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Rational points near manifolds and
metric Diophantine approximation

By ViCcTOR BERESNEVICH

Dedicated to Maurice Dodson

Abstract

This work is motivated by problems on simultaneous Diophantine ap-
proximation on manifolds, namely, establishing Khintchine and Jarnik type
theorems for submanifolds of R™. These problems have attracted a lot
of interest since Kleinbock and Margulis proved a related conjecture of
Alan Baker and V. G. Sprindzuk. They have been settled for planar curves
but remain open in higher dimensions. In this paper, Khintchine and Jarnik
type divergence theorems are established for arbitrary analytic nondegen-
erate manifolds regardless of their dimension. The key to establishing these
results is the study of the distribution of rational points near manifolds —
a very attractive topic in its own right. Here, for the first time, we obtain
sharp lower bounds for the number of rational points near nondegenerate
manifolds in dimensions n > 2 and show that they are ubiquitous (that is
uniformly distributed).
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1. Introduction

Let M be a bounded smooth manifold in R™. Given Q > 1 and £ > 0, let
N(Q.e) = #{p/geQ": 1<q<Q, dist(p/g, M) <e},

where #.5 is the cardinality of a set S, peZ”, g€ Z, dist(r, M) =infycpq [r—y|
and | - | is the Euclidean norm on R"™. Thus, N(Q,¢) counts rational points
with bounded denominator lying ‘c-near’ M. The following intricate problem
will be our main concern.

Problem 1.1. Estimate N(Q,¢) for a ‘generic’ smooth manifold M.

Our study of Problem 1.1 is motivated by open problems on simultaneous
Diophantine approximation on manifolds; see Section 2. However, the interest
to the distribution of rational points near manifolds is not limited to these
problems; see, e.g., [28], [46]. In this paper a sharp lower bound on N(Q,¢) is
established when ¢ is bounded below by some naturally occurring function of
Q. To begin with, we briefly review the state of the art.

Planar curves. The first general estimates for N(Q,¢) are due to Huxley
[33], [32]. In particular, he proved that for any curve M in R? with curvature
bounded between positive constants, N(Q,¢) < Q3 for ¢ > Q=2 where
0 > 0 is arbitrary and “<” is the Vinogradov symbol. Huxley’s estimate was
the only general result until Vaughan and Velani remarkably removed the 6-
term from Huxley’s estimate [54]. On the other hand, Dickinson, Velani and
the author [8] obtained the complementary bound N(Q, €) > Q3 for e > Q2.
Consequently, the theory for planar curves is reasonably complete.

Higher dimensions. Very little is known. Effectively, there are only rather
crude bounds on N(Q, €) obtained via Khintchine’s transference principle [17]
and estimates for topological products of planar curves [18, §§4.4.2, 5.4.4]. In
this paper we investigate the distribution of rational points near arbitrary an-
alytic nondegenerate submanifold of R™ for all n > 1. Analytic nondegenerate
manifolds are natural to consider as they run through Diophantine approxi-
mation and beyond. Recall that a connected analytic submanifold M of R" is
nondegenerate if M is not contained in a proper affine subspace of R”. If M
is immersed by an analytic map & = (£1,...,&,) : U — R™ defined on a ball
U C R%, then M is nondegenerate if and only if the functions 1,&,...,&, are
linearly independent over R.

Throughout m = codimM > 1. Then we have the following obvious
‘volume based’

(1.1) HEURISTIC ESTIMATE: N(Q,¢) < e™Q" ™,
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where =< means both < and >>. In order to gain some insight into when the
heuristic estimate (1.1) could potentially be true we now consider the following
two counterexamples.

Ezample 1.2. Let M = {(x1,...,7,) € R" : 22 + 22 = 3}. Obviously,
M is nondegenerate. It is readily verified that M N Q" = &. Further, if
e = 0o(Q72) and @ is large enough, then the rational points contributing to
N(Q, ¢) must lie on M, resulting in N(Q,¢) = 0 for ¢ = o(Q~?). This example
can be extended to submanifolds of any codimension by using Pyartli’s slicing
technique [48]. The next example is of a different nature.

Ezxample 1.3. Let

M = {(.rl,...,l‘d_l,xd,l‘z,...,.%T—H) eR™: lrg?gd|a:i| < 1},

where d > 2. Clearly M is nondegenerate and bounded. Given a positive
integer ¢ < @, the rational points p/q with p = (p1,...,p4-1,0,...,0) €
7™ obviously lie on M. The number of such points is =< Q¢, thus implying
N(Q,¢e) > Q% regardless of the size of . The latter is significantly larger than
the heuristic estimate (1.1) unless ¢ > Q~(m+1h/m

In this paper we shall show that the condition & > Q~(m+1/m ig guf-
ficient to prove the heuristic lower bound for N(Q,¢). Also we shall see in
Section 7 that this condition can be significantly relaxed when M is a curve.
The results will be presented in a form convenient for the applications in metric
Diophantine approximation that we have in mind; see Section 2. Furthermore,
the form of their presentation reveals the distribution of rational points in
question, which is far more delicate than simply counting.

We will naturally and nonrestrictively work with manifolds M locally.
Then, in view of the Implicit Function Theorem, this allows us to represent
M by Monge parameterisations. Therefore without loss of generality, we can
assume that

(1.2) M= {(z1,..., 20, f1(x),..., fm(x)) ER" 1 x = (1,...,2q) €U},

where U is an open subset of R? and f = (f1,..., f;) : U — R™ is a map. Here
and elsewhere d = dim M and m = codim M. The distribution of rational
points near the manifold (1.2) is then conveniently described in terms of the
set

a/ge B, 6Q <q¢g<Q

RY(Q,v,B) = {(g,a,b) eNxZ* xZ™ : |¢f(a/q) — bl <¥ 3,
ng(q’ a? b) = 1
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where @ > 1, ¢ > 0,0 >0, B C U and |- | denotes the supremum norm.
Also define
A(S(vaanp) = U B(‘a/q? p>7
(¢,2b)ER?(Q¥,B)

where B(x, p) denotes a ball centred at x of radius p. Roughly speaking, the
set A9 (Q,v, B, p) indicates which part of the manifold can be covered by balls
of radius < p centered at the rational points of interest. The following key
result of this paper shows that this part is substantial for a suitable choice of
parameters. In what follows ug denotes d-dimensional Lebesgue measure.

THEOREM 1.4. Let the manifold (1.2) be analytic and nondegenerate and
let By C U be a compact ball. Then there are absolute positive constants ko, po
and oy depending on By only with the following property. For any ball B C By
there are positive constants Cy = Cy(B) and Qo = Qo(B) such that for all

Q > Qo and all ¢ satisfying

(1.3) CoQ V™ < < C7
we have
(14) Hd (AJO(Qﬂ/}vap) N B) > ko /’Ld(B) ’

where p := py x (YMQIH ",

COROLLARY 1.5. Let M and By be as in Theorem 1.4. Then, there are
constants &g and ki1 > 0 such that for any ball B C By, there exist Qo > 0 and
Co > 0 such that for all Q > Qo and all ¥ satisfying (1.3), we have that

(1.5) N®(Q,%, B) := #R%(Q, %, B) > k1™ Q" na(B).

Proof of Corollary 1.5. For any r € R? we obviously have that y4(B(r, p)N
B) < Vdpd, where Vj is the volume of a d-dimensional ball of radius 1. There-
fore, the r.h.s.! of (1.4) is bounded above by N%(Q,v, B)Vyp?. By (1.4), we
get that N%(Q,, B) > V; ' p~Ukoua(B). Substituting the value of p from
Theorem 1.4 into the last inequity completes the proof. O

Remark 1.6. Tt is clear that every rational point (a/q,b/q) arising from
R%(Q, 1, B) lies within the distance ¢ = 1(60Q)~! from M. Thus, N(Q,¢) >
N%(Q,e80Q, By). By Corollary 1.5, we get the lower bound N (Q, §) > ¢mQ"*!
valid for & > Q~("+1D/™ consistent with (1.1).

Remark 1.7. In the case of hypersurfaces m = 1. Therefore, the condition
e > Q "HD/m transforms into ¢ > Q2. This is the same as for planar
curves [8]. It tells us that rational points with denominator ¢ < @ can get

1Throughout the paper ‘r.h.s.” means ‘right-hand side’ and ‘1.h.s.” means ‘left-hand side.’
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CONSTXQ~? close to an arbitrary analytic nondegenerate hypersurface. In
fact, in view of Example 1.2 this is generically best possible!

Remark 1.8. In the case of planar curves the lower bound (1.5) has already
been established in [8, Th. 6]. However, in that paper the constant k; happens
to dependent on B, while in this paper k; is uniform.

2. Diophantine approximation on manifolds

In this section we apply Theorem 1.4 to simultaneous Diophantine ap-
proximation on manifolds. Traditionally, problems on the proximity of rational
points to points in R™ assume finding optimal relations between the accuracy
of approximation and the ‘height’ of approximating rational points p/¢q. In
our case, the latter is measured by ¢ while the former is measured by v/q.
Therefore, throughout this section 1 : N — R will be regarded as a decreas-
ing function referred to as an approzimation function, where RT = (0, +00).
Given 7 > 0, the approximation function ¢ — ¢~ 7 will be denoted by ¥(q).

The point y € R™ is called v-approximable if there are infinitely many
q € N satisfying

(2.1) gyl < ¥(q),

where ||gy|| denotes the distance of qy from Z"™ with respect to the sup-norm
| - |oo. Throughout, S, (1) denotes the set of i-approximable points in R".

By Dirichlet’s theorem (see, e.g., [50]), Sn (wl/n) = R™. The point y € R"
such that y € S,,(¢;) for some 7 > 1/n is called very well approximable. If
y & Sp(v;) for any 7 > 1/n, then y is called not very well approximable or
extremal.? A relatively easy consequence of the Borel-Cantelli lemma is that
almost all points in R™ are extremal; see, e.g., [18]. The property of extremality
is fundamental in Diophantine approximation. For example, Roth’s celebrated
theorem establishes nothing but the extremality of irrational algebraic num-
bers. Within this paper we will be dealing with problems that go back to
the profound conjecture of Mahler [44] that almost all points on the Veronese
curves (z,...,xz") are extremal. The problem was studied in depth for over 30
years and eventually settled in full by Sprindzuk in 1964 (see [51]) who also
stated the following general conjecture [53].

CONJECTURE (Sprindzuk). Any analytic nondegenerate submanifold of
R™ is extremal.

2The terminology of (not) very well-approzimable points was first used by Schmidt [50].
The terminology of extremal points was first used by Koksma [43] and later reinvigorated by
Sprindzuk [52] with the notion of extremal manifolds. In some literature extremal points are
referred to be Diophantine or to be of a certain Diophantine type.
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Formally a differentiable manifold M C R™ is called eztremal if almost
all points of M (with respect to the induced Lebesgue measure on M) are
extremal. For n = 2, the conjecture is a consequence of Schmidt’s theorem
[49] and for n = 3, it has been proved by Bernik and the author [4]. The full
conjecture (with the analyticity assumption dropped) has been established by
Kleinbock and Margulis in the tour de force [41] and later re-established in [3]
using different techniques. The work of Kleinbock and Margulis has also dealt
with the far more delicate multiplicative case known as the Baker-Sprindzuk
conjecture and led to a surge of activity that led to establishing the extremality
of various classes of manifolds and sets; see, for example, [38], [39], [40], [42].

The following two major problems now arise (see, e.g., [8, §1] or [6, §6]):

Problem 2.1. To develop a Khintchine type theory for S, () N M.
Problem 2.2. To develop a Hausdorff measure theory for S, (¢)) N M.

The goal of Problem 2.1 is a metric theory of S,,(¢)) N M with ¢ being
a general approximation function, not just ¥,(¢) = ¢~ associated with ex-
tremality. The goal of Problem 2.2 is to determine the ‘size’ of S,, (1) N M via
Hausdorff measure and dimension.

Before we proceed with the more detailed discussion of the above prob-
lems, it is worth mentioning that there are dual versions of Problems 2.1
and 2.2. In the dual case the approximating objects are rational hyperplanes
rather than rational points. The problems in the dual case are much more
tractable and progress has been significantly better. In particular, the dual
version of Problem 2.1 has been fully settled [3], [6], [19] and very deep an-
swers regarding the dual version of Problem 2.2 found [5], [7], [16], [22], [24].
However, as we shall see, Problems 2.1 and 2.2 (nondual) have more or less
been understood only in R2.

2.1. Khintchine type theory. Let M C R™ be a manifold. If for any ap-
proximation function 1) : N — RT such that

(2.2) > w(e)"

q€Z

converges almost no point on M is y-approximable, then M is called of Khint-
chine type for convergence. In turn, M is called of Khintchine type for diver-
gence if for any approximation function 1 such that the sum (2.2) diverges,
almost all points on M are ¥-approximable. This terminology represents a
zero-one law and has been introduced in [18] to acknowledge the fundamen-
tal contribution of Khintchine who discovered this beautiful law in the case
M = R" [35], [37]. We now discuss the state of the art for proper submani-
folds of R™.



