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Thom polynomials of Morin singularities

By GERGELY BERCZI and ANDRAS SZENES
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Abstract

We prove a formula for Thom polynomials of A, singularities in any
codimension. We use a combination of the test-curve model of Porteous,
and the localization methods in equivariant cohomology. Our formulas are
independent of the codimension, and are computationally effective up to
d=6.

0. Introduction

We begin with a quick summary of the notions of global singularity theory
and the theory of Thom polynomials. For a more detailed review we refer the
reader to [1], [14].

Consider a holomorphic map f : N — K between two complex manifolds,
of dimensions n < k. We say that p € N is a singular point of f if the rank of
the differential df, : T,N — Ty, K is less than n.

Topology often forces f to be singular at some points of N, and we
will be interested in studying such situations. Before we proceed, we intro-
duce a finer classification of singular points. Choose local coordinates near
p € N and f(p) € K, and consider the resulting map-germ f, : (C",0) —
(C*,0), which may be thought of as a sequence of k power series in n variables
without constant terms. The group of infinitesimal local coordinate changes
Diff(C*) x Diff(C") acts on the space J(n,k) of all such map-germs. We
will call Diff(C*) x Diff(C")-orbits or, more generally, Diff(C*) x Diff(C")-
invariant subsets O C J(n, k) singularities. For a singularity O and holomor-
phic f: N — K, we can define the set

Zolfl={p e N; fp € O},
which is independent of any coordinate choices. Then, under some additional
technical assumptions (compact N, appropriately chosen closed O, and suffi-
ciently generic f), Zo|[f] is an analytic subvariety of N. The computation of
the Poincaré dual class ap[f] € H*(N,Z) of this set is one of the fundamen-
tal problems of global singularity theory. This is indeed useful: for example,
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if we can prove that ap[f] does not vanish, then we can guarantee that the
singularity O occurs at some point of the map f.

This problem was first studied by René Thom (cf. [28], [12]) in the category
of smooth varieties and smooth maps; in this case cohomology with 7Z/27Z-
coefficients is used. Thom discovered that to every singularity O one can
associate a bivariant characteristic class 7o, which, when evaluated on the pair
(TN, f*TK) produces the Poincaré dual class ap[f]. One of the consequences
of this result is that the class ap[f] depends only on the homotopy class of f.

A similar result, which we will call Thom’s principle, has been used in the
holomorphic category (cf. [14], [9] and §2 of the present paper). To formulate it
in more concrete terms, denote by C[A, B}S”XS’“ the space of those polynomials
in the variables (A1,...,An,01,...,0;) which are invariant under the permu-
tations of the As and the permutations of the 8s. According to the structure

Sn ><8k

theorem of symmetric polynomials, C[\, 6] itself is a polynomial ring in

the elementary symmetric polynomials
C, 01575 = Cler(N), ... en(N), c1(6), ... ci(8)].

Using the Chern-Weil map, a polynomial Q € C[X,0]°"*S and a pair of
bundles (E, F') over N of ranks n and k, respectively, produces a characteristic
class Q(E,F) € H*(N,C). Then the complex variant of Thom’s principle
reads:

For appropriate Diff (C*) x Diff (C™)-invariant subset O of codi-
mension m in J(n, k), there exists a homogeneous polynomial
Tpo € C[X, 0] of degree m, such that for a sufficiently
generic map f: N — K, the cycle Zpo[f] C N is Poincaré dual
to the characteristic class Tpo(TN, f*TK).

A precise version of this statement is described in Section 2. The polyno-
mial Tpy is called the Thom polynomial of O, and the computation of these
polynomials is a central problem of singularity theory.

The structure of the Diff(C*) x Diff (C")-action on J(n, k) is rather com-
plicated; even the parametrization of the orbits is difficult. There is, however, a
simple invariant on the space of orbits: to each map-germ f : (C",0) — (C¥,0),
we can associate the finite-dimensional nilpotent algebra A 7 defined as the quo-
tient of the algebra of power series with no constant term Co[[z1,...,x,]] by
the ideal generated by the pull-back subalgebra f*(Co[[y1,...,yx]]). This al-
gebra Af is trivial if the map-germ f is nonsingular, and it does not change
along a Diff(CF) x Diff (C")-orbit (cf. §2 more details).

Combining Thom’s principle with this observation, to each finite-dimen-
sional nilpotent algebra A and pair of integers (n, k), one can associate a doubly

symmetric polynomial Tpy~?* € C[X, 0] %, which, in the sense described
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above, will serve as a universal Poincaré dual of those points in the source
spaces of holomorphic maps whose local nilpotent algebra is A.
The computation of Thom polynomials associated to nilpotent algebras is
difficult, but a few structural statements are known (cf. §2.6 for more details).
First, as discovered by Damon and Ronga ([8], [24]) in the 70’s, the poly-
nomial Tp’y~* lies in the subring of C[X,8])5"*Sk generated by the relative
Chern classes defined by the generating series

15— (1 +059)
14cigtcog®+ . === %
e (0 Aig)

Next, the Thom polynomial, expressed in terms of these relative Chern classes,
only depends on the codimension j = k —n. More precisely, there is a unique
polynomial TD’,(cq, ca, . ..) such that

Tp (A, 0) = TDR " (c1(A, 8), c2(N, 8), .....).

Finally, in a recent paper, Fehér and Riményi observed [9] that performing
the substitution ¢; — ¢;_1 in TD{4 produces TD{[l. This implies that to
each nilpotent algebra A one can associate a power series in infinitely many
variables, which encodes all of the Thom polynomials associated to A. This
observation served as the starting point for the present work.

In this paper, we will concentrate on the so-called Morin singularities [19],
which correspond to the situation when the algebra A is generated by a single
element. The list of these algebras is simple: Ag = tC[t]/t+!, d=1,2,....

The goal of our paper is to compute the Thom polynomial Tpﬁ?k for
arbitrary d,n and k. For simplicity of notation, we will denote this polyno-
mial by Tpg_”“, or sometimes simply by Tp,, omitting the dependence on the
parameters n and k.

The problem of calculating Tp}~* goes back to Thom [28]. The case d = 1
is the classical formula of Porteous: Tp; = ¢x_n+1. The Thom polynomial in
the d = 2 case was computed by Ronga in [24]. More recently, an explicit
formula for Tps was proposed in [2], and P. Pragacz has given a sketch of a
proof of this conjecture [22]. Finally, using his method of restriction equations,
Rimdnyi [23] was able to treat the n = k case, and he computed Tp};~" for
d < 8 (cf. [10] for the case d = 4).

Our approach combines the test-curve model of Porteous [21] with lo-
calization techniques in equivariant cohomology [4], [26], [29]. We obtain a
formula reducing the computation of Tp’(}_”€ to a certain problem of commu-
tative algebra, which depends on d only. This problem is trivial for d = 1,2, 3
(cf. (0.1) below); hence we instantly recover all results known for arbitrary
n < k. An important feature of our formula is that it manifestly satisfies all
three properties listed above. In particular, we obtain a tentative geometric

interpretation for the Thom series introduced by Fehér and Rimanyi.
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The paper is structured as follows. We describe the basic setup and notions
of singularity theory in Section 1, essentially repeating the above constructions
using more formal notation. Next, in Section 2, using Vergne’s integral for-
mula, we introduce the notion of equivariant Poincaré dual, which provides us
with a convenient language for describing Thom polynomials. In Section 3 we
present the localization formulas of Berline-Vergne [4] and Rossmann [26] and
develop a calculus localizing equivariant Poincaré duals. With these prepara-
tions, we proceed to describe the test curve model for Morin singularities in
Section 4. This is the key part of our work, where we reinterpret and modify
this model using a double fibration in a way which allows us to compactify
our model space and apply the localization formulas. At the end of Section 5,
we summarize our constructions and results in a diagram to orient the reader.
Section 5 is a rather straightforward application of the localization techniques
of Section 3 to the double fibration constructed in Section 4. The resulting
formula (5.24), in principle, reduces the computation of our Thom polynomials
to a finite problem, but this formula is difficult to use for concrete calculations.
Remarkably, however, the formula undergoes several simplifications, which we
explain in Section 6.

The simplifications bring us to our main result: Theorem 6.16 and for-
mula (6.26). While this formula is rather simple, it still contains an unknown
quantity: a certain homogeneous polynomial @d in d variables, which does not
depend on n and k. The list of these polynomials begins as follows:

—~

(0.1) Qi=0Qo=Qs=1, Qu(z1,22,23,24) =221 + 22— 24, ... -

In principle, @d may be calculated for each concrete d using a computer
algebra program, but, at the moment, we do not have an efficient algorithm
for performing such calculations for large d. We discuss certain partial results
in the final section of our paper. These, in particular, allow us to compute @5
by hand and @\6 using the computer algebra program Macaulay.

We end the paper with an application of our theorem to positivity of Thom
series. Rimdanyi conjectured in [23] that the Thom polynomials Tp, expressed
in terms of relative Chern classes have positive coefficients. Our formalism
suggests a stronger positivity conjecture, which we formulate in Section 7.5
and check for the first few values of d.

In closing, we note that Morin singularities are special cases of the so-
called Thom-Boardman singularities [28], [5], [17]. These are parametrized by
finite nonincreasing sequences of integers, and Morin singularities correspond
to sequences starting with 1. Our method extends to a wider class of Thom-
Boardman singularities; we hope to report on new results in this direction in
a later publication.



THOM POLYNOMIALS OF MORIN SINGULARITIES 571

Acknowledgments. We would like to express our gratitude to Richard
Riméanyi for introducing us to the subject and explaining this problem to us.
We are greatly indebted to Michele Vergne, whose ideas profoundly influenced
this paper. In particular, most of Section 3 is based on her suggestions. Fi-
nally, useful discussions with Lészlé Fehér, Maxim Kazarian, Andras Némethi,
Felice Ronga and Andrés Szfics are gratefully acknowledged.

1. Basic notions of singularity theory

1.1. The setup. We start with a brief introduction to singularity theory.
We suggest [16], [1], [28] as references for the subject.

Let (e1,...,e,) be the basis of C", and denote the corresponding coor-
dinates by (z1,...,%,). Introduce the notation J(n) = {h € Cl[x1,...,zy]];
h(0)] = 0} for the algebra of power series without a constant term, and let

Ja(n) be the space of d-jets of holomorphic functions on C" near the origin,
i.e., the quotient of J(n) by the ideal of those power series whose lowest order
term is of degree at least d+1. As a linear space, J(n) may be identified with
polynomials on C™ of degree at most d without a constant term.

In this paper, we will call an algebra nilpotent if it is finite-dimensional
and there exists a positive integer N such that the product of any N elements
of the algebra vanishes. The algebra J;(n), in particular, is nilpotent, since
jd(n)d+l =0.

Our basic object is Jy(n, k), the space of d-jets of holomorphic maps
(C",0) — (Ck,0). This is a finite-dimensional complex vector space, which
one can identify Jy(n) ® C¥; hence dim Jy(n, k) = k(";d) — k. We will call the
elements of Jy(k,n) map-jets of order d, or simply map-jets. In this paper we
will always assume n < k.

Eliminating the terms of degree d results in an algebra homomorphism
Ja(n) - J4-1(n), and the chain Jy(n) - Jg-1(n) — ... = Ji(n) induces an
increasing filtration on Jy(n)*:

(1.1) Ji(n)* C Fao(n)* C ... C Tuln)".

The space J;(n)* may be interpreted as a set of differential operators with
constant coefficients of degree at most i, and, in particular, by taking symbols,
we have

(1.2) Ja(n)* 2= SymyC" & ol Sym'C",

where Sym' stands for the symmetric tensor product and the isomorphism is
that of filtered GL,-modules.

One can compose map-jets via substitution and elimination of terms of
degree greater than d. This leads to the composition maps

(1.3) Ja(n, k) x Tg(m,n) — Ja(m, k), (Ua, V1) = VUyo Wy,



572 GERGELY BERCZI and ANDRAS SZENES

When d = 1, Ji(m,n) may be identified with n-by-m matrices, and (1.3)
reduces to multiplication of matrices. By taking the linear parts of map-jets,
we obtain a map

Lin : Jy(n, k) — Hom(C",CF),

which is compatible with the compositions (1.3) and matrix multiplication.
We define the set of jets with regular linear parts (for n < k) as

(1.4) Yo(n, k) ={¥ € Jy(n, k) : rank(Lin(V)) = n}.
Consider now
Diff4(n) = {A € J4(n,n); Lin(A) invertible}.

The composition map (1.3) endows this set with the structure of an algebraic
group, which has a faithful representation on J;(n). Using the compositions
(1.3) again, we obtain the so-called left-right action of the group Diff (k) x
Diff4(n) on Jy(k,n):

(AL, AR),¥] = AL o ¥ oAR

Note that the action of Diff;(n) is linear, while the action of Diff4(k) is not.
Singularity theory, in the sense that we are considering here, studies the left-
right-invariant algebraic subsets of Jy(n, k).

A natural way to form such subsets is as follows. Observe that to each
element ¥ = (Py,..., Py) € Ja(n, k), where P, € Jy(n) for i = 1,...,k, we
can associate the quotient algebra Ay = Jy(n)/I(Py,...,Py): the algebra
Ja(n) modulo the ideal generated by the elements of the sequence. Since
Ja(n)#1 = 0, we also have A%™=0. We will call Ay the nilpotent algebra® of
the map-jet ¥. For ¥ = 0, this nilpotent algebra is Jy(n), while for a generic
U (in fact, as soon as rank[Lin(¥)] = n), we have Ay = 0.

Now let A be a nilpotent algebra, as defined above. Consider the subset

(1.5) Ok = {(Py,...,Py) € Jaln, k); Tg(n)/I(Py,...,P,) = A}
of the map-jets of order d.

It is easy to show that ©% ™ is Diff4(k) x Diff4(n)-invariant. A key ob-
servation is that although two map-jets with the same nilpotent algebra may
be in different Diff;(k) x Diff 5(n)-orbits, there is a group acting on J4(n, k)
whose orbits are exactly the sets ©%~* for various nilpotent algebras A. This
group is defined as the semidirect product

(1.6) Ka(n, k) = GLE(C & J4(n)) x Diff4(n),

Hnstead of this algebra, it is customary to use the so-called local algebra of ¥, which is
simply the augmentation of Ag by the constants.
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using the natural action of Diff;(n) on Jy(n); the algebra C @ Jy(n) is the
augmentation of J;(n) by constants. The vector space Jy(n) is naturally a
module over C & Jy(n), and hence K4(n, k) acts on Jy(n, k) linearly via

(1.7) [(M,A),¥] — (M-¥)o AL

%k

where stands for matrix multiplication.

PrOPOSITION 1.1 ([17], [16], [1]). Two map-jets in Jy(n, k) have the same
nilpotent algebra if and only if they are in the same Kg-orbit.

Remark 1.2. Two jets in the same Kg4-orbit are called contact equivalent,
or K-equivalent (cf. [1]). The term V-equivalence is also used (e.g., [15]). The
varieties © 4 are called contact singularity classes or simply contact singulari-
ties.

Since Ky is connected, © 4 is an irreducible subvariety of Jy(n, k), and it
is well known that its codimension depends only on k —n and A; see [1]. In the
present paper, we will study certain rough topological invariants of contact
singularities; these invariants depend only on the closure of the singularity
locus in Jy(n, k).

1.2. Morin singularities. In this paper, we will focus on nilpotent algebras
A generated by a single element. Such algebras form a one-parameter family

Ag = tClt)/t, d=1,2,....

The corresponding singularity classes are called the Ag-singularities or Morin
singularities [1], [19]. We introduce the simplified notation

(1.8) 077" instead of @Z?k

for these varieties, and we will omit the parameters n and k& when this causes
no confusion. The following statements about Morin singularities can be found
in [1].

PROPOSITION 1.3. e The variety O " is nonempty for any n < k,
and its closure is an irreducible variety of codimension d(k —n + 1).

e For n > d, there exist map-jets (the so-called stable jets) in Jy(n,k)
with nilpotent algebra Ag, whose left-right orbit is dense in @gﬁk.

The second statement will allow us to use left-right orbits and contact
orbits interchangeably.

Finally, we recall that the Ag-singularities fit into the wider family of so-
called Thom-Boardman singularity classes ©4 = X110 with d 1’s (cf. [5], [1]).
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2. Equivariant Poincaré duals and Thom polynomials

The goal of this paper is to compute certain topological invariants of the
subvarieties @Z"k introduced in the previous section. In this section, we define
and describe these invariants in detail.

Let T' be a complexified torus 7" = (C*)", and let W be a T-module.
The equivariant Poincaré dual is an invariant ¥ — eP[X, W] associated
to algebraic or analytic T-invariant subvarieties of W. This invariant takes
values in homogeneous polynomials on the Lie algebra Lie(T') of T. The central
objects of the present work, Thom polynomials, are special cases of equivariant
Poincaré duals (cf. [23], [14]).

