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Generic mean curvature flow I;
generic singularities

By ToBias H. CoLDING and WILLIAM P. MiNicozz1 11

Abstract

It has long been conjectured that starting at a generic smooth closed
embedded surface in R3, the mean curvature flow remains smooth until
it arrives at a singularity in a neighborhood of which the flow looks like
concentric spheres or cylinders. That is, the only singularities of a generic
flow are spherical or cylindrical. We will address this conjecture here and
in a sequel. The higher dimensional case will be addressed elsewhere.

The key to showing this conjecture is to show that shrinking spheres,
cylinders, and planes are the only stable self-shrinkers under the mean
curvature flow. We prove this here in all dimensions. An easy consequence
of this is that every singularity other than spheres and cylinders can be
perturbed away.

0. Introduction

One of the most important problems in mean curvature flow (MCF) is to
understand the possible singularities that the flow goes through. Singularities
are unavoidable as the flow contracts any closed embedded hypersurface in
Euclidean space eventually leading to extinction of the evolving hypersurfaces.
Classically, mean curvature flow was only defined up to the first singular time,
but a number of ways to define weak solutions have been developed over the
last 30 years by Brakke, [Bra78|, Evans-Spruck, [ES91], and Chen-Giga-Goto,
[CGGI1]; cf. Osher-Sethian, [OS88].

Through the combined work of Abresch-Langer, Calabi, Epstein, Gage,
Grayson, and Hamilton, among others, singularities for the curve shortening
flow in the plane, that is, mean curvature flow for curves, are well understood.
In higher dimensions, a key starting point for singularity analysis is Huisken’s
montonicity formula, [Hui90]. This is because the monotonicity implies, ac-
cording to Huisken, [Hui90], that the flow is asymptotically self-similar near a
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given singularity and, thus, is modeled by self-shrinking solutions of the flow.
Huisken’s original proof applied to so-called type I singularities, but Ilmanen
and White extended Huisken’s formula to weak solutions and proved asymp-
totic self-similarity for all singularities of the flow with convergence now in the
weak sense of geometric measure theory; see Lemma 8 in [Ilm95b].

Here and in papers to follow, we will show a long-standing conjecture (of
Huisken in general and Angenent-Chopp-Ilmanen in R3, [AIC95]) classifying
the singularities of mean curvature flow starting at a generic closed embedded
surface. The current paper shows that, in all dimensions, the only singularities
that cannot be perturbed away are cylinders and spheres. It also gives an
application to generic mean curvature flow in R? showing that generic mean
curvature flow that disappears in a compact point does so in a round point.
Well-known examples of Angenent and numerics of Angenent, Chopp, and
Ilmanen discussed below show that there is virtually no hope of classifying the
singularities for mean curvature flow starting at an arbitrary hypersurface in
Rt for n > 1% the thrust of Huisken’s conjecture is that this can be done
for generic initial hypersurfaces.

Under various assumptions, like convexity, mean convexity, and two-con-
vexity, or for curves in the plane, the blow ups of singularities have been classi-
fied by various authors including Huisken, Gage-Hamilton, Grayson, Huisken-
Sinestrari, and White. Unlike in our case, in all previous classifications of
possible singularities for n > 1, assumptions, like mean convexity, were made
that immediately guaranteed that none of the exotic singularities described
above could occur. For instance, since mean convexity is preserved under the
flow, if the initial surface is mean convex, then so are all blow ups and, since
none of the exotic self-similar flows mentioned above are mean convex, they
are immediately ruled out as singularities.

Most of the results of this paper apply to immersed hypersurfaces, but
embeddedness is used in two places. The first is the construction of piece-
wise MCF, where the compactness theorem of [CMb] uses embeddedness in
a crucial way. The second place is in the classification of mean convex self-
shrinkers. Here embeddedness is used to rule out the immersed locally convex
Abresch-Langer examples and products of these with Euclidean factors. That
these can be ruled out is used in the classification of generic singularities, but
these statements actually hold without embeddedness, as we will explain below,
using instead a paper of Epstein and Weinstein, [EW87]. We are grateful to
the referee for pointing this out.

ISince time slices of self-shrinkers are minimal hypersurfaces for a conformally changed
metric on R™ ™ (see §3), some classification of self-shrinkers may be possible in R? using the
ideas of [CMO06], [CMO04a], [CM04b], [CMO04c], [CM04d], [CMc].
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A one-parameter family M; of hypersurfaces in R"*! flows by mean cur-

vature if
(0.1) (8yx)t = H,
where H = —Hn is the mean curvature vector, n is the outward unit normal,

vt is the normal part of a vector v, and the mean curvature H is given by
(0.2) H =divn.

With this convention, H is n/R on the n-sphere of radius R in R"™! and H is
k/R on the “cylinder” Sk x R** ¢ R™! of radius R. Thus, in either case,
the mean curvature vector “points inwards” and, hence, the flow contracts.

The simplest (nonstatic) mean curvature flow is given by the one-param-
eter family of shrinking spheres M; C R"*! centered at the origin and with
radius v/—2nt for t < 0. This is a smooth flow except at the origin at time 0
when the flow becomes extinct. In [Hui84|, Huisken showed that MCF starting
at any smooth compact convex initial hypersurface in R"*! remains smooth
and convex until it becomes extinct at a point and if we rescale the flow about
the point in space-time where it becomes extinct, then the rescalings converge
to round spheres. Huisken-Sinestrari, [HS99a], [HS99b], and White, [Whi00],
[Whi03], have proven a number of striking and important results about MCF
of mean convex hypersurfaces and their singularities and Huisken-Sinestrari,
[HS09], have developed a theory for MCF with surgery for two-convex hyper-
surfaces in R"*! (n > 3) using their analysis of singularities (and their blow
ups).

Huisken’s proof that convex hypersurfaces become extinct in round points
applied for n > 2, but the corresponding result for convex curves was proven by
Gage and Hamilton in [GH86]. In fact, in [Gra87] (see also [Gra89b], [EG87],
[Ham95], [Hui98]), Grayson showed that any simple closed smooth curve in R?
stays smooth under the curve shortening flow, eventually becomes convex, and
thus will become extinct in a “round point.” The situation is more complicated
for surfaces where there are many other potential types of singularities that can
arise. For instance, Grayson constructed a rotationally symmetric dumbbell
in [Gra89a] where the neck pinches off before the two bells become extinct.
For rescalings of the singularity at the neck, the resulting blow ups cannot
be extinctions and, thus, are certainly not spheres. In fact, rescalings of the
singularity converge to shrinking cylinders; we refer to White’s survey [Whi02]
for further discussion of this example.

The family of shrinking spheres of radius v/—2nt is self-similar in the sense
that M; is given by

(0.3) My =+/—t M_;.
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A MCF M, satisfying (0.3) is called a self-shrinker. Self-shrinkers play an
important role in the study of mean curvature flow, not least because they
describe all possible blow ups at a given singularity of a mean curvature flow.
To explain this, we will need the notion of a tangent flow, cf. [Ilm95b], [Whi97],
which generalizes the tangent cone construction from minimal surfaces. The
basic idea is that we can rescale a MCF in space and time to obtain a new
MCEF thereby expanding a small neighborhood of the point that we want to
focus on. Huisken’s monotonicity gives uniform control over these rescalings
and a standard compactness theorem then gives a subsequence converging to
a limiting solution of the MCF. This limit is called a tangent flow. A tangent
flow will achieve equality in Huisken’s monotonicity formula and, thus, must
be a self-shrinker by [Hui90], [[lm95b)].

The precise definition of a tangent flow at a point (xg,ty) in space-time of
a MCF M, is as follows. First translate M, in space-time to move (zg,tg) to
(0,0) and then take a sequence of parabolic dilations (x,t) — (c;x, c?t) with
c;j — oo to get MCF’s Mtj =cj (MO_Q trto
formula, [Hui90], and Brakke’s corripactness theorem, [Bra78], White [Whi97]
and Ilmanen [Ilm95b] show that a subsequence of the Mtj ’s converges weakly
to a limiting flow T; that we will call a tangent flow at (xo,tp). Moreover,
another application of Huisken’s monotonicity shows that 7; is a self-shrinker.
It is not known whether 7; is unique; that is, whether different sequences of

— :zo). Using Huisken’s monotonicity

dilations might lead to different tangent flows.

In [IIm95b], Ilmanen proved that in R? tangent flows at the first singular
time must be smooth, although he left open the possibility of multiplicity.
However, he conjectured that the multiplicity must be one.

CONJECTURE 0.4 (Ilmanen [Ilm95b, p. 7]; cf. [Eck07]). For a smooth one-
parameter family of closed embedded surfaces in R3 flowing by mean curvature,
every tangent flow at the first singular time has multiplicity one.

If this conjecture holds, then it would follow from Brakke’s regularity
theorem that near a singularity the flow can be written as a graph of a function
with small gradient over the tangent flow.

We will say that a MCF is smooth up to and including the first singular
time if every tangent flow at the first singular time is smooth and has multi-
plicity one. Conjecturally, all embedded MCF in R? are smooth up to the first
singular time.

A self-similarly shrinking solution to MCF is completely determined by
the t = —1 time-slice and, thus, we sometimes think of a self-similar flow as
just that time-slice.

The simplest self-shrinkers are R™, the sphere of radius v/—2nt, and more
generally cylindrical products S* x R** (where the S¥ has radius /—2kt).
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All of these examples are mean convex (i.e., have H > 0) and, in fact, these are
the only mean convex examples under mild assumptions; see [Hui90], [Hui93],
[AL86], and Theorem 0.17.

Without the assumption on mean convexity, then there are expected to
be many more examples of self-shrinkers in R?. In particular, Angenent,
[Ang92|, has constructed a self-shrinking torus (“shrinking donut”) of revo-
lution? and there is numerical evidence for a number of other examples (see
Chopp, [Cho94], Angenent-Chopp-Ilmanen, [AIC95], Ilmanen, [Ilm95a], and
Nguyen, [Ngu09], [Ngul0]). We will see in this paper that all self-shrinkers
except the simplest are highly unstable and, thus, hard to find. We will use
this instability to perturb them away in a generic flow.

Angenent used his self-shrinking torus to give a new proof that the dumb-
bell has a neck pinching singularity before the two bells become extinct. The
idea is to make the neck of the dumbbell long and thin and the bells on either
side large enough to contain two large round spheres. By the maximum princi-
ple, the interior of the MCF of the dumbbell will contain the shrinking spheres
and, thus, cannot become extinct until after the spheres do. On the other
hand, Angenent used the self-shrinking torus to encircle the neck of the dumb-
bell and, thus, conclude that the neck would pinch off before the spheres had
shrunk to points; see also White, [Whi02], for a beautiful expository discussion
of the dumbbell, tangent flows, and self-similar solutions.

While M; will always be a one-parameter family of hypersurfaces flowing
by mean curvature, we will use ¥ to denote a single hypersurface and > to
denote a one-parameter variation of 3. Frequently, ¥ will be the time ¢t = —1
slice of a self-shrinking solution M; of the mean curvature flow.

Given zp € R"™! and t; > 0, define the functional Fj, 4, (see [Hui90],
[AIC95, eq. (6)], or [Ilm95a, p. 6]; cf. [1lm94, 2.4]) by

2
) —lz—zg]|

(0.5) Froty () = (47t) "5 /Z e dp,

The main point of these functionals is that X is a critical point of Fy, 4, precisely
when it is the time ¢ = —tg slice of a self-shrinking solution of the mean
curvature flow that becomes extinct at © = z¢ and ¢ = 0. The entropy A = A\(X)
of ¥ will be the supremum of the Fy, ;, functionals (cf. [MMO09, Def. 1.9])

(0.6) A =sup Fy, 4 (2).

z0,t0

The key properties of the entropy A are

2In fact, for every n > 2, by rotating a curve in plane, Angenent constructed an embedded
self-shrinker in R™" that is topologically S* x 8"~!. The curve satisfies an ODE that can
be interpreted as the geodesic equation for a singular metric.
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e ) is nonnegative and invariant under dilations, rotations, or transla-
tions of .

e \(M,) is nonincreasing in ¢ if the hypersurfaces M; flow by mean cur-
vature.

e The critical points of A are self-shrinkers for the mean curvature flow.

These properties are the main advantages of the entropy functional over the F’
functionals. The main disadvantage of the entropy is that it need not depend
smoothly on Y. To deal with this, we will say that a self-shrinker is entropy-
stable if it is a local minimum for the entropy functional.?

To illustrate our results, we will first specialize to the case where n = 2;
that is, to mean curvature flow of surfaces in R3.

THEOREM 0.7. Suppose that ¥ C R? is a smooth complete embedded self-
shrinker without boundary and with polynomial volume growth.

e [f ¥ is not a sphere, a plane, or a cylinder, then there is a graph ¥ over
Y of a compactly supported function with arbitrarily small C™ norm
(for any fized m) so that \(X) < A(2).

In particular, ¥ cannot arise as a tangent flow to the MCF starting from .

Motivated by this theorem, we will next define an ad hoc notion of generic
MCF that requires the least amount of technical set-up, yet should suffice for
many applications. A piece-wise MCF is a finite collection of MCF’s M} on

Uis the graph over Mtii+ of a func-

time intervals [t;,t;+1] so that each Mt’: . .

tion Ui+1°
(0.8) Area (MZ:D = Area (Mfiﬂ) ,
(0'9) A (MZ:D <A (Mtii-!—l) ’

With this definition, area is nonincreasing in ¢ even across the jumps.

For simplicity, we assume in Theorem 0.10 below that the MCF is smooth
up to and including the first singular time. As mentioned, this would be the
case for any MCF in R3 if the multiplicity one conjecture, Conjecture 0.4,
holds.

The following theorem can be thought of as a generalization of the results
of Gage-Hamilton [GH86], Grayson [Gra87], and Huisken [Hui84].

THEOREM 0.10. For any closed embedded surface ¥ C R3, there exists a
piece-wise MCF My starting at 2 and defined up to time tg where the surfaces

3Here “local” means with respect to hypersurfaces that can be written as a graph over
the given hypersurface of a function with small C? norm. In particular, we do not require
the support to be compact.
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become singular. Moreover, My can be chosen so that if

L diamM;

then M; becomes extinct in a round point.

< 00,

The meaning of (0.11) is that each time slice of a tangent flow (at time #)
has uniformly bounded diameter after rescaling.

It is worth noting that the piece-wise MCF constructed in Theorem 0.10
can be made arbitrarily close in C" norm to the smooth flow, with the number
of break-points possibly going to infinity as the C" distance goes to zero.

Theorem 0.10 will eventually be a corollary of our main theorem in [CMa)
about generic MCF. However, it follows directly from our classification of en-
tropy stable self-shrinkers together with compactness of the space of all self-
shrinkers with a fixed bound on area and genus and serves to illustrate some of
the central ideas about generic MCF. (The compactness of self-shrinkers with
area and genus bound was proven in [CMb].) Here is why it follows directly
from these two results (a detailed proof is given in §8 of this paper).

Starting at the given surface, low by mean curvature until the
evolving surface is sufficiently close to a time slice in a tan-
gent flow. If this time slice is not a sphere yet has diameter
bounded by a fixed number, then by the classification of stable
self-shrinkers we can find a small graph over it where the en-
tropy has gone down by a fixed amount. Start the MCF at this
new surface and flow until the evolving surface is sufficiently
close to a time slice in the corresponding tangent flow. If this
time slice is also not a sphere yet has a fixed bound for the
diameter, we can continue the process of making a replacement
and get again that the entropy has gone down a fixed amount.
As the entropy is always positive, this process has to termi-
nate and we get the theorem. Note that the entropy goes down
by a definite amount after each replacement follows from the
compactness theorem of [CMb].

One consequence of Theorem (.10 is that if the initial surface is topologi-
cally not a sphere, then the piece-wise flow must develop a noncompact (after
rescaling) singularity.

Note that even flows that become extinct at a point can develop non-
compact singularities. For example, Altschuler-Angenent-Giga, [AAG95], con-
structed a mean convex initial surface in R3 whose MCF is smooth until it
becomes extinct in a “noncompact” point. In fact, the tangent flow at the
extinction point is a cylinder. This is in contrast to the case of curves where
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Grayson, [Gra87], has shown that all tangent flows are compact; cf. [Ham95]
and [Hui98].

0.1. Higher dimensions. As already mentioned, the main result of this
paper is the classification of generic singularities. In higher dimensions, this is
the following.

THEOREM 0.12. Suppose that ¥ is a smooth complete embedded self-
shrinker without boundary and with polynomial volume growth.

(1) If & is not equal to S* x R then there is a graph ¥ over ¥ of
a function with arbitrarily small C™ norm (for any fixred m) so that
D) < A(D).

(2) If ¥ is not S™ and does not split off a line, then the function in (1) can
be taken to have compact support.

In particular, in either case, ¥ cannot arise as a tangent flow to the MCF
starting from .

In our earlier theorem showing that in R? entropy stable self-shrinkers
are all standard, we assumed that the self-shrinker was smooth. This was a
reasonable assumption in R? for applications as (by the theorem of Ilmanen)
any tangent flow in R3 is indeed smooth. However, examples of Veldzquez,
[Vel94], show that tangent flows need not be smooth in higher dimensions* and,
instead, one has the following well-known conjecture (see page 8 of [Ilm95b]).

CONJECTURE 0.13. Suppose that My C R lis a smooth closed embedded
hypersurface. A time slice of any tangent flow of the MCF starting at My has
multiplicity one and the singular set is of dimension at most n — 3.5

We will show that when n < 6, our results classifying entropy stable self-
shrinkers in R"*! hold even for self-similar shrinkers satisfying the smoothness
of Conjecture 0.13. In fact, we show here the following stronger result.

THEOREM 0.14. Theorem 0.12 holds when n < 6 and ¥ is an oriented
integral varifold that is smooth off of a singular set with locally finite (n — 2)-
dimensional Hausdorff measure.

In the case where X is a nonsmooth minimal cone in Theorem 0.14, the per-
turbed surfaces will also be cones and the perturbation will be scale-invariant.

4n [Vel94], Veldzquez constructed smooth embedded hypersurfaces evolving by MCF in
R?® whose tangent flow at the first singular time is the static Simons cone and is, in particular,
not smooth.

By the dimension reduction of [Whi97], the estimate on the singular set would follow
from ruling out static planes, quasi-static planes, and various polyhedral cones as potential
blow ups. The key for proving the conjecture is to rule out higher multiplicity static planes.
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Moreover, the perturbation can be chosen with arbitrarily small scale-invariant
C™ norm (for any fixed m).

0.2. Qutline of the proof. The key results of this paper are the classi-
fication of entropy-stable self-shrinkers given in Theorem 0.7 and its higher
dimensional generalization Theorem 0.12. The main technical tool for proving
this is the concept of F-stability, which we will define below.

We will see that there are several characterizations of self-shrinkers. One
of the most useful is that self-shrinkers are the critical points for the Fp1
functional (see Proposition 3.6 below). Since this functional is the volume in a
conformally changed metric, they are also minimal surfaces in the conformally
changed metric. From either point of view, every self-shrinker ¥ is unstable
in the usual sense; i.e., there are always nearby hypersurfaces where the Fp
functional is strictly less (see Theorem 9.2 below). This is because translating
a self-shrinker in space (or time) always lowers the functional. The stability
that we are interested in, which we will call F-stability, mods out for these
translations.

A critical point X for F ¢, is F'-stable if for every compactly
supported variation® ¥; with g = ¥, there exist variations z,
of 7o and t, of ¢y that make F" = (F,_ ;. (Xs))" > 0 at s = 0.

We will show that entropy-stable self-shrinkers that do not split off a line
must be F-stable.

THEOREM 0.15. Suppose that ¥ C R is a smooth complete self-shrinker
with 0% = 0, with polynomial volume growth, and ¥ does not split off a line
isometrically. If ¥ is F-unstable, then there is a compactly supported variation
Ys with ¥g = X so that \(Xs) < A(2) for all s # 0.

