 5.3, the quantities
[(VRwWP)y() || and |[[(VZRwp)y(» || can therefore be bounded by a (universal)
polynomial function of the quantities |G (z)|, |Gi;(z)| and

’551 oo Ok (Z)'

for k = 1,...,4. But Proposition 5.2 implies that the entries G%(z) are
O(£(Xp)™?) and the entries G;j(z) and their first k derivatives are O(1); the
conclusion of Proposition 5.1 then follows. O

6. Ergodicity and finite entropy of the WP geodesic flow

Fix a Riemann surface S. Let 7 = Teich(S), MCG = MCG(S), and
M = M(S). We describe here first how the results of Section 6 can be applied
to obtain ergodicity and finite entropy of the geodesic flow on the quotient
M! = TVT /MCG. Note that the results in Section 3 cannot be applied directly
with M =T and I' = MCG since MCG does not act freely on 7. Our strategy
is to prove ergodicity first for a finite branched cover T'7/MCG[3]. Here
MCG]k] is the level k congruence subgroup

MCGIk] = {¢ € MCG : ¢ =0 acting on H,(S,Z/kZ)},

which is clearly a finite index subgroup of MCG. It is a well-known fact that for
k > 3, MCGk] is torsion-free and so acts freely and properly discontinuously
by isometries on T [34]. The quotient 717 /MCGIk] has finite volume. We
obtain ergodicity for the flow on 717 /MCG][k| for any k > 3 using the setup
of the previous section.
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6.1. Ergodicity of the flow on T*(T /MCGIk]). Fix k > 3. To establish er-
godicity and finite metric entropy of the WP geodesic flow on T (7T /MCGIk]),
we show that assumptions I-VI of Theorem 3.1 in Section 3 are satisfied for
M =T, T = MCGIk] and the WP metric. We recall that the distance from
X € T to the singular locus 97 is comparable to £(X)'/? (Proposition 4.11,
part (5)).

The fact that in the Weil-Petersson metric 7 is geodesically convex was
proved by Wolpert [42]. Since the completion M of M is compact and
T/MCGIk] is a finite branched cover of M, it follows that the completion
of T/MCGIk] is compact as well. Hence assumptions I and II hold true.

The curvature bound in assumption IV is due to Wolpert and was stated
as Proposition 4.13. The bounds on ||V Rwep| and ||[VZRwp| in assumption IV
are the content of Proposition 5.1. Assumption VI was proved in Theorem 4.1.
It remains to prove assumptions III and V. For X € T, we continue to denote
by po(X) the WP distance from X to 97.

VERIFYING ASSUMPTION III. O (7 /MCGI[k]) is volumetrically cusplike.
Given p > 0, let

B, = {X & T/MCGIK : po(X) < p}.
LEMMA 6.1. We have Vol(E,) = O(p*)

Proof. Fix a pants decomposition ¢ that includes the short curves. For
each curve a € o, denote by z, the function satisfying 27222 = /,, where
{4, is the length function. The theorem on p. 284 in [42] gives the asymptotic
expansion

g(+, ) =< Z 4dmi + xgdﬂi,
where 6, is the twist function. Th(iTs gives that the volume element, which is
the square root of the determinant of the metric |g|'/?, is of the order [], x5.

For the short curves, x, is comparable to the distance to the boundary stratum
in which « is pinched. Thus we have Vol(E,) = O(p%). O

VERIFYING ASSUMPTION IV. T /MCGI[k] has controlled injectivity radius.

For a € C, denote by 7, € MCG the Dehn twist about the curve .
Given a simplex 0 = {a,...,0p} € C(5), let I'(6) = (71,...,7p) be the
abelian group generated by the Dehn twists about the «;. Given € > 0 let
Qo,e) ={X :VYa € o, ly(X) <e}.

LEMMA 6.2. There exists jo > 1 with the following property. For each
e > 0, there exists co > 0 such that if ¢ € MCGI[k| and dwp(X, (X)) < co,
then there exists o € C(S) such that

(1) X € Q(o,¢), and

(2) for some j < jo, ¢/ € T'(o).
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Proof. Let ¢ > 0 be given. Let jy be the product of (3g — 3 + n)! and
the product of the maximum orders of finite order elements on surfaces of
lower complexity. The first conclusion (1) holds since MCGIk] acts properly
discontinuously without fixed points. Now suppose the second statement (2)
is not true; i.e., there exist €, a sequence X,, € Q(o,¢), and a sequence ¢,
such that dwp (X, ¢(Xym)) — 0 and yet for all j < jo, 2, & (o).

Passing to a subsequence and applying an element v, € I'(c), we can
assume there is o such that X, converges to a noded surface X,. For € o,
we have £y (5)(¢m(Xm)) = £g(Xm) — 0. This implies that for m sufficiently
large, ¢, (3) € o as well. Then for some j < jo, the mapping class ¢/, preserves
the individual curves of o.

The classification of elements of MCG implies that the restriction of ¢,
to each piece of X, is the composition of Dehn twists about boundary curves
with an element that is either pseudo-Anosov or finite order. If it is finite
order in each piece, then raising ¢/, to a higher power we can assume ¢?, is the
product of Dehn twists, hence in I'(¢), contrary to assumption. Thus ¢/, must
be pseudo-Anosov on some piece. But then there is a uniform lower bound [9,
Th. 7.6] for dwp(X,, #%,(X,)) and thus a lower bound for dwp (X, ¢m(Xm))
for m sufficiently large, a contradiction. O

LEMMA 6.3. There is a constant ¢ > 0 such that for any X € T /MCGIk],
inj(X) > cpo(X)?.

Proof. By Proposition 15 of [41] there is a positive constant ¢ > 0 such
that for X € Q(o,¢), dwp(X,T(0)(X)) > ¢po(X)?. This bounds the injectivity
radius from below. O

Applying Theorem 3.1, we have now proved

THEOREM 6.4. The Weil-Petersson flow on T*T /MCGIk] is ergodic and
has finite entropy.

6.2. Ergodicity of the flow on M*(S): Proof of Theorem 1. The manifold
T /MCG]k] is a finite branched cover over M. Let h: X — X be a conformal
automorphism of finite order, and let F'(h) be the fixed point set of the induced
action on 7. It is known [32] that if S is compact and h is not the hyperelliptic
involution in genus 2, then F'(h) has complex dimension at most 3g — 5. In
fact F'(h) is the Teichmiiller space of the quotient orbifold X /h. In genus 2 the
action induced by the hyperelliptic involution fixes every point of 7. In the
noncompact case where S has punctures, the complex dimension of F(h) is at
most 3g — 4. Let F' denote the union of the fixed point sets of the actions of
all finite order elements of MCG(S), excluding the genus 2 hyperellipic case.
This is a countable union of lower-dimensional Teichmiiller spaces.



THE WEIL-PETERSSON GEODESIC FLOW 891

LEMMA 6.5. F is a closed subset of T, of codimension at least 2.

Proof. We have already seen that each fixed point set has real codimension
at least 2 so we need only check that the union is locally finite. Fix a compact
set K C T. By the proper discontinuity of the action of MCG on 7T, there
cannot be an infinite set of finite order elements each with a fixed point in K.
Thus K is intersected by only finitely many of the fixed point sets F'(h), and
so the union of these sets is closed. U

We now finish the proof of ergodicity. Since the fixed point set of MCG
has codimension at least 2, the geodesic flow is defined almost everywhere on
the quotient M?!. If one has a positive measure invariant set in £ ¢ M,
then the lift of E is a positive measure invariant measure set in 717 /MCG]k],
which by ergodicity must have 0 or full measure. The same is then true for F.
Hence the geodesic flow on M! is ergodic. Moreover, any nontrivial factor of
a Bernoulli flow is Bernoulli, and so the the geodesic flow on M! is Bernoulli
as well.