RATIONAL POINTS NEAR MANIFOLDS 193

Planar curves (n = 2). The story has begun with the pioneering work
[15] of Bernik who showed that the parabola (x,z?) is of Khintchine type
for convergence. Subsequently, working towards a conjecture of Alan Baker,
Mashanov has established a multiplicative analogue of Bernik’s result [45].
There has been no progress with planar curves since then, until Dickinson,
Velani and the author have shown that any C'®) nondegenerate planar curve
is of Khintchine type for divergence [8] and subsequently Vaughan and Velani
have established that any C®) nondegenerate planar curve is of Khintchine
type for convergence [54]. See also [1], [9], [10] for further progress.

Higher dimensions (n > 2). In this case the Khintchine type theory also
exists but is rather bizarre. Bernik [13], [14] has shown that the manifolds
in R™* given as the cartesian product of m nondegenerate curves in R* are
of Khintchine type for convergence if m > k and for divergence if £ = 2 and
m > 4. Dodson, Rynne and Vickers [25], [26] have found Khintchine type
manifolds satisfying certain curvature conditions. However, these conditions
significantly constrain the dimension of the manifolds and completely rule out
curves. For example, the Khintchine type manifolds of [25], [26] assume that
d = dim M > max{2,v2n — %} for convergence and d > %(n +5) and n > 19
for divergence. Thus, the simplest example of a Khintchine type manifold
for divergence could only be an 18-dimensional manifolds in R'. It should be
noted that Dodson, Rynne and Vickers established their divergence Khintchine
type theorem in the quantitative form. Assuming a condition on v which
implies that S, (1) = R™, Harman [31] has obtained a quantitative result for
Veronese curves and manifolds that are known to be of Khintchine type for
convergence. Recently Gorodnik and Shah [30] have obtained a Khintchine
type theorem for approximation by integer points (p1,...,pn,q) € Z"! lying
on a quadratic variety of the form 23 + --- + 22 — y? = 1 to their limit points
(with respect to the projective distance) lying on the unit sphere S™ C R™.
For general manifolds admitting group actions, Ghosh, Gorodnik and Nevo
[29] also consider related Diophantine problems involving approximation by
rational points. The Khintchine type theory for curves in dimensions n > 2
is simply nonexistent. However, in view of Pyartli’s slicing technique [48],
curves underpin the whole theory. The following result of this paper covers
arbitrary nondegenerate analytic curves as well as arbitrary nondegenerate
analytic submanifolds of R".

THEOREM 2.3. For any n > 2, any nondegenerate analytic submanifold
of R™ is of Khintchine type for divergence.
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Classical case. In order to illustrate the statement of Theorem 2.3, let us
consider the following classical problem on rational approximations to consec-
utive powers of a real number. That is, we consider the inequality

(2.3) max { [lgz|, [lg”||, .., lqz"|| } < (q).

Since the consecutive powers of x are real analytic functions of x which, to-
gether with 1, are linearly independent over R, Theorem 2.3 implies the fol-
lowing

COROLLARY 2.4. Given any monotonic 1 : N — R* such that the sum
(2.2) diverges, for almost all x € R inequality (2.3) has infinitely many solu-
tions q € N.

In 1925 Khintchine [36] established such a statement in the special case
when 1(q) = cq~'/" with arbitrary but fixed ¢ > 0. The latter has been
generalised by R. C. Baker [2] to smooth manifolds but the same class of
approximation functions. Corollary 2.4 is thus the first improvement on that
result of Khintchine in the period of over 80 years. It obviously contains
Khintchine’s result and is believed to be best possible. In fact, a folk conjecture
suggests that for almost all z € R there are only finitely many ¢ € N satisfying
(2.3) provided that the sum (2.2) converges.

2.2. Hausdorff dimension and measure theory. Problem 2.2 throws up a
few surprises. For example, unlike the dual case the dimension of S, (¢) N M
happens to depend on the arithmetic properties of M. To grasp the ideas
consider the following popular example. Let C, be the circle 2% + 3% = r. It
is easily verified that if r € N, 7 > 1 and ¢(q) = ¥+(q) = ¢~ ", then all the
rational points implicit in (2.1) must lie on C, for sufficiently large ¢. For the
unit circle Cq, these points are parameterised by Pythagorean triples and well
understood. As a result

(2.4) dim Sa(¢,) NCy = for 7 > 1,

T+ 1

where dim stands for Hausdorff dimension. The fact (2.4) has been established
in two complementary papers by Melnichuk [47] and Dickinson-Dodson [23].
On the other hand, it is easily seen that C3 N Q? = @. Consequently,

(2.5) dim Sa(¢,) NC3 =0 for 7 > 1.

Thus, scaling C; by /3 completely changes the character of the set of 1),-
approximable points lying on it. Luckily, this cannot happen if 7 < 1. In fact,
as shown in [8],

. 2
(2.6) dim Sy(¥,) N C = TT; when 1/2 < 7 < 1
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for all C® curves C in R? nondegenerate everywhere except possibly on a set
of Hausdorff dimension < E_Tg The Hausdorff dimension of Sy(v) N C has
also been found in [8] for general approximation functions . Furthermore, an
analogue of Jarnik’s theorem [34] has been established in [8] and [54] which
provides a complete picture of the s-dimensional Hausdorff measure of Sy(v))

NC; see [8], [54] for details.

Higher dimensions. Khintchine’s transference principle [50] can be used
to deduce bounds on dim S, (1;) N M from the much better understood dual
case. Although the bounds obtained this way are rather crude, until recently
nothing else was known. In [27] Drutu established a comprehensive theory for
nondegenerate rational quadrics in R™ when the approximating rational points
lie on quadrics. In particular, her results include (2.4) and (2.5) as two special
cases. More recently Budarina and Dickinson [21] have investigated S,, (¢ )M
for hypersurfaces M in R™ parameterised by the forms z§ +- - ~+xﬁ_1 of degree
d < logn, the exponent 7 being large and the approximating rational points
being lying on M. However, except for planar curves, the approximating
rational points always lie on the manifold. In view of this, Theorem 2.5 below
appears to be the first general result concerning Problem 2.2 in dimensions
n > 2.

Let H*® denote s-dimensional Hausdorff measure. In order to state the
result we now introduce the exponent of 1 also known as the lower order of
1/4 at infinity:

7(v) := lim inf M.
g—00 log g

THEOREM 2.5. Let M be a nondegenerate analytic submanifold of R",
d = dimM and m = codim M. Thus, d +m = n. Let ¢ : N — RT be a
monotonic function such that qi(q)™ — oo as ¢ — oo. Then for any s €

(7rd. ),

@7 WS nM =0 i Y qn(wf]q))“m - .
q=1

Consequently, if 7 = 7(¢) satisfies 1/n < 1 < 1/m, then

n+1
T+1

We shall see in Section 7 that for nondegenerate analytic curves (d = 1)
Theorem 2.5 holds for s € (d/2;d). It is also possible to obtain the version of
Theorem 2.5 that would incorporate generalised Hausdorff measures. We opt
to omit further details which can be easily recovered using the ideas of [8, §8.1]
where the case n = 2 is considered.

(2.8) dim S, (Y) "M > s := m.
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2.3. Proof of Theorems 2.3 and 2.5. The proof below generalises the ar-
guments given in Sections 3, 6, and 7 of [8] to higher dimensions.

Note 1. Within Theorem 2.5 it suffices to establish (2.7), for (2.8) follows
from (2.7).

Proof. By the definition of 7(1), for any € > 0 there are infinitely many ¢
such that 1(g) > ¢~7~¢. Since v is monotonic, ¥(2¢) > 2=+ for t € Z
satisfying 2! < g < 2!, Therefore, there are infinitely many ¢ € N such that
(24 > 2-D+e) | Hence, on taking s = Tﬂig —m with € > 0, one verifies
that 21D (y(28)271)st™ > 2=+ The latter holds for infinitely many t
and implies that 3392, 21"+ (4(24)271)5t™ = 0o, Due to the monotonicity
of ¢ this further implies that the sum in (2.7) diverges and therefore, by (2.7),
H*(Sn () N M) = co. By the definition of Hausdorff dimension, we deduce

that dim S, () "M > s = TT{iE — m, whence (2.8) readily follows. O

Note 2. The condition

(2.9) lim qy(q)™ = oo,

q—o0

which is a part of Theorem 2.5, can be assumed in the proof of Theorem 2.3.

Proof. To verify (2.9) consider the monotonic function

¥1(g) = max{g~ ¥ y(q)}.

Then the divergence of (2.2) implies Y302, 91(q)" = co. Obviously S,(¢1) =
Sn(¥) USp(2/(2n — 1)). Since 2/(2n — 1) > 1/n and every nondegenerate
submanifold of R™ is extremal we obviously have that the set MNS,,(2/(2n—1))
has zero measure on M. Hence M N S, (¢1 ) and M NS, (¢) are of the same
measure and 1) can be replaced with 1, which satisfies (2.9). O

Note 3. In view of the metric nature of Theorems 2.3 and 2.5, it is enough
to consider a sufficiently small neighborhood of an arbitrary point on M.
Therefore, by the Implicit Function Theorem, without loss of generality we can
assume that M is of the Monge form (1.2) and that the functions fi,..., fi
are Lipschitz; that is, for some ¢y > 1,

(2.10) max |fi(x) — fi(x')| < alx — x| forall x,x" € U.
1<Il<m

Note 4. Let Sg(¢) be the set of x € U such that (x,f(x)) € S,(¢¥).
Obviously, Sg(1) is the orthogonal projection of S,(¢) N M onto R%. By
(2.10), S¢(¢) and Sy, (1) N M are related by a bi-Lipschitz map and therefore
Se(1) is of full Lebesgue measure in U if and only if S,, (1)) M is of full induced
Lebesgue measure on M; see [18, §1.5.1]. Further, recall that d-dimensional
Lebesgue measure is comparable to H®. Therefore, to prove Theorem 2.3 it
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suffices to show that for every compact ball By in U,
(2.11) HUSe(¥) N Bo) = HY(Bo) if Y ¥(q)" = o0.
qg=1
Similarly one can show that Theorem 2.5 follows on showing that
. s o (@)
212 WESW)NB) =B i Yo (BE) =
q=1

holds for every compact ball By in U and s € (md/(m + 1),d). Note that for
s < d, H*(Bp) = co. Also note that in the case s = d, (2.12) is simply (2.11).
m

d,
Upshot. On establishing (2.12) for s € ( d, d] and 1 satisfying (2.9)

we prove Theorems 2.3 and 2.5.

m+1

Ubiquitous systems. In what follows we will use the ubiquitous systems
technique. The notion of ubiquity introduced below is equivalent to that of
[7] in the setting that is now to be described. Let By be a ball in R? and
R = (Ra)acs be a family of points R, in By (usually called resonant points)
indexed by a countable set J. Let 3:.J — Rt : a — S, be a function on J,
which attaches a ‘weight’ 3, to points R,. For ¢ € N, define J(t) := {a € J :
Ba < 2t} and assume that J(t) is always finite.

Definition 2.6. Let p : RT — R be a function such that lim;_, p(t) = 0.
The system (R; 3) is called locally ubiquitous in By relative to p if there is an
absolute constant kg > 0 such that for any ball B C By,

(2.13) iminf pa( J B(Rap(2) N B) = kopa(B).
acJ(t)

Here as before g denotes Lebesgue measure in R? and B(x,r) denotes
the ball in R? centred at x of radius . The function p is referred to as ubiquity
function.

Given a function ¥ : RT — R, let

AR(¥) = {x € Bp:|x — Raloo < ¥(Ba) holds for infinitely many o € J}.

The following lemma follows from Corollaries 2, 4 and 5 from [7]. In the case
d = 1 a simplified proof of Lemma 2.7 is given in [8, Ths. 9 and 10]; see
also [11].

LEMMA 2.7. Let ¥ : Rt — R be a monotonic function such that for
some A < 1, W(21HY) < AU(2Y) holds for t sufficiently large. Let (R,[3) be a
locally ubiquitous system in By relative to p. Then for any s € (0,d],

oo \I,(2t)s

(2.14) H(AR(V)) = H*(Bo)  if ;W = 0
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Proof of Theorems 2.3 and 2.5 modulo Theorem 1.4. Recall that our goal
is to establish (2.12) for s € (md/(m + 1),d] and approximation functions
¥ satisfying (2.9), where By is an arbitrary nonempty compact ball in U.
Therefore, for the rest of this section we fix such a Bjy. Also recall that the
map f which arises from (1.2) satisfies the Lipschitz condition (2.10). We
can also assume that lim, ,o ¢ (¢) = 0 as otherwise S, (¢) = R" and there is
nothing to prove.

We first construct a ubiquitous system relevant to our main goal. Let pg
and dp be the same as in Theorem 1.4. Define the ubiquity function p(q) =
po % (1(q)™q*1)~1/4 and the sequence R := {a/q}(q,a)es of resonant points
in By, where

Ji={(a,2) eNx 2" - afg € Bo, max |lafi(a/o)l < 3v(a)}.

For a = (q,a) € J define B, := q. We prove the following

LEMMA 2.8. Assume that Theorem 1.4 holds. Then, with By, R, B and
p as above, the system (R, 3) is locally ubiquitous in By relative to p.