Thus, we are led to classifying F-stable self-shrinkers.

THEOREM 0.16. If ¥ is a smooth” complete embedded self-shrinker in
R without boundary and with polynomial volume growth that is F-stable
with respect to compactly supported variations, then it is either the round sphere
or a hyperplane.

The main steps in the proof of Theorem 0.16 are

e show that F-stability implies mean convexity (i.e., H > 0),
o classify the mean convex self-shrinkers (see Theorem 0.17 below).

6A compactly supported variation X5 of ¥ is a one-parameter family of graphs over X
given by {z + s f(z)n(z)|z € £}, where n is the unit normal and f is a function on ¥ with
compact support.

"The theorem holds when n < 6 and ¥ is an oriented integral varifold that is smooth off of
a singular set with locally finite (n — 2)-dimensional Hausdorff measure. See Corollary 12.2.
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The connection between F-stability and mean convexity comes from that
the mean curvature H turns out to be an eigenfunction for the second varia-
tion operator for the Fy; functional on a self-shrinker ¥; see Theorems 4.14
and 5.2. When ¥ is closed (so that the spectral theory is easiest), it is then
almost immediate to see that F-stability is equivalent to H being the lowest
eigenfunction which, in turn, is equivalent to that H does not change sign (i.e.,
mean convexity). Although spectral theory of open manifolds is more compli-
cated, we show the corresponding result in Section 9 to get that F-stability
implies mean convexity.

The classification of mean convex self-shrinkers began with [Hui90], where
Huisken showed that the only smooth closed self-shrinkers with nonnegative
mean curvature in R"*! (for n > 1) are round spheres (i.e., S*). When n = 1,
Abresch and Langer, [AL86], had already shown that the circle is the only
simple closed self-shrinking curve. In a second paper, [Hui93], Huisken dealt
with the noncompact case. He showed in [Hui93] that the only smooth open
embedded self-shrinkers in R"*! with H > 0, polynomial volume growth, and
|A| bounded are isometric products of a round sphere and a linear subspace
(ie., S*¥ x R"* c R"*!). We will show that Huisken’s classification holds
even without the |A] bound, which will be crucial for our applications.

THEOREM 0.17. S¥ x R™* are the only smooth complete embedded self-

shrinkers without boundary, with polynomial volume growth, and H > 0 in
R

The S* factor in Theorem 0.17 is round and has radius v/2k; we allow the
possibilities of a hyperplane (i.e., & = 0) or a sphere (n—k = 0). Embeddedness
is used in Theorem 0.17 to rule out the products of immersed Abresch-Langer
shrinkers with Euclidean factors.

In [EWS8T7], Epstein and Weinstein studied the local nonlinear stability of
the rescaled curve shortening flow of locally convex curves in R%. They first
classify the locally convex static solutions (i.e., locally convex self-shrinkers),
obtaining a two-parameter family of solutions w, , where 27 p is the total cur-
vature and 2q is the number of “vertices” (or critical points of the curvature).
Next, they prove the existence of stable and unstable manifolds® at each so-
lution and compute the codimensions of these. As a consequence, they show
that

(1) Every immersed solution except the round circle is locally dynamically
unstable.

8Recall that the stable manifold is the set of curves that flows into the static solution as ¢
goes to infinity. The unstable manifold is the stable manifold for the flow with time reversed.
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(2) The embedded round circle is a stable solution (recovering a local ver-
sion of Gage-Hamilton).
(3) The round circle with multiplicity p > 1 is locally dynamically unstable.

In fact, it follows from the linear analysis in [EW87] that the immersed self-
shrinking curves are F-unstable. As a result, the assumption of embeddedness
is not needed in Theorem 0.16 and, thus, embeddedness is also not needed in
Theorems 0.7 and 0.12 (or in Theorem 4.31 below).

0.3. The proofs of the main theorems. The classification of F-stable self-
shrinkers, Theorem 0.16, will be divided into the (easier) compact case and
the noncompact case. The compact case is stated in Theorem 4.30 and proven
in Section 6. The noncompact case is stated in Theorem 4.31 and proven in
Section 11.

The splitting theorem, Theorem 0.15, is proven in Section 7. Also in this
section, using this and the classification of compact stable self-shrinkers from
Theorem 4.30, we prove the compact case of the entropy-stability result in
Corollary 7.56.

In Section 8, we combine the splitting theorem, the classification of com-
pact stable self-shrinkers, and the compactness theorem of [CMb] to construct
piece-wise MCF and prove Theorem 0.10.

In Section 10, we classify mean convex self-shrinkers and, thus, prove
Theorem 0.17.

Section 11 contains the proofs of 4.31 and Theorem 0.16, thus allowing us
to complete the proofs of Theorems 0.7 and 0.12.

Section 12 extends the main results to F-stationary varifolds with suffi-
ciently small singular sets, including the proof of Theorem 0.14.

0.4. Conwventions and notation. Using the definition (0.2), H is 2/R on
the sphere of radius R in R? and H is 1/R on the cylinder of radius R. If ¢;
is an orthonormal frame for ¥ and n is a unit normal, the coefficients of the
second fundamental form are defined to be

(0.18) a;j = (Ve,e5,n).
In particular, we have
(0.19) Vein = —Q;;€;5.

Since (Vpn,n) = 0, we have that H = (V,,n, e;) = —aj;, where by convention
we are summing over repeated indices.

When L is a differential operator, we will say that u is an eigenfunction
with eigenvalue p if Lu = —pu and u is not identically zero. The Laplacian
A is defined to be the divergence of the gradient; thus, on R", it is given by
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Au = Y7 Ug,z,- With this convention, the eigenvalues of the Laplacian are
nonnegative on any closed manifold.

The parabolic distance between two pairs of points (z1,%1) and (z2,t2) in
space-time is denoted by dp((z1,t1), (z2,t2)) and equal to

maX{|x1 — xa|,+\/|t1 —t2|}.

Finally, there is a second, and related, way to study the asymptotic struc-
ture near a singularity. In this case, one considers a new flow which combines

—
where s(t) = —log(—t) is a reparameterization of time. The resulting flow

the mean curvature flow with a continuous rescaling process My = % M,

is called the rescaled mean curvature flow® and a one-parameter family M,
satisfies it if

1

where z is the position vector. In this case, we are rescaling about x = 0 and
t = 0, but translations in space and time give similar equations for rescaling
about other points. It is not hard to see that the fixed points of the rescaled
mean curvature flow are precisely the self-shrinkers. The result of Huisken,
[Hui84], about extinction in round points, can be reformulated in terms rescaled
MCF flow as stating that the rescaled MCF of a convex hypersurface exists
for all time and converges asymptotically to the round sphere. Obviously, this
implies that the tangent flows at the singularity are round spheres.

We are grateful to the referee for comments and suggestions and, in partic-
ular, for bringing to our attention the paper of Epstein and Weinstein, [EWS8T7].

1. The F functional and Huisken’s monotonicity formula

We will need to recall Huisken’s monotonicity formula (see [Hui90], [Eck05],
[Eck04]). To do this, first define the nonnegative function ® on R"*! x (-0, 0)
by

o Jz?
(1.1) O(x,t) = [—4nt] 2 e 2
and then set @, ;0\(7,t) = ®(x — 20,t — to). If M; is a solution to the MCF
and u is a C? function, then

2
d B (x — :CO)L
(1.2) dt/Mt “P(aotn) = /Mt )

u® (50 10) + /Mz [up — Au] ®.

90ur definition of the rescaled flow differs slightly from Huisken’s definition in [Hui90]
since Huisken’s rescaling fixes the time ¢t = f% slice rather than the t = —1.
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When u is identically one, we get the monotonicity formula

d
(1.3) dt/Mt By 1) = _/M,

Huisken’s density is the limit of [y, @4, as t — to. That is,

(z — o) [’
o= —Ot)

(wo,to)

(1'4) @wo,to = th_)r% M, (I)xo,tO'

This limit exists by the monotonicity (1.3) and the density is nonnegative as the
integrand ®,, ;, is nonnegative. Note also that it easily follows from the mono-
tonicity that Huisken’s density is upper semi-continuous in the following sense.
Given zg, tg, and € > 0, there exists ¢ > 0 such that if dp((z,t), (zo,%0)) < 0,
then

(1.5) Ozt < Oy + €.
The F' functional and Huisken’s weighted volume are related by the fol-
lowing identity:

_Jz—zg)?

(16)  Frg(Mo) = Grto) ™2 [ 0T = [ a0 (0,0)
M_1 M—l

Remark 1.7. The density was defined so that it is one on a hyperplane.
In [Sto94], A. Stone calculated Huisken’s density, and thus the F' functional,
on spheres and cylinders. The density of S? is 4/e ~ 1.47, and the density of

S! x R is y/27/e =~ 1.52.

We will use two simple properties of the Fy, ;, functional defined in (0.5).
The first is that if we scale 3 by some « > 0 about the origin, then the scaled
hypersurface a3 satisfies

(1.8) Fo.021, (@ X) = Fo4o(2).

Similarly, we get a corresponding equality for rescalings about an arbitrary
xo € R"!. The second property that we will need is that if the one-parameter
family of hypersurfaces M; flows by mean curvature and ¢ > s, then Huisken’s
monotonicity formula (1.3) gives

(1.9) Faoto(Mt) < Fyg to4(1—s) (Ms)-
Recall that we defined the entropy A = A(X) of ¥ in (0.6) as the supremum

of the Fy, 4, functionals

(1.10) A =sup Fy,(2).

z0,to0

We conclude that the entropy is monotone under the mean curvature flow.

LEMMA 1.11. The entropy X is nonincreasing in t if the hypersurfaces M,
flow by mean curvature or by the rescaled mean curvature flow.
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Proof. The first claim follows immediately from (1.9), while the second
claim follows from (1.9) and (1.8). O

2. Self-shrinkers and self-shrinking M CF

A hypersurface is said to be a self-shrinker if it is the time ¢ = —1 slice'®
of a self-shrinking MCF that disappears at (0,0), i.e., of a MCF satisfying
M; = \/—tM_;. Thanks to the next lemma we will later use slight abuse
of notation and identify a self-shrinker with the corresponding self-shrinking
MCF, and sometimes we will also simply think of a self-shrinker as a hypersur-
face satisfying the following equation for the mean curvature and the normal:

(2.1) H=

LEMMA 2.2. If a hypersurface ¥ satisfies (2.1), then My = /—t % flows
by mean curvature and

<x7 N >
(2.3) Hyy, = i ¢l
Conversely if a one-parameter family of hypersurfaces M; flows by mean

curvature, then My satisfies My = /—t M_y if and only if My satisfies (2.3).

Proof. If ¥ is a hypersurface that satisfies that H = <xén>, then we set
M; = /—t¥ and z(p,t) = /—tp for p € X. Tt follows that nyy, (z(p,t)) =
nx(p), Ha,(z(p,t)) = H%_(IZ), and Oxr = _%ﬁ_ Thus, (9z)*+ = —ép’—\/% =
—Hyy, (z(p,t)). This proves that M; flows by mean curvature and shows (2.3).
On the other hand, suppose that M; is a one-parameter family of hyper-

surfaces flowing by mean curvature. A computation shows that

(2.4) (—t)2 9, <\/$7) = —tdx + g

If \y_it = M_4, then

N

(2.5) 0= (-t) <at (é),an> = —t(Bz, ) + %<m,nM71>.

Hence, since M; flow by the mean curvature, it follows that

<‘T y AV >
—
The equation for H)y,, for general ¢, follows by scaling.

(2.6) HM71 = —<8t:1:,nM71) =

10 [Hui90], Huisken defines self-shrinkers to be the time ¢ = —1 slice of a self-shrinking
MCEF; consequently, Huisken gets that H = (z,n).
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Finally, if M, flows by mean curvature and satisfies (2.3), then, by the
first part of the lemma, it follows that N;=+/—tM_1 also flows by the mean
curvature and has the same initial condition as M;; thus My =N, for t>—1. [

COROLLARY 2.7. If the hypersurfaces My flow by mean curvature, then
M, is a self-similar shrinking MCF if and only fMt ® is constant.

Proof. This follows by combining Lemma 2.2 with (1.9). O
Another consequence of Lemma 2.2 is the following standard corollary.

COROLLARY 2.8. If X is a self-shrinker and H = 0, then X is a minimal
cone. In particular, if 2 is also smooth and embedded, then it is a hyperplane
through 0.

Proof. Since H = 0, M; = X is a static solution of the MCF. Hence, by
Lemma 2.2, /—t > = X for all £ < 0 and, thus, ¥ is a cone. The second claim
follows since the only smooth cone through 0 is a hyperplane. U

2.1. Volume bounds and a priori bounds for blow ups. Let M; C R" ™! be
a MCF with initial hypersurface My where My is smooth closed and embedded.

LEMMA 2.9. If My and M; are as above and T > 0 is given, then there
exists a constant V = V(Vol(My),T) > 0 so that for all v > 0, all zop € R"*1,
and all t > T,

(2.10) Vol(B, (o) N M) < Vi,

Proof. For any ty > t to be chosen later, Huisken’s monotonicity formula
gives

(2.11) [ty — 1) e~ 7 Vol(B, = (z0) N My)
n lz—ag|?
< [Am(to—t)] 2 / e 4(’5*’(5)0)
Bm(l‘o)th
S/ (I)ﬂﬁo,to('?t) S/ (I)ﬂﬁo,to('?O)
Mt MO

2
_ l=z—=g|

— ] % / e T < (47T) "% Vol(Mp).
My

Hence,
O\ 2
(212) VOI(Bm(xo) N Mt) < e% (U;Oj_,t)> VOI(MO)

Setting tg =t+r2and V = et Vol(Mo)T ™%, the claim now easily follows. [

Given a MCF M, as above, a limit flow (or a blow up flow), By, is defined as
follows (cf., for instance, [Whi00, pp. 675-676] and [Ilm94, Ch. 7]). Let (x;,t;)



770 TOBIAS H. COLDING and WILLIAM P. MINICOZZI 11

be a sequence of points in space-time and c; a sequence of positive numbers
with ¢; — co. A limit flow is a Brakke limit of the sequence of rescaled flows
t— cj(M -2, by T xj). Such limits exist by Brakke’s compactness theorem,

[Bra78], and the a priori volume bound in Lemma 2.9. Note that when all
x; are equal to a common point xo and the t;’s are equal to a common time
to, then the limit flow is a tangent flow at (zg, %) (translated to the origin in
space-time).

COROLLARY 2.13. If My and My are as above, then there exists a constant
V > 0 so that for any limit flow By, all v > 0, o € R" ™!, and all t,

(2.14) Vol(By (o) N By) < Vr'.

Proof. This follows immediately from the lemma after noting that, since
the initial hypersurface My is smooth, the original flow remains smooth for a
short time and, thus, any blow up near (in time) the initial hypersurface is a
static plane. Thus, to prove the corollary, we may assume that the blow up is
for times ¢; > T' for some T' > 0; the corollary now follows from the lemma. [

If ¥ is a hypersurface in R"*!, then we say that ¥ has polynomial volume
growth if there are constants C' and d so that for all » > 1,

(2.15) Vol(B,(0)NX) < Cre.

Note that, by the corollary, any time-slice of a blow up has polynomial
volume growth.

3. A variational characterization of self-shrinkers

In Lemma 2.2, we saw that a hypersurface is a self-shrinker if and only if

e it satisfies the second order differential equation H = @

In this section, we will see that there are two other equivalent characteri-
zations for a hypersurface X to be a self-shrinker:
e it is a minimal hypersurface in the conformally changed metric g;; =

|z|2
e” zn §;; on R"T1;

e it is a critical point for the F}, ;, functionals with respect to variations
in all three parameters, i.e., critical for variations of 3, x¢, and tg.

The equivalence of these is proven in Lemma 3.1 and Proposition 3.6, respec-
tively.

Unless explicitly stated otherwise, the results of the rest of the paper hold
for hypersurfaces in R"*! for any n.
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3.1. The first variation of Fy, ;,. We will say that the one-parameter fam-
ily of smooth immersed hypersurfaces ¥, € R"*! is a variation of ¥ if 3, is
given by a one-parameter family of embeddings X, : ¥ — R with X equal
to the identity. We will call the vector field aggs

0 the variation vector field.

LEMMA 3.1. Let ¥, C R™! be a variation of ¥ with variation vector
field 2’ = fn. If x5 and ts are variations of o and ty with xy =y and t{, = h,
then % (Fyy 1, (Xs)) s

(3.2) (4m0)—3/2{f (H_<x—mon>)

2,
|z — x0]2 n (x — x0,y) —le—zq[?
[ (IR L IR CAUULE T P Tl
* ( A2 o) T, ¢ 0

Proof. From the first variation formula (for area), we know that

(3.3) (dp)" = fH dp.

The s derivative of the weight e~lz=2s?/(4t) Wil have three separate terms
coming from the variation of the surface, the variation of x4, and the variation
of ts. Using, respectively, that V|z — z4]? = 2(x — ),

_le—as)? —n |z — x)?
3.4 ;.1 Art,) ™2 Ty | — v T sl
(3.4) \ log {( rt) 20 } 2ol

and Oy, |z — x4]* = 2(xs — x), we get that the derivative of
log [(4mt,)~ 3 e7le=msl?/ (4]

at s = 0 is given by

f |z —z0|2 n 1
3.5 — —(z — h{ ——m—— — —(x — .
Combining this with (3.3) gives (3.2). O

3.2. Critical points of Fy 4, are self-shrinkers. We will say that ¥ is a
critical point for Fi, 4, if it is critical with respect to all normal variations in
Y. and all variations in zg and tg. Strictly speaking, it is the triplet (X, zq,tg)
that is a critical point of F', but we will refer to ¥ as a critical point of Fj 4.
The next proposition shows that ¥ is a critical point for F ¢, if and only if
it is the time —ty slice of a self-shrinking solution of the mean curvature flow
that becomes extinct at the point xg and time 0.

PROPOSITION 3.6. ¥ is a critical point for Fy, 4, if and only if H =
(.1}—$()7n>
2to
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Proof. 1t suffices to show that if H = <x}§8 7n>, then the last two terms in
(3.2) vanish for every h and every y. Obviously it is enough to show this for
xo = 0 and tg = 1, and this follows from Lemma 3.25 below (or more precisely

(3.26) and (3.27) below). O

3.3. Identities at self-shrinkers. In this subsection, ¥ C R"*! is a smooth
embedded hypersurface; A, div, and V are the (submanifold) Laplacian, di-
vergence, and gradient, respectively, on X.

We will need below that the linear operator

212 Cel2
(3.7) Lv=Av— %<£L’,VU> — " div (e 0 V’U)

is self-adjoint in a weighted L? space; that is, the following lemma.

LEMMA 3.8. If ¥ C R™! is a hypersurface, u is a C' function with
compact support, and v is a C? function, then

2
—lz]

(3.9) /Zu(/lv)eZQ = —/E(Vv,Vu)e 7

Proof. The lemma follows immediately from Stokes’ theorem and (3.7).
O

The next corollary is an easy extension of Lemma 3.8, used later to justify
computations when X is not closed.

COROLLARY 3.10. Suppose that ¥ C R"™ is a complete hypersurface
without boundary. If u,v are C? functions with

a2
(3.11) /(\uwmw\wmucv\)e—h' < oo,
P

then we get

—|x|?

(3.12) /Zu(ﬁv)eZQ — —/Z<Vv,Vu)e ;

Proof. Within this proof, we will use square brackets [] to denote weighted
integrals

2
—lz]

(3.13) m=éﬁ4

Given any ¢ that is C' with compact support, we can apply Lemma 3.8 to ¢ u
and v to get

(3.14) [puLlv] = — [p(Vv, Vu)] — [u(Vv, V).

