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Global solutions for the gravity water
waves equation in dimension 3

By P. GERMAIN, N. MAsMoOUDI, and J. SHATAH

Abstract

We show existence of global solutions for the gravity water waves equa-
tion in dimension 3, in the case of small data. The proof combines energy
estimates, which yield control of L? related norms, with dispersive esti-
mates, which give decay in L*. To obtain these dispersive estimates, we
use an analysis in Fourier space; the study of space and time resonances is
then the crucial point.

1. Introduction

We consider the three-dimensional irrotational water wave problem in the
presence of the gravity g. The velocity of the fluid is denoted by v. We assume
that the domain of the fluid is given by Q = {(z,2) = (z1,72,2) € R3,z <
h(z,t)}, where the graph of the function h; i.e., S = {(x,h(z,t)),z € R?}
represents the free boundary of the fluid which moves by the normal velocity
of the fluid. In this setting the Euler equation and the boundary conditions
are given by

(E) {Dtv Y 90+ Voo =—Vp—ges (2,2) €,

V-o=0 (z,2) €,

(B0) {athﬂ.v(m,z)(h—z):o r € R?,

pls = 0.

Since the flow is assumed to be irrotational, the Euler equation can be
reduced to an equation on the boundary, and thus the system of equations
(E-BC) reduces to a system defined on S. This is achieved by introducing the
potential 13y where v = Vi)g. Denoting the trace of the potential on the free
boundary by ¥ (x,t) = ¥y (x, h(z,t),t), the system of equations for ¢ and h
are [SS99]

ath = G<h’)w7
(WW) Op = —gh — 3V + grprenpy (GUh)Y + Vh- V)2,
(h, ¥)(t = 2) = (ho, o),
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where G(h) = \/1+ |Vh|?2N, N being the Dirichlet-Neumann operator asso-
ciated with €. In the sequel we take g = 1 for simplicity.

Before stating our result we introduce the Calderén operator A o | D,
the complex function u defp 4 iAY24), its initial data ug def ho + iAY %4, and

its profile f def itA'2), Then

THEOREM. Let § denote a small constant and N a big enough integer.
Define the norm

def — —
Jullx = sup tllullyyace + 7 flull g + ¢ |2 f |2 + Jullz2 -

There exists an € > 0 such that if the data satisfies He*"(t*Z)Al/zu()HX < e, then
there exists a unique global solution uw of (WW) such that ||ul|x < e.

The estimates leading to the above theorem give easily that the solutions
scatter.

COROLLARY 1.1. There exists a constant Cy such that under the condi-
tions of the previous theorem, there exists foo € HN~NC0O N [2(22-C00qz) such
that f(t) — foo in HN"NCO N [2(32=C0%z) as t — oco.

Some comments on the stated results. Our approach in writing this article
has not been to strive for a minimal N; rather, we chose to give a proof as
concisely as possible, by allowing at some places losses of derivatives. The fact
that the data for (WW) are given at ¢t = 2 does not have a deep significance; it
is simply a matter of convenience to avoid writing 1/(2 4 ¢) when performing
estimates, since the L decay of 1/t given by the linear part of the equation
is not integrable at 0. The precise conditions on the constants §, N, under
which the theorem holds are, as an inspection of the proof reveals: ¢ less than a
universal constant dg, % <, and € < §. Finally, we notice that the condition
on ug in the theorem is satisfied if, for instance, ug € W' N HYN N L?(2%dz).

There is an extensive body of literature on local well posedness and en-
ergy estimates for (WW) in Sobolev spaces starting with the work of Nalimov
[Nal74] for small data in 2 dimensions (see also H. Yoshihara [Yos82]). The first
breakthrough in solving the well posedness for general data came in the work
of S. J. Wu [Wu97], [Wu99] who solved the problem in 2 and 3 dimensions.
There are many other works on local well posedness. We mention the work of
W. Craig [Cra85], T. J. Beal, T. Hou, and J. Lowengrub [BHL93], M. Ogawa
and A. Tani [OT02], G. Schneider and E. C. Wayne [SW02], D. Lannes [Lan05],
D. Ambrose and N. Mamoudi [AMO07], [AM09], and P. Zhang and Z. Zhang
[2Z08]. We also mention that for the full system (E), there are well posed-
ness results given by D. Christodoulou and H. Lindblad [CLO00], D. Coutand
and S. Shkoller [CS07], and J. Shatah and C. Zeng [SZ08]. Recently S. J. Wu
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proved almost global existence for small data for (WW) in two space dimen-
sions [Wu09a).

Our proof of global existence is based on the method of space-time reso-
nances introduced in [GMS09]. It is the key notion to understand the long time
behavior of solutions to the water waves problem. The space-time resonance
method brings together the normal forms method [Sha85] and the vector fields
method [Kla85], and is illustrated below.

Space-time resonances. If one considers a nonlinear dispersive equation
on R”,

1
ﬁtu = ZL(*V)U + CLU2 +-,
i
solutions can be represented in Fourier space in terms of Duhamel’s formula

A~ A~

t . A~
1) o=@+ | [ Dafsm s g =)+ dnds,

where ¢ = —L(€) + L(n) + L(¢ — ), f(€) = e ©! and where @ denotes
the Fourier transform of u. The reason for writing the equation in terms of
f rather then 4 is that f is expected to be nonoscillatory and thus for the
quadratic terms the oscillatory behavior, is restricted to e?s#(&m),

Now consider a slightly more general situation by adding a symbol m(§, n)
in the above integrand, thus turning the product into a pseudoproduct (this
more general formulation will be important for the water waves problem):

~ t . N A
(12)  f0.6) = o) + | [ e EDam(,n)f(s,m) (s & =)+ dnds.

e Time resonances correspond to the classical notion of resonances, which
is well known from ODE theory. Thus quadratic time resonant frequencies are
defined by

T ={(&mn);e&mn) =0} ={(&n); L(n) + L(§ —n) = L&)}

In other words, time resonances correspond to stationary phase in s in (1.2).
In the absence of time resonant frequencies, one can integrate by parts in time
to eliminate the quadratic nonlinearity in favor of a cubic nonlinearity. The
absence of time resonances for sufficiently high degree usually indicates that
the asymptotic behavior of solutions to the nonlinear equation is similar to the
asymptotic behavior of linear solutions.

However, for dispersive equations, time resonance can only tell part of
the story. The reason is that time resonances are based upon plane wave
solutions to the linear equation e“LE)H82) while we are usually interested in
spatially localized solutions. For this reason we introduced the notion of space
resonances.
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e Space resonances only occur in a dispersive PDE setting. The physical
phenomenon underlying this notion is the following. Wave packets correspond-
ing to different frequencies may or may not have the same group velocity. If
they do, these wave packets are called space resonant and they might interact
since they are localized in the same region of space. If they do not, they are not
space resonant and their interaction will be very limited since their space-time
supports are (asymptotically) disjoint. If one considers two linear solutions u
and uz whose data are wave packets localized in space around the origin and
in frequency around 7 and £ — 7, respectively, then the solutions uw; and us at
large time ¢ will be spatially localized around (—V L(n)t) and (—VL(§ — n)t).
Thus quadratic spatially resonant frequencies are defined as

S = {(&n); VL(n) = VL =)} = {(&,n): Vye(&:m) = 0}

in other words, space resonances correspond to stationary phase in 7 in (1.2).
Spatial localization can be measured by computing weighted norms, namely
H:Eku((), )H2 = H@é‘ﬂ((), )H2 for the data, or Hzrkf(t, )H2 = H@gf(t, )H2 for the
solution.

This leads to the observation that if there are no space resonant frequen-
cies, then one can capture the spatial localization of the solution by integrating
by parts in 7 in equation (1.2).

e Space-time resonances correspond to space and time resonances occur-
ring at the same point in Fourier space. The space-time resonant set is given
by

Z=TNS.

It is clear from the above description that the asymptotic behavior of nonlinear
dispersive equations, of the type considered here, is governed to a large part by
the space-time resonant set %. Thus if the set % # () and the dispersive time
decay is weak, then one faces serious difficulties in proving that small solutions
exist globally and behave asymptotically like linear solutions. An important
additional structure is then provided by null forms.

e Null forms were first identified by Klainerman [Kla85] and Christo-
doulou [Chr86] for nonlinear wave equations. How can we interpret this idea
in the context of space-time resonances? A possibility is the following. In order
to estimate f in a weighted space, one has to apply 0 to (1.2). Distributing Ok,
different terms arise; the most difficult one carries a factor s. It corresponds
to O¢ hitting the phase and generates a term sd¢¢ in the integrand. To get rid
of this factor, one would like to integrate by parts, either in s, or in £. This is
possible under the “divisibility” condition

m(&,n)0p(&,n) = A&, n)d(€,n) + B(E,1)0,9(&,n)-
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What should be required of A and B? It is hard to give a definitive answer.
It is, of course, sufficient if they are smooth and bounded; but we only need
them to be sufficiently nice to allow the estimates to be closed. We understand
the above divisibility property as a null condition. Such a property is used, for
instance, for the quadratic term when estimating (5.2d); for the cubic term, it
is derived in (3.6) and then used to estimate (7.6d).

e Application to the water waves problem. The quadratic term can be
treated fairly easily by an integration by parts in time. We next move on
to study the cubic interactions where we have similar definitions of .7, .,
and Z. The resonance structure of cubic terms is more subtle, but they can be
estimated by the same method. Notice that the integration by parts procedure,
in addition to introducing multipliers with nonsmooth symbols, introduces new
singularities due to the nonsmoothness of the dispersion relation which is given
by [¢| 3. After dealing with these difficulties, the problem is reduced to studying
the asymptotic behavior of quartic and higher order terms. But for quartic
terms, the dispersion is strong enough to overcome any effect of resonance;
thus we are able to prove global existence.

o Connection with the vector fields method. The vector fields method, in-
troduced by Klainerman [Kla85], is based on deducing decay estimates from
weighted estimates. These weighted estimates are obtained via vector fields
which commute with the equation. Conceptually, this is related to space reso-
nances, as defined above, for the following reason: In order to take advantage
of the absence of space resonances, we need to control f in weighted spaces.
At a technical level the connection might be less clear, and we would like to
make it more explicit here. By an easy computation,

af = ze Py = D) [3 4 (VL) (D)] w.

In other words, our approach could be recast in terms of the “pseudo-differential
vector field” J = z — t (VL) (D). In the case of the water wave problem,
L(€) = |€|'/?, as we shall see, and .J becomes z — %Z’tlmii‘/?' In order to see even
more clearly the connection with the classical vector fields method, notice that

1
J-V=z-V+ 5it\D|1/2.

Since the linear part of the equation equates J; to z']D\l/ 2 the above is effec-
tively very close to x -V + %t@t, which is the standard “scaling” vector field.
The “rotation” vector fields can be recovered in a similar fashion.

Plan of the article. In order to prove the existence result, we will prove
the a priori estimate ||ullx < oo.



696 P. GERMAIN, N. MASMOUDI, and J. SHATAH

The organization of the article is as follows. Section 2 contains energy
estimates (control of the HY part of the X norm), using the formalism de-
veloped in [SZ08]. Most of the rest of the paper is dedicated to controlling
the L?(x?dx) and L™ parts of the X norm. Section 3 is the first step in this
direction: the space-time resonant structure of the quadratic and cubic terms
in the nonlinearity of (WW) is studied. In Section 4, a normal form transform
is performed. This leads to distinguishing four kinds of terms: quadratic, cu-
bic weakly resonant, cubic strongly resonant, and quartic and higher-order, or
remainder terms. Quadratic terms are treated in Section 5, weakly resonant
cubic terms are treated in Section 6, strongly resonant cubic terms are treated
in Section 7, and quartic and higher-order terms are treated in Section 8.
Finally, scattering (Corollary 1.1) is proved in Section 9.

The appendices contain more technical developments needed in the main
body. Some classical harmonic analysis results are recalled in Appendix A
and results on standard pseudo-product operators are given in Appendix B.
Particular classes of bilinear and trilinear pseudo-product operators are defined
and studied in Appendices C and D respectively. Estimates on the Dirichlet-
Neumann operator are proved in Appendix E, and finally Appendix F gives
bounds on the quartic and higher order terms in the nonlinearity of (WW).

Note added after the submission of this paper. Several month after our
manuscript was submitted, S. Wu [Wu09b] uploaded a paper to arxiv.org prov-
ing global existence for a different set of data. Theorem 1 given in the present
article has some advantages over S. Wu’s:

1) The decay required at infinity from derivatives of the data is much
smaller.

2) We are able to obtain scattering.

3) The method used here is very general and could be applied to general
dispersive equations.

On the other hand, Wu’s result is more general in some respects:

1) The smallness condition on the surface elevation is imposed on its steep-
ness Vh rather than on its amplitude h.

2) Her assumptions do not require vanishing mean/moments conditions
on the velocity.

With these type of data S. Wu was able to obtain global existence without
scattering. Our method can be easily adapted to remove the moment condition
as shown in the addendum on page 749. However removing the smallness of
the amplitude condition will require considerable more work since we based
our proof on the energy conservetion which has a term h in it.

Notation. Throughout this manuscript we will use the following notation.
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A < B or B 2 A means that that A < CyB for a constant Cp.

A ~ B means that A < B and B < A.

A < B or B> A means that A < ¢yB for a small enough constant &.

We denote by ¢ (respectively C') small enough (respectively big enough)
constants whose values may change from one line to the other.

We use standard function spaces; their definitions are (see Appendix A
for the definition of the Littlewood-Paley operators P;)

o Homogeneous Besov spaces B3 ¢ ||| 5. « [ (2751 P; fIp) 919
’ P,q

e Homogeneous Holder spaces C?, with 0 < « < 1: equivalent to ngoo
Inhomogeneous Besov spaces B, :

1/q
def i q
1£lls;, = I1P<ofll,+ | > (27112 flp)
Jj=0
e Inhomogeneous Sobolev spaces W P: || fllyrw 2 |1 £|lze + V¥ £l Lo-

Inhomogeneous Sobolev spaces HY: equivalent to W:2 or BéYQ.

We also make use of the standard embedding relation between these
spaces, and first of all of the Sobolev embedding theorem: if 1 < p < g < o0
and k> 2 — 2, then [[fll, S Ifllweo-

The energy estimate will be reproduced along the lines of [SZ08]; thus in

deriving the energy estimates we will adhere to the same notation as in [SZ08].

e A*: the adjoint operator of an operator; A; - Ay = trace(A;(Az)*) for two
operators.

D and 0: differentiation with respect to spatial variables.

V x: the directional directive in the direction X.

D; = 0; +v'0,:: the material derivative along the particle path.
S={(z,h(z)) € R} h: R?—R}: a surface in R? given as the graph of h.
Q= {(z,2) €R3 2z < h(x)}: the region in R? bounded by S.

N: the outward unit normal vector to S = 9f2.