Proof. First of all, by (2.9), p(q) — 0 as ¢ — oco. We now verify (2.13)
for the specific choice of R, 8 and p we have made. Obviously J(t) consists of
(q,a) € J such that ¢ < Q := 2'. Fix an arbitrary ball B C By and consider
the union in (2.13). This union contains
(2.15)

U U B(a/a.n(@)nB > 2a%(Q,1¢(Q), B.p(Q)) N B,

30Q<qg<Q a€cZd:(q,a)e]

where A%(-) is the set defined in Section 1 and appearing in Theorem 1.4.
By (2.9) and the assumption limg—,~ ¢(¢) = 0, conditions (1.3) are met for
sufficiently large @2 and therefore, by Theorem 1.4, the pg-measure of the sets
in (2.15) is at least kouq(B). Therefore (2.13) is fulfilled and the proof is
complete. O

In the next two statements we establish a relation between Ag(¥) and
Se(1)) and an analogue of (2.12) in terms of Ar (V).

LEMMA 2.9. Let ¥(q) = ¢(q)/(2c1q), where c1 arises from (2.10) and let
By, R, B and p be as in Lemma 2.8. Then Ar(¥) C Sg()).

Proof. Assume that x = (z1,...,24) € AgR(¥). Then

(2.16) X —a/qloc < ¥(g) = 1(q)/(2¢19)
for infinitely many (g,a) € N x Z% such that
(2.17) max |qfi(a/q) — bi < 3¢(q)

1<i<m
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for some b = (by,...,b,) € Z™. By the triangular inequality,

(218)  [Ax)—bifel < [fix) = fila/a)| + | fi(a/q) — bu/d]

(2.10)
< c1lx — a/qloo + | fila/q) — bi/q|

(2.16)&(2.17)

e w@)/ e + J0(@)/a = vla) /e

Since (2.16) and (2.18) hold for infinitely many ¢, we have that (x,f(x)) €
Sn(); that is x belongs to Sg(1)). Therefore, Ar (V) C S¢(v). O

LEMMA 2.10. Assume that Theorem 1.4 holds. Let ¥(q) = ¢ (q)/(2c1q),
where ¢y arises from (2.10) and let By, R, 3 and p be as in Lemma 2.8. Then

s+m
(2.19) " (Ar(V)) =H*(Bo) if Z ( ) =0

Proof. Since v is decreasing, \II(QtH) < AU(2Y) with A = 1/2. Further,
using the explicit form for ¥ and p verify that

e’} \I/ 0 215) 92— st 0 ¢(2t) s+m .
Z: Z — @i = Z( 5 ) o(n+1)t

In view of the monotonicity of 1, the latter sum diverges if and only if
Z q" < )) diverges. Hence, by Lemmas 2.7 and 2.8, we get (2.19). O

We are now able to complete the proof of Theorems 2.3 and 2.5. Recall
that we have to establish (2.12). Let ¥, By, R, 5 and p be as in Lemma 2.10.
By the monotonicity of H*, H*(Sg(v) N By) < H*(By). Therefore, to establish
(2.12) it suffices to show that H*(Sg(¢) N By) > H*(By) provided that the sum
in (2.12) diverges. In view of Lemma 2.9, this follows from (2.19), and the
proof of Theorems 2.3 and 2.5 modulo Theorem 1.4 is thus complete. O

3. Some auxiliary geometry

The distance of a rational point from a manifold is conveniently studied
using the notion of projective distance (due to H. and J. Weyl [55]) which
involves exterior and interior products. These classical and well-established
topics are now briefly recalled. The overview below is mostly taken from [50]
and [56]. We will use the standard embedding of R™ into the real projective
space P". Given x = (z1,...,x,) € R", the point & = (A, A\x1,..., \x,) €
R™ ! with A # 0 will be referred to as the homogeneous coordinates of x.
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3.1. Exterior product and projective distance. Throughout, AP(R"T1) de-
notes the p-th exterior power of R"*! and “A” denotes the exterior product.
If p<n+1andey,...,e, is a basis of R"T!, then the multivectors

(3.1) er := Nier €;, I e C’(n—{— 1,p)

form a basis of AP(R"!), where C(n + 1, p) denotes the set of all subsets of
{0,...,n} of cardinality p. The following well-known formula (see [56, p. 38])
expresses the exterior product of vectors x; = Z?:o Tijej € R7HL (1<i<p)
in terms of the basis (3.1):

(3.2) /\le r; — Z det (ij’ik> ey.
. - 1<4,k<p
I={i1<<ip}eC(n+1,p)
Recall that the exterior product is alternating, that is u Av = —v A u so that
v Av = 0. Further, let - v denote the standard inner product of u,v € R+,
Then, there is a uniquely defined inner product on AP(R™1) such that

(3.3) (VI A= Avp) - (U A+ Auy) = det ('vi : uj)lgi,jgp

for any vi,...,vp,u1,...,up € R+, Furthermore, if eq,...,e, is an or-
thonormal basis, then so is (3.1). Often (3.3) is referred to as the Laplace
identity [50, p. 105]. The Euclidean norm on AP(R™*!) induced by (3.3) will
be denoted by |- |. By (13) in [56, p.49],

(3.4) lu Av| < |u||v] if u or v is decomposable.

Recall that a multivector w is decomposable if u = uy A --- A u, for some
U1, ..., up € R"L Finally, given x,y € R,

[z Ayl
dp(va) = |m’|y|

is called the projective distance between x and y. Obviously d,(x,y) is well
defined. It is known that d,(x,y) = sinp(x,y), where p(x,y) denotes the
acute angle between x and y; see (3.13) below. In particular, this angular
property of d, implies that dy,(x,y) is a metric. Furthermore, d, is locally
comparable to the euclidean norm since

(3.5) dp(x,y) < [x—y| < V1+[x2y1+[y2dy(x,y)

for all x,y € R™. To see that (3.5) is true take x = (1,21,...,2,) and y =
(L,y1,...,yn). Then the Lh.s. of (3.5) is proved as follows:

Ayl _|(@—y)ryl Bz —ylly] _|z—y

ey 20 _NE ) Ay 6 eyl Ja oyl
| |y] || |y x| |y Ed

On the other hand, [x —y| < [z Ay| = \/1 + |x[? \/1 + |y|? dp(x,y), where the

first inequality is a consequence of (3.2).




RATIONAL POINTS NEAR MANIFOLDS 201
3.2. Interior product and Hodge duality. In what follows “ - 7 will denote
the interior product of multivectors. For u € AP(R"*1) and v € AY(R"T!) the
latter is defined as follows. Assume that p > ¢ and consider the two linear
functions on AP~9(R™1) given by

z—u-(vAx) and x— (xAv)-u.

Since AP~9(R"™1) is euclidean, there are unique (p — ¢)-vectors, which will be
denoted by w-v and v - u, such that (u-v)-x =u-(vAx) and x-(v-u)=
(x Av)-u for all £ € AP~9(R""1). The multivectors u - v and v - u are called
the interior products of w and v, and v and w respectively. It is easily seen
that v - u = (—I)Q(p*q)u -v and that in the case p = ¢ the interior product
is simply the inner product (3.3). The definition of interior product readily
implies that

(3.6) a-(bAhe)=(a-b)-c and (cAb)-a=c-(b-a)

if a € AP(R™1), b € AI(R"1), ¢ € A"(R") with p > ¢+ r; see (5) and (6)
in [56, p.43|.

Let eq, ..., e, be the standard basis of R**! and i =eg Ae; A---Ae, €
AMFLHR™ ), By “ 1 7 we will denote the Hodge star operator which is defined
by

(3.7) ult =i u.

Note that the multivector u € AP(R"*!) is decomposable if and only if u’ €
APHL=P(R7 1) is decomposable; see Lemma 11A in [56, p. 48]. The map (3.7)
is obviously linear. Also

(3.8) (vt = (=1)(nHimPpy for any v € AP(R"1).

The latter, known as the Hodge duality, follows from (2) in [56, p.49] but
can also be easily verified for basis vectors and then extended by linearity.
Obviously v ~— v* is a one-to-one correspondence between AP(R™!) and
APFLI=P(R7HL) - Also, an easy consequence of (3.6) and (3.8) is that the Hodge
operator is an isometry, that is |[vt| = |v| for any v € AP(R"*1). Also the
Hodge operator conveniently relates the interior and exterior products. Indeed,
let uw € AP(R™"1) and v € AY(R"*1). Then using (3.6) readily gives

(3.9) viou=(vAu)t if  p+g<n+l.
Since the Hodge operator is an isometry, this relation implies that

(3.10) vt u| = v A ul it ptg<n+1
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3.3. Relations between multivectors and subspaces of R"t1. Throughout,
V(v1,...,v,) denotes the vector space spanned by vectors vy,...,v,. Also,
given a multivector w € A(R""1), let V(w) be the linear subspace of R*!
given by

V(w) = {x € R"" . w Az =0}.

LEMMA 3.1. If uy,...,u, € R are linearly independent, then V(uy A
s Aup) = V(ug,...,uy). Furthermore if w,v € AP(R™™1) are nonzero de-
composable multivectors, then V(u) =V(v) <= u = 0v for some 0 # 0.

For details see Lemma 6B and Lemma 6C in [50, pp. 104-105]. Lemma 3.1
gives a one-to-one correspondence between nonzero decomposable p-vectors
taken up to a constant multiple and linear subspaces in R"*! of dimension
p. The latter is known as a Grassmann manifold and will be denoted by
Grp(R™1). Thus Gr,(R™1) is embedded into P(AP(R™*1)) and so is equipped
with a natural topology induced from P(AP(R"+1)) with respect to which it is
obviously compact. Naturally, through the above correspondence the elements
of Grp(R”“) can be thought of as unit decomposable p-vectors taken up to
sign.

The following lemma gives a convenient way of expressing orthogonal sub-
spaces via the Hodge operator and justifies the notation for the operator that
we use within this paper. In what follows W+ denotes the linear subspace of
R™*! orthogonal to W C R"*+1,

LEMMA 3.2. Let uw € AP(R™1) be a nonzero decomposable multivector.
Then

(3.11) V() =Vu)t ={veR" u-v=0}.

Proof. Take any orthogonal basis ey, ..., e, of V(u) such that u = e; A
--- A\ ep. This is possible in view of Lemma 3.1. If v € R+ is orthogonal to
V(u) then, using (3.3) it is easy to see that u-(vAx) = 0 for any decomposable
x € AP7L(R"*1). On the other hand, if v € R"*! is not orthogonal to V(u),
say e; - v # 0, then, by (3.3), u- (v AexA---Ney,) =er-v #0. The upshot
is that w - (v A &) vanishes identically for all x € AP~L(R"*!) if and only if
v E V(u)l. By the definition of interior product, this precisely means that
w-v = 0 if and only if v € V(u)*. The latter establishes the r.h.s. of (3.11).
Finally, by (3.10), u - v = 0 if and only if u™ A v = 0. The latter implies the
Lh.s. of (3.11). O

LEMMA 3.3. Letu € AP(R"1) and v € AY(R™1) be decomposable. Then
V(u) N V(v) = @ if and only if u Av # 0. Consequently, if uw Av # 0, then
V(u) @ V() = V(uAv). Alsoif p > q and u-v # 0, then V(u -v) =
V(u) N V(vth).



RATIONAL POINTS NEAR MANIFOLDS 203

Proof. The condition V(u)NV(v) = & means that the sum V(u)+V(v) is
direct, which is equivalent to u A v # 0. The equality V(u) ® V(v) = V(u Av)
is then a consequence of Lemma 3.1. Finally, by (3.9), u-v = +(ut A v)*.
Then, by Lemmas 3.2 and 3.3, V(u - v) = V(ut Av)t = V(ut) @ V(v))*t =
V(uh)tnV(v)t = V(u) nV(vt). O

3).

The following lemma is easily established using the Laplace identity (3.

LEMMA 3.4. Let u € AP(R™™1) and v € AY(R") be decomposable and
p+qg<n+1. If V(u) L V(v), then |u Av|= |u||v|.

3.4. Multivectors and projections. There are various relations between ex-
terior /interior product and projections of vectors in R**! onto subspaces. The
properties we are particularly interested in are summarized as

LEMMA 3.5. Letu € R" v € AP(R"!) with 1 < p < n be decomposable
and let ™ denote the orthogonal projection from R™"1 onto V(v). Then

(3.12) lv Au|=|v|-|u— 7mul and |v-u| = |v| - |Tul.
Furthermore, |v|?>mu = v - (v - u), where the sign is either + or —.