Since the geodesic flow on TH7T /MCG k] covers the geodesic flow on a full
measure subset of M!, it follows that the entropy of the flow on M! is also
finite. This completes the proof of Theorem 1. ([

7. Appendix A: Bounding the second derivative of the geodesic flow

In this appendix we give precise estimates relating the norm of the first
derivative of the geodesic flow, local bounds on the derivative of curvature,
and the norm of the second derivative of the geodesic flow. The results here
will be used in Appendix B.

7.1. More on the Sasaki metric and statement of the general result. Let M
be a Riemannian manifold, and let 7: TM — M be the canonical projection.
The Sasaki metric on 7'M induces a Sasaki metric on TT' M, which for brevity
we will also call the Sasaki metric (although strictly speaking it is some sort of
Sasaki Sasaki metric). In general we will denote the Sasaki distance on T M
by dsas and on TT'M by dsas.

Recall that for v € T'M, each vector ¢ € T,T'M can be naturally iden-
tified with a pair (u,w) € T}, \M x T} M. The distance ds.s on TT'M
induced by this metric can be estimated as follows. Let { = (ug,wp) €
(T;(UO)]\J)2 and & = (ug,wy) € (T;(UI)M)2 be tangent vectors in 7T M based
at vp and v; respectively. Let o be a Sasaki geodesic in T'M from vy to vq. Let
P, T;(vO)M — T#(vl)M be parallel translation along the curve of basepoints
moo in M. The following lemma follows from the discussion in Section 2.



892 K. BURNS, H. MASUR, and A. WILKINSON

LEMMA 7.1. For each vy, there exists an & >0 such that if dgas(vo,v1) <e,
then
dsas(§0, €1) < dsas(vo, v1) + [[ur — Py (uo)|| + [[w1 — Po(wo)l
< 2dgas (80, &1)-

The main result in this section is

PROPOSITION 7.2. Let M be an m-dimensional Riemannian manifold,
possibly incomplete, and let to < 1 be a positive number. Let v: [—to,to] — M
be a unit-speed geodesic segment.

Suppose that there exist constants C1, Co, C3 > 1, and g9 > 0 such that
for all t € (—to,1p),

(1) if v € T*M satisfies dsas(v,¥(0)) < €0, then
masc{ | Duspul, | Dy p—ill} < O
(2) if p € M satisfies d(p,(t)) < €9, then
[Bpll <C2 and  [[VR,[| < Cs.

Then there exists €1 > 0 such that for every t € (—to,to), for every pair
vo,v1 € TP M with dgas(vi,¥(0)) < €1, and for all & € Ty, T'M, (i =0,1), we
have

dsas(Dgi(&0), Dpi(£1)) < (8mCLC3C3) dsas(€o, &1).-

7.2. Variations of solutions to linear ODEs. To prove Proposition 7.2, we
first treat the linearized version of the problem. We begin with a basic fact
about solutions to linear ODEs. Consider a second-order linear ODE

(11) 2" (t) = —R(t)x(t),

where R: [0,7] — L(R™) is continuous. In our application R(¢) will be a
matrix representing the sectional curvature operator along a geodesic v and
(11) will be the Jacobi equation in a suitably chosen coordinate system along ~.

Then (11) can be transformed into a first order system in the standard way
by introducing the variable z(t) = ( ;8) € R?™ and the additional constraint
2'(t) = y(t). Then z satisfies the first order ODE

(12) J(t) = (_73@ é) A(8).

The fundamental solution F'(t) to this equation has the property that if x(¢)
is a solution to (11) with initial values z(0) = zg, 2'(0) = yo, then (;((tt))) =
() (o )-

The following is a basic fact from the theory of ODEs.
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PROPOSITION 7.3. Let Fy: [0,T] — L(R*™) be the fundamental solution
to the differential equation x"(t) = —R;(t)x(t) for i =0,1. Then

I1Fo(T) — Fu(T)|| < T|[Follol| Fy M lollRo — Rallol| Fillo-

7.3. Proof of Proposition 7.2. We now return to the setting of differential
geometry and finish the proof of Proposition 7.2. Let v: [—to,t9] — M be
given. We start with a lemma.

LEMMA 7.4. Under the assumptions of Proposition 7.2 suppose pgy,p1 €
M satisfy d(pi,y(t)) < 9. Then for all vi,w; € TpliM, 1 = 0,1, the curvature
tensor R satisfies
| R(vo, wo)wol| < C2

and
dgas(R(vo, wo)wo, R(vi, wi)wi) < Cs(dgas(vo, v1) + dgas(wo, w1)).

Proof. This follows in a straightforward way from the Mean Value Theo-
rem and the hypotheses that ||R,|| < Cs and [[VR,| < Cs for all p € M with

d(p,~(t)) < eo. O

Let vg,v1 € T'M be unit tangent vectors in a neighborhood of 4(0), and
let o: (—2,2) — T'M be a Sasaki geodesic with ¢(0) = vg and o(1) = v;. Each
o(s) determines a unit speed geodesic vs: (—to,tg) — M with 45(0) = o(s).
In this way o determines a variation of geodesics a: (—2,2) x (—to,tp) = M
with the property that a(s,t) = vs(t).

We may assume that the norms of the derivatives of « are uniformly
bounded from above by a constant, say 1. For s € (—2,2), let Ly(t) =
OJa/0s(s,t) be the induced Jacobi field along vs. Choose ¢; such that if
dsas(vi,¥(0)) < g1 for i = 0,1, then dgas(¥(t),%s(t)) < eo for all (s,t) €
(—2,2) x (—tg,to), where gq is given by the hypotheses of the proposition. If
dsas(vi,¥(0)) < €1, then for any (s,t) € (—2,2) x (—tg, to), we have

dSas(’}/s / || )))HSas du.

Since ¢ is a Sasaki geodesic, the above inequality is an equality in the case of
t = 0; that is,

[ IE(0), Z40)) s = dsas(36(0): 0(0)

By the assumed bound (1) on the first derivative of the geodesic flow (which
bounds the growth of Jacobi fields), we also have that ||(Ly(t), L], (¢))]|sas <
C1|[(Ly(0), L., (0))||sas for any u, ¢, and so

[ IO, Zu)) s < 1 [ IE0), L0 s du
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Putting these inequalities together, we obtain

(13) dSasﬁ’s (t)v 70(75)) < CldSas(fys (O)a 70(0))

Our goal is to bound the Lipschitz norm of the derivative of the time-t map
of the geodesic flow ¢; at 49(0). The conclusion of Proposition 7.2 will follow
if we show that for any (s,t) € (—2,2) x (—to,tp), and any & € T;O(O)TlM
and & € T,.yls(o)TlM, we have

(14) dSas (Dgpt (50)7 D‘;Ot (fs)) < (4m01102203) dSas (£0> gs)

Recall that under the standard identification of {5 € T, (o)T'M with a pair
(us, ws) € (Ty,0)M)?, the vector Dy (0)p¢(€s) is identified with (Jy(t), JL(t)),
where J; is the solution to the (second-order) Jacobi equation

(15) J" + R(J,%s)7s = 0

with initial condition (J4(0), J.(0)) = (us, ws).

To analyze the variation of solutions to this ODE, we fix convenient coor-
dinates for the tangent bundle to the geodesic ~y; in order to express (15) as a
matrix equation of the form (11). To this end, let {€;(0,0) : j =1,...,m} be
an orthonormal frame at v¢(0) = «(0,0) spanning the tangent space T’y M.
We first parallel translate this frame along a(s,0) to obtain an orthonormal
frame {e;(s,0)} at v5(0) for s € (—2,2). We next parallel translate the frame
{ej(s,0)} along ~,(t), for t € (—to,t0), to obtain a frame {e;(s,t)} at each
point «f(s,t).