Next, we apply this with ¢ = ¢;, where ¢; is one on the intrinsic ball of radius
j in ¥ centered at a fixed point and ¢, cuts off linearly to zero between B; and
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Bjt1. Since |¢;] and |[V¢;| are bounded by one, ¢; — 1, and |V¢;| — 0, the
dominated convergence theorem (which applies because of (3.11)) gives that

(3.15) [pj ulv] — [ulv],

(3.16) [65(V0, V)] = [(V0, V)],

(3.17) [u(Vv, V)] — 0.

Substituting this into (3.14) gives the corollary. O

We will use Corollary 3.10 in the proof of Lemma 3.25 below. To keep
things short, we will say that a function u is “in the weighted W22 space” if

—lz|?
4

(3.18) / (jul? + [Vul? + |£uf2) e - < 0.
>

The point is that if u and v are both in the weighted W?? space, then (3.11)
is satisfied and we can apply Corollary 3.10 to u and v. In particular, since
the right side of (3.12) is symmetric in v and v, it follows that

(3.19) /Eu(ﬁv)e_ljf|2 :/Zv(ﬁu)e_lzﬁ.

The next lemma applies the self-adjoint operator £ to natural geometric

quantities on a self-shrinker; x; is the i-th component of the position vector z,
ie., x; = (z,0;).

LEMMA 3.20. If ¥ C R is a hypersurface with H = @, then

1
(3.21) Lx; —5%i)
(3.22) Llz* =2n — |z
Proof. Since Ax = —Hn on any hypersurface and H = <xén> on a self-

shrinker, we have

—1 —1 1
(3.23) Axi = <—H1’l,8¢> = 7<£L'L, 82> e 7<ZE‘, 8,> + §<ZE‘, (81)T>,

T

giving (3.21). Combining this with V|z|?> = 227, where x7 is the tangential

projection of x, gives

2
(3.24) Alaf? = 2({Az,a) +2|Vaf = — [o*| + 2n.

The second claim (3.22) follows since (z, V|z|*) = (z,2T) = [2T|2. O

In the rest of this section, we will always assume that ¥ is smooth, com-
plete, 93 = (), ¥ has polynomial volume growth, and H = fzm)

Equations (3.26) and (3.27) in the next lemma are used in the proof of
Proposition 3.6 whereas (3.28), (3.29), and the corollary that follow the next
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lemma are first used in the next section when we compute the second variation
of the F' functional at a critical point.

LEMMA 3.25. If ¥ is complete, 0% = 0, ¥ has polynomial volume growth,

and H = <xén>, then

2
=]

(3.26) /E (lz[> = 2n) e 71~ =0,

|z g =lel?
(3.27) /xe i = :/:L‘]m| e 1,
b )

2
—lz|

(3.28) /E (lz]* = 2n(2n +4) + 16H*) e "7 =0.

Finally, if w € R™ is a constant vector, then

g —l=l? 712 =l

(3.29) (x,w)e" 1 =2 ‘w ‘ e 1 .
P %

Proof. In this proof, we will use square brackets || to denote weighted

integrals

(3.30) 1= [ 17

We will repeatedly use that the constant functions, the function x;, the function

(x,w), and the function |z|? are all in the weighted W22 space and, thus, that

we can apply (the self-adjointness) Corollary 3.10 to any pair of these functions.
To get the first claim (3.26), use v = 1 and v = |2|? in (3.19) to get

(3.31) 0= [1L]z*] = [2n — |2*],

where the last equality used that £|x|? = 2n — |2|? by (3.22) in Lemma 3.20.
The first equality in (3.27) follows similarly by taking v = 1 and v = x; and
using that La; = —3a; by (3.21).

To get the second equality in (3.27), argue similarly with v = z; and
v =|z|? to get

(3.32) - % [2il2?] = [|o*Las] = [w:iLl2] = [2:2n — |2]?)] = = []2)]

where the last equality used that [x;] = 0. Since the constants in front of the
[2;]2|?] terms differ, we get that [z;|z|?] = 0 as claimed.
To get (3.28), apply (3.12) with u = v = |z|? and (3.22) to get

333) 2 [jol?] — [lal*] = [lalPLlal?] = ~ ||[VI2P[*| = ~4||a"[] .
This gives (3.28) since ‘ZL‘T’2 = |z|? — ‘$L‘2 = |z|? — 4H? and [|z|*] = [2n].

Finally, the last claim (3.29) follows from (3.12) with u = v = (z,w) since
L{z,w) = —3(z,w) and V{z,w) = wT. O
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COROLLARY 3.34. If X is as in Lemma 3.25, then

(3.35) /Z[<|Z|2_Z>2_;]eﬁ”2 —_/21{265”'2.

Proof. As in the proof of Lemma 3.25, square brackets [-] will denote

weighted integrals. Squaring things out gives
(3.36)

s (122 n) el e e

= [n(n +2) — 4H? — n(2n) +n? - 2n] = —4[H?],

where the second equality used Lemma 3.25. [l

4. The second variation of F, ;, and the operator L, ,

In this section, we will calculate the second variation formula of the F
functional for simultaneous variations in all three parameters X, xg, and tg.
The most important case is when 3 is a critical point where we will use our
calculation to formulate a notion of stability.

As we saw in Section 3, critical points of the F' functional are the same
as critical points for Fy,;,, where zo and to are fixed and we vary the hy-
persurface alone. These are easily seen to characterize self-shrinkers and are
equivalent to being a minimal hypersurface in R**! in a conformally changed
metric. In Section 5 we will see that it turns out that as minimal hypersur-
faces in the conformally changed metric, they are unstable in the usual sense
of minimal surfaces (cf. [CM06, Ch. 1]). Equivalently, every critical point of
the F' functional is unstable if you fix x¢ and ty and vary ¥ alone.

In spite of this, it is still possible to formulate a natural version of stability
for the full F' functionals. The point is that the apparent instability comes from
translating the hypersurface in space and time, and our notion of stability will
account for this.

4.1. The general second variation formula. In the next theorem, g will
be a one-parameter family of hypersurfaces, where the s derivative 0,3 will
be assumed to be normal to X for each s. Namely, we assume that 0,35 = fn,
where f is a function and n is the unit normal to 35 (and we have suppressed
the s dependence). This allows us to apply Lemma 3.1 for each s and then
differentiate with respect to s.

THEOREM 4.1. If ¥4 is a normal variation of X3, xs is a variation of xg,
and ts is a variation of to with

(4.2) 0Os 70 Ys = fn, Os _ L5 =Y and Oy 70155 = h,
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(4.3) Os| = f, Oss Ty = y', and Oy b= R,
s=0 s=0 s=0
then setting F" = g o (Fy, 1, (5)) gives
s=
2
_ T — Tg, N xr — xo|° — niy
(44) F = (47Tt0) n/2/ |:_fol‘0,t0 f+fh < 2 > — 2’ 2Z’f3
¥ 0 0

to 2to t3

(x — zg,n) |z —z0|2 n T — x 2
7 CCUELY R A () ] G
* (f ( ot )" 2 ) e Y

(&= zom)
v (1= L))

|z — 20|? n (x — x0,Y") —la—aq|?
pp (T2 ) TRV gy,
4¢3 2ty 2to

+ f<y7 n> ’y‘Q h <.’IJ B $07y>

where Lyy iy = A + |A]? — ﬁ(m — 20, V(")) + ﬁ is a (nonsymmetric) second
order operator.

Proof. Within this proof, we will use square brackets [] to denote

weighted integrals, i.e.,

Ts,ts

*|1'*$s\2

(4.5) e, = (rt) 7 [ ge™ " dp.

Letting primes denote derivatives with respect to s at s = 0, differentiating
(3.2) gives

(4.6)
(x —z5,m) z—z2 n Y z— .\
p(r- ) e (Mt - o) + (557 )
H (z —xo,m) i |z — 202 n x — xo 2
+(f< _2to>Jr (4753_2750>+< 5% ay>)
+f,<H_<ﬂf—w>+h/(lx—ml2_n>+<w—my’>} |
x0,to

F// —

2tg

where we used (3.5) to compute the term on the second line. Standard calcu-
lations for the first variations of H and n (see, for instance, in [HP99, Th. 3.2]
or [CMd]) give

(4.7) H' = -Af —|A]f,
(4.8) n' =-Vf.
Since ’ = fn, we get

(4.9) (x —zs,n) = f — (y,n) — (x — 20, V).
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Hence, since (t;1) = —hty? and (z5)' = y, we have
B /
(4.10) <H _fewn 226 n>>
e R R R R
= —Lugso [+ 2’%@: o m) + 2,

where the second equality used the definition of L., :,. The second term is
given by

(4.11)
w—w  n\' el | p-zofn) (@-wmey)  n o,
42 2t 2t3 2t2 2t2 2t2
_ f<$ —xo,n) h [z —xo|* —ntg  (z —z0,y)
2t3 2t} 2t2

For the third term, observe that
(4.12) (x—azs)’:fn—y—h(:c—xo)/to

’ 2t 2t '
Combining these gives the theorem. O

4.2. The second variation at a critical point. In this subsection, we spe-
cialize our calculations from the previous section to the case where X is a
critical point.

In the next theorem and throughout the remainder of this paper, we let
L = Ly, be the (nonsymmetric) second order operator

1 1 1
(4.13) L=L+ AP+ 5 =A+]AP - 5@, V() + 5.
THEOREM 4.14. Suppose that ¥ is complete, 0% = (), ¥ has polynomial

volume growth, and X is a critical point for Fy1. If Xs is a normal variation
of ¥, xs, ts are variations with xg =0 and tg = 1, and

(4.15) Os _0 Y= fn, Os _ s =Y and Oy —ots = h,
then setting F" = g S (Fy.t.(Zs)) gives
(4.16)
% —n/2 2 172 (y,m)*\ -
F" = (4m)™" /E —fLf+2fhH —h*H —i—f(y,n)—T e 1 du.

Proof. Since ¥ is a critical point for Fp 1, we have by (3.2) that

_ (z,n)
(4.17) H = —
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Within this proof, we will use square brackets [-] to denote weighted integrals:

a2
4.18 g = (4w ~3 ge T du.
( )
It follows from Lemma 3.25 that
2
(4.19) 31 - Z} =0and [z] = [a: ]ajﬂ = 0.

Theorem 4.1 (with 29 = 0 and tg = 1) gives

2 _ 2
420 £ = |rnp e g 12 ) - 2R e

(n(BE - 5) +hen) ]

where we used (4.17) and (4.19) to see that a number of the terms from The-
orem 4.1 vanish. Squaring out the last term and using (4.17) and (4.19) gives

+

a2 B = [snpeema - 2+ i - )

2
K2 ('Z’z = Z)2+ i<x,y>2 +h K‘fcf - ;‘) (x,y)} .

Using the last two equalities in (4.19), we see that the last term in (4.21)
vanishes and thus

(4.22)

_l’_

- 2 2 2 2
F' = |~fLf+2fh H+ 1 (pj - Z) - ) - w'*“’”’yﬂ

= |—fLf+2fhH —h*H*+ f(y,n) — 2J ;

where the second equality used Corollary 3.34 and (3.29). U

4.3. F-stable self-shrinkers. We will say that a critical point ¥ for Fp; is
F-stable if, for every normal variation fn, there exist variations of zg and tg
that make F” > 0.

Roughly speaking, Y is stable when the only way to decrease the Fj 1
functional is to translate in space or time. It is easy to see that the sphere of
radius v/2n is F-stable in R"*1.

LEMMA 4.23. The n-sphere of radius v/2n in R™ ! is F-stable.
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Proof. Note that 27 = 0, A is 1/v/2n times the metric, and L = A + 1.
Therefore, by Theorem 4.14, the lemma will follow from showing that given
an arbitrary normal variation fn, there exist h € R and y € R"! so that

2
n ,n
wa {f (AF + )+ VI fh— 0+ plyom) — L2
Sn

1 on the n-sphere of radius one are

Recall that the eigenvalues of the Laplacian
given by k? + (n — 1)k for k = 0,1,... with 0 corresponding to the constant
function and the first nonzero eigenvalue n corresponding to the restrictions
of the linear functions in R™*!. It follows that the eigenvalues of A on the

sphere of radius v/2n are given by

k2 + (n—1)k

4.2 - v /"

(4.25) Wk o :
1

with pg = 0 corresponding to the constant functions and py = 5 correspond-
ing to the linear functions. Let E be the space of W2 functions that are
orthogonal to constants and linear functions; equivalently, E is the span of all
the eigenfunctions for ug for all £ > 2. Therefore, we can choose a € R and
z € R 50 that

(4.26) fo=f—a—(z,n) € E.

Using the orthogonality of the different eigenspaces, we get that
(4.27)

~FAf 0 2= [ =D [ G- [ e

1 1
:E/nfg_i Sn<zan>2_/na2.

Again using the orthogonality of different eigenspaces, we get
(4.28) /S [\/2n fh+ fly, n)] = /s [\/2n ah + (z,n)(y,nﬂ )

Combining (4.27) and (4.28), we get that the left-hand side of (4.24) is greater
than or equal to

Sn

2 1 2
(4.29) / {fo — —(zn)? —a®+V2nah — 2R+ (z,n){y,n) — <y’n>}
nln 2 2 2
_ fg 1 2 Vnh 2
-/ [n 5 (2 — o? = (a2 ).
This can be made nonnegative by choosing y = z and h = v2a, ([

vn
We will prove the following converse.

11See7 e.g., Chavel [Cha84, eq. (14), p. 35].
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THEOREM 4.30. The n-sphere with radius v2n and center 0 is the only
(smooth) closed F-stable hypersurface in Rt for any n > 2.

In the noncompact case, we show

THEOREM 4.31. The n-planes through 0 are the only complete (smooth)
embedded noncompact F-stable hypersurfaces in R with no boundary and
polynomial volume growth.

We will prove Theorem 4.30 in Section 6 and then prove Theorem 4.31
in Section 11. Theorem 0.16 from the introduction follows from combining
Theorems 4.30 and 4.31.

5. Eigenfunctions and eigenvalues of L

Throughout this section, ¥ € R™*! is a smooth hypersurface without
(z,n)

boundary, H = =+, and

(5.1) L=A+]AP+ — 2(.9(0)

is as in Theorem 4.14.

In this section we will show that H and the translations are eigenfunctions
of L. We will see that the eigenvalue corresponding to H is —1, whereas the
eigenvalue corresponding to the translations (in space) is —%. We will also see
that in a weighted space these eigenfunctions are orthogonal. In fact, orthogo-
nality is a direct consequence of that they are eigenfunctions corresponding to
different eigenvalues and that in a weighted space the operator L is self-adjoint.
Namely, we show the following theorem.

THEOREM 5.2. The mean curvature H and the normal part (v,n) of a
constant vector field v are eigenfunctions of L with

1
(5.3) LH = H and L{v,n) = §<v,n>.
Moreover, if ¥ is compact, then L is self-adjoint in the weighted space and

(54) - /E(ulLug)eZ

Once we have this, then we can use a theorem of Huisken together with
the usual characterization of the first eigenvalue to conclude that if ¥ is a
closed F-stable self-shrinker, then ¥ must be a sphere.

2
—lz]

1
= / <<Vu1,Vu2> — |A|Pugug — §U1U2> e 1
o

5.1. H and (v,n) are eigenfunctions of L.

LEMMA 5.5. LH=H and L{v,n)= %(v, n) for any constant vector field v.
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Proof. Letting e; be an orthonormal frame for ¥ and differentiating H =

3 (z,n) as in Theorem 4.1 of [Hui90] (which has a different normalization) gives
(5.6) 2V, H = (ej,n) + (x,Vem) = —a;5(x, €5),

where the first equality used that V.x = e for any vector e and the second
equality used (0.19). Working at a point p and choosing the frame e; so that
VZ; e;j(p) = 0, differentiating again gives at p that

(57) 2V6k VeiH = —aij’k(x, €j> - a,-j<ek, 6j> — aij <l‘, vek€j>.
Using that Vgej =0 at p, the last term in (5.7) can be rewritten as
(5.8) — aij(x, Veyej) = —aij(x, agjn) = —2Ha;jay;.

Taking the trace of (5.7), using Codazzi’s equation (i.e., ai;; = aii; = —Hj;
see, e.g., (B.5) in [Sim83]), and substituting (5.8) gives at p that

(5.9) 2AH = (z,VH) + H — 2|A*H,
and thus,
1 1
(5.10) LH = AH + |A*H + gH — 5 (2, VH) = H.

Since p is arbitrary and (5.10) is independent of the frame, we conclude that
LH =H.
Fix a constant vector v € R""1, and set f = (v,n). We have

(5.11) Ve f = (v, Ven) = —ai(v, €5).

Working again at a fixed point p and choosing the frame as above, differenti-
ating again and using the Codazzi equation gives at p that

(5.12) Ve Ve, f = —air (v, €5) — aij{v, ajpm).
Taking the trace gives
(5.13) Af = (v, VH) — |A]*f.

(Note that we have not used the self-shrinker equation for H in (5.13), but we
will use it next.) From (5.6), we know that

1 1
(5.14) (v, VH) = —§<x,ej)aij<v,ei> = §<x,Vf>,
where the last equality used (5.11). Substituting this back into (5.13), we
finally get that Lf = A f+ [APf+ 35— (2, Vf) =3 f. O

Proof of Theorem 5.2. The two claims in (5.3) are proven in Lemma 5.5.
The last claim follows immediately from Lemma 3.8. U
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5.2. The eigenvalues of L. Recall that we will say that u € R is an eigen-
value of L if there is a (not identically zero) function v with Lu = —puu. The
operator L is not self-adjoint with respect to the L?-inner product because of
the first order term, but it is self-adjoint with respect to the weighted inner
product by Theorem 5.2. In particular, standard spectral theory'? gives the
following corollary.

COROLLARY 5.15. If ¥ c R™*! is a smooth closed hypersurface, then

(1) L has real eigenvalues py < po < ... with p — 0o.

(2) There is an orthonormal basis {uy} for the weighted L? space with Luy =
— Mg Uk

(3) The lowest eigenvalue py is characterized by

|2

V2 |AI2F2 — 1 f2) e

(5.16) f1 = inf Jo (1911~ 14P7 sz ) :

f Jo f2e™ T

where the infimum is taken over smooth functions f (that are not identi-
cally zero).

(4) Any eigenfunction for py does not change sign and, consequently, if u is
any weak solution of Lu = —uju, then u is a constant multiple of u.

Remark 5.17. There is a corresponding result when ¥ is not closed. In
this case, we choose a smooth open subset 2 C ¥ with compact closure and
restrict to functions with compact support in Q. In this case, (1) and (2) are
unchanged, the infimum in (3) is over smooth functions with compact support
in €2, and (4) is for Dirichlet eigenfunctions (i.e., ones that vanish on 092).

6. Spheres are the only closed F'-stable self-shrinkers

We now have all of the tools that we need to prove that spheres are the
only smooth, embedded closed self-shrinkers that are F-stable (this is Theo-
rem 4.30).

Proof of Theorem 4.30. Since Y is closed, the mean curvature H cannot
vanish identically. By Huisken’s classification, [Hui90], it suffices to show that
H does not change sign. (By the Harnack inequality, it is then positive every-
where.) We will argue by contradiction, so suppose that H changes sign.

