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On Manin’s conjecture
for a family of Chatelet surfaces

By REGIS DE LA BRETECHE, TIM BROWNING, and EMMANUEL PEYRE

Abstract

The Manin conjecture is established for Chatelet surfaces over Q aris-
ing as minimal proper smooth models of the surface Y? + Z? = f(X) in
A%, where f € Z[X] is a totally reducible polynomial of degree 3 without
repeated roots. These surfaces do not satisfy weak approximation.
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1. Introduction

The purpose of this paper is to prove Manin’s conjecture about points of
bounded height for a family of Chatelet surfaces over Q. These surfaces have
been considered by F. Chatelet in [Cha59] and [Cha66], by V. A. Iskovskikh
[Isk71], by D. Coray and M. A. Tsfasman [CT88], and by J.-L. Colliot-Théléne,
J.-J. Sansuc, and P. Swinnerton-Dyer in [CTSSD87a] and [CTSSD87b], among
others.
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The surfaces considered here are smooth proper models of the affine sur-
faces given in A3Q by an equation of the form

Y24+ Z? = X(a3X + b3)(asX + by)

for suitable ag, b3, a4, by € Z.

It is important to note that the surfaces we consider do not satisfy weak
approximation, the lack of which is explained by the Brauer-Manin obstruction,
as described in [CTSSD87a] and [CTSSD87b]. Up to now, the only cases for
which Manin’s principle was proven despite weak approximation not holding
were obtained using harmonic analysis and required the action of an algebraic
group on the variety with an open orbit. The method used in this paper is
completely different. Following ideas of P. Salberger [Sal98|, we use versal
torsors introduced by Colliot-Théléne and Sansuc in [CTS77], [CTS80], and
[CTS87] to estimate the number of rational points of bounded height on the
surface. Such a combination of descent methods with analytic number theory
was used in [HBS02] to prove that the Brauer-Manin obstruction to weak ap-
proximation is the only one for hypersurfaces related to norm forms. Therefore
we can reasonably hope that further developments of these techniques may be
successful in proving the refined conjectures of Manin for other such varieties.

This paper is organised as follows. In Section 2, we recall some facts about
the geometry of the surfaces. In Section 3, we define the height and state our
main result. Section 4 contains the description of the versal torsors we use.
In Section 5, we describe the lifting of rational points to the versal torsors.
This lifting reduces the initial problem to the estimation of some arithmetic
sums denoted by % (T'). The following sections contain the key analytical tools
used in the proof. In Section 7 we give a uniform upper bound for % (T') and
in Section 8 an asymptotic formula for it. The last section is devoted to an
interpretation of the leading constant.

Let us fix some notation for the remainder of this text.

Notation and conventions. If k is a field, we denote by k an algebraic clo-
sure of k. For any variety X over k and any k-algebra A, we denote by X4
the product X xgpec(x) Spec(A) and by X (A) the set Homgpec(x) (Spec(4), X).
We also put X = X% The cohomological Brauer group of X is defined as
Br(X) = H%(X, Gy,), where G, denotes the multiplicative group. The pro-
jective space of dimension n over A is denoted by P” and the affine space by
A". For any (zo,...,2,) € k"™ ={0}, we denote by (x¢ : -+ : ) its image
in P"(k).

Acknowledgements. While working on this paper the second author was
supported by EPSRC grant number EP/E053262/1. Parts of the work were
supported by the ANR project Points entiers et points rationnels.
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2. A family of Chatelet surfaces

Let us fix a1, as, a3, a4, b1, b2, b3, by € Z such that

a; i #0

L aj
Al’] b; bj

for any 4,7 € {1,2,3,4} with i # j. We then consider the linear forms L;
defined by L;(U, V') = a;U +b;V for i € {1,2,3,4} and define the hypersurface
S1 of P%Q X A}Q given by the equation

4
X2+v?=1"]]L:i(U,1)
=1

and the hypersurface Sy given by the equation

4
X2 4 y? =1 [[ L(1,V).
i=1
Let U be the open subset of Sy defined by U # 0 and Us be the open subset
of Sy defined by V # 0. The map ® : Uy — Uy which maps (X : Y : T),U)
onto ((X : Y : U?T),1/U) is an isomorphism and we define S as the surface
obtained by glueing S7 to S using the isomorphism ®. The surface S is
a smooth projective surface and is a particular case of a Chatelet surface.
The geometry of such surfaces has been described by J.-L. Colliot-Thélene,
J.-J. Sansuc, and P. Swinnerton-Dyer in [CTSSD87b, §7]. For the sake of
completeness, let us recall part of this description which will be useful for the
description of versal torsors.
The map 51 — P}Q (resp. Sz — P(IQ) which maps (X : Y : T),U) onto
(U :1) (resp. (X' :Y":T"),V) onto (1:V)) glue together to give a conic
fibration 7w : S — P}Q with four degenerate fibres over the points given by
P, = (—b;:a;) € PY(Q) for i € {1,2,3,4}. In fact, the glueing of P%Q X A(IQ to
P?Q X A%Q through the map

(2.1) (X:Y:T),U)— (X:Y :UT),1/U)

gives the projective bundle! P = P(6? @ ¢(—2)) over P}Q and S may be seen
as a hypersurface in that bundle.

Over Q(i), if £ € {—1, i}, then the map Aq;) — S1q(;) which is given by
u > ((§:1:0),U) extends to a section o¢ of . The surface Sq(;) contains
10 exceptional curves, that is irreducible curves with negative self-intersection.

IWe define here P(6%@ 6(—2)) as the projective bundle associated to the sheave of graded
commutative algebras Sym (&2 @ ¢(2)). In other words the fibre over a point is given by the
lines in the fibre of the vector bundle and not by the hyperplanes.
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Eight of them are given in Sq(;) by the following equations:
DS:  Li(m(P))=0 and X —¢Y =0
for £ € {—1,i} and j € {1,2,3,4}; the last ones correspond to the section og¢
and are given by the equations
E¢: T=0 and X —¢Y =0.

Here X, Y, and T are seen as sections of 0p(1). Let us denote by ¢ the Galois
group of Q(i) over Q and by z — Z the nontrivial element in ¢. Then we have

EE=Ef and DS=Df

for £ € {—i,i} and j € {1,2,3,4}. We shall also write D;.r (vesp. D, Et, E7)
for D; (resp. D;j , B, E71). The intersection multiplicities of these divisors
are given by

§ €y — _ £ néy — _ & n¢ — & D —
(E aE )_ 27 (DjaDj)_ 1a (Dijj )_17 (E aDj)_la

where £ € {—i,i} and j € {1,2,3,4}, all other intersection multiplicities being
equal to 0 (see [CTSSD87b, p. 73]). The geometric Picard group of S, that

is Pic(), is isomorphic to Pic(Sq(;)) and is generated by these exceptional
divisors with the relations

(2:2) [DF]+[D}] = (D] + [Dy]
for j,k € {1,2,3,4} and
(2.3) [E¥]+ [Df1+ D] = [E71+ (D] + [Dy)]

whenever {j, k,l,m} = {1,2,3,4}. Using the fact that Pic(S) = (PiC(SQ(j)))g
it is easy to deduce that Pic(S) has rank 2.

It follows from the adjunction formula that the class of the anticanonical
line bundle is given by

4 4
wg'=2EY+> Df =2E"+) D;.
j=1 j=1
LEMMA 2.1. Using the trivialisation described by (2.1), the 5-tuple of
functions

(T,UT,U°T, X,Y)
gives a basis of T'(S,wg").
Proof. Let C be a generic divisor in |wg'|. Then C is a smooth irreducible

curve; let go be its genus. According to the adjunction formula, we have that
29c — 2 = wg.(wg —wg) = 0. Thus go = 1. The exact sequence of sheaves

0— Os — wg' — wg' ®0c — 0
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gives an exact sequence
0 — HY(S, 05) — H°(S,wg') — H°(C, wgl‘c) — HY(S, 05).
But S is geometrically rational and H'(S, Os) = {0}. We get that
hO(S,wgt) =1+ 1°(C w5t o)

Let D = w;l‘c. We have that deg(D) = 4 and deg(wc — D) = —4 since
we = 0. Applying the Riemann-Roch theorem to C', we get that

hO(D) = deg(D) + 2gc — 2 = 4
and hO(S, wgl) = 5. Since the sections T,UT,U?T, X, and Y are linearly
independent, and extend to a section of @y (1), we get a basis of I'(S,wg’). O

LEMMA 2.2. The linear system |w§1] has no base point and the basis
given in Lemma 2.1 gives a morphism from S to P‘é, the image of which is
the surface S’ given by the system of equations

XoXo — X2 =0,
X2+ X2 = (aXo+bX1 + cX2)(a' Xo + ¥ X1 + ' X>),

where

a = ayas, b= aibs + asby, c = b1bs,

a = asay, b = asby + aybs, d = bsby.

The induced map ) : S — S’ is the blowing up of the conjugate singular points
of S" given by P€ = (0:0:0:1: &) with € = —1 and Y~ (P%) = EX.

Proof. This follows from the fact that the map from S to P‘é induces the
maps

(z:y:t),u)— (t:ut:ut:x:y)
from S to P‘é and
(2" 2y ), 0) — (v2t' ot ot a2l y)
from S5 to P‘é. U

Remark 2.3. The surface S’ is an Iskovskikh surface [CT88]; it is a singular
Del Pezzo surface of degree 4 with a singularity of type 241, and ¢ : S — S’
is a minimal resolution of singularities for S’.
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3. Points of bounded height

Over Q or even Q(i), the only geometrical invariant of S is the cross-ratio

/
/

Indeed the automorphisms of P}Q sending the points P;, P», P3 onto the points
co=(0:1),0=(1:0),and 1 = (1:1) lifts to an isomorphism from S to the
Chatelet surface with an equation of the form

X2+ Y?2=8UU —-1)(U - a)T?,

as a

bs b1

as a1

by b

asz a2

bs  bo

aq G2

by b2

o =

where 5 € Q. Over Q(i) we may further reduce to the case where § = 1. In
particular, without any loss of generality, we may assume that

(3.1) a] = bg =1 and ay = b1 =0.

Hypothesis 3.1. From now on we assume relations (3.1), that we have
ged(as, bg) = ged(ag, by) = 1, and that agbsasbs(asby — agbs) # 0.

Notation 3.2. Let C' = \/H?:1(|aj| + |bj]). We equip the projective space
P‘é with the exponential height Hy : P4(Q) — R defined by

e 3| |4]
Hy(xzop: 21 : @ : 23 : ©4) = max (3?0’, |1, |22, ok C)

if xg,..., 74 are coprime integers. Using the morphism v : S — S’, we get a
height H = H, o vy which is associated to the anticanonical line bundle wgl.

We denote by Val(Q) the set of places of Q. For any v € Val(Q), Q,
is the corresponding completion of Q. As explained in [Pey95, §2], such a
height enables us to define a Tamagawa measure wpy on the adelic space
S(AqQ) = [lvevaiq) S(Qu). We also consider the constant a(S) defined in
[Pey95, Def. 2.4] which is equal to % in our particular case and, following
Batyrev and Tschinkel [BT95], we also put 5(.5) :jj(coker(Br(Q) —>Br(S))) =4
(see [Sko01, Prop. 7.1.2]). We then set

Cr(S) = a(S)B(S)wr(S(AqQ)PY),

where S(Aq)P" is the set of points in the adelic space for which the Brauer-
Manin obstruction to weak approximation is trivial.

We are interested in the asymptotic behaviour of the number of points of
bounded height in S(Q), that is by the number

Nsu(B) =8{P € 5(Q), H(P) < B}
for B e R with B > 1.
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We can now state the main result of this paper.

THEOREM 3.3. For any Chatelet surface as above, we have the asymptotic
formula

(F) Ns,i(B) = Cp(S)Blog(B) + O(Blog(B)*™).

Remarks 3.4. (i) One may note that, as S(Q) is dense in S(Aq)®" by
[CTSSD87a, Th. B], this formula is compatible with the empirical formula (F)
described in [Pey03, formule empirique 5.1] which is a refinement of a conjec-
ture of Batyrev and Manin [BM90].