Proof. Fix an orthogonal basis v, ...,v, of V(v) such that v = vy A ---
Avp. Let v’ = u—7u. Obviously vy,...,vp, ¢ is an orthogonal system. Also,
since mu € V(v), by Lemma 3.1, v A mu = 0. Therefore, v Au = v Au'. Now
applying (3.3) gives

33
Vo) ju — mul?.

o Auf? = o1 A Aoy AP P o2
This establishes the Lh.s. of (3.12). Further, notice that w — 7w is the orthogo-
nal projection of w onto V(v*) = V(v)*. Therefore, the r.h.s. of (3.12) follows
on applying (3.10) to the Lh.s. of (3.12), when v is replaced by v. The final
identity of the lemma is very well known and easy when p = 1. We consider

p > 2. First, notice that u Amu = u A (u —u') = —u Au' and that v-u' = 0;
(3.6)

see Lemma 3.2. Therefore, (v-u) -7u = v-(uA7u) = —v-(uAud) =

v-(u'Au) (26) (v-u')-u = 0. Hence, by Lemma 3.2, 7u L V(v-u). Also, since
7 is the projection onto V(v), we have that 7u L V(v)* = V(v'). Therefore,
7u L V(v-u)+V(vt). By Lemma 3.3, the space V(v-u) is a subspace of V(v)
and so is orthogonal to V(v1). Then, the sum V(v - u) 4+ V(v1) is direct and,
by Lemma 3.3, it is equal to V(v A (v-u)). The latter space is readily seen to
have codimension 1. Theretofore, the relation mu L V(v - u) + V(v') implies

L
that mul| (UJ‘ A(v- u)) 39 4y (v - u). Finally, since the Hodge operator is
an isometry,
ol frul = ool fral = ot ol T ok A o) 2 - (o)

and the identity |v|?>7u = v - (v - u) now readily follows. O
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Given two lines /1 and £ in R"*! through the origin, let (¢, ¢3) denote
the acute angle between ¢; and /5. Further, given a linear subspace L of R"*!
of dimension p and a line ¢ through the origin, the angle ¢(¢, L) between L and
¢ is defined to be infpep (¢, ¢'), where the infimum is taken over over lines ¢/
in L through the origin. It is well known that ¢(¢, L) is the angle between ¢ and
the orthogonal projection of £ onto L. Thus, if w is a directional vector of £ and
7 denotes the orthogonal projection onto L, then sin ¢ (¢, L) = |u|~u — 7ul.
Further, if v € AP(R""!) is a Grassmann representative of L, that is L = V(v),
then, by Lemma 3.5,

(3.13) sinp(¢, L) = =

The following lemma is a consequence of the fact that the angle between
a line ¢ and a plane L; is not bigger than the angle between this line ¢ and any
other plane Lo C L.

LEMMA 3.6. Let v € AP(R™L) be a nonzero decomposable multivector
and u € R"L. Then for any nonzero w € V(v),

lw-u|  |v-ul
w7 o
Proof. In view of (3.10),
. . L L
(3.14) |w - ul < |v - ul |lv— A ul > |w /\u\.
|w| |v] 0] u |w| [ul

Obviously Lg := V(vt) C Ly := V(w?). Let £ := V(u). Therefore, by (3.13),
the Lh.s. of (3.14) is equivalent to sing(¢, La) > sing(¢, L1). The latter is
obvious in view of the fact that Lo C Lj. The proof is thus complete. O

4. Detecting rational points near a manifold

In this section we describe the mechanism for investigating the distribution
of rational points near manifolds.

4.1. Local geometry near a manifold. Let M be a C®) manifold of the
Monge form (1.2). For x = (z1,...,2q4) € U, let y = y(x) be the point
(x,f(x)) € M. We will use the lifting of M into R"*! given by

(4'1) y(x) = (17y(x)) - (1,X,f(X))

which represents the projective embedding of y(x). Further, consider the fol-
lowing maps:

(4.2) g:U—= AR - x e (y(x) Adry(x) A A ady(x))L
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and
(4.3) w:U = AYR™Y) ¢ x e (y(x) Ag(x)T,

where 0; := 0/0x;. The vectors y(x), 01y (x),...,04y(x) are linearly indepen-
dent because y(x) has the Monge form. Hence g(x) # 0. Also, by Lemma 3.2,
y(x) L V(g(x)). Therefore, y(x) A g(x) # 0 further implying u(x) # 0.

Convention. In order to simplify notation, we will write gx, ux and yx
for g(x), u(x) and y(x) respectively and drop the subscript x whenever there
is no risk of confusion. It is useful to keep in mind the following geometric
nature of g and w. The homogeneous equations g - z = 0 and w - z = 0 with
respect to z = (z0,21,...,2,) define the tangent and transversal planes to
M respectively. Furthermore, |g - r||g|~!|r|™! (vesp. |u - 7| |u|7t|r|7!) is the
projective distance of r from the tangent (resp. transversal) plane; see (3.13).

LEMMA 4.1. For every x € U we have that R"™! = V(g) @ V(u) © V(y)
is a decomposition of R™ ! into pairwise orthogonal subspaces.

Proof. Recall the convention that g = gx, u = ux and y = yx. Fix an
x € U. Let t := O1y(x)A---AOqy(x). Then, by (4.2), g = (yAt)*. Then, using
Lemmas 3.1 and 3.2, we get that V(g) = V((y At)Y) = V(y At)t C V(y)t.
It follows that V(g) L V(y). It is similarly established that V(u) L V(y)
and V(g) L V(u). Thus, the subspaces V(g), V(u) and V(y) are pairwise
orthogonal and so their sum is direct. Moreover, using Lemma 3.1 one readily
finds the dimension of each of the subspaces, resulting in dimV(g) ® V(u) &
V(y) = n + 1. Therefore, R*™! = V(g) & V(u) ® V(y). O

Lemma 4.1 provides a natural choice for local coordinates akin to the
Frenet frame. The following Lemma 4.2 estimates the projective distance of
a point r € R” from y € M in terms of the projective distance of r from the
tangent and transversal planes.

LEMMA 4.2. For any r» € R"™ and any x € U,

lyArl _lg-r| Ju-r]
Yl gl |ul
Proof. Let rg, 7, and 7y be the orthogonal projections of r onto V(g),

V(u) and V(y) respectively. Then, by Lemma 4.1, r = rg + r + 7y and
therefore » — ry = r4 + 7. By Lemma 3.5,

(4.4)

(4.5) ly ArlJyl™h = r —ry| < [rgl +[rul.

Again, by Lemma 3.5, |[g - 7| = |g| - |rg| and |u - 7| = |u| - |ry|. Substituting
|rg| and |ry| from the latter equalities into (4.5) gives (4.4). O
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Lemma 4.2 is in general sharp as (4.4) can be reversed with some positive
constant. Nevertheless, the distance of r from M rather than from a particular
point y on M can be estimated in a more efficient way. This relies on the fact
that the tangent plane deviates from a C® manifold with a quadratic error. A
similar idea is explored by Elkies [28] in his algorithm for computing rational
points near manifolds. Before we state the next result, recall that given a ball
B = B(x,7) and A > 0, AB := B(x, \r) and B is the closure of B.

LEMMA 4.3. Let M be a C® manifold of the form (1.2) and By be a
ball of radius rp, < oo such that 2By C U. Then there is a constant C' > 1
depending on By only satisfying the following property. For any r € R™* and
X € By such that
lgx - 7| d lux - 7|
|9x] 7] x| [7]

for some positive § and € satisfying

(4.6)

4. 2<h<e<eyi=
(47) © SOt T+ 1)(C + )2

there is a point x' € 2Bg such that
[Yxr A
|y |7
Proof of Lemma 4.3. Without loss of generality we will assume that |r|=1.
Since 2By C U, there is a constant C' > 1 such that

(4.8) <K9, where K = 14(n + 1)3(C + 1)°d>.

(4.9) 2B, C [-C, C)¢
and
(110 sup ma {1561, max, [0ufi(x)], mas 10,0, ()|} <

for 1 <1 < m, where 9; means differentiating by z; and the functions f; arise
from (1.2).

Step 1. At this step we express r as a linear combination of y, 01y,. .. ,0qy
plus an error term. Let rg, r,, and ry be the orthogonal projections of r onto
V(g), V(u) and V(y) respectively. By Lemma 3.5 and the assumption |r| = 1,
inequalities (4.6) imply that

(4.11) lrg] <9 and |ru] <e.
Also, by Lemma 4.2, inequalities (4.6) imply that |y|™!ly Ar| < § + . By

(3.3), we have the identity |y Ar|? = |y|?|r|> — |y - r|%. Since |r| = 1, the latter
implies

2 2
) ) (4.7)
1yl Y| |yl
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The latter inequality together with the fact that |y|~!|y - r| = |ry| implied by
Lemma 3.5, shows that for some n € {—1,1},

(4.12) ry = 1|yl "ty +wo with |wo| < 49.

By (4.2) and Lemma 3.1, we see that the vectors y = y(x), 01y(x), ..., Iqy(x)
form a basis of V(g+). By Lemmas 3.1 and 4.1, we have that V(u) C V(g1).

Therefore, since r,, € V(u), there are real numbers A, ..., A\; such that
d
(4.13) Ty = Moy (x) + Z Xi0iy(x).
i=1

Since y is of the Monge form,
(4.14) Tu = Aoy A1+ 210, -+ -, Ag + TgAo, *, . .., %),
where * stands for a real number. By (4.9), (4.14) and the r.h.s. of (4.11),
(4.15) |Xo| <&  and |Ail < (C+1)e (1<i<a).
On plugging the expressions for ry and 7, given by (4.12) and (4.13) into the
identity r = rg + 7y, + ry and applying the Lh.s. of (4.11), we get
d

(4.16) r=Ay(x) + Z Xidiy(x) + wy with |w;| < 56,

i=1
where A5 = n|y(x)|~! + Xo.

Step 2. At this step we define the point x’. By (4.9) and (4.10), |y(x)|~! >
(n+1)"1C~1. On the other hand, by (4.7) and (4.15), |Xo| < 3 (n+1)"1C~L
Therefore, [Aj| > % (n+1)7'C~! or equivalently

(4.17) N7t <2(n+1)C.

Further, define \f = \;/Af fori =1,...,d. Inequalities (4.15) and (4.17) imply
that

(4.18) Al <2e(n+1)(C+1)?* (1<i<d).
Dividing (4.16) by A§ and applying (4.17) to estimate the remainder term gives
d
(4.19) N7 lr = y(x) + Z AF0iy(x) + wo with |ws| < 105(n + 1)C.
i=1

Now define x" = x + A*, where A* = (A],..., \}). Conditions (4.7) and (4.18)
ensure that |[A*| < rp,. Therefore, since x € By, x' € 2B,.
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Step 3. At this step we verify (4.8). By (4.9), (4.10), (4.18) and Taylor’s
formula, we get

d
(4.20) Y() — y(x) = D N Oy(x)| < 4(n+ 1)3(C +1)°d,
i=1
Further, using (4.7), (4.19) and (4.20) we get
(421) g — X' <0(10n 4+ 1)C + 4(n+1)X(C +1)°d?) < K.
From (4.1), |yx/| > 1. Therefore, using |r| = 1, we obtain
Yx AT . (3.4) e (4.21)
||y'||7°\| <y ATl =y =N TT) AT < (g = XTI I <K
This establishes (4.8) and thus completes the proof of Lemma 4.3. O

4.2. Good “cells” near a manifold. Let 1., @« and k be positive param-
eters. In practice, @, and v, will be proportional to @) and v respectively.
Further, for every x € U, consider the system

97| cwroah, el
g ]

where € R"1. Obviously the set of » € R™"*! satisfying (4.22) is a convex
body symmetric about the origin. Then as a consequence of Minkowski’s

lux - 7|

(4.22) < Py

x|

theorem for convex bodies one has

LEMMA 4.4. Let vy denote the volume of a ball of diameter 1 in R¢ and
ko = (vqum) L. Then, for any k > ko, all Vs, Qx > 0 and every x € U, there

is an integer point r € Z" {0} satisfying (4.22).

The convex body (4.22) in R"*! is essentially a set of homogeneous co-
ordinates of points that lies in a certain “cell” near y(x) € M. Clearly, the
bigger the |r|, the smaller the projective distance of r from the tangent and
transversal planes to M. (Note however that |r| < @ in any case.) Then, us-
ing Lemma 4.3 one can efficiently estimate the distance of r from M. In order
to give a formal statement we introduce the following sets. Let Bg(Qx, ¥, K)
be the set of x € U such that there is an r € Z""1 \ {0} satisfying (4.22). Fur-
ther, let Ge(Qx, Vs, k) = U \ Be(Qx, ¥, k). We will restrict y to Ge(Qx, Vs, k)
for some suitably chosen . This has the benefit of minimizing the distance of
r from M.

THEOREM 4.5. Let M be a C® submanifold given by (1.2) and let B be
a ball of radius rg < 0o such that 2B C U. Then there is an explicit constant
co > 2 such that for any choice of positive numbers ., Q«, k such that k < 1,

2
Co C
(4.23) @« > max {?, I€4$’B}



RATIONAL POINTS NEAR MANIFOLDS 209

and
d _d+2
(4.24) kK 2n-d Q, "1 < ¢, < 1,

we have the inclusion

B ﬂ gf(Q*7 w*a ’%) C A60(Q7 ¢7 2B7 P) bl
_1
where p := cok ™2 (¢1”Qf+1> 1=, Q=coQx and & = /<;c(72.

Before establishing Theorem 4.5 we shall give a formal proof of Lemma 4.4.

Proof of Lemma 4.4. Fix an arbitrary x € U. Obviously our goal is to
show that there is an r € Z"*! < {0} satisfying (4.22). Recall that B = {r €
R™1 : (4.22) holds} is a convex body in R™*! symmetric about the origin.
By Lemmas 3.5 and 4.1, B is the direct sum of By, B, and By, where the
latter are the orthogonal projections of B onto the subspaces V(g), V(u) and
V(y) respectively. Furthermore, By is a ball in V(g) of radius v, By, is a ball
in V(u) of radius (¢*mQ*>—§, and By is a ball in V(y) of radius Q. Since
dimV(g) = m, dim V(u) = d and dim V(y) = 1 (Lemma 3.1),

(4.25) Vol(By) = 2™ vy,

Vol(Bu) = 2¢((6Q.)4)
Vol(By) = 26Q+.