LEMMA 7.5. For j € {1,...,m}, we have
dsas(ej(0,t),e5(s,t)) < d(70(0),7s(0)) + 2C1Ca dsas(70(0), §5(0))
for all (s,t) € (—2,2) x (—tp, to).

Proof. Fix j. Our construction of e; (using parallel translation) gives that
for all s, t,

D D
(16) 55 ¢ (s,0)0=0 and 5769 (s,6) =0

We would like to estimate %ej(s, t) for general s, t. To do this, we first estimate
D D
509563 (5:1)-

It follows directly from the definition of the Riemannian curvature tensor
and the joint integrability of the pair {Ls, s} that

. DD D D DD

R(Ls(t), 3s(t))ej(s,8) = 5 5-ej(s,8) — -5 ,ei(s,t) = 5 o)
where we have used the second part of (16) in the last step. Applying the bound
| R(Ls (1), 45(8)esl| < CollLs(®)]], we obtain that |5 Lej(s, )] < Gl Lo(t)]|

S7t)7
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Integrating this expression with respect to ¢, we then have the bound

> et 0] < [ Zests, 0+ [ sl dn = [ 1L
Hasej(s, )H_Hase] s, H+ 2 ) s(u)|lau = Ca ; s(u)|| au.

Integrating again, this time with respect to s, and using Lemma 7.1 and (13),
we obtain

e (0.0).€5(5,1)) < d(r0(t),2u(6) + |

S

er (u, t)H du
< 00,3600 + [ [ 12,0 du o
+02/0 /0 Lo ()] de dw
< d(7(0), 7% (0)) + 2C5 /0 /0 1 (uots), Ly () 30 oz o

< d0(0). 1:(0)) +2C1Cy [ (L0 (0), L1y (0)) s oo
= d(70(0),75(0)) + 2C1C2 dgas(70(0), ¥5(0)),
which is the desired bound. O

For (s,t) € (—2,2) x (—to, o), the frame {e;(s,t)} gives an isometric linear
isomorphism between R™ and Ti,(s M

m
(T1y. ey Ty) Zarjej(s,t).
j=1

This in turn induces, for each (s,t), an isometric linear isomorphism
Iop: RP™ = Ty () TM = Tps y M X Top5. M.
Lemma 7.5 has the following immediate corollary.

COROLLARY 7.6. For each (s,t) € (2,2) x (—to,t0) and each (Fuclidean)
unit vector z € R*™, we have

dsas(I5,t(2), 1o,t(2)) < d(70(0),75(0)) + 2C1C% dsas(90(0), 7s(0))-

Expressing the Jacobi equation (15) along 75 in the coordinates on T, M
given by I ;, we obtain the ODE

(17) 2" (t) = =R (t)z(t),

where (Rs(t)); ;= (R (ei(s,t), ¥s(t)) ¥s(t), €;(s,1) ) . Denote by Fi: (—to,t0) —
L(R?™) the fundamental solution to (17). Proposition 7.3 implies that for any
(s,t) € (—=2,2) x (—tg, to), we have

1Eo(t) = Fs@®)l < 1Eolloll 5 loRo — Relloll £ lo-
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Now the main hypotheses of the proposition, when combined with 7.5,
(13), and the triangle inequality, can be seen to give the upper bound

IRo(t) = Rs(1)|| < (mC1CECs) dsas(30(0), 45(0))
(where we omit the details), and so
1Fo(t) = Fs ()|l < (mC1C3C3) || Follol| Fs lloll E5* [lodsas(0(0), 45(0))
for all (s,t) € (—2,2) x (—to,t0). The bounds on the first derivative of ¢; imply
that for all (s,t) € (—2,2) x (—to,to), we have max{||Fs(t)||, |F: 1 (t)|} < Ci,
which implies that
1Fo(t) — Fs(t)]| < (mC{C3C3) dsas(50(0), 45(0))-

Finally, suppose that {y = Ipo(z0) and & = I5o(2s) are arbitrary unit
tangent vectors to T1M based at 40(0) and 4,(0), respectively (where zp, z
are Euclidean unit vectors in R?™). Since %I 5,0 = 0, Lemma 7.1 implies that
the Sasaki distance dgas(£o,&s) between &y and & is uniformly comparable to
20 — 21]| + dsas(70(0), ¥5(0)); in particular,

(18) ||Z0 - 21” + dSas('.VO(O)v’ys(O)) < 2dSas(£Oa£s)'

Using Corollary 7.6 and our previous estimates, we may then conclude
that

dsas(Di(€0), Dipr(€s)) = dsas(Tog (Fo(t)z0) , Lo (Fu(t)zs))
< dSaS(IO,t (Fo(t)20) Aot (Fs(t)zs)) + dSaS<IOt (Fs(t)zs), 1 st (Fs(t)2s))
< |[Fo(t)z0 — Fs(t)zs|| + [[Fs(t)zs]| (d(70(0),75(0)) + 2C1Co dsas(70(0), ¥5(0)))
< [(Fo(t) = Fs(t))zoll + | Fs(t) (20 — 25) |l
+ C1 (d(70(0),75(0)) + 2C1C2 dsas(70(0),45(0)))
< (mC{C3C3) dsas(0(0),45(0)) + Ci |20 — 2|
+ C1 (d(70(0),75(0)) + 2C1C2 dsas(70(0), ¥5(0)))
< (mC'1C3Cs3) dsas(40(0), 45(0)) + C1l[z0 — zs|| + 3CTCh dsas(40(0), 45(0))
< (A4mC1C3C5) (|20 — 2]l + dsas(50(0), 45(0)))
< (8mC{C3Cs5) dsas(&0,Es),

where we used (18) in the last step. This proves the desired inequality (14)
and completes the proof of Proposition 7.2.

8. Appendix B: Proof of Proposition 3.10: verifying the conditions
of Katok-Strelcyn-Ledrappier

In this appendix we prove Proposition 3.10. We assume the conditions I-
VIin Theorem 3.1. Let V' C T'N be the set of v € T' N such that oy (v) € T'N
for all t € (—1,1). Fix tg € (0,1) and consider the restriction of the time-tg
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map ¢y, to V. To prove Proposition 3.10, we verify that the main hypotheses
in [19] hold for the map ¢s,: V — T'N. The main results in [19] then imply
the conclusions of Proposition 3.10. To paraphrase [19], the conditions we will
verify ensure that the set of singularities of the map ¢y, is “thin” and that the
first and second derivatives of ¢y, grow moderately near this set.

In the setup of [19], the background hypotheses are: X is a compact metric
space, and V is an open and dense subset of X carrying a Riemann structure
with controlled singularities near X \ V. In our application, V is the set
described above, endowed with the Sasaki Riemann structure, and X = TIN
is the completion of T'N in the Sasaki distance metric dg.s. We first verify
that X is compact, which establishes condition (A) of [19].

LEMMA 8.1. (TN, dsas) is compact.

Proof. Let (vnm)m be a sequence of elements of TTN, where for each m>1,
(Un,m) is a Sasaki Cauchy sequence in T'N. Since dsas(v,w) > d(m(v), m(w)),
it follows that for each m, the sequence (m(vy.,)) is Cauchy in N; since N
is compact, by passing to a subsequence in the m’s, we may assume that
(7 (Un,m))m converges to a Cauchy sequence (x,) in N. What this means is
that for every € > 0, there exists an mg > 0 such that for m > mg, we have

HIEEO d(m(vp,m), Tn) < €.