(ii) Over R, the image of S(R) on P}(R) is the union of two intervals
defined by the conditions H?:l L;(U,V) > 0. Therefore we may choose indices
J.ke{1,2,3,4} such that j#k and the sign of L;(U, V)L (U, V) is not constant
on S(R). The evaluation of the element (—1,L;(U,V)/Lx(U,V)) € Br(S)
(see [SkoO1, Prop. 7.1.2]) is not constant on S(R). Therefore in all the cases
we consider, S(AqQ)P" # S(Aq).

4. Description of versal torsors

Versal torsors were first introduced by J.-L. Colliot-Thélene and J.-J. San-
suc in [CTS77], [CTS80], and [CTS87] as a tool to prove that the Brauer-Manin
obstruction to the Hasse principle and weak approximation is the only one. In
[CTS87, §2.6], these authors give a description of the versal torsors for Chatelet
surfaces up to birational equivalence. To be able to parametrise the points of
S(Q) we in fact need to construct the versal torsors themselves. Our construc-
tion is akin to the one used by Colliot-Thélene and Sansuc but also to the
constructions based upon Cox rings.

We shall first introduce an intermediate versal torsor which corresponds
to the Picard group of S over Q, that is to the maximal split quotient of Tns.

Definition 4.1. Let iy be the subscheme of A3, = Spec(Z[X,Y,T,U,V])
defined by the equation

4
(4.1) X2+y?=T"1[ L;(U,V)
j=1
and the conditions
(X,Y, T)#0 and (U, V) #0.
The split algebraic torus Ty, = G?n,Z acts on Jp via the morphism of tori
(A ) = (A A 172, s )

from G?n 7z to an z and the natural action of G;’n 7 on A%. Let Tgp1 be the
variety 1. We have an obvious morphism g, from Ty, to S which may
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be described as follows: for any extension K of Q and any point (z,y, ¢, u,v) of
Tp1(K), if v # 0, then the point ((x : y : tv?),u/v) belongs to S1(K) C S(K).
If u # 0, then the point ((z :y : tu?),v/u) belongs to S2(K) C S(K) and the
points obtained in S(K) coincide if uv # 0. The morphism g, makes of Tgp
a G2 -torsor over S.

‘We now turn to the construction of the versal torsors.

Notation 4.2. We denote by A the set of exceptional divisors in Sq;
and consider it as a ¥-set. Let Aq be the set of ¥-orbits in A. We put
E={E*,E"} and D; = {Df, D7} for j € {1,2,3,4}. Then

AQ = {E; D17D27D33D4}-

For § € Aq, we may also write § = {67,67}. We consider the affine space
A Az of dimension 10 over Z

AAyz = SpeC(Z[X(;,Y(;,(s S AQ])
and define Aa = (Aaz)q. For any 6 € Aq, we put Zs+ = X5 + iY5 and
Zs— = X5 — 1Y5. We may then consider the algebraic torus
Ta = Spec ((Q(I)[Z5. 25,6 € A])?)

as an open subvariety of Aa. We shall also write Zj, (resp. Z§) for Zp: (resp.
Zpe) and use similar conventions for the variables X5 and Y5.

We now wish to construct for each isomorphism class of versal torsors over
S with a rational point a representative of this class in Aa.

Notation 4.3. Let n = (n1,n2,n3,n4) belong to (Z=—{0})*. We define %,
as the subscheme of Aa z given by the equations

(4.2) Ajkni(X7 + Y72) 4+ Dpan (X7 +Y7) + Apyni(XF+Y7) =0

if 1 <j<k<l<4. The scheme .7, is the open subset of %;, given by the
conditions

(4.3) (Zs,, Zs,) # (0,0),
whenever d; N dy = . We denote by Ty, the variety (I,)q.

Remark 4.4. Equations (4.2) define an intersection of two quadrics in A%,
upon which we will ultimately need to count integral points of bounded height.
As shown by Cook in [Coo71], the Hardy-Littlewood circle method can be
adapted to handle intersections of diagonal quadrics in at least nine variables.
Here we will need to deal with an intersection of diagonal quadrics in only
eight variables. For this we will call upon the alternative approach based on
the geometry of numbers in [dIBBO0S].
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It follows from [CTS80, Prop. 2] that the set of isomorphism classes of
versal torsors over S with a rational point is finite. We introduce a finite set
which parametrises this set.

Notation 4.5. Let 8 be the set of primes p such that? p | [Ti<jck<a Dk
For any j in {1,2,3,4}, we put

8 = {pGS, p=3mod4 and p| HAM}
k#j
and
= {0 Lo eon (plpesy) € 10.2) x 0,19,
PES;

Finally, we define ¥ to be the set of m = (m;)1<j<4 € H;*:l ¥; such that the
four integers are relatively prime, m; is positive and H§:1 m; is a square. For
any m € X, we denote by «,, the positive square root of H;*:l m;.

Let m belong to 3. We define a morphism 7y, : T, — S. In order to do
this, it is enough to define a morphism Ty, : Ty, — Tsp1 which is done as follows.
For any extension K of Q and any z = (25)sca in Ty (K), conditions (4.2)
and (4.3) ensure that there exists a pair (u,v) € K?={0} such that

(4.4) Lj(u,v) = mjzjzj_

for j € {1,2,3,4}. Let (z,y,t) € K>={0} be given by the conditions

T+ iy = am(2g)? [Tj=1 25 »
(4.5) z— Iy = am(zg)? 1= zZ,
t=2zy 2 -

Then we have the relation

and (z,y,t,u,v) belongs to T (K).

It remains to describe the action of the torus Tng associated to the ¥-lattice
Pic(S) on T,,. The algebraic torus Ta corresponds to the @-lattice ZA and
Ta acts by multiplication of the coordinates on Aa. The natural surjective
morphism of ¥-lattices

—pr: Z% — Pic(95)

induces an embedding of the algebraic torus Tyg on TA 3

20ver Z/2Z, one of the A, ; has to be zero, and so 2 € 8.
3There is some question of convention in the definition of versal torsors which leads us to
use the opposite of the projection map.
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PROPOSITION 4.6. Let m belong to . The variety T, is invariant un-
der the action of Tns on Aa, and the variety T, equipped with the map
Tm : Tm — S and this action of Tns is a versal torsor above S.

Proof. The description of the kernel of the morphism pr (see (2.2), (2.3))
give the following equations for Tng:

(4.6) Zrzy =7 7
for j, k € {1,2,3,4} and
(4.7) 75257 = Z5 Z; 7,

if {j,k,l,m} = {1,2,3,4}. Equations (4.2) are invariant under the action of
Tns thanks to (4.6) as are inequalities (4.3). Therefore the action of Tng on
A A induces a natural action of Tng on T,,. This description of Tns also
implies that 7, is invariant under the action of Txg on J;,. Indeed let K be
an extension of Q, let ¢ belong to Txs(K), and z to T, (K). We put 2’ = t2. It
follows from (4.4) and (4.6) that z and 2’ define the same point (u : v) € P(K)
and from (4.5), (4.6), and (4.7) that z and 2’ give the same point (z : y : tv?)
(resp. (z:y : tu?) in P?(K)).

We note that for any extension K of Q, if R € T,,,(K), then 7,,.} (mm(R))
coincides with the orbit of R under the action of Txg. Indeed if R’ € T, (K)
satisfies 7 (R') = mm(R), then there exists a unique z € Ta(K) such that
R’ = zR. Let us write 2z = (25)sca. Using (4.4) and (4.5) and the description
of the action of G2,(K) on i), we get that z; 2, = zjzj_ if1<i<j<4,
and

4 4
G =G5 =)
j=1 j=1

for k € {1,2,3,4}. We deduce from these equations that z € Tng(K).

It is enough to prove the result over Q. By choosing square roots a; of m;
such that H;*:l Qj = uy, and using a change of variable of the form Z JE-’ = o, Z;5
fore € {+1,—1} and j € {1,2, 3,4} we may assume that m = (1,1,1,1). Note
that for any & in A, the variety 7,,,'(Ea) is the subvariety of T,, defined by
Zs =0. If e € {+1,—1}, we consider the open subset

4
UEZS—EE— UIE;:
]:

of S and for j € {1,2,3,4}, we put
Uy=S—-E"—E~ - |J(EVE).
k#j
The open subsets Uy, Us, Us, Uy, Uy, and U_ form an open covering of S. If
e € {4+1, -1}, we consider that X +¢iY = 1 on U, and we define a section s!

€
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(resp. s2) of w1 over U. N Sy (vesp. U- N Se) by Z§ = Z§ = Z5 = 75 = Z5 = 1,
Zyt=tand Z;° = L;(U,1) (vesp. Z;° = L;(1,V)) for j € {1,2,3,4}. Simi-
larly, for j € {1,2,3,4}, fix k,l,m so that {j,k,I,m} = {1,2,3,4}. On Uj;, we
may consider that Ly(U,V) =1 and T = 1. We may then define a section s;
of mpover Uj by Z}) =Z,, =Z§ =Z; =2} = Z}, =1 and

X +1iY X —-1iY

Zr = LOV), Zu=Ln(UV), Zf =g, and 2= oo
r#j <r Ty

Condition (4.3) ensures that, for any point P € T1(Q), the stabilizer of P in
Tns(Q) is trivial. Using the action of Txg on T we then get an equivariant
isomorphism from Txg x U to 7y *(U) for each open subset U described above.
This proves that T,, is a Tng-torsor over S.

It remains to prove that the endomorphism of Pic(S) defined by this torsor
is the identity map. Let us first recall how this endomorphism may be defined.
If L is a line bundle over S, then the class of L defines a morphism of Galois
lattices Z — Pic(?) and therefore a morphism of algebraic tori ¢r, : Tng = G
and an action of Tg on G,,. The restricted product T x'~s G,,, is a G,-torsor
over S which defines an element of Pic(S). For any § in A, the function Zs
on T, is invariant under the action of the kernel of the map ¢; : Tns — Gy,
defined by the class of § in Pic(S). Therefore this function defines an antiequiv-
ariant map from Ty, XN G,,, to A! which vanishes with multiplicity one over

7, (8). Thus the endomorphism defined by T, on Pic(S) sends the class of §

m
to itself for any § € A. This proves that T, is a versal torsor over S. O

To conclude these constructions it remains to prove that the set of rational
points S(Q) is the disjoint union of the sets 7, (Tm (Q)) where m runs over
the set X.

LEMMA 4.7. For any P € S(Q), we have
E(mept (P) N T (2) = £GT (Q)rons = 27

Proof. Let us start with a point P = ((zo : yo : to), uo) in S1(Q). We then
have the relation

4
xd 4yt =t} H L;(ug, 1).
j=1
We may write ugp = u/v with u,v € Z and ged(u,v) = 1. Then we may find

an element A of Q such that the rational numbers x = Azg, y = Ayp and
t = Mto/v? are coprime integers and we have

a? +y? =12 11 Zi(u,v).
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The same construction works for any point of S2(Q), and if P belongs to
S$1(Q) N S2(Q), the elements of Z° thus obtained coincide up to multiplication
of the first three or the last two coordinates by —1. O

Remark 4.8. Note that if we impose conditions like

4
t>0, Li(u,v)>0 and H Lj(u,v) >0,
j=2

the lifting of P is unique.

PROPOSITION 4.9. Let P belong to S(Q). Then there exists a unique m
in 3 such that P belongs to mm (Tm(Q)).

Proof. Let Q = (z,y,t,u,v) € Jg1(Z) be such that 7e, 1 (Q) = P. Without
loss of generality we may assume that Q = (x,y,t,u,v) € Z° is such that

22+ =t H?:l Lj(u,v),
(4.8) ged(w,y,t) = 1, ged(u,v) =1,
t >0, Li(u,v) >0, and H§:2 Lj(u,v) >0.

The fact that ¢ H?:l Lj(u,v) is the sum of two squares implies that
4
(4.9) H Lj(u,v) >0
j=1

and, if H;*:l Lj(u,v) # 0, for any prime p congruent to 3 modulo 4,
4
(4.10) va(Lj(u,v)) = 0 mod 2.
j=1

Let j belong to {1,2,3,4}. If Lj(u,v) # 0, we denote by ¢; € {—1,+1} the
sign of L;(u,v) and by ¥;(Q) the set of prime numbers p which are congruent
to 3 modulo 4 and such that v,(L;(u,v)) is odd. We then put

m; = €5 X H Pp-
PEY;(Q)
If Li(u,v) =0, we define m; as the only integer in ; such that [Ji_, my is a
square. By construction, we have m; | Lj(u,v) and the quotient L;(u,v)/m;
is the sum of two squares.