1 and T: the normal and the tangential components to S of the relevant

quantities. D, = V;E for any w tangent S: the covariant differentiation
on S C R3.

e II: the second fundamental form of S, II(w) = V,,N; II(X,Y) = II(X)-Y.

e x: the mean curvature of S, i.e., kK = tracell.

e f3;: the harmonic extension of f defined on S into €.

e N(f)=Vnfu:S — R: the Dirichlet-Neumann operator.

e Ag = traceD?: the Beltrami-Lapalace operator on S.

e (—A)~!: the inverse Laplacian on 2 with zero Dirichlet data.
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The decay and weighted estimates will be carried out using harmonic
analysis techniques, where we employ standard notations and denote by

° f or F f: the Fourier transform of a function f.
e m(D)f = F'm(&)(Ff)(€): the Fourier multiplier with symbol m. In
particular A = | D).

e A(zy,...,x,): a smooth scalar or vector-valued function in all its argu-
ments (1,...,Zy).

o A(xi,...,zy,)[y]: afunction that is linear in y and smooth in (z1,...,x,).

e A(xy,... xy)[y,2]: a function that is bilinear in (y,z) and smooth in
(IL‘l, PN ,l’n).

2. Local existence and energy estimates

There are a variety of methods that have been developed to prove local
well posedness and to obtain energy estimates for (E-BC) in Sobolev spaces.
For example in [SZ11], local well posedness was established in H™ for m > 5/2.
The success of all of these methods hinges upon finding the appropriate cancel-
lations needed to isolate the highest order derivative term with the appropriate
Rayleigh-Taylor sign condition. Here we follow the method developed in [SZ08]
to obtain higher energy estimates. The idea is the following: since the system
is reduced to the boundary we apply the surface Laplacian Ag to (BC) in-
stead of partial derivatives. This leads to an evolution equation for the mean
curvature K.

Conserved energy. We start by deriving the conserved energy of the (E-
BC) system. Observe that the Euler system in the presence of gravity can be
written as

O +v-Vuv=—-Vp—ges 2ef —Vgq,
where q = Pyy + th,

Pow € HY(Q) : —Ap,, = trace[(Dv)?] Puv

=0,
S

hy € HY(Q): —Ahy =0 hH\S:h.

This splitting of ¢ is natural since p,,, is the Lagrange multiplier of the volume
preserving condition (divwv = 0), and gVhy is the variational derivative of the

potential energy ¥ = [ — [ gzdxzdz.
Qn{z>0} Qen{z<0}

PROPOSITION 2.1. The conservation of energy for (E-BC) system is

1 1 1
E= / SlvlPdudz + 7 = / SN+ Sgh*(1+ VA?|)"2 dS = constant.
Q S
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Proof. The fact that E is conserved is a consequence of the Lagrangian
formulation of the Euler equations. Here we will present a direct proof. Dif-
ferentiating with respect to t,

drE ov 1 9
dt—/Qv'atdxdz—{—/del v-NdS-l—g/Shv-NdS

2 1
:—/v-VM +U~qua:dz—|—/f\vPv-NdS—i—g/hv-NdS
Q 2 s 2 S

:—/qv-NdS—i—g/hv'NdS:O. g
S S

Note that the conservation of energy implies bounds on N %1/1 and on h
in L?(S). Thus to derive higher energy estimates on 1 and h, we need to
relate the Dirichlet to Neumann operator N to differentiation on S. This is
done by standard estimate on harmonic functions on {2, which implies that as
far as estimates are concerned, N behaves like v/—Ag plus lower order terms.
These estimates were carried out in [SZ08] without detailing explicitly how
the constants in the inequalities depend on the various norms of the solution.
Here we will detail how the constants in the energy inequalities depend on
several derivatives of the solution in the L* norm. For the remainder of this
section, we assume that S is given by the graph of a smooth function h and
that ||h||ws.»mr2) < €0 for some 2 < p < 4 and eo sufficiently small. Thus for
any £ > 0, we do not need to distinguish between H'(S) and H*(R?), i.e., for
any ¢ € H'(S), we have

el mecsy + Nl aecsy ~ el aegey + 1B] gere)-
PROPOSITION 2.2. For any ¢ defined on S,
1
(2.1) INellw2eomey S I1Dellwsee + 1A% @] e

The proof of this proposition follows from standard arguments applied to
double layer potential and will be given in Appendix E. Note that inequal-
ity (2.1) can be improved by using C® norms, however (2.1) is sufficient for our
purpose. One should compare the above proposition to the detailed behavior
of N as an analytic function of h obtained in [CNOO].

Based on this proposition and the work done in [SZ08], we make the
following observations.

e Since Agh = (1+|Vh|?)72[(14|02h|?) 02 h—201 hO2hd3y h+(1+|01 h|?) D3 k]
and the mean curvature is given by k = —(1+ \Vh|2)%Agh, then for k > ¢ > 2,

W1y ~ [ 12+ A=A S ~ [ B2+ w(=A5) 5 dS.
s s
e By defining
1
HSOHHL‘H/Q(S) = HSOHHE(RQ) =+ ”AZD(QOHLQ(RQ)



700 P. GERMAIN, N. MASMOUDI, and J. SHATAH

(recall that D is the covariant derivative on §), from the single layer potential
formula (F.3) it is easy to see that

el z2(s) + 1A@l L2 m2)y ~ el L2r2) + Nl L2®2)
and by interpolation,
1
ol grer1r2(sy ~ Mol me(sy + HNQDZ‘PHH(W)-

e For any function g defined on 2 and for any function ¢ defined on S,

(2.2) D% (N,N) = N?(¢) — 2V N (=A) " (DNy - D*p3)
—N(N) - (N()N + V7o),
(2.3) Ag = Agg+ KV Ng+ D?g(N,N) on S,

(24) = (-As—N?)p=rN(p) —2VN(—A) " (DNy - D*py)
—N(N)- (N ()N + Vo).

Consequently, from equation (2.4), N2 is like —Ag plus lower order terms
(involving derivatives of h), since after integrating by parts twice, we have

/Sw(—Asw) — |Npl? dS
= [ KeN(@) + QN (V) - (N(@N + V7 0) dS =2 | DNu(Viw) - Vipw da.
Therefore for £ > 2,
Iol3cs) + 1l ~ [ 6l + 1Al dS + [l

e Since the Euler flow is assumed to be irrotational, then from [SZ08,
eq. (3.6)],
(2.5) Dyt = —(AsVipy) - N =211 (D]5) Vb)),
and from Proposition 4.3 of [SZ08], we have

PROPOSITION 2.3. [[Vy ge-1/2() S ([ Deillge-sr2(sy + [[hll ge-12 + VE
for £ > 3.

Sketch of the proof. Since the above statement is contained in the afore
cited proposition, we will only present the idea of the proof: on S, split v = N -
V V4 into tangential and normal components, compute the surface divergence
and curl of these quantities, and use (2.5)

—(AsVipy) - N = Dy + 211~ (DT Viby)

to obtain the stated estimate.
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Let vT and v* denote the tangential and normal components of v. The
tangential divergence of v is given by!

. N
(2.6) DT = (Ag Viby)- N+(D ' Vipy) Tl = —Dyi+0( Y [DIgp|+|D7h))
j=1,2
and the tangential curl by
27wy (X1) Xo =T(X1) - (Xa - V) = T(X2) - (X1 VVy)
. N2
=0( X DIy +|D7n|),
j=1,2
where {X;, X2} an orthonormal frame of T'S. Thus
(2.8) 1D | gre=ss2 S | Desill gre-s/2(5y + 1Dl re=s/2 + | Dhl| re-s/2 + VE.
To bound vt let 7 = Ny - VVi)y, and note that
NV = VN (Vg (V3) - Nag) = ATHA(V vy, (Vi) - Na)),
D-v' =V-0— kvt —VN(Vny (Vi Ny) + N - D(Vipy)(N(N)).

Since V- = D(Viy) - DNy, we obtain Nvt = —D. T + O(Xj=12 |DIyp| +
|D7h|)2, which together with (2.8) imply

DN - NNy gre-s/25) = 1DV gre-sr2(5y S | Desill re—sr2(s
+ DY || gre-s/25y + IR gre-s/2(5y + VE-

Since N is equivalent to one derivative in norm, we obtain the stated bound.
O

These observations imply

PROPOSITION 2.4. Assume that v = Vg and h solve the (E-BC) system.
Then for £ > 3,

()2 (s) + o)l gre-/2(5) ~ 1D ()| re-s2(5) + 16| re-2(s) + VE.

Commutators estimates. From [SZ08], we have for any function f defined
on {2 and ¢ defined on S, and where .S is moving by the normal component of
the velocity v = Vg,

(2.9) DV f =VDf — (D*py)(Vf),
(2.10) Doy = (Dyp)y + A7 (2D*Yy - D%y,
(2.11) DA f = ATID f + ATY 2Dy - D2PATLS).

IHere we introduced the notation A = O(B) to mean ||Algs < ||B|lgs. Thus A =
O( ;1,0 [D79] + D7 h))* imply || Al s < (ID%llwre + [DRllwr.oo) (1D s + |DA|15).-
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These equations lead to the following commutators formulas:

(2.12)
[Ag, D] f =2Df - (D" |rs)Vipy) + V' f - AgVipy — KV g7 ;Vibp - N,
(2.13)
[Dy, Nf = VNATI2D%)y, - D? fyy
— 2D*Y3(V f2, N) + V fz - ND*3 (N, N),

which together with (2.4) imply that for s > 2, these commutators are bounded
operators on spaces given in equations (4.23) and (A.14) of [SZ08]. Am-
plifications of these bounds are given in the proposition below. Recall that
u=h+iAY%y.

PROPOSITION 2.5. Assume that v = Vg and h solve the (E-BC) sys-

tem. Let w(t) = (A%h(t),v(t)) defined on S. Then the following commutator
estimates hold:

(2.14)

1[As, Del f (D)l ey S Nlu@)llwsoo [Lf @l zev2sy + (1 Ol [w @) | gevzs),

(2.15)

IV, Dl f ()l mregsy S Nlu@)llwzee Lf Ol zerrsy + 1 @) llwzoe [wE) | ey,

(2.16)

I[As, N (Ol mees) S lw®)llwaee Lf @)l zevzcs) + 1L f Ollwseo [[wE) | gersrzs)-
Proof. From equation (2.12) we note that [Ag, Dy| is an operator of order

2 with coefficients depending on second derivatives of h and Vg on S. Thus
by Holder and Sobolev inequalities, we conclude that

I[As, Del f(O)llgesy S IVEnllwzee + |Allwzo) Lf (£)]] e
+ 1f Ollw2ee (IVopell gerz + |2l res2),
and by Proposition 2.2, we conclude that inequality (2.14) holds. The proof
of (2.15) differs from the above by the way in which we treat w = A=12D%)y, -

D?fy,. This is done by applying vector fields X, which are tangential to S, to
the equation

Aw = 2Dy - D*fp,  w|g =0
to obtain ||[VX‘w| ;2 bounds. The proof of (2.16) is similar to the proof of
(2.15).

Remark. Proposition 2.5 holds with ¢ replaced by ¢+ % This follows from
the definition of H'2.

FEquation for k and energy estimates. In the presence of gravity, the evo-
lution of k can be derived from [SZ08] and [SZ11, §6, problem IIT].
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PROPOSITION 2.6. The evolution equation of the mean curvature k is
given by

(2.17) D}k + (-VNp) Nk =R
where R = O(Y3|DIVy|? + |D7h|?) in norm.
Proof. From [SZ08] equation (3.15), we have
(2.18) D?k = —D;Agv- N —2I1- (D" |sDyw)
+ AsVipy - (D*y) (N) T +2[D (((D*2)(N) )
+I((D " [sVeba) )] - (D75 Vabay) + 20T+ (DVhyys)?
= 2((D*3)*(N)) " - II((D*3)*N) ).

From the equation for [Dy, Ag], (2.14), and Euler’s equations Dyv = —Vp —

ges, we obtain .
D?k =N -AgVp+ R,

where R = O(X22|D?Vipy|? + |D7hJ?) in norm. Computing N - AgVp,
N-AgVp =N -AVp+ N - (AsVp— AVp)
=VNAp — N - (kVxVp + D*(Vp)(N, N)
=VNAp — Ny - (k% VN, Vp + D*(Vp)(Ny, Ny))
=VNAp — V(s VN, p + D*p(Ny, Ny))
+ VNPNE 4+ kVp - VN Ny + 2D*p(N, Vi Ny).
Since Ap = —tr(Dv)? = —1A|Vipy|? and p|s = 0, then
1520V 33,0 + D?p(N2w, Nog)ll ey = 18P — Aspll ey = [140(D0)? || e,
HA("GHVNHP‘FDQ (N3, No)) | e 3/2(Q < ||t1"(D’U) ”Hl+1/2(Q HHHH“l(S)a
which implies that N - AsVp = Vyp Nk + R, where R = O(X 2 |DIVy|? +
|D7h|?). This gives the stated evolution equation for k. O

Based on this equation, we define the high energy E(t) = [qerdS + E
for kK > 3 as
(2.19)

/ erdS — / (—Ag)*Dir](—Ag)* Dy + (—Vyp) N (—Ag)Fx|? dS
N(=25)*Dir, (~Ag) Dir) + (=VNp)N (=As)"r, N (= As)* ),
where <,> denotes the inner product on L?(S). Note that since
q=powt+ghy = —VnNp=—-VNqg+gN - e3> g— ceo,
Dk € H* 3, g e H*H = iy € H*T3(S), and h € H23,

then Ej ~ ||VwHH12qzk+5/2(S) + ||h”§{2k+3(5)'
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ProroSITION 2.7. Fort > 2,

t
(2.20) Ex(t) < Eu(2) + /2 1(8) | yyrs.00 Ex(s) ds.
Proof. To compute D.e;, we proceed as follows.

e | D,V np|re < |u(t)|yya.0. This follows from the identity Vp = Vp, , +
Vhy — ges and the fact that
Pvov = _A_1D21/}"H : DQ@#H;
DA™ f = ATIDf + AN 2Dy D?AT ).

e DN (As)Fk = NDy(—A)ek + [Dy, N|(—Ag)¥x. From (2.15), we have
[{[De, NI(=A5)* ki, N (=As) k)| < Julwace Bi(t).

k—1
o NDy(—As)f k=N (—Ag) Dk + > N(—Ag)'[Dy, —Agl(—Ag)F k.
i=0
Since [Dy, Ag] is a second order operator, we have from (2.14)

(NDy(—Ag)*r, N(—Ag)Fr) = (N(—~Ag) Dy, N(—Ag)Fr)
+ O(Julywa,0c Ex(t)).
e Computing 9y (N (—Ag)*D;k, (—Ag)* D;k),
N (=AG)* Dk, (—Ag)EDyk) = 2(Dy(—Ag)* Dk, N(—Ag)* Dyk)
+ <[Dt,N](—AS)thK,, (—AS)thIQ>.
Since [Dy, N] is a first order operator, we have from (2.15)
{[De; N1(=As8)* Dirs, (~As) " Di)| < [ulyyaco Ex(2).

k—1
e Di(—As)* Dy = (—As)* Dik+ > (=As)' Dy, —As](—=Ag)" ' Dy
i=0
Since [Dy, N] is a second order operator, we have by (2.14)

(Dy(—Ag)* Dk, N(—Ag)*Dyk) = (—Ag)*D?k, N (—As)* Dyk)
+ O(|u|ya,00 Eg(t)).
Using equation (2.17), we obtain

a By = 2((-=Vp)N(=As)"k = (=As)" (VNp)Nk, N (~As)* Dyk)

dt
+ O(Julypace En(t)).
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Commuting Vyp and N with (—Ag)¥ and using the fact that [N, Ag] is a
second order operator with error bounds given in (2.16), we conclude that

d
9 Bu(0) = O(fuly Bi(1)
and thus .
En(t) < En(2) + / Cleo)ulyrine Ex(t) ds. 0
2

Thus from the assumption ||h|yys.» g2y < €0, reference [SZ11], and a lim-
iting argument to go from smooth initial data to data in HY where N =
2k 4+ 3> 5/2, we have local well posedness and the energy estimate stated in
the above proposition.