Now for each n, consider the collection {0pm | m > 1} C T N obtained
by parallel translating each vy, along a geodesic from Ty, N to Ty, N.
Using compactness of TxlnN and a diagonal argument, we obtain a subsequence
my, such that for each n, 0, ,, converges as k — oo to an element 9,, € Tg}nN,
uniformly in n; that is, for every € > 0, there exists kg > 0 such that for all
k > kg, we have

Jim ([0, n,, — | < e

Since the Sasaki distance dgas(Vn m,,0n) is bounded by d(7(vp,m, ), Tn) +
|On,m,, — Unl|, it follows that for every e > 0, there exists a k; > 0 such that
for all k > kq,

nh—>nc}o dSaS(vn,mka @n) < nh—>nc}o d(ﬂ'(vn,m)v xn) + Hﬁn,mk - '{)n” < 2e.

Hence (vp,m, )m, converges as k — oo to the Sasaki Cauchy sequence (0,,) €
TIN. ]

Clearly V is an open and dense subset of T'N. Let S = T'N \ V. The
Sasaki distance from v to the singular set S is bounded above by the distance
from 7(v) to ON.



898 K. BURNS, H. MASUR, and A. WILKINSON

8.0.1. More (yet) on the Sasaki metric. Condition (B) in [19], which con-
cerns the Riemann structure on V, has three parts that require verification.
In this subsection, we establish bounds on the derivatives of the Sasaki expo-
nential map exp: TV — V| which we will then use to verify these conditions
as well as later conditions on ¢y,. To control the Sasaki exponential map, we
will need to control the first three derivatives of the Sasaki metric; these can
be related to the higher order derivatives of the metric on N via the following
lemma.

LEMMA 8.2. There exists a cubic polynomial C: R? — R such that for
any Riemannian manifold N and any v € TN, the Sasaki curvature tensor
Rgas satisfies

1(Rsas)oll + IV (Rsas)oll < C(||Rel, VR, [V Rel)),
where R is the Riemannian curvature tensor on N.

Proof. The sectional curvatures of the Sasaki metric on the unit tan-
gent bundle can be computed as follows [20]. We use the usual identifica-
tion T, TN = T, N x T N. Let II be a plane in T(xyu)TlN, and choose an
orthonormal basis {(vy,w1), (va,ws)} for II satisfying ||v;||? + |Jw;||*> = 1 for
i =1,2 and (v1,v2) = (w1, wz) = 0. Then the Sasaki sectional curvature of II
is given by

Ksas(IT) = (Ry(v1,v2)v2, 1) + 3(Ra(v1, v2)wa, w1 ) + |Jwy||?||ws]|?
3 1 1
- ZHRm(vwz)uHQ + EHRx(u,wﬂlez + ZHRx(u, wy)va 2

1
+ 5 <RZ (ua ’LU1)’LU2, Rl"(ua wg)U1> - <R$(u7 UJ1)U1, Rr(ua 'LU2)'U2>

+ (Vo R)o(u, wa)v2, v1) + ((Voy R)a(u, wy )y, va).

The conclusion now follows from the Chain Rule and well-known identities
relating the sectional curvatures with the norm of the curvature tensor. ([

The next lemma will be used to bound the derivative of the Sasaki expo-
nential map.

LEMMA 8.3. LetY be a Riemannian manifold, and let J be a Jacobi field
along a geodesic v: [—do,d9] = Y satisfying J(0) = 0 and ||J'(0)]] = 1. Suppose
that

sup [[Ryyll < Ro
[t|<do

for some Ry > 1. Let e € (0,1) be given, and let to = min{do,e/(3Rp)}. Then
for all |t| < to, we have

A= <T@ <@+l and [T )] <1+e
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Proof. Let a(t) = ||J(t)|, and let b(t) = ||J'(t)|]. Then the Cauchy-

Schwarz inequality implies
[(a®)'| = |2ad/| = |2(J, J")| < 2ab,
and since [t| < do,
|(6%)'] = [200| = [2(J", J")| = [2(J", R(%, J)})| < 2Roab.

We conclude that wherever |a| and |b| are not zero, we have |a'| < b and
|b/| S Roa.

We are assuming that a(0) = 0 and b(0) = 1. Without loss of generality,
assume that |a(t)| > 0 for t > 0. (Otherwise, we may replace ¢ = 0 with a

positive value of ¢ in the following argument.) From this we obtain the integral
inequality for ¢t > 0:

(19) la'(t)] <1+ /Ot IV (s)|ds <1+ Ry /Ot a(s) ds.

Suppose that, for some t1 € (0,tg), we have |a/(t)] < 14¢ for all t € [0,¢;) and
la’(t1)| = 1+ &. Then a(t) < (1 +¢)t for all t € [0,¢1). Combined with (19),
this gives that

t Ry(1
()] < 1+R0/ (1+e)sds <14 T00+E) 2
0
since € € (0,1) implies that
2
€ 2e
t] < tg < < :
V0= 9R2 ™ Ry(1+¢)
This contradicts our assumption that |a'(t1)] = 1 4+ . We conclude that

la'(t)] < 14 ¢ for all t € (0,tp); similarly, |a'(¢t)] < 1+ ¢ for all t € (—to,0).
From this we conclude that a(t) < (1 + ¢)¢| for all |t| < .
We now prove the lower bound. Since b(0) = 1 and |b/(¢)| < Roa(t), for
[t| < to, we have
1+ &) Ryt*
b(t) >1— (4'2)0.
On the other hand, we know that

(a®)" = 2b* — 2(R(J, %)%, J) > 2b® — 2Rpa’

2
(1 - WW) — (14 ¢)?Rot?

5 > 2[1 — 2(1 + ) Rot?]

> 2

(using the lower bound for b(t) and upper bound of (1 + ¢)|t| for a(t)). Now,

since 9 9

€
5 <

9
2 <t2 < ,
~ U= 9R2 T 2(14+¢)2R,

we find that
(a®)"(t) > 2[1 — 2(1 4 €)*Rot?] > 2(1 — ?).
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But then 2a(t)a’(t) = (a?)'(t) > 2(1 — £?)|t|, and again using the upper bound
on a, we get
=Dt A=At _

D R =

hence a(t) > (1 —¢e)|t|.

Finally, since b(0) = 1 and [0/| < Rpa < Ro(1 + ¢), it follows that |b(t)| <
1+ [t|Ro(1 + €), and so for |t| < |to|, we have |[b(t)| < 1+e(l4+¢€)/3 <1+e.
The final conclusion follows. O

We apply this lemma to the Sasaki exponential map exp: TV — V to
obtain

PROPOSITION 8.4. There exist constants 61 > 0 and k1 > 1 such that
for every vg € V, if dgas(vo, S) < 1, then for all v € V with dgas(v,vg) <
dSas(”Oy S)kl s

1 — dsas(v0, 8) < || Dy expy, |1 < [|Dg expy, || < 1+ dsas(vo, ),
where § = exp, ! (v).

Proof. Let vg € V and £ = exp;ol(v). Let § = ﬁ be the unit vector
in the direction of £&. Suppose & € TUlOV is an orthogonal unit vector. Let
a(s,t) = (f + s¢’)t be the one-parameter family of rays through the origin in
T,,V. Let

a(s,t) = exp,, oa(s,?)
be the one-parameter family of image geodesics in V. We consider the corre-
sponding Jacobi field J(t) along a(0,t) defined by J(t) = da(s,t)/ds at s = 0.
Clearly J(0) = 0 and J'(0) = £'. Setting t; = ||£]|, by the chain rule we have

17(t)]| = It1Dg exp,, ()]

Thus we have to bound H%H above and below.