Let us now check that m = (mj, ma, ms, my4) belongs to ¥. According
to (4.10), if a prime number belongs to 3;(Q) for some j € {1,2,3,4}, then
there exists k € {1,2,3,4} with k # j such that p € ¥;(Q). In particular, p
divides both L;(u,v) and Ly (u,v) as well as

Ajgu = b Lj(u,v) — bjL(u,v)
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and Ajpv. Since ged(u,v) = 1, we get p | Aj. Thus m € H?:l Y;. But
combining (4.9), (4.10), and the definition of m we get that H?zl mj is a
square. If d divides all the my, it divides ged;<jx<4(Aj k) which is equal to
1 since Ay = 1 under condition (3.1). Finally m; > 0 since Ly (u,v) > 0 or
H?:Q Lj(u,v) > 0. Thus, m belongs to X.

We now wish to prove that @ belongs to 7, (Tm (Q)). By construction of
m, for any j in {1, 2, 3,4}, the integer L;(u,v)/m; is the sum of two squares.
Moreover if p is a prime number, congruent to 3 modulo 4, then p generates a
prime ideal of Z[i]. From relations (4.8), if p | ¢, then p | (z+iy)(z—iy). In that
case we have p | z and p | y, which contradicts the fact that ged(z,y,t) = 1.
As t > 0, we get that ¢ may also be written as the sum of two squares.

If H;l-zl Lj(u,v) # 0, we choose for j € {1,2,3} an element z;r € Z[i] such
that L;j(u,v)/m; = zjz;r and an element z; € Z[i] such that t = 2 2. Then
we get the relation

L Y ( x + iy ) ( r + iy )
4(u,v)/my = )
am(20)? 21 2 ) \am(20 )2 [ 2f

and we put z = (x —{—1'y)/(ozm(zar)2 H?:l z;r) € Qli]. If H;*:l Lj(u,v) =0, we
choose 21, 23, 25, 2% as above and 2] € Z[i] such that Ly(u,v)/my = 2] 2.
In both cases, we put z; = z;-r for j € {1,2,3,4} and 25 = 27 .

The family so constructed satisfy relations (4.5) and (4.8), from which it
follows that the corresponding family (zs5)sea is a solution to the systems (4.2)
and (4.3). Thus we obtain a point R in Tp,(Q) such that mp, (R) = P.

Let m/ belong to ¥ and assume that the point P belongs to the set

T (Tm/ (Q)) as well. Then by (4.8), for any prime number p, we have

vp(mfy) — vp(my) = vp(Lj(u,v)) — vp(Li(u,v)) = vy(m;) — vy(my,)
for any j,k in {1,2,3,4} such that L;(u,v)Ly(u,v) # 0. Similarly, denoting
by sgn(m) the sign of an integer m, we have
sgn(mj)/ sgn(my,) = sgn(m;)/ sgn(my).
These relations between m and m/ remain valid if L;(u,v)L(u,v) = 0 since

the products []j—; m; and []j_; m

; are squares. But, by definition of ¥, we

have
/ . AN
m; >0 and 121]124Up(mj) =0
for any prime number p, and similarly for m. We obtain that m = m/. O

5. Jumping up

Having constructed the required versal torsors explicitly, we now wish
to lift our initial counting problem to these torsors. In order to do this, we
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shall define an adelic domain %y, in the adelic space Tp,(Aq) so that for any
P € mm(Tm(Q)), the cardinality of 7.} (P) N P, is #Txs(Q)tors-

5.1. Idelic preliminaries. We first need to gather a few facts about the
adelic space Tns(AqQ)-

Notation 5.1. Let A be a commutative ring. We may identify the A-points
of A with the elements of the invariant ring

9
An= (]I A®zzli]) .
deA

Let & be the set of prime numbers.

Let p € &. We put 8, = Spec(Q, ®z Z[i]) which we may identify with
the set of places of Q[i] above p. If @ = (ay)pes, and b = (by)yes, belong to
Z%», we write @ > b if a, > b, for p € §, and min(a,b) = (min(ay, by))pes, -
The valuations induce a map

By : Qp @z Zli] — (Z U {o0})®.
Thus we get a natural map
(Qp ©z7 Z[i)* — (Z U {o0}) 74,

The action of ¢ on 8, and A induces an action of ¢ on the set on the right-
hand side so that the above map is ¥-equivariant. Denoting by I, the set of
invariants in (Z U {oo})®**A and by T, its intersection with Z%»*A | we get a
map
log,, : AA(Qp) — T

whose restriction to Ta(Q,) is a morphism from this group to the group I,
and log, is compatible with the action of TA(Qp) on the left and the action
of I, on the right. We denote by =, the set of elements (ry 5) of I', such that
rps = 0 for any p € 8, and any 6 € A.

If T is an algebraic torus over Q which splits over Q(i), then X*(T') de-
notes the group of characters of T' over Q(i) and X, (T) = Hom(X*(T), Z) its
dual, that is the group of cocharacters of T. We denote by (,-) the natural pair-
ing X*(T) x X,.(T') — Z. For any place v of Q, we denote by X.(T), the group
of cocharacters of T over Q,, which may be described as X*(T)Gal(Qv/Q”). We
also consider the groups X.(T)q = X.(T)? and X*(T)q = X*(T)?. The
group I'y may then be seen as the group X«(Ta)p. The restriction of log, from
Ta(Qp) to I', is then the natural morphism defined in [Ono61, §2.1]. For any
(r5)sea €I'y, we put rjt =rp= for j € {1,2,3,4} and rg = rg+. The group
Xi(Ins)p is then the subgroupjof '), given by the equations

F o w4
Tj —|—’l"] —’I"l —|—’I"l
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forl<j<l<4and
T el =rg +r, 1,
lf {J7l7m7n} = {1727374}

Remarks 5.2. (i) If p = 3mod 4 or p = 2, then there exists a unique
element p in §,. Thus I', is canonically isomorphic to ZAQ. If p = 1 mod 4,
then choosing an element p € 8, we get an isomorphism from ZA to ry.

(ii) We may note that an element @) € Tp,,(Qp) belongs to %, (Z,) if and
only if log,(Q) belongs to Z,.

LEMMA 5.3. For any prime p, the morphism log,, induces an isomorphism
from the quotient Tns(Qp)/Ins(Zp) to Xi(Ins)p and there is an exact sequence

11— TNS(Q)tors — TNS(Q) — @ X*(TNS)p — 0.
peEP
Proof. By [Dra71, p. 449], the kernel of the map log, from Tis(Q,) to
X« (Ins)p coincides with Tng(Z,) for any prime p. Let us prove that the map
@, log, from Txs(Q) to P, X«(Ths)p is surjective. We first assume that p # 2.
If p =1 mod 4, we choose an element w € Z[i] such that p = ww and identify
8y with {w,w}. If r € T'),, we then define

exp,(r) = (W= =) seA.-

If p = 3mod 4, then we put @w = p and for r € I'y, we define exp_(r) to
be (w'"?9)sea. By construction, exp, is a morphism from I', to Ta(Q) and
satisfies log, o exp, = Idr, and log, o exp_, = 0 for any prime ¢ # p. Moreover
we have

(5.1) X(exp (1) = pr)

for any x € X*(Ta)q and any r € I'). Therefore, if r belongs to X, (Ins)p,
then exp_ (r) belongs to Tns(Q). It remains to prove a similar result for p = 2,
although there is no morphism which satisfies (5.1). Let r belong to X, (Tng)2.
Let us write r; = rj+ =r; for jin {0,...,4}. Since 7 belong to X,(Tng)2,
we have 11 = rg = r3 = r4. We put z;-L = (1+1i)% for j € {0,1,2,3} and
zf = (—=i)oFt2"1(141i)" and z; = E;r for j € {0,...,4}. Then logy(z) = r and
z satisfies equation (4.6). Moreover if {j, k,l,m} = {1,2, 3,4}, then one has

L (1 _|_1')To+27‘1 )
zarz;.rz,j/(zo 2 Zy) = m(ﬂ)m”” =1
which proves that z satisfies (4.7).
If z belongs to the kernel of the map @D, logp, then its coordinates are

invertible elements in Z[i]. Thus z is a torsion element of Tng(Q). O
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5.2. Local domains. To construct Z,, for any prime p and any m € X
we shall define a fundamental domain in Ty, (Q,) under the action of Tng(Qp)
modulo Txs(Z,). In other words, we want an open domain Zp, ;, C Tm(Qp)
such that:

(i) The open set Py, ;, is stable under the action of Tng(Zy).

(ii) For any ¢ in Tng(Qp) —TNs(Zyp), one has t. Py p N Do p = 0.
(iii) For any z in Ty, (Qp), there exists an element ¢ in Tns(Q,p) such that x
belongs to t.Zm p.

LEMMA 5.4. For any prime number p, the domain Jupi(Zy) is a funda-
mental domain in T (Qp) under the action of Typ1(Qp) modulo Typ(Zy,).

Proof. As in the proof of Lemma 4.7, if P belongs to S(Q,), then there
exists a point Q = (v,y,t,u,v) € Fp1(Qp) such that 74,1 (Q) = P and

min(v,(x), vp(y), vp(t)) = min(vy(u), vp(v)) = 0.
The last condition is equivalent to @ € Fipi(Zy). The lemma then follows from
the facts that the action of Ty,1(Q)p) on Zp1(Qp) is given by

(), (z,y,t,u,v)) — ()\ﬂv,)\y,,u_Q)\t,uu,uv)

and Ty (Qp)-orbits are the fibers of the projection mgp : Zep1(Qp) — S(Qp)-
O

LEMMA 5.5. Two elements of T, (Qp) belong to the same orbit under the
action of Tns(Zyp) if and only if they have the same image by mm and log,.

Proof. According to Proposition 4.6, two elements of T,,,(Q,) belong to
the same orbit under the action of Tng(Qp) if and only if their image by
Tm coincide. On the other hand, Tks(Z,) = Tns(Qp) N Ta(Z,) is the set of
elements of A (Qp) which are sent to the origin of I'; by log,,. Therefore if two
elements of T,,(Q,) belong to the same orbit for Txg(Z,), their image in T,
coincides. Conversely, let z and y be elements of Tp,(Q,) which have the same
image by m, and log,. Then there exists an element ¢ € Tns(Qp) such that
y = tz. Since log,(z) = log,(y), if a coordinate 25 of x is different from 0, the
corresponding component of log,(¢) is 0. Taking into account conditions (4.3)
and equations (4.6) and (4.7) which define Tis, this implies that log, () is the
unit element and thus t € Tg(Zp). O

Remark 5.6. The idea behind the construction of %y, is first to consider
the intersection
%;Ll(%pl(zp)) N @m(zp)a

which is stable under the action of Txs(Z,). For all primes p for which there
is good reduction, this intersection coincides with 3, (Z,). More generally, if
p is good or if p Z 1 mod 4, this intersection satisfies conditions (i)—(iii) and
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yields the wanted domain. On the other hand, if p is a prime dividing one of
the A;;, and such that p = 1 mod 4, then for any Q € Jip1(Zp) NTm (Tm (Qp)):
the intersection

T (Q) N P (Zy)

is the union of a finite number of Txg(Zjy)-orbits. We then select a total order
on I', and choose the minimal element in the image of the last intersection by
¢p. In that way, we construct the wanted domain.

To better understand the construction, we describe the conditions satisfied
by log,(R) for a lifting R of a point Q € Tsp1(Qp). Let R = (25)sea € Tm(Qp)
and let @ = (z,y,t,u,v) = T (R). Let us denote by (rs)sea € I', the image
of R by log,. We also put n; = 0,(L;(u,v)/my) for j € {1,2,3,4}, ng = vy(t),
and n* = 9,((z & iy)/am ). Then we have the relations

for j € {0,...,4}, and
4
(5.3) nt =2rf + er
j=1

-----

be the corresponding elements of Z% defined in Remark 5.6.
(a) One hasm; >0 for j €{0,...,4}, n™ >0 and n™ > 0.
(b) If p ¢ 8, then min(n;,n;) =0 4if 1 <i<j<4.
(¢) If p# 1 mod 4, then ng = 0.
(d) One has min(ng,n*,n") = 0.
(e) There exists a solution in =, to equations (5.2) and (5.3).
(f) The number of such solutions is finite.
(g) There exists a unique solution to these equations in =, if p € 8 or
if pZ 1 mod 4.