3. Space time resonances of quadratic and cubic terms

Expanding (WW) in powers of h and 1, setting g = 1, and keeping track
of quadratic and cubic terms, we obtain
Oth = Ay — V - (hWVY) — A(hA2)
(3.1) — % (A(h2A2¢) + A2(h2Ax) — 2A(RA(hAY))) + Ry,
O = —h — 5| VY + 5| AY* + Ap(h AP — A(hAp)) + Ry,

where Ry and Ry are of order 4. We refer to the book of Sulem and Sulem [SS99]
for the above expansion. (Also see the remark at the end of Appendix F.)

Writing the equation in Fourier space. Recall that
uE (A idze), upE e (hg 4 iAZyy),
and
f def itAl/2, _ gitAl/? (h+ i/ll/2¢).
Writing Duhamel formula for f in Fourier space yields

~

2 ¢
32 fLO =@+ 3 Y ¢rm /2 / e59mima m; (€,m)

T1,2=i 7=1

X Jr (8,0) f=ry (5, € — ) dnyds

4 " A
+ Z ch7Tl,T2,T3/2//€ls¢71’T2’T3mj(£,n,a)

T1,2,3=% j=3

— —

X f*Tl (57"7>f*7'2(5’0-)f*7'3(575 -n- U) d77 do ds

t —~
+/ e R(s, €) ds,
2
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. def def 7
where ¢+ + and cj+ 4+ + are complex coefficients, fy = f, f- = f, and

R R+ iA%Rg is the remainder term of order 4. The phases are given by

Oxx(Em) = (€12 £ "2 £ 1€ — ',
bt a(Em,0) = €12 £ "2 £ o]/ £ 1€ = — o2,

and the multilinear symbols are defined by

eof 1
m (&) = o (€= [élinl)

def 1 €[/
~ 2]n[ 2l i
1
ma(€m,0) € ~J1el (1€ = n — o + fellg —n — o]'/?
= 2¢ i —n - o]'?),
ma(€.n,0) S e[l (1€ =0 — o — ¢ = nllg —n — o/2).

Note that m and mg are homogeneous of degree 3/2 and that mg and my
are homogeneous of degree 5/2. Also, note that since these multilinear forms
are homogeneous, we only need to estimate them on the sphere |£]? 4 [n|? = 1

ma(§,m) (n-(§=n)+Inll§—nl),

or |£]? + n|? + |o|?> = 1 and extend all estimates by homogeneity. Moreover
the exact form of the above equation is not really important; thus in order to
focus on the information which is relevant to us, we shall ignore from now on
the distinction between fi and f_ whenever this notation occurs.

Ezamination of the quadratic symbols. The symbols mq and mso have two
important features: they vanish when one of the Fourier coordinates (&, n, or
& —n) is zero, and they are not smooth. These two facts are made more precise
in the following lines.

Notice that the vanishing of my and mq is crucial. As we will see, it
corresponds to a null property on the time resonant set. On the other hand,
the lack of smoothness is a hindrance, since it prevents one from applying the
standard Coifman-Meyer theorem [CMT78].

We always use the convention that A stands for a smooth function in all
its arguments and start with mj:

o If [n| < [¢] ~ 1, ma(&,m) = [n2A(|n[*/2, (4, €).

o T IE] < Jnl ~ 1, s (6 m) = [€1A( &)

o If ¢ —n| < [¢] ~ 1, ma&m) = |€ = nlPA(I€ — "%, (=0, €)-
Now ms:

o If [ < [¢] ~ 1, ma(&,m) = [l 2 A(Inl"2, 71, €).-

o If €] < [n] ~ 1, ma(&, ) = [€2A(n, €).

o If ¢ —n| < [¢] ~ 1, ma&m) = [€ — nl/2A(I€ —0l'/2, &=, €)-
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Space and time resonances. We define the bilinear and trilinear time res-
onant sets as

T+ ={d++ =0}, Trr+ ={p+++ =0}

respectively. We define the bilinear and trilinear space resonant sets as
Sy + ={Vyo++ =0}, Sy ++ ={Vyodt++ =0}
respectively. The bilinear and trilinear space-time resonant sets are given by
K+ =S+ +0NTs 4, Rt rr =S4 ++N T4+ 4
respectively.

Examination of the quadratic phases. The phase ¢ = \5]1/2 + \77\1/2 +
|¢ — n|'/? is better behaved than the others, since it only vanishes at (£,7) =
(0,0). Therefore we focus on the three other quadratic phases, namely ¢__,
¢—+, and ¢4_. Up to multiplication by —1 and permutation of the three
Fourier variables 7, £, and £ — 7, these three phases are the same. Let us
consider

O (&) = [E[V2 — |2 = |€ = n|'/2.

A small computation shows that
T_={n=0 or &{—n=0},

and the vanishing of ¢__ may be described as follows:
(3.3)

. n .

if [ < €] ~ 1, ¢-—(&m) = [n|'/2A <|77|1/2, Wf) with A(0, -, ) = ~1
(the case £ —n = 0 being identical up to an obvious change of variables).
Finally, along the surface {{ = 0}, ¢__ does not vanish, but is not smooth:
(3.4)

. N N

el <l ~ 1, o6 = A (W2 e lepna (2 )
with A(0,-,-) = —2|n|"/2. As we shall see, it turns out that quadratic terms

can be treated simply by a normal form transform, thus there is no need to
investigate the quadratic space resonant set.

Ezxamination of the cubic phases. Cubic phases fall into two categories.
Some have relatively few time resonances, which we call ‘weakly resonant
phases,” and some give a large space-time resonant set, which we call ‘strongly
resonant phases.’
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The weakly resonant phases: ¢4y4, G—st, Gy—y, d4y—, ¢—__. Asinthe
case of quadratic phases, the phase ¢y = [€]V2 4|92+ |02+ |6 —n—0|1/?
is easily dealt with, since it only vanishes at (£,7n,0) = (0,0,0).

The four other quadratic phases, ¢_4 4, d4—+, 14—, ¢___, are identical,
up to multiplication by —1 and permutation of the four Fourier variables &, 7,
o, & —mn—o. Let us therefore focus on

¢———(&n,0) = [€]'/2 = [n]'/? = |o|'* = ¢ = — o|'/*.

It is easily seen that

T __={n=0=0 or 0=(—-n—0=0 or n=§(—n—0=0}
The vanishing of ¢___ on this set can be more precisely described as follows:
(35) it lol <l ~1, ¢ =~ —|o|"* + A& n,0)[n + 0]

(Recall that A(&,n,0)[n + o] stands for a function smooth in its three first
arguments and linear in the fourth.) The other cases 0 = £ —n — o = 0 and
n =& —n— o =0 are the same up to a change of variables. Finally, ¢___ is
not smooth along the axes {{ =0} U{n =0} {c =0} U{{ —n—0c=0}. Ina
neighborhood of these axes it can be written in a form similar to (3.4).

As for the quadratic phases, it turns out that a normal form transform
is sufficient to treat the weakly resonant cubic terms; therefore, we do not
investigate the space resonant set.

The strongly resonant phases: ¢__y, ¢_4_, ¢4__. Once again, these
three phases are identical up to a permutation of the Fourier variables 7, o,
and & —n — 0. We therefore focus on one of them, namely

Sy = [E[V2 = n"? = o]/ 4 |€ = — o] /2.
In this case, the time resonant 7 _ set has dimension 5, and ¢__ vanishes

at order 1 on it. This makes a normal form transform almost necessarily
unbounded. We therefore need to turn to the space resonant set, which is

5&,+:{§:17:a},

and this set is contained in J___. In other words, .¥__ = %__, and it has
dimension equal to 2 and the phase vanishes at order 1. Therefore an argument
based on an integration by parts in the  and ¢ seems doomed to fail.
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The way out of this problem appears if one develops d:¢__, O,¢—_4 and
Os¢—_4 in a neighborhood of .__ .. Namely, if |n — ¢], |0 — &| < [£| ~ 1,

Lo e_g. S8

A&, 0)(n— &0 =€), (1— &0 =)

_ ! _a+3e_n. L5
ao’¢——+_W((n §)+2(§ 77) |£‘ |§’

+A(,m,0)[(n = &0 &), (1— &0 - 9))),

L&
€1 1]

+ A n,0)(n— &0 —8),(1— &0 —¢)).

(In the above expressions, A is smooth in the three first arguments and bilinear

1 3
Ocp—— 4 = W((Qf—n—0)+§(n+0—2£)-

in the arguments between brackets.) The above expressions imply that 0z =
—0y¢ — O5¢ up to second order terms. Therefore, if [n —¢|, |0 — & < |§] ~ 1,

(36) af(b——-‘r = A<§7n70—)[8?7¢——+780¢——+}'

This identity will enable us to convert £ derivatives of ¢ into 17 and o derivatives
of ¢. The former occur when applying 0¢ to our multilinear expression (which
corresponds to the x weight) and are problematic since they come with a ¢ or
s factor. The latter are harmless; an integration by parts gets rid of them. See
Section 7 for the details.

4. Normal form transform

Integrate by parts in s the quadratic terms of (3.2) with the help of the
formula ¢>1 Dsei59++ = i394+ Doing so, the d, derivative will hit f(s,n) or

f(s,&€—n); then use (3.2) to substitute for (s, n) or s f(s, € —n). This gives

/ / “Orsram(€,m) F(s,m) F(s,€ — ) dnds

Q7 7y 9

// Ponn i, 72) [A( )A(Syf—n)] dnds
— /ezsml L, (&, U)f( et —m) dn} Z S _

iy ,m
’ T17'2 i‘] 12

/// O 2 ) e o) Flsan) (s, o) s €~ n - o) dndo ds

Z¢7—1 T2

+ / // 67;5('6'1/2-"_7—1‘TI‘I/Z)M,]/C\(S7n)@(g — fr}) dfr] ds} + {Symmetric terms}7
2

Z¢Tl sT2

- /eisqﬁnwz mu(€,n) Flsm) f(s,€ —n) dﬂr
mi(§n
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where the “symmetric terms” come from the fact that Js may hit either
f (s,& —n) or f(s,n). Thus these symmetric terms look very much like the
above ones with 1 and & — 1 exchanged. The term @ corresponds to terms of
order 3 and higher in e~#4"?9, f, i.e.,

Q(t § Z Zcz T1,72,T3

T1,2,3=% j=3
J[ mitemovit. it o)a(t,¢ = n - o) dndo + Bt ).

The normal form transform that we just performed gives quadratic (without
time integration), cubic, and higher order terms. Also, cubic and higher order
terms occurring in (3.2) need to be taken into account. In the end, we see that
f can be written as a sum of quadratic terms of the type

t

itos. . M(EM) & flt ¢ — : _
(4.1) e e TEIeE—nydn) - withi=1,2

(here it is understood that the symbol + stands each time for either + or —),
cubic terms of the type

(4.2a)
/// ’quﬁiiimlfn) j(g_77’0—)/\(8’77)/\(8,0')/\(376—U—U)dndo'ds
1P+ +
with [,5 =1,2,

t . -~ ~ —~
@2n) [ ] et . o) f(s ) (5,00 fls.€ =1 — o) dndods

with [ = 3,4, and terms of order 4 of the type

(4.32) / " skl *R(s, &) ds,
2
(4.3b) /// s(€] /2471 [n[*/2) ”Z(;f?f(s MQ(s, € —n) dn ds.

In the sequel, g; will denote a generic quadratic term (without time inte-
gration) of the type (4.1), go will denote a generic cubic term of the type (4.2a)
or (4.2b) with a weakly resonant phase (see the definition in §3), g3 will denote
a generic cubic term of the type (4.2a) or (4.2b) with a strongly resonant phase,
and g4 will denote terms of order 4 (or higher) of the type (4.3a) or (4.3b).
The next four sections will be devoted to the proof the following proposition.

PROPOSITION 4.1. Assume that |ul|x Se. Then for 1 <i <4, we have
= 2
sup + 17 lzgill 2 < lullx-

¢ He—imm )
t>2

w4,
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The proof of this proposition will be given in Sections 5-8 respectively for
g1, g2, g3 and g4. This will end the proof of our main theorem 1 since the
estimates of ||u|| 2 and ¢~°|ju| g~ were proved in Section 2.

5. Estimates for the quadratic terms

In this section, we prove Proposition 4.1 for the term g;. We derive the
desired estimates in L> and L?(x?dx) for terms of the form (4.1). We recall
that we denote a generic term of this type by

~ o~

(51) G0 [ e fit,m e —mdn

where
def def My (&, 1)
¢ = ¢+t and p(gn) = ——7,
i+ +
with the index [ equal to 1 or 2, and =+ either 4+ or —. The estimate for the other
term coming from (4.1), namely [ e?u(€,n)f(2,1)f(2,€ —n)dn, is trivial.
Of course, we adopt this lighter notation because the precise value of +
or | will not affect the argument which follows.

Preliminary observations and reductions. Let us first consider the symbol
(&, m) occurring in the definition of g;. Regardless of the precise indices [ and
+, 4, it is

e homogeneous of degree 1,

e smooth if none of n, £, & — n vanish,
e of the form p(€,n) = A (|nf'/2, 2, €) if |n] < J¢] ~ 1,

e of the form u(¢,n) =A (!é — 77|1/2, é:—z‘,i) if |§ —nl <[] ~1,

e of the form p(&,n) = ¢[1/2A (|¢[1/2, f&.n) if |¢] < In] ~ 1.
The last three points follow from the developments given in Section 3. Thus
we conclude that p belongs to the class Bi; see Appendix C for the definition.
Next, define a cut off function x(§,n) which is valued in [0, 1], homoge-
neous of degree 0, smooth outside of (0,0), and such that x(£,7) = 0 in a
neighborhood of {7 = 0} and x(&,n) =1 in a neighborhood of {§ —n = 0} on
the sphere. Then one can split g; as follows:

~ -~

Gi(©) = [ ex(E mute.n ft.m (g~ m) dy
+ [ € [ (&l (& T T €~ )

By symmetry, it suffices to consider the first term of the above right-hand side,
which corresponds to a region where |n| 2 [£|, [ — n|. (The interest of that
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condition is that £ derivatives always hit f(é — 1), which corresponds to low
frequencies.) Thus in the following, we shall consider that

~ ~

q1(§) Z/eit¢x(£,n)u(£,n) (t,n)f(t, & —mn)dn,

which means in physical space, using the notation introduced in Appendix B,
that

L 1/2
ezt/l B

g1 = xu(ua u).

