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The Kashiwara-Vergne conjecture and
Drinfeld’s associators

By ANTON ALEKSEEV and CHARLES TOROSSIAN

Abstract

The Kashiwara-Vergne (KV) conjecture is a property of the Campbell-
Hausdorff series put forward in 1978. It has been settled in the positive
by E. Meinrenken and the first author in 2006. In this paper, we study
the uniqueness issue for the KV problem. To this end, we introduce a
family of infinite-dimensional groups KRV, and a group KRV, which con-
tains KRVY as a normal subgroup. We show that KRV, also contains
the Grothendieck-Teichmiiller group GRT; as a subgroup, and that it acts
freely and transitively on the set of solutions of the KV problem SolKV.
Furthermore, we prove that SolKV is isomorphic to a direct product of
affine line A’ and the set of solutions of the pentagon equation with values
in the group KRVY. The latter contains the set of Drinfeld’s associators as
a subset. As a by-product of our construction, we obtain a new proof of the
Kashiwara-Vergne conjecture based on the Drinfeld’s theorem on existence
of associators.

1. Introduction

The Kashiwara-Vergne (KV) conjecture is a property of the Campbell-
Hausdorff series which was put forward in [15]. The KV conjecture has many
implications in Lie theory and harmonic analysis. Let g be a finite-dimensional
Lie algebra over a field K of characteristic zero. The KV conjecture implies
the Duflo theorem [9] on the isomorphism between the center of the universal
enveloping algebra Ug and the ring of invariant polynomials (Sg)?. Another
corollary of the KV conjecture is a ring isomorphism in cohomology H(g,Ug) =
H(g, Sg) (proved by Shoikhet [23] and by Pevzner-Torossian [18]; see [3, §4.2]
for the relation to the KV problem) for the enveloping and symmetric algebras
viewed as g-modules with respect to the adjoint action. For K = R, another
application of the KV conjecture is the extension of the Duflo theorem to germs
of invariant distributions on the Lie algebra g and on the corresponding Lie
group G (see Propositions 4.1 and 4.2 in [15], proved in [5] and [6]).

The KV conjecture was established for solvable Lie algebras by Kashiwara
and Vergne in [15], for g = sl(2,R) by Rouviere in [21], and for quadratic
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Lie algebras (that is, Lie algebras equipped with an invariant nondegenerate
symmetric bilinear form, e.g., the Killing form for g semisimple) by Vergne
[26]. The general case has been settled by Meinrenken and the first author in
[3] based on the previous work of the second author [24] and on the Kontsevich
deformation quantization theory [17].

In this paper, we establish a relation between the KV conjecture and
the theory of Drinfeld’s associators developed in [8]. To this end, we intro-
duce a family of infinite-dimensional groups KRV®,,n = 2,3,..., and a group
KRV3. The group KRVs contains the Drinfeld’s Grothendieck-Teichmiiller
group GRT; as a subgroup and the group KRV as a normal subgroup. We
show that KRV acts freely and transitively on the set of solutions of the KV
conjecture SolKV. Furthermore, the set SolKV is isomorphic to a direct prod-
uct of a line K and the set of solutions of the pentagon equation with values
in the group KRV’;. We make use of an involution 7 acting on solutions of
the KV conjecture to select symmetric solutions of the KV problem, SolKV7.
The set SolKV7 is isomorphic to a direct product of a line and the set of as-
sociators (joint solutions of the pentagon, hexagon, and inversion equations of
[8]) with values in the group KRV'3. The latter contains the set of Drinfeld’s
associators as a subset.

In summary, we solve the uniqueness issue for the KV problem in terms of
associators with values in the group KRV';. As a by-product, we obtain a new
proof of the KV conjecture. Indeed, by Drinfeld’s theorem, the set of Drinfeld’s
associators is nonempty. Hence, the set of associators with values in the group
KRV'; and the set of symmetric solutions of the KV conjecture SolKV7 are
also nonempty. This new proof is based on the theory of associators rather
than on the deformation quantization machine.

An outstanding question which we were not able to resolve is whether or
not the symmetry group of the KV problem, KRV, is isomorphic to a direct
product of a line and the Grothendieck-Teichmiiller group GRT;. A numerical
experiment of L. Albert and the second author shows that the correspond-
ing graded Lie algebras coincide up to degree 16! If correct, the isomorphism
KRV3y =2 K x GRT; would imply that all solutions of the KV conjecture are
symmetric and that all associators with values in the group KRV'3 are Drin-
feld’s associators.

Below we explain the raison d’étre of the link between the Kashiwara-
Vergne and associator theories. One possible formulation of the KV problem
is as follows: find an automorphism F' of the (degree completion of the) free
Lie algebra with generators x and y such that

(1) F:z+yw— ch(z,y),
where ch(z,y) = z +y + [z,y] + ... is the Campbell-Hausdorff series. The
automorphism F' should satisfy several other properties which we omit here.
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Consider a free Lie algebra with three generators x,y, z and define the auto-
morphism F? which is equal to F' when acting on generators z and y and
which preserves the generator z. Similarly, define F?3 acting on generators
y and z and preserving . Furthermore, define F'?2 acting on = + y and z,
and F1?3 acting on = and y + 2. (For a precise definition, see §3.) The main
property of the Campbell-Hausdorff series is the associativity

ch(z, ch(y, z)) = ch(ch(z,y), 2).
We use this property to establish the following formula:

FLR2R23(x 4y +2) = FY%2(ch(z+vy,2))
ch(ch(z,y), 2)

Ch(l', Ch(ya Z))

= F23(ch(z,y + 2))

= F23FLY28(z +y+2).

Hence, the combination
(2) & = (F123)" L (L)1 p23 pl23

has the property ®(z+y+z) = x+y+ 2 which is one of the defining properties
of the group KRV'3. Furthermore, as an easy consequence of (1) and (2), the
automorphism ® satisfies the pentagon equation

(3) PL23PL234p234 _ pl23451234

Equation (3) is an algebraic presentation of two sequences of parenthesis re-
distributions in a product of four objects (a standard example is a tensor
product in tensor categories): the left-hand side corresponds to a passage
((12)3)4 — (1(23))4 — 1((23)4) — (1(2(34)), while the right-hand side to
((12)3)4 — ((12)(34)) — 1(2(34)). The pentagon equation is the most impor-
tant element of the Drinfeld’s theory of associators. Our main technical result
shows that solutions of equation (3) with values in the group KRV'3 admit an
almost unique decomposition of the form (2), and the corresponding automor-
phism F' is automatically a solution of the KV problem (and, in particular,
has the property (1)).

An important object of the Kashiwara-Vergne theory is the Duflo function
J'/2 which corrects the symmetrization map sym : Sg — Ug so that it restricts
to a ring isomorphism on adg-invariants. It is more convenient to discuss the
logarithm of the Duflo function
1 e®/? — /2 1S Be g

()

() fl@) =3

Dk k
2 & k- k!
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where By, are Bernoulli numbers. The function f(x) is even. Consider a for-
mal power series f(z) = f(x) 4 h(x) with h(z) odd. It is known that replac-
ing JY? with JY2(x) = exp(f(x)) in the definition of the Duflo homomor-
phism preserves its property of being a ring isomorphism between Z(Ug) and
(Sg)?. (In the category of Lie algebras, all these isomorphisms coincide.) We
show that Drinfeld’s generators ooxt1,k = 1,2,... (see equation (15)) of the
Grothendieck-Teichmiiller Lie algebra grt; define flows on the set of solutions
of the KV conjecture SolKV and on the odd parts of Duflo functions such that
(ap41 - h)(x) = —x?**+1 (see Proposition 4.10). Hence, all odd formal power
series (the linear term of the Duflo function is not well defined) h(x) can be
reached by the action of the group GRT; on the symmetric Duflo function (4).
This action coincides with the one described in [16] (see Theorem 7).

The plan of the paper is as follows. In Section 2 we introduce a Hochschild-
type cohomology theory for free Lie algebras, compute the cohomology in low
degrees (Theorem 2.8), and discuss the associativity property of the Campbell-
Hausdorff series. In Section 3 we study derivations of free Lie algebras. Again,
we define a Hochschild-type cohomology theory, and compute cohomology in
low degrees (Theorem 3.17). In Section 4 we introduce a family of Kashiwara-
Vergne Lie algebras tv®,, and the Lie algebra rvy and show that the Grothen-
dieck-Teichmdiller Lie algebra grt; injects into trvy (Theorem 4.6). In Section 5
we give a new formulation of the Kashiwara-Vergne conjecture, and we show
that it is equivalent to the original statement of [15] (Theorem 5.8). In Sec-
tion 6 we discuss properties of Duflo functions and show that they can acquire
arbitrary odd parts. In Section 7 we establish a link between solutions of the
KV problem and solutions of the pentagon equation with values in the group
KRVY; (Theorem 7.5). In Section 8 we discuss an involution 7 on the set of
solutions of the KV problem and derive the hexagon equations using this invo-
lution. Finally, in Section 9 we study elements of the group KRV'3 solving the
pentagon equation (3). We compare them to Drinfeld’s associators and give a
new proof of the KV conjecture (Theorem 9.6).
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thanks to the referee of this paper who made a number of important sugges-
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2. Free Lie algebras

2.1. Lie algebras lie,, and the Campbell-Hausdorff series. Let K be a field
of characteristic zero, and let lie,, = lie(zq,...,x,) be the degree completion
of the free Lie algebra over K with generators x1,...,z,. It is the product

o0
fie, = [ tie® (a1, ..., 20),
k=1

where the degree k factor lie® (1,...,2p) is spanned by Lie words consisting
of k letters. In the case of n = 1,2,3 we shall often denote the generators by
T

The completed universal enveloping algebra of lie,, is the degree comple-
tion of the free associative algebra with generators x1, ..., x,, U(lie,) = Ass,.
Every element a € Ass, has a unique decomposition

n
(5) a=ag+ Y (Opa)y,
k=1
where ag € K and (0xa) € Ass,,.

The Campbell-Hausdorff series is the element of Assy defined by the for-
mula ch(z,y) = In(e%e¥), where e® = 3.2, 2% /k! and In(1—a) = — 323°, a* /k.
By Dynkin’s theorem [10], ch(z,y) € lieg and

1
where . .. stands for a series in multiple Lie brackets in z and y. The Campbell-
Hausdorff series satisfies the associativity property in [ies,
(6) ch(z, ch(y, z)) = ch(ch(z,y), 2).
One can rescale the Lie bracket of lies by posing [-,:]s = s[, -] for s € K to
obtain a rescaled Campbell-Hausdorff series,

S
chs(x,y)=x+y+§[$,y]+,

where elements of lie*(z,7) get an extra factor of s*~1. Note that chy(z,y) =
s~tch(sz, sy) for s € K* and chg(z,y) = x + y. The rescaled Campbell-
Hausdorff series chg(x,y) satisfies the associativity equation,

chs(z,chs(y,2)) = s~ !ch(sz,ch(sy,sz))
s~ ch(ch(sz, sy), sz)
= chs(chs(z,9), 2).

Remark 2.1. Let g be a finite-dimensional Lie algebra over K. Then, every
element a € lie, defines a formal power series ay on g" with values in g. For
instance, the Campbell-Hausdorff series ch € lies defines a formal power series
chg on g2 with rational coefficients. For every finite-dimensional Lie algebra g,
this power series has a nonvanishing convergence radius (see, e.g., Lemma 9.1

in [2]).
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2.2. The vector space tr,. For every n, we define a graded vector space
tr,, as a quotient

tr, = Ass; /{(ab —ba);a,b € Ass,).

Here Ass,” = [[22; Ass®(z1,...,2,), and ((ab—ba);a,b € Ass,) is the K-linear
subspace of Ass," spanned by commutators. One can think of tt,, as a K-vector
space spanned by cyclic words in letters x1,...,x,. The product of Ass, does
not descend to tr,, which only has a structure of a graded vector space. We
shall denote by tr : Ass,, — tt, the natural projection. By definition, we have
tr(ab) = tr(ba) for all a,b € Ass,, imitating the basic property of trace.

Ezample 2.2. The space tr; is isomorphic to the space of formal power
series in one variable without constant term, tv; = zK[[z]]. This isomorphism
is given by the following formula:

F@) =" fuz® = 3 futr(a).
k=1 k=1

In general, graded components ttﬁ of the space tv,, are spanned by words
of length k modulo cyclic permutations.

Example 2.3. For n = 2, tvd is spanned by tr(z) and tr(y), tv3 is spanned
by tr(z2), tr(y?), and tr(zy) = tr(yz), t3 is spanned by tr(z?), tr(z?y), tr(zy?),
and tr(y?®), tv3 is spanned by tr(z?), tr(23y), tr(z?y?), tr(zyzy), tr(ry?), and
tr(y*), etc.

Remark 2.4. Let g be a finite-dimensional Lie algebra over K, p : g —
End(V') be a finite-dimensional representation of g, and a = Y 22, ar € tv,
an element of tr,. We define p(a) as a formal power series on g" such that
p(tr(zi, ... xi)) = Try(p(zi,) - - . p(zi,)) for monomials, and this definition ex-
tends by linearity to all elements of tt,,.

2.3. Cohomology problems in lie,, and tv,. For alln =1,2,..., we define
an operator 0 : lie,, — lie, 11 by the formula

(7) (61, Tnt1) = flz2,23, .., Tpg1)
+ Y (D) (@, T Tig1s - Tag)
i=1
+ (=) f(xy,.xp).
It is easy to see that 62 = 0.

Remark 2.5. The differential ¢ originates from the fact that lie, (for dif-
ferent n) form a cosimplicial vector space, with coface maps being the terms
in (7) and codegeneracy maps s; for i = 1,...,n given by

(Sif)(ﬂjl, ceey $n,1) = f(xl, ey i1, 0,xi+1, ey $n,1).
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Here f € lie, and s;(f) € lie,—1. In this paper, we do not make use of the
codegeneracy maps.

Ezample 2.6. For n =1 and f = ax € lie; 2 K, we have

(0f)(xy) = fy) = fle+y)+ f(z) =0.
For n = 2, we get
O0f) (@, y,2) = f(y,2) = f(x +y,2) + flz,y + 2) — f(=z,y).