Proof. We write m = (my,...,my) and Q = (x,y,t,u,v). As Q be-
longs to the set mp, (Tm(Qp)), one has that p|m; if and only if p = 3 mod 4
and vp(Li(u,v)) is odd. If these conditions are verified, vp(am) = 1 and
am|Li(u,v). Similarly, using equation (4.1), we have that a,,|z £ iy and this
concludes the proof of a).

We now assume that p € 8. Let 4,5 be such that 1 < i < j < 4. Thus p
does not divide A; j. This implies that min(v,(L;(u,v)), vp(L;j(u,v))) = 0 and
so min(n;,n;) = 0.

We now prove assertion (c). If p|t, then by equation (4.1), it follows that
p?|x? +y?. If we assume that p = 2 or p = 3 mod 4, then this implies that p|z
and ply which contradicts the fact that min(v,(x), vy(y),vp(t)) = 0.
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Let p € 8. If p divides = + iy, v — iy, and ¢, then p divides z, y and ¢.
This proves assertion (d).

Since @ belongs to 7, (T(Qp)), equations (5.2) and (5.3) have a solution
in I'y. If p =3 mod 4 or p = 2, then the integers T’;t € Z are such that rj =r;
for j € {0,...,4}. Therefore the equations in (5.2) have a unique solution in
I'). By (a) the coordinates of this solution are positive. If p = 1 mod 4, then
by choosing an element p € 8, we are reduced to solving the equations

nj:r;—i-rj_
for j €{0,...,4}, and

in ZA, where nj > 0for j € {0,...,4}, n" > 0and n~ > 0. Since we have the
relation 2ng + Y-}y nj = n* +n”, we may write n* = 2ag + Yj_; af where
0< a;r < n; for j € {0,...,4}. Then we put a; :nj—aj for j € {0,...,4}
to get a solution with nonnegative coordinates.

Assertion (f) follows from the fact that there is only a finite number of
nonnegative integral solutions to an equation of the form n = k* + k.

If p=3mod4 or p =2, we have already seen that the solution to the
system of equations is unique. If p € 8 and p = 1 mod 4, then it follows from
assertions (b) and (d) that rj-[ = min(n;j,n¥), which implies that the solution
is unique. [l

LEMMA 5.8. Ifp is a prime number such that p=1mod 4 orp & 8, then
for m € I, the set Dp(Zy) N Tpdt(Tapl(Zy)) satisfies the conditions (i)—(iii)
and defines a fundamental domain in Ty (Qyp) under the action of Tns(Zy).

Proof. To prove the lemma it is sufficient to prove that the intersection of
any nonempty fiber of mp, with 7;,(Z,) is not empty and is an orbit under the
action of Tng(Zp). Let P belong to the set mp, (Tm(Qp)). By Lemma 5.4 we
may lift P to a point @ which belongs to Z,1(Z,). According to Lemma 5.7(e),
we may find an element r € =, which is a solution to equations (5.2) and (5.3).
Let R’ be any lifting of P to Tpn(Qp) and let »" = log,(R'). The difference v’ —r
belongs to X, (Ins)p. According to Lemma 5.3, there exists ¢ € Tns(Qp) such
that log,(t) = 7 —r'. Then the point R = t.R' € T;n(Qy) satisfies log,(R) =
and R belongs to %, (Zy) N Tt (Tap1(Zy)).

It remains to prove that if two element R and R’ of 7;,,(Z,) are in the same
fibre for 7y, then they belong to the same orbit under the action of Tns(Z,).
Their images in J5p1(Q)p) belong to Fgp1(Zy) and therefore are contained in the
same orbit for the action of Ty,(Z,), which means that the equations described
in Remark 5.6 for log,(R) and log,(R’) are exactly the same. We then apply
assertion (g) of Lemma 5.7 and Lemma 5.5. O
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LEMMA 5.9. If the prime number p does not belong to 8, then for m € X,
we have

ym(Zp> = @m(zp) N %;zl(yspl(zp))-

Proof. We keep the notation used in the proof of the previous lemma.
Using Lemma 5.7(b) and (d), and the positivity of the coefficients in r, we get
that min(rs,,rs5,) = 0 whenever d; N d2 = (), which means that R belongs to
Im(Zy). O

Definition 5.10. Let m belong to X. If p € 8, we put Dpm p = Im(Zy). If
p € 8§ and p #Z 1 mod 4, we put

Dmp = @m(zp) N 7?1711('21)1(212))-
It remains to define the domain for the primes p € 8 such that p = 1 mod 4.

Notation 5.11. We put 8’ = {p € 8, p = 1 mod 4}. For any p € §, we
fix in the remainder of this text a decomposition p = w,, for an irreducible
element w, € Z[i]. We may then write §, = {wp,@,}. The group I'j is
isomorphic to Z# through the map ¢, which applies a family (7p.5) (p.6)es, x A
onto the family (rx, s)sea. Let j # k be two elements of {1,2,3,4} such that
plAj k. We then define f; ;. = (f5)sea € ZA by

P {1 it § € {D;,D}'},

0 otherwise.
We put e = cb;l(fj,k) and consider the set

(5.4) Ap=E8,— U ejr + Zp
{(jvk)€{1a27374}|j<k and plAj,k}
Definition 5.12. Let m belong to 3. If p € § and p = 1 mod 4, then we
define Znp to be the set of R € 7, (Fpi(Zyp)) such that log,(R) € A,.

Remark 5.13. In particular, one has Zp, ;, C %y, (Z,) for any prime num-
ber p.

LEMMA 5.14. If p € 8 and p = 1 mod 4, then for m € X, the set Dm
satisfies conditions (i)-(iii) and defines a fundamental domain in Ty (Qp) un-
der the action of Tns(Zy).

Proof. According to Lemma 5.5 and Lemma 5.7(e), we have only to prove
that for any Q € Jipi(Zp) N Tm(Tp), there exist a unique solution of equa-
tions (5.2) and (5.3) which belongs to A,. Among the solutions in Z,, there
is a unique solution such that if s = ¢,(r), the quadruple (s, s3,s3,s]) is
maximal for the lexicographic order. It remains to prove that the solution
satisfies this last condition if and only if = belongs to A,. Let = be the solution
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for which the above quadruple is maximal and 7 be any solution in Z, and
5 = ¢p(r). If r # 7, then we consider the smallest j € {1,2,3,4} such that
sj > §j+. With the notation of Remark 5.6, this implies that n; # 0, n™ # 0,
and n~ # 0. Therefore ng = 0 and there exists k > j such that s; < 5; .
Since s; < §;, we may conclude that T € ejr+ =p. Moreover p | Aj. Con-
versely if 7 belongs to e; 4+ =, for some j, k € {1,2,3,4} such that j < k, then
T — e} + ey ; is another solution to system of equations which gives a bigger
quadruple for the lexicographic order. O

5.3. Adelic domains and lifting of the points.

Definition 5.15. Let m € ¥. We define the open subset Zp, of Tn,(AqQ)
as the product T, (R) X [Tpe» Zm.p-

PROPOSITION 5.16. The set Dy, is a fundamental domain in Ty (AQ)
under the action of Tns(Q) modulo Tns(Q)tors- In other words:

(i) The open set Dy is stable under the action of Tns(Q)tors-
(ii) For any t in Tns(Q) = Tns(Q)tors, one has t.Zm N D, = 0.
(iii) For any x in Tm(Aq), there exists an element t in Txs(Q) such that x
belongs to t.Dm .

Proof. Assertion (i) followssince %y, , is stable under Tng(Z,) for any
prime number p. If ¢ belongs to Tns(Q) = Tns(Q)tors, then, by Lemma 5.3,
there exists a prime number p such that log,(t) # 0. Thus t.Zp N Dmp = 0,
which proves (ii). Let x belong to Tp,(Aqg). For any prime number p, there
exists an element ¢, € Tns(Qp) such that t,.2 € Zn, . By Lemma 5.3, there
exists an element ¢ € Txs(Q) such that log,(t) = log,(,) for any prime number
p and t.x € D, ([l

COROLLARY 5.17. Let P belong to S(Q) and let m be the unique element
of ¥ such that P € 7 (Tm(Q)). Then

tt(ﬂ-'r_nl (P) N -@m) = ﬁTNS(Q)tors = 28-

Proof. This corollary follows from the last proposition and the fact that
T (z) is an orbit under the action of Tns(Q). O

m

Let us now lift the heights to the versal torsors.
Definition 5.18. As in Notation 3.2 we put C' = \/[j=; |a;| + [bj|. Let w
be a place of Q. We define a function H,, on Q3> by

max (2 W yax(July, [0]w)2]the) i w = oo,

max(|z|w, [y]w, max(|uw, [v]w)?[tls)  otherwise

Hy(z,y,t,u,v) = {
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for any (x,y,t,u,v)€QS. If meX, we shall also denote by Hy, : Trn(Quw) =R
the composite function H, o Ty,. We then define H : T,,(Aq) — R by

H = HwEVal(Q) Hy.

Remarks 5.19. (i) The line bundle wg' defines a character y,, on the torus
Topl = G%%Q simply given by (A, ) — A, and we have the relation

(55) Hw(t'R) = ’Xw(t”wHw(R)

for any t € Tqp1(Qw) and any R € Typ1(Qy). A similar assertion is true on T,
for m € X.

(i) Asa point Q@ = (z:y :t:u:v)in Fp(R) satisfies equation (4.1), we
have that

4
max(|z, [y))* < T (las| + [b;]) max(ful, [o])*]¢]?,
and it follows that -
Hoo(Q) = max([ul, [v])?[t]-
PROPOSITION 5.20. Let m € X. For any R € T, (Q), one has
H(mm(R)) = H(R).
Proof. We may define a map 1Z :Q° = Q° by
(z,y,t,u,v) — (V3 : wot - u?t 0 y).

The restriction of the map QZ from ) to A% — {0} is a lifting of the map
P8 — 5. On S’ the height Hy is given by

I3 T4
Hia s+ 5 1) = (ol o1 oz 52 122 ) [T g bl
for any (o, ..., z4) € Q°. This formula implies the statement of the lemma. [

COROLLARY 5.21. For any real number B, we have

1
NB)= —F—+-—-— HR e Tm(Q)N%m, H(R) < B}.
(B)= @ 2o R Tml@) (B) < B)
Proof. This corollary follows from Propositions 4.9, 4.6, 5.20, and Corol-
lary 5.17. U

Remark 5.22. For any prime number p and any m € X, we have %,
belonging to 7.l (Zip1(Zy)). Therefore, for any R = (Rw)weval(q) belonging
t0 D, we have H(R) = Hoo(Roo)-

Notation 5.23. For any real number B, and any m € X, we denote by
Dm,o(B) the set of R € Ty, (R) such that the point Q = (z,y,t,u,v) = T (R)
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satisfies the conditions
(5.6) Hoo(Q) < B and Hy(Q) > max(|ul, [v])? > 1.
We define i (B) as the product Zpm oo(B) X [Iper Zmp-

Remark 5.24. Let F be a fiber of the morphism 7 : § — P}Q. Then the
Picard group of S is a free Z-module with a basis given by the pair ([F], [wg']).
According to formula (5.5), the function H, corresponds to [wg']. In a similar
way the map applying (z,y,t,u,v) to max(|u|, |v|) corresponds to [F]. On the
other hand, the cone of effective divisors in Pic(S) is the cone generated by [F]
and [E*] + [E7] = [wg'] — 2[F]. But, by the preceding remark, the function

Hoo(Q)

_ t —
Q (l’,y 7u,’U) maX(\UHUDQ

corresponds to [E]+[E~]. Thus the lower bounds imposed in the definition of
Dm,.00(B) correspond to condition (3.9) of [Pey01, p. 268]. These lower bounds
are automatically satisfied by any point R in Zp, N7y, (Q). Indeed Q = 7 (R)
belongs to F4p1(Z), and writing Q = (z,y,t,u,v) we get that max(|ul, |v]) > 1.
Since (z,y,t) # 0, by equation (4.1), we also have that ¢t # 0 and therefore
|t| > 1 which yields the second inequality.