Actually, depending on the &+, + appearing in ¢+ +, the u can be u or u; but
as indicated in Section 3, for simplicity of notation, we ignore this distinction.
Also, it is important to notice here that uy € 81, , since € By and x € Bo.

Quantities controlled by the X norm. Before estimating the term ¢; in X,
we give some general estimates that will be useful in the whole proof. Inter-
polating between the different components of the X norm gives the following
lemma. Let P;, P-;, P<; denote the Littlewood-Paley projections defined in
Section A.

LEMMA 5.1. (i) If 2<p <oo and k < N + 2 =1, then [|[V*Psjull, S

o (TNHR=2) 18

142 k 5_g+1
(ii) If2 <p<oc andk < N+2—1, then |VFul, St 7 a5

]l x-
(i) If1 < p <2, then | f]l, < tG 7 ullx
Proof. The proof of (i) is a standard application of (A.1) and (A.2):

[942os], < 2 Pl & 2
>7 >4

N+k+1— N+k+1-2) 5
S 2“ Py 270 20| .
For (ii), we estimate separately low and high frequencies:
IV ullp < 1PV ullp + 1Po;VEull S 2j’fuuu PN )

<2]kt 1+P||u|| +2]( N+4-k+1— ténuHX

Optimizing the above inequality over j gives the desired conclusion. Finally,
(iii) follows from interpolating LP spaces between weighted L? spaces. O

Bound for Vke_“/ll/2g1 in L with 0 < k < 4. The idea for this estimate,
as for many estimates which follow, is to use Sobolev embedding in order to
make sure that Lebesgue indices are finite when applying Theorem C.1.
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Using successively Sobolev embedding, Theorem C.1, and Lemma 5.1, one
gets

[V a2 [t o] = [ Bt ],
< 1A ulrselfulhs < e’k
Bound for xg, in L?. In Fourier space, xg; reads
(5:20)  Flagr) =0 | [ (& mutn, O, m (e, ) )
(5.2) = [ et mnn. O Ft e (e, ~ ) d
(5.2¢) + [ €0, [(& mu(n, &) Ft,mF(t,€ — n)
(5.24) + [ étoole (e . O Fen) 7€ — ) dn.

Bound for (5.2b) in L?. Using successively Sobolev embedding, Theo-
rem C.1, and Lemma 5.1, one gets

IS

[(5:20)[, = | By (. f) |, < || B (w4 )|
< Il 21l  ul:

Bound for (5.2c) in L?. Let us take a closer look at x(&,n)u(n,€). This
is a symbol in By, which furthermore vanishes at order % in £ = 0. Therefore,
by Lemma C.3,

wh3

1 1 , _
af [X(&U)M(U:f)]:,ul + ‘§|1/2N2+ |§ — n‘,u3 with (M17M2a1u3) € BOX81/2X81'
Thus

(G3) (520 = [ @O f e ) dn

(5.3b) + [ e O €~ nyan

(5.30) + [t O fe (e~

The term (5.3a) is easily estimated, so we skip it, and consider next the
term (5.3b):

15:30)1 = | 173 Bra )

1
72 S 1B (w0l S |42l Sl
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Finally, we need to estimate the term (5.3c). By Theorem C.1 and Lemma A.1,

e

itAL/2 1
1530 = B ("5 7) .

S Ay 1 £llays < Tl

Bound for (5.2d) in L?. Since d¢¢p = %mgm + %‘SE;‘Z/Q, and keeping in
mind that p vanishes at order 1/2 in &, the symbol appearing in (5.2d) can be

written

] < |l dull,
2

itz 1 fH

0o (€ ©E (€ + 1e—rma(Eom) with (s, o) € By By

We show how to estimate the term associated to the symbol Wug(f,n),

the symbol p;(€,n) being easier to treat. Using successively Theorem C.1,
Lemma A.1, and Lemma 5.1, one gets

H]—" [ et F(e.g =) dn

2

_ +itar/z 1

_t‘B,UQ (u,e /11/2f)H2
. 1

< +itAL/2

S tluly e

1-29¢

St Aull [ f]]
0

3=45,
_ 1 — 1
H 1+250+N+260—1[1 26O+5]t(5_25°)5\|u|]§(

S
< llullk,

where dp > 0 denotes a small constant. Notice that the last inequality holds
since N and dp have been picked to be large and small enough respectively.

6. Estimates for the weakly resonant cubic terms

In this section, we prove Proposition 4.1 for the term g2. We derive the de-
sired estimates in L> and L?(z2dx) for terms of the form either (4.2a) or (4.2b)
corresponding to weakly resonant phases as defined in Section 3. We recall that
we denote a generic term of this type by

t . —~ —~ ~
61 @6 [ [[ e uteno)fs.a)femsc—n—o)dndods

where

¢=¢44qy O gy Or Gy Or iy OF GH___
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and
M(fan,a)zmi(f,n,a) or mm](f—njg)
(& E—m)
s & mo);

with the indices ¢ equal to 3 or 4, j, k equal to 1 or 2, and + equal to 4 or —.
Of course, we adopt this lighter notation because the precise form of ¢ or
u will not affect the argument which follows.

Preliminary observations and reductions. Start with the symbol u(&,n,0)
occurring in the definition of g9, regardless of its precise form. From Section 3
and the observations at the beginning of Section 5, we have

e it is homogeneous of degree 5/2 in (§,n,0);

e it is smooth except on {{ = 0 U{n =0t U{oc =0} U{{—n—0
=0}U{{—n=0}

e it might have a singularity for £ —n = 0 of type, in the worst possible
case, |¢ — 1]/

e it vanishes to order (at least) 1/2 in &;

e it belongs to the class 755 (see Appendix D for the definition).

Next, define cutoff functions x1, x2, X3 such that

X1, X2, X3 are valued in [0, 1] and x1 + x2 + x3 = 1,

X1, X2, X3 are homogeneous of degree 0 and smooth outside of (0, 0,0),
x1(§,m,0) = 0 in a neighborhood of {o = 0},

x2(&,n,0) = 0 in a neighborhood of {n = 0},

x3(&,n,0) = 0 in a neighborhood of {¢ —n — o = 0}.

Then one can split go as follows:

5. rtrr . N o
56 = 3 [ [ nalen e ) s, o) s, 5.6 =0 = oy dndo ds

By symmetry, it suffices to consider the first summand (k = 1) of the above
right-hand side, which corresponds to the region |o| = |£], 0], —n — o|. (The
interest of that condition is that £ derivatives always hit f({ —n—o), which cor-
responds thus to low frequencies.) Thus in the following, we shall consider that

t . ~ ~ ~
32 = [ [[ e n on(e .01 (5.0 Fs.0) (5.6 = n = o) dndor ds.

Since x1 € 7o and p € T5/2, in the estimates that follow we will constantly use
that x1u € Ts)o.

Finally, we will need the following lemma.
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LEMMA 6.1. [f¢ s either ¢+++, ¢_++, ¢+_+, ¢++_, or ¢___, then %
can be written as
(6.2) lzuo+ L v + L va + ! v + ! V4
¢ €[1/2 |1/ |o|1/2 & —n—alt/27

where (Vo, Vi, 9, 1/3,1/4) S 7:1/2 X To x To x To X To.
Proof. Relies on (3.5). O

Remark. Depending on which one of ¢4 44, ¢4+, d4—4, ¢4, 0" p___
is considered, one of the four symbols (v1, v, v3,14) can be taken equal to 0.

Control of e*"t/‘m@t f- The normal form transformation, i.e., integrating
by part with respect to time, introduces terms of the type e‘iml/28t f. This
explains the importance of the following lemma.

LEMMA 6.2. If2<p < oo and 0 <k <10, then

5
—o424 M3 11y

[ a5 e T
p
Proof. Differentiating (3.2) with respect to ¢ and applying e~ itA? gives
that e=#4"*9, f is a sum of terms of the type
63) [ m€naemae—ndn j=1.2
630)  [[mien oyttt o)it.s - o)dnds j=3.4

plus remainder terms. With the usual justifications,

Hvk(6.3a)Hp < HAk+3/2 H lully, < ¢ 2+§+N’f§71(1_; 5)

Tl

2 k+% (72 )

—3+24 Z+
k k+5/2 - 3 3
[V5 @30 < 452, Tl gy <6 T
and the estimate follows by using Proposition F.1 for the remainder terms. [J
Bound for Vke*immgg in L for 0 < k < 4. Integrating by parts in s
n (6.1), using the relation %Gseisqs = e'? gives

B(t.e) = [[ X1£,77,)(5777,0)A(8,0)A(8777)A(8a§—n—a)d’?dal

~

- [ et nomte.n. 0. [Fis. o)) fls.€ ~ 1 —o)] dndods.

The boundary term at s = 2 is determined by the initial data and is easy to
estimate. Next, replace % by its decomposition on the right-hand side of (6.2).
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The term vg is harmless of course, and so is the term v1, due to the van-

1/2
ishing of 1 in £ at order 1/2. The three remaining t‘cims can be treated in
essentially the same way; thus for the sake of illustration, we only retain the
term WUQ@ ,m,0). Furthermore, if one distributes the Js derivative occur-
ring in the second summand of the above right-hand side, it suffices to consider
one of the three resulting terms; we choose to consider the case where s hits

f ( o). Thus FVFe —itAt/ gg can be written as a sum of terms of the type
k1 o~ o~ -
(64a) - [ &yt o)ultn)alt, & —n — o) dn do,

(6.4Db) /;//fke—i(t—S)IElW

1 . -
X ||71/21/2X1M6iw|0|1/28sf(37 o)u(s,n)u(s,& —n—o)dndods.
n
Using successively Sobolev embedding, Theorem D.1, and Lemma A.1, we get

|VEF 1 6.40)| = V’“Bmm( u,u H

1
/11/2
1
’ A1/2u’ b Wie

N

kaVZU'Xl (u

A

A5/2+kuH

1
W1’24 A1/2uH24 ||u”24

5/2+k 3
<[] Nllaar leallag S S lll-

In order to estimate (6.4b), we split it into two pieces: f; ~!and ftt_l. The first
summand is estimated using the dispersive estimate of Lemma A.1 and point
(ii) of Theorem D.1I:

o e

’ml/Ql/QXlueizslG\ Os f(S O') ( )ﬂ(s,f—n_o-) dndads

t—1
</ ds
~ly ot—s

t—1
<)
~J2

t—1
<) il
~J2 t—s

o0

2

1
kam/le ( :I:zs/ll/za fa Al U)

2
Bl,oo

1,
HUH4

1
oo el Nlullgds < <l
t
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The second summand is estimated via Sobolev embedding;:

09 [ ff o
1

is|lo|t/ N ~ ~
' \nlil/”?xwei 7128, (s, o0)a(s, (s, € — ) — o) dndo ds

< /t vEB (eﬂSAl/Qa f Lu u) ds
~ i1 Va2 X1 S 7/11/2 ) 52
t
k2, +isAV/? 1
5/15—1 A" e 8sf‘w2,4 ik 8”“”8 ds
< ! Nk2pisAY? 5 ds < LEE
S [ AR 0 L el el ds S Nl
Bound for xgo in L?. In Fourier space, xgs reads
t ) - —~ ~
(66 Fage) =0¢ | [ e xaufe.) s F(ss€ ~ 0~ o) ando s
t . ~ ~ ~
(6.6b) =/2// e*x1pf(s,0)f(s,m)0ef(s,6 —n— o) dndods
3 ) ~ ~ ~
(6.60) + [ [ e ocamfs.o1f(sn) (5,6 =0 — ) dn dods
t . ~ ~ ~
(6.64) + [ [[ ostoeomand(s. o) Fis.m (s € —n— o) dndods.

Bound for (6.6b) in L2. Using successively Sobolev embedding, Theo-
rem D.1, and Lemma 5.1, one gets

t i 1/2
1(6.6b)], = H [ 9 B (50 ) as

2

t
k +itAL/2
SJ/Z ”V By, (u,u,e xf)HWm/S ds

t
k
S [ A4y Nl sl ds S Nl

Bound for (6.6¢c) in L?. Let us look more closely at the symbol xqu. It
belongs to 7°/2, but it is a bit smoother than general symbols of this class;
namely, it has (in the worst case) a singularity of type [£ —n|"/? at £ —n = 0, it
vanishes at order 1/2 in &, and it is smooth for {—o = 0 and n+o0 = 0. Combin-
ing these observations with Lemma D.3, we deduce that 0¢(x14) can be written

1 1 1
d n,0)] =t + 24 = 4
£[(X1N)<€T7 )] 1% ‘£|1/2/1' |£_17|1/2N |§—77—0"'u



SOLUTIONS FOR THE GRAVITY WATER WAVES EQUATION 719

with (u1, p12, 13, pa) € Tajo % Tz x Tz x Tsjo. Thus

(6.7a) (6.6c) /// 501 f(s,0) f(s,m) f(s,E—n—0) dndo ds

(6.7b) —i—/// |§‘1/2u 2f(s,0)f(s,n)f(s, 6 —n—0) dndo ds
(6.7¢) +/// 1/2u 3F(s,0)f(s,n)f(s,é—n—0)dndo ds
(6.7d) —I—/// T |u i (s,0)f(s,m) f(s,€—n—0)dndo ds.

The term (6.7a) is easily estimated, thus we skip it and focus first on (6.7b)
and (6.7c). These two terms can be estimated in essentially the same way, ex-
cept that fractional integration is handled for the former with Lemma A.1 and
for the latter with Proposition D.4. We simply show how to deal with (6.7¢):
using Proposition D.4,

61l < [

Finally, the term (6.7d) is estimated in a very similar way to (5.3c), thus we
skip it.

BIE 1|1/2 w? (u, u, u)
-

t
ds s [ A%l ull, ds < el
2 2

1 ¢ 1 &—n—o
Z 4+ =
208132 7 2|6 —n— o3/

Bound for (6.6d) in L. First compute d¢¢p =

Therefore

(6.82) (6.6d) /// 2|£|3/2X1,uf(s o) f(s,m)f(s,E—n—0) dndo ds

o~

(6.80) /// s ;|§§ — iS/QXle(SvU)A(SW) (s,&—n—o)dndods.

Observe that in the term (6.8a), the singularity %\ﬁl%/? is cancelled by the
vanishing of the symbol x;u in €. In other words, the symbol %\SI%/ZXLM be-

longs to Tz. With the help of Theorem C.1, this makes the estimate of (6.8a)
straightforward:

Bmg/zxw(uv u, u)

t
I©80)], 5 [ s

Q@gékw%mmuwm@

t 24 2,(5+2
Y R R P P

since N has been taken big enough.
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The estimate of (6.8b) is a little more technical and uses fractional inte-
gration (Lemma A.1): dp standing for a small constant,

t 1
630 < [ s By (10 4i70)

t . 1
S T
2 3 %0

ds
2

ds
2

1—49¢g

A1/2f

3-83g

¢
S A
2 5 %0
t 5/2
< HUHE(/ g5 200t Faso—1 (0-200+1) —14250 6(5—400) < HUH§(75§
2

since N has been chosen big enough and J§y small enough.