One can also use equation (7) to define a differential on the family for
vector spaces tv,. By abuse of notations, we denote it by the same letter,
0 te, =ttty

Ezample 2.7. For n = 1, we have

(6)(x.y) = tr(a® +¢* — (@ +y)")

for f(x) = tr(z*). Note that the right-hand side vanishes for k¥ = 1 and that
it is nonvanishing for all other k =2,3... .

The following theorem gives the cohomology of § in degrees n =1, 2.

THEOREM 2.8. In degrees one and two, the cohomology of complexes
(liey,, 0) and (tvy,d) are given by

H'(lie,d) = ker (8 : lieg — lieg) = feq,
Hl(te,6) = ker(d:trg — trg) 2K tr(z),
H2(le,d) = [Klr,y)),

H2(te,6) = 0.

The proof of Theorem 2.8 is deferred to Appendix A.

2.4. Applications. In this section we collect two simple applications of the
cohomology computations of Theorem 2.8.

PROPOSITION 2.9. Let s € K, and let x € lieg be a Lie series of the form
x(x,y) =x+y+ 5[,y +..., where ... stand for a series in multibrackets.
Assume that x is associative; that is,

x(w, x(y, 2)) = x(x(z,9),2) € les.

Then, x coincides with the rescaled Campbell-Hausdorff series, x(z,y) =
chg(x,y).

Proof. The Lie series x and chy coincide up to degree 2. Assume that they
coincide up to degree n—1, and let x = 7%, x,, with x,(z,y) a Lie polynomial
of degree n. The associativity equation implies the following equation for x,,:

Xn(T,y + 2) + Xn (Y, 2) = Xn(2,Y) — Xu(T +y,2) = F(x1(2,9), .- ., Xn-1(2,9)),
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where F is a certain (nonlinear) function of the lower degree terms. By the
induction hypothesis, the lower degree terms of y and chg coincide. Further-
more, the equation for x, has a unique solution since the only solution of the
corresponding homogeneous equation dy, = 0 for n > 3 is x, = 0. Hence,
Xn = (chg), and x = chs. O

Similar to the differential §, we introduce another differential § acting on
lie,, and tv,:

8) (0@t Tng1) = f(22, 23, ., Tnp1)
+Z $1,...,Ch(l‘i,l‘i+1),...,l‘n+1)

+ (— )nJrlf(JIl, . ,xn).

Again, 62 = 0, but in contrast to §, & does not preserve the degree. In the
following proposition we compute the cohomology of d for n = 1, 2.

PROPOSITION 2.10.

H'(lie, )

H'(tr, )
H?(lie,6) = 0,

H(tr, 0)

The proof of this proposition can be found in Appendix A.

0,
ker (6 : tt; — tr3) 2 K tr(x),

Oq:

R
I

Remark 2.11. For every s € K, one can introduce a differential bs by
replacing ch(x,y) with chy(z,y) in formula (8). We have &, = § and dy = 4.
Proposition 2.10 applies to all s # 0. Note that H'(tt,d,) = Ktr(z) and
H2(tr,6,) = 0 for all s € K (including s = 0).

3. Derivations of free Lie algebras

3.1. Tangential and special derivations. We shall denote by 0Oet,, the Lie
algebra of derivations of lie,. An element u € 0et, is completely determined
by its values on the generators, u(x1),...,u(x,) € lie,. The Lie algebra det,
carries a grading induced by the one of lie,.

Remark 3.1. Let g be a finite-dimensional Lie algebra. Then, to every u €

det,, one can associate a formal vector field ug on g" such that ug(z1,...,2,) =
(u(z1)g, .- ,u(xn)g). Here u(xy),...,u(z,) are elements of lie,, z1,...,2, € g,
and we define formal power series u(x1)g,...,u(zy)g on g" with values in g as

in Remark 2.1. The map u + u,4 is a Lie homomorphism.
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Definition 3.2. A derivation u € der), is called tangential if there exist
a; € liep,i =1,...,n such that u(z;) = [z, a;].

Another way to define tangential derivations is as follows: for each ¢ =
1,...,n there exists an inner derivation u; such that (v — u;)(z;) = 0. We
denote the subspace of tangential derivations by tdet,, C det,,.

Remark 3.3. Let pg : lie,, = K be a projection which assigns to an element
a =} \MTr+..., where “...” stand for elements of degree greater than one,
the coefficient \; € K. Elements of tdet,, are in one-to-one correspondence with
n-tuples of elements of lie,, (a1, ..., a,), which satisfy the condition pg(ax) =0
for all k. Indeed, the kernel of the operator ad,, : a — [z, a] is exactly Kxy.
Hence, an n-tuple (ay, ..., a,) defines a vanishing derivation u(zy) =[xk, ar] =0
if and only if ap € Kz for all k. By abuse of notation, we shall often write

u=(ay,...,an).
PROPOSITION 3.4. Tangential derivations form a Lie subalgebra of Oety,.

Proof. Let u= (a,...,a,) and v = (by,...,b,). We have

[u, v](zr) = u([zk, b)) — v([zk, ar])
= [[zk, ar), b] + [zk, w(bp)] — [Tk, bk], ar] — [k, v(ar)]
= [zk, u(bk) — v(ak) + [ak, bi]]

which shows [u, v] € tet,,. O

One can transport the Lie bracket of tdet,, to the set of n-tuples (a1, ..., ay)
which satisfy the condition pg(ax) = 0. Indeed, put the kth component of the
new n-tuple equal to u(by) — v(ag) + [ag, bx]. This expression does not contain
linear terms, and in particular it is in the kernel of py.

Definition 3.5. A derivation u € tder,, is called special if u(z) = 0 for
T =35 Ti
We shall denote the space of special derivations of lie, by soOet,. It is

obvious that sver,, C toer, is a Lie subalgebra. Indeed, for u,v € soet,, we
have [u,v](z) = u(v(z)) — v(u(z)) = 0 and, hence, [u,v] € sdet,.

Remark 3.6. Thara [14] calls elements of sdet,, normalized special deriva-
tions.

Ezample 3.7. Consider r = (y,0) € tdery. By definition, r(x) = [x,y],
r(y) = 0. Note that r(z + y) = [z,y] # 0 and r ¢ sdero. Consider another
element ¢t = (y,xz) € tdery. We have t(z) = [z,y],t(y) = [y, 2] and t(x +y) =
[z,y] + [y, ] = 0. Hence, t € sders.
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3.2. Cosimplicial maps and cohomology. We shall need a number of Lie
algebra homomorphisms mapping toet,—; to toer,. First, observe that the
permutation group S, acts on lie,, by Lie algebra automorphisms. For o € .S,,,
we have a — a” = a(z,(1), - - -, To(n)). The induced action on tdev, is given by
the formula

u=(ay,...,an) —

u’ = ug(l)""’g(n) = ((10.—1(1)(580.(1)7 R ,xg(n)), e Qg=1(p) (330(1), e, Jjo(n)))

Ezample 3.8. For u = (a(z,y),b(x,y)) € tdery, we have

’UJ271 = (b(y, l’), a(y’ IE)),

where 0 = (21) is the nontrivial element of S;. In the same fashion, for
U= (G(.ﬁlf, Y, Z)a b(x7 Y, Z), C(.%', Y, Z)) € toers, we have

US’LZ = (b(Z, €T, y)a 6(27 €T, y)’ a(Z, Z, y))

Similar to lie,, we define coface maps by the following property. For
u = (a1,...,an_1) € tder,_1 define ub>""1 = (a1,...,a,_1,0) € ter,. It
is clear that the map u + u"? "1 is a Lie algebra homomorphism. We
obtain other Lie homomorphisms maps by composing with the action of S, on
toer,. Note that they map special derivations to special derivations. Indeed,

for u € sdery,—1 and x = >_1* | x;, we compute

n—1
al 2 ) = 3 ] = 0
i=1
which implies u1? "1 € sder,,.

Ezample 3.9. For u = (a(z,y),b(x,y)) € tdery, we have
ul? = (a(z,y),b(z,y),0) € ez and u™* = (0,a(y, 2),b(y, 2)).

For instance, for 7 = (y,0) we obtain 7% = (y,0,0),7%3 = (0,2,0),r"® =
(2,0,0).

PROPOSITION 3.10. The element r = (y,0) € tdevy satisfies the classical
Yang-Bazter equation in tders,

[T1’2, 7n1,3] + [7“1’2, T‘2’3] + [’I”I’S, 7“2’3] =0.

Proof. We compute

[T172a 7‘1’3] = [(ya 0, O)a (za 0, 0)] = ([ya Z]a 0, 0)7
[711727 7“2’3] = [(ya 0, 0), (07 Z, 0)] = _([3/, Z]? 0, 0)7
(13, r%3] = [(2,0,0), (0, 2,0)] = 0.

Adding these expressions gives zero, as required. O



THE KASHIWARA-VERGNE CONJECTURE AND DRINFELD’S ASSOCIATORS 425

Next, consider t = (y,x) € sdery. By composing various coface maps we
obtain n(n — 1)/2 elements of t*/ = /' € tder, (1 < 4,5 <n and i # j) with
nonvanishing components x; at the jth place and x; at the ith place.

PROPOSITION 3.11. Elements t%J € sder,, span a Lie subalgebra isomor-
phic to the quotient of the free Lie algebra with n(n — 1)/2 generators by the
following relations:

(9) [, ¢ =0
fork,l#14,j and
(10) [t47 50 19k = 0

for all triples of distinct indices i, j, k.

Remark 3.12. We denote by t,, the (degree completed) Lie algebra with
generators ¢t/ = t5% with 1 < i,j < n and i # j defined by relations (9)
and (10). Note that ¢ = Y j<jcj<nt™ is a central element of t,. Indeed,
[t47, ] = Spoti kg [t59, 1% + 9% = 0. Tt is known (see [8, §5]) that

ty b, @ lie(th™, ... b,

where the free Lie algebra lie(t%", ... " 5") is an ideal in t, and t, 1 C t, is a
complementary Lie subalgebra spanned by t*/ with i, j < n . In particular, t, =
Kt!2 is an abelian Lie algebra with one generator, and t3 & ty @ He(t!3,123).
In fact, ad;1.2 is an inner derivation of fe(t!3,¢%3). For any a € le(t!3,¢23),
we have

(42, a) = [tY? — ¢, a] = —[t"3 + 22, d],
and t3 2 Kc @ lie(t!3,123).

Proof. First, we verify the relations (9) and (10). The first one is obvious
since the derivations #*/ and t*! act on different generators of lie,. For the
second one, we choose n = 3 and compute [t!2 + ¢1:3 23]

[t1727t273] = [(y,:c,O), (0727:9)] = (_[ya Z]’ [x,z], [yﬂ:]),

[t1737t273] = [(Z,O,ZL‘), (O,Z,y)] = (—[z,y], [Zwr]» [x7y])

Adding these expressions gives zero, as required. We obtain the relation (10)
for other values of i, j, k by applying the S,, action to replace 1,2,3 by ¢, j, k.
Hence, the expressions "/ define a Lie algebra homomorphism from t,, to sdet,,.
We prove that it is injective by induction. Clearly, the map t, = Kt"2 — sdety
is injective. Assume that the Lie homomorphism t,_; — tdetr,_1 is injective.
Let a € t,, a = a' + a”, where ' € t,_1 and a” € lie(t™,... " b"). We
denote by A’ and A” their images in sdetr,. Observe that A'(z,) = 0 since
A’ is a derivation acting only on generators x1,...,T,_1. It is easy to check
that A”(z,) = [zp,ad”(x1,...,25-1)], where a”’(x1,...,2,-1) is obtained by
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replacing the generators t%" by z; in a”(t5",... "~ b"). Assuming A = A’ +
A" = 0, we have A(z,) = 0 which implies A”(z,,) = 0 and a” = 0. Then,
a=a €t,_1 and A =0 implies a = 0 by the induction hypothesis. O
PROPOSITION 3.13. The element ¢ = Y 1<icj<n thJ belongs to the center
of svet,.
Proof. First, note that c(z:) = Y j4[vi, x;] = [z;,2] for z = Y7 z;.
Hence, c is an inner derivation, and for any a € lie, we have c(a) = [a, z]. Let

u=(ay,...,a) € sver, and compute for 1 < k < n the kth component of the
bracket [c, u]:

clar) —ud_m) + > [ ar) = lag, 2] + ulzp) + Y[, ax]
ik itk itk
= [ak, 2] + [z1, ax] + Z[ﬂﬁi,ak]
i#k
= lag, z] + [z,ax] = 0.
Here we have used that u(z) = 0 for u € sdet,,. O

Another family of coface maps is constructed in the following way. For

u=(ay,...,ap—1) € t0er,_1, we define
w23 = (ay (21 + T2, T3, . . ., T,
ay(xy + xo, 3, ..., xy),
az(z1 + x2, 3, ..., Ty),
.
an—1(x1 + T2, T3, ..., Ty)).

One uses the action of the permutation groups on tder,_; and on t0et, to
obtain other coface maps.

Ezample 3.14. For n = 2 and u = (a(z,y),b(z,y)), we have

ul?3 = (a(x +, z), a(:U + v, z), b(x + v, Z))
and
uh? = (a(x,y + 2),b(z,y + 2),b(z, y + 2)).

These maps are Lie algebra homomorphisms. Let u = (a,b) € tdery and

compute u'?3(x +y) = [z + y,a(z + v, 2)] and u'?3(2) = [z,b(z + ¥, 2)].

Hence, for any f € liea we obtain u!'?3(f(z +vy,2)) = (u(f))(z + v, z). For

u = (a1,b1),v = (az, by) € Wery, we compute [u'?3 v123] = (¢1, ca, c3), where

€1 =C = u12,3(a2(‘%‘ +y, Z)) - v12’3(a1(ac +v, 2)) + [al(x + Y, Z),CZQ(.’B + Y, Z)]
= (u(az) — v(a1) + la1, az))(z + ¥, 2),
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c3 = ul?3(bo(z + y,2)) — 023 (by(x + y,2)) + [bi(x + y, 2), ba(z + y, 2)]
= (u(b2) —v(b1) + [b1, b2])(z +y, 2).

w123, 123

Hence, | = [u,v]'%3. As before, coface maps map special derivations

to special derivations. For u € sdev,_; and x = 7' | z;, we compute
um’g"”’"(:r) = [r14+x2,a1(z1+x2, ..., Tn)]+ - +[Tn, an-1(x1+22,...,2,)] =0
which implies u!23" € sder,,.