COROLLARY 5.25. For any real number B, we have
1
N ﬁTNS(Q)tors ,’nzejz

Proof. This follows from the last remark and the preceding corollary. [

N(B) 1(Tm(Q) N Zm(B)).

5.4. Moebius inversion formula and change of variables. As is usual with
these type of problems, we now wish to use a Moebius inversion formula to
replace the coprimality conditions by divisibility conditions.

5.4.1. First inversion. The first inversion corresponds to the conditions
imposed at the places p € § with p = 1 mod 4.

Notation 5.26. Let N(a) = #(Z[i]/a) denote the norm of an ideal a of the
ring of Gaussian integers Z[i]. We define

D = {b C Z[i], N(b) € D},
where
(5.7) D ={d€Zso, p|d=p=1mod4}.

Let A be a commutative ring. Let b = (bs)sca be a family of ideals of
A®z Z[i] such that bs = bs for any § € A. Then ([Tsea bs)? is an ideal of Aa
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and for any n € Z*, we define

Pa(6) = () (T] 0s)”

seA
We define .7a (A) as the set of such families of ideals. For any p, the map log,,
induces a map from Ya (Z) to T'p. If logy(a) = 0, then we define

Ma)= J[ expw,(log,(a).
peP={2}
For any a € Za(Z), we also put N(a) = (N(a;r))lgj@ € Z4,.

If A = (A5)sea belongs to Ta(Q)NZAa, then we put N(A) = ()\;“)\j_)lgj@
belonging to Z4 <o and define a morphism my : Zx(a)n — Pn using the action of
the torus Ta on Aa. For any commutative ring A, we may define an element
AAa € IA(A) by taking the family of ideals (AsA)sca. If a € Za(Z) satisfies
logy(a) =0, then a = A(a)Za. For any a € YA (Z), we similarly define aAa
as (a(;A)(;eA € JA(A). N

Let m € ¥ and let a = (aj)1<j<4 € D*. We may see a as an element of
Za(Z) by putting a) = a; and a; = a; for j € {1,2,3,4} and aj = a5 = Z[i].
Let n = mN(a) = (m;N(a;))1<j<4. Recall that a,y, is the positive square root
of H;l-zl m;. We put

4
Om,a = am X [[ Ma)f
j=1
Note that H;*:l n; = N(m,a). We then define a map Fim,q : %, — Aj, as
follows. Thanks to equations (4.2) and the fact that, by (3.1), the family
(aj,bj)1<j<4 generates Z2, the system of equations

(5.8) Li(U, V) =n;(X; +Y})

in the variables U and V has a unique solution in the ring of functions on %,.
We also define T = X@ + Y and define X and Y by the relation

4
X +iY = am.a(Xo +iYp) H (X; + iYj).

The morphism 7y, o is then defined by the famlly of functions (X, Y, T,U, V).
Since these functions satisfy the relation

4
X2 +v2=1*1] LU, V),
j=1
the image of 7y, q is contained in the Zariski closure % of 5y in A%
Let m € ¥ and a € ©* For any prime number p, we define .@,1,“”3

as Y (Zp) N Tt o(Tepi(Zy)) where n = mN(a). For any real number B, we
also define @1 (B) as the set of R € #,(R) such that 7, o(R) satisfies

m,a,00
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conditions (5.6). We then put 2, .(B) = Zy, 0 0o(B) X [Iper Zin.ap- When
a; = Z[i] for j € {1,2,3,4}, we shall forget a in the notation.

Let 8 be the set of p € 8§ such that p = 1 mod 4. For any p € &', we
consider the set &, of subsets I of A={E", E~} such that:

(i) if 5;-r € I, then there exists k < j such that §, € I;
(ii) if 6, € I, then there exists j > k such that (5]-+ el;
(iii) if 0] € I and 0 € I with j # k, then p | Ajp.

For any I € &,, we define f; = (fs5)sca € Z2 by

1 ifdel,
f5={

0 otherwise.

Using Notation 5.11, we then consider

er =, (f7) and 2, = {exp,, (er), I € &, }.
We define X/ as the subset of #a(Z) defined by

¥ = {(H Ap>zA, Ap)pes € ] 2;,}.
peS’ peS’
An element a € ¥ is determined by the quadruple (aj)lgj@, and we shall

also consider Y as a subset of D4. For p € 8/, we define a map Wp : & — Z by
the conditions

pp(0) =1 and D pp(J) =0if T #0.

JCI

The map p : X' — Z is defined by p(a) = [Tyes tp(Ip(a)).
We shall denote by Ay the ring R X [[,c Zp.

Remarks 5.27. (1) Let A = (As)sca € Ta(Q)NZa. Let A be a commuta-
tive ring. Then my is a bijection from the set %y(x)n(A) to the set %5, (AAA).

(ii) With the same notation, for the ring A = Z,, the set %;,(9) is the
inverse image by log, of the set log,(A) + Z;.

LEMMA 5.28. Let p € 8'. For any subset K of T'p, we denote by 1k its
characteristic function. Then

1Ap = Z NP(I)]-eIJrEp'
€6,
Proof. For any j,k in {1,2,3,4} such that j < k and p | Ak, we put
L= {5;,52}. Let K be a subset of

{(G,k) €{1,2,3,4}*, j<kandp| Aj}.
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Let I =U(jk)ex Ljk- Then we have

N (ejk+Zp) =er+3,
(Gk)eK

On the other hand, a subset I of A belongs to &, if and only if it is the
union of subsets I with j < k and p | Aj;. The lemma then follows from
equation (5.4) which defines A, and the fact that the map I — e;+EZ, reverses
the inclusions. O

LEMMA 5.29. Let a € ¥/ and let B be a positive real number. The multi-
plication by A(a) € Ta(Q) maps @}n’a(B) onto 2}, (B) N Dm(a(Af)a).

Proof. By Remark 5.27(i), the map my(q) is a bijection from the set
N(aym(Afoo) onto the set Z(a(Afoo)a). Let us now compare the maps
Tm © Mx(q) and Ty q. The map T, o is given by the relations

L;j(U,V) = N(al )mi(X7 + Y}) for j € {1,2,3,4},
7= X3+ 13
X +1Y = am,a(Xo + 1Y0)? [Tj=1 (X + 1Y),

whereas T, © my(q) is given by

Lj(U, V) = Xa) Ma);mi(XF +Y}) for j € {1,2,3,4},
T = X3+,

X +iY =am (H?l /\(u)j> (Xo + 1Yp)? H?:l(Xj +1Y5).

Therefore 7 0 my(q) coincides with 7, q. This proves that for any prime
number p, the map my(q) maps %%{Q(Zp) onto Tt (Zy). Moreover Mx(a) Sends
the set 2} (B) onto Zpy, «(B). O

m,a,00
ProrosiTIiON 5.30. For any real number B, we have

N(B) Y Y W@ T am(Q) N Z o (B)).

ﬁTNS(Q)tors mEY acy

Proof. Proposition 5.30 follows from Lemma 5.28, the definition of Z,,(B),
and Lemma 5.29. (]

5.4.2. Second inversion. The inversion we shall now perform corresponds
to the condition ged(x,y,t) = 1.
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Notation 5.31. The map u : D — Z is the multiplicative function such
that

1 if k=0,
ppF)=4q-1 ifk=1,

0 otherwise

for any prime ideal p in D and any integer k>0 R
Let me Y anda e ¥ C D Let b = (bj)jeq1,2,34) € 4. We put
n = N(ab)m and u(b) = H?:l p(bj). Let B be a real number. Let p be a
prime number. If R belongs to %,(Z,), we denote by X,Y,T,U, and V the
functions on %4, which define 7, qp. The local domain .@fn,mb’p is then defined
as follows:
e If p=3mod4 or p=2, then @"27'/7“7["»1’ is the set of R € %},(Z,) such
that T'(R) € Z;, and min(v,(U(R)),vp(V(R))) = 0.
e If p=1mod 4 then 22, m.abp 1S the set of R = (25)sea € Pn(Zy) such
that z, belongs to ﬂjzl b;, with min(vp(T(R)),vp<H§:1 N(uj))) =0
and min(v,(U(R)),vp(V(R))) = 0.
We also put @72,17(17[,700( ) = @}naoo( ) and

2 2 2
“@m,a,b(B) - “@m,a,bpo(B) X H @m7a,b,p'
pEL
PROPOSITION 5.32. For any real number B, we have the relation

Y>> > ula TN@N©)m(Q) N 22, ap(B)).

meY aey’ 563‘34

N(B
( ) ﬁTNS tOI‘b

Proof. Let m € X, let a € ¥’ and let p be a prime number.

Let us first assume that p # 1 mod 4. By Lemma 5.7(c), we have v,(t) =0
for any (z,y,t,u,v) € J5p1(Zp). Conversely, let R belong to #,x(a)(Zp). If
0p(T(R)) = 0, then min(v,(X (R)), vp(Y (R)), up(T(R))) = 0.

We now assume that p = 1 mod 4. For any R = (25)sca € Zmn(a)(Qp),
we have the relations

4
T(R) =iz and X(R)+iY(R) = ama(:)? [] -
j:

Note that if wp|am, q for any prime p = 1 mod 4, then p|aym, q. Therefore we
have the relation ged(X(R),Y (R),T(R)) = 1 in Z, if and only if R satisfies
the following two conditions:

(i) One has min(v,(T(R)), v,(N([TL_, 7)) = 0.

(11) There is no j € {1,2,3,4} and no w € §, such that z € w and

ZO cw.
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We denote by b the unique element of IA(Z) such that E;r = b; for j belonging
to {1,2,3,4} and Ea = ﬂ;*:l bj. A classical Moebius inversion yields that the
characteristic function of the set of the elements R in %},,n(q)(Zp) which satisfy
condition (ii) is equal to

Z M(wl“ mN(a) (E(ZP)A) '

beD*

By Remark 5.27(i), the multiplication map my ) maps Zp,n(a) (E(ZP)A)
onto the set of (25)sea in ZN(ap)(Zp) such that 25" belongs to ﬂj*;l b;. The
rest of the proof is similar to the proof of Lemma 5.29. O

5.4.3. Third inversion. The last inversion corresponds to the condition
ged(u, v) = 1, in which it will prove nonetheless useful to retain the fact that
u, v cannot both be even.

Notation 5.33. Let m € ¥ and a € ¥'. Let b = (bj);eq1,2,34) € D4, We
put n = N(a)N(b)m. Let ¢ be an odd integer. Let p be a prime number. The
local domain .@2% a,b,0,p 18 then defined as follows:

e If p =2, then Qf’n’m&&p is the set of R € %, (Zy) such that T(R) € Z;
and min(v,(U(R)),vp(V(R))) = 0.

e If p = 3mod 4, then .@%mby&p is the set of R € %,(Z,) such that
T(R) € Z;, and ¢ divides U(R) and V(R).

e If p =1 mod 4, then .@fma,b’&p is the set of R = (25)sea € %n(Z,) such
that z, belongs to ﬂ?zl bj, with min(vp(T(R)),vp<H§:1 N(aj))) =0
and and such that ¢ divides U(R) and V(R).

We define 91?;1’“’67&00(3) = @;7a757m(B) and

3 3 3
-@m,a,b,Z(B) = -@m,a,b,f,oo(B) X H @m,a,b,é,p'
peES
PROPOSITION 5.34. For any positive real number B, we have that N (B)
s equal to
1

(@ 2 2 2 2 @O TN @NEm(Q) N T o(B)):

meET ae¥ pcp4a KQZJ[ZI
6. Formulation of the counting problem

We are now ready to begin the analytic part of the proof of Theorem 3.3.
Let us recall that the linear forms that we are working with take the shape

Ll(U, V) =U, LQ(U, V) =V, Lg(U, V) = a3U + b3V, L4(U, V) = a4U + b4V,
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with integers as, b3, a4, by such that ged(as,bs) = ged(aq,bs) = 1 and
(6.1) A= a363a4b4(a3b4 - a4b3) 75 0.