7. Estimates for the strongly resonant cubic terms

In this section, we prove Proposition 4.1 for the term gs. We derive
the desired estimates in L and L?(2%dz) for terms of the form either (4.2a)
or (4.2b) corresponding to strongly resonant phases as defined in Section 3. The
three strongly resonant phases are identical up to a permutation of the Fourier
variables. Thus, making a change of variables in the 7, o integral if needed, we
shall only consider the phase ¢__,. The generic term we consider reads

- aef [P s ~ - ~
@) @60 [ [[ e tum e fsm s —n—o)dydods
where ¢ = ¢__ and

(& e =) e
i EE T

with ¢ equal to 3 or 4, j,k equal to 1 or 2, and + equal to + or —.

Preliminary observations and reductions. Proceeding as in Section 6, and
keeping the same notations, matters reduce to

t . ~ ~ ~
Bi(t.©) = [ [[ 55l n ol n. o) Fis.m) (s o) F (s €-n-0) d dods,

where yi1pu € ’?5/2.

Bound for xgs in L?. In Fourier space, xg3 reads

~ o~

(7.2a) F(zgs) = /:// ei5¢x1uf(s, o) f(s,m)0f(s,§ —n—o)dndods
(7.0 4 [ ] 0t Fs, 007 m)F(ss 0 — ) o ds
(7.20) + [ ] € st0e0)anfts,0)Fs,m) Fls,6 —n o) dndords,
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The terms (7.2a), (7.2b), and (7.2c) can be estimated exactly as (6.6b), (6.6¢),
and (6.6d) in Section 6. This gives, respectively, bounds of O(1), O(1), and
O(t%) as t — oo, which yields the desired a priori estimate for the norm of g3 in
L?(x2dx). To derive the L™ decay of e itAl/? g3 however, it will be convenient
to prove first that the weighted norm of g3 in L?(z2dx) is bounded as ¢ goes
to infinity.

CLAIM T7.1. The following bound holds: |(7.2¢)|l, < |lull%. As a conse-
quence, [zgslly < Jlull%.

In order to estimate (7.2c) without the time growth factor, the first step

is to distinguish between high and low frequencies. Denoting dy for a small
constant (whose precise value will be fixed later on), we split (7.2c) as follows:

(30 (7:20) = [ [[ *st@eopan

X {1 -0 (;%0)} f(s,0)f(s,n)f(s,6 —n— o) dndods
@)+ [ [[ est@eomane (5) Flo.o)flom s, ~n = o) dndo ds,

where © is defined in Section A. The point of such a decomposition is of
course that there only appears in (7.3b) frequencies (essentially) smaller than

s, since Supp (x1(€,7,0)0 (%) ) < (1€, nl, o] S 5%}

Bound for (7.3a). Due to the control in HN, it will be easy to esti-
mate (7.3a). First recall that Og¢p = 2|£‘3/2 + 55 77 773/2 The singularity

in £ is canceled by p, thus we can forget about it, replace d¢¢ by W
n (7.3a), and with the help of Theorem D.1 and Lemma 5.1, estimate

otu (20 an[1-6 ()] Tl o, ) s )

2

ds
2

<
N/2 ) B(ﬁ)mu (P50 1og(s) s ;1)

t
S/ S P>6glog(s/1/ H ||uH8 dS
2

[11/2

t t
_ 13) _ 3
<[ Pzaolog<s>A5/2uH8||uu8||fH2dss||u\|§ s D s <
2 2

In order for the last inequality to hold, we need
13) 3

—— < -1
4

(7.4) 140 (N + -
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Bound for (7.3b). In order to estimate (7.3b), a further partition of fre-
quency space is needed. Define

(7.5) A {050 = 0} = {€ =),
An E (9,0 = 0} = (£ = o},
Am = {9,6 = 0} N {8,6 =0} = {¢ =n=0}.
The associated cutoff functions are x1, x11, X111, Which are taken such that

® X1, X11, X111 are valued in [0, 1].

® X1, X11, X111 are homogeneous of degree 0 and smooth outside of (0,0,0).

e On the sphere |(§,n,0)| = 1, xi1 = 1 within a distance ﬁ of Aqr, and
xir = 0 if the distance to App is more than ﬁ. Thus on Supp x111,
equation (3.6) holds.

e On the sphere [£,n,0)| = 1, x1 (respectively xir) is 1 on a neighborhood

of Ar (respectively Apr).
Then decompose (7.3b) with the help of these cutoff functions:

(7.6a) (7.3b) :/:// €0 5(Be $) X 11O (;%)

x f(s,0)f(s,m)f(s,6—n—0)dndo ds

(7.6b) =[] =estoconanne ()

-~

X f(sva)f(svn) (875_77_0-) dﬁdUdS

(7.6¢) - / t / / ¢"*?s(De¢) x1rx 110 <%>

o~

x f(5,0)f(s,m)f(s,6—n—0) dndo ds

(7.6d) /// #P5(0e ) XHIXLLL@( 50)

x f(s,0)f(s,m)f(s,6—n—0) dndo ds.

The idea will be the following. On the support of the symbol of (7.6b) (re-
spectively (7.6c)), Op¢ (respectively 0,¢) does not vanish, thus one should
integrate by parts in 1 (respectively o). On the support of the symbol appear-
ing in (7.6d), both 0,¢ and 0,¢ vanish, but the identity (3.6) is the remedy;
it essentially converts O¢¢ into a combination of J,¢ and 0,¢, making the
integration by parts in (n, o) possible.

Bound for (7.6b). As explained above, in order to treat this term we shall

integrate by parts in ¢ using the identity a“’g 2]’ e*® = ¢¥%%, This gives (for the

sake of simplicity in the notations, we do not differentiate between standard
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product between scalars, and scalar product between vectors):

t Ot Oy o
@) @on) = [ [ e e ()
x 95 f(5,0)f(5,m) f (5,6 —n — o) dndo ds

(7.7h) + [ ’S¢af¢a ¢>axlu@( )

< (s, a)f(s n)a J(s.& —n— o) dndo ds

18 a ¢aa¢ g
e e ()
x f(s,0)f(s,m)f(s.6 —n—0) dndadS-
In order to estimate (7.7a), observe that the symbol ‘ 8 ¢‘2 XIXlM belongs to
7~3 /2. Indeed, the ‘5'%/2 singularity of J¢¢ is canceled by p, and the W
singularity of J¢¢ is canceled by @%. Thus, applying first (A.2) — since the

Fourier support of the integrand lies within a ball of radius comparable to s%
— one gets

18 IaTl,s [ o

t s
0
< [ ¥

t
55
< / s 53% | fly [ullg ullg ds

ds

'tA1/2
Bocsoso <P<50 log 5€ (zf), U7U)
Xp 8/5

EXE

2 A1/2
|472P 5,105 o™ (@ )| Ml g Nl s

t s
Sl [ ¥ sistsia T as < Jully,

where the last inequality holds provided that 50 + 5(5 + 6 — % < —1. Thus
we choose dp and NN such that this inequality holds as well as (7 4).

The estimate of (7.7b) is almost identical; as for the estimate of (7.7c),
it follows in a very similar way. Let us say a word about it The symbol

0, [85¢3o¢

pase XIXlH} only contributes singularities of the type and

1
IU\’ |€&=n—o]

= |1 w7z We have seen many instances of how these singularities can be treated;

the same strategy is valid here.
Bound for (7.6¢). It can be derived in an identical fashion.

Bound for (7.6d). For this term, we use the identity (3.6), which we
rewrite as follows: there exists a symbol p € 7y such that

XIIIaf¢ - p(é.a n, U) [677¢7 80’¢]'

(In the above, p is a matrix. It is linear in the arguments between brackets.)
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Using the identity xmidg¢p = %p(&,n,a} [aneis¢,806i5¢] to integrate by
parts in (7.6d) gives terms which can all be estimated as above. This con-
cludes the proof of claim 7.1.

Bound for Vke_itAl/Qgg i L, 0 < k < 4. First, notice that we can not
integrate by parts in time as we did in the weakly resonant case since now
the phase vanishes on a large set. Actually, the proof of this bound follows
the steps of the previous argument, in particular Claim 7.1. Indeed, in the
previous argument, we derived a bound for ||zgs|ly; by the same token, one
might prove bounds on || V¥*2zg3||2. These two quantities barely miss to con-
trol ||V* 93l 5 53/2) which would give the desired L decay, by the dispersive

estimate in Lemma A.1. What is needed is a little bit of additional integrabil-
ity, for instance replacing the Lebesgue index 2 by 2 — §; for a small constant
61. As we will see, this is possible if one is prepared to lose a small power
of s; but a small enough power of s is harmless in that it does not prevent
the integrals over s occurring above from converging. Hence, we will prove the
same estimate as in the previous argument, but in L?>~% instead of LZ.

In order to implement this program, we start by splitting gs into high and
low frequencies:

93—// X110 0>A( nf(s,0)f(s,6 —n—o)dny

+// xw @< ) 5,0)f(s,6 —n—0)dn

- 93 low + g3 ,high-
Bound for Vke_imlﬂgg’low in L, with 0 < k < 4. Rewrite g3 jow as
t
93,low :/2 GS,IOW(S) dS,

with the obvious definition for G3 jow(s). Due to the frequency localization of
G31ow, One might even write

t
(7'9) gS,low - /2 P<C§0 10g 5G3710W(8) dS.

Computing zG3 10w (s) gives terms similar to those appearing inside the time
integral of (7.2a), (7.2b), (7.3b), namely

(7.10a) F(2G3 10w ( // 11O 60)

x f(s,0)f(5,m)0¢f(s,6 —n— o) dndo ds
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(7.10D) + / / €*?0¢(x1/1)© (i)

x f(s,0)f(s,m) (5,6 —n—0)dndo ds

(7.10¢) + [[ess@eonane (5)
% Fls,0)F(s,0) f(5.€ — 0 — o) dipdor ds.

It has been proved in the previous section that all of these terms can be
bounded in L%. More precisely, an inspection of the proof there reveals that
2G5 10w (8) can be written

A2 . ~ 1 3
TG 1ow(8) = € Gy jow(s)  with HG?),loW(s)Hz N WHUHX
for some number k1 > 0. By repeating the same argument (see, for instance,
(7.8)), one can prove that, denoting by d; a small enough constant whose
precise value will be set later on, we have

~ 1
[Gaion )],y < e Il
S

Lemma A.1 gives

1/2 ~

(711) | V' PecsyiogsGaton(s)|, ;= |V Pecsyiose™ Caion(s)

2—01
_1 1
S SZ(S() <S(5082) 2-57 2

G tow (5)|
1

K/l .
S+

2—61

1 1
S lulfst® (s52) 77

Thus, choosing dy and d; small enough, and using successively the dispersive
estimate in Lemma A.1, equation (7.9), and the above bound,

(7.12)
i al)2
Hvke itA 93,low ‘
1 k
5 n Hv 93, low ‘ 3/ Z {ng?) long 51 + Hv +2 L3g3,low ‘2751}
Lt k2
5 ;/2 {HP<C(50 logserGB,low”Q,(;1 + Hv xP<Cdo logsG?),low ‘2—61} ds

B R AT A= o N < L3
S EHUHX s (3 3) ! T ds < EHUHX-
2 S 2
Bound for Vke_iml/zgg,high in L, with 0 < k < 4. Rewrite g3 nigh as

t
.A1/2~
gs,hith/ e"* " G pigh(s) ds.
2
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Computing Vz$537high(s) gives terms which can be estimated just like (7.3a).
One gets a bound of the type

3

.~
HV $G3,high(5)H2 S WHUHX

for a constant ko > 0. Following the same arguments, but going to a smaller
Lebesgue index 2 — do gives, provided do is chosen small enough and ¢ < 6,

1

0N L 3
[V¥oCamen(), ,, S ellully

As above, this implies that
[9* G (5)] 2 S ez Il
B st
To deduce the L™ estimate, write

k_—itAl/? =k i(s—t)AV/2 Y
V¥e 93, high = V¥ G37high(8) ds
2

! k i(s—t)AY/2 N
+ 1v 62(8 ) G3,high(8) ds.
t_

The second summand of the above right-hand side can be estimated using
Sobolev embedding and proceeding as in (6.5). As for the first summand,

(7.13)
t—1 Ry t=1 1 1 1
‘ VFe DTG pign(s) ds| S HUI|§</ sz 98 S gl
2 t—s S +3 3

2 oo

8. Estimates for terms of order 4 and higher

In this section, we prove Proposition 4.1 for the term g4. We derive
the desired estimates in L* and L?(z%dz) for terms of the form (4.3a) and
(4.3b). These terms gather the contributions of order 4 and higher (in u) to the
nonlinearity, once the normal form transform of Section 4 has been performed.

Being of high order, they decay very fast and can be estimated by brute
force, leaving aside the question of resonances. Since a straightforward ap-
proach is sufficient, we only illustrate it in the case of (4.3a), which we denote

t .
g4 :/ e“Al/QR(s) ds.
2
Bound for Vke*iml/zgzl in L™ for 0 < k < 4. We split

Vke_itAl/Zg4 = /t vkei(s_t)Al/QR(S) dS
2
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into 2t 1y ftt_l. The first summand is bounded via the dispersive estimate of
Lemma A.1 and Proposition F.1:
t—1

Vkei(s_t)Al/2R(s) ds

S [ IRy ds < Tl
S S —||u .
2 ~Jy t—s g T~ X

The second summand is bounded using Sobolev embedding and Proposi-
tion F.1:

t

. t ,
vkez(sft)/llmR(s) ds S/ Hvkez(sft)/llmR(s)H s
t—1 t—1 o0

t 1
S [ IR g ds S 5 ullk
t—1 t
Bound for xgs in L?>. The L? norm of 2g4 can be bounded as follows:

t
lzgall, = |lo [ €4 R(s) s
2

to1

t t
S [ s1B@lys ds+ [ 2Rl ds.

The first term in the last line above can be estimated directly using point (i)
of Proposition F.1; we leave this to the reader. The bound for the second term
follows with the help of point (ii) of Proposition F.1:

t t
[ IRl ds 5 [ l@yulelulis -~ ds

2

t
/e”Al/QafR(s)ds
2

+ ‘

2 2

t
S [ el + 51 lgs + o] o ds S .

9. Scattering

In this section, we prove the scattering result (Corollary 1.1). On the one
hand, decomposing f into terms of the form (4.1)—(4.3b) and examining them
separately, it appears that it is a Cauchy sequence in L? in the sense that there
exists a constant x > 0 such that

if s <t <2s, [If(1) = f(s)ll2 =
On the other hand, we know that

1

t?.
4

IOl gvare(a2an ST -

Interpolating between these two inequalities gives, for a constant C,

if s <t<2s, [[f(t) = f($)lgr-ncosnre(m2—Cotar) S 4S1=~Co+1]

~

Choosing Cy properly makes f(¢) Cauchy in time, which gives the desired result.
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Appendix A. A few results of linear harmonic analysis

Littlewood-Paley theory. Consider 6 a function supported in the annulus
C(0,32,38) such that

y 403
for € 0, zy(%)zL
JEZ
Also define
00 50(5)
7<0

Define then the Fourier multipliers

#0(2), rmo(Z). rumi-s(?)
and similarly P<j, P-;. This gives a homogeneous and an inhomogeneous
decomposition (for instance, in L?)