Example 3.15. For r = (y,0) € tdery, we have r'23 = (z,2,0) = rb3 4923

and 123 = (y 4+ 2,0,0) = r12 4 13, Similarly, for ¢t = (y, ) € tdery, we have
t123 = (2, 2,0 +y) = t13 + 23 and t12 = (y + 2,2, 2) = t12 + 13,

Let u = (a1,b1) € sdety and v = (ag, by) € tders. Then, [ul? v123] = 0.
Indeed, note that u? acts by zero on lie(x + y, z) and v'%3 acts as an inner
derivation with generator az(x + y, z) on lie(x,y). We compute

[u"?,0127) (2) = u"?([2, (@ + y, 2)]) — 07 ([, a1 (2, y)])
= [[z,a1(z,y)], a2(z +y, 2)] — [z, a1(z,y)], a2(z + 9, 2)] = 0
and similarly [u!?, v'23](y) = 0. Finally,
[ub? 0123 (2) = ub?([z, ba(x + y, 2)]) = 0.

In general, for u € sdet,, v € et 1, we have [ul2-n pl2-nntl.ntm) —

12..n,n+1,...,n+m

in ety 1. Here v is obtained from v by applying the coface

map (n — 1) times.
We define a differential d : toet,, — tdet, 1 by the formula

du = u2,3,..‘,n+1 _ u12,...,n,n+1 4t (_1)nu1,2,...,n(n+1) + (_1)n+1u1,2,...,n'
It is easy to check that d squares to zero, d2 = 0.

Example 3.16. For u € tery we get du = u?? — w23 + 4123 — 412, For

u € ers we obtain du = w34 — 1234 4 1,234 _ 1,234 4 123,

We shall compute the cohomology groups
H"(toer,d) = ker(d : tder,, — tder,,41)/im(d : tder,—1 — tdety,)
for n = 2, 3.
THEOREM 3.17.
H?(tver,d) = ker(d : tery — tder3) = Kr @ Kt,
H3(@er,d) = K[(0, [z, z],0)],
where r = (y,0),t = (y, x).
For the proof of Theorem 3.17 we refer the reader to Appendix A.
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3.3. Cocycles in tr,. The action of Oetr,, extends from lie,, to Ass, and
descends to the graded vector space tv,. For u € der,, and a € tv, we denote
this action by u - a € tr,.

Ezample 3.18. Let r = (y,0) € tderg and a = tr(zy) € tra. We compute
rea=tr(r(z)y +zr(y)) = tr(fz, yly) = tr((zy —yz)y) = 0.

We shall be interested in 1-cocycles on the subalgebra toer,, with values
in tv,. That is, we are looking for linear maps « : tder,, — tv,, such that

u-a(v) —v-alu) —a(lu,v]) =0
for all u,v € tder,.

ProPOSITION 3.19. Foralln > 2 andk =1,...,n, the map ay : tder,, —
te, defined by formula oy : uw = (a1, ...,a,) — tr(ag) is a 1-cocycle of the Lie
algebra toer,, with values in tt,.

Proof. Note that «j vanishes on all elements of degree greater or equal

to two. Hence, ai([u,v]) = 0 for all u,v € toer,,. Let u = (ay,...,ay) and
v = (b1,...,by). Then, u-ax(v) = u-tr(by) = tr(u(by)) = 0 since u(by) is of
degree at least two, and similarly v - ag(u) = tr(v(ag)) = 0. O

PrOPOSITION 3.20. The map div : tdev, — tv, defined by the formula
div:u = (a1,...,an) = Y p_; tr(zk(Orar)) is a 1-cocycle.

Proof. On the one hand, we get
u-div(v) — v - div(u Z tr ( (ZL‘k 8kbk)> — ’U(:L‘k(akak)))
=Y & ([:ck, ar] (Obr) + 2ku(Okbr) — (21, br] (Opar) — xkv(akak)).

k=1

On the other hand, we obtain,

div([u,v]) =

M:

tr (wkak( (br) — v(ag) + [ax, bk]))
tr (q;kBk(u(Zn: O;by, J’"L) — U(zn: d;ax) l‘]) ak,bk]))
1 i=1 j=1

tr ($k8}g(z ( 8 bk sz 8 bk)[xl’ al])

1 =1

(v(9an)x; + (05ar) x5, b)) + [ax, bk]))

B
Il
—

Il
NE

B
Il

Il
NE

T

|

1

J
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Il
NE

tr (xk (u(@kbk) — (Opbr)ay, + zn:(aibk)xi(akai)

i=1

B
Il
—

— v(@kak 8kak b — Z 8 ag wj 8kb +ak(8kbk) — bk((?kak)))
J=1

I
M=

tr (xk (u(@kbk) - (8kbk)ak — v(akak)

e
Il
—

+ (Okar)by + ar(Okbr) — bk(akak)»
=u-div(v) — v - div(u),

proving the cocycle condition. Here we have used the definition of 0 operators
(see equation (5)) and the fact that ax, = Y71 (9jax)z; and by, = Y1 (0;by) ;.
O

The divergence cocycle transforms in a nice way under simplicial and co-
product maps. For u = (ay,...,a,) € tder,, we have

div(ub?") = Ztr(wi(@-ai)) =div(u)(z1,...,Tn).
i=1
For div(u'?+"*1), we compute

div(u12""’"+1) =tr (ZL‘1 (alal(xl + 29, ... )) + 29 (82&1(:171 +T9,... )))

n+1

+ Z tr (l‘k (akak,1($1 + x9,. .. )))
k=3
=tr ((1‘1 + .%'2)(81&1)(.%’1 + 29, .. )

+ 3 w1 (Ohar) (21 + 23, ) )
k=2

= (div(u)) (21 + 22,73, ..., Tnt1).
PROPOSITION 3.21. div(du) = §(div(u)).
Proof. We compute
div(du) = div(u? ") — div (w2 44 (= 1) div (uh )
= div(u)(z2, ..., 2n41) — div(u) (@1 + 22, .., Tng1) + -
+ (1) div(u) (21, . .., 20)
= §(div(w)). O

Remark 3.22. Let g be a finite-dimensional Lie algebra, u € toet,, a tangen-
tial derivation, ug the corresponding formal vector field on g",div(u) € tr,, the
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divergence cocycle, ai(u) € tr, cocycles of Proposition 3.19, and ad(div(u)),
ad(ag(u)) formal power series on g" defined by the adjoint representation of g
(see Remark 2.4). Denote by div the divergence of the vector fields on g" with
respect to the Lebesgue measure. Then, it is easy to show that

div(ug) = ad (div(u)) - z": ad (ak(u))
k=1

In view of this relation, it would be more logical to call “divergence” the co-
cycle div — >"}_, ay, but it would have made notation in the rest of the paper
much heavier.

4. Kashiwara-Vergne Lie algebras

4.1. Definitions. In this section we introduce a family of subalgebras of
s0er, called Kashiwara-Vergne Lie algebras.

Definition 4.1. The Kashiwara-Vergne Lie algebra tv®,, C sdet,, is a Lie
subalgebra of special derivations spanned by elements with vanishing diver-
gence. For n = 1, we define £rv’; = {0} C sder; = K.

Remark 4.2. The divergence cocycle defines an extension tr,, of the trivial
toer,, module by the module tr,. As a graded vector space, &n = Kc & try,,
where ¢ is a generator of degree zero. The action of tdetr,, on c¢ is given by
u-c¢ = div(u). By restriction, sder, acts on En, and tro?,, C sder, is the
stabilizer of ¢ for this action.

Ezample 4.3. The element t = (y, ) € sdevy is contained in £ev%. Indeed,
we have a(z,y) = y,b(x,y) = x, and 0,a = 0yb = 0, which implies div(t) = 0.

Coface maps restrict to tro’, subalgebras. Indeed, for u € sdet,, the
condition div(u) = 0 implies div(u>?") = 0 and div(u!?3n1) = 0.

Ezample 4.4. Since t € tro’s, we have t12, 113 123 € £rv’5 and
(112, %%) = ([y, 2], [z, 2], [2,]) € teo’3.

Observe that for n = 2, the subspace ker(d) = im(d) C tro is annihilated
by the action of sdete. Indeed, for u = (a,b) € sdere and tr(f) € try, one has

w(dtr(f)) = u(tr(f(z)) +tr(f(y)) —tr(f(z +y))) = tr([f(2), a] +[f (), b]) = 0.
Let troy C sderg be the normalizer of the subspace Ke @ ker(d). That is,
trog := {u € sdery, div(u) € ker(6)}.

Obviously, this is a Lie subalgera of sdetp containing tv’;. Moreover, for
u,v € £rvy, one has div([u, v]) = u-div(v)—v-div(u). Hence, [Etoy, trog] C Erols.
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For every u € frvy there exists an element tr(f) € tr; such that div(u) =
tr(f(z) — f(x +y) + f(y)). By Theorem 2.8, such an element is unique if we
choose it in the form f(z) = 72, frz®. By abuse of notation, we denote by
f : trog — K[z] the map f : u — f and by fi : trvg — K for k£ > 2 the maps
Jeru fi.

PROPOSITION 4.5. Let u € ttvy. Then, div(u) = 6(f) with
f=> ftr(a")
k=3

odd, and Taylor coefficients fr,k = 3,5,... are characters of tro,.

Proof. Let u € troy with divergence div(u) = tr(f(x) — f(z +y) + f(v)),
where f(z) = 3.2, frz®. Consider the bigrading of tto by the number of
x’s and y’s in the cyclic word. Then, the degree (1,n — 1) component of
"=1). The corresponding
contribution in div(u) is equal to —nf,. Since u = (a,b) € frva, we have
u(z +y) = [r,a] + [y,b] = 0. Consider terms linear in = in both a and b.
First, observe that for m > 1, the degree (1, m) component of b vanishes since
adZ”l(x) ¢ im(ad;). In particular, this applies to all m odd.

Next, note that for m odd, the degree (1, m) of a vanishes since in this
case [r,ady’(v)] ¢ im(ady). Indeed, let m = 2s + 1. The subspace of liez of
bidegree (2,2s) has a basis zj 25— = [ad];(x),adzs_k(x)] for k=0,...,s — 1.
By applying ad, to an element ZZ;%) AkZk,2s—k We obtain an element z =
Y h—0 M2k 2s+1—ks Where pg = Ao, pp = Ag—1 + A for k = 1,...,5s — 1 and
s = As—1. Observe that 325 _(—1)* g = 0, which is a necessary and sufficient
condition for z € im(ad,). We conclude that z02s+1 = [7,ad}’(7)] ¢ im(ady),
as required.

We conclude that div(u) = tr(zdya + ydyb) does not contain terms in
degree (1,m) for m odd, and f; = 0 for all K = m + 1 even. Finally, Tay-
lor coefficients of f are characters of £rvy since they vanish on £rv% and on
[EtUz,EtUQ] C EtUOQ. |

tvy is one-dimensional, and it is spanned by tr(zy

4.2. The Grothendieck-Teichmaller Lie algebra. Recall that the Grothen-
dieck-Teichmiiller Lie algebra grt; was defined by Drinfeld [8] in the following
way. It is spanned by derivations (0,1)) € tdery which satisfy the following
three relations:

(12) Y(@,y) + ¥y, 2) +(z,2) =0

for  +y 4+ z = 0 (that is, one can put z = —x — y), and
(13) ¢(t1’2, t2’34) + Q!)(1;12,37 753,4) — 1/)(t2’3, t3’4) + ¢(751’23, t23’4) + ¢(7§1’2, t2’3),
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where the last equation takes values in the Lie algebra t; and t123 = ¢12 413,
etc. Note that defining equations of grt; have no solutions in degrees one and
two. The Lie bracket induced on solutions of (11), (12), and (13) is called
Thara bracket:

(11, Y2l = (0,91)(vb2) — (0,%2) (¥1) + [¢h1, 92].

THEOREM 4.6. The map v : ¢ — (Y(—x — y,z),¥(—x — y,y)) is an
injective Lie algebra homomorphism mapping grt; to tros.

We split the proof of Theorem 4.6 into several steps.

PROPOSITION 4.7. Let ¢ € gtt;. Then, ¥ = v(¢) € tdery verifies the
following equation in tdevs:

(14) d¥ = o (th2,¢23).
We defer the proof of this proposition to Appendix B.
PROPOSITION 4.8. im(v) C tro,.
Proof. Using equation (14) we compute
§(U(z+y) = @U)(z+y+2) =yt )z +y+2)=0

because t12, 133 € sders. Since U € tders is of degree at least three, ¥(z + y)

is of degree at least four, and by Theorem 2.8 this implies ¥(x + y) = 0 and

U € sderp. Note that this reproduces the result of Proposition 5.7 in [8].
Similarly, we compute

§(div(¥)) = div(d¥) = div(y(th?, %)) = 0

since t52,#%3 ¢ frv’;. By Theorem 2.8, this implies div(¥) € im(§) and
U € tro,. O

PRrROPOSITION 4.9. v : grt; — ftvy is a Lie algebra homomorphism.
Proof. Let 1,12 € gtty and compute (a,b) = [v(¢1), v(2)]:
a(xvy) = V(¢1)(¢2(_x - yv‘r)) - V(1/12)(1/)1(—33 - y,ﬂ?)
+ [¢1(_$ - Y, .f), 1/}2(_'%' - Y, x)]
= ((0,91)(¢2) — (0,92)(¥1) + [¥h1,¢2]) (-2 — y, @),
where we used that v(v1),v(2) € sdery. Similarly, we have
b(z,y) = v(¥1)(Y2(—z — y,y)) — v(¥2) (U1 (-2 — ¥, y)
+ [h1(=z =y, y), Yo(—2 — y,y)]
= ((0,91)(¥2) = (0,42) (1) + [¥1, ¢2]) (=2 — 9, 9).
In conclusion, [v(11),v(¥2)] = v([11,¥2]m), as required. O



THE KASHIWARA-VERGNE CONJECTURE AND DRINFELD’S ASSOCIATORS 433

This observation completes the proof of Theorem 4.6.
It is known [14], [8] that there exist elements 09,11 € gtt; of degree 2n+1

foralln =1,2,.... Modulo the double commutator ideal [[liea, lies], [lieq, liea]],
02n+1 has the following form:
2n
_ (2n +1)! k-1, 12n—k
(15) O2n+1 = kz::l m ad;” " ad," [z, .
PROPOSITION 4.10. Forn > 1, fov(og,s1) = —2"*L.