In order to show that X is unstable, we must find a function f on X so that
F"” < 0 no matter what values of h and y that we choose. Given a variation

12T hese facts are proven in a similar setting (Dirichlet eigenvalues for divergence operators
on smooth, bounded open sets in R™) in Theorems 1 and 2 on pages 335 and 336, respectively,
in Evans, [Eva98]. The proof uses only linear elliptic theory and self-adjointness, and it carries
over to this setting with standard modifications.
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fn of X, a variation y of xg, and a variation h of ¢y, Theorem 4.14 gives

(6 1) F'" = (4 —n/2 _ 12772 _ <y7 n>2 —lz?
. — (4m) /Z FLE+2fh H = B2H? + fly,m) — L] 70
We know from Theorem 5.2 that H is an eigenfunction for L with eigen-
value —1. However, since H changes sign, (4) in Theorem 5.15 implies that
—1 is not the smallest eigenvalue for L. Thus, we get a positive function f
with Lf = uf, where p > 1. Since L is self-adjoint in the weighted L? space
by (5.4), we see that f must be orthogonal to the eigenspaces with different
eigenvalues (this is (2) in Theorem 5.15). Therefore, by Theorem 5.2, f is
orthogonal to H and the translations; i.e., for any y € R, we have

2 2
—lz| —lz|

(6.2) O:/EfHe 1 :/Ef<y,n>e 1

Substituting this into (6.1) gives

n/2 N _ . _ _ M —\z\z _ —\ZF
(6.3) (4n)*F —/Z{ fuf —h?H? 5 }e < ,u/Zer .

Since p > 1 is positive, it follows that F” < 0 for every choice of h and y as
desired. O

7. Entropy
The entropy A\(X) of a hypersurface ¥ is defined to be
(7.1) D) = Sup Froto(2).

zoER™ 1L t5>0
Even though the supremum is over noncompact space-time, we will see that
this supremum is achieved on two important classes of hypersurfaces: compact
hypersurfaces with A > 1 and self-shrinkers with polynomial volume growth.

7.1. The entropy is achieved for compact hypersurfaces with A > 1. We
will need a few simple properties of the F' functionals that we summarize in
the following lemma.

LEMMA 7.2. If ¥ c R™! is a smooth complete embedded hypersurface
without boundary and with polynomial volume growth, then

(1) Fyy1o(X) is a smooth function of zo and to on R x (0, 00).

(2) Given any to > 0 and any xo, we have Oy, Fy, 1,(2) > —@ supy, H2.

(3) For each xq, limy, 0 Fyy 10 (2) is 1 if 9 € ¥ and is 0 otherwise.

(4) If X is closed, then A\(¥) < oo.

Proof. Property (1) follows immediately from differentiating under the
integral sign and the polynomial volume growth.



784 TOBIAS H. COLDING and WILLIAM P. MINICOZZI 11

Since the hypotheses and conclusion in (2) are invariant under translation,
it suffices to do the case where xy = 0. The first variation formula (Lemma 3.1)
gives

_n [ |z* = 2nto 2nt0 _l=?
(73) 8t0F0 tO(E) 47T7f0 / 4o,
’ 4t0
Since A|z|? = 2n — 2H (z,n) and Ae/ = e/ (Af + |Vf[?), we have
(7.4)
ekt TP om Hpm) o -2aty |otP  Hizn)
42 4t 2to 4t 43 2to
|z|? — 2ntg E
- 4t 4’
where the inequality used 2ab < a?+b?. Since X has polynomial volume growth
_l=?
and the vector field Ve %0 decays exponentially, Stokes’ theorem gives
W [ H? _1z
(75) atOFO’tO (Z) Z —(47Tt0)_5 Te 4t
b
1 A(X
2 = Footo (%) St;pHQ > (4) sngQ,

where the last inequality used that, by definition, A(X) > Fy 4, (X).
Property (3) is a standard consequence of the fact that smooth hyper-
surfaces are approximated by a hyperplane on small scales (recall that the

|z —aq|2

function (47tg)"2e ™  is a heat kernel on a hyperplane through zy and
has integral one on the hyperplane independent of ¢).

To see property (4), observe that since ¥ is smooth and closed, there is a
constant V' > 0 so that for every x¢ and for every radius R > 0,

(7.6) Vol(Br(zo) NX) < VR".
Property (4) follows easily from this. O

LEMMA 7.7. If ¥ C R™! is a smooth closed embedded hypersurface and
A(X) > 1, then there ezist xg € R" and tg > 0 so that A = Fy 4, (2).

Proof. For each fixed tg > 0, it is easy to see that lim ;| o Figto(X) =0
by the exponential decay of the weight function together with the compactness
of ¥. In particular, for each fixed t¢ > 0, the maximum of Fy 4, (2) is achieved
at some xo. Moreover, the first variation formula (Lemma 3.1) shows that
this maximum occurs when the weighted integral of (z — z() vanishes, but
this can only occur when x( lies in the convex hull of ¥. It remains to take
the supremum of these maxima as we vary tg; i.e., we must show that the F
functionals are strictly less than A(X) when tg goes to either zero or infinity.
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It is easy to see that Fy, ;,(2) goes to zero (uniformly in xg) as tg — oo
since

(7.8) Froto(2) < (47t) "2 VoI().

Fix an ¢ > 0 with 1 + 3¢ < A(X). Given any x, property (3) in Lemma 7.2
gives a t; > 0 so that F,;(X) < 14 ¢ for all ¢tz < t,. Using the continuity
(in z) of F 4, (X) and the compactness of ¥, we can choose a finite collection
of points z;, positive numbers ¢; < & (with Cy from (2) in Lemma 7.2), and
radii r; > 0 so that

o X C U;By, (xz),

o for every x € By, (z;), we have Fy 4, (¥) < 1+e.
If we let 7 be the minimum of the r;’s and let ¢ be the minimum of the ¢;’s, then

property (2) in Lemma 7.2 gives, for any x in the 7 tubular neighborhood of
Y and any ty < t, that

(7.9) Fioot0(3) < Fag by (B) + Colti(zg) — o) < 14 2,

where i(xo) satisfies ©o C Bar,, | (Ti(zy)). 1t follows that Fi, 4, (X) is strictly

less than A for tg sufficiently small, and the lemma follows. O

7.2. The entropy is achieved for self-shrinkers with polynomial volume
growth. The next lemma shows that, for a self-shrinker 3 with polynomial
volume growth, the function (zg,t9) — Fy,t(2) has a strict (global) maxi-
mum at xg = 0,fg = 1, unless X splits off a line isometrically. Most of the
proof is concerned with handling the case where ¥ is noncompact; when 3 is
closed, the lemma is an easy consequence of Huisken’s monotonicity for the
associated self-similar flow (cf. [Whi97, §8]).

LEMMA 7.10. Suppose that ¥ is a smooth complete self-shrinker with
0X = 0, polynomial volume growth, and X does mot split off a line isomet-
rically. Given € > 0, there exists 6 > 0 so that

(7.11) sup { Fay 10 ()| [zo] + | log to] > e} < A — 6.

Proof. We will prove first that the function (zo,t9) — Fiyt,(X) has a strict
local maximum at (0,1). We do this by showing that (0, 1) is a critical point
(in fact, the only critical point) and then showing that the second derivative
at (0,1) is strictly negative. The bulk of the proof is then devoted to showing
that the function is decreasing along a family of paths that start at (0,1) and
run off to infinity (or time goes to zero) and whose union is all of space-time.

Since X is fixed and has polynomial volume growth, we may think of
Fyo.t0(2) as a smooth function of g and ¢y. Since X is a self-shrinker, it follows
from Proposition 3.6 that the R"*! x R-gradient of this function vanishes at
St?o:()andto:l.
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The second variation formula (Theorem 4.14) with ¥3 = ¥ gives that the
second derivative of F,_ ; (X) at s = 0 along the path ;s = sy,t; = 1+ sh is

)ny el
(7.12) - (47r)”/2/E h*H? + S e du.
This expression is clearly nonpositive. Moreover, the second term vanishes only
when y is everywhere tangent to X; this can happen only when y = 0 since X
does not split off a line. Likewise, the first term can vanish only when A = 0
or when Y is a minimal cone; the latter does not occur here since hyperplanes
are the only smooth minimal cones. We conclude that Fj ., (X) has a strict
local maximum at zg = 0 and ¢ty = 1. Thus, the lemma will follow from the
following claim.

Claim. If we fix y € R"! and a € R and then define g(s) by

(713) g(S) = Fsy,1+a s2 (E)a

then ¢'(s) < 0 for all s > 0 with 1+ as?® > 0. (The second condition is
automatic for a > 0.)

The rest of the proof will be devoted to proving the claim.

Preliminaries: weighted spaces and self-adjoint operators. We will use
square brackets [-], to denote the weighted integral
|z — acs|2

M= Gre) 8 [ ge T

with 25 = sy and t; = 1 + a s and define the operator L

T — lz—zs|? —lz—zs|?
(7.14) ESU:AU—< T Vv>:e i divle s Vo .

A slight variation of the proof of Corollary 3.10 gives that
(7.15) ~ [uls], = [(Vu, V),

whenever u and v are C? functions with [[uVv| + [Vu| [Vv| + [uLlsv]], < oco.

To apply this, we will compute L on (z,y) and |z|? (cf. Lemma 3.20, where
we did this for s = 0). First, since V{(z,y) = y and A(z,y) = —H (n,y) =
(zy™")

_@éin)<n7y> =TT we get
T — Tg
(716) 2£S<$7y> = _<xayJ_> - < n >?/T> .

. . . 2 T 2 1 2 .
Similarly, using V |z|” = 22" and A|z|* =2n — |z ‘ by (3.24) gives

2 —
(7.17) Lg|z]* =2n — ’xJ“ — <¥,xT> .

S
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It follows from the polynomial volume growth and (7.16) that we can
apply (7.15) with w =1 and v = (z,y) to get

(7.18) (= 2T yM)], =t [ 0h)]

Similarly, the polynomial volume growth and (7.17) allow us to apply (7.15)
with u = 1 and v = |z|? to get

2
(7.19) [((x - $S)T,$T>]s =t {Zn - ’xL‘ }
The derivative of g. The first variation formula (Lemma 3.1) gives
2
9 (s) = |¢ |z — _n ( — x5, y) .
(7.20) g = [t (Bt - ) |

It is useful to set z = & — x5 so that z = z + sy. Using (7.18), we compute the
weighted L? inner product of y? and 27"

(T, yT) _ [((z+sy)L,yl>]s _ {<ZJ_7yJ_> +8‘yLﬂ

s s

(7.21)

ts
Similarly, we can rewrite (7.19) as

HzT’2 <ZT’yT>-|

(7.22) {ts +s y J :{271_’ZL‘2_28<zi’yi>_32‘yL‘2}

R
Using (7.21) to evaluate the (z7,yT) term on the left gives

(7.23) {tsJ =5 {(zl,yL) +s ’ylﬂs

-

—2s(zt,yt) — 52 ‘yLﬂ
S
= _2n - )ZL‘Q - s(yl,zﬂ} .
- S

Using (7.23), the first term in (7.20) can be written as

2 ] t ’ZT‘2 ’ZJ_‘Q

7.24 0 L LN R —2

(7.24) 8{4@ ot | " ats | 6 Tt .
ts K 1 ) 12 Lo }
- ~ 1 - :
4t5 ts ‘Z ’ S<y 72 > s
Similarly, using (7.21), we can rewrite the second term in (7.20) as
(7 25) <Z7 y> — 1 <ZT7yT> + <ZJ_7yJ_>
' 2t 2 ts ts s

~3 (G Vet =l

S
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Since we set t; = 1 + as?, we have t, = 2a s and

t 1/1 —2a s>
7.26 == (7 - 1) = ,
( ) 4t 2 \tg 4t
so the cross-terms (i.e., the (z+, y*) terms) are equal in (7.24) and (7.25). This
gives
1 2
(7.27)  4tsg'(s) =t (t— - 1) []zlﬂs —4as [(zl,yﬂ}s — 2sts { = }
S S
2 2
_ = {a252|zH2 +2asts(zh,yt) + 12 |yt }
tS S
2 2
:—t— ’aszL—i—tsyl' }
S S

This is clearly nonpositive for all a € R, y € R"*!, and s > 0 with t; > 0. O

7.3. The equivalence of F'-stability and entropy-stability. We can now prove
that F-stability and entropy-stability are equivalent for self-shrinkers that do
not split off a line isometrically. Within the proof, we will need the following
elementary lemma.

LEMMA 7.28. There is a constant C,, depending only on n so that if ¥ C
Rt is a complete hypersurface, then for any o € R™ ! and tq > 0,

_lz—ag)?

XZxol
(7.29) (47to) 2 / z[7e” o < 2X(X) (Cuto + |7ol?) .
s
Proof. We can assume that A\(X) < oo since there is otherwise nothing
to prove. The translation and dilation z — y = % takes ¥ to ¥ with
dus, = t¢ dps, so that

_lz—ag?
(7.30)  (4mtg)™ /|:L"|2 iy dpy
_n 2 w?
= (47) 2/2‘\/%y+a:0’ e T dpug,

~ n ‘2
< 220 PA(S) + 2t (47)~ 3 / e dps.
b

To bound the second term by the entropy, note that

n

(7.31) (47 R?) "7 71 Vol(Br N %) < Fy 2(£) < A(E).
Using this volume bound and chopping the integral up into annuli Bj,1 \ B;
gives

ly|?

(132) (m) % [l e ¥ aps <A Y (5 (5 +1)7) = GuAS),

Jj=0
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where C,, depends only on n. The lemma follows from these bounds and the
invariance of the entropy under dilations and translations that gives A(X) =
AE). 0

Proof of Theorem 0.15. Assume that ¥ is not F-stable and, thus, there is
a one-parameter normal variation X for s € [—2¢,2¢] with ¥y = ¥ so that

(V1) For each s, the variation vector field is given by a function fy, times
the normal ny,, where every fx, is supported in a fixed compact subset
of R**1,
(V2) For any variations xs and ts with o = 0 and ¢ty = 1, we get that
(7.33) Oss| _o Frots(Xs) < 0.
We will use this to prove that ¥ is also entropy-unstable.

Setting up the proof. Define a function G : R"™! x R* x [-2¢,2¢] — R

by

(7.34) G(z0,t0,5) = Fuoto (Xs) -

We will show that there exists some 1 > 0 so that if s # 0 and |s| < e;, then
(7.35) AZs) = sup G(zo,to,s) < G(0,1,0) = \(X2),

z0,to

and this will give the theorem with % equal to X, for any s # 0 in (—e1,e1);
by taking s > 0 small enough, we can arrange that ¥ is as close as we like to
o = .

The remainder of the proof is devoted to establishing (7.35). The key
points will be

(1) G has a strict local maximum at (0, 1,0).

(2) The restriction of G to X, i.e., G(x, to, 0), has a strict global maximum
at (0,1).

(3) |0s@G| is uniformly bounded on compact sets.

(4) G(zo,to,s) is strictly less than G(0,1,0) whenever |xg| is sufficiently
large.

(5) G(zo,to, s) is strictly less than G(0, 1,0) whenever |log to| is sufficiently
large.

The proof of (7.35) assuming (1)—(5). We will divide into three separate
regions depending on the size of |zo|? + (logtp)?.

First, it follows from steps (4) and (5) that there is some R > 0 so that
(7.35) holds for every s whenever

(7.36) x2 4 (logty)? > R2.

Second, as long as s is small, step (1) implies that (7.35) holds when
23 + (logto)? is sufficiently small.
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Finally, in the intermediate region where 22 + (logtg)? is bounded from
above and bounded uniformly away from zero, step (2) says that G is strictly
less than A\(X) at s = 0 and step (3) says that the s derivative of G is uniformly
bounded. Hence, there exists some €3 > 0 so that G(xo, g, s) is strictly less
than A\(X) whenever (xo, %) is in the intermediate region as long as |s| < e3.

This completes the proof of (7.35) assuming (1)—(5).

The proof of (1)—(5).

Step (1). Since ¥ is a self-shrinker, it follows from Proposition 3.6 that

VG vanishes at (0,1,0). Given y € R"™! | a € R, and b € R\ {0}, the second

derivative of G(sy,1+ as,bs) at s =0 is just anss‘ o Fpo 1, (Xs) with g = s¥
sS=

and t; = 1+ ¢ 5. In particular, it is negative by (V2). On the other hand, by
Theorem 4.14, the second derivative of G(sy, 1+ as,0) at s = 0 is given by

Y e
(7.37) (4%)_"/2/ —a2g? - ) o du .
) 2
Since ¥ does not split off a line, it is not a hyperplane and, thus, H cannot be
zero everywhere; similarly, |y| can only vanish identically when y = 0. We
conclude that the Hessian of G at (0, 1,0) is negative definite. It follows that
G has a strict local maximum at (0, 1,0), so there exists €5 € (0,¢) so that

(7.38) G(xo,to,s) < G(0,1,0) if 0 < 22 + (logtg)* + s* < &3.

Step (2). If we restrict G to Xg, then Lemma 7.10 gives that G(-,-,0) has
a strict global maximum at (0,1,0). It follows that A\(X) = G(0,1,0), and
there exists 0 > 0 so that

2
(7.39)  G(x0,t0,0) < G(0,1,0) — ¢ for all g, ty with %2 < 22 + (logtg)®

Step (3). Using the first variation formula (Lemma 3.1), we get that
(7.40)

n — —lz—=q|?
0s G(xo,t0,5) = (47Tt0)_2_/E f=, (st — W) ¢ o dpy,,

where Hy;, is the mean curvature of ¥ and duy, is the volume measure on ¥;.
Since fx, is smooth and compactly supported and ¥ has polynomial volume
growth, 0sG is evidently continuous in all three variables zg, tg, and s. We
conclude that 0;G is uniformly bounded on compact sets.

Step (4). Since ¥, is a C? family of surfaces that vary only in a compact
set and s is in the compact interval [—¢, €], there are uniform upper bounds

(7.41) Vol(Zs \ ¥) < Cy and rzne\% |z| < Cy.
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It follows that for |zo| > Cy + R with R > 0, we have

n _lz—= \2 _|z—= \2
(7.42) G(zo,to,s) < (4mty)” 2 (/ e 4tOO +/ e 4t00 >
% P

s\Z

n R
< C\/(47Tt0)_§ e 4o + G(wo,to,()).
n 2
Therefore, if we define functions ug(r) =r~2 e for r > 0, then for |zo| >
C, + R, we have

(7.43) G(z0,to, ) < Cy (4m) 2 ug(ty) + G(zo, o, 0).

Thus step (4) follows from step (2) and showing that sup,.q ugr(r) converges
to zero as R — oo. To see this, note that ur(r) = R u; (%) and wuq is
bounded since it is continuous and goes to zero as r goes to either zero or
infinity.

Step (5). For the easy case when ty is large, step (2) gives oy > 0 and
T < co with

(7.44) sup {G(zo, to,0)||logto| > T} < AM(X) — 3 o,

and we have the trivial bound
(7.45)
G(z0,t0,5) < (4mtg) ™2 Vol(s\ X)) +G (o, to, 0) < Oy (4mto) ™2 + G (o, to, 0).

This bound also immediately gives a uniform bound for G(z,to,s) for all
to > 1:

(7.46) sup G(zo,1t0,s) < Cy(4m)~2 + A(D).
to>1
To get the case where t( is close to zero, first use step (4) to get R and
a1 > 0 with

(7.47) sup {G(zo, to, 8)||z0] > R} < A(Z) — a1.
Next, by compactness, there is a uniform constant C'y with
(7.48) sup | sup |Hyx,| | < Chq.

[s|<e \Zs\Z

Arguing as in (7.5), we have

(7.49)
2 Jz—ag?

n H. N
Ohy Gz, to, 5) > —(dmtg) "2 / LR _(4ﬂ0),§/
= by

H% _Jz—=g|?
s @ It

An 4

02
> —A(Z) (Jzol* + Crto) — TH G (o, to, 8),
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where C, is a constant depending only on n, the second inequality used
Lemma 7.28 and the self-shrinker equation to bound the first term, and the
second inequality used (7.48) to bound the second term. Note that (7.49) gives
a constant Cy so that if |zg| < R and to < 1, then

2t0

C
(7.50) sy {e‘i G (0, to, sﬂ > (.