> Pj=Id and P+ ) Pj=1d.
JEL Jj>0

All these operators are bounded on LP spaces:

if1<p<oo, [[Ffllp SIfllp [1P<ifllp S fllp,  and [P fllp < 115

Furthermore, for P;f, taking a derivative is essentially equivalent to multiply-
ing by 27:
apy  TLSpscomdacR Al ~ 2V 1B,
1 4
f1<p<ooandCeZ, [[VPlly~ 29| f,.

Also, we recall Bernstein’s lemma: if 1 < g < p < oo, then
(-1 i(L_1
(a2) 1Bl <26 IR, and Pl < 276 1P,

Finally, we will need the Littlewood-Paley square and maximal function esti-
mates.

THEOREM A.1. (i) If f = 3 fj, with Supp(f;) C C(0,c277,C277) (the
latter denoting the annulus of center 0, inner radius c277, outer radius C277),

and 1 < p < oo,
1/2
=], 5[]
J J

Furthermore, denoting S f e [Zj(ij)z} 1/2, we have ||Sfllp ~ || fllp-

(ii) If 1 < p < oo, then denoting M f(x) def sup |P<; f(z)|, we have
J

IMFllp < 1F b

S
p

p
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Fractional integration and dispersion.
LEMMA A.1. (1) (Fractional integration). If 1 < p,q < 00, 0 < a < %,
At <1l

S NS T P77

(3) If1<p§2§q<oo,0<a<%, anda:%—%, then’

S 1l |
(4) If 1 <p<2,£>0 and 27t > 1, then

p

cmdozzg—%, then’

(2) (Dispersive estimate). ‘

1 _itAl/2
e’ qu

HVZPqeitAl/szp < ol (2jt2>(%—%) £ 1lp-

Proof. We only prove the second and fourth points, the rest being stan-
dard or elementary.

Proof of (2). First define 6 a smooth flmction, supported on an annulus
around zero, and such that for any &, 0(£)0(§) = 0(§). The stationary phase
lemma gives

H}——lez‘ﬂg\lﬂé(g)u <

o0

1
.
This implies that

|Poc™™ || S IR sl [Fe ™ (0| < 5 IR

1
t
By scaling,
it AL/2 3.1
[Pt | < 2572

This inequality gives immediately the desired conclusion.

Proof of (4). First notice that it suffices to show this result for ¢ = 0. It
will follow from interpolation between the L? estimate, which is clear, and the
L' estimate, which reads

22> 1, [Py < (22) 11

By scaling, it suffices to prove this estimate if ¢ = 1 and 57 > 0. This is done
as follows:
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cJre(§) e

SA1/2
P .e’t/l S
H <J Lt ™ 27

1

s|Fte@ e |+ o F e () e
k=1

1

<1 +kzj:1 Flo (2%) el : i ’ 22F 10 (%) clel? :/2

<143 o (5) et ez 6(5)ere”] "

~ = ok ) 3 ok )

<1+ zj: ok /2 (1 n 2—k)1/2 < 9i/2, 0
k=1

Appendix B. Some general facts on pseudo-product operators

Let us first give the definition of pseudo-product operators, which were
introduced by Coifman and Meyer; we only consider the bilinear and trilinear
cases, which are of interest for our problem. Bilinear (respectively trilinear)
operators are defined via their symbol m(§,n) (respectively m(&,n,0)) by

Buien (1. £2) 2 F [ mi&.n) an) fal€ — mn,
Bun(emo) (f1, fo, f3) < F1 /m(fvm o) f1(o) f2(n) f3(6 = n — o) dndo.

The fundamental theorem of Coifman and Meyer [CMT78] states, under a
natural condition, that these operators have the same boundedness properties
as the ones given by Holder’s inequality for the standard product.

THEOREM B.1. Let n be either 2 or 3, and suppose that m satisfies
1
(J&a] 4+~ + ’fn!)‘o‘”*‘“ﬂanl

for sufficiently many multi-indices. Then

1B (f1s s fa)lle S W fillpy - - ([ fllpn

1 1 1
—=— 4 i+ —, 1<pr-pp<ooand 0 <r < oo.
r b1 Pn

The class of symbols allowed by the Coifman-Meyer theorem (typically,
symbols homogeneous of degree 0 and smooth outside the origin) does not
contain the symbols occurring in our analysis of the water wave problem. We
will therefore be led to introducing a new class of symbols in Section C.
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In the trilinear case, amongst other discrepancies with the Coifman-Meyer
case, these new symbols will exhibit flag singularities, to which we now turn.
What is a flag singularity? If one considers two bilinear symbols m; and
mg, and one trilinear symbol mg, all of Coifman-Meyer type, the new symbol
m(&,n,0) =ms(§,n,0)mi(&,n)ma(§—n, o) does not satisfy the Coifman-Meyer
estimates (in a neighborhood of { =7 =0 and { —n— o = o = 0). This type
of symbol is said to have a flag singularity. The following theorem gives the
boundedness of such operators. A result of Muscalu [Mus07] is slightly less
general, but we are able to give a simpler proof since the range of Lebesgue
exponents we are interested in is smaller.

THEOREM B.2. Ifmy(§,n), ma(§,n), and ms(§,n,0) are symbols satisfy-
ing the estimate (B.1), then

| Bratenorms €mmate—nor (£ B)|| ) S 11l 9l

for 1 < p,p1,p2,p3 < 00 andp%—i-p%+p% = %-

Proof. Step 1: Partition of the frequency space. Set

m(&,n,0) =m3(&,n,0)mi(§,n)ma(§ —n,0).

First observe that there are certain regions of the (£, 7, 0) plane where m sat-
isfies the Coifman-Meyer estimates (B.1); then the Coifman-Meyer theorem
applies, and the desired estimate is proved. Thus, using a cutoff function, we
can reduce the problem to the regions where the Coifman-Meyer estimate (B.1)
does not hold for m, namely

A1U Ap = {jg] + In| < |ol} U{IE = nl + o] < [¢]}-

We further observe that on A; (respectively on As), ma(§ —n,0) (respectively
m1(&,n)) satisfies the Coifman-Meyer estimate in (£, 7, 0). Thus with the help
of cutoff functions, we can reduce matters to symbols of one of the two following

types:

(B2a) XA (67 UR U)Thg (é.: n, U)ml (57 77) (Where XA localizes near Al)a
(B.2b)  xa,(&,m,0)m3(§,n,0)ma(§ —n,0) (where x4, localizes near As),

where mg stands for msms or mamy. Estimates for one of these symbols can
be deduced from the other by duality and using that for any two symbols
and v, and (-, ) denoting the standard (complex) scalar product,

<Bu(£,n,a)u(§,n)(fla fe, fS) ) f4> = <B,u(—a,&—n—a,—f)u(—a,ﬁ—n—a)(f47 /3 fZ) ) f1>
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Therefore, we simply prove estimates for the symbol (B.2a). We define the
cutoff function x4, by

(B.3) By, emo)([r9:0) = > Peg—100 (PrfPrrh) Pek—1009-
|k—k’|<1

We will suppress the index &’ in the sequel and just take k' = k to make

notations lighter.

Step 2: Series expansion for the symbol mg. Expanding the symbol
’I’hg(f,?], 0) near (7775) =0 gives

3 (€,m,0) Z D, 5(0)E 0 + R(E,m,0),
|a+8|=0

where ®, 5(0) = 52 6;? m3(0, 0, o) has homogeneous bounds of degree —|a+4],

i.e., satisfies |0)®q 5] < |o| 171248 and the remainder R is such that

M-8
(B.4) ]85,5831%(5,77, 0)' =0 (%) ‘

This estimate implies that if M is chosen big enough, then the symbol resulting
from the multiplication of R and mjx 4, is of Coifman-Meyer type; thus we can
forget about it. Therefore it suffices to treat the summands of the first term
of the above right-hand side. To simplify notations a little in the following, we
simply consider the case a = 0, and therefore we get symbols of the type

(B.5) m(&,m,0) = xa,(&,m,0)@i(0)n'mi(&,n) |

where ®; has homogeneous bounds of degree —i, and m; satisfies the Coifman-
Meyer estimates.

Step 3: Paraproduct decomposition for the symbol mi. Proceeding as in
the original proof of Coifman and Meyer [CM78], we will now perform a para-
product decomposition of m and then expand the resulting symbols scale-by-
scale. Write

B, (f,9) ZBml PifPcj1g +ZBm1 Pej 1fP_]g+ Z B, Pf,ng)
J J l7—¢1<1

Next consider the symbol of one of the elementary bilinear operators above, for
instance By, (Pj-, P<j_1-). Denote m{ (&, n) for this symbol, which is compactly
supported (in (£, 7)), and expand it in Fourier series

m{(é}n) x(279(¢,n)) Z a;’ e “pa) &)
p,q€L?

where we denoted ¢ for a constant, x for a cutoff function, and aqu for the
Fourier coefficients.
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It is now possible to forget about the summation over p,q because of

the fast decay of the coefficients a/ ,, which results from the smoothness of

P
the symbol. Indeed, the complex exponentials eic2™ (p9)-(€m) correspond in
physical space translations, which add polynomial factors to the estimates to
come. These polynomial factors are offset by the decay of the a, 4. This leads to
replacing ag;ﬂ by a; € £°°. It is now possible to consider that the a; are actually
constant in j. If this is not the case, it essentially corresponds to composing
one of the argument functions by a Calderén-Zygmund operator bounded on
Lebesgue spaces, which is harmless. For these reasons, it will suffice to treat

the case when mj corresponds to one of the three paraproduct operators

(f,.9) = D PifP<j g, > Poj_1fPg, > P;ifPg.
J J J

(We suppressed the index ¢ in the last summation to make notations lighter
by taking ¢ = j.)

Step 4: Derivation of the model operators. Combining this last line with
(B.5), we see that the operators of interest for us become
(B.6) > Pej100P; (9i(D) Py f Pyh) V' Pej_1 P<j_1009,
j?k
> Pej100P<j1 (®:(D) Py f Pyh) V' P Pej_1009,
Jik
> Poj—100P; (®i(D) Py f Ph) V' PPy _1009.
Jik
We now make some observations which allow us to simplify the above operators.
e First remark that ®;(D)P;, V'P; and V'P.; can be written respectively

2_ikﬁk, 2ijE and Qijﬁq with obvious notations. Since the operators
with tildes have similar properties to the operators without tildes, we will
in the following forget about the tildes.
e Next notice that due to the Fourier space support properties of the dif-
ferent terms above, it is possible to restrict the summation to 7 < k — 97.
L] Finally, since P<k_100Pj = Pj and P<j_1p<k_100 = P<j_1 fOI’j < k—103,
it is harmless to forget about the P.j_199 operators in the above sums.
All these remarks lead to the following simplified versions of the above opera-
tors:

(B.7) S© 2UR P (P fPeh) Pejorg,
k>j+97
S° 2R P (PufPsh) Pig,
k>3j+97

S° 2R P (P fPch) P;

k>j497
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Step 5: The case i = 0. If i = 0, observe that, due to the Fourier support
properties of the Littlewood-Paley operators, the operators in (B.7) are equal
respectively to

(B.8) > P (Z Pkfpkh> Pej g,
j k
> Poj (Z Pkakh> Pjg,
j k
j k

up to a difference term which is Coifman-Meyer. But the operators in (B.8)
are simply compositions of bilinear Coifman-Meyer operators. Thus the desired
bounds follow for them.

Step 6: The case i > 0. If i > 0, we see that it suffices to prove uniform
estimates in J > 0 for the operators

(B.9a) Z P; (PjyjfPjysh) P<j_1g,
J

(B.9b) > Pejo1 (P [Pjsh) Pjg,
J

(B.9c) > Pj(PjrsfPjysh) Pig
J

since the desired result follows then upon summation over J. The estimate
relies on the Littlewood-Paley square and maximal function estimates (Theo-
rem A.1) and on the vector valued maximal function estimate

1/2 1/2
(Z [ij]2> <l (Z ff) Iy

p

(see Stein [Ste93, Ch. II]). For (B.9a), this gives

J

1/2
I(B.9a)], < <Z [P (Pj+s fPjtsh) P<j19]2>

p

A

J

1/2
Mg <Z [P (Pj+Jij+Jh)]2>

p
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1/2
S [1Mgll,, (Z [Pj (1°j+Jij+Jh)]2>
j ppP2

p—P2

1/2
< llall,, (Z (M (Pj+Jij+Jh)]2)
J PP
p—p2

1/2
< llall,, (Z [Pj+Jij+Jh]2)
j pPpo
p—p2

1/2
S lglly, | M f (Z [ijh]2>

J

pp2
pP—pP2

S 191, 1M F1lp, 15P s < g, (1], 1211, -
The terms (B.9b) and (B.9¢) can be estimated similarly. O

Appendix C. Analysis of a class of bilinear
pseudo-product operators

In this section, we define new classes of bilinear pseudo-product opera-
tors, which occur in the analysis of the water wave problem; then, we prove
boundedness of these operators.

Definition of the classes Bs and B,. Recall first of all the definition given
in Appendix B:

B (152 & 771 [ (& fuo fale = mn

Before defining the classes B and BVS, it will be convenient to think of a symbol
in a more symmetric way than we have been doing so far. The motivation is the
following. In order to prove a bound for the bilinear operator By, (f,g) in L"
one uses a duality argument and proves that for h € L’”/, we have [ B,,(f, g)hdx

< 00; this shows that the Fourier variables 7, £ — 1, —¢ play symmetric roles.

Given a symbol m(€,n), we can as well write it m/(£,£ —n) def m(§,n) or,

more generally, as a function of two of the three variables (n,{ —n, —¢). By an
abuse of notation, we will denote indifferently m for all these symbols. Thus,
denoting (&1, &2,&3) for the three Fourier variables (n,& —n, —¢), and picking
two indices ¢ and j, we can always write m = m(&;, &;).

Definition C.1. A symbol m belongs to the class B; if

e it is homogeneous of degree s;
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e it is smooth outside of {{; = 0} U {& =0} U {&3 = 0};
o for i = 1,2,3, if |&] < |&41], |&i+2| ~ 1, it is possible to write m =
A&, éﬁ,&uﬂ)
(where we use the convention that {4 = & and &5 = &»).

Thus, roughly speaking, symbols in By are of Coifman-Meyer type except
along the coordinate axes, where they are allowed to have a singularity like
Mihlin-Hérmander (linear!) multipliers.

Notice that given the boundedness properties of Mihlin-Hérmander mul-
tipliers and Coifman-Meyer operators, Theorem C.1 in the next section, which
gives boundedness of bilinear operators with symbols in By, should be no sur-
prise.

We now define a new class of symbols, which corresponds to bilinear op-
erators of paraproduct type.