It is clear that the forms involved are all pairwise nonproportional. In this
section we will further translate our counting problem in terms of the familiar
multiplicative arithmetic function

r(n) =t{(z,y) € 2%, 2* +y* =n} =4 x(d),
din
where y is the real nonprincipal character modulo 4. It is to this expression
that we will be able to direct the full force of analytic number theory.

In what follows we will allow the implied constant in any estimate to
depend arbitrarily upon the coefficients of the linear forms involved. Further-
more, we will reserve j for an arbitrary index from the set {1,2,3,4}. Finally,
many of our estimates will involve a small parameter € > 0, and it will ease
notation if we also permit the implied constants to depend on the choice of €.
We will follow common practice and allow € to take different values at different
parts of the argument.

Recall the definitions of X, ¥’ from Sections 4 and 5 respectively. In par-
ticular we have ij(aj) = O(1) whenever m € ¥ and a € Y.

PropPoOsSITION 6.1. For B > 1, we have

1 = t B
NB)=———— w(a w(l (b r w\(—),
)= @i 2, 210 2 1) (5qe)* ()
acyy 20 € ged(t,N(a))=1
N(N b))l
where
4
L(u,v
ORI VS | CCeree)
(u0)EZ2NNT R, I=1 J J
£)u,v
2tged (u,v)
m N (a7 b;)|L; (u,v)
and
(6.2)

Ryn, = {(u,v) eR? 0< |u|,|v| <1, mjL;(u,v) >0 for j € {1,2,3,4}}.

Proof. We apply Proposition 5.34. Let m € £, a € ¥/, and b € 2*. We
wish to express §(Tn(a)N(6)m (Q) N gg%a,b,é(B)) in terms of the function r. But

given (t,u,v) € Z3, the number of elements R in that intersection such that
(T(R),U(R),V(R)) = (t,u,v) is 0 if (t,u,v) does not satisfy the conditions

ged(t,N(a)) =1, N(ﬂ bj)|t, Clu,v, 2¢ttged(u,v) and ij(a;rbj) | Lj(u,v)
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s 11 (i)

otherwise. O

and is equal to

Let us set

[d;,¢] if j=1or2,

6.3 dj = m;N(af)N(b;), D;=
63 d=mN@NE), D, {dj s
where [d;, /] is the least common multiple of d;, ¢. Then d;, D; are odd positive

integers such that d; | D;. We may write

(6.4) w(T) = 3 H (

(u,0) €MD MWT R, I=1
2tged (u,v)

=)

where
(6.5) Mo = {(u,v) € Z%, D; | Lj(u,v)}.

Before passing to a detailed analysis of the sum % (T") and its effect on
the behaviour of the counting function N(B), we will first corral together some
of the technical tools that will prove useful to us. It is clear that 'p defines
a sublattice of Z? of rank 2, since it is closed under addition and contains the
vector D1 DyD3Dy(u,v) for any (u,v) € Z2. Let us write

(6.6) o(D) = detI'p,

for the determinant. It follows from the Chinese remainder theorem that there

is a multiplicativity property o(gihi,...,gsh4) = 0(g1,...,94)0(h1,..., ha),
whenever g; --- g4 and hy - -- hy are coprime. Recall the definition (6.1) of A.
Then [HB03, eq. (3.12)] shows that

(6.7) o(p®,...,p™) = pmaxKﬂ{eﬁeﬂ}

for any prime p{ A. Likewise, when p | A one has

(68) Q(pel e ,p ) pmaxz<]{ez+€]}
whence
(6.9) 0(D) < [D1D2, D1 D3, D1 Dy, Dy D3, Do Dy, D3Dy],

where the symbol < means that the two quantities involved have the same
order of magnitude.
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7. Estimating % (T'): an upper bound

Our goal in this section is to provide an upper bound for % (T") that is
uniform in the various parameters. This will allow us to reduce the range of
summation for the various parameters appearing in our expression for N(B).
Our main tool will be previous work of the first two authors [dIBB06], which
is concerned with the average order of arithmetic functions ranging over the
values taken by binary forms.

Throughout this section we continue to adhere to the convention that all
of our implied constants are allowed to depend upon the coefficients of the
forms L;. Recall the expression for % (T') given in (6.4), with d;, D; given by
(6.3). We then have the following result.

LEMMA 7.1. Lete >0, let T > 1, and write d = didadsdy. Then we have

T T/2te
v (T de)® :
() < (@) ([DlDQ,---,D3D4] A )

Proof. Since we are only concerned with providing an upper bound for

% (T), we may drop any of the conditions in the summation over (u,v) that

we care to choose. Thus it follows that

4 ilu,v
G S

(u,w)€MpN(0,V/T]2 7=1 J

where 'p is the lattice defined in (6.5).

Let e1, e2 be a minimal basis for 'p. This is constructed by taking e; € I'p
to be any nonzero vector for which |e;| is least, and then choosing e € 'p to
be any vector not proportional to eq, for which |es| is least. The successive
minima of 'p are the numbers s; = |e;| for i = 1,2. We claim that one
has s; > min{D1, D2} > £. For this we recall definition (6.3) of Dy, D2 and
note that I'p C A = {(u,v) € Z2, D; | u, Dy | v}, where A C Z? is a
sublattice of rank 2, with smallest successive minimum min{D;, D2}. The
desired inequalities are now obvious, and we conclude that

(7.1) <81 <89, 818K Q(D) < 8182,

where ¢ is defined in (6.6).

Write M;(X,Y) for the linear form obtained from dj_le(U, V) via the
change of variables (U,V) — Xe; 4+ Yey. Each M; has integer coeflicients
of size O(p(D)). Furthermore, it follows from work of Davenport [Dav63,
Lemma 5] that z < max{|u|, |v|}/s1 and y < max{|u|, |v|}/s2 whenever one
writes (u,v) € I'p as (u,v) = zey + yey, with ,y € Z. Let T} = s7'+/T and
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Ty =55 1\/7, so that in particular 77 > T5 > 0. Then we may deduce that

4
v < Y [Tr(Ma ).
T y<Ts j=1
Suppose that M;(X,Y) = a;; X + a;2Y, with coefficients aj; = O(o(D)).
We proceed to introduce a multiplicative function r1(n), via

r(p¥) = 1+ x(p), v=1and pt6dl]]aj,
)= (1+v)*, otherwise,

where d = didadsds. Then r(ny)r(n2)r(ns)r(ng) < 28ri1(ningonsng), and
one checks that r; belongs to the class of nonnegative arithmetic functions
considered previously by the first two authors [dIBB06]. An application of
[dIBB06, Cor. 1] now reveals that

T T1/2+e
U (T) < (d0)F(T\Ty + T) < (dO)° (; +— )
192 1

for any £ > 0. Combining (7.1) with (6.9) we therefore conclude the proof of

the lemma. |

The main purpose of Lemma 7.1 is to reduce the range of summation of
the various parameters appearing in Proposition 6.1. Let us write Ey(B) for
the overall contribution to the summation from values of bj;, £ such that

(7.2) max N(b;) > log(B)? or ¢> log(B)*

for parameters D, L > 0 to be selected in due course. We will denote by Ni(B)
the remaining contribution, so that

(7.3) N(B) = N1(B) + Ey(B).

Henceforth, the implied constants in our estimates will be allowed to depend
on D and L, in addition to € and the coefficients of the linear forms L;. We
have the following result.

LEMMA 7.2. We have Ey(B) < Blog(B)=mmP/4L/2He for any e > 0.
Proof. We begin observing that % (B/t) = 0in Ey(B), unless D; < 1/ B/t,
in the notation of (6.3). But then it follows that we must have
e B _ By/eed(N(b1), £) ged(N(bs), £)
= VD1DyDsDy 0y/N(by) -+ - N(by)

say, in the summation over t. Here we have used the fact that m; N (al) = O(1)
whenever m € ¥ and a € ¥'. It will be convenient to set K = N(by)---N(by).

= BO)



328 REGIS DE LA BRETECHE, TIM BROWNING, and EMMANUEL PEYRE

We now apply Lemma 7.1 to bound % (B/t), giving

1/24€
A PP Z KD T(N((abj))(t[D1D27.1.3.,D3D4]+tBl/2+€£)

mey ¢ b1,..., t<Bo
l
aey N( b))l

for any ¢ > 0, where the summations over ¢ and b; are subject to (7.2). In
view of the elementary estimates

r(n) log(2x) if 0 > 1,
(7.4) > < e
n<e T if 06 <1,
we easily conclude that
K¢ Blog(B) BY/2+epl/e
B) < I .
) Z Z Z N(N b, )<[D1D2,...,D3D4] L

mex /( b1,...,0
acy’

The second term in the inner bracket is
ged(N(b1), £)'/* ged(N(bs), £)/*
03/2—e 1/4—€ ’
Similarly rapid consultation with (6.3) reveals that the first term in the inner
bracket is

< B-

Blog(B) ged(N(by), £)/* ged(N(bg), £)*/*
(D1D2)3/4(D3Dg)'/* BRK1/A '
Bringing these estimates together we may now conclude that

gcd(N(bn,al/‘* ged(N(by), £)!/4
Eo(B) < Blog(B ;b Z 03/2—c K 1/4—¢ ’
1. 7

< < Blog(B) -

where the sums are over £ € Z~g and by,...,by C D such that (7.2) holds.
For fixed ¢ € Z~(, and € > 0 we proceed to estimate the sum

cd(N(by), 0)/* ged(N(by), )14
-y e e 0
b1,...,04 CZ[4] J
max N(b;)>T
using Rankin’s trick and the observation that N(a) | N(anb) for any a,b C Z[i].
Thus it follows that N(Nb;) > [N(by),...,N(bs)], whence

1/4 1/4
T b1,...,b4 CZ[i] [N(bl), s 7N(b4)] K
1 & ged(by, 0)Y/4 ged(by, £)1/4

S —
1o bl,_%l [by,... by]l=0b/ 4% p/AE

<5 esTffsj

provided that § < 1/4, as is obvious from the corresponding Euler product.
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Armed with this we see that the overall contribution to the above estimate
for Eo(B) arising from £, by, ..., by for which ¢ > log(B)* is

< Blog(B) Y. (73275,(1) < Blog(B) /"=,
¢>log(B)L

which is satisfactory. In a similar fashion the overall contribution arising from
£,by,...,by for which maxN(b;) > log(B)? is

< Blog(B) > 73/%725,(log(B)”) < Blog(B)'~P/4*e,
¢
which is also satisfactory. The statement of Lemma 7.2 is now obvious. ([

8. Estimating % (T'): an asymptotic formula

In view of our work in the previous section it remains to estimate Ny (B),
which we have defined as the contribution to N(B) from values of bj, ¢ for
which (7.2) fails. Thus

S )

Nl (B) - ﬁTNS(Q)tors mey

acy’ féloigB)L
4 . 5
< X e 3 r(Eg) ()
b1,.,b4€D  J=1 t€DN(1,B] j
N(b,)<log(B)P god(t,N(a))=1

N(b;)lt

Here we have inserted the condition ¢ < B in the summation over ¢, since the
innermost summand is visibly zero otherwise. Whereas the previous section
was primarily concerned with a uniform upper bound for the sum % (T) de-
fined in (6.4), our work in the present section will revolve around a uniform
asymptotic formula for % (T'). The error term that arises in our analysis will
involve the real number
(8.1) p=1-1T log(log(2))
log(2)

which has numerical value 0.086071... .

Before revealing our result for % (T), we must first introduce some nota-
tion for certain local densities that emerge in the asymptotic formula. In fact
estimating % (T') boils down to counting integer points on the affine variety

(8.2) Li(U,V)=d;(S} +T2), (1<j<4),

in AY, with U,V restricted to lie in a lattice depending on D. Thus the ex-
pected leading constant admits an interpretation as a product of local densities.
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Given a prime p > 2 and d, D as in (6.3), let

Nap(p") = ﬂ{(u,v,s,t) c (Z/p”Z)lO, Lj(u,v) = dj(s§ + t?) mod p" }

Dj ‘ Lj(u’ v)
The p-adic density on (8.2) is defined to be
— 1 —6n—A1——Ag n
(8.3) wap(p) = lim p Na,p(p")

when p > 2, where

(8.4) A= (vp(dr),...,vp(ds)), p=(vp(D1),...,vp(D4)).
When d,D are as in (6.3) and p > 2, we will set

(8.5) 05(d, D) = wap(p).