Since the subspaces V(g), V(u) and V(y) are orthogonal, Vol(B) = Vol(Bg) x
Vol(By,) x Vol(By). The latter together with (4.25) implies that Vol(B) =
2" kv vg. If & > (vmvg) ™1, then Vol(B) > 27+ and, by Minkowski’s theorem
for convex bodies [50, §4.1], B contains a nonzero integer point r = r,. This
proves the lemma when s > (v,,vg)~!. Finally notice that the integer points
r. with kg < kK < kg + 1 are contained in a bounded set. Therefore there are
only finitely many of these points. It follows that there is a sequence (x;) with
ki > Ko and K; — Ko as ¢ — oo such that the points r,; are the same and equal
to, say, r’. This point is easily seen to satisfy (4.22) with xk = k. O

Proof of Theorem 4.5. Since 2B C U, there is a constant C' > 1 such that
(4.9) and (4.10) are fulfilled. We will assume that x < ko as otherwise, by
Lemma 4.4, there is nothing to prove. Let ¢y, Q. and k satisfy the conditions
of Theorem 4.5. Take any x € B N Gg(Qx, ¥y, k). Our goal is to show that

(4.26) x € B(a/q,p) for some (g,a,b) e R®(Q,,2B).

The constant cy is defined to absorb various other constants appearing in the
proof. More precisely, we set

(4.27) ¢p := max { g0 Ko+ 1 16C*(n+1)Y 6K(ko +1)(n+1)*C? } ,
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where g9 = min{1,75}(4d(n + 1)C)~! and K = 14(n + 1)3(C + 1)°d? are the
constants appearing in Lemma 4.3 and kg is as in Lemma 4.4. By Lemma 4.4,
(4.22)5—x, has a solution r = (rg,71,...,7,) € Z"1  {0}. Without loss of
generality we can assume that ged(rg,71,...,7,) = 1 and that 79 > 0. We set
q=ro,a=(ry,...,rq) and b = (rg41,...,7,). Obviously ged(q,a,b) = 1.
For the rest of the proof we show that (¢,a,b) is the required point, that is
(4.26) is satisfied for this choice of (¢, a, b).

Step 1: bounds on |r|. Let rg, ry, and ry be the orthogonal projections of
r onto V(g), V(u) and V(y). By (4.22),—, and Lemma 3.5,

(4.28) rg| < ¥x, [7u] < ( TQ*)_I/d and [7y| < KoQx

By Lemma 4.1, r4, 7, and 7, are pairwise orthogonal. Therefore, |r|* =
|7g|? + |ru|? + |7y|?. The latter together with (4.28) gives

(4.29) 2 < 92 + (V1Qu) T + KEQ2.
Using the Lh.s. of (4.24) and the fact that x < 1, one readily verifies that
(4.30) WmQ.) Ve < Q..

By the r.h.s. of (4.24), ¥, < 1. Then (4.29) implies that |r|? < 1+ Q. +r3Q? <
(k3 + 1)Q%. The latter inequality is due to (4.23). Hence |r| < (ko + 1)Qx.
Further, notice that the fact that x € G¢(Qx, ¥, k) ensures that (4.22) does
not have a solution in Z"*! \ {0}. This is only possible if |y| ™|y - r| > kQ..
Therefore, |r| > k Q., whence

(4.31) KEQx < |r| < (ko + 1)Qsx.

Step 2: bounds on |rg|. We now show the first inequality of the following

relations:
kQ. (420 kQ,

4.32 > > .
(432 ol > s o
Assume the contrary. Then, by (4.31), there is an iy € {1,...,n} such that
75| > w(n +1)71Q.. Let y = (1,41,...,yn). Observe that the expression
Tio — T0Yi, is one of the coordinates of y A r in the standard basis. Therefore,

(4.33)
KQx KQx KQx
Ar| > lrs —royil > s | — [roys | > - C=_"=*
Here we used the fact that |y;,| < C implied by (4.9) and (4.10). In order to

derive a contradiction we now obtain an upper bound for [yAr|. By Lemma 4.2
and (4.22), iy AT < ¢+ (U7Q.) V9. Further, by (4.24) and (4.30), we
get ﬁ]y Ar| <1+ QL* < 2Qi/*. The latter together with (4.9) and (4.10)

gives [y Ar| <2C(n+1) 72, Combining the latter with (4.33) implies that
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V2 < 4C(n + 1)?/k. In view of (4.23) and (4.27), the latter inequality is
contradictory, thus establishing (4.32).

Step 3: completion of the proof. We will first use Lemmas 4.3 with

(4.34) 5= U and &= m

B K Qx K Qx
Therefore, we assume that 0 < ¢, and we begin by verifying (4.6) and (4.7).
Obviously, (4.22) and (4.31) imply (4.6). Further, the L.h.s. of (4.24)
implies that €2 < §; this is the first inequality of (4.7). The second inequality
of (4.7), that is § < ¢, is simply assumed. Finally, by (4.30), ¢ < (k Qiﬂ)*l.
By (4.23) and (4.27), (k i/2)_1 < g9 and hence € < gq; this shows the last
inequality of (4.7). Thus, Lemma 4.3 is applicable and therefore, by (4.8), there
is a point x € 2B such that dp,(yx/,r) < K0, where r = (r1/ro,...,rn/T0).
Also, by Lemma 4.2 together with (4.6), we get d,(yx,r) < 2. Thus, using
(4.34) we obtain that

=

Vs (" Qx)”
,K;Q* and dp(yx,r) S 2 *K/T
We have shown the validity of (4.35) under the assumption that § < e. How-

ever, note that (4.35) also holds when § > £. Indeed, we simply set x' = x.

(4.35) dp(yx,r) < K

Then (4.35) is an easy consequence of (4.6), Lemma 4.2 and the fact that
K > 2.
By (4.9) and (4.10),

(4.36) lyx'| <nC and lyx| < nC.
Also, by (4.31) and (4.32),

(4.37) Ir| < Irl _ (ro+DQx _ 2(n+ (ko +1)C
‘ = |ro| T KQx . )
2(n+1)C

Recall that the euclidean and projective distances are locally comparable; see
(3.5). Then, by (4.36), (4.37) and (3.5), the L.h.s. of (4.35) implies that

2(ko + )(n +1)C Vs

(4.38)  |r—ywl < ( . +1) (nC +1) Koo

2,12

SZ)>.K(,'-£o+1)§rz4—1)C’ ﬁﬁ%%<%%a
K Q« 2K Q4 K2 @y
and similarly the r.h.s. of (4.35) implies that
€0, m _1

(4.39) [r—yul < 5 IR T =p.

Trivially, (4.39) implies that |a/q — x| < p, that is x € B(a/q, p) whence the
Lh.s. of (4.26) holds. Also, by (4.23), p < rp and therefore a/q € 2B . Further,
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using the triangle inequality, the Mean Value Theorem and (4.10), we get
|fila/q) —bi/ql < |fi(a/q) — i) + [fi(x') = bu/d]

) ) (438) ¢y by

< Clafa — x|+ () ~ /ol < Clr—yw| < €5 22
(4.31)

This implies that |gfi(a/q) — b| < (ko + 1)Ccor™2he < 32y = 9.

Trivially, (4.31) and (4.32) give 6oQ < ¢ < Q. Thus, (¢,a,b) € R%(Q,,2B)

and the r.h.s. of (4.26) is established. This completes the proof of Theorem 4.5.

([

4.3. Uniform version of Theorem 4.5. Within Theorem 4.5 the constant
co depends on B. Now restricting B to lie in a compact ball By C U gives the
following version of Theorem 4.5 in which ¢ is independent of B.

THEOREM 4.6. Let M be a C? submanifold given by (1.2) and let By be
a compact subset of U. Then there is a constant ¢y = co(Bp) > 1 such that for
any choice of positive numbers )y, Qx, k satisfying k < 1, (4.24) and

(4.40) Q. > 4ck™
for any ball B C By, we have that
(441) %Bmgf(Q*ﬂj}*a’%) C AéO(Q?vavp) )

_1
where p := cok ™2 (1/11”@5#1) Th = ok 2y, Q =coQy and 6y = /ical.

Proof. Since By C U and U is open, for every x € By there is a ball
By centred at x such that 2By C U. The collection of balls {Bx : x € By}
is obviously a cover of By. Since By is compact, there is a finite subcover
C={Bi,...,B}. Any B; € C satisfies the conditions of Theorem 4.5. Let ¢ ;
be the constant ¢ arising from Theorem 4.5 when B = B;. Set

3
maxi<i<t €o,i

Co = )

min {1, minlgigt 7’31}

where rp, is the radius of B;. Let 9., @« and & satisfy the conditions of
Theorem 4.6. Then, by the choice of ¢y and by Theorem 4.5, it is readily seen
that

(442) Boﬂgf(Q*ﬂb*w‘i) C AéO(Q7w7U7p)7

1
with p := cor ™2 (1/11?@‘#?“)7&, ¥ = cor 2y, Q= coQx and & = kcy . Now,
let B C By be a ball. Trivially, if a/q ¢ B, then (1 —p)B N B(a/q,p) = &. By
(4.40), p < 1/2. Therefore, %B C (1—p)B and %BﬂB(a/q, p) =2 ifa/q ¢ B.
Therefore, (4.41) is implied by (4.42) and the proof is complete. O



RATIONAL POINTS NEAR MANIFOLDS 213

5. Integer points in ‘random’ parallelepipeds

5.1. Main problem and result. By Minkowski’s theorem on linear forms,
any parallelepiped II in R*¥ symmetric about the origin contains a nonzero
integer point provided that the volume of II is bigger than 2. The latter
condition is in general best possible, though IT might contain a nonzero integer
point otherwise. Suppose II(x) is a smooth family of parallelepipeds of small
volume, where x € B, a ball in R?. In this section we consider the following

Problem 5.1. What is the probability that II(x) contains a nonzero integer
point?

As we shall see in Section 6, answering the question of Problem 5.1 is

absolutely crucial to achieving our main goal — establishing Theorem 1.4.
To avoid ambiguity, the parallelepipeds II(x) will be given by the system of
inequalities

k
(5.1) Yo giix)a;| <0 (1<i<k),

j=1

where g; ; : U — R are some functions of x defined on an open subset U of R,
ai,...,a are real variables and 6 = (61,...,60}) is a fixed k-tuple of positive
numbers. We will naturally assume that the matrix G(x) := (g;;(x))1<i j<k
is nonsingular for every x € U. Thus G : U — GLg(R). The above family
of parallelepipeds II is therefore determined by the map G and the vector of
parameters 0. Further, define the set

A(G,0) def {xeU:3a=(ay,...,a;) € ZF < {0} satisfying (5.1)}.

Problem 5.1 restated in terms of G’ and @ can now be formalized as follows:
given a ball B C U, what is the probability that a random x € B belongs to
BN A(G,0)?

In this section we introduce a characteristic of G which enables us to
produce an effective bound on the measure of A(G, ) for arbitrary analytic
maps G. The characteristic is computable for various natural classes of G and
is indeed computable for the maps G arising from the applications we have in
mind.

As before let § = (61, ..,0;) be the k-tuple of positive numbers and let 6
be given by
(5.2) 0F =0, -0y
Thus, 6 is the geometric mean value of 61,...,0,. Given x € U and a linear
subspace V of R* with codimV =r, 1 < r < k, we define the number

. T (j1,---,7r) € C(k,r) such that
5.3) O(x,V):= o T, ,
( ) G(X ) mln{ g i V@V(gjl(x),...,gjr(X)) — Rk



214 VICTOR BERESNEVICH

where V(gjl, . ,gjr> is a vector subspace of RF spanned by gj1s---,8j, and
C(k,r) denotes the set of all subsets of {1,...,k} of cardinality . Obviously,
since G(x) € GLg(R), the set in the r.h.s. of (5.3) is not empty and thus
O4(x, V') is well defined and positive. We will be interested in the local behavior
of ©4(x,V) in a neighborhood a point x¢ by looking at

—~

(5.4) @5(x0, V)= lggg(l)f O4(x,V) and O4(x0) := Sl&p @g(XO, V),

where the latter supremum is taken over all linear subspaces V of R* with
1 < codimV < k. The number O5(xo) will be referred to as the 0-weight of G
at x9. The following statement represents the main result of this section.

THEOREM 5.2 (Random parallelepipeds theorem). Let U be an open sub-
set of R, G : U — GLk(R) be an analytic map and xq € U. Then there
18 a ball By C U centred at xg and constants Ko, > 0 such that for any
ball B C By, there is a constant § = 6(B) > 0 such that for any k-tuple
0= (01,...,0k) of positive numbers,

(5.5) fhd (B N A(G,@)) < Ky (1 + sup @g(x)o‘/do‘) 0% nq(B) .
xEB

5.2. Auziliary statements. We will derive Theorem 5.2 from a general re-
sult due to Kleinbock and Margulis. This will require translating the problem
into the language of lattices. We proceed with further notation. Given a lattice
A C RF, let §(A) := minyep {0} [V]oo- Thus, § is a map on the space of lattices.
Then the set A(G,0) can be straightforwardly rewritten using this §-map as
follows:

A(G,0) = {x e U : §(diag(d)'G(x)ZF) < 1},

where diag(f) denotes the diagonal k x k matrix with 6 on the diagonal. In
order to see this simply multiply the i-th inequality of (5.1) by 6; 1 Then
it is readily seen that the fact x € A(G,0) is equivalent to the existence of
a € ZF ~ {0} such that | diag(6)"'G(x)als < 1. The latter is obviously the
same as saying that the lattice diag(f)~'GZ* has a nonzero vector of norm
< 1, that is §(diag(f) "1 G(x)ZF) < 1.