Definition C.2. A symbol m belongs to the class B, if
e it belongs to Bg;
e it satisfies the following support property: Suppm(&,n) C {|n| 2 |£|}-

The interest of the class B is the following: taking derivatives of B, (f, g)
corresponds to multiplying it by £ in Fourier space. If m € B, then the support
restriction on m means that £ is always dominated by 1. Thus one expects (see
next section for a precise formulation) something like |V* B, (£, 9)| < |V¥ f]lg].

Calculus with symbols in Bs and Bs. We begin with the action of deriva-
tives on B;.

LeEMMA C.3. (i) If u € Bs, one can write

1 1 .
Depu(n, &) = p' + mﬁﬂ T 77|u3 with (', pu?, 4®) € Bs—1 x B x Bs.
(i) If p € Bs and v € By, then pv € Bsyy.
Proof. (ii) follows from the definition of Bs. To prove (i), one notes that

O¢pv contributes pg if |n| is the smallest variable, it contributes % if [£| is the

smallest variable, and it contributes ‘5“_—3”‘ if |¢ —n| is the smallest variable. [

Finally, the following theorem gives the crucial boundedness properties of
operators with symbols in B, and B;.

THEOREM C.1. (i) If m belongs to the class By, then
1B Fs ) S lpllally if 5+ 5 =3 and 1 <p,q,r < oo,
(i) If m belongs to the class By and if k is an integer, then
|V B (£,9)|| S 145 Flpllglly ifi+21=1and1<pgr<oo.

T
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Remark. Since Riesz transforms are not bounded on L*°, the statement
of the above theorem becomes wrong if any of the indices p, ¢, r are oco. We
need to go around this difficulty when deriving estimates for the water wave
system, and this unfortunately makes estimates a bit longer.

Proof. To begin with (i), let m be a symbol in By. Away from {&; = 0}
U{& = 0} U {& = 0}, the Coifman-Meyer theorem [CMT78] can be applied to
m and gives the desired result. We will simply consider the case |n| < |¢| (the
other cases can be reduced to this one by duality); thus in the following, we

consider

def
= E B (P<j—100f, Pjg) -
J

B'(f,9)

By definition of the class By, m can be written in the set |n| < [£] as m(&,n) =
1/2 7 ; _oA(nl? m g '
.A(\n| / ’W’Q or, by homogeneity, m(&,n) = A(W’W’E)' Expanding

In|*/
\Ell/2

this expression in yields

"2 (n ¢ .
Z |€|k/2 m, m + remainder.

First notice that the my are smooth and homogeneous of degree 0. Second,
observe that for M big enough, the singularity of the remainder at n = 0 be-
comes so weak that the remainder satisfies estimates of Coifman-Meyer type;
thus we take M big enough and forget about the remainder. Denoting the
spherical harmonics (Zp)sen and expanding my, in spherical harmonics (see for
instance Stein and Weiss [SWT71]) leads to

()7 ()
ZZN W\flk’/” i) 2 \Jel)

By the Mihlin-Hormander multiplier theorem, the operators Z, (%) are
bounded on Lebesgue spaces, with bounds growing polynomially in ¢; on the
other hand, the smoothness of m entails fast decay in (¢,¢') of the coefficients
ag¢e. In the end, we can thus ignore the summation over ¢, ¢/, and k, as well
as the multipliers such as Zg<%>, since they are linear and can be factored out.

. k/2 -
In other words, it suffices to treat the case m = ||7£]||" 7z The bilinear operator

B’ then becomes

S AR [P<j—100/1k/2fpjg] -

J
It is now routine to get the desired estimate using slight extensions of the
Littlewood-Paley square and maximal function estimates (Theorem A.1):
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(C.1)
‘ S AT Py 1004 fPyg] H N H <Zj 2% (P 1004"2 [ Pig)?)

J

1
2

r

1/2
< /

sup; ‘2_jk/2P<j—100/1k/2f(95)‘ (Zj(Pjg)Q)

(52,R9)" | < 15l

S || sup; 27IR2p_; 150 A*2f

p

In order to prove (ii), consider a symbol m in B, and simply observe that

kam(f7g) :Bfkm(fag):B ek m(Ak+sf7g)'

Inlk+s

Due to the support condition satisfied by m, the symbol WETZSm belongs to

B, therefore applying (ii) gives

[v*Bnis.9)], =

| lall,- 0

By (4 rg)| 5|

In|FFs

Appendix D. Analysis of a class of
trilinear pseudo-product operators

In this section, we turn to the trilinear operators which occur in the anal-
ysis of the water-wave problem: we define new classes of symbols adapted to
them, and prove their boundedness.

Definition of the classes Ty and T.. As in the quadratic case, it will be
convenient to put on an equal footing the four Fourier variables &, n, 0,6 —n—o0.
We adopt the following convention:

(1) First, we call a; = =€, ae =1n, a3 =0, a4 =& —n — 0.

(2) Then, we partition the (£,7n,0) space into regions where the (|a;|) are
essentially ordered. (In other words, for each of these regions there is a
permutation 7 such that |a-()| S |ar@)l S lar@)| S laral)

(3) Finally, we set & = a,;).

In other words, (&) is a convenient labeling of =&, n, o, £ — n — o since it
satisfies |&1] &2 S 16| S [6al and &1 + &+ 8+ & =0

As in the quadratic case, we abuse notations by indifferently denoting
m for the symbol m(&,n,0) or its expression in any coordinate system, for
instance m(&1, &2, &3).

Definition D.1. A symbol m belongs to the class 7 if
e m is homogeneous of degree s;
e m is smooth outside a conical neighborhood O;; O {£1 =0} U{§ + & = 0}
for (i,7) = (1,2),(1,3) or (2,3);



SOLUTIONS FOR THE GRAVITY WATER WAVES EQUATION 739

o for [&1] ~ [&] < &) ~ 1, and &1 + &f ~ [&] if (i,7) = (1,2), m =
A (&1, 82) A (61,2, &3) (flag singularity);
for |¢1] < [&], €sl, 1€a] ~ 1, m = A (J&a] /2, 8,6, 65);
ﬂn&+@w<mm@m@um~Lnanm+@W%@“ﬂ&@@@

1/
for |§1‘ < ’52’ < ‘53‘7 ‘54‘ ~1,m= A<|f£“1/2 ) |§1‘ "E ‘1 ) ‘§2|7‘£3>a

1/2

for |€1+&| < 61| < |€al, 1€a] ~ 1, m=A (S5, Sl 16 |1/2, & gy,

Remark. One should think of symbols in 7y as being of Coifman-Meyer
type, except that they might exhibit flag singularities, and they are allowed to
have singularities like Mihlin-Hérmander (linear!) multipliers along the coor-
dinate axes and along one axis corresponding to the sum of two coordinates

being zero.

Though this definition is quite involved, it somehow corresponds to the
simplest class containing all the symbols which occur in the analysis of the
water waves problem. For instance, symbols of the type %m] (&—n,0)

(which appear in §6) contribute singularities of the type él if one of the co-
ordinates vanishes, flag singularities, and singularities along one axis &; + §;.
This already accounts for nearly all points of the above definition.

How does one prove that these symbols are associated to bounded oper-
ators (Theorem D.1)? It is important in the proof that symbols in 7y can, by
power or Fourier series expansions, be reduced to tensorial products of func-
tions of one &; only; in other words, it is possible to separate variables. Notice
that symbols of the form (for instance) %% could not be treated by such a
method; but such behavior is not possible in the class 7.

We next define a new class of symbols, which somehow corresponds to
paraproduct operators.
Definition D.2. A symbol m belongs to the class T, if

e it belongs to 7g;
e it satisfies the following support property: Suppm(§,n,0) C {|o| =

€l nl}-

Calculus with symbols in Ty and 7.. We begin with the action of deriva-
tives on 7.

LemMA D.3. (i) If p € T, one can write

1 1 1
a 3
ep(€1,0) = 1+ i+ e e

with (N17ﬂ27M3;M4’M5) € 7;—1 X 7; X 7; X 7; X 7;
(ii) If p € Ts and v € Ty, then pv € Tgiy.
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Proof. Follows from the definition of 7. Actually, due to the fact that u
is smooth outside a neighborhood of O;; for (i,7) = (1,2),(1,3) or (2,3), we
also have that us =0 or pug = 0. (]

Finally, the following theorem gives the crucial boundedness properties of
operators with symbols in 75 and 7.

THEOREM D.1. (i) If m belongs to the class Ty, then

1B (f1, f2, f3)ll; < 11 f1llpo | f2llpa 1 f3lps
pril—‘rl%—i_pig, =1 and 1 < p1,p2,pP3,T < 00,

T

1B (f1s for Flll o S Wl llfallpa | follns  of 5r + 55 + 55 = 1
(ii) If m belongs to the class 7., and if k is an integer, then

k k
V5B (fr, for f3)]| S 1455 Fallps | o llpe | £l
pril_}'é 1%3:% a’nd1<pl’p27p3ar<ooa
k
5 HA +Sf1||p1”f2Hp2Hf3||p3

z'fp%+p%+pi3:1 and 1 < p1,p2,p3 < 00.

[ B, for o) o

Remark. The above estimates, involving Besov spaces, come as a substi-
tute for estimates in L', which are wrong. (For instance, the Riesz transform
is not bounded on L!.) In the same way, one can get substitutes for estimates
in L.

Proof. The proof of (i) is very similar to that of Theorem B.2 and The-
orem C.1. First, partition the frequency space in order to distinguish the
different regions appearing in the definition of 7. Then, in each of these re-
gions, expand the symbol in order to separate variables. Finally, perform the
desired estimates using the Littlewood-Paley theorem.

In the region [&1] ~ [&2] < [€3] ~ 1, and [§1 + &of ~ [&1] if (i,5) = (1,2), it
suffices to apply Theorem B.2 on symbols with flag singularities.

Let us also sketch how one deals with the region |§1] < [&] < [&3], [€4]-

&1]1/2
IRE

Expanding the symbol A<‘\£§1||1//2 ) \51 162 |1/2’ [éa] 7€3> in power series in

and |£3]'/2, and in spherical harmonics in % and & @, gives

2.2 () et () e () ot

where the functions ®y/y are homogeneous of degree —%/ and decay fast with
the indices £, ¢’ by smoothness of A.
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The above sum over k, k' can be taken to be finite, the remainder giving
a Coifman-Meyer operator. Furthermore, it is easily checked that the powers

&)</ K'/2 : : ; )
(@) and |{|y " appearing above cancel with the homogeneity of ®yprpp;

thus it is possible to ignore the sum over k and &'.

As for the sum over £, ¢, we rely on the fast decay of the functions @,
which offsets the polynomial growth of the bounds (in Lebesgue spaces) of the
Fourier multipliers Z (é—h) and Zp (é—;), thus it is possible to ignore the sum
over ¢ and ¢'.

Finally, up to rotation of the Fourier variables, and a duality argument,
it is possible to assume that (£1,8&2,&3) = (0,0, —n — o).

The above considerations lead to the model operator

B(f.g,h)= > > > Pej_io0f Pyrg Pjh.
0<k,k'<N j j'<j—100
The boundedness of this operator is easily established; it is essentially a com-
position of paraproducts.
The extension to Besov spaces based on L' follows from boundedness from

L' to B(l)’oo of Mihlin-H6rmander type Fourier multipliers.
Finally, point (ii) is proved just like Theorem C.1 was proved. O

Finally, we need the following proposition, which combines fractional in-
tegration and flag singularity.

ProposITION D.4. (i) If m(&,n,0) € To, 0 < a < 2, and 1 < p1,p2,p3,
r < 0o, then

HBilnlo‘m(éﬂ?,U) (flv f27 f3)

Sl lpall fsllps for L+L 42— L =1,
,
(ii) If m(&,n,0) € Te, 0 < <2, and 1 < p1,p2, p3, T < o0, then

VB e (P Fon £2)| S 1455l ol il

1 _ 1
fO’I”ZTl‘i‘ +7_%_r'

Proof. The proof follows the pattern of the proofs of Theorem B.2, The-
orem C.1, and Theorem D.1. In the end, it thus somehow reduces to the case
m = 1, for which the estimate is clear since

Bie_p|-a(f15 f2, f3) = f2 (f1f3)

Thus, by Holder’s inequality and Lemma A.1,

‘B (1 f2 f) ) S el || (f1f3) S Al f2llp | f3llps- O
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Appendix E. Proof of Proposition 2.2

Let a = (z,2) € Q and b= (y,h(y)) € S. Then 1y can be represented by
the double layer potential

o / (B)N-VG(a—b)dS(b) = ~u(bo)+ / ))N-VG(a—b)dS(b),

where G(a — b) = ;-|a — b|~! is the Newtonian potential and by is an arbi-
trary point on S. By defining K(z,y) = \/1+ |Vh(y)|2N(b) - VG(by — b) for
bp = (z,h(x)) € S and b = (y,h(y)) € S, we have

{K(x,y) — —Vh)(z—y)+h(z)-h(y)

ar(|z—y[2+(h(z)—h(y))2) 2

(E.1) :
JIK (2, y)|(1+ |z —y[2)dg < [|hllwzee + [VA]|Lr S €0

for 2 < p < 4, and from standard singular integral calculations [Fol95] as
a — by, we have

(E.2) *u +/u K(z,y)dy = (z).

From (E.1) it is clear that the operator with kernel K maps L — L*° and
C¥ > C*for0< a< % A Neumann series expansion for p gives

{uuum < [l ooe

(E.3)
[ellea S Nllea

To obtain estimates on derivatives of u, we change variables from y to z = z—y
n (E.2) and write J(z,2) = K(x,z + z). Since 0J(x, z) satisfies inequal-
ity (E.1) with one additional derivative on h, i.e.,

1023, )11+ [219)dz S [bllwoe + [Vl S <o

then differentiating (E.2) with respect to = gives

%au(a;) + / Oule — 2)J (x, 2)dz + / (@ — )00 (2, 2)dz = Db(x),

which implies [|Oullz S [0¢] + [lpll 1 S 10¢[z + 9]l 11 by (E.3).
Repeating the above argument twice, we obtain

1Oplic2 S 19¢llcz + 191 3

Next we estimate A1). To do this we fix a point by € S and use normal co-
ordinates in a neighborhood of S to restrict a near the boundary to the line
a=bg+vN(by). Thus

N(bo) - Vom(a) = [ () = pu(bo)) D*G(N (), N (b)) (a — b)dS(b).

S
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For |b—bg| large and v small, | D?2G(a—b)| < |b—bo|~3; thus the above integral
can be bounded by H,u”c% For |b — bg| small, we write

N(bo) = 0(b,bg)N (b) + (b, bo)T, where 7 € Tp,S.

The term involving 7 is integrable due to the vanishing of v(bg, bo). By
repeating the argument that led to inequality (E.3), we obtain

[ ® = 1) DGV (B, 97) @ = S B)| S e S 1l
S

The kernel of the remaining term,

1= [ (4(0) = (b)) D*G(N (5), N(5)) (N (bo) + b — D)dS (D),
S

is hypersingular as ¥ — 0 and can be dealt with by using the identity
0=AG = A5G + kN - VG + D*G(N, N)

for v < 0. This allows us to re-express I as

1= [ Du(bYDG(wN (bo)+bo—b) ()~ (b)) &N (0)- VG(N (bo) +bo —b) S,
S

which is a singular kernel and can be bounded as before:

< <
M1 S 190l + Nl p < 10015 + 1911

By repeating the above argument after applying tangential derivatives to

N (bp) - V1), we obtain
INYllwze(s) < DYlles + 191l 1 -

This proves inequality (2.1).