Proof. Equation (15) implies that the degree (1,2n) part of a(z,y) =
o(—x—y, ) is equal to (2n+1) adfl” x, and the degree (1,2n) part of b(x, y)
o(—x — y,y) vanishes. Hence, the degree (1,2n) component of div(v(c2,+1))
is equal to (2n + 1) tr(xy?"), and

div(v(o2n41)) = = tr(@® ! — (2 + )T 4?0 = g tr(@® ),

which implies f(v(oan+1)) = _gp2ntl .

Theorem 4.6 shows that €rvs is infinite-dimensional, and Proposition 4.10
implies that characters fi,k = 3,5,... are surjective. The Lie algebra tro
contains a central one-dimensional Lie subalgebra Kt for ¢t = (y,z) and a Lie
subalgebra isomorphic to the Lie algebra grt;. This observation suggests the
following conjecture on the structure of £rvs.

CONJECTURE. The Lie algebra trvo is isomorphic to a direct sum of the
Grothendieck- Teichmiiller Lie algebra gety and a one-dimensional Lie algebra
with generator in degree one, rvy = Kt @ grt,.

Remark 4.11. The Deligne-Drinfeld conjecture (see [8, §6]) states that grt;
is a free Lie algebra with generators og,41 for n = 1,2,.... In [20], Racinet
introduced a graded Lie algebra dmtj related to combinatorics of multiple zeta
values. A numerical experiment of [11] shows that up to degree 19 the Lie
algebra dmry coincides with grt; and is freely generated by og;+1’s. Recently,
Furusho showed (see [13]) that there is an injective Lie homomorphism grt; —
omrp. A numerical computation by Albert and the second author [1] shows
that up to degree 16 the dimensions of graded components of rvo coincide
with those of Kt @ lie(o3,05,...) (up to degree 7, the computation has been
done by Podkopaeva [19]). Since Kt @ v(grt;) C frvy, we conclude that the
conjecture stated above is verified up to degree 16.

5. The Kashiwara-Vergne problem

5.1. Automorphisms of free Lie algebras. Recall that one can associate
a group G to a positively graded Lie algebra g = [z gr with all graded
components of finite-dimension. G coincides with g as a set, and the group



434 ANTON ALEKSEEV and CHARLES TOROSSIAN

multiplication is defined by the Campbell-Hausdorff formula. If g is finite-
dimensional, G is the connected and simply connected Lie group with Lie
algebra g. Even for g infinite-dimensional we shall denote the map identifying
g and G by exp : g — G and its inverse by In : G — g. Then, the definition of
the group multiplication in G reads: exp(u)exp(v) = exp(ch(u,v)).

Lie algebras toet,,, s0et,,, {%tnon, and €rvy introduced in the previous section
are positively graded, and all their graded components are finite-dimensional.
Hence, they integrate to groups. We shall denote these groups by TAut,,
SAut,, KRV?,, and KRV3, respectively. The natural actions of tdet,, sdet,,
trvY,,, and €rvy on le, and on tr, lift to actions of the corresponding groups

given by the formula

> 1

exp(u)(a) = Y - u"(a)

n=0
for a € lie, or a € tv,, where u"(a) is the n-uple iterate of the derivation u
on a. Note that the group TAut, consists of automorphisms g of lie, with
the property that the action of g preserves conjugacy classes of generators
z; for ¢+ = 1,...,n. That is, for each i = 1,...,n, there exists an element
g; € exp(liey) such that g(z;) = g; Y2:9i. Furthermore, the group SAut,, is the
subgroup of TAut,, preserving z = > | z;.

The representation of tder, on tr, defined by the divergence cocycle (see
Remark 4.2) lifts to a representation of TAut,. It defines an additive group
cocycle j : TAut,, — tr, given by the formula j(g) = g - ¢ — ¢. It verifies the
cocycle condition

(16) Jlgh) = 3(g9) +g-i(h)
and has the property
(17) % Jj(exp(su))|s=o = div(u).

In the case of vector fields on a manifold, a multiplicative cocycle integrating
the divergence is called Jacobian. The letter j stands for Jacobian cocycle
(more precisely, for the logarithm of the Jacobian cocycle since j is additive).

Equation (16) for h = g~! implies j(¢7!) = —¢g~! - j(g9). Together, equa-
tions (16) and (17) give the following differential equation for j:
%j(exp(su)) = div(u) + u - j(exp(su)).
Given the initial condition j(e) = 0, we obtain
jlexp(u) = “ - div(w)

The action of TAut, on tr, restricts to an action of SAut,. The group
KRVY,, is the stabilizer of ¢ for this action. Similarly, the group KRV is the
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normalizer of the subspace Ke @ ker(d) C tro. In particular, for g € KRV,, we
have j(g) = g-c— ¢ € ker(d) = im(d) C tro. Note that for any g € SAuty and
f € try, we have g-d(f) = §(f) since the action of g preserves conjugacy classes
of x and y and stabilizes = + y. Hence, we obtain a more explicit description
of

KRVy = {g € SAuts; j(g) € ker(d)}.

5.2. Scaling transformations. For 0 # s € K, consider an automorphism
A; of the free Lie algebra lie,, such that Ag: x; — sx; foralli =1,...,n. We
have Ay, Ag, = Agy sy, (As)™1 = Ay1, and Ay = e. For example, we compute

Ag(ch(z,y)) = ch(sz, sy) = schs(z,y).

Note that for g € TAut,, an automorphism g5 = A;gA; " is also an element of
TAut,. Indeed, g(x;) = gi(x;) = e®x;e”?, where g; is an inner automorphism
of lie,, given by conjugation by e® for a € lie,. Then,

gs(xi) = AsgAs_l(:Ui) = s_lAsg(:rZ-) = eAS(a)xie_As(a),

proving gs € TAut,. Moreover, since as = Ag(a) is analytic in s with ag = 0,
we conclude that g, is also analytic in s with g9 = e. We shall denote the
derivative of g, with respect to the scaling parameter s by gs. Here g5 is
understood as a linear operator on lie, given by the derivative in s of the
family of linear operators defined by automorphisms gs. That is, for z € lie,,
we have §5(z) = dgs(z)/ds. In general, g5 is neither an automorphism nor a
derivation of [ie,. Note, however, that us := gsg;1 is an element of t0et,,.

PROPOSITION 5.1. Let g € TAut,. Then, us = gsg; * has the property

us = s LAquAY, where u = uy.

Proof. Let [ be a derivation of lie,, defined by the property I(z;) = x; for
all i. We have A;A; = s71 and

Us = gsgs_l = 5_1(l - gslgs_l) = S_IAS(Z - glg_l)A_l'

S

1

Hence, u = u; = — glg~! and us = s ' AguA ! as required. O

Note that us = s™'(ai(sx1,529,...),...) is analytic in s with ug given by
the degree one component of u. For g € TAut,,, we denote by ks : TAut,, —
tder,, the map ks : g = us = s 1Al — glg71) AL, and we put kK = ky.
Similarly, let u € tder,, set ugs = silASuAgl, and denote by FE; : tder, —
TAut, the map E; : u — g5 defined as the unique solution of the ordinary
differential equation gsg;! = wu,s with initial condition gy = e. We denote
E = F;. It is important to note that F; is not the exponential map for tdet,,.
Indeed, for u € tder,,, one can define an element exp(su) as the unique solution
of the differential equation gsg; ' = u (the right-hand side is independent of s!)

with initial condition gg = e.
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PROPOSITION 5.2. The maps E and k are inverse to each other.

Proof. Let g € TAut,, and consider u = x(g). Then, us = s 1 A;uA;! =
ks(g) and gs = AsgA; ! is a solution of the ordinary differential equation (ODE)
Js = usgs with initial condition go = e. But so does Es(u). Hence, by the
uniqueness property for solutions of ODEs, we have g = E(u) = E(k(g)). In
the other direction, let u € tder,, and consider g = E(u). Then, g; = A;gA;! =
Es(u) and ks(g) = gsgs ' = us. Hence, k(E(u)) = u as required. O

Automorphisms A, extend from [ie, to Ass, and to tv,. Note that for
u € tder,, and us = s~ AguA;t, we have div(us) = s71As - div(u). Similarly,

for g € TAut,, and g, = AsgA;!, we obtain j(gs) = As - j(g). Indeed, for
g = exp(u) with u € tder,, we have g5 = Asexp(u)A;! = exp(Asud;l).
Then,

e —1

J(gs) = (exp(AsuAsh)) = A, A7 - div (AuA; )

e —1

u

— A, ~div(u) = As - j(g)-

PROPOSITION 5.3. Let g € TAut,, and u = k(g). Then,

(18) d]é.zs)

= us - j(gs) + div(us).
Proof. We compute

3(9q) = (9495 "9s) = 3 (995 ") + (9g95 ") - 3 (gs)-

Put ¢ — s = €. Since §sg; ! = us, we have g,g; 1 = exp (eus + 0(52)>. Then,
taking a derivative of j(gq) with respect to ¢ and putting ¢ = s yields

dj(gs) _ dg. 2 ? ]
ds d?(ﬂ(exp(&us +O(e )) +exp(eus +O(e )) 'j(gs)) e=0
= div(us) + us - §(gs),
as required. .

Proposition 5.3 implies the following statement that we shall be using
later.

PROPOSITION 5.4. Let u € tder,, and g = E(u). Then, glg=" - j(g9) =
div(u).

Proof. For g = E(u), equation (18) at s = 1 implies the following relation
between j(g) and div(u): [ -5(g) = u - j(g) + div(u). Since u =1 — glg~!, we
obtain glg~! - j(g) = div(u), as required. O

Remark 5.5. The maps E and x establish bijections sdet,, — SAut,, tro’,
— KRV, and €rvs — KRVs. In order to prove the last statement observe
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that for u € frvg we have div(us) € im(d). Hence, equation (18) implies
j(gs) € im(§) and E(u) € KRVs.

Note that the map E is not the exponential map, and the map x is not
the logarithm relating a group of Lie type to the corresponding Lie algebra.

5.3. The generalized Kashiwara-Vergne problem. The generalized Kashi-
wara-Vergne (KV) problem is the following question.

Generalized KV problem. Find an element F' € TAuty with the properties

(19) F(x +vy) = ch(z,y)
and
(20) §(F) € im(9).

We shall denote the set of solutions of the generalized KV problem by
SolKV. For any s € K, one can introduce rescaled versions of equations (19)
and (20) as F(z +y) = chy(x,y) and j(F) € im(d;). We shall denote the
corresponding set of solutions by SolKV;. For s = 0, SolKVy = KRV3. For all
s # 0, SolKV 4 2 SolKV with isomorphism given by the scaling transformation
Fs Fy= AFAL

PROPOSITION 5.6. Let F' € SolKV and a € tv;. Then, da = F - (3a).

Proof. We have a = tr(f(x)) for some formal power series f. We compute

F-(ba) = F-tr(f(z) - f(ﬂf+y)+f(y))
= tr(f(x) — f(ch(z,y)) + f(y)) =
Here we used that F' - tr(f(z)) = tr(f(z)) and F - tr(f(y)) = tr(f(y)) since F

acts as an inner automorphism on x and as a (different) inner automorphism
on y. We also used that F - tr(f(z +y)) = tr(f(ch(z,y))) because F(x +y) =
ch(z,y). O

The Kashiwara-Vergne conjecture has been proved in [3] (see Theorem
3.3). We shall see in this section (see Theorem 5.8) that the original statement
of the Kashiwara-Vergne conjecture is equivalent to the fact that the set SolKV
is nonempty. We shall give an alternative proof of nonemptiness of SolKV in
the end of the paper. In order to preserve the logic of the presentation, we
shall not be using the existence of solutions of the generalized KV problem
until we prove it with our methods.

THEOREM 5.7. Assume that SolKV is nonempty. Then, the group KRVy
acts on SolKV by multiplications on the right. This action is free and transi-
tive.
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Proof. Let F' € SolKV and g € KRVa. Then, (Fg)(z+y) = F(g(x+y)) =
F(x+1y) = ch(z,y) and j(Fg) = j(F) + F - j(g). Note that j(F) € im(5) and
j(g) € im(6). Hence, F - j(g) € im(0) and by Proposition 5.6 we have j(Fg) €
im(S). In conclusion, KRV acts on the set SolKV by right multiplications.
This action is free since the multiplication on the right is.

Let F1, F5 € SolKV and put g = FleQ. We have
g(z +y) = F ' (Fa(z +y)) = F{ (ch(z,y) =z +y
and
ilg) = J(FT) + Bt §(Fy) = Bt ((F) = §(F).
Since j(F1),5(Fy) € im(0), by Proposition 5.6 we have F; ! - (j(Fy) — j(F1)) €
im(d) and g € KRVjy. Hence, the action of KRVy on SolKV is transitive. [

The Kashiwara-Vergne problem was stated in [15] in somewhat different
terms. We shall now establish a relation between our approach and the original
formulation of the KV problem (KV conjecture).

THEOREM 5.8. An element F' € TAute is a solution of the generalized
KV problem if and only if u = k(F) = (A(z,y), B(x,y)) satisfies the following
two properties:

(21) x+y—-ch(y,z) = (1 —exp(—ady))A(z,y) + (exp(ady) — 1)B(z,y)

and

(22) div(u) € im(9).
Proof. First, we show that equation F(z + y) = ch(zx,y) is equivalent to
equation (d/ds — us) chs(x,y) = 0. Indeed, we have

Fox+y) = AFA; (2 +y) = s TAF(x +y) = s 1A ch(z,y) = chy(z,y)

and

us(chs(2, ) = FoFy (chy(x,y)) = Fi(z +y) = % (Fu(z+y)) = W'

In the other direction,

d __ IR 17 a
£FS 1(chs(af;,y)) = —F'F,F; 1(chs(:n,y)> + F, 1<£ chs(x,y))

= FS_1 (% — us) chs(z,y) =0

implies that F; ! (chg(z,y)) is independent of s, and comparison with the value
at s = 0 gives F, }(chs(x,y)) = 2 +y or Fs(z +y) = chs(z,y).