By Lemma 8.2, the sectional curvatures of the Sasaki metric on the unit
tangent bundle are bounded polynomially in terms of the absolute value of the
curvature and the derivative of the curvature of the original metric. Assump-
tion IV gives a bound for these latter quantities, and therefore a polynomial
bound on the curvatures in the Sasaki metric, in the reciprocal of the distance
to the singular set S. It follows that there exist kg > 1 and J§y > 0 such that
for all v € V' with dgas(v, S) < do, the Sasaki curvature tensor Rg,s satisfies

”(RSas)vH < dSas(Ua S)_ko‘

Let k1 = ko+2. Then there exists §; € (0,1/3) such that if dg,s(vo, S) < 91
and

dSas(”Oa U) < dSas(UOa S)klv
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then the maximum norm Ry of the Sasaki curvature tensor along the geodesic
joining vy to v also satisfies Ry < dgas(vo, S )*ko. Lemma 8.3 implies that

J(t1)

(20) l—e<
3]

<1l+e¢,

provided & > 3Rg|t1| = 3Rodsas(vo, v). Hence if dgas(vo, S) < 61 and dgas(v, vo)
< dgas(vo, S)*1, then (20) holds for & = dsas(vo, S), since

BROdSaS(UOa U) < 3dSas(U0a S)_ko . dSas(UUa S)kl :3dSas(UO> S)Q < dSas(UO) S) =E€.
O

The next proposition gives bounds on the second derivative of exp, which
we will later use to verify condition (1.3) of [19].

PROPOSITION 8.5. There exist constants 6o > 0 and ko > 1 such that for
every vo € V', if dgas(vo,S) < 02, then for all &,m; € T,V with (&1,m) #
(&2,m2) and max{||&]], |7} < dsas(vo,S)k'2 fori=1,2, we have

dsas (D§1 €XDPy, (771)7 D§2 €XDPy, ("72))
160 = &l + llm — m2l

Proof. Suppose that vy € V is fixed and vy lies in a neighborhood of vg. Let
&1 = exp;o1 (v1). For & € T,,,V, the map Dg, exp,, is a linear transformation
between T,V and T,V , where vo = exp,,(§2). The Sasaki connection defines
a trivialization of the bundle 7'V in a neighborhood of the fiber over v;; in these
coordinates, a vector 1o € T3,V is sent to the pair (va, Py, v, (12)) € V X T3, V,
where P,, v, : Ty,,V — T,V is parallel translation along the unique local ge-

dSas(U07 S)kQ <

é dSas(U(]a S)_kQ-

odesic from w9 to v;. The Sasaki metric dg,s on TV is comparable in this
trivializing neighborhood to the product metric on V x T;, V. In these coordi-
nates, there is a well-defined second derivative Dgl exp,,: Ty, VxTyWV — T,V
obtained by differentiating the second component of D¢ exp,,, with respect to
¢ and evaluating at &;. By the Mean Value Theorem, to prove the conclu-
sions of the proposition, it suffices to bound HD? exp,,(1,7)|| from above and
below for all £ in a neghborhood of the origin in 7,,V and 1 a unit vector
perpendicular to &.

To this end, fix v9 € V and v € V in a neighborhood of vy, and let
&= exp;o1 (v). Let f = ”g—” be the unit vector in the direction of £, and suppose
n e TUIOV is an orthogonal unit vector. As in the proof of Proposition 8.4, we
consider the variation of geodesics

OL(S, t) = €XPy, ° CL(S, t))

where a(s,t) = (€ + sn)t. Define Z, J, and Q by
D2

D D D
Z(S?t)zaa(‘g?t): J(s,t)zaa(s,t), Q(S,t) = @a(svt):%‘]<sat)‘
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The chain rule implies that

Q(O’ t) = D(?L(O,t) €XPuyq (t777 t77);
and so

1
1DZ expy, (n,m)]| = 2 1Q(O, €I

1€]12
since £ = a(0, [[]])-
Observe that for s fixed, J(s, ) is a Jacobi field down the geodesic a(s, -)
and so satisfies the Jacobi equation

D2
—J = Rgas(Z,J)Z.
52 sas(Z, J)
From this, the definition of @, and symmetries of the curvature tensor it follows
that

D? D? D D D D?
—50Q = —5—J = Rsas(Z, J)J' + = (Rsas(Z,J)J) + — =
989 = g s = w2 )T+ 5y (Rsasl 2. D) + 5050

D D
= Rsas(Z,J)J" + e (Rsas(Z,J)J) + &Rsas(Z, J)Z
D

= Rsu(Z. )+ (5, Bsas ) (2,9 + Rsas(Z,J')] + Rsas(2,).')

D
+ (52 Rsw) (2,1)7 + Rsas I 1)Z + Rsua(2,Q)7 + Rsua(2,1)7)
D

i) (27
=\ 5 as Z,

(825 Rsas ) (2, 7) T+ 0s
where ’ denotes the derivative with respect to ¢, and we have also used the facts
that Z’ = 0 and (D/0s)Z = J' . Then [|Q"(0,t)|| < C1(t) + ||Q(0,1)||Ca(t),
where

J

R ) (2,) 2 +4Rs0s( 2, J) T+ R 2, Q)Z,

C1(t) = 1 (VEsas)exp, (s Il (170, )] + 170, 6)]%)
4 ( Rgas |0, )| || (0, ¢
4 (Rsas)oep, g I170,0)]17°00, )]
and
Calt) = | Rsus)esy, (o) I
Assumption IV and Lemma 8.2 imply that there exists kg > 1 such that
max{|| (Rsas)y, |Is || (VRsas)y, 1} < dsas(vo, 8) 7.
Fix d2 € (0,1/22) such that if dg,s(vg, S) < 2, then
sup max{|| (RSas)eprO(tg) Il, (VRSas)expvo(tg) I} < dsas(vo, S)~Fo~L.

|t|<dsas(v0,S)k0+1

Assume that dgas(vo, S) < d2. Lemma 8.3 implies that for [t| < dgas(vo, S)*0T2,
both [|J(0,¢t)]| and ||.J’(0,t)| are bounded by 2, and so

C1(t) < 22dsas(v0, S) 071 < dgas(vg, §) 7072
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and
Ca(t) < dgas(v0, S) 77" < dgas(vo, 5) 7072

Let q(t)=1|Q(0, )|, and let r(¢t)=1|Q’(0,t)||. Asin the proof of Lemma 8.3,
we have that

lad'| = [{Q, Q@) < qr  and || <|(Q",Q")| < 7(C1 +qCh).

Note that ¢(0) = r(0) = 0. An analysis similar to that in the proof of
Lemma 8.3 (whose details we omit) shows that for [t| < dsas(vo,S) 0+?
have

, We

q(t) < tdsas(vo, )72,
Hence, if ||€]| < dgas(vo, S)¥0+2, then

1D expu, (.00 = 2153 < dson, )12

Hence an upper bound for the ratio in the conclusion of the proposition holds,
with the exponent ko = kg + 2. A lower bound for this ratio on the order
of dgas(vo, )™ follows from the upper bound on ||D?exp,, || we have just
obtained, the upper bounds on ||D, exp, ' || and || D¢ exp,, || given by Propo-
sition 8.4, and the fact that for an invertible matrix-valued function £ — A(§),
one has

De(A™h) = —ATH(€)(DeA)ATH(E).
The details are left to the reader. O

8.0.2. Verifying condition (B) in [19]. For v € V, let inj(v) denote the
radius of injectivity of the Sasaki exponential map exp,: T,V — V. Since
dgas(v,w) > d(m(v), m(w)), the controlled injectivity assumption V implies
that

inj(v) > inj(7(v)) > Cd(r(v), IN)? > Cdsas(v, S)°.
This implies condition (Ba) of [19]. Conditions (Bb) and (Bc) in [19] follow in
a straightforward way from Proposition 8.4.

8.0.3. Verifying conditions (1.1)—(1.4) of [19]. Conditions (1.1)—(1.4) of
[19] concern the volume of the singular set S and the behavior of ¢, near S.
Condition (1.1) of [19], which concerns the volume of a neighborhood of S,
follows directly from Lemma 3.4. Condition (1.2) of [19], concerning the in-
tegrability of log, || Dyy,||, follows immediately from Lemma 3.7. Condition
(1.4) of [19] requires a bound on || Dy, || on the order of dgas(vo,S)™# for
some 3 > 0. This follows in a straightforward way from assumption VI. This
leaves condition (1.3).