Turning to the case p = 2, we define

(8.6) o2(d, D) = lim 27" Na,p(2"),

where

Lj(u,v) = dj(sjz- + tf) mod 2"}

Nap(2") = ﬁ{(u’v’s’t) € (2/2'2)", 2t ged(u, v)

Finally, we let wg,, (00) denote the usual archimedean density of solutions to
the system of equations (8.2), with (u,v,s,t) € Zp, x R® and %, defined in
(6.2). We are now ready to record our main estimate for % (7).

LEMMA 8.1. Let d,D be as in (6.3). Then for anye >0 and T > 2 we
have

. (ddadadit)°T
%(T) = Cd,D,%mT + O( log(T)n—a )’
where
(8.7) Cd.D o = Wetn(0) ] 0p(d, D).
peEP

Proof. Our primary tool in estimating % (T) asymptotically is the sub-
ject of allied work of the first two authors [dIBB08]. We begin by bringing
our expression for % (T) into a form that can be tackled by the main results
there. According to (6.1) we may assume that the binary linear forms L; are
pairwise nonproportional and primitive. Furthermore, the region %, C R?
defined in (6.2) is open, bounded, and convex, with a piecewise continuously
differentiable boundary such that m;L;(u,v) > 0 for each (u,v) € %Zm.

A key step in applying the work of [dIBBO0S8]| consists in checking that the
“normalisation hypothesis” NHa(d) is satisfied in the present context. In fact
it is easy to see that L;, %, will satisfy NHz(d) provided that

Li(U,V)=diU (mod4), Lo(U,V)=V (mod4).
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The second congruence is automatic since Ly(U,V) = V. Recalling that
Li(U,V) = U, we therefore conclude that NHz(d) holds if d; = 1 mod 4.
Alternatively, if di = 3 mod 4, we make the unimodular change of variables
(U,V) = (=U,V) to place ourselves in the setting of NHy(d). We leave the
reader to check that this ultimately leads to an identical estimate in the en-
suing argument. Thus, for the purposes of our exposition here, we may freely
assume that L;, %m, satisfy NHa(d) in % (T).
We proceed by writing

(8.8) % (T) = Ui(T) + Ux(T) + Us(T),

where Ui(T') denotes the contribution to % (T") from (u,v) such that 2 { uv,
Us(T) denotes the contribution from (u,v) such that 2 { v and 2 | v, and
finally Us(T) is the contribution from (u,v) such that 2 | v and 2 { v. For each
1 < i < 3, we will establish an estimate of the form
(dO)sT
. (T) =T +0(—o2
(8.9) Ui(T) = ¢ +o(10g(T)n7€)
where d = d1d2d3d4.
Beginning with the case i = 1, we observe that Uy (T) = S1(v/T,d,p), in
the notation of [dIBB08, eq. (1.9)]. An application of [dIBB08, Ths. 3 and 4]
with (7, k) = (1,2) therefore reveals that (8.9) holds with

€1 = wg,, (00)w; d H wd, p(p
p>2
Here wqp(p) is given by (8.3) for p > 2 and wg,,(c0) is defined prior to
the statement of the lemma. Finally, for ¢ € {0,1}, the corresponding 2-adic
density is given by

Lj(u,v) = dj(s§ + th) mod 2”}

u=1mod4, v=1imod 2

wia(2)= lim 27¢{ (u, 0,5, t) € (2/2"2)"°
Note that the notation introduced in [dIBB08] involves an additional subscript
in w; q(2) whose presence indicates which of the various normalisation hy-
potheses the L;, %, are assumed to satisfy. Since we have placed ourselves in
the context of NHa(d) in each case, we have found it reasonable to suppress
mentioning this here. Let us now shift to a consideration of the sum Us(T)
n (8.8), for which one finds that Us(T) = So(v/T,d, p). Applying [dIBBOS,
Ths. 3 and 4] with (j, k) = (0, 2) therefore yields (8.9) with i = 2 and
c2 = wy,, (00)wo,d(2) [[ wa.p(p)
p>2

Finally we turn to the sum Us(7') in (8.8). Making the unimodular change of
variables (U, V) + (V,U), one now sees that Us(T) = So(v/T;d, F?D), where
the underlying region is %2, = {(u,v) € R?, (v,u) € %m} and I}, is defined
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as for ['p, but with the linear forms L;(U, V) replaced by L;(V,U). Thus an
application of [dIBB08, Ths. 3 and 4] with (j, k) = (0,2) produces (8.9) with
i =3, and

03:“{%» woa HWdD = W, (00 Woa deD
p>2 p>2
Here the superscripts b indicate that the local densities are taken with respect
to the linear forms L;(V,U).
We are now ready to bring together our various estimates for Uy (T'), U2(T)
and Us(T) in (8.8). This leads to the asymptotic formula in the statement of
the lemma, with leading constant

Cd,D %o, = Wety (00) (w1,a(2) + w0,a(2) + wia(2)) [ wap(p
p>2

The statement of the lemma easily follows with recourse to definitions (8.5)
and (8.6) of the local densities o,,(d, D). O

We will need to consider the effect of the error term in Lemma 8.1 on the
quantity Ni(B) that was described at the start of the section. Accordingly, let
us write

(8.10) Ni(B) = N2(B) + E1(B),

where Ny (B) denotes the overall contribution from the main term in Lemma 8.1
and F1(B) denotes the contribution from the error term.

LEMMA 8.2. We have E1(B) < Blog(B)'*t=m%¢ for any ¢ > 0.

Proof. Inserting the error term in Lemma 8.1 into our expression for
N;(B), we obtain

t 1
E(B) < Blog(B)* Z Z Z r( ) ,
Zglog(B)L by,... b4€® t<B N(ﬂ b]) thg(QB/t)n
N(b;)<log(B)? N(10a)It

1 r(t)
< Blog(B)!** Y > ;
N j log(2B;1/t)"
b17-..,b465 (n bj) i<B1 t Og( l/t)
N(b;)<log(B)"

where we have written By = B/N(Nb;), for ease of notation. Combining the
familiar (7.4) with partial summation, we therefore conclude that

E\(B) < Blog(B)'trnte )"

b1,...,baED
N(b;)<log(B)P

This concludes the proof of the lemma. O

< Blog(B)!tL=nte,

1
N(Nb;)
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Let € € {—1,+1} and |z| < 1. To proceed further we will need to calculate
expressions for the geometric series

(8.11) SE(Z) — Z 6n1+n2+n3+n4zm(n)’
nezl
where m(n) = max;;j{n; + n;}. We claim that
(1_2)2 S+1(z): 1+2Z+622+223—|—z4
(14 2)2(1 + 22)’ (1— 241+ 2)2

A similar calculation can be found in [HB03, §8] and so we shall be brief. The
key idea is to observe that

S¢(2) = SG(2) + 254 (2) + 275(2),

(812) S71(2) =

where for any € € {—1,+1}, S§(z) (resp. S{(z)) denotes the contribution
from n such that min{n;,ne} = min{ns,ns} = 0 (resp. min{ni,n2} > 1
and min{ns,ns} = 0). The calculation of S§(z) and S§(z) is straightforward
and readily confirms the expressions for S¢(z) in (8.12).

We now have the tools in place with which to produce a uniform upper
bound for the constant (8.7) appearing in Lemma 8.1. This is achieved in the
following result.

LEMMA 8.3. Let € > 0. Then we have
(D1D2D3Dy)*
D1Ds,...,D3Dy]’

C4,D, B K [

where d, D are given by (6.3).

Proof. Tt follows from [dIBB0S, Th. 4] that wg, (c0) = 7 Vol(%m) < 1.
Similarly, we have o2(d, D) < 24, since for any A € Z there are at most 2"+
solutions of the congruence s? 4+ t> = A mod 2" by [dIBBO0S, eq. (2.5)]. Thus
we have

Cd,D,%m <K H |O'p(d, D)|,
p>2
where o,(d, D) is given by (8.5). For p > 2, an application of [dIBB0S, Th. 4]
yields

op(d, D) = (1 - Mf i

p

X(p)V1 +rvo+tv3+uvg

0 Q(pma,x{,ul,)\1—i-1/1}7 L 7pmax{,tm,)\4-4-1/4}) )
V1o, V4=

where ¢ is the determinant given in (6.6) and X, p are given by (8.4). Using
the multiplicativity of o we may clearly write

1 /
H |Up(d7D)| = m H |O-p(d’D)|’

p>2 p>2
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where now

XPh4 x(p)rrtvatvstrag(phi o pHa
op(d,D) = (1-X2) % (7) )

D 0 Q(pmax{ul,)\l—f—ul}’ . 7pmax{;m,)\4_|_V4}) .
V1, V=

In view of (6.9), it will suffice to show that

(8.13) I lo,(d,D)| < (D1D2Ds D)
p>2

in order to complete the proof of the lemma.
Recall definition (6.1) of A and write D = D1DyD3Dy. For any n € Zéo,
let m(n) = max;-;{n; + n;}. Then for pt AD, it follows from (6.7) that

v1t+ve+v3+ra

oy(d. D) = (1 - M)“ 5 )

p pm)

V1,...,v4=0
In the notation of (8.11) we deduce from (8.12) that

_ 1+2/p+6/p* +2/p° +1/p

7@ D)= (1) 5" (1/p)

(1+1/p)? ’
if p=1mod 4, and
/ _ Nt o _(1_1/]02)2
o(d, D) = (1 +§) STHP) =

if p =3 mod 4. Thus o},(d,D) =1+ O(1/p?) for pt AD.
Suppose now that p | AD. Then (6.8) implies that
> 1

op(d, D)< )

v1,...,v4=0

gt =my < b

where n = (max{u1, A1 + v1},...,max{ps, Ay + v4}). Putting this together
with our treatment of the factors corresponding to pf AD, we are easily led to
the desired upper bound in (8.13). This therefore concludes the proof of the
lemma. ([l

9. The dénouement

Let ¢ > 0. Take D = 4 and L = 27/3 in Lemmata 7.2 and 8.2. We
therefore deduce that

N(B) = Na(B) + O(Blog(B)!~/3+)



MANIN’S CONJECTURE FOR CHATELET SURFACES 335

via (7.3) and (8.10), where Nao(B) is equal to

B
e > e > ud)
ﬁTNS(Q)tors mey éélog(B)Q"/?’
acy’ 2%
4
r(t/N(Nb;
D | FICH T Y rt/N(N6,) (tﬂ D)
51,...,5465 J=1 tG@ﬁ[l,B]
N(b;)<log(B)* ged(t,N(a)=1
N(( o))t

Here cqp #,, is given by (8.7), with d, D being given by (6.3) and %y, given
by (6.2). The following simple result is classical and allows us to carry out
the inner summation over t. The proof follows from a routine analysis of the
corresponding Dirichlet series and will not be presented here.

LEMMA 9.1. Let m € Z~q and let T > 1. Then for any € > 0, we have

> M, tog(r) + 0(me),

teDN[1,T]
ged(t,m)=1
where ) L2
Cm=200x) [ (1-5) II (1-2)-
p=3 mod 4 p plm p
p=1 mod 4

Making the obvious change of variables it now follows from Lemma 9.1
that

3 r(t/N(Nbj)) _ caplog(B) +o()
teDN[1,B] t N(Nby)
ged(t,N(a))=1
N( b))t

where

_ JCOx( if ged(N(Nb;),N(a)) =1,
Cab = .
0 otherwise.