The point is that Cy does not depend on xg, s, or tg. One immediate con-

sequence of this together with (7.46) is that there is a uniform upper bound

A(Xs) < A. A second consequence is that if |zo] < R and 0 < t; < ¢ < 1, then
C?{(f—tl) B —C%IH _

(751) G(x()vtlvs) <e 4 G(x(]vta S) +e 4 CO (t _tl)

2 -
CHt

<e™1 G(xo,t,s)+ Cpt.

Fix a small positive constant ¢ with log# < —T so that

c2 i

(7.52) e (A(D) = 2a0) + Co T < A(2) — ap.
Step (3) gives a uniform bound
(7.53) sup {|0sG (zo,t,5)| | |vo] < R} < C,

where C' depends on R and £, but not on s. After possibly shrinking ¢ so that
2Ce < ag, we see that (7.44) and (7.53) together give that

(7.54) sup {G (w0, 1, 5)||zo| < R} < A(Z) — 2ap.

Combining (7.54), (7.51), and (7.52) gives that

(7.55) sup {G(zo, to, 8)||zo| < R and ty <t} < A(Z) — ap.

Together with (7.47), this completes the proof. O

Combining Theorem 4.30 and Theorem 0.15, we get that the sphere is the
only closed entropy-stable self-shrinker.

COROLLARY 7.56. Suppose that ¥ C R" ! is a smooth closed self-shrinker,
but is not a round sphere. Then X can be perturbed to an arbitrarily close hyper-
surface X where the entropy is strictly less. In particular, ¥ (or a translation
of it) cannot arise as a tangent flow to the MCF starting from .

Proof. Since ¥ is a closed self-shrinker, but is not the round sphere, The-
orem 4.30 implies that 3 is F-unstable. Clearly, ¥ does not split off a line, so
Theorem 0.15 gives that it is entropy-unstable. O
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8. Self-shrinkers with bounded diameter

In this section, we will give a short direct proof of Theorem 0.10. This
theorem will follow immediately from the main theorem in [CMal, but the
direct proof in this section serves to illustrate the key ideas in a simpler case.
The results in this section are for surfaces in R?; most of the ingredients in
the proof work for all dimensions, but the following compactness theorem from
[CMDb)] is proven only for surfaces in R3.

THEOREM 8.1 ([CMb]). Given a nonnegative integer g and a positive con-
stant V', the space of smooth complete embedded self-shrinkers 3 with genus at
most g, 0% = 0, and the scale-invariant area bound Area (Bgr(xo) NX) < VR?
for all zy € R? and all R > 0 is compact. Namely, any sequence has a sub-
sequence that converges in the topology of C* convergence on compact subsets
for any k > 2.

Throughout this section, we will fix a nonnegative integer g and a positive
constant \; these will be bounds for the genus and entropy which will in ap-
plications come from bounds on the initial surface in a MCF. We will not say
so explicitly below, but all constants in this section will be allowed to depend
on g and .

Given a constant D > 0, let Sp = Sg;\’D denote the space of all smooth
closed embedded self-shrinkers in R? with genus at most g, entropy at most A\,
and diameter at most D.

As a corollary of Theorem 8.1, we get a smooth compactness theorem
for Sp.

COROLLARY 8.2. For each fixed D, the space Sp is compact. Namely, any
sequence in Sp has a subsequence that converges uniformly in the C* topology
(any fized k) to a surface in Sp.

Proof. Given X € Sp, the bound on the entropy gives the scale-invariant
area bound

-1 Area(BR(Zxo) ny) < (4n B! o
R BR(LUO)HE
< F,p2(2) < A

(8.3) (4n)"le

Therefore, Corollary 8.1 gives a subsequence that converges on compact subsets
to a (possibly noncompact) limiting self-shrinker. However, the limit must
have diameter at most D (if not, one of the surfaces sufficiently far out in
the subsequence would have diameter greater than D), so it is closed and also
in Sp. U
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The next result is a corollary of the compactness theorem for self-shrinkers
together with the result that the round sphere is the only closed entropy-stable
self-shrinker.

COROLLARY 8.4. Given D > 0, there exists € > 0 so that if ¥ € Sp is
not the round sphere, then there is a graph T' over ¥ with A(T') < A(X) — e.

Proof. Given any ¥; € Sp that is not the round sphere, Corollary 7.56
gives a graph ¥; over ¥; and a constant €; > 0 so that

(8.5) AE1) S A1) — e

It follows from the first variation formula (Lemma 3.1) that Fy(X;) is con-
tinuous in s when X, varies continuously in a C? neighborhood of ¥;. We can
therefore choose a neighborhood Uy of ¥y in the C? topology so that

(8:6)  min A() > min (%) = Foa(S) - %1 = \(Z1) - %1
where the last equality used Lemma 7.10. After possibly shrinking the neigh-
borhood Uj of ¥, we can assume that each pair of surfaces in Uy are graphs
over each other.

We observe next that S? is an isolated point in Sp with respect to the C?
topology since any sufficiently close self-shinker is still closed and mean convex
and, thus, a round S? by Huisken’s classification, [Hui90]. In particular, since
Sp is compact in the C? topology by Corollary 8.2, so is Sp \ {S?}. Therefore,
we can choose a finite set of self-shrinkers ¥; € Sp \ {S?}, graphs ¥, over ¥,
neighborhoods U; of ¥;, and constants €; > 0 so that

e Sp\ {S?%} cuU;. ) )
o If ¥ € U;NSp, then A(X;) < A(X) —e1/2 and ; is a graph over X.

)
The corollary follows with € = % min €;. (]

8.1. MCF’s that disappear in compact points generically do so in round
points. We will need the following consequence of Brakke’s theorem, [Bra78],
or White, [Whi05].

LEMMA 8.7. Suppose that M; is a MCF of smooth closed surfaces in R?
fort <0 and X is a closed smooth embedded self-shrinker equal to the t = —1
time-slice of a multiplicity one tangent flow to M; at (0,0). Then we can
choose a sequence s; > 0 with s; — 0 so that

1
(8.8) — M_y. is a graph over ¥y of a function u; with ||uj||c2 — 0.
Ve

Proof. The main point is to show that Huisken’s density is sufficiently

close to one on all sufficiently small scales for the rescalings of M;. Once we
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have this, then Brakke’s theorem will give uniform estimates and the lemma
will follow easily.

Fix ¢ > 0 small (to be given by Theorem 3.1 in [Whi05]). Since ¥ is a
smooth closed embedded surface, (2) and (3) in Lemma 7.2 give some 7 > 0
so that

(8.9) sup ( sup Fx07t0(20)> <l+e.
to<7 \zpcR3
The definition of tangent flow (see, e.g., [[lm95b, Lemma 8] or [Whi97])

gives a sequence s; > 0 with s; — 0 so that the rescaled flows Mt] = \/—15* M+
J Sj

converge to the multiplicity-one flow /—t ¥y. Let MZI = \/—1? M1 be the time
J S5

t = —1 slice of the j-th rescaled flow. We can assume that the M J 1’s converge
to ¥p as Radon measures and with respect to Hausdorff distance (see 7.1 in
[Ilm94]).

We will use the convergence together with (8.9) to get uniform bounds for

the F' functionals on the M?,’s. To do this, define a sequence of functions g;
by

We will only consider the g;’s on the region B x [/3, 7] where B C R? is a fixed
ball that contains Xy and all of the M’ .’s. It follows from the first variation
formula (Lemma 3.1) that the g;’s are uniformly Lipschitz in this region with

(8.11) sup ’vxo,to gj’ <C,
Bx|[7/3,7]

where C' depends on 7, the radius of the ball B, and the scale-invariant local
area bounds for the M? ;’s which are uniformly bounded by Lemma 2.9. Since

the M7 1’s converge to Xp as Radon measures and ¥ satisfies (8.9), it follows
from (8.9) that

(8.12) lim gj(xo,t0) < 1+ € for each fixed (zo,t0) € B x [7/3,7].
J]—00

Combining this with (8.11) and the compactness of B x [/3,7], there exists
some j sufficiently large so that for all j > j, we have

(8.13) sup Fxo,to(Mi1) = sup gj(zo,to) <1+ 2e.
Bx[r/3,7] Bx[r/3,7]

By (1.9) (which used Huisken’s monotonicity formula), we get, for every ¢ >
—1, that

(8-14) Fxo,to (Mg) < Fmo,to—l—(t-&-l)(M{l)-
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Hence, if t € (-1 +%,-1+ %), to < %, and j > j, then (8.13) and (8.14)

together yield
(8.15) Froto(M]) <1+ 2e.

This is precisely what is needed to apply Theorem 3.1 in [Whi05] to get uniform
C2 hounds on M for all t € (—1 + ¥, —1+ 5 for some a € (0,1). We can
slightly change the s;’s so that we instead have uniform C2“ bounds on M? 1-

Finally, observe that if ¥; is a sequence of closed surfaces converging to a
closed surface ¥y as Radon measures and both the X;’s and Xy satisfy uniform
C? bounds, then the ¥;’s must converge to X uniformly in C2. [l

Proof of Theorem 0.10. We will construct a piece-wise MCF with a finite
number of discontinuities that eventually becomes extinct in a round point.
This comes from doing a smooth jump just before a (nonround) singular time,
where we replace a time slice of the flow by a graph over it, and the crucial point
is to show that there is a positive constant € > 0 so that the entropy decreases
by at least € after each replacement. This will come from Corollary 8.4. We
repeat this until we get to a singular point where every tangent flow consists
of shrinking spheres.

Let M denote the MCF with initial surface My and let t%ing be the first
singular time. By assumption, all of the tangent flows at t%ing are smooth,
have multiplicity one, and correspond to compact self-shrinkers with diameter
at most D. In particular, since the tangent flows are compact, there is only one
singular point zy € R3. Let ¥ be a self-shrinker equal to the t = —1 time-slice
of a multiplicity one tangent flow at the singularity. Since X is assumed to be
smooth, closed, embedded, and multiplicity one, Lemma 8.7 gives a sequence
sj > 0 with s; — 0 so that

(8.16)

1
— (Mging o :z:o) is a graph over ¥ of a function u; with ||u;||c2 — 0.
o %

Vi
There are two possibilities. First, if ¥y is the round sphere for every

tangent flow at zg, then (8.16) implies that ]\ItoSing . is converging to a round
0o S5
sphere for every sequence s; — 0.

Suppose instead that there is at least one tangent flow so that >y is not
the round sphere. Then, we can apply Corollary 8.4 to get a graph I'g over X
with A\(T'g) < A(Xg) — € where € > 0 is a fixed constant given by the corollary.
When j is sufficiently large, (\/57-1“0) + x¢ is a graph over Mgmg_s and

0 J

(8.17) M55 T0) +20) = MIo) < M(Zo) —¢ < A(Mt%mgfsj) —g,

where the first equality used the scale invariance of entropy (by (1.8)) and the
last inequality used the monotonicity of entropy under MCF (Lemma 1.11).
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We then replace Mtoff“g—sj with <\/57T0) + zo and restart the flow. Since the

entropy goes down by a uniform constant € > 0 at each replacement and is
nonincreasing under MCF, this can only occur a finite number of times and
the flow eventually reaches a singularity where all tangent flows are round. [J

9. Noncompact self-shrinkers

In this section, suppose that ¥ c R"! is a complete noncompact hyper-

surface without boundary that satisfies H = @ and has polynomial volume
growth. Throughout, L = A + |A]?> + % — %m -V will be operator from the

second variation formula for the Fj; functional.

9.1. The spectrum of L when ¥ is noncompact. Since Y is noncompact,
there may not be a lowest eigenvalue for L. However, we can still define the
bottom of the spectrum (which we still call p;) by

1.7/t i T
! fz f26_$

where the infimum is taken over smooth functions f with compact support.

)

Since ¥ is noncompact, we must allow the possibility that pu; = —oo. Clearly,
we have that u1 < p1(Q) for any subdomain 2 C X.

We show next that p; is always negative; this result will not be used here,
but it is used in [CMb].

THEOREM 9.2. If the hypersurface ¥ C R™! is a smooth complete em-
bedded self-shrinker without boundary and with polynomial volume growth, then
1
1 < —35-

Proof of Theorem 9.2. Fix a point p in ¥ and define a function v on ¥ by

(9:3) v(z) = (n(p),n(z)).
It follows that v(p) = 1, |v| < 1, and, by (5.3),

(9.4) Lv = 1

.
When ¥ is closed, it follows immediately that u; < —%. However, if X is open,
then we cannot use v as a test function to get an upper bound for p;. To
deal with this, given any fixed pu < —%, we will use v to construct a compactly
supported function u with

|2

(9.5) - / (uLu + qu) e 1 <.
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Given any smooth function n, we have
1
(9.6) L(nv) =nLv+vLn+2(Vn,Vuv) = 31 + v Ln+2(Vn, Vv),

where £L = A — %x -V is the operator from Lemma 3.8. Taking 1 to have
compact support, we get that

—|e|? 1 1 —le|?
(9.7) —/m}L(nv)e 1 S—/{§n2v2+nv2£n+§(Vn2,Vv2> e 1
L oo 9 o| =l
= [ =g+ ] e
where the equality came from applying Lemma 3.8 to get
(9.8)
]. 2 2 *|I|2 1 2 2 7‘z|2 2 2 LZ‘Q
§<V7} ,Vo“)e 1 =3 (v Ln )e T =— [ v (nln+|Vn[*)e 1.

If we take n to be identically one on Br and cut it off linearly to zero on
Bpry1 \ Bp, then (9.7) gives

2
—lz|

(9.9) —/{nvL(nv)%—;m%?] e 1

— x| 1 —|w|?
g(l—,u)/ vie 1 —(—+u>/ vie 1.
S\Bg 2 BpNT

However, since |v| < 1 and ¥ has polynomial volume growth, we know that

—|e|?
(9.10) lim v?e 1 =0.
R—o0 J3x\Bg
Combining this and (% + u) > 0, we see that the right-hand side of (9.9) must
be negative for all sufficiently large R’s. In particular, when R is large, the
function u = nv satisfies (9.5). This completes the proof. (|

The main result of this subsection is Theorem 9.36 below which shows that
the bottom of the spectrum of L is strictly less than —1 if the mean curvature
changes sign.

The following standard lemma shows that we get the same u; if we take
the infimum over a broader class of functions.

LEMMA 9.11. When X is complete and noncompact, we get the same
by taking the infimum over Lipschitz functions f satisfying

(9.12) /E (F2+IVI2+IAPf?) e < .

Proof. By standard density arguments, we get the same p; if we take the
infimum over Lipschitz functions with compact support. Let ¢; be a Lipschitz
cutoff function that is identically one on B; and cuts off to zero linearly between
OB; and dBj11. Given any C! function f (not identically zero) that satisfies
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(9.12), we set f; = ¢; f. It follows from (9.12) and the monotone convergence
theorem that

(9.13)
2 2,0 Lo\ _la? 2 9.0 1 o\ _lai?
[(wnl =142 =5 72) e = [[(1VIR - 1aPF2 - 5 2) e,
5 >
(9.14) / et S / P
> >
and the lemma follows from this. ]

The next lemma records integral estimates for eigenfunctions that are
either in the weighted W2 space or are positive.

LEMMA 9.15. Suppose that f is a C? function with Lf = —puf for n € R.
(1) If f is in the weighted W'? space, then |A|f is in the weighted L?
space and

2
=]

2 £2 f# _ 2 2\ — L2
016) 2 [ AP < [ (-2 vy e

(2) If f > 0 and ¢ is in the weighted W2 space, then

|| ||

017) [ 6 (AP + |Viog f1?) e < [ (41V6f — 209) e

Proof. Within this proof, we will use square brackets [-] to denote the

z 2
weighted integrals [f] = [ fef% du. We will also use the operator £ =
A— %:c -V from Lemma 3.8.

Proof of (1). If ¢ is a smooth function with compact support, then self-
adjointness of £ = A — 22 -V (Lemma 3.8) gives

1
018) [(ve?, V)] = - 5] = ~2 [0 (19512 - (14P + 5 +1) )]
where the last equality used that £f% = 2|V f|> + 2fLf and

(9.19) Ef:(L—MF—%)f:—(u+MP+%)f

Assume now that ¢ < 1 and |V¢| < 1. Rearranging the terms in (9.18) and
using Cauchy-Schwarz gives

(9.20) [*(1+2u+ 2| AP f2] = 4[¢ F(Vo, V)] + 2 [6*| V£
<2 +4[IVFP].

Finally, applying this with ¢ = ¢; where ¢; is one on B; and cuts off linearly to
zero from 0B; to 0Bj41, letting j — oo, and using the monotone convergence
theorem gives (9.16).
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Proof of (2). Since f > 0, log f is well defined and we have

Af_ %<$,Vf>
f

Suppose that 7 is a function with compact support. As in (1), self-adjointness
of £ (Lemma 3.8) gives

1
(9.21) Llog f = —|Vlog f|* + =—u— \A\Q—i—\vmgﬂ?.

922) (V2 Viog f)] =~ [*L1og 1] = [ (s AP + 5 + Vlog £12)].

Combining this with the absorbing inequality

1
(9.23) (Vi Viog f) < 2Vnf* + 5 [V log f|*
gives that
(9.24) [7* (JA]? + |V1og £*)] < [4]Vn|* — 2un?] .

Let n; be one on B; and cut off linearly to zero from 0B; to 0B;1. Since ¢
is in the weighted W2 space, applying (9.24) with 7 = 7, ¢, letting j — oo,
and using the monotone convergence theorem gives that (9.24) also holds with
n=¢. m

We will need the following characterization of the bottom of the spectrum
when ¥ is noncompact that generalizes (4) in Theorem 5.15.

LEMMA 9.25. If u1 # —o0, then there is a positive function u on 3 with
Lu = —pyu. Furthermore, if v is in the weighted W12 space and Lv = —pyv,
then v = Cu for C' € R.

Proof. Within this proof, square brackets [-] denote the weighted integrals

||

fl= [« fe~ 3 du. We will use the operator £ = A — iz -V from Lemma 3.8
b 2
and Corollary 3.10.

Part 1: Ezistence of u. Fix a point p € 3 and let By denote the intrinsic
ball in ¥ with radius k£ and center p. For each k, Theorem 5.15 implies that
the lowest Dirichlet eigenvalue p;(By) is a real number and can be represented
by a positive Dirichlet eigenfunction ug on By with

(9.26) Luk = —,ul(Bk)uk

and, after multiplying u; by a constant, we can assume that ug(p) = 1. By
the domain monotonicity of eigenvalues,'® we know that 1, (Bg) is a decreasing

13This follows immediately from the variational characterization (2) and uniqueness (4)
in Theorem 5.15.
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sequence of real numbers with p1(By) > p; for each k. Furthermore, it is easy
to see that

(9.27) lim 1 (By) = p1 > —o0,
k—00

where the last inequality is by assumption. The Harnack inequality gives
uniform upper and lower bounds for the up’s on compact sets. Combining
this with elliptic estimates, we get uniform C*® bounds on the uz’s on each
compact set so that Arzela-Ascoli gives a subsequence that converges uniformly
in C? to a nonnegative entire solution u of Lu = —uju with u(p) = 1. Another
application of the Harnack inequality gives that w is positive.

Part 2: Weighted integral estimates. Since v is in the weighted W2 space,
we can apply part (1) of Lemma 9.15 to v to get that |A|v is in the weighted
L? space. Using the equation for Lv

1 1
(9.28) Lo= (0147~ )v=—(m+14P +3)v,
it follows that
(9.29) []v|2 + |Vo)? + |v£v\] < 0.

Since v is in the weighted W12 space, we can apply (2) in Lemma 9.15 with
f =wuand ¢ = v to get that |A| v and |V logu|v are in the weighted L? space.
We conclude that

1
(9.30) [v*|Llogul| = {zﬂ ot g+ |A]? + |V 1og ul? } < o0.