Fix vo € V, and let ® = ®,,: T},,)V — T@tO(UO)V be defined by

¢ = exp;tlO (v0) © Pto © €XPy, -
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Condition (1.3) of [19] requires a bound on the second derivative of ® as an
inverse power of the distance to the singular set, which follows from the next
proposition.

PROPOSITION 8.6. There exist constants 63 > 0 and k3 > 1 such that
for every vg € V, if dgas(vo, S) < d3, then for all v € V with dgas(v,vg) <
dSas(U07 S)ksa

ID2Dy, || < dsas(vo, S)~*2,
where £ = exp, H(v).

Proof. Choose constants ko > 1 and do > 0 satisfying the conclusions of
Proposition 8.5 and such that if dgas(vg, S) < d2, then for every |¢| < ¢,

sup max{|| (Rsas), II; || (VRsas), |} < dsas(vo, 9) 7.
dSas(UaQOt(U))SdSaS(@t(U)vs)kQ
By assumption VI, there exist d3 < min{dz,1/(8n)} and k) > ko such that for
dgas(vo, S) < 3 and all [t| < to,

maX{HDvoSOtHa ||Dv090—t||} < dSaS(U07S)7ké'

Proposition 7.2 implies that if £, & € TV satisfy dsas(my (), my(€)) <
dsas(ve, S)F2, then

dSas (D(Pt(g)a D(Pt (5/)) < (871) dSas(”Ov S) 74’6/273]62 dSaS (507 51)
< dSas(“O» S)_’mé- dSas(§07 gl)

To bound the norm ||D§(I>UO|| it suffices to bound the Lipschitz constant of
the map D¢®,, in a small neighborhood of . This in turn is bounded by the
product of the Lipschitz constants of the three factors D exp;tl0 (v0)? Dyy, and
D exp,,, in the composition defining D¢ ®,,.

The Lipschitz constants for D exp,,, and D exp ! ) are both bounded

ptq (vo
by Proposition 8.5 on the order of dg,s(vo, S )*kQ. We have just shown that the
Lipschitz constant for Dyy, is bounded on the order of dgas(vo, S)*7k/2. Hence
the Lipschitz constant of D¢®,,, is bounded on the order of dgas(vo, S )_k4 for
ky = 2kg + TK),. O

This completes the verification of the hypotheses in [19] implying the
conclusions of Proposition 3.10.

8.1. Additional conditions in [19] implying finite, positive entropy. The
final conclusion of Theorem 3.1 that remains to be proved concerns the entropy
of ¢. The positivity of the entropy follows from [19] and the hypotheses we have
just verified. Finitude of the entropy requires that an additional hypothesis
— Condition (C) — hold. As stated in [19], condition (C) is the requirement
that the capacity of the space X = T'N be finite. In fact, a slightly weaker
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condition is required, which is given by the following proposition. Recall that
U,, for p > 0, denotes the set of v € T'N such that d(m(v),ON) < p.

PROPOSITION 8.7. There exists ¢ > 1 such that if pg > 0 is sufficiently
small, then for any p < po there is a cover of T'N \ Uy, by open balls of
radius p, whose cardinality does not exceed p~1.

Proof. Proposition 8.4 implies that there exist § > 0 and k£ > 1 such that
for pg < 6 and all v € T'N \ Up,, the derivative of the Sasaki exponential map
D¢ exp, and its inverse have norm bounded by 2 for all [|£]| < pf. Hence on
a ball of radius pf in T*N \ U,,, the Sasaki metric is uniformly comparable
to Euclidean; in particular, the volume of a ball of radius p < plg is bounded
below by ¢~!p", where ¢ > 1 is a universal constant.

The Vitali Covering Lemma states that if B is any collection of balls in a
metric space, then there exists a subcollection B C B such that the elements
of B’ are pairwise disjoint, and

U s8> U B,
Bep'! BeB
where 5B denotes the ball concentric with B of 5 times the radius.

Let B be a finite cover of the set T'N \ Up, by metric balls of radius ok,
and let B’ be a subcollection of disjoint balls supplied by the Vitali lemma.
Then the collection {5B : B € B'} is a covering of T'N \ U,, by balls of radius
5pF. If py was chosen sufficiently small, then 5p* < p, and the balls in this
cover can be expanded to give a cover by balls of radius p. The cardinality
of this cover equals the cardinality of B’; this number can be bounded above
using the volume

(#B') x (1) < Z m(B) =m U B | <m(T'N) =1.
Bep’ Bep'!

Thus #B' < cp~™ for all p < pg. This implies the conclusion of the proposi-
tion, with ¢ = nk + 1. O

References

[1] D. V. ANosov, Geodesic flows on closed Riemannian manifolds of negative cur-
vature, Proc. Steklov Math. Inst. 90 (1967), 1-235. MR 0242194. Zbl 0176.19101.

[2] W. BALLMANN, M. BRrIN, and K. BURNS, On the differentiability of horocycles
and horocycle foliations, J. Differential Geomn. 26 (1987), 337-347. MR 0906395.
Zbl 0609.53012. Available at http://projecteuclid.org/getRecord?id=euclid.jdg/
1214441374.

[3] W. BALLMANN, M. BriN, and K. BURNS, On surfaces with no conjugate points,
J. Differential Geom. 25 (1987), 249-273. MR 0880185. Zbl 0592.53041. Avail-
able at http://projecteuclid.org/getRecord?id=euclid.jdg/1214440852.


http://www.ams.org/mathscinet-getitem?mr=0242194
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0176.19101
http://www.ams.org/mathscinet-getitem?mr=0906395
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0609.53012
http://projecteuclid.org/getRecord?id=euclid.jdg/1214441374
http://projecteuclid.org/getRecord?id=euclid.jdg/1214441374
http://www.ams.org/mathscinet-getitem?mr=0880185
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0592.53041
http://projecteuclid.org/getRecord?id=euclid.jdg/1214440852

906

[4]

[11]

[12]

K. BURNS, H. MASUR, and A. WILKINSON

W. BALLMANN, M. GROMOV, and V. SCHROEDER, Manifolds of Nonposi-
tive Curvature, Progr. Math. 61, Birkhauser, Boston, MA, 1985. MR 0823981.
Zbl 0591.53001.

M. BRIDGEMAN, Hausdorff dimension and the Weil-Petersson extension to quasi-
fuchsian space, Geom. Topol. 14 (2010), 799-831. MR 2602852. Zbl 1200.30037.
http://dx.doi.org/10.2140/gt.2010.14.799.

M. R. BrRIDSON and A. HAEFLIGER, Metric Spaces of Non-positive Curvature,
Grundl. Math. Wissen. 319, Springer-Verlag, New York, 1999. MR 1744486.
7Zbl 0988.53001.

J. Brock, H. MASUR, and Y. MINSKY, Asymptotics of Weil-Petersson ge-
odesic. 1. Ending laminations, recurrence, and flows, Geom. Funct. Anal. 19
(2010), 1229-1257. MR 2585573. Zbl 1216.32007. http://dx.doi.org/10.1007/
$00039-009-0034-2.

J. CHEEGER and D. G. EBIN, Comparison Theorems in Riemannian Geometry,
AMS Chelsea Publ., Providence, RI, 2008, revised reprint of the 1975 original.
MR 2394158. Zbl 1142.53003.

G. DaskALorpoULOS and R. WENTWORTH, Classification of Weil-Petersson
isometries, Amer. J. Math. 125 (2003), 941-975. MR 1993745. Zbl 1043.32007.
D. DoLcopryAaT, H. Hu, and Y. PESIN, An example of a smooth hyperbolic
measure with countably many ergodic components, in Smooth Ergodic Theory
and its Applications (Seattle, WA, 1999), Proc. Sympos. Pure Math. 69, Amer.
Math. Soc., Providence, RI, 2001. MR 1858534. Zbl 0996.37001.