The equivariant Poincaré dual has appeared in the literature in several
guises: as Joseph polynomial, equivariant multiplicity, multidegree, etc. One
of the first definitions was given by Joseph [13], who introduced it as the
polynomial governing the asymptotic behavior of the character of the algebra
of functions on the subvariety. Rossmann in [26] defined this invariant for
analytic subvarieties via an integral-limit representation and then used it to
write down a very general localization formula for equivariant integrals. This
formula will play an important role in our computations.

In this paper, we follow the approach of Vergne [29], who, motivated by
the work of Rossmann, defined the equivariant Poincaré dual as the integral
of the Thom form in equivariant cohomology.

We begin thus with this definition in Section 2.1, where we also list the
basic properties of this invariant. Then we describe an alternative, algebraic
definition, due to Joseph, which is useful for computations. We continue by
giving a simple example and then describing a universal property of the equi-
variant Poincaré dual. We then give the definition of the Thom polynomials
as equivariant Poincaré duals in Section 2.5 and argue that this definition is
consistent with Thom’s principle from the introduction. We end the section
with a list of properties of Thom polynomials of contact singularities.

2.1. Equivariant cohomology and the equivariant Poincaré dual. We begin
with a brief introduction to equivariant cohomology. For more details, we refer
the reader to [3].

Let T 2 U (1)™ be the maximal compact subgroup of the complex torus
group T = (C*)", and denote by { the Lie algebra of T. The weight lattice of
T has a canonical basis: \i,...,\, € t*.

For a manifold M endowed with the action of T, one can define a differ-
ential d on the space S *t*@Q*(M)T of polynomial functions on { with values
in T-invariant differential forms by the formula

[dpa(X) = d((X)) — ex[a(X))],
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where X € {, and vy is contraction by the corresponding vector field on M. A
homogeneous polynomial of degree d with values in r-forms is placed in degree
2d+r, and then d; is an operator of degree 1. The cohomology of this complex,
denoted by H;(M ), is called the T—equivariant cohomology of M. Restricting
the complex to compactly supported (or quickly decreasing at infinity) dif-
ferential forms, one obtains the compactly supported equivariant cohomology
(M). Clearly H%Cpt(M) is a module over H2(M). For the case
when M = W is an N-dimensional complex vector space and the action is
linear, one has HL(W) = S*t*, and H:'F’Cpt(W) is a free module over H% (W)
generated by a single element of degree 2/N:

L]
groups H Fep

(2.1) H}, (W) = H3(W) - Thom(W).

The equivariant class Thom (W) may be normalized by the condition

1
@ny /W Thom (W) = 1.

Fixing coordinates y1,...,yny on W, in which the T-action is diagonal with
weights 71, ...,7n, one can write an explicit representative of Thom(W) as
follows:

LN
Thom (W) = exp (—2 > |in2> > I T dwi di.
i=1

oC{1,..,N}i€c i¢o

We will say that an algebraic variety has dimension d if its maximal-
dimensional irreducible components are of dimension d. A T-invariant alge-
braic subvariety ¥ of dimension d in W represents T -equivariant 2d-cycle in
the sense that

e a compactly-supported equivariant form p of degree 2d is absolutely
integrable over the components of maximal dimension of ¥, and [5, 1 €
Set:

o if dyp = 0, then [;; v depends only on the class of 4 in H%Cpt(W);

o [y p=0if u=dysv for a compactly-supported equivariant form v.

Definition 2.1. Let ¥ be an T-invariant algebraic subvariety of dimension
d in the vector space W. Then the equivariant Poincaré dual of ¥ is the
polynomial on { defined by the integral

(2.2) oP[S, W]y — (271T)d /E Thom,(1V).

Remark 2.2. (1) The relation of this class to Poincaré duality will be
explained in Section 2.4.
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(2) This definition naturally extends to the case of an analytic subvariety
of C" defined in the neighborhood of the origin or, more generally, to
any T-invariant cycle in C”.

We list some basic properties of the equivariant Poincaré dual (cf. Propo-
sition 2.6). The proofs can be found in [26], [29], [18].

PROPOSITION 2.3.

Positivity: The equivariant Poincaré dual eP[X, Wlr of a d-dimensional
subvariety ¥ of W is a degree-(N — d) homogeneous polynomial of
AL, .-y An, which may be expressed as a polynomial of the weights n;,
1=1,..., N, with nonnegative integer coefficients.

Additivity: If 31,39 C W are two T-invariant subvarieties of dimen-
sion d having no common components of top dimension, then eP[%; U
22, W]T = eP[Zl, W]T + eP[Eg, W]T.

Deformation invariance: If 3; is a flat algebraic family of varieties
with a T action, then, then eP[X;, W is independent of t.

Symmetry: Let T = (C*)™ be the subgroup of diagonal matrices of the
complex group GLy, and denote by A1, ..., \, its basic weights. If 3 is
a GLy-invariant subvariety of the GL,-module W, then the equivariant
Poincaré dual eP[X, W] is a symmetric polynomial in A1,. .., \y.

Complete intersections: Let the variety ¥ C W be a complete in-
tersection defined by r relations fi,..., fr € Clyi,...,yn] of degrees
(weights) a, ..., o € T correspondingly. Then

T
(2.3) eP[S, Wr =[] o
i=1
Elimination: Let X C W be a closed T-invariant subvariety, and denote
by 1(X) the ideal of functions vanishing on ¥. Fiz a polynomial f €

Cly1,---,yn]| of weight no, and let X5 be the variety in W @ Cyo with
ideal generated by I(X) and yo — f. Then

eP[X;, W @ Cyolr = no - eP[E, W]r.

Remark 2.4. We can write down the formula for complete intersections in
a different way as follows. Let E be a T-vector space with a list of weights

a1, ..., and denote by Euler! (F) the equivariant Euler class of E, i.e.,
'
(2.4) Euler’ (E) = H Q;.
i=1

Suppose that v : W — E is an equivariant polynomial map with the property
that the differential dy : W — E is surjective on a Zariski open part of y~1(0).
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Then

(2.5) eP[y~1(0), W]r = Euler” (E).

Remark 2.5. An important special case of complete intersections are the
linear subspaces. For these, the formula (2.3) takes the following form: For
every subset i C {1,..., N}, we have

(2.6) eP[{y; =0,i i}, Wl =[] n:.
1€

2.2. Multidegrees and equivariant Poincaré duals. Another incarnation of
the equivariant Poincaré dual is the notion of multidegree, which is close in
spirit to the original construction of Joseph [13].

Let ¥ be a codimension-D, T-invariant subvariety of W. Introduce the
notation S = Clyi, ..., yn] for the polynomial functions on W, and denote the
ideal of the functions vanishing on ¥ by I(X); thus I(X) = {f € Cly1, ..., yn];
fp) =0ifpe X}

Consider a finite (length-M), T-graded resolution of S/I(X) by free S-
modules:

&M S M) > - = e Swim] — - = @M Sw[1] = § = S/I(T) — 0,

where w;[m] is a free generator of weight n;[m], i =1,...jm], m=1,..., M.
Then the multidegree of the ideal I(X) is defined by the formula

M jm]

(2.7) mdeg|[I, S]r D' Z Z [m] P,

m=1 i=1
where D is the codimension of .

PROPOSITION 2.6 ([26]). Let ¥ C W be a T-invariant subvariety. Then
we have

eP[E7 W]T = mdeg[I(Z), (C[yla e 7yNH'

2.3. An example. A simple way to construct T-invariant subvarieties of
W is to take the orbit closures of points in W.

Consider the following example. Let W = C* endowed with a T = (C*)3-
action, whose weights 7;,72, 13, and 1y span € and satisfy 11 + 13 = 12 + 14.
The four weights, n;, ¢ = 1,...,4, for example, may form the vertices of a
parallelogram in  lying in a hyperplane which does not pass through the
origin. Choose p = (1,1,1,1) € W; then the closure of the T-orbit of p is given
by a single equation:

(2.8) Tp={(y1,92,93,94) € C* y193 = yovu }.
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This variety is defined by a single equation, hence it is a complete inter-
section. According to (2.3), eP[3, W]r is the degree of this equation; thus

(2.9) ePE, Wlr=m +n3=n2+ 4.

This result may be obtained similarly from the 1-step resolution of the vanish-
ing ideal of this variety.

We will calculate this equivariant Poincaré dual at the end of Section 3 in
a completely different way.

2.4. Universal Poincaré dual. In this paragraph, we present the equivari-
ant Poincaré dual as a universal obstruction class, which will explain its link
with Thom’s principle.

It will be more natural to consider the complex group GL,, and its maximal
compact subgroup U, instead of the torus groups we have used so far. We will
denote the subgroup of diagonal elements of GL,, by T,.

Let F be a principal U,-bundle over a compact oriented manifold M. Then,
using the Chern-Weil map, any symmetric polynomial P € C[Ay, ..., A,]%" de-
fines a characteristic class P(F) € H*(M,C). Now let ¥ be GLj,-invariant
subvariety of the GLy-module W. Recall from Proposition 2.3 that in this
case the polynomial eP[X, W]p, (F) is symmetric in the As. Denote by Wg
the associated vector bundle F' X, W over M and by X the subset of Wg
corresponding to X:

F XU, w :WF - EF: F XU, b))
(2.10) 5

M.

A key technical point is that the variety X r defines a cycle in the manifold
Wg, and as such it has a Poincaré dual class ax. € H 20Odim(z)(T/VF) satisfying

/WFaz-ﬁz [

for any compactly supported cohomology class 5 on Wg. This class is linked
to the equivariant Poincaré dual in the following remarkable way:

(2.11) tpax, = eP[3S, W]r, (F) in H*(M),

where tp is the embedding of M into Wy as the zero-section. In words, the
Chern-Weil image of the equivariant Poincaré dual is the restriction of the
ordinary Poincaré dual of the induced variety.
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Now we reformulate this statement in a geometric language. In this setup,
eP[Z, W]z, (F) will appear as the Poincaré dual of s~!(Xg) in M for an ap-
propriate section s : M — Wp. To formulate this more precisely, we make the
following

Definition 2.7. Consider diagram (2.10), and assume for simplicity that X
is equidimensional. We say that a smooth section s : M — Wy is transversal
to X at some point p € M if s(p) is a smooth point of X and the subspaces
ds(TpM) and Ty,
Wr is generically transversal to X if we have

)2 span the vector space Ty, Wp. We say that s : M —

{p € M;s is transversal to X at p} = s 1 (Xp).
Armed with this technical notion, we reformulate (2.11) as follows.

PROPOSITION 2.8. For a smooth section s : M — Wpg, which is generi-
cally transversal to Xp, the cycle s~ (X ) C M is Poincaré dual to the char-
acteristic class eP[X, Wlr, (F') of the bundle F' corresponding to the symmetric
polynomial eP[3, W], .

2.5. Thom polynomials and equivariant Poincaré duals. Let us apply our
new-found invariant to the setup of global singularity theory described in Sec-
tion 1. Recall that for integers d and n < k, we defined an algebraic sub-
set ©4 C Ji(n,k), which is invariant under the natural action of the group
Diffd(k:) X Diﬁd(n).

Now observe that the quotient map Lin : Diff ;(n) — Diff;(n) = GL, has
a canonical section, consisting of linear substitutions. In other words, we have
a canonical group embedding

GL, < Diffy4(n),

and we can restrict the action of the diffeomorphism groups Diff ;(k) x Diff 3(n)
on Jy(n, k) to the canonical subgroup GLj x GL,,. Denoting the subgroups of
diagonal matrices of GL; and GL,, by T} and T, their basic weights by 0 =
(01,...,0;) and X = (Aq,...,\,), respectively, we can introduce the central
object of our paper.

Definition 2.9. Let A be a nilpotent algebra. The Thom polynomial of the
A-singularity from n-to-k dimensions is defined to be the following equivariant
Poincaré dual:

def =
(2.12) Tpi (X, 0) = P04, Ju(n, k)7 <,

According to Proposition 2.3, the Thom polynomial is a homogeneous
polynomial which is symmetric in the variables 61, ...,60; and Aq,..., A\, sepa-
rately.
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Starting with the next section we will focus on the computation of the
polynomial Tp"~*(\, @) for the case A = tC[t]/t*t!. In the remainder of
this paragraph, however, we would like to argue that this polynomial is a
reasonable candidate for the universal class satisfying Thom’s principle quoted
in Section 0. This is standard for the experts (cf. [23], [14], [9], [22]), but good
references are hard to come by. In any case, we would like to stress that this
material is not necessary for understanding the rest of the paper. The reader
comfortable with Definition 2.9 may safely skip to Section 2.6.

Now let us consider the situation of singularity loci of holomorphic maps
described in the introduction. For complex manifolds N and K of dimensions
n and k, respectively, and a positive integer d, consider the principal Diff ;(k) x
Diff ;(n)-bundle Diff ;(K') x Diff 4(IV) over the product space N x K consisting
of local coordinate changes up to order d. Denote by Jy(N, K) the bundle over
N x K associated to the representation Jy(n, k) of the group Diff ;(k) x Diff 4(n).
Note that even though the space Jy(n, k) has a linear structure, the action of
the group Diff;(k) x Diff ;(n) on it is not linear, and hence this bundle is not
a vector bundle. Then any holomorphic map f : N — K induces a section
sf: N — (1 x f)*Ja(N, K) of the bundle pulled back from the graph. We
need the following key fact.

LEMMA 2.10. The structure group Diff 4(k) x Diff y(n) of the bundle Jg(n, k)
reduces to the subgroup GLj x GL,

This can be seen using that Diff (k) x Diff 4(n) is homotopy equivalent to
GLg x GL, or, alternatively, by directly presenting the reduction, for example,
by introducing Hermitian metrics on TN and TK (cf. [14, §2.2]).

Now, for a nilpotent algebra A satisfying A%t! = 0, consider the subvariety

(2.13) Ja(ON ) € Tu(N, K)

associated to the subvariety ©%7% C Jy(n, k).
Taking advantage of Lemma 2.10, we can present Thom’s principle in the
following formal manner.

ProrosiTION 2.11. Let N, K, A, and d be as above. Let f: N — K be
a smooth map and s : N — (1 x f)*T4(N, K) be an arbitrary smooth section,
generically transversal to (1x f)* Jy(©N7K). Then the bivariant characteristic
class Tp'y?F(T'N, f*TK) € H*(N), where Tp'y* is the polynomial defined in
(2.12), is Poincaré dual to the subvariety 8]71((1 x [)*Ja(ON~K)) C N.

2.6. Thom polynomials of contact singularities. One of the natural ques-
tions to ask is how the Thom polynomials for fixed A and different pairs
(n, k) are related. We collect the known facts from [1], [8], [9] in Proposi-
tion 2.12 below. For simplicity, we will formulate the statements for the algebra
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Ay = tC[t] /19! we study, although essentially the same properties are satisfied
by the Thom polynomials of any other contact singularity (see [9] for details).

Denote by C[A, 8]52*S+ the ring of bisymmetric polynomials in the s
and #s, and recall from §2.1 that for 1 < dand 1 < n <k, Q4 = @g—’k is a
nonempty subvariety of J;(n,k) of codimension d(k — n + 1). Consider the
infinite sequence of homogeneous polynomials ¢; € C[X, 8]5"*Sk, degc; = i,
defined by the generating series

_ Hlﬁnzl(l + HmQ) .

2.14 RC =14+cig+c 2_|__ :
( ) (Q) 19 24 H?:1(1 n )\lQ)

we will call ¢; the ith relative Chern class.

PROPOSITION 2.12 ([9]). Let1 < d and1 <n <k. Then for each nonneg-
ative integer j, there is a polynomial TD)(bo,b1,ba,...) in the indeterminates
bo, b1, b2, . .. with the following properties:

(1) TDZI 18 homogeneous of degree‘d;
(2) if we set deg(b;) = i, then TD’, is homogeneous of degree d(k —n+ 1);
(3) for all1 <n <k, we have

(2.15) Tpy (X, 0) = TDE (1, ¢1(X, 0),c2(X, 8),...),

where the polynomials c;(A,0), i =1,..., are defined by (2.14);
(4) the polynomial TDgl_1 may be obtained from TD’ via the following
substitution:

TD? " (bo, br, ba, . .. ) = TD%(0,bg, by, b, . .. ).

The notation TD stands for Thom-Damon polynomial. The 3rd prop-
erty (2.15) is an older result of Damon and Ronga ([8], [24]), while the 4th is
a theorem of Fehér and Rimdnyi [9].

There is a somewhat confusing aspect of (2.15), which we would like
to clarify now. For fixed j and sufficiently large n and k, the polynomials
ci(X,0) € CIA,0]5°%% i =1,...,d(j+1) are algebraically independent. This
means that for fixed codimension j and large enough n, the Thom polynomial
Tpg_mﬂ (A, 0) determines TD?. However, for small values of n, the natural
map

Cler, cay...] = C[A, B]SHXSk

is not surjective in degree d(k — n + 1), and in this case there are several
expressions of the Thom polynomial in terms of relative Chern classes. Only
one of these expressions remains valid for all n.