The equivalence of (d/ds — us) chs(z,y) = 0 and equation (21) is shown
in Lemma 3.2 of [15]. For completeness of the presentation we reproduce the
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argument. First, using the formula for the derivative of the exponential map
we observe that

d adch(z,y) exp(ady) —
— h t — l
i C (-’IJ + iz, y) =0 exp(adch(x,y)) 1 ad, )
d adch(ac y) 1-— exp(— ad )
— ch(x + tz = 2 Y 2.
dt ( Y ) t=0 1- eXp(_ adch(z,y)) ady
Sine cha: ) = o~ ch(s2,53) and un(a) = o ] = o™ Ao ) ey
= [y, Bs] = (sx sy)], we obtain

'y,
(d/ds — us) chg(z,y) = —s1 chg(z,y)

-1 adch(sx,sy) exp(s adx) — 1(

— |z, A
D (denomsy) — 1 sad, & (B AGT )

1 adch(sa:,sy) 1-— exp(—s ady)

+ s (y — [y, B(s, sy)]).

1 — exp(— adeh(sz,sy)) sad,
Hence, (d/ds — us) chs(z,y) = 0 is equivalent to

aJdch(szz:,sy)

Chs Z, = T — 8_1 ex Sadw ~1)4 sz, 8
( y) eXp(adch(sz,Sy)) -1 ( ( p( ) > ( y)>
adCh (z,y) —1
s\T, _ 1 . _ B .
1 —exp(— adChS(:c7y)> (y s ( exp(—s ady)) (sx, sy))

Multiplying both the left-hand side and the right-hand side by
exp(—sady)(exp(aden(sz,sy)) — 1)/ adeh(sz,sy)s
we obtain
chs(y,z)=2—s"" (l—exp(—s adx))A(sx, sy)Fy—s ( exp(sady)—1)B(sz, sy).
Replacing = — s 'z, y — s~y yields
x+y—ch(y,z) = (1 — exp(— adz))A(x, y) + (exp(ady) - 1>B(a:, ),
as required.
_ Finally, we compare equations (20) and (22). Let F' € SolKV, j(F) =
d(tr(f(x))). Using Proposition 5.4, we compute
div(u) = FIF~! - j(F) = FIF~" - tr(f(2) — f(ch(z,y)) + f(y))
= Fl-tr(f(z) = fz+y) + f(v))
= F-tr(¢(z) — oz +y) + o(y))
= tr(¢(x) — ¢(ch(z,y)) + ¢(y)) € im(é),

where ¢ = x f/(z) results from the action of the derivation [ : 2™ — na™. In the
other direction, assume div(u) € im(d). Then, for us = s “1AuASL, we have
div(us) € im(ds). Equation (18) for Fs gives (d/ds — us)j(Fs) = div(us) and
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implies d/ds(F; - j(Fs)) = F; ' - div(us) € im(8). Hence, F; 1 - j(Fs) € im()

and j(F,) € im(ds). O

Remark 5.9. Let g be a finite-dimensional Lie algebra over K. The adjoint
representation is defined on elements of g C Ug by the standard formula,
ade(z) = [a, 2], and it extends by universality to Ug. For instance, adg(z) =
ad, (adb(z)> = abz — azb — bza + zba for a,b € g.

For A, B € lieg of Theorem 5.8, define a pair of formal power series on
g X g with values in g which satisfy equation (21). By applying the adjoint
representation to the equation div(u) = B (¢), we obtain an equality in formal
power series on g x g with values in K,

(23) Try(ad, 0ady, 4 +ady 0ady,s ) = Trg(¢(ady) + ¢lady) — d(aden(zy)) )-

Here 0,A,0yB € Assy, and for every Lie algebra g, they define formal power
series on g X g with values in Ug.

One can rewrite expressions for the operators adg, 4, adp, p in the following
fashion. Let x,y, z be generators of lies and ¢t € K. For A € lieo, consider the
expression U(z,y,z) = dA(x + tz,y)/dt|i=o € lies. Since U is linear in z, one
can represent it in the form U = ady(,,(2) for a unique a € Assy. Note
that the only term in U(x,y, z) which ends on z is az, and a = 9,U. Using
equation (5) we compute

a=0U(x,y,z) = (% 0, A(x + tz, y)) = 0, A.

t=0

This shows that for x,y,z € g we have ady, oz 2 = dA(z + t2,y)/dt|i=0 =:
dyA(z) and similarly ady, gz, 2 = dB(7,y + tz)/dt|i=0 =: dyB(2).
1 T

By choosing ¢(z) = 3 <ez—1 - 1) (see §6 for details), we obtain a new
form of equation (23):

Try ( adg od; A + ad, odyB>

2 exp(ad;) —1  exp(ady) — 1 exp(adch(%y)) -1
which coincides with the second equation in the original formulation of the
Kashiwara-Vergne conjecture (see, e.g., equation (24) in [3]).

6. Duflo functions

Let F' € SolKV. Then, j(F) = tr(f(x) — f(ch(z,y)) + f(y)) for some f €
2?K[[x]]. We shall refer to f(x) as to the Duflo function of F'. In this section,
we describe the set of formal power series which may arise as Duflo functions
associated to solutions of the generalized KV problem. It is convenient to
introduce another formal power series ¢(z) = = f'(x).
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PROPOSITION 6.1. Let u € tdevy and assume that it satisfies equations (21)
and (22) with div(u) = 6(tr(¢(x))). Then, the even part of the formal power
series ¢ is given by the following formula:

B+ o) =5 an= (T -1+ 3),

T
n=2 €

N |

¢even (x) =

where B,, are Bernoulli numbers.

Proof. We follow [4] (see Remark 4.3). Write A(z,y) = a(ads)y + ...,
B(z,y) = bz + pB(ady)y + ..., where b € K,a, f € K[[z]], and ... stand for
the terms containing at least two y’s. Replace y — sy in equation (21), and
compute the first and second derivatives in s at s = 0. The first derivative
yields

ad, 7a
v gy = (L= e *)alady)y — bz, yl,
and we obtain
1
a(t) = b—" ¢

l—et (et —1)(1—e) i
Note that elements of lie; quadratic in the generator y (that is, homogeneous
of deg, = 2) are in bijection with skew-symmetric (that is, a(u,v) = —a(v,u))
formal power series in two variables,
o0 [e.e]
a(u,v) = Z ai,juivj — Z am-[ad; y,adg: Y.
3,5=0 i,j=0

The second derivative of (21) gives the following equality in formal power

1 () — ) = (u—v)(e* — 1)
2 (evtv —1)(e* —1)(e¥ — 1)

= (1= )an(,0) + o (0~ 0) + (B0) — B(w),

where the left-hand side corresponds to the second derivative of the Campbell-
Hausdorff series — ch(sy, x), and ag(u,v) represents the second derivative of
A(z, sy) at s = 0. By putting v = —u in the last equation, we obtain

b 1 t let+1

Boaalt) = 5t = 5 @ —D(l—et) ded—1

Here foaa(t) = (B(t) — B(=t))/2.

Finally, consider equation (23) and compute the contribution linear in y
(that is, of the form tr(f(x)y)) on the left-hand side and on the right-hand
side. Since we only control the odd part of the function §(¢), we obtain an
equation in odd formal power series,

ﬁodd(t) - aodd(t) = *(Qb/(t))odd = 7(¢8V6n)/(t)7
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which implies

N | —
A/~
Q
o

~
—_

|

—_
+
N | =+
~——

d)even (t) -

O

as required.

~ PROPOSITION 6.2. Let F' € SolKV and f € 2?K[[z]] such that j(F)
d(tr(f(x))). Then, the even part of f(x) coincides with the function feven(z) =
1 In(e®/2 — /%) /), and for every odd formal power series

foda( Z forpra®t

there is an element F € SolKV such that j(F) = 6(tr(foven(z) + foda())).
) =

_ Proof. Let f and ¢ be the power series in j(F') = 5(tr(f(z))) and div(u) =
d(tr(o(x))) for u = k(F). Then, we have (see the proof of Theorem 5.8)
¢(s) = sf’(s). By Proposition 6.1, we obtain

_ ¢cven( 1 > 1 68/2 _ 673/2
feven —/ 5 2 Z 2 In , .

Let F' € SolKV with j(F) = (tr(f(x))) and g € KRVy with j(g) =
d(tr(h(x))). Then, Fig € SolKV and

j(Fg) = j(F)+ F - j(g) = 6(tx(f(x) + h(x))).

Put g = exp(u) for u € frvy, and compute j(g) = (e — 1)/u - div(u) =
div(u). By choosing g with u = — Y22, hogt1v(02k+1) (With hopy1 € K), we
obtain j(g) = div(u) = §(tr(h(x))) for h(z) = S, hopr17?**1. Hence, by
an appropriate choice of g € KRVs, one can make the odd part of the linear
combination f(x) 4+ h(z) equal to any given odd power series without linear
term. (]

Remark 6.3. The group KRV acts on SolKV, and this action descends to
the space of formal power series 22K[[z]] along the map f : SoOlKV — 22K[[z]]
sending F' to f = j(F'). In Proposition 6.2 we have used this action to change
the odd part of f. Previously, this action (for the Grothendieck-Teichmiiller
group GRT; C KRV3) on Duflo functions has been described in [16] (see
Theorem 7).

PROPOSITION 6.4. Let F = exp(u) € SolKV with u = (a,b) € tdery such
that

a(z,y) = apy + a(ady)r + ...,
b(z,y) = box + B(ady)z + ...,
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where ag,by € K, a, 8 € sK[[s]], and ... stand for terms which contain at
least two x. If ag = 0, then the Duflo function f(s) associated to F satisfies

equation f'(s) = B(s) — a(s).

Proof. Consider the part of j(F) = tr(f(x) — f(ch(z,y)) + f(y)) linear in
the generator . On the one hand, we have

J(F)a—tin = tr(f(z) = f(ch(z,y)) + f(y))a—tin = — tr(f'(1)2).

On the other hand, for ag = 0, we obtain

. e —1
J(F)z—tin = (

div()) = div(u)p.

z—lin
Here we used that u is of degree greater than or equal to one in variable x,

and all contributions nonlinear in u are of degree at least two in x.
Finally, we compute

div(u)g—1in = t7(2(92a) +y(9yb))s—1in = tr(za(y) —B(y)z) = tr((a(y)—B(y))z).
Comparison with the first equation yields f'(y) = 8(y) — a(y), as required. O

In the original formulation of the Kashiwara-Vergne problem the Duflo
function f was assumed to be even.

The KV problem. Find an element F' € TAuty such that F(x +y) =
ch(z,y) and j(F) = 0(f), where
1 & Bk 1

- _ = z/2 _ —x/2
2 2k K —21n((e e )/az)

(24) fz) =

We shall denote the set of solutions of the KV problem by SolKV’. Note
that the KV problem is equivalent to finding an element u = (A, B) € tdery
which satisfies equation (21) and the identity div(u) = 8 (% tryee, B’;{#).

Remark 6.5. The group KRV, acts on SolKV? by right multiplications.
This action is free and transitive. The proof of this statement is completely
analogous to the proof of Theorem 5.7.

Remark 6.6. Recall that the Kashiwara-Vergne conjecture implies the fol-
lowing Duflo theorem [9] (see [25] for the detailed account). Let g be a finite-
dimensional Lie algebra over K. Then, there is an isomorphism Duf : (Sg)? —
Z (U (g)), where (Sg)? is the ring of invariant polynomials (under the adjoint

action), and Z (U (g)) is the center of the universal enveloping algebra. In
more detail, the Duflo isomorphism Duf = Sym o 01,2 is the composition of
the symmetrization map Sym : S(g) — U(g) and the (infinite order) constant
coefficient differential operator 0;1/2. This differential operator is associated
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by the Fourier transform to the function J'/2 defined on the neighborhood of

zero in g,
ads /2 _ —ads /2 1/2
2(z) = det [ < :
J 4 (x) e( o

Note that, up to replacing x — ad,, the function J 1/ 2(z) is the exponential of
the function f(x) in equation (24). This explains the name of “Duflo function”
in the title of this section.

7. Pentagon equation

In this section we establish a relation between the Kashiwara-Vergne prob-
lem and the pentagon equation introduced in [8]. Let ® € TAuts. We say that
® satisfies the pentagon equation if

(25) P1234pL234 _ §l.2351 2345234
in TAut,.
ProrosiTION 7.1. Let F' € SolKV. Then,
(26) P = (F12,3)71(F1,2)71F2,3F1,23
is an element of KRV3, and it satisfies the pentagon equation.
Proof. First, we compute
(F123)~L(FL2)=1F23 pL23 (5 4y 4 2)
= (F129)7HF2) T P (ch(z,y + 2))
= (F2)7H(F"?) " (ch(, ch(y, 2)))
= (F (

129) 7 (ch(z + g, 2))
=r+y—+z

Plx+y+2)=

Hence, ® € SAuts. Next, we rewrite the defining equation for ® as F1.2F123®
= F23F123 and apply the cocycle j to both sides to get

j(Fl,Z) 4 F1’2 _j(F12,3) 4 (F1’2F12’3) ](@) — j(F2’3) 4 F2,3 'j(Fl’QB).
Since j(F) = tr(f(z) — f(ch(z,y)) + f(y)), we have

JED) + FY2 - j(F12) = tr(f(2) + f(y) — f(ch(z,y)))
+ FY2tr(f(x +y) — flch(a +y),2) + f(2))
= tr(f(z) + fy) + f(2) = f(ch(ch(z, y), 2)))-
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Similarly, we obtain

GE??) + F22 - (FY2) = tr(f(y) — f(ch(y, 2)) + f(2))
+ F2% - tr(f () = flch(z,y +2)) + f(y + 2))
= tr(f(2) + f(y) + f(2) = f(ch(z, ch(y, 2))))-
We conclude that (F12F123) . j(®) =0, j(®) = 0 and & € KRV'3.
The pentagon equation is satisfied by substituting the expression for ®

into the equation, and by using the fact that for ® € KRV'3 C SAuts, we have
F123451,23 — 1231234 41 q 12345234 — $2.34 1,234 0

Let F1 € SolKV and ®; be the corresponding solution of the pentagon
equation. Consider another element Fy € SolKV. By Theorem 5.7, F5 = Fig
for some g € KRVs. The corresponding solution of the pentagon equation
reads

@1 = (FPY BN
(912) 1 (FI2) T (g1 2) T (R ) LA g
:(912,3)71(9 ) 1(1) 923 123

Equation (27) defines an action of KRV9 on solutions of the pentagon equation
with values in KRV'3. Actions of this type are called Drinfeld twists (see [8],
equation (1.11)).