The map § obviously satisfies the property that §(xA) = xd(A) for any lat-
tice A and any positive scalar x. Therefore, multiplying §(diag(0) "G (x)Z¥) <
1 through by 6 (see (5.2) for the definition of €), we get the equivalent inequality
§(gtG(x)ZF) < 0, where gy = diag{t1,...,t;} and

Note that det gy = 1. To sum up,
(5.7) A(G,0)={xecU: 5<h(x)Zk) <0}, where h(x) = gtG(x).
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As we have mentioned above the proof of Theorem 5.2 will be based on
a result due to Kleinbock and Margulis. In order to state this result we recall
various definitions from [41]. Let U be an open subset of R?, f: U — R be a
continuous function and let C,a > 0. The function f is called (C, «)-good on
U if for any open ball B C U the following is satisfied:

(58)  Ve>0 pa{xeB:|f(x)|<esuplf(x)|} < Cepa(B).
xeB

Given a A > 0 and a ball B = B(xq,7) C R? centred at xq of radius r, AB will
denote the ball B(xg, Ar). Further, C(Z*) will denote the set of all nonzero
complete sublattices of Z¥. An integer lattice A C Z* is called complete if it
contains all integer points lying in the linear space generated by A. Given a
lattice A C R¥ and a basis wy,...,w, of A, the multivector wi A --- A w, is
uniquely defined up to sign since any two basis of A are related by a unimodular
transformation. Therefore, the following height function on the set of nonzero
lattices is well defined:

def
(5.9) IANE w1 A Awe|oo,

where | - |, denotes the supremum norm on A(R¥). The following result due
to Kleinbock and Margulis appears as Theorem 5.2 in [41].

THEOREM KM . Let d,k € N, C,a > 0 and 0 < p < 1/k be given. Let
B be a ball in R? and h : 3B — GLk(R) be given. Assume that for any
A € C(ZF),

(i) the function x ~ ||h(x)A|| is (C,a)-good on 3*B, and

(i) supxep [[A(x)All = p-
Then there is a constant Ng depending on d only such that for any € > 0 one

has
€

palx € B:8(h(x)ZF) < £} < kO(BN)* (p) 11a(B).
Before we proceed with the proof of Theorem 5.2, let us recall some aux-
iliary statements about (C, «)-good functions.

LEMMA 5.3 ([41, Lemma 3.1)). Let U C R? be open and C,a > 0. If
fis--oy fm are (C,a)-good functions on U and A1, ..., Ay € R, then max; |\, fi]
is a (C,a)-good function on U.

LEMMA 5.4 ([38, Cor. 3.3]). Let f = (f1,..., fm) be a real analytic map
from a connected open subset U of R% to R™. Then for any point xo € U,
there is a ball B(xg) C U centred at xo and constants C,« > 0 such that any
function g+ S i fi with  «o, ..., am € R is (C, a)-good on B(xq).

Also, for the purpose of establishing Theorem 5.2, we now prove the fol-
lowing technical statement that translates the definition of ©4(xg) into the
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language of exterior algebra. Within this section we refer to Section 3 assum-
ing that n 4+ 1 = k.

LEMMA 5.5. Letr € {1,...,k—1} and xo € U. Then for any ball B C U
centred at Xg, for any nonzero decomposable multivector v € A"(RF) there is a

J € C(k,r) and x € B such that

(5.10) 0" I] 9; < ©5(x0)
Jje€J
and
(5.11) N g;(x) -v#0.
JjeJ

Proof. Let v € A"(R¥) be a decomposable multivector with 1 < r < k.
Define V' = V(vt), a vector subspace of R¥. By Lemma 3.1, codimV = 7.
Observe that for a fixed 6, the function ©z(x,V) of x takes discrete val-
ues. Then, using (5.4) it is easy to see that for any ball B C U centred
at xo, there is an x € B such that ©5(x,V) < @g(xo). By the defini-
tion of ©(x,V), there is a J = {j1,...,j-} € C(k,r) satisfying (5.10) such
that V & V(gjl(x)7...,gjr(x)> = RF, that is since V = V(vt), V(v!) @
V(gjl (x), .. .,gjr(x)) = R¥, whence, by Lemma 3.3, v+ A (/\jejgj(x)) # 0.
Finally,

(3.10) (3.8)
0# [ A (A g®) =" (@) A = v Agix)|. O
JjeJ JjeJ Jj€J
5.3. Proof of Theorem 5.2. By (5.2) and (5.6), we obviously have that
Hle t; = 1. Therefore, det gy = 1 and

(5.12) det G(x) = det h(x),

where h is given by (5.7). Therefore, h(x) is a map from U to GLg(R).

Our next goal is to verify conditions (i) and (ii) of Theorem KM for the
specific choice of h made by (5.7). Fix a I' € C(ZF). Let r = dimT" > 0. Fix
a basis of ', say wi,...,w, € ZF. Then h(x)wy, ..., h(x)w, is a basis of the
lattice h(x)I'. By definition (5.9),

lh(x)T|| = |h(x)W1 A - A R(X)Wp|oo-

Given an [ € {1,...,r}, it is readily seen that the coordinates of h(x)w; are
equal to t;g;(x)w;, i = 1,k. Therefore, by (3.2), for every I = {i; < -+ <
ir} C{1,...,k}, the I-coordinate of

(5.13) h(x)w1i A - -+ A h(x)w, € A"(RF)
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in the standard basis equals

(5.14) det (tijgij (X)Wl)1§j,l§r = ( ﬁ tij) det (gij (X)WZ)lgj,lgr

Jj=1

(H t“ﬂ)( j=18i; (X )) ' (Agzlwl)-

Since G is analytic, the coordinate functions of Aj_;g;; (x) are analytic. Let
f1, ..., far be the collection of these functions taken over all possible choices of
r and I. Note that this is a finite collection of analytic functions. Obviously,
(5.14) is a linear combination of f1,..., fas. By Lemma 5.4, there is a ball By
centred at xo and positive C' and « such that (5.14) (regarded as a function
of x) is (C,a)-good on 3¥By for any choice of 7 and I. If By is sufficiently
small then, by the continuity of GG, we can also ensure the conditions

1
(5.15) | det G(x)| > B | det G(xg)] for all x € By
and
(5.16) lréljagxk 52113)0 ’gj ‘ 0.

Take any ball B C By. Since every coordinate function of h(x)I" is (C, a)-good
on 3*B, by Lemma 5.3, the map x + ||h(x)T is (C,a)-good on 3¥B. This
verifies condition (i) of Theorem KM. We proceed with establishing condition
(ii). This splits into two cases.

Case r < k. Let C'(k,r) be the subset of C(k,r) consisting of I = {i; <
- <ip} C{1,...,k} such that

(5.17) 0" H9 <0 —sup@()
] 1 xeB

It is readily seen that C'(r, k) is nonempty. By (5.14) and (5.17), for any
I € C'(r,k) we get that

In(x r||>(Ht)( iergi(x)) - (A1)

Taking the supremum over all x € B and then taking the maximum over all
I €C'(r k) gives

(5.18) sup [h()T]| > —  max Sup‘(/\gz )'(l/;\lwl>-

xEB © IeC'(rk) xeB

0 1 nerntn) ()]

Now, since w; are integer points, Aj_;w; has integer coordinates. Because
W1,..., W, are linearly independent, A]_;w; is nonzero and therefore |A]_; wy|
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> 1. Dividing the r.h.s. of (5.18) by |Aj_;w;| gives

1 Wi A AW,
5.19 sup [|[A(x)T|| > — ma su — .
(19 sup AT 2 = max xeg\(/\gz %) ]

The multivector u = [wi A--- A WT|*1W1 A--- Aw, is unit and decomposable.
Thus, taking the infimum in (5.19) over all u € Gr,.(R¥), that is over all unit
decomposable r-vectors w taken up to sign, gives

1
(5.20) sup [[A(x)']| > —  inf max  sup
x€B ©® ueGr.(RF) I€C'(rk) xeB

(A& -]

Our next goal is to show that the constant in the r.h.s. of (5.20) is positive.
To this end, consider the following functions of x € B and u € A"(R*) given
by

(5.21) M, 1(u,x) ’(/\ gi(x ) ’ and Mp . 1(u) = sup M, ;(u,x).
iel XEB

For every fixed x, the function M, ;(u,x) is the absolute value of a function

linear in w. Therefore, using (5.16) one readily gets that M, r(u,x) is uniformly

continuous in w. Henceforth, Mp, r(u) is continuous. To prove this formally

fix any ug € A\"(R¥) and any £ > 0. Then there is an 1 > 0 such that for all

u € N\ (RF) satisfying |u — ug| < 1,

(5.22) | M, 1(u,x) — M, 1(ug,x)| <e/2 for all x € B.

By definition (5.21), there is xg € B such that Mg, 1(uo) < M, 1(ug,Xo)+/2.
Therefore,
(5.22) (5.21)

MBm[(’u,()) < MTJ(U(),X()) + 8/2 < Mn[(u,Xo) +e < MBm[(u) +e.
Similarly we show the complementary inequality, namely that Mg, r(uo) >
Mg, 1(u) —e. Therefore, |Mp,(u) — Mp,(ug)| < € for all u satisfying
|lu — ug| < n. This proves the continuity of Mp, (u). Further, define

Mp,(u) := M,
B.r(u) rna B.r,1(w).
This is also a continuous function of u as the maximum of a finite number of
continuous functions. By Lemma 5.5 and the definition of Mp ,(u), Mp ,(u)
> 0 for all decomposable multivectors u € A"(R¥). Since the Grassmannian
Gr,(R¥) is compact and Mg ,.(u) is continuous, there is a up, € Gr,(R¥) such
that

inf M =M > 0.
uec iy Br(u) = Mp,(up,)

Thus, (5.20) implies that

1 1

sup [h(x)T|| = = Mp,(upr) > = Mp
x€B © ®
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for any I' € C(Z*) with dimT" < k, where Mp = lr<nink Mg, (up,) > 0.
<r<

Case r = k. Now we assume that dimT' = k. Since T is complete, T’ = ZF
and therefore the standard basis of R¥, say eq,..., ey, is also a basis of T
Therefore, (5.13) is exactly +det h(x). Further,

(5.12) (515) 1
sup ||h(x)['|| = sup |det h(x)| =" sup |det G(x)| > = |detG(xp)| > 0.
xeB xeB xeB 2

Final step. The upshot of the above discussion is that for any T' € C(Z*),
11 Mp
5.23 h(x)T|| > min{ —, = |detG — = 0.
(523)  sup |G > min {7, 7] det Gxo)l, =2} =p >

This verifies condition (ii) of Theorem KM. Further, using the trivial inequality
min{|z|, [y|, [2]} 7! < 2|7t + |y| 7 + |2] 7! we deduce from (5.23) that

(5.24) P < K+ 27 det G(xo)|~* + (125

(0% (03 —Q @ @
< (2k)° + (26)*| det G (x0) |~ + (1)
= (20) (14 |det G(xo)l ) (14 (§)").
where 0 = §(B) is implied by (5.24). By (5.7) and Theorem KM (with ¢ = 6),
we now obtain (5.5) with Ko = (2k)*kC/(3/Ng)* (1 + | det G(x0)[~). Obvi-
ously, Ky is independent of B. The proof of Theorem 5.2 is thus complete.

5.4. Hierarchic families of parallelepipeds. Tt is in general possible but
not straightforward to give bounds on the #-weight of G. In this subsection
we introduce a condition on GG that enables us to give a clear-cut estimate for
@g(x) and produce an interesting corollary of Theorem 5.2. Let B be a ball
in U. We will say that G is hierarchic on B if for any vector subspace V of R¥
of codim V' = r, the set

(5.25) {XGB : V@V(gl(x),...,gr(x)) :Rk}
is dense in B.
LEMMA 5.6. If G : U — GLg(R) is hierarchic on a ball By C U, then for

any k-tuple @ = (01, ...,0k) of positive numbers and any xo € U,

- ~ 00,
— < =
(5.26) O4(x0) < O | Jnax —p—.

Proof. Fix any x¢ € U. In order to prove (5.26) it suffices to show that
@5(x0, V') < O for every subspace V of R¥ with codimV =r € {1,...,k—1}.
Since the set (5.25) is dense in U, 67" []’_; 0; belongs to the set in the r.h.s.
of (5.3) for points x € U arbitrarily close to xg. This means that O(x,V) <
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0" [1j=10; < O for points x arbitrarily close to xg. Therefore, by (5.4),
@5(x0, V) < © and the proof is complete. O
The following example of hierarchic maps will be utilized to sharpen The-
orem 1.4 is Section 7.
LEMMA 5.7. Let G = (g§i71))1<ij<k : U — GLg(R) be the Wronski
matriz of analytic linearly mdependeﬁtyo_ver R functions g1,...,9x : U — R

defined on an interval U in R. Then G is hierarchic on U.