Ezample 2.13. Ford=4,n=1,k=1,
_1+60q

RC(q) 14+ Mg

1+ (0 =Ng—=AXO0-Ng@P+....




582 GERGELY BERCZI and ANDRAS SZENES

Thus we have
co(0,\) =1, c1(0,A)=60—-X\  c200,\) =—=\0—\),
c3(0,0) =220 = )N), ca(0,0) =-N30—-N)....
We have (cf. [10, Th. 2.2], also §7.4)
TDQ = cil + 60%02 + 20% + 9cic3 + 6¢409,

and for n > 1, this is the only possible expression for the Thom polynomial in
terms of the relative Chern classes. However, since for n = k =1,

c1(0,N)es(0,)) = ea(0, 1),
we can conclude that
Tpi (0, \) = ¢] + 6c3ca + ach + (11 — a)eyes + begco
holds for any a € R.

Next, following [9], observe that property (4) allows us to define a universal
object, the Thom series Ts(a;, ¢ € Z), which is an infinite formal series in
infinitely many variables with the following properties:

e Ts(a;, i € Z) is homogeneous of degree d;
e setting deg(a;) =@ for ¢ € Z, the series Tsy(a;, i € Z) is homogeneous

of degree 0;
e the Thom-Damon polynomial maybe expressed via the following sub-
stitution:
] N i (b .
TD‘Zl(bO’blab2,-..):Tsd @i i+k—n+1, 11~ ( n 4+ )7 ‘
a; =0, otherwise.

For example, in this notation, Porteous’s formula reads simply Ts; = ag, while
Ronga’s formula takes the form Tsy = a? + 32,2 ta;a_;. This suggestive
way of expressing Thom polynomials, found by Fehér and Riméanyi, served as
a starting point for our work. We obtained a rather satisfactory answer, which
manifestly has the structure described above. The final result (6.26) even gives
some insight into the geometric meaning of the coefficients of the Thom series.

3. Localizing Poincaré duals

In this section we prove a localization formula for equivariant Poincaré
duals. Roughly, we show that if the T-invariant subvariety ¥ C W is equiv-
ariantly fibered over a parameter space M, then the equivariant Poincaré dual
eP[3, W]r may be read off from local data near fixed points of the 7" action
on M.
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3.1. Integration and equivariant multiplicities. In [26], Rossmann made
the important observation that the notion of equivariant Poincaré dual may be
extended to the case of analytic T-invariant varieties defined in a neighborhood
of the origin in T-modules, and further, to nonlinear actions, as we explain
below.

Let Z be a complex manifold with a holomorphic T-action, and let M C Z
be a T-invariant analytic subvariety with an isolated fixed point p € M”. Then
one can find local analytic coordinates near p, in which the action is linear and
diagonal. Using these coordinates, one can identify a neighborhood of the
origin in T, Z with a neighborhood of p in Z. We denote by TpM the part
of T;,Z which corresponds to M under this identification. Clearly, this is an
analytic subvariety defined in a neighborhood of the origin; informally, we
will call TpM the T-invariant tangent cone of M at p. This tangent cone is
not quite canonical: it depends on the choice of coordinates. The equivariant
Poincaré dual of ¥ = TpM in W = T,Z, however, does not. Rossmann named
this equivariant Poincaré dual the equivariant multiplicity of M in Z at p:
(3.1) emult, [M, Z] < eP[T,M, T, Z]7.

An important application of the equivariant multiplicity is Rossmann’s
localization formula [26]. Assume that in addition to the setup above, the
T-action on Z has a finite set of fixed points and that M is a compact T-
invariant subvariety in Z. Let p : Lie(T) — Q°(Z)” be holomorphic map from
the Lie algebra of T' to the space of T-invariant differential forms on Z, which
is equivariantly closed; i.e., dgpu = 0. Then Rossmann’s localization formula
states that at a regular element of Lie(7") one has

emult,[M, Z]
3.2 / — 2 0 ),
(3.2) e pGZM:T Euler” (T, Z) o)

where p[0) (p) is the differential-form-degree-zero component of i evaluated at p.
Recall that Euler” (T,Z) stands for the product of the weights of the T-action
on T),Z.

This formula generalizes the equivariant integration formula of Berline and
Vergne [4], which applies when M is smooth. In this case the tangent cone
of M at p is a linear subspace T,M C T,Z and emult,[M] is the equivariant
Poincaré dual of this subspace. Then the fraction in (3.2) simplifies: the
ambient space Z is eliminated from the picture, and one arrives at (cf. [4])

B % (p)
(8:3) /M“ B pg\;T Euler” (T, M)’

Remark 3.1. Our presentation does not follow the history of the subject.
Rossmann’s original definition of equivariant multiplicity in (3.2) used a more
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complicated integral-limit formula, which he linked to the definition of Joseph
following the method of Bott [6]. His work inspired Vergne to come up with
the beautiful formula (2.2) (cf. Definition 2.1). In our paper, however, we have
taken Vergne’s integral formula as the definition of the equivariant Poincaré
dual and equivariant multiplicity.

3.2. The localization formula. Recall (see, e.g., [7]) that if f: X — Y
is a smooth proper map between connected oriented manifolds such that f
restricted to some open subset of X is a diffeomorphism, then for a compactly
supported form p on Y, we have [y f*u= [y p.

We need a version of this statement for singular varieties and equivariant
forms. This reads as follows.

Let T be a complex torus group and f : M — N be a smooth proper
T-equivariant map between smooth quasiprojective varieties. Assume that
X C M and Y C N are possibly singular T-invariant closed subvarieties such
that f restricted to X is a birational map from X to Y. Next, let p be an
equivariantly closed differential form on N with values in polynomials on t.
Then the integral of p on the smooth part of Y is absolutely convergent; we
denote this by [, 4. With this convention, we again have

(3.4) /Xf*u=/yu-

Let X be a T-invariant closed subvariety of the T-module W. Consider
the following diagram describing the slicing of an affine subvariety ¥ into a
pieces parameterized by a variety M:

Here

e cach arrow stands for a T-equivariant morphism;

e 7 is a compact smooth variety, and S is a bundle of quasiprojective
varieties on Z endowed with a proper map ev : S — W,

e M is a compact, not necessarily smooth T-invariant subvariety of Z
with a finite set M7 of fixed points.

PROPOSITION 3.2. Let X be a closed T-invariant subvariety of the complex
vector space W, and assume that the restriction of ev to 7'M is a birational
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map to X. Then

Sp), Wt - emult,[M, Z]
Euler” (T, Z) '

(3.6) ePIT,W]r= 3 ePlev(

peMT

Remark 3.3. The equivariant Euler class in the denominator is a product
of weights (cf. (2.4)), hence each term in the sum is a rational function whose
denominator is a product of linear factors. After the summation, however, the
denominators cancel, and one ends up with a polynomial result.

Proof. Combining Definition 2.1 with our assumption that ev establishes
a birational map between 7=!(M) and ¥, we obtain

eP[X, W]r :/ ev* Thom(W).
T—1(M)
The push-forward 7,ev*Thom(W) is a polynomial on { tensored with integrals
of a smooth form along the fibers of a locally trivial fibration, and as such, it
is a polynomial on { with values in smooth forms on Z. Thus we can represent
the equivariant Poincaré dual as the integral of a smooth equivariant form on
M:
eP[X, W]r = / Txev* Thom(W).
M
Applying Rossmann’s localization formula (3.6) to this integral, we obtain

(rvev* Thom(W)) (p) - emult, [M, Z]
Euler” (T, Z)

(3.7) eP[S, Wlr= )
peMT

Clearly, (rev*Thom(W )% (p) = fev(sp) Thom(W), and this latter integral, by
definition, is equal to eP[ev(S,), W]r. This completes the proof. O

Later in the paper, this formula will be the key tool in our calculations.
Again, just as in (3.3), formula (3.6) simplifies when M is a smooth sub-
variety of Z. In this case, one obtains

ePlev(Sy), Wlr
Euler” (T, M)

(3.8) eP[S, W= )
peMT

3.3. An interlude: the case of d = 1. In this paragraph, we consider the
case d = 1 of the Ag-singularities introduced in Section 1.2, and we recover the
classical result of Porteous.

We have Ji(n,k) = Hom(C",CF), and ©1 C Ji(n,k) consists of those
linear maps C" — C* whose kernel is 1-dimensional. These maps may be
identified with k-by-n matrices, and the weight of the action on the entry ej;
is equal to 6; — \;. Then the closure ©; consist of those k-by-n matrices which
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have a nontrivial kernel:
(3.9) 01 = {A € Hom(C*,C"); v e C", v #0: Av = 0}.

This description immediately suggests an equivariant birational fibration
of ©1 over P*~!, fitting the conditions of Proposition 3.2. In this case, M =
Z = P"~1 and the fiber over a point [v] € P"~! is the linear subspace {A; Av =
0} C ©1, where [v] stands for the point in P"~! corresponding to the nonzero
vector v € C".

We simply need to collect our fixed-point data and then apply (3.8). There
are n fixed points, p1,...,p, in P*~1 corresponding to the coordinate axes.
The weights of T,,P"~ 1 are {\s — \;; s # i}. The fiber at p; is the set
of matrices A with all entries in the ith column vanishing. Using (2.3), we
deduce that the equivariant Poincaré dual of the fiber at p; is H?:l(ej - \);
hence our localization formula looks as follows:

— n ~k . ~ H?:l(ej - )‘i)
(3.10) eP[O1, Hom(C", C")|1, x, ; Moz — )
This is a finite sum for fixed n, but as n increases, the number of terms also
increases. There is a way, however, to further “localize” this expression and
obtain a formula that only depends on the local behavior of a certain function
at a single point.
Indeed, consider the following rational differential form on P':
_H?:l(‘gj —2) .
[T (X — 2)

Observe that the residues of this form at finite poles: {z = \;; i =1,...,n} ex-
actly recover the terms of the sum (3.10). Then, applying the Residue theorem,
we obtain

= szl(ej —2)

P[©,, Hom(C",C* =Res 2= ""4

€ [ 1, 0m< ) )]TnXTk Z:eO% H?ZI(AZ _ Z) <
Finally, after the change of variables z — —1/¢, we end up with

_ [Tj=1(1+40;) dg

eP[©, Hom(C", C* = Res —Z ,

[ 1 ( )]TnXTk =0 H?:l(l'i‘q)\i) qk—n+2

which, according to (2.14), is exactly the relative Chern class ¢x_,11. Thus

we recovered the well-known Giambelli-Thom -Porteous formula ([20]; [11,
Ch. L.5)).

As a final remark, note that our basic example introduced in Section 2.3
is the special case of ©; corresponding to the values n = k = 2. Applying our
new method, we have
(3.11) ¢P[S, CYp = 2 B

n—="mn M2-0103
Using n1 + 13 = 12 + 14, we recover formula (2.9).
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4. The test curve model

In Section 1, we described the variety ©4 as a contact singularity class
(1.5). In this section, we recall another description of ©4 — the so-called “test
curve model” — which goes back to the works of Porteous, Ronga, and Gaffney
[21], [25], [10]. Roughly, the idea of the construction is to generalize (3.9) to
d > 1 by requiring that the map-jet ¥ € Jy(n, k) carry a d-jet of a curve in C"
to zero. As we have not found a complete proof of the appropriate statement
(Proposition 4.1) in the literature, we give one below.

4.1. The model. Recall the notation Xg(n, k) in (1.4) for the set of map-
jets whose linear part is of (the maximal possible) rank n. In particular, we
will call an element v € ¥¢(1,n) a regular curve. In turn, ¥;(n, k) denotes the
set of map-jets whose linear part is a matrix with kernel of dimension 1. Note
that we omit d from the notation here.

PROPOSITION 4.1. The variety ©4 C Ja(n, k) of map-jets with nilpotent
algebra Ay = tC[t]/t*! allows for the following description:

(4.1) 04 = {\I/ S El(n, k); Iy e Eo(l,n) cWory= 0}.

Proof. First assume that the nilpotent algebra Jy(n)/Iy of W= (P, ..., Py)
is isomorphic to Ag = Jy(1), where Iy = (Pi, ..., Pk)ideal is the ideal generated
by the coordinate polynomials. Then there is a surjective algebra-morphism
B Jq(n) — Ag with ker(8) = Iy, giving us the exact sequence of algebras

(4.2) 0 > Iq/ > jd(n) i jd(l) = Ad — 0.

Setting f(x;) = 7(t), ¢ = 1,...,n, where zj,...,x, are the generators of
Ja(n), we obtain B(P;) = Pj(v,...,7) = 0 for j = 1,..., k. This implies
U o~ =0 for the curve v = (71,...,7) € Ja(1,n). Note that v is in Xo(1,n)
since 3 is surjective.

To prove the converse statement, we reverse this argument. Assume that
Voy=0foraV¥=(P,...,P) € X1(n, k), and v = (71,...,7) € Zo(1,n).
Then the pairing (1.3),

jd(na 1) X jd<17n) — jd(la 1)7
defines an algebra map
(4.3) By Ja(n) = J4(1) = Ag for which g, (z;) = v(t), i =1,...,n.

Since v € ¥o(1,n) and Ay is generated by one element, the map 3, is surjec-
tive. Then the obvious inclusion Iy C ker(f,) induces the surjective algebra
morphism Ay — Ay, where Ay = Jy(n)/Iy is also an algebra of depth d.
Now the fact that ¥ € ¥ (n, k) implies that Ay is a rank-1 algebra and hence
A\Ij = Ad- [l
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Definition 4.2. For a vector space V, introduce the partial flag variety
(4.4) Flag,(V)={(FA1 C---CF;CV);dimF,=4,i=1,...,d)}.
This space can also be described as a quotient
(4.5) Flag,(V) = Hom™(C% C")/By,

where Hom™ (C¢, C") stands for the set of injective linear maps, or rank-d n-
by-d matrices, and By is the group of upper-triangular d-by-d matrices acting
on the right.

Now recall the filtrations (1.1) on the duals Jy(n)* and J4(1)*, and note
that given v € ¥o(1,n), the dual map B85 : Jy(1)* < Ja(n)* preserves this
filtration. Since (] is injective, this allows us to associate to every regular v a
partial flag in J;(n)*:

(4.6) v Y(y) = (B3(T(1)), ., B(Ta(1)7) € Flagy(Ja(n)”).

PROPOSITION 4.3. Given ¥ € Oy, the partial flag ¥ (7) is the same for
every reqular v for which ¥ o~y = 0.

Proof. Indeed, this follows from the fact that the ith element of the partial
flag () is the intersection of J;(n)* C Ju(n)* with the annihilator of Iy (cf.
(4.2)):

BL(Ti(1)") = {6 € Ti(n)"; (6,Q) =0 for all Q € Iy }.

Note that the right-hand side here depends only on ¥, not on 7. ]
We can summarize the situation in the following commutative diagram:
{(¥,7) € Z1(n, k) x Xo(1,n); ¥ory =0} > O4
(4.7) o
Y .
So(1,n) - Flagy(Ja(n)").

Here a(¥) is the flag associated to ¥ € ©4 by Proposition 4.3.

Our next goal is to write down the map v and the equation ¥ oy = 0
explicitly. A curve v € ¥y(1,n) is parametrized by d vectors vy, ..., vg in C™:
(4.8) ~y(t) = tvy + t2v2 + -+ tdvd, vy # 0.

Thus we have the identification

(4.9) Yo(1,n) = {y = (v1,...,v4) € Hom(C%,C"); v # 0}.

According to (1.2), the space J;(n)* is isomorphic to the truncated symmetric
algebra on C": Sym$C" = @%_,Sym™C". To parametrize a basis of this
space, we introduce the following notation.
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Definition 4.4. We denote by II[m] the set of partitions of m into nonneg-
ative integers. For a partition 7 = (i1,...,1s), we write
e sum(7) =i + -+ ,+is for the sum;
e |7| = s for the length; and
e v, =perm(7)-v;, ...v;, € Sym®C" for a curve of the form (4.8), where
perm(7) denotes the cardinality of the set of all permutations of the
sequence (i1,...,1%s).

Note that a map-jet ¥ € [Jy(n,k) may be interpreted as a map ¥ :
Ja(n)* — C*. Now we can write down our formulas.

LEMMA 4.5. Let~y be a curve of the form (4.8), and consider the following
sequence of symmetric tensors associated to -y:

(4.10) d(y) = | vi,v2 + %, v3 4 20100 + 03, ..., Z Yryoow |-
sum(7)=m

Then the equation Yo~y = 0 is equivalent to the vanishing of the pairing between

U and ¢(7y), which, in turn, may be written down explicitly as the following

system of linear equations with values in CF:

(4.11) Y V() =0, m=12,....d

T€Il[m]
The partial flag () is simply the flag generated by the sequence ¢(y) (cf. (4.5)):
(4.12) ¥(v) = ¢(7) - Ba.