P. B. EBERLEIN, Geometry of Nonpositively Curved Manifolds, Chicago Lectures
in Mathematics, University of Chicago Press, Chicago, IL, 1996. MR 1441541.
Zbl 0883.53003.

, Geodesic flows in manifolds of nonpositive curvature, in Smooth Ergodic
Theory and its Applications (Seattle, WA, 1999), Proc. Sympos. Pure Math. 69,
Amer. Math. Soc., Providence, RI, 2001, pp. 525-571. MR 1858545. Zbl 1030.
53084.

U. HAMENSTADT, Dynamical properties of the Weil-Petersson metric, in In the
Tradition of Ahlfors-Bers. V, Contemp. Math. 510, Amer. Math. Soc., Provi-
dence, RI, 2010, pp. 109-127. MR 2581833. Zbl 1198.30048.

B. HASSELBLATT, Regularity of the Anosov splitting and of horospheric fo-
liations, Ergodic Theory Dynam. Systems 14 (1994), 645-666. MR 1304137.
Zbl 0821.58032. http://dx.doi.org/10.1017/S0143385700008105.

E. Hopr, Statistik der geodéatischen Linien in Mannigfaltigkeiten negativer
Krimmung, Ber. Verh. Sdchs. Akad. Wiss. Leipzig 91 (1939), 261-304.
MR 0001464. Zbl 0024.08003.

J. H. HuBBARD, The monodromy of projective structures, in Riemann Surfaces
and Related Topics: Proceedings of the 1978 Stony Brook Conference (State Univ.
New York, Stony Brook, N.Y., 1978), Ann. of Math. Stud. 97, Princeton Univ.
Press, Princeton, N.J., 1981, pp. 257-275. MR 0624819. Zbl 0475 .32008.



http://www.ams.org/mathscinet-getitem?mr=0823981
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0591.53001
http://www.ams.org/mathscinet-getitem?mr=2602852
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1200.30037
http://dx.doi.org/10.2140/gt.2010.14.799
http://www.ams.org/mathscinet-getitem?mr=1744486
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0988.53001
http://www.ams.org/mathscinet-getitem?mr=2585573
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1216.32007
http://dx.doi.org/10.1007/s00039-009-0034-2
http://dx.doi.org/10.1007/s00039-009-0034-2
http://www.ams.org/mathscinet-getitem?mr=2394158
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1142.53003
http://www.ams.org/mathscinet-getitem?mr=1993745
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1043.32007
http://www.ams.org/mathscinet-getitem?mr=1858534
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0996.37001
http://www.ams.org/mathscinet-getitem?mr=1441541
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0883.53003
http://www.ams.org/mathscinet-getitem?mr=1858545
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1030.53084
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1030.53084
http://www.ams.org/mathscinet-getitem?mr=2581833
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1198.30048
http://www.ams.org/mathscinet-getitem?mr=1304137
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0821.58032
http://dx.doi.org/10.1017/S0143385700008105
http://www.ams.org/mathscinet-getitem?mr=0001464
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0024.08003
http://www.ams.org/mathscinet-getitem?mr=0624819
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0475.32008

[17]

THE WEIL-PETERSSON GEODESIC FLOW 907

A. KATOK, Infinitesimal Lyapunov functions, invariant cone families and sto-
chastic properties of smooth dynamical systems, Ergodic Theory Dynam. Sys-
tems 14 (1994), 757785, with the collaboration of Keith Burns. MR 1304141.
Zbl 0816.58029. http://dx.doi.org/10.1017/S0143385700008142.

A. KATOK and B. HASSELBLATT, Introduction to the Modern Theory of Dynam-
ical Systems, Encycl. Math. Appl. 54, Cambridge Univ. Press, Cambridge, 1995.
MR 1326374. Zbl 0878.58020.

A. KaTtok, J.-M. STRELCYN, F. LEDRAPPIER, and F. PRZYTYCKI, Invariant
Manifolds, Entropy and Billiards; Smooth Maps with Singularities, Lecture Notes
in Math. 1222, Springer-Verlag, New York, 1986. MR 0872698. Zbl 0658.58001.
http://dx.doi.org/10.1007/BFb0099031.

O. KowaLskI and M. SEKIZAWA, On tangent sphere bundles with small or large
constant radius, Ann. Global Anal. Geom. 18 (2000), 207-219. MR 1795094.
Zbl 1011.53025. http://dx.doi.org/10.1023/A:1006707521207.

A. MANNING, More topological entropy for geodesic flows, in Dynamical Systems
and Turbulence, Warwick 1980 (Coventry, 1979/1980), Lecture Notes in Math.
898, Springer-Verlag, New York, 1981, pp. 243-249. MR 0654893. Zbl 0489.
58025. http://dx.doi.org/10.1007/BFb0091917.

H. MASUR, The extension of the Weil-Petersson metric to the boundary of Teich-
muller space, Duke Math. J. 43 (1976), 623-635. MR 0417456. Zbl 0358.32017.
C. T. MCMULLEN, Riemann surfaces, dynamics and geometry, course notes.

, The moduli space of Riemann surfaces is Kéhler hyperbolic, Ann. of
Math. 151 (2000), 327-357. MR 1745010. Zbl 0988.32012. http://dx.doi.org/
10.2307/121120.

, Thermodynamics, dimension and the Weil-Petersson metric, Invent.
Math. 173 (2008), 365-425. MR 2415311. Zbl 1156.30035. http://dx.doi.org/
10.1007/s00222-008-0121-2.

M. MIRZAKHANI, Growth of the number of simple closed geodesics on hyperbolic
surfaces, Ann. of Math. 168 (2008), 97-125. MR, 2415399. Zbl 1177.37036. http:
//dx.doi.org/10.4007 /annals.2008.168.97.

S. NaG, The Complex Analytic Theory of Teichmiller Spaces, Canadian Math.
Soci. Ser. Monogr. Adv. Texts, Wiley-Interscience Publication, John Wiley &
Sons, New York, 1988. MR 0927291. Zbl 0667 .30040.

J. B. PEsIN, Characteristic Ljapunov exponents, and ergodic properties of
smooth dynamical systems with invariant measure, Dokl. Akad. Nauk SSSR 226
(1976), 774-777. MR 0410804. Zbl 0345.58010.

M. PorricotrT, H. WEISS, and S. A. WOLPERT, Topological dynamics of the
Weil-Petersson geodesic flow, Adv. Math. 223 (2010), 1225-1235. MR 2581369.
Zbl 1192.37038. http://dx.doi.org/10.1016/j.aim.2009.09.011.