PROPOSITION 7.2. Let Fy, F5 € SolKV and assume that they give rise to

the same solution ® of the pentagon equation. Then, Fy» = Fy exp(At) for some
A e K.

Proof. First, note that for g = exp(At), we have
(912,3)71( ) 1(1392 3,123 f)\c(I)e)\c - &

for all ¢ € KRV03, where ¢ = t1?2 +¢13 4+ ¢23 is a central element in sders and
in Ett‘log.

The degree one component of frvy is spanned by ¢, and t is central in
trvo. Hence, one can represent g = F1_1F2 in the form g = exp(At) exp(u),
where u = Y 72, up € trvg. Let @ be a solution of the pentagon equation
which corresponds to both F; and Fy. Let kg be the lowest degree such that
g, # 0. Then, equation ® = (g5>°) 1 (gy>) 1 ®g23¢"?3 implies duy, = 0, and
by Theorem 3.17 we have ug, = 0 which implies v = 0 and g = exp(At), as
required. ([l

PROPOSITION 7.3. Let ® = exp(¢) € TAuts be a solution of the pentagon
equation, where ¢ = Y 72 | ¢ with ¢ € tderz homogeneous of degree k. Then,
o1 =0 and ¢ = (aly, 2|, B[z, x],¥[z,y]) for some a, 5,y € K.
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Proof. The degree one component of the pentagon equation reads d¢; = 0.
Since the degree one component of H3(tdet,d) vanishes, we have ¢; = df for
a degree one element f € tders. However, the degree one component of tdetrs is
spanned by r = (0,z) and t = (y,x), and both r and ¢ are in the kernel of d.
Hence, ¢; = 0. This implies that the degree two component of the pentagon
equation is of the form d¢o = 0. Then (see the proof of Theorem 3.17) ¢9 is
expressed as (aly, z], 8]z, x|, v[z, y]) for some a, 3,v € K. O

Note that H3(tdet,d) is one-dimensional and the cohomology lies in degree
two. One can choose the isomorphism H3(tder,d) = K in such a way that it is
represented by the map 7 : ¢3 = (aly, 2|, B[z, z],¥[z,y]) = a+ B + 7.

PROPOSITION 7.4. Let F = exp(u)exp(sr/2)exp(at) € TAuty, where
s,a € K, and u is an element of t0evs of degree greater than or equal to two.
Assume that the expression ® = (F'123)~Y(FL2)=1F23FL23 s an element of
KRV'3, and denote w(¢p2) = X. Then, A = s2/8 and F € SolKV,.

Proof. First note that ® is independent of a (see the first paragraph in
the proof of Proposition 7.2). Hence, without loss of generality one can put
a=0.

Let ¢ = In(®) = 7%, ¢k, where ¢y, is of degree k. We have ¢ =
s(dr)/2 = 0. For the degree two part, we use the Campbell-Hausdorff formula
to compute FM2F123 and F23FL23 up to degree two, and notice that r'2 +
r123 = p123 1 12 (since dr = 0). This yields

52 52
¢2 — du2 + 7([7"2,3’ 7"1’23] + [T12,3,7q1,2]) — du2 + 7[T2,37T172]

8 8
2

= du? + %([ya 2]7070)'

Here we used the classical Yang-Baxter equation of Proposition 3.10. In con-
clusion, A = 7(¢9) = s%/8.

Denote x(z,y) = F(z +y) = v +y + 3[z,y] + ..., where ... stand for
elements of degree greater than or equal to three. Since ®(z+y+z) = z+y+z,
we have

X(@,x(y, 2)) = FPPFY (e +y + 2) = FYPF2 (@ 4y + 2) = x(x(@,9), 2).

By Proposition 2.9, this implies x(z,y) = chg(x,y). Denote b(z,y) = j(F) €
tr. By applying j to the equality F23F123 = FL2F123¢ (and using j(®) = 0),
we obtain

by, 2) + F*? - b(z,y + 2) = b(z,y) + F? - b(z +y,2).

Equivalently, d5(b) = 0 which implies, by Proposition 2.10, b € im(d,) and
F € Sol,(KRV). O



THE KASHIWARA-VERGNE CONJECTURE AND DRINFELD’S ASSOCIATORS 447

THEOREM 7.5. Let ® = exp (3222, ¢x) € KRV3 be a solution of the pen-
tagon equation with w(¢p2) = X\, and assume that 8\ admits a square root s € K.
Then, there is a unique element F' € SolKV such that F' = exp(u) exp(sr/2) €

TAuty, where u is an element of t0ety of degree greater than or equal to two,
and & = (F123)~1(F12)-1 23123,

Proof. Our task is to find f = Y 72, fr € tdery with the degree one com-
ponent f; = sr/2 such that F' = exp(f) solves the equation

P — (F12’3)’1(F1’2)’1F2’3F1’23.

In degree two, this implies
2

df2 + %([Zﬁ Z]7Oa0) = ¢2-

Recall that dgs = 0 and 7(¢) = A = s2/8. Hence, this equation admits a
solution, and it is unique since the operator d : tdero — t0ers has no kernel in

degrees greater than one.
Assume that we found F;,, € TAuty such that

o0
D, = exp (Z U%) = (F123)-1(pl2)-1p23p1.23
k=2
and ¢y, = ¢y, for k < n. (We say that ®,, is equal to ® modulo terms of degree
greater than n.) Then, F23F123(z+y+2) = FM?F?3(2+y+2) modulo terms
of degree greater than n + 1. By the proof of Proposition 2.9, F,(z + y) =
chs(z,y) modulo terms of degree greater than n + 1. Since F!234pL23 =
PL23 1234 and F12349234 = 9234 1,234 modulo terms of degree greater than
n+ 1, &, satisfies the pentagon equation modulo terms of degree greater than
n+1. Denote ¢ = ¢p+1—1¥nt1. The pentagon equation for @ and the pentagon
equation modulo terms of degree greater then n+1 for ®,, imply dp = 0. Hence,
by Theorem 3.17, ¢ = du for a unique element u € tders of degree n + 1.
Put F,41 = F,exp(u). It satisfies equation & = (Fiif)*l(Féfl)*lFilegfi’
modulo terms of degree greater than n + 1. By induction, we construct a
unique F which solves equation ® = (F'23)~1(F12)=1 23123 and has f; =
sr/2, as required. By Proposition 7.4, the element F' solves the KV problem,
F € SolKVj. O

Remark 7.6. One can also express Theorem 7.5 in the following way. De-
note by Penty the set of solutions ® = exp (332, ¢r) € KRVY; of the pentagon
equation with m(¢2) = A. Assume that 8\ admits a square root s € K. Then,
the map (26) F' +— & defines an isomorphism Penty = SolKV,/K, where the
action of the additive group K is by F' — F exp(\t).

In particular, Theorem 7.5 implies that the Kashiwara-Vergne problem
has solutions if and only if the pentagon equation admits solutions ® € KRV3
with m(¢pa) = 1/8.
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The next proposition provides a tool for extracting the Duflo function
of an element F € SolKV from the corresponding solution of the pentagon
equation.

PROPOSITION 7.7. Let ® = exp(¢) € KRV'3 be a solution of the pentagon
equation with m(¢2) = 1/8, and let F' € SolKV be a solution of equation (26).
Denote ¢ = (A, B,C), and B(x,0,2)y—1in = h(ad;)z for h € zK[[z]]. Then,
the Duflo function f(x) of F satisfies equation f'(x) = h(x).

Proof. Let F' = exp(u) with u = (a,b). Put a(z,y) = apy + a(ady)z + . ..
and b(z,y) = boz + B(ady)z + .... Choose F' in such a way that ag = 0 (this
is always possible by replacing F' — F exp(At) if needed). By Proposition 6.4,
the Duflo function f associated to F is a solution of equation f' = 8 — «.

L2 123 423 4123, Assumption ag = 0
implies that all these expressions are of degree greater than or equal to one in
the variable x. Hence, for the computation of the degree one in x part of ¢ =
In ((F123)~Y(F12)~1F23F123) one can replace it by ub? 44?3 — b2 — 123,
This yields B(x,0, z),—1in = B(ad,)x—a(ad,)x and h(z) = 5(x)—a(z). Hence,
f(x) = h(z), as required. O

Put y = 0 in all components of u

8. Zo-symmetry of the KV problem and hexagon equations

In this section we introduce an involution 7 on the set of solutions of
the generalized KV problem and show that the corresponding solutions of the
pentagon equation verify a pair of hexagon equations.

8.1. The automorphism R and the Yang-Baxter equation. Let R € TAuts
be an automorphism of lies defined on generators by R(z) = e~ vz, R(y) = .
Note that R = exp(r) for r = (y,0) € tders, and

R (ch(y,x)) = ch(y, exp(—ady)z) = ch(z,y).

Denote by 6 the inner derivation of lies with the generator ch(z,y). That is, for
a € lieg we have 0(a) = [a, ch(z,y)]. Note that the derivation t = (y,x) € tders
is an inner derivation of lies with generator x + y. Indeed, t(z) = [z,y] =
[z,x+y] and t(y) = [y, z] = [y,x +y]. Let F € TAuts be a solution of the first
KV equation, F(z +y) = ch(z,y). Then, FtF~! = §. Indeed, for a € ley,

FtF~Y(a) = F([F~!(a), 2 +y)) = [a, F(z +y)] = [a,ch(z,y)] = (a).
PROPOSITION 8.1. RR*! = exp(6).
Proof. Note that R?'(z) = x and R>!(y) = e~ 2=y, We compute
RR*!(x) = R(x) = exp(—ad,)x = exp ( — adeh(a,y) )ac
and

RE*!(y) = R(exp(—ada)y) = exp ( — adexp(—ad, ) )y = xp ( = aden(ay) )¥:
as required. -
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PROPOSITION 8.2. The element R satisfies the Yang-Baxter equation
RI2RL3R23 _ R23RL3RL2.
Proof. In components, we have
RY? = (exp(—ady), 1,1),
RY3 = (exp(—ad,),1,1),
R%*3 = (1,exp(—ad.), 1).

One easily computes both the left-hand side and the right-hand side of the
Yang-Baxter equation on generators y and z, z — z, and y — exp(—ad,)y.
We compute the action of the left-hand side on x:

RYRYSR?*?(z) = R"*R"3 () = R"*(exp(— ad,)r) = exp(— ad, ) exp(— ad, )z
and the action of the right-hand side:
RZRYRY(x) = R*®RY3(exp(— ady)z)
= R*3(exp(— ad,) exp(— ad,))
= exp(—ad;) exp(—ady)z,
which completes the proof. O

PROPOSITION 8.3. R'23 = RIBR23. Let F € TAuty be a solution of
equation F(z +1vy) = ch(z,y). Then, F>3RY23(F%3)~1 = RL2RL3,

Proof. For the first equation, note that both sides are represented by the
automorphism (exp(— ad,),exp(—ad,), 1) € TAuts.

For the second equation, both the left-hand side and the right-hand side
preserve generators y and z, y — y, and z — z. It remains to compute the
action on x:

F23RL2(F23)=1(z) = F23RL(y)
= F?3(exp(— ady4.)T) = exp ( — adgp(y,2) ):c
and the same for the right-hand side:
RYZRY3(2) = RY?(exp(—ad,)z)
= exp(—ad,) exp(—ady)r = exp ( — adep(y,2) ):):,
as required. O

8.2. Inwvolution on SolKV. In this section we introduce and study a certain
involution on the set of solutions of the KV problem.

PROPOSITION 8.4. Let F € SolKV. Then, 7(F) = RF>'e~"2 is a solu-
tion of the KV problem, 7(F) € SolKV. The map 7 is an involution, 72 = 1.
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Proof. We compute
T(F)(@+y) = RF*'e™2(z +y) = RF*'(z + y) = R(ch(y, x)) = ch(z,y).
Furthermore,
F)) = j(RF>'e7?) = R- j(F?").
r) = div(t) = 0 and j(R) = j(exp(—t/2)) = 0. Let
f € 2°K][x]] such that j(F) = tr(f(x)—f(ch(z,y))+f(y)). Note that j(F?!) =
F(F)®Y) (since div(u®!) = div(u)®! for u € tderg). This implies j(F?!) =

tr(f(z) — f(ch(y,#)) + f(y)) and R-j(F?') = te(f(z) — f(ch(z,y)) + f(y))
J(F). Hence, 7(F) is a solution of the KV problem.
Finally,

J(r

Here we used that div

(
(

72(F) = Rr(F)*'e™/? = RR*'Fet = Fe™t = F

)

where we used t>! = t, RR>' = exp(#), and FtF~! = §. We conclude that
72 =1, and 7 defines an involution on SolKV. U

PROPOSITION 8.5. Let F' € SolKV and let @ be the corresponding solu-
tion of the pentagon equation. Then,

3,2,1y—
Oy = (D) 7!
Proof. We compute
12,3 _ _ 1,2 _ _
q)T(F) _ €t /2(F3’21) 1(R12’3) 1et /2(F2,1) 1(R1,2) 1
. R2,3F3,2e—t2’3/2R1,23F32,1e—t1723/2
_ 60/2(F3’21)’1(R12’3)’1(F2’1)’1(Rl’z)’1R2’3F3’2R1’23F32’1e’c/2
— 60/2(F3,21)71(F2,1)71(R2,3)71(R1,3)71(R1,2)71
. R2,3R1,3R1,2F3,2F32,1676/2
_ ec/2(F3,21)—1 (F2,1)—1F3,2F32,1e—c/2
_ 60/2(®37271>—1€—C/2 _ (@3,2,1)—1
Here, in passing from the first to the second line, we used that g'2h!?3 =
h'23¢g12 for ¢ € SAuto,h € TAuto, and the definition of the element ¢ =
th? 4 t13 4 23 ¢ {3; Proposition 8.3 in the passage from the second to the

third line; and finally the Yang-Baxter equation (Proposition 8.2) and the fact
that c is central in ¢ro’s in the passage from the third to the fourth line. O

PROPOSITION 8.6. Let F' € SolKV and k(F) = (A(x,y), B(x,y)) € tders.
Then,
(28)

K(r(F)) = (€ By, 2) + 5 (eh(e, ) — 2), e A(y, 1) — S(eb(z,5) ~ 1))
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Proof. We compute

w(r () = T ey

ds
dFZ?
ds

where we used that dRsR;'=r=(y,0) € tdera. In the last term, F21¢(F21)~!
is the inner derivation with generator ch(y,x) and RF*#(F*1)~1R™1 is an
inner derivation with generator ch(z,y). With our normalization condition, it
is represented by (ch(z,y) — x, ch(z,y) — y) € tders.