Proof. Recall the well-known fact that r analytic functions of a real vari-
able are linearly dependent if and only if their Wronskian is identically zero;

see, for example, [20]. Let g = (¢1,...,9k). Take any nontrivial vector sub-
space V of R¥ with codimV = r < k — 1. We will verify that the set (5.25) is
dense in U by showing that its complement is countable. Let vy,...,v, be a

basis of V+. Define v := v; A --- A v,. Then, by Lemma 3.2, V = V(v!).

Let S(V') denote the complement of the set (5.25). Obviously, the point x
belongs to S(V) if and only if VN V(g(z)A---Agl")(z)) # @. By Lemma 3.3,
this is equivalent to v~ A (g(z) A--- Ag”(z)) = 0 and, by (3.10) and the fact
that v = vy A - -+ A v,, this further gives
(5.27) (Vi A Aw) - (glz) A Ag () = 0.

By the Laplace identity (3.3), the latter is exactly the Wronskian of the func-
tions n;(x) = g(z) - v;. Since vy,..., v, are linearly independent vectors, the
functions 71,...,n, (1 < i < r) are linearly independent over R. Therefore,
the Wronskian of 71, ..., n, is not identically zero and, as an analytic function,
it can vanish only on a countable subset of U. Therefore, the set S(V) is at
most countable and the proof is complete. O

In view of Lemmas 5.6 and 5.7, specializing Theorem 5.2 to the Wronski
matrix gives

THEOREM 5.8. Let g1, ..., gr be a collection of real analytic linearly inde-
pendent over R functions defined on an interval U C R. Let xg € U be a point
such that the Wronskian W (gi,...,qgr)(xo) # 0. Then there is an interval Iy
centred at xo and positive constants Ko and a satisfying the following property.
For any interval J C Iy, there is a constant § = 6(J) such that for any positive
01,...,0y, the set

3 (a1,...,ax) € ZF {0} satisfying
largy (z) + -+ arg, (x)| <6; Vi=1,...,k
has Lebesque measure at most Ko(l + (5_1@)0‘)9°‘|J\, where |J| is the length

of J,

. 61---0
= (O ---0,)\/F — 1 r
0=(0,--6) and O: | Jnax  —p—
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The following even more explicit estimate for O is now given.
LEMMA 5.9. Let 6 <0y < --- <01 < 0. Then © < (0_1/0x)/* < 1.

Proof. By definition, there is an r < k such that O=06-- -0, /0". Raise
the latter equation to the power k and substitute 6; - - - 8, for #¥. This way we

obtain
k k
— —_——
6k:9/1f...,97/f _ G1-01-...-60,---0,
o7 ---or O1---01-... 60,04
—— —

Obviously the numerator and the denominator of the above fraction have the
same number of factors. Also, by the conditions of the lemma, any factor in
the numerator is not bigger than the corresponding factor in the denominator
in the same place. This gives that oF < 0, /0. Furthermore, since r < k,
0, < 0r_1 and so L < Ok—1/0k, whence the lemma readily follows. O

6. The proof of main result: Theorem 1.4

6.1. Localisation and outline of the proof. Using standard covering argu-
ments we establish the following lemma, which allows us to impose a convenient
condition on By while establishing Theorem 1.4.

LEMMA 6.1. Let C be a collection of nonempty compact balls contained in
U such that U = p,ec %BS, where By denotes the interior of By. Then the
validity of the statement of Theorem 1.4 for all By € C implies the validity of
the statement of Theorem 1.4 for arbitrary compact ball By in U.

Proof. Fix an arbitrary compact ball By C U. Since {%Bo :B€C}isan

open cover of By, there is a finite subcollection of C, say Co = {Bo 1,...,Bon},
such that
(6.1) By c UY, 3By,

We may assume that every ball in this subcollection is of positive radius. For
i=1,...,N, let ko, po; and dp; be the constants kg, pg and dy arising from
Theorem 1.4 when By = By;. Also let 7o be the radius of the smallest ball in
Cp. Clearly, rq is positive. Define
= ;, O0p= min &g;, ko= min ko;
o 121%)% £0,i5 0 121§nzv 0,25 0 1glgnzv 0,i5
and take any ball B C By. Note that verifying (1.4) for some suitable choice

of Cy and Q)¢9 would complete the proof of Lemma 6.1. This splits into two
cases.



222 VICTOR BERESNEVICH

Case (i). Assume that r(B), the radius of B, satisfies r(B) < jro. By
(6.1) and the inclusion B C By, there is a By; € Cy such that %Bo,z‘ NB#go.
Then, since 7(By,;) > ro and r(B) < irg, B C By, and the validity of (1.4)
becomes obvious.

Case (ii). Assume that r(B) > 1ro. In this case the idea is to pack B
with sufficiently many disjoint balls of radius < %ro and apply Case (i) to each
of these balls. The formal procedure is as follows.

Let C' = {By,..., By} be a maximal collection of pairwise disjoint balls
centred in %B of common radius 7(B;) = %7‘0. The existence of C' is readily
seen. Obviously C’ is nonempty and, by construction, any ball B; € C’ is
contained in B. Let x € $B. By the maximality of C’, the ball B(x, %ro) may
not be pairwise disjoint with all the balls in C’. Therefore, x € 2B; for some
B; € C'. 1t follows that 1B C [JX, 2B;. Hence,

M M
(6.2) 2 pa(B) = pa(3B) <> pa(2Bi) =27 pa(By).
=1 =1

Since every B; € C' is of radius < 379, we are within Case (i). This means that
there exist constants Cp; > 0 and (Qo; > 0 such that for all Q > Qo and all
1 satisfying the inequalities C’07,~Q_1/m <Y< C’O_,Z-l,

(6.3) pa(A%(Q, ¥, Bi,p) N Bi) > kopa(Bi).

Now define Co = maXi<;<Mm CO,i, Qo = MmaXji<;<mMm QO,i' Then (63) holds
whenever (1.3) is satisfied and Q > @Qp. Using the disjointness of balls in C’
and the fact that | JM, B; C B we get from (6.3) that

pa(A%(Q0.B.p)NB) > M, pa(AR(Q %, Bip) 1 B;)
(6.3) Y ©2)
> Yitikopd(Bi) > 47 %o pa(B).

This shows (1.4) with kg replaced by 4=%kg and thus completes the proof. [

Outline of the proof of Theorem 1.4. Recall that M is a nondegenerate
analytic submanifold of R™ given by (1.2) and let By be a compact ball in
U. By Lemma 6.1, By is assumed to be a sufficiently small ball. The proof
contains the following three steps.

(i) Firstly, to establish (1.4) take any ball B in By. In view of Theorem 4.6,
namely inclusion (4.41), (1.4) follows on showing that for sufficiently

large Q«,
(64) /Ld(%Bﬂg<Q*,w*,H)> > ,Ud(B)

(ii) In order to establish (6.4), for each x € By we circumscribe a par-
allelepiped (5.1) around the body (4.22). This way the complement
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of G¢(Q+,vx, k) becomes embedded into the set A(G,0) appearing in
Theorem 5.2, thus giving

(6.5) LB\ A(G.0) C Ge(Qu. 2. k) N 1B,

(iii) On applying Theorem 5.2 we will obtain that pq(3B N A(G,0)) <
tua(3B). In view of the embedding (6.5) it will further imply (6.4)
and complete the task.

We now proceed with the details of the proof.
6.2. G and 0. Let g,u,y be given by (4.1)-(4.3). Since M is analytic,

y is analytic. Further, the coordinate functions of g and w are obviously
polynomials of analytic functions and thus are analytic.

LEMMA 6.2. Let g,u,y be as above. Then for every point xqg € U there
is a ball By C U centred at xg and an analytic map G : By — GLyy1 (R

with rows g1, . ..,8n+1 such that for every x € By,

(6.6) lgi(x)| <1 foralli=1,....n+1
and

(6.7) gi(x) € V(g(x)) for i=1,...,m,

gi(x) € V(u(x)) for i=m+1,...,n,

gi(x) € V(y(x)) for i=n+1.
Proof. Fix any basis g1(Xq), .- -, 8nr1(X0) of R**! with |g;(x0)| < 1/2 for
alli=1,...,n+ 1 such that (6.7)x=x, is satisfied. Define

1 .
(68)  gi(x) = —vg 909 (900) gilx0))  fori=1,....m,

gi(x) == w2 u(x) - (u(x) -gi(x0)> fori=m+1,...,n,

1
gi(x) == —— y(x) - (y(x) - gi(x0) fori =n+1.
ly(x)[? ( )
By Lemma 3.5, g;(x) is (up to sign) the orthogonal projection of g;(x¢) onto
V(g(x)) for i € {1,...,m}, onto V(u(x)) for i € {m+1,...,n} and V(y(x))
for i = n + 1. Obviously, the maps g; given by (6.8) are well defined and
analytic. Also, by continuity,

n+1 n+1

(6.9) /\ gi(x) » + /\ g:(xo) as X — Xg.
i=1 i=1
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Since g1(X0), - .-, 8n+1(Xo) are linearly independent, the r.h.s. of (6.9) is non-
zero. Therefore, there is a neighborhood By of x¢ such that for all x € By,
the Lh.s. of (6.9) is nonzero. This proves that G is nonsingular. In view of the
continuity of g; and the condition |g;(x¢)| < 1/2, we have |g;(x)| < 1 for all
i=1,...,n+ 1 provided that By is small enough. O

LEMMA 6.3. Let G and By arise from Lemma 6.2 and ¥, Q«, k be any
positive numbers. Let

(6.10) O = =0p =1y,
9m+1 _ = 9n - (w*mQ*)_l/d7
Ont1 = KQx.

Then (6.5) is satisfied, where @ = (01, ...,0p41).

Proof. Observe that (6.5) is equivalent to 1B\ G¢(Qx, ¥y, k) C 3B N
A(G,0). By definition, for every point x € %B\Qf(Q*, Y4, k) there is a nonzero
integer solution 7 to the system (4.22). Using (6.6) and Lemmas 3.6 and 6.2 in
an obvious manner implies that (5.1) is satisfied when (ay, ..., ax) is identified
with 7. This exactly means that x € A(G, #) and completes the proof. O

We now estimate the f-weight of G for the above G and 6. See Section 5.1
for its definition.

LEMMA 6.4. Let M be a nondegenerate analytic manifold given by (1.2).
Let G and By arise from Lemma 6.2 and let 6 be given by (6.10). Let K, 1),
and Q. satisfy the conditions of Theorem 4.6 and let

(6.11) C.Q Y™ <y, <071
for some Cy > 1. Then for any x¢ € By,
(6.12) O5(x0) < (r CL) /D),
Proof. By the definitions of § and 0, i.e., by (5.2) and (6.10),
(6.13) g = i1/ (nH1),

Further, using inequalities (6.11) and the assumption C, > 1, it is readily seen
that

(6.14) 0, <1 (1<i<n).

Fix any point xo € By and any vector subspace V of R"*! with codim V = r €
{1,...,n}. Since M is nondegenerate, for every ball B(xg) C By centred at xq
there is a point x € B(xp) such that y = y(x) ¢ V*. That is V(y) ¢ V+. The
latter is easily seen to be equivalent to V(y)* 7 V. By Lemma 4.1 and by (6.7),
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we see that the first n rows of G, which are simply the vectors g1 (x), ..., gn(X),
form a basis of V(y)*. Thus, V ¢ V(g1(x),...,8n(x)), and therefore

(6.15)  dim (V +V(g1(x),...,8n(x))) > dimV(g1(x),...,gn(x)) = n.
The latter implies that the Lh.s. of (6.15) is equal to n+1. Hence there is a sub-
collection J = {j1 < --- < j,} € {1,...,n} satisfying V@V(gj1 (x),... ,gjr(x)>
= R""L By (5.3),

(616)  OxV) < 0TIy = w0
(6.14)
< /iir/(nJrl) maxi<;<r jS
(6.10)

< w0 max{ep,, (YIQ.) Y

(6.11)

< KT/ (nt1) max{C; !, C*_l/d}
C*>;”<l koY) oV () (kC,) 1/ (1),

Recall that B(xg) can be made arbitrarily small so that x can be made ar-
bitrary close to xg. Therefore, in view of the definition (5.4) of @g(XO, V),
(6.16) implies that @g(xo, V) < (kC,)~Y D Finally, since V is arbitrary
nontrivial subspace of R"™! we obtain (6.12). O

6.3. Completion of the proof of Theorem 1.4. We now proceed to the final
phase of the proof of Theorem 1.4. Let xg € U be an arbitrary point. Let By
be a ball centred at x¢ arising from Lemma 6.2. We may assume without loss
of generality that By is compact. Further, shrink By if necessary to ensure that
Theorem 5.2 is applicable. Next, let B be an arbitrary ball in By and let
and (@ satisfy the conditions of Theorem 1.4, where Cy and ()¢ are sufficiently
large constants.