M. PorricorT and H. WEISS, Ergodicity of the geodesic flow on non-complete
negatively curved surfaces, Asian J. Math. 13 (2009), 405-419. MR 2570447.
Zbl 1185.53091. Available at http://www.intlpress.com/AJM/AJM-v13.php.



http://www.ams.org/mathscinet-getitem?mr=1304141
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0816.58029
http://dx.doi.org/10.1017/S0143385700008142
http://www.ams.org/mathscinet-getitem?mr=1326374
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0878.58020
http://www.ams.org/mathscinet-getitem?mr=0872698
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0658.58001
http://dx.doi.org/10.1007/BFb0099031
http://www.ams.org/mathscinet-getitem?mr=1795094
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1011.53025
http://dx.doi.org/10.1023/A:1006707521207
http://www.ams.org/mathscinet-getitem?mr=0654893
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0489.58025
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0489.58025
http://dx.doi.org/10.1007/BFb0091917
http://www.ams.org/mathscinet-getitem?mr=0417456
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0358.32017
http://www.ams.org/mathscinet-getitem?mr=1745010
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0988.32012
http://dx.doi.org/10.2307/121120
http://dx.doi.org/10.2307/121120
http://www.ams.org/mathscinet-getitem?mr=2415311
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1156.30035
http://dx.doi.org/10.1007/s00222-008-0121-2
http://dx.doi.org/10.1007/s00222-008-0121-2
http://www.ams.org/mathscinet-getitem?mr=2415399
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1177.37036
http://dx.doi.org/10.4007/annals.2008.168.97
http://dx.doi.org/10.4007/annals.2008.168.97
http://www.ams.org/mathscinet-getitem?mr=0927291
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0667.30040
http://www.ams.org/mathscinet-getitem?mr=0410804
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0345.58010
http://www.ams.org/mathscinet-getitem?mr=2581369
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1192.37038
http://dx.doi.org/10.1016/j.aim.2009.09.011
http://www.ams.org/mathscinet-getitem?mr=2570447
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1185.53091
http://www.intlpress.com/AJM/AJM-v13.php

908

[31]

[42]

K. BURNS, H. MASUR, and A. WILKINSON

C. C. PucH, The C'*® hypothesis in Pesin theory, Inst. Hautes Etudes Sci.
Publ. Math. (1984), 143-161. MR 0743817. Zbl 0542.58027. Available at http:
//www.numdam.org/item?id=PMIHES_1984__59__143_0.

H. E. RAucH, A transcendental view of the space of algebraic Riemann surfaces,
Bull. Amer. Math. Soc. 71 (1965), 1-39. MR, 0213543. Zbl 0154.33002.

S. SASAKI, On the differential geometry of tangent bundles of Riemannian man-
ifolds, Téhoku Math. J. 10 (1958), 338-354. MR, 0112152. Zbl 0086.15003.
J.-P. SERRE, Rigidité de foncteur d’jacobi d’echelon n > 3, 1961, Sem. H. Cartan
1960/1961 Appendix to Exp. 17.

YA. G. SINAI, Dynamical systems with elastic reflections: ergodic properties of
scattering billiards, Russian Math. Surveys 25 (1970), 137-189. MR 0274721.
Zbl 0263.58011. http://dx.doi.org/10.1070/RM1970v025n02ABEH003794.

M. WoLF, The Weil-Petersson Hessian of length on Teichmiiller space.
arXiv 0902.0203.

S. A. WOLPERT, Understanding Weil-Petersson curvature. arXiv 0809.3699.

, The Weil-Petersson Hessian of length on Teichmiiller space. arXiv 0902.

0203.

, Noncompleteness of the Weil-Petersson metric for Teichmiiller space,
Pacific J. Math. 61 (1975), 573-577. MR 0422692. Zbl 0327.32009. Available at
http://projecteuclid.org/euclid.pjm/1102868050.

, The Fenchel-Nielsen deformation, Ann. of Math. 115 (1982), 501-528.
MR 0657237. Zbl 0496.30039. http://dx.doi.org/10.2307/2007011.

, Geometry of the Weil-Petersson completion of Teichmiiller space, in
Surveys in Differential Geometry, Vol. VIII (Boston, MA, 2002), Surv. Dif-
fer. Geom. VIII, Int. Press, Somerville, MA, 2003, pp. 357-393. MR 2039996.
Zbl 1049.32020.

, Behavior of geodesic-length functions on Teichmiiller space, J. Differ-
ential Geom. 79 (2008), 277-334. MR 2420020. Zbl 1147.30032. Available at
http://projecteuclid.org/getRecord?id=euclid.jdg/1211512642.

, Extension of the Weil-Petersson connection, Duke Math. J. 146
(2009), 281-303. MR 2477762. Zbl 1167.32010. http://dx.doi.org/10.1215/
00127094-2008-066.

(Received: August 12, 2010)
(Revised: December 7, 2010)

NORTHWESTERN UNIVERSITY, EVANSTON, IL
E-mail: burns@math.northwestern.edu

UNIVERSITY OF CHICAGO, CHICAGO, IL
E-mail: masur@math.uchicago.edu

NORTHWESTERN UNIVERSITY, EVANSTON, IL
Current address: UNIVERSITY OF CHICAGO, CHICAGO, IL
E-mail: wilkinso@math.uchicago.edu


http://www.ams.org/mathscinet-getitem?mr=0743817
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0542.58027
http://www.numdam.org/item?id=PMIHES_1984__59__143_0
http://www.numdam.org/item?id=PMIHES_1984__59__143_0
http://www.ams.org/mathscinet-getitem?mr=0213543
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0154.33002
http://www.ams.org/mathscinet-getitem?mr=0112152
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0086.15003
http://www.ams.org/mathscinet-getitem?mr=0274721
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0263.58011
http://dx.doi.org/10.1070/RM1970v025n02ABEH003794
http://www.arxiv.org/abs/0902.0203
http://www.arxiv.org/abs/0809.3699
http://www.arxiv.org/abs/0902.0203
http://www.arxiv.org/abs/0902.0203
http://www.ams.org/mathscinet-getitem?mr=0422692
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0327.32009
http://projecteuclid.org/euclid.pjm/1102868050
http://www.ams.org/mathscinet-getitem?mr=0657237
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0496.30039
http://dx.doi.org/10.2307/2007011
http://www.ams.org/mathscinet-getitem?mr=2039996
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1049.32020
http://www.ams.org/mathscinet-getitem?mr=2420020
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1147.30032
http://projecteuclid.org/getRecord?id=euclid.jdg/1211512642
http://www.ams.org/mathscinet-getitem?mr=2477762
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1167.32010
http://dx.doi.org/10.1215/00127094-2008-066
http://dx.doi.org/10.1215/00127094-2008-066
mailto:burns@math.northwestern.edu
mailto:masur@math.uchicago.edu
mailto:wilkinso@math.uchicago.edu

	Introduction
	0.1. The case of the punctured torus

	1. Background on Teichmüller theory, Quasifuchsian space, and Weil-Petersson geometry
	1.1. Riemann surfaces and tensors of type (r,s)
	1.2. Teichmüller and Moduli spaces
	1.3. The bundle of projective structures on S
	1.4. Quasifuchsian space
	1.5. Fenchel-Nielsen coordinates
	1.6. The Deligne-Mumford compactification of moduli space
	Notational convention

	2. Background on the geodesic flow
	2.1. Vertical and horizontal subspaces and the Sasaki metric
	2.2. The geodesic flow and and Jacobi fields
	2.3. Matrix Jacobi and Riccati equations
	2.4. Perpendicular Jacobi fields and invariant subbundles
	2.5. Consequences of negative curvature and unstable Jacobi fields

	3. A general criterion for ergodicity of the geodesic flow
	4. Bounds on the derivative of 1 in the WP metric
	4.1. Bounding the derivative of the geodesic flow
	4.2. Combined length bases
	4.3. First and second order properties of the WP metric
	4.4. Curvature estimates along a geodesic
	4.5. Estimates on r/f
	4.6. Controlled bounds on the curvature

	5. Higher order control of the WP metric
	5.1. Estimates on the WP metric in special coordinates
	5.2. Proof of [p=derivcurvbounds]Proposition 5.1

	6. Ergodicity and finite entropy of the WP geodesic flow
	6.1. Ergodicity of the flow on T1(T/MCG[k])
	6.2. Ergodicity of the flow on M1(S): Proof of [t=main]Theorem 1

	7. Appendix A: Bounding the second derivative of the geodesic flow
	7.1. More on the Sasaki metric and statement of the general result
	7.2. Variations of solutions to linear ODEs
	7.3. Proof of [p=generalsecondderiv]Proposition 7.2

	8. Appendix B: Proof of [p=aclam]Proposition 3.10: verifying the conditions of Katok-Strelcyn-Ledrappier
	8.1. Additional conditions in KS implying finite, positive entropy

	References