Appendix F. Estimates on the remainder term R

Recall that R is the remainder term defined at the beginning of Section 3.
More explicitly, recalling that u = h4iA'/24), R consists of the terms of order
4 and higher in u of the nonlinearity

(F.1)  G(h)Y +iAl/? —%yw\uz ! (G(h)y + Vh-Vi)?| .

(14 |Vh|?)

The following proposition gives bounds on R.
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PROPOSITION F.1. If ||u|lys. is small enough, then

(F.2) (i) Hv’fR

S92, [l e
T P q

1 and 1 < p,q,r < o0;

r

(i) lzRlly < K@ )ullzllelys.co-

Remark. Both of the above estimates say that R behaves roughly like a
four-fold product of some derivatives of u. Both of them are far from be-
ing optimal, except for one point: in estimate (ii), the weighted norm on the

if L+ 4=

right-hand side does not carry any derivatives.

We will only prove (ii), the estimate (i) being much easier. Furthermore,
we observe that if the bound (ii) can be proved with R replaced by the fourth-
order terms of G(h), it follows easily for R. Indeed, a look at the nonlinear-
ity (F.1) shows that R essentially consists of products of G(h) with derivatives
of u, but this is easily treated. Thus we will in the following prove (ii) with R
replaced by terms of order four and higher of G(h).

Given a harmonic function 4 in 2, it can be represented via a single
layer potential p as?

(£3)  dnw,2) = 5= [ )l — o>+ |2 = h)P) 2 dy it (2,2) €0,

Then
y) + h(y) — h(z)
(F.4) G(h)y =p— /p
2 y\2 4—\fl( ) = h(y)[?)*
Notice that the kernel is very similar to the one given in (E.1).
Expanding (F.3) in h, after evaluating on the boundary (z, h(x)) and ap-
plying A, we get

— h(y)]*"

n>1

def +ZK

(Recall that A = |D|.) Using Neumann series, p can be expressed as

P = Aw + Z Bml---mNKml tt KmNA¢7
NeN,(mq--mpy)eNN

dy.

where |B,.my| < C™ T TN In order to obtain weighted estimates, we will
need the following claim, whose proof we postpone for the moment.

2Note that in our representation p differs from the standard p by a factor of /1 + |Vh|2.
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Cram F.2. Ifn > 1, then
(F.5a) 2K A[la < C™ [[{)ully [lull3

(F.5b) (z) KnZl2 < C™|[{@) Z]l2 [|Rll35 -
Assuming the claim, Proposition F.1 follows. Indeed, the contribution of
%p in (F.4) to R is given by
Z Bm1-~~mNKm1 e KmNva
mi4-Fmy>2

and this can be estimated using the claim. In order to estimate the contri-
bution of the second summand of (F.4), the same procedure can be applied:
expand the kernel in powers of h, and use the bound on the expansion of p in
powers of h which follows from the claim.

Proof of (F.5a) in Claim F.2.
Step 1: A paraproduct inequality.
LEMMA F.3. We have for A>0 and B > 1,
(F.6)  [l2VAAfVZgls
<A fllw arsr.00 [(@)glla + () A2 fl2 [|gllwasmr,00,

(F.7) eV Pglla < [ fllwasnsace [@gllz + @) Fll2 Igllwarnezoe.

Proof. We focus on the first inequality, the second one being proved in an
identical way. Using the paraproduct decomposition, we write

eVAAFVBg = x[z VAAP fVB P9+ VAAP,; vaPjg} .
J J
Notice that
aVPP g = VB_lf?j<j9 + VPP jzy,
aVAAP_ f = A3 P A2 f 4+ VAN P A2 f

(where we denote ﬁ<]~ for a symbol of the type A (%), with A smooth and
supported in B(0,C)). Thus

aVAAFVEg =3 VAP (VP P9 + VP Pojag)

J
+ (A TIP AV f o VAN P e A2 F)VE g,
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This implies

12V A4V gllz < 37 2D P oo (27D g2 + 27 |zg] 2)
j

+ @UTD A2+ 2D o A2 f2)277 | g
< A2 flwasninse[@)gllz + [1(2) A2 fll2 lgllwas s,
proving (F.6). The proof of (F.7) is very similar. O

Step 2: Splitting of the integral. To bound K,AY for n > 1, choose a
smooth cutoff function x equal to 1 on B(0,1) and 0 outside of B(0,2), then
split the integral

) — 2n
Fs0)  Kuaw=a [ av) "D ) dy
) — 2n
(F.sh) [ 4w B (1 x(o—) d

Observe that since ||[zAf]l2 < ||V f|l2 + || f]l2, we can replace A [ by V [ in
our estimate.

Step 3: Estimate of (F.8b): The case |x — y| = 1. In this region, the
cancellation contained in h(z) — h(y) is not needed; thus it suffices to replace

(h(x) — h(y))?>" by the general term given by the expansion of this power,
namely h(z)h(y)?" . We get

T L 2n—4
J A0t = xte - )"

For ¢ = 0, the above integral is given by

/ rh<y>r2”Aw<y>vzm dy = I » (Agh®™),

where I" satisfies ||[(z)I'||1 < 1. Therefore
z(T * (APh*™)) = (xI) * (APh*™) + I * (xAph®™),
N S

Lt L2 Lt L2

L2 L2

and the conclusion follows since
|z Aph*™ |2 S |lzhl|2 | Ao |22

For ¢ > 1, the most problematic term is when V, hits h(z), since otherwise
we have added decay in x — y. It reads

V()1 2n—4
/ M) (1 -x(z—) T )|Z(_)y|2nﬁ(f/ " 4y = Vh(@)h(z) s (Aph2n),
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where I'} decays at least like |2| 3. For £ = 1, we have
lz(VR) (L1 % (Ah** )| 2 S (IVh| oo l|(Ty * (AR 2
which can be estimated by

(T (APh™ ) = (@)« (Aph™ 1) + T x (wAgh?" ).

L4/3 L4/3 I L2

L2 L2

Since L?({x)2dx) — Ls (dx), this yields the desired estimate, as in the case £=0.
For ¢ > 2, the bound follows in an even simpler way; thus we skip this case.

Step 4: Estimate for (F.8a): The case |x—y| S 1. We use Taylor’s formula
h(y) — h(z) A (y — )
————~ =Vh(z +/th+ty—x 1—t)dt
[z —y| ()w—wl 0 (& + ))w—ﬂ( )
to deal with the singular integral. More precisely, we substitute the above
expression for each factor h(x) — h(y) in (F.8a); subsequently expanding the

2n
product gives 22" terms. We start with the one involving (Vh . |Z:§|) , Writ-

ing it as

(F.9a) V., /A¢@)H(Vﬁ(@ y-= >2n dy

ly — |
R O (R e L e
(F.9¢) +V$Cw@»/ﬁ525f(vmm-é:iOmZ@)

The term (F.9¢c) can be written as

o X@—y) y—o)™  (y—az)
V(mM@NZ:aMh fm”h/\x—w @)

=12 |y_$| |y_$|

=V (A(@) Y VNN, Ony b - O, B,

which is easy to bound by (F.6). To bound part (F.9b), we note that if V,
hits Ay(x) one gets

2n
V() / x(@—y) <Vh(x) . H) i,
|z —y ly—=
which is similar to part (F.9¢). If V, hits VAi(z), one gets

J et~ v D (2 L2 ) (v L22)

|z — | ly — x| ly — x|
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which can be written as a sum of terms of the type
CV2h(z)Vh(z)* 1Ay or V2h(x)Vh(z)*" ' KA, K an integrable kernel

and thus can be treated by Lemma F.3.
If V. hits the function of (x —y), we turn V, into —V,, and integrate by

parts to get
2n
[ v =2 (i) L2y
ly — | ly — |

which can be written as a sum of terms of the type

Vh(z)*"K % Ay, K an integrable kernel

and can be bounded by Lemma F.3.
All the remaining terms in the expansion of (F.8a), after substituting the
Taylor expansion, involve at least one power of fol V2h---, ie.,

1
Va //w(y)x(fc —y)lz -y < /01 V2h(z +t(y —x))(1 - t)dt) Vh(z)™ " dy

for £ > 1. (Here we abused notation by writing |z —y[*~! instead of the correct
multilinear expression in x — y involving scalar products.) Regardless of what
term is hit by V., we estimate the above in the following manner:

1) Split ¢ into low and high frequencies

def
¥ = Yiow + Vhigh = Peoth + Po1).

2) If v is low frequency, estimate directly after putting the weight on .

3) If ¢ is high frequency, remove one derivative from v by integration by
parts (thus getting Ry, R Riesz transform), then estimate after putting
the weight on .

Thus if ¥ is low frequency, we take the derivatives of h in L> and get the bound

() Axows 12 123,00,

and if v is high frequency, integrate by parts in y using Ay = V, R and get
the bound

1) Ribriign |2 || ][54, -
The estimate follows since
1(z) Ao |2 + [[{(2) Ribnignll2 < [[(2) A 23]

This completes the proof of (F.5a).
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Proof of (F.5b) in Claim F.2. The proof of the inequality (F.5b) is very
similar to that of inequality (F.5a), which was the object of the previous sec-
tion. One additional ingredient is however needed, which reduces to the bound-
edness of the operator

h(z) — h(y)|*"
T:Z»—>V/Z(y)||($)y|2(n+)1|x(x—y)dy on L%

In order to prove it, observe that T is a singular integral operator if h belongs
to W2, By the David and Journé T'1 theorem, its boundedness over L? will
follow from the belonging of 7'(1) and 7 (1) to BMO. Since T is antisymmetric,
it suffices to check that T'1 belongs to BMO. But 71 is given by

|h |2n
/ |CC y|2n+1 X(l‘ _y) dy7

which, as one sees easily, is bounded in L> provided h € W3,

Remark. Equations (3.1) can also be easily derived from (F.3) and (F.4).
Using the fact that A = 3" R;0;, where R;’s are the Riez potentials, one can

show that

AY(x) = p.v.l 7¢($) — V() dy.
mJr2 |z —y)?
Thus from (F.3), p = Ay — 4[h2 A% — 2hA(hAY) + A(R2AY)] + - - -, and from

G(h)Y = AYp =V - (hVy) — A(hAY)
— %[A(hQAQw) + A2(h2Aep) — 2A(hA(hAYP))] + - - -,

which is the first part of (3.1). The second part follows immediately from the
first.

Appendix G. Addendum

As was stated in the introduction we did not attempt to optimize the set of
initial data for which our results hold. The following remark shows that our re-
sult can trivially be extended to include different set of initial data, for instance

3
ol v + | AT 2o 12 + luoll g2 < e,

where v and € are fixed small positive numbers. In order to give a precise
statement, let us define a new norm, X, by

def

3
lullg = sup tJullyace + ¢ ull g +17° |47

Lo+ llullze,

where § denotes a small constant and N denotes a big enough integer. This new
norm differs from the norm in the paper by 3/4++ derivatives in the weighted
L? part and thus allows slower decaying data however less oscillating.
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THEOREM. There exists an e >0 such that if the data satisfies Hezm uol|
< ¢, then there exists a unique global solution u of (WW) such that |lul 3 < €.

To prove the new theorem above, only a few elements in the paper need
to be modified. In particular, one needs to apply Ai+7z instead of z to the
profile. In the spirit of Leibniz rule for fractional derivatives, one can distrib-
ute A3/4T7. Then the only terms which require a modification are (5.2d) and
(5.3c) for the quadratic interactions; (6.7), (6.8), (7.3), and (7.7) for the cubic
interactions; and the remainder term (the last inequality in §8).

Before we show how to modify the estimates, we make two simple obser-
vations. First by Hardy’s inequality,

st <

thus [luf| z controls Hw/l%‘waj Second, from Lemma A.1(2),

S A1/2 1
(G.1) €™ folloo S Sl foll o2
t 1,1

N eitAl/ 2

1 1 3_3 _
LAk ollgall (@ A3 ol
P

for 2 < p < 0o, and small enough « > 0 and v > 0. Specifically for 2 < p < oo,
0 <a<2/p, and 0 < j3, satisfying o + 5 — af < 2/p, we have

tl_% eitAl/Q

_1 (3_3_« _
<[4 pfonBo <||/11/2fo||%z||/11—” " foll e

/ /

S A2 fol| | AT 203 2 folls

(3-2_2) (3-2_g2)4 o
SN2 ol g2 (A== G5~ ol 4+ AT 72D fyl] o)
< A2 fol 82 () 422 fol 15,

where 1/p+1/p' =1, 1/p' = a/2+ (1 — a)/r, and v=a(l- %)/(1 —a)+ 8.
In the last inequality, we have used that 1 < 5 +TB <r <2

To estimate A3/4+7(5.3c), it suffices to rely on fractional integration (see
Lemma A.1(3)):

|(4¥19(5.30)) |, = | 4%+ By, (u SitA1/? % f>

. 1
ezt/ll/QZf

2

N

/44y
A ull 6

16

B+3)7

A

i) o

S -
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To estimate A%/417(5.2d), we bound using (G.1), with p = 12 and fy =
1 r.
AL/2 f

3/44~ ( +ieat2 1 ) < H 7/44~ titar/z 1
t‘/l By, \u,e A1/2f 2Nt/l u% e —Al/zf y
-+ 2 [5+32] a2 1
st TE g |
X AL/2 12
-+ 210+l
St TS ) % S o0l %

To estimate A%/417(6.6b), we also rely on fractional integration:

|49+ 6.60), = ‘ /2 ‘Rt (0, 545 ds

2

A1/2
ezt/l $f .

1—4~

4

< /t HAk+13/4+wuH
2

16/(3+47) Hu||16/(3+4v)

t
’<V/2 HAngMﬂquﬁ/(%m) HuH16/(5‘>+4w) ’

S Mlull%-

The bound on A3/4+7(6.8b) is similar to the bound on A%/4t7(5.2d) above:

t 1
H/l3/4+7(6.8b)H2§/2 5| A3 By, , (u,u, 7/11/2“) st
t isAl/2
13/4+ €
5/2 SHA /a+7,, %HUH% 7 fH12ds

t 7 k 14
5 Hu”?’;}/ 33—ﬁ+m(6+ﬂ)87%57%+(1*a)5) ds S ||U”§)Zt6

The bound on A%/*t7(7.7a) is derived in a straightforward fashion:

ds
8/5

Bo,goss
100 6|2

HA3/4+7(7_7a)H2 < /t s50(1+7)
2

o A1/2
(P<60 log senA (xf)a u, u)

XIX1H

t .
S [ 500D AP g e ) |l Nl s
2

< t 115
2

t o116
Sl [ 85 8 ds Sl

A f |l el ds

Finally, the remainder term can be bounded as follows:
lz AV Rs < |aR]|2 + 2 AR

N quHS/(l—Zw)Hu‘|W4a8/(3+4W)||UH%/V4«00 S t_5/4+27+25\|u||§5-
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