In particular it is clear that cqp = O(1). Applying Lemma 8.3 it is easy to
conclude that the overall contribution to Na(B) from the error term in this
estimate is
(N(by)---N(bs))®
< B I
2 2 [N(b1)N(b2), ..., N(b3)N(by)]

£<log(B)21/3  N(bj)<log(B)*
< Blog(B)**t T s*(1/p)

p<log(B)*

in the notation of (8.11). This is therefore seen to be O(Blog(B)?1/3+¢) via
(8.12).
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In conclusion, we may write
N(B) = N3(B) + O(Blog(B)'~/3t¢),

where now N3(B) is given by

B log B c th D /m
e SUTCIED SENTO RS S I,
NS tors mEX/J t<log(B)2n/3 bl,...,b4€5 =1

aey 240 N(b;)<log(B)*

Here we have used (8.1) to observe that 1 —n/3 > 21/3. Finally, through
a further application of Lemma 8.3, it is now a trivial matter to re-apply
the proof of Lemma 7.2 to show that the summations over ¢ and b; can be
extended to infinity with error O(B log(B)'~"/3+¢). This therefore leads to the
final outcome that

N(B) = cBlog(B) + O(Blog(B)'/3%%)

for any € > 0, where if cq D #,, is given by (8.7) and d,D are given by (6.3),
then

_ ; - Ca, th D gm
01 = Qo gzu(u) dou0) H u(b

~

acyy 27(5 b1,...,04€D

10. Jumping down

We shall now relate the constant ¢ defined by equation (9.1) with the one
expected, as required to complete the proof of Theorem 3.3.

10.1. Expression in terms of volumes. Let us first recall that the adelic
set Tn(Aq) comes with a canonical measure which is defined as follows. The
canonical line bundle on wy,, is trivial [Pey01, lemme 3.1.12] and the invertible
functions on T, are constant. Therefore up to multiplication by a constant
there exists a unique section &g, of wy,, which does not vanish. By [Wei82, §2],
this form defines a measure wy,, , on T, (Q,) for any place v of Q. According to
[Pey01, lemme 3.1.14], the product [], wy,, , converges and defines a measure
on T,(Aq). By the product formula, this measure does not depend on the
choice of the section wg, . Let us now describe explicitly how to construct such
a section wy,, .

Notation 10.1. Let 2, be the subscheme of
A}, = Spec(Z[X,;,Y;,1 < j < 4])

defined by equations (4.2). Then %, is the product 2, x AZ. We denote by
2.0 the complement of the origin in 2. For three distinct elements j, k, [ of
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{1,2,3,4}, let us denote by Pj; the quadratic form
Ak (X7 +Y72) 4 Apang (X7 +Y7) + Ay (X7 +YP).
Then we have the relations
ajPrim + ap Py + aPpjk + amPjrg =0,
bj Py im + 0k P j + 0P jke + 0m Pjgg =0
whenever {j,k,l,m} = {1,2,3,4}. Since Ao = 1, the scheme 25 is the
complete intersection in A% — {0} of the quadrics defined by P53 and P2 4.
Therefore the corresponding Leray form is a nonzero section of the canonical
line bundle we o On A2, we may take the natural form C‘%Xo A 8%,0. The
exterior product of these forms gives a form on an open subset of %;,, and by
restriction, a form &g,, on T, which does not vanish. We denote by w, , the
corresponding measure on %;,(Q,,) for v € Val(Q).
LEMMA 10.2. Let m € ¥ and a € ¥'. Let b = (b)) cq1,23,4) belong to

D%, Let £ be an odd integer. Let d; and D; be defined by formula (6.3). Then
for any prime number p, we have

—vp (| N by . —6n n
wn,P(-@;,a,b,Z,p) = Byp ”( (ma J)) nlggop 6 Nd7D(p ),
where
if p = 3 mod 4,
if p| T1, N(a;r) and p =1 mod 4,
if p | TI; N(a}) and p | TT; N(b;),
otherwise.

e

/Bp:

— O~ = =
—
Y= M
N——
o

Proof. In the product £y (ap)ym X A% the domain ggz@b,&p decomposes as
a product. The projection onto the eight coordinates X, Y}, where j belonging
to {1,2, 3,4}, gives an isomorphism from the complete intersection in Alz0 —{0}

given by the equations
Li(U,V) = nj(X} +Y})

for j € {1,2,3,4} to the scheme Z,;. Moreover this isomorphism map is com-
patible with the respective Leray forms. Since the measure defined by the Leray
measure coincides with the counting measure (see, e.g., [Lac82, Prop. 1.14]),
the volume of the first component is equal to lim, e p~ %" Ng p(p™). The mea-
sure on AZ is the standard Haar measure. On the other hand, the image of
the domain in Zz may be described as follows:

o [t is Z[i]1+j - (1 + j)Z[i]1+j if p=2.

o It is Z2 —pZ2 if p = 3 mod 4.
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e It is the set of (z,y) € Z2 such that p does not divide N(z + iy) if
p | T1, N(aj), the prime p does not divide N(; b;), and p = 1 mod 4.

e It is empty if p | []; N(a;r) and p | [T; N(b;).

o It is ((; b;)Zyli] otherwise.

Therefore 5pp_v” (N(ﬂf o >> is the volume of this component. O

LEMMA 10.3. Let m € ¥ and a € ¥'. Let b = (b)) cq1,23,4) belong to

D4, We put n = N(ab)m. Let £ be an odd integer. For any real number B,
we have

AL(1, )7
wn@o(gfn,u,b,ﬁ,oo(B)) = W
j=1"

where f(B) = [1°5®) yet du = Blog(B) — B + 1.

Vol(%m)f(B),

Proof. The functions U and V on %, = 2;, x A? are induced by functions
on %y which we shall also denote by U and V. Let Hp o : Zn(R) = R and
Hg « : R? — R be defined by

Hroo(R) = max(|U(R)|,[V(R)|) and  Hp,co(z0,%0) = 25 + ¥3-

Then the domain @%7&57&00(3) is the set of (R, (z0,%0)) € Zn(R) x R? such
that

Hroo(R) 21, Hpoolzo,y0) =1, and Hpoo(R)*Hp (70, 90) < B.

Let us denote by v, 1(t) (resp. v2(t)) the volume of the set of R € 25, (R) (resp.
(z0,90) € R?) such that Hp(R) < t (vesp. Hpoo(®0,y0) < t). Then the
functions v, 1 and vy are monomials of respective degrees 2 and 1. Therefore
the volume of the domain _@fn’a’byem(B) is given by

vmt (1)v2(1) %m)l 2t dudt = v 1 (1)ua(1)f(B).
t?u<B

To compute the value of vy 1(1), we may use the change of variables xg =

|nj|z; and yg = /|nj]y;. Since the Leray form may be locally described as

OP123 OP123 -1

4 4
0Pl Pz, AXzdXy ] dYj = (4434X1X0) ' dXzd Xy [] dY5,
0X1 0Xo j=1 j=1

we get that vy 1(1) = v€71(1)H§:1 nj_l, where €; = sgn(n;) = sgn(m;). It
follows that vy 1(1) = (H?Zl n;) "7t Vol(%m). We conclude the proof with
the equalities va(1) = m = 4L(1, ). O
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PROPOSITION 10.4. Let m € ¥ and a € ¥'. Let b = (bj)c(1,2,3,43 belong
to D4, Let £ be an odd integer. Then

Ca,6Cd,D,%Z
Wf( ) = VO](@mahé(B))7

where f(B) = Blog(B) — B + 1.

Proof. This follows from Lemmata 10.2 and 10.3; indeed, by [dIBBO0S,
eq. (2.8)], we have wg, (00) = Vol(%m) and

I] o»(d. D) = [ Jim p~ Nap ("),
pPED J 17 peﬂ
where n = N(ab)m. O

10.2. Moebius reversion.

PROPOSITION 10.5. Let B be a real number and m belong to 3. Then

Vol(Z => > > ulw) (€) Vol Zpy, a,6,0(B))-

aedX’ b€®4 £odd

Proof. For any A € Ta(Q) N Za and any n € Z*, the multiplication by
A defines an isomorphism from #y(y), to #,. Therefore it sends the canon-
ical form on the adelic set @N( an(Aq) onto the canonical form on %, (Aq).
Therefore the volume of 23, im.a.6¢(B) coincides with the volume of its image
in %m(Aq). The formula then follows from Lemma 5.28 and the proofs of
Propositions 5.32 and 5.34. O

10.3. The constant.

PROPOSITION 10.6. We have

1
Cu(S)Blog(B) = ——~—~—
( ) ( ) ﬁTNS(Q)tors TY;E
Proof. The following proof is based upon the ideas of P. Salberger [Sal98],
as described in [Pey01, §5.3].
We may identify wg' with @g/(1) (see Lemma 2.2). This enables us to
define an adelic metric on wgl by

Iyl = {m?n (=t

mino<i<4 (|57 .

Vol(Zm (B)) + O(B).

y(@) if v = oo,

otherwise

¢ ‘Xsy(x)

| [ =E )

for x € S'(Qy) and y in the corresponding fiber Og/(1), ® Q,, with the con-
stant C defined in Notation 3.2. This adelic metric defines the height used
throughout the text. Let v be a place of Q. We denote by wg,, the measure
on S(Q,) corresponding to the adelic metric on wg' (see [Pey95, §2]). Let us
recall that on a split torus G7;,, the form Aj_; 5;1d£j, where (£;)1<j<n is a basis
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of X*(G}), up to sign does not depend on the choice of the basis. Therefore
there is a canonical Haar measure on Tns(Q,) which we shall denote by wrq o-
Let m be an element of 3. The functions H,, defined in Definition 5.18 may
been seen as the composite of the metrics on w§1 with the natural morphism
from the universal torsor T, to the line bundle wgl. Let U # () be an open
subset of 7, (T (Qy)). According to [Pey01, lemme 3.1.14] and [Pey98, §4.4],
if s : U — Tm(Qy) is a continuous section of 7y, then the measure wp, , is
characterised by the relation

(10.1)
[ f@wmt) = [ [ flEs@) Holts@)wngowi @

Tm (U) U JTns(Qu)

m

for any continuous function f on 7' (U) with compact support.

By Lemmata 5.8 and 5.14, for any prime number p, Zp, ;, is a fundamental
domain in Ty, (Qp) under the action of Tng(Qp) modulo Tng(Zy). Moreover,
by definition, we have that %y, , is contained in 7! (Zep1(Zp)) and thus Hy, is

equal to 1 on %, ;. Using (10.1), we get that
Winp (T (U) N D p) = wis p(Ths(Zp) ) w0 (U)

for any open subset U of Ty (Zim.p)-
The maps logoHp, logoHg define a map log., : T (R) — Pic(S)" @z R,
and using log , X, we get a homeomorphism

Tm(R) = Pic(5)Y @z R X (T (R)).

Let
Tis(R) = {t € Tns(R), Vx € Pic(S), |x(t)| = 1}.

Then for any real number B and any open subset U of 7y, (Zm,0(B), we get

Wm,oco (Wr_nl (U) N Dnoo(B))

—1

/{yeceff(s)vv (ng,?ﬁélog(B)}
= a(S)wys 0o (TNs(R)) wi,oo (U) f(B),

where Ceg(S)Y is the dual to the closed cone in Pic(S) ®z R generated by the
effective divisors.
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Taking the product over all places of Q, we get the formula
(10.2)

log(B)
wm(Zm(B)) = Oé(S)WTNs,oo(Tﬁs(R))WH,oo(Wm(Tm(R)))/0 ue" du

X <H LP(l?Pic(s))wTNs,p(TNS(Zp))>

pEP

peEL

x (H Lpu,Pic<s>>—1wﬂ,p<wm<trm<Qp>>>> .

By Lemma 5.3, the map from Txs(Q) to @pe» X«(INs)p is surjective. It
follows that

Txs(Aq) = (TRs(R) x [ Tis(Zy))-Txs(Q),
peEL
and we get an exact sequence
1 — Tns(Q)tors — Trs(R) x [ Tws(Zy) — Trs(Aq)/Tns(Q) — 1.
pEL

Combining this with formula (10.2) and the definitions of the adelic measures,
we get the formula

log(B)
wm(@m(B)) = ﬁTNS(Q)torsa(S)T(TNS) wH(?Tm(‘Tm(AQ))) /0 ue” du’

where 7(Tng) denotes the Tamagawa number of Txs. By Ono’s main theo-
rem [Ono63, §5], 7(Txs) is equal to fH'(Q, Pic(S) /4111 (Q, Txs) and using Sal-
berger’s argument [Sal98, proof of lemma 6.17] and Proposition 4.9, any point
in S(AqQ)PT belongs to exactly fIII'(Q, Txs) sets of the form mp, (Tm(AqQ)).

This concludes the proof of the proposition. O
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