Let cg = ¢o(Bo) > 1 be the constant arising from Theorem 4.6 and let K,
o and & = §(3 B) be the constants arising from Theorem 5.2. Set

n+1

(6.17) K = (4Ky) "+

Obviously, 0 < k < 1 and is independent of B. Define

(6.18) v =r2cy', Qu=¢'Q, do=rcy’, p=cor 2(YIQI)
It is easily verified that 1/m < (d 4 2)/(2n — d). Therefore, (1.3) implies that
(6.19) CoQ~(+D/Cn=d) ), < 1.

Then, using (6.18) and (6.19) one readily verifies (4.24) and (4.40) provided
that Cy and Qg are sufficiently large. Therefore, Theorem 4.6 is applicable and

1
d
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so (4.41) is satisfied. Further, let § = (01,...,0,+1) be given by (6.10) and G
be as in Lemma 6.2. Then, by Lemma 6.3 and (4.41), we obtain

(6.20) 3B\ A(G,0) C {BNGe(Qu, b, k) C A®(Q, ¢, B,p) N B.
Since Theorem 5.2 is applicable, by (5.5), we get
(6.21) na(3BNA(G,0)) < Ko (14 65(3B)°/6°) 0% pa(3 B),

—~

where ©5(3B) 1= sup,c1 5 O5(x). By (1.3) and (6.18), (6.11) holds with

(6.22) C, = Cor2ey Y™,
Clearly C, > 1 if Cj is sufficiently large. Then, by Lemma 6.4, we get

(6.23) 0;(3B) < (k) YD < 5

provided that Cy and respectively C, is sufficiently large. Recall by (6.13) that
0 = k(1) Then, by (6.21) and (6.23), we get that

_ 6.17
(6.24) na(3B 0 A(G,8)) < 20K0r/ Y 1y(1B) (617)

Lua(AB).
Combining (6.24) with (6.20) gives ,ud(A‘SO(Q,w,B,p) N B) > Lpa(3B) =
279=1,14(B), thus establishing (1.4) with ko = 2-% ! and pg = (c§ T4 x=2m)1/4,
The latter constant is easily deducted from (6.18) and is absolute. This com-
pletes the proof of Theorem 1.4.

7. Further theory for curves

In this section we relax condition (1.3) in the case of curves. Namely, the
exponent % = ﬁ will be replaced by %%1 The latter allows us to widen the
range of s for which Theorem 2.5 is applicable by the factor of 7.

7.1. Statement of results. Given an analytic map y = (Yo, Y1,---,Yn) :
U — R" where U C R is an interval, let Wy(z) denote the Wronskian of
Yo, Y, - - Yn-

THEOREM 7.1. Let d =1 and the curve (1.2) satisfies Wy(x) # 0 for all
x € U, wherey as in (4.1). Then Theorem 1.4 and consequently Corollary 1.5
remain valid if (1.3) is replaced by

(7.1) CoQ~3/Cn=1) <y < Oy L.

Recall that the analytic curve M is nondegenerate if and only if the func-
tions 1,1, ...,y are linearly independent over R. Equivalently, W, () is not
identically zero. As y = (1,y1,...,¥yn) is analytic, the Wronskian W, (z) is an-
alytic too. The nondegeneracy of M then implies that Wy (z) # 0 everywhere
except possibly on a countable set consisting of isolated points. Therefore, the
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condition “Wy(x) # 0 for all x € U” imposed in the statement of Theorem 7.1
is not particularly restrictive if compared to nondegeneracy.

THEOREM 7.2. Let M be a nondegenerate analytic curve in R™. Let
Y : N — RT be a monotonic function such that q¢(q)(2”_1)/3 — 00 as q — o0.
Then for any s € (%, 1),

(7.2)  H(Sa()NM) =00 if i qn(%q))Hnl
q=1

Consequently, if T = 7() satisfies 1/n < 7 < 3/(2n — 1), then

1
"+1—(n—1).

(7.3) dim S, () N M >

T

The proof of Theorem 7.2 can be obtained by making minor and indeed
obvious modifications to the proof of Theorem 2.5. Below we consider the
proof of Theorem 7.1 only.

7.2. Dual map. Let the analytic map y be given by (4.1). The map z :
U — R" given by

(7.4) 2(@) = (y(@) A Y@ A Ay V(@)

will be called dual to y. Obviously, every coordinate function of z is a polyno-
mial expression of coordinate functions of y and their derivatives. Therefore,
z is analytic. The following statement describes z via a system of linear dif-
ferential equations.

LEMMA 7.3. Let y and z be as above. Then

20 () - yD(z) = 0, 0<i+j<n-1
20(z) -y (z) = (=1 Wy(z), i+j=mn.

Proof. By (7.4) and Lemma 3.2, we immediately get that z(x)-y)(z) = 0
for all j € {0,...,n — 1}. On differentiating the latter equations we obviously
obtain the first set of equation in (7.5). Now we compute z(z) - y™ (x):
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7 _ L m
2(2) 4™ (@) = (y(@) Ay @) A Ay @)y (@)
D (i ) ny'@) A ny" D @) -y (a)
D egnernnen) (ya@) A Ay D) Ay (@)
(3.3) ) - () =
="det (eZ yV(x )ng‘,jgn = det (yl (m))ogingn =Wy(z),
where ey, ..., e, is the standard basis of R"*!. This shows the j = 0 equation

of the second set of equations in (7.5). Then we proceed by induction. Assume
that the second set of inequalities of (7.5) holds for j = jo < n — 1. Then
differentiating z0) (z) - y(™=70=D(z) = 0, we get
0 = zUotD(g). y—do=1)(z) 4 200)(g) . y(n=d0) ()
z(joJrl)(x) . y(n*]’O*l)(x) + (_1)j0Wy(x) )
This implies (7.5) for j = jo+1 and thus completes the proof of Lemma 7.3. [
LEMMA 7.4. Lety and z be as above. Then for all x, |W,(z)| > |Wy(x)|™.

Proof. By (7.5) and (3.3), it is easy to see that the inner product in
/\n+1(Rn+1)

(7.6) (@) A2 (@) A A2 (@) - (y(@) Ay (@) A Ay ()

is the determinant of an (n + 1) x (n + 1) triangle matrix with £W () on the
diagonal and is equal to (—1)["/2WW, (z)"*!. Further, recall that

y(@) A Ay (@) = Wy()]  and  [z(@) A A2 ()] = (Wa(2)].
Then, applying the Cauchy-Schwarz inequality to the inner product (7.6) gives

‘Wy(fﬁ)‘nﬂ

<[z(@) A A2 @) Jy() A Ay ()] = (W) Wy (),
further implying |W (x)| > |[Wy(x)|™. O

7.3. Proof of Theorem 7.1. Clearly, Lemma 6.1 can be used in the context
of Theorem 7.1. Then we can assume that By is a sufficiently small interval
centred at an arbitrary point xg in U. We may assume without loss of generality
that By is compact. Further, shrink By if necessary to ensure that Theorem 5.2
is applicable. Next, let B be an arbitrary interval in By and let ¢ and @) satisfy
the conditions of Theorem 7.1, where Cy and Qg are sufficiently large constants.
Furthermore, in view of Theorem 1.4, without loss of generality we may assume
that

(7.7) CoQ~3/Cn=1) <y < Q=™
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Let z be dual to y (see §7.2). Since By is compact, there is a constant K7 > 1
such that

(7.8) 120 (2)| < K, for all z € By and all i € {0,...,n}.

Let ¢o = co(Bp) > 1 be the constant arising from Theorem 4.6 and let K,
o and § = §(3B) be the constants arising from Theorem 5.8. Set

(7.9) k= (2K (4Ko)a) "L,

Obviously, 0 < k < 1 and is independent of B. Define 1., Q4, 5y and p by
(6.18) assuming that d =1 and m =n — 1.

Then, using (6.18) and (7.7) one readily verifies (4.24) and (4.40) provided
that Cy and Qg are sufficiently large. Therefore, Theorem 4.6 is applicable and
so (4.41) is satisfied.

Take any point x € %B \ G¢(Qx«, s, k). Then, by definition, there is a
nonzero integer solution r to system (4.22). Observe that g = (yAy’)*. Then,
by (7.5) and Lemma 3.2, we get 2() € V(g) for i = 0,...,n — 2. Therefore, by
Lemma 3.6, (4.22) implies that

(7.10) 120 () - r| < K11, fori=0,...,n—2.
Again, by (7.5) and Lemma 3.2, z"~1) € V(y'). Therefore, we get

Lemma 3.6

(711) |z V(2) 7| 2"V (@) [y (@)t -l [y ()~

(7.8) 1 1-1

< Kily(z)~ - r|ly(z)~|

(3.10) 1(4.1)

< Kily(z) Arlly(@)] < Kily(z) Ar|

Here we have also used the fact that the Hodge operator is an isometry. Us-
ing (6.18) and the r.h.s. of (7.7), we get that 1. < (¥""'Q.)~!. Therefore,
applying Lemma 4.2 and (4.22) to (7.11) further gives

(7.12) 12D (@) | < Ky (s + ("71Q0) Y < 2K (9" 1QL) L

Finally, arguing the same way as in Step 1 of the proof of Theorem 4.5 (see
§4.2), one easily verifies that |r|2 < 1+ Q. + k?Q?2, whence |r| < 2kQ, when
Q. is sufficiently large. Now we trivially get

(7.13) 120 () - r| < |20 ()] |r| < 2K16Q..

Let G be the Wronski matrix of the dual map z. For Wy(x) # 0 for all
x € U, by Lemma 7.4, W,(z) # 0 for all € U, that is G : U — GLp4+1(R).
Inequalities (7.10), (7.12) and (7.13) are equivalent to z € A(G,0) with
(7.14)
0= =01 = K19, 0n = 2K (71Q.) 7, Ont1 = 2K1kQx.
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Thus we have shown that %B N Ge(Qs, Vi, k) C %B N A(G,0). Hence, %B\
A(G,0) C IBNGe(Qx, 1, k). By (4.41),

(7.15) IB\A(G,0) C A®(Q,%,B,p)NB.
By the r.h.s. of (7.7), 6; < ;41 for all « = 1,...,n. Further, byNthe

Lhs. of (7.7), 0, < Q2. Further, 0,41 = Q. Then, by Lemma 5.9, © <
Q~1/n+2) < § for sufficiently large Q. Theorem 5.8, (7.9) and (7.14) imply
that puq(3BNA(G,0)) < 2K¢0* < $14(3B). Combining this with (7.15) gives

the required result.

8. Final comments

In view of the results of this paper, establishing upper bounds for N(Q, ¢)
becomes a very topical problem. Unfortunately, nondegeneracy alone is not
enough to reverse (1.5). A counterexample can be constructed by considering
the manifolds

_ k+1 _k+2 k+my .
Mk—{(xl,...,:cd_l,xd,xd AR ).1r£1a<xd|:1ci|<1}.
<i<

Nevertheless, requiring that for every x € U there exists [ € {1,...,m} such
that Hess fi(x) # 0 is possibly enough to reverse (1.4), where Hess f(x) de-
notes the Hessian matrix of f(x). Any progress with this would have obvious
implications for the theory of Diophantine approximation on manifolds, where
the following two conjectures are now of extremely high interest.

CONJECTURE 8.1. Any analytic nondegenerate submanifold of R™ is of
Khintchine type for convergence.

CONJECTURE 8.2. Let M be a nondegenerate analytic submanifold of R™,
d = dim M and m = codim M. Let ¢ : N — RT be a monotonic function. If
#Hd < s <d, then

B HE@NM =0 i Y o

q=1

< o0

P(g)\stm
=)

In the case of M = R", Conjecture 8.2 together with Theorem 2.5 coin-
cides with Jarnik’s theorem, or rather the modern version of Jarnik’s theorem;
see [7]. Therefore, Conjecture 8.2 can be regarded as a Jarnik-type theorem
for convergence for manifolds. In turn, Theorem 2.5 can be regarded as a
Jarnik-type theorem for divergence for manifolds. Conjecture 8.2 combined
with Theorem 2.5 would also imply that (2.8) is an equality.

If Theorem 4.5 was used to its ‘full potential,” then one would be able to
prove (2.7) for s € (d/2,d). This naturally suggests the following problem:
Describe analytic nondegenerate manifolds M for which (2.7) and/or (8.1)
hold for s € (d/2,d).
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Note that within this paper there are two instances when (2.7) is estab-
lished for s € (d/2,d): hypersurfaces and curves. It is quite possible that
for these types of manifolds (8.1) also holds for s € (d/2,d). However, note
that for manifolds other than curves and hypersurfaces, establishing (8.1) for
s € (d/2,d) is in general impossible unless extra constraints are added. This
can be shown by considering M as in Example 1.3.

The main results of this paper are established in the case of analytic
manifolds. However, within this paper the analyticity assumption is only used
in establishing Theorem 5.2. More precisely, the analyticity assumption is used
to verify condition (i) of Theorem KM. A natural challenging question is then
to what extent the analyticily assumption can be relaxed within Theorem 5.2
and consequently within all the main results of this paper.

Recall that the analyticity assumption is not present in the planar curves
results [8], [54]. Even though, there is a minor disagreement in the smooth-
ness conditions imposed in convergence and divergence results: the divergence
results deal with C'® nondegenerate planar curve only. In general, the non-
degeneracy of planar curves requires C?). This raises the following intriguing
question: Are C? nondegenerate planar curves of Khintchine type for diver-
gence??
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