Since 2v?|V log u| < v24v?%|Vlogu|? and |Vv?| |V iogu| < [Vv|?2 402V logul?,
we conclude

(9.31) [v2|V10gu\ + |Vv?| |V log u| + v2]610gu\] < 0.
Part 3: Uniqueness. Since v? and log u satisfy (9.31), Corollary 3.10 gives
(9.32) [(VUQ,Vlogu>] =— [vzﬁlog u] =

1
v? (ul +14F7 + 5 + yv1ogu|2)

9

where the second equality used the equation for £logu. Similarly, (9.29) allows
us to apply Corollary 3.10 to two copies of v to get

o (pn + 14 + %)} :

where the second equality used the equation (9.28) for Lv. Substituting (9.33)
into (9.32) and subtracting the left-hand side gives

(9.34) 0= [1}2|V10gu|2 —2(vVlogu, Vv) + !Vv|2] = [!vVlogu - Vv|2] .
We conclude that

(9.35) vVlogu — Vv =0,

(9.33) [|VU|2] =—[vlv] =

which implies that = is constant. O
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We have already seen that the mean curvature H is an eigenfunction of
L with eigenvalue —1. The next theorem shows that if H changes, then the
bottom of the spectrum pq is strictly less than —1.

THEOREM 9.36. If the mean curvature H changes sign, then py < —1.

Proof. Clearly, we may assume that pq # —oo.

Step 1: H, |VH|, and |A||H| are in the weighted L? space. The polyno-
mial volume growth of ¥ and the self-shrinker equation H = @ immediately
yield that H is in the weighted L? space, so we must show that |[VH| and
|H||A| are also in the weighted L? space.

Since p1 # —oo, the first part of Lemma 9.25 gives a positive function u

with Lu = —pqu. Using this v in Part (2) of Lemma 9.15 gives

(9.37) [ape s < [ (196P - 2me?)e T,

where ¢ is any Lipschitz function with compact support. If we take ¢ to be
|z| on Br and cut it off linearly between 0 Bgr and 0Bag, so that [V¢| < 1 and
#? < |z|?, then we get

|2 Bk
(9.39) [ AP e < [ (4 2 aP) e
BrNS T

The right-hand side of (9.38) is independent of R and is finite since ¥ has
polynomial volume growth. Thus, taking R — oo and applying the monotone
convergence theorem implies that

|| )2
(9.39) [ 1A el e™ < [ (o 2m] o) ¥ < oo
¥ P

Using the self-shrinker equation H = <$én> , we showed in (5.6) that 2V, H =
—a;j(x,ej) so that

(9.40) 4|VH* < |A)?|z|? and |A]PH? < |A]*|z|*

Consequently, (9.39) implies that |VH| and |A||H| are in the weighted L?
space as desired.

Step 2: 1 < —1. We will show this by using H as a test function in the
definition of wq; this is allowed by Lemma 9.11 since we showed in Step 1 that
H, |VH|, and |A||H| are in the weighted L? space. We will need that, by
Theorem 5.2,

1

(9.41) CH + (|AP + 5) H=LH=H,
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so that HLH is in the weighted L' space. Consequently, we can apply Corol-
lary 3.10 to two copies of H to get

|2 z|2 22
(9.42) / |VH|2€_% = —/(H[,H)e_% = _/ H? (1 _ |A[2) e_%,
b)) b)) ) 2

so we get that p1 < —1 as claimed.

Step 3: uy # —1. If we did have that pu; = —1, then the positive function
u in the first step and H would both be eigenfunctions for L with the same
eigenvalue p; = —1. Since we have shown that H is in the weighted W2 space,
the second part of Lemma 9.25 gives that H must be a constant multiple of u.
However, this is impossible since u is positive and H changes sign. [l

9.2. Constructing unstable variations when p; < —1. We have shown that
if H changes sign, then ¥ has p; < —1. When X was closed, it followed
immediately from this and the orthogonality of eigenfunctions with different
eigenvalues that ¥ was unstable. This orthogonality uses an integration by
parts which is not justified when X is open. Instead, we will show that the
lowest eigenfunction on a sufficiently large ball is almost orthogonal to H and
the translations. This will be enough to prove instability.

In this subsection, we will use square brackets [-]y to denote a weighted
integral over a set X ¢ R"t1:

|2

(9.43) [flx = fe i duxny.
XNy

We will use this notation when X is a ball B, the boundary 9B, of a ball, or
an annulus A, ,, = By, \ By,.

The next lemma shows that two eigenfunctions of L with different eigen-
values are almost orthogonal when one of them vanishes on the boundary of a
ball, the other is small in a neighborhood of the boundary, and the radius is
large.

LEMMA 9.44. Suppose that pi(Bgr) € [-3/2,—1) for some R > 3, Lu =
—p1(BRr)u on B, u is zero on OBR, and u is not identically zero. If Lv = pv
and p > —1, then

(9.45)
‘[vu]BR’ —4 7 Vol(BgrNX) 1/2
< 2
[u2]}3/2 - MI(BR) +1 ei(R?’)Q r%ix |U| + [|VU| ]AR—Q,R—I
R
971/2
t [U }AR—ZR‘

Proof. If v also vanished on 0Bpg, then an integration by parts argument
would show that u and v are orthogonal. The key for the integration by parts
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is that if L =A — %:1: -V is the operator from Lemma 3.8, then
(9.46) vLu — ulv = vLlu —ulv = (—pu1(Br) + p)vu.

||

|2
Since div((vVu - qu)e_‘Tl) = e 1 (vLu—ulv), Stokes’ theorem gives
forr <R

(9.47) (—r1(Br) + ) [vul 5, = [(v0yu = udy0)]yp,

We cannot control the boundary term when r = R, but we will be able to use
the co-area formula to bound it for 7 near R (this is where the term in the
big brackets in (9.45) comes from); the remainder is then bounded by the last
term in (9.45).

We will need a L' bound on |Vu| on annuli. To get this, choose a cutoff
function ¢ which is one on Ar_s r—1 and cuts off linearly to be zero on 0Bg
and 0BR_3 and then apply (2) in Lemma 9.15 to get

(9.48) PVJQLP

_ (R—3)?

L STVol(BrND)e 1

<[Map_,
AR_2 R—1

Combining this with the Cauchy-Schwarz inequality gives
2

\% (R—3)?
(9.49) (IVul, . = P“'u <TVOI(BrND)e 1 [u?] .
’ u AR_2,R—1 "
If we let a denote the positive number (—p1(Bgr) — 1), then (9.47) gives
1/2 1/2
(9.50) a ‘[UU}BT < max ] [[Vullpp, + [UQ] op. UVUP]@B,- .

Given a nonnegative L! function f on Ag_ r—1NY, it follows from the coarea
formula that

R—-1
O30 [ lap, dr = [l 0 < Flag s
so we conclude that there is a measurable set Iy C [R—2, R—1] with Lebesgue
measure at most 1/4 so that if r ¢ I, then

(9.52) (Ao, <4 ap on-

Applying this with f equal to |Vu|, f equal to |Vv|?, and f equal to u?, we
conclude that at least one quarter of the r’s in [R — 2, R — 1] simultaneously
satisfy

(9.53) IVullpp, <4[IVully, ,,
(9.54) [IVo?],, <4[IVol?]

)
AR—2,R—1

(9.55) [u?] op. <4 [u?] Apans =4 [u?] B
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Fix one such r. Substituting these into (9.50) and using (9.49) on the |Vu|
integral gives

(9.56)
1/2
Br

1/2

AR—2,R—1

_(B=3)? 911/2 911/2
<4 (\/7 Vol(BRNX)e s I%ix\m + “Vv[ ] ) [u ]BR :

a ’[vu]BT' < 41%51?( [v| [|Vul] +4 [uz} [[V'Uﬂ

AR—2,R—1

AR_2,r—1
The lemma follows from this since

(9.57) ‘[vu]BR‘ < ’[UU]BT’ + llvully,, , < ‘[U“}Br’ + [uz} jlg/f [”2},14/,3,2,,3'

The next lemma gives the desired instability.

LEMMA 9.58. If u1 < —1, then there exists R so that if R > R and u is
a Dirichlet eigenfunction for ui(BR), then for any h € R and any y € R" 1,
we have

< 0.

2
(9.59) {—uLu + 2uhH + uly,n) — h2H? — {y,n)*
Br

2

Proof. Using the Cauchy-Schwartz inequality ab < %(a2 +b%) on the cross-
term u(y, n), the left-hand side of (9.59) is bounded from above by

(9.60) Kl + m(BR)) u? + 2uhH — h2H2}

2 Bx

We will show that this is negative when R is large. There are two cases
depending on .

Suppose first that py < —% and choose R so that ui(Bg) < —%. Given
any R > R, then (9.60) is strictly less than

(9.61) [~u? +2unH — W?H?] | =~ [(u— hH)?]

Bgr Bg’

which gives (9.59) in this case.

Suppose now that —% < pu1 < —1. In this case, we will take R to be the
maximum of Ry and Ry, where R; is chosen so that y(Bgr) < —1 for all R > R,
and Ry will be chosen to handle the cross-term. Precisely, we will prove that
there is some Ry so that for all R > Rs,

(9.62) [uH]3, < % [H?] B [u?] B
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It is then easy to see that (9.60) is negative when R > max{R;, Rs}. Namely,
using p1(Bgr) < —1 and (9.62) in (9.60) gives

(9.63) {(1 + ul(BR)> u® + 2uhH — hQHﬂ
2 Bn
1 / /
<=5 W], V2R W] (] e (1]

2
_ 1 1 9y1/2 911/2
——<\/§ W], —h[H?]
It remains to prove the existence of R so that the claim (9.62) holds for

all R > Ry. Clearly, we may assume that H is not identically zero, so there is
some Hy > 0 with

(9.64) [H? 5, = Ho for all R > Hyt

Applying Lemma 9.44 with v = H and u = —1 gives that

[H ]}, —4 1\’
©-65) Ty, <2 (m(BR) T 1)

. <(70Rd)1/2 R

(R—3)2
e 8

where we substituted in the bound |H| < |z|, the gradient bound |[VH| <
|A| |z| which follows from (5.6), and the polynomial volume bound Vol(Bgr N
¥) < CR? (which holds for some C' and d and all R > 1). To bound the |A]
term, choose a cutoff function ¢ which is one on Ar_2 r—1 and cuts off linearly
to be zero on OB and dBg_3 and then apply (2) in Lemma 9.15 to get

AR—2,R—1

2
+ R[147) ) .

(R— (R—3)2

3)2 q
T <T7CR%¢ 1

(9.66) [|A[*] < [Ty yp < 7Vol(BRNT)e™

ArR_2 r—1

It follows that all of the terms in (9.65) decay exponentially and, thus, that

H u)? _
% can be made as small as we like by taking Rs sufficiently large. Since
R

[H? py, has a uniform positive lower bound by (9.64), we can choose Ry so
that (9.62) holds for all R > Ry. O

10. The classification of self-shrinkers with H >0

In [Hui90], Huisken showed that the only smooth closed self-shrinkers with
nonnegative mean curvature in R"*! (for n > 1) are round spheres (i.e., S™?).
In the remaining case n = 1, Abresch and Langer, [AL86], classified all smooth
closed self-shrinking curves in R? and showed that the embedded ones are round
circles.

In the noncompact case, Huisken showed in [Hui93] that the only smooth
open embedded self-shrinkers in R**! with H > 0, polynomial volume growth,
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and |A| bounded are isometric products of a round sphere and a linear subspace
(i.e., S* x R*™% ¢ R™1). The assumption of a bound on |A| was natural
in [Hui93| since Huisken was classifying tangent flows associated to type I
singularities and these automatically satisfy such a bound. However, for our
applications to generic flows we do not have an a priori bound on |A| and,
thus, we are led to show that Huisken’s classification holds even without the
|A| bound. This is the next theorem (Theorem 0.17 from the introduction).

THEOREM 10.1. S¥ x R™* are the only smooth complete embedded self-

shrinkers without boundary, with polynomial volume growth, and H > 0 in
R+,

The S* factor in Theorem 10.1 is round and has radius v/2k; we allow the
possibilities of a hyperplane (i.e., k = 0) or a sphere (n — k = 0).

10.1. Two general inequalities bounding |V |A|| by |[VA|. The next lemma
holds for all hypersurfaces.

LEMMA 10.2. If we fix a point p and choose a frame e;, it = 1,...,n, so
that a;; is in diagonal form at p, that is, a;; = X\; 6;5, then we have at p that

(10.3) IVIAII? <D ai, < ) ad = VAP
ik ik
Moreover,
2 9 9 2n 9
(10.4) (1+ ) IVIAIP < |VAP + T |vHP.
n+1 n+1

Proof. Observe first that, since a;; is symmetric, we may choose e;, ¢ =
1,...,n, so that a;; is in diagonal form at p. Since V|A|? = 2|A|V|A|, we have
at p
(10.5)

4IAPIVIAIP =) (( > a%)k) =4y (Z @i >\i> <4|AP Y adi
k=1 \_ij=1 k=1 \i=1 ik=1

where the second equality used that a;; is in diagonal form at p and the in-
equality used the Cauchy-Schwarz inequality on the vectors (ai1,. .., annk)
and (A1,...,A,). This proves the first inequality in (10.3); the second inequal-
ity follows trivially.

To prove (10.4), observe that by (10.3) and the definition H = — 3" a;j,
we have

(10.6)

n n n 2
A SRS SIS SLTED S FES o (/SN Sy

ik=1 itk i=1 i#k i=1 (i}
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n
< Za?i,ﬁ‘n Z (Hz2+ Z a?j,i) =n|VH’+(n+1) Za?i,k

i#k i=1 {7 1i#5} i#k
n+1
=n |VH|2+(n+1) Za%k,i =n |VH|2+? (Za?k,i+zazi,i>'
i#k i#k i#£k

The second inequality in (10.6) used the algebraic fact (Z?:l bj)Q <n Y703,
and the last two equalities used the Codazzi equations (i.e., a;;; = a;j; see,
e.g., (B.5) in [Sim83]). Multiplying (10.6) by %H and adding this to the first
inequality in (10.3) gives

2 " 2n
(10.7) (14 ) IVIAIP < Y aby+ Yahi+ Y adi + — VAP
ik=1 itk ik
i 2n
< Z 3] k + |VH|27
i,5,k=1 n+1
which completes the proof. O

10.2. Simons’ inequality for |A|. We will assume throughout the remain-
der of this section that ¥ € R™*! is a smooth complete embedded self-shrinker
without boundary and with polynomial volume growth.

The next lemma computes the operator L = A+ [A[>+ 1 — 32V on the
second fundamental form; this is analogous to Simons’ equation for minimal
hypersurfaces (see, e.g., [CM99, §2.1]; cf. [CM11, eq. (2.16)]).

LEMMA 10.8. If we extend the operator L to tensors, then LA = A. In
particular, if |A| does not vanish, then
VAP - |V]A]]”
|Al
Proof. For a general hypersurface (without using the self-shrinker equa-

tion), the Laplacian of A is (see, e.g., Lemma B.8 in [Sim83] where the sign
convention for the a;;’s is reversed)

(10.10) (AA),; = —|A[Paij — H ag, ajp, — Hij.

(10.9) LIA| = |A| +

> |Al

Here H;; is the ij component of the Hessian of H. Working at a point p and
choosing the frame ¢; so that VZ e;(p) = 0, it follows from (5.7) and (5.8) that

(10.11) 2H¢j = —Qjk,j <x, €k> — Qj5 — 2Ha¢kakj.
Substituting this into (10.10) and using Codazzi’s equation (i.e., a;j = aij),

we get at p

T 1
(10.12) (AA)ij = —|A[2aij + aj k <§7€k> + B aij,

so that at p, we have LA=A. Since p is arbitrary, this holds everywhere on 3.
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To get the second claim, first compute (without using the above equation
for A) that

(10.13)
AR |VIAPP L/, VAP
Al =L (1A = _ (A2 )A
LAl = £ (14P) " = Sor = S+ (AP 3) 14— (= 1
C(AAA) + VAP |V]APP ( ) ;) (A Ve
= A apap AT A= g
_ALA) (VAP |94
4] A

This is well defined and smooth since |A| # 0. Substituting LA = A into this
and using (10.3) gives (10.9). O

10.3. Weighted estimates for |A| and a uniqueness result. In this subsec-

2

tion, square brackets [-] denote the weighted integrals [f] = [, fe_@ du. We
will use the operator £L = A — a: V from Lemma 3.8 and Corollary 3.10.

The next proposition adapts an estimate of Schoen, Simon, and Yau,
[SSY75], for stable minimal hypersurfaces to self-shrinkers with positive mean
curvature. The idea is to carefully play two inequalities off of each other: a
stability type inequality with a cutoff function in terms of |A| and a Simons’
type inequality (see [CM99, §2.3] or [CM11, Th. 2.21] for the minimal case).
The stability type inequality in this case will come from that H > 0 is an
eigenfunction for L.

PROPOSITION 10.14. If H >0, then [|A|?+|A|*+|V|A|]>+|VA|?] <0
Proof. First, since H > 0, log H is well defined and Theorem 5.2 gives

AH — 3(z, VH) 1
H

(10.15) LlogH = —|Vlog H|* + —|A]? = |Viog H|?.

Given any compactly supported function ¢, self-adjointness of £ (Lemma 3.8)
gives

(10.16) [(V¢?,Viog H)| = — [¢p*Llog H| = {¢2 (|A|2 - % + \VlogH|2>} .

Combining this with the inequality [(V¢?, Viog H)| < |V¢|? + ¢%|V log H|?
gives the “stability inequality”

(10.17) [¢214P] < [Vl + 562 .
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We will apply this with ¢ = n|A| where n > 0 has compact support to get

1
(1018)  [PIAI'] < [IVIAIP +20]A] [VIA][Va] + [ APV + 5 | AP]

< 1+ [ + (142 (14 2) 1vaP + )]

where € > 0 is arbitrary and the last inequality used the absorblng inequality
2ab < ea? + %

Second, combining the Leibniz rule £f? = 2|V f|> + 2fLf for a general
function f, the equation £ = L — |AJ]?> — %, the first equality in (10.9), and
(10.4) gives the inequality

(10.19)
LIAP = 2/V|AIP +21A|]A] = 2191A]12 + 2|A] (Z]A4] ~ |4] - 5 |A])
=2|VA]* + |A]? —2/4*
> 2 (1 - nil) V| A||? - Tffl IVH|* + |A]* - 2|A*.

Integrating this against %772 and using the self-adjointness of £ (Lemma 3.8)
gives
(10.20)

—2((n 14199, V14D 2 [ (14 —= ) IVl - -2

S PIVHPE — Al

where we dropped the \A|2n term that only helped us. Using the absorbing
inequality 2ab < ea? + gives

(10.21)
n 2
PIAN] + [ 2 P IVHE + 2 APR] 2 (14— — <) [#IV]AIP].

We will assume that |n| <1 and |Vn| < 1. Combining (10.18) and (10.21)
gives

2

1+e¢
_1—|—nJrl €

where the constant C: depends only on €. Choosing ¢ > 0 small so that

(10.22) [7°4]"] < [P1AIY] + G [IVHP + 147

1+1+TT— <1 (ie., & < 747), we can absorb the [?[A]] term on the right to
get
(10.23) [PIAIY] < CIVHP + |AP] < C[IAPA + |f*)]

for some constant C' depending only on n, where the last inequality used the
gradient bound |VH| < |A||z| which follows from (5.6). Since H > 0, it
follows from Part (2) of Lemma 9.15 and the polynomial volume growth that
[JA*(1+ |z]?)] < oo, so (10.23) and the monotone convergence theorem give
that [|A|*] < oo
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The bound [|V]A|]?] < oo follows immediately from (10.21), [|A[!] <
oo, and the monotone convergence theorem, so it only remains to show that
[[VAJ]?] < co. To do this, integrate the equality in (10.19) against 3 7® and
use the self-adjointness of £ (Lemma 3.8) to get

(10.24) [PAVAPR — A1 < 2041 VIl < [JA]? + V1|1

Here we used again that || <1 and |Vn|<1. Since [|A]*+|V|A|*+|A]*] < oo,
the monotone convergence theorem gives that [|[VA|?] < oo, completing the
proof. O

Proof of Theorem 0.17 = Theorem 10.1. Since H > 0 and LH = H by
Theorem 5.2, the Harnack inequality implies that either H = 0 or H > 0
everywhere. In the trivial case where H = 0, the self-similar equation im-
plies that 3 is a smooth minimal cone and, hence, a hyperplane through 0.
Therefore, we will assume below that H > 0.