Finally, for the middle term Rx(F)>'R~!, we compute

R(A,B)*' R™'(z) = R(B(y, x), Aly, x))e" (x)
= R(e" [z, By, x)] + "V [A(y, z), 2] — [A(y, 2), " (z))
= [z, B(y,x) + (e~ = 1) A(y, z)]
= [z, e B(y, ) + ch(z,y) — x — y).

=r+R

11 1 1y
’s:l(FZ?l) 1R 1—§RF2’1t(F2’1) lR l7

Here, in the passage to the last line, we have used equation (21) (with = and
y exchanged). For the action on y, we compute

R(A,B)*' R™'(y) = R(B(y,z), Ay, ))(y) = R(ly, Ay, z)))
= [y,e” W A(y, 2)].
By adding up all three terms, we obtain
k(T(F)) = (eadzB(y, z) + ch(z,y) —x —y, e~ W A(y, x))
+(5,0) = 3 (ch(,y) — 2,eh(z, ) ~ )
— S (ehwy) ~ ),
as required. O

= (eadzB(y, x) + %(ch(w,y) —x),e” v A(y, x)

Remark 8.7. Symmetry (28) has been introduced in [15] (see the discus-
sion after Proposition 5.3).

8.3. Symmetric solutions of the KV problem.

Definition 8.8. An element F' € SolKV is called a symmetric solution of
the generalized Kashiwara-Vergne conjecture if 7(F) = F.

We shall denote the set of symmetric solutions by SolKV”. Since the map
k @ TAuty — tery is a bijection, 7(F) = F if and only if x(7(F)) = &(F).
That is, k(F') = (A(x,y), B(x,y)) satisfies the (equivalent) linear equations

A(e,) = €1 By, )+ (ehl, y)—2), Bla,y) = ¢ W Aly, )5 (ch(z, 1))
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Since equations (21) and (22) are linear in A and B, one can average an
arbitrary solution to obtain a symmetric solution F with x(F) = (k(F) +
R(T(F)))/2.

The involution u +— w*" acts on the Lie algebra frvy, and it lifts to
the group KRV,. We shall denote the corresponding invariant subalgebra by

sym Sym

froy” C frog and the invariant subgroup by KRVy™ C KRVa.

2,1

PROPOSITION 8.9. The group KRVY™ acts on the set SolKV™ by multi-
plications on the right. This action is free and transitive.

Proof. Let g € KRVy™ and F € SolKV7. By Theorem 5.7, Fig € SolKV.
By applying 7, we obtain

T(Fg) = RF>'g¥le 2 = RF>1e7t2g = 1(F)g = Fg.
Hence, F'g € SolKVT™.

Consider two elements Fi,F, € SolKV'. We denote g = F| 1Ry and
compute

92,1 —_ (FleZ)Q,l — (R_lFlet/2)_1(R_1F2€t/2)
— C_t/2(Fle2)€t/2 — e—t/Qget/Q =g,
as required. O

Remark 8.10. Note that the element t = (y,z) as well as the image of
the injection v : grt; — frog is contained in rvy™. In fact, it is not known
whether any nonsymmetric elements of £rvy exist. If the conjecture stated in

the end of Section 4 is correct, it implies £ty = rvy ™.

PROPOSITION 8.11. Let F € SolKV”, and let ® € KRV'3 be the corre-
sponding solution of the pentagon equation. Then,

(29) HL23p321 — e,
(30) e(t1’3+t2’3)/2 _ <I>2’1’3et1’3/2(@2’3’1)_let2’3/2<1>3’2’1,
and

(31) e(t1’2+t173)/2 _ (@1,3,2)—16t1’3/2q)3,1,26t172/2(@3,2,1)—1.

Proof. Equation (29) follows by Proposition 8.5. In order to prove equa-
tion (30) recall that R'>3 = RIS R?3 = (exp(—ad,),exp(—ad,),1) € TAuts.
Furthermore, this automorphism commutes with g"? for any ¢ € TAuts.
In particular, we have F2!R!23(F21)~1 = RI3R23 By substituting R =
Fet/2(F21)~1 we obtain

F2,1R12,3(F2,1)—1 _ F2,1F21,36(t173+t273)/2(F3,12)—1(F2,1)—1
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and
RIBR23 — F1’3et1’3/2(F3’1)’1F2’3et2’3/2(F3’2)’1
_ F1’3F2’136t1'3/2(F2’31)’1(F3’1)’1F2’3F23’1et2’3/2(F32’1)*1 (F3’2)*1.

A comparison of these two equations yields equation (30). Equation (31) fol-
lows by applying the (13)-permutation to equation (30) and by using the in-
version formula (29). O

Remark 8.12. Equations (30) and (31) are called as hexagon equations.
They were first introduced in [8] (see equations (2.14a) and (2.14b)).

9. Associators

In this section we consider joint solutions of pentagon and hexagon equa-
tions called KV-associators (with values in the group KRV'3). We show that
Drinfeld’s associators defined in [8] make part of this set, and we use this fact
to give a new proof of the KV conjecture.

9.1. Associators with values in KV3 and Drinfeld’s associators.

Definition 9.1. An element ® € KRV';3 is called a KV-associator if it
satisfies the pentagon equation (25), hexagon equations (30) and (31), and the
inversion property (29).

PROPOSITION 9.2. Let & = exp(¢) = exp (3230, ¢x) € KRV be a KV-
associator. Then, w(¢pa) = 1/8.

Proof. The degree two component of the hexagon equation (30) reads
1

g[151,37152,3] +¢§,1,3 _¢§,3,1 +¢?2),2,1 —0

Note that [t'3,¢23] = ([y, ], [z, @], [z, y]) which implies 7 ([t!3,#%3]) = 3. Also
observe that m(¢a™") = m(¢) and w(¢a"?) = w(dpy>") = —m(d2). We con-
clude that 37w(¢2) = 3/8 and 7(¢2) = 1/8, as required. O

PROPOSITION 9.3. Let ® = exp(¢) = exp (3222, ¢x) € KRV'3 be a so-
lution of equations (25) and (29) with 7w(¢2) = 1/8. Then, each F € SolKV
which verifies equation (26) is a symmetric solution of the KV problem, F €
SolKVT.

Proof. Theorem 7.5 implies that equation (26) admits solutions F' =
exp (372 fr) € SolKV. By Proposition 8.5, () = (@%2’1)_1 = ®p. Hence,
by Proposition 7.2, 7(F') = F exp(At) for some A € K. The degree one compo-
nent of this equation reads r + f12’1 —t/2 = f; + At. Since f; = r/2 + at for
some « € K, we have r + f12’1 — fi=1t/2 and A = 0. In conclusion, 7(F) = F,
as required. O
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Recall that by Proposition 3.11, Lie algebras t, inject into €rv®,. In
particular, t3 injects into rv’3, and the corresponding group T3 is a subgroup
of KRVY3.

Definition 9.4. A KV-associator ® € KRV'3 is called a Drinfeld’s associ-
ator if ® € Tj;.

Drinfeld’s associators can be defined without referring to the Lie algebras
toer,, and €ro?,, since coface maps restrict to Lie subalgebras t, in a natural
way. In [7], Drinfeld proved the following fundamental theorem.

THEOREM 9.5. The set of Drinfeld’s associators is nonempty.
This implies the following result.

THEOREM 9.6. The set of symmetric solutions of the KV problem SolKV™
18 monempty.

Proof. Each Drinfeld’s associator ® = exp(¢) = exp (372, ¢x) is a KV-
associator with m(¢2) = 1/8. Then, by Theorem 7.5, there is an element
F = exp (332, fr) € TAuty with f; = r/2 which solves equation (26). By
Proposition 7.4, this automorphism is a solution of the KV problem, and by
Proposition 9.3 this solution is symmetric. O

Remark 9.7. In the case of Drinfeld associators, there is a constructive
proof of Theorem 7.5 (see [2]). It gives an explicit formula for F' solving the
twist equation (26) in terms of the Drinfeld associator ®.

Remark 9.8. The KV problem has been settled in [3]. The solution is
based on the Kontsevich deformation quantization scheme [17] and on the
earlier work of the second author [24]. Theorem 9.6 gives a new proof of the KV
conjecture by reducing it to the existence theorem for Drinfeld’s associators.

PROPOSITION 9.9. Let ® = exp(¢) € T3 be a Drinfeld’s associator, and
let F € SolKV be a solution of the KV problem which satisfies equation (26).
Write ¢ = h(adys)tb2 + ..., where h € xK[[z]] and ... stand for terms whose
degree with respect to t12 is greater than one. Then, the Duflo function f(z)
associated to F satisfies equation f'(x) = h(x).

Proof. By putting y = 0, we obtain t'? = (y,z,0) — (0,2,0) and t*3 =
(0,z,y) — (0,2,0). Hence,

¢(t1’2> t273)y=0 = (07 ¢($7 Z), 0)

In particular, for ¢ = (A, B,C), we have B(z,0,2),_1in = h(ad,)z. Then, by
Proposition 7.7, we obtain f’(z) = h(x), as required. O
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Ezample 9.10. Consider the Knizhnik-Zamolodchikov associator (with val-
ues in T3) constructed by Drinfeld. Equation (2.15) of [8] yields the function
h(zx):

- C(n) n—1
h(z) = —7; ) "
Note that associators defined in this paper are obtained by taking an inverse
of associators in the Drinfeld’s paper. The Duflo function corresponding to the
Knizhnik-Zamolodchikov associator is given by

=55 S (e (1)

Here v is the Euler’s constant, and the term ~yz/27i cancels the linear part in
the logarithm of the I'-function. The formula for f(x) matches (up to a sign
change) the expression In(Fpice()) in [16].

9.2. Actions of the group GRT;. Let Lie, be a group associated to the Lie
algebra lie, (such that a-b = ch(a,b)). Then, one can view the Grothendieck-
Teichmiiller group GRT; as a subset of Lies defined by a number of relations
(see [8, §5]) and equipped with the new multiplication

(h1 *Grr, he)(2,y) = hi(x, ha(z,y)yhy  (z, y))ha(z, y).

Remark 9.11. Note that we have chosen to act on the second argument y
of the function h rather than on x (the first argument) as in [8].

Let ¢ € grt; and consider a one parameter subgroup of GRT; defined by
Y, hs = expgrr, (51). Write hy = hy_s *grr, hs and differentiate in ¢ at t = s
to obtain dh(z.y)
x,y _
o = (@, (@, y)yhs(z,9) " hs(2,y).
This differential equation together with the initial condition ho(z,y) = 1 de-
fines the exponential function expggry, in a unique way.

PROPOSITION 9.12. Let ¢ € gtty, h = expggrr, (¥) € GRTq, and g =
exp(v(v)) € KRVy. Then,

g — (912,3)—1(91,2)—192,391,23 — h(t1’2, t2’3) c KRV03 )

Proof. First, observe that for ¢ € SAuts, g"? commutes with ¢'%3 and
commutes with ¢'23. Hence, the maps g — ¢' = ¢"%¢'%? and g — ¢" =

g
g*3g1?3 are group homomorphisms mapping SAuts to SAuts.

Next, replace 1 by st¢» and consider the derivative in s of s = (¢g}) !¢
dgs _ o ly—1 dgs  r\ -1 dgls I\—1 r
ds - (gs) ds (gs) ds (gs) 9s

= (g}) " (dv(¥))gs

2,3
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= (g5) (", 1*%)g}

D", (g0) 12290 (gl) gl
= ("2, (g5) " g5t (g7) " g}) s
Yt 35t>(35) ) gs-

To establish the second equality, we make use of (dg!/ds)(¢!)~" = v(¢)b? +
v()'23 and (dgt/ds)(g%) ! = v(v)?? + v(¥)V?. The third equality follows
from Proposition 4.7. For the fourth and fifth equalities, we are using that ¢
is central in sdetvs.

Observe that o = e € KRV'3. Then, h(t"?,t>?) and § satisfy the same

first order linear ordinary differential equation with the same initial condition.
Hence, they coincide, as required. O

The Lie algebra homomorphism v : grt; — frva gives rise to a subgroup
of KRVjy isomorphic to GRT;. The group KRV, acts on the set of solutions
of the KV problem and on the set of associators with values in KRV’ (see
equation (27)). In [8] (see §5) Drinfeld defines a free and transitive action of
the group GRT; on the set of associators with values in 75. This action is
given by the following formula:

(32) g: @2 127) = (2, gt>Pg g,

where g = expggrr, (¥) € GRT; and ® € T3 are viewed as elements of the
group Liey (12, #%3). The following proposition relates these two actions.

PROPOSITION 9.13. When restricted to the set of Drinfeld’s associators,
the action of the group GRT1 on KV-associators coincides with the canonical
action (32).