The proof is a straightforward substitution and will be omitted. For d = 3,
the equations (4.11) have the following form:

(4.13) Tl(ny)
\Ifl(vg) + \If2<’l)1,’l)1) =
\Ill(vg) + 2\112(1)1, v9) + \113(v1,vl,vl) =0.

0,

Here, for clarity, we marked by W™ the restriction of ¥ to Sym™C".
LEMMA 4.6. For a curve v € Yo(1,n), we have
(4.14) S, (% € Ty(n, k); Wory =0} =ker B, @ CF,

and this set is a codimension-dk linear subspace in Jy(n,k). Moreover, S, \
Y1(n, k) is a codimension-(k —n + 2) algebraic subvariety of S..

Proof. Equality (4.14) immediately follows from (4.3). Equations (4.11)
form a system of d linear equations with values in C*¥. Their linear indepen-
dence follows from the surjectivity of the map £, in (4.3), but also from the
presence of the summand v! in the ith equation (v; # 0). To prove the second
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part of the statement, we observe that fixing W', the linear part of ¥, the
remainder of the system remains a nondegenerate (inhomogeneous) linear sys-
tem. This means that S, is a vector bundle over the set {A € Ji(n,k); v €
ker(A)}, and in this base, the complement of the subset {A : ker A = v} is of
codimension k — n + 2. O

Now, using (4.14), we can summarize the “test-curve model” as follows:
evg

04 — Jy(n, k) St

(4.15) T

So(1,7) —2- Flagy(SymsC™).

PROPOSITION 4.7. Let 7 : S¥! — Flag,(Sym8C") be the vector bun-
dle S¥' = V1 @ CF, where V is the tautological rank-d vector bundle over
Flag,(Sym%C"). Since V* is a linear subspace of (Sym$C")* = Ju(n), we
have a tautological evaluation evs : S¥' — Jy(n, k). Then

(4.16) 04 = evg[r H(imy)] and ©4=evg[r (imv)].
(The map v was defined in (4.6).)

The first equality of (4.16) immediately follows from Proposition 4.3 and
Lemma 4.6, while the second follows from the fact that the map evg is proper.
Diagram (4.15) is somewhat reminiscent of the localization diagram (3.5),
which we would like to use. We note that the map 1 is GL,-invariant, but not
generically injective, and the variety 3y(1,n) is not compact. Indeed, given
U € 04, v € 3p(1,n) such that oy =0, and A € Diff3(1) = Xo(1, 1), clearly

Vo (yoA)=0.
Thus the map 1 is constant on the Diff;(1)-orbits. In fact, we can make a
more precise statement.

PROPOSITION 4.8. For ¥V € O4 and 7, d € ¥p(1,n),
Vo =Wory =0« 3A € Diff4(1) = Xo(1,1) such that v = o A.

Proof. We prove this statement by induction. Let v = vit+ - - - +v4t? and
§ = wit + -+ wgt?. Since ¥ € ¥(n, k), we have dimker ¥! = 1, and hence
v1 = Awy, for some A #£ 0. This proves the d = 1 case.

Suppose the statement is true for d—1. Then, using the appropriate order-
(d — 1) diffeomorphism, we can assume that v, = wy,, m =1,...,d— 1. It is
clear then from the explicit form (4.11) (cf. (4.13)) of the equation ¥ oy = 0,
that W'(vg) = ¥ (wy); hence wy = vg — Ay for some A € C. Then v = Ao §
for A =t + At?, and the proof is complete. O
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It is clear from diagram (4.7) that Proposition 4.8 implies

COROLLARY 4.9. For~v,0 € ¥o(1,n), we have
P(y) = ¢(0) € Flag,(SymjC") < 3A € Diff (1) =30 (1, 1) such that y=0 o A;
hence Y induces an injection on the orbits
Yo(1,n)/Diff4(1) — Flagy(SymgC").
Remark 4.10. The fibers of S¥! are codimension-dk vector spaces in
Ja(n, k), while the base ¢(Hom™ (C?, C")) has dimension d(n — 1) by Corol-
lary 4.9. The dimension of ¥y(1,n) is dn, and the dimension of Diff;(1) is d.

Thus the codimension of ©4 in Jy(n, k) is dk —dn +d = d(k —n + 1). This is
also well known from general arguments in global singularity theory; see [1].

The closure of the image 1(3¢(1,n)) thus provides us with a compactifi-
cation of the set 3¢(1,n)/Diff4(1). In the next paragraph, we will find a more
efficient compactification.

4.2. Localization over Flag,;(C™). We begin with the observation that the
formula ©4 = evg[r~!(im))] in (4.16) remains true if we replace the space of
regular curves Xo(1,7n) by a dense open subset. A convenient such subset will
be the set Hom™ (C?, C") of injective linear maps, i.e., the set of linearly inde-
pendent sequences (v1,...,v,) of vectors in C" (cf. (4.9)). The key property
of this dense open subset is that it forms a single orbit under the GL,-action
on Xy(1,n), and it has a GL,-equivariant fibration over the partial flag variety
Flag,(C™):

p : Hom™(C%,C") — Flag,(C"),

associating to a sequence of d linearly independent vectors the corresponding
partial flag. Observe that the map p is a principal By fibration, where By is
the group of d-by-d upper triangular matrices, acting as filtration-preserving
maps on C? (see Definition 4.13 below). We will try to enhance our model
(4.15) by incorporating this fibration into it.

We consider the map ¢ given in (4.10). Clearly, for v = 3,,—1 vnt™ €
Hom'™ (C?, C"), the elements of the sequence of symmetric tensors ¢(y) belong
t0 Bsum(r)<d Cyr- Now we observe that this latter vector space does not change
if we replace vy € Hom™ (C¢, C") by -b where b € By, since the action of b € By
“lowers” indices; i.e., it takes v; to a linear combination of {v;, 1 < j < m}.
We can formulate this observation as follows.

LEMMA 4.11. For v = (v1,...,vq), introduce the filtered linear subspace
of Sym§C":
(4.17) @ Cyr D @ Cyy D -+ D Cvy @ Covf @ Cuy. D Cuy.

sum(7)<d sum(7)<d—1



592 GERGELY BERCZI and ANDRAS SZENES

Then given v = (v1,...,v4),0 = (wy,...,wg) € Hom™(C% C") satisfying
p(7) = p(9) € Flag,(C"™), we have the equality of two filtered vector spaces
(4.18) P Cn= P Cs.
sum(7)<d sum(7)<d
Definition 4.12. For a flag f € Flag,;(C"), denote by Symg(C™) the filtered
vector space (4.17) for some v with p(y) = f.

Definition 4.13. Consider the natural structure of a filtered vector space
on C%:

d
(Cd:@(Ce,» D...DCes & Cey D Cey,
i=1

where (e1,...,eq) is the standard basis of C?, and for a filtered vector space
Ve=V;D V4.1 D - D Vq, introduce the linear space of filtration-preserving
maps

(4.19) Hom”(C%,V*) = {e € Hom(CL, V*); e(em) € Vin}
and the corresponding flag variety
(4.20) Flagy(V*) = {(F1 C --- C Fy) € Flagy(V*); Fry C Vin,m = 1,...,d}.

LEMMA 4.14. The partial flag variety Flagﬁ(V') s a smooth subvariety
of Flag;(V'*), and it may be represented as a quotient as follows:

(4.21) Flag’; (V*) = {e € Hom®(C?, V*); ker(¢) = 0}/By.

Formula (4.21) is obvious, while the smoothness follows from the natural
. Arire L
representation of Flag)'(V'*) as a tower of projective spaces.
We can apply this construction to V* = Symg(C"). For f € Flag,(C"),
we define

(4.22) & = {e € Hom>(C?, Sym$(C")); ker(e) = 0} € Hom(C%, SymsC")
and the corresponding flag space
(4.23) & X Flag’ (Sym$(C")) = &/By C Flagy(Symg(C™)).

Globalizing this construction leads to our fibered model. The spaces &
and & form the fibers of two GLy-equivariant bundles over Flag,(C"):
(4.24)
£ ={(f,e) € Flagy(C") x Hom*(C%, Sym§(C")); € € &} — Flag,(C")

and
(4.25) )
E=E&/Byg={(f,é) € Flag;(C") x Flag,(Sym3C"); € € &} — Flag,(C").

Note that there is a tautological map x : € — Flag;(Sym$C").
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LEMMA 4.15.

(1) Given v € Hom™ (C?, C"), we have 1(7) € gp(y).
(2) The map v factorizes as follows:

Yz ok = Ygym,

where Yz Hom™ (C?, C") — £ is given by Yz(v) = (7(7)s Ysym (7)-

The first statement follows from the exact form of the map ¢ from (4.10),
while the second is a corollary of the first.

Finally, we introduce some notation for the fibers over a fixed reference
flag of Flag,(C"):

e we denote by Y the reference sequence
Yeet = (€1, ..,eq) € Hom™(C?¢ C")

where ¢; is the ith basis vector of C";
e by frer = W(Wref) € Flagd((cn) its ﬂag;
e by Sym;(C") the corresponding subspace Sym. (C") C SymgC";
and

e by & and g}ef the fibers of € and € over the reference flag ficf.

Note that Sym®(C") = Sym®,(C%); thus this space and ¢ does not

depend on n. The space & is endowed by a natural action of the Borel group
By acting on Sym?,;(C") C Sym$(C?)

ref

Remark 4.16. There are two copies of the Borel group By acting on
Hom” (C4, Sym$%(C%)), and we will differentiate these two actions in our nota-
tion when confusion might arise. We will denote by By, the copy of By acting on
the left and by Bpg the copy acting on the right. Thus we have Erer = Eret /BR,
and By, acts on gref.

Using the By-action on gref, we can represent & as an induced space
£ = Hom™(C4 C") x5, Epef.

The restriction Vet : BrVret — (E/;ref of the map v is By-equivariant, and hence
we have

(426) w(ﬂ—_l(fref)) = BL : 5ref) where 5ref = ¢ref(7ref) € gref-
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We arrive at the following picture:

7Til(fref) & gref S v jd(n) k)
<
inj d mn wg ol
Hom™ (C*,C") & (4.27)
< %
%
Flag,(C") Flag,(SymgC")
Here
e The vector bundle 7 : § — £ is the pull-back x*S¥! of the bundle S*!

(cf. (4.15)).
e The map 1/”5 is GLy-equivariant.
e The fibers of ¢z are d-dimensional varieties, copies of Diff4(1).
® .o 1S Br-equivariant.

e 7 is a principal Bp-fibration, while Ty is an g}ef-ﬁbration.

This allows us to formulate our model as follows.

PROPOSITION 4.17.

(1) The map evg establishes a birational surjection

evg:T ! <¢5(Hominj (Cd, (C”))) — O4.
(2) g}ef s a smooth projective vafz'ety endowed with a Bg-action.
(3) The subset Vref(m (fref)) C Eret, the part of wg(Hommj((Cd, C™)) lying

over fief, is a Bg-orbit in E.r of dimension (g)

Proof. The first statement follows from Proposition 4.7 and Lemma 4.15,
while the second follows from Lemma 4.14 (cf. (4.23)). For the last statement,
observe that according to (4.26), the subvariety (7~ !(f.f)) is a Br-orbit,
which, according to Corollary 4.9, has a d-dimensional stabilizer. O

5. Application of the localization formulas

Recall that our aim is the computation Thom polynomial Tpfj—)k, which
we defined as the equivariant Poincaré dual of the subvariety ©4 C Ju(n, k),
representing the Ag-singularity (cf. Definition 2.9). The symmetry group of
the problem is the product of matrix groups GL, x GLg. The respective
subgroups of diagonal matrices are T,, with weights (A1,..., ;) and T} with
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weights (01, .. .,0k); hence eP[O4, Ju(n, k)|, x1,, is a bisymmetric polynomial
in these two sets of variables.

In this section, we apply the localization techniques of Section 3 to the
computation of eP[0O4, Ju(n, k)|, x1, using the model described in Section 4.
As our model is a double fibration, the application of the localization formula
is a 2-step process.

Before we proceed, we set the following convention. When describing the
action of By, on the Bpr-quotient g , we will revert to the notation By, since
here only one copy of the Borel group acts.

5.1. Localization in Flag,(C™). The model of Proposition 4.17 is an equi-
variant fibration over the smooth homogeneous space Flag,;(C™); hence, in this
case, we can use Proposition 3.2 with M = Z, which applies when the fibers
of S are not necessarily linear and smooth. The result of our calculation is
Proposition 5.3 below.

The data needed for formula (3.6) is

e the fixed point set of the T),-action on Flag,(C"),

e the weights of this action on the tangent spaces TpFlag,(C") at these
fixed points,

e the equivariant Poincaré duals of the fibers at these fixed points.

The following general statement will be helpful in organizing our fixed point
data. Its proof is straightforward and will be omitted.

LEMMA 5.1. Assume that the torus action in Proposition 3.2 is obtained
by a restriction of a GLy-action to its subgroup of diagonal matrices T,,. Then
the Weyl group of permutation matrices S, acts on M™™, and we have

eP[S,.,, Wr, = o - eP[S,, W]z, and Euler’(T,.,M) = o - Euler’™ (T, M)
forallo € S, andp € Mr,.

Our situation is fortunate in the sense that the action of S,, on the fixed
point set is transitive. Indeed, the fixed point set Flag,(C")™* is the set of
partial flags obtained from sequences of d elements of the basis (e, ..., e,) of
C"; in particular, |Flag,(C")™"| =n(n —1)...(n —d + 1).

Recall the notation f,o for the reference flag associated to the sequence
(e1,...,eq). The stabilizer subgroup of fif in S, is the subgroup S,,_4 per-
muting the numbers starting with d + 1, and the map o — o - fiof induces a
bijection between Flag,(C™)™" and the quotient S,,/S,,_q.

According to Lemma 5.1, it is sufficient to compute the equivariant Poin-
caré dual of the fiber and the weights of the tangent space at the reference flag
fret. The weights of Tg  Flag,;(C") are well known:

{Ai— Ay 1<m<d,m<i<n};
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the weights at the other fixed points are obtained by applying the correspond-
ing permutation to this set.

The numerators of the summands of (3.6) in our case are much harder to
compute, although, thanks to Lemma 5.1, it suffices to compute the numerator
for the fixed point fef. The situation over fiof is presented in the following
diagram:

€
Sref 4\7‘5; jd(nv k)

(5.1) T

0= Biéret — gref~
The fiber of our model over the fixed point f,ef is the set 771(0), where
we introduced the notation O for the closure of the Bg-orbit of ... Using this
notation, we can write the numerator of the term corresponding to fiof in the
sum (3.6) as follows:

-1
(5.2) eP [evg (771(0)) ,jd(n,k)]Tnka :
Recall that this is a polynomial in two sets of variables: A = (A1,...,\,) and
0 = (61,...,0;). Since O is invariant under B, only, this polynomial is not

necessarily symmetric in the As. The following statement is straightforward.

LEMMA 5.2. The equivariant Poincaré dual (5.2) does not depend on the
last n — d basic weights A\g41, ..., An.

Proof. Indeed, recall that evgT!(Bgéet) consists of all possible solutions
of the systems of equations of the form Bye,ef, and we saw in Section 4.2 that
all these systems are in &.f. The systems of equations in E.f, however, impose
conditions only on those components of ¥ which do not have indices higher
than d, and this implies the statement of the lemma. O

As a consequence of Lemma 5.2, the equivariant Poincaré dual (5.2) may
be considered as being taken with respect to the group T, x T, which has
weights z = (21,...,24) and 0 = (61, ...,60).

Putting together Lemmas 5.1 and 5.2 and the description of the fixed
point set Flag,(C")%@ given above, we arrive at the following form of (3.6)
applied to our situation.

PROPOSITION 5.3. We have

o QFlag(Amla vy )‘cr~d7 0)
5.3 eP|© 5 j n, k n = n ’
( ) [ d d( )]T T Uesggnd HlSde Hi:m—i—l()‘o-i - )\0~m)

where

(54) QFlag(Z7 0) =eP [GVS (7_1(0)) ’jd(n’ k)] TyxTy
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5.2. Residue formula for the cohomology pairings of Flag,(C™). Usually,
formulas such as (5.3) are difficult to use. They have the form of a finite
sum of rational functions, and only after adding up the terms of this sum and
performing some cancellations do we obtain a polynomial. These computations
often obscure the underlying structures, and they are rather unwieldy as the
number of terms of the sum grows very quickly with n and d.

In this paragraph, we derive an efficient residue formula for the right-
hand side of (5.3). While the geometric meaning of this formula is not entirely
clear, our summation procedure yields an effective, “truly” localized formula.
By this we mean that for its evaluation one only needs to know the behavior of
a certain function at a single point, rather than at a large, albeit finite number
of points.

To describe this formula, we will need the notion of an iterated residue (cf.,
e.g., [27]) at infinity. Let wi,...,wy be affine linear forms on C¢. Denoting
the coordinates by z1,...,zq, this means that we can write w; = a? + a}z; +
-+ adzy. We will use the shorthand h(z) for a function h(z1,...,24) and dz
for the holomorphic d-form dz; A-- - Adzq. Now, let h(z) be an entire function,
and define the iterated residue at infinity as follows:

h(z) dz aqer ([ 1 \? h(z) d
(5.5) Res ... Res # o (7) / / #,
s1=eoza=eo [Tioy wi 2mi/ Jiz|=R |zal=Ra [TiZ1 Wi
where 1 < Ry < --- < Ry. The torus {|zm| = Rm; m =1,...,d} is oriented
in such a way that Res,,—oo - .- Res,,—00 dz/(21 ... 24) = (—1)%.
We will also use the following simplified notation:

def
Res = Res Res ... Res .
Z=00

21 =00 22=00 Z2q4=00

In practice, the iterated residue (5.5) may be computed using the following
algorithm. For each i, use the expansion

- |
jad +ale o+ afP g 1)

(ag(Z)Zq(i))jJrl

1 [e.9]
(5.6) —=> (-1 ,
w; 4
7=0
where ¢(i) is the largest value of m for which a]* # 0, multiply the product
of these expressions with (—1)?h(z1,...,2q), and then take the coefficient of
27 ... 27" in the resulting Laurent series.

We have the following iterated residue theorem.

PROPOSITION 5.4. For a polynomial Q(z) on C?%, we have
(5.7)
Z Q()‘U'la EEE )\o"d) — Res H1§m<l§d(zm B Zl) Q(Z) dz
0€Sn/Sn_a Hlﬁmﬁd H?=m+1()‘0'i - )‘G'm) 7m0 H?:l Hzn:1<)‘i - Zl)
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Proof. We compute the iterated residue (5.7) using the Residue Theorem
on the projective line C U {oo}. The first residue, which is taken with respect
to zg4, is a contour integral, whose value is minus the sum of the z4-residues of
the form in (5.7). These poles are at zg = Aj, j = 1,...,n, and after canceling
the signs that arise, we obtain the following expression for the right-hand side
of (5.7):

i H1§m<l§d—1(zm — Zl) H?;II(ZZ - )\J) Q(Zl, ceey ”2d—1, )\J) le e dZd_l
Jj=1 ;l;ll H?:l()‘l - Zl) ;;g]()\z — )\]) '
After cancellation and exchanging the sum and the residue operation, at the

next step, we have

(1)1 Zn: Res H1§m<l§d—1(zm —21) Q(z1, - -d-jlzd—la Aj) dz .. ~dzd—1'
o A= TTi (N = M) T (v — =)
Now we again apply the Residue Theorem, with the only difference being that
now the pole zq—1 = A; has been eliminated. As a result, after converting the

second residue to a sum, we obtain

n

(—1)2-3 En: > [Ti<m<i<d—2(z1 = 2m) Q(21, - - -, 2Zd—2, As, Aj) d2q ... dZd—2.
i Qe = A T (v = X)) = A TIS (i — =)

Iterating this process, we arrive at a sum very similar to (5.3). The differences
between the two sums will be the sign (—1)“4~1/2 and that the d(d — 1)/2
factors of the form (A, — Ag(m)) With 1 < m < i < d in the denominator
will have opposite signs. These two differences cancel each other, and this
completes the proof. O

Remark 5.5. Changing the order of the variables in iterated residues, usu-
ally, changes the result. In this case, however, because all the poles are normal
crossing, formula (5.7) remains true no matter in what order we take the iter-
ated residues.

5.3. Localization in the fiber. Combining Proposition 5.3 with Proposi-
tion 5.4, we arrive at the formula

(5.8) eP[Og4, Ju(n, k)|1, x1, = Res H1§m<l§3(zm — #1) Qriag(2,0) dz.

=00 [Ti= ITimi (N — 21)
The “only” unknown here is the polynomial Qiag(2,0) defined in (5.4), and,
therefore, we now turn to its computation.

Let us briefly review the construction of Qpiag(z,0) (cf. diagram (5.1) and
Proposition 5.3). This polynomial is an equivariant Poincaré dual taken with
respect to the group T, x T, which has weights (z1,...,24) and (01,...,0%).
Consider the By, x Bgr-module Hom* (C%, Sym®(C?)) and endow it with co-

ref

ordinates ul € Hom®”(C%,Sym®(C}))*, indexed by pairs (7,1) € I x Zsg

ref
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satisfying sum(7) <1 < d. We will consider the dual space spanned by these
coordinates as carrying a right action of Ty x Tj; accordingly,

(5.9) the weight of ul = (z;, + 2, +- -+ 2,,,0;), where 7 = [i1, 12, ..., in).

For each nondegenerate system ¢ € & C Hom”(C%, Sym&,(C})), we

denote the image pr,¢(¢) in the quotient prye : Erer — Eret = & /Bgr by &; in

particular, we have a reference point . € Erof corresponding to the system
Eref given by

(5.10) il (2ret) = {1, if sum(w) =1,

0, otherwise.
Next, consider the vector bundle
V= gref X Br CdR — gref = gref/BR

associated to the standard representation of Br. We define a Ty x Tj-equi-
variant linear bundle map from a trivial bundle

st Eef X Ta(n, k) — V* @ CF
as follows. Let
€ € &rer = Flag,(Sym§C") = Flag,(Ja(n)*) = Hom(C?, Jy(n)*)/By

be a point of the base, and a € Jy(n,k) = Jy(n) ® C¥. Then the canoni-
cal pairing of Jy(n)* and Jy(n) gives us an element (¢,a) € V* @ CF. By
Proposition 4.7, the bundle S fits into the short exact sequence

evg

0 . S L Tu(n k)~ VF x CF 0,

and the polynomial Qplag(2, 0) is the equivariant Poincaré dual in Jq(n, k) of
the union of the vector spaces ker(s) lying over O C Et (cf. (5.4)).

While the variety O is highly singular, the set of Ty-fixed points of O is
finite — as we will see shortly — and hence we can apply here Proposition 3.2
with M = O and Z = gref. The result is

Euler™ Tk (V* @ CF) emult, [0, Epef]

Euler’e*Tk (Tpgref)

(511) QFlag(Zae) = Z

peOTa

Our task thus has reduced to the identification and computation of the
objects in this formula. These are
the set OTa of T;-fixed points in O C gref,
the weights of the Ty-action on the fibers V), for p € oTa,
the weights of the Tj-action on the tangent spaces Tpg'ref for p € O1a,

the equivariant multiplicities of O in & at each fixed point p € 074,
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The most immediate problem we face is that we do not have an effective
description of the set OT¢ of Ty-fixed points in O. There is a formal way
around this: We replace the fixed point set OT¢ with the larger set gg;’f and
define the equivariant multiplicity emult,[O, gref] to be zero in the case when
pe &\ OTa,

The fixed point set gg;% is fairly easy to determine: The fixed points cor-
respond to those nondegenerate systems ¢ € et C Hom”(C%, Sym?&(C}))
for which the tensors e(ey,) € Sym3;(C}), m =1,...,d are of pure T;-weight.
These, in turn, may be enumerated as follows.

Definition 5.6. We will call a sequence of partitions © = (m1,...,m4) €
1% admissible if

(1) sum(m) <lforl=1,...,d and
(2) m # 7 for 1 <l #m <d.

We will denote the set of admissible sequences of length d by Il;; we also
introduce the numerical characteristic

d
defect(m Z (I — sum(m))
=1

As an example, we list the admissible sequences in the case d = 3:

3 = {([1], [2], [3), (1], 2], [1,2]), ([n), (21 [1, 1), ([1), 2], (1,1, 1))
([, [1, 2], 13D), (0, (3, 10, [, 1, 20), ([0, [, 1, [21), (0, 3,10, 1, 2)) -

For w = (my,...,mq) € Ily, introduce the system e, given by
1, ifr=m
5.12 ul(eqg) =4 ’
( ) r(ex) {0, otherwise.

As usual, the point corresponding to e in Erer will be denoted by éx =

prref(sﬂ') :
The following statement follows from the definitions.

LEMMA 5.7. o The correspondence mw — én establishes a bijection
between the set Ily of admissible sequences of partitions and the fized
point set zf

e For T €1l and an integer i, denote by mult(i, ) the number of times i
occurs in T and let z; =Y ;e, mult(i, 7) z;. Then, given an admissible
sequence 7 € Ilg, the weights of the Ty-action on the fiber of V' at the
fized point € are

AN S



THOM POLYNOMIALS OF MORIN SINGULARITIES 601

COROLLARY 5.8. The weights of the Ty x T}, action on fiber VZ & C* are
{0; — 2, m=1,...,d, j=1,... k}.

Next we turn to the 3rd item on our list: the weights of the Ty-action on
tangent space of g}ef at the fixed points €;. We will use the simplified notation
T,,gref for this tangent space. To compute the answer, it will be convenient to
linearize the action near £,.

Definition 5.9. For each w = (71, ...,7q) € Ily, introduce the affine-linear
subspace N C Hom®(C%, Sym$C") given by

1, ifm=I

Ny = { e € Hom®(C%, Sym4C"); uy(e) = }
0, ifm>I

forlglgd}.

Also, for 7 € Tl, introduce the map
oy : Hom® (C%, Sym$C") — Mat*4

which associates to each system ¢ its d x d minor corresponding to the sequence
of partitions 7w = (71,...,74).

A few comments are in order. First, we can rewrite the above definition
of N as follows:

(5.13) Np = {5 € Hom”(C%, Sym4C"); ax(e) € U,} ,

where U_ is the subgroup of lower-triangular d x d matrices with 1s on the
diagonal; this way it is apparent that N C &pet.

Also, observe that e € Ny. Considering this special point to be the
origin, we may think of Ny as a linear space. Then N is endowed with a
natural set of coordinates:

(5.14) 0L = Ul N, sum(7) <1< d, 7 #7,...,m.

u7'|7r

ProproSITION 5.10. Let w € Il be an admissible sequence of partitions.
Then

(1) The restriction of the projection prys : Exet — Eret to Ny is an em-
bedding and the collection {pr,os(Nxz); ® € I1;} forms an open cover of
grcf' .

(2) For any € Iy, the image prt(Nx) C Eet is Ty-invariant and the
induced Ty-action on Ny is linear and diagonal with respect to the
coordinates (5.14). Considering Ty as acting on the right on these
coordinates,

(5.15) the weight of 4L, = zr — 2z,

7|7

(3) If defect(m) = 0, then proe;(Ny) C Eret is Bq- invariant.

1
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Remark 5.11. We will denote by T, and B, the actions of Ty and By
induced on N by the embedding pr

ref-

Proof. We first show that U {pr,f(Nx); 7 € TIg} = Eop. This means that
for an arbitrary element € € &, we have to find an admissible partition
7 € II; and an upper-triangular matrix bg = br(e, w) € Bg such that - bg €

Nx. This can be done by elementary column operations. Consider € as a

°
ref

rows are indexed by partitions. The only nonzero entry in the first column

dim(Symy.;(C7})) x d matrix whose columns are linearly independent and whose
corresponds to the trivial partition [1]; hence, we can multiply the first column
by a constant to rescale this entry to 1 and then annihilate all other entries
in the same row by adding multiples of the first column to the others. Next,
since € is nonsingular, we can pick a nonzero entry in the second column of
the resulting matrix — this entry will correspond to a partition my — and,
again, using column operations, we annihilate all entries in this row starting
form column 3 and so on. Continuing this process, we obtain an admissible
m = (m,...,mq), and the described sequence of column operations produces
an upper-triangular bg € Bg such that € - b € N.

The process described above finds an appropriate « € Il; for each ¢ and
brings ax(e) to lower-triangular form. Moreover, if pr.(e1) = pr.¢(e2) for
1,62 € Ny, then g1 - bg = e for some bg € By, and therefore ar (1) - bg =
ax(e2). Since ax(e1), ax(e2) are lower-triangular with 1s on the diagonal and
Bpr is upper-triangular, this can only happen when bg is the unit matrix, so
€1 = eo. This proves that pr, is injective on Ny ; hence the restriction pr,.¢| Nz
is an embedding.

To approach statements (2) and (3), we write down the action of Bq on & in
the chart N. Recall that the multiplication map U_ x By — GLg is injective.
This allows us to define the Bg-component a? for an element a € U_By; in
particular, for any such a, we have a - (a®)™' € U_. Then, for b € By and
¢ € Ny, we can define the partial action

(5.16) (b,e) — bre =by - e - (ax (b -€)B) 7,

which is valid if o (br, - €) € U_By.

Now consider the case when b = ¢t € T, is a diagonal matrix. In this
case, aqr(br - €) remains lower-triangular, with the numbers (¢™,...,t™) on
the diagonal, where t7 is the character of Ty corresponding to the weight z,.
This means that ax (b - €) € U_By, and the Borel factor ax (b, - €)? is the
diagonal matrix with these same entries:

(5.17) ar(by - )P = diag[t™, ... ™.

Note that this matrix is independent of . Now statement (2) follows easily.
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Finally, to prove (3), observe that if defect(w) = 0, then the filtration-
preserving property implies that ar(¢) is upper-triangular for any e €
Hom® (C%, Sym4C"). Hence for ¢ € Ny, the matrix ar(¢) is the identity
matrix, and thus, using the condition defect(w) = 0 once again, we can con-

clude that o (br, - €) is upper-triangular with the numbers (¢™,...,¢™) on the
diagonal, where ¢ is the diagonal part of b. This means that ax(br, - €)® =
ar(br - €) € By, which implies statement (3). O

Remark 5.12. Clearly, ar(by - €) depends linearly on . In the case
defect(m) = 0, we have ax (b - €)® = ax (b - €), and hence the action (5.16)
of Br on Ny is quadratic, not linear as the Tr-action. When defect(ww) > 0,
the action of B, is not defined on the whole of Nj.

Proposition 5.10 provides us with a linearization of the Ty-action on g’ref
near every fixed point. This allows us to compute equivariant multiplicities in
(5.11) using (3.1). Indeed, if we introduce the notation

(5.18) Or = (preet V) 7 (0)
or the part of O in the local chart Ny, then we can write
(5.19) emultz_[O, g}ef] = eP[Ox, Nx|1,.
Next, we take a closer look at the set O.
LEMMA 5.13. For every w € Ily, we have
(5.20) Or = BieviBr N N

Moreover, eret € Ny if and only if defect(w) = 0, and in this case O = Bréref,
where By stands for the action (5.16).

Proof. By definition, Or = Brepef Br N Nx, and hence (5.20) follows from
the fact that By acts properly on the right on U_B; C GLg. The second
statement then immediately follows from the comparison of (5.10) and Defini-
tion 5.9. U

Let us take stock of our results so far. Substituting the weights from
Corollary 5.8 and (5.15) into (5.11), and taking into consideration (5.19), we

obtain
Hgnzl szl (9]' - Zﬂ'm) Qﬂ'(zl) cee 7Zd)
(5.21) Qriag(A,0) = Jd P p——

welly H H (Z’T . Zm)

=1 sum(7)<l

9

where

eP[O—,‘-,N—,‘-]Td, if z’;:—n- (S O,

(5.22) On = {o, if2r ¢ O.
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Combining this formula with (5.3) and (5.7), we arrive at our first expression
for Tp?~*, which we defined as eP[@g, Ju(n, k)1, x13.:

5.93) Tpt—k .0) = Res [Tm<i(zm — 21) dz
(523) o (.0) a0 [T Ty (X — 1)
. Z 141 H§:1(9j — Zr,.) Qn(2)
welly Hldzl H{(ZT - ZW;)? Sum(T) <l,T#m,... ,TrZ}'

This sum is finite; hence we are free to exchange the summation with

the residue operation. Rearranging the formula accordingly, we arrive at the
following statement.

PRrRoroOSITION 5.14. We have

n%k m<l m=1 j=1
(5.24) Tpli*(z,0) GZH Res pi - dz,
e 10 =
=1 sum(7)<lI I=1i=1

where the polynomial Qr(z) is defined in (5.22) for each admissible sequence
7 = (71,...,mq) of partitions of d.

This formula has the pleasant feature that the three parameters of our
problem, n, k and d, enter in it in a separate manner. The first fraction only
depends on d, the denominator of the second only depends on n, and the
numerator of this latter fraction controls the k-dependence, with some inter-
ference from the sequence 7.

While this formula is a step forward, it is rather difficult to use in practice,
since the number of terms and factors in it grows with d as the the number
of elements in IT;. Also, the known properties of Thom polynomials listed in
Proposition 2.12 are not manifest in (5.24).

In the next section, we will see that this formula goes through two dramatic
simplifications, which will make it easy to evaluate it for small values of d.

Before proceeding, we present a schematic diagram of the main objects of
our constructions (see Figure 1). We hope this will help the reader to navigate
among the various spaces we have introduced.

Ezxplanations.

e The lower circle is the flag variety Flag,;(C™); the fat dots inside rep-
resent the T),-fixed flags in Flag,(C").

e The upper circle is Eref, the fiber of the bundle & over the reference flag
fier. The small circles inside represent the Ty-fixed points in (":ref One
of these fixed points, 4 € (§I~ef, will play an important role in what
follows.
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Figure 1.

e The region bounded by the curvy-linear pentagon represents the Bgy-
orbit of the reference point €., which is marked by a triangle. The
closure of the orbit is O; this is a singular subvariety of Erof, which
contains some of the fixed points of gref, but not all of them.

e The straight lines on top are the linear solution spaces of the corre-
sponding systems of equations in g'ref. The union of these solution
spaces lying over those points of the fiber bundle & that correspond to
O form the closure of our singularity locus ©.

6. Vanishing residues and the main result

The terms on the right-hand side of formula (5.24) are enumerated by
admissible sequences. There is a simplest one among these:

(61) Tdst = ([1]7[2]a7[d])7
which we will call distinguished. To avoid double indices, below, we will use

the simplified notation Qqg instead of Qr,.,, and similarly qst, Nast, Odst, ete.
The following remarkable vanishing result holds.
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PROPOSITION 6.1. Assume that d < n < k. Then all terms of the sum

in (5.24) vanish except for the term corresponding to the sequence of partitions
mast = ([1],[2],...,[d]). Hence, formula (5.24) reduces to

(6.2) eP[Og, Ju(n, k)1, 1,
o5 Qast(21,-- -, 2n) Hm<l(2m —2z) dz Hld:1 H?:l(aj — 21)
7700 H?lzl [T{(zr — 2z); sum(r) <1, || > 1} Hfl:1 [T (N — 21)

where Qgst = €P[Ogst, Mast] 1, -

)

Before turning to the proof, we make a few remarks. First, note that this
simplification is dramatic: the number of terms in (5.24) grows exponentially
with d, and of this sum now a single term survives. This is fortunate, because
computing all the polynomials @, ® € II; seems to be an insurmountable
task; at the moment, we do not even have an algorithm to determine when
Qr=0,1ie., when é; € O.

Our second observation is that after replacing z; by —z;, [l = 1,...,d in
(6.2), we can rewrite the equation as

(6.3) eP[O©g, Ja(n, k)]T, <™,
d

— Res (_l)de<l(Zm —21) Qast (21, - - -, 2n) R (l) A
2=00 [T, [T{(2r — 21); sum(7) <1, |7| > 1} i} 2/ )

where RC(z) is the generating series of the relative Chern classes introduced
in (2.14). Indeed, the denominator and the numerator of the fraction in (6.3)
are homogeneous polynomials of the same degree; hence this substitution will
leave the fraction unchanged. We thus obtain an explicit formula for the Thom
polynomial of the Ag-singularity in terms of the relative Chern classes. This is
important, because the fact that (6.3) conforms to the result of Thom-Damon,
Proposition 2.12 (3), suggests that we have the “right” formula.

Most of the present section will be taken up by the proof of Proposi-
tion 6.1. In Section 6.2, we derive a criterion for the vanishing of iterated
residues of the form (5.5). Applying this criterion to the right-hand side of
(5.24) reduces Proposition 6.1 to a statement about the factors of the poly-
nomials Qr, 7 € Il : Proposition 6.4. According to the elimination property
in Proposition 2.3, such divisibility properties follow from the existence of re-
lations of a certain form in the ideal of the subvariety O C N;. We find a
family of such relations in Section 6.3 (see (6.18)) and then convert the elim-
ination conditions in Proposition 2.3 into a combinatorial condition on 7 (cf.
Lemma 6.12). At the end of Section 6.3, we show that if a sequence 7 does
not satisfy this combinatorial condition, then it is either mwgg or £ ¢ O, thus
completing the proof of Proposition 6.1.
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Introduce the subset ITp C II; defined by
(6.4) Ilp = {7T elly; e, € O} .

As we mentioned earlier, at the moment, we do not have an explicit description
of this set. In the course of this proof, however, we obtain a rather efficient,
albeit incomplete, criterion for a sequence w € Il; not to belong to Ilp; we
explain this criterion in Section 6.4. Finally, in Section 6.5, we further simplify
(6.3) and formulate our main result, Theorem 6.16.

Before embarking on this rather tortuous route, we give a few examples
in Section 6.1 that demonstrate the localization formulas and the vanishing
property explicitly. Note that we devote the last chapter of the paper to the
detailed study of (6.3) for small values of d, and hence the proofs in Section 6.1
will be omitted.

6.1. The localization formulas for d = 2,3. The situation for d = 2 and
3 is simplified by the fact that in these cases the closure of the Borel-orbit
O = Byérer C (Ejref is smooth. We will thus use the Berline-Vergne localiza-
tion formula (3.3) instead of Rossmann’s formula, and instead of (5.21), we
can work with an explicit expression, not containing equivariant multiplicities
which need to be computed. This allows us to write down the fixed point
formula for eP[Og4, Ju(n, k)|, x1, obtained by substituting a simplified ver-
sion of (5.21) into (5.8) and then compare it to the residue formula (6.2). In
these cases we can easily describe the set ITp as well. The formulas below are
justified in Section 7.

For d = 2, we have O = (§ref = P, There are two fixed points in g}ef:

Ho =, = {({1],2]), ([1], {1, 1)}

Then our fixed point formula reads as follows:

n n 1
Tpn_)k(z7 0) = n n
? ; ; [Ties (N = As) TTies ¢ (Xi — Av)
% H?:l(ej —As) H?:l(ej — At 4 H?:l(ej —As) H?:l(ej —2X)
2Xs — Mt At — 2 ’

This is equal to the residue (5.24):
21 — 22
Res Res
a=00 22=00 [iLy (Ai — 21) [Ti1 (Ai — 22)
y (H?:l(ej —21) H?:l(ej — 22) n H?:l(‘gj —21) H?:l(ej - 221))

221 — Z9 zZ9 — 22’1

Proposition 6.1 states that the residue of the second term vanishes; this is easy
to check by hand.
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For d = 3, the orbit closure O is a smooth 3-dimensional hypersurface in
Eref. There are six fixed points in O, namely

Mo = {(1), 2}, [3), ([1],[21,[1,2]), (1], 2}, [1,1]),
([1], (1,1, [3]), (1), (1,1, [1, 1, 2]), ([2], [1, 1], [21)}5
the remaining two fixed points in &ef do not belong to © (see Proposition 6.14):
([1]7 [2]7 [17 1, 1])7 ([1]7 [17 1]7 [17 2}) gé Ilo.

Hence the corresponding fixed point formula has six terms:

Z
1 tss uss,t Hz;ﬁs( ) z;és t( )‘t) Hz;ﬁs t u( - )\u)
% H] 1 0 - ) H] 1 - A )
s — A (2N — o) /\ +)\t o)

S/ E W U I | SOS7S

e — As — )\t)( Xs—As — M) O — 2000 (s + A — 2Xy)
N [15=1(0; — 2X,) _ T15=1 (60 — ) N [15=1(0; — 3Xs)

A — 2\, v — M) Bhs — M) | (e — 3X9) (M — 30y

[15=1(0; — )
T e ) B - At)ﬂ '

The corresponding residue formula (5.24) also has six terms:

sk (21 — 22)(21 — 23) (22 — 23) [Th=1 (0 — 21)
1oy (2.0) = Res Res Rey o o3 o T O~ =2) T O — 29)
y [H?l(ej — 22) ) < Hj:l(ej — 23)

(221 — 23)(,21 + 29 — Zg)
[1j=1(0; — 21 — 22) [1j=1(0; — 221)
(23 — 21 — 22)(221 — 21 — ZQ) (2’3 — 221)(21 + z9 — 2Z1)
H] 105 —221) ( 151 (6; — 23) N 151 (6; — 321)
(

z9 — 23)(321 — 23) (23 — 321)(22 - 32’1)

Hj:l(ej — 22) )1 '

(23 — 22)(321 — 22)

221 — Z9

zZ9 — 221

Here, again, the last five terms vanish and only the one corresponding to the
distinguished fixed point ([1],[2], [3]) remains, leaving us with (6.2).

For d > 3, the variety Oy C gref is singular. This means that the analogs
of these formulas involve calculation of equivariant multiplicities, which is a
rather difficult problem. We present some of these computations in Section 7.
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6.2. The vanishing of residues. In this paragraph, we describe the condi-
tions under which iterated residues of the type appearing in the sum in (5.24)
vanish.

We start with the 1-dimensional case, where the residue at infinity is
defined by (5.5) with d = 1. By bounding the integral representation along a
contour |z| = R with R large, one can easily prove

LEMMA 6.2. Let p(z),q(z) be polynomials of one variable. Then

Res p(z)dz

Consider now the multidimensional situation. Let p(z),q(z) be polyno-
mials in the d variables z1,...,24, and assume that ¢(z) is the product of
linear factors ¢ = [J¥; L;, as in (6.2). We continue to use the notation
dz = dz ...dz3. We would like to formulate conditions under which the iter-

=0 if deg(p(2)) +1 < deg(q).

ated residue

d
(6.5) Res Res ... Res p(z) dz

21=00 22=00 24=00 Q(Z)

vanishes. Introduce the following notation:

e For a set of indices S C {1,...,d}, denote by deg(p(z);S) the degree of
the one-variable polynomial pg(t) obtained from p via the substitution
t, ifmes,
Zm —
1, ifmegbs.
e For a nonzero linear function L = ag + a1z1 + - -+ + aqzq, denote by
coeff (L, z;) the coefficient ;.
e Finally, for 1 < m < d, set

lead(q(z); m) = #{i; max{l; coeff(L;,z) # 0} = m},
which is the number of those factors L; in which the coefficient of z,,

does not vanish, but the coefficients of 2,41, ..., 24 are 0.

Thus we group the N linear factors of ¢(z) according to the nonvanishing
coefficient with the largest index. In particular, for 1 < m < d, we have

d
deg(q(z); m) > lead(q(z);m), and Z lead(q(z);m) = N.

m=1

Now applying Lemma 6.2 to the first residue in (6.5), we see that

21,y 2d—1,2q) dZ
Resp( Ly Zd—1, 2d)

=0
za=00  q(21,. .+, 2d-1,%d)

whenever deg(p(z);d) + 1 < deg(q(z),d). In this case, of course, the entire
iterated residue (6.5) vanishes.
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Now we suppose the residue with respect to z; does not vanish, and we
look for conditions of vanishing of the next residue:

(6.6) Res  Res p(21, -5 Zd—2, Zd—1, 2d) dz
Zd—1=00 24=00 Q(Zh ey 2d—25%d—1, Zd)

Now the condition deg(p(z);d — 1) + 1 < deg(q(z),d — 1) will be insufficient,
for example,

(6.7)
dzq—1d dzq—1d _
Res Res #d—19%d — Res Res Zd—10%d <1_2’d 1+):1
Zd—1=00 2g=00 del(zd—l =+ Zd) 24—1=0024=00 27 _1%Z4 24

After performing the expansions (5.6) to 1/¢(z), we obtain a Laurent series
with terms z; " ...z, such that iz_1 + iq > deg(q(z);d — 1, d); hence, the
condition

(6.8) deg(p(z);d —1,d) + 2 < deg(q(z);d — 1,d)

will suffice for the vanishing of (6.6).

There is another way to ensure the vanishing of (6.6). Suppose that for i =
1,..., N, every time we have coeff(L;, z4_1) # 0, we also have coeff (L;, z4) = 0,
which is equivalent to the condition deg(q(z),d — 1) = lead(q(z);d — 1). Now
the Laurent series expansion of 1/¢(z) will have terms z; ™ ... z;id satisfying
ig—1 > deg(q(z),d—1) = lead(q(z);d — 1). Hence, in this case the vanishing of
(6.6) is guaranteed by deg(p(z),d — 1) + 1 < deg(q(z),d — 1). This argument
easily generalizes to the following statement.

PROPOSITION 6.3. Let p(z) and q(z) be polynomials in z1,...,zq, and
assume that q(z) is a product of linear factors q(z) = [[N., L;. Set dz =
dz1...dzq. Then

d
Res Res ... Res p(z) dz =

21=00 22=00 Z24d=00 q(Z)

if for some | < d, either of the following two options hold:
o deg(p(z);d,d—1,...,0) +d —1+1 < deg(q(z);d,d - 1,...,1),

or

e deg(p(z);1) + 1 < deg(q(z);1) = lead(q(z);1).

Note that in case of the second option, the equality deg(q(z);!) = lead(q(z);!)
means that
(6.9)

for each i =1,..., N and m > [, coeff(L;, z;) # 0 implies coeff(L;, z,,,) = 0.

Recall that our goal is to show that all the terms of the sum in (5.24)
vanish except for the one corresponding to mqst = ([1],...,[d]). Let us apply
our new-found tool, Proposition 6.3, to the terms of this sum.
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Fix a sequence w = (mq,...,7q) € I and consider the iterated residue
corresponding to it on the right-hand side of (5.24). The expression under the
residue is the product of two fractions:

p(z) _ pi(z) p2(z)

q(z)  q(z) q(2)

i

where
d k
Qr(2) H (2m — 21) H H(‘gj — Zr1,)
(6.10) pl(z) = m<l and pg(z) = m=ls=t
. @ (Z) d T#T1,...T QQ(Z) d n
IIT II Gr—2n) ITTT =2
=1 sum(7)<! I=1i=1

Note that p(z) is a polynomial, while ¢(z) is a product of linear forms,
and that py(z) and ¢1(z) are independent of n and k and depend on d only.

As a warm-up, we show that if the last element of the sequence is not
the trivial partition, i.e., if my # [d], then already the first residue in the
corresponding term on the right-hand side of (5.24) — the one with respect
to zq — vanishes. Indeed, if my # [d], then deg(q2(z);d) > n, while z4 does
not appear in p2(z). Then, assuming that d < n, we have deg(p(z);d) <
deg(q(z); d), and this, in turn, implies the vanishing of the residue with respect
to zq (cf. Proposition 6.3).

We can thus assume that 74 = [d] and proceed to the study of the next
residue, the one taken with respect to z4—1. Again, assume that 741 # [d—1].
As in the case of z4 above, d < n implies deg(p(z);d—1) < deg(q(z);d—1).
However, now we cannot use the first option in Proposition 6.3, because
deg(pa(z);d — 1,d) = k > n. In order to apply the second option, we have
to exclude all linear factors from ¢;(z) that have nonzero coefficients in front
of both z4_1 and z4. The fact that m4 = [d] and the restrictions sum(m;) < I
[l =1,...,d tell us that there are two such troublesome factors, (zq4 — z4—1)
and (24 — 24—1 — 21), which come from the two partitions 7 = [d — 1] and
T =[d—1,1] in the | = d part of g1(z). The first of the two fortunately cancels
with a factor in the Vandermonde determinant in the numerator. As for the
second factor, our only hope is to find it as a factor in the polynomial Q.

Continuing this argument by induction, we can reduce Proposition 6.1 to
the following statement about the equivariant multiplicities Q, 7 € I1,.

PROPOSITION 6.4. Let I > 1, and let w be an admissible sequence of
partitions of the form (6.12), where m; # [l|. Then for m > [, and every
partition T such that | € 7, sum(7) < m, and || > 1, we have

(6.11) (zr — 2m)|Qn-

This statement will be proved in Section 6.3. For now, we will assume
that it is true and give a quick proof of the main result of this section.
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Proof of Proposition 6.1. Let w # 745t be an admissible sequence of par-
titions. This means that there is [ > 1 such that m; # [l], but m,, = [m] for
m >l

(6.12) m=(m,. .., L+ 1, [1+2],....[d).

Note that [ does not appear anywhere in 7r; thus we can conclude deg(p(z);1)
< deg(q(z);1) from d < n, as usual. This allows us to apply the second option
of Proposition 6.3 to the residue taken with respect to z; as long as we can
cancel from ga(z) all factors which do not satisfy condition (6.9).

These factors are of the form 2z, — z,,, where m >l and l € 7. If |7| = 1,
i.e., if 7 = [l], then we can find this factor in the Vandermonde determinant in
the numerator. We can use Proposition 6.4 to cancel the rest of the factors, as
long as we make sure that such factors occur in ¢;(z) with multiplicity 1. This
is straightforward in our case, since the variable z,, with m > [ may appear
only in the mth factor of ¢;(z). O

6.3. The homogeneous ring of Erer and factorization of Q. Now we turn
to the proof of Proposition 6.4. Let w € II; be an admissible sequence of
partitions. Recall (cf. (5.22)) that Qr is the Ty-equivariant Poincaré dual of
the part O = pr;}((’)) N Ny of the orbit closure O in the linear chart Ny
(cf. (5.19)); this latter linear space is endowed with coordinates ﬁlﬂﬁ defined
in (5.14).

Our plan is to use the elimination property in Proposition 2.3, which,
when applied to our situation, says that the divisibility relation (6.11) follows
if we find a relation in the ideal of the subvariety O C N expressing the
appropriate variable ﬂ;’”"ﬂ as a polynomial of the rest of the variables.

We will lift the calculation from gref to the vector space

Hom® (C%, Sym2.;(CH)).

ref

Denote by C[u®] the ring of polynomial functions on Hom® (C%, Sym®.¢(C7})),
i.e., the space of polynomials in the variables u!, 1 <1 < d, sum(7) < I. As
one can see from Definition 5.9 and (5.14), the relations on the two spaces are

connected as follows.

LEMMA 6.5. Let Z € C[u®] be a polynomial on Hom*(C%, Sym§C"), and
let M C Hom”(C%,Sym$C") be a closed subvariety such that Z|M vanishes.
Then the restricted polynomial 7= Z|Nx, written in terms of the coordinates
.|, may be obtained from Z as follows:

e setting uﬁrl tol forl=1,...,d,

° settingu?l to0 for1 <l <m<d,

e replacing the remaining variables ul. by

In addition, Z vanishes on M N Ni.

l
77"
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Eventually, using this lemma with M = Bre.tBr and M NNy = O, we
will be able to produce the necessary relations in the defining ideal of O, C N.
As most of the action will take space in C[u®], our next task is to set up some
convenient notation for this ring.

The ring C[u®] carries a right action of the group By, and a left action of
the group Bg. In particular, it has two multigradings induced from the 77, and
TR actions: the L-multigrading is the vector of multiplicities (mult(i, 7), i =
1,...,d), while the R-multigrading is the Ith basis vector in Z¢. A combination
of these gradings will be particularly important for us (cf. Definition 5.6):

(6.13) defect(ul ) =1 — sum(n).

This induces a Z=%-grading on C[u®].

Recall that the projection By — T, is a group homomorphism whose
kernel is the subgroup of unipotent matrices. We denote the corresponding
nilpotent Lie algebras of strictly upper-triangular matrices by np and ny, for
Bpg and By, respectively..

The two Lie algebras, n;, and ng are generated by the simple root vectors

Ap={Bf,;1=1,...,d=1}, and Ag={Ef},; I=1,...,d — 1},

respectively, where Ej ;1 is the matrix whose only nonvanishing entry is a 1
in the Ith row and [ + 1st column. Let us write down the action of these root
vectors on C[u®] in the coordinates ul, |7| < 1 < d. We first define certain
operations on partitions.
e Given a positive integer m and a partition 7 € 1, denote by 7 Um the
partition with m added to 7, e.g., [2,3,4] U3 = [2,3,3,4].
e If m € 7, then denote by 7 — m the partition 7 with one of the ms
deleted, e.g., [2,4,4,5,5,5,6] — 5 = [2,4,4,5,5,6].
e More generally, we will write [2,4,5,5] U [3,4] = [2,3,4,4,5,5] and
[2,4,5,5] — [4,5] = [2,5].
Returning to the Lie algebra actions, we have
(6.14)
{nRulT =ulny, =0, if sum(7) =1,

R I _ -1 0l oL _ l :
B i1ty = 0wy S up By =mult(m, 7) uz g, 1 sum(7) <1,

where d, 3 is the Kronecker delta. Observe that both ng and nz, act compatibly
with the Tr x Tr-multigrading and they both decrease the defect (6.13).
The following subspace will play a key role in our calculations:

(6.15) Ip = {Z € Clu®]; npZ =0 and [Zn}](eref) = 0 for N =0,1,2,.. } ,

where nJLV is the subset {X; -+ Xn; X; €ng,i=1,..., N} of the universal
enveloping algebra of n,.
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PROPOSITION 6.6. If Z € Ip, then Z(g) = 0 for every e € BreetBrg.

Proof. First, observe that the actions of ng and nz, described in (6.14) are
compatible with the multigrading induced by the Tr x T -action, and hence,
if Z is in Ip, then so are all of its Tr x Tr-homogeneous components. This
means that without loss of generality we may assume that Z is a homogeneous
element of .

For such Z, clearly, Z(¢) =0 < tgZtr(e) =0 for any t; € Ty, tg € Tg.
Combining this with the condition ngpZ = 0, we can conclude that the zero set
of Z is Br-invariant; hence it is sufficient to show Z(e) = 0 for Breer. Now,
since ker(By, — T1) = exp(ny), the definition of Ip also implies Z(beyer) = 0
for all b € By., and this completes the proof. O

Remark 6.7. Before we proceed, we make a comment on the geometric
meaning of Ip. The space {Z € C[u®]; ngZ = 0} is the homogeneous coordi-
nate ring of Evef corresponding to the line bundles induced by the characters
of Tr. Then Proposition 6.6 may be interpreted as saying that I is contained
in the ideal of functions vanishing on O. In fact, is not difficult to show that
1o is exactly this ideal.

We will be looking for polynomials Z € Ip in a particular subspace of
C[u®]. To describe this space, for each 7 € I1;, introduce the monomial

1, ifw=mn,
(6.16) u”" = | I ugrl; these satisfy uy(er/) = ' ‘
—1 0, otherwise.

Now consider the linear span of these monomials:

(6.17) A= Z amu” € Clu®l; ar € C
welly

In order to write down our formulas for certain elements of A N Ip, we
need to introduce two operations on Il;. For a sequence of partitions w =
(m1,...,mq) and a permutation o € Sy, define the the permuted sequence

w0 = (7'('0(1), s 77T0'(d));

this defines a natural right action of Sy on II*?¢. Note that permuting an admis-
sible sequence 7 € II; does not necessarily result in an admissible sequence.

The second operation modifies just one entry of 7w: For v € Il and 7 € 11,
define

TUn T = (1, ooy, Tm—1, T U Ty Tomt 1y -« -5 Q)

Now we are ready to write down our relations.
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PROPOSITION 6.8. Let w € Il be an admissible sequence of partitions
and let T € 11 be any partition. Then the following polynomial is an element
of Io:

(6.18) Rel(m,7) = Zsign(a) um T 1 <m<d, o €8y, m-oUy 1€y

Remark 6.9. The sum in (6.18) may be empty. This happens when there
are no pairs (o, m) satisfying the conditions in (6.18). Note, however, that no
two terms of this sum may cancel each other.

Proof. We begin by noting that Rel(sr, 7) is of pure T x Ty, weight. In-
deed, the torus T acts on the whole space A with the same weight (1,1,...,1),
while the [th component of the Tr-weight of a term of Rel(sr, ) is equal to
mult(l,7) + 2% _; mult(l, 7).

Next, we show that
(6.19) Eff \Rel(m,7)=0,1=1,...,d—1,

which implies that ngRel(w,7) = 0. Let us fix [. The terms of Rel(w,7) in
(6.18) are indexed by pairs (o,m), and we can ignore those pairs for which
sum(m41) + O 41sum(7) > [+ 1, since in this case Eﬁﬂu’”’u’” = 0. Then
the vanishing (6.19) clearly follows if, on the set of the remaining pairs con-
tributing to (6.18), we find an involution (o, m) — (¢’,m’) such that

!
wo'U, /7

= Efi |u and sign(o’) = —sign(o).

Indeed, it is easy to check that this holds for the involution
(o',m)y=(oc- I+ 1+1),(+1+1)(m)),
where (I <» [+ 1) € Sy is the transposition of [ and { + 1. This proves (6.19).
Our second task is to show that Rel(7r, 7) is in the linear space
I ={Z e Clu’]; [Zn}] (eret) =0 for N =0,1,...}.

Using the Leibniz rule, it is easy to see see that I, C C[u®] is an ideal.
First we show that for partitions p, 7 € IT and m > sum(p) + sum(7), the
polynomial

(6.20) Zor = uplyr — Zuéu:, t+r=m,t>sum(p), r > sum(r)
is in I. Indeed, a quick computation produces the equality

Zp"TLElLJH = mult(l, p) 27 + mult(l, )27,

where

p=p—1lUll+1],7 =7—-1U[l+1].
This equality implies that it is sufficient for us to prove Z72 (eret) = 0 for the
case m = sum(p) + sum(7). In this case we have

(6.21) Zm =, — ey
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and this polynomial clearly vanishes on e, because all three coordinates
appearing in this relation are equal to 1 according to (5.10).
Now we return to the proof of Rel(w,7) € Ij,. Using the fact that Z7}

is in the ideal If,, modulo the I/,, we can replace all the factors of the form

m
WU(m)UT

in (6.20). Our claim is that the resulting polynomial is identically zero, which
implies that Rel(m,7) € I/,.

Indeed, let us perform this substitution. The terms of the resulting sum
are parametrized by a triple (o, m,r), which is obtained by applying (6.20) to
the term of Rel(7r, 7) indexed by (o, m) and taking the term corresponding to
r in (6.20). The correspondence is thus

U in all the terms of Rel(7r, 7) by the appropriate sum of quadratic terms

6.22 o.m,r) — ul T T T Tl ul
(6.22) (o,m,7)

To(1) """ "To(m—=1) To(m) T To(m+1) " "To(d)’

Just as above, we can see that the involution (o, m,r) — (o-(m <> m—r), m,r)
provides us with a complete pairing of the terms of the sum described above;
each pair consists of identical monomials with opposite signs. This implies
that indeed, the result is zero. Hence Rel(wr,7) vanishes modulo Ijy; i.e.,
Rel(m, 7) € Ij,. O

Armed with these relations, we are ready to prove Proposition 6.4. Recall
that according to the strategy described at the beginning of this paragraph,
given 7 € II;, m and 7 as in Proposition 6.4, we need to find a relation of the
form Rel(-, ) that, when restricted to N, expresses the variable a7l in terms
of the rest of the variables.

Thus the first thing is to study the conditions under which ﬂﬂ"l”ﬂ appears

as the restriction of a monomial of the form u™. The following statement
immediately follows form the prescription Lemma 6.5.

LEMMA 6.10. Givenw = (m,...,mq) € Iy, a positive integer m < d, and
a partition T € TI\{my, ..., 74} satisfying sum(r) < m, we have u™ [Ny = zlffﬂ_

or some ™ € Il  if and only 1
eIl d only
/
T = (Tl ey 1y Ty T ly -« - s Td)-

Now let us take a closer look at the conditions of Proposition 6.4. We are
given 1 <[] <m < d and 7 € II satisfying

sum(7) <m,l €7 and || > 1

and a sequence 7 of the form (6.12) with m; # [I]. In view of Lemma 6.10,
the variable @7 will appear as the restriction to Ny of the term uPYmm\l of
a relation Rel(p, 7\ [{]) as long as

p=(m,...,m, [l +1],[l+2],....[m—1],[l],[m+1],...,[d —1],[d])
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is admissible, which is obvious. We leave it to the reader to check that the rest
of the terms of Rel(p, 7 \ [I]) cannot contain a7}, as a factor. This completes
the proof of Proposition 6.4 and thus also the proof of Proposition 6.1. O

This proof suggests a simple criterion for a monomial = € II; to appear
in one of the relations (6.18).

Definition 6.11. We will call an admissible sequence of partitions w =
(m1,...,mq) complete if for every [ € {1,...,d} and every nontrivial subparti-
tion 7 C m, there is m € {1,...,d} such that 7, = 7.

Taking into account Remark 6.9, we have the following criterion.

LEMMA 6.12. A monomial u™ appears in a relation Rel(p,T) for some
p € I1; and 7 € 11 if and only if ™ is not complete.

6.4. The fixed points of the Tr-action on O. As a small detour, based on
the results of the previous paragraph, we obtain a rather powerful criterion for
7 € II; not to belong to Ilp; i.e., we will construct a large number of 17 -fixed
points that do not lie in O. We note, however, that describing the set Ilp
remains an interesting open problem. Our starting point is (6.16).

LEMMA 6.13. If the monomial u™ appears with nonzero coefficient in a
polynomial from AN 1o, then the fixved point éx ¢ O, i.e., ™ ¢ Ilp.

Proof. Indeed, let Z be such a polynomial. According to Proposition 6.6,
a polynomial in Ip vanishes at all points of @. On the other hand, it is clear
from (6.16) that all but exactly one of the terms of Z vanishes at £, and hence

Z(ex) # 0. O

Combining this statement with Lemma 6.12, we have the following.

ProrosiTION 6.14. If w € Ilp, i.e., if éx € O, then the sequence w 1is
complete.

This Proposition provides us with a powerful necessary criterion for 7 to
be in ITp. As the an example below shows, this condition is not sufficient.

Example 6.15. (1) The sequence
(1], [2],...,[d—1],[l,m]), wherel+m <d,

is complete, and, in fact, it corresponds to a fixed point.

(2) For d = 3,4, the reverse of Proposition 6.14 holds: if 7 is complete,
then the fixed point & lies in the orbit closure O, (see §7).

(3) The completeness of 7 is a necessary but not sufficient condition for
7 to be in ITp. An example is the following zero-defect sequence of
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partitions: let d = 60, 7 = [1,12,12,15,20] and set

p, if p C 7 and sum(p) =1,
™=
(], otherwise.

By definition, this is a complete sequence of partitions, but it is not in
O, which is left as an exercise.

6.5. The distinguished fixed point and the main result. Now we turn our
attention to our much simplified formula (6.2) for the Thom polynomial of the
Ag-singularity.

The proof of the vanishing of the contributions to (5.24), naturally, fails
at the fixed point £45. Indeed, for the factors (6.10) in the case of the dis-
tinguished sequence mgs;, we have deg(pa(z);1) > deg(qa(z);1) for I =1,...,d,
and hence we cannot apply Proposition 6.3.

The factorization arguments of Section 6.3 may be partially saved, how-
ever. Indeed, for the case of the distinguished partition mgs, each T -weight
2y — 21 of Ngg appears with multiplicity one (cf. end of Section 6.2). Hence,
again, we can apply the elimination property on Proposition 2.3 and Lem-
mas 6.10 and 6.12 to conclude that for || > 1,

(zr —21) | Qase if ([1],[2],...,[l = 1],7, [+ 1],...,[d—1],[d]) is not complete.

Clearly, such a sequence is complete if and only if |7| = 2, and this means that
in the fraction on the right-hand side of (6.3), we can cancel all factors between
the numerator and the denominator corresponding to partitions 7 with |7| > 2.
This reduces the denominator to the product of the factors with |7| = 2:

H(2m+2r_zl)a I<m<r,m+r<1<d,

while Qqst is replaced by a polynomial @\d, whose degree is much smaller than
that of Qgst- Note that in this case no factors of the Vandermonde in the
numerator are canceled. The fraction in (6.3) thus simplifies to

(_1)d H’m<l(Zm — Zl) @\d(zh s Zd)

d I—1 min(m,l—m) ’
| 2 Ly | ) (2m + 2 — 21)

The polynomial @d, just as Qqgst, only depends on d; we mark its d-dependence
explicitly.
All that remains to do before we can formulate our final result is to describe
the geometric meaning of this cancellation and that of the polynomial @\d itself.
First, note that 74y is of the defect-0 type. Hence, according to Proposi-
tion 5.10 (3) and Lemma 5.13, we have an action of the upper-triangular group
Bgst on Ngg given by (5.16); moreover, ey € Ngst and Oqsy = Bust * Eret-
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Remarkably, this action is also linear (cf. Remark 5.12), because the By, x Bg-
action on HomA((Cd , Sym§C™) preserves the length of the partitions, and gt
contains all the partitions of length 1.

Next, define the linear subspace ﬁd C Nast,

(6.23)  Ng={c € Nass; @014 (¢) = 0 for |7| > 2} € Hom(C*, Sym>C),

and let pr: Ngsy — /\Afd be the natural projection. Then (cf. the elimination
property in Proposition 2.3) we can conclude that

(6.24) Qa = eP[Og, Nyl1,, where Og = pF(Ogqs).

In addition, it is easy to see that pr commutes with the Bgg-action; in
particular, ﬁd in Nyg is Bgsi-invariant. The linear representation of Bgg on
Ny is easily identified with an action of degree-3 tensors (see Theorem 6.16).
In any case, we have

Od = Bdérefa where éref - pr(gref)‘

Stripping our formulas of extraneous notation, we can formulate our main
result in a self-contained manner as follows.

THEOREM 6.16. Let Ty C By C GLg be the subgroups of invertible diag-
onal and upper-triangular matrices, respectively. Denote the diagonal weights
of Ty by z1,...,2q. Then the GLg-module of 3-tensors Hom(C?, Sym?C?) has
a diagonal decomposition

Hom(Cd, Sym2Cd) = @(qu"”", 1<m,nr 1 <d,

T

where the tensors qi"" are of weight (zy, + 2 — 21), and one identifies g;™ with

q"". Consider the reference element

d d—m
éref = Z Z an;ir
m=1 r=1
i the Bg-invariant subspace
(6.25) Ni= @ Cqg™ c Hom(C? Sym*C?).

1<m+r<I<d

Set the notation 6d for the orbit closure Byé et C //\\/;17 and consider its T -equi-
variant Poincaré dual

@\d('zla ey Zd) = eP[@\dv-//\\/’d]Tdv

which is a homogeneous polynomial of degree dim(N;) — dim(Oy).
Then for arbitrary integers n < k, the Thom polynomial for the Agq-singu-
larity with n-dimensional source space and k-dimensional target space is given
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by the following iterated residue formula:
(6.26)  Tpy*(z,0)

—1)d ) d
— Res (D MIm<(zm = 21) Qa(z1,- -+, 20) 17 Re (l) 5,

Y _ n(m,i—
= H?:l H'lmil :«nzni(m m)(zm + 2 — 21) =1 “l

where RC(+) is the generating function of the relative Chern classes given in
(2.14), and the residue operation is defined by (5.5).

Proof. Recall the line of our argument so far. Using the model formulated
in Proposition 4.17 and localizing over the flag variety, we obtained our initial
formula (5.3). Next, we used localization along the fibers over the flag variety
and some residue calculus to convert this formula into the form (5.24). Study-
ing the relations of a certain Borel orbit in a single fiber of this fibration, we
proved a cancellation phenomenon in Proposition 6.1. Finally, the argument
at the beginning of the current paragraph leads to further simplifications of
the formula, which is reflected in (6.26).

Note that Theorem 6.16 seems to claim more than to what we seem to be
entitled: Proposition 6.1 is proved under the assumption d < n, while here we
claim that our statement holds for any d and n < k. To finish the proof, we
simply need to point out that according to Proposition 2.12, if an expression
of a Thom polynomial in the relative Chern classes holds for large n, then the
same expression works for any n. [l

Let us make a few final comments. It is not difficult to see that formula
(6.26) manifestly satisfies all properties listed in Proposition 2.12. In particu-
lar, it only depends on the codimension k£ — n, and reducing the codimension
by 1 leads to shifting the indices of the relative Chern classes down by 1. An-
other benefit of the result is that it shows that the Thom series introduced in
[9], which, in principle has infinitely many parameters, is governed by a finite
object: @d.

Before we turn to examples in the final section of our paper, we point
out an important aspect of our model of ©4. Consider the direct summand
Sym$C" = C" @ Sym?C" of Sym$C", and introduce the rational map

pr : Flag,;(SymjC") — Flag,(Sym5C™)

induced by the projection Sym§C" — Sym$C". The image »(Hom™ (C¢, C"))
is in the domain of definition of pr (cf. diagram (4.7)), inducing the map prow :
Hom™ (C%,C") — Flag,(Sym$C"). Similarly, pro «a : O4 — Flag,(Sym$C")
is a well-defined map, and one can show that SymjC"™ may be replaced by
Sym$C™ in diagram (4.7), preserving all its relevant properties. This, and the
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fact that the final formula (6.26) depends only on the linear and quadratic coor-
dinates, suggests that it might have been more efficient to use Flag;(Sym5C")
instead of Flag,;(Sym3C"™) in our model from the very beginning.

However, a more delicate computation shows that the vanishing property
does not hold in this smaller flag space. It turns out that there are fixed points
in the closure of im(pr o 7)) that do not come from the fixed points in the
closure of im(¢), and for which the residue in the analog of the the fixed point
formula (5.24) does not vanish. Naturally, the sum of these contributions will
be zero, but this cannot be shown with our methods.

7. How to calculate @d? Explicit formulas for Thom polynomials

Theorem 6.16 reduces the computation of the Thom polynomials of the
algebra A, to that of the polynomial @d, which is the equivariant Poincaré dual
of a Bg-orbit in a certain Bg-invariant subspace of 3-tensors in d dimensions.
Note that the parameters n and k& do not enter this picture; in particular, @d
only depends on d.

Clearly, in principle, the computation of @d is a finite problem in com-
mutative algebra, which, for each value of d, can be handled by a computer
algebra package such as Macaulay. However, the number of variables and the
degree of @\d grow rather quickly: they are of order d3. More importantly, com-
puter algebra programs have difficulties dealing with parametrized subvarieties
already in very small examples.

At this point, we do not have an efficient method of computation for @d
in general. The purpose of this section is to show how to compute @d for small
degrees: d = 2,3,4,5,6. At the end, we also present an application of our
result to the conjectured positivity of the coefficients of the Thom polynomials
in Section 7.5.

7.1. The degree of @d- The degree of the polynomial @d is the codimension
of the orbit Bgeyef, or that of its closure 6d, in //\\/'d.
Recall that A has a basis indexed by the set of indices {m+r<I<d}.
An elementary computation shows that dim//\\fd is given by a cubic quasi-
polynomial in d with leading term d3/24.
On the other hand, we have
dim(Byérer) = dim(By) — dim(Hy) = (d; 1) —d= <;l>
Next, denote by .//\\/g the minimal (or defect-zero) part of //\\/d spanned by
the vectors {¢\,,; m +r =1 < d}, and let pry : Ny = .K\/'C(l) be the natural
projection; note that é. € //\\/'U(l]. Recall that B; = T;U,, where Uy C By is
the subgroup of unipotent matrices. It is easy to check that Uy acts trivially
on N g, and its action commutes with the projection pry. Now introduce the
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toric orbit Tyéer C //\\/;? and its closure T C //\\/'(gJ . The following is a simple
consequence of the preceding arguments.

LEMMA 7.1. The projection pry restricted to the orbit Bgé,er establishes
a fibration over the toric orbit Tyé.er. This map extends to a map between the
closures O — T, where T = Tyéret.

Remark 7.2. We note that there are standard algorithms to compute the
equivariant Poincaré dual of a toric orbit — we presented some of these in
the example of the toric orbit in Section 2.3 — but no such simple algorithm
is known for Borel orbits. The fibration in Lemma 7.1 suggests that, in our
situation, one might be able to reduce this latter problem to the former.

Lemma 7.1 implies, in particular, that the codimension of Bgé,ef is the
sum of the codimensions of 7 in NU? and the codimension in the fiberwise
directions. We collect the appropriate numeric values in the following table:

d | dim 0= (2) | dim N; | deg Qu=codim(0O) | dim(7)=d—1|dim N | codim(T)
1 0 0 0 0 0 0
2 1 1 0 1 1 0
3 3 3 0 2 2 0
4 6 7 1 3 4 1
) 10 13 3 4 6 2
6 15 22 7 5 9 4

The first 3 columns list the codimension of the closure of the Borel orbit O in
Nd, while the last three list the codimension of the closure of the toric orbit 7
in Vj. N9

Now we are ready for the computations.

7.2. The cases d = 1,2,3. In these cases deg @d = 0, and thus @d = 1;
geometrically, this means that Oy = g}ef, and thus 6d = ﬁd. The case of d =1
was described in Section 3.3.

For d = 2, we obtain
(7.1)  Tps7* = Res Res RC( )RC( ) KA A2y d .

21 =00 22=00 221 — 29 21 29
Expanding the iterated residue, one immediately recovers Ronga’s formula [24]:
k—n+1

(7.2) Tos 7" =ci i+ D 27 Chong1—iChony14i-
i=1
For d = 3, the formula is

n—k (21 — 22)(21 — 23)(22 — 23)
(7:3) Tp5™" = (= )zll%eoso z]é:{ego 2156080 (221 — 29)(21 + 22 — 23)(221 — 23)

RC (7) RC( )RC( ) 2RI AT T 2y dzad 2.
21 <2 <3
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This is a more compact and conceptual formula for Tpg_ﬂC than the one given

in [2].

7.3. The basic equations in general. As our table in Section 7.1 shows, the
polynomial @d is not trivial when d > 3. As a step towards its computation,
we describe a set of equations satisfied by OC //\\/d and T C N V. We will call
these equations basic.

The equations will be written in terms of the coordinates ﬂlT| ast 00 Nyt in-
troduced in (5.14), where now we assume that |7| = 2. Clearly, these variables
form a dual basis to the basis {¢/,,.} of Ny. We will streamline our notation by

writing 4, instead of ﬁl[m ]|dst> naturally, we have !, = al,,, and r+m < [.
The construction is as follows. If ¢ + j +m < [, then the sequence
ﬂ(iaja m; l) = ([1]7 [2]7 AR [l - 1]7 [ivjv m]? [l + 1]7 R [d - 1]7 [d])

is admissible but not complete; hence u™@™i) will appear as a term of some
of the relations Rel(p, 7) introduced in Proposition 6.8. In fact, it appears in
three different relations:

for T = [i], pr = [J,m], for 7 = [j], pr = [i,m], and for 7 = [m], p; = [1, j];

in all cases p, = [r] for r # [. Next, we reduce the relation Rel(p, 7) according
to the prescription of Lemma 6.5. After the reduction, only the terms corre-
sponding to the identity permutation and those corresponding to the transpo-
sitions of the form (s,[) survive; for example, in the case 7 = [m], we obtain
the “localized” relation
-1
(7.4) Wiy = Y Wik
s=j+m
Note that the number of terms on the right-hand side is | — (i + j +m) + 1,

. . Al
which is the defect of a;;,, plus 1.
l
ijm
[k], and the resulting equalities provide us with quadratic relations among our
m+r <[ <d.

We obtain two other expressions for ;... when we choose 7 to be [j] or

variables .,

PROPOSITION 7.3. Let (i,7,m;1) be a quadruple of nonnegative integers
satisfying i + j +m < 1 < d. Then the ideal of the variety O C Ny contains
the relations

1—i l—j l—m
s=j+m s=i+m s=i+j
Remark 7.4. e In general, the quadruple (7,7, m;l) gives us 2 rela-

tions. If ¢ = j # m, then the number of relations reduces to 1, and if
i = j = m, then (7.5) is vacuous.
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e The equalities R(,j,m;l) with i + j +m = [ are relations of the toric
orbit closure T C N/ g . We will call these equations toric.

7.4. d = 4,5,6. The first nontrivial case is d = 4. Here deg @4 = 1
ie., 54 = Byé,er is a hypersurface in //\\/21. Checking the table at the end of
Section 7.1, we see that the codimension of the toric piece 7AZ in .//\\/f is the same
as the codimension of @4 in Nj. This means that Q4 = ¢P[T2, N¥]7,.

It is not surprising then to find that the only basic equation is a toric one,
corresponding to the quadruple (1,1,2,4):

(7.6) R(1,1,2;4) : 4315y = U501

We note that this toric hypersurface is essentially our example from Section 2.3.
The variety defined by (7.6) in N is irreducible and has the same dimension as
(54; therefore it coincides with (54. We have already determined the equivariant

Poincaré dual in this case in a number of ways: it is the sum of the weights of
any of the monomials in the equation. This brings us to the formula

(7.7) Qa(21, 22, 23, 22) = (221 — 22) + (222 — 24) = 221 + 22 — 2.

As a result, we obtain

4
Tpy 7% = Res Res Res Res [IRC (l) 2" dzy
=1

21 =00 29 =00 23=00 24=00 2

(21 — 22) (21— 23) (21 — 24) (22 — 23) (22 — 24) (23 — 24) (221 + 22 — 24)
(221 — 29) (21 + 22— 23) (221 — 23) (21 + 23 — 24) (220 — 24) (21 + 22 — 24) (221 — 24)

d = 5. Again, we consult our table. We have dim//\\/g) = 13 and codim (/9\5 =
3, while dim VY = 6 and codim 75 = 2.
Let us list our variables.

. W5 A5 a4 a4 A3 a2
6 toric:  ujy, Usz, Uy3, Ugg, Uy, Up1,
: A5 A5 a4 a3

4 defect-1 : U3, Uy, Ui, Uly,

2 defect-2 : @, 17,, and

1 defect-3 : ad;.

There are 3 toric equations, which necessarily involve the toric variables
only:
. L83 a4 A2 4

(7.8) R(1,1,2;4) © Ayp0y5 = 4y da,

05 a4 Ny
R(1,1,3;5) 47,43 = 43301,
R(1,2,2;5) 1 09,3y = 5301y
and one defect-1 equation:

(7.9) R(1,1,2;5) : G358y + 3401y = 41103, + 35071
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We observe that the toric equations (7.8) describe the vanishing of the
three maximal minors of a 2 x 3 matrix. This is an irreducible toric variety;
thus we can again argue that it coincides with 7\5 Fortunately, this variety is a
special case of the A;-singularity, this time with n = 2 and k = 3. Substituting
the appropriate weights into (3.10), we obtain

(7.10)
P[’/ﬁév @]Ts

_ (z1+22—23)(221 —22) (21 + 24— 25) — (220 — 24) (21 + 23 — 24) (22 + 23 — 25)
21t 24— 22— 23

= 22% + 32129 — 22125+ 22923 — 2024 — 2025 — 2324 + 2425.

Let M5 denote the variety determined by the basic equations. Notice that
for fixed 43, 035, 43,, 433, (7.9) is linear in the remaining variables. This means
that outside the codimension-2 subvariety 7A})’ in 7AE, where these four variables
vanish, the natural projection My — ’?5 is the projection of a vector bundle
onto its base, which implies that Mj is irreducible, and thus My = 65; the
fibers of this vector bundle are hyperplanes in the 7-dimensional complement
of .7\750 in NVs. It is also clear from (7. 9) that the variety determined by the
relation R(1,1,2,5) is transversal to pro (7},) outside the part lying over ’7'5,
and hence we can conclude that eP[(’)5,./\/5]T, is the product of eP[7}),]\/5]T5
and the weight of the relation R(1,1,2;5). The latter equals 2z; + 23 — 25,
hence the final result is

Qs(21, 22, 23, 24, 25)
= (221 4+ 20 — 25)(2,2% + 32129 — 22125 + 22923 — 2024 — 2925 — 2324 + 2425).

d = 6. The polynomial @6 is of degree-7 in six variables, and one needs the
help of a computer algebra program to do the calculations. Here we summarize
our computations with Macaulay.

Let Mg denote, again, the variety d defined by the basic equations. It turns
out that the codimension of Mg in N6 is equal to the codimension of (’)6
However, Mg contains two maximal dimensional components, namely,

1 _ /2 #3 ~3 5 6 ~6 6
Mg = (1y, UYq, UYy, U1y, U1y, Uip, Uoy)
and
M¢Z = (basic equations, R),
where the extra relation is
_ A4 A4 A5 A6 w4 ~4 A5 ~6 w4 ~4 A5 ~6 ad ~4 A5 ~6
R = Ujou79Ussligs + Uggliyglyalisg + Uy3liglagling + Uggliyslagliys

L4 ~d A5 ~6 "4 ~d A5 ~6 "4 ~d A5 ~6 "4 ~d A5 ~6
T UpgU11Ug3U33 — U3UIaUaoUzz — UgaU13UT3U23 — U 3UI3UL3 U2
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of weight 221 + 320 + 323 — 224 — 25 — 2. Since 66 is irreducible, we have
(96 M6 The other component, M6, is a linear subspace, and we obtain Q6
as

Qs = eP[Mg, Nsz, — eP[Mg, Ns]r,

Having described the vanishing ideal of (56 by explicit relations, using Macaulay,
one then obtains Qg; this formula is too long to present here.

7.5. An application: the positivity of Thom polynomials. It is conjectured
in [23, Conj. 5.5] that all coefficients of the Thom polynomials Tp"_”"’ expressed
in terms of the relative Chern classes are nonnegative. Rimdnyi also proves
that this property is special to the Agz-singularities. In this final paragraph, we
would like to show that our formalism is well-suited to approach this problem.
We will also formulate a more general positivity conjecture, which will imply
this statement.

We start with a comment about the sign (—1)¢ in our main formula (6.26).
Recall from (5.5) in Section 5.2 that, according to our convention, the iterated
residue at infinity may be obtained by expanding the denominators in terms
of z;/2; with i < j and then multiplying the result by (—1)%. This sign appears
because of the change of orientation of the residue cycle when passing to the
point at infinity. This means that if we compute (6.26) via expanding the
denominators, then the sign in the formula cancels.

Now we are ready to formulate our positivity conjecture.

CONJECTURE. Ezpanding the rational function
[Tn<i(zm — 21) Qa(21, - - -, Za)
I T2 ;n—m(ml m)(zm + zr — 21)

in the domain |z1| < -+ < |zq|, one obtains a Laurent series with nonnegative
coefficients.

This statement clearly implies the nonnegativity of the coefficients of the
Thom polynomial.

At the moment we do not know how to prove this conjecture in general.
However, we observe that the expansion of a fraction of the form (1 — f)/
(1 —=(f+g)) with f and g small has positive coefficients. Indeed, this follows
from the identity

Nt S S A
1-f—-yg 1-f—-yg
Now, introducing the variables a = z1/2z9 and b = 29/z3, we can rewrite the
above fraction in the d = 3 case as follows:
(21 — 22)(21 — 23)(22 — 23) l—a 1-ab 1-b
(221 — 22) (21 4+ 20 — 23)(221 —23) 1—2a 1—2ab 1—b—ab’
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Applying the above identity to the right-hand side of this formula immediately

implies our conjecture for d = 3. As a token reward for having followed our
paper this far, we offer to the reader the rather amusing exercise of proving
the same statement for d = 4.
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