In the first step, we will prove weighted integral estimates that will be
needed to justify various integrations by parts in the second step. The second
step uses LH = H and L|A| > |A| (and the estimates from the first step)
to show that |A] = SH for a constant § > 0. As in Huisken, [Hui93], this
geometric identity is the key for proving the classification; we do this in the
third step.

Step 1: Weighted estimates. Since H > 0, Proposition 10.14 gives
(10.25) [[A]? + |A]* + |VIA|? + |VA]?] < oo.

Therefore, |A] is in the weighted W12 space, and so (2) in Lemma 9.15 gives
[|A]?|V log H|?] < co. Furthermore, using that £Llog H = 5 —|A|>—|Vlog H|?,
we also get that [|A|?|Clog H|] < oo. This gives by the trivial inequality
2ab < a? + b? the integral estimate

(10.26) [|A?|V1og H| + |V|A[]*||V1og H| + | A]*|Llog H|| < occ.

The definitions of £ and L and the equality in (10.9) give
(10.27)

1 1
AICIA] = A] (LIA] = |AP[A] = 3 A]) = 5 AP = |A]' + VAP = [V]4]P,

and combining this with (10.25) and the trivial inequality 2ab < a? + b? gives
(10.28) AIIVIA][ + [V]A]]? + A [£]Al] < oo.
Step 2: Geometric identities. By (10.26), we can apply Corollary 3.10 to

|A|? and log H to get that
(10.29)

1
(V]AP. Viog H)| = — [|AL1og 1] = || AP (A - Lo Viog HP )|
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where the second equality used the equation for Llog H. Similarly, (10.28)
allows us to apply Corollary 3.10 to two copies of |A| and get
(10.30)

(V1417 =~ 14I£ Al = 141 (£14] - APR14] - 3 141)] < [141* - 2 147

where the inequality used that L|A| > |A| by Lemma 10.8. Substituting (10.30)
into (10.29) and subtracting the left-hand side gives

(10.31)

0> [|AP|Vlog H|>—2(|A| Vlog H, V|A|)+|V|A|]*] = [||A| Vieg H — V|A|*] .

We conclude that |A|Vleg H — V|A| = 0 and, thus, that |A| = SH for a
constant 5 > 0. In particular, |A| satisfies the equation L|A| = |A| and, again
by Lemma 10.8, we get

(10.32) |VA]? = |V|A|]%

Step 3: Classifying X using the geometric identities. Now that we have
obtained the key geometric identities (10.32) and |A| = SH, the rest of the
argument follows Huisken’s argument on pages 187 and 188 of [Hui93|.

As in Lemma 10.2, fix a point p € ¥ and choose e;, i = 1,...,n, so that
at p we have a;; = \; 6;;. We showed in (10.5) that
(10.33)

2
[APIVIAIP = (Z @i A,-) <|APY ahe <|APDY afy = [APIVAP.
By (10.32), we must have equality in the two inequalities in (10.33) so we
conclude that
(1) For each k, there is a constant oy, so that a;; = oy A; for every i.
(2) If 4 7é j, then A5k = 0.
Since a1, is fully symmetric in ¢, j, and k by the Codazzi equations, (2) implies
(2) aijr =0 unless i = j = k.
If \; # 0 and j # 4, then 0 = a4 ; = a; A\; so we must have a; = 0. In

particular, if the rank of A is at least two at p, then every a; = 0 and, thus,
(1) implies that VA(p) = 0.

We now consider two separate cases depending on the rank of A.

Case 1: The rank is greater than one. Suppose first that there is some
point p where the rank of A is at least two. We will show that the rank of A is
at least two everywhere. To see this, for each ¢ € X, let A1(¢) and Aa(q) be the
two eigenvalues of A(q) that are largest in absolute value and define the set

(10.34) Yo ={q € X|A1(q) = M(p) and X2(q) = X2(p)}-
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The subset Yo contains p and, since the \;’s are continuous in ¢, it is auto-
matically closed. Given any point g € X9, it follows that the rank of A is at
least 2 at ¢. Since this is an open condition, there is an open set ) containing
q where the rank of A is at least two. However, we have already shown that
VA = 0 on this set, and this implies that the eigenvalues of A are constant on
Q. Thus, Q2 C ¥y and we conclude that Yy is open. Since ¥ is connected, we
conclude that ¥ = 5 and, thus, also that VA = 0 everywhere on X..

In Theorem 4 of [Law69], Lawson showed that every smooth hypersurface
with VA = 0 splits isometrically as a product of a sphere and a linear space.
Finally, such a product satisfies the self-shrinker equation only if the sphere is
centered at 0 and has the appropriate radius.

Case 2: The rank is one. Since H > 0, the remaining case is where the
rank of A is exactly one at every point. It follows that there is a unit vector
field V so that

(10.35) A(v,w) = H (v, V){w, V).

The vector field V is well defined in a neighborhood of each point, but a priori
is globally well defined only up to 1. (It is really the direction that is globally
well defined.)

Working at a point p and using the notation of (10.33), suppose that
A1 > 0 (i.e, that e; = V at p). It follows from (1) and (2') that a;j, = 0 except
possibly when ¢ = 57 = k = 1. This means that at p,
VYAV, V)
N H
Since VA and %(V’V)Q, V)A are both (0,3)-tensors and p is arbitrary, this
equality is independent of the choice of frame and, thus, (10.36) holds at every

point. Hence, if v(t) is a unit speed geodesic on ¥ and v(t) is a parallel vector
field tangent to > along ~, then

(10.36) VuA(v,w) (u, V)A(v,w).

(10.37) 0 A(v,v) = Vs A(v,0) = W“lg/’v)wx V) A(v, v).

In particular, if v(0) is in the kernel of A at v(0), then A(v,v) vanishes along
v(t). (The proof of this is sometimes called “Gronwall’s Lemma.”) In other
words, the kernel of A is preserved under parallel transport. Therefore, if v(0)
is in the kernel of A at (0), then (10.36) gives

(10.38) (VB u,m) = A (Y (1), 0(t) =0,

and so the vector field v(t) is not just parallel along the curve, but it is actually
constant. It follows that there are (n — 1) constant vectors eqg, ..., e, tangent
to X that give a global orthonormal frame for the kernel of A. Consequently,
¥ is invariant under the (isometric) translations in the (n — 1)-plane spanned
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by es,...,e,. Therefore, ¥ is a product of a curve 4 C R? and this (n — 1)-
dimensional subspace. The curve 7 is a smooth embedded self-shrinking curve
in R? with positive curvature (i.e., it is convex) and with “polynomial length
growth.” Finally, by Corollary 10.45 below, 4 must be a round circle. (]

The next lemma, which was used in the last paragraph of the preceding
proof, shows that any complete self-shrinking curve in R? is either a straight
line or it lies in a bounded set. In particular, if it has “polynomial length
growth,” then it is either a straight line or it is closed. We were unable to find
a proof of this in the literature, so we will include one here.

LEMMA 10.39. If v : R — R? satisfies |Y/| = 1 and H = }(z,n), then
either y is a straight line through the origin or H? is positive and |x|? is

bounded.

Proof. The geodesic curvature is H = —(V,7/,n). Since V,yn = H~/,
we get

(10.40) 2H' =V (z,n) = (y,n) + (z,Vyn) = H(z,v).
Similarly, differentiating |z|? gives
/
(10.41) (lz1?) = Vy(z,z) = 2(+/, 2).
Combining these two equations, we see that
z|2 z|2 / ]_
(10.42) % (H%i%) —2HH' — 5H2 (lz?)" = B(@,~) — HX{(z,7) = 0,
- 2
so the quantity H%~F is constant on 7; call this constant E = E(y).
2
To see why this implies that H? is bounded, we use that H? < % and,
thus,
||
(10.43) H2% 21 > H% 2 = E(y).
In particular, since limu_>oo(u2e_2“2) = 0 and we may assume that E(vy) > 0
(otherwise H = 0), we see that H is bounded.
Suppose that v is not a straight line through the origin. It follows that
E(vy) > 0 and, thus, that

2 H?
10.44 e2 = .
(1044 E()
It follows that H? > 0 and, since H? is bounded by (1), that |z|? is bounded.

O

It follows from Lemma 10.39 that any simple complete self-shrinking curve
in R? without boundary and with polynomial length growth must either be
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a straight line or must be closed and convex. Combining this with Gage-
Hamilton, [GHS86], gives the following corollary.*

COROLLARY 10.45. Any simple complete self-shrinking curve in R? with-
out boundary and with polynomial length growth must either be a straight line
or a round circle.

Corollary 10.45 has the following immediate consequences for self-shrinkers
in R3.

COROLLARY 10.46. Any smooth complete embedded self-shrinker in R>
without boundary and with polynomial area growth that splits off a line must
either be a plane or a round cylinder.

Remark 10.47. Lemma 10.39 holds also for immersed self-shrinking curves.

11. The classification of stable noncompact self-shrinkers

In this section, suppose that ¥ c R"! is a complete noncompact hyper-
surface without boundary that satisfies H = @ and has polynomial volume
growth. Throughout, L = A + |A|? + 1 — 1z - V will be operator from the

second variation formula for the Fjy; functional.

11.1. The classification of F-stable noncompact self-shrinkers. We can
now prove that hyperplanes are the only open F-stable self-shrinkers with
polynomial volume growth. To do this, we will show that if ¥ is not a hy-
perplane, then there is a compactly supported variation of ¥ for which F” is
negative no matter which values of y and h that we choose.

Proof of Theorem 4.31. We will consider three separate cases.

Case 1: H wanishes identically. It follows that Y is minimal and, since

H = <L2n>, Y is also a cone. However, the only (smooth) embedded minimal

cones are hyperplanes.

Case 2: H does not vanish anywhere. In this case, Theorem 0.17 (our
extension of Huisken’s classification of mean convex self-shrinkers from [Hui93))
gives that ¥ is a product R*¥ x 8" where the S”~* has radius /2(n — k)

14Gage-Hamilton showed that the curve shortening flow of any simple closed convex curve
becomes extinct at a round point; in particular, the round circle is the only simple closed
convex self-shrinker. This can also be seen by using Hamilton, [Ham95], or Huisken, [Hui98].
Finally, one could alternatively use the Abresch and Langer, [AL86], classification of simple
self-shrinkers; see Andrews, [And03], for yet another alternative proof that, unlike [AL86], is
not computer-assisted.
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and 0 < k < n. We will see that these are all F-unstable.!> Observe that
H = \/(n—k)/V2 and |A|*> = } are constant. Let z; be the coordinate
function corresponding to the first coordinate in the R¥. Since z; is harmonic
on X and Vx1 = J1, we get that

1 1
(11.1) Lz, = Az — §<x,Va:1) = —3%1,

1 1
(11.2) Lxi=Lx1 + 51‘1 + ‘A‘le = 5.%1.

It follows that |z1|, |[Va1], and |Lx1| are all in the weighted L? space since &
has polynomial volume growth. Since the constant functions are also in the
weighted W12 space, Corollary 3.10 with u = 1 and v = x; gives

(11.3) 0:/2[£x1] e%ﬂz = _/2 {%} e#.

Suppose next that y € R"! is fixed and ¢ is a bounded function on R¥, so
that ¢(x1,..., o)z is in the weighted L! space on X. It follows from Fubini’s
theorem that

(11.4) /E¢(x1,...,xk)x1<y,n)e 1

7(z%+m+z%+2(n7k))

— {gb(xl, L, ap)TLe z /Snk(y, n>} :

(xlv“'vxk)eRk

It is easy to see that (y, n) is independent of (x1, ..., x) and is an eigenfunction
of the Laplacian Agn—« on the S”* factor. In particular, (y,n) integrates to
zero on each slice where (z1,...,z) is fixed, so we conclude that

2

(11.5) /E¢(x1,...,xk)x1<y,n>ef' _ 0.

We would like to use x1 as the variation, but it does not have compact support.
To deal with this, let ¢; be a C? cutoff function on R* that is identically one
on Bj, cuts off to zero between 0B; and 0Bj2, has |¢;] <1, |V¢;| < 2, and
|Ag;| < C for a fixed constant C. Therefore, using f; = ¢;z1 as a variation,
Theorem 4.14 gives

(11.6)
1" . m — k)h? , 2 —|z|?
Ff = (4m) /2é{_ijfj+2T\l/§hfj—(n 2) _<y2n) . \4\,

151f we do not assume embeddedness, then there is the additional possibility that ¥ is
a product of a Euclidean factor and one of the immersed locally convex Abresch-Langer
examples. However, it follows from the linear analysis in Section 2 of [EW87] that the
number of negative eigenvalues of the linearized operator is greater than can be accounted
for by H and the translations. Hence, these are F-unstable.
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where we used (11.5) to get rid of the f;(y,n) term. Using (11.2) and (11.3),
it follows easily from the monotone convergence theorem that

, o[ 3] -l , o[
(11.7) lim [ [=fjLfjle 7 = —/ —| e 7 and lim / fiema =0.
P b

j—oo J% 2 Jj—00

Hence, for all j sufficiently large, we get

7t

1" 1 —n/2 iz
(11.8) Ff <5 (4n) /E ~d e

Since this is negative for every h and y, we get that X is unstable as claimed.

Case 3: H wvanishes somewhere, but not identically. By Theorem 9.36, we
know that p; < —1. Therefore, we can apply Lemma 9.58 to get some R so
that if R > R and u is a Dirichlet eigenfunction for y1(Bg), then for any h € R
and any y € R"!, we have

2 212
(11.9) / —uLu 4 2uhH + u (y,n) — h>H? — (y,m)” e_% < 0.
BrNY 2

If we fix any R > R and then use the corresponding v in the second variation
formula from Theorem 4.14, then we get that F” is negative for every h and
y, and so we get that ¥ is unstable as claimed. O

11.2. Noncompact entropy-stable self-shrinkers. In this section, we will
use our characterization of entropy-stable self-shinkers together with our clas-
sification of F-stable self-shinkers to prove Theorems 0.7 and 0.12. By Corol-
lary 10.46, the only embedded self-shrinkers in R? that split off a line are
cylinders and planes, so Theorem 0.7 is an immediate consequence of part (2)
of Theorem 0.12.

Throughout this subsection, ¥ € R"*! will be a smooth complete embed-
ded self-shrinker without boundary and with A\(X) < oo.

We now prove Theorem 0.12, which classifies entropy-stable self-shrinkers;
as mentioned, this immediately implies Theorem 0.7.

Proof of Theorem 0.12. We have already shown that the sphere is the only
smooth closed entropy-stable self-shrinker, so we may assume that X is open.
We will first show part (2) of the theorem.

If ¥ is not a round S™ and does not split off a line, then ¥ can
be perturbed to a graph Y of a compactly supported function

u over ¥ with A(X) < A(X). In fact, we can take u to have
arbitrarily small C" norm for any fixed m.
Since ¥ does not split off a line, this follows immediately from combining
Theorem 0.15 and Theorem 4.31.
Now that we have part (2), the key for proving part (1) is the following
observation.
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Claim. If ¥ = R" % x 3y where ¥y C R*¥*1, then

Rn+1 Rk+1

(11.10) Flo (B) = Fpg, (X0),
where zg is the projection of z to R*¥*1,

Proof of the claim. By induction, it suffices to do the case where (n—k)=1
and k + 1 = n. Given a vector y € R""!, set y = (y1,y0) with y1 and yo the
projections of y to R! and R™, respectively. Since

—le—yp |2 1 2 1
. e to Y1 = 0)2 e s = (4mtg)2,
11.11 4 d 4t d At
R R
Fubini’s theorem gives
. —lo—yl?
(11.12) FR™H(E) = (4mtg) "2 / e o
’ RXEO
—n/2 —lz1—yp1? —lzg—yg|?
= (4mtp) A /Re o dyp Je o
0
—lzg—wol? n
— (dtg)~ (12 /E et = FRY (%),
0

This gives the claim.

To prove (1), suppose that ¥ = R" ¥ x ¥, where % is a self-shrinking
hypersurface in R**! and is not a k-dimensional round sphere and does not
split off another line. Part (2) that we just proved gives a graph g of a
compactly supported function u on Xg so that Agw+1(2o) < Age+1(Zo). Part
(1) follows from combining this with the claim. O

12. Regularity of F-stable self-shrinkers

The combined work of Brakke (Allard), [Bra78], [All72], Huisken, [Hui90],
Ilmanen, [Ilm95b], and White, [Whi97], yields that, for a MCF in R"*! starting
at a smooth closed embedded hypersurface, any tangent flow (also past the first
singular time) has the property that the time —1 slice is an n-dimensional F-
stationary integral varifold'® with Euclidean volume growth. The main result
of this section, Theorem 12.1 below, shows that if the regular part of such
an n-dimensional F-stationary integral varifold is orientable and F-stable and
the singular set has finite (n — 2)-dimensional Hausdorff measure, then it is
smooth (at least for n < 6) and thus Theorem 0.16 applies and shows that
such a self-shrinker is either a round sphere or a hyperplane; see Corollary 12.2
below.

16An F-stationary integral varifold is a weakly defined minimal hypersurface in the con-
formally changed metric on R™*1.
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THEOREM 12.1. Let ¥ C R™! be an n-dimensional integral varifold that
is a time slice of a tangent flow of a MCF starting at a smooth closed embed-
ded hypersurface in R 1. If the regqular part of ¥ is orientable and F-stable
and the singular set has finite (n — 2)-dimensional Hausdorff measure, then it
corresponds to an embedded, analytic hypersurface away from a closed set of
singularities of Hausdorff dimension at most n — 7, which is absent if n < 6
and is discrete if n = 7.

Recall that, for a MCF, at any point in space-time tangent flows exist
and are Brakke flows. In particular, the time slices of such a tangent flow are
F-stationary integral varifolds.

As an immediate corollary of Theorem 12.1 combined with Theorem 0.16,
we get

COROLLARY 12.2. Let {T;}i<0 be a tangent flow of a MCF starting at
a smooth closed embedded hypersurface in R" 1. If the reqular part of T_1
is orientable and F-stable and the singular set has finite (n — 2)-dimensional
Hausdorff measure and n < 6, then T_1 is either a round sphere or a hyper-
plane.

Recall that we defined the operator L in Section 4 by

Jz|? |z 1
(12.3) Lv=e¢1 div (e_T Vv) + AP0 + V-

LEMMA 12.4. Suppose that ¥ C R™ is a F-stationary n-dimensional
integral varifold and 0 C X is an open subset of the regular part of 3. If
11 (L, Q) < —3, then Q is F-unstable.

Proof. If u1(L, ) < —%, then we get a function fy with compact support
in Q satisfying

(12.5) /(foLfo i <——/f0e’T.

Substituting fy into the second variation formula from Theorem 4.14 gives
(12.6)

3
F" < <47r>”/2/Q {—2 f3 +2fohH + foly.m) — B2 H? - Y2

—lz|?
4 .