Proof. Let g € KRVy and rewrite the action (27) on ®(t12,¢23) € T3 as
follows:

O.g— (912’3)_1(91’2)_1{)(151’2,t2’3)g2’3g1’23 _ <I>(t1’2,§t2’3g_1)§

for g = (¢'23)71(g"?)"1g>3¢123. Let ¢ € grt; and g = exp(v(¢))). Then,
by Proposition 9.12 we have § = (expggrr, (¢))(t"?,¢%3), and the action (27)
coincides with the canonical action (32). O

Remark 9.14. If the conjecture of Section 4 is correct, we have KRV, =
Kt x v(GRT}), where the additive group K¢ injects into KRV via the expo-
nential map, At — exp(At). In particular, this implies KRVy = KRVZ™ since
both Kt and v(GRT;) are contained in KRV5™. Note that the action of K¢ on
KV-associators is trivial and the action of GRT; on the set of Drinfeld’s associ-
ators is transitive. The action of KRV5™ on KV-associators is also transitive,
and we conclude that all KV-associators are Drinfeld’s associators.
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Remark 9.15. For Drinfeld’s associators, Furusho [12] showed that the
hexagon equations (30), (31), and the inversion property (29) follow from the
pentagon equation, and the normalization condition 7(¢2) = 1/8. In the case
of KV-associators, Proposition 8.11 shows that the hexagon equations (30)
and (31) follow from the pentagon equation, the inversion property, and the
normalization condition m(¢g) = 1/8. If we assumed KRVy = KRVY™, the
inversion property would be automatic and we would get the analogue of Fu-
rusho’s result for KV-associators. If the conjecture of Section 4 holds true, we
recover the Furusho’s result.

Appendix A. Cohomology computations

In this appendix, we collect the cohomology computations needed in the
paper. We give a detailed account for cohomology in low degrees. A more
enlightened approach can be found in [22] and [27].

Proof of Theorem 2.8. The first statement is obvious since lie; = Kz and
d(z) =z — (x+y)+y =0. The second statement follows from the calculation
of Example 2.7.

For computing the second cohomology, let f be a solution of degree n > 2
of the equation

(33) fy,2) = f@+y,2) + flz,y +2) — fz,y) = 0.
By putting x — sx,y — x, 2z — 2z, we obtain

flz,2) = f(L+8)x,2) + f(sx,z+ 2) — f(sz,x) = 0.
In a similar fashion, putting x — x,y — z, 2z — sz yields

f(z,82) = f(x + z,52) + f(z,(1 + 5)z) — f(x,2) = 0.
Combining these two equations gives an identity
f(A+s)z,2) + f(z, (1 + 5)2)

=2f(x,2) + f(sx,z+ 2) + f(x + z,82) — f(sx,x) — f(2,52)

and differentiating both sides in s at s = 0 yields

(34) nf(z,2) = % (f(A+s)x,2) + f(x, (14 5)2))]s=0

d
=5, Sz, z+2) + f(a +2,82) = f(s2,2) = f(2,52))|s=0.
First, we solve equation (34) for f € lieg. In this case, f(sz,z) = f(z,s2) =0
and we obtain
f(z,2) = ad?} L (ax + B2)
for some «, 8 € K. For n = 2, this yields f(z,z) = (8 — )z, 2]. It is easy to
check that this is a solution of equation (33).
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For n > 3, consider equation (33) and first put y = —z to get f(z,—z) =
—f(x — z,z) which implies f(z,2z) = —f(x + z,—z). Then, put y = —z to
obtain f(—=x,z) = —f(x, 2z — x) which implies f(z,2) = —f(—x, 2z + z). Hence,

f(@,2) = ~(@— B)ad} 2 = (a - B)ad? .

This implies a—f = 0 and f(x, z) = 0 since ad? ' 2 # —ad” ! z (in lieg) unless
n = 2. Finally, for n = 1, we put f(x,y) = ax + By to obtain §f = azx — Sz.
In conclusion, df = 0 implies that f is of degree two and f(z,y) = a|z,y| for
ac K.

For f € trg, equation (34) gives

f(z,2z) =tr ((omc + B2)(x + 2)" ! — ax™ — 62“)
for some «, 5 € K. For n =1, it implies f(x,z) = 0. For n = 2, we get

Fz,2) = (a+ B) tr(zz) = — #5(@(.@2» :

For n > 3, we have
5f =(a=B)try((z+y)" "+ y+2)"" —(@+y+2)"" =y

Introduce a basis of monomial cyclic words in tr3 (e.g., tr(y"), tr(y" 'z) =
tr(zy™ 1), tr(y"222), etc.). With respect to this basis, the coefficient of the
cyclic monomial tr(y"~2zz) in the decomposition of 6 f is equal to (B—a)(n—2).
It vanishes if and only if § = a. In this case, f(z,2) = —ad(tr(z™)). Hence,
0f = 0 implies the existence of g € tr; such that dg = f, and the second
cohomology H?(tr,d) vanishes.

Remark. In the proof of Theorem 2.8 we have shown that ker (¢ : lieg —
lieg) = K[z, y]. That is, the only solution of equation (33) is f(z,y) = a[z,y].
Equation (33) has been previously considered in the proof of Proposition 5.7
in [8]. There it is stated that equation (33) has no nontrivial symmetric (that
is, f(z,y) = f(y,x)) solutions in liey.

Proof of Proposition 2.10. For H'(lie,d), we consider 0(z) = z + y —
ch(z,y) # 0 which implies H(lie,d) = ker(d : lie; — liez) = 0. To compute
H'(tt, ), observe that 6(tr(z)) = tr(z +y — ch(z,y)) = 0 (here we used that
tr(a) = 0 for all a € lie, of degree greater or equal to two) and ¢ tr(zF) =
Str(zF) 4+ --- # 0 for k > 2 (here “...” stand for the terms of degree greater
than k).

In order to compute the second cohomology, assume ) f =0, where f =
oo i fn with f, homogeneous of degree n and f; # 0. Then, of = ofn +
terms of degree > k, and we have J f, = 0.

First, consider f € lieg. In this case, dfr = 0 implies fr = 0 for all k
except k = 2. For k = 2, we have fo(x,y) = §[z,y| for some a € K. Define



THE KASHIWARA-VERGNE CONJECTURE AND DRINFELD’S ASSOCIATORS 459

g=[f+ax) = f+alx+y—ch(z,y)). We have g = 6f + ad?z = 0 and
g2(z,y) = 0. Hence, g =0 and f = —a(x +y — ch(z,y)) = 0(—ax).

For f € tro, the equation dfr = 0 implies fr = dhg for some hp € try.
Consider g = f — dhy,. Tt satisfies 6g = 0 and ¢ = > nek+1 9k In this way, we
inductively construct A € tv; such that g = Sh.

Proof of Theorem 3.17. Since tder; = 0, we have H?(tder,d) = ker(d :

tdery — tder3). Let u = (a,b) € tdery and consider du = u?3 —u!23 44123 412,
The equation du = 0 reads

—alx+y,2) + alz,y+2) — a(z,y) = 0,
a(y,z) — a(r+vy,z) + b(z,y+2) — blz,y) = 0,
b(y,z) — bz +y,z) + b(z,y+ 2) 0.
Put z = 0 in the first equation to get a(y, z) = a(0,y + 2) — a(0,y) = az. In

the same way, put z = 0 in the third equation to obtain b(x,y) = b(x +y,0) —
b(y,0) = Bx. All three equations are satisfied by v = (ay, 8z) = (o« — 8)r + Ot
for all «, 5 € K. Hence, ker(d : tdery — tders) = Kr & Kt.
In order to compute H3(tder,d), we put u = (a,b,c) € tders and write
du = u?3% — 1234 41234 1,234 1 123 The equation du = 0 yields
—a(x—l—y,z,w) +a(x7y+sz) - a’(‘rvyaz—i_w) +a(x7y7'z) =0,
a(y,z,w) - CL({E ‘l‘y,Z,'UJ) —f—b(.’E,y—f- Z,U}) - b(x,y,z+w) + b([L‘,y, Z) =0,
b(ywzaw) - b($+ya Z,w) +b($,y+ Z7w) o C(‘T’yvz —{-UJ) + C('ra?% Z) =0,
C(y,z,w) - C($+y7zaw) +C(Jz,y—|—z,w) - C(l‘,y,z —I—ZU) = 0.
Make a substitution x — x,y — —x, 2z — = + y, w — z in the first equation to
get
a(z,y,z) =alz,—x,x+y+2) —a(z,—z,x +y) + a0,z + y, 2).
Let f(z,y) = —a(z,—x,z + y) and k(z,y) = a(0,z,y) — f(x,y) to get the
following expression for a:
a(z,y,z) = f(xvy) - f(l',y+2) +f(l‘+y,2) +k(ﬂs+y,z)
In the same fashion, putting z — y,y — 2z + w, 2 — —w,w — w in the forth
equation gives
C(yv Z,’U}) - C(y +z+w, _waw) - C(Z +w, —w,w) + C(yv Z+w, 0)
By letting g(z,w) = ¢(z + w,—w,w) and I(z,w) = ¢(z,w,0) + g(z,w), we
obtain
c(y’sz) = —g(y,z +w) +g(y + va) —g(Z,’UJ) + l(y,Z—i-U))
Consider @ = (a, b, ¢) =u+d(f,g). It satisfies du = 0 and it has a(z,y,2) =
k(x + y,2) and é(x,y,2) = l(x,y + z). The first equation (for a) implies
k(z +y,z) = k(x + y,z + w) which forces k = 0 (since @ does not contain

terms linear in z). In the same way, the fourth equation for ¢ yields I(z + y,
z+w) = l(y, z+w) which implies [ = 0. Hence, @ = (0,b,0). Denote h(z,y) =
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b(x,0,y). First put y = 0 in the second equation for b to get b(z,z w) =
h(z,z + w) — h(z,z), then put z = 0 in the third equation for b to obtain
b(, y,w) = h(x +y,w) — h(y,w). These two equations imply

h(z,y) — h(z,y +w) + h(z + y,w) — h(y,w) =0,
and, by Theorem 2.8, h(z,y) = ~[z, y] for some v € K. This implies b(z, y, z) =
vz, y + 2] — v[z,y] = v[x, z]. Tt is easy to check that @ = (0, [z, 2],0) verifies
da = 0. Finally, in degree two, im(d : tdety — tdetr3) is spanned by

d(afz,y], Blz,y]) = (—aly, 2], (a = B)[z, =], B[z, y)),
and (0,v[z, z],0) ¢ im(d : tderg — tders) for v # 0.

Appendix B. Proof of Proposition 4.7

In this appendix we give a proof of Proposition 4.7. It is inspired by the
proof of Proposition 5.7 in [8].
Denote d¥ = (a, b, c). We have

a=—¢Y(-r—yz)+Y(-r—y—212)—Y(-r—y—2,z+Yy),

b=—Y(-z-y,y) +v(-r -y —2y+2)
—Y(—z—y—z,2+y) +¥(-y—29),

c=(-r—y—z,y+2)—Y(-r—y—2z2) +P(~y -2 2).

Let g be the semi-direct sum of tders and lies. The following formulas define
an injective Lie algebra homomorphism of t4 to g:

th?2 = (y,2,0) € tders, t13 — (2,0,7) € Werg, t23 = (0,2,y) € tOers,
tht s o € lies, 24— RS lies, 34 2 € lieg.

Indeed, t"2,t13, and t>3 span a Lie subalgebra of tders isomorphic to t3, and
x, y, and z span an ideal of t4 isomorphic to a free Lie algebra with three
generators. It remains to check the Lie brackets between generators of these
two Lie subalgebras. For instance, we compute

[tl’Q,tSA] —_ t1’2(2) — 0’ [tl’Q,tQA] — t1’2(y) —_ [y’x] — [t2’4,t1’4],

as required.
Note that (d¥)(z) is the image of the following element of t4:

104, —qp (o — g2 L) (gl g2 g3 gL

R )

04, —gp (02, 104 (D2 S g8 Ay (b2 4 bSR3 gl 24
[0, (112, $14) (82 413 414 (18 423 4Ly g24y]
[
[

7514 (t23 t12 t2’4)+¢)(t2’3,t1’2)]
t14 ¢(t23 tl 2)] [¢(t1’2,t2’3),t1’4].
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Here, in passing from the first to the second equation, we used the properties
of central elements in t3 and t4. For instance, t%2 + t5% + ¢4 is central in the
Lie subalgebra (isomorphic to t3) spanned by t12,#14 and t>. In the passage
from the second to the third equation we used the defining relations of the Lie
algebra t4. For instance, in the second term we used that 23 has a vanishing
bracket with ¢t and t2 + ¢t3. In the passage from the third to the fourth
equation we used a (3214) permutation of the equation (13). Finally, in the last
passage we again used the defining relations of t4 and, in particular, the fact
that t1'* has a vanishing bracket with t>? and with t2 + ¢t>%. In conclusion,
we have

d¥(z) = ("2, %) (2).
Similarly, (dW)(y) is the image of the following element:

[124, qp( b 24 124y 4 gp(gld g2 g3 g4y 34
L ap(— bt g2 B LA g2y 243 2]
= [124, ap(th2, 2h) £ p(tL? 4 L3 23 g2 g g3
L ap(t2 4 £l3 428 LA g2y g (28 2]
= 124, (83 182 4 1) 1ap(#13, 02) (813, 428 4 134) — ap(eD3, ¢23)]
(124, —p(t13 412 g (83, 123 1 34) — o (¢12, 129)]
= [(£12, 129, 124).

Here we used the (1324) and (3124) permutations of equation (13) as well as
equation (12), which implies (12, #%3) = (#12,¢13) + (¢13,¢23). Again,
the conclusion is

d¥(y) = ("2, 2%)(y).
Finally, we represent (dW)(z) as the image of the element:
34 ap (b 24 3 g2 g BAY gl 24 g3 3y
(a2t — A )
— [ (V2 4 113 23 24 B (D2 g g3 423 ) (123, 434)]
— [ p(E12 9324 ) (D3 423 ) (28, 43)]
— [, (Y2, 423) (D2, 123 4 24 = [ (2, 123, £349),
where we used the equation (13) (no permutation needed). We conclude that
d¥(z2) = (", 1%%)(2)

and dW = (12, 1%3), as required.
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