= (4m) ™2 [ =5 (o~ () = (o - hi)?] ¢

Since F” < 0 no matter which values of h and y that we use, it follows that
is F-unstable. ([l

In the next lemma, reg(X) is the regular part of an integral varifold X.
Moreover, in this next lemma, we will assume that Vol(B,(x)) < Vr" for all
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0 <r <1 and all z. As we have noted before, this is automatically satisfied
for tangent flows.

LEMMA 12.7. Given € > 0, an integer n, and R, V > 0, there exists
ro =71o(e,n, R, V) > 0 such that the following holds.

Suppose that ¥ C R"! is an n-dimensional F-stationary integral varifold,
F-stable on the regular part and Vol(By(z) NX) < Vr" for all0 <r <1 and
r € R". Tthen

||
o X is stationary with respect to the metric g;; =€~ 4 d;; on Rt
e Forallzg € Br(0) and for all smooth functions ¢ with compact support
in the regular part of By, (xo) N3, we have the stability-type inequality

(12.8) /E]Ag@(deVolgg(l—i—g) /Eyvgqb\f]dvolg.

Here Ay, Vg, |- |g, and dVoly are with respect to the metric g = g;; on R,

Proof. By inspection, the argument in Section 3 for smooth self-shrinkers
easily generalizes to show that ¥ is a stationary varifold in the metric g;; on
R"*!. We need to show that, in the gij metric on R"! where the varifold is
stationary, the usual second variational operator (or stability operator) satisfies
a stability-type inequality, i.e., (12.8), on sufficiently small balls. This will
follow from 11 (L, reg(X)) > —3 together with the Sobolev and Cauchy-Schwarz
inequalities.

The bulk of the lemma is to establish (12.8) for A, V = Vgn+1, and with
respect to the volume on ¥ coming from thinking of ¥ as a subset of Euclidean
space. This is because the lemma will follow from this with a slightly worse ¢
because of the following.

For a metric of the form g;; = fzéij, the Christoffel symbols are

1, Sit + fu b — fi0
(12.9) ke = 59" (9mht + Gmek = Ghtm) = e fkf“ fiO%

Hence, for vector fields X and Y,

(12.10)

fedik + fr 00 — fi Ore
f

Rn+1 Rn+1

VY = VR Y + X VT, 0 = VR Y + Xk Yy 0

Y, VHX + (X, V)Y - (X, YV)Vf
7 )
where all quantities in the second line are computed in the Euclidean metric.
If the vector fields X and Y are tangent to 3 whose (Euclidean) unit normal
is n, then the second fundamental form AY in the g metric is given by
(12.11)
A(X,Y) = AVEY, f~'n) = (V4 Yin) = fA(X,Y) — (X,Y)(V/.n),

=VxY +
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where the last equality used that X and Y are tangential while n is normal.
If e; is a d;;-orthonormal frame for ¥, then f ~le; is a frame in the new metric
and, thus,

(12.12) af; = [72 A (ese) = [ ay — [ e e)(V fim).
Squaring and using an absorbing inequality yields, for all § > 0,

2 |A]? [V
(12.13) gl < (14 0) n(1+ 5) T

Moreover, d Vol, = f" dVol, and f|V4¢|, = |Vé|. Integrating, we get

(12.14) / |Ag|2¢%d Vol < (14 6) sup f"~ 2/ |A|>¢*d Vol

|¢>0

+n (14—%) sup(\Vf|2f"_4)/Eq§2dV01.

l¢[>0

. lz|2 . L .
Since f = e 4n and the support of ¢ is contained in By, (o), it follows that

(12.15) sup f""% < (1+ Ogn(ro)) inf f"2,
|¢|>0 l¢>0
where Op ,(r9) = 0 as 79 — 0. The lemma now easily follows from (12.14) and
(12.15) provided we can show (12.8) for A, V, |-|, d Vol and we can show that
Js: [#?d Vol can be bounded by a small constant times [y |V¢|?d Vol. (The
last will follow, after choosing r¢ sufficiently small, from the Dirichlet-Poincaré
inequality that we show below.)

In the remainder of the lemma, gradients, second fundamental forms, and
volumes are all with respect to the Euclidean metric d;; and the metric on X
that it induces.

Observe first that by the Sobolev inequality (Simon, [Sim83, Th. 18.6,
p. 93]; cf. also [All72], [MS73]) for any smooth nonnegative function 1 €
C§°(Br,(z0) N'X) with compact support on the regular part of the varifold
(here we also use that since it is F-stationary H = m and that |zo| < R),

) (fue) T <c/ (V6] + |H9) < C [ (V6] +Ialw)
<0 [Vl + (R+m0)v).

On the other hand, by the Hélder inequality,

n

(12.17) /¢<VO1( o (0) mz% /W 1

Combining these two inequalities and setting ¢ = |¢| yields

(1218 [ ol < CVol(Byy (w) nS)F ([ 1Vl+ (R+r0) [ 161).
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Combining this with the bound Vol(B,,(z¢) N X) < Vry yields

(12.19) (1—0V%TO(R+TO))/E!¢>\ <OVn ro/zyw.

Finally, choosing rg sufficiently small and applying the Cauchy-Schwarz in-
equality gives the Dirichlet-Poincaré inequality for a constant C' (here, as else-
where in this lemma, C denotes a constant, though the actual constant may
change from line to line):

(12.20) [ 162 < et [ Vol
b b
Combining (12.3) and Lemma 12.4 yields

o2 o2 2 o2
(12.21) /yAqu?e—% :/ ¢L¢e—%+/ V|21 —1/ g~
b b D 2 /s

1 9 _l=? g =le?
< (m+5) [+ [ o
2/ s b

< [gre 4 [ vope™i,
) P

2
[zol

Multiplying both sides by e 4 and using that ||xo|? — |z|?| < ro(2R + 19) on
By, (xo) yields

2.2
lzol” —|z|

efro(R+ro)/ ‘A|2¢2§/ |A’2¢2ef
by s
o lzgl®~lz|? o lzgl?~|z|?
§/¢>e i +/\v¢|e ;
s by

<er0(R+T‘0)/ ¢2+eT‘0(R+T0)/ ‘v¢‘2
N b b

Hence,
/ |A’2¢2 SeQTo(R-{-m)/ ¢2+e2r0(R+m)/ |V¢)|2
P 2 %

The lemma now easily follows from the Dirichlet-Poincaré inequality after
choosing rq sufficiently small. O

Proof of Theorem 12.1. This is an immediate consequence of [SS81] and
Lemma 12.7. Note that the argument in [SS81] goes through with the slightly
weaker stability inequality (12.8). O

Using these regularity results, we can now extend the entropy-stability
theorem, i.e., Theorem 0.12, to this setting.

Proof of Theorem 0.14. The proof of Theorem 0.12 combined the classi-
fication of smooth F-stable self-shrinkers (Theorem 0.16) with the splitting
theorem (Theorem 0.15). The classification of F-stable self-shrinkers was ex-
tended to this setting in Corollary 12.2. However, the splitting theorem needs
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to be modified slightly. To explain why, recall that the proof of Theorem 0.15
used the following four ingredients:

the first variation formula,

integration by parts for the drift Laplacians,

the easy case of the second variation formula (when only the parameters xg
and to change),
the fact that any (smooth) minimal cone must split (in fact, must be R").

The first three ingredients all generalize to this setting, but the last does
not. (Consider, for example, the cone on the Clifford torus S* x S!.) Thus, we
must deal with the new possibility of a minimal cone that does not split.

Suppose now that the self-shrinker ¥ is a n-dimensional minimal cone in
R"*! whose singular set has locally finite codimension-two measure and ¥ does
not split. We will consider variations ¥, so that each X is a cone with vertex
at the origin. As in the proof of the splitting theorem, we define a function

G(zo,t0,8) = Fug 1 (Xs)-
Because of the dilation invariance of ¥4, we have for any A > 0 that
G(z0, to, 5) = G(z0/ ), to/N2, 5).
Thus, it suffices to find a variation ¥4 so that for every s # 0, we have

(12.22) sup G(zo,1,s) < A\(X).
g
We will next choose the variation vector field. Let I' = 9B; N X denote
the “link” of the cone . It follows that I' is a minimal hypersurface in the
n-sphere 0B; and the singular set of I has finite codimension-two measure. In
order to preserve the cone structure, we will work with variations of the form
fn with

f(@) = |zl g(x/|2]),

where g is an eigenfunction for Ar + |A]? on T with
(Ar +|A])g = —pg.

(Initially, we make no assumptions on the eigenvalue p.) Here A is the second
fundamental form of the whole cone and Ar is the second fundamental form
of the link I' as a submanifold of the unit sphere.
Using that ¥ is the n-dimensional minimal cone over I" and f is homoge-
neous of degree one, we compute that
of .\ fl@) . O

= — d _— =
or () || e B2 0,
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so we get that

(rrangno 00 Y 1 0
Lf—<|x\ Arf+ || 8r+07‘2 +2f+|A’ / 2 Or
_ -1 (—p+n—1)g
— |2 [(Ar + |AP)g] + 2 f = .

o [(Ar +14Pyg] + Tt £ = A

Using fn to generate the variation ¥4 (this is homogeneous, and so preserves
the cone structure), the second variation formula from Theorem 4.14 gives

(12.23)
888

||

s:oG(yS’ 1,s) = (47)"2 /Z (_fo ¥ fly,n) — %<y’ n>2) 2L

x|2

_n 1 _ =
— (4w [ (0 1= m) g el gly.m) 5w ) e
We claim next that we can choose a fixed function g to make (12.23) negative

for all possible choices of y € R™™!. To prove this, we will consider two separate
cases depending on the regularity of the link T'.

Case 1. Suppose first that I" is smooth. Standard calculations (see, e.g.,
[CM99] or [CM11, eq. (1.180)]) show that if y € R™"! then (y,n) is in the
kernel of A + |A|? on ¥ and, using that X is the cone on T, satisfies

(Ar + |A]*)(y,n) =0 on T.

Since ¥ does not split, we know that (y,n) is not identically zero unless y = 0.
It follows that the multiplicity of the kernel is at least (n + 1). Since this
multiplicity is greater than one, 0 is not the lowest eigenvalue for the operator
Ar + |AJ%. Let g be the lowest eigenfunction for Ar + |A|? on T, so that

(Ap + |AP)g = —pg and p < 0.

Since g and (y, n) are eigenfunctions, with different eigenvalues, of a symmetric
operator, it follows that they are L?-orthogonal on I'. Therefore, the cross-term
integrates to zero in (12.23) on each level set of |z| and we get

Glys.Los) = (4m) % [ (s 1= m)g? = Jpm?) e,

which is strictly negative since u < 0.

888

s=0

Case 2. T" has nonempty singular set. Let p1 be the bottom of the spec-
trum of Ar + |AJ? on the regular part of I'. The second variation operator for
I" as a minimal hypersurface of the n-sphere 9B is given by

Ar + |Ar|? 4+ Ricop, (n,n) = Ar + |Ap|* 4 (n — 1).

Therefore, if p; # —o0, then there is a uniform lower bound for the spectrum
of the second variation operator of I' and, by using the Sobolev inequality as
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in the proof of Lemma 12.7, it follows that all sufficiently small balls in I" have
the slightly weaker stability inequality (12.8). Since the singular set of I' has
finite codimension-two measure and the argument in [SS81] goes through with
the slightly weaker stability inequality (12.8), we conclude that I' is smooth
(putting us back in Case 1). Thus, we may assume that p; = —oo and we
may choose a compact subset {2 contained in the regular part of I' so that the
lowest Dirichlet eigenfunction g of Ar 4 |A[? on Q satisfies

(Ar + |A]*)g = —pug where pn < —1.

Using the Cauchy-Schwarz inequality 2|z|g{y,n) < (y,n)? + |z|?¢?, (12.23)
gives

||

G L)< ()% [ (e 1-m) g+ Slale?) %
>z
||

= m)E [ gt

where the second equality used that g is independent of |z|, ¥ is an n-dimen-

sional cone, and
[ee] 1 7‘2
/ e T dr—n/ r" e T dr.
2 0

Since p < —1, we get that (12.23) is negative as claimed.

688

Now that we have established that (12.23) is negative, we can argue as in
the proof of the splitting theorem. First, we argue as in Lemma 7.10 (with the
constant a there equal to zero) to see that

(1) G(x0,1,0) has a strict global maximum at zp = 0.

Second, by Proposition 3.6, V4, sG(0,1,0) = 0 and the negativity of
(12.23) gives that the hessian of G(z9,1, s) is negative definite at zp = 0 and
s = 0. It follows that

(2) G(zo,1,s) has a strict local maximum at xop = 0 and s = 0.

Third, using that the links of the cones are varying smoothly, the first

variation formula easily gives that
(3) |0sG(zo, to, s)| is uniformly bounded when |xg| and |logtg| are uni-
formly bounded.

Fourth, arguing as in (7.5) and (7.49), we get

% _lz— zq|?
/ To o — (4rty) 3 /
s
/ st _Jz—zg|?
s\

T
s 4

HE _lz—zg?
s 4tg

w\:

ato G(l’o, th 5) > — 47Tt0
\= 4

w\:

= 47‘(‘ to

2
lz—zg|

Z—CH(47TtO)_%/ |72 e” 0
DALY
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where the equality used that ¥ is minimal and the last inequality used that
|Hs,|*> < Cg ||~ since B, \ ¥ is a cone that is smooth (with boundary) away
from 0. We will show that this integral has a uniform bound when |z¢| = 1
and ty < 1. To do this, we divide ¥4 \ ¥ into three subsets:

SlzB%(m))ﬂzs\E,
SQZBlﬂEs\(SlLJE),
53223\(S1USQUE).

Since the triangle inequality gives that |z| > % on S, we get

|z—x 2

oy —lz=a0l n _lz—=ql?
|x|™e o §4(47rt0)_5/ e o .
S1

_n

(47Tt0) 2

S1
To bound this integral, we use that S; is given as the graph of a smooth
function over a smooth subset of 3 to get a constant Cy so that for every
r<3,
VO](BT(.Q?(]) N Sl) < Cyr™.

We will divide the integral into annuli
Aj = B\/jTo(:EO) NSy \B\/m(xo)

The volume bound gives that Vol(A;) < Cy 52 12 ; we also have that

_lz—=g|? 1—j
supe Yo =e 4 .
A

We can now estimate the integral over S7 by

n _\z—z |2 n
4(477750)*5/ ¢ o g4(4m0)*5/ 1
S B\/%(xo)ﬂsl
n _lz—zg)?
+ 4(47ty) 2 Z/ e 4o
j>274;

< Ova(m)E 4 Cva(am) Y (jEeT) <o,
Jj>2
where the last inequality used that the series converges and that the expression
does not depend on tg since the powers of ty cancel.
To get the bound on Sa, use the triangle inequality to get that |x — x| > %
on So, and then use the cone structure to see that Vol(0B, N ¥,) = Crn1.
Thus we can bound the integral by

|z —zg)?

n _lz—=gl? n 1 _
(4rto) 5 / 2| 2e” Fo o < (4rty)3 / (Cr V)2 e 50 dr
So 0

ol
< C(4rty) 2 e SfO/ 3 dr.
0
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Since n is at least three (the only minimal cones in R3 with locally finite
codimension-two measure are planes), the integral fol "3 dr is finite. More-
over, the function

n __1
h(to) = (47Tt0)75 e 8t

is smooth on (0, 1] and has limy,_,o h(tg) = 0, so it is uniformly bounded on
(0,1]. We conclude that the integral over Sy is also bounded.

Finally, on S3, we use the triangle inequality to see that |z —xg| > % and
then use the cone structure to get

la—zql? n [ 2
(4dmtg)™ / lz|%e T (47rt0)_§/ (Cr" Y2 e 80 dr
1
2

oo T
< C(47Tt())7§/ e S0 dr < c3,
1

where we used that » > 1 in the second inequality and the last inequality used
that this integral is bounded by (a constant times)
n [ _r2
1 :/ H(0,z,2ty)dx = cn(47r2t0)_5/ r"le 8 dr,
n 0

where H is the heat kernel on R"™. Now that we have gotten uniform bounds
on the integrals on all three regions (independent of ty € (0, 1]), it follows that

(4) If |zo| =1 and to <1, then 9y, G(xo,to,s) >—C, for a fixed constant C.
Fifth, (1) gives a > 0 and R so that

sup {G(x0,1,0)||zo] > R} < A\(Z) — 3.

Using, in order, the dilation invariance of X, (4), (3), dilation invariance again,
and then the above inequality gives

G(xo,1,8) = G(zo/|zol, |z0| 2, 8) < G(20/|20|, R2,5) + C1 R
G(xo/|zo|, R7%,0)+Cs+ Cy R™2
G(Rxo/|x0),1,0) + Cs+Cy R2
<AXX)-3a+Cs+CiR2,

IN

where Cj is given by (4) and C = C(R) is given by (3). Thus, after possibly
increasing R to make C; R™2 < «, thus determining C, and then setting & =
a/(2C), we get that

(5) There exist a > 0, R, and & so that
sup {G(zo,1,5)| |zo| > R and |s| < 28} < A(Z) — a.
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Proving (12.22) using (1)—(5). The case of (12.22) where |zg| > R is given
in (5). Likewise, (2) gives (12.22) when |zg| < 7 for some 7 > 0. Finally, the
remaining case where 7 < |zo| < R follows by combining (1) and (3). O

The proof of Theorem 12.1 relied on the result of Schoen-Simon, [SS81].
This result was recently significantly sharpened by Wickramasekera, [Wic09].
Thus, if we use Wickramasekera’s result, then we get a sharper regularity result
that we describe below. Before recalling the theorem of Wickramasekera, we
need the following definition of his.

Fix any o € (0,1). We say that an n-dimensional varifold ¥ ¢ R"*! sat-
isfies the a-structural hypothesis if no singular point of ¥ has a neighborhood
in which the support of ¥ is the union of three or more embedded C'® hyper-
surfaces with boundary meeting (only) along an (n — 1)-dimensional embedded
C1® submanifold.

PROPOSITION 12.24. Let ¥ C R™! be an n-dimensional F-stationary
integral varifold having Fuclidean volume growth and orientable, F-stable reg-
ular part. Fiz any « € (0,1), and suppose that 3 satisfies the a-structural
hypothesis.

The varifold then corresponds to an embedded, analytic hypersurface away
from a closed set of singularities of Hausdorff dimension at most n — 7, which
1s absent if n < 6 and is discrete if n = 7.

As mentioned, the proof of this proposition will use a very recent result
of Wickramasekera, [Wic09], in place of the result of Schoen-Simon. For con-
venience of the reader, we state this next. (The proposition is stated for a
unit ball in Euclidean space, but holds for all sufficiently small balls in a fixed
Riemannian manifold.)

PRrOPOSITION 12.25 (Wickramasekera [Wic09]). Consider an n-dimen-
sional stationary integral varifold ¥ in an open ball in R™ having finite
mass and orientable reqular part. Suppose also that for all smooth functions
with compact support contained in the reqular part of 3, we have the stability-
type inequality [5 |A|*¢? < (1+¢) [ |V@[? for some sufficiently small & > 0.
Fiz any a € (0,1), and suppose that ¥ satisfies the a-structural hypothesis.

The varifold then corresponds to an embedded, analytic hypersurface away
from a closed set of singularities of Hausdorff dimension at most n — 7, which
is absent if n < 6 and is discrete if n = 7.

We can now prove the sharper regularity result of Proposition 12.24.

Proof of Proposition 12.24. Using that the regular part is orientable and
F-stable, we can apply Lemma 12.7 to get the stability-type inequality.
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For all smooth functions ¢ with compact support contained in

the intersection of a sufficiently small ball with the regular set

[1Aape < (1) [ [vop
Y %

for any small ¢ > 0 (taking ¢ smaller forces us to reduce the
size of the balls).

Therefore, Proposition 12.25 applies in these small balls to give the de-

sired local regularity. The proposition follows by piecing together the local

regularity